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 a b s t r a c t

This work addresses numerical instabilities that can appear when computing the mean stress in 
linear elasticity and coupled poroelasticity problems discretized with low-order finite elements. 
The linear elasticity and coupled poroelasticity models are solved using both primal and mixed fi-
nite element formulations. Stabilization is obtained by enriching the finite element approximation 
with an approximation of the Laplacian of displacements. This Laplacian is then evaluated with 
the Physical Influence Scheme (PIS) by leveraging the underlying governing equation. A key step 
in the proposed stabilization is the calculation of a parameter ℎ, often computed in the literature 
as a characteristic length of the element. In this work, we calculate ℎ by solving an optimization 
problem at the element level. To avoid the high computational cost associated with this proce-
dure, a machine learning model is proposed to predict the optimal ℎ. The benefit of combining PIS 
with an appropriate computation of ℎ is that the resulting stabilization scheme does not rely on 
any type of heuristic or user-specified tuning parameter, as often required in other stabilization 
methods. The results show that the proposed stabilization strategy can effectively remove both 
saddle-point and Gibbs mean stress oscillations in linear elasticity. We also report, for the first 
time, that mean stress oscillations can also appear when solving coupled poroelasticity problems, 
and, differently from pore pressure oscillations (which naturally vanish with time), mean stress 
instabilities are persistent throughout the whole simulation time, unless deliberately removed. 
The proposed stabilized mixed formulation is able to remove both pore pressure and mean stress 
oscillations in coupled poroelasticity problems. Finally, the calculation of ℎ is shown to be critical 
for the quality of the stabilization, with the machine learning-based approach providing the best 
compromise between numerical diffusion and accuracy.

1.  Introduction

The presence of numerical oscillations is a common issue in the finite element (FE) solution of many physical problems. In addition 
to compromising accuracy, these spatial oscillations have no physical meaning and can seriously compromise the reliability of the 
results. This issue is tightly linked to the mathematical structure of the governing equations, the selection of the discretization spaces 
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\begin {align}-\nabla \cdot \pmb {\sigma } = \mathbf {b}, \label {eq:mom_0}\end {align}


$\pmb {\sigma }$


$\mathbf {b}$


\begin {align}\pmb {\varepsilon }(\mathbf {u}) = \frac {1}{2} \left ( \nabla \mathbf {u} + \nabla \mathbf {u}^T \right ), \label {eq:eps_small_strain}\end {align}


$\mathbf {u}$


\begin {align}\varepsilon _v = \nabla \cdot \mathbf {u} \quad \text {and} \quad \sigma _v = K \varepsilon _v, \label {eq:volumetric_strain}\end {align}


$K$


\begin {align}\pmb {\sigma } = 2G \pmb {\varepsilon } + \lambda \varepsilon _v \mathbf {I}, \label {eq:sigma_linear_elasticity}\end {align}


$G$


$\lambda $


$\mathbf {I}$


\begin {align}\pmb {\sigma } = 2G \pmb {\varepsilon } + \left ( \lambda \varepsilon _v - \alpha p \right ) \mathbf {I}, \label {eq:sigma_poroelasticity}\end {align}
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$\alpha =1 - c_s K$


$c_s$


\begin {align}\frac {1}{Q} \dot {p} - \nabla \cdot \left ( \frac {\mathbf {k}}{\mu } \cdot \nabla p \right ) + \alpha \dot {\varepsilon }_v = f, \label {eq:mass_0}\end {align}
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$Q=\left [ \phi c_f + (\alpha - \phi ) c_s \right ]^{-1}$
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$\Gamma =\Gamma ^u_d\cup \Gamma ^u_n=\Gamma ^p_d\cup \Gamma ^p_n$


$\Gamma ^u_d\cap \Gamma ^u_n=\Gamma ^p_d\cap \Gamma ^p_n=\emptyset $
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\begin {align}&\mathcal {U} = \lbrace \mathbf {u} : \Omega \rightarrow \mathbb {R}^3 \hspace {1mm} | \hspace {1mm} \mathbf {u} \in \mathbf {H}^1, \mathbf {u} = \bar {\mathbf {u}} \hspace {1mm} \text {on} \hspace {1mm} \Gamma _d^u \rbrace , \nonumber \\ &\mathcal {P} = \lbrace p : \Omega \rightarrow \mathbb {R}\hspace {1mm} | \hspace {1mm} p \in H^1, p = \bar {p} \hspace {1mm} \text {on} \hspace {1mm} \Gamma _d^p \rbrace , \nonumber \end {align}


\begin {align}&\mathcal {U}_0 = \lbrace \mathbf {w} : \Omega \rightarrow \mathbb {R}^3 \hspace {1mm} | \hspace {1mm} \mathbf {w} \in \mathbf {H}^1, \mathbf {w} = \mathbf {0} \hspace {1mm} \text {on} \hspace {1mm} \Gamma _d^u \rbrace , \nonumber \\ &\mathcal {P}_0 = \lbrace q : \Omega \rightarrow \mathbb {R}\hspace {1mm} | \hspace {1mm} q \in H^1, q = 0 \hspace {1mm} \text {on} \hspace {1mm} \Gamma _d^p \rbrace . \nonumber \end {align}


$\pmb {\sigma } = \pmb {\sigma }(\mathbf {u})$


\begin {align}\int _\Omega \boldsymbol {\varepsilon }(\mathbf {w}):\boldsymbol {\sigma }(\mathbf {u}) \mathrm {d}\Omega - \int _{\Gamma ^u_n} \mathbf {w}\cdot \mathbf {t} \mathrm {d}\Gamma = \int _\Omega \mathbf {w}\cdot \mathbf {b} \mathrm {d}\Omega \qquad \forall \hspace {1mm} \mathbf {w}\in \mathcal {U}_0, \label {Xeqn7-7}\end {align}


$\mathbf {t}$


$\Gamma ^u_n$


\begin {align}&\int _\Omega \boldsymbol {\varepsilon }(\mathbf {w}):\boldsymbol {\sigma }(\mathbf {u}) \mathrm {d}\Omega - \int _{\Gamma ^u_n} \mathbf {w}\cdot \mathbf {t} \mathrm {d}\Gamma = \int _\Omega \mathbf {w}\cdot \mathbf {b} \mathrm {d}\Omega \qquad \forall \hspace {1mm} \mathbf {w}\in \mathcal {U}_0, \\ &\int _\Omega q \left ( \frac {1}{Q} \dot {p} + \alpha \dot {\varepsilon }_v \right ) \mathrm {d}\Omega + \int _\Omega \frac {\mathbf {k}}{\mu } \cdot \nabla p \cdot \nabla q \mathrm {d}\Omega - \int _{\Gamma _n^p} v_n q \mathrm {d} \Gamma = \int _\Omega q f \mathrm {d}\Omega \qquad \forall \hspace {1mm} q\in \mathcal {P}_0, \label {eq:primal_poro_mass_0}\end {align}


$v_n$


$\Gamma _n^p$


\begin {align}\mathcal {S} = \lbrace \sigma _v : \Omega \rightarrow \mathbb {R}\hspace {1mm} | \hspace {1mm} \sigma _v \in H^1, \sigma _v = \bar {\sigma }_v \hspace {1mm} \text {on} \hspace {1mm} \Gamma _d^\sigma \rbrace , \label {eq:spaceS}\end {align}


$\bar {\sigma }_v$


$\Gamma ^\sigma _d$


$\Gamma $


\begin {align}\mathcal {S}_0 = \lbrace v : \Omega \rightarrow \mathbb {R}\hspace {1mm} | \hspace {1mm} v \in H^1, v = 0 \hspace {1mm} \text {on} \hspace {1mm} \Gamma _d^\sigma \rbrace . \label {eq:spaceS0}\end {align}


$\tilde {\pmb {\sigma }}$


\begin {align}\pmb {\sigma } = \tilde {\pmb {\sigma }} + \sigma _v \mathbf {I}, \nonumber \end {align}


$\tilde {\pmb {\varepsilon }}$


\begin {align}\tilde {\pmb {\sigma }} = 2G \tilde {\pmb {\varepsilon }}, \nonumber \end {align}


\begin {align}\pmb {\varepsilon } = \tilde {\pmb {\varepsilon }} + \frac {1}{3}\varepsilon _v \mathbf {I} \quad \rightarrow \quad \tilde {\pmb {\varepsilon }} = \pmb {\varepsilon } - \frac {1}{3}\varepsilon _v \mathbf {I}. \nonumber \end {align}


$\sigma _v = K \varepsilon _v$


\begin {align}\pmb {\sigma }(\mathbf {u}, \sigma _v) = 2G \left ( \pmb {\varepsilon } - \frac {1}{3}\varepsilon _v \mathbf {I} \ \right ) + \sigma _v \mathbf {I} \label {eq:sigma_mixed_elastic}\end {align}


\begin {align}-\nabla \cdot \pmb {\sigma }(\mathbf {u}, \sigma _v) = \mathbf {b}, \label {eq:mom_mix_elastic}\end {align}


\begin {align}\sigma _v - K \nabla \cdot \mathbf {u} = 0. \label {eq:mass_mixed_elastic}\end {align}


\begin {align}&\int _\Omega \pmb {\varepsilon }(\mathbf {w}) : \pmb {\sigma }(\mathbf {u}, \sigma _v) \mathrm {d}\Omega - \int _{\Gamma _n^u} \mathbf {w} \cdot \mathbf {t} \mathrm {d}\Gamma = \int _{\Omega } \mathbf {w} \cdot \mathbf {b} \mathrm {d}\Omega \qquad \forall \hspace {1mm} \mathbf {w} \in \mathcal {U}_0, \\ &\int _\Omega v \left ( \sigma _v - K \nabla \cdot \mathbf {u} \right ) \mathrm {d}\Omega = 0 \qquad \forall \hspace {1mm} v \in \mathcal {S}_0. \label {eq:mixed_elas_mass_0}\end {align}


\begin {align}\pmb {\sigma }(\mathbf {u}, \sigma _v, p) = 2G \left ( \pmb {\varepsilon } - \frac {1}{3}\varepsilon _v \mathbf {I} \ \right ) + \left ( \sigma _v - \alpha p \right ) \mathbf {I}. \label {eq:stress_decomposition_poro}\end {align}


\begin {align}-\nabla \cdot \pmb {\sigma }(\mathbf {u}, \sigma _v, p) = \mathbf {b}. \label {eq:mom_mixed_poro}\end {align}


\begin {align}&\int _\Omega \pmb {\varepsilon }(\mathbf {w}) : \pmb {\sigma }(\mathbf {u}, \sigma _v, p) \mathrm {d}\Omega - \int _{\Gamma _n^u} \mathbf {w} \cdot \mathbf {t} \mathrm {d}\Gamma = \int _\Omega \mathbf {w} \cdot \mathbf {b} \mathrm {d}\Omega , \qquad \forall \hspace {1mm} \mathbf {w} \in \mathcal {U}_0, \\ &\int _\Omega v \left ( \sigma _v - K \nabla \cdot \mathbf {u} \right ) \mathrm {d}\Omega = 0, \qquad \forall \hspace {1mm} v \in \mathcal {S}_0, \label {eq:mixed_poro_sv_0} \\ &\int _\Omega q \left ( \frac {1}{Q} \dot {p} + \alpha \dot {\varepsilon }_v \right ) \mathrm {d}\Omega + \int _\Omega \frac {\mathbf {k}}{\mu } \cdot \nabla p \cdot \nabla q \mathrm {d}\Omega - \int _{\Gamma _n^p} v_n q \mathrm {d} \Gamma = \int _\Omega f q \mathrm {d}\Omega , \qquad \forall \hspace {1mm} q\in \mathcal {P}_0. \label {eq:mixed_poro_mass_0}\end {align}


$\tau ^h$


$(\mathbf {u}^h, \sigma _v^h, p^h)$


$(\mathbf {w}^h, v^h, q^h)$


\begin {alignat}{2} &\mathbf {u}^h \in \mathcal {U}^h \subset \mathcal {U}, \quad \mathbf {w}^h \in \mathcal {U}^h_0 \subset \mathcal {U}_0, \\ &\sigma _v^h \in \mathcal {S}^h \subset \mathcal {S}, \quad v^h \in \mathcal {S}^h_0 \subset \mathcal {S}_0, \\ &p^h \in \mathcal {P}^h \subset \mathcal {P}, \quad q^h \in \mathcal {P}^h_0 \subset \mathcal {P}_0.\end {alignat}


\begin {align}&\mathbf {u} \approx \mathbf {u}^h = \mathbf {u}^h(\mathbf {x}, t) = \mathbf {N}_u (\mathbf {x}) \hat {\mathbf {u}}(t) \label {eq:uh} \\ &\sigma _v \approx \sigma _v^h = \sigma _v^h(\mathbf {x}, t) = \mathbf {N} (\mathbf {x}) \hat {\sigma }_v(t) \label {eq:sh} \\ &p \approx p^h = p^h(\mathbf {x}, t) = \mathbf {N} (\mathbf {x}) \hat {p}(t) \label {eq:ph}\end {align}
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$\hat {\sigma }_v(t)$
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$\mathbf {N}_u (\mathbf {x})$


$\mathbf {u}$


\begin {align}\pmb {\varepsilon }(\mathbf {u}^h) = \mathbf {B} \hat {\mathbf {u}}, \quad \nabla p^h = \mathbf {G} \hat {p}, \quad \text {and} \quad \nabla \sigma _v^h = \mathbf {G} \hat {\sigma }_v, \nonumber \end {align}


$\mathbf {G}$


$p^h$


$\sigma _v^h$


$\mathbf {B}$


$\mathbf {u}$


\begin {align}&\mathrm {K}_1 = \int _\Omega \mathbf {B}^T \mathbb {C} \mathbf {B} \mathrm {d}\Omega , \quad \quad \mathrm {K}_2 = \int _\Omega 2G \mathbf {B}^T \mathbf {B} \mathrm {d}\Omega , \quad \quad \mathrm {F} = \int _\Omega \frac {1}{\mu } \mathbf {G}^T \mathbf {k} \mathbf {G} \mathrm {d} \Omega , \nonumber \\ &\mathrm {A}_1 = \int _\Omega \frac {1}{K} \mathbf {N}^T \mathbf {N} \mathrm {d}\Omega , \quad \quad \mathrm {A}_2 = \int _\Omega \frac {1}{Q} \mathbf {N}^T \mathbf {N} \mathrm {d}\Omega , \label {eq:fem_approx} \quad \quad \mathbf {f}_u = \int _{\Gamma _n^u} \mathbf {w}^h \cdot \mathbf {t} \mathrm {d}\Gamma + \int _{\Omega } \mathbf {w}^h \cdot \mathbf {b} \mathrm {d}\Omega , \\ &\mathrm {B}_1 = \int _\Omega \mathbf {N}^T \mathbf {i} \mathbf {B} \mathrm {d} \Omega , \quad \quad \mathrm {B}_2 = -\int _\Omega \alpha \mathbf {N}^T \mathbf {i} \mathbf {B} \mathrm {d} \Omega , \quad \quad \nonumber \mathbf {f}_p = \int _{\Gamma _n^p} v_n q^h \mathrm {d}\Gamma + \int _\Omega f q^h \mathrm {d}\Omega \end {align}


$\mathbb {C}$


$\mathbf {i}$


\begin {align}\begin {bmatrix} \mathrm {K}_1 \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \end {bmatrix} = \begin {bmatrix} \mathbf {f}_u \end {bmatrix}. \nonumber \end {align}


\begin {align}\begin {bmatrix} \mathrm {K}_2 & \mathrm {B}_1 \\[0.3em] \mathrm {B}_1^T & -\mathrm {A}_1 \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \\[0.3em] \hat {\sigma }_v \end {bmatrix} = \begin {bmatrix} \mathbf {f}_u \\[0.3em] 0 \end {bmatrix}. \nonumber \end {align}


$p$


$\varepsilon _v$


$n$


$n+1$


\begin {align}\begin {bmatrix} \mathrm {K}_1 & \mathrm {B}_2 \\[0.3em] \mathrm {B}^T_2 & -\left (\mathrm {A}_2 + \Delta t \mathrm {F}\right ) \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \\[0.3em] \hat {p} \end {bmatrix}^{n+1} = \begin {bmatrix} \mathbf {f}_u \\[0.3em] \mathbf {f}_p \end {bmatrix} + \begin {bmatrix} 0 & 0 \\[0.3em] \mathrm {B}^T_2 & -\mathrm {A}_2 \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \\[0.3em] \hat {p} \end {bmatrix}^{n}. \nonumber \end {align}


\begin {align}\begin {bmatrix} \mathrm {K}_2 & \mathrm {B}_1 & \mathrm {B}_2 \\ \mathrm {B}^T_1 & -\mathrm {A}_1 & 0 \\ \mathrm {B}^T_2 & 0 & -\left (\mathrm {A}_2 + \Delta t \mathrm {F}\right ) \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \\ \hat {\sigma }_v \\ \hat {p} \end {bmatrix}^{n+1} = \begin {bmatrix} \mathbf {f}_u \\ 0 \\ \mathbf {f}_p \end {bmatrix} + \begin {bmatrix} 0 & 0 & 0 \\ 0 & 0 & 0 \\ \mathrm {B}^T_2 & 0 & -\mathrm {A}_2 \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \\ \hat {\sigma }_v \\ \hat {p} \end {bmatrix}^{n}. \nonumber \end {align}
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$\psi =\psi (\mathbf {x})$
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$\psi $


$\psi $


$\psi $


\begin {align}\psi (\mathbf {x}_c) \approx \frac {1}{8}\sum _{i=1}^8 \psi (\mathbf {x}_i) - \frac {L^2}{8} \nabla ^2 \psi (\mathbf {x}_c), \label {eq:psi_c_0}\end {align}


$\mathbf {x}_i$


\begin {align}\frac {1}{8}\sum _{i=1}^8 \psi (\mathbf {x}_i) = \mathbf {N}(\mathbf {x}_c) \hat {\psi } = \psi ^h(\mathbf {x}_c). \label {eq:psi_c_h}\end {align}


$\psi (\mathbf {x}_c)$


\begin {align}\psi (\mathbf {x}_c) \approx \psi ^h(\mathbf {x}_c) - h^2 \nabla ^2 \psi (\mathbf {x}_c). \label {eq:psi_c_1}\end {align}
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$\psi (\mathbf {x}_c)$


$h^2 = L^2/8$


$h^2 = L^2/8$


$\psi (\mathbf {x}_c)$


$h$


$h$


$\psi (\mathbf {x}_c)$


\begin {align}\mathbf {u} \approx \mathbf {u}^h - h^2 \nabla ^2 \mathbf {u}, \label {eq:u_uh_h2_laplace_u}\end {align}


$\mathbf {u}$


$\mathbf {u}^h$


$h$


$\mathbf {u}$


$\nabla ^2 \mathbf {u}$


\begin {align}G \nabla ^2 \mathbf {u} + \frac {G}{3} \nabla \varepsilon _v + \nabla \sigma _v - \alpha \nabla p \approx 0. \label {eq:pis_mom_0}\end {align}


$\varepsilon _v = \sigma _v/K$


\begin {align}\nabla ^2 \mathbf {u} \approx \frac {\alpha }{G} \nabla p - \left ( \frac {1}{3K} + \frac {1}{G} \right ) \nabla \sigma _v. \label {eq:pis_laplace_0}\end {align}


$\nabla ^2\mathbf {u}$


$\nabla p$


$\nabla \sigma _v$


$p$


$\sigma _v$


\begin {align}\nabla ^2 \mathbf {u} \approx \frac {\alpha }{G} \nabla p^h - \left ( \frac {1}{3K} + \frac {1}{G} \right ) \nabla \sigma _v^h. \label {eq:pis_laplace_1}\end {align}


$\frac {1}{3K} \nabla \sigma _v^h$


$\nabla \sigma _v^h$


$\sigma _v$


$\nabla p^h$


\begin {align}\nabla ^2 \mathbf {u} \approx a_1 \frac {\alpha }{G} \nabla p^h - \left ( \frac {a_2}{3K} + \frac {a_3}{G} \right ) \nabla \sigma _v^h, \label {eq:pis_laplace_2}\end {align}


$a_1$


$a_2$


$a_3$


$3/E$


$a_2=a_3=1$


$E$


\begin {align}\mathbf {u} \approx \mathbf {u}^h - a_1 h^2\frac {\alpha }{G} \nabla p^h + h^2 \left ( \frac {a_2}{3K} + \frac {a_3}{G} \right ) \nabla \sigma _v^h. \label {eq:pis_u}\end {align}


$\mathbf {u}$


$a_1=0$


\begin {align}\int _\Omega v^h \left \{ \frac {1}{K}\sigma _v^h - \nabla \cdot \mathbf {u}^h - \nabla \cdot \left [ h^2 \left ( \frac {a_2}{3K} + \frac {a_3}{G} \right ) \nabla \sigma _v^h \right ] \right \} \mathrm {d}\Omega = 0, \qquad \forall \hspace {1mm} v^h \in \mathcal {S}_0^h. \nonumber \end {align}


\begin {align}\int _\Omega v^h \left (\frac {1}{K}\sigma _v^h - \nabla \cdot \mathbf {u}^h \right ) \mathrm {d}\Omega + \int _\Omega h^2 \left ( \frac {a_2}{3K} + \frac {a_3}{G} \right ) \nabla \sigma _v^h \cdot \nabla v^h \mathrm {d}\Omega = 0 \qquad \forall \hspace {1mm} v^h \in \mathcal {S}_0^h. \label {eq:weak_elas_stab}\end {align}


\begin {align}\begin {bmatrix} \mathrm {K}_2 & \mathrm {B}_1 \\[0.3em] \mathrm {B}^T_1 & -\left (\mathrm {A}_1 + \tilde {\mathrm {H}}\right ) \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \\[0.3em] \hat {\sigma }_v \end {bmatrix} = \begin {bmatrix} \mathbf {f}_u \\[0.3em] 0 \end {bmatrix}, \nonumber \end {align}


\begin {align}\tilde {\mathrm {H}} = -\int _\Omega h^2 \left ( \frac {a_2}{3K} + \frac {a_3}{G} \right ) \mathbf {G}^T \mathbf {G} \mathrm {d} \Omega . \label {eq:H1_tilde}\end {align}


$\sigma _v$


$a_2=a_3=0$


\begin {align}\int _\Omega q^h \left [ \frac {1}{Q} \dot {p}^h + \alpha \nabla \cdot \dot {\mathbf {u}}^h \right ] \mathrm {d}\Omega + \int _\Omega \left ( a_1 h^2 \frac {\alpha ^2}{G} \nabla \dot {p}^h + \frac {\mathbf {k}}{\mu } \nabla p^h \right ) \cdot \nabla q^h \mathrm {d}\Omega = \mathbf {f}_p \quad \forall \hspace {1mm} q^h\in \mathcal {P}_0^h. \nonumber \end {align}


\begin {align}\begin {bmatrix} \mathrm {K}_1 & \mathrm {B}_2 \\[0.3em] \mathrm {B}^T_2 & -\left (\mathrm {A}_2 + \Delta t \mathrm {F} + \tilde {\mathrm {F}}\right ) \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \\[0.3em] \hat {p} \end {bmatrix}^{n+1} = \begin {bmatrix} \mathbf {f}_u \\[0.3em] \mathbf {f}_p \end {bmatrix} + \begin {bmatrix} 0 & 0 \\[0.3em] \mathrm {B}^T_2 & -\left (\mathrm {A}_2 + \tilde {\mathrm {F}}\right ) \end {bmatrix} \begin {bmatrix} \hat {\mathbf {u}} \\[0.3em] \hat {p} \end {bmatrix}^{n}, \label {eq:ls_poro_primal}\end {align}


\begin {align}\tilde {\mathrm {F}} = -a_1 \int _\Omega h^2\frac {\alpha ^2}{G} \mathbf {G}^T \mathbf {G} \mathrm {d} \Omega . \label {eq:F_tilde}\end {align}


\begin {align}\int _\Omega v^h \left ( \frac {1}{K}\sigma _v^h - \nabla \cdot \mathbf {u}^h \right ) \mathrm {d}\Omega + \int _\Omega \left [ h^2 \left ( \frac {a_2}{3K} + \frac {a_3}{G} \right ) \nabla \sigma _v^h - a_1 h^2 \frac {\alpha }{G} \nabla p^h \right ] \cdot \nabla v^h \mathrm {d}\Omega = 0 \quad \forall \hspace {1mm} v^h \in \mathcal {S}_0^h, \label {eq:stab_sigma_v_poro}\end {align}


\begin {equation}\int _\Omega q^h \left ( \frac {1}{Q} \dot {p}^h + \alpha \nabla \cdot \dot {\mathbf {u}}^h \right ) \mathrm {d}\Omega + \int _\Omega \left [ \frac {\mathbf {k}}{\mu } \nabla p^h \right . \left . + a_1 h^2 \frac {\alpha ^2}{G} \nabla \dot {p}_v^h - h^2 \left ( \frac {a_2}{3K} + \frac {a_3}{G} \right ) \nabla \dot {\sigma }_v^h \right ] \cdot \nabla q^h \mathrm {d}\Omega = \mathbf {f}_p, \quad \forall \hspace {1mm} q^h\in \mathcal {P}_0^h. \label {eq:stab_mass_poro}\end {equation}
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for their numerical solution and the material properties of the physical problem. For instance, when continuous functions are used 
to approximate the solution, e.g. classical piecewise polynomials used in FE discretizations, oscillations may appear in regions where 
the solution is discontinuous (or a very sharp gradient is present)—this is often referred to as Gibbs phenomenon [1,2]. Alternatively, 
strong numerical oscillations can appear in problems mathematically assuming a saddle-point structure, such as those approaching 
incompressibility limits, in linear elasticity, coupled undrained consolidation, incompressible flows, among others. The saddle-point 
problem originated from the incompressibility constraint is well-known to cause spurious oscillations when the interpolation pairs 
do not satisfy the so-called Ladyzhenskaya-Babuška-Brezzi (LBB or inf-sup) condition [3–6]. Regardless of the origin and the problem 
at hand, spurious oscillations must be avoided in order to ensure physically consistent numerical results. In this paper, numerical 
instabilities affecting the pore pressure and mean stress solutions are investigated in the context of linear elasticity and coupled 
poroelasticity problems.

Mean stress oscillations have been extensively studied in solid mechanics, especially for nearly incompressible materials. In this 
case, a common approach is to modify the classical equations of linear elasticity to separate the mean stress from the stress tensor, 
and include a pressure-like equation to prescribe the volumetric constraint [7,8]. This mixed displacement/mean stress (𝐮 − 𝜎𝑣) 
formulation becomes mathematically equivalent to the Stokes model [9], which is known to be unstable for interpolation pairs not 
satisfying the LBB condition (e.g., equal-order interpolation pairs). Due to this similarity, stabilization techniques can be adapted 
from one model to the other. One example is the application of the Galerkin Least Square (GLS), originally developed for Stokes’ 
equations [10], to solid mechanics [11–13]. Another important contribution is the variational multiscale (VMS) method, based on the 
idea of splitting the solution into coarse and fine scales [14,15], and successfully applied to (nearly-)incompressible solids [16–22]. 
Similarly to VMS, other methods also attempt to capture sub-grid effects, such as the finite increment calculus (FIC) [23,24] and 
residual free bubbles [25–28]. Also worth mentioning are the B-bar [29] and F-bar [30] methods, which provide stable solutions 
while preserving the displacement-based structure of the problem [31]. These works give a general idea of stabilization methods 
devised for incompressible solid mechanics, even though not exhaustive.

In coupled poroelasticity problems, governed by Biot’s consolidation theory [32], the linear momentum balance equation is cou-
pled with the fluid mass balance equation in deformable porous media. In this case, the primary unknowns are usually the displace-
ment (𝐮) and pore pressure (𝑝), so the problem resembles the mixed 𝐮 − 𝜎𝑣 formulation for incompressible solids discussed above. 
Furthermore, a combination of reduced hydraulic properties and small time step size [33,34] can lead the model to approach a saddle-
point problem during the initial simulation times, thus causing spurious pore pressure oscillations to appear when the discretization 
spaces are not LBB-stable. Naturally, many of the stabilization techniques already developed for other saddle-point problems, such 
as Stokes flow and incompressible solids, have been also proposed for coupled poroelasticity. For instance, GLS has been extended 
to coupled poroelasticity [35,36]; the Polynomial-Pressure-Projection, originally developed for Stokes flow [37], was also applied to 
coupled poromechanics [38]; in Preisig and Prévost [39], FIC [23] was extended to coupled poromechanics and compared with other 
stabilization schemes, such as the fluid pressure Laplacian (FPL) [40] and PPP [38]. More recently, the Physical Influence Scheme1 
(PIS), originally devised for incompressible Navier-Stokes model [41–45], was used to mitigate pressure oscillations originating from 
a finite volume (FV) formulation of coupled poroelasticity problems [46]; FPL and PPP were also employed to stabilize a mixed 
continuous-enriched Galerkin (CG/EG) formulation [47]; other works employ a macro-element jump-jump stabilization for mixed 
and mixed hybrid low-order discretizations of coupled poromechanics [48–50].

As discussed above, spurious pore pressure oscillations have been extensively investigated by many authors. However, to the best 
of the authors’ knowledge, the present work reports for the first time a method to address the issue of spurious mean stress oscillations 
in the numerical solution of coupled poroelasticity problems. Since the solution vector usually provides only displacements and pore 
pressure fields—which are oscillation-free, as long as a stable formulation is employed—such spurious mean stress oscillations are 
likely to go unnoticed, unless the mean stress field is explicitly plotted. These oscillations can represent a serious issue for mean 
stress-dependent constitutive models, such as the well-known Modified Cam-Clay (MCC). One of the novelties of the present work is 
to propose a stabilization scheme that addresses both pore pressure and mean stress oscillations in coupled poroelasticity problems. 
A three-field mixed FE formulation is proposed, with piecewise linear interpolations for 𝐮, 𝜎𝑣, and 𝑝 fields. The 𝐮 − 𝜎𝑣 − 𝑝 mixed 
formulation is obtained by splitting the stress tensor into its deviatoric and spherical parts, as commonly done for incompressible 
elasticity. A similar approach has been adopted for coupled poroelasticity in Lee et al. [51], but the authors used piecewise-constant 
mean stress interpolations, and no stabilization was used, since the focus was on robust preconditioning.

The stabilization strategy adopted in this work consists of enriching the displacement field approximation, mimicking a higher-
order finite element. This is achieved by expanding the approximation using Taylor series and including a higher-order term, namely 
the Laplacian of displacements. Next, we adopt PIS to evaluate this Laplacian based on the momentum equation, as proposed in 
Honório et al. [46]. As compared to Honório et al. [46], the present work extends the technique in three aspects. Firstly, PIS was 
originally developed for a FV formulation, but is adapted here to the FE method. Secondly, PIS is applied for the first time to 
stabilized mean stress oscillations in linear elasticity problems using a two-field mixed FE formulation. Thirdly, PIS is combined to 
a three-field mixed FE formulation to achieve stabilization for both mean stress and pore pressure fields in coupled poroelasticity 
problems. As in many schemes (e.g., GLS, PPP, FLP, FIC, etc), the stabilization terms added to the system depend on a parameter ℎ, 
which has been often interpreted as characteristic length of the element for the sake of its computation. Different choices include 
the maximum edge length of the element, the radius of an inscribed sphere, etc. In the proposed stabilization scheme, the value 

1 This method was originally presented under the name of Finite Element Differencing Scheme (FIELDS) in Schneider and Raw[41], and eventually 
renamed as Physical Influence Scheme (PIS), as in Darbandi et al. [42], for instance.
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of ℎ is regarded as a parameter which is introduced to maximize the accuracy of the displacement finite element approximation. 
Based on this interpretation, we propose to calculate the value of ℎ by solving an optimization problem for each element in order 
to provide optimal approximations for the displacement field. Unfortunately, this procedure is rather expensive, which motivated 
the development of a machine learning model to predict the optimal values of ℎ for all grid elements at an affordable cost. The 
combination of this improved ℎ parameter calculation with the physics-based Laplacian approximation, provided by PIS, results in a 
stabilization scheme that does not rely on heuristic or user-specified tuning parameters, as common in other stabilization methods, 
such as the PPP and VMS.

This paper is organized as follows. Section 2 presents both the linear elasticity model for nearly incompressible solids and the cou-
pled poroelasticity model. The primal weak formulations for linear elasticity (𝐮) and for coupled poroelasticity (𝐮 − 𝑝) are presented 
in Section 3. In the sequence, Section 4 presents the mixed weak formulations for the same two models. The finite element approx-
imations for both primal and mixed formulations are introduced in Section 5. In Section 6, the stabilization strategy is discussed in 
details, connecting the Taylor series expansions to the use of PIS. The optimization strategy and the machine-learning model used 
to calculate the optimal values of ℎ are introduced in Section 7. Finally, the numerical experiments and test cases are presented in 
Section 9, and Section 10 closes the presentation with our conclusions.

2.  Mathematical models

In this work, we investigate the solution of the linear elasticity and the coupled poroelasticity models. Here, we present the 
equations that are common to both models, with the particularities of each model described in the following subsections.

Both models depend on the linear momentum balance equation, which can be written as 

−∇ ⋅ 𝜎𝜎𝜎 = 𝐛, (1)

where 𝜎𝜎𝜎 is the rank-2 stress tensor and 𝐛 is the vector of body forces. For simplicity, and with no loss of generality, all body forces 
and gravitational effects are neglected from this work.

By considering small strains, the compatibility equation reads 

𝜀𝜀𝜀(𝐮) = 1
2
(

∇𝐮 + ∇𝐮𝑇
)

, (2)

where 𝐮 denotes the displacement vector. Finally, the volumetric strain and mean stress are respectively defined as 

𝜀𝑣 = ∇ ⋅ 𝐮 and 𝜎𝑣 = 𝐾𝜀𝑣, (3)

with 𝐾 representing the bulk modulus.

2.1.  Linear elasticity

Considering Hooke’s law, the constitutive equation for linear elasticity and isotropic material reads 

𝜎𝜎𝜎 = 2𝐺𝜀𝜀𝜀 + 𝜆𝜀𝑣𝐈, (4)

with 𝐺 and 𝜆 denoting the shear modulus and Lamé’s first parameter, respectively, and 𝐈 is the rank-2 identity tensor. The linear 
elasticity model is, therefore, formed by combining Eqs. (1), (2), (3) and (4) subjected to appropriate boundary conditions.

2.2.  Coupled poroelasticity

For coupled poroelasticity problems, where Terzaghi’s effective stress principle applies, the total stress tensor can be expressed as 

𝜎𝜎𝜎 = 2𝐺𝜀𝜀𝜀 +
(

𝜆𝜀𝑣 − 𝛼𝑝
)

𝐈, (5)

where 𝑝 represents the pore pressure, and Biot’s coefficient is given by 𝛼 = 1 − 𝑐𝑠𝐾, with 𝑐𝑠 denoting the solid grain compressibility.
The second governing equation consists of the mass conservation equation for the fluid phase in deformable porous media. Con-

sidering Darcy’s law and neglecting buoyancy effects, it reads 

1
𝑄
𝑝̇ − ∇ ⋅

(

𝐤
𝜇
⋅ ∇𝑝

)

+ 𝛼𝜀̇𝑣 = 𝑓, (6)

where 𝑓 is the fluid source term, and 𝐤 and 𝜇 denote absolute permeability tensor and fluid viscosity, respectively. Moreover, Biot’s 
modulus is given by 𝑄 =

[

𝜙𝑐𝑓 + (𝛼 − 𝜙)𝑐𝑠
]−1, with 𝑐𝑓  and 𝜙 respectively denoting fluid compressibility and porosity.

For coupled poroelasticity, the problem consists of finding 𝐮 and 𝑝 fields that satisfy Eqs. (1), (2), (3), (5), and (6) subjected to 
appropriate initial and boundary conditions.
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3.  Primal weak formulations

In this work, approximations for displacement and pressure fields are obtained using first-order Sobolev spaces (𝐻1). Consider 
a domain Ω bounded by Γ, such that Γ = Γ𝑢𝑑 ∪ Γ𝑢𝑛 = Γ𝑝𝑑 ∪ Γ𝑝𝑛, with Γ𝑢𝑑 ∩ Γ𝑢𝑛 = Γ𝑝𝑑 ∩ Γ𝑝𝑛 = ∅, where Γ𝑢𝑑 and Γ

𝑝
𝑑 are the surfaces on which 

Dirichlet boundary conditions ̄𝐮 and 𝑝̄ are applied to 𝐮 and 𝑝, respectively, while Γ𝑢𝑛 and Γ𝑝𝑛 are the corresponding surfaces for Neumann 
conditions. In this manner, we define continuous trial function spaces as

 = {𝐮 ∶ Ω → ℝ3
| 𝐮 ∈ 𝐇1,𝐮 = 𝐮̄ on Γ𝑢𝑑},

 = {𝑝 ∶ Ω → ℝ | 𝑝 ∈ 𝐻1, 𝑝 = 𝑝̄ on Γ𝑝𝑑},

and the corresponding continuous test (weighting) function spaces as
0 = {𝐰 ∶ Ω → ℝ3

| 𝐰 ∈ 𝐇1,𝐰 = 𝟎 on Γ𝑢𝑑},

0 = {𝑞 ∶ Ω → ℝ | 𝑞 ∈ 𝐻1, 𝑞 = 0 on Γ𝑝𝑑}.

3.1.  Linear elasticity

According to Eqs. (4), (2) and (3), we can represent the stress tensor for linear elasticity as a function of displacement, that is, 
𝜎𝜎𝜎 = 𝜎𝜎𝜎(𝐮). In this manner, the weak form of the momentum balance equation can be written as 

∫Ω
𝜺(𝐰) ∶ 𝝈(𝐮)dΩ − ∫Γ𝑢𝑛

𝐰 ⋅ 𝐭dΓ = ∫Ω
𝐰 ⋅ 𝐛dΩ ∀ 𝐰 ∈ 0, (7)

where 𝐭 is the traction vector imposed on Γ𝑢𝑛.

3.2.  Coupled poroelasticity

For the case of coupled poroelasticity, the stress tensor is also a function of pore pressure (see Eq. 5), therefore, the weak form of 
the momentum and mass balance equations read

∫Ω
𝜺(𝐰) ∶ 𝝈(𝐮)dΩ − ∫Γ𝑢𝑛

𝐰 ⋅ 𝐭dΓ = ∫Ω
𝐰 ⋅ 𝐛dΩ ∀ 𝐰 ∈ 0, (8)

∫Ω
𝑞
(

1
𝑄
𝑝̇ + 𝛼𝜀̇𝑣

)

dΩ + ∫Ω
𝐤
𝜇
⋅ ∇𝑝 ⋅ ∇𝑞dΩ − ∫Γ𝑝𝑛

𝑣𝑛𝑞dΓ = ∫Ω
𝑞𝑓dΩ ∀ 𝑞 ∈ 0, (9)

where 𝑣𝑛 is the prescribed fluid phase velocity normal to boundary Γ𝑝𝑛.

4.  Mixed weak formulations

The trial function space for approximating the mean stress field is defined as 
 = {𝜎𝑣 ∶ Ω → ℝ | 𝜎𝑣 ∈ 𝐻1, 𝜎𝑣 = 𝜎̄𝑣 on Γ𝜎𝑑}, (10)

where the values 𝜎̄𝑣 prescribed on the portion Γ𝜎𝑑 of the boundary Γ is consistent with conditions set on the displacement field. The 
corresponding test function space reads 

0 = {𝑣 ∶ Ω → ℝ | 𝑣 ∈ 𝐻1, 𝑣 = 0 on Γ𝜎𝑑}. (11)

4.1.  Linear elasticity

The foundation for the mixed formulation is the decomposition of the stress tensor into a deviatoric part, 𝜎̃𝜎𝜎, and a spherical part, 
that is 

𝜎𝜎𝜎 = 𝜎̃𝜎𝜎 + 𝜎𝑣𝐈,

where the deviatoric stress relates to the deviatoric strain 𝜀̃𝜀𝜀 by 
𝜎̃𝜎𝜎 = 2𝐺𝜀̃𝜀𝜀,

in which 
𝜀𝜀𝜀 = 𝜀̃𝜀𝜀 + 1

3
𝜀𝑣𝐈 → 𝜀̃𝜀𝜀 = 𝜀𝜀𝜀 − 1

3
𝜀𝑣𝐈.

Additionally, since 𝜎𝑣 = 𝐾𝜀𝑣, it follows that the stress tensor can be written as a function of displacement and mean stress, that 
is, 

𝜎𝜎𝜎(𝐮, 𝜎𝑣) = 2𝐺
(

𝜀𝜀𝜀 − 1
3
𝜀𝑣𝐈

)

+ 𝜎𝑣𝐈 (12)
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In this manner, the governing equations consist of the linear momentum balance equation expressed as, 
−∇ ⋅ 𝜎𝜎𝜎(𝐮, 𝜎𝑣) = 𝐛, (13)

and the relationship between mean stress and volumetric strain, which describes mass balance for the solid phase, i.e., 
𝜎𝑣 −𝐾∇ ⋅ 𝐮 = 0. (14)

The weak forms of Eqs. (13) and (14) read

∫Ω
𝜀𝜀𝜀(𝐰) ∶ 𝜎𝜎𝜎(𝐮, 𝜎𝑣)dΩ − ∫Γ𝑢𝑛

𝐰 ⋅ 𝐭dΓ = ∫Ω
𝐰 ⋅ 𝐛dΩ ∀ 𝐰 ∈ 0, (15)

∫Ω
𝑣
(

𝜎𝑣 −𝐾∇ ⋅ 𝐮
)

dΩ = 0 ∀ 𝑣 ∈ 0. (16)

4.2.  Coupled poroelasticity

Following the stress decomposition presented in the previous subsection, the total stress tensor for poroelasticity is obtained by 
simply adding the pore pressure to Eq.  (12). In this manner, the stress tensor becomes a function of displacement, mean stress and 
pore pressure, i.e., 

𝜎𝜎𝜎(𝐮, 𝜎𝑣, 𝑝) = 2𝐺
(

𝜀𝜀𝜀 − 1
3
𝜀𝑣𝐈

)

+
(

𝜎𝑣 − 𝛼𝑝
)

𝐈. (17)

The momentum balance equation assumes the form 
−∇ ⋅ 𝜎𝜎𝜎(𝐮, 𝜎𝑣, 𝑝) = 𝐛. (18)

As a result, the mixed formulation for coupled poroelasticity is obtained from the weak form of Eqs. (18), (14), and (6), which 
results in

∫Ω
𝜀𝜀𝜀(𝐰) ∶ 𝜎𝜎𝜎(𝐮, 𝜎𝑣, 𝑝)dΩ − ∫Γ𝑢𝑛

𝐰 ⋅ 𝐭dΓ = ∫Ω
𝐰 ⋅ 𝐛dΩ, ∀ 𝐰 ∈ 0, (19)

∫Ω
𝑣
(

𝜎𝑣 −𝐾∇ ⋅ 𝐮
)

dΩ = 0, ∀ 𝑣 ∈ 0, (20)

∫Ω
𝑞
(

1
𝑄
𝑝̇ + 𝛼𝜀̇𝑣

)

dΩ + ∫Ω
𝐤
𝜇
⋅ ∇𝑝 ⋅ ∇𝑞dΩ − ∫Γ𝑝𝑛

𝑣𝑛𝑞dΓ = ∫Ω
𝑓𝑞dΩ, ∀ 𝑞 ∈ 0. (21)

5.  Finite element discretization

The solutions to the weak forms defined in the previous sections are numerically approximated by finite elements. As usual, the 
domain is divided into discrete elements 𝜏ℎ, with the solutions (𝐮ℎ, 𝜎ℎ𝑣 , 𝑝ℎ) and the test functions (𝐰ℎ, 𝑣ℎ, 𝑞ℎ) belonging to the following 
finite element spaces,

𝐮ℎ ∈  ℎ ⊂  , 𝐰ℎ ∈  ℎ
0 ⊂ 0, (22)

𝜎ℎ𝑣 ∈ ℎ ⊂  , 𝑣ℎ ∈ ℎ0 ⊂ 0, (23)

𝑝ℎ ∈ ℎ ⊂  , 𝑞ℎ ∈ ℎ
0 ⊂ 0. (24)

The finite element spaces are constructed with Continuous Galerkin approximations using piecewise linear basis functions. More-
over, the integration scheme is performed using the lowest-order quadrature rule, that is, a single integration point located at the 
centroid of each tetrahedral element.

The exact solutions are approximated as
𝐮 ≈ 𝐮ℎ = 𝐮ℎ(𝐱, 𝑡) = 𝐍𝑢(𝐱)𝐮̂(𝑡) (25)

𝜎𝑣 ≈ 𝜎ℎ𝑣 = 𝜎ℎ𝑣 (𝐱, 𝑡) = 𝐍(𝐱)𝜎̂𝑣(𝑡) (26)

𝑝 ≈ 𝑝ℎ = 𝑝ℎ(𝐱, 𝑡) = 𝐍(𝐱)𝑝̂(𝑡) (27)

where 𝐮̂(𝑡), 𝜎̂𝑣(𝑡) and 𝑝̂(𝑡) are the vectors of unknowns at the grid nodes, 𝐍(𝐱) represent the element shape functions, and 𝐍𝑢(𝐱) is 
a matrix rearrangement of the same shape functions to properly multiply the corresponding displacement components of 𝐮. The 
corresponding gradients are approximated as 

𝜀𝜀𝜀(𝐮ℎ) = 𝐁𝐮̂, ∇𝑝ℎ = 𝐆𝑝̂, and ∇𝜎ℎ𝑣 = 𝐆𝜎̂𝑣,

with 𝐆 denoting an array of shape function derivatives that recovers the gradient field of a scalar (𝑝ℎ and 𝜎ℎ𝑣 ). Similarly, 𝐁 is also an 
array of shape function derivatives that recovers the symmetric gradient of 𝐮.

Next, we define the following matrices

K1 = ∫Ω
𝐁𝑇ℂ𝐁dΩ, K2 = ∫Ω

2𝐺𝐁𝑇𝐁dΩ, F = ∫Ω
1
𝜇
𝐆𝑇 𝐤𝐆dΩ,
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A1 = ∫Ω
1
𝐾
𝐍𝑇𝐍dΩ, A2 = ∫Ω

1
𝑄
𝐍𝑇𝐍dΩ, 𝐟𝑢 = ∫Γ𝑢𝑛

𝐰ℎ ⋅ 𝐭dΓ + ∫Ω
𝐰ℎ ⋅ 𝐛dΩ, (28)

B1 = ∫Ω
𝐍𝑇 𝐢𝐁dΩ, B2 = −∫Ω

𝛼𝐍𝑇 𝐢𝐁dΩ, 𝐟𝑝 = ∫Γ𝑝𝑛
𝑣𝑛𝑞

ℎdΓ + ∫Ω
𝑓𝑞ℎdΩ

where ℂ is the elastic stiffness matrix (Voigt notation) and 𝐢 is the Kronecker delta in vector form. These matrices will be used to 
compose the linear systems resulting from the FE discretization in the following subsections.

5.1.  Linear elasticity

Considering the finite element approximations shown in this section and the matrices defined in Eq.  (28), the discretized primal 
and mixed formulations can be obtained. These formulations assume the forms presented below.

Primal formulation: 
[

K1
][

𝐮̂
]

=
[

𝐟𝑢
]

.

Mixed formulation: 
[

K2 B1

B𝑇1 −A1

][

𝐮̂
𝜎̂𝑣

]

=

[

𝐟𝑢
0

]

.

5.2.  Coupled poroelasticity

The mass conservation equation for the fluid phase also involves the time derivatives of 𝑝 and 𝜀𝑣. Therefore, a time integration is 
also performed between times 𝑛 and 𝑛 + 1 by using a backward Euler scheme. The resulting linear systems for both primal and mixed 
formulations are presented below.

Primal formulation: 
[

K1 B2

B𝑇2 −
(

A2 + Δ𝑡F
)

][

𝐮̂
𝑝̂

]𝑛+1

=

[

𝐟𝑢
𝐟𝑝

]

+

[

0 0
B𝑇2 −A2

][

𝐮̂
𝑝̂

]𝑛

.

Mixed formulation: 
⎡

⎢

⎢

⎣

K2 B1 B2
B𝑇1 −A1 0
B𝑇2 0 −

(

A2 + Δ𝑡F
)

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝐮̂
𝜎̂𝑣
𝑝̂

⎤

⎥

⎥

⎦

𝑛+1

=
⎡

⎢

⎢

⎣

𝐟𝑢
0
𝐟𝑝

⎤

⎥

⎥

⎦

+
⎡

⎢

⎢

⎣

0 0 0
0 0 0
B𝑇2 0 −A2

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝐮̂
𝜎̂𝑣
𝑝̂

⎤

⎥

⎥

⎦

𝑛

.

6.  Stabilization scheme

As previously introduced in Sections 3 and 4, the present work adopts the same piecewise linear interpolation functions for 
displacement, pressure, and mean stress fields. As it is well-known, this combination of spaces is not LBB-stable and require some 
stabilization. We obtain this improved approximation by using Taylor series expansion to add a higher order term (Laplacian of 𝐮) to 
the interpolation function for the displacement field. Then we use PIS to evaluate this higher order term in a convenient physics-based 
approach. When substituted into the governing equations, this improved interpolation function for the displacement field originates 
additional terms in the weak form that can stabilize the solution by introducing numerical diffusion.

To build our stabilization term, let us first discuss how to approximate a generic scalar function 𝜓 = 𝜓(𝐱) at the centroid of an 
element of cubic shape with size 𝐿. Next, we discuss how the resulting expression can be generalized to a tetrahedral element, which 
is our goal in this work. In fact, we propose to approximate the function at the element centroid precisely because it coincides with 
the integration (Gauss) point of a linear tetrahedral element.

In Appendix A, it is shown that if the values of a function 𝜓 are given at the vertices of a cube, and the Laplacian of 𝜓 is known 
at the centroid, then the value of 𝜓 can be approximated at the element centroid by the following expression: 

𝜓(𝐱𝑐 ) ≈
1
8

8
∑

𝑖=1
𝜓(𝐱𝑖) −

𝐿2

8
∇2𝜓(𝐱𝑐 ), (29)

where 𝐱𝑖 denotes the coordinates of the element vertices. Notice that the first term at the right-hand side of Eq.  (29) is: 

1
8

8
∑

𝑖=1
𝜓(𝐱𝑖) = 𝐍(𝐱𝑐 )𝜓̂ = 𝜓ℎ(𝐱𝑐 ). (30)

Combining Eqs. (30) and (29), a general expression for approximating 𝜓(𝐱𝑐 ) at the centroid of the cube can be expressed as 
𝜓(𝐱𝑐 ) ≈ 𝜓ℎ(𝐱𝑐 ) − ℎ2∇2𝜓(𝐱𝑐 ). (31)

where ℎ is a scaling parameter of the Laplacian term. For polynomial functions up to degree 3 and for a cube of size 𝐿, as in Fig. A.18, 
Eq.  (31) provides the exact value of 𝜓(𝐱𝑐 ) as long as ℎ2 = 𝐿2∕8. For higher-order polynomial functions, or non-polynomial functions, 
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ℎ2 = 𝐿2∕8 still provides an accurate approximation of 𝜓(𝐱𝑐 ), although it is no more exact. In case the element is not a cube, then the 
value of ℎ for which Eq.  (31) is exact cannot be found, but it is still possible to find ℎ that provides the most accurate approximation 
of 𝜓(𝐱𝑐 ).

Eq. (31) can be extended to a vector valued function, and an improved expression to approximate the displacement vector field 
reads 

𝐮 ≈ 𝐮ℎ − ℎ2∇2𝐮, (32)

where 𝐮 is the exact solution and 𝐮ℎ is the classical finite element approximation (i.e., Eq. 25). The calculation of parameter ℎ will 
be addressed in Section 7. In the next subsection, we discuss how to approximate the Laplacian of displacement in Eq.  (32).

6.1.  The physical influence scheme (PIS)

When deriving Eq.  (32), it was assumed the exact Laplacian of 𝐮 is given at the integration point. However, in practice this is not 
the case, and ∇2𝐮 must be approximated as well. For this purpose, PIS allows for the computation of this higher-order term based on 
the physics of the problem. Other Laplacian reconstruction methods (see Jansen et al. [52], for instance) could be employed in Eq. 
(32) and this might be an interesting development for future extension of this work.

Let us consider the linear momentum balance equation evaluated on a single grid element, where the material properties are 
constant, and use the stress decomposition equation (Eq. 17). In this way, the momentum balance equation can be written as 

𝐺∇2𝐮 + 𝐺
3
∇𝜀𝑣 + ∇𝜎𝑣 − 𝛼∇𝑝 ≈ 0. (33)

Substituting 𝜀𝑣 = 𝜎𝑣∕𝐾 and solving for the Laplacian leads to 

∇2𝐮 ≈ 𝛼
𝐺
∇𝑝 −

( 1
3𝐾

+ 1
𝐺

)

∇𝜎𝑣. (34)

Eq. (34) reveals that the Laplacian of displacement is proportional to the gradients of pressure and mean stress. Furthermore, the 
constants of proportionality are originated from the underlying governing equation, therefore, the balance between ∇2𝐮, ∇𝑝, and ∇𝜎𝑣
is physically consistent. Calculating these two gradients is now perfectly possible with the linear shape functions. For this purpose, 
we introduce the finite element approximations for 𝑝 and 𝜎𝑣, defined in Eqs. (27) and (26), respectively, yielding 

∇2𝐮 ≈ 𝛼
𝐺
∇𝑝ℎ −

( 1
3𝐾

+ 1
𝐺

)

∇𝜎ℎ𝑣 . (35)

From our experience, keeping the term 1
3𝐾∇𝜎ℎ𝑣  in Eq.  (35) is beneficial in some situations, but not in others. For the primal 

formulation of the coupled poroelastic model, the whole term involving ∇𝜎ℎ𝑣  must be neglected from Eq.  (35), since 𝜎𝑣 is not 
explicitly solved. Additionally, we are also interested in investigating the impact of the term ∇𝑝ℎ in the stabilization scheme. In order 
to cover all these possibilities, we rewrite Eq.  (35) as 

∇2𝐮 ≈ 𝑎1
𝛼
𝐺
∇𝑝ℎ −

( 𝑎2
3𝐾

+
𝑎3
𝐺

)

∇𝜎ℎ𝑣 , (36)

where 𝑎1, 𝑎2 and 𝑎3 are chosen to be either 0 or 1. It is also interesting to notice that the term in parenthesis in Eq.  (36) equals to 
3∕𝐸 when 𝑎2 = 𝑎3 = 1, where 𝐸 is the Young’s modulus.

Finally, by substituting Eq.  (36) into Eq.  (32), we obtain the following approximation for the displacement field 

𝐮 ≈ 𝐮ℎ − 𝑎1ℎ2
𝛼
𝐺
∇𝑝ℎ + ℎ2

( 𝑎2
3𝐾

+
𝑎3
𝐺

)

∇𝜎ℎ𝑣 . (37)

For the linear elasticity model, Eq.  (37) is used to approximate the displacement field in the mean stress equation, that is, Eq. 
(16). For the coupled poroelasticity model, the stabilization can be introduced into Eqs. (20) and/or (21).

6.2.  Stabilized mixed elasticity

In this case, we disregard the pressure gradient from the stabilized approximation of 𝐮 by choosing 𝑎1 = 0 in Eq.  (37) and substitute 
it into Eq.  (16), i.e., 

∫Ω
𝑣ℎ

{ 1
𝐾
𝜎ℎ𝑣 − ∇ ⋅ 𝐮ℎ − ∇ ⋅

[

ℎ2
( 𝑎2
3𝐾

+
𝑎3
𝐺

)

∇𝜎ℎ𝑣
]}

dΩ = 0, ∀ 𝑣ℎ ∈ ℎ0 .

We use integration by parts to evaluate the rightmost term inside the integral. Notice that the boundary term does not appear because 
the stabilization corresponds to a pure homogeneous Neumann Laplace problem. After this procedure, the following equation is 
obtained 

∫Ω
𝑣ℎ

( 1
𝐾
𝜎ℎ𝑣 − ∇ ⋅ 𝐮ℎ

)

dΩ + ∫Ω
ℎ2

( 𝑎2
3𝐾

+
𝑎3
𝐺

)

∇𝜎ℎ𝑣 ⋅ ∇𝑣ℎdΩ = 0 ∀ 𝑣ℎ ∈ ℎ0 . (38)

The resulting linear system can be represented as 
[

K2 B1

B𝑇1 −
(

A1 + H̃
)

][

𝐮̂
𝜎̂𝑣

]

=

[

𝐟𝑢
0

]

,
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where stabilization term reads 

H̃ = −∫Ω
ℎ2

( 𝑎2
3𝐾

+
𝑎3
𝐺

)

𝐆𝑇𝐆dΩ. (39)

6.3.  Stabilized primal poroelasticity

In this case, the mass conservation equation does not depend on 𝜎𝑣, therefore, we make 𝑎2 = 𝑎3 = 0 in Eq.  (37) and substitute it 
into Eq.  (9). After some manipulation, the stabilized weak form of the mass conservation equation reads 

∫Ω
𝑞ℎ
[

1
𝑄
𝑝̇ℎ + 𝛼∇ ⋅ 𝐮̇ℎ

]

dΩ + ∫Ω

(

𝑎1ℎ
2 𝛼2

𝐺
∇𝑝̇ℎ + 𝐤

𝜇
∇𝑝ℎ

)

⋅ ∇𝑞ℎdΩ = 𝐟𝑝 ∀ 𝑞ℎ ∈ ℎ
0 .

The resulting fully discrete form is represented as, 
[

K1 B2

B𝑇2 −
(

A2 + Δ𝑡F + F̃
)

][

𝐮̂
𝑝̂

]𝑛+1

=

[

𝐟𝑢
𝐟𝑝

]

+

[

0 0
B𝑇2 −

(

A2 + F̃
)

][

𝐮̂
𝑝̂

]𝑛

, (40)

where 

F̃ = −𝑎1 ∫Ω
ℎ2 𝛼

2

𝐺
𝐆𝑇𝐆dΩ. (41)

6.4.  Stabilized mixed poroelasticity

Substituting the full Eq.  (37) into Eq.  (20) leads to 

∫Ω
𝑣ℎ

( 1
𝐾
𝜎ℎ𝑣 − ∇ ⋅ 𝐮ℎ

)

dΩ + ∫Ω

[

ℎ2
( 𝑎2
3𝐾

+
𝑎3
𝐺

)

∇𝜎ℎ𝑣 − 𝑎1ℎ2
𝛼
𝐺
∇𝑝ℎ

]

⋅ ∇𝑣ℎdΩ = 0 ∀ 𝑣ℎ ∈ ℎ0 , (42)

and into Eq.  (21) results in

∫Ω
𝑞ℎ
(

1
𝑄
𝑝̇ℎ + 𝛼∇ ⋅ 𝐮̇ℎ

)

dΩ + ∫Ω

[

𝐤
𝜇
∇𝑝ℎ +𝑎1ℎ2

𝛼2

𝐺
∇𝑝̇ℎ𝑣 − ℎ

2
( 𝑎2
3𝐾

+
𝑎3
𝐺

)

∇𝜎̇ℎ𝑣

]

⋅ ∇𝑞ℎdΩ = 𝐟𝑝, ∀ 𝑞ℎ ∈ ℎ
0 . (43)

Finally, the fully discrete stabilized mixed poroelasticity system of equations reads 

⎡

⎢

⎢

⎣

K1 B1 B2
B𝑇1 −

(

A1 + H̃
)

Ȟ
B𝑇2 F̌ −

(

A2 + Δ𝑡F + F̃
)

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝐮̂
𝜎̂𝑣
𝑝̂

⎤

⎥

⎥

⎦

𝑛+1

=
⎡

⎢

⎢

⎣

𝐟𝑢
0
𝐟𝑝

⎤

⎥

⎥

⎦

+
⎡

⎢

⎢

⎣

0 0 0
0 0 0
B𝑇2 −F̌ A2 + F̃

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝐮̂
𝜎̂𝑣
𝑝̂

⎤

⎥

⎥

⎦

𝑛

, (44)

where 

F̌ = −∫Ω
ℎ2𝛼

( 𝑎2
3𝐾

+
𝑎3
𝐺

)

𝐆𝑇𝐆dΩ and Ȟ = −∫Ω
ℎ2𝛼

𝑎1
𝐺
𝐆𝑇𝐆dΩ.

Notice that generally Ȟ ≠ F̌𝑇 , hence the stabilized version of mixed poroelasticity produces a non-symmetric matrix. The resulting 
matrix is symmetric in only two situations:

1. 𝑎1 = 0 in Eq.  (42), and 𝑎2 = 𝑎3 = 0 in Eq.  (43), implying F̌ = Ȟ = 𝟎; and
2. 𝑎1 = 1 in Eq.  (42), and 𝑎2 = 0 and 𝑎3 = 1 in Eq.  (43), implying F̌ = Ȟ.

7.  Computation of parameter h

The parameter ℎ, introduced in Section 6, is often referred to in the literature as a characteristic length of the element. Although 
it must reflect the size and shape of the element, its physical definition is not unique and different approaches have been proposed 
in the literature on how to compute ℎ. For instance, Fig. 1 illustrates common options for a tetrahedral element, which include the 
radius or diameter of an inscribed sphere, and the diagonal of an equivalent cube with the same volume. These alternatives, however, 
stem from a purely geometrical interpretation of the parameter ℎ.

In the present work, we propose to calculate the parameter ℎ based on its role in Eqs. (31) and (32), which is to scale the effect of 
the Laplacian term in the approximation of a function at the integration point, 𝜓(𝐱𝑐 ) (or 𝐮(𝐱𝑐 ) in Eq. 32). In the sequence, we present 
a procedure to automatically compute the parameter ℎ in an optimal way, thus requiring no heuristic or user intervention in the 
definition of the stabilization term.

Computer Methods in Applied Mechanics and Engineering 449 (2026) 118515 

8 



H.T. Honório et al.

Fig. 1. Element characteristic length: (a) radius of inscribed sphere (h_iRad), (b) diameter of inscribed sphere, and (c) diagonal of an equivalent 
cube (h_Diag).

Table 1 
Set of polynomial functions for a given tetra-
hedral element.
𝑖 𝜓𝑖(𝐱𝑐 ) 𝜓ℎ

𝑖 (𝐱𝑐 ) ∇2𝜓𝑖(𝐱𝑐 ) 𝑟𝑖(ℎ)

 0 𝜓0(𝐱𝑐 ) 𝜓ℎ
0 (𝐱𝑐 ) ∇2𝜓0(𝐱𝑐 ) 𝑟0(ℎ)

 1 𝜓1(𝐱𝑐 ) 𝜓ℎ
1 (𝐱𝑐 ) ∇2𝜓1(𝐱𝑐 ) 𝑟1(ℎ)

⋮ ⋮ ⋮ ⋮ ⋮
𝑚 𝜓𝑚(𝐱𝑐 ) 𝜓ℎ

𝑚(𝐱𝑐 ) ∇2𝜓𝑚(𝐱𝑐 ) 𝑟𝑚(ℎ)

7.1.  Optimization procedure

The strategy consists of calculating the value of ℎ that gives the most accurate approximations for a set of polynomial functions 
𝜓𝑖(𝐱) of degree 𝑁 , for 𝑖 ∈ [0, 𝑚] with 𝑚 denoting the number of polynomial functions considered. We express a general polynomial 
function as 

𝜓𝑖(𝐱) =
𝑁
∑

𝑝=0
𝐴𝑖𝑝(𝑥 + 𝑎𝑖𝑝)𝑝 + 𝐵𝑖𝑝(𝑦 + 𝑏𝑖𝑝)𝑝 + 𝐶𝑖𝑝(𝑧 + 𝑐𝑖𝑝)𝑝, (45)

where we arbitrarily choose 𝐴𝑖𝑝, 𝐵𝑖𝑝, and 𝐶𝑖𝑝 as random values between −2 and 2 , and 𝑎𝑖𝑝, 𝑏𝑖𝑝, and 𝑐𝑖𝑝 as random values between −1
and 1.

The exact Laplacian of 𝜓𝑖 is given by 

∇2𝜓𝑖(𝐱) =
𝑁
∑

𝑝=2

[

𝑝(𝑝 − 1)𝐴𝑖𝑝(𝑥 + 𝑎𝑝)𝑝−2 + 𝑝(𝑝 − 1)𝐵𝑖𝑝(𝑦 + 𝑏𝑝)𝑝−2 + 𝑝(𝑝 − 1)𝐶𝑖𝑝(𝑧 + 𝑐𝑝)𝑝−2
]

. (46)

In this work, the polynomial order is chosen to be 𝑁 = 2, resulting in constant Laplacian inside the element. From our experience, 
higher polynomial degrees (𝑁 ≥ 3) do not significantly change the results, because the mesh is usually sufficiently refined such that 
the solution (function) does not change significantly inside the element.

For a given tetrahedron with centroid coordinates 𝐱𝑐 , we define a residual equation as 
𝑟𝑖(ℎ) = 𝜓ℎ𝑖 (𝐱𝑐 ) − ℎ

2∇2𝜓𝑖(𝐱𝑐 ) − 𝜓𝑖(𝐱𝑐 ). (47)

where the term 𝜓ℎ𝑖 (𝐱𝑐 ) − ℎ2∇2𝜓𝑖(𝐱𝑐 ) represents the approximate function value at 𝐱𝑐 , and 𝜓𝑖(𝐱𝑐 ) is the exact function value. Notice 
that 𝜓ℎ𝑖 (𝐱𝑐 ) represents the average value of 𝜓 at the vertices of the tetrahedron.

The values of 𝑟𝑖(ℎ) computed by Eq.  (47) for a family of 𝑚 polynomials in a given tetrahedron are collected in a table structured 
as Table 1.

Next, we define a total residual equation as 

𝑅(ℎ) =
𝑚
∑

𝑖=0
|𝑟𝑖(ℎ)|. (48)

The goal is to find the optimum value of ℎ for which 𝑅(ℎ) is minimum. In this manner, the ℎ parameter for a certain element 𝑒 is 
obtained by solving the following optimization problem 

ℎ∗𝑒 = arg min
ℎ∈ℝ+

𝑅(ℎ).

Unlike the degree 𝑁 of the polynomial functions, the number of functions, 𝑚, can significantly impact the results of ℎ∗𝑒 . Consider 
a typical tetrahedral element as the one illustrated on the left of Fig. 2. The right graph of this same figure shows the values of ℎ∗𝑒
obtained from the optimization procedure, as described before, for increasingly larger values of 𝑚. It suggests that the number of 
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Fig. 2. Tetrahedral element (left) and convergence of optimal characteristic length with the number of samples (right).

Table 2 
Datasets for 𝑛 tetrahedral elements: (left) original and (right) standard element 
dimensions.

 e 𝐱𝑒,1 𝐱𝑒,2 𝐱𝑒,3 𝐱𝑒,4 ℎ∗𝑒  e 𝐱̃𝑒,1 𝐱̃𝑒,2 𝐱̃𝑒,3 𝐱̃𝑒,4 ℎ̃∗𝑒

 0 𝐱0,1 𝐱0,2 𝐱0,3 𝐱0,4 ℎ∗0  0 𝐱̃0,1 𝐱̃0,2 𝐱̃0,3 𝐱̃0,4 ℎ̃∗0 1 𝐱1,1 𝐱1,2 𝐱1,3 𝐱1,4 ℎ∗1 →  1 𝐱̃1,1 𝐱̃1,2 𝐱̃1,3 𝐱̃1,4 ℎ̃∗1
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑛 𝐱𝑛,1 𝐱𝑛,2 𝐱𝑛,3 𝐱𝑛,4 ℎ∗𝑛 𝑛 𝐱̃𝑛,1 𝐱̃𝑛,2 𝐱̃𝑛,3 𝐱̃𝑛,4 ℎ̃∗𝑛

samples (or polynomial functions) should be larger than 1000, after which ℎ∗𝑒 converges to an approximately constant value. To be 
on the safe side, we adopt 𝑚 = 10, 000.

7.2.  Machine learning model

Although the optimization procedure described above can be performed just once for a given mesh, it can be considerably expen-
sive, especially for fine meshes and large values of 𝑚. For this reason, we propose to replace this procedure by a machine learning 
model, which is trained off-line and can immediately predict the optimal ℎ value for any tetrahedron of the mesh. In what follows, 
we describe the process to dataset creating and machine learning training.

The optimization procedure described in Section 7.1 is performed for many different tetrahedral elements, resulting in the dataset 
represented in the leftmost frame of Table 2, where 𝐱𝑖,𝑒 represents the coordinates 𝑥, 𝑦 and 𝑧 of the 𝑖th vertex of the element 𝑒. In 
the present work, we generate such dataset by considering the elements originating from different discretizations created in Gmsh 
[53]. The number of sample elements 𝑛 is approximately 200,000. This dataset, however, is not suitable for the machine learning 
training because the parameter ℎ∗𝑒 should not depend on the spatial position of the element, but only on the element aspect ratio. To 
circumvent this issue, we move the element to the origin of the coordinate system and rescale it to a standard size before training the 
ML model, as illustrated in Fig. 3. This procedure can be summarized as follows:

1. Calculate the centroid coordinates of the element as 𝐱𝑒,𝑐 = 1
4
∑4
𝑖=1 𝐱𝑒,𝑖;

2. Move the element centroid to the origin of the coordinate system, i.e., 𝐱𝑒,𝑖 ← 𝐱𝑒,𝑖 − 𝐱𝑒,𝑐 ;
3. Calculate the maximum edge length, 𝐿𝑒 of the element;
4. Rescale the element by dividing all vertex coordinates by 𝐿𝑒, i.e., 𝐱̃𝑖,𝑒 = 𝐱𝑖,𝑒∕𝐿𝑒;
5. Rescale ℎ∗𝑒 to the standard dimension, i.e., ℎ̃∗𝑒 = ℎ∗𝑒∕𝐿𝑒.

By performing these operations for every element in the dataset, the transformed dataset presented in the rightmost frame of 
Table 2 is obtained. The transformed dataset is now suitable to train the machine learning model. For this purpose, the dataset is 
randomly split into training and test sets and a machine learning model is trained to regress the values of ℎ̃∗𝑒 based on the vertex 
coordinates 𝐱̃𝑒,𝑖 of the standard element 𝑒. The machine learning model adopted is the histogram-based gradient boosting algorithm 
(HistGradientBoostingRegressor) as implemented in Scikit-learn [54]. The trained ML model consists of a function 𝐹𝑀𝐿 ∶ ℝ4×3 → ℝ
that receives the spatial coordinates of all vertices of an element 𝐞̃ and returns a prediction of ℎ̃∗𝑒 . For a given element 𝑒, with vertex 
coordinates 𝐱𝑒,1, 𝐱𝑒,2, 𝐱𝑒,3, and 𝐱𝑒,4, the procedure is as follows:

1. Calculate 𝐱𝑒,𝑐 = 1
4
∑4
𝑖=1 𝐱𝑒,𝑖;

2. Move the element to the origin, 𝐞′ = [𝐱𝑒,1 − 𝐱𝑒,𝑐 , 𝐱𝑒,2 − 𝐱𝑒,𝑐 , 𝐱𝑒,3 − 𝐱𝑒,𝑐 , 𝐱𝑒,4 − 𝐱𝑒,𝑐 ] (see Fig. 3b);
3. Calculate the maximum edge length 𝐿𝑒;
4. Rescale the element to the standard size, 𝐞̃ = 𝐞∕𝐿𝑒 = [𝐱̃𝑒,1, 𝐱̃𝑒,2, 𝐱̃𝑒,3, 𝐱̃𝑒,4] (see Fig. 3c);
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Fig. 3. Element transformation steps: (a) original dimensions and position; (b) Repositioning to the origin; (c) Rescaling to a standard dimension.

Fig. 4. (Left) Comparison of predicted h_Opt obtained with the machine learning model in the training and test sets, and inscribed radius and 
equivalent diagonal. (Right) Residual for different calculations of parameter ℎ considering the tetrahedral element shown in Fig. 2a.

5. Use the trained ML model to predict ℎ in the standard element size, i.e., ℎ̃𝑒 ← 𝐹𝑀𝐿(𝐞̃);
6. Rescale back to the original element size, i.e., ℎ𝑒 ← ℎ̃𝑒 ∗ 𝐿𝑒.

The results of ℎ∗pred on the training and testing sets are shown in Fig. 4a. For comparison, the values obtained with the inscribed 
radius (h_iRad) and equivalent diagonal (h_Diag), both illustrated in Fig. 1, are also shown in Fig. 4a. It can be observed that h_Diag 
mostly over estimate the characteristic length, compared to the optimal characteristic length (h_Opt). On the other hand, h_iRad 
consistently underestimate the h_Opt. This can also be observed in Fig. 4b, where the points h_Opt, h_ML, h_iRad, and h_Diag are 
shown on top of the total residue function (Eq. 48) for the element depicted in Fig. 2. Also worth noting, is that the ML prediction of 
the optimal ℎ∗ value (h_ML) is very close to h_Opt. Therefore, h_Opt is disregarded from this work, and only h_ML is considered for 
the comparisons with h_iRad and h_Diag.

8.  Stability analysis

Similarly to most stabilization strategies, the approach proposed here introduces numerical diffusion to mitigate the oscillatory 
behavior of the solution. In this subsection, we focus on evaluating whether the amount of numerical diffusion applied is excessive 
or insufficient. Specifically, we restrict our analysis to the linear elasticity problem, where the primary unknowns are displacement 
and mean stress, and consider the limit of an incompressible medium (i.e., as Poisson’s ratio 𝜈 → 0.5). To assess the quality of the sta-
bilization, we follow the methodology outlined in [51], which involves analyzing the square root of the smallest non-zero eigenvalue 
of the scaled Schur complement. This quantity is the numerical evaluation of the constant appearing in the inf-sup condition, whose 
independence from the mesh size is critical for ensuring the stability of the method. The procedure for this evaluation is described in 
detail below.
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Let us consider the linear elasticity model for incompressible solids, that is, 
⎧

⎪

⎨

⎪

⎩

∇ ⋅
[

2𝐺
(

𝜀𝜀𝜀 − 1
3
𝜀𝑣𝐈

)]

+ ∇𝜎𝑣 = 𝐛,

∇ ⋅ 𝐮 = 0.
(49)

The corresponding weak form is given by: 
{

𝑎(𝐮,𝐰) + 𝑏(𝐰, 𝜎𝑣) = 𝑓 (𝐮) ∀ 𝐰 ∈ 0,
𝑏(𝐮, 𝑣) = 0 ∀ 𝑣 ∈ 0,

(50)

where the bilinear forms are defined as:

𝑎(𝐮,𝐰) = ∫Ω
2𝐺𝜀𝜀𝜀(𝐮) ∶ 𝜀𝜀𝜀(𝐰)𝑑Ω − 2

3 ∫Ω
𝐺𝜀𝑣(𝐮)∇ ⋅ 𝐰𝑑Ω, (51)

𝑏(𝐰, 𝑣) = −∫Ω
𝑣∇ ⋅ 𝐰𝑑Ω, (52)

and the linear form is given by 𝑓 (𝐰) = ∫Ω 𝐛 ⋅ 𝐰𝑑Ω.
After introducing the stabilization, the modified weak formulation becomes: 

{

𝑎(𝐮,𝐰) + 𝑏(𝐰, 𝜎𝑣) = 𝑓 (𝐮) ∀ 𝐰 ∈ 0,
𝑏(𝐮, 𝑣) + 𝑐(𝜎𝑣, 𝑣) = 0 ∀ 𝑣 ∈ 0,

(53)

with the stabilization term defined as: 

𝑐(𝜎𝑣, 𝑣) = ∫Ω
ℎ2

𝐺
∇𝜎𝑣 ⋅ ∇𝑣𝑑Ω. (54)

The Jacobian matrix, obtained by discretizing the system in (53), is: 

J =
[

K2 B1
B𝑇1 −H̃

]

(55)

Finally, the mass matrix in the 0 space, which will be utilized later in the analysis, corresponds to the discretization of the following 
form, appropriately scaled by a stiffness constant: 

𝑚(𝜎𝑣, 𝑣) = ∫Ω
1
2𝐺

𝜎𝑣𝑣𝑑Ω. (56)

Following the approach developed by Elman et al. [55, Chapter 5], an alternative method to verify the inf-sup condition 

0 < 𝛾 ≤ inf
𝑣∈0

sup
𝐰∈0

|𝑏(𝐰, 𝑣)|
‖𝐰‖1,Ω‖𝑣‖0,Ω

, (57)

with 𝛾 independent of ℎ, is to examine the discrete version of the operators appearing in (57). Specifically, the generalized inf-sup 
constant is given by: 

𝛿2 = min
𝑣ℎ∈ℎ0

⟨

(

B𝑇1 K
−1
2 B1 + H̃

)

𝑣̂, 𝑣̂⟩
⟨Q𝑣̂, 𝑣̂⟩

, (58)

where 𝑣ℎ = 𝐍(𝐱)𝑣̂. This indicates that stability is determined by the smallest nonzero eigenvalue of the scaled Schur complement 
Q−1(B𝑇1 K

−1
2 B1 + H̃

)

, associated with (55), where Q is the mass matrix, derived from discretization of the term in (56).
To explore the relationship between 𝛾 and 𝛿, a new functional is introduced: 

𝑠(𝑣) = max
𝐰∈0

|𝑏(𝐰, 𝑣)|
‖∇𝐰‖

+ 𝑐(𝑣, 𝑣)1∕2, (59)

and with this, the definition of uniform stability is satisfied when: 
𝑠(𝑣) ≥ 𝛿‖𝑣‖ ∀𝑣 ∈ 0, (60)

with 𝛿 independent of ℎ. A more detailed discussion of this topic is beyond the scope of this work; the interested reader is referred to 
Elman et al. [55] and the references therein for further information.

This process is performed for different mesh refinements and for the three characteristic lengths considered h_iRad, h_Diag and 
h_ML, and the non-stabilized version, h_0. For this analysis, a simple unit cube is considered in which one face is fully locked, and 
the opposite face is subjected to a compressive load. The geometry is discretized using unstructured tetrahedral meshes with 5 levels 
of refinement. The details of each mesh are provided in Table 3. The results obtained from this analysis are shown in Fig. 5.

Ideally, the square root of the smallest non-zero eigenvalue should be 1, irrespective of the grid refinement (or element size), 
which indicates a completely stable pair [55]. Fig. 5 shows that this is not the case for the non-stabilized P1P1, for which the smallest 
non-zero eigenvalue of the scaled Schur complement uniformly decreases with the grid size. All the stabilized alternatives provide a 
stable smallest non-zero eigenvalue close 1, with the h_ML choice being the closest to the unitary value.
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Table 3 
Refinement levels of the unitary cube.
ℎ  nodes  elements 𝑛1 𝑛2 𝑛𝑡

 1.00000  14  24  42  14  56
 0.63719  45  100  135  45  180
 0.37760  209  627  627  209  836
 0.23748  1083  4279  3249  1083  4332
 0.12214  5940  27,292  17,820  5940  23,760

Fig. 5. Stability analysis for the mixed P1P1 formulation of the linear elasticity model in the incompressibility limit.

Fig. 6. Geometries and grids used for the test cases. (a) Plate hole: 2640 vertices, 9944 tetras (width = 0.2 m). (b) Cook’s membrane: 3835 vertices, 
11,120 tetras (width = 1 mm). (c) Mandel’s problem: 7353 vertices, 36,688 tetras. (d) Strip footing: 2051 vertices, 8492 tetras.

9.  Results

Four different problems are considered to test the stabilization strategies presented in this paper. The first two problems consist 
of the classical plate with circular hole and Cook’s membrane problems, which are intended to test the linear elasticity model. For 
poroelasticity, the solution for Mandel’s and strip footing problems are investigated. Fig. 6 shows the geometries and meshes adopted 
for each problem. These test cases are described in the following subsections. In all test cases, the nodal values of the mean stress 
will be evaluated. For the mixed formulations, the nodal mean stress field directly comes from the solution vector. In contrast, in the 
primal formulations, the mean stresses are calculated at the elements, based on the nodal displacements 𝐮ℎ, and interpolated to the 
nodal points by simple volume-weighted average.

9.1.  Linear elasticity problems

The linear elasticity model is used here to investigate the conditions in which mean stress oscillations appear, and how the 
proposed stabilization scheme performs with respect to the different ℎ parameter calculations, i.e., h_iRad, h_Diag, h_ML, and h_0 (no 
stabilization). The test cases and numerical experiments are described below.
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Fig. 7. Plate hole results for P1 formulation. (Left) Volumetric stress along the line 𝑥 = 𝑧 = 0. (Right) Exact volumetric stress field, exact isolines 
for 4.7 and 5.3 kPa and the corresponding numerical isolines obtained with the P1 formulation.

9.1.1.  Plate hole
The plate with a circular hole is a classical problem in linear elasticity to study stress concentrations, and its analytical solution 

dates back to 1898 [56]. The problem consists of an infinite plate with a circular hole of radius 𝑅, subjected to a traction stress 
𝜎 in one direction, and subjected to plane strain condition. Although the stresses in the plane directions (i.e., 𝜎𝑟𝑟 and 𝜎𝜃𝜃) do not 
depend on the elastic properties, the out-of-plane stress (𝜎𝑧𝑧) does depend on Poisson’s ratio. Consequently, the mean stress field also 
depends on Poisson’s ratio, 𝜈, and its exact solution is shown in Appendix B. In this work, a traction stress of 𝜎 = 10 kPa is applied in 
the horizontal direction (that is, the right boundary), the top and circular boundaries are stress free, and zero normal displacement 
is imposed on all the remaining boundaries. Additionally, a Poisson’s ratio of 𝜈 = 0.4999 is adopted in order to reproduce a nearly 
incompressible solid, thus posing a challenging restriction to the mean stress equation (saddle point problem). The geometry adopted 
consists of a finite square of 5m and a circular hole of 𝑅 = 0.2 m, as shown in Fig. 6. A mesh refinement was applied to the region 
between 0.2 m ≤ 𝑅 ≤ 1.4 m.

This problem is solved with the primal formulation using P1 elements, with the mixed formulation using P1P1 (with and 
without stabilization) and a mixed P2P1 formulation, which is known to be LBB-stable. As expected from the nearly incom-
pressible conditions, the solution obtained with the primal P1 formulation produces a highly oscillatory mean stress field, as 
shown in Fig. 7. The left diagram of this figure presents the numerical and analytical mean stress fields along the vertical line 
at 𝑥 = 𝑧 = 0, where the negative values clearly indicate non-physical results. The right graph shows a plot of the exact mean 
stress field. For comparison, we plot the exact isolines for 𝜎∗𝑣 = 4.7 kPa and 𝜎∗𝑣 = 5.3 kPa, and the corresponding numerical
results.

The solutions obtained with the mixed formulations are presented in Fig. 8, which shows the same types of results as in Fig. 7. 
In the legend, P1P1_h_0 refers to the P1P1 formulation with no stabilization (ℎ = 0), and P1P1_h_ML, P1P1_h_iRad and P1P1_h_Diag 
refer to the stabilized P1P1 formulations with the ℎ parameters calculated by the machine learning model (see Section 7.2), in-
scribed radius and equivalent diagonal (see Fig. 1). In all cases, it was considered 𝑎2 = 𝑎3 = 1 in Eq.  (39). Fig. 8 reveals that the 
mixed formulation P1P1 without stabilization significantly reduces the mean stress oscillations when compared to the primal P1 
formulation (Fig. 7), although they are not completely removed. The stabilized versions, however, effectively remove spurious os-
cillations. The P1P1_h_ML, in particular, provides a very accurate prediction of the maximum mean stress, at the top of the circular
hole.

The 𝐻1-norm of the mean stress error field can be computed based on the available exact solution. To comply with the infinite 
plate assumption, the error of the numerical solution is calculated only in the circular region between 0.2 m ≤ 𝑅 ≤ 1.4 m, which 
is relatively far from the borders. The results in the left graph of Fig. 9 show that the 𝐻1-norm associated the P1 formulation is 
much higher than for the mixed formulations. The errors norms obtained with P1P1 and P2P1 formulations are all comparable 
to each other, with the non-stabilized P1P1_h_0 error being slightly higher (41820). Nevertheless, the non-stabilized P1P1 formu-
lation produces a physically inconsistent (i.e., oscillatory) solution. Moreover, P1P1_h_Diag and P1P1_h_ML provide slightly better 
results than P2P1. When these results are analyzed together with the number of unknowns of each method, shown in right graph 
of Fig. 9, it becomes clear that the stabilized P1P1 formulations definitely provide the most accurate results with the lowest com-
putation cost. This is because the number of nodal displacements in the P2P1 formulation is much higher than for the P1P1 and P1
formulations.
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Fig. 8. Plate hole results for P1P1 formulation considering different characteristic lengths for stabilization. (Left) Volumetric stress along the line 
𝑥 = 𝑧 = 0. (Right) Exact volumetric stress field, exact isolines for 4.7 and 5.3 kPa and the corresponding numerical isolines obtained with different 
choices of characteristic lengths.

Fig. 9. (Left) 𝐻1-norm of the error, and (right) the corresponding number of degrees of freedom.

9.1.2.  Cook’s membrane
Cook’s membrane is a challenging problem designed to test volumetric locking due to shear stresses in (nearly) incompressible 

solids. Problem geometry and computational grid are shown in Fig. 6b. The left boundary is fixed and a shear stress 𝜏𝑦𝑦 = 10 kPa is 
imposed on the right boundary. The out-of-plane surfaces (𝑧 direction) are prevented from normal displacement. Fig. 10 shows the 
results obtained with the P1P1 mixed formulations, with and without stabilization, and the P2P1 formulation. The left graph shows 
the mean stress profile along the left boundary of the geometry. As expected, strong oscillations are observed when no stabilization is 
employed for the P1P1 formulation. All stabilization versions are able to eliminate non-physical oscillations and produce remarkably 
similar results, with P1P1h_inR and P2P1 agreeing more with each other at the top-left corner of the geometry. On the right graph 
of Fig. 10, mean stress isolines for all formulations are shown to have very good agreement, except for the non stabilized mixed 
formulation P1P1h0.

The next analysis has three goals. The first one is to test the effectiveness of the proposed stabilization at removing both Gibbs 
and saddle-point oscillations. For this purpose, Cook’s membrane problem is solved for Poisson’s ratios of 0.0, 0.3, and 0.4999. The 
second goal is to compare the results of the primal (P1) and mixed (P1P1) formulations for the 3 values of Poisson’s ratio. Finally, 
the third goal is to test the inclusion of the different terms in Eq.  (37) by choosing different values for 𝑎2 and 𝑎3 (recalling that 𝑎1 is 
always zero for linear elasticity). Fig. 11 shows the mean stress profiles along the vertical line on the right boundary obtained with the 
P1P1 formulation. Light to mild oscillations are observed when 𝜈 = 0.0 and 𝜈 = 0.3 for the non-stabilized version (𝑎2 = 𝑎3 = 0), which 
are associated with the Gibbs phenomenon, while strong saddle-point oscillations are observed for 𝜈 = 0.4999. For this case (nearly 
incompressible solid), the bulk modulus increases to infinity, which explains why the results of 𝑎2, 𝑎3 = 1, 0 are equal to 𝑎2, 𝑎3 = 0, 0. 
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Fig. 10. Cook’s membrane results for P1P1 formulation considering different characteristic lengths for stabilization. (Left) Volumetric stress along 
the line 𝑥 = 𝑧 = 0. (Right) Volumetric stress field obtained with P2P1 formulation, and isolines.

Fig. 11. Cook’s membrane: mean stress profile along the loading boundary obtained with the P1 formulation and the P1P1 formulations considering 
different stabilization terms. Three different values are considered for Poisson’s ratio.

The analysis of the results for 𝜈 = 0.0 and 𝜈 = 0.3 suggests that including the term 1∕𝐺 (𝑎3 = 1) in Eq.  (37) is more important than 
term 1∕(3𝐾) (𝑎2 = 1). Regarding the second goal, Fig. 11c shows that the primal P1 formulation is very sensitive to the nearly-
incompressibility conditions, as expected. For the same case (Fig. 11c), the mixed P1P1 with no stabilization (i.e., 𝑎2 = 𝑎3 = 0) is less 
sensitive than the primal formulation, but is still highly oscillatory. In the cases where 𝜈 = 0.0 and 𝜈 = 0.3, the oscillations are only 
due to the Gibbs phenomenon. Fig. 11a and b show that, in the presence of Gibbs oscillations, the difference between P1 and P1P1 
formulations is not as significant as for the nearly incompressible case.

9.2.  Coupled poroelasticity problems

This subsection describes the test cases used to investigate the performance of the proposed stabilization strategy for coupled 
poroelasticity problems. The test cases are presented below.

9.2.1.  Stabilization terms
In this section, we investigate the use of different terms in the stabilized displacement approximation (Eq. 37), which is repeated 

here for convenience, i.e., 

𝐮 ≈ 𝐮ℎ − 𝑎1ℎ2
𝛼
𝐺
∇𝑝ℎ + ℎ2

( 𝑎2
3𝐾

+
𝑎3
𝐺

)

∇𝜎ℎ𝑣 .
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Table 4 
Terms considered in the stabilized 𝐮 approximation and the corresponding labels and stabilization ma-
trices.

 Label Eq.  (42) Eq.  (43)
H̃ Ȟ F̃ F̌

𝑎1𝑎2𝑎3_𝑎1𝑎2𝑎3 𝑎1 𝑎2 𝑎3 𝑎1 𝑎2 𝑎3

 111_100  1  1  1  1  0  0 𝑅 = 1
3𝐾

+ 1
𝐺

𝑅 = 𝛼 1
𝐺

𝑅 = 𝛼2

𝐺
𝑅 = 𝛼

(

1
3𝐾

+ 1
𝐺

)

 101_100  1  0  1  1  0  0 𝑅 = 1
𝐺

𝑅 = 𝛼 1
𝐺

𝑅 = 𝛼2

𝐺
 0

 110_100  1  1  0  1  0  0 𝑅 = 1
3𝐾

𝑅 = 𝛼 1
𝐺

𝑅 = 𝛼2

𝐺
 0

 011_100∗  0  1  1  1  0  0 𝑅 = 1
3𝐾

+ 1
𝐺

 0 𝑅 = 𝛼2

𝐺
 0

 111_111  1  1  1  1  1  1 𝑅 = 1
3𝐾

+ 1
𝐺

𝑅 = 𝛼 1
𝐺

𝑅 = 𝛼2

𝐺
𝑅 = 𝛼

(

1
3𝐾

+ 1
𝐺

)

 111_101∗  1  1  1  1  0  1 𝑅 = 1
3𝐾

+ 1
𝐺

𝑅 = 𝛼 1
𝐺

𝑅 = 𝛼2

𝐺
𝑅 = 𝛼 1

𝐺
 111_110  1  1  1  1  1  0 𝑅 = 1

3𝐾
+ 1

𝐺
𝑅 = 𝛼 1

𝐺
𝑅 = 𝛼2

𝐺
𝑅 = 1

3𝐾

Table 5 
Poroelastic properties.
 Property  Symbol  Value  Unit
 Poisson’s ratio 𝜈  0.3  -
 Shear modulus 𝐺  9.79  MPa
 Solid compressibility 𝑐𝑠 2.06 × 10−10  Pa−1
 Porosity 𝜙  0.48  -
 Permeability 𝑘 3.62 × 10−12  m2

 Fluid compressibility 𝑐𝑓 4.44 × 10−10  Pa−1
 Viscosity 𝜇  0.001  Pa⋅s−1

For this investigation, we consider Mandel’s problem and the strip footing (both of them are properly described in Sections 9.2.2 
and 9.2.3, respectively).

We emphasize that the stabilized 𝐮 approximation is introduced in the mean stress equation (Eq. 20) and the mass balance for the 
fluid phase (Eq. 21), and different stabilization terms (i.e., 𝑎1, 𝑎2 and 𝑎3) can be chosen in each of these two equation. In a general 
form, the stabilization terms in Eqs. (40) and (44) can be represented as 

𝐑 = ∫Ω
ℎ2𝑅𝐆𝑇𝐆dΩ where

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐑 = 𝐇̃, if 𝑅 = 𝑎2
3𝐾 + 𝑎3

𝐺 ;

𝐑 = 𝐇̌, if 𝑅 = 𝑎1
𝛼
𝐺 ;

𝐑 = 𝐅̃, if 𝑅 = 𝑎1
𝛼2

𝐺 ;

𝐑 = 𝐅̌, if 𝑅 = 𝛼
(

𝑎2
3𝐾 + 𝑎3

𝐺

)

.

In this manner, the stabilization strategies considered for testing can be summarized as in Table 4. There are many other possible 
combinations, but only the best and most meaningful ones are considered here. Also, notice that only the options 011_100 and 
111_101 result in a symmetric matrix.

These strategies are employed to analyze the results of Mandel’s poroelastic slab and the strip footing problems, both described in 
following subsections. The pore pressure and mean stress profiles obtained for these two problems are shown in Fig. 12. The results 
reveal that including all terms into the stabilized 𝐮 approximation (111_111) for both Eqs. (20) and (21) is not a good practice as it 
does not completely suppress oscillations. The options 011_100 and 111_101, both of which result in symmetric matrices, also do not 
produce good results. Comparing 111_100, 111_101, 111_110 and 111_111 reveals that including the term 1

3𝐾∇𝜎𝑣 into the stabilized 
𝐮 approximation in Eq. (21) is beneficial to the numerical solution, whereas the term 1𝐺∇𝜎𝑣 is not. As a general rule, the pore pressure 
term should always be kept in both Eqs. (20) and (21). The mean stress terms should also be avoided for Eq.  (21), although 111_110 
does produce a good result. Lastly, comparing 111_100 and 101_100 shows that using 1𝐺∇𝜎𝑣 in addition to 

1
3𝐾∇𝜎𝑣 makes the model 

slightly more dissipative.

9.2.2.  Mandel’s problem
The unitary cube shown in Fig. 6 is used for this test case. Zero normal displacements are prescribed on 𝑥 = 0, 𝑦 = 0, 𝑧 = 0 and 

𝑧 = 1, and zero pressure is imposed on 𝑥 = 1. On the top boundary, a time dependent normal displacement is imposed according to the 
analytical solution of Mandel’s problem, which can be found, for instance, in Verruijt [57]. At 𝑡 = 0, all displacements and pressures 
are zero. We employ 100 time steps logarithmically spaced between 10−3.35 to 102 seconds. The poroelastic properties adopted in this 
test case are shown in Table 5.

The numerical solutions for this problem are obtained with the primal 𝐮 − 𝑝 (P1P1) and mixed 𝐮 − 𝑝 − 𝜎𝑣 (P1P1P1) formulations, 
as presented in Eqs. (40) and (44), respectively. The stabilization term, as presented in Eq.  (37), can assume different forms depending 
on the selected formulation and on the choices of 𝑎1, 𝑎2 and 𝑎3. For the primal formulation, Eq.  (41) is used with 𝑎1 = 1. For the 

Computer Methods in Applied Mechanics and Engineering 449 (2026) 118515 

17 



H.T. Honório et al.

Fig. 12. Numerical results obtained with the mixed poroelastic model considering different stabilization terms into Eq (37) for Eqs. (20) and (21). 
See Table 4 for clarification on the label terminology.

Table 6 
Expressions for the stabilized displacement approximations.
 Formulation  Equation 𝑎1 𝑎2 𝑎3  Resulting 𝐮 approximation
 Primal (9)  1  0  0 𝐮 ≈ 𝐮ℎ − ℎ2 𝛼

𝐺
∇𝑝ℎ

Mixed
(20)  1  1  1 𝐮 ≈ 𝐮ℎ − ℎ2 𝛼

𝐺
∇𝑝ℎ + ℎ2 3

𝐸
∇𝜎ℎ𝑣

(21)  1  0  0 𝐮 ≈ 𝐮ℎ − ℎ2 𝛼
𝐺
∇𝑝ℎ

mixed formulation, all terms in Eq.  (37) are kept when substituted into Eq.  (20), while only the pressure term is considered for 
stabilization of the mass conservation equation (Eq. 21). This is summarized in Table 6.

Fig. 13 shows the analytical solutions for pressure and mean stress profiles compared with the solutions obtained with both primal 
and mixed formulations. These profiles are shown for the first time step of the simulation 𝑡 = 0.0005 s. It can be observed in Fig. 13 
that, as expected, the non-stabilized version (h_0) produce oscillatory pressure and mean stress profiles for both primal and mixed 
formulations (pressure oscillations are even higher for the mixed formulation). Introducing the stabilization terms into the primal 
formulation (Fig. 13a and b) significantly smooths out the presence of spurious oscillations in both pressure and mean stress. The 
results indicate that h_iRad does not dissipate all oscillations, whereas h_Diag is excessively dissipative. Conversely, h_ML appears 
to be an acceptable compromise, even though small mean stress oscillations are still observed in Fig. 13b. Moving to the mixed 
formulations (Fig. 13c and d), the same discussion above holds for the pressure profiles, but significant differences are observed for 
the mean stresses. Fig. 13d confirms the outcome observed with the primal formulation as far as the selection of ℎ is concerned. 
Another important aspect of these results can be seen in Fig. 13b and d, where the mean stress values can be compared to the exact 
solution at 𝑥 = 1 m. The primal formulations fall in reproducing correctly the mean stress value at the rightmost boundary, but it is 
relatively well captured by the mixed formulations, especially with h_ML.

The transient behavior of the numerical solutions for Mandel’s problem are shown in Fig. 14. In particular, Fig. 14a and d show a 
good agreement between exact and numerical solutions for pressure at 𝑥 = 0, with the Mandel-Cryer effect well captured in all cases. 
A closer look at these figures shows that dissipation added by the stabilization terms slightly shifts the numerical profiles away from 
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Fig. 13. Mandel’s problem: pressure and mean stress profiles obtained with the primal and mixed formulations and compared with the corresponding 
exact solutions.

the exact solution. This serves as a reminder that stabilization is a compromise between accuracy and physically consistent solutions. 
The same is valid for the mean stresses at the same position 𝑥 = 0 (Fig. 14b and e). On the other side, Fig. 14c andf reveal that all 
formulations, especially the primal ones, struggle to capture the mean stress values at the open boundary (𝑥 = 1 m). Among all the 
alternatives, the mixed formulation with h_ML is shown to better capture the mean stresses at the open boundary, which is consistent 
with the results shown in Fig. 13.

9.2.3.  Strip footing
The geometry shown in Fig. 6d is considered for the strip footing problem. In this case, a constant load of 100Pa is applied 

on the top boundary (𝑧 = 1 m) in the region between 0 ≤ 𝑥 ≤ 0.25 m and 0 ≤ 𝑦 ≤ 0.25 m. Zero pore pressure is imposed on the top 
boundary outside the loading region, that is, 𝑥 > 0.25 m and 𝑦 > 0.25 m. All the other boundaries are sealed and prevented from 
normal displacement. The poroelastic properties and stabilization terms used in this test case are the same as presented in Tables 5 
and 6, respectively.

The simulation uses a time discretization of 50 points, logarithmically spaced between 𝑡1 = 10−3 s to 𝑡𝑓 = 1.0 s. According to 
the results shown in Fig. 15, the mixed formulation without stabilization produces oscillatory patterns for both mean stress and 
pore pressure. Interestingly, it can be observed that, while the pore pressure oscillations quickly vanish after 0.0012 s, the mean 
stress oscillations are persistent throughout the entire simulation time. This a natural consequence of the structure of the mass 
balance equation, which is diffusive and dissipates the pressure perturbation with time. Conversely, the mean stress definition is 
time-independent, with no mechanism to promote mean stress dissipation. Consequently, mean stress oscillations tend to persist.

To investigate the stabilization scheme, we consider the strip footing problem during undrained response, which occurs in the 
early instants of the simulation time. The results shown in Fig. 16 refer to the first time step of the simulation (i.e., 𝑡 = 0.001 s). 
Both primal and mixed formulations present highly oscillatory non-physical pressure patterns, which are successfully removed by 
adding the stabilization terms. In the stabilized formulations, a careful comparison between the color maps reveals that the pore 
pressure values on the loading boundary are slightly smaller for the primal formulation compared to the mixed one. This can be 
better visualized in the right graphs of the same Fig. 16, which shows the pressure profiles on the top boundary along the diagonal 
𝑥 = 𝑦. These graphs show that the pressure profiles are smoothed out in the stabilized primal formulations compared to their mixed 

Computer Methods in Applied Mechanics and Engineering 449 (2026) 118515 

19 



H.T. Honório et al.

Fig. 14. Mandel’s problem: transient behavior of pressure and mean stresses at different positions obtained with both primal and mixed formulations 
and compared with the exact solutions.

Fig. 15. Mean stress and pore pressure fields for the transient solution of the strip footing problem obtained with the mixed formulation with no 
stabilization.

counterparts. In other words, the same stabilization strategy introduces more numerical diffusion in the primal formulation than in 
the mixed one. Moreover, small non-physical oscillations are still apparent in the h_iRad stabilization in both formulations.

While the stabilization strategies satisfactorily eliminate pressure oscillations in both primal and mixed formulations, the same 
is not observed for the mean stress field. As shown in Fig. 17, the mean stress field for the primal formulations exhibits strong 
oscillations in all cases. This comes as no surprise, since the primal formulation only allows for pressure stabilization, not mean 
stress. We emphasize that the Poisson’s ratio for this case is 0.3, which is far from the incompressibility limit. This suggests that the 
observed mean stress oscillations are mainly Gibbs oscillations. Nevertheless, the mean stress stabilization introduced in the mixed 
formulations are shown to effectively remove spurious oscillations. A careful examination of the mean stress profiles in the bottom-
right graph of Fig. 17 shows that (i) h_iRad still present small spurious oscillations, (ii) even smaller oscillations are present in the 
h_ML results, and (iii) no oscillations are present with h_Diag due to its higher dissipative nature, but accuracy might be compromised 
for this very same reason.
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Fig. 16. Strip footing: pressure fields obtained with primal and mixed formulations considering different characteristic lengths for stabilization. 
(Right) Pressure profiles along the diagonal line at the top boundary (𝑧 = 1 m and 𝑥 = 𝑦).

Fig. 17. (Left) Strip footing: mean stress fields obtained with primal and mixed formulations considering different characteristic lengths for stabi-
lization. (Right) Mean stress profiles along the diagonal line at the top boundary (𝑧 = 1 m and 𝑥 = 𝑦).

9.3.  Discussion

For the linear elasticity problems, the non-stabilized mixed P1P1 formulation is shown to significantly reduce mean stress oscilla-
tions compared to the primal P1 formulation, especially for nearly incompressible solids. However, numerical instabilities can only 
be eliminated when stabilization terms are added to the weak form. The proposed stabilization strategy, based on the PIS approach, 
effectively suppresses spurious oscillations across the full range of Poisson’s ratio, which includes both saddle-point and Gibbs-type 
oscillations. Moreover, Fig. 9 shows that P1P1 formulations achieve similar accuracy as the P2P1 formulation at considerably less 
computational cost. In addition to the test cases, a quantitative stability analysis based on the minimum eigenvalue reveals that the 
proposed machine learning calculation of the ℎ parameter (h_ML) is the stabilization alternative providing the most robust theoretical 
outcome. The results obtained from the stability analysis (Fig. 5) are in agreement with Fig. 4b, which shows that h_ML provides the 
most accurate approximation of the Laplacian of a general polynomial function at the quadrature point. The results presented in the 
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test cases also confirm the general superiority of the h_ML choice for the ℎ parameter. This is a strong evidence that obtaining a good 
Laplacian approximation at the quadrature points with appropriate scaling (ℎ) is key to improving stabilization.

The same improvements are also observed for coupled poroelasticity problems. The results obtained for Mandel’s problem (Fig. 13) 
clearly show that (i) h_iRad does not eliminate oscillations, (ii) h_Diag is excessively diffusive, and (iii) h_ML is an effective alternative 
to eliminate instabilities without compromising accuracy. Moreover, Fig. 14 shows that the primal P1P1 𝐮 − 𝑝 formulation, irrespective 
of stabilization, and the non-stabilized mixed P1P1P1 𝐮 − 𝜎𝑣 − 𝑝 formulation are unable to provide accurate calculations of the mean 
stress field close to the free flow boundary. In contrast, the stabilization terms added to the mean stress equation in the mixed 
formulation can effectively improve mean stress calculations, with h_ML providing again the most accurate results (see Fig. 14f). It 
was also shown that, unlike pore pressure, mean stress oscillations do not vanish with time (see Fig. 15), and they can appear even 
when the material is far from the incompressibility constraint, e.g., 𝜈 = 0.3. Finally, the investigation on which term should be included 
in the stabilization of the mean stress and mass balance equations reveals that this is not a trivial question. For instance, including 
all stabilization terms in both equations does not produce good results. The combinations that produce symmetric matrices also fail 
to stabilize the solutions. In general, we suggest to (i) only include the pressure gradient to stabilize the mass balance equation, and 
(ii) include both the pressure gradient and the full 

(

3
𝐸∇𝜎𝑣

)

 mean stress terms into the mean stress equation, which was used in this 
work.

10.  Conclusions

This work investigated spurious oscillations in pore pressure and mean stress fields for both linear elasticity and coupled poroelas-
ticity problems using low-order tetrahedral meshes. The investigation focuses on instabilities caused by the Gibbs phenomenon and 
saddle-point problems. For the linear elasticity model, a single-field (𝐮) primal formulation and a two-field (𝐮 − 𝜎𝑣) mixed formula-
tion are considered. Similarly, the usual two-field (𝐮 − 𝑝) primal formulation for coupled poroelasticity is compared with a proposed 
three-field (𝐮 − 𝜎𝑣 − 𝑝) mixed formulation. A stabilization scheme is proposed by using Taylor series expansions to obtain an improved 
approximation for the displacement field 𝐮, which requires the computation of (i) parameter ℎ and (ii) the Laplacian of displace-
ment, ∇2𝐮. The Physical Influence Scheme (PIS) has been adapted to our finite element formulation to approximate ∇2𝐮 based on 
the underlying physics, which allowed to relate the Laplacian of 𝐮 with ∇𝑝 and ∇𝜎𝑣. In addition, we proposed an improved way of 
computing the parameter ℎ, and proposed a machine learning model to substantially speed up the computations. The combination 
of PIS with a proper computation of ℎ resulted in a robust stabilization scheme for both 𝑝 and 𝜎𝑣, which does not depend on any 
user-defined tuning parameter. The extension of this stabilization strategy to inelastic deformations is currently under development.
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Appendix A.  Function approximation

In this section, we develop an expression to approximation a general function 𝜓 at the centroid of an element with cubic shape. 
Before proceeding with the derivation, let us first define the following notation for conciseness purpose: 

𝜓𝑝 = 𝜓(𝐱𝑝), (A.1)

where 𝐱𝑝 represents the spatial coordinates of point 𝑝.
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Table A.7 
Unitary coordinates of the element vertices.
 Vertex 𝑖  1  2  3  4  5  6  7  8
𝑥̄𝑖 1 −1 −1 1 1 −1 −1 1
𝑦̄𝑖 1 1 −1 −1 1 1 −1 −1
𝑧̄𝑖 −1 −1 −1 −1 1 1 1 1

Fig. A.18. Cubic element for Laplacian approximation.

Let us now consider an uniform hexahedral element with edge lengths equal to 𝐿, as the one depicted in Fig. A.18. Assume the 
exact values of a function 𝜓(𝐱) are known at the element vertices (i.e., 𝜓1,⋯ , 𝜓8) and the Laplacian of 𝜓 is given at the element 
centroid, that is, ∇2𝜓𝑐 is known. Based on this data, we show next how to obtain an approximation for a scalar function at the 
element centroid (i.e., 𝜓𝑐) using Taylor series expansions.

The spatial coordinates of each vertex 𝑖 of the cube illustrated in Fig. A.18 can be represented as 

𝐱𝑖 =
𝐿
2

⎡

⎢

⎢

⎣

𝑥̄𝑖
𝑦̄𝑖
𝑧̄𝑖

⎤

⎥

⎥

⎦

, (A.2)

where 𝑥̄𝑖, 𝑦̄𝑖, and 𝑧̄𝑖 denote the unitary coordinates of the element vertices, which are summarized in Table A.7.
Using Taylor series to expand from the centroid 𝑐 to vertex 𝑖 results in, 

𝜓𝑖 ≈ 𝜓𝑐 + 𝐱𝑇𝑖 ∇𝜓𝑐 +
1
2
𝐱𝑇𝑖 H(𝜓𝑐 )𝐱𝑖, (A.3)

where H(𝜓𝑐 ) denotes the Hessian matrix of function 𝜓 evaluated at point 𝑐, and whose components are given by 𝐻𝑖𝑗 = 𝜕𝑖𝜕𝑗𝜓𝑐 .
Considering Eq.  (A.3) for all element vertices, the values of 𝜓 at each of the faces 𝐸, 𝑊 , 𝑁 , 𝑆, 𝑇 , and 𝐵 (see Fig. A.18) are given 

by,

𝜓𝐸 ≈ 1
4
(

𝜓1 + 𝜓4 + 𝜓5 + 𝜓8
)

≈ 𝜓𝑐 +
𝐿
2
𝜕𝜓
𝜕𝑥

|

|

|

|𝑐
+ 𝐿2

8
∇2𝜓𝑐 (A.4)

𝜓𝑊 ≈ 1
4
(

𝜓2 + 𝜓3 + 𝜓6 + 𝜓7
)

≈ 𝜓𝑐 −
𝐿
2
𝜕𝜓
𝜕𝑥

|

|

|

|𝑐
+ 𝐿2

8
∇2𝜓𝑐 (A.5)

𝜓𝑁 ≈ 1
4
(

𝜓1 + 𝜓2 + 𝜓5 + 𝜓6
)

≈ 𝜓𝑐 +
𝐿
2
𝜕𝜓
𝜕𝑦

|

|

|

|𝑐
+ 𝐿2

8
∇2𝜓𝑐 (A.6)

𝜓𝑆 ≈ 1
4
(

𝜓3 + 𝜓4 + 𝜓7 + 𝜓8
)

≈ 𝜓𝑐 −
𝐿
2
𝜕𝜓
𝜕𝑦

|

|

|

|𝑐
+ 𝐿2

8
∇2𝜓𝑐 (A.7)

𝜓𝑇 ≈ 1
4
(

𝜓5 + 𝜓6 + 𝜓7 + 𝜓8
)

≈ 𝜓𝑐 +
𝐿
2
𝜕𝜓
𝜕𝑧

|

|

|

|𝑐
+ 𝐿2

8
∇2𝜓𝑐 (A.8)

𝜓𝑆 ≈ 1
4
(

𝜓1 + 𝜓2 + 𝜓3 + 𝜓4
)

≈ 𝜓𝑐 −
𝐿
2
𝜕𝜓
𝜕𝑧

|

|

|

|𝑐
+ 𝐿2

8
∇2𝜓𝑐 (A.9)

Finally, adding the above equations all together and solving for 𝜓𝑐 results in, 

𝜓𝑐 ≈
1
8

8
∑

𝑖=1
𝜓𝑖 −

𝐿2

8
∇2𝜓𝑐 . (A.10)
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Appendix B.  Analytical solution for the circular plate hole

From plane strain condition (𝜀𝑧𝑧), the normal stress in the out-of-plane direction is given by 
𝜎𝑧𝑧 = 𝜈

(

𝜎𝑟𝑟 + 𝜎𝜃𝜃
)

,

where 𝜎𝑟𝑟 and 𝜎𝜃𝜃 are the normal stresses in directions 𝑟 and 𝜃, respectively, cylindrical coordinate system. The mean stress is given 
by the first stress invariant divided by 3, that is, 

𝜎𝑣 =
1
3
(

𝜎𝑟𝑟 + 𝜎𝜃𝜃 + 𝜎𝑧𝑧
)

=
(1 + 𝜈)

3
(

𝜎𝑟𝑟 + 𝜎𝜃𝜃
)

.

The analytical solutions for both 𝜎𝑟𝑟 and 𝜎𝜃𝜃 are developed in Kirsch[56], producing the following expression for the mean stress 
field, 

𝜎𝑣 = 𝜎
(1 + 𝜈)

3

[

1 − 𝑎2

𝑟2

(

2 + 𝑎2

𝑟2

)

cos 2𝜃
]

,

where 𝜎 is the external stress applied to the plate, 𝑟 is the radius with origin at the center of the circular hole, and 𝜃 is measured with 
respect to the direction of 𝜎.
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