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Abstract

Hyperloop has emerged as a promising mode of transportation and has attracted strong interest from
student teams and startups. Its potential lies in enabling faster and more sustainable transport. However,
the characteristics of the hyperloop system may also lead to different instability mechanisms. This study
focuses on two of these, namely electromagnetic instability and wave-induced instability. Previous studies
have generally considered either a conventional control strategy or simplified models of the vehicle-
guideway dynamics. This study contributes by investigating the effect of an advanced control strategy,
Model Predictive Control (MPC), on both sources of instability. MPC is applied because of its predictive
nature and its ability of handling constraints.

The analysis first considers a simplified 1.5-degree-of-freedom (DOF) system to see the effect of MPC on
electromagnetic instability. An eigenvalue analysis of the MPC parameters was conducted. It is found that
linear MPC does not achieve stabilization. Therefore, a nonlinear MPC is designed and compared with a
PD controller, showing improved control performance.

To capture the influence of vehicle velocity on system stability, an infinite guideway with coupled vehicle-
beam interaction is considered, allowing anomalous Doppler waves to arise at high velocities. In the
supercritical velocity regime, where wave-induced instability becomes dominant, numerical simulations
show that MPC can maintain stability for suitably tuned controller parameters over a wider range of
longitudinal vehicle velocities. Compared with the PD controller, MPC appears better able to achieve fast
convergence while also suppressing wave-induced instability.

Overall, MPC showed improved control performance compared with the PD controller and appears to be a

promising control strategy. However, more research is needed to make real-time implementation feasible.
A more formal and comprehensive study stability analysis is also needed.
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1. Introduction

1.1 Background

Between 2020 and 2050, passenger and freight transport demand are predicted to grow significantly by
196% and 200%, respectively (Tjandra et al., 2024). This trend could lead to a further rise of greenhouse
gas emissions. Given the climate change issues and the increasing demand of transport, the future calls
for a more sustainable transport sector (Tjandra et al., 2024). The hyperloop is emerging as an alternative
mode of transportation that potentially requires a relatively low amount of energy compared to other
transportation systems and it could significantly reduce travel time. In 2013, entrepreneur Elon Musk
proposed the concept of a hyperloop as a transportation system (Musk, 2013). Similar concepts of the
hyperloop, based on related principles, had been proposed earlier. An overview of these concepts is
provided by Ozbek and Codur (2021). However, Musk’s Hyperloop Alpha design stands out due to its
more detailed system description. Moreover, his proposal introduced the use of air-bearing levitation
(Chaidez et al., 2019).

This transportation system is a high-speed transport concept in which passenger capsules move through
a low-pressure tube. The design aims to minimise two primary sources of resistance. First, it eliminates
rolling friction between the vehicle and the track through levitation. Second, the use of a low-pressure tube
significantly reduces the aerodynamic drag (Chaidez et al., 2019). In the concept proposed by Musk,
levitation is achieved using air bearings, and propulsion is provided by track-integrated electromagnetic
coils (Noland, 2021). Since the initial proposal in 2013, the hyperloop concept has been evolved into
numerous variations by different parties. The public sector, along with industry and research institutes are
collaborating on the realisation of the hyperloop. They are all working on an own concept of the hyperloop,
which will differ from the original concept proposed by Musk. The company Hardt Hyperloop, located in
the Netherlands is one of them working on the development of the hyperloop. The concept developed by
Hardt Hyperloop serves as the basis for this thesis.

Although the Hyperloop has great potential to become a successful and new mode of transport, numerous
challenges must still be addressed before commercial implementation can be realised. Among the issues
are tube depressurisation, managing aerodynamic effects such as air resistance, choked flow around the
capsule, and ensuring passenger safety in a sealed high-speed system. Also critical is the development of
a reliable levitation system that can operate effectively at the proposed velocities (Noland, 2021).

This research focuses on the latter challenge by contributing to the design of a robust levitation controller
for electromagnetic suspension systems. By addressing this aspect, the work aims to bring the hyperloop
one step closer to industrial application.

1.2 Problem statement

The hyperloop designed by Hardt, is based on an electromagnetic suspension (EMS). However, this
levitation method is inherently unstable, as confirmed by Mas Soldevilla (2022), who demonstrated that
the EMS-based system applied at Hardt Hyperloop cannot maintain stable equilibrium without active
control. This instability stems from a fundamental physical limitation described by Earnshaw’s theorem
(1848), which states that it is impossible to achieve stable equilibrium using only electrostatic or
magnetostatic forces that follow an inverse-square law. This shows the need for a closed loop feedback
control. The control strategy aims to modify the inversely proportional relation, such that the
electromagnetic attraction force is proportional to the distance (Han & Kim, 2016).

The Hyperloop primarily aims to develop a high-speed transportation system capable of reaching
velocities up to 700 km/h. As the vehicle approaches these high speeds, additional sources of instability
can arise, one of which is wave-induced instability. This phenomenon is caused by the occurrence of
anomalous Doppler waves (Denisov et al., 1985). The explanation of this instability was firstly provided by
Metrikine and Popp (1999).

Various studies have discussed topics such as EMS and control strategies to address the electromagnetic
instability (Zhu et al., 2024). Also, studies on the appearance and nature of the dynamic instability in
systems involving a moving mass on a continuous guideway have been reviewed. Research applying



different control strategies that allow the guideway to deform, by modelling the guideway as a mass-
spring-damper system, showed promising results of MPC (Oppeneiger et al., 2024). However, in this
research, wave propagation was not possible, thus the wave-induced instability was not captured.

The conducted literature review revealed a research gap. A study addressing both wave-induced
instability and electromagnetic instability with a more complex control strategy is currently missing. The
dynamic type of instability is typically not considered in studies focused on designing control strategies to
address electromagnetic instability. The interplay between electromagnetic and wave-induced instability
has been studied by Faragau et al. (2023). But in their work a simplified PD control strategy was applied.
Whereas companies developing the hyperloop are using a more complex or advanced control architecture
capable of meeting industrial demands. One example is the use of cascaded PD controllers by Hardt, this
approach eliminates the nonlinear relation in the electromagnetic force.

The effect of these advanced control strategies on the interplay between two fundamentally different
instability mechanisms is currently missing and will therefore be studied. To address this gap, the
controller will be designed, and stability analysis will be performed. Other sources of instability, like
aerodynamic instability, are not considered.

1.3 Objectives

The objective of this research project is to investigate the effect of model predictive control on the interplay
between electromagnetic instability and wave-induced instability, and to compare the effect of this strategy
with alternative control strategies.

1.4 Research questions
The main question can be formulated as: “What is the effect of implementing a realistic control strategy on
the interplay between electromagnetic instability and wave-induced instability?”

To answer the main question, the following tasks will be addressed:

1. Evaluate the control strategy:
a) ldentify the requirements for the control strategy.
b) Select and analyse the feedback controller to be used.
c) Design and implement the controller.

2. Analyse the influence of the control strategy on the system:
a) Analyse the effect on electromagnetic instability.
b) Analyse the effect on wave-induced instability?
c) Analyse the effect on the interplay between these two types of instability.

3. Evaluate the effect on the stability domain compared to other control strategies:
a) lIdentify the stable regimes, specifying for which velocities and at which gains.
b) Compare the stability of the PD and MPC controller.

1.5 Outline

The context of research is provided in chapter 1. Chapter 2 discusses the relevant theory, reviews
different control methods, and then introduces the concept of MPC as the control strategy that meets the
objectives. Chapter 3 presents a detailed description of the inherently unstable system for which the MPC
control will be designed. In Chapter 4, the MPC controller is designed in a simplified configuration,
focusing on the electromagnetic instability. Chapter 5 expands the system to include wave-induced
instability. Chapter 6 points out the differences of the MPC control with a PD-control and gives a
conclusion. Finally, chapter 7 discusses the results and presents recommendations for future work.



2. Literature review/theoretical background

This chapter provides a review of the relevant literature and outlines the theoretical concepts forming the
basis of this thesis. It begins by presenting the stability theory. Next, the two sources of instability are
discussed: the first one related to the applied levitation method and the second source related to the
moving load problem. Subsequently, existing control strategies applied to address instability are reviewed
and evaluated. Based on the literature review, MPC emerged as a suitable control strategy for stabilising
such systems. The fundamental principles of MPC are then discussed in more detail, as they form the
foundation for the control design developed in this thesis. Finally, several additional theoretical concepts
relevant to the problem formulation and control strategy are introduced.

It was chosen not to include an extensive discussion of stability theory and electromagnet fundamentals in
this thesis. For a detailed treatment of these topics, the reader is referred to J.Mas Soldevilla (2022). The
theoretical concepts directly relevant to the methodology and results of this thesis are presented in this
chapter.

2.1 Stability

2.1.1 Electromagnetic instability

To eliminate the friction resistance of the vehicle, the vehicle is levitated and kept at a certain distance
from the rail. The three main methods for achieving vehicle levitation are air bearing suspension,
electrodynamic suspension (EDS) and electromagnetic suspension (EMS).

The initial hyperloop concept proposed the use of a thin air cushion to levitate the object. In this approach,
the vehicle is levitated at the distance of micrometres from the surface to maintain feasible flowrates.
Among the drawbacks of this levitation method is the high maintenance cost and the increased pod weight
resulting from the air-bearing infrastructure. Another crucial issue is maintaining dynamic stability when
moving at high speeds. Due to these limitations, more research is focused on employing magnetic
levitation as an alternative (Mitropoulos et al., 2021).

EMS and EDS are different ways to achieve magnetic levitation. In EMS, the electromagnet is attached to
the vehicle and levitates it using attractive magnetic forces, maintaining an airgap of around 1 cm from the
conductive track. EMS relies on a feedback loop to change the magnetic field of the electromagnet. This
active control mechanism is required, because inherent to this levitation method is the occurrence of
electromagnetic instability. When assuming no control, so a constant current, the magnetic force will
increase as the airgap decreases, and the force decreases as the airgap increases. This follows from the
inverse relationship: F « (i(t)/z(t))?. Therefore, the closed loop feedback should make sure that the
airgap and attraction force are proportional rather than inversely proportional (Han & Kim, 2016). The
same EMS-system can also be used for vehicle guidance. By actively controlling the electromagnets, both
the levitation cap and the lateral motion of the pod can be regulated. This enables lane switching without
large mechanical components, unlike EDS systems, as demonstrated by Hardt Hyperloop.

The EDS configuration, in contrast to an EMS system, is inherently stable. When the magnets on the
vehicle move over the passive coils in the guideway, they induce an opposing magnetic field in the track.
Therefore, EDS-systems need a certain minimum speed to generate the repulsive force, so landing
wheels are needed for at low speeds. However, EMS systems also typically include landing wheels as a
safety measure to maintain support in case of suspension failure. This configuration keeps the vehicle at a
larger distance from the guideway, usually a few centimetres, compared to EMS.

There are different EDS designs, the most well-known being Inductrack, which is based on permanent
magnets mounted on the vehicle (Chaidez et al., 2019). Other designs are based on the use of
superconducting magnets on the vehicle. These require more complex onboard infrastructure, needed for
cooling of the superconducting coil used to generate the magnetic field.

This study will focus on the hyperloop concept as developed by Hardt Hyperloop, which uses an EMS
(Hardt Hyperloop, 2023). A permanent magnet performs the heavy lifting, and the electromagnet stabilizes



around the target airgap, thereby reducing the energy consumption. The levitation design is depicted in
figure 2.1, where the vehicle is suspended from above.

Laminated steel track

Electromagnet

Permanent magnet

Figure 2.1: Schematic representatign of Hardt's suspension system (Hardt Hyperloop, 2025).

2.1.2 Wave-induced instability

In literature, various models have been applied to describe the hyperloop system, each focusing on
specific parts of its behaviour. For describing the moving vehicle, two principal approaches to the moving
load problem can be found (Veritchev, 2002). In the first, the moving load is modelled with a fixed
magnitude. This formulation is capable of capturing only the structural resonance.

The second method provides a more accurate representation of the moving load problem by introducing
an additional internal degree of freedom for the vehicle, thereby accounting for the interaction of the load
and structure. This approach gives rise to an instability phenomenon, which occurs when the vehicle
speed exceeds the minimum phase velocity of the medium. Thereby leading to destabilisation of the
vehicle vibrations. As hyperloop vehicles may operate near or beyond this critical velocity, potentially
causing wave-induced instability, this more realistic approach is used in this research.

It is important to note the difference between instability and resonance. Resonance only happens at a
specific velocity, while instability can be found for a range of velocities. Another distinction lies in how
these phenomena can be mitigated. Resonance can be effectively damped. In contrast, instability results
in an exponential growth of the vibration amplitude, even in the presence of damping. Damping only shifts
the boundaries within which instability occurs; therefore, instability is viewed as more dangerous
compared to resonance (Veritchev, 2002).

The explanation of wave-induced instability was firstly provided by Metrikine and Popp (1999), who stated
that when velocity of an object passes the speed of minimum phase velocity (c{,';f"), radiated waves are
created in the beam. These radiated anomalous doppler waves, contrary to the radiation condition, would
inject energy into the object rather than extracting it. This energy transfer leads to the instability of the
moving object and structure.

According to the radiation condition, waves should carry energy away from the load. So, waves
propagating in front of the moving load should have a group velocity ¢, larger than the load velocity (v),

and the waves behind should have ¢, smaller than the load velocity:

w
Cph = E

Beo (2.1)
Cgr = ﬁ

To better demonstrate the theory, an infinite Euler-Bernoulli beam with a uniformly moving one-mass
oscillator is considered. The explanation here starts from the algebraic equations obtained by applying a
solution method to the equations of motion. These algebraic equations are shown below, the expression in
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the first line is the dispersion equation, which describes the possible waves that may propagate in the
system. The relation on the second line is referred to as the kinematic invariant and represents all w — k
combinations excited by the moving load. Dependent on how the structure and load are modelled these
relations differ:

Alw, k) = a?k* — w?,
w =kv+ 0. 2.2)
Substituting the kinematic invariant into the dispersion equation and equating to zero (4(w, k, v) = 0) gives
the frequencies of the waves excited by the moving load. These waves correspond to the intersection
points in figure 2.2. The graph shows a realization of the kinematic invariant for a certain speed of the
moving load, being the tangent of kinematic invariant.
Changes in speed influences not only the quantitative behaviour, but also the qualitative behaviour of the
system. When no intersections can be found between the kinematic invariant and dispersion curve,
evanescent waves are excited. Evanescent waves do not carry energy away, and cause only localized
disturbance, known as an eigenfield. For a range of load velocities, the two functions intersect,
corresponding to the excitation of propagating waves that carry energy.

For the moving load problem described in the previous paragraph, the radiated waves are graphically
shown in the figure below. The two propagating waves (waves 1 and 2, indicated by green dots) in the
upper half of the graph, are normal doppler waves. The other two waves are in the lower half of the graph
and represent the anomalous Doppler waves, which increase the energy of oscillation of the load.

()

tan(p)=v

b~
-

/(

Figure 2.2 Graphical representation of the kinematic invariant and dispersion equation, illustrating the emergence of the normal and
anomalous Doppler waves.



2.2 Control
As the need for control is evident in order to achieve stable levitation, the search for an appropriate closed
loop feedback-controllers that meets the objectives is required.

Therefore, we start with an explanation of the structure of a feedback controller in the context of the plant
studied in this thesis. The plant is the physical system whose dynamics are being manipulated by the
controller. In this case, it refers to the hyperloop. A sensor measures the system’s state behaviour. These
measurements are sent to the controller, where they are compared to a desired reference. The difference
between the signal and reference is called the control error. Based on this error and the dynamics of the
plant, the controller calculates the input. This controller output, which serves being the input to system, is
then sent to the actuator, which in this plant is the electromagnet. The actuator converts the electrical
input into a physical effect by generating a magnetic field. This magnetic field creates an electromagnetic
force. As a result, the plant dynamics change. The new states are then again measured and the process
is repeated, closing the feedback loop. The system is normally also subject to external disturbances and
measurement noise, which can affect the plant dynamics and the accuracy of the measured error.

The type of controller described above, constantly measures the mismatch between the desired reference
and measured system output, it closes the control loop by feeding back this signal to calculate the control
input. This the essential difference from an open-loop feedback system, which doesn’t use any
measurement information to adjust the control input.

The literature review conducted on the existing control strategies applied to EMS-systems revealed a
variety of algorithms, which are classified into three groups in a review paper by Li et al. (2023): linear
controllers, nonlinear controllers and intelligent control algorithms.

Linear

This group uses a linear control law, where the input is linearly related to the system states, in contrast to
the next group of nonlinear controllers where the input is a nonlinear function of the states. Most of the
controllers used in industry are based on the PID controller. This technique is a simple control law and
relatively easy to implement (Song et al., 2013). Controller gains are determined after linearizing the
system; therefore, the system may become unstable further away from the equilibrium. Another
disadvantage is that the gain cannot be adjusted while running the system. This group of control method
performs poorly when operating further from equilibrium and is less robust.

Nonlinear

Better performance on robustness and stability can be reached by applying nonlinear control methods: like
sliding mode control (SMC) and MPC. MPC can handle nonlinear systems and is able to handle
constraints on state and input variables, thereby preventing saturation. The method is also able to deal
with multivariable problems. However, MPC is relatively computational expensive. In Ulbig et al. (2008)
the nonlinear dynamics of the system is approximated by applying a set of piecewise affine systems, this
system accurately captures the nonlinear dynamics of the system. Furthermore, the controller is designed
to enable fast implementation by using an explicit formulation of the problem, avoiding the need for online
optimisation. Another nonlinear method, sliding method control (SMC), works well for fast systems as its
computational cost is low. This method has proven effective in controlling vehicle-railway coupled vibration
problems (Li et al., 2023). This control approach is also capable of suppressing external disturbances. The
trade-off for its robustness is that it can cause high-frequency oscillations in the control input when
operating close to the sliding surface. In addition, SMC cannot explicitly handle constraints.

In general, by accounting for the system’s nonlinear dynamics, the nonlinear approach achieves better
robustness.

Intelligent control

With the development of artificial intelligence, the concepts of Al have been integrated in control
techniques. No accurate model is thereby needed, instead, the self-learning is used to address uncertainty
and external disturbance. Hower Al-based levitation control methods lack theoretical analysis due to their
black-box nature. Moreover, they may perform poorly in unseen scenarios, making them impractical for



real applications, as significant parameter changes often require re-learning of control rules. The
application of this approach is still limited, and more research is needed (Li et al., 2023).

After reviewing the existing control strategies, Model Predictive Control (MPC) was identified as the
approach for addressing the control problem considered in this thesis. The hyperloop system is strongly
nonlinear, involves multiple variables, is subject to external disturbances, and operates under physical
constraints. MPC is therefore expected to be effective in stabilizing such a system, as its main advantage
over other controllers lies in its predictive capability and its ability to explicitly handle both input and state
constraints (Schwenzer et al., 2021). In addition, MPC can effectively handle coupling between states and
inputs, making it suitable for controlling multivariable processes. MPC has also proven to perform well for
systems that include non-minimum phase behaviour, large time delays and unstable dynamics.

A known drawback of MPC is its dependence on an accurate model to describe the process, which can be
challenging for certain systems. In this study, however, the system equations are given, and a perfect
model is assumed. Another limitation is the computational effort required to solve the optimal control
problem online at each time step. Nevertheless, nowadays the solvers are very fast, making MPC
implementable even for systems with very fast dynamics. These properties make MPC suitable for
stabilising the system studied in this thesis.



2.3 Introduction MPC

This chapter aims to introduce the concept of MPC and provide the theoretical foundation required for the
development and implementation of the MPC controller in the upcoming chapters.

Concept

MPC is an optimization-based control methodology applied to constrained control problems. It has been
introduced in 1970 to slow chemical processes. The principles of MPC were already used in the 1960s. In
the beginning, this method was mainly applied to slow industrial processes with large sampling time. Over
the last few decades, however, MPC has become increasingly popular due to advances in computational
power and developments in optimization algorithms.

This control strategy determines the control action by solving in real-time a finite-horizon optimal control
problem at each sampling instant. This optimization yields a finite sequence of control inputs, of which
only the first is applied to the plant The rest of the computed control sequence is discarded, and the
process is repeated at the next time step using the state measurement as initial condition at every
sampling instant. Figure 2.3 illustrates the methodology of an MPC controller. In this figure, the control and
prediction horizons were chosen to be equal, however, this can vary depending on the tuning of these
parameters.

PAST FUTURE
— A T
— —e— Reference Trajectory
—o— Predicted Output
Measured Output
Predicted Control Input
—— Past Control Input
— Prediction Horizon
< >
I | | | | | | | |
| I | 1 | I I I | ’
“—>
Sample Time
K k+1 k+2 k+p

Figure 2.3: MPC concept (Maurice Heemels, 2013).

The method of shifting the horizon at every time step and solving the optimization problem using updated
information is known as the receding horizon principle. This feedback principle makes sure that
predictions made are based on the latest measurements. Thereby minimizing the effect of unmeasurable
disturbances and model-plant inaccuracy, so making it a more robust controller (Morari & Lee, 1999)
(Schwenzer et al., 2021).

MPC relies on the availability of a prediction model, which can be derived by means of physical laws or
using system identification techniques using measured data. The prediction model is used to forecast the
future evolution of the system states over a finite horizon. The predicted system behaviour is incorporated
into an objective function, which is then minimised subject to system constraints to determine the optimal
control action. This optimisation problem is solved at each sampling instant as part of the receding horizon
strategy.

This approach eliminates the need to analytically derive an explicit control law. Instead, MPC computes
the control actions automatically through model-based optimisation. This distinguishes MPC from other
alternative control methods, which rely on a priori defined control law.



MPC is more a family of control strategies that appear in many forms. MPC variants may differ in the type
of objective function, the constraints applied, the optimization algorithm used and the formulation of the
prediction model.

In literature, several prediction model formulations are commonly encountered: impulse response models,
step response models, and polynomial models. MPC is now commonly formulated in state-space, since it
allows for an easier expression of stability as applied in the calculation of the open-loop eigenvalues. It
also facilitates their generalization to more complex cases such as multivariable processes.

Predictions obtained at every time instance in this thesis, are based on the dynamics given in the state-
space representation (Van Den Boom, 2020).

Since the control strategy involves solving an optimization problem at each sampling instant, it is more
practical to use a discrete-time model instead of a continuous one. The model represents the dynamic
behaviour of the real system and serves as the basis for prediction and control.

Consider a nonlinear, discrete-time formulation of the process:

x(k+1) = f(x(k),u(k)) (2.3)

where x;, € R" represents the states and u; € R™ are the control input at time k.
Ater linearisation, the linear system to be controlled is described by a linear discrete time model:

x(k +1) = Ax(k) + Bu(k)

(k) = Cx(k). 24)

In multiple-input multiple-output (MIMO) models, the x(k) € R™ represents the state of the system at time
k and u(k) € R™ is a vector of manipulated variables.
The A € R™ ™ captures the underlying internal dynamics, while B €
variables. The measured output y € R? is related to the states by the matrix C € R
represents a vector that selects a set of states that you can measure.

R™™ relates the input to the system

" The C-matrix

In this thesis, both linear MPC and nonlinear MPC (NMPC) approaches are used. The distinction lies in
the type of prediction model and type of constraints imposed on the inputs and states. When a linear
prediction model is combined with linear constraints, the formulation corresponds to a linear MPC scheme.
However, even in this case with a linear model, the resulting closed-loop dynamics may be nonlinear due
to the constraints that result in a nonlinear control law with respect to x (Findeisen et al., 2003).

Discretisation

Since the problem initially involves continuous dynamics, the objective function corresponds to a
continuous, infinite-dimensional Optimal Control Problem (OCP), which is not directly represented by the
finite dimensional expression given in Eq. (2.5). To obtain this expression, the OCP must first be
converted to enable numerical solution. This requires the use of methods that numerically solve
continuous OCP. In general, three main approaches exist: dynamic programming, the indirect method,
and the direct method.

The dynamic programming approach is based on the principle of optimality and derives a control law using
the Hamilton-Jacobi-Bellman (HJB) equation.

The indirect method derives a boundary value problem (BVP) by applying the first-order optimality
conditions from Pontryagin’s Maximum Principle (PMP). This approach is often referred to as "optimize-
then-discretize."

In contrast, direct methods are often described as "discretize-then-optimize", as they reformulate the
original infinite-dimensional OCP as a finite-dimensional nonlinear programming (NLP) problem, which
can then be solved using numerical optimization techniques. The direct method can be further divided into
different classes: single shooting (sequential), and multiple shooting and collocation (simultaneous). In all
direct methods, the control trajectories are parameterized as finite-dimensional, but they differ in how the



state trajectories are computed. In the sequential approach, the dynamics are integrated in the cost
function, and the control is the only optimization variable. Conversely, in the simultaneous approach, both
states and inputs are decision variables. The dynamics are included as constraints in the optimization
problem.

A key advantage of direct methods lies in their ability to handle inequality constraints. This makes them
particularly well suited for MPC problems. On the other hand, a known limitation is that performance may
deteriorate when the system dynamics are unstable, since the entire state trajectory depends on forward
integration from a single initial condition.

Among all methods to address an OCP, direct methods are widely used in the context of MPC to make the
problem suitable to numerical optimization algorithms. Therefore, this thesis will apply this class of
methods, despite the known drawback that the underlying system is unstable. Direct NMPC will be
employed, where the objective function incorporating a nonlinear system is optimized at each step
(Zietkiewicz & Owczarkowski, 2017). To be more precise the direct single shooting method, in which the
input is the only optimization variable and the state trajectory is computed through simulation (Diehl et al.,
2007).

Objective function:

When dealing with a time-invariant function and cost function, the optimization problem doesn’t explicitly
depend on time step k, but only on the initial condition x, . for ease of notation, Py (xg, k) = Py(x9,0) =
Py (x,). A typical formulation of the optimization problem Py (x,) in MPC after using the simultaneous
transcription method leads to the formulation of the optimization problem as follows:

N-1
minxi{lnize 2 {’(x(k),u(k)) + Vf(x(N))
subject to ;zg) = X,

x(k +1) = f(x(k),u(k)),k = 0,1,...,N — 1 (25)

w(k) €Uk =0,1,..,N — 1
x(k) €X,, k=0,1,..,N
X(N) € Xf

Where ¢(x,u) = xTQx + uT Ru is the stage cost and the terminal cost function is: Ve(x) = xT Px.

The cost function includes a terminal weight P € R™", state penalties Q € R™", and input penalties R €
R™*™ "horizon length N. Here, it is assumed that Q > 0 and R > 0.

The control horizon here is taken equal to prediction horizon. When N = oo, this is referred to as the
infinite horizon problem; when N is finite, it becomes the finite horizon version. The optimization problem is
subject to the initial condition x,, the system dynamics, a set of allowed inputs U c R™ and states X c R"
and a terminal region (X) constraint.

An appropriate optimization algorithm should be selected based on the type of problem.

Note that a formulation of the problem is presented in Eq. (2.5), which employs a simultaneous
transcription method as indicated by decision variables being both u and x. Later in this thesis, a direct
single shooting method will be used, as motivated previously.

For linear MPC these Here it is assumed that prediction horizon equals control horizon will differ, the

optimization problem of the linear MPC will then be formulated as follows (Morari & Lee, 1999).:
Np—l

iy 00) = mim |7 (N, )Px(N,) + ) 2T (DQx(2)
i=0

C (2.6)
+Z uT (DRu()
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Where N, is the prediction horizon length, over which the objective function is calculated and minimized.
The control horizon N, is the horizon over which the input is allowed to change. Often N, is taken larger
than N., in that case, the last optimized input value remains constant for all timesteps beyond the control
horizon: u’(N, — 1) = u®(N,) = - = u’(N,),

Solving this yields an optimal sequence of control, u®( x) = (u°(0),u°(1), ...,u®(N, — 1)), as well as the
optimal state trajectory x°(x) = (x°(0),x°(1), ..., x°(N,)), which minimizes the cost given the current state
x (k).

Constraints are not imposed on the states for computational reasons. However, in practice a physical
constraint is that the airgap is larger than zero and stays within a range around the desired airgap.

In contrast, a constraint on the control input is applied. This reflects the fact that the power supply system
actuator can only operate within a limited voltage range.

Stability

In a nominal setting, if the MPC problem could be solved over an infinite horizon, the optimal input
sequence found at the initial time step, could be applied at all future time steps. In that case, MPC
inherently guarantees stability. However, optimization over an infinite horizon is computational intractable
when constraints are present or a nonlinear model is used.

That is why, in practice, MPC is implemented with a finite horizon. In finite horizon optimal control
problem, there is a difference between predicted and the closed trajectory, even if no model plant
mismatch and no disturbance are present (Allgower et al., 1999). As a result, the optimal MPC input
doesn’t inherently guarantee stability, as demonstrated by Bitmead et al. (1990). Moreover, the problem
may initially be feasible, meaning there exists a control sequence that satisfies all the constraints, but
feasibility at each timestep of the closed-loop system requires additional assumptions.

That is why much work has been focused on ensuring schemes with closed-loop stability and feasibility in
finite-horizon MPC. Stability is typically addressed according to a Lyapunov condition in MPC problems,
by enforcing conditions such that the optimal value function acts as a Lyapunov function for the closed-
loop system. The key idea is to ensure that function Jy acts as a Lyapunov function, where J is the
optimal finite-horizon cost with length N.

A Lyapunov function is a continuously differentiable scalar function V(x): R® — R. It is positive definite and
does not increase over time (Schwenzer et al., 2021):
V(0)=0,V(x)>0,Vx #0,

V(x) <0,vx # 0. @7

Stability is proven, if it can be shown that the right-hand side of Eq. (2.8) is positive. Ensuring the value
function behaves like a Lyapunov function, such that Jy (x(k)) — Jy(x(k + 1)) > 0 for x # 0. Where

x(k + 1) = f(x(k),u°(0)), herein u°(0) is the first control input resulting from the optimal MPC sequence.
Rewriting Jy (x(k)) — Jy (x(k + 1)) using that J (x(k)) = x7(0)Qx(0) + u°(0)"Ru®(0) + Jy_, (x(k + 1)) and
using that the optimal-cost-to-go J_; (x(k + 1)) itself is optimal for the remaining horizon, follows from the
optimality principle, leads to:.

In(x()) = Jy(x (ke + 1))

= [x" (k) Qx (k) + u®(0)" Ru’(0)] (2.8)

+[Jn-1 (x(k + 1)) = Jy (x(k + 1))].
When Q > 0, the stage cost of first step [x7 (k)Qx (k) + ujy (0 | x(k))Ruy (0 | x(k))] is positive (Morari &
Lee, 1999). However, without additional assumptions, it cannot be assumed that the second term is
positive.

Ensuring that the cost acts as a Lyapunov function and thereby achieving stability can be done through
various techniques. One way of achieving stability is by picking a finite horizon large enough N, such that
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the first term dominates over the second term. The most used method is to modify the problem by
introducing terminal constraints and a terminal cost O(Mayne, 2014). The terminal constraint drives the
state to a steady-state value or a region at the end of the prediction horizon. The terminal cost is added to
approximate the infinite-horizon value function (Mayne et al., 2000). Although terminal ingredients or
modifications as described can provide formal stability guarantees, the resulting constraints are often
restrictive and do not always lead to better practical control performance. As highlighted by Kéhler et al.
(2023), the feasible set of initial conditions from which the optimisation problem remains solvable becomes
smaller. This reduces the size of the region of attraction, excluding states from which closed-loop stability
could still have been achieved without enforcing such stability guarantee.

In many cases, a longer prediction horizon provides sufficient stability without terminal conditions.

Therefore, this study omits terminal cost and constraints, but stability is achieved through careful tuning, a
common practice in industry to avoid unnecessary complexity (Schmid et al., 2019).
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3. System modelling

This chapter presents the system model used for analysis and control design. The model is introduced
first, followed by the underlying assumptions, after which the governing equations are presented.

A fundamental part of modelling the hyperloop infrastructure is the electromagnetic suspension (EMS).
What distinguishes the suspension system employed by Hardt Hyperloop from other hyperloop concepts
is the placement of the guideway at the top inside the tube, as can be seen in the cross-section of the

vehicle in figure 3.1.
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Figure 3.1: Cross-section of the hyperloop concept developed by Hardt Hyperloop (Hardt, 2024).

To reduce the model complexity of the hyperloop system without compromising the accuracy significantly,
a few assumptions are made to mathematically describe the system. The length of the tube is significantly
larger than its diameters, therefore the effect of shear deformation is neglected. Another assumption is
that, since the length of the vehicle is much smaller than the length of the tube, the vehicle can be treated
as a point mass. Although the hyperloop tube is periodically supported by piers, the structure is modelled
as being continuous supported using springs and dashpots. The stiffness and the mass of the hyperloop
infrastructure are captured by the parameters listed in table 3.1.

The hyperloop is modelled as an infinite Euler-Bernoulli beam continuously supported by a viscoelastic
foundation subject to a moving point mass (Faragau et al., 2023). This provides a representative way of
modelling the tube, pod and guideway considering the problem definition. By modelling the vehicle-
guideway interaction in the way as in figure 3.2, propagation of the so-called anomalous Doppler-waves
are made possible.
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Figure 3.2: Modelling of the vehicle-guideway coupled system (Faragau et al., 2023)

The continuous beam has a mass per unit length of p and is supported by a viscoelastic foundation with
stiffness kq and damping cq4, subject to a mass M travelling with a velocity of v. The vehicle and guideway
are connected trough the magnetic attraction force F, which is assumed to be constant with respect to the
horizontal vehicle velocity and ignores the drag component.

The airgap is studied in a moving reference frame, introducing variables at spatial coordinate { = x — vt
and temporal coordinate t = t. Variable w and z are the displacements in vertical direction of the beam
and point mass M respectively. The feedback system is monitoring w(¢ = 0,7) = w, , being the beam
displacement at the location of moving load. In the moving reference frame (¢, 7), the governing equations
are:

EIw"" + p(W — 20w’ + UZW”) + cd(W —vw') + kqw = —F(t)§(8),
MZ =F(t)— Mg,
2
F(t) =C——=3,
( ) (WO _ Z)Z (31)

P R0 — (g - 2)
T 2C (wy — 2)? Wo=2) |,

Umpc = Kmpc-

Where §(¢) locates the moving vehicle, g is the acceleration of gravity and R denotes the electrical
resistance. The constant C = uyN?4,,/4 includes the parameters related to the electromagnet:
permeability of air u, , N is the number of coil turns, 4,, is the surface area of the electromagnet. These
equations are derived from the Newton’s second law and the Kirchoff’s law.

Since this system is inherently unstable, a controller is developed. The controller should levitate the
vehicle at a specific altitude of §,. Herein is U the manipulated variable, being the voltage calculated by
the control system. The equation U describes the voltage related to the MPC-control. For the PD
controller, this is an explicit function. While for a MPC controller, the control policy k- will follow from an
optimization problem and hence lack an explicit description when studying constrained problems or
nonlinear systems. The magnitude of control input will follow from optimization of the objective function,
which is presented in the next chapter. The input voltage affects the magnetic force through its
contribution to the electric current I applied to the coil. When the measured airgap is greater than the
desired airgap, the voltage will be adjusted to increase the magnetic force reducing the gap. In later parts
of this study, a constraint will be imposed on the input to take physical limits of the actuator into account,
formulated as u,,;, < u < upyq,- The magnetic force, however, remains attractive, even when the applied
voltage is negative. Allowing negative voltage can still be very useful, as it increases the rate at which the
coil current decreases, leading to a faster reduction in the electromagnetic attraction force.
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1.5-DOF system

In order to design the controller focusing on the electromagnetic stability only, we consider a rigid bar. The
bar is connected to a mass through a non-linear electromagnetic force. The vehicle dynamics of the
hyperloop are modelled as a 1.5-DOF system. The variables describing the system are the vehicle
displacement and the electric current. The idea is to check the stability of the vehicle around a target
airgap based on the proposed control strategy. The control strategy should ensure that the system in this
configuration is stable, while the effect of dynamic instability is disregarded. Later in chapter 5, the effect
of the moving load will be introduced by considering the continuous vehicle-beam coupled system. Figure
3.3 below presents a schematic diagram of the simplified system, with positive force and positive
displacement oriented downward.

Figure 3.3 Simplified configuration of the hyperloop vehicle dynamics presented as a 1.5-DOF system.

The states that describe the system are defined as: x; = § = z — w = z, being the airgap between the
rigid beam and vehicle, x, = x; = and x3 = I. The equation of motion is reduced to the following state-

space equations:

i =g——2
2 mx? 3.2)

The governing equations are locally Lipschitz continuous in the region of interest.
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Parameters

Numerical values of all the system parameters used in this thesis are given in table 3.1.

\ Parameter Value
R 9.71 Ohm
M,m 7650 kg

N 800
A, 0.25 m?

uo 4t X 1077 Tm/A
C 0.05 Nm?/A?
g 9.81 m/s?

b9 0.015m

El 25 X 10%kNm?
p 1400 kg/m
kg 28 x 10 3 kN /m?
Cq 20 kNs/m?

Table 3.1 Numerical values of the system parameters.
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4. Control of the 1.5-DOF system

This section aims to develop an understanding of how different control methods influence the vehicle
dynamics of the hyperloop system and provides a comparative analysis of their performance. This chapter
focuses solely on the electromagnetic instability. Therefore, the simplified model (1.5-DOF system) is
employed, in which the propagation of anomalous doppler waves is not possible.

4.1 Linear MPC
This section explores the potential of MPC control to achieve stabilization in an EMS, where the track
beam is considered as rigid.

Linearisation

To write the nonlinear system in the standard state-space formulation, linearisation of Eq. (3.2) is needed.
This research focuses on the system behaviour around the operating point of the hyperloop,
corresponding to the setpoint §,. The equilibrium point (x,, u,) is determined, by setting x = 0, as follows
(Zhang et al., 2020):

(
—g, = | R
x1_60 R mg
{2, =0 (4.1)
Up
X3210:ﬁ
\U = U

The linear model is applicable when studying small variations X, 1 and y around the equilibrium. Define
X=4x=x—xp,U=Au=u—ugandy =y —y, = y — & At the equilibrium point (xy, u,), equation Eq.
(4.2) is linearized using Taylor expansion into:

x(t) = f(xg,up) + AX(t) + Bu(t)

- - 4.2
3() = g0xo, o) + CE() — ¥, @2
With f(xy,up) = 0 and y, = g(xp, up), this reduces to:
¥(t) = AX(t) + Bii(t) (
~ o 4.3)
y(t) = CXx(t)
When linearising with respect to (x,,uy): the A, B and C matrices are computed by:
_of _of _9g
A—axzx() ’B_%xqo , C—axzxo (4.4)
u=uy u=ug u=uy
This leads to the matrices being (Zhang et al., 2020):
0 1 0
29 0 2 |Cg
A= 60 60 m |,
mg Ré
- __22 4.5
0 c T (4.5)
0
10
B = S
2C
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All states are assumed to be measurable, so matrix C is taken as the identity matrix. The matrix D is set to
zero, since there is no direct effect from the input to the output (Hu et al., 2021). In addition, the model
describing the plant is perfect. Therefore, no state observer is required. The problem is assumed to be
time-invariant, so the system matrices are constant over time. With this, the linearisation around the
equilibrium point is completed and the system can be written in the following form:

%(t) = A%(t) + Bi(t)
100
y(t)zlo 1 O]fc(t)zfc(t)
0 0 1

(4.6)

Discretisation

The problem is defined in Eq. (4.6) above as a continuous-time equation. However, the MPC algorithm
used in research is based on a discrete-time formulated control problem. Therefore, a transformation
should be done. This section briefly describes two main methods that are considered: Euler and Taylor.

Euler

the continuous problem is discretised using an explicit Euler Forward method. This method can be applied
to both linear and nonlinear systems. Given a system in continuous time:

x=f(xu) (4.7)

A discrete-time formulation can be obtained using a forward Euler approximation, resulting in the compact
form:

x(k +1) = x(k) + f(x(k),u(k)) - Ts. (4.8)
For a linear state-space, the discretised matrices are given by: A; = I + AT and B; = BTs.

Taylor discretisation
The Taylor discretized version of a continuous-time LTI-system in its state space can be written as:

x((k + DT;) = &(To)x(kTy) + I'(To)u(kTy), (4.9)

where ®(T,) = e4Ts € R™" and I'(T) = OTSeATBdr = (e4Ts —)A™'B € R™™ . These are constant

state and input matrices respectively (Meena & Janardhanan, 2017). Another way to express this is by
(DeCarlo, 1989):

ol g]'Ts=[/Bd BId]_ (4.11)

This method assumes a zero-order hold on the input:
u(t) = u(kTs), for kT, <t < kT, + T (4.10)

Two discretisation methods are considered, each with distinct characteristics. Taylor-based discretisation
is generally more computationally demanding, but it provides an exact discrete-time representation of the
continuous-time system when the input is assumed to be constant over each sampling interval.

To compare the effect of discretisation on closed-loop stability, the stability regions of the same controller
were evaluated for different sampling times using both the Euler method and the Taylor exact
discretisation. The results showed that forward Euler exhibited significantly poorer performance as the
sampling time increased, compared to backward implicit Euler and exact discretisation. The analysis
further demonstrated that the exact discretisation method resulted in a larger stability region, allowing the
use of larger sampling times while maintaining closed-loop stability.
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The Taylor exact discretisation captures the continuous dynamics more accurately for larger timesteps,
gives a closed-form solution for the LTI-system, and is therefore adopted in this thesis.

Design

For discrete systems, such as the one studied here, stability around a specific equilibrium point depends
on the absolute value of the eigenvalues of the discrete A; matrix, obtained via linearisation. Figure 4.1
illustrates that the open-loop system has three eigenvalues and shows where the instability of the system
originates from. There is a pair of complex conjugates inside the unit circle, and a real valued one located
just outside the circle. These results confirm the inherently unstable nature of the system, thereby
requiring a closed-loop control strategy to achieve stable levitation of the vehicle.

Discrete-time eigenvalues
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Figure 4.1 Open-loop system discrete eigenvalues, one eigenvalue just outside the unit circle.

Before designing a controller, the matrix pair (4, B) is examined, it turns out that the system is controllable.
This means that, for any initial state, there exists a control input that can drive the system to any final state
within a finite amount of time. This is confirmed by the fact that the controllability matrix W is full rank

(Cavenago et al., 2023).
W,=(B AB - A"B). (4.12)

Stabilizability is a weaker condition than controllability, as it only requires that the unstable modes are
controllable. This is verified by the controllability check, meaning that a suitable control law exists to place
all eigenvalues of the closed-loop system in the stable region.

Another important concept to consider when designing a controller is the observability of the system.
When all states are assumed to be known at every timestep, there is no need to verify observability.
However, in practice, this assumption of the full state vector being directly available is often not realistic.
Therefore observability is examined for the case where only the airgap displacement x; is measured,
which correspondsto € = [1 0 0]. It can be shown that the observability matrix W, has full rank in that
case, which confirms that the internal states can be reconstructed based on measuring the airgap only

(Astrom & Murray, 2008).
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C
CA
W, =| ca? (4.13)

CA;’l—l

A model predictive control (MPC) has been applied to stabilize the system. The control variable is the
input voltage of the electromagnet coil. The MPC control algorithm is described in more detail in section
2.3.

The optimization problem of the linear MPC will be formulated (Morari & Lee, 1999)
as follows:

Np—1

o) =i [ (4)P5(0) + Y #0050
= (4.14)

N.—1

+Z " (DRu()|.
i=0

The problem is now unconstrained with respect to its input.

The objective function is formulated to ensure that the system states follow a desired target, which in this
case corresponds to the origin of the local coordinate system. After linearisation, the system is analysed in
this reference frame, where x represents the deviations from the equilibrium point. At every time step, the
cost function from Eq. (4.14) is minimized over the prediction horizon, this gives a set of optimal control
input values (k) for i from 0 to N, — 1. Note that the control horizon can be shorter than the prediction
horizon according to this formulation. In that case when N, > N, the last calculated input stays constant
from timesteps N, to N,,. The terminal cost term weighted by P is separated because it specifically
penalized the final predicted state at the end of the prediction horizon and is often chosen based on
stability guarantees, as mentioned in section 2.3.

The future states predictions over the prediction horizon will be determined according to the equation:
X(k) =Mz (k) + Cii(k) (4.15)

The M -matrix relates the current measured state %(k) to the predicted future outputs. This matrix C
propagates the effect of control inputs on the predicted states.

k
x(k+1) u(lllc(+)1) A B 0 0
x(k +2) : A? AB B 0
() =[xk + Ne) |, a(k) = u(k;r,vc) M =|43],c=| A%B AB - 0 |. @416
. 5 N N1 N2 : NN
x(k+Np) _u(k+Np _ 1)_ ANp AYr™*B A"r™4B ... A% "pB

By incorporating these matrices and vectors and reformulating, the relation given in Eq. (4.17) is obtained:

J(k) = 4T (k) Hu(k) + 2yT (k) FTi(k) + xT (k)Gx (k)

— T
H=CcTQC+R 417
G=MTQM

F=cTom.
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For this specific class of optimization problem (quadratic objective function, linear dynamics model and
without constraints), an analytical solution can be found by taking the gradient of J with respect to u and
setting that equal to zero:

ad
—]~= 2HU + 2Fx = 0. (4.18)
o1t

The optimal control sequence is then:

iw'(k) = —H 'Fx(k) = K%(k) (4.19)

As this is a convex problem, the locally optimal solution is the global optimal. Following the receding
horizon principle, we only implement the first value of the sequence.

4.1.1 Eigenvalue analysis

As can be seen from Eq. (4.19) above the unconstrained MPC results in a linear control law, with the
controller gain remaining constant over time. The eigenvalues analysis can be used to study stability when
the system is linear, however the mathematical model under control is nonlinear. The analysis could still
be useful, since the controller is designed to levitate the vehicle around the equilibrium.

A closed loop system is obtained when substituting the control law: x(k + 1) = (A + BK)x(k), and the
closed-loop matrix is:

A, = A+ BK. (4.20)
As is clear from the control law the factor K is dependent on tuning parameters. For a system that is
discrete in time, stability can be achieved if and only if all eigenvalues of the closed-loop matrix lie strictly
inside the unit circle (Van Den Boom, 2020).

Achieving stability can be challenging, the relationships between control performance and tuning
parameters are mathematical complex (Camacho & Alba, 2013). The control parameters influencing
matrix A.; are tuned to satisfy the stability condition. The tuneable parameters are the sampling time T,
the prediction horizon (N,) and control horizon (N, ), as well as the penalties for reference tracking (Q) and
input effort (R). The effect of these parameters on the closed-loop performance can be nonmonotonic
(Garriga & Soroush, 2008). While, in the linearized case, explicit relationships can be formulated, deriving
such relations becomes impossible when moving to nonlinear systems. There is no standard approach for
tuning, literature provides some guidelines in terms of dynamic characteristics of the plant. Another
method, increasingly used, formulates the tuning parameters as a decision variable within an optimization
problem. However, in practice to avoid too much complexity, stability is achieved by carefully tuning the
control parameters (Schmid et al., 2019). Accordingly, throughout this thesis, the parameters in all
applications are selected using a heuristic trial-and-error approach.

To illustrate the effect of the tuning parameters on the closed-loop stability of the 1.5-DOF system under
the discrete-time linear MPC, a stability parameter space is presented in the following paragraphs. The
analysis focuses on the dominant eigenvalue that lies outside the unit circle in the uncontrolled system.
For each controller configuration, every cross shown in the figure indicates the location of this eigenvalue.
The remaining eigenvalues are not shown, unless stated otherwise, for clarity.

Sampling time (Ts)

A high sampling frequency is necessary to accurately capture the fast dynamical problem. The frequency
influences the control results, so when changing this parameter, the control and prediction horizon should
be tuned too. For the controller to be implementable, the sampling time should be larger than the time
needed by the controller algorithm to determine optimal input. Its value affects both tracking performance
and computational effort. The sampling time T is constrained by the technical specifications of the control
equipment and is generally not considered as a tuneable parameter. In this thesis, the sampling time (T)
is chosen as 0.005 seconds, the control action will then be executed at a frequency of 1/T;. Every 0.005 s
the optimization problem must be solved, and an optimal input will be computed and sent to the plant.
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Prediction horizon (Np)

A rule of thumb mentioned in literature is that the prediction horizon should at least be long enough to
capture the effect of a change of the manipulated variable (Schwenzer et al., 2021). The crucial dynamics
should also be considered within this interval, including the non-minimum phase time, which represents
the duration of the initial inverse response. A larger prediction horizon generally improves stability. By
taking a larger preview of the future dynamics, the controller can look ahead and predict a longer period
and to anticipate, making it more robust. For computational reasons a prediction horizon should be not too
large. In general, a shorter horizon also leads to lower control effort and a slower transient response.

Figure 4.2 shows the exact location of the two conjugate eigenvalues for each configuration, while a single
cross is used to indicate the dominant eigenvalue near the unit circle boundary. Figure 4.3 then zooms in
on this dominant eigenvalue. The control horizon is set equal to the prediction horizon in this configuration.
A diagonal state weighting Q = diag([10°,10°,10°]) and an input weighting R = 1 are used.

Eigenvalues in the Complex Plane for different values of N
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Figure 4.2 Eigenvalues in the Complex Plane for different values of Ny (Q = diag([10°,10°,10°]),R = 1,N, = Np).

The effect on the complex-conjugate pair is visible in the figure. Figure 4.2 and 4.3 shows that, as the
prediction horizon N,,, the dominant closed-loop eigenvalues initially move towards the interior of the unit

circle, indicating improved closed-loop stability. Beyond a certain horizon length, further increases in N,,
have little influence on the closed-loop behaviour.
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Figure 4.3 Zoomed-in view of the dominant eigenvalue in the Complex Plane for different values of Ny (Q = diag([10%,10°,10°]) ,R =

1, No = Np).

Control horizon (N¢)
In practice, the control and prediction horizon are set equal for convenience. However, the control horizon

(N.) is often chosen smaller than the prediction horizon, to reduce computational cost when calculating
these inputs. This can significantly reduce the computational load when dealing with large optimization
problems. Since, increasing the control horizon, means more variables to be optimized thus increasing the

computational load. When decreasing the prediction and the control horizon, a more robust but less
aggressive controller is obtained (Garriga & Soroush, 2008).

First only the dominant eigenvalue of the system is shown in figure 4.4:
A diagonal state weighting Q = diag([103,103,103])and an input weighting R = 1 are used. The prediction

horizon is 300 steps.
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Dominant Eigenvalue in the Complex Plane for Different Control Horizons N,
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Figure 4.4 Dominant eigenvalue in the complex plane for different control horizons Ne (Q = diag([103,103,10%]), R = 1,N,, = 300).

The eigenvalues for N, > 2 are not shown in the figure 4.4, as they appear at the same location as N, = 2.
The effect of control horizon on the eigenvalue location inside unit circle, is not straightforward. Increasing
the control horizon does not necessarily result in improved control performance or eigenvalues moving
closer to the centre of the circle. Simulation results show that a longer control horizon led to smaller input
voltages applied, resulting in insufficient force to control the airgap.

However, when increasing Q to diag([10°, 10, 10°]) this effect is no longer observed. With such a low
relative penalty on the inputs, increasing the horizon allows the controller to apply the higher control input
values that are needed for stabilization. This occurs because the contribution of the input penalty to the
objective function remains relatively small, even though the number of penalized control terms increases
with a longer control horizon. This effect becomes apparent when plotting the dominant eigenvalues of the
system. Figure 4.5 shows the location of the complex conjugate eigenvalue pair for different N,., while the
dominant right-half-plane eigenvalue does not move much and is therefore shown as a single cross.

The figure shows that the eigenvalues initially move towards the origin, resulting in more stable system
dynamics. But from a certain horizon value it moves to another location in the complex plane, after which
their position no longer changes. This behaviour is consistent with the findings of Garriga et al. (2010).
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Eigenvalues in the Complex Plane for Different Control Horizons N¢
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Figure 4.5 Eigenvalues in the complex plane for different control horizons N (Q = diag([10°,10%,10°]), R = 1, N, =300).

Further increasing the control horizon gives eigenvalue at almost same location as N, = 8, and is not

reported in figure 4.5 for clarity. Increasing Q or reducing R further leads to the same effect on the
eigenvalues.

This non-monotonic relation is reflected when evaluating the performance of this configuration using the
infinite horizon cost as formulated in Eq. (4.21) as performance indicator. Although the infinite-horizon cost

of this system can be computed exactly, it is here approximated by evaluating the cost over a sufficiently
long finite time to ensure convergence to a steady-state.

[ee]

Jin( ) = ) x(0)Qx(K) + uk)Ru() (421)
k=0
The counterintuitive behaviour found is also observed in a study by Di Palma and Magni (2006), where it
occurs in an unstable and unconstrained linear system. This shows that increasing control horizon does
not always lead to improved closed-loop performance.
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Infinite-horizon Cost vs Control Horizon

[ ] —&— Total Cost
280 1
260
240 1
4
(7]
(=)
(W]
220 A
200 1
180 - 1
-
T T T T T T T
0 50 100 150 200 250 300

Control Horizon N

Figure 4.6 Infinite-horizon MPC cost against control horizon lengths (Q = diag([10°,106,10°]), R = 1, N, = 300).

Penalty terms

The weighting factors Q and R define the relative importance of different control objectives and have no
unit. The positive definite weighting matrices factors Q and R are determined based on process
requirements. There are no guidelines related to the plant like for horizons, as the factors are influenced
by scaling of the different states. By tuning these parameters, the emphasis can put on tracking
performance or on input effort. By increasing the Q, the reference tracking error is penalized higher. The
figure below depicts an expected influence of the weight Q. When increasing the diagonal values of the
state weighting matrix Q, the eigenvalues move towards the origin and thereby the closed-loop system
becomes ‘more stable’. Each cross is labelled with the corresponding diagonal entry of the matrix Q.
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Dominant eigenvalues in the Complex Plane for different values of Q
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Figure 4.7: Effect of increase of penalty Q on the dominant eigenvalue for Ne=N,=200 and R = 1

Validation of the eigenvalue analysis

Here, the combined effect of the horizon length and state weighting matrix are presented. Figure 4.8
shows stability based on the closed-loop eigenvalues for the linearised 1.5-DOF system. The Q-value
varies and is applied to the diagonal entries of the state weighting matrix, the input penalty factor R is set
to 1, and the prediction horizon is varied, while the control horizon is set equal to 1. For low diagonal
values of Q, the system remains unstable for all horizon lengths, indicating insufficient penalisation of
state penalty. As Q increases, stability becomes dependent on the prediction horizon. For large Q around
108, the system is stable across nearly the entire range of horizons.
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Figure 4.8: Closed-loop stability map for varying control parameters Q and prediction horizon Ny, control horizon N. taken equal to 1.

To assess the validity of the stability statements made based on the eigenvalues of the linearized system,
a comparative analysis is performed using nonlinear closed-loop simulations. For different combinations of
parameter values, it was evaluated whether the nonlinear simulations exhibited the (un)stable trajectory
the figures above suggest. In that analysis, large discrepancies were observed between the linear and on
nonlinear MPC simulations. The stability should therefore be verified through nonlinear closed-loop
simulations, even when giving a very small perturbation from the equilibrium.

In contrast, such behaviour is not observed when using a PD-controller. In that case, the trajectories of the
linear and nonlinear responses remain show similar behaviour when the system operates close to the
equilibrium point. A possible explanation may be the fact that MPC relies on model-based predictions to
derive the control law, making it more sensitive to linearisation errors.

4.1.2 Results

The MPC problem is solved based on the linearized model, determining the control input by using the
linearized system dynamics as a simplified representation of the original nonlinear system. The control
input from this linearized MPC was then applied to the actual nonlinear system. This approach allowed the
application of a linear control law for the nonlinear system, but it resulted in very poor performance. The
controller was unable to stabilize the linearized system for initial conditions near the equilibrium, even for
small perturbations.

Even when applying sequential linear MPC, whereby at every new state the system is linearized around
the current operating state, the controller fails to achieve stabilization. The limited controllability is likely
due to the inherent instability of the system and its strongly nonlinear dynamic. A more accurate model is
needed to capture the nonlinear behaviour.
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4.2 LQR

When the prediction horizon in the objective function approaches infinity and no constraints are imposed,
the resulting controller corresponds to a linear quadratic regulator (LQR). LQR belongs to the family of
optimal control problems. Similar to the linear MPC case discussed in the previous section, the LQR
control input is derived from the linearized system dynamics, and the resulting control input is applied to
the nonlinear system. The term quadratic refers to the structure of the cost function, which penalizes both
the system states and the control inputs through quadratic weighting. The objective in this study is to track
the desired reference by minimizing that cost function, resulting in an optimal control law that guarantees
stability for the nominal linear system.

When dealing with a linear time-invariant (LTI) system and constant weight matrices, the control law for an
infinite-horizon system becomes constant. This control law is based on the linearized system derived in
the previous section is used for the controller design and can then be applied to the nonlinear system. The
finite horizon discrete LQR feedback control law is given by:

u(k) = Keox(k) with K., = —(BTP,B + R)"'BTP A (4.22)

To implement LQR, all states of the system must be measurable, and the model of the plant should
accurately describe the real system.

Here, P is the solution of the discrete algebraic Riccati equation:

P,=ATP,A+ ATP,BK, + Q (4.23)

The parameters used for the LQR controller are chosen as:

1-1012 0 0
Q= 0 1-107 0 |,R=1[0.0001],T, = 0.0001s (4.24)
0 0 1-10%

Using these matrices, the discrete algebraic Riccati equation was solved using a Python package,
resulting in the following solution for the matrix P:

P=]290-10° 157-107 —3.62-10° (4.25)

451-102 290-10° -1.28- 108‘
—1.28-10%8 —3.62-10°> 3.90-10*

While the chosen R value may appear negligible, setting R = 0 resulted in a noticeable increase in control
effort, which cannot be neglected. Conversely, increasing R to 0.1 or decreasing Q led to instability.
Considerable effort was required for tuning Q and Ts, as stable trajectories were obtained for only a limited
set of parameter values.

Results

A simulation was conducted to evaluate the behaviour of this type of linear controller. A small perturbation
was applied to the airgap, the input obtained is applied to the actual nonlinear system dynamics and its
response is shown in figure 4.9 below. A minor initial overshoot and oscillations are observed. However,
the system converges relatively quickly towards the desired reference by using a relatively large control
effort.
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Figure 4.9 LOR controller trajectories of the vehicle position and control input following from Eq. (4.22)

The effect of sampling on the performance is shown in figure 4.10. The improved faster convergence,
caused by increasing sampling frequency, might sound logic as you will respond earlier to fast changing
dynamics. However, there is no guarantee that this will always be the case as shown in Bachtiar et al.
(2015).

Closed-loop LQR airgap response for different sampling times
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Figure 4.10 Effect of sampling time on the closed-loop airgap response of LOR controller, using the parameters presented in Eq. (4.24.)
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Stability plot:
To evaluate and validate the performance of a controller, its region of attraction (ROA) is computed. The

ROA of a system is a set of states for which a trajectory starting within that set will converge to the

equilibrium value. In literature, several methods have been proposed to estimate that region. In this work,
the performance of LQR control is investigated through simulations. The stability region is determined by

computing trajectories over a grid of initial conditions. Perturbations were imposed to the initial vehicle
position (x;) and velocity (x,) while x; is maintained at its equilibrium. The considered state region is

representative of disturbance that may occur when operating a hyperloop. Perturbations occur whenever

the net vertical force is unbalanced, which can happen because of passenger weight change. For each

initial condition, stability is considered achieved if the final value at the end of the simulation time remains

within a small threshold of the setpoint. Even though this method is computationally demanding, the
techniques here is employed because of its simplicity for lower order systems.
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Figure 4.11 Region of attraction for a LOR controller.

The results indicate that the LQR controller stabilizes the nonlinear system, but only within a limited region

around the equilibrium, as shown in figure 4.11. When the initial condition is outside the stable region (in
green), the controller can no longer compensate for the destabilizing effects.
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4.3 Nonlinear MPC

The MPC controller used in the previous section was based on a linearized prediction model around the
target airgap. However, using a linear model is an inadequate representation of the vehicle dynamics
when operating farther away from equilibrium. In order to meet the tight performance requirements of the
levitation control of the hyperloop, a more accurate description of the system dynamics might be needed.
This appeals the need for a nonlinear model predictive control (NMPC), which incorporates the highly
nonlinear dynamics of the levitation system (Findeisen & Allgéwer, 2002) into the prediction model. NMPC
is expected to result in improved performance compared to linear controllers. However, applying a
nonlinear controller makes the analysis less tractable, since the nonlinear MPC applied to both the
simplified model and the vehicle-guideway model does not have an explicit control law. Hence, an
analytical study of how the control law affects the instability boundaries cannot be performed as was done
for the PD and linear MPC analysis.

Formulation of NMPC:

The prediction model is written in a discretised form using the Euler forward discretisation method,
enabling the use of available solvers (Zietkiewicz & Owczarkowski, 2017). A numerical study of different
integration schemes shows that both the implicit Runge-Kutta integration and the Euler forward scheme
are both suitable as can be seen from figure 4.12. A difference is observed between the methods. Over a
wide range of time steps, both the Euler forward method and the RK4 method produce nearly identical
trajectories. The RK4 method demonstrates slightly better tracking performance by reducing overshoot
and undershoot.

Airgap over time

——- Desired airgap
— RK4

0.022 4 Euler
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Figure 4.11 Simulation of NMPC for two numerical time integration methods

The prediction model using forward Euler is expressed as follows:

X1 = Xk + Ts - Xk,

Cx3
Xok+1 =Xk 15| 9 T 2]
1k

(4.26)

X o 4 T XokX3k RXzp X1k u
1= ) - :
3,k+ 3,k S xllk ZC ZC k

The prediction model above gives the predicted states for every time instant over a horizon of length N .
here the prediction horizon and control horizon are set equal (N, = N.). The optimization to be solved is
then formulated as:
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N-1

N
] = Z (xk+1 - xref)TQ(xk+1 - xref) + Z (uk - uref)TR(uk - uref) (4-27)
k=0

k=0
Umin < Uksi S Upax YE=0,1....N—1.

Here Q and R are factors penalizing the tracking error and control effort respectively. The objective is for
the predicted states to follow the desired trajectory, while satisfying the lower and upper limit of the voltage
input. The term x,,, represents the vector of predicted values at time k. The optimizer calculates the
optimal control over a horizon of length N. As is evident from the equations above, the system dynamics
are now nonlinear, making the NMPC optimization a non-convex problem (Cannon, 2004).

When solving a nonconvex problem, one encounters difficulties. Since multiple local minima exist, the
solver may converge to suboptimal solutions. Secondly, the computation of the solution is much slower,
while the MPC relies on solving the optimization problem online at every timestep. The computation time
for a single optimization for the designed controller should satisfy the real time constraint to be suitable for
fast systems (Van den Boom & De Schutter, 2018).

This new type of problem demands a more advanced type of optimization method than was needed for
convex QP problems in linear MPC. The two most used methods for addressing these types of
optimization problems are interior-point (IP) and sequential quadratic programming (SQP). SQP is
considered as the most efficient method for solving constrained nonlinear optimization problems in
literature and remains widely used today, appearing in various variants across recent research (Quirynen
& Di Cairano, 2021). Furthermore, the application of a SQP algorithm has appeared to be a popular
method for solving NMPC problems (Zietkiewicz & Owczarkowski, 2017; Mayne, 2014). Therefore, the
SQP method is chosen as technique in this study to address the inequality constrained optimization
problem in Eq. (4.27).

SQP method

SQP is a Newton-based optimization method that uses a second-order Taylor approximation and is
applicable for constrained optimization problems.

This method transforms the original NLP problem into a sequence of simpler linearly constrained QP
subproblems (Cannon, 2004).

This method will be described and explained in this paragraph (Van den Boom & De Schutter, 2018).
Solve an algebraic equation to get the optimal control sequence.

The optimization problem is defined in standard form: minimizing the objective function f, subject to the
nonlinear inequality constraint g.
min f(x) subjectto g(x) <0 (4.28)
X

In our specific problem, the decision variable is the input: x = [u]” = [ug, ..., uy_1]".

The Lagrange function is introduced, enabling handling of constraints in the cost function:
L(x,2) = f(x) + Ag(x) (4.29)
, Where 1 is a Lagrange multiplier associated to the inequality constraint.

The Lagrangian in Eq. (4.29) is approximated by a second-order Taylor expansion, following the Newton-
based method applied:

L(x,2) =~ L(xy, A) + VEL(x, D) (x — x3) + % (x — x,)THy (x4, 1) (x — x3) (4.30)

The inequality constraint is then linearized:
g0 = g(x) + V' g(x) (x — x)). (4.31)
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Computation of the Hessian H,, describing the curvature of the Lagrangian with respect to the decision
variable, is computational expensive. Therefore, the optimization algorithm employs a quasi-Newton,
approximating the Hessian. Where H, is the approximation of the Hessian, updated at every iteration.

The original problem is now approximated by a quadratic programming (QP) subproblem:

min % dTH;d + VT f(x;)d,

4.32
subject to g(x;) + VT g(x;)d < 0. (432)

The subproblem solves the search direction dk (dk = x - x«). Consequently, a line search method is applied
to determine an appropriate step size along the direction dk, ensuring convergence to a local optimum
regardless of the chosen starting point.

s; = arg msin Y(x; + sd;) (4.33)

Where v is a merit function, combining the objective function and the constraints.
Subsequently, the kth estimate can be generated:
Xiv1 = X + Sidi (434)

This procedure will be repeated until convergence towards the optimal value x°, which satisfies the
optimality conditions shown below. If convergence is not achieved, the process is repeated, starting with
the calculation of the Lagrangian at the latest estimation of x;,; (Van den Boom & De Schutter, 2018).

The necessary optimality conditions that any solution of the optimization problem of Eq. (4.28) should
satisfy are given by the Karush-Kuhn-Tucker (KKT) condition:

Vi(x) +Vg(x)A =0,
ATg(x) =0,
A2=0,
gx) <o.

(4.35)

In short, the goal is to find the optimal solution of the original nonlinear problem satisfying the KKT
conditions, by iteratively solving a simpler quadratic problem. That gives a search direction and together
with the step size obtained from the line search, the estimate x;,, will be iteratively updated until
convergence to the optimal solution x°.

The Sequential Least SQuares Programming (SLSQP) method from the SciPy.optimize module (Joshy &
Hwang, 2024) in Python is used to solve this type of optimisation problem. SLSQP is generally well suited
for problems up to hundred decision variables and having a relatively coarse discretisation. A number of
alternative SQP-solvers have been developed since then. These solvers include both algorithmic
advances and new functionalities (Joshy & Hwang, 2024). Nevertheless, SLSQP from SciPy is chosen
here because it is easy to apply.

This solver requires the definition of a cost function as an input argument, along with an initial guess for
the decision variables. Additionally, relevant problem parameters can be passed via an optional argument
tuple. If needed, constraints on the optimisation variables can be specified. The function returns several
useful attributes, such as the final value of the cost function, details about the optimisation process, and
most importantly, the optimised array of control inputs.

SLSQP is a particular variant of the SQP, that employs a least-squares formulation instead of a QP
subproblem. This algorithm formulates the problem as a least square one, by LDLT factorizing the
Hessian matrix.
The optimization problem is solved in the following form (Kraft, 1988):
1 1
- k\z(1k\T kY 2(7k) L K
min ||(D¥)?(L) d + (D) *(LF) "Vf(x")

(4.36)

)
2
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subject to constraints:
Vg(x*)d + g;(x*) = 0. (4.37)

The iterative SQP approach requires an initial guess, the concept of warm starting is applied in order to
accelerate convergence. Since consecutive problems are similar, the solution to these problems will be
similar as well. By assuming the solution of the previous optimization problem as the initial guess for the
current time instance, the algorithm will start search more closely to the optimal solution (Cannon, 2004).
In expressions: if the optimal control calculated at time ¢ is (Gros et al., 2016): u) = [udy, udy, ..., udy_1]-

Then the initial guess at time step t + 1 is given by:

guess __ 0 0 0 0
Upiq _[ut,lJut,Z' ""ut,N—l'ut,N—l]' (4.38)

This warm-starting initial guess resulted in a reduction of around 50% in computation time and, in some
scenarios, improved stability compared to a poor initial guess.

The applied solver is a local optimizer. The choice of initial value can lead the iterations towards different
local optima. Providing equilibrium values as the initial guess at the first step and applying warm-starting
from equation Eq. (4.38) appears to give sufficiently good results and is therefore used.

The algorithm described below provides a structured description of the method applied for the NMPC of
the 1.5-DOF system.

Algorithm 4.1: NMPC using SQP for reference tracking.
Input: Initial condition x;,
Output: Control input u;

Initialize: controller parameters

for each time step t:
1. Obtain new state (new “measurements”) and store it
2. Solve optimization problem, using SLSQP, gives u!
3. Apply just first input ugo to the nonlinear system
4. Shift initial guess

Note that in this section the discrete-time index k refers to the MPC time step, and index i denotes the
SQP iteration number within the solver.

Closed-loop simulation results

The SLSQP-method is verified by performing an unconstrained linear MPC simulation using the known
analytical solution for the control input given in Eq. (4.19). The simulation is then repeated under the same
parameters, but with the control inputs resulting from the numerical SLSQP method. The resulting states
and input trajectories from both methods match exactly, validating the implementation of the SLSQP
solver.

This section illustrates the effect of different MPC parameters on the nonlinear response. The ranges of
tuneable parameter values that ensure the closed-loop system is asymptotically stable is small.

The effect of the control horizon on the closed-loop performance is depicted in figure 4.13, an unexpected
effect of the horizon length N on stability is observed from that figure. This counterintuitive behaviour of
the controller is also reported by Bachtiar et al. (2015). Although that paper considers a constrained and
linear system.
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Figure 4.13 Effect of the horizon length on the closed-loop trajectory for NMPC with a fixed Q, R and Ts (Ny=N,).

When the horizon length N is smaller than the 'optimal' horizon length, the closed-loop simulation results
in a large reference tracking error or even causes divergence as one may expect. However, when
increasing the horizon length further, the control performance deteriorates, as illustrated in the figure
above. This happens from H =150 onward, as the input takes unrealistic values, which causes a larger
tracking error.

One could argue that lower horizon has less performance because of less decision freedom. But the
larger horizon doesn’t find an optimum because of complex shape of the cost function.

To better understand the behaviour, the message returned by the optimizer was inspected to find the
cause of this counterintuitive behaviour. Since the solver did not report that a successful termination was
reached, this indicates that it did not converge to a global or local minimum. The SciPy solver provides
limited information on the optimization process. At least what can be derived is the large Jacobian values,
meaning that the change in input has a large influence on cost the optimization makes some jumps in
optimization surface. These observations suggest that the solver struggles to converge due to numerical
issues, such as ill-conditioning of the problem, resulting in abrupt jumps across the cost surface. When the
initial guess is improved for this configuration by using the closed-loop optimal input obtained from a
shorter horizon, the performance improves and the solution follows the same trajectory as the well-
performing cases.

The weighting factor Q shows similar behaviour, as shown in the figure 4.14. Increasing Q initially
improves performance, but beyond a certain value it introduces similar numerical issues as discussed in
the previous paragraph. The figure presents the airgap trajectories given different diagonal matrices with
same diagonal values, and a configuration in which only electrical current x5 is penalized. The results
indicate that applying a penalty to that variable has the most influence on the system’s behaviour.
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Airgap over time
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Figure 4.14 Airgap over time for different state weighting matrices Q.

After tuning the controller and considering robustness under larger deviations, the parameters were set to
be:

1-10° 0 0
Q=| o 1-103 0 |,R=[1],N=40,T,= 0.005s (4.40)
0 0 1-103

Figure 4.15 depicts the achieved stabilization under the initial condition: [xl,xz,x3] = [y + 107%,0,1,] for

the designed controller. The applied controller stabilizes the system. The overshoot is small and can be
considered as acceptable, while the system fast settles towards the setpoint.
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Closed-Loop trajectories
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Figure 4.15 Closed-loop NMPC trajectories for the different states and input.

Sensitivity analysis:

This section investigates the performance of NMPC across different initial conditions, as was done for
LQR in section 4.2. Since standard stability analyses are not applicable to optimization problems subject
to constraints, alternative techniques were applied (Schwenzer et al., 2021).

Consider first an unconstrained NMPC controller. The region of attraction is not a single area but appears
scattered. There is a large region of attraction around equilibrium point (indicated by a green dot). But
there are also some initial conditions leading to unstable trajectories when the vehicle (x1) is close to the
guideway and moves with downwards or upwards velocity.
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Figure 4.16 Stability plot for an unconstrained NMIPC

In figure 4.17, a stability plot is presented for a constrained NMPC controller with a realistic input range of
-2000 V to 2000 V. The observed asymmetry with respect to the velocity state x, can be explained by the
direction of motion of the vehicle relative to the track. As shown, the controller loses stability in the upper

right region of the plot, corresponding to large positive velocities, meaning the vehicle moves away from
the track. This results in an attractive force that is too small to be compensated by any feasible voltage,
thereby leading to divergence of the vehicle. In contrast, for the same initial vehicle position, a negative
velocity of equal magnitude directed towards the track allows the controller to stabilise the system.
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Figure 4.17 Stability plot for different scenarios, input limit: -2000 V <u <2000 V

In figure 4.18, a smaller input range from -400 V to 400 V is considered. The controller is unable to handle
even small perturbations to the system, demonstrating that the limited input significantly restricts its ability
to maintain stability.
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Figure 4.18 Stability plot for different deviations, input limit: -400 V <u <400 V'
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An unstable region can be observed from these stability figures that for small values of x,, corresponding
to initial vehicle positions close to the guideway (smaller than the equilibrium position). In this region,
achieving stable levitation becomes infeasible. This is caused by the strongly nonlinear magnetic force on
the vehicle being inversely proportional to the square of the airgap. As a result, the magnetic force
increases rapidly as the vehicle approaches the guideway (x; — 0). The control input cannot be adjusted
sufficiently to reduce the current and thereby counteract the rapid increase in attraction force caused by
the decreasing denominator. This complicates the stabilization of the system when the vehicle is closer to
the track than the nominal levitation height, causing the vehicle to be pulled toward the guideway.

Despite the observed behaviour, the controller maintains stability over a large region of the state space.
This demonstrates NMPC’s ability of dealing with electromagnetic instability and simultaneously adhering
to the imposed constraints.

4.4 PD

One of the most used controllers in engineering, and the basis on which this study builds, is the PID
controller. PID control is often used because of its simplicity. Often this controller consists of three
components: the proportional, integral and derivative term. Together, these terms influence the system’s
response characteristics.

In J. Mas Soldevilla (2022) stabilization was achieved using PD terms only. The integral component, which
removes the steady-state error, was omitted to avoid complexity. The proportional gain K;, was found to
affect both the location of the fixed points and how fast the system converges towards the equilibrium. The
derivative term K,; defines the type of that fixed point and influences the change of the error, thereby
damping out oscillations and reducing overshoot. This term is seen as a form of feedforward control. A
drawback of this feedback mechanism is that constraints cannot be included explicitly. However, the
controller parameters could be tuned to operate within the allowable input limits.

The control law for this application is formulated as:

0(x1 — 6,
u=Kp(x1_60)+KdM

at + uO == Kp (x1 - 60) + dez + uO (441)

The gains are manually tuned, trying to find the most optimal configuration in terms of stability and tracking
performance. The gains are selected as: K, = 28 kV/m and Ky = 27 kVs/m.

A trade-off was observed between fast convergence (K;) and error amplitude (Kq) (J. Mas Soldevilla,
2022). When aiming for a faster convergence, the K, value has to be increased, however this causes an

increase in overshoot. This can then be decreased by implementing a higher derivative term K, but at the
same time this term slows down the response.

Figure 4.19 shows the state and input trajectory. The response exhibits no overshoot, but small
oscillations are present as the vehicle moves towards the setpoint. The settling time is around 3s.
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Figure 4.19 PD controller trajectories given a small initial perturbation on the airgap.

In both the MPC and PD closed-loop trajectories, an inverse transient response is observed, where the
airgap initial increases before converging towards the desired reference. Such behaviour is often
associated with a right-half-plane zero. However, after analysing the open and closed loop poles and
zeros, there are no zeros found in that region. The observed behaviour is instead caused by explained by
the inherent unstable poles few time steps, the control input u might not have fully taken effect, causing a
temporary increase in the airgap as the control system is catching up to the unstable dynamics of the
system. The initial magnetic force is insufficient to is to counteract the vehicle gravity, causing a temporary
increase of the airgap before convergence.

By running simulations using the controller configuration given above and applying the control law defined
in Eq. (4.41) to the nonlinear 1.5-DOF system, a stability plot is obtained, similar to that for the NMPC and
LQR controller. The resulting region of attraction shows that the PD controller stabilizes the system in a
convex region as is clear from figure 4.20.
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Figure 4.20 Region of attraction of a PD controller (K, = 28 kV /m and K; = 27 kVs/m).

4.5 Comparative analysis

Comparing the effect of the MPC and PD control methods is somehow challenging since many tuning
options are possible. To ensure a fair comparison, the sampling interval is kept equal, and an optimal
tuning configuration for the goal of reference tracking is found for both the controllers. Only the airgap and
voltage are considered in this analysis, while the other states are left out. This is justified because the
other states are strongly coupled and show similar qualitative behaviour in closed-loop dynamics.

The different control strategies are first evaluated using quantitative performance criteria. Observations
from previous results are then presented and compared to assess their relative performance.

Travel comfort
Official standards exist for the travel comfort, however in this study it is quantified by calculating the root-
mean-square (RMS) value of the unfiltered accelerations in discrete time (Oppeneiger et al., 2024) .

Ny

1 x —x 2
RMS = Nz ( 2,k+1 2,k+1> (4.42)

T.
k=0 s

The N denotes the number of steps considered in the calculation and is chosen equal to the number of
steps needed to reach the settling time.
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Control effort

The control trajectories all have a similar order of magnitude but differ in how they converge to the
equilibrium. To capture this behaviour and highlight the obtained inputs, the following quadratic variation
measure is used to quantify the control effort: (Oppeneiger et al., 2024)

Ny
Var,(@) = )" (s = )’ (4.43)

k=0

Results
RMS [m/s?] quadratic variation Computation time [s]
w
NMPC 0.0212 105 20

P 0.0312 35500 1

Table 4.1 Control performance metrics.

The acceleration RMS is higher for the PD controller, but these values remain within comfortable limits.
Additionally, the control effort is much higher for PD, a too large quadratic variation in control input could
potentially cause actuator problems.

This unconstrained optimization problem can be solved within a sufficiently small computation time.
However, solving a nonconvex NMPC problem requires an iterative solver, which generally takes longer to
solve. The nonlinear solver method used for NMPC resulted into a significantly bigger computation time,
as can de be seen in table 4.1.

Figure 4.21 shows a comparison of the airgap response obtained using the PD and NMPC controllers.
Both responses are evaluated under the same perturbation and with optimally tuned controller
parameters, allowing a consistent comparison of their dynamic behaviour.
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Figure 4.21 Comparison of PD and NMPC trajectories using same control parameters as for the performance metrics above

Summary

The PD-controller showed strong oscillatory behaviour at the start of the simulation. In contrast, the LQR
controller demonstrates satisfactory performance, with only a minor initial overshoot and small oscillations
around the setpoint. It is, however, not able to handle constraints.

Linear MPC did not achieve stabilization at all. In contrast, when the nonlinear model is used, MPC has
demonstrated to be able to accurately track the desired set point, with reduced overshoot and oscillations.
One second after the perturbation is applied, the vehicle is already very close to the reference. It can be
concluded that the MPC controller allows for much faster convergence, without causing overshoot. A large
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region of attraction for MPC, compared to PD, is observed from the stability plots in the previous
paragraphs. This is because of MPC being a more advanced control strategy, looks ahead and
incorporates a prediction of future behaviour. This leads to an improved controller performance. This can
be explained by the fact that controller uses only the current measurements. In this PD-controlled case,
faster convergence led to overshoot and a large amplitude of oscillation around the equilibrium point.

Overall, MPC shows improved performance on the 1.5-DOF system compared to the other control
strategies.
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5. Control of the continuous guideway model

To account for the frequency and velocity dependent reaction force of the Hyperloop system during motion
of the vehicle along the guideway, the assumption of a rigid track is not valid anymore and elasticity of the
guideway should be considered. This changes the system from a 1.5-DOF to an infinite-DOF system,
thereby allowing wave-induced instability to occur. Following the model description provided in chapter 3,
this chapter describes the method of solution and evaluates the effect of MPC on the infinite-DOF system.
The results are then compared with the PD-controller applied in previous studies.

5.1 Method
The EOM of the load-structure coupled system is described by the nonlinear PDE in Eq. (3.1), thus

requiring a numerical approach. The EOM of the beam will therefore be written in the following form:
t

wo(t) = —f Go(t — T)F (t)dt + wi(t) (5.1)
0

The first term of Eq. (5.1) captures the response at the location of the load (F(t)) given trivial initial
condition, so wi‘(t) is needed to complement the displacement of the beam due to initial conditions. The
Green’s function of the beam, G,, is the response to a moving unit impulse load. Once this is known, the
response to any force can be calculated by applying the convolution integral, corresponding to the first
term in Eq. (5.1).

To obtain the general solution, G, should be determined. Therefore, a few steps are taken to arrive at an
algebraic equation. First, the Laplace transform with respect to time will be applied, followed by the Fourier
transform with respect to the longitudinal coordinate, using the definitions:

W(k,s) = f_ T VE e e, V(Es) = fo " W(E DeTdr (5.2)

, Where s = ¢ + jw. Trivial initial condition and vanishing boundary conditions are assumed.
Applying these definitions to the PDE in Eq. (3.1) results in:

Fry(s
D(k, )W (k,s) = EZI( ),
pv? (ipvs + icv) . ps?+ kg +cys 53
_ 1,4 _ 2 _
D(k,s) =k 7 k I k + 7 :
Applying an inverse Fourier transform to obtain the solution in the Laplace domain leads to:
Feu(s) (© ek .
VEs) =— dk = Feu ()Go (€, 9). (5.4)

2nEl )_. D(k,s)

To obtain the response to a time varying force, the Green’s function G, (¢, s) is used. This transfer function
is the response to a unit impulse and can be isolated by taking the transform of a unit impulse (F(s) = 1).
This results in: V(,s) = G, (&, s). Evaluating that expression at & = 0 to capture the location of the
moving load interaction leading to the instability, yields the relation:

R 1 (> 1

Go (0,5) = SEl f_mD(k, 5) dk. (5.5)

To calculate the complex Green’s integral, the following Cauchy’s Residue Theorem (Brown & Churchill,
1996) will be applied:

Let C be a simple, closed, positively oriented contour. If a function f(z) is analytic on and inside C, except
for a finite number of singularities z;, then:

f f(2)dz = 2mi z lim (z — z,) f (2). (5.6)
c = Z-2Z)
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The roots of D(k, s) from Eq. (5.3) are taken as the singularities, and the path along the upper half of the
complex plane is considered, since the two positive imaginary wavenumbers contribute to the
displacement in front of the moving load. By applying the theorem in Eq. (5.6), the complex integral from
Eq. (5.5) can be evaluated and written in the following form:

A e, (k = k)
Go (0,5) = E; ,fi’,?n (k — ky)(k — ko) (k — k3)(k — ky)

(5.7)

The Green'’s function in Eq. (5.7) is now expressed in the Laplace domain. The inverse Laplace is then
applied, and the integral will be approximated by the trapezoidal rule to obtain G, in the time domain.

To solve the transformed EOM, the convolution integral from Eq. (5.1) is approximated by a trapezoidal
resulting in the following expression. Therein the sum is split into contributions from the initial conditions,
the known past (w}}}ft) and an instantaneous unknown term at t,,. The following formulation is based on
Faragau et al. (2023):

Won = W(i)?n + W(}JI,irft + E (WO,n):RO'

n-2

Wit = " [Fa(Wor)Enns + Fros(Woss1)Rnoioa] + Fna (Won-1)L0,
=0

L1 T—tx (5.8)
Rpop = f Golt — D)
t

7

th+1 T —tx
Ly g = f Go(t, —7) (1 — ") dr.
t

At

7

The displacement can be seen calculated using £ and R, being the contribution from the pulse at the left
and right of the interval between running time index n and nn + 1, observed at the observation time n.

When substituting the formula for F, from Eq. (3.1) into the first equation of Eq. (5.8), the next third-order
polynomial can be solved:

3 2 —
WO,n + az,nWO,n + al,nWO,n + aO,n =0

hist hist

. . 5.9)
— ic — 2 — ic 2 2 ( '
Aan = ~Won —Won A1n = —Unp, Qon = (Wo,n — Won )un + CIn:RO-

The resulting discretised system of equations is given in Eq. (5.10) below, and will be solved by using the
Runge-Kutta 4 method:

Won = f(W(i),Cn' W(}JI,irft' Zy, In)'

12
Mii, = C—————— Mg,
(WO,n - Zn)
(5.10)
. Won — Z I
1,;% U, — I,R +2C n )Z(WO,n—z'n) ,
Won — Zn
Un = Kmpc

This polynomial in the first line of Eq. (5.10) can be calculated using a mathematical symbolic package
and gives one physical admissible root.
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By using the equations above as a prediction model, future states over the prediction horizon can be
determined. The objective function defined in Eq. (5.11) is formulated based on the “measurements” up to
time n = n, and the predictions are calculated over a horizon of length H. The objective function again
consists of two terms. However, in this case, not all states describing the system are taken into account.
Only the deviations from the target airgap and airgap velocity are penalized. The second term punishes
deviations of the input from the equilibrium voltage (U,), which maintains the vehicle at the desired airgap
when the electromagnetic force equals Fgy (t) = mg. Compared to the 1.5-DOF system, the vehicle-
guideway coupled model exhibits history-dependent behaviour. This is evident from the first line of Eq.
(5.10), where the future states are determined by the past trajectory rather than solely by the initial
conditions, as in the MPC formulation of previous chapter was the case. The optimal control input is
computed with the SLSQP optimizer, following the same approach control as in the NMPC control of the
1.5-DOF system in section 4.3.

n=n+H n=n+N-1
J= Z (xﬁ - xref)TQ(xﬁ - xref) + Z (uﬁ - uref)TR(uﬁ - uref) (5.11)
n=n+1 n=n

Won — Zn o)
Where X7 = WOﬁ _Z'ﬁ];xref = [00]’ Up = Un and uref = UO

5.2 Results

The effect of the MPC on the beam model is demonstrated through comparative simulations in this
chapter, comparing for different parameters and operating conditions. A numerical method is used to
study the system behaviour. However, the underlying type of stability it exhibits will not become clear from
this study, since such an analysis is less tractable to perform for the MPC system.

Different scenarios are considered, varying in applied constraint, applied perturbations and in the
longitudinal velocity of the vehicle. These results provide insight into the practical performance of the
controller, showing it robustness, how it deals with constraint, and ability to deal with electromagnetic and
wave-induced instability.

After the tuning process, the controller parameters are chosen to be:
e T, = 0.00025 s, is the applied and maximum sampling time following from Nyquist-Shannon
sampling theorem

e H =80

_J1e® 0
* Q‘[o 1e3
e R =1le®

One may think that the penalty factor R = 1e~° could be neglected, but it appeared to have still a
significant effect compared to the case with R = 0.
The simulations are carried out for different values of the vehicle’s horizontal velocity, relative to the critical

velocity. Define the critical velocity to be:
4|4k yEl
Ver = PZ

See the graphs below for the simulation results under different scenarios. For each simulation, the closed-
loop trajectories of the nonlinear system are shown. The vehicle displacement, beam displacement, and
attractive force are presented one below the other. The applied input voltage is also shown.

The steady-state values are indicated by a black horizontal line. Under good control, the trajectories
should approach these values, which results in the airgap being equal to the setpoint §,.

(5.12)
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v = 0.1v,,
An initial perturbation of -0.1 m/s in vehicle velocity and a small perturbation around equilibrium for the
initial vehicle displacement is standard used in the following scenarios, unless stated otherwise.
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Figure 5.1 Closed-loop time responses for an unconstrained NMPC (v=0.1v;), z denotes the vehicle displacement and wo represents the beam
displacement at the vehicle location

From figure 5.1 it may appear that the mass position is being penalized to reach the reference airgap.
However, the controller is penalizing the difference between beam and mass displacement. This will
become clear later in this study, when using a larger horizon length.

The performance is now evaluated under a larger perturbation, using an initial vehicle displacement of
0.03 m, as shown in figure 5.2. As a result, a larger input voltage is required to counteract this
perturbation.
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Figure 5.2 Closed-loop time responses for an unconstrained NMPC given a larger vehicle perturbation at a velocity of v = 0.1v,,
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v = 0.7v,
Figure 5.3 illustrates the effect of an increased vehicle velocity.
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Figure 5.3 Closed-loop time responses for an unconstrained NMPC (v=0.7vc;)

v = 1.0v,
Figure 5.4 illustrates the system response when the vehicle velocity is equal to the critical velocity.

v=1.0¢r
—~ 15 1
E
E
~N 14
T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6
_ 0451
E
E
£ 0.40
T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6
80 1 AN
=
=
w 60 1 \/
T . T . T . T
0.0 0.1 0.2 0.3 0.4 0.5 0.6
t(s)

T
0.2

0.3 0.4 0.5 0.6
t(s)

Input applied

1000

500 +

—500 1

—1000 4

—1500 1

—2000

—2500 1

Figure 5.4 Closed-loop time responses for an unconstrained NMPC (v=v¢;)

v=1

3V

0.0

Figure 5.5 presents the trajectories for a supercritical velocity.
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v = 1.6v,

Figures 5.6 and 5.7 show the influence of imposing input constraints on the time response.
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Figure 5.6 Closed-loop time responses for an unconstrained NMPC (v=1.6vcr)

Figure 5.7 shows the time response of the system under a constrained input of -2000 to 2000 V.

v = 1.6 v with constrained input
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Figure 5.7 Closed-loop time responses for a constrained NMPC (v=1.6vc;), constraints are shown by red dashed lines.

v = 2.0v,,
The time-history responses for a supercritical longitudinal velocity is shown in figure 5.8.
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Figure 5.8 Closed-loop time responses for an unconstrained NMPC (v=2v.;), over a longer time interval.
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Evaluation

Figures 5.9 and 5.10 show the airgap responses obtained using PD control and MPC for sub- and
supercritical velocities, respectively. The PD controller parameters were selected such that the largest
stability region was achieved across different vehicle velocities. This may be regarded as a practical

design choice, since in practice it is desirable to select parameter values that provide robust performance

over a wide operating range. So, although increasing K4 could ensure that the airgap reaches faster the

steady state, this may also lead to unstable trajectories for vehicle velocities around 1.7 to 2 times v,,.. the

values applied in the comparison, however, remain stable in that region.
When analysing the trajectories in the figures, a clear difference can be observed. The PD controller
shows oscillations, while the MPC response reaches the target more smoothly.
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Figure 5.9 Airgap over time for a subcritical velocity (v=0.7vcr) using PD (K, =40 kV/m and Ka =20 kVs/m) and MPC control (H=150)
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This predictive advantage of MPC is further illustrated by comparing the response obtained using H = 80
in figure 5.3 with the response for H = 150 in figure 5.11, under identical parameter settings. The larger
horizon case in the figure below shows slightly smaller oscillations and a faster transient response.
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Figure 5.11 Response for an unconstrained MPC controller using an increased horizon length of H = 150. In the left plot the airgap is shown.

The simulations performed demonstrate a control performance capable of achieving close trajectory
tracking in the vehicle-guideway model, around the tested scenarios. The control strategy appears to be
effective in counteracting the effect of both instability mechanisms, provided that the controller parameters
are tuned appropriately. Even, in the scenarios with larger perturbation, the controller demonstrates good
performance. Moreover, when realistic voltage limits are applied, the MPC controller is still able to
maintain close tracking of the target. Compared to the PD controller, the MPC controller converges faster
to the setpoint with smaller oscillations, under the same conditions. Within the limited set of simulated
scenarios considered in this study, no limit cycles were observed. However, this observation is based on a
limited number of simulations, and greater confidence in this conclusion would require a more extensive
parametric study.

At high supercritical longitudinal vehicle velocities, such as v = 2.0 v, an interesting difference between
PD and MPC becomes visible. The PD controller only remains stable for parameter settings that lead to
poorer tracking performance at lower velocities. Parameters setting that performed comparable to MPC at
lower velocities do not maintain stability at this velocity. MPC, on the other hand, allows parameter
choices that preserves both stability and satisfactory tacking performance. This suggests that MPC is
better able to achieve fast convergence while also suppressing wave-induced instability.

A major limitation of applying MPC to this system is the computation time, as simulating just a few
seconds of system behaviour takes a few hours of computation time. This is due to the nature of the
problem, which is unstable, nonconvex and highly nonlinear, leading to a large amount of function
evaluations when searching for the optimal input.
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6. Conclusion

This thesis studies the effect of MPC on an inherently unstable EMS system subject to dynamic
instabilities arising at high longitudinal velocities. Both analytical methods and numerical simulations were
carried out to evaluate and compare the performance of MPC with that of a conventional PD controller.
This work contributes by extending MPC analysis to include wave-induced instability and its interaction
with electromagnetic instability.

It is demonstrated that identifying an appropriate tuning configuration is not straightforward for the
unconstrained linearized 1.5-DOF system. The control horizon should not be penalized too much, as this
restricts the controller’s ability to apply the required control input. When a lower penalty is applied to the
input effort, the closed-loop performance degrades at a small horizon value. However, the performance
improves again from a certain horizon length.

The effects of the state weighting matrix Q and prediction horizon N,, show a more predictable effect on
the closed-loop behaviour, increasing them leads to improved closed-loop performance up to a point at
which a further increase results in stagnation.

Although the dynamics are nonlinear and no stabilization is achieved after linearisation, the presented
analysis provides additional insight into the tuning behaviour of an unstable 1.5-DOF system. The results
complement existing tuning studies and may help guide the search toward optimal configuration when
using a nonlinear prediction model in NMPC.

When considering the nonlinear prediction model of the simplified system, the effects of the horizons and
penalty factors follow an intuitive trend. However, a numerical effect is observed leading to a non-optimal
control sequence that deteriorates closed-loop performance.

A comparison is presented between PD and NMPC controller. A nonlinear MPC was therefore designed,
which achieves successful stabilisation. The region of attraction of the constrained NMPC becomes
smaller because of the imposed input limits, but it still demonstrates stable levitation over a wider range of
initial conditions than the unconstrained PD controller.

Based on simulations performed under identical scenario to ensure consistency, MPC performs
significantly better in following the desired reference. The NMPC also shows dominant performance when
measuring it by travel comfort and controller effort. This can be explained by the principle of predicting the
future behaviour over a horizon of MPC, whereas PD control acts on the current error and lacks the
predictive ability.

The controller performance is then studied through closed-loop simulations of the infinite-DOF system,
including wave-induced instability. Simulations conducted across different scenarios show that MPC is
effective in mitigating the effect of both instability mechanisms, when tuning the controller parameters
properly. However, when the vehicle-guideway interaction is taken into account, a lower tracking accuracy
is achieved than in the 1.5-DOF system. This vehicle offset remains within a range of few millimetres and
is thus considered acceptable. Compared to the PD controller, MPC exhibits stable behaviour over a
broader range of supercritical velocities, indicating improved performance in dealing with wave-induced
instability for the considered simulation cases and controller configuration.

The increased model dynamics of the continuous guideway model, comes at the cost of substantially
higher computational effort, with solver runtimes reaching several hours. This is a major disadvantage of
the MPC controller, as MPC must be solved within the sampling interval in order to provide timely control
actions based on the latest information. When this delay happens the control performance may degrade.

MPC presents a promising control strategy for development teams working on the hyperloop system. This
research is of practical importance for developers of the hyperloop or other concepts of Maglev trains.
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7. Discussion

This study aimed to investigate the effect of MPC on a hyperloop system. The results show that MPC is a
promising control method and could serve as an alternative to the commonly applied PD controller. This
study does not cover all aspects needed for implementation in practice, and those limitations are
discussed in this chapter.

Performance has so far been considered only for the nominal situation under perturbations. During the
operation process of a maglev or Hyperloop vehicle, however, there are multiple sources of disturbance.
In addition, model uncertainty and measurement noise are not considered. The controller should ensure
stability and performance under these scenarios. These uncertainties and disturbances could be modelled
in the simulation model, while the prediction model assumes the nominal dynamics. Track irregularity can
be modelled using existing models, and Gaussian noise can be added into the states. It would be
interesting to investigate the trade-off between robustness and tracking performance.

Furthermore, in these simulations, all states are assumed measurable. In reality, not all states can be
measured directly. A state observer may then be used, and its effect on the closed-loop control
performance should be studied.

Simulations are often performed in combination with experimental validation. In such case, it is important
to check the accuracy of the prediction model used. As this often limits the performance of MPC. Specific
methods can then be used to online update the model and its parameters.

It has been shown in this research that the computation time required to solve the MPC optimization
problem exceed the sample time of the fast EMS dynamics. Therefore, until now, MPC is mainly applied to
slow processes. Several methods exist that significantly improve the computation time. Therefore,
suboptimal methods have been suggested as first way to address it. These methods break the
optimization after a predefined number of iterations or within a selected time limit, regardless of whether
the optimal solution has been found. In this thesis application, as in many other cases, this approach led
to unstable behaviour. Another often mentioned approach is the explicit NMPC, which decreases online
computation effort by solving the control law for all admissible of states and storing it as a lookup table or
piecewise function. This approach requires large memory storage and a significant amount of offline
computation to generate solutions for all possible scenarios.

The present study has provided insight into the relationship between controller parameters and closed-
loop performance. This improved understanding can support a more informed selection of both the tuning
parameters and the optimization method for the type of optimization problem. In particular, the observed
discontinuities in the NMPC cost function appear to contribute to the non-intuitive observation of an
increasing horizon length leading to less optimal performance. Future work could therefore investigate
more global or adaptive tuning approaches, such as genetic algorithms, reinforcement learning based
tuning, or other methods better suited to nonconvex parameter landscapes.

The present work does not include a Laplace domain eigenvalue analysis for the MPC controller, as was
done by Faragau et al. (2023), this is because MPC does not yield an explicit control law but computes a
control input through a discrete time optimization problem. Consequently, the stability and performance
were evaluated through closed-loop simulations for a few scenarios. Future research could extend this
work by establishing a formal stability analysis of the controller.
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