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ABSTRACT
Yaw engineering models are commonly used as add-ons to the industrial blade element momentum (BEM) framework to improve 
load and power predictions by accounting for the skewed wake effect. However, existing yaw engineering models show noticea-
ble limitations in accurately predicting the induced velocity distribution across the blade span. In this study, we employ a genetic 
symbolic regression （SR） approach to develop a new set of yaw engineering models for both the normal and tangential induced 
velocities of a static yawed wind turbine. The model regression is performed using simulation data from Reynolds-averaged 
Navier–Stokes (RANS) simulations with an actuator line model (ALM) of the NREL 5-MW wind turbine, covering a range of yaw 
angles (�) and thrust coefficients (CT) over which the skewed wake effect is dominant. The regressed models are selected based 
on an optimal trade-off between accuracy and complexity, with complexity constrained to remain comparable with Branlard's 
yaw engineering model. The selected models are subsequently verified using three unseen cases that span different operating 
conditions and wind turbine models. Verification is performed through a series of evaluations, including generalization perfor-
mance tests, implementation within the BEM framework to assess their aerodynamic performances, and quantitative errors and 
loading analyses. The results demonstrate that the proposed models improve both the amplitude accuracy and azimuthal phase 
of induced velocities compared with the existing models of Coleman and Branlard, enabling it to accurately capture the phase of 
the peak aerodynamic forces across each annulus and to predict the nonrestoring yaw moment occurring in the inboard region 
of the turbine, which other models fail to reproduce.

1   |   Introduction

Blade element momentum (BEM) theory [1] is widely regarded 
as the most effective approach for balancing computational ef-
ficiency and accuracy in wind turbine simulations, particu-
larly for large-scale industrial applications. This effectiveness 
arises from its foundational assumption of an infinite num-
ber of blades, along with the integration of supplementary 
engineering models that account for complex aerodynamic 
phenomena typically captured only by higher fidelity meth-
ods such as vortex models or computational fluid dynamics 

(CFD). These phenomena include blade root and tip losses, 
high-induction breakdown, dynamic stall, dynamic inflow, 
and skewed wake effects, among others [2, 3]. Yaw engineer-
ing models, in particular, are used to account for the nonuni-
form velocity distribution across the rotor disk caused by the 
skewed wake behind a yawed wind turbine  [4, 5]. When a 
wind turbine operates in yaw, the wake becomes skewed, and 
vortices shed from the blade tips and root follow asymmetric 
trajectories downstream [6, 7]. This results in nonuniform in-
duced velocities across the rotor plane, leading to nonuniform 
aerodynamic loading [8], that the standard BEM framework, 
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which relies on uniform loading assumptions, cannot inher-
ently capture without the inclusion of appropriate engineer-
ing models [1].To date, two primary types of yaw engineering 
models have been developed to account for the skewed wake 
effect: (1) vortex-based models and (2) data-driven models. 
The vortex-based models traces back to 1926, when Glauert 
laid the foundation of autogyro theory and provided a simple 
estimation of the induced velocity for small angles of incidence 
on helicopter rotors [9]. Building on this work, Coleman pro-
posed in 1945 a simplified cylindrical vortex wake model [10] 
representing the wake behind a helicopter rotor to derive a for-
mula for the normal induced velocity on the rotor disk. This 
model has since been adapted for use in wind turbine simu-
lations under yawed conditions, as expressed in Equation (1). 
Unlike classical BEM, which assumes uniform induced veloc-
ity along each radial annulus, Coleman's model applies an an-
alytical nonuniform correction to the disk averaged induced 
velocity Vi  to account for the asymmetric velocity distribution 
over a yawed rotor disk. The model introduces dependencies 
on three key variables: the normalized radial position r∕R, the 
azimuthal angle �, and the skewed wake angle � (the angle 
between the rotor axis and the wake centerline). However, 
Coleman's model is based on the assumptions of an infinite 
tip-speed ratio and constant rotor circulation. Under these 
conditions, the bound vorticity, as well as the longitudinal tip 
vorticity and root vortex strength, approaches zero. Therefore, 
only the tangential trailed tip vortices remain significant and 
are considered in the model. In addition, the model assumes 
an infinite number of blades and a rigid cylindrical wake by 
ignoring the wake expansion. These assumptions limit the 
model's applicability under realistic operating conditions. 

Building on Coleman's model, Øye extended the formulation 
by replacing the linear radial dependency (r∕R) with a polyno-
mial function Fr that accounts for wake expansion, as expressed 
in Equation  (2). The radial variation term Fr was determined 
through a curve-fitting procedure applied to results from a 
vortex ring model  [11]. Within the same cylindrical vortex 
wake framework applied by Coleman, Branlard extended the 
approach by incorporating a more complete set of vortex com-
ponents  [12, 13] and subsequently developed a new yaw engi-
neering model based on this enhanced framework [14]. Unlike 
Coleman's model, which considers only the tangential tip vor-
tex, Branlard's model accounts for both tangential and longitu-
dinal tip vortices, along with bound and root vortices, showing 
improved performance near the blade midspan. By explicitly 
modeling the complete vortex system, Branlard's model elimi-
nates Coleman's restrictive infinite tip-speed ratio assumption 
and also enables the prediction of the tangential induced veloc-
ity, which was previously either neglected  [10] or assumed to 
behave identically to the normal component  [1]. The complete 
formulation of Branlard's model is provided in Appendix A. 
Branlard further systematically evaluated the three remaining 
assumptions underlying the cylindrical vortex wake model [15]. 
First, he investigated the impact of wake distortion using a vor-
tex code by comparing cases with and without wake distortion. 

The results indicate that the yaw engineering model, which re-
lies on the rigid wake assumption, remains valid, as the nondis-
torted wake case captures the dominant azimuthal and radial 
trends, with only minor phase and amplitude deviations relative 
to the distorted-wake case. Nevertheless, because the thrust co-
efficient of the considered cases was not reported, it is not cer-
tain whether this finding extends to higher loading conditions, 
where wake distortion may have a more significant impact. The 
second key assumption is an infinite number of blades and can 
be relaxed by applying Glauert's tip-loss correction. The only 
remaining idealization assumption is the uniform rotor circu-
lation. Under this assumption, both Coleman's and Branlard's 
models exhibit a misprediction in the phase of normal induced 
velocities near the blade midspan [15]. Branlard addressed this 
limitation by demonstrating that using a superposition of con-
centric vortex cylinders, rather than a single cylinder with uni-
form circulation, can improve the phase alignment of induced 
velocities and the resulting aerodynamic forces. While this ap-
proach improves physical fidelity, it also increases the complex-
ity of the BEM framework, as it requires radial discretization of 
vortex cylinders from blade root to tip [16], thereby complicating 
the implementation.

In addition to vortex-based models, data-driven models have 
been developed by fitting high-fidelity numerical and exper-
imental results using traditional mathematical techniques. 
To overcome the limitation of Coleman's model, Schepers de-
veloped a more advanced model based on wind tunnel mea-
surements  [17], explicitly accounting for root vortex effects. 
The experimentally obtained normal induced velocity was ap-
proximated by a second-order Fourier series in the azimuthal 
angle, with the Fourier amplitudes and phases parameterized as 
functions of radial position and yaw angle using a least-squares 
regression approach, as expressed in Equation (3). This model 
was subsequently verified and refined using various wind tur-
bine measurement datasets, achieving a considerable improve-
ment in load prediction. However, a later study demonstrated 
that Schepers' model exhibits phase misalignment over the az-
imuthal direction at the blade tip region when applied to full-
scale wind turbines [18]. This discrepancy may result from the 
model's overprediction of the root vortex because it is based on 
experimental data from a small turbine with a 1.2 m rotor diam-
eter that generates a strong root vortex [19]. As a further devel-
opment, Rahimi applied the same second-order Fourier fitting 
to data from actuator line simulations of three multi-MW class 
wind turbines and introduced tip-speed ratio as an additional 
dependency of the Fourier coefficients which was not covered 
in Schepers' model. The resulting model shows improved accu-
racy, outperforming both the conventional Glauert's model and 
Schepers' model. 

Currently, the most accurate and accessible engineering-level 
yaw modeling approaches, to the best of the authors' knowl-
edge, involve embedding Branlard's model within a super-
position of concentric vortex cylinders, which increases the 
complexity of BEM implementation. On the other hand, in 
Schepers' and Rahimi's data-driven models, the Fourier co-
efficients were obtained separately for each inflow condition 
and radial position and have not been fully released to the 
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public, leaving a gap in the availability of a reliable and user-
friendly engineering model for yawed wind turbine simula-
tions. Meanwhile, further improvements in yaw engineering 
models appear to have reached a bottleneck. From a physics-
based perspective, Branlard's model already incorporates 
comprehensive vortex components and has validated all un-
derlying assumptions. From a data-driven perspective, clas-
sical mathematical fitting is a manual and time-consuming 
process sensitive to the choice of function shapes and can 
easily converge to local optima, thereby posing practical chal-
lenges for model development. To address this challenge, we 
introduce symbolic regression (SR) here as an efficient and au-
tomated methodology for model discovery.

SR is a machine learning technique that aims to discover 
mathematical expressions that best describe a given dataset 
[20–22]. Unlike traditional regression methods that fit param-
eters within a fixed model structure, SR explores a broad space 
of mathematical expressions to identify models that are both 
accurate and interpretable. A distinguishing feature of SR is its 
highly customizable search space: Users can guide the search 
process by imposing constraints through the specification 
of allowed mathematical operators and input variables (fea-
tures), effectively tailoring the model discovery process to the 
problem at hand  [23]. This flexibility enables SR to leverage 
domain knowledge, such as physical constraints or symbolic 
forms, making it well suited for physics-informed modeling, 
which present a novel approach to modeling. SR has gained 
widespread application across various scientific fields [24, 25] 
but remains underutilized in wind energy research. Wang et al. 
employed SR in combination with a double-Gaussian equation 
structure to derive a compact and physically grounded wake 
model with strong predictive performance [26]. Valsaraj et al. 
developed a SR method for wind speed extrapolation that out-
performs traditional power law approaches, enabling accurate 
wind resource assessment using shorter measurement masts 
[27]. Wang et  al.  [28] introduced a SR-enhanced dynamic 
wake meandering (DWM) model that embeds data-derived 
symbolic expressions into the DWM framework to recon-
struct volumetric forcing and boundary conditions. By achiev-
ing equation-level closure through interpretable equations 
extracted from large eddy simulation data, their approach 
significantly improves near-wake physical consistency while 
preserving the computational efficiency. However, SR has not 
yet been applied to the development of yaw engineering mod-
els, and its effectiveness in this context remains unexplored, 
which motivates the present study.

In this study, SR is employed to develop a new set of yaw en-
gineering models for both the normal and tangential induced 
velocities of a static yawed wind turbine. The input features 
used in the SR process are informed by Branlard's model, 
which embeds comprehensive physical insights to ensure 
consistency with first principles while enabling data-driven 
optimization. The model is regressed based on data from 
Reynolds-averaged Navier–Stokes (RANS) simulations cou-
pled with the actuator line model (ALM)  [29] and verified 
using three independent unseen sets. The SR model is sub-
sequently implemented within an in-house BEM framework 
to evaluate model performance, quantify errors, and conduct 
loading analysis, alongside Coleman's and Branlard's models. 

The primary objective of this study is to propose an improved, 
compact, and user-friendly model that can be readily inte-
grated into existing BEM codes. To the authors' knowledge, 
this work represents the first application of SR to the develop-
ment of yaw engineering models.

2   |   Methodology

This section presents the methodologies adopted in the study, 
organized into four subsections. Section 2.1 outlines the simu-
lation setup, training datasets, coordinate convention, and ex-
traction of induced velocity from ALM simulations. Section 2.2 
introduces the SR algorithm, including the selection of features 
and target variables, the operators applied, and the constraints 
imposed during model regression. Section  2.3 describes the 
model selection procedure, while Section 2.4 details the proce-
dure used to verify the selected model.

2.1   |   CFD Simulation Setup

To generate input data for SR, a series of simulations has been 
carried out on a standalone, three-bladed horizontal-axis wind 
turbine subjected to a range of yaw misalignment angles, en-
compassing both positive and negative values. In the present 
study, the wind turbine is represented using the ALM, which 
introduces certain simplifications compared with fully blade-
resolved simulations or real turbine systems as indicated by 
Rahimi et al. [18]. While the ALM approach captures the main 
rotor aerodynamic effects, some detailed blade–flow interac-
tions may not be fully resolved. As a result, slight differences 
may arise compared with more complex simulations or experi-
mental measurements. Nevertheless, the ALM method is widely 
adopted in wind turbine studies due to its good balance between 
computational efficiency and physical accuracy. This study em-
ploys the NREL 5-MW reference turbine (Jonkman et al. [30]) 
as the rotor model, owing to its extensive validation and wide-
spread use in the literature [31, 32]. Key specifications include 
a rotor diameter of D = 126 m, a below-rated wind speed of 
V∞ = 8. 0 m/s, and a tip-speed ratio of � = 7. 55. Unless otherwise 
stated, all simulations are conducted under this condition. To 
isolate the aerodynamic effects of yaw misalignment, the model 
excludes structural and environmental complexities such as 
tower effects, tilt, coning, ground interaction, wind shear, con-
trol systems, inflow turbulence, and aeroelastic behavior.

The simulations are performed using the open-source CFD 
framework OpenFOAM v2306 (OpenCFD Ltd. [33]), together 
with turbinesFoam, an ALM module originally developed 
by Bachant et al.  [34]. The flow is treated as incompressible 
and Newtonian, with constant density � = 1. 225 kg∕m3 and 
kinematic viscosity � = 1. 5× 10− 5 m2∕s. Thermal effects and 
Coriolis accelerations are neglected to focus on the funda-
mental flow mechanisms. The governing equations are solved 
using the RANS framework, with turbulence closure pro-
vided by the shear stress transport (SST) variant of the k–� 
model [35], selected for its demonstrated reliability and robust-
ness in wind energy research  [36, 37]. Second-order central 
differencing is used for spatial discretization, while temporal 
integration is performed using a blended Crank–Nicolson 
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scheme [38] with a weighting factor of 0.9, providing a balance 
between numerical stability and second-order temporal accu-
racy. Pressure-velocity coupling is handled using the PIMPLE 
algorithm  [33], which combines PISO  [39] and SIMPLE  [40] 
algorithms to maintain stability and facilitate convergence in 
unsteady RANS simulations. The computational domain has a 
uniform inflow velocity at the inlet, a zero-gradient condition 
at the outlet, and slip boundary conditions along the lateral, 
top, and bottom surfaces.

Turbulent inflow conditions are imposed using the divergence-
free synthetic eddy method (DFSEM) [41]. This method gener-
ates synthetic turbulence with prescribed properties, such as 
turbulence intensity, length scales, and anisotropy, enabling 
realistic turbulent inflow conditions to be introduced into 
the computational domain. Compared with precursor simu-
lation approaches, DFSEM significantly reduces the compu-
tational cost while still providing representative turbulence 
structures at the inlet. To generate a nearly laminar inflow 
condition while avoiding numerical divergence, the inflow 
turbulence intensity is set close to zero to mimic idealized 
conditions [42]. The turbulent kinetic energy at inlet is spec-
ified as k = 2× 10− 4 m2∕s2, corresponding to a turbulence in-
tensity of 

where V∞ is the free-stream flow velocity. The turbulence-
specific dissipation rate at inlet is set to � = 2× 10− 4 s− 1, based 
on the relation 

with C
�
= 0. 09 as an empirical constant and L denoting the ref-

erence length scale. These settings are chosen to provide a clean 
and controlled inflow environment, allowing for the investiga-
tion of fundamental aerodynamic behaviors without the influ-
ence of upstream disturbances.

The computational domain in this study is based on the configu-
ration presented by Li et al. [43] and has been validated through a 
grid independence test; therefore, it is not reproduced. A Cartesian 
coordinate system is adopted, where the x axis aligns with the in-
flow direction, the y axis extends horizontally perpendicular to the 
flow, and the z axis points vertically upward as shown in Figure 1. 
The computational domain measures 12. 5D in the streamwise di-
rection and 5D in both the lateral and vertical directions, resulting 
in overall dimensions of 12. 5D× 5D× 5D. Figure 1 displays cross-
sectional views of the computational mesh at x∕D = 0 (left) and 
y∕D = 0 (right), illustrating the hierarchical mesh refinement strat-
egy. The term “Level” indicates the refinement tier, with Level 4 
corresponding to a finest grid resolution of Δ = D∕80, which is 
comparable with the actuator point spacing [44]. Each decrement 
in refinement level doubles the local grid spacing, and the result-
ing computational mesh consists of approximately 10.48 million 
cells. The turbine rotor is centered at the origin and rotates clock-
wise when viewed from upstream. For simulations of the NREL 
5-MW turbine operating at below-rated conditions, each full rotor 
revolution is discretized into 360 time steps, yielding a temporal 
resolution of Δt = 0. 0182 s. This setup ensures that the rotor tip 
advances less than one grid cell per time step, typically staying 
below 0. 7Δ, which provides adequate temporal resolution [44].
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√
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cl(�)êL + cd(�)êD
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−
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FIGURE 1    |    Mesh layout used for ALM simulations of the NREL 5-MW turbine with the turbine position marked in red. Left: Front view (at 
x∕D = 0) showing concentric refinement zones centered on the rotor disk. Right: Side view (at y∕D = 0) illustrating vertical grid refinement and the 
extent of the high-resolution region, which spans 1. 44D in height at the finest mesh and spans 2D and 3D for the two coarser levels, respectively. Four 
levels of grid refinement are applied, with each level doubling the grid spacing relative to the previous one.
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In the ALM, each turbine blade is represented by 40 evenly dis-
tributed points along the spanwise direction. To capture the in-
fluence of the hub region, an additional point is positioned at the 
rotor center and modeled as a bluff body [45]. This central ele-
ment applies a drag force characterized by a coefficient Cd = 0. 3, 
with the reference area taken as �r2

hub
, where rhub = 1. 5 m de-

notes the hub radius  [43]. Aerodynamic forces acting on the 
actuator points are evaluated using BEM theory [1], where the 
local lift (L) and drag (D) components are computed based on the 
local relative velocities (Vrel) and pretabulated airfoil data. These 
force vectors f  are then smoothly projected onto the background 
mesh via a Gaussian kernel function �

�
 [29], following the for-

mulation in Equations  (6–9). This regularization ensures nu-
merical stability and maintains physical consistency by avoiding 
force discontinuities in the flow field. The equations involve the 
rotor radius R, the radial distance r along the spanwise direction 
of the blade, the local chord length c, the blade twist angle �, and 
the number of blades B. To smoothly reduce aerodynamic loads 
near the blade root and tip, a tip-loss correction factor ftip based 
on the Glauert model is applied [46]. Following established ALM 
practices [47, 48], the smoothing parameter � in the regulariza-
tion kernel is assigned a value equal to twice the local mesh size 
near the rotor, corresponding to 2Δ at Level 4 (see Figure 1).

Based on the setup described above, and to improve the gener-
alization capability of the models developed in this study, addi-
tional turbine operating states with varying thrust coefficients 
(CT) are considered by intentionally pitching the blades. In total, 
three pitch settings of −2°, 0°, and 2° are simulated at the same 
inflow velocity and tip-speed ratio as summarized in Table  1. 
The resulting rotor-averaged CT values are shown in Figure 2, 
ranging from 0.65 to 0.86 for the nonyawed case. Because the 
skewed wake effect becomes negligible at low tip-speed ratios 
due to the increasing influence of the advancing and retreating 
effect  [17], above-rated wind speeds are not considered in this 
study. Therefore, this CT range is deemed sufficient to represent 
CT variation of typical turbines operating near the optimal tip-
speed ratio [49, 50], prior to the onset of active blade pitching. 
The Ct at each blade element is computed as 

where � is the yaw angle and A is the rotor swept aera. For 
each training (Tr) case in Table 1, a total of seven simulations 
are performed with yaw angles ranging from −30° to +30° in 
10° increments. In each simulation, the last 20 revolutions are 
used and averaged over all azimuthal positions swept by a single 
blade during one full revolution [43]. Each simulation produces 
velocity fields for 40 blade elements at 360 azimuthal positions, 
resulting in 100,800 velocity data points across all simulations 
for each case.

For clarity, the coordinate convention is defined here and consis-
tently applied throughout this paper. Following the right-hand 
rule, the yaw angle is defined as positive for counterclockwise ro-
tation when viewed from above (see Figure 3, left) and negative 
for clockwise rotation. Because the wind turbine rotates clock-
wise in the simulations (viewed from upstream), the azimuthal 
angle � is defined as positive in the clockwise direction, with 
� = 0° corresponding to the blade pointing vertically upward 
(see Figure  3, right). For the rotor plane, the local coordinate 
system (x′, y′, z′) is defined to coincide with the computational 
domain coordinate system when the turbine is not yawed, with 
the normal direction (x′ axis) aligned with the streamwise flow. 
When the blade is at the 12 o'clock position, the tangential di-
rection (y′ axis) along the blade points leftward opposite to the 
rotating direction, and the radial direction (z′ axis) extends out-
ward from the hub along the blade span. The rotor plane coordi-
nate system rotates following the yaw angle convention shown 
in Figure 3.

The velocity at each actuator line element is sampled using the 
line-average method as recommended [51]. The axial and tan-
gential velocities Vn,Vt at each element are then computed and 
transformed into the corresponding induced velocities Vni,Vti, 
which serve as the input for SR. Figure 4 illustrates the veloc-
ity triangle for a blade element (actuator line point) on a pos-
itive yawed wind turbine, where x, y and x′, y′ correspond to 
the computational domain and airfoil-local coordinates, respec-
tively. Note that for a yawed rotor, the inflow does not impinge 
on the rotor plane perpendicularly. This reduces the effective 
normal velocity component from the free-stream velocity V∞ 
to V∞ cos � and introduces an additional tangential component 
V∞ sin � cos �, resulting in azimuthally varying in-plane velocity 

(10)Ct =
T

1

2
�(V∞ cos �)2A

FIGURE 2    |    Variation of rotor-averaged thrust coefficient (CT) with 
yaw angle for different blade pitch settings (−2°, 0°, and 2°) at the inflow 
velocity of V∞ = 8. 0 m∕s and the tip-speed ratio of � = 7. 55.

TABLE 1    |    Wind turbine operating parameters of the training (Tr) cases used for SR.

Case Turbine model Wind speed (m/s) Tip-speed ratio (-) Yaw angle (°) Pitch (°)

Tr.1 NREL-5 MW 8.0 7.55 ± 30, Δ10 0

Tr.2 NREL-5 MW 8.0 7.55 ± 30, Δ10 2

Tr.3 NREL-5 MW 8.0 7.55 ± 30, Δ10 −2
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6 of 24 Wind Energy, 2026

and, consequently, a varying angle of attack (�), commonly re-
ferred to as the advancing and retreating effect [7]. The normal 
and tangential induced velocity Vni and Vti are then computed as 
follows. Verification of the induced velocities and aerodynamic 
forces obtained from the ALM setup is provided in Appendix B. 

2.2   |   Symbolic Regression
In this study, the open-source package PySR [23] is used to per-
form SR and fit analytical expressions for the nonuniform in-
duced velocity of a static yawed wind turbine. PySR is chosen 
as it was specifically developed for scientific discovery, offering 
advantages such as generating interpretable equations, efficient 
equation search through just-in-time compilation, and high 
customizability with support for user-defined operators, loss 
functions, and constraints to guide the search toward physically 
meaningful solutions. A detailed explanation of the analytical 
expression fitting procedure is provided below. Unless other-
wise specified, the setups for the normal and tangential induced 
velocities are treated identically in the subsequent regression.

The first step is to identify the features used in the final SR model 
(i.e., the input variables X , as opposed to the target variable Y ). 
PySR's flexible customization capabilities allows arbitrary fea-
tures to be defined, enabling the integration of physical insights 
directly into the regression process. The selection of features 
is informed by observations from Branlard's model  [15] (see 
Appendix A), which, as discussed in Section 1, incorporates the 
full vortex system to capture the main physical features. Based 
on this understanding, eight key features are selected, which are 
expected to be the most relevant to the target model: 

where r̃ = r∕R is the radial position normalized by the rotor ra-
dius. Yaw angle (�) is used, following the convention adopted in 
Schepers' model  [17]. Features such as sin 2�, which arises from 
the longitudinal tip vortex, are excluded to simplify the regression, 
as Branlard [14] pointed out that the influence of longitudinal tip 
vorticity is relatively minor compared with tangential tip and root 
vortices when the tip-speed ratio is substantially larger than one. 
The annulus-averaged Ct  is included as a feature to represent the 
operating condition of the turbine and to capture the radial varia-
tion of the induced velocity. To prevent the occurrence of unphys-
ical expressions during the regression, the azimuthal (�) and yaw 
(�) angles are not directly included as features, and trigonometric 
operators are not used directly either. Such usage may lead to ex-
pressions like sin (r∕R), which are not physically interpretable and 
may misguide the search. Instead, precomputed features such as 
sin � are used to maintain consistency of physical units, with all 
features being dimensionless. The new yaw engineering models 
adopt the structure of classical Coleman's model, and the induced 
velocity is normalized by the azimuthally averaged induced veloc-
ity at each annulus. This formulation allows BEM implementation 
with independent annuli, as in Rahimi's work [19]. Accordingly, 
the regression target (Y) is defined as the induced velocity de-
scribed in Section 2.1, normalized by the annulus-averaged value. 
This normalization results in a dimensionless target variable, 
thereby satisfying the requirement of dimensional consistency. 
The following operator set is employed in the regression: 

To further guide the search and reduce redundancy in the 
expressions, several constraints are imposed. The operators 

(11)Vn = Vx cos � + Vy sin � , Vni = V∞ cos � −Vn,

(12)

Vt = (Vx sin � −Vy cos �) cos � −Vz sin �, Vti = Vt −V∞ sin � cos � −Ωr.

X ∈
{
r̃, Ct , sin �, cos �, tan � , tan (�∕2), sin � , cos �

}

+ , −, ×, ÷, ����, ������, ����

FIGURE 4    |    Velocity triangle for a blade element on a yawed wind 
turbine (𝛾 > 0), illustrating the induced velocity in red and the velocity 
component caused by yaw misalignment in blue when the blade is at 
0° azimuth (vertical position). The local twist angle � includes both the 
blade pretwist and the applied static pitch angle.

FIGURE 3    |    Coordinate conventions for yaw and azimuthal angles. The left panel (top view) illustrates the yaw angle �, defined as positive when 
the rotor yaws to the left, along with the inflow velocity V∞. The right panel (viewed from upstream) illustrates the azimuthal angle �, defined relative 
to the rotor's rotation direction: � = 0° is at the top (12 o'clock) position and increases clockwise, while the rotor rotates in the direction indicated by 
the angular velocity Ω.
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7 of 24Wind Energy, 2026

square, cube, and sqrt are restricted to act only on subex-
pressions with a maximum complexity (Cplx) of 5, while divi-
sion is limited to subexpressions with a maximum Cplx of 15. 
Here, Cplx is defined as the total number of operators, constants, 
and features in an operator or expression. To prevent excessively 
nested exponentials, the sqrt operator may be nested with a 
sqrt or cubeoperator only once, and it cannot be nested in-
side a square, as this effectively reduces to an exponent of 1. 
Similarly, the square operator may be nested within another 
square only once, and the cube operator is limited to one nest-
ing within either a square or another cube.

The default hyperparameters recommended by PySR are em-
ployed, as they have been optimized to provide a good balance 
between accuracy and computational efficiency across diverse 
benchmark problems [52–55]. The maximum allowable model 
Cplx during regression is determined following the guidance 
of Branlard's model [15], which exhibits Cplx levels of approxi-
mately 60–70 for both the normal and tangential induced veloci-
ties. It should be noted that, since the input features in this study 
have been preprocessed, the Cplx reported by SR does not rep-
resent the true model Cplx. Instead, it reflects a baseline that is 
already elevated compared with using the original unprocessed 
variables as features. As a result, the apparent Cplx observed 
during the SR search is lower than the actual Cplx of the final 
expression. Considering this and to avoid overly complex mod-
els, the maximum Cplx is set to 60 in this study, which ensures 
coverage of the range where meaningful expressions are most 
likely to emerge. Finally, SR, as a supervised machine learning 
technique, is applied to fit explicit and dimensionally consistent 
analytical expressions to the normalized induced velocity data 
of yawed wind turbines.

2.3   |   Model Screening and Selection

The SR output from PySR provides a sequence of candidate ex-
pressions with increasing Cplx. To select the most appropriate 
model, a clear and systematic selection criterion is necessary. 
Each candidate is evaluated using two key metrics: the loss and 
Cplx. The loss, defined as the mean squared error (MSE) be-
tween model predictions and training data, quantifies accuracy, 
while Cplx reflects the structural intricacy of each expression, as 
introduced in Section 2.2. The model selection process proceeds 
as follows. All regressed candidate models are plotted with 
respect to model Cplx and logarithmic loss, forming a Pareto 
front [56]. To identify the most favorable trade-off between ac-
curacy and Cplx, the fractional drop ( fd) is computed for each 
model, following the definition in Equation (13) [57]. This quan-
tity reflects the relative gain in model accuracy per unit increase 
in Cplx. It is computed as the difference in logarithmic MSE, 
log (MSEi)− log (MSEi− 1), divided by the corresponding change 
in complexity, Cplxi −Cplxi− 1, between two adjacent models. 

The model corresponding to the maximum fd is selected as an 
initial candidate, as it offers the greatest improvement in accu-
racy relative to added complexity. However, as noted in prior 
work [26], high fd values frequently arise in regions of very low 

Cplx, where the resulting expressions, despite showing steep rel-
ative gains, remain far from accurate and fail to capture the es-
sential physics. These models are often underfitted and lack the 
capacity to represent the underlying relationships in the train-
ing data. To avoid selecting such inadequate models, a threshold 
set to 1.1 times the minimum loss across all regressed models is 
applied to restrict the candidate pool, ensuring that only models 
satisfying a baseline level of accuracy are considered.

2.4   |   Model Verification Procedure

With the candidate expression obtained from SR, its generaliza-
tion performance is first rigorously evaluated using unseen data. 
Table  2 summarizes all unseen (Ue) cases considered in this 
study. Initially, the SR model is assessed against reference ALM 
results under the same operating conditions as the Tr.1 case in 
Table  1, with intermediate yaw angles � ∈ [− 25◦, 25◦] with a 
resolution of Δ� = 10◦. This evaluation provides a quantitative, 
point-by-point comparison of the SR model predictions with the 
ALM data, measuring its consistency with the reference ALM 
results. Following this verification, the SR model is incorporated 
into an in-house BEM framework to evaluate its aerodynamic 
performance under operating conditions external to the train-
ing data. Two additional, distinct unseen cases are analyzed, as 
detailed in Table  2. The Ue.2 case simulates the rated operat-
ing condition of the NREL 5-MW turbine at V∞ = 11. 4 m∕s and 
� = 7. 0, while the Ue.3 case investigates an entirely unseen tur-
bine configuration, specifically the IEA 15-MW reference tur-
bine [49], operating at V∞ = 9. 0 m∕s and � = 9. 0. For both cases, 
the analysis is restricted to two representative yaw angles (5° 
and 25°) to effectively capture the most significant aerodynamic 
variations. The in-house BEM code employed in this study was 
developed following the methodology and detailed procedures 
described in [1], and its verification is provided in Appendix B.

A comparative analysis is first performed among three yaw en-
gineering models, namely, Coleman's model, Branlard's model, 
and the SR model developed in this study, focusing on the pre-
diction of normal and tangential induced velocities as well as 
the resulting aerodynamic forces. In addition to qualitative 
comparisons, a quantitative evaluation is conducted focusing 
on two key aspects. First, amplitude accuracy is assessed by 
calculating the root-mean-square error (RMSE) between ve-
locities predicted by the BEM approach and those obtained 

(13)f i
d
= −

log (MSEi)− log (MSEi− 1)

Cplxi −Cplxi− 1

TABLE 2    |    Wind turbine operating parameters of the unseen (Ue) 
cases for model verification.

Case
Turbine 

model

Wind 
speed 
(m/s)

Tip-
speed 

ratio (-)
Yaw 

angle (°)
Pitch 

(°)

Ue.1 NREL 
5-MW

8.0 7.55 ± 25, Δ10 0

Ue.2 NREL 
5- MW

11.4 7.0 5, 25 0

Ue.3 IEA 
15- MW

9.0 9.0 5, 25 0
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8 of 24 Wind Energy, 2026

from ALM simulations. Second, a significant drawback of cur-
rent yaw engineering models is the inherent azimuthal phase 
misalignment observed in predicted induced velocities and 
aerodynamic forces, which is particularly pronounced in the 
inboard (below midspan) sections of the blade [18]. To investi-
gate this, a phase alignment analysis is performed. This anal-
ysis uses cross-correlation [58] as the criteria to quantitatively 
evaluate the azimuthal synchronization between BEM predic-
tions and ALM data for each radial annulus.

After completing qualitative and quantitative verification, the 
focus shifts to evaluating the impact of different yaw engineer-
ing models on loading predictions. A loading assessment [59] is 
performed by comparing the annulus-averaged yaw moments 
predicted by the SR model, as well as Coleman's and Branlard's 
models, against ALM results for yaw angles of � = 5° and 25°. 
The yaw moment (Myaw) contributed by an individual actuator 
point is computed as 

OH denotes the overhang, which is 5 m for the NREL 5-MW tur-
bine and 11.35 m for the IEA 15-MW turbine.

3   |   Results and Discussion

This section presents the final regression models for the normal 
and tangential induced velocities, followed by model verification 
and performance analysis. In Section  3.1, the generalization 
performance and the selection process of the SR models are dis-
cussed. Next, in Section 3.2, the selected SR models are imple-
mented within the BEM framework. The SR-improved models 
are compared with those proposed by Coleman and Branlard. 
A subsequent quantitative assessment examines discrepancies 
in amplitude and phase among the models, and a final yaw mo-
ment analysis highlights the practical implications of the pro-
posed approach.

3.1   |   SR-Based Yaw Engineering Model

3.1.1   |   Normal Induced Velocity

Figure 5 shows the Pareto front obtained from the regression of the 
normal induced velocity Vni. Each point on the front corresponds 
to a candidate SR model. The horizontal axis represents the model 

complexity (Cplx), and the vertical axis represents the loss. In this 
study, the loss is defined as the MSE between the model predictions 
and the reference ALM results for all training datasets (Tr.1, Tr.2, 
and Tr.3 in Table 1). The Pareto front thus illustrates the trade-off 
between predictive accuracy and Cplx, providing a basis for select-
ing models that achieve high predictive performance while main-
taining reasonable simplicity [57].

To restrict the pool of potential models, a loss threshold is ap-
plied. Following the practice of Wang et al. [26], the threshold is 
set to 1.1 times the minimum loss observed in Figure 5, which 
occurs for the model with the highest complexity (Cplx = 60). 
The models that fall within this threshold have Cplx between 
49 and 60. Given that the target variable Y  for the SR process 
is the dimensionless induced velocity, normalized by the local 
annulus-averaged induced velocity, the resulting loss does not 
directly quantify the prediction error on a consistent physical 
scale. To verify that the models inside the threshold achieve 
satisfactory accuracy in physical terms, the actual RMSE is 
computed using the absolute induced velocity, that is, YSR ⋅ Vni 
and YALM ⋅ Vni , and then normalized by the total range of the 
normal induced velocity across all training datasets, denoted 
as ΔYALM. This normalized RMSE provides a physically inter-
pretable error measure and confirms that the model selected 
under the 1.1 times minimum-loss threshold retain sufficient 
accuracy. The normalized RMSE is computed as 

where YSR and YALM are the target variable from the SR model 
and ALM simulations, respectively, and N  is the number of 
total data points. The resulting RMSEnorm lies between 1.51% 
to 1.53% relative to ΔYALM, confirming that all models within 
the loss threshold are sufficiently accurate. Within this set 
of models, the one exhibiting the largest fractional drop fd, 
marked by the green dot in Figure 5, is selected as the final 
model. The selected model, given in Equation (16), has a Cplx 
of 52. The Cplx reported here represents the Cplx perceived by 
the regression process, as discussed in Section 2.3, while the 
true Cplx is 75. For comparison, Coleman's model has a Cplx of 
13, and Branlard's model has a Cplx of 65. This demonstrates 
that a reasonable balance between model accuracy and Cplx 

(14)Myaw = fn × r cos (� + �∕2)− ft cos � ×OH

(15)

RMSEnorm(Vni) =
1

ΔVni,ALM

√
1

N

∑N

i=1

[(
Y
(i)
SR

−Y
(i)
ALM

)
Vni,ALM

(i)
]2
,

ΔVni,ALM=max(Vni,ALM) −min(Vni,ALM)

FIGURE 5    |    Variation of logarithmic loss with model Cplx for normal induced velocity Vni. The black curve denotes the Pareto front, with dots 
representing individual models. The region below the loss threshold is highlighted in green, and the selected model is marked prominently.
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9 of 24Wind Energy, 2026

is achieved. The same convention is applied to the subsequent 
model of tangential induced velocity. 

To evaluate the generalization performance of the selected 
model, it is first tested on previously unused datasets corre-
sponding to case Ue.1 in Table 2. The RMSEnorm for each yaw 
angle in case Ue.1 is reported in Table 3. In this context, ΔYALM 
in Equation (15) is replaced by the range of YALM for each specific 
yaw angle rather than the range across all yaw angles. The re-
sults show that for all unseen yaw angles in case Ue.1, the model 

achieves an error below 3%, indicating reliable predictive per-
formance. Moreover, for positive and negative yaw angles of the 
same magnitude, the RMSEnorm is identical, demonstrating that 
the model accurately captures the symmetry between positive 
and negative yaw angles. This symmetry occurs because, under 
uniform inflow, negative yaw angles produce induced velocities 
identical in magnitude to positive yaw angles, differing only in 
phase by 180° at each annulus, as also observed by Bastankhah 
and Porté-Agel [60]. Further verification is therefore performed 
using only positive yaw angles, which are sufficient to capture 
the full behavior across the yaw angle range in this study.

Having established the model's overall predictive performance, 
a more detailed examination of its spatial behavior is now pre-
sented. The contour distributions of the normal induced velocity 
Vni and the corresponding local absolute error of the SR model 
relative to the ALM results for yaw angles � = 5° and � = 25° 
are shown in Figure 6, excluding the root region (r < 0. 2R). It 
should be noted that the SR predictions shown here correspond 
to model outputs using features obtained from ALM (also 
Section 3.1.2). It should be noted that the SR predictions shown 
here, along with those reported in Section 3.1.2, correspond to 
model outputs using features obtained from ALM. All quanti-
ties are normalized by the free-stream velocity. Across the rotor 
plane, the SR model successfully reproduces Vni, reflecting its 
amplitude and phase variations. Near the blade tip, Vni exhibits 
a quasisinusoidal variation, with maxima between � = 90° and 
� = 180° and minima between � = 270° and � = 360°, consistent 

(16)

Vni

Vni
= sin � tan (�∕2)

[
106. 8 r̃

r̃+0. 37+Ct
2
(r̃ − 0. 57)3+ r̃3

]

− cos � tan (�∕2)
(r̃ − 0. 035∕r̃)3+2. 05 ( cos � − r̃)3

cos2 �+cos � sin � Ct+1. 46
+1

TABLE 3    |    RMSEnorm of the SR model relative to reference ALM 
results in predicting the normal induced velocity (Vni) across yaw angles 
(case Ue.1).

� (°) − 25 − 15 − 5 5 15 25

RMSEnorm 
(%)

2.12 1.68 0.93 0.93 1.68 2.12

FIGURE 6    |    Comparison of the normal induced velocity Vni from ALM results and the selected SR model (Cplx = 52) at yaw angles � = 5° and 
� = 25°. Left: Contour distributions of Vni. Right: Local error magnitude distribution of the SR model relative to the ALM results. All contours are 
normalized by the free-stream velocity V∞ and viewed from upstream, with the left side corresponding to the upwind side and the right side to the 
downwind side for positive yaw.
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10 of 24 Wind Energy, 2026

with previous observations [17]. Toward the midspan and blade 
root, the model also captures the phase shift, with the midspan 
maximum shifting to approximately � = 180°–270° and the 
minimum to � = 0°–90° [15]. The absolute error at each actua-
tor point, shown in the right panel of Figure  6, indicates that 
deviations are small compared with the overall variation of Vni. 
For yaw angles of 5° and 25°, the maximum deviation remains 
below 0.1% and 3%, respectively, while Vni varies by up to 35% of 
the free-stream velocity. For clarity, only the results for � = 5° 
and � = 25° are shown. Other yaw angles exhibit similar trends 

and are therefore omitted. The full dataset is available in Sun 
et al. [61]. Overall, these results demonstrate that the SR model 
accurately captures the normal induced velocity across the blade 
span and that the model achieves reliable predictive perfor-
mance while remaining compact and relatively simple.

3.1.2   |   Tangential Induced Velocity

Following the same procedure as for the normal induced ve-
locity Vni, the Pareto front for the tangential induced velocity 
Vti is shown in Figure  7. Applying the same loss threshold as 
in Section 3.1.1 yields a set of candidate models with Cplx rang-
ing from 42 to 60. The normalized error RMSEnorm is computed 
using Equation (17), with the tangential component substituted 
for the normal component. The resulting RMSEnorm values lie 
between 3.36% and 3.54%, indicating that the SR models for Vti 
maintain an acceptably low error level across this range of Cplx. 
The final model is selected based on the optimal fd within the 
loss threshold and is given in Equation  (18). Its reported Cplx 
is 48, representing the Cplx defined internally by the SR algo-
rithm. However, this reported value does not account for the 
additional Cplx introduced by the preprocessed input features, 
such as trigonometric or normalized terms supplied to the algo-
rithm. Accounting for these contributions, the true model Cplx 
rises to 66. For reference, Coleman's analytical model has a Cplx 

of 13, and Branlard's model has a Cplx of 68. These results indi-
cate that the selected SR model maintains a low prediction error 
on the training datasets while keeping a Cplx comparable with 
established yaw engineering models.

Similarly, the generalization performance is evaluated for the 
tangential induced velocity Vti in case Ue.1, and the computed 
RMSEnorm values are presented in Table 4. Across all yaw an-
gles, the RMSEnorm values remain below 5%, indicating that 
the model achieves satisfactory accuracy for Vti. Consistent 
with the trend observed for Vni in Table 3, the RMSEnorm values 
for Vti coincide exactly for positive and negative yaw angles 
of equal magnitude. This agreement reflects the symme-
try previously discussed for Vni, where the induced velocity 
for opposite yaw directions differs only in phase and not in 
magnitude under uniform inflow conditions. Consequently, 
only the positive yaw angles are considered in the subsequent 
verifications.

Figure 8 presents the tangential induced velocity Vti and its as-
sociated error magnitude at each actuator point. The SR model 

(17)

RMSEnorm(Vti) =
1

ΔVti,ALM

√
1

N

∑N

i=1

[(
Y
(i)
SR

−Y
(i)
ALM

)
Vti

(i)
]2
,

ΔVti,ALM=max(Vti,ALM)−min(Vti,ALM)

(18)

Vti

Vti
=
sin �

1. 74
[

2. 67( cos �+ r̃ sin �)+
0. 26− 1. 88r̃+ (Ct+0. 24) r̃

3∕0. 10− (0. 23− 2r̃) ( tan (�∕2)+sin �) sin �

Ct − 0. 05 cos �
cos �

]

+1

FIGURE 7    |    Variation of logarithmic loss with model Cplx for tangential induced velocity Vti. The black curve denotes the Pareto front, with dots 
representing individual models. The region below the loss threshold is highlighted in green, and the selected model is marked prominently.

TABLE 4    |    RMSEnorm of the SR model relative to reference ALM 
results in predicting the tangential induced velocity (Vti) across yaw 
angles (case Ue.1).

� (°) − 25 − 15 − 5 5 15 25

RMSEnorm 
(%)

4.87 4.53 3.64 3.64 4.53 4.87
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11 of 24Wind Energy, 2026

reproduces the azimuthal variation of Vti with high accuracy. 
In contrast to Vni, which exhibits a phase shift from blade tip to 
root, Vti maintains a consistent quasicosine variation along the 
span, which is well captured by the model. The local error mag-
nitude remains below 0.3% for � = 5° and 1.5% for � = 25°, while 
the variation of Vti itself reaches up to around 12%, indicating 
that the deviation is acceptably small. These results demonstrate 
that the selected SR model reliably predicts the tangential in-
duced velocity across the rotor plane.

3.2   |   Model Verification in BEM Simulation

3.2.1   |   Induction and Forces

This section evaluates the performance of selected SR mod-
els in Section 3.1 within the BEM framework. Yaw engineer-
ing models proposed by Coleman, Branlard, and the novel 
SR model developed in this study are implemented in BEM, 
and their predictions are compared with ALM numerical 

FIGURE 8    |    Comparison of the tangential induced velocity Vti from ALM results and the selected SR model (Cplx = 48) at yaw angles � = 5° and 
� = 25°. Left: Contour distributions of Vti. Right: Local error magnitude distribution of the SR model relative to the ALM results. All contours are 
normalized by the free-stream velocity V∞ and viewed from upstream, with the left side corresponding to the upwind side and the right side to the 
downwind side for positive yaw.

FIGURE 9    |    Contour plot of the normal induced velocity Vni across the rotor plane for the ALM and BEM simulations using the Coleman, Branlard, 
and SR models at a yaw angle of � = 25° (viewed from upstream).
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12 of 24 Wind Energy, 2026

simulations for case Ue.1 at a yaw angle of � = 25°. The analysis 
focuses on the azimuthal variations of induced velocities and 
the resulting aerodynamic forces along the main blade span. 
Before proceeding with the detailed analysis, it is worth noting 
that the overall amplitudes of both induced velocities and 
forces predicted by the BEM models exhibit a slight offset com-
pared with the ALM simulations. This discrepancy arises from 
inherent differences between the BEM and ALM methodolo-
gies and lies beyond the scope of the present study.

Figure 9 shows the disk contour of the normal induced veloc-
ity distribution, excluding the root region (r < 0. 2R). All mod-
els capture the higher induction on the downwind side near 
the blade tip. Moving inward along the blade span, differences 
among the three models become more pronounced. Coleman's 

model maintains the higher induction on the downwind side 
across the span, but its deviation from the ALM results increases 
toward the blade root, as it fails to capture the phase shift along 
the annulus observed in the ALM data. Branlard's model in-
troduces a modest phase shift below midspan, whereas the SR 
model closely follows the ALM phase, showing only a minor 
amplitude overshoot near the blade root within the azimuthal 
sector 180°–270°.

Figures  10 and 11 provide a more detailed view of the azi-
muthal distributions of normal induced velocity Vni and nor-
mal force fn at eight radial locations along the blade span. In 
the midspan to tip region (r = 0. 6R–0. 9R), while all models 
show similar trends near the blade tip, the SR model shows 
a slight but consistent improvement in phase agreement 

FIGURE 10    |    Azimuthal distributions of normal induced velocity Vni at eight radial positions (r = 0. 2R–0. 9R) for � = 25°. Each subplot represents 
a radial location, with ALM results as reference and overlaid predictions from BEM simulations using the Coleman, Branlard, and SR models for 
comparison.

FIGURE 11    |    Azimuthal distributions of normal forces Fn at eight radial positions (r = 0. 2R–0. 9R) for � = 25°. Each subplot represents a radial 
location, with ALM results as reference and overlaid predictions from BEM simulations using the Coleman, Branlard, and SR models for comparison.
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13 of 24Wind Energy, 2026

compared with the other two models when referenced to the 
ALM results. This improved phase alignment is reflected in 
both the induced velocity and aerodynamic force. The region 
from midspan to root (r = 0. 2R–0. 5R) is of particular inter-
est, as it exhibits the most pronounced discrepancies among 
the three models. Owing to the increasing influence of the 
root vortex [17], a clear phase shift in the induced velocity 
distribution is observed, distinguishing this region from the 
tip region. Consequently, Coleman's model becomes unreli-
able here, as it considers only the sinusoidal variation induced 
by the tip vortex and neglects the effect of the root vortex. 
Branlard's model improves the phase alignment of induced ve-
locity in this region by incorporating the root vortex as shown 
in Figure  10. Nevertheless, a residual phase error persists 
throughout this region. In addition, a significant amplitude 
offset occurs between the 90° and 180° azimuthal angles. This 
amplitude discrepancy is attributed to an overestimation of 
the root vortex contribution under the assumption of uniform 
disk circulation introduced in Section  1, which is consistent 
with the observations reported in Branlard's work [15]. In the 
corresponding force distribution shown in Figure  11, ALM 
data show a maximum force near the 90° azimuthal position 
at radial locations between r = 0. 2R and r = 0. 4R, whereas 
both Coleman's and Branlard's models predict the peak 
around 250°. This phase misalignment of forces directly re-
sults from the misprediction of induced velocity shown in 
Figure 10, where both Coleman's and Branlard's models over-
estimate the induced velocity around � = 250° and under-
estimate it near � = 90°. However, the SR model effectively 
resolves this misalignment. As demonstrated in Figures  10 
and 11, it achieves consistent phase alignment across all ra-
dial positions, correcting the discrepancies observed in earlier 
models, especially between r = 0. 2R and r = 0. 4R. Although 
a slight amplitude underprediction occurs at r = 0. 3R, the SR 
model demonstrates superior overall performance among the 
three yaw engineering models, showing both consistent phase 
alignment and amplitude predictions that match the ALM 
data. Therefore, although all three models perform well at the 
outboard section, the SR model exhibits slightly better phase 
alignment there and demonstrates superior performance to-
ward the inboard section, highlighting its overall reliabil-
ity in predicting the normal induced velocity under yawed 
conditions.

Figures  12–14 compare the tangential induced velocity Vti 
and tangential force ft predicted by the three BEM models 

with the ALM results. Figure 12 shows the contour distribu-
tion of Vti, providing an overall view of the induced velocity 
field, while Figures  13 and 14 present the azimuthal distri-
butions of tangential induced velocity and tangential force 
at the same radial positions analyzed for the normal induced 
velocity. Unlike the normal induced velocity, the tangential 
induced velocity exhibits a quasicosine variation at each an-
nulus with no apparent phase shift along the blade span. The 
contour in Figure 12 indicates that Coleman's model deviates 
significantly from the ALM results, making it unreliable and 
showing that the assumption in the literature [1] that the tan-
gential induced velocity follows the same sinusoidal variation 
as the normal induced velocity is not valid. In contrast, both 
Branlard's model and the SR model reproduce the overall in-
duced velocity distribution observed in the ALM results. The 
azimuthal distributions in Figure  13 show that Branlard's 
model produces amplitudes slightly higher than those of the 
ALM along the blade span, with a noticeable drop near the 
root to midspan at r = 0. 2R–0.4R around � = 90°, likely caused 
by the overestimation of the root vortex, as also observed for 
the normal induced velocity in Figure  10. The SR model, in 
comparison, reproduces the amplitudes more consistently 
with the ALM data, showing smaller deviations throughout 
the span. A trend similar to that observed for the normal 
force is evident in the tangential force distribution shown in 
Figure  14, where all three models show good agreement in 
amplitude and phase from midspan to tip. As the radial po-
sition approaches the root, phase deviations become more ap-
parent in both Coleman's and Branlard's models, which aligns 
with the discrepancies identified in the normal force results. 
It should be noted that the aerodynamic forces result from 
the projection of lift (L) and drag (D) onto the normal and 
tangential directions, and the variation in normal induced 
velocity plays a dominant role in shaping the velocity trian-
gle in Figure 4, which governs the distribution of the forces. 
As a result, although the tangential induced velocity differs 
noticeably among the models, particularly for Coleman's 
model, the tangential force profile remains relatively consis-
tent. Consequently, a similar phase shift in the location of the 
maximum is observed as in the normal force distribution in 
Figure 11. Therefore, we conclude that the SR model for tan-
gential induced velocity demonstrates the most robust perfor-
mance among the three BEM models.

Because the model was both regressed (cases Tr.1, Tr.2, and 
Tr.3) and verified (case Ue.1) using data under the NREL 5-MW 

FIGURE 12    |    Contour plot of the tangential induced velocity Vti across the rotor plane for the ALM and BEM simulations using the Coleman, 
Branlard, and SR models at a yaw angle of � = 25° (viewed from upstream).
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14 of 24 Wind Energy, 2026

below-rated operating conditions (V∞ = 8. 0 m∕s, � = 7. 55), 
its robustness was further evaluated through two additional 
cases: the same wind turbine at rated wind speed (case Ue.2, 
V∞ = 11. 4 m∕s, � = 7. 0) and an independent IEA 15-MW wind 
turbine (case Ue.3, V∞ = 9. 0 m∕s, � = 9. 0), as summarized in 
Table 2. The findings from these additional tests corroborate 
the previous conclusions and are presented in Appendices C 
and D. Overall, the results indicate that the SR model de-
veloped in this study reliably captures the phase, maintains 
reasonable amplitude across the blade span, and consistently 
outperforms both Coleman's and Branlard's models.

3.2.2   |   Quantitative Error Analysis

To further verify the model, a quantitative error analysis based 
on the amplitude and phase differences between the ALM re-
sults and the BEM model predictions is conducted in this sec-
tion. Figure 15 presents the RMSE of the normal and tangential 
induced velocities between the BEM predictions of the three 
models and the ALM results, evaluated over yaw angles from 
− 30° to 30° for the NREL 5-MW turbine in case Ue.1, which is 
used for model training and testing. All RMSE values are nor-
malized by the free-stream velocity in this analysis. Figure 16 

FIGURE 14    |    Azimuthal distributions of tangential forces ft at eight radial positions (r = 0. 2R–0. 9R) for � = 25°. Each subplot represents a radial 
location, with ALM results as reference and overlaid predictions from BEM simulations using the Coleman, Branlard, and SR models for comparison.

FIGURE 13    |    Azimuthal distributions of tangential induced velocity Vti at eight radial positions (r = 0. 2R–0. 9R) for � = 25°. Each subplot rep-
resents a radial location, with ALM results as reference and overlaid predictions from BEM simulations using the Coleman, Branlard, and SR models 
for comparison.
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15 of 24Wind Energy, 2026

summarizes the corresponding normalized RMSE values for the 
three turbine operating conditions at yaw angles of 5° and 25° in 
cases Ue.1, Ue.2, and Ue.3. Although a consistent discrepancy 
exists between BEM and ALM, this discrepancy influences all 
engineering models in a similar manner. Despite this discrep-
ancy, the SR model consistently yields the lowest errors across 
all operating conditions, demonstrating its robustness and gen-
eral applicability.

Figure  17 further examines the phase differences of the in-
duced velocity at each radial annulus, where the x axis denotes 
the normalized radial position and the y axis shows the phase 
difference between BEM and ALM results. These phase dif-
ferences were computed based on cross-correlation analysis 
to accurately quantify the relative shifts between the two sim-
ulations, as introduced in Section 2.4. The shaded band rep-
resents the variation across all yaw angles in each case, while 
the dashed line indicates the mean value. Both the training 

and unseen turbine cases (Tr.1 and Ue.1) across all yaw an-
gles and the two additional unseen cases (Ue.2 and Ue.3) at 5° 
and 25° yaw are considered, consistent with the RMSE anal-
ysis. For the normal induced velocity, all three models show 
good phase agreement near the blade tip, consistent with the 
observations in Section  3.2.1, with the SR model exhibiting 
the least phase difference. Toward the blade root, phase dif-
ferences become more pronounced. Coleman's model exhibits 
the largest misalignment, as it relies solely on a single sinusoi-
dal variation, thereby resulting in a maximum phase shift of 
approximately 175°. Branlard's model improves the prediction 
by accounting for the complete vortex system, reducing the 
maximum deviation to about 125°. The SR model performs 
best, maintaining relatively small phase differences, with 
a maximum shift of only around 20°–40° between 0. 2R and 
0. 6R. For the tangential induced velocity, Coleman's model ex-
hibits substantial discrepancies because it is not applicable in 
this scenario as discussed in section 3.2.1, whereas Branlard's 

FIGURE 15    |    Comparison of Vni and Vti RMSE between three yaw engineering models and ALM results across all yaw angles in case Ue.1. Top: 
Normal induced velocity. Bottom: Tangential induced velocity.

FIGURE 16    |    Comparison of Vni and Vti RMSE between three yaw engineering models and ALM results across three wind turbine operating cases 
for � = 5° and 25°. Cases include Ue.1, Ue.2, and Ue.3.
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16 of 24 Wind Energy, 2026

model and the SR model accurately capture the phase over 
most of the span and remain well aligned overall, except near 
the blade root (r < 0. 2R). These results, supported by both 
qualitative and quantitative assessments across a range of op-
erational conditions and turbine types, demonstrate that the 
SR model proposed in this study provides a robust capability 
for accurate, low-fidelity prediction of induced velocities in 
wind turbines operating under yawed conditions.

3.2.3   |   Yaw Moment Analysis

As discussed in Section 3.2.1, wind turbine yaw misalignment 
introduces a phase shift in the induced velocities and resulting 
aerodynamic forces across the rotor plane, thereby modifying the 
load distribution and potentially exerting a significant influence 
on the resulting yaw moment [59]. In this context, this section 
further examines the impact of different yaw engineering models 

FIGURE 17    |    Comparison of phase differences of normal and tangential induced velocities at each radial annulus between three yaw engineer-
ing models and ALM results across all yaw angles along the blade span. Left: Normal induced velocity. Right: Tangential induced velocity. Shaded 
regions show the full yaw angle variation, with dashed lines denoting mean values.

(a) Ue.1

(b) Ue.2

(c) Ue.3
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17 of 24Wind Energy, 2026

on loading prediction by examining the yaw moment (Myaw), av-
eraged azimuthally at each radial annulus. Figures 18–20 com-
pare the radial distribution of Myaw from ALM simulations with 
BEM predictions from the three yaw engineering models for 
yaw angles of � = 5° and � = 25° across the three unseen cases. 
In the ALM simulations, the rotor generates a beneficial restor-
ing yaw moment above the midspan region (r∕R > 0. 5) that 
tends to realign the turbine with the inflow, whereas below mid-
span, the yaw moment reverses due to the phase shift of peak 
aerodynamic forces, resulting in a nonrestoring yaw moment at 
the inboard section of the rotor [1], as discussed in Section 3.2.1. 

Coleman's and Branlard's models qualitatively capture the re-
storing yaw moment but show increasing deviation from the 
ALM results toward the inboard section of the rotor. Owing to 
the misalignment in the predicted force phase near midspan, 
both models fail to reproduce the reversal in yaw moment di-
rection and instead predict a restoring moment across the entire 
rotor plane. In contrast, the SR model exhibits markedly better 
agreement with the ALM results, capturing both the restoring 
yaw moment above midspan and the opposing nonrestoring yaw 
moment below midspan. Furthermore, it shows improved cor-
respondence with the ALM results in terms of the yaw moment 

FIGURE 18    |    Comparison of annulus-averaged Myaw between three yaw engineering models and ALM results along the blade span. Top and bot-
tom panels correspond to yaw angles of � = 5° and 25°, respectively (case Ue.1).

FIGURE 19    |    Comparison of annulus-averaged Myaw between three yaw engineering models and ALM results along the blade span. Top and bot-
tom panels correspond to yaw angles of � = 5° and 25°, respectively (case Ue.2).
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18 of 24 Wind Energy, 2026

amplitude. Therefore, the SR model provides a more accurate 
representation of the radial yaw moment distribution and is bet-
ter suited for predicting yaw-induced loading on the rotor.

4   |   Conclusions

This study develops a pair of novel yaw engineering models, de-
rived from ALM simulations using SR, to capture the nonunifor-
mity in the normal and tangential induced velocities resulting 
from the skewed wake effect of a static yawed wind turbine. 
The models are trained on ALM simulation data of the NREL 
5-MW turbine, encompassing a range of yaw angles and three 
distinct pitch settings, thereby covering a wide span of thrust 
coefficients (CT) within which the skewed wake effect plays a 
dominant role in determining the local angle of attack and the 
resulting aerodynamic loading. The models are comparatively 
assessed via comparison with existing models (Coleman's and 
Branlard's), using the ALM result as reference. The proposed 
model offers two key advantages. First, the induced velocities 
and loading predicted by the SR model exhibit closer agreement 
with the reference ALM results than Coleman's and Branlard's 
models, with the most notable improvements being its ability 
to capture the phase shift of the aerodynamic force distribu-
tion from blade tip to root. Second, the newly developed model 
strikes a balance between accuracy and model complexity, 
maintaining a reasonable level of complexity that is compact 
and user-friendly for wind turbine simulation applications. 
Several conclusions can be drawn from the results presented.

The SR model consistently outperforms existing yaw engineer-
ing models across the blade span. For the normal induced veloc-
ity, a slight improvement in phase alignment is observed with 
the SR model at the blade tip. Significant discrepancies occur 
between the midspan and blade root due to the increasing influ-
ence of the root vortex. Coleman's and Branlard's models show 

notable deviations in predicting the location of maximum forces, 
whereas the SR model accurately captures both phase and spa-
tial distribution along the blade. For the tangential induced 
velocity, Coleman's model proves unreliable, while Branlard's 
and the SR models show good agreement, with the SR model 
providing a slightly closer match in amplitude. Similar phase 
misalignments are observed in the tangential force distribu-
tions. Quantitative error analysis further demonstrates that the 
SR model consistently exhibits the lowest prediction errors and 
smallest phase discrepancies among the three models for both 
velocity components.

The yaw moment analysis demonstrates that the SR model 
clearly outperforms both Coleman's and Branlard's models in 
predicting the yaw moment distribution along the rotor radius. 
Unlike the Coleman's and Branlard's models, it successfully 
captures the reversal of the yaw moment below the midspan, 
which results from the spanwise phase shift of peak aerody-
namic forces, and exhibits a closer match in amplitude. This 
improvement highlights the SR model's ability to reproduce the 
key physical features of yaw-induced loading and indicates that 
it provides a more reliable and physically consistent representa-
tion of rotor aerodynamics under yawed inflow conditions.

It is important to emphasize that a careful preprocessing for SR, 
including feature selection and operator constraints, is essential 
to ensure the discovery of expressions. In this study, all features 
and the target variable are expressed in dimensionless form to 
preserve physical consistency. Features such as the azimuthal 
angle (�) and yaw angle (�) are transformed using trigonomet-
ric functions as input data to avoid unphysical terms such as 
sin (r∕R), and the use of trigonometric operators is prohibited 
during the regression process. Model selection is guided by the 
Pareto front, balancing accuracy and complexity, while a pre-
defined threshold is applied to constrain the candidate models 
to those achieving a sufficient level of accuracy.

FIGURE 20    |    Comparison of annulus-averaged Myaw between three yaw engineering models and ALM results along the blade span. Top and bot-
tom panels correspond to yaw angles of � = 5° and 25°, respectively (case Ue.3).
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19 of 24Wind Energy, 2026

The new yaw engineering models proposed in this study have 
been regressed over a wide range of yaw angles and thrust co-
efficients, covering typical operating conditions within which 
the skewed wake effect strongly influence rotor aerodynamics. 
Extensive verification across this broad range further demon-
strates the robustness of the model and its ability to accurately 
predict aerodynamic loads for turbines operating under a vari-
ety of conditions within these limits. These results indicate that 
the new set of models provide a reliable framework for capturing 
key aerodynamic behaviors across the full span of commonly 
encountered operating scenarios.

Nomenclature

A	 rotor swept area (m2)

D	 rotor diameter (m)

R	 rotor radius (m)

r	 radial position (m)

r̃	 normalized radial position (-)

V ∞	 free-stream velocity (m/s)

�	 azimuthal angle (°)

�	 yaw angle (°)

�	 inflow angle (°)

�	 twist angle (°)

�	 angle of attack (°)

V rel	 relative velocity (m/s)

Ω	 rotational speed (rpm)

�	 tip-speed ratio (-)

V i	 induced velocity (m/s)

V n	 normal velocity (m/s)

V ni	 normal induced velocity (m/s)

Vni	 annulus-averaged normal induced velocity (m/s)

V t	 tangential velocity (m/s)

V ti	 tangential induced velocity (m/s)

Vti	 annulus-averaged tangential induced velocity (m/s)

F r	 Glauert model's radial dependency (-)

A1, i, A2, i	 Fourier amplitude (-)

�1, �2	 Fourier phase (rad)

CT	 rotor-averaged thrust coefficient (-)

Ct	 local thrust coefficient (-)

Ct 	 annulus-averaged thrust coefficient (-)

f n	 normal force (N/m)

f t	 tangential force (N/m)

Myaw	 annulus-averaged yaw moment (kNm/m)

f d	 fraction drop (-)

Cplx	 model complexity (-)

X	 symbolic regression feature (-)

Y	 symbolic regression target variable (-)

x, y, z	 computational domain coordinates (-)

x′, y′, z′	 rotor plane coordinates (-)
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Appendix A

Branlard's Yaw Engineering Model

Based on a skewed cylinder vortex wake model, Branlard's yaw engi-
neering model is formulated using the Biot–Savart law applied to a com-
plete vortex system. The tangential and normal induced velocities at the 
rotor disk are obtained by evaluating the contributions from each vortex 
element, and the total velocity field (Vni,total and Vti,total) is computed by 
summing these components, as given in Equations (A1–A5). Among the 
vortex contributions, the tangential tip vortex is the most influential, 
followed by the root vortex and the longitudinal tip vortex [15]. 

where t, r, and l  denote the tangential tip, root, and longitudinal tip vor-
tex components, respectively. Note that the induced velocity from the 
bound vortex at the rotor plane is zero and is therefore omitted.

Velocities induced by tangential tip vortex: 

Velocities induced by root vortex: 

Velocities induced by longitudinal tip vortex: 

(A1)Vnit total = Vni,t + Vni,r + Vni,l, Vtit total = Vti,t + Vti,r + Vti,l,

(A2)
Vni,t(r,� ,�) ≈Vni,0

[
1+2Ft(r,�) tan

(
�

2

)
cos�m

]
,

Vti,t(r,� ,�) ≈ − tan
(
�

2

)
sin�m Vn,t ,

(A3)

Vni,r (r, �,�) =
Γr sin � sin�

4�r(1− cos � sin�)
,Vti,r (r, �,�) =

Γr cos�

4�r(1− cos � sin�)

(A4)
Vni,l ≈ − � lFl(r) tan

2
(
�

2

)
sin (2�),

Vti,l ≈uy,0

(
1+Gl(r)−Fl(r) sec

2
(
�

2

))
cos �

(A5)

Gl(r̃) ≈ 0. 1(r̃+7r̃), Fl(r̃)≈ 0. 1(r̃ − 2r̃
3+6r̃5), uy,0(x)

= � l

√
1+ tan2 � − 1

2 tan�
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Appendix B

Code Verification

To verify the in-house BEM code and ALM results (turbinesFoam) used 
in this study, their predictions of normal and tangential induced veloc-
ities (Vni and Vti) and aerodynamic forces ( fn and ft) are compared with 
results from several established numerical tools. The verification fol-
lows benchmark cases from Madsen et al. [63] and includes an actuator 
line model (ALM) [29] and a BEM implementations, HAWC2 [64]. The 

verification uses the NREL 5-MW wind turbine operating in uniform 
axial inflow, with a free-stream velocity of V∞ = 8 m/s at the optimal 
tip-speed ratio of � = 7. 55 [30]. Figure B1 shows the distributions of in-
duced velocities and aerodynamic forces along radial positions. Overall, 
the in-house BEM framework and ALM results from this study shows 
strong agreement with the reference codes, although some differences 
are observed near the blade root and tip, primarily due to the inclusion 
of tip-loss corrections in BEM-based codes, which are absent in certain 
other models [65].

FIGURE B1    |    Radial distributions of normal and tangential induced velocities (top left and right) and corresponding forces (bottom left and right) 
computed by different codes under the operating conditions of case Ue.1 in axial inflow.
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Appendix C

Model Verification for the NREL 5-MW Turbine at 
V∞ = 11 .4 m∕s and � = 7 .0

The SR model is further evaluated under rated wind conditions at 
V∞ = 11. 4 m/s with a tip-speed ratio of � = 7. 0 and a yaw angle of � = 25° 
(case Ue.2). The ALM simulation is performed using the same setup as 

described in Section 2.1. Figures C1 and C2 show the azimuthal distri-
butions of induced velocity and aerodynamic forces from BEM results 
incorporating the three models discussed previously, compared against 
ALM results. The results indicate that similar trends are observed as in the 
below-rated case Ue.1. Above midspan, differences among the models are 
minor, while from midspan toward the root, the SR model more accurately 
captures the phase and better predicts the location of maximum forces.

FIGURE C1    |    Azimuthal distributions of normal induced velocity Vni and normal force fn at three radial positions for � = 25°. Each subplot rep-
resents a radial location, with ALM results as reference and overlaid predictions from BEM simulations using the Coleman, Branlard, and SR models 
for comparison.

FIGURE C2    |    Azimuthal distributions of normal induced velocity Vti and tangential force ft at three radial positions for � = 25°. Each subplot rep-
resents a radial location, with ALM results as reference and overlaid predictions from BEM simulations using the Coleman, Branlard, and SR models 
for comparison.
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Appendix D

Model Verification for the IEA 15-MW Turbine at 
V∞ = 9 .0 m∕s and � = 9. 0

Figures  D1 and D2 illustrate the azimuthal distributions of induced 
velocities and aerodynamic forces for an entirely unseen wind turbine 
model the IEA 15-MW reference turbine. The inflow conditions corre-
spond to V∞ = 9. 0 m∕s and a tip-speed ratio of � = 9. 0 at a yaw angle of 

� = 25° (case Ue.3). The reference ALM simulation utilized here is based 
on the configuration documented in [66] and is not reiterated in detail. 
Consistent with the setup in the current study, this ALM simulation 
excludes complex physical factors such as tower influence, aeroelastic 
effects and blade prebending. It is demonstrably clear that the SR model 
provides superior agreement with the ALM results in terms of both am-
plitude and phase, a performance that is maintained even when applied 
to entirely unseen data and a new turbine configuration.

FIGURE D2    |    Azimuthal distributions of normal induced velocity Vti and tangential force ft at three radial positions for � = 25°. Each subplot 
represents a radial location, with ALM results as reference and overlaid predictions from BEM simulations using the Coleman, Branlard, and SR 
models for comparison.

FIGURE D1    |    Azimuthal distributions of normal induced velocity Vni and normal force fn at three radial positions for � = 25°. Each subplot rep-
resents a radial location, with ALM results as reference and overlaid predictions from BEM simulations using the Coleman, Branlard, and SR models 
for comparison.
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