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Approximation of random evolution equations of parabolic type

KATHARINA KLIOBA AND CHRISTIAN SEIFERT

Abstract. In this paper, we present an abstract framework to obtain convergence rates for the approximation
of random evolution equations corresponding to a random family of forms determined by finite-dimensional
noise. The full discretization error in space, time, and randomness is considered, where polynomial chaos
expansion (PCE) is used for the semi-discretization in randomness. The main result are regularity conditions
on the random forms under which convergence of polynomial order in randomness is obtained depending
on the smoothness of the coefficients and the Sobolev regularity of the initial value. In space and time, the
same convergence rates as in the deterministic setting are achieved. To this end, we derive error estimates for
vector-valued PCE as well as a quantified version of the Trotter—Kato theorem for form-induced semigroups.
We apply the abstract framework to an anisotropic diffusion model with random diffusion coefficients.

1. Introduction

Evolution equations are a classical topic in partial differential equations (PDEs).
The functional analytic treatment of a time-dependent PDE results in a description of
it as an ordinary differential equation in a Banach or Hilbert space; that is, the PDE is
formulated as an abstract Cauchy problem; see, e.g., the classical monographs on this
topic [17,29,44].

In applications, the coefficients of PDEs often originate from material laws involv-
ing material parameters that may be unknown or can only be determined up to some
uncertainty. One possibility of modelling such situations with uncertain data consists
of choosing suitable random variables (or stochastic processes, random fields) that
describe the coefficients in the PDE. This approach results in a random time-dependent
PDE, which typically cannot be solved analytically. Assuming well-posedness of the
model thus obtained, in order to then approximate the solution, one has to perform
suitable approximations with respect to the randomness, the spatial, and the tempo-
ral variables. The aim of this paper is to provide such an approximation, including
convergence rates, in the framework of random evolution equations given by abstract
Cauchy problems with random generators. We work mainly from a functional analytic
point of view; we will work solely in the Hilbert space setting.
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To be more precise, we focus on parabolic PDEs, where the generators A, in a
spatial Hilbert space H are parametrized by a random parameter z, and we study the
abstract Cauchy problems

wy(t) = —Aguz(t) (1 >0), u(0)=uo,,

with initial conditions ug, € H. If we let (T;(¢));>0 be the strongly continuous
semigroup generated by —A_, that is, T, (r) := e 4= for r > 0, we can thus write

—tA;
uy(t) = T;(NDuo,; =€ “ug, ;.

Now, the approximation in randomness means approximating the initial condition
and the generator — A so that the dependence on z is finite-dimensional and, in turn,
propagating the approximation to the semigroup and then its application to the (approx-
imated) initial value. This type of uncertainty quantification will be accompanied by a
space-time approximation to obtain a fully discretized approximate problem and the
corresponding approximate solution. We aim for convergence results for the solutions
of the fully discretized approximate problems to the solution of the original prob-
lem in a natural norm, including convergence rates depending on suitable smoothness
assumptions on the data. Since we work in the functional analytic setting, we essen-
tially deal with approximating the semigroup, and in turn also the resolvents of the
generators. In this way, we obtain an additional aspect that complements the usual
point of view in numerical analysis, which is aimed at approximating the solutions
directly.

1.1. Random PDE:s: a literature overview

PDEs with parametric or random coefficients have been treated extensively in the
past decades; see [22,39,48,53] and references therein, as well as [4-6,13,14,16,18,
24,51,54-58] (just to mention a few), with an emphasis on stochastic computation as
well as approximation. From a numerical analysis point of view, a large portion of
the references mentioned above are devoted to elliptic PDEs. In this stationary ellip-
tic case, we note that we can use the tensor product structure of Bochner—Lebesgue
L>-spaces, so that discretizations in randomness and space can be performed simul-
taneously; see, e.g., [5S]. Moreover, the case in which the elliptic coefficient is affine
in the random inputs has been studied thoroughly; see, e.g., [14,18,51]. In contrast,
we consider parabolic, that is, time-dependent problems and allow for a fairly gen-
eral dependence of the coefficients on the random inputs; in particular, they need not
be analytic as in [13] (where parabolic problems are also treated). Concerning para-
bolic problems, we mention [7], where random pathwise space-time discretizations
for parabolic second-order PDEs with scalar diffusion coefficients have been studied,
as well as [30,43]. In the latter, the scalar diffusion coefficients are affine in the random
variables with bounded support, or their distribution and semi-discretizations in space
and randomness are considered. Moreover, in [59], stochastic collocation in combina-
tion with a full space-time discretization was considered. Furthermore, [26] provides
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convergence rates for space-time discretizations for a class of stochastic evolution
equations with multiplicative noise.

1.2. Main results

To illustrate our results, let us consider, as an example, the heat equation with
random coefficients

3,1, x, w) = divy M, (x)grad, U(t,x, ) (t>0,x€G,weQ),
u(t,x,w) =0 (t>0,x €3G, weQ),
(0, x, w) = up(x, w) (x€G,weQ),

where G C R? is a bounded domain, (2, F, P) is a probability space, for w € €, If/iw
maps to K¢*? and is P-almost surely uniformly elliptic and bounded, and i is the
initial condition. Here, K € {R, C} is the scalar field of all vector spaces appearing
throughout and the divergence and gradient are taken w.r.t. the spatial variable x. We
will assume that the random fields (x, w) +— ]\7Iw(x) and (x, w) — uo(x, w) are
determined by finite-dimensional noise; that is, there exists a random vector Z: Q —
R such that 1\7Iw(x) = Mz (x) forallx € G and w € Q for some M: G x RN —
K9*4  Such finite-dimensional noise can be obtained by, e.g., a truncated Karhunen—
Loeve expansion [33,35,41]. Pushing the random heat equation forward w.r.t. Z,
we obtain another random heat equation, with random parameter z € RV w.r.t. the
probability measure Pz:

du(t,x,z) =divy M;(x)grad, u(t,x,z) (t>0,x € G,zeRN),
u(t,x,z) =0 (t>0,x €3G,z eRN),
u(0, x,z) = uo(x, z) (x € G,z e RM).

We now take the functional analytic point of view by setting H := L,(G) and A, :=
—div, M, grad, with domain D := H*(G)N HO1 (G) in H for z € RY, where for now
we assume M, € Wgo (G) (later on we will make further restrictions on M,). Note that
A, is the operator associated with some form a, on some Hilbert space V <— H for
z € RY. In this specific case, V := H}(G) and a,(u, v) := (M, grad, u | grad, v).
This results in the family of random abstract Cauchy problems

u/z(t) = —Au (1) (t>0), u(0)=uo;

for z € RN. Considering (Az),ern as an operator A on the Hilbert space H :=
Ly(RN,Pz; H) results in the abstract Cauchy problem

u'(t) = —Au(t) (¢ > 0), u(0)=ug.

We now perform three independent discretizations:

1.) discretization in randomness: here we choose the (generalized) Polynomial
Chaos Expansion (PCE); cf. [52,55],
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2.) discretization in space: here we choose an abstract Galerkin method (a finite
element method for the concrete example above); cf. [12,21],
3.) discretization in time: here we use an A-stable method; cf. [10,15].

Clearly, in the deterministic case, approximation results and convergence rates are
classical and well-known; see, e.g., [19,50] and references therein. As it turns out,
there is an intricate relationship between spatial and temporal discretization. We will
exploit the corresponding relationship for the discretization in randomness and in
space-time, and find a similar behaviour in this case.

Using PCE, we obtain a deterministic coupled system as an approximation, which
again has the form of an abstract Cauchy problem, now in ), := H%, where d,, is
the number of H-valued equations and is determined by the discretization parameter
n and the dimension N of the noise. Note that the fact that we obtain a coupled system
rather than a scalar-valued discretized equation after the PCE is in contrast to spectral
methods for deterministic time-dependent partial differential equations and one of
the main difficulties arising in the discretization procedure. This system can then be
approximated in space with discretization parameter 7 and in time with discretization
parameter k, resulting in a fully discretized approximation u,, ,, . What we will trace
explicitly is the interplay between these two discretization steps (randomness vs. space-
time).

Our main theorem, which is formulated in Theorem 5.29, provides a joint conver-
gence rate induced by the corresponding rates for the single discretizations. Here, 7 is
the PCE parameter, m the spatial discretization parameter, k the temporal discretiza-
tion parameter, and t the maximal step size for the time discretization. Moreover,
£ € N, px, pt > 0 are the rates for the PCE, the spatial, and the temporal methods,
respectively, and s > 0 is such that the spatial method converges with rate px on D,
the common (in z) domain of the A3’s. Further, p is a suitable weight needed in the
case of exponential distributions Pz. It can be omitted for normal, uniform, or, more
generally, Beta distributed Pz. In particular, we do not require bounded supports of
the distributions of the random variables.

Theorem 1.1. Suppose that the assumptions of Theorem 5.29 hold. In particular,
assume that for some £ € No, the random family of forms (a;) ,cgn is Pz-almost surely
uniformly bounded and uniformly coercive and satisfies [z — a.(u,v)] € C*(RN)
forallu,v € V. Further, suppose there exists a constant Cy > 0 such that

lp(2)**8%a (u, v)| < Cellullpllvllg (1)

for Pz-almost every z € RN and for allu € D, v € V, and multi-indices o € N(/)V
with || < €. Let J, m be a suitable embedding for n,m € N and let s > 0. Then for
sufficiently smooth (in randomness and space) initial values uy, we have

—¢ —
1 9m W m k (1) — (@) lg < C(n~" +m™Px 4 Tpl)”uO”H/%@(RN,IPZ;DmaX(HLm))

foralln,m, k € N and temporal grid points t.
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If the forms a; are not Pz-almost surely symmetric, additional spatial regularity is
required, as detailed in [37].

1.3. Some words on our method of proof

In order to show the main theorem, we follow the discretization steps as indicated
above, i.e. we first make use of PCE in order to obtain a deterministic coupled system;
see also [53]. On the level of scientific computation, this would allow making use
of existing code for deterministic systems in order to numerically solve these prob-
lems. However, as our objective is to obtain an analytic approximation result, we then
perform the discretizations in space and time in order to obtain a fully discretized
system.

One has to be careful to use PCE in a meaningful way to maintain the abstract Cauchy
problem structure when deriving the deterministic system. In particular, the semi-
discretization u,, of uin randomness that still satisfies an abstract Cauchy problem does
not agree with the PCE approximation of u in most cases. Therefore, the estimation
of the semi-discretization error ||u(f) — u,(#)||g is more than a simple application of
a PCE error bound. Instead, in Theorem 5.26, we employ a modified Trotter—Kato
argument. In order to prove this Trotter—Kato argument, we provide pointwise in z
estimates of A, and its resolvent as well as its semigroup in Lemma 5.21. Here we make
use of one of our core assumptions, namely estimates on the derivative (in z) of the
forms a, as stated in (1). The pointwise estimates are then lifted to mapping properties
of A and its resolvent as well as its semigroup on suitable Sobolev subspaces of H
in Proposition 5.22 via a composition estimate. In analogy to the deterministic case,
we find that spatial regularity is required for the estimation of the semi-discretization
error in randomness.

To estimate the semi-discretization error in space-time, standard theory yields an
error estimate involving the graph norm of the vector of PCE coefficients of the initial
values ug. In order to pass from the norm of this coefficient vector back to the norm of
uy in a suitable subspace of H, we follow an approach based on the Heinz inequality
in Lemma 5.28.

We note that we treat linear equations in this article mainly for simplicity. We
comment on possible extensions to nonlinear situations in Remark 5.34.

1.4. Outline of the paper

Let us outline the rest of the paper. In Sect. 2, we formally introduce the ran-
dom evolution equations considered. In Sect. 3, we collect the facts needed for the
three discretizations separately, including a novel quantified version of the Trotter—
Kato theorem for form-induced semigroups in Theorem 3.7 and error estimates for
vector-valued multivariate PCE in Subsect. 3.3. We recall deterministic space-time
discretization in Sect. 4. The main part is Sect. 5, where we prove the convergence
theorem as indicated above, including the rates, in Theorem 5.29. We apply the result
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in Sect. 6 to a parabolic equation with random anisotropic diffusion. In Appendix A,
we collect estimates for some Sturm-Liouville operators required in Subsect. 3.3.

2. Random evolution equations

Let H be a separable Hilbert space and (€2, F, IP) a probability space. For w € Q2 let
A, be a closed and densely defined operator in H. Let N € €2 be a P-null set such
that for all € Q\N, the operator — A, generates a strongly continuous semigroup
(T (2))r=0 and such that there exists o € R such that (o, oo) is contained in the
resolvent set of —A,, for all w €  \ Ngq.

Suppose that (A,)weq is measurable, i.e., 2 3 w = Ig\nyg (W)(A—A,) "' e L(H)
is weakly measurable for some, and hence all, A € (—o0, —0), where L(H) is the
space of bounded linear operators on H. Note that by Pettis’ measurability theorem
[45, Corollary 1.11] and separability of H this is equivalent to strong measurability of
Q3w Igng (@) (h — Ap) ! forall & € (—oo, —a’). Moreover, the exponential
formula then yields that 2 > w — Ig\ng (@)T,(?) is strongly measurable for all
t>0.

We consider the random evolution equation

u, (1) = —Apuep(t) ( >0), uy0)=uo, € H.

We will study this random family of evolution equations in the following way. Let A

inH:=L17(RQ,P)® H= L(2, P; H) be the operator defined by

D(A) = {f € H: f(») € D(A,) for P-ae. @ € Q, [ 1Awf @)% dP(w) < oo},
Q

Af = [Q Swi> Ay f(w) € H].
As a consequence of [49, Proposition 2.3.11], we obtain the following proposition.

Proposition 2.1. Let K > 1, 0 € R such that | T, (t)|| < Ke’! forallt > 0and w €
Q\Nq. Then —A is the generator of a Co-semigroup (T(t));>0 satisfying ||'T(1)||
Ke® for all t > 0. Furthermore, for t > 0 and f € H we have (T(t) f)(w)
1Iowe (@) T, (1) f(w) for P-a.e. w € Q.

1A

‘We then consider
u'(@) =—Au@t) (z>0), u) =ugecH.

In order to approximate the solution u, we have to combine three types of approxima-
tion, namely spatial approximation taking care of approximation w.r.t. the space H,
temporal approximation for the time ¢ (typically considered on bounded intervals),
and randomness approximation taking care of the randomness in L, (<2, P).
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3. Approximation methods

In this section, we review the three types of approximation separately. We start
with spatial approximation, then turn to temporal approximation, and conclude with
randomness approximation.

3.1. Spatial approximation

In this subsection, we introduce forms and Galerkin approximations, which are
both classical topics. For general notions on forms we refer to, e.g., [2]. Let V, H be
separable Hilbert spaces, V < H with V dense in H such that we obtain a Gelfand
triple V. < H <> V* with the antidual V* of V.

A form a on V is a sesquilinear mapping a: V x V — K, and we write a(u) :=
a(u, u) for the corresponding quadratic form. For a given forma we calla*: V xV —
K, a*(u, v) := a(v, u) the adjoint form. A form a is called sectorial if there exists
¢ > O such that Ima(u)| < cRea(u) forall u € V or, put differently, the numerical
range N'(a) := {a(u); u € V, ||lu|ly = 1} is contained in the sector £y := {z €
C\{0}; |argz| < 6} U {0} with 6 := arctanc. We call a symmetric if a* = a and
bounded if there exists K > 0 such that |a(u, v)| < K||u|yv|v|y forall u,v € V.
Moreover, a is called coercive if there exists « > 0 such that Rea(u) > « ||u||%, for
all u € V. Note that bounded coercive forms are sectorial of angle less than 7.

Let a be a bounded form. Then we set A: V — V* Au := a(u, -) and define the
operator A in H associated with a via D(A) := A~'(H) € H and A := Alpa). i.e.,

a(u,v) = (Au)(v) = (Au|v)y, @ e€D(A),veV).

Additionally, suppose that a is coercive. Then by the Lax—Milgram lemma A is an
isomorphism, which yields that the stationary problem is well-posed, i.e.,

VFEeV*3lueVVYveV:au,v)=F(@) and ||u||V§||A7]||||F||V*.

Moreover, A is m-accretive and therefore —A generates a contractive and (in case
K = C) analytic Cop-semigroup 7T: [0,00) — L(H), i.e., u: [0,00) — H is a
solution of

W () =—Au(t) (t>0), u@) =uyecH
if and only if u(t) = T (#)up (¢t > 0). Furthermore, A admits fractional powers and O

lies in the resolvent set of A.

Remark 3.1. Let a be a bounded and coercive form and A the associated oper-
ator. Then, for s > 0, zero also lies in the resolvent set of A® (see e.g. [27,
Proposition 3.1.1(e)]). Thus, the graph norm || - ||4s of A® defined as || - |45 :=
(IA - |13, + I - 13)"/? and the norm ||A® - || are equivalent on D(A*). Indeed, for
u € D(A%), we have

—12
1A Ty < Nl = Nuly + 1A% g < ([AD T 2 + DIA UG,

Let us now turn to approximation.
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Definition 3.2. An approximating sequence of V is a sequence (V;;)eN of closed
subspaces of V such that disty (v, V;;,) - 0asm — oo forallv € V.

For an approximating sequence (V;;)meny of V and m € N let H,, € H be the
closure of V,, in H. Thus, V,, — H,,, and, trivially, V,, is dense in H,, for all
m € N. Note that typically (e.g., in applications), approximating sequences consist of
finite-dimensional subspaces, and then H,, = V,, as vector spaces.

Definition 3.3. A space discretization of A consists of an approximating sequence
(Vi)men of V and a sequence (A,,)men of operators A, in H, such that —A,,
generates a Co-semigroup (7, (t));>0 on H,, form € N.If the approximating sequence
used is clear from the context, we also refer to (A,;)meN as a space discretization of
A.

Let (Viu)men be an approximating sequence of V, and let P,,: H — H,, € H be
the H-orthogonal projection of H onto H,, and J,,,: H,, — H the canonical embed-
ding form € N. Then J,,, P,, — I strongly. Indeed, (J,;; P, ) men i1s uniformly bounded
and strong convergence for f € V holds due to ||/ P f — fllg = 1P f — fllg =
disty (f, Hy) < Cy g disty(f, Viy) — 0, where Cy, g denotes the embedding
constant. Strong convergence on H now follows from the uniform boundedness prin-
ciple.

Form € N, we define the approximating forms a,, := aly,, xv,,. Then a,, is trivially
bounded and coercive for all m € N with the same constants as a. Let Ay, : V,, — V',
Apu = a;(u, -), and let A, be the m-accretive operator in H,, associated with a,,
for m € N. Further, let T;,, : [0, co) — L(H,,) be the contractive and (in case K = C)
analytic Cp-semigroup generated by —A,,. Hence, for given initial data ug ,, € Hy,
Uy [0, 00) - H,, is a solution of

Uy (1) = = Aty (1) (£ > 0),  un(0) = uo,m

if and only if u,,(#) = T (t)ugm for ¢t > 0. Thus, we obtain a space discretization
of A, which is called the (Bubnov-)Galerkin discretization. Coercivity of the form
ensures convergence of Galerkin approximations by virtue of the uniform Banach—
Necas—Babuska condition (BNB); cf. e.g. [1, Proposition 2.4].

To quantify the convergence of the approximating semigroups (7, (¢));>0 to
(T (¢))>0, we need the notion of spatial convergence rates and two quantities relating
the approximation speed of (V,;)men to the properties of the operators A4 and A%,
respectively.

Definition 3.4. Let Y — H and p > 0.

(a) A space discretization (A,,),en of A is said to be convergent of order p on Y
(w.r.t. the norm of H) for the stationary problem if there exists a constant C > 0
such that

—1 —1 luolly
”JmAm Pnuo— A" upllg < C P

(ug € Y, m € N).
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(b) A space discretization (A,;)men of A is said to be convergent of order p on Y
(w.r.t. the norm of H) for the evolution problem if for all T > 0 there exists a
constant C > 0 such that

lluolly

1o T () Ppyug — T ()uollg < Ci (t €[0, T]a ug € Y, m € N).
Definition 3.5 (based on (6.6) in [1]). Let X — V* be a Banach space and (V,;,)men
an approximating sequence of V. For m € N, define

ym(X) = sup  disty(A7' £, Vi)
feX, I fla=1

and y,"(X) analogously with A replaced by A*. We say that (y,,(X))men and
Vi (X))men decay with rate pg, p* > 0, respectively, if there exist constants
Cyx, C; x = O such that forall m € N

Cy.x Cx
Y (X) < mym and ¥ (X) < n:p*.

As an immediate consequence of this definition,
disty . Vi) < ym (X[l Aullx (e A7 X).

The sum of the respective decay rates yields a convergence order for the stationary
problem for suitable X

Theorem 3.6. Leta: V xV — C be a bounded coercive form and (A ;) meN a space
discretization of A. Let s > 0, pg, p* > 0 such that (Y, (D(A*)))men decays with
rate ps and (v, (H))men decays with rate p*. Then there exists a constant C; > 0
such that

_ - l[uo |l as
1A Puto = A ol < - =2
for all u9 € D(A%) and m € N. The estimate holds with constant Cy =
Kzlc*le,D(AS)C; 1> Where K and « denote the boundedness and coercivity con-
stants of a, respectively. Moreover, if ps + p* > 0, the space discretization (Ap)meN
converges of order py + p* on D(A®) for the stationary problem.

Since pg depends on s, the order of convergence scales with the smoothness of the
initial value encoded in the domain of the s-th fractional power of A. The proof is
essentially contained in [1, Theorem 6.3]. Note that [1] requires finite-dimensional
subspaces for approximating sequences, which is not needed for [1, Theorem 6.3].
We now turn to the evolution problem.

Theorem 3.7. Leta: V x V — C be a bounded, coercive, and symmetric form and
(A men aspace discretization of A. Let s > 0, ps, p* > Osuchthat (Y, (D(A*)))meN
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decays with rate pg and (y,;(H))meN decays with rate p*. Then for all T > 0 there
exists CT, s = 0such that

l[o | gs+1

| T (t) Ppywg — T (Duollp < C]_",S mPsr

forallt € [0, T, ug € D(A**Y), and m € N. Moreover, if ps + p* > 0, the space
discretization (Apy)meN converges of order ps + p* on D(ASH for the evolution
problem.

Proof. (1) Let K, k > 0 be the boundedness and coercivity constants of a and let A,
be defined by the resolvent difference in H (restricted to D(A®)), i.e.,

D(Ap) :=D(A%), Auf = JnA, Puf — AT f (f € D(An)).
By Theorem 3.6, we have

Vo fllt = [Um A=Y P — A fl < 2, poancn, 1L
m mAy Em = v.D(A?) v.H b tpr

for all f € D(AY).
(ii) Let T > 0. Note that symmetry of a implies symmetry of a,, and thus self-

adjointness of A,, for all m € N. Then by [32, Proposition 2.3a], there exists C > 0
depending on T and s such that

A

| Jin T () Prwo — T (Duolly < CllAmllcoas), @)y lluoll gs+1
2

l[uo | as+1
*
=~ CCpuCyn

mpst+p*

forall t € [0, T], up € D(AST!), and m € N, where we used (i) to estimate the norm
of A,,. Il

Remark 3.8. Theorem 3.7 actually states that convergence of the spatial discretization
for the stationary problem can be turned into convergence of the spatial discretization
for the evolution problem by slightly increasing the regularity required for the ini-
tial value. A version of Theorem 3.7 is available for non-symmetric forms provided
that ug € D(A”H‘S) for some ¢ > 0 based on [32, Proposition 2.2b] (see [37, Theo-
rem 3.8]). If we consider time intervals [(7_“)_1 ,T]and symmetric forms, convergence
of order py + p* is already obtained on D(ASH/Z), cf. [37, Corollary 3.9b].

3.2. Temporal approximation

Let X be a Banach space and (7'(¢));>0 a Co-semigroup on X with generator —A.
Recall that a subspace D C X is called a core for A if A|p = A.

Definition 3.9. A time discretization method for (T (t));>0 is afunction F : [0, c0) —
L(X) satisfying F(0) = I. Let F: [0, c0) — L(X) be a time discretization method



J. Evol. Equ. Approximation of random evolution equations Page 11 of 52 69

for (T (¢));>0. Then F is called stable if there exist K > 1 and A € R such that for all
N e Nand (ri)lfl-SN in [0, 00), we have

N .
ITF@U

i=1

N
<KX= T,

LetY — X with Y € D(A) be a core for —A, and p > 0. Then F is called consistent
of order p on Y if there exist C > 0 and 7y > 0 such that for all T € [0, 7¢], we have

IF) f =T@fl <Ct?iflly (feY).

Moreover, F is called convergent of order p on Y if for all T > 0 there exist C 7=0
and 79 € (0, T] depending on T such that for all t € [0, 7_“], N € N, and (ri)lfiSN
witht! € [0, 9] for 1 <i < N depending on r and N, and ZINZI 7! = ¢, we have

N .
[[Fahr—Tw)f
i=1

.....

For the notions of consistency and convergence, without loss of generality, we may
assume 79 < 1 to make the given estimates meaningful.

Remark 3.10. Let Y — X with Y dense in X such that Y € D(A) and Y is invariant
under (7°(¢));>0. Then Y is a core for —A; cf. [17, Proposition II.1.7]. Note that every
core for —A is dense in X.

Example 3.11. We recall classical time discretization methods.

(a) Clearly, the trivial choice F = T yields a stable and consistent and therefore
also convergent time discretization method of arbitrary order on X.

(b) Let A > 0 such that [A, 00) is contained in the resolvent set of —A, and define
F:[0,00) > L(X) by

1, =0,
Fry==qU+tA) ' =1d + 47, re@© D),
I+ 11 T> 1

Then F is called the implicit Euler method and is stable and consistent of order
1 on D(A?%). More generally, it converges of order p € (0, 1] on D(A?P) if
(T (t))s>0 is bounded, see [23, Theorem 1.3]. If, additionally, T is analytic, the
convergence order p € (0, 1] is attained already on D(A?). If —A generates a
contractive Cp-semigroup, then A = 0 and || F(7)|| < 1 forall T > 0.

(c) Let L > 0 such that [A, co) is contained in the resolvent set of —A, and define
F:[0,00) = L(X) by

1, T =0,
Fy={U-IAU+IA)7", 1€ 2),
=3I+ 547 >3
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Then F is called the Crank—Nicolson scheme and is consistent, but may not
always be stable, as the left shift semigroup on Co(R) illustrates. Provided that
F is stable, it converges of order p € (0, 2] on D(A3?/?) for bounded semigroups
[38, Corollary 4.4].

Implicit Euler and Crank—Nicolson are instances of a larger, highly relevant class
of methods, so-called rational schemes.

Definition 3.12. Let r: C — C U {o0} be a rational function. We say that a time
discretization method F for (T'(¢));>0 is induced by r if F(t) = r(t - (—A)) for all
sufficiently small T > 0. Such schemes F are called rational schemes.

If [r(z)] < 1forall z € CwithRez <0andr(z) —e* =o(z)asz — 0, then r is
called A-acceptable. 1t is called A-stable if |r(z)| < 1 for all z € C withRez < 0.

In particular, considering r(z) = (1 — 2 tandr(z) = A+ %) (1— %)_1 we recover
the implicit Euler and the Crank—Nicolson method from Example 3.11, respectively.
The notions of A-acceptability and A-stability originate from [10,15]. For schemes
induced by A-acceptable r such thatr(z) —e* = O(|z|P*1) as z — 0 for some p > 0,
it was shown in [10, Theorem 3] that F is a convergent time discretization method
of order p on D(AP*1). If X is a Hilbert space and A is self-adjoint, then F even
converges of order p on D(A?); see, e.g., [50, Theorem 7.1].

The well-known Chernoff product formula (see [47, Proposition 2.1]) states that a
stable and consistent time discretization method is convergent, and the convergence
is uniform on compact time intervals. In the spirit of the Chernoff product formula,
stability and consistency of order p imply convergence of order p on an invariant
subspace, provided that the semigroup is exponentially bounded on this space. A
proof of this folklore statement can be found in [8, Proposition 4.12], see also related
results in [42, Theorems 2 and 3].

Proposition 3.13 (quantified Chernoff product formula). Let Y < X with Y dense
in X such that Y € D(A) and Y is invariant under (T (t));>0, and assume that T is
exponentially bounded on Y. Let F : [0, 00) — L(X) be a stable time discretization
method that is consistent of order p > Q0 on Y. Then F is convergent of order p on'Y.

So far, the time steps T/ may depend on the particular value of ¢ € [0, 7']. In applica-
tions, one typically works with one family of Ny € N time steps 7z = (t,ﬁ)ls,-f N, and
only considers times generated by the grid of these time steps. To obtain a finer dis-
cretization, N is increased, which corresponds to larger parameters k € N. That is, for
T > 0and k, Ny € N, a family of time steps is a family 7 = (t})1<i<n, € [0, T]V
suchthatt,ﬁ — Oforalll <i < Npand N, - ooask — ocoaswellas Z[N:kl f,f =T.
Then 7 := {Z{:l r,i; j €10, ..., Ni}}is called the grid associated with t;. More-
over, for a time discretization method F: [0, 00) — L(X) and t € Ty, we write
Fi(t) := [IM¥ F(z)), where Ny g := max{j € {0,..., Ny} : Y/ ¢/ =1} If F
converges of order p > 0 on Y then for all kK € N, there exist C;; > 0 and 79 > 0
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depending on T such that if max;—;

,,,,,

Ny 'C]i < 10 then

max | Fu()f = T f1l < Cr(_max o) 11y (f ).

.....

3.3. Randomness approximation

Let (2, F, P) be a probability space, N € N,and Z = (Zyp, ..., Zny—1): QR — RN
a random variable. For n € Ny, let

Py = {p: RY - K; 3c)aj<n SK: p)= Y cax® (x€ RN>}

aeNy |a|<n

be the vector space of polynomials in N variables of order at most n. Note that
dim PN = ("';N). Moreover, let PV := U, eNo PN be the vector space of polynomi-
als. We will assume that PV C LZ(RN ,Pz) is dense; in particular, Pz has moments
of all orders. Then (P,I,V )neN, 1s an approximating sequence of Ly(RY Py).

Definition 3.14. For n € Ny, let R,: Ly(RY,Pz) — PN < Lry(RN,P2) be the
orthogonal projection. Then R, f is called the polynomial chaos approximation or PC
approximation of f € Lry(RN, Py) of order n.

Remark 3.15. Let f € Ly(RY,Pz) and n € Ny. Then R,, f is the best approximation
of f in 73711\7_ Therefore, || f — Ru fll L, &N p,) = dist(f, P,I,V) — 0asn — oo.

Let (Zo, ..., Zy—1) be independent. Then

N—1
LRV, Py) = ® LR, Pz)).
j=0

By assumption, Pl is dense in Ly(R, Py, j), so we can construct an orthogonal basis
(¢£)neNO of polynomials @ﬁ € 73,{ of degree deg(dbf;) = n; note that we will not con-
sider the case of P'z; having a finite support where L (R, Pz,) is finite-dimensional.
Let N := N}/. Fora € NV, let &, := ®?’=_01 QDZ,J.. Then (®g)gen is an orthogonal
basis of Ly(RY, P,). Thus, it suffices to consider the one-dimensional case N = 1
and then use a tensor product construction.

Remark 3.16. Let (®g)qecnr be an orthogonal basis of Ly (R, P2) such that ®, € P,iv
for || < nandn € Ny. Then (®y)|«|<x is an orthogonal basis of the closed subspace
PN C Ly(RV, P2), and hence for f € Ly(RY,Pz) and n € Ny, we have

nf Z (f | QQ)LQ(RN,PZ) (Da = Z facba,

Ia\<n O‘”Lz(RN Pz) la|<n

where fa = || Dyl
of f fora e N.

Ly (]RN Py (f | Pa)p, @V p,) is the generalized Fourier coefficient
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We list the orthogonal polynomials corresponding to common distributions, such
as the standard normal distribution.

Example 3.17 (Classical orthogonal polynomials). Let N = 1.
(a) Let Z be standard normally distributed, i.e., Pz (B) = fB (Zn)_l/ze_zz/zdz for
Borel sets B C R. The (one-dimensional) Hermite polynomials are defined as

k 2

d z
Hi(2) = (= D%257€71 zeR keN.

Then (Hj)ken, is an orthogonal basis of L, (R, Pz) and supp Pz = R.

(b) Leta, B > —1 and Z be Beta-distributed with parameters « and g, i.e.,

Mo+ B+2)

20BN (@ + DB + 1)

for Borel sets B € R. The (one-dimensional) Jacobi polynomials are defined as

GN

2k
forz € (=1, 1) and k € Ny. Then (Ji)en, is an orthogonal basis of Ly (R, Py)
and suppPz = [—1, 1]. Note that « = p yields Gegenbauer polynomials,
a = B = 0 yields Legendre polynomials corresponding to Z being uniformly
distributed on [—1, 1], and @ = B8 = —% yields Chebyshev polynomials.

(c) Let o > —1 and Z be Gamma-distributed with shape parameter o + 1 and rate
1, ie., Pz(B) = [31(0,00)(@) (@ + 1)~'z%~?dz for Borel sets B C R. The
(one-dimensional) Laguerre polynomials are defined as

7 %" dk

k!

Then (L )en, is an orthogonal ba51s of Lo(R, Pz) and supp Pz = [0, o0). Note

that the special case @ = 0 yields that Z is exponentially distributed with rate 1.

(1 — 2% + 2)Pdz

Pz(B) :/ 1—1,1)(2)
B

J(@) = 1P () = =20 +2)" ﬁ [(1 )k+“(1+z)’<+5]

Li(x) = LY (2) = (“ﬂ*@ 2> 0.keNp.

Note that, by [40], up to affine transformations, these three distributions are exactly
the probability distributions whose corresponding orthogonal polynomials yield an
orthogonal basis of eigenfunctions of a Sturm-Liouville differential operator (see
Example A.1 for the concrete operators). As these operators are essential for the proof
of error estimates for the PC approximation, we assume the following.

Assumption 3.18. Let N € Nand Z = (Zy,..., Zy—1): @ — R" be a random
variable. Let (Zy, ..., Zy—1) be independent and assume that each of them is either
standard normally distributed, Gamma-distributed (with rate 1), or Beta-distributed,
explicitly allowing for different Z; to have a different distribution.

Definition 3.19. Let Y < L>(RY,Pz) and p > 0. The polynomial chaos approxi-
mation is said to be convergent of order p on Y if there exists a constant C > 0 such
that

IRnf = fllL,@y ey < Cn Pl flly
forall f € Y andn € Np.
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In order to obtain convergence orders, we need sufficient regularity of the corre-
sponding function. For £ € Ny, we recall the Sobolev spaces H*(R", P;) consisting
ofall f e Ly (RN P,) such that the distributional derivatives up to order ¢ belong to
Ly(RYN | P2) as well. We recall the one-dimensional convergence orders first and write
z for the function z + z. Their proofs can be found in [20, Theorems 6.2.4, 6.2.5,
6.2.6] for n > 2¢ or n > ¢, depending on the distribution. The extension to n € Ny is
straightforward by adjusting the constant C, if necessary.

Proposition 3.20 (see [20, Theorems 6.2.4, 6.2.5, 6.2.6]). Let N = 1 and £ € N.

(a) Let Z be standard normally distributed. Then there exists C > 0 such that for
all f € H*¥@R,Py) and n € Ny,

lf — RufllL,®p, < Cn™

Kyl

H dz Ly[R,Pz)

(b) Let Z be Beta-distributed. Then there exists C > 0 such that for all f €
HYR,Pz) and n € Ny,

d(
dzt

— R <C‘£H1—ZZW2 :
If = Rufll,®py) < Cn™t|( ) Ly(R.Py)

etz 7]
La(R, ﬂ"z)
(c¢) Let Z be Gamma-distributed (with rate 1). Then there exists C > 0 such that

B dZZ
I = Ru a2, = Cn~" |2 7 1)

Ly(R,Pz)

for all f € Lry(R,Pz) being weakly differentiable up to order 2¢ such that
zZF/2 dk f e LR, Py) forallk € {0, ...,2¢}, and n € Ny.

We can now prove an error estimate which yields an order of convergence for
the polynomial chaos approximation. Denote by JNormals JGammas JBeta the set of all
those j € {0,..., N — 1} such that Z; is standard normally distributed, Gamma-
distributed, or Beta-distributed, respectively. Motivated by the norms appearing in the
error estimates of Proposition 3.20, let p: RY — R be defined by

1 je U JBeta,
,O(Z)j — J Normal Beta )
Zj J € JGamma-

For £ € Ny, we define Hﬁ(RN, P2) to be the set of all f € Lo(RY, P2) such that f
is weakly differentiable up to order £ and p(N¥29% f € Ly(RN,Py) foralla € N
with |e| < £. Here, p(2)%/? = 1"[7;0] :O(Z)‘;j/z e Rforallz € RV, o € N. We equip
HS (RN, Pz) with the norm ||-|| H{EN B,) given by

2
1 ey ey = 20 10O 20 Fl e e,

la|<f
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which makes H ﬁ (RV,P2) a Hilbert space. Here and in the following, when summing
over |a| < ¢, the index « is assumed to be in N/ = N(])V . The weighted Sobolev spaces
are those spaces Y from Definition 3.19 on which the PC approximation converges of
a certain order, as stated in the following main result of this subsection for the scalar-
valued case. It extends [53, Thm. 3.6] to the multi-dimensional case (i.e., from R to
RY) with explicit constants and additionally covers Beta- and Gamma-distribution.

Theorem 3.21. Suppose that Z satisfies Assumption 3.18. Let £ € Ng. Then
IR f = FllLy@y By < Cenn™ I f Iz ey by

forall f € ng (RN, P2) and n € Ng with constant

-1
. nt/2 .
Con =N ]_!) (Ogljnfagl(_l c;2n).
r=

where C(2r) is as defined in Proposition A.5. In particular, the polynomial chaos
approximation is convergent of order £ on ng (RN, P2) given that £ > 0.

For the proof of Theorem 3.21, we firstneed alemma. Let Q ; be the Sturm-Liouville
differential operator associated with the orthogonal polynomials corresponding to Pz,

for j € {0,..., N — 1} and denote its k-th eigenvalue by A,{ for k € Np; cf. Example
A.1. In higher dimensions, we consider Q = Z;V:_ol éj with éj =I1R®..1Q®
0;®I1®...Q®I1,where Q; acts on the j-th component.

Lemma 3.22. Suppose that Z satisfies Assumption 3.18. Let £ € Ny, a € N, and
f € H*(RN,Py). Then

N—-1 —¢
_ Jj l
1 CDO[)LZ(]RN’]PZ) N < z(:) Aa-’) (Q f ‘ q)a>L2(RN,Pz) .
]:

Proof. We have &, = ®§.V:_01 CID,{; ; with the orthogonal polynomial CID(J); ; of degree

toPz, for j € {0,..., N —1}.Then Q;®4, = Aj, @}, for j € {0,..., N —1}. Thus,
for £ € Ny we observe

N-—1 N-—1 ) N—-1 ) ¢
0P, = QjPy = Z )‘tj)lj(ba = Qﬁcba = (Z )‘éj) Par.
j=0 j=0 j=0

Since f € H3*(RN,Py) yields Q' f € La(RY, Pz) (see Proposition A.5) and Q is
symmetric in L(RY, P2), we deduce that

N-1

) N-1 —t
(f1Pa) @Y By = (Z Mw> (f ’ Q%”‘)LNRN.Pz) - (Zo )\é,) (Qlf
J=

Jj=0

@ ) .
) eve, U
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Proof of Theorem 3.21. Let £ € No and f € H2(RY,Pz). By Parseval’s identity,
Remark 3.16, and Lemma 3.22, the approximation error is given by

2
(f | CDQ)L2(RN,P2)

2
” q)Ol ”LZ(RN»PZ)

2 r2 2
If = Raf I vy = D fal®al, e, = D

le|=n+1 la|>n+1

oo\ cpa)i (RN Py)
= s 2= 2
Z <Z a’) | P 117

la|=n+1 > j=0 Ly(RN Py)

Further define the lower eigenvalue sum bound

N-1
™ J
d(n) = \{){IPZIL Z(:) )‘a_/ (n € Np).
]:

Then
I/ = Raf I <dn+n Y — 0'r|a.)
— S,y py,y =40 2—< )“)
e SNl gy b, L (RN P7)
_ ) \2
=dn+ D7 Y (0 Na) I1Pall7, @y 5,
aeN

B 2
=dn+ D70 f I, @n 5,

A repeated application of Proposition A.5 results in

1f = Ruflly@y by < Cend @+ D7 f 2@y py)-

The assertion follows from d(n 4+ 1) > n, which is immediate from the eigenvalues
stated in Example A.1. 0

Remark 3.23.  (a) We remark that we can slightly improve the result in Theorem
3.21 by making use of the lower eigenvalue sum bound as in the proof.
(b) Note that for the Beta-distributed components of (Zy, ..., Zy_1), for the cor-
responding coordinates, it suffices to have weak derivatives up to order ¢ only;
see also Proposition 3.20.

The error bound for the polynomial chaos approximation can easily be extended
from the scalar- to the vector-valued case. This extension is required for the joint
convergence rate in space, time, and randomness of Theorem 5.29 in Sect. 5. Note
that for a Hilbert space H, Ly(RY, Pz; H) = L,(RY, Pz) ® H.

Definition 3.24. Let H be a separable Hilbert space with an orthonormal basis B
and let n € Ny. Then the (vector-valued) polynomial chaos approximation R,f of
f = Z%B fov € Ly(RY Py; H) of order n is given by

R.f = (R.f,)p € P, ® H.
peB
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Remark 3.25. Note that R, is well-defined. Indeed, let B and C be orthonormal
bases of H,n € Ny, and f = Z(pEB fo = Zwec fy¥r € Lo(RN,Pz; H). Then
fv = () | )y with the overloaded notation (f(-) [ )y = [z = (D) [¥)y] €
Ly(RY Pz) and ¢ = Z¢€B (Y | @)y ¢ for all ¥ € C, and therefore

Rafy = Re @O 195 = Ra(FO| Y W l0)ne) |

peB

=R, ) CO 10y Wlo)y =Y R EO 0)n (@1 ¥)y

peB peB

by continuity of R,,. Since also f, = (f(:) | @)y and ¢ = Zwec (p|Y)y ¥ for all
¢ € B, we conclude well-definedness from

D RS =) Y RO @y @)y ¥

veC yeCpeBB
=Y R EO Qo= (Rufy)g.
peB peB

Remark 3.26. Let H be a separable Hilbert space, ¥ € H a subspace, and f €
Ly(RN,Pz; V). Then R,f € PN ® Y forall n € N.

Analogously to the scalar-valued case, we define convergence orders.

Definition 3.27. Let H be a separable Hilbert space, ¥ — LQ(RN ,Pz; H), p > 0.
The polynomial chaos approximation is said to be convergent of order p on Y if there
exists a constant C > 0 such that

IR, — £l 1, wn pyory < Cn PlIEIly

forallf € Y and n € Ny.

From the scalar-valued case in Theorem 3.21, we deduce the main result of this
subsection, an error estimate for the vector-valued PC approximation.

Corollary 3.28. Suppose that Z satisfies Assumption 3.18. Let £ € Ny. Then there
exists C > 0 depending on N and € such that for all separable Hilbert spaces H, we
have

—L
IR — £l v p, .y < Cn ||f||H3@(RN,[PZ;H)

forallf € ng (RN, Pz; H) and n € Ny. In particular, the polynomial chaos approx-
imation is convergent of order £ on ng (RN, Pz; H) if ¢ > 0.

Proof. Let H be a separable Hilbert space and 53 an orthonormal basis of H. Let
fe HY(RN,Pz; H). Thenf =Y, 5 (F() | ¥) i ¥ and thus

RN (@) = D (Ruf) @Y = D (Ra CO) V) () = (R FC) | 9) 1 ) (2)
veB veB
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for Pz-ae. z € RY. Parseval’s identity, the monotone convergence theorem, and
Theorem 3.21 then imply

IR~ 12 v o = D /R @R =@ 19)n | dP2 ()

peB
=) f R €O 19 @) = @ [9)n | dP2 ()
peB R
=Y IR O 19y = OOk 17, v 5,
peB
< CEan ™ Y N EO 101 I e 2,
peB
= Conn 2 I e v 11y O

4. Deterministic approximation results

Let V, H be separable Hilbert spaces with V < H dense. Leta: V x V — Kbe
a bounded and coercive form, i.e., there exist K > 0, « > 0 such that

la(u, v)| < Klullyllvllv and Rea(u) = «lull

for all u,v € V. Let A be the operator associated with a in H and (7' (¢));>0 the
contractive Co-semigroup generated by —A. Denote the graph norm in H by || - || 4.
Let up € H. Consider the abstract Cauchy problem

u'(t) = —Au(t) (t>0), u(0)=uop.
Its mild solution is given by
u:[0,00) - H, u(t):=T{uy (@ >0).

Let (Vin)men be an approximating sequence of V and denote the closure of V,,
in || - ||z by Hy,. The spatial approximation of a as discussed in Subsect. 3.1 yields
approximating forms (a;;)meN associated with operators (A;;),en. Moreover, for
m € Nlet (T,,(t)):>0 be the Co-semigroup generated by —A,,.

For m € N, we recall the H-orthogonal projection P,: H — H, < H and
the corresponding embedding J,,: H, — H from Subsect. 3.1. This gives rise to
approximate solutions

Upm: [0,00) = Hpy, up(t):= Tn(t)Puuo (t>0).

For m € N, let F,,,: [0,00) — L(H,) be a time discretization method for

(T, (t))i=0 as in Subsect. 3.2. Fix a final time T > 0. For k, Ny € Nlet p =

(t))1<i<n, € [0, T1Vk be time steps with associated grid Ty, F x () := ]_[lN:’{‘ Fu(t)),
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and N,y as defined in Subsect. 3.2. Temporal approximation with F,, ; then yields
the approximate solution

Um k: Ty — Hp, um,k(t) = Fm,k(t)Pm”O (t € Ty).
The following theorem is a version of [50, Theorem 7.8].

Theorem 4.1. Let a be symmetric, bounded, and coercive, and assume that the embed-
ding V. — H is compact. Let s > 0 and assume that the space discretization converges
with order px > 0 on D(A®) for the stationary problem. Let the time discretization
methods F,, be induced by an A-stable rational functionr for allm € N and let p; > 0
be the order of convergence of the time discretizations.

Then for all T > 0, there exist C7 > 0 and t9 > 0 depending on T > 0 such that for
max;—1,...,N, ‘L’,i < 109, we have

_ 2\ Pt
ot (0) = w1z =< cf(m P (max ) )||uo||Amax<x+l,m
k

forallt € Ty, ug € D(A™+LPdy and m, k € N.

Note that the single convergence rates for the discretization in space and time,
respectively, appear exactly in the joint rate given sufficient regularity. Since A-stability
is required, the theorem does not cover time discretization methods for which a CFL-
type condition arises (CFL stands for Courant, Friedrichs, and Lewy who studied
discretisation methods for time-dependent partial differential equations where the
maximal time step size needs to be bounded from above in terms of the spatial dis-
cretisation size to obtain convergence).

5. Approximation of random evolution equations

In view of Sect. 2, we consider the random evolution equation
u(t)=—Au@t) (t>0), ul0) =uycH 3)

with the operator A associated with a random family of operators (A;),cgnv, N €
N. We are interested in the approximation of (3), particularly its approximation in
randomness. First, we introduce the setting and the standing assumptions.
Throughout, let (€2, F, IP) be a probability space and Z: Q2 — R arandom variable
with independent components, whose distributions are admissible; cf. Assumption
3.18. Furthermore, let V, H be separable Hilbert spaces, V < H densely. For z € RN
leta,: V x V — K be a form and assume that RY 5 z — a.(u) is measurable for
allu e V.

Assumption 5.1. Let Assumption 3.18 hold for Z. Assume that (a;) g~ is Pz-almost
surely uniformly bounded and Pz-almost surely uniformly coercive, i.e., there exist a
P,-null set N, € RN and K, ¥ > 0 such that

2
laz(u, v)| < Klullvllvllv, Rea;(u) = «lully
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forall u, v € V and z € R¥\ /7. Further, suppose that (az),egrn is Pz-almost surely
symmetric.

Remark 5.2. We remark that Assumption 5.1 can be weakened in the sense that K
and « may depend on z such that they are integrable w.r.t. Pz with positive integral,
see e.g. [48, Remark 12.14].

Forz € RV\ Wz let A, in H be the operator associated with a,, while for z € Nz we
set A, =0.Forz e RN \N7Z let (T;(2));>0 be the contractive Cp-semigroup generated
by —A,. As introduced in Sect. 2, we consider the operator A in H = Ly(RY P, H)
associated with (A;), g~ . Then Proposition 2.1 yields that —A generates a contractive
Co-semigroup (T(¢));>0 on H. The mild solution of (3) is given by

u: [0,00) > H, u(@):=T®uy (> 0).

Remark 5.3. Let V := Ly(RN,Py; V). Then it is easy to see that V < H densely.
Definea: V x V — Kby

a(u, v) = f a,u(2), v(2)) dP2(2),
RN

noting that z — a;(u(z), v(z)) is measurable for all u, v € V. Then a is bounded and
coercive, hence sectorial, and A is the operator associated with a. Symmetry of a even
implies self-adjointness of A.

To approximate the random evolution equation (3), an approximation in randomness
is performed by means of the polynomial chaos expansion R, of order n € Ny (see
Definition 3.24).

Remark 5.4. The straightforward approach of applying R,, to (3) fails, since
Rnu/(t) = (Rnu)/(t) = -R,Au(?) (t>0), R,u(0) = R,u)(0) =R,ug

cannot be written as an abstract Cauchy problem for u,, := R,u. Indeed, in general,
—R,Au(t) # —R,Au,(r) = —R,AR,u(¢) for the right-hand side. However, an
abstract Cauchy problem is required in order to apply the space and time approximation
results from Sect. 4, requiring a different choice of approximation u,, # R,u.

This section is organized as follows. In Subsect. 5.1, we show how to use PCE
correctly to approximate the mild solution of (3). This results in a coupled system
of deterministic equations. Subsect. 5.2 illustrates how a joint convergence rate for
the semi-discretization in space and time can be obtained therefrom. It remains to
estimate the semi-discretization error in randomness, which is done in Subsect. 5.3,
composed of auxiliary estimates in Subsects. 5.3.1-5.3.3 and the main error estimate in
randomness in Theorem 5.26 in Subsect. 5.3.4. The main result on a joint convergence
rate for the full discretization in randomness, space, and time is stated in Theorem 5.29
in Subsect. 5.4.
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5.1. Derivation of the approximate problem

Our aim is to find an abstract Cauchy problem approximating (3) whose solution
u, is contained in P ® H C H and can thus be obtained from a finite number of
elements in H depending on the polynomial degree n € Ny. In other words, we want to
find a (potentially coupled) system of deterministic evolution equations from whose
solution we can reconstruct the approximate solution u,. To circumvent the issue
discussed in Remark 5.4, we start by restricting the form a to polynomial spaces w.r.t.
the random parameters. Consider the restrictions a, := a|(pygy)x (PN gv)- Since R,
is an H-orthogonal projection, R, v, = v, for any v, € P,f’ ®V C P,iv ® H. It
follows that for all w,,, v,, € 73,{\’ ® V,n € Ny,

a,(w,,v,) = aR,w,, R,v,) = (AR, w, |RnVn)H = (R,AR,w, |Vn)H
= (R,AR, W, |Vn)7374\’®1—1 .

Hence, the restricted form a,, is associated with R, AR,,. (To be precise, R,,AR,, is the
operator associated with a, on the closed subspace P,]lv ® V € V. We can and will
extend R, AR, by zero to H.) Thus, we postulate that u,, arises as the solution of the
abstract Cauchy problem associated with R, AR,,.

Definition 5.5. Let n € Ny. Define u,, : [0, 00) — L(H) as the mild solution of the
abstract Cauchy problem

u;, ®) = —R,AR,u, (1) (> 0), u,(0) =ug, := R,up. 4)

Note that (4) is not the PC approximation of the original abstract Cauchy problem,
since we additionally truncate u,, before applying A on the right-hand side, cf. Remark
5.4. Naturally, it remains to verify the well-posedness of (4). The mild solution exists
uniquely, since —R,AR,, generates a Co-semigroup. This is a consequence of the
following resolvent bound, which will also be needed for future estimates.

Lemma 5.6. Suppose Assumption 5.1 holds. Then for all n € Ng and ). € C with
Re A > 0, we have
12+ Ry AR 2y < 1.

In particular, —R,, AR, generates a contractive Co-semigroup (T, (t));>0 on H for all
n e No.

Proof. Since a is bounded and coercive as a consequence of Assumption 5.1, also
the restricted forms a, are bounded and coercive with uniform parameters. Hence,
(an)nen, are uniformly sectorial of angle less than 7. Consequently, the negative
associated operators —R, AR, are (uniformly) m-sectorial, i.e., satisfy the resolvent

estimate stated. In particular, they are generators of contractive Cp-semigroups. [J

Abbreviate the index set by N := N(I)V and let (®y)yen be an orthonormal basis of
L>(RN P) such that &, € PV for |a| < n and n € Ny. In contrast to Subsect. 3.3,
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we consider @, of unit norm in the following. It follows from (4) thatu, (¢) € P,J,V QH,
since u,,(t) € P,Ilv ® H. Hence, u,(t) can be completely described by d,, := f{a €
Nilal <n} = (”:N) many H-valued coefficients. That is, u, (1) = )" 5, Pp Qug
forug € H to be determined. We can rewrite the random abstract Cauchy problem (4)
foru, (7) as a system of d,, deterministic equations such that u,, () can be reconstructed
from the system’s solution. To derive this deterministic system, the following simple

observation proves helpful.

Remark 5.7. Note that (<I>a}¢/gd>y)L2(RN p, = 0foralla € N with |a| >

Bl + |y|. Indeed, since (®y)yens is an orthonormal basis, &, L Plfv for all
¢ < |a|. The statement then follows from ®z®, € P\%I Ve Moreover, @, is R-
valued (see Subsect. 3.3), which is why the complex conjugates can be omitted in
(Cba | dg CDV)LQ(RN,Pz) = fRN &, PP, dPPz and the indices can be interchanged.

Notation 5.8. To abbreviate, for w € H and o € N let us write
T = V@0 ey = [ WGP €
R
with a slight abuse of notation. For u,v € V, denote the a-th generalized Fourier

coefficient ofa.(u, v) by 4o (u, v), i.e., dg (u, v) := (a.(u, v) | Pg) @V p,)fora € N.
Further, for a, B,y € N, denote

eapy = (Pu | PpPy), wNp,) = /RN O, dp®, dPz.

Letw, = Z\ﬁ\fn P Qug, v, = Zlylsn b, ®@v, € P,iv ® V forn € Ny. Then a
PCE of a.(ug, v, ) combined with Remark 5.7 results in

8y (Wi, V) = a(W. V) = »_ Y /RN az(ug, vy)(@pd,)(z) dPz(z)

|Bl=n |yl<n

=y > /R (Z aawﬂ,vy)@a(z)) (@pDy)(2) dPz(2)

[Bl<n|yl<n aeN
(€ A ~
= D0 >0 D dalupveapy =3, Yo D dalup, vy)eapy,
IBl<n |y|<naeN IBI=n |yl=n|a|<2n
(%)

where in (x) we were allowed to interchange integration and summation, since the
polynomial chaos expansion converges in Ly(RY, P7) and thus also in L (RY, P2).
Motivated by the above observation that a,, can be represented as a finite linear com-
bination, we define the following deterministic forms.

Definition 5.9. Forn € Ng and B,y € N we define a, g, : V x V — Kby

an,By = E Ea,B,ya-

lee]<n



69 Page 24 of 52 K. KLIOBA, C. SEIFERT J. Evol. Equ.

Let U, := V% be equipped with the norm ||(uﬂ)|ﬂ|5n||2mn = Z\ﬁ\sn ||u5||%, and
define a,,: U, x U, - Kby

0 (Wp)ii=ns @ipi=n) == D D aompy (g, vy).

lyl<n|Bl=<n
The corresponding quadratic form a, : 0, — K is denoted by a,, as well.

Proposition 5.10. Suppose that Assumption 5.1 holds for some K > k > 0. Let
n € Ng. Then

lan (@g)1g1<n> W) y1<)| < Kllwp)g1<nllw, 1(Vy)1y1<ull,
Re a, ((ug)|pj<n) = K”(“B)\ﬂISnHZQ]n

Sorall (ug)g1<n, (Vy)\y|<n € Vy. In particular, a, are sectorial of angle less than %

Proof. Let Wy := 5, Pp @ up, Va := 3|, |<, Py ® vy From (5), we deduce

an((”ﬁ)lﬁlfﬂa (vy)lylfn) = Z Z Z &a(uﬁs Vy)ea, g,y = a(Wp, Vy). (6)

[Bl<n ly|<n |a|<2n

Boundedness and coercivity of a allow us to estimate a,, in terms of |w,, ||v and ||v, ||v.
Parseval’s identity yields the desired norm identity

wald = Y IFpl} = D | (W | @8) vy v = D gl
BeN BeN [Bl=n

= || @p)ipizn |5, - D

Note that the above proposition implies sectoriality of a,,. Having established the
connection between the random form a and the deterministic forms a,, acting on the
finite-dimensional Cartesian product U, of the (typically infinite-dimensional) space
V, the question of associated operators arises. Since a,, is a bounded and coercive form,
we can associate an operator 2, with a,. To get a representation for this operator, we
start by considering the operators associated with the building blocks a, g, of a,.

Lemma 5.11. Letn € Ny and B,y € N. Suppose that Assumption 5.1 holds. Then
n,p,y 1s bounded.

Proof. By Bessel’s inequality, d, is bounded for « € N. As the sum defining a, g,
is finite, we obtain the assertion. O

By Lemma 5.11, we can associate an operator in H to a, g, forn € No, 8,y € N.
Denote this operator by A, g, . An assumption is needed to ensure that these operators
are densely defined.

Assumption 5.12. Suppose that Assumption 5.1 holds. Further, assume that there
exists 5 > 0 and a subspace D° € H such that D(AS) = D* for Pz-almost every
z € RY and the associated graph norms are Pz-almost surely equivalent.
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Remark 5.13. Suppose that Assumption 5.12 holds for some s > 0,andlet0 < s < 5.
Then, by interpolation theory, we have that D := [H, D], /5 = D(A?}) for Pz-almost
every z € R and the associated graph norms are Pz -almost surely equivalent. If 5 > 1
we abbreviate D := D',

Lemma 5.14. Suppose that Assumption 5.12 holds for s = 1. Then D(A, g,,) = D
foralln € Ny, B,y € N.

Proof. Leta € N and let Xa be the operator in H associated with a,. We show that
D(Ay) = D. This suffices to yield the assertion by definition of A, g, as a linear
combination. Letu € Dandv € V. Then 1 ® u € D(A) and

aa(“’ v) = (a.(u, v) | qDDt)Lz(RN,IP’z) = [l‘QN a;(1-u, &4(2)v) dPz(z)
=a(1®ua q)a®v)
= A1 Qu | Py @)y = (AL Qu) | Po)r,®N Py |V) ;-
Thus, u € D(Ay), so D C D(Ay).

Now, letu € D(;fa). Then u € V and therefore 1 ® u € V. Thus, forv € V, a PCE
of a; yields

a(l®u,v) = / D G, ¥(2) P (2) AP (2)
RN aeN

_ /R Y (A |v@)  @ul2) dP2(2)

aeN
V(Z)) dPz(z) = (Z P, ® Xau
H

(;) '/RN (Z CDOI(Z)XO(M aeN

aeN

Since the polynomial chaos expansion converges in L (RY, Pz) and thus the integrand
converges also in L (RN ,P7z), and taking scalar products is a linear functional, we
were allowed to interchange series and scalar product in (). Thus, 1 ® u € D(A),
i.e.,u € D. O

This ensures that a,, is associated with a densely defined operator.
Definition 5.15. Let ), := ®|g<nH = H dn be equipped with the scalar product
(Wpiprzn | @) yi<n)g, = D (up|vy)y
[Bl=n
and the corresponding induced norm for n € Ny. Define 2, in §,, via

Z A2n,/3,yu,6> € Hin.

|Bl<n lyl<n

D@,) = @ D =D", A((up)ipi<n) := (
|Bl<n
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Proposition 5.10 implies sectoriality of 2(,,. Even more is true due to Pz-a.s. sym-
metry of (a;),cgn-

Proposition 5.16. Suppose that Assumption 5.12 holds fors = 1. Then a,, is symmet-
ric, and A, is self-adjoint.

Proof. Leta € N.lItiseasy to see thatd, is symmetric. Thus, a, g, is also symmetric.
Moreover, €4 8,y = €q,y,p forall B, y € N; cf. Remark 5.7. Hence, a, ., = an,y,p.
Thus, we easily observe the symmetry of a,,, which directly implies the self-adjointness
of A,,. O

Finally, we can now relate the solution u,, of the random abstract Cauchy problem to
the solution of the coupled deterministic system given by 2I,,. We find that the solution
vector of the deterministic system consists precisely of the PCE coefficients of order
up to n of u,. We recall Notation 5.8.

Proposition 5.17. Suppose that Assumption 5.12 holds fors = 1. For n € Ny let u,,
be the mild solution of (4). Define the approximate initial condition

Uon = @a)msn = ((“0 | Do), ®N Py) )\oz|§n' N
Then the coupled deterministic system
w, (1) = =Ayu, (1) (¢ >0), 1, (0) = upy (3)

is solved by u,, : [0, 0c0) — 9,

U (1) == ((wa (1) | cDﬂ)LZ(RN,]PZ) )|ﬁ|§n € Dn-

Proof. We show u,,(t) = —,u,(¢) and the statement for the initial condition com-
ponentwise. Let y € N with |y| < n. Since the y-th PCE coefficients of R,ug and
ug agree for |y| <n,

4 0))y = (Un(0) | D), e 5,y = Ryllg),, = (Uo), = (uon)y-

Abbreviate the PCE coefficients of u, (¢) by ug := (13(7)) g for |B] < n. Testing with
v € V yields

(g | V) = Y ampyp.v)= > > £apylalug. v)
|Bl=n |Bl=n |a|<2n
5
2 a,(,(1). &, ® ) ©)
for the negative right-hand side of (8) by definition of u,,, %, a, g.,, and since az, g,

is the form corresponding to Ay, g, . For the negative left-hand side, by definition of
u,, we rewrite
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/ d /
(—u,(0)y = “ar (w0 | q)V)Lz(RN,IPZ) = (~uw, ) | cI)J’)LZ(RN,IPJZ)

= (RuAR (1) | @), v 5,

Testing with v € V, we can use (5) and that a,, corresponds to R, AR;, to conclude

((—up @)y [v) = ((ReARyu, (1) | q)V)Lz(RN,IP’Z) [v) g = (RuARyu, (1) | @y @ V)
= ap(u, (1), Py ®v),

which agrees with (9) and thus finishes the proof. g

5.2. Semi-discretization in space and time

Due to its abstract Cauchy problem structure, we can now discretize (8) in space
and time as in Sect. 4. Let n € Ny and (V,,),en be an approximating sequence of
V. Then, (U, m)men with B, ,, = ,,‘f” is an approximating sequence of *U,. The
spatial approximation of a, as discussed in Subsect. 3.1 yields approximating forms
(2, m)meN on U, ,, and associated operators (A, m)meN ON Hp o = H,ﬁ”, where
H, = V_m”'”H . Moreover, form € N, let (%, ,, (t)):>0 be the Cp-semigroup generated
by =2, .

For m € N we recall the H-orthogonal projection P,,: H — H, < H and the
corresponding embedding J,,: H,, — H from Subsect. 3.1, which can be naturally
lifted to Py : Hn = Dnm S HDn and I Dum — Hu, as well as

Pow:PYR@H - PY®Hu Jum:PY®H,—>PYOH (10)

for n € Ny. Then Pn,m(Z\mgn Py Qug) = Zlﬂlfn ®g ® (Pyug). This yields semi-
discretizations

Upnm * [0, 00) — nms un,m(t) = Tn,m(l‘)mn,muOn (t = 0).

Forn € Npandm € N, let § : [0,00) — L($H,,,) be a time discretization
method for (%, ,,(f));>0 as in Subsect. 3.2. Fix a final time T >0.Fork e N
and Ny, € Nlet iz = (Tii)lsist e [0, T1V be a family of time steps, 7y the
associated grid, and N; x = max{j € {0,..., Nt} : ij=1 r,i = t}. Fort € 7
let §pmk(t) == ]_[lN:’ f gmm(l’/i) Temporal approximation with §, ,, x then yields the
discretizations

Up m k- 77{ - fJn,m, un,m,k(t) = gn,m,k(t)mn,mu()n (t € 77{)
Following the idea of Proposition 5.17, we consider the corresponding element in
H,, := Ly(RY, P; H,,) with PCE coefficients w,_,  (¢). That is, we let

Womk: Te > Hoo Wymi (@)=Y ®p® Wami®)p t€Tp). (1)
|Bl=<n

Combining the results from Sect. 4 and Subsect. 5.1, we are in a position to estimate
the semi-discretization error in space and time.
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Proposition 5.18. Suppose that Assumption 5.12 holds for some s > 1. Further,
assume that V. — H is compact. Suppose that the space discretization converges
with order px > 0 on D?® for some 0 < s <5 for the stationary problem. Let r be an
A-stable rational function as in Definition 3.12, suppose that the time discretization
methods §n.m are induced by r for all n,m € N, and let p; > 0 be the order of
convergence of the time discretizations. Let J, m, Wn m k, Uy, and ug, as in (10), (11),
(4), and (7), respectively.

Then for all T > 0 there exist C 7 = 0and vp > 0 depending on T such that for
max;—i,.. N, I,i < 109, we have

_ A\ Pt
”Jn,mun,m,k(t) —u,()|g < CT (m Px 4 ( IlnaXN f]é) )||u0n||m;lﬂﬁx(5+1-l’d
i=l,...

s IVk

forallt € Ty, ug € H such that uy, € D(Ql;,nax{erl‘p‘}), n € Ny, andm, k € N,

Proof. Note that by Parseval’s identity, we have

”Jn,mun,m,k(t) —u,(t)|lg = ”3n,mun,m,k(t) - un(t)”fJu‘

Since a,, is symmetric by Proposition 5.16, we can apply Theorem 4.1, which gives

_ -\ Pt
nmttnn i = un @i, < Cp(m=7 + (_max )" ) fuonlggmsssr.po- O
i=1,..., K n
Rather than estimating the error in H in terms of the graph norm of ,, we would
prefer to estimate it in terms of a suitable norm of u,, or ug directly. A further condition
is required to do so; this will be discussed in Subsect. 5.4.

5.3. Semi-discretization in randomness

For an estimate of the full discretization error, it further remains to estimate the
randomness semi-discretization error ||u, () — u(z)||g in terms of a suitable norm of
ug with decay of some rate in n. Since u, (t) # R,u(¢) (cf. Remark 5.4), estimating
the semi-discretization error in randomness is more intricate than a simple application
of the PCE error estimate of Corollary 3.28.

The estimate is established in several steps, the main proof being presented in Sub-
sect. 5.3.4 based on technical estimates in the preceding subsections. In Subsect. 5.3.1,
we present an assumption that implies pointwise in z estimates. With a composition
estimate, they can be lifted to Sobolev subspaces of H. This lifting leads to bounds for
A and its resolvent in suitable norms, as illustrated in Subsect. 5.3.2. These bounds in
turn imply a resolvent difference estimate; cf. Subsect. 5.3.3. Via a modified Trotter—
Kato argument in Subsect. 5.3.4, this yields a convergence rate for the corresponding
semigroups, i.e. a convergence rate for the semi-discretization in randomness.

Henceforth, C, C¢, Cy ,, etc. denote generic constants, whose values can vary from
line to line and may depend on the quantities indexed.
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Im

Figure 1. The curve y,

5.3.1. Pointwise (in z) estimates

We recall the definition of p from (2). In the case where Z has only normally or
Beta-distributed components, p can be omitted in the following due to p = 1. It is,
however, required in the presence of Gamma-distributed components of Z.

Assumption 5.19. Suppose that Assumption 5.12 holds for some 5 > 1. Assume that
for some £ € Ny, [z — a,(u,v)] € CE@RY) for all u, v € V and there exists a
constant Cy > 0 such that

lp(2)**8%a (u, v)| < Cellullpllvllg

for Pz-almost every z € R and forallu € D,v € V, and « € N with |a| < ¢.

Recall thatthen (A;), g~ are Pz-almost surely uniformly sectorial as a consequence
of [Pz-almost sure boundedness and coercivity of (a;),cgn .

Definition 5.20. Let 6y € (0, %) be the Pz-almost surely uniform angle of sec-
toriality of (A;),cg~ such that o(A;) S Xg), where Xgy = (A € C : A #
0, larg(X)| < 6p} is the open sector of angle 8y. Let 9 := w — 6y and n € (%, n0)-
For r > 0, define the curve y, as the union of the three curves y,l, yrz, and y,3, where
v (=00, =r) = C,y/(p) i= —pe™™, y7: (=n,m) — C,y7 () := re’, and
yr3: (r, 0) — C, yf(p) = pe'l .

The curve y; is illustrated in Fig. 1. We summarize some consequences of Assump-

tion 5.19.

Lemma 5.21. Suppose that Assumption 5.19 holds for some € € Ny. Then the follow-
ing statements hold for all « € N with |a| < £ and Pz-almost every z € RN, with all
constants independent of a and z.
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(@) We have ||p(2)*/*3% A |l z(p, )y < Cy for some Cy > 0.

(b) For all r > 0 there exists C¢, > 0 such that for all . € y., we have
I p(z)”‘/ZB“(k + A) 7Yl py < Coy. For € = 0, the statement holds with
constant 2 + ;.

(©) For all T > 0, there exists Ci.¢ = 0 such that ||p(z)°‘/28§‘(k +A)"! oy <

\)»I forallk €r1 witht € (0, T].

d) Forall T > O_Ihere exists CT,Z > 0 such that ||p(z)“/28§‘Tz(t)||L<H) < CT,E
forallt € [0, T].

(e) Forall T > O there exists Cf,z > 0 such that for all t € [0, T],

sup (0?92 (TAT-()) | cqary < Ciyp-

O<t=<t
Proof. We start by showing (a). For u € D and Pz-almost every z € RY, we estimate

o8 Aully = sup  |p(2)*? (8% A |v),

veV, vllg=I

= sup  |p@*?8%;(u, v)|

veV, |vllp=1
< sup  Cellullplivlia = Cellullp.
veV, |v|lg=1

By uniform sectoriality of (A;),cpw,
120G+ AD My < 1 (12)

forall » € £, 2 ¥ with n < no. This implies (b) for £ = 0 via p(z)%/? = 1 and

10-+ A ullp = I = 20+ A~ ulldy + 1+ A~ il

1 1
/4+W||u||H< 4+ — ||u||H<<2+;>||M||H

forall A € y,, where we have used that || > rony, and A,(A+A,) "' =T —1(A +
A;)~!. To show (b) for general |a| < £, we assume without loss of generality that
a —e; € N. We note that by Leibniz’ rule and iteratively rewriting the derivatives of
the resolvent, for Pz-almost every z € RY, we obtain

PA+A)T =0 (=+ AT A A+ AT

o —ep i _ B _ _
- P otA,)! ()af YA (A+AL) !
Z( 5 ) A Y ) 9] (A+A,)

B<a—e; y=p

=(+A)” 12[1‘[ a,,a CA)G A A }
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for some Cy; ; € R. The sum is taken over all partitions P; = (,B )1<l<p of a

such that ¢ = ,31 .+ ,31, for some 1 < p; < || and with ,BJ # Oforalli,j.
Consequently, also

Pj i
PP+ AN =0+ AN Y [1‘[ Cij (p(z)f‘//zaf" Az)a + AZ)—I}.

13)

Since as many derivatives (of some order) of A, appear (weighted with the respective
power of p(z)) as resolvents of A, we can estimate the £(H )-norm of each factor in
the product by [Cy i j1Ce(2 + }) by part (a) and the sectoriality estimate (12). Since
sum and product are finite, the estimate for « = 0 applied to the first factor in (13)
yields the claim.

We continue with (¢). Let r = % For o = 0, (12) yields the claim with C7 , = 1.
For general «, we note that the £(H)-norm of each factor of the product in (13) is
bounded by Cy(2 + %) =Cy(2+1) < Cy(2+ T). The L(H)-norm of (13) can thus
be estimated by C7 ,||(» + A2) "M zeay, where the norm is bounded by [A|~! due to
(12).

We pass to the proof of (d). Observe that (d) and (e) are trivially satisfied for ¢ = 0.
Hence, lett > O and r = % The Laplace inversion formula [17, Corollary II1.5.15]
yields the representation

1 th —1
T,(Hu = — er(A+ Ay
27i J,,

of the semigroup for all # > 0, u € H, and Pz-almost every z € R Interchanging
differentiation and integration yields that z — T, (¢)u is continuously differentiable
up to order £. Furthermore, by part (¢) there exists C7 , > 0 with

A

1 _
0@ T (0, < > / le11p(2)* /2% (h 4+ A) " ully dr

Cie e
—’||u||H/ 0
o ST

forallz € [0, T],u € H, || < £, and IF’Z almostevery z € RN It remains to estimate
the curve integral uniformly in z. On 2, due to r = 1

A 00 Ltp cos(n) o0 rt cos(n) cos(n)
/ e ldA:/ ¢ dpil/ emCOS(n)dp:le _ ¢ .
2] r P rr rt |cos(m)|  |cos(n)]

IA

, we obtain

An analogous estimate holds on yrl. The proof of (d) is finished by estimating

etk n ertcos(<p) n
/ | |d / ~rd(p§/ el dp = 2en.
2 A _n r —y
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Lastly, we show (e). Leibniz’ rule, multiplying by 1, and part (a) yield

| o208 (T A T-(x)u
o _ _ _
’Z (ﬁ)(p@)(“ PRy PA)A AL (0(2)P PP T (1))u
B«
= ClCell A Nizn.py max [T A (p @) 2L T (2

H
[

The assumed coercivity implies ||A u||g > «||u||g for all u € D via the embedding
V < H,andthus |AZ!||z(m) < L. Consequently, [| AT ull%, = [lull?,+ AT ul? <
1+ K]—2)||u||%1. Hence, ||AZ_1 ||2£(H’D) <1+ K]_Z It remains to estimate the last factor.

Again using the Laplace inversion formula, for » = 7!, (13) with all partitions P;
of B instead of « allows us to rewrite

1
AP T = = | e A(p@P PG+ AT d
Vr
Ce A 1 Pj P .
= 271_/ e A (A + A~ Z [l_[(p(z)ﬁ,»/ 3 AZ)(A+ A ]udk.
Yr P;

i=1

In the proof of (c), we have already shown that the £(H)-norm of the sum over all
partitions P; is bounded by some CT, ¢ = 0. We further recall that

IA A+ A e = 1 — 20+ A) gy <2

by the sectoriality estimate (12). Hence,

C¢Cx CyCx
lp PP AP T (oyull g < — f rle™da < — Lt (
7t r

+267)> el .
T

[cos(n)]
where the last step is obtained by an estimation of the curve integral. g

5.3.2. Mapping properties of A and its resolvent

From the pointwise estimates for A,, we now derive estimates for A, its resolvent,
and the semigroup generated by —A in suitable Sobolev spaces.

Proposition 5.22. Suppose that Assumption 5.19 holds for some £ € Ny. Then for all
qgef0,....¢}, r>0,and T > O there are constants C4, Cy , CT,q > 0 such that
the following estimates hold for all f € Hg RN, Pz H).
@) AL @y pymy < Cqllfl o @y p,: p) if additionally f € HI (RN, Pz; D). In
particular, |Af|la < Collfll,wN p,: D)
b) |(x + A)_lf”H;’(RN,IPZ;D) < Cq.rllfll gt ®n p: gy Jor all & € y,. In particular,
I+ A) "l L, 5y 0) < Corliflln
(©) ”T(t)f”H;,’(RN,PZ;H) < Cf’qllflng(RN’PZ;H)for allt € [0, T).
(d) supp<,<; ”TAT(T)f”Hg(RN,IF’Z;H) < Cf’q||f||Hg(RN’PZ;H)for allt € [0, T].



J. Evol. Equ. Approximation of random evolution equations Page 33 of 52 69

We need a composition estimate to lift the pointwise estimates from Subsect. 5.3.1
to subspaces of H.

Lemma 5.23. Let Hy and Hy be Hilbert spaces, £ € Ny, and F: RN x H —
Hj such that F(z,-) € L(Hy, Hy) for Pz-almost every z € RN as well as Py-
esssup,cpn |1 F (2, )l c(Hy, Hy) < 0. Further, suppose that F(-,u) € CY{RN: Hy)
and there exists ¢y > 0 such that IIp(z)“/zag‘F(z, Wl H, < cellulln, forallu € Hy,
lo| < £, and Pz-almost every z € RN, Ler G € Hﬁ(RN, Pz; Hy). Then F(-,G(+)) €
H/f (RN, Py; Hy) and there exists Cy > 0 such that

IEC GOt @y pyim) = CelGllat@y vy

Proof. By induction, the product rule, and the chain rule, or, more precisely, their
generalizations Leibniz’ rule and Faa di Bruno’s formula, we obtain the assertion. We
sketch the proof for £ = 1, since the induction step ¢ — £ + 1 follows analogously
using the two rules.

The base case is an immediate consequence of ||F(z, u)||g, < collul n, for Pz-
almost every z € R" taking u = G(z) € H). Since by assumption, F (z, -) is linear for
Pz-almost every z € RV, we obtain 8, F(z, -) = F(z,-) € L(H;, H) for Pz-almost

every z € R" and higher derivatives vanish. For Pz-almost every z € RY, we can
thus find C > 0 such that

8 F(z, G@) Il = 18, F(z, G(2)) + [2F(z, G @’ G@) I 1y

< 19 F (2. Gl + (Pz-esssup | F (. G lLqm. i )10 Gl

zeRN

172

Multiplying with p(2)%/* = (p(2)) ;7 € R, from the assumptions we can deduce

Ip(2)¢7%85" F(z, Gl < cellG@m + Cllp(2)%"?9: G (@)l -

Integrating in z, noting that p(z)? = 1, and summing over j € {1, ..., N} yields that,
for some C; > 0,

2 2
[F(’ G())]le (RN’PZ§H2) = Ce ”G”le (RN,Pz;Hl)

for the seminorm [']H/! (RN Py Hy) 1N H; (RN, Pz; H,). The norm estimate follows
from the induction assumption, i.e., for £ = 1 from the induction start. O

Proof of Proposition 5.22. All statements are consequences of Lemma 5.23 with F
chosen as below and G = f, which can be applied due to Lemma 5.21(a), (b), (d), and
(e), respectively.

(@ F:R¥ xD— H,F(z,u) :=Au

b) F:RYN xH— D,F(z,u) =+ A)"u

() F:RN x H — H, F(z,u) := T,(t)u

d F:RYN xH— H,F(z,u) := SUPg<r<; TA o (T)u O
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5.3.3. Estimate of the difference of resolvents

We now prove decay in n of the difference of the resolvents of —A and —R,AR,,
which is the key ingredient for the convergence rate in randomness in Subsect. 5.3.4. To
be able to speak of convergence, we henceforth consider strictly positive approximation
orders.

Proposition 5.24. Let ¢ € N and r > 0. Suppose that Assumption 5.19 holds for 2¢.
Then there exists C¢, > 0 such that for all ) € y,, we have

[[C + RaAR) 'Ry — G+ A) I |y < Coorn ™ 1€l e v 2

foralln e Nandf € HgZ(RN,]P’Z; H).

Note that convergence of order ¢ requires regularity of order 2¢ in the sense of
f e ng RV, Pz; H). Given sufficient regularity in z, the convergence is thus of
arbitrarily high (polynomial) order. We write C; also for constants depending on the
value of 2¢. For the proof, we need a lemma on the difference of the generators.

Lemma 5.25. Let ¢ € N. Suppose that Assumption 5.19 holds for 2€. Then there
exists Cy > 0 such that for alln € Nandf € HSZ(RN, Pyz; D), we have

I(RsAR, — Al < Con™ “IIf | 20 ¥ B, )-

Proof. Note that R,, is contractive on H (being an orthogonal projection). Proposition
5.22(a) applied to r € {0, 2¢} and the PCE error estimate from Corollary 3.28 applied
to both D- and H -valued functions yield
IR,AR,f — Af|lg < [R,AR,f — R, Af[lg + [ R,Af — Af||g

< AR, = Dfla + (R, — DAf |1

< CollRy = Dfll L, ®y py:p) + (R — DAf[ln

< Cn™(Collf | w2t @~ B,:0) + ALl 2e @ 1))

< C(Co+ Con™“Ifll 2 @n p.1: - O

Proof of Proposition 5.24. The second resolvent identity and Rﬁ =R, imply
(A +R,AR,) 'R, — (0 +A) 7' = L +R,AR,) 'R, (A — R,AR,) (A +A) .

Applying, in this order, Lemma 5.25, Lemma 5.6, and Proposition 5.22(b) for g = 2¢
results in

1+ RAR) TR, — i+ A) Iy =

< [(A - R,AR) (L +A)7'E

™

c —L —1 c —L
= 7Cl” ” *+A) fHHIgf(RN‘[PZ;D) = 7C£C€,r” ||f||H/§£(RN,]P>Z;H)o 0
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5.3.4. Error estimate in randomness: a Trotter—Kato argument

Finally, we conclude convergence of the approximate mild solutions via strong con-
vergence of the associated semigroups. To show the latter, we prove a suitable adap-
tation of the quantified version of the Trotter—Kato theorem [32, Proposition 2.3a]. It
relates the convergence rate for the resolvents from the last subsection to a convergence
rate for the semigroups.

Theorem 5.26. Let £ € N. Suppose that Assumption 5.19 holds for 2€. Then, for any
T > 0, there exists a constant Cf. , > 0 such that

T, (ORf —TOflg < Cf’gn_l”f”H/y(RN,Pz;D)
for all f € HSK(RN, Pz; D), n € N, and t € [0, T]. In particular, for the mild

solutions u,, and u of (4) and (3) withugy € ng (RN Pz D), respectively, we have

lua(t) —u@lln < C7 n ™ Iuoll ey 0y (¢ €10, T

Proof. This proof is inspired by [32, Proposition 2.3a] for the deterministic case. Let
f € H*(RY,Pz; D) € D(A). Recall that for n € N the semigroup (T, ());=0 is
generated by —R,,AR,,. Consider the error e, (¢) := [T, (1)R,, — R, T(¢)]f. Then, the
scaled error s, (t) := te,(t) satisfies

sfl(t) = —R,AR;s(t) +¢,(t) + tR, AR, ALAT(OHf + ¢t 0, T(H)f (t > 0),

s, (0) =0,

where we have used R2 = R, and set
K -1 K -1
Ay = Ay (k) = (5 + A) - (5 + R,,ARn> R,.

KT/K -1 K -1
Oy i= Oy () := 5[(5 4 RnAR,,) R,A — R,AR, (5 + A) ]

noting that 5 is in the respective resolvent sets by coercivity of a and a,. Thus, s, is
given by the variation-of-constants formula

t

t
Su(t) = / T,(t — t)e,(r)dr — / T,( — )R, AR, A, TAT (0)f dt
0 0

t
+?é T, —t)r 0, T(r)f dr.
Integration by part8 in the second integral and division by ¢ result in

t

t
en(t) = %/0 T, (t — 7)e, (1) dr — A, AT(D)f + ;/0 T, (t — 1) A, AT(D)f dt

t

1 [ 1
+ " / T, — r)AntA2T(t)fd1: + ;f T,¢t —1t)r 0, T(x)fdr
0 0

=1 E1+Ey+ Ez+ E4 + Es,
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where E; := E;(t,n) for j € {1,...,5}. We bound the norm of all five terms sepa-
rately, starting with the second one. The resolvent difference estimate of Proposition
5.24 for r = 5, the boundedness of the semigroup on ng (RN, Pz; H) from Propo-
sition 5.22(c), and the generator bound from Proposition 5.22(a) imply

IE20lm < 180l 2ot @Y oy ) 0 IATOF | 2 ¥ 2y 1)
< Coan™ ITOAL | 2@y B, 1)

< Cz,KCf,gnJ||Af||H,§@(RN,IP>Z;H) < Cz,fo,gCenJ||f||H3@(RN,1pZ;D),
(14)

where we have written Cy , for Cy , withr = % The contractivity of (T, (#));>0 from
Lemma 5.6 allows us to proceed as for E; to obtain

1E3]n

IA

1 t
;/0 ||An||£(H3e(RN’[p>Z;H)‘H)||AT(T)f||H35(RN,IP’Z;H) dr

IA

CZ,KCT,ZCM—“||f||szg(RN,pZ;D). (15)

To estimate the fourth error term, combining the arguments issued for E3 with the
analyticity estimate from Proposition 5.22(d) yields

R
IEalln = Coan™ ¢ [ IEAT@AL ey 2,00 d
0
< CZ,KCT’Z”Z_Z”Af”Hgf(RN‘IPZ;H)

< CeicCr Con™ 1€l 2t @ by ) (16)

Let 0 < t < T. Applying, in this order, the triangle inequality, Lemma 5.25, Propo-
sition 5.24, and Proposition 5.22(b), (c), and (a), we obtain the estimate

10, T(0)fIn

IA

S| RiAR, —a1(5 + A>_1T(t)fHH + 512, T@Af

IA

K _
5 CewcCr Con™ (I ey iy + W2 e 2: )

< kCeuCr o Con™ “Ifll 2 @Y 2 )- (17)
Consequently, we can bound the fifth term by
£l =< /0 e D d = Lo Con™ Wl ey (19
To estimate the remaining term E1, we first note that e, satisfies the ODE e, (0) = 0,
e (t) = —R,AR,e,(t) — R,AR, A, AT()f + 0, T(Of (0 <t <T), 19)
thus giving rise to the error representation for0 < v < T

e,(t) = —(R,AR,) e/ (v) — A,AT(D)f + (R,AR,) "', T(0)f. (20)
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Furthermore, the Pz-almost sure symmetry of (a;), g~ implies that —(R,AR,)is
self-adjoint. Thus, for 0 < v < T,

Re (e0(®) | ~R,AR) €, 0) = 3+ (e0®) | -R,AR) Mes() . 21)

As a consequence of the coercivity of a,, —R, AR, is dissipative and thus also its
inverse. Integrating the scalar product of e, () with both sides of (20), using (21), the
dissipativity of —(R,AR,)~!, the Cauchy—Schwarz inequality, and Holder’s inequal-
ity, we deduce for # € (0, 7_"]

1 _ t
lenllZ 0,01 = 5 €n (). ~(RuAR) ™ en (0)pa + /0 (en (), —An AT(D)f )y dT

t
+ /0 (e (1), (RyAR,) ™00, T(0)f) g dr
< llenllz,,6:00) (1A AT O 150,61 + I(R,AR,) ™! On T 2,0, H))-
Dividing by the norm of e,, and using the estimates (14) and (17) yields
lenll 20,08 < 2v/1CekCr o Con™ “If Nl 2 @Y 2 )

where we have used that || (R,AR,) ™! || LH) < %, which is an immediate consequence
of the coercivity of a,. Finally, with the Cauchy—Schwarz inequality and uniform
contractivity of T, (¢), this implies

1
< ?||Tn||L2(O,t;E(H))||en||L2(O,t;H)

1 t
lE1a = H;A T,(t —1)e,(r)dr

H
< 2CexCr o Con” Il e @ i) (22)

We combine (22) with (14)-(18) and omit the dependence on «, which results in
”en () ”H = C]_",[n_z ”f“Hgl(RN,lP’gD)'

Finally, the PCE estimate of Corollary 3.28 and Proposition 5.22(c) give the desired
estimate

Ty (ORLE — T g < llen()lg + IRy — I||L(H3’3(RN,]P’Z;H),H) “T([)f”ng(RN,IP’Z;H)

—L —L
< CT’@” ”f”H/%((RN,]P’Z;D) + Cf’g” ”f”H,g((RN,]P’Z;H)’

from which the second inequality is obtained for f = uy. 0

Remark 5.27. In (18), the estimate of E5 can be improved to an estimate in terms of
the weaker norm ||f|| H2E(RN Py H) by using Proposition 5.22(d) to estimate 7 times
the second term in (17). However, this does not lead to a stronger result due to the
remaining terms Ep to E4.
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5.4. Joint convergence rate of the full discretization error

The last step required for an estimate of the full discretization error is to relate the
graph norm of ug, to the norm of ug in a suitable subspace of H in order to make use
of the semi-discretization error estimate in space-time of Subsect. 5.2.

Lemma 5.28. Suppose that Assumption 5.19 holds for some's > 1 and £ = 0. Let
0 <qg <5 neNy,weH, andr, := (W))|y|<s. Set DI := D(A?). Then for
w e Ly(RN, P,: D), we have v, € D(UAL) and there exists Cy = 0 independent of
w and n such that

[Wnllgy < CollWllr,®N Py pa)-

Proof. (i) We first let ¢ = 1. From D(A) = L,(RY,P,; D) we conclude R,w €
D(A) € Vandw, € U,.Letv, = (v))|y|<n € U, anddefine v, := ZMS” v, ®, €
P,{V ® V. Then, from (6), a, ~ R,AR,,, and Rﬁ = R,, we conclude

an (0y, ) = a,(Ryw, v,) = (RnAR5W|Vn)H = (R, AR, w| Vn)Pé"@H

- (((R@W)y)wlﬁl U")m

by Plancherel’s theorem. Hence, v, € D(2(,) and 2,1, = ((Rn/AR\nw)y)MSn.
Applying Parseval’s identity twice and Proposition 5.22(a) with ¢ = 0, we conclude

[0, |5, = IR, AR, W|m < [AR,W|lg < C|[R,WIl .,V p,.p)
< Clwllr,®N p,:D)-

(ii) Let N > m < 5. Repeating the argument of step (i), we obtain tv,, € D(}") for
all w € D(A™) and for some C,, > 0,

120 0all5, = I|(R,AR)" Wllg < Conl[WllDam). (23)

(iii) Let 0 < ¢ < 5 and choose N 2 m > ¢. Due to symmetry of the form, 21, is self-

adjoint and thus 2" is m-accretive. A generalization of the Heinz inequality [36] then

yields the statement for A7 via interpolation. Note that D(AY) = Ly(RYN  P,; DY).
O

We can now state our main result on the joint convergence rate for the approximation
of random evolution equations. We recall the notions of rational schemes and A-
stability from Definition 3.12.

Theorem 5.29. Let £ € N and T > 0. Suppose that Assumption 5.19 holds for some
s > 1 and 2¢ and that V. — H compactly. Suppose that the space discretization
converges with order px > 0 on D* := D(A}) for some 0 < s <5 for the stationary
problem. Further, suppose that the time discretization methods §, m are induced by
an A-stable rational function r for alln € No, m € N, and let p; > 0 be the order of
convergence of the time discretizations.
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Let u be the mild solution of (3) with ug € Hgﬁ(RN ,Pz; D) N Ly(RN, Py;
pmaxis+Lpdy here max{s + 1, pi} <sand, forn,m,k e N, let J, , and w, ,,  be
as in (10) and (11) via time discretization methods §y m, respectively.

Then there exist CT,e’ CT,S,pt > 0, 7o > 0 such that for max;—1,.. n, r,i < 10,

—L
”Jn,mun,m,k(t) —u(@)|g < Ci‘,@n ”uO”ng(RN,IP’Z;D)

_ \ Pt
+ CT_',s,pt (m Px + < . l’lnaXN 'L']i) ) ”uo”Lz(RN,Pz;DmaX(“+]'pt))
1=l1,...

ey IVE

foralln,m,k € Nandt € Ty.

Proof. Abbreviate Tmaxk 1= max;—i, N, t,ﬁ. Then Proposition 5.18 and Theorem
5.26 imply that

I, m W, e () — W) [ = 1, m W, m k(1) — Wy () 11+ ([0, (1) — w(@®) |0
< Ciyp(m™ + (Tmax,k)p[)”uOn”Q‘gAaX(Hl,p[)
+Cron” Iuoll e @ B2 )
The corollary then follows from Lemma 5.28 applied to w = ug and ¢ = max{s +
1, p}, which gives
||U0n||9[;nax(s+1.pt} < Cyllaoll L, N p,: pmaxts+1.p)y- O

Remark 5.30. Letus comment on the case of deterministic initial values, i.e., ug € D4
for some g > 0. Then ug := Iy @ up € ng(RN, Pz; DY) for all £ € Ny and

||“0||H3@(RN,IP>Z;D4) = lluollps-
Hence, we naturally recover the results of Sect. 4.

Remark 5.31. The condition max{s + 1, p;} < 5§ related to the regularity of ug is an
implicit assumption relating the spatial regularity s required for the spatial convergence
rate for the stationary problem to the index s up to which the graph norms of the
fractional powers of A, are Pz-a.s. equivalent. The latter needs to be sufficiently high
such that the desired spatial convergence rate is attained on D(Ai_l) =Dl In
particular, this implies 5 > 1.

Remark 5.32. Joint convergence rates can also be obtained for non-symmetric forms
(az),egrn - This requires a technically more intricate proof and an additional assump-
tion: Suppose that in addition to Assumption 5.19 for 2¢ and 5 > 2, there exists a
constant Cy p > 0 such that

Ip(2)*/23% Aullp < Cepllull p2

for Pz-almost every z € RN andallu € D and « € N with || < 2£. Then, non-
symmetric versions of Theorem 5.26 and Lemma 5.28 can be established (see [37, The-
orem 3.72, Lemma 3.73b]). An analogue of Theorem 5.29 is obtained provided that for
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some ¢ > 0,uq € ng(RN, Pz; D¢y aswell asug € Lo (RY, Py; Dltetmax(s.py
and the time discretization is done via the implicit Euler method (p; = 1) or the
Crank—Nicolson method (p; = 2), cf. [37, Theorem 3.75].

Remark 5.33. It is well-known from other contexts that holomorphic dependence on
the random inputs gives rise to exponential rates of convergence for PCE, see e.g.
[53, Subsection 3.3.2]. We also expect exponential rates of convergence for PCE in
our situation, as long as both z — a;(u,v) for all u,v € V and z — ug(z) are
holomorphic, and we can control higher-order Sobolev norms of these mappings. We
do not follow this direction here, but postpone it to future work.

Remark 5.34. Let us comment on possible extensions of Theorem 5.29 to nonlinear
situations.

(a) We first consider the semilinear case. For z € RV let F,: H — H, and let
F: H — Hbe the corresponding multiplication operator, which we assume to be
Lipschitz continuous on H, and such that it maps ng (RN, Pz; D) continuously
to itself with linear growth.

Then we consider the abstract Cauchy problem

u'(t) = —Au(t) + F(u(®)), u(0) =ug

with mild solution u given by

t
u(t) = Twuo+ [ T - 9Fwis) ds
0
We may approximate this problem by
w, () = —R,AR,u(?) + F, (u,(t)), u(0) =ug, := R,ug

with F,, := R, F and mild solutions u,, given by

t
u,(t) = Tn(t)uo,n +/ T, (t — )F,(u,(s)) ds.
0

Then we can treat the semi-discretization in randomness analogously and after-
wards perform space-time discretizations to obtain a version of Theorem 5.29.

(b) As a special case of (a), we may consider H = L,(G; R) for an open and
bounded Lipschitz domain G € R? and for z € RN welet F,: H — H be a
composition operator (or Nemytskii operator); that is, for z € RV let f;: G x
C — C satisfy the Carathéodory conditions (see, e.g. [46, Subsection 9.3.4])
and set F,(v) := f;(-, v(-)). At least in the autonomous situation, f,: C — C
(no explicit dependence on G) and F;(v) := f;(v) = f; o v, characterizations
of mapping properties on Sobolev spaces are well-known [31, Theorem 1.1,
Remark 1.2, Remark 1.3], which are needed for the mapping properties with
values in D. For the Sobolev regularity of F with respect to z, we may as well
refer to [31, Theorem 1.1, Remark 1.2, Remark 1.3] for mapping the Sobolev
space into itself; here, we may assume that the f, are independent of z.
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(c) Amore general situation is given by monotone operators A, forz € RY . Here, the
generated semigroups turn out to be nonlinear, but still contractive. Moreover,
a basic version of the Trotter—Kato theorem is available, see, e.g., [11] and
references therein. As a first step towards convergence rates in the monotone
setting, a quantified version of the Trotter—Kato theorem for maximal monotone
operators would be beneficial. The authors leave this to future work.

6. Application to random anisotropic diffusion

Let G € R? be open, bounded, convex, and polygonal, and let H = Ly(G)
and V = H(} (G). Let (2, F,P) be a probability space, Z: Q — RY a random
variable with independent components and distribution Pz. Assume that each of the
components is standard normally distributed, Beta-distributed, or Gamma-distributed;
cf. Assumption 3.18. Let RN x G 3 (z,x) — M. (x) € K?*? such that M, (x) is
Hermitian for all x € G and Pz-a.e. z € RY, and assume there exist x, K > 0 such
that

Kk <M.(x) <K (x€G,Pzae.zecR). (24)

Moreover, let 7 +— fG M (x) jxh(x) dx be measurable for all j,k € {1,2} and h €
L1(G). For those z € RN for which (24) holds, define a.: V x V — K by

a;(u,v) = f M, (x)gradu(x) - gradv(x)dx (u,v e H& (G)),
G

and let a;(u, v) = 0 otherwise. Here and in the following, grad and div are acting on
the spatial coordinates x only. Then z — a; () is measurable for all ¥ € V and

2 N
klully < az), laz(u,v)| < Klullylvlly (u,veV,Pz-aezeR").

That s, (a;),cgv is Pz-almost surely uniformly bounded and coercive, as required in
Assumption 5.1.

For z € RY let A, be the self-adjoint operator in H associated with a. Note that
[0, o0) is contained in the resolvent set of — A, for Pz-a.e. z € RN,

Remark 6.1. Provided that M, € WJO(G) for Pz-a.e. z € RN, we Pz-almost surely
have

D(A.) = H}(G) N H*(G), A.u = —div M.(x) grad u,

see, €.g., [34] and [25, Theorem 3.2.1.2]. Hence, we can set D := Hol(G) N H2(G)
equipped with the H2-norm.

To establish the estimate of derivatives of the form in z required for Assumption
5.19 to hold, smoothness of the coefficient matrix is required. We endow K2*2 with the
spectral norm || - ||» and K? with the Euclidean norm. Denote by Div: K?>*? — K2
the row-wise divergence operator so that Div(b(-)) calculates the divergence of a
matrix-valued function b € C'(G; K**?) column-wise.
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Definition 6.2. For ¢ € Ny, define Cf;’l(]RN x G; K2%2) as the space of all f: RN x
G — K**2such that f(-, x) € CY(RN; K2*2) forallx € G, f(z,-) € CH(G; K**?)
for Pz-a.e. z € RY and there is C; > 0 such that for all o € Név with |a| < £, we
have

max {]P’Z-ess sup H,o(z)"‘/2 Div ((3¢ f (z. -))T) ||Loo(G;K2)’

zeRN

Pz-esssup (%202 f (2, ML ueren) | < Ce
z€RN
Inductively, for k € N let Cﬁ’k“(RN x G; K?>*?) denote the space of all f €
CLHF®RN x G K**?) such that f(z,-) € CKT1(G; K**?) for Pz-ae. z € RV and
[(z,x) — 3y f(z,x)] € CHERN x G; K**2) for j = 1,2.

Assume that [(z, x) — M,(x)] € Cﬁ’l(RN x G; K2*2). Then the graph norms
of A, are equivalent for Pz-ae. z € R since there are C, ¢ > 0 such that for all
u € D(A;) and Pz-a.e. z € RN we have

lull g2 = cllAzullL, = Cllull g2 (25)

Indeed, the first inequality follows from [25, Theorems 3.2.1.2 and 3.1.3.1] because G
is convex. Since [(z, x) — M, (x)] is continuously differentiable in x, foru € D(A;),
We can rewrite

Au = —div(M,(-) gradu) = — Div (MZ(~)T) -gradu — M,(-) : Hessu,

where Hess u is the Hessian matrix of u and B : C = Zijzl b; jc; j is the sum of the

entry-wise product of two matrices B, C € K?>*2. By assumption for « = 0 and due
to the definition of C ﬁ'l(RN x G: K?*2), we can thus estimate

IAzullL, < H Div (M ()T) - gradu

+ M () : Hessul L,
Ly

2
< sup ‘Div Mz(x)T llgrad u||z, + < sup  max_|[(M;(x));, '|> 0;iu
xeG ( ) o0 ? xeGiJjell.2} b i,jZ:I Y Ly
2
< Collgradullr, + Co Z I8;jullL, < 6Collull 2 (26)
ij=1
for all u € D(A;) and Pz-ae. z € RV, where | - ||oo denotes the maximum norm

in KZ. This yields the second inequality. Consequently, Assumption 5.12 is satisfied
for s = 1. However, we would like to have the assumption satisfied for some s > 1.
This can be shown under additional assumptions on the diffusion coefficients. In
case we want 1 < 5 < 5/4, reasoning as in [28], we observe that for [(z, x) —
M (x)] € C52 (RN x G; K**?) we have DY = H(j (G) N H* (G) with corresponding
graph norms of A§ being equivalent, i.e., Assumption 5.12 is satisfied. In case we
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want 5 > ?T’ further regularity on the coeeficients and, due to the Dirichlet boundary
conditions, further assumptions on the traces of the coefficients may be needed. We
will consider the case s = 2. In order to obtain that the domains D(A?) are Pz-almost
surely constant, we may assume that [(z, x) — M,(x)] € C£'3(]RN x G; K2%2) as
well as tr M, and tr Div(M_,(-)7) are constant for Pz-almost every z € RV, where
tr denotes the trace operator for G. Then, a similar reasoning as above yields that
Assumption 5.12 is satisfied for s = 2, and the graph norms of A% can be compared
to the H*(G)-norm.

To verify the form estimate from Assumption 5.19, it suffices to show that there is
Cy > 0 such that

lo@*?8¢ Acul | < Cellull 2 @7

for all « € N} with |o| < € and Pz-a.e. z € RV Indeed, for u € D(3%A;) N H*(G)
and v € HJ (G), (27) implies
[P (@20 az(u, v)| = |(p(2)*/*0 Aculv)|

<[p@*28¢ Agu  IvliL, < Cellullg2llvli, = Cellullp vl

Now, we show (27). By assumption, [(z, x) — M, (x)] is continuously differentiable
in x (and ¢ times continuously differentiable in z) so that

07 A;u = —div(df M, (-) gradu) = — Div (8?MZ(-)T) -gradu — (B?MZ(-)) : Hess u.
Analogously to (26), we infer that for [(z, x) — M;(x)] € CH RN x G K**?),

|p@*20% Au], | < [ p(2)*/* Div (0 M ()" - gradu
+ ||,0(z)°‘/2(8§‘MZ(-)) : Hessu”L2
< V6C|ull 2.

In conclusion, Assumption 5.19 is satisfied for 5 and £ € N in any of the following
cases:

() [(z.x) > M (x)] € CETRN x G K**?) and 5 = 1,

(i) [(z.x) > M (x)] € CE2RY x GiK*?)and | <5 < 5/4,
(i) [(z,x) > M (x)] € C53RY x G; K**?) and 3 <5 <2aswellastr M, and

tr Div(M, ()T are Pz-almost surely constant.

As space discretization, we employ the quadratic finite element method (FEM).
More precisely, we consider quasi-uniform triangulations G, of G, h > 0, consisting
of triangles with a circumference no larger than 7 = n% Let

Vi = {u € HY(G) : ulL € PV L € Gy}

be the corresponding quadratic triangular finite element (FE) space. Due to the finite
dimension of V,,, the spaces H,, and V,, coincide. For m € N, P, is the L2(G)-
orthogonal projection from L,(G) onto V,,. These are not to be confused with the
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V-orthogonal projections from V = HO1 (G) onto V,, yielding the FE approximation
uy, of u from V,,. Then the error estimate [9, Satz 6.4]

lu = unll ooy < CRulgey.  (r€{0.....€}), (28)

holds true for some C > Ofor¢ = 2,3 and allu € HY(G), where |- |He(G) denotes the
standard H(G)-seminorm. Setting r = 1 and £ € {2, 3} yields linear and quadratic
decay of |[u — up|ly1(g) inm foru € H%(G) and u € H3(G), respectively, since
h=2

From these FEM estimates for the stationary problem, we can deduce a spatial
convergence rate for the time-dependent problem via Theorem 3.7. To this end, we
determine the decay rates py,0 < s <5—1,and p* of (y,, (D*))men and (v, (H))men,
respectively. We let s > 1| and start with the latter.

Firstly, a, is symmetric Pz-almost surely, since we assumed M (x) to be Hermitian
forall x € G and Pz-a.e. z € RV. Secondly, AZ_IH = D(A;) = D Pz-almost surely
by definition of A, as the restriction of .4; to the preimage of H under .A;. From the
FE estimate (28) with £ = 2 and the almost sure equivalence (25) of the H 2_norm and
lA; - |Iz,, we deduce that Pz-almost surely

. C cC
inf |lu—vlg < |lu—upllyr < —lulgz < —||AzullL,
eV m m

provided that [(z, x) —> M (x)] € Cf)’l(RN x G; K2*2). Therefore, the decay rate
p* =1 is obtained.

Next, we calculate p; depending on the value of 0 < s < s — 1. Since this implies
s > 1, we are only interested in the cases (ii) and (iii) listed above. Calculating p;
requires establishing an estimate of the form

C., ps ) )
inf lu—v|gp < v.D |Azullps (u e D(A;) with A,u € D(A]) = D*)

ueVy, mpP

forPz-a.e. z € RV . Repeating the estimate performed for p*, we obtain py; = 1 for all
0 < s <5—1since D* — L,(G). However, this estimate does not take the increased
smoothness of u for larger s into account. Provided that s > %, we can make use of
the smoothness of u € D(A;) such that A,u € D(A{) almost surely to obtain a higher
decay rate.

Suppose that 5§ > 3 and s > 4. Then u € D(A;) = H*(G) N H}(G) and A.u €
D'/2 Pz-almost surely. The higher-order FEM estimate (28) with £ = 3 and the
equivalence of the H?-norm and the graph norm; cf. (25), imply

. C\2 C\2
inf = vl < =l = (=5 ) Tl = (=) (10l + loulye)

vEVm

C\2
< CZ(W) (||Azalu||§2 + ||Azazu||%2) (Pz-ae.z € RY).
29
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In order to estimate ||AZ3ju||2L2 for j = 1,2, we need [(z,x) — M;(x)] €
Cf)’z(G; K2*2)_In particular, M (-) € Cg(G; K2*2) forPz-a.e.z € RN. This smooth-
ness allows us to explicitly compute

d;(Div(b) grad u) = Div(b) grad(d;u) + Div(d;b) grad u

for j = 1,2, u € H3(G), and coefficients b € C2(G;K2X2). Hence, Pz-almost
surely

A dju = —div(M,(-) grad(d;u)) = —Div(MZ(~)T)grad dju — M,(-) : Hess 9ju
= —3;(Div(M,(-)") grad u) + Div(d;(M,()7)) grad u
— 0;(M;(-) : Hessu) + (3; M(-)) : Hessu
= 0j(Azu) + Div(9; (MZ(-)T)) gradu + (0;M,(-)) : Hessu.

By assumption, 9; (M,()T) and 8 i M (-) have bounded derivatives, so that an analo-
gous estimate to (26) results in

IAz8;ullL, < 119;(Az)lL, + Cllullyz (e HYG), j=1,2).

Thus, with C denoting a generic constant taking different values,

2 2
D A jullz, < CY N0 (Az)lT, + Cllullz = Cll grad(Aw) |17, + Cllull,.
j=1 j=1

1/2

< CIA Azully, + CllAzul, < CHAID i),

where in the penultimate inequality we have used the Kato square root property for
self-adjoint elliptic operators [3, Theorem 1] for the first term and (25) for the second
one. Combining this estimate with (29) yields p1/> = 2, and thus p; = 2 foralls > %

As a consequence of Theorem 3.7, we obtain a spatial convergence rate depending

on the smoothness of the space ¥ by summing p; and p*.

Proposition 6.3. (a) Suppose that [(z, x) +— M (x)] satisfies (ii). Then the space
discretization defined here above converges on Y = Dt with order p = 2 for
0<s<1/4

(b) Suppose that [(z,x) — M, (x)] satisfies (iii). Then the space discretization
defined here above converges on Y = Dt with order p = 2 for0 < s < 1/2
and with order p = 3 for % <s<l.

Remark 6.4. Higher values of s > % do not result in higher values of pg or p. This
restriction is due to quadratic FE spaces being used. To further increase p for large
s, higher-order FE spaces, such as piecewise cubic polynomials on a quasi-uniform
triangulation, have to be used.

Having verified Assumption 5.19 and calculated the spatial convergence rate for
our example, we can apply Theorem 5.29 to obtain a joint convergence rate for the
full discretization of the abstract Cauchy problem associated with A,.
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Theorem 6.5. Let Z: Q — RY be a random variable satisfying Assumption 3.18.
Suppose that RN x G 3 (z,x) — M. (x) € K**? satisfies (24) and is contained in
C242(RN x G K?*?) for some £ € N. Let 0 < s < 1/4 and u = (uz)_cgn be the
mild solution of

ul(t) = —div M (x) gradu (1) (t >0), uz(0) =uo

with g = (uo,2),cpy € HZX@®RN,Pz; D) N Ly(RN, Pz: DY), Forn,m, k € N, let
Uy, .k as in (11), where a quadratic finite element method and implicit Euler are used
for discretization in space and time, respectively.

Then there exist CT’Z, Cf,s > 0, 7o > 0 such that for max;—1,. n, r,ﬁ < 10,

—£
W, m .k (1) —a@)|lm < Cf,zn ”uO”Hgl(RN,PZ;D)

,,,,,

foralln,m,k e Nandt € 7Ty.

Theorem 6.6. Let Z: Q@ — RN be a random variable satisfying Assumption 3.18.
Suppose that RN x G 3 (z,x) — M,(x) € K**? satisfies (24) and is contained in
Cg“(RN x G; K2*2) for some £ € N such that tr M and tr Div(M, (-)T) are constant
forPz-almost everyz € RN. Let0 < s < 1 andu = (u7),ern be the mild solution of

u (1) = —div M (x) grad u, (1) (1 > 0), u,(0) = ug

withug = (uo,;),cpy € H* (RN, Pz: D) N Ly(RN, Pz; D). Forn,m. k € N, let
Uy, .k as in (11), where a quadratic finite element method and implicit Euler are used
for discretization in space and time, respectively.

Then there exist Cf’g, CT,s > 0, 7o > 0 such that for max;—1 . n, t,ﬁ < 10,

—L
ln,m k(@) —a@) g < C; on ||UO||H35(RN,PZ;D)
+ CT’S <m—[7x + IIIIaXN 'L']i) ”uOHLz(RN,PzD“'H)
i=1,..,Ng

foralln,m,k € Nandt € Ty with px = 3 fors > %andpx =2 fors € (0, %).

As a concrete example, we consider a random anisotropic diffusion. Let Z: 2 — R
be a standard normally distributed random variable (i.e., N = 1). Let G = (0, 1)? and
for z € R and x € G, consider the coefficient matrix given by

_ o (a1 0 B
M (x) = f(2) < 0 gz(x)>, f&=1=*1
g1(x) =1+ xl13, g()=3—|xl3. (30)

We observe that f(z) € [1, 2]forallz € Rand g1(x), g2(x) € [1, 3]forallx € (0, 1)%.
Hence, k < M;(x) < K is satisfied for x = 1 and K = 6. It remains to verify that
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(z,x) > M,(x) isin Cff’z(R x (0, 1)2; R2*2) in order to apply Theorem 6.5. Note
that f € C®°(R; R>*?) and thus z — a®(x) € C?*(R; R**?) for any £ € N. Also,
clearly, M, (-) € C2((0, 1)%; R?*2). Likewise, the product structure of M. (x) implies
Z B)ijaz(x) e CX(R; R?*2). To establish the bounds stated in Definition 6.2, we
first observe that derivatives of f are bounded in z. Indeed, as a logistic function, the
derivatives of F' := f — 1 can be expressed as a polynomial of F. Since all derivatives
of f and F agree, F(z) € [0, 1] for z € R, and continuous functions are bounded on
bounded closed intervals,

¢ == sup max (3. f)(2)] < o0
ZEROSISK

for all £ € N. Consequently, forall 0 < « < 2¢,

P2-ess sup 9 M. ()|, = (sup|<a§‘f)<z>|)< sup
zeR zeR x€(0,1)2

(gl(X) 0 >
0 &)

where p = 1 by choice of distribution of Z. Since for all 7z € R,
2x]
2x2

Pz-esssup || Div((9* M. (Nl o:r2) < 2 2¢2.
zeR

>§362z,
2

= 2V2(9% £ (2)1,

2

IDiv(@Y M, (N ILy, = 109 F ()] - sup
x€(0,1)2

it also holds that for 0 < o < 2¢

Proceeding likewise, we conclude analogous statements to the last two ones for M (-)
replaced by 8? M, (), j = 1,2, with constant 2¢;; in both cases. In conclusion, the
coefficients belong to ng’z(R x (0, 1)2; R2*2). Hence, we conclude convergence
of arbitrary polynomial order in randomness for the random anisotropic diffusion
problem. For simplicity, we fix 0 < s < 1/4.

Corollary 6.7. Adopt the assumptions and notation of Theorem 6.5. Let Z: Q — R
be standard normally distributed, and consider M,(x) as in (30). Then for all £ € N
there exist CT,@ > 0 and ty > 0 such that for max;—; n, r,i < 10,

—L -2 [
Iy, i,k (2) —a(®)|lg < Cf,g (n +m "+ IlnaXN T/é) ||UO||H2Z(R,PZ;DI+S)
1= k

.....

foralln,m,k €N, t € Tr, 0 < s < 1/4, andug € H* (R, Pz; D).
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A. Sturm-Liouville operators related to orthogonal polynomials

This appendix provides operator norm estimates of the Sturm—Liouville opera-
tors associated to the distributions of Example 3.17 with explicit constants. They are
required for the polynomial chaos error estimate of Theorem 3.21. The proofs follow
by simple calculations using integration by parts.

Example A.1. The one-dimensional Sturm—Liouville operators associated to the dis-
tributions and their corresponding orthogonal polynomials stated in Example 3.17 are
the following.

(a) For k € N, the Hermite polynomial Hy is an eigenfunction of Q = —% + zd%
to the eigenvalue Ay = k.

(b) For k € Ny, the Jacobi polynomial J; =
Q&P = (1 - ZZ)% +@—B+@+pB+ 2)z)diZ to the eigenvalue Ay =
k(k+a+pB+1).

(c) For k € Ny, the Laguerre polynomial L; = L,((a) is an eigenfunction of Q =

Jk(‘)’”3 ) is an eigenfunction of Q

Q@ = —Z% +(@Z—a— 1)% to the eigenvalue Ay = k.

Let I € R be an open interval and w: I — (0, c0) be measurable such that
w € Li(I). We write La(I, w) for the weighted Ly-space with weight w, equipped
with the norm ||-||1,(7,w) given by

LAty = /I |f @) Pw(z) dz.
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Let p: I — [0, 0c0) be measurable. For £ € Ny we define Hé (I, w) to be the space
ofall f € Ly(I, w) such that f is weakly differentiable up to order £ and p*/?9* f €
Ly(I, w) forall k € {0, ..., €}. We equip H (1, w) with the norm W ge 1, €iven
by

4
2
1 ey = 20 10" 208
k=0

Note that H;f (I, w) is a Hilbert space and for p = 1 we write HYI, w) = H;f (I, w)
for short. We start by considering the density of a standard normal distribution as the
weight w and estimate the norm of the associated Sturm-Liouville operator.

Lemma A.2. Let I = Rand w(z) := \/szﬂe_zz/zforz e€l. Let Q :=—98%+z9 and
¢ € Ny. Then for f € H7>(I, w), we have Qf € H*(I, w) and

1O ket < V21 + 3 fll e -
LemmaA3. Leta, 8 > —1, 1 = (—1,1), and

FNa+p+2)

— ) B
2a+ﬁ+11—w(a+ DB + 1)(1 (I +2)F (zel).

w(z) :=

Letl € Ny, Q := —(1—-z9)3?+(a—B+(a+B+2)2)d, £ € No,and Cy g := o+ p+1.
Then for f € H (I, w), we have Qf € H'(I, w) and

1QF ety < y/3(1+4CE + 1+ max{er, B2 + 2 + Cap)?) 1 f lge2(1.u)-
Note that if Z is Beta-distributed, then w is the density of Pz.

LemmaAd. Leta > —1, I = (0,00), w(z) := r(a;ﬂ)z“e’z and p(z) := z for
zel. Let Q := 202+ (z—a — 1)3, and £ € Ny, Then for [ € H/f“(l, w), we
have Qf € Hé([, w) and

1OF e 1.y = V240 +87 4240 + 31 fll 4oy -

Note that if Z is Gamma-distributed, then w is the density of P.

We now move on to the multidimensional case. Let N € N and Z =
(Zo, ..., Zy—1) satisfy Assumption 3.18. As in Subsect. 3.3, let Q := Z?};ol éj
with éj =1®..91Q®0;®I®...Q®I, where Q; is the Sturm-Liouville differ-
ential operator associated with the orthogonal polynomials corresponding to P'z; for
j €1{0,..., N — 1} (see Example A.1; also recall the definition of Hﬁ (RN, Py) for
l e No.

Proposition A.5. Let f € H2*"2(RN, P7) for some £ € No. Then Qf € H2* (RN, P7)
and

,,,,,
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where
V21 + 3E2, ] € JNormal,
Cj(€) == | v24a + 87 + 240 + 302, J € JGamma
30+ 4+ 1+ max{e, D2 + €+ +B+1)2), j € Tnea.
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