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A Local Particle Filter Using Gamma Test Theory
for High-Dimensional State Spaces

Zhenwu Wang!”' | Rolf Hut!”’, and Nick Van de Giesen!

IWater Resources Engineering, Delft University of Technology (TU Delft), Delft, Netherlands

Abstract Particle filters are non-Gaussian filters, which means that the assumption that the error
distribution of the ensemble should be Gaussian is unnecessary. Like the ensemble Kalman filter,

particle filters are based on the Monte Carlo approximation to represent the distribution of model states.
It requires a substantial number of particles to approximate the probability density function of states in
high-dimensional models, which is prohibitive for real applications. In order to overcome problems with
high dimensionality, localization was applied in an Ensemble-type data assimilation system. This study
combines the localization in LETKF (Local Ensemble Transformation Kalman Filter) with particle filters
and proposes a new local particle filter with the model state space correction using Gamma test theory
for high-dimensional models. A series of tests with various parameter settings, including different the
numbers of particles, observation intervals, localization scale, inflation factors, and observation operators,
were used to evaluate the performance of this new method using a Lorenz model with 40 variables. Besides,
the proposed filter was applied in the Lorenz model with 1,000 variables to evaluate its performance

in the model with higher dimensions. The results show that this approach can deal with the issue of
dimensionality, which otherwise leads to the collapse of the particle filters in high-dimensional systems.
The local particle filter is stable and has considerable potential for complex higher-dimensional models.

Plain Language Summary Particle filters (PFs) are non-Gaussian filters, which means that
the error distribution does not have to be Gaussian. This is an important advantage over ensemble Kalman
filters(EnKF), which does assume a Gaussian distribution. Similar to EnKF, PFs need some particles to
represent the distribution of model states. However, in high-dimensional systems, the need for particles

is exceptionally large for standard PFs, which limits PF applications for real-world problems. To reduce the
number of particles need, localization is a possible solution. We propose a new PF combining localization
and the Gamma test theory, which can be used for high-dimensional systems. The performance of the
proposed algorithm was tested using a Lorenz model with 40 variables, and a set of experiments was
conducted. One more test was used to explore the potential of the proposed PFs in the Lorenz model
with 1,000 variables. Results show that this new algorithm is stable in high-dimensional systems, which
makes it potentially useful for more complex geophysical models in the real world.

1. Introduction

Numerical models are used to forecast and estimate model states in many fields including meteorology,
ocean science, and hydrology. Accounting for different sources of uncertainty to improve the accuracy of
such models has drawn considerable attentions in recent decades (Liu et al., 2012). Data assimilation (DA)
provides a solution to combine information from model estimations and observations to achieve better pre-
diction performance and quantify uncertainty (Bannister, 2017; Hut et al., 2015; van Leeuwen, 2015). DA
has been applied widely in geoscience (Abolafia-Rosenzweig et al., 2019; Choi et al., 2017; Dong et al., 2015;
Fang & Li, 2019; Fox et al., 2018; Irrgang et al., 2017; Jin et al., 2018, 2019; Zhang et al., 2017).

The ensemble Kalman filter (EnKF) and its variants have been applied frequently (Chen et al., 2013; Sun
et al., 2016; Xie & Zhang, 2010). EnKF relies on the assumption that the error distribution is Gaussian
(Katzfuss et al., 2016). Particle filters (PFs) are another ensemble-type data assimilation algorithm, which is
proposed by Gordon et al. (1993) and has been used in many low-dimensional models (van Leeuwen, 2009).
PFs, just like the EnKF, use a Monte Carlo approximation in which a certain number of particles are used
to represent the distribution of model states. The distribution reflects the mean and spread of model states
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and is updated by the prior weights, which can be calculated using the likelihood given to each particle.
However, unlike EnKF and its variants, PFs do not rely on the assumption that the error distribution is
Gaussian. It should be noted that the Gaussian assumption can lead to suboptimal results when a model
system is nonlinear and errors are non-Gaussian, which is the main limitation of ensemble-Gaussian-type
data assimilation strategies.

For PFs, the increasing number of dimensions of a model requires an exponentially growing number of
particles to avoid filter divergence, as shown by Snyder et al. (2008), which is called the curse of dimen-
sionality (Bengtsson et al., 2008). Bengtsson et al. (2008) also showed that for accurate representation
of high-dimensional distributions, the number of particles needs to be increased exponentially with the
number of model states. Therefore, the use of PFs in high-dimensional models is limited due to the curse of
dimensionality and associated high demand on computational resources.

Currently, there are several strategies to deal with the dimensionality of PFs in high-dimensional systems
(Pinheiro et al., 2019; Potthast et al., 2018). An equivalent weights PF has been proposed, which prevents
filter degeneracy using the proposal transition density (Ades & van Leeuwen, 2013; van Leeuwen, 2010). The
proposal transition density keeps particles close to observations. Consequently, it leads to a better statistic
representation of the posterior distribution because none of particles is ignored. Ades and van Leeuwen
(2014) explored the effect of the equivalent weights PF on the dynamical balance in a primitive equation
model. Their results showed that this method had potential for large-scale geophysical applications. Ades
and van Leeuwen (2015) used this method in the barotropic vorticity model with 65,500 states and the results
illustrated its powerful abilities to make the filter stable and avoid filter divergence.

Localization is an useful method for preventing the collapse of PFs in high-dimension models, which is
used commonly to solve the high-dimensional issues in EnKF and its variants, for example, the LETKF
(Hunt et al., 2007). Researchers have attempted to apply localization in PFs to reduce the impact of dimen-
sionality constraints. van Leeuwen (2003) and Bengtsson et al. (2003) tried to combine localization with
PFs. Farchi and Bocquet (2018) reviewed several local PFs from both theoretical and practical aspects. In
this review, the localization solutions were divided into two strategies, which were state-domain localization
and sequential-observation localization (Farchi & Bocquet, 2018).

State-domain localization is used to update each model state independently only using the observations
within localization scales, which has been applied in PFs (Chustagulprom et al., 2016; Lee & Majda, 2016;
Penny & Miyoshi, 2015; Rebeschini & van Handel, 2015). Penny and Miyoshi (2015) introduced a localized
PF (LPF) with state-domain localization. The particles of this algorithm were updated first by a transforma-
tion matrix and the final updated particles were a linear combination of particles around each point. This
LPF could outperform the LETKF under some conditions (Penny & Miyoshi, 2015). However, this method
still needs an inflation method, which is a common method in data assimilation to maintain the spread of
the model states to prevent collapse of the algorithm and to keep the filter stable.

In sequential-observation localization, all observations are assimilated one by one. Only nearby model states
at each observation site are updated and influenced and distant model states stay unchanged (Farchi &
Bocquet, 2018). Poterjoy (2016) proposed a LPF with sequential-observation localization, which can be
applied in high-dimensional systems using a small number of particles. It extended the weights in tradi-
tional PFs to a vector to remove the impact of distant observations. Kernel density distribution mapping
(KDDM) was applied to the updated particles to obtain a desired posterior distribution, which was selected
by prior particles and their weights. However, this method still suffered imbalance issues caused by
localization. Poterjoy and Anderson (2016) used an idealized atmospheric general circulation model (GCM)
to test physical consistency of posterior particles and scalability. The results of these two different tests
showed the LPF proposed by Poterjoy (2016) is highly likely to work in more complex real models.

This study provides a new solution to prevent the divergence of PFs in high-dimensional models. We
attempt to consider the impact of the uncertainty between prior and posterior particles. Our new method
is based on the Bayesian theorem and combines the standard PFs with the so-called state-domain local-
ization. Besides, the Gamma test is used to correct uncertainty in the posterior distribution. Localization
divides all model states into local patch vectors and each model state has its own local patch vector (Penny
& Miyoshi, 2015). In this way, PFs only assimilate observations within the localization scale. The Gamma
test is a technique, which can be used to estimate uncertainty between prior and posterior model state space
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(Evans & Jones, 2002), which can lessen impact of localization issues. Additionally, the proposed algorithm
applies the Gamma test to modify the variance of the posterior uncertainty to stabilize the filter and avoid
filter collapse. The main motivation for designing this local filter is to make PFs available and effective in
high-dimensional systems with a comparatively small number of particles.

The manuscript is organized as follows. Section 2 describes the standard PFs and then the solutions to
the curse of dimensionality, including localization methods and the Gamma test. Section 3 evaluates the
performance of the proposed method using the Lorenz model with 40 and 1,000 variables and compares its
results with the LETKF. In the final section, the limitations of the new filter and its possible applications for
high-dimensional geophysical models are discussed.

2. Methodology
2.1. Standard PFs

This subsection briefly introduces standard PFs (Doucet et al., 2001). Particles are used to represent the
distribution of model states, which can capture the mean and uncertainty of the model states. The particles
are updated by a resampling algorithm based on weights that are calculated by the likelihood, given observa-
tions. The resampling method is crucial to PFs (Hol et al., 2006), and its basic idea is to modify prior particles
to posterior ones by eliminating particles with smaller weights and by duplicating particles having larger
weights. The residual resampling algorithm (Lui & Chen, 1998) was applied in this study, as being one of
the most frequently used resampling algorithm in PF data assimilation (Hol et al., 2006; Hong et al., 2004;
Zhang et al., 2013).

Let us assume that x represents a model state of a model which can be propagated over time and y represents
a vector of observations. The model captures our incomplete knowledge of the physical system under con-
sideration. Uncertainty in model states is inevitable due to imperfection of the model. Therefore, the model
states, x, can only approximate the truth and cannot reach the truth. For similar reasons, observations y are
only approximations of the truth because of observation uncertainties. The relation between observations
and true model states can be expressed as follows:

Y=H(Xpye) +€ 1)

where H is the observation operator that transforms model states into observation space and ¢ is the obser-
vation error. PFs are used to estimate x given observations y by a Bayes's theorem expansion using a Monte
Carlo estimation:

P Dpt
J p(y | ©)px)dx
where p (xly) is the probability of model states x given all observations y. p(x|y) can be obtained by a

Monte Carlo approach. By drawing N » particles, denoted x,,(n = 1,2,3, ... N, p(x) can be constructed as
a discrete set of delta functions centered on every individual particle:

pxly) = 2

Np
p(x) = NLZ(S (x—x,) (3)
P n=1

Similarly, p(x|y) can be approximated by using
N,

14
pixly) =

n=1

5 (x—x,) 4)

S|

where w, /W are the normalized weights, provided by

w, =p (ylx,) 6)

Z

W=> w, (6)

n=

=

Generally, a resampling algorithm is used to generate the posterior distribution by discarding particles with
low weight and duplicating high weight particles (Lui & Chen, 1998). The resampling process guarantees
that sufficient particles remain.
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2.2. Degeneracy of Filters

As introduced in section 2.1, PFs do not rely on estimating the error distributions and useful particles are
chosen based on weights using a resampling method. The degeneracy of PFs refers to the situation in which
the particle with the largest weight is the only particle chosen by the resampling algorithm (Poterjoy, 2016).
When an increase in the number of model states is not matched with an increase in the number of par-
ticles (Penny & Miyoshi, 2015; Snyder et al., 2008), it becomes difficult for PFs to find enough particles
with sufficiently high probabilities. Increasing the number of particles can reduce the degeneracy of PFs.
Snyder et al. (2008) analyzed the relationship between the number of particles and the number of model
states theoretically. They indicated that the number of particles must increase exponentially with the dimen-
sions of a model to obtain a posterior mean, which has a smaller error than the prior particles or observations.
LETKEF has a different fundamental reason why the filter collapses. The main cause of the collapse of PFs is
that the weights of each model state are close to unity. For LETKEF, just like other EnKF variants, the clas-
sic divergence of a filter is indicated by the decreasing or increasing spread of ensemble (Houtekamer &
Zhang, 2016). The reason for this can be model errors, sample errors, nonlinearity in the system, and other
uncertainties.

2.3. Localization Method

The localization method, which was proposed by Hunt et al. (2007), is commonly used to remove spurious
error covariance outside the local scale due to sampling errors caused by too small an ensemble. It only
assimilates observations within a given scale for each particle, which is efficient for high-dimensional sys-
tems. The local PFs in this study use a localization scheme inspired by the LETKF. Therefore, the localization
in LETKF is applied.

Using a localization method can stabilize the filter and avoid filter degeneracy in EnKF and its variants
when only a small number of particles is used in the data assimilation of high-dimensional models (Hunt
etal., 2007). For the issues in PFs caused by dimensionality (Snyder et al., 2008), as mentioned and explained
in section 2.2, localization has been applied to solve the dimensionality of PFs (Poterjoy, 2016; Penny &
Miyoshi, 2015). However, the localization method can deal with the issue partially and additional methods
are still needed to stabilize the posterior distribution. Poterjoy (2016) corrected updated ensemble by using
kernel density distribution mapping, and Penny and Miyoshi (2015) still used an inflation method to pre-
vent the filter collapse. As in LETKF, every model state is assimilated one by one in PFs and particles and
observations are localized by a localization function to form local particles x;,, and local observations y,..
Then the weights of each state are calculated based on y,,. — Hx,,.. In this study, the localization method in
LETKEF is used for PFs to remove certain observations that fall outside the localization scale. The specific
localization function used here for local PFs was proposed by Gaspari and Cohn (1999).

2.4. Gamma Test

The Gamma test is normally used to estimate the variance of the noise in a given data set, which is used
to build the best smooth model, without knowledge of the specific model form. In this work, we will use
the Gamma test to estimate the variance of the uncertainty between prior and posterior model states to
correct posterior model states. In doing so, we assume that the uncertainty in particles is maintained. Only
a brief introduction to the Gamma test theory is given in this subsection and further details can be found in
corresponding papers (Evans & Jones, 2002; Jones et al., 2007). Let us assume we have prior particles xP""
and updated posterior particles xP°:

{(xfrior,xfost> |1 < i < Np} (7)
where N, is the number of particles.

In data assimilation, the prior particles are updated by observations and this process can be interpreted as a
“data assimilation model” to generate the output-posterior particles according to the input-prior particles.
Because of various uncertainty sources in data assimilation, such as the uncertainties caused by assumptions
about observation error, forward operator error, and observation bias (Houtekamer & Zhang, 2016), there
always is an uncertainty in this “data assimilation model” that cannot be estimated. In this research, the
variance of the uncertainty is estimated by the Gamma test. To fit the Gamma test, the relationship between
xP"or and xPo is expressed as follows:

X = Fpy (#7) 41y, ®)
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where F),, represents a data assimilation process and ry, are the errors with expectation 0. PFs are a
non-Gaussian type of filter because when calculating weights of particles, the error distribution does not
have to be Gaussian, but we still need to know the specific probability density function of the error distribu-
tion. However, in a nonlinear case, we would not be able to determine the error distribution. The Gamma
test can estimate the variance of the noise var(rp, ) regardless of the specific data assimilation algorithm
used and the underlying error distribution because of the existence of nonlinearity and non-Gaussianity.

The Gamma test statistic is calculated by the following procedure. First, the Gamma test uses a kd-tree to
find the kth (1 < k < p) nearest neighbors &, x¥** of xP"", xP*' for each particle member. Here p is set to
10 typically (Jones et al., 2007). Next, the algorithm computes

N,

500 = - [ <k<p) ©)
m i=1
1 & 2
y (o) = mg(xi - as<k<p) (10)
where | ... | denotes Euclidean distance, 6 (k) is the mean square of the k nearest neighbors of the prior

distribution, and y (k) is derived from the k nearest neighbors of the posterior distribution, which is defined
as the outcome of the Gamma test. Based on the points (6 (k) , y (k)), the linear regression y (k) = A6 (k)+TI is
computed and the intercept I' is the estimation of var(ry,,), as can be shown y (k) — var (rp, ) in probability
asé(k) - 0.

2.5. Local PFs With the Gamma Test

The local PF with the Gamma test (LPF-GT) is explained in this subsection. The foundation of PFs is still
Bayes's theorem and the Monte Carlo method. With the localization procedure, each model state can be
updated independently in DA. The Gamma test provides an estimation of potential uncertainty for DA.
Under the assumption that the observation errors are independent, weights can be calculated by

Nobs

w, =p (yx,) = [ [p (nlx.) a1
i=1

where N, is the number of observations. When calculating weights in PFs, and when only a few parti-
cles carry almost all the weight, filter collapse is inevitable. Therefore, in order to avoid filter collapse, the
probability p ( yilxn) in Equation 11 is calculated in the following way:

py (vil%,) = [p (vilx,) = loc (v %, 7) + Ba) B (12)

where loc (yi,xn,r) are the localization coefficients and * represents elementwise product. In current
research, we use (4.10) of Gaspari and Cohn (1999) for loc ( Vis X, r), which has a Gaussian-type structure
with a width r. The parameters f, and f,, are used to control weights. Hence, after replacing p (y;]x,) with
pj (vilx,), the localized weights in LPF-GT are given by

Nloc

obs

w, = Hpﬁ (yi|xn)
i=1

Nloc

obs

=1 o (vilx,) * loc (3, %, 7) + 8o B

i=1

(13)

where N f)‘l’fs indicates the number of observations within the localization scale. The f,, is an additive factor,
and p,, is a multiplicative factor.

The mean effective number of particles N, (shown in Equation 14) is used to evaluate the quantity of the
particles (Penny & Miyoshi, 2015) and the factor f, and 8,, in Equation 13 can tune the value of N,

29-1

w;
N, = 2 — (14)
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The role of 5, and f,,, is mainly to avoid filter degeneracy. Because they influence the value of N Tuning
N can change the percentage of removed particles in the resampling procedure, which was discussed in the
next section. We found that keeping N, close to a certain value by tuning 4, and f,,, can avoid filter collapse.
To fix Nz, values of g, and f,, are changed dynamically by finding appropriate values in the parameter
space of §, and f,. There are definitely more than more than one pair of §, and f,, that fix N . We simply
stopped the search when the first pair of these two parameters had been found.

Equation 13 attempts to avoid the divergence of PFs by rescaling the weights of each particle twice. The
weights of distant observations are reduced gradually by introducing localization coefficients to the proba-
bilities of local observation errors. The factors g, and f,, are used to maintain the stability of the weights,
which can control the proportion of particles removed by residual resampling algorithm.

Next, the modified particles x; and the factor a corrected by the Gamma test are given in Equations 15 and
19, respectively.

xo=x (e —x ) + A —ma (¥ -x) (s)
where x‘:l/ indicates the updated particles generated by a resampling method. The prime indicates a pos-
terior, or updated, particle. And x? is its mean. x° denotes the prior particles. In Equation 15, a (x* —x2)
represents the uncertainty r,, brought by data assimilation, which is shown in Equation 8. We assume that
rp, follows a Gaussian distribution with mean 0 and its variance is estimated by the Gamma test. Using x‘y‘l/
to minus 7‘1:1 directly, we obtain a sample, which is not the error we expect. To achieve our goal, the sample
(x‘,‘l/ - xfl ) needs to be normalized, which is given as X. Next, we set the variance of X equal to I" estimated
by the Gamma test. According to the definition of the variance, we define I" and normalized var (xfl/ - xfl )
as follows.

r- WT—M (16)
var (xﬁ, _xz> = Z(XT"")Z (17)

where T is the desired variance and « refers to the corrected factor of the normalized sample X. The mean
of X is 0. N is the number of samples. We can obtain « in Equation 15 based on Equations 18 and 19.

r _X@X-p? oYX 2 (18)
var (x¢ —xb) Y (X - p)? > (X)?
I
_ 19
T S Gy =) o

In Equation 15, the uncertainty of posterior particles is a linear combination of the particles updated by PFs
(xﬁ' - x? and particles modified by the Gamma test « (x2 — x°). The mean of x* is still obtained using the
resampling algorithm. In this research, we assume that the uncertainty of x, consists of two parts. One part
is comes from the resampling method. The other part comes from the data assimilation framework, which
can be estimated by the Gamma test. These two parts are combined by # and the value of # is between 0 and 1.
The parameter # can be tuned to change the impact on the uncertainty of x.

3. Numerical Experiments and Results

In this research, the Lorenz model (Lorenz, 1996; L96 model) was used to evaluate our proposed local PFs
(LPF-GT) and to compare its performance to LETKF. More detailed introduction to the L96 model can be
found in Lorenz (1996). As is common in testing new data assimilation schemes for high dimensions mod-
els, in this study, 40 variables are chosen and F remains fixed at 8.0 to maintain the chaotic behavior in
L96. Furthermore, the differential equations of the L96 model are integrated by a fourth-order RungeKutta
method with a 0.05 time step (Lorenz, 1996 which is defined as 6h).
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Figure 1. Trajectories of (a) the first model state using the LPF-GT, (b) the first model state using the LETKF, and
(c) RMSE and spread for both methods. In the first two figures, the blue curve is the truth and the red curve is
the estimation of the model state. In the third one, the solid lines indicate the RMSE and the dash lines is the
spread. The assimilation starts at time step 1,000.
3.1. Experimental Setup
A set of experiments were conducted to test the validity of LPF-GT for various parameter configurations that
mimic real applications. In these experiments, LPF-GT and LETKF were examined by a variety of parameter
settings to test the effectiveness and disadvantages of LPF-GT. The parameters in these experiments include
various observation intervals, the number of particles N, the number of observations N, inflation factors,
localization scales, and two different observation operators H.
The default configuration consists of the linear H operator. Only half of the model states are observed,
20 observations, were assimilated in every experiment which were chosen evenly and were fixed spa-
tially over time. An inflation methods was used for LETKF, and the inflation factor had been tuned to a
fixed value 1.05 as the default. The parameters f, and f,, in LPF-GT have a similar role as in the infla-
tion method. The influence to N by tuning #, and f,, was investigated through numerical experiments.
The default number of particles was 100. Observations were derived from the truth with an uncertainty
WANG ET AL. 7 0f 16
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Figure 2. Prior mean RMSE(a) and spread (b) as a function of parameter Ny, n, and localization scale vj,c,;. The value
in brackets indicates the localization scale and each cell represents one experiment.

€ ~ N (0,0.5). Other configurations, which are different from the default, will be given at the beginning of
each experiment. A spinup time with 1,000 time steps was added to each test and the following 10,000 steps
were used to summarize and analyze results. All experiments were executed on the DAS-4 supercomputer
(Bal et al., 2016).

In all experiments, the root-mean-square error (RMSE) was used to evaluate the performance of the new
filter. The ensemble spread, defined as the square root of the variance of the ensemble averaged over all
model states, is another metric for the evaluation. These two metrics are defined as follows:

— 1 t Ea 2
RMSE = | 7= X (¥ %) (20)
m k=1
1 Nm NP 2
Spread = N 22 (xi"k - )_C;) (21)
m k=1 i=1
in which J'c;c is the ensemble mean for filters and x:mth . 1s the corresponding truth. xl? . Tepresents each

particle. In this research, we use time-averaged values for both metrics.
3.2. Results

The first experiment was to examine the behavior of one model state, and the performance of the local filter
when a linear H operator was used in the simulation. The results of prior error statistics from LETKF and
LPF-GT were compared by calculating domain averages of RMSE and ensemble spreads for all model states
over time. Time series of the first model state and the corresponding truth have been plotted together in
Figure 1. The constants # and N, in LPF-GT can be tuned, and using different combinations can impact
the final performance. In this experiment, we used # = 0.55 and N,,, = 0.65, and the behavior of the
system for these two parameters was investigated later. For LETKEF, after tuning the inflation factor, the fixed
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value for inflation 1.05 was used. In this linear-Gaussian case, at the

SMSE;L(T_;_FGQT) beginning of data assimilation, LPF-GT took more time than LETKF to
I« =
R&::(LETKF) reach a stable status. It is probably because LPF-GT is more sensitive to

'

2

Spread(LETKF)

sampling errors. When both of them become stable, they produce low
RMSEs and have similar performance. For the entire simulation time,
results show that LETKF outperforms LPF-GT. The time-averaged RMSE
and ensemble spread for LPF-GT are 0.38 and 0.55, respectively, com-
pared to 0.17 and 0.29 for LETKF. This experiment demonstrates that
LPF-GT can work stably for high-dimensional models using the linear
observation operator and confirms that the application of localization in
PFs prevents the filter collapse using fewer particles.

Next, we explore the impact of # and Ny, when different localization
scales vy, are used. Therefore, a set of experiments using the linear H
3 5 operator for different combinations of these parameters were conducted,

Observation assimilation interval and the RMSE and spread of prior particles averaged over the entire

domain are shown in Figure 2. LPF-GT is tuned optimally in this case,
and the optimal configuration comes from the experiment, which yields
the lowest prior RMSEs. Four localization scales vy, used in this test
are 1.0, 5.0, 10.0, and 15.0, respectively. The tested values for the param-
eter n were 0.45, 0.5, and 0.55 and parameter N varies between 0.4 and
0.65 with 0.05 steps. Each pixel is the result of running the data assimila-
tion algorithm with different settings of these three parameters. For the
current settings n = 0.5, N, , = 0.65, and v;,,; = Syielded the best result.

These results in Figure 2 clearly show that changes in these two param-
eters, N, and # can impact the performance, and both of their roles are
significant. When v,,.,; = 5 is used, the RMSE becomes lower with the
growth of N,y In cases with larger localization scales, in general, the

Figure 3. Prior mean RMSE and spread as a function of (a) ensemble size
and (b) assimilation time interval for experiments using the linear

observation operator.

100

performance of the LPF-GT becomes worse with increasing N. As for

200 300 500 the impact of the localization, increasing localization scales degrade the

Number of particles accuracy of the LPF-GT generally, which is consistent with the results in

Penny & Miyoshi's (2015) research. The # parameter is used to adjust the
analysis errors, which are derived from analysis errors given by the PF
and the other one corrected by the Gamma test, but there is no appar-
ent monotonic relationship between the two error sources. Therefore,
appropriate parameter values of # should be tuned to obtain the desired
performance. The parameter N, influences the performance of LPF-GT by reassigning values of weights.
Using a proper value of N, can draw model states to the truth, and it turns out that changing the variance
of particles by adjusting their weights is a potential strategy to avoid the collapse for PFs.

Next, we check the sensitivity of the proposed LPF-GT to the number of particles and the impact of the
observation assimilation intervals in both linear and nonlinear cases. In the nonlinear case, y = In |x] is
used as the nonlinear observation operator. In this research, the number of particles varies as 50, 100, 200,
300, and 500. The standard deviation of the error in observation is set to 0.5 in the linear case, and both 0.1
and 0.5 are chosen as observational errors in the nonlinear case.

Figure 3 shows the RMSE, and the corresponding ensemble spread as a function of the number of particles
and update interval in the linear case. For the linear/Gaussian experiment, both filters produce low RMSEs
and the LETKF has lower RMSEs than the LPF-GT but from resulting prior statistics the performance of
the LPF-GT is still acceptable. LPF-GT is more sensitive to the number of particles and, as expected, the
RMSEs decrease when the number of particles is increased. For both filters, using 50 particles or ensemble
members can provide satisfactory results. The LETKF is optimal for the linear observation type, and because
of the application of localization, it does not need a large number of ensemble members to maintain the
Gaussianity of the ensemble. Performance is limited by sampling errors in prior ensembles. In Figure 3, the
spread given by LPF-GT is larger than results from LETKEF. It is mainly because we use several methods to
avoid the collapse of the filter including the localization procedure, tuning the effective number of particles
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Figure 4. Prior mean RMSE and spread as a function of ensemble size for (a) obs std (the standard deviation of
observational error) 0.5 and Localization Scale 1, (b) obs std 0.5 and Localization Scale 5, (c) obs std 0.1 and Localization
Scale 1, and (d) obs std 0.1 and Localization scale 5, using the nonlinear observation operator y = In |x|.

and considering potential uncertainty provided by the Gamma test. All these methods keep the filter stable,
but the variance of particles is inflated inevitably.

To examine the performance of the LPF-GT when nonlinear observations are assimilated, a more compre-
hensive assessment of its performance is given. The experimental configurations for the nonlinear operator
include two localization scales and two observation errors. Figure 4 shows the prior mean RMSE and the
corresponding spread as a function of the number of particles in the nonlinear case, when using various
localization radius and observational errors. The nonlinear H operator was used for the nonlinear experi-
ments. However, because the LETKF is suboptimal for the nonlinear operator: y = In |x|, its performance
is not as stable and predictable as LPF-GT and the filter degeneracy occurs in LETKF in many experiments.
Thus, in Figure 4, we only demonstrate results from the LETKF when the collapse did not happen.

From results in Figure 4, it is clear that LPF-GT can provide more accurate solutions than the LETKF under
these four conditions and the non-Gaussianity introduced by the nonlinear measurement operators makes
LETKEF less effective. When observational errors with standard deviation 0.1 are used, LPF-GT only needs 50
particles to work stably and continuously, and LETKF only outperforms LPF-GT slightly with 200 particles.
In the case with standard deviation 0.5, LPF-GT requires 100 particles to achieve a relatively acceptable
performance. With limited ensemble members, LETKF needs to concentrate on the first two moments of
the posterior distribution and these two moments will not be unbiased in the nonlinear case. The additional
nonlinearity makes LETKF more sensitive to changes of parameters like ensemble sizes and localization
scales, which accounts for the collapse of LETKF in these cases partially. The LPF-GT can maintain its ability
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Figure 5. Prior mean RMSE and spread as a function of assimilation time interval for (a) obs std (the standard
deviation of observational error) 0.5 and Localization Scale 1, (b) obs std 0.5 and Localization Scale 5, (c) obs std 0.1 and
Localization Scale 1, and (d) obs std 0.1 and Localization Scale 5, using the nonlinear observation operator y = In |x|.

and stability with relatively high accuracy even with different localization radius, and observational errors,
which produces significant improvements over LETKF. Meanwhile, these experiments also provide useful
information about the impact of localization scales. For LPF-GT, its performance becomes better when the
localization scale is increased to 5.

The performance of LPF-GT is also investigated for cases in which observations are assimilated at different
frequencies. The timescale dt = 0.05 of the Lorenz model was applied in this research, and it is comparable
to the error doubling happening over 6 hr in the operational forecasting systems (Lorenz, 1996). Values of
1, 2, 3, and 5 are used for different time intervals, which represent 6, 12, 36, and 72 hr update frequencies,
respectively.

Similar to experiment settings for the number of particles, we ran simulations in both linear and nonlinear
cases using different time intervals. The results for the linear operator are shown in Figure 5. From sim-
ulation results, the LPF-GT has no practical benefit over LETKF when observations are assimilated less
frequently. Using a longer update time interval can accumulate model errors, which is the main reason why
the performance of both filters becomes worse when increasing the time interval. When using the nonlinear
operator, LPF-GT offers advantages over the LETKF, which is shown in Figure 5.

When using localization radius five and observational errors with standard deviation 0.5, LETKF achieves
a somewhat better performance than LPF-GT. However, in other cases, LPF-GT offers substantial benefits
over LETKF, which shows that LETKF is more easily influenced by the localization radius. Probably,
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searching more of the parameter space for LETKF can produce better
results, but it increases the cost. Besides, similar to results in experi-

Figure 6. Prior mean RMSE and spread as a function of ensemble size for
the standard deviation of observational error 0.1 and Localization Scale 5
using the nonlinear observation operator y = In |x| and 1,000 particles.

S~
S=ao
~
S=D
>

35
Number of

ments of the number of particles, LPF-GT yields better results when the
localization scale five used.

Since the performance of LPF-GT in high-dimensional models is of high

interest, we investigate the behavior of LPF-GT in a nonlinear case using

the Lorenz model with 1,000 variables. We used fewer particles to explore
= FUISELA_C) the performance limit of LPF-GT. Half of all model states were observed,
—=—= Spread(LPF_GT) . .
— RMSE(LETKF) and nonlinear observations generated from the truth and the operator
--- Spread(LETKF) y = In|x| with the observation error ¢ ~N(0,0.1) were assimilated
by using 25, 35, and 50 particles in the experiments. The rest of the
experimental settings remained the same.

Figure 6 shows average prior mean RMSEs and spread for the differ-
ent numbers of particles. For the case without data assimilation in this
research, when a number of particles are propagated in the Lorenz model
over time, the average mean RMSE of particles is about 3.5. It means that
when the value of RMSE is smaller than 3.5, data assimilation improves
model estimations. Otherwise, data assimilation is likely to reduce the
accuracy of the model. From the results in Figure 6, it becomes clear
that applying LETKF to the nonlinear case, causes filter collapse, and
its domain-averaged prior RMSEs in all experiments are close to 5.0. For
LPF-GT, increasing the number of particles improves the performance of
data assimilation as expected. In the case with 25 or 35 particles, we can
conclude that LPF-GT helps improve the accuracy of the model. But to achieve a satisfactory result, LPF-GT
needs at least 50 particles.

particles

To investigate the stability of filters, time series of the second model state, which is unobserved, and the
development of the spread and the RMSE of particles in the experiment using 50 particles, are shown in
Figure 7. The time series starts from the beginning of data assimilation, and it needs some time to stabilize.
The first two rows show the comparison of the truth and the estimation of the second model state for LPF-GT
and LETKF. LPF-GT gives a more accurate result and shows more stability than LETKF. The estimation
of LETKF follows the truth in a short time, but after that, it deviates from the truth. The performance of
LPF-GT is much more stable, and its estimations always stay close to the truth. From the development of
the RMSE and the spread over time, it is clear that LETKF collapses at the beginning. By contrast, the spread
and the RMSE of LPF-GT gradually decrease until the filter becomes stable. In this case, LPF-GT completely
outperforms LETKF.

4. Conclusions

This research proposes a local PF for nonlinear high-dimensional applications. Similar to the localization
method used in LETKF, LPF-GT assimilates observations within the localization scale, and the influence
of distant observations is decreasing gradually in large-scale geophysical systems. Because of the use of the
localization method, in this method, each model state needs much fewer observations than what is needed
by typical PFs. The LPF-GT updates particles sequentially when observations are available. Posterior weights
for each particle are obtained based on the localized likelihood of observations for each state in a model.
Particles with lower weights are removed by the resampling method. The mean of new particles is based on
the resampled particles, and its uncertainty is a linear combination of sampled particles and the uncertainty
estimated by the Gamma test. The proposed filter can prevent filter collapse, even when the number of par-
ticles is relatively small. Another advantage of the use of the localization method is to make computation
of the new filter affordable for large applications. For each state, all calculations made are within the local-
ization scales and can be parallelized easily. Correction by the Gamma test needs more computing time.
However, for even larger systems, the computational cost of the Gamma test does not increase because the
estimate of variance approaches a constant with an increase in the number of samples. It is unnecessary to
use all samples for the Gamma test, and only a small number of samples are enough for the estimation of
the variance.

WANG ET AL.

12 0of 16



A~y

NI Journal of Advances in Modeling Earth Systems 10.1029/2020MS002130
% 10 -
37 s
28 o - ‘ ] b i
§ 2 "’W / —— Truth
g ___ Estimation(LPF-GT)
= (The mean of particles)

The second model state
(unobserved)

—— Truth

Estimation(LETKF)
(The mean of particles)

—— RMSE(LPF-GT)
—==- Spread(LPF-GT)
—— RMSE(LETKF)
=== Spread(LETKF)

Figure 7. Time series of (a) the second model state using LPF-GT, (b) the second model state using LETKF, and (c) RMSE and spread for both methods. In this
experiment, the standard deviation of observational error and localization scale are set to 0.1 and 5, respectively, and the nonlinear observation operator

y = In |x| and 1,000 particles are used. In the first two figures, the blue curve is the truth and the red curve is the estimation of the model state. In the third one,
the solid lines indicate the RMSE and the dash lines is the spread. The assimilation starts at time step 1,000.

The LPF-GT algorithm proposed in this research can be problematic for some applications in geoscience
because of the imbalance caused by localization in model states, which is a disadvantage of the localiza-
tion method. Similar to other data assimilation methods with localization, like LETKF and localized EnKF,
LPF-GT can also break the physical consistency and cause an imbalance in posterior states. Poterjoy (2016)
found the imbalance issue when updated using their local PFs. The local PFs proposed by Penny and Miyoshi
(2015) showed a certain level of imbalance when they decreased the localization scale. The imbalance issue
is common in most data assimilation methods with localization, and a proper localization scale is always
needed for a specific application. One possible solution is to tune localization scales, but the cost of it may
be expensive for some larger models. Thus, developing an adaptive localization method deserves more
attention.

The LPF-GT has been tested by using the Lorenz system with 40 and 1,000 variables. All results from a set
of experiments show that the new filter is stable and avoids filter degeneracy successfully. In the ideal case
with the linear observation operator, LETKF outperforms LPF-GT slightly. For nonlinear cases, LPF-GT pro-
vides a significant benefit over LETKF. The successful application of LPF-GT with a Lorenz model does not
guarantee its success in other models. Therefore, its application in real-world models with high dimensions
will be the main topic of future studies to explore the limitations and advantages of this new filter.

Appendix A: Pseudocode Descriptions of LPF-GT

To be consistent with the notations in previous sections and for convenience, the notation used in pseu-
docodes is listed as follows:

N, the number of particles

N,, the dimension of model states
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N,ps the number of observations
y  observations
Xx  model states

Algorithm 1 Pseudocode description of LPF-GT

forn=1- N, do

call LOCALIZATION to obtain local index id,,. and local coefficients ¢, and then get the local observa-
tions (¥;j0c1) and local particles xl(;cl;)

forj=1-N,do

(.Vi—l)
Wn,j <P ('xj,lncal | Yilocal

end for
call a bisection function to find factors f, and f,,, which brings N, , . close to a certain value

Wn - H (Wn,j +ﬂa) * ﬂm

p— Wn
Wn,nor - zwn
(v

Obtain resampled particles x,, ) based on w
end for
call cAMMATEST(x(), x(¥-1)) to obtain T
T

variance(x(yi)x(yi_l)>

n,nor

a =

X = mean (x(yi)

x0) =x + n <5c — x(yi)) +(1-na (x(yi) —x(yi-1)>, where n € [0,1]

function GAMMATEST(x(yi) ,x(i1))
calculate the Gamma test statistic I"
return [’

end function

function LOCALIZATION
calculate local index id,,, and local coefficients ¢,
return id, ., ¢,

end function
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