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Let W be a finitely generated right-angled Coxeter group with group von Neumann

algebra £(W). We prove the following dichotomy: either £(W) is strongly solid or

W contains Z x 5 as a subgroup. This proves in particular strong solidity of £(W)

for all non-hyperbolic Coxeter groups that do not contain Z x F.

© 2024 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

RESUME

Etant donné un groupe de Coxeter & angles droits W et L(W) lalgébre de von
Neumann associée, nous montrons I’alternative suivante : £(W) est fortement solide
ou alors Z xIFy est un sous-groupe de W. En particulier, cela implique que les groupes

de Coxeter non-hyperboliques qui ne contiennent pas Z x Fs ont une algebre de von

Neumann fortement solide.

© 2024 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

In their seminal paper [21] Ozawa and Popa gave a new proof of the fact that the free group factors
L(F,) do not possess a so-called Cartan subalgebra. This result was obtained earlier by Voiculescu [29)
using his free entropy. In fact Ozawa and Popa proved a stronger result: they showed that whenever A is a
diffuse amenable von Neumann subalgebra of M := L(F,,) then the normaliser of A in M (see preliminaries)
generates a von Neumann algebra that is still amenable. The latter property was then called ‘strong solidity’
after Ozawa’s notion of solid von Neumann algebras [20]. Nowadays there are many examples of strongly
solid von Neumann algebras. In particular in [6], and afterwards also [25], it was proved that the group von
Neumann algebra of any hyperbolic icc group is strongly solid.

A (finitely generated) right-angled Coxeter group W with finite generating set I' subject to the relations
that any two generators are either free, or they commute. This can also be described as follows. Let I' be a
simple graph (finite, undirected, no double edges, no self-loops) and also write I" for its vertex set. Then W
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is the finitely presented group with generating set given by the vertices of I' subject to the relations that
w2 =eforallu €T and u,v € I commute if they share an edge, and otherwise they are free. In terms of
graph products [9] this means that W = #pZy where Zs is the group with 2 elements and *r denotes the
graph product over I', with all vertex groups equal to Z-.

It is natural to ask which properties of a graph and its vertex groups are reflected in the graph product
von Neumann algebra. In the extreme case that T’ has no edges this leads to the free factor problem [§],
[26], [4, Paragraph before Definition 2.2] and one may wonder how far a general Coxeter group is away from
this situation. More precisely, our aim is to understand how much of the graph I', and thus commutation
relations, can be recovered from L£(W). Such rigidity questions are relevant for general graph products of
operator algebras [3] and recent rigidity results have been obtained in [2], [19], [17], [15], [16]. In particular
in [15], [16] rather strong rigidity results are obtained in case the graph I" as a particular flower-type shape
and the vertex groups are certain property (T) generalized wreath products. This paper concerns the other
extreme case: the vertex groups are as small as possible and we try to recover some of the structure of I'.

The main result of this paper completes the classification of right-angled Coxeter groups W for which
L(W) is strongly solid. This result completely clarifies [2, Remark 5.6]. Namely we prove the following
dichotomy.

Theorem A. Let W be a finitely generated right-angled Coxeter group. Then one of the following two holds:

(1) W contains Z x Fa as a subgroup.
(2) L(W) is strongly solid.

In fact our main theorem is stronger, see Theorem 4.5, which also shows that Z x Fy must in situation (1)
be located in a special subgroup. It easily follows that if W contains Z x Fy then £(W') cannot be strongly
solid. The difficult part is to show that this is the only obstruction. Our strong solidity result is new in case
W is not hyperbolic and not equal to some free product of amenable Coxeter subgroups. There are many
such Coxeter groups. Indeed, Zs x Zy = D,, where D, is the infinite dihedral group. Then D,, X D, is
not hyperbolic and nor is any W that contains Dy, X D.

Our proof is based on rigidity of amalgamated free products and uses some of the main results of Ioana
[13] and Vaes [28]; in particular we use the three alternatives of [28, Theorem A]. We show that these results
can be exploited in a clean and elegant way to get stronger results by combining multiple amalgamated
free product decompositions at the same time. This requires to have sufficient control over embeddings
of normalizers in graph products and relative amenability with respect to various subgroups; we obtain
such results in Sections 2 and 3. We recommend the reader to look at the proof of the main theorem first
(Theorem 4.4) which contains most conceptual parts of the proof strategy. Then in Sections 2 and 3 we
collect the necessary results on the location of normalizers and we prove a result on relative amenability for
graph products, which is of independent interest.

1. Preliminaries
1.1. Von Neumann algebras, Jones projection, normalizers, strong solidity

Let B(H) denote the bounded operators on a Hilbert space H. The group von Neumann algebra of a
discrete group G is denoted by £(G). Let M be a von Neumann algebra which in this paper is always assumed
to be finite with faithful normal tracial state 7. Let M’ denote the commutant of M. We call M diffuse if M
does not contain minimal non-zero projections. For an inclusion @ C M of finite von Neumann algebras we
write Eqg : M — @ for the normal trace preserving conditional expectation. For a unital inclusion Q € M
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we let eq : L2(M) — L?(M) be the Jones projection which is the orthogonal projection onto L?(Q). Then
the von Neumann algebra generated by M and eq denoted by (M, eq) is called the Jones extension, see [18].
There exists a normal faithful semi-finite operator valued weight [10], [11] Trg from a domain in (M, eq)
to M for which all operators zeqy,z,y € M are in this domain and such that Trg(zeqy) = xy. We then
set the trace Tr = 7 o Tr.

For a von Neumann subalgebra A C M we denote

Norps(A) := {u € M unitary | uAu® = A}

n
qNorS\})(A) ={zxeM|3Ix,...,x, € M,s.t.Ax C Z%A}
i=1

qNor,,(4) == qNorS\if)(A) N (qNorg\if)(A))*

which are called the normalisers, one-sided quasi-normalisers and quasi-normalisers respectively. We remark
that Norys(A) is a group, qNorgvlf)(A) is an algebra and qNor,,(A) is a *-algebra. Furthermore we see that

Norps(A) C gNor,,(A). We have that A and A’ N M are contained in the von Neumann algebra Norps(A)".

Definition 1.1. (Amenability) A von Neumann algebra M C B(H) is called amenable if there exists a
(possibly non-normal) conditional expectation E : B(H) — M, i.e. E is a completely positive map that
restricts to the identity on M.

Definition 1.2 (Strong solidity). A von Neumann algebra M is called strongly solid if for every diffuse
amenable unital von Neumann subalgebra A C M the normalizer Norys(A) generates an amenable von
Neumann algebra.

We remark that amenability passes to von Neumann subalgebras and therefore if M is strongly solid,
then so is every von Neumann subalgebra of M.

1.2. Intertwining-by-bimodules
We recall Popa’s intertwining-by-bimodules theory [22], [23].

Definition 1.3 (Embedding A <p; B). For von Neumann subalgebras A, B C M we will say that a corner of
A embeds in B inside M (denoted A <js B) if one of the following equivalent statements hold:

(1) There exist projections p € A, ¢ € B, a normal x-homomorphism 6 : pAp — ¢Bq and a non-zero partial
isometry v € ¢Mp such that 0(x)v = vz for all x € pAp.
(2) There exists no net of unitaries (u;); in A such that for every ,y € M1p we have that ||E g(zu;y)|2 — 0.

Remark 1.4. In Definition 1.3 (1) the range projection vv* is contained in (pAp)’. We may further assume
without loss of generality that ¢ equals the support of E g(vv*).

1.8. Graphs

Let T be a simple graph (undirected, no double edges, no edges whose startpoint and endpoint are the
same) with vertex set I and edge set ET. Note the mild abuse of notation as we write I' for both the vertex
set as well as the graph, which should not lead to confusion. We will not further use the edge set in our
notation.
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For a non-empty subset S C I' we will denote
Link(S) = {v € T' | v and s share an edge for all s € S} (1.1)

We note that Link(S) = [,cg Link(s). Furthermore, for a vertex v € I' we denote Star(v) = {v} U Link(v).
We will write A C T" and say that A is a subgraph of I" in case the vertex set of A is a subset of the vertex
set of I" and two vertices in A share an edge if and only if they share an edge in I'. In other words, subgraphs
are understood to be complete subgraphs. We remark that our notation Link(S) always stands for the Link
of the set S w.r.t. the large graph I' that is fixed, and not w.r.t. subgraphs of T'.

1.4. Cozeter groups

To every finite simple graph I" we associate a right-angled Coxeter group W := Wr given by the following
presentation:

Wr = (' | v? = e for v € T',vw = wo for v,w € I sharing an edge).

Then Wr is the graph product over I with Zy as each of the vertex groups [9]. For A C T" then W, is a
subgroup of Wr; we call such a subgroup a special subgroup.

We will write Mp := L(Wr). If A C T then My C Mp. Throughout the paper I' will always denote a
fixed graph of which we shall consider various subgraphs and therefore we sometimes write W for Wr. Note
that Wr consists of words with letters in I' which will typically be denoted by boldface letters. For u € W
we denote |u] for the length of u, i.e. the minimal number of letters needed to represent the word. We will
say that a letter a € I" occurs at the start (resp. end) of u € W if |au| < |u] (resp. |ua| < |u]).

We state the following proposition from [3, Theorem 2.15] that shows that graph products can be decom-
posed as amalgamated free products. Note that we only apply this theorem to Coxeter groups and therefore
the proposition can also be verified directly by checking that Wr = Wr, *wy. ., Wr,.

Proposition 1.5 (Decomposition as amalgamated free product). Let T' be a finite simple graph. Fiz v € V
and set Ty = Star(v) and To =T\ {v}. Then

Mr = Mr, Mr

*Mr, ry, 2

1.5. Word combinatorics

We collect some lemmas that give control over translations and conjugates of Coxeter subgroups.

Lemma 1.6 (Proposition 3.4 of [1]). Let 'y C T be a subgraph and let g € Wr. Then there exists T'o C T’y
and h € Wr, such that

Wr, NgWr, g™ ' = hWp,h™!

Lemma 1.7. Let T'y, Ty be subgraphs of T'. Let w € Wr,,u,u’ € W be such that (1) u and u’ do not have
a letter in Ty at the start, (2) u and W' do not have a letter in Ty at the end, (3) u='wu’ € Wr,. Then,
w € Wr,ar,, u=1u’ and u (and thus u’) commutes with w.

Proof. Suppose that w contains a letter b in I'y which is not contained in I', say that we write w = w1bwy
as a reduced expression. We may assume that wy does not end on any letters commuting with b by moving
those letters into wy. Then as u’ does not have letters from I'; at the start we see that wu’ contains the
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letter b; more precisely we may write a reduced expression wu’' = wi;bwsu” where ws is a start of wy

-1

and u” is a tail of u’. Since u~'wu’ is contained in Wr, the letter b cannot occur anymore in its reduced

expression. We have u™!

wu’ = u 'wibwsu” (possibly non-reduced). Now if a letter at the end of u™!
deletes the letter b then this would mean that u has a letter in I'; up front (either b itself or a letter from
w1 ) which is not possible. We conclude that w € W, rp,.

Write u = vu; and u’ = vuj (both reduced) where u;, up € W and where v € W such that v commutes
with w. Moreover we can assume that uj, us, v are chosen such that |v| is maximal over all possible choices.
Now, suppose that uj # e. Let d be a letter at the end of u}. Then d & 'y by assumption on u’ (as d is

! ! 'wu) is not

also at the end of u’). Now u; "wuj = u~'wu’ € Wr,, which implies that d is deleted, i.e. uy
reduced. Thus a letter ¢ at the start of u; must delete a letter at the end of uy 'w. If ¢ deletes a letter
from w then in particular ¢ € T'1 N Ty (as w € Wr,Ar,). However, as u’ does not start with letters from
Iy this implies that |v|] > 1. Now, every letter of v commutes with the letters from w (by assumption on
v). However, not every letter of v commutes with ¢, since ¢ is not at the start of u’. From this we conclude
that ¢ is not a letter of w, a contradiction. We conclude that c¢ is not deleted by a letter from w, and thus
that ¢ must commute with w, and that ¢ deletes a letter at the end of ul_1 i.e. a letter at the start of u;y.
Hence, we can write u; = cuz and uj = cu} (both reduced) for some us,u) € W. But then u = veus and
u’ = veu), and we have that ve commutes with w. This contradicts the maximality of |v|. We conclude that

L Lwu' lies in Wr, by assumption and as w € W, ~r, we obtain that

u) = e. Now as u;'w = u; 'wu) = u~
ufl € Wr,. But u; does not end with a letter from I's by assumption on u (since letters at the end of u;
are also at the end of u). This implies that u; = e. This shows u = v = v’ and that u (= v) commutes

with w. O
2. Embeddings of quasi-normalizers in graph products

The main aim of this section is to prove (2) of Proposition 2.3 below. This gives us control over embeddings
of normalizers and quasi-normalizers in graph product. The proof is essentially a combination of arguments
contained in [27] and [13] with a number of modifications that are particular to graph products.

The following lemma, for n = 1, is stated and proved in [14, Lemma 1.4.5] and occurs in many different
forms in the literature (see for instance [27, Theorem 3.2.2]). For completeness we give the proof for arbitrary
n here.

Lemma 2.1. Let A, By,...,B,,Q C M be von Neumann subalgebras with B; C Q. Assume that A <p; Q
but A Ay B; for any i = 1,...,n. Then there exist projections p € A,q € Q, a partial isometry v € gMp
and a normal *-homomorphism 0 : pAp — qQq such that 6(x)v = va,x € pAp and such that 0(pAp) Ao B
foranyi=1,...,n.

Proof. As A <j; Q we may take p € A, ¢ € ), a partial isometry v € ¢Mp and a normal *-homomorphism
0 : pAp — qQq such that 8(z)v = vz, x € pAp. Without loss of generality we may assume that ¢ equals the
support projection of Eqg(vv*), see Remark 1.4. Now assume that Q1 := 8(pAp) <o B for some B := B;.
Then there exist projections ¢; € Q1,7 € B, a partial isometry w € rQq; and a normal *-homomorphism
v : 1Qq1 — rBr such that p(x)w = wz for all z € ¢1Qq;. Using [7, 1.4.4, Corollary], it follows that we can
obtain a projection p; € pAp such that 6(p1) = ¢1. Then the composition ¢ o 6 yields a *-homomorphism
p1Ap1 — rBr and we have p(6(z))wv = wh(x)v = wvx. Let wv = uwv| be the polar decomposition of wv
and let |wv|~! be the operator that acts as [wv|~! on ker(wv)* and which has ker(wv) as its kernel. Then
0(0(z))u = ¢(0(z))wvwv| ™! = woz|wv| ™! = wolwv| "1z = ux for all € pyAp; as |wv| € p; Ap). Finally
we claim that wv, and therefore u, is non-zero. Indeed, if wv would be 0 then wEq(vv*) = Eg(wvv*) =0
which implies that w is zero as we assumed that the support of Eg(vv*) equals ¢, contradiction. This
concludes the proof. O
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To proceed we recall the following lemma giving control over quasi-normalizers.

Lemma 2.2 (Lemma 2.7 of [5] and [23]). Let G1 C G be countable groups and let P C L(G1). Assume that
P 4ccy L(G1NgGig™) for all g € G\ Gy1. Then if x € L(G) satisfies P = Y| L(G1)z; for some
T1,...,Tn € L(G) then we obtain x1p € L(G1).

The following proposition concerns a result that is well-known for amalgamated free products, see [14,
Theorem 1.2.1], of which we obtain the analogue for graph products. Our result also generalizes some recent
results in the literature [15, Lemma 2.9].

The second statement of the following proposition should also be compared to [13, Lemma 9.4]. In the
present paper the inclusion My C Mr is usually not mixing, but for graph products we still have enough
control over the (quasi-)normalizers of subalgebras.

Proposition 2.3. Let A be a subgraph of T' and set M = Mrp. Let A C M be a von Neumann subalgebra and
let P = Norp(A)”. Let r € PN P’ be a projection. The following statements hold true.

(1) If AC My and A A, My for all strict subgraphs A C A then qNorp(A)1a C MauLink(a)-
(2) If rA <nr My and rA Ay My for all strict subgraphs A C A then rP <nr MaULink(A)-

Proof. (1) Under the isomorphism Maurinka) =~ Ma ® Myink(a) the inclusion A © My C Mayrink(a)
becomes A®1 C MA® Myink(a)- As A Any, Mf\l for any strict subgraph A; C A it follows from Definition 1.3
(2) that

A1 7QMA®MLsnk(A) M/Nh ® M/~\2

for any strict subgraph A; of A and any (non-strict) subgraph A of Link(A).
We now aim to apply Lemma 2.2 applied to G = W, G; = Wixyrinka) and P = A. Take g €
WAWaULink(a)- By Lemma 1.6 we see that

WaoLink(a) N 8WauLink)8 " = hWizh™! (2.1)

for some h € WAuLmk(A and A C AU Link(A).

We claim that A does not contain A. Indeed, if we would have A C A then (2.1) implies that Waupink(a) N
gWaLimk)8™ " 2 hiWWah™! = Wy, That is gWaurink)8 ' 2 Wa. We may write g = g18283 with
g1 € Wa, g3 € Waurink(a) and gz having no letters from A at the start and no letters from A U Link(A) at
the end. Then ggWAuLink(A)ggl 2 Wy and then Lemma 1.7 implies that g2 € WyinkAuLink(A)) € Wihink(a)-
It follows that g € Wxurink(a), contradiction. It follows that A does not contain A.

If A <Myopmeay MauLinka) N gMAuLink(A)g_17 then it follows that A <, 1) hMXh_l7 equiva-
lently A <nr, sy M5- This is excluded by assumption and the previous paragraphs. So A A, i,
MaULink(a) N gMAuLink(A)g_l and the assumptions of Lemma 2.2 are satisfied. That lemma concludes that
aNor(A)1a C© MayrLink(a)-

(2) We start by observing that r is in particular central in A which we will use a number of times in
the proof. The assumptions imply by Lemma 2.1 that there exist projections p € rA,q € M, a non-zero
partial isometry v € ¢Mp and a normal *-homomorphism 6 : pAp — gMaq such that 8(x)v = va for all
x € pAp and such that moreover 0(pAp) A, My for any strict subgraph A of A. From (1) we see that
aNor/ (6(pAp))0(p) € MauLink(a)-

Now take u € Norps(A). We follow the proof of [23, Lemma 3.5] or [13, Lemma 9.4]. Take z € A a central

projection such that z = 7", v;v} with v; € A partial isometries such that vjv; < p. Then

j=1
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pzupz(pAp) C pzuA = pzAu = pAzu C Z(pAvj)v}‘u c Z(pAp)v}‘u,
j=1 j=1

and similarly (pAp)pzupz C 2;21 uv;j(pAp). We conclude that pzupz € qNor,,, (pAp).

Now if = € qNor,, s, (pAp) then by direct verification we see that vzv* € qNor,y, (0(pAp))0(p). It follows
that vpzupzv*, with u € Norp/(A) as before, is contained in qNor, ., (6(pAp))f(p) which was contained
in MauLink(a) by the first paragraph of the proof of (2). We may take the projections z to approximate
the central support of p and therefore vuv* = vpupv* € Myyrink(a)- Hence vNorpy(A)"v* © MuLink(a)-
Set p1 = v*v € pA’p. Note that p; < p < r. As both A and A’ are contained in Norys(A)” we find that
p1 € Norp(A)” (as p € A). So we have the x-homomorphism p : p; Norp (4)”"p1 = pirNorpy(A)'pr —
Mauvinka) @ @ — vzv* with v € ¢Mp; and clearly p(x)v = vz. We conclude that r Nor (A4)” <
MauLinka)- O

3. Relative amenability

We start with introducing the notion of relative amenability. Let M be a finite von Neumann algebra with
faithful tracial state 7 and let @, P C M be von Neumann subalgebras and assume the inclusion Q) C M is
unital. Let

Tg : L'((M,eq), Tr) — L*(M, 1),

be the unique map defined through 7(Tg(y)x) = Tr(yz) for all y € L'((M,eq), Tr),xz € M. Then Ty is
the predual of the inclusion map M C (M, eq) and thus is contractive and preserves positivity. For the
following definition of relative amenability we refer to [24, Proposition 2.4].

Definition 3.1. We say that P is amenable relative to @) inside M if there exists a P-central positive functional
on 1p(M,eq)1p that restricts to the trace 7 on 1pM1p.

Remark 3.2. Assume the inclusion P C M is not unital. Let p = 1;; — 1p. Set P= P & Cp which is a unital
subalgebra of M. We claim: P is amenable relative to @ inside M if and only if P is amenable relative to
Q@ inside M. Indeed, for the if part, choose a P-central positive functional Q on (M, eq) that restricts to 7
on M. Set € to be the restriction of Q to 1 p(M,eq)1p which then clearly witnesses relative amenability
of P. For the only if part, let 2 be a P-central positive functional on 1p(M,eq)1p that restricts to 7 on
1pM1p then we set Q(z) = Q(pap) + 7((1 — p)z(1 — p)) for any positive functional 7 extending 7 from
(1 —p)M(1 —p) to (1 — p)(M, eq)(1 — p). Clearly Q witnesses the relative amenability of P.

Proposition 3.3 (Proposition 2.4 of [24]). Assume P,QQ C M are unital von Neumann subalgebras. Then P
is amenable relative to Q inside M if and only if there exists a net (&;); € L*((M,eq), Tr)" such that:

(1) 0 <Tq(&F) <1 for all j and lim; || To(£3) — 11 = 0;
(2) For all y € P we have lim; ||y&; — &;y||2 = 0.

The aim of this section is to prove Theorem 3.7 for which we need a number of auxiliary lemmas. Before
we state the following lemma, we recall that we identify the vertices of the graph I' with the generators
of the vertex groups. Recall further that for A C I" we set Link(A) = (1, Link(v). Then for v € W we
let Link(v) = Link(Ay) where A is the set of all letters that occur in v. Alternatively, Link(v) can be
described as the set of all w € T\ A such that wv = vw.
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Lemma 3.4. Let I'1,T's be subgraphs of I'. Let v,u € W and write v = v;v.v,.,u = wu.u, where v;,u; €
Wr,, vy, u, € Wr, and v, u. has no letters from I'y at the start and no letters from I'y at the end. Then,
forx e M,

* * : _
)‘VTEMrl NMr,NMLink(ue) ()‘le)‘uz))‘ur Zf Uce = Vg,

E VE u) =
Mr, ()‘v Mrp, (.13))\ ) { 0 otherwise.

Proof. We have

Ene, AWEr, (2)Aa) = AL Enre, (A, Eare, AV, 220) Au, ) A, - (3.1)

In case u. # v, Lemma 1.7 shows that Epp., (Ay, Eas, (- )Au,) is the zero map. In case u. = v, Lemma 1.7
shows that

]EMF2 (ATICEMFI ( : ))‘uc) = ]EMF2 ()‘frcEMrl ﬂJWFZOMLink(uC)< ’ ))‘uc)'

- ]EMr‘lmMr‘zmMLink(uc)( ’ )

So continuing (3.1) we get

]EMr2 (AT/EMrl (I))‘u) = 5UC,VCAT/T]EMF1 NMr, MMLink(ue) (AfrlIAuz)Aurv
which is the desired equality. O

Remark 3.5. In Lemma 3.4 in the decomposition v = v;v.v, the word v. is unique and therefore the
statement of the lemma is well-defined. Note that v; and v, may not be unique. The same holds for u.

Let M,Q, N be tracial von Neumann algebras and let y; Hg and g Ky be bimodules. Recall that a vector
& € H is called right Q-bounded if there exists C > 0 s.t. [|Ey|| < CJy|| for all y € Q. For a right @-bounded
vector £ € H we define L(¢) € B(L*(Q,7),H) as L(§)x = &x where x € Q. Then, for right Q-bounded
vectors &, € H we have that L(n)*L(£) € Q. We denote by Hy C H the subspace of all right Q-bounded
vectors. We equip the algebraic tensor product Hy ® K with the (possibly degenerate) inner product

(&1 @M, & @ M) Howgk = (L(§2) " L(&)m,m2) k- (3.2)

The Connes tensor product H ®¢g K is the Hilbert space obtained from Hy ®,1; K by quotienting out the
degenerate part and taking a completion. The Hilbert space H ®¢g K is a M-N bimodule with the action

- (E@qn) -y = (25) ®q (ny).

Remark 3.6. We calculate the operator L(&2)* L(&;) for certain bimodules and vectors &1, &> € Hy. Let (M, 1)
be a tracial von Neumann algebra and let P, C M be von Neumann subalgebras with @ unital. Consider
the bimodule pL?(M,T)q. Let 2,y € M. Then z,y are right Q-bounded and thus L(z), L(y) : L*(Q,7) —
L?(M, 1) are well-defined. We calculate L(z)*L(y). For q1,q2 € L*(Q,T) we have

(L(x)*L(y)q1, q2) = (yq1, 2q2) = 7(g52"yq1) = 7(g3Eq(z*y)q1) = (Eq(z*y)q1, ¢2). (3.3)

Thus L(z)*L(y) = Eq(z*y).
Let R C M be a unital von Neumann subalgebra and let N = (M, eg), where ep denotes the Jones
projection of the inclusion R C M. We consider the bimodule pL?(N, Tr)q. For z,2’,y,y’ € M we have that
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xery and x’ery’ are right Q-bounded vectors as they are elements in N. We calculate L(zery)*L(z’ery’).
For ¢1,q2 € QQ we have,

(L(zery)*L(z'ery’)q1, g2) = (¥'ery' q1, veryqa)
= Tr(g3y" erz™z'ery'q1)
= Tr(g3y" Er(z"2")ery'q1)
=7(gy"Er(z"2")y'q1)
=7(Eq(g3y " Er(z"2")y'q1))
=7(6EQ(y" Er(z"2")y )q1)
= (EQ(y"Er(z"2")y )a1, g2)-

Thus we obtain L(zery)*L(z’ery’) = Eq(y*Er(z*z")y’).

The proof of the following theorem follows [24, Proposition 2.7] but in our case the subalgebras are not
regular.

Theorem 3.7. Let Iy, Ty be subgraphs of T'. Suppose that P C M := My = L(W) is a von Neumann algebra
that is amenable relative to Q; := My, = L(Wr,) inside M for i = 1,2. Then P is amenable relative to
Q1NQy = MFlﬁFg inside M.

Proof. By Remark 3.2 we may assume without loss of generality that the inclusion P C M is unital and
use the characterisation of relative amenability given by Proposition 3.3.

As before, let T; = Tg, : L' ((M,eq,)) — L*(M) be the contraction determined by 7(7;(S)z) = Tr;(Sz)
for S € L'({(M,eq,)) and = € M. Since P is amenable relative to Q;, Proposition 3.3 implies the existence
of nets (u%); in L?((M, eq,))" satisfying

0<Ti((n)) <1, ITi((u)?) =1 = 0, lyu) — wiyll2 = 0, forall y € P, (3.4)
where the limits are taken over j. Consider the M-M bimodule
H = L*((M,eq,)) ®um L*((M, eq,))-

Claim: As in [24] we claim that tensor products p; = uj, @ u5, € H for certain j = (j1,j2) can be combined
into a net such that

lyr; — wiyl — 0, (g, pg) — 7(x)| =0,

for all y € P, x € M, where the limit is taken over j. Let us now prove this claim in the next paragraphs
which repeats the argument used in [24, Proposition 2.4].

Proof of the claim. Take F € P,G C M finite and let € > 0. Set G' := G and fix j; such that [Jyu}, —pj yll2 <

e forally € F and [(zpj,, uj, ) —7(x)| < eforallz € G'. As 0 < Ti((uf,)?) < 1 and as T; preserves positivity,

it follows that for 2 € M the element T (u}, xpj,) € L*(M) is bounded in the uniform norm and thus belongs

to M. Set G2 := Tl(u}lglu}l) C M, which is finite. We may proceed from F and G2 to find j, such that

||yﬂ?2 - #?Qsz < e forall y € F and |<az,u?2,u?2> —7(x)| < e forall z € G2 Put j = (j1,52) and set
o 2

Hy = Hj, © K,
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It follows by the triangle inequality that for y € F we have

lyp — pyll < [1(yn, — 15, y) @ar 13, |+ g, @ar (yps, — 15,9l < 2¢.
Now, by construction of the sets G* and the vectors /,L; we see that for x € G that
(wp, )y — 7(2)| < Waop, p) — (xps,, w2,) + ops,, u3,) — 7(2)]

ST (g, wpg s, 13, — (@, w50 + (@us,, 15,) — ()]
< 2¢

Taking j = j(F,G) with increasing sets F and G as before gives a net of vectors p; € H with the property
that
lyps = myyll =0, [wpy, py) — 7(x)[ =0
for all y € P and x € M. This proves the claim.

Remainder of the proof. The net (p1;); in particular shows that the bimodule pyL?(M)p is weakly contained
in ,yHp. Denote Qg := Q1 N Q2 and put K := L?(M, 1) ®0Q, L?(M, 7). We show that p; Hys is contained in
the bimodule 5 L*(M) ®¢, K. Let

V = {v € W | v does not start with letters from I'; and does not end with letters from I's}.
Observe that the subspace
Hy := Span{zeg, \v @ eg,z | x,z2 € M,v eV}

is dense in H. Indeed, it is clear that the span of vectors xeg, Av ®n g,z with z,2 € M and v € W is
dense in H. For v € W we can write v = v;v.v, with v; € Wr,, v,, € Wp, and v, € V. Therefore we obtain

mteAv QM Q.2 = ('T)\Vl)te)\Vc ®Mm eQ. ()‘VTZ) € Hy
which shows density of Hy C H. Define U : Hy — L?*(M) ®¢, K as
TeQ, Av DM Q.2 — T RQy Av ®Q, 2 forx,ze M,veV

We now use Lemma 3.4 and the calculations from Remark 3.6 to show that U is isometric. Indeed, for
z,%',2,2 € M and v,u € V we find,

(' ®Qo M ®q, 2,7 ®Qy Av BQy 2) L2 (M)zgy K = (EQo (72)Au ®Q, 2, Av ®Q, 2) K

= (Eq,(\VEq, (z72")Au)7’, 2)

= 0y, u(EqQynLink(v) (72)2', 2)

= (Eq,(\Eq, (z72")Au)7’, 2)
= (T, (Eq. (W Eq, (z"2") Au)eq,2"), 2)
= (T, (e, NoEq, (z*2") Aneg,2), 2)
= (AJEq, (" ')A eQQz eQQTQz( z))
= (Enr (WEqQ, (¢°2")Au)eq, 2, eq, 2)
=

/

T eQ, U®Ml" esz $6Q1/\ OMr €Q2% >
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Thus U extends to an isometry H — L?(M) ®q, K, which clearly is M-M-bimodular. We have shown that
mL?(M)p is weakly contained in L*(M) ®¢q, Kp, which by [24, Proposition 2.4 (3)] means that P is
amenable relative to Qg = Q1 N Q2. O

4. Main theorem: classifying strong solidity for right-angled Coxeter groups

In this section we collect our main results. The proof is strongly based on the following alternatives for
amalgamated free product decompositions.

Theorem 4.1 (Theorem A of [28]). Let (N1,71), (Na,72) be tracial von Neumann algebras with a common
von Neumann subalgebra B C N; satisfying 1| = 72| and denote N := Ny xp Ny for the amalgamated
free product. Let A C N be a von Neumann subalgebra that is amenable relative to N1 or No inside N. Put
P =Nory ,n1,(A)". Then at least one of the following is true:

(ii) P <n N; for somei=1,2,
(iii) P is amenable relative to B inside N.

Recall also the following observation.

Proposition 4.2. Let N C M be a von Neumann subalgebra and assume N is strongly solid. Let A C M be
diffuse amenable and let P = Norp;(A)” and let z € PNP’ be a non-zero projection. Assume that zP < N.
Then zP has an amenable direct summand.

Proof. We follow [28, Proof of Corollary C]. As zP <ps N, using the characterization [27, Theorem 3.2.2],
(following [23]), there exists a non-zero projection p € M,,(C) ® N and a normal unital x-homomorphism
¢ zP = p(M,(C)® N)p. So ¢(Az) is a diffuse amenable von Neumann subalgebra of M,,(C) ® N and
P= Nor,(ar,, (©)on)p(@(Az))" contains ¢(Pz). As N is strongly solid, so is its amplification p(M,,(C) @ N)p
[12, Proposition 5.2] and hence P is amenable. So ¢(Pz) is amenable and therefore Pz contains an amenable
direct summand. O

Now let K33 be the complete bipartite graph of 2 + 3 vertices. More precisely, the graph with vertices
a1, a2, b1, bs, b3 and with edges between each a; and b; for all 4, j. We let K2+,3 be K33 but with one extra
edge connecting by and by. Let L be the graph with 3 vertices and no edges and let L™ be the graph with
3 vertices and 1 edge. So L is a subgraph of K» 3 and L™ is a subgraph of K;f3.

We first characterize amenability.

Theorem 4.3. Let W be a right-angled Coxeter group. Then the following are equivalent

(1) W is non-amenable
(2) W contains Fy as a subgroup
(3) T contains L or L™ as a subgraph.

Proof. (3) implies (2). Suppose I' contains L or LT as a subgraph. Then there are u,v,w € T such that
u,w ¢ Link(v). But then {uv, wv} generate Fy, the free group of two generators.

(2) implies (1). Suppose Fo C W. Then since Fy is non-amenable also W is not amenable.

(1) implies (3). We prove the implication by induction to the size of the graph. Let I' be a non-empty
graph, and assume the claim has been proven for strict subgraphs of I'. Suppose L and LT are not subgraphs
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of T'. For every v € T' we have that ', := I" \ Star(v) contains at most 1 element. Indeed, if u,w € T, with
u # w then {u,v,w} is a subgraph of T" that is either isomorphic to L (when u ¢ Link(w)) or to L™ (when
u € Link(w)).

Fix v € T" and set Ay := {v} UT, and Ay :=T"\ A;. We show Wp = Wy, x Wy,. Indeed, if T', is empty,
then Star(v) = I' so that A; = {v} C Link(I' \ {v}) = Link(A2) from which the decomposition follows.
Now suppose I', is non-empty, then I', = {w} for some w € I"\ Star(v) so that v ¢ Star(w) and thus
v € I'y. Hence I', = {v} since it contains at most 1 element. Then as I =T', U Star(v) = {w} U Star(v) and
I' =T, UStar(w) = {v}UStar(w) we obtain Ay = T'\ {v,w} C Star(v)NStar(w) C Link({v, w}) = Link(A;)
and the decomposition follows.

Observe that either Wa, = Zy (when I, is empty) or Wx, = Zg * Zo (when T, is non-empty). In either
case we obtain that W), is amenable (as it has polynomial growth). Furthermore, as Ay C I'\ {v} is a strict
subgraph of T', and as Ay does not contain L or LT as a subgraph (as this holds for I') we obtain by the
induction hypothesis that Wy, is amenable as well. From the decomposition for Wr it now follows that Wr
is amenable. O

The following is the main theorem of this paper.

Theorem 4.4. Let W = Wr be a right-angled Coxeter group with graph I'. Suppose I' does not contain Ks 3
or K2+,3 as a subgraph. Then L(W) is strongly solid.

Proof. The proof is based on induction to the number of vertices of the graph. The statement clearly holds
when I' = (J since in that case L(Wr) = C is strongly solid.

Induction. Let I" be a non-empty graph, and assume by induction that Theorem 4.4 is proved for any strictly
smaller subgraph of I, i.e. with fewer vertices. Assume K5 3 and K. ;r 5 are not subgraphs of I'. We shall show
that Mp := L(Wr) is strongly solid. Let A C M be diffuse and amenable and denote P = Norp(A)”.
We will show that P is amenable. We put I'" := | . Star(v) which is a complete, possibly empty graph.
Since Link(I') = I' \ I we have W = W x Wp\p» and so Mp = Mp @ Mp\p. As Wy is finite (by
completeness of I) we have that Mp/ is isomorphic to a subalgebra of Maty(C), the space of N x N
matrices with N := [Wr-| being the size of Wr.. Moreover, if I is non-empty, then Mp\p- is strongly solid
by the induction hypothesis, so that it follows from [12, Proposition 5.2] and the fact that strong solidity
passes to subalgebras that Mr C Maty (C) ® Mr\r/ is strongly solid as well.

Hence we may assume that IV = (. Thus for all v € T' we obtain Star(v) # I' (since otherwise v € I'). Pick
v € T and set I'y := Star(v) and I'y := I'\v. By Proposition 1.5 we can decompose Mr = Mr, *usy., ., Mr,-
Moreover, as I'y, I'y and I'y NT'y are strict subgraphs of I' we obtain by our induction hypothesis that Mr,,
Mr, and Mr,nr, are strongly solid.

Let z € PN P’ be a central projection such that zP has no amenable direct summand. Note that
zP C Nor,p..(2A4)”. As zA is amenable, it is amenable relative to M, in Mp. Therefore by Theorem 4.1
at least one of the following three holds.

(1) zA <Mmr Mr,nr,,
(2) There is i € {1,2} such that zP <r Mr,,
(3) zP is amenable relative to M, nr, inside Mr.

We now analyse each of the cases.

Case (2). In Case (2) we have that Proposition 4.2 together with the induction hypothesis shows that zP
has an amenable direct summand in case z # 0. This is a contradiction so we conclude z = 0 and hence P
is amenable.
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Case (1). In Case (1) we first prove the following claim.

Claim: At least one of the following holds:

(a) There is a vertex w € I'\I'; such that 2P <pr. Mpy,.
(b) Mr is amenable.

Proof of the claim. Since zA <. Mrp,ar, but zA Ay € = My there is a non-empty subgraph A CT'y NIy
such that zA <p;. My but 2zA An. My {w) for all w € A. There are two cases.

First assume that M, is non-amenable, equivalently, by Theorem 4.3, A contains L or L*. But then
Link(A) must be a clique as otherwise K3 3 or K;fg would be a subgraph of I'. Recall that we fixed v € T" in
the second paragraph of the induction part of this proof and we have set I'y = Star(v) and I'y = T'\v. Now
as A CT';y NTy = Link(v) we have v € Link(A). Combining this with the fact that Link(A) is a clique it
must follow that Link(A) C Star(v) = T';. As I'\I'; was assumed to be non-empty we may pick any vertex
in T'\I'; and we have proved (a) by Proposition 2.3 where r = z.

Second, assume that M, is amenable. Note that A must contain at least two points not connected by
an edge as otherwise M} is finite dimensional and zA <. Ma with zA diffuse leads to a contradiction. If
A ULink(A) is not equal to I" then any w € T'\(A U Link(A)) will yield (a) through Proposition 2.3 as in
the previous paragraph and the claim is proved. So we assume I' = A U Link(A). But then T'\I'; contains at
most one point, since otherwise it contradicts that K3 3 or K;‘ 3 is not a subgraph of I'. Since we assumed
I'\I'; is non-empty we see that I'\I'; consists of exactly one point, say x. But then I' = {v, 2} x Link(v)
and Mr = M,z ® Mynk(,) which is amenable and we are in case (b).

Remainder of the proof of Case (1). In case (b) of the claim strong solidity is trivial. In case (a) of the
claim it follows from Proposition 4.2 that zP with z # 0 contains an amenable direct summand which is a
contradiction. So z = 0 and P is amenable. This concludes the proof in case (1).

Remainder of the proof of the main theorem in the situation that Case (1) and Case (2) never occur. We
first recall that if we can find a single vertex v as above such that we are in case (1) or (2) then the proof
is finished. Otherwise for all vertices v € " we are in case (3). So zP is amenable relative to M ink(v) inside
Mr. As (,ep Link(v) € N, '\ {v} = 0 we obtain by using Theorem 3.7 repeatedly that zP is amenable
relative to C, i.e. zP is amenable [21, Proposition 2.4 (2)]. So z = 0 and we conclude again that P is
amenable. O

We now summarize our results.

Theorem 4.5. Let W = Wt be a right-angled Cozeter group. The following are equivalent:

(1) Myp = L(Wr) is not strongly solid.
(2) Wr contains Z x Fy as a subgroup.
(3) T' contains Ko 3 or K;fg as a subgraph.

Proof. We first collect the easy implications. (3) implies (2) follows as the graph product g, ,Z2 equals
(Zo % Zo) X (Lo % Lo % Za) ~ Doy * (Do * Zo) and (Do * Zo) contains Fy as a subgroup. We have that
*K;322 = (Zo % Z2) x ((Zg x Z3) x Z2) which contains again Z x Fs.

(2) implies (1) follows as L(Z x Fy) ~ L(Z) ® L(F3). As L(Z) ®1 is diffuse and amenable and its relative
commutant contains £(Z) ® L(IF2) we see that its normalizer cannot generate an amenable von Neumann
algebra. Therefore £(Z x F3) is not strongly solid and so neither is £(W) as strong solidity passes to von
Neumann subalgebras. (1) implies (3) is proved in Theorem 4.4. O
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Remark 4.6. In particular Theorem 4.5 implies the following purely group theoretical result. If W is a right-
angled Coxeter group that contains Z x Fy as a subgroup, then actually it contains Deo X (Zg * Zo * Z3) or
Do X (Za % (Za x Z3)) as a special Coxeter subgroup.
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