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Abstract

In applying the level-set method in the context of a P1 finite-element method,
errors can be minimized by adjusting the mesh (usually made by a Delaunay
triangulation) to the shape of the zero level-set curve, at the boundary between
the two phases defined by the sign of the level-set function. The size of the
different types of errors that occur depend on the goodness of fit to the zero level-
set curve, on the skewness of the triangles and on the size of the triangles in the
mesh. To fit the mesh some basic methods where designed by Javierre [4], Den
Ouden [3] and Verbeek [2]. These methods all adjust the mesh only locally and
add many edges to get the job done. The aim of this research was to find some
better ways in which to adjust the mesh, hopefully without having to add new
edges. First some quality measures were set up, namely the maximum skewness,
average skewness, standard deviation of skewnesses, maximum size, minimum
size, standard deviation of sizes, where the sizes and skewnesses respectively are
taken over all the triangles in the (two-dimensional) mesh. Then the existing
‘cut’ method was analysed in depth and an extension called the ‘flip” method
was added which improved the quality already by not having to add new edges,
improving the average skewness. Then a new approach was found, using shortest
path algorithms to decide which points to move, and orthogonal projection to
the zero level-set curve to move them. A second method was designed which used
a physical model, modelling every non-fitted non-boundary edge as a spring, in
order to relax the rest of the mesh. These last two methods combined improved
the quality of the created meshes greatly, with its only downside being its more
limited applicability (in terms of zero level-set curve topologies).



Contents

1 Introduction

2 Background material
2.1 The finite-element method . . . . . . . .. .. ... ... ... ..
2.2 The level-set method . . . . . . .. ... .. ... ... ... ..
2.3 Some terminology and basics . . . .. ... ..o

3 Quality of the mesh
3.1 Mesh skewness . . . . . . . . ...
3.2 Trianglesizes . . . . . . . . . . L e
3.3 Goodness of fit to the level-set curve . . . . . . .. ... ... ..
3.4 Test-functions . . . . . . . . ..o
3.4.1 Cosine-times-sine function . . . . . . . . .. ... ... ..
3.4.2 Linear function . . . . . . .. . ... ... ...
3.4.3 Circular function . . . . ... .. ... ... ...
3.4.4 Star function . . . . .. ... ..
3.4.5 Dumbbell function . . . .. ... .. ... ... ... ..

4 Some simple meshfitting methods
4.1 Moving points to interpolated zero-point on zero-edge . . . . . .
4.2 Orthogonally project to the level-set curve . . . . . . . ... ...
4.3 Addingedges . . . . ...
4.4 Flippingedges . . . . . . . .. e

5 Shortest path method

51 Edgeweights . . . . . ... . o

5.2 Application of the shortest path algorithm . . . . . . .. .. ...
5.2.1 Choosing start and endpoints . . . . . . ... ... L.
5.2.2  Running the algorithm itself. . . . . . .. ... ... ...
5.2.3 Dealing with low angles of incidence with the boundary
5.2.4 Dealing with simple closed zero level-set curves . . . . . .

5.3 Orthogonal projection and redistribution . . . . . . . . ... ...

5.4 Redistributing projected points . . . . . . ... ...

6 Spring model for mesh relaxation
6.1 Thespringmodel . . . . . ... ... . L oL
6.2 Euler-forward inspired approximation-method . . . . . . .. . ..

33
33
34
35
36
38
39
41
41



7 Qualitative comparison of all described methods
7.1 Maximum skewness . . . . . . . . . ...
7.2 Averageskewness . . . . . . .. ...
7.3 Standard deviation of skewnesses . . . . .. ... ... ... ...
7.4 Maximum size . . . . . .. ...
7.5 Minimum size . . . . . . . ...
7.6 Standard deviation of sizes . . . . . .. ... ... ... ... ..
7.7 Conclusion . . . . . . . . ...

8 Discussion and future research
81 Conclusion . . .. .. ...
8.2 Different mesh topologies . . . . ... ... ... L.
8.3 Complicated level-set topologies . . . . . . ... ... ... ....
8.4 Refining the mesh relaxation method . . . . . .. ... ... ...
8.5 Higher dimensions . . . . .. ... .. ... ... 0.
8.6 Quantifying goodness-of-fit to zero level-set curve . . . . . . . ..

Appendices

A Pictures of the methods applied to the test-functions
Al Cutmethod . . . . . . .. ...
A.2 Cut-and-flip method . . . . . .. ... ... ... L.
A.3 Shortest path method with orthogonal fit . . . . ... ... ...
A.4 Shortest path method with orthogonal fit and mesh relaxation

48
48
49
50
52
92
33
54

55
55
55
56
56
o7
57

59

60
60
63
66
70



Chapter 1

Introduction

The level-set method is used for a large variety of problems, from the melting of
ice to the modelling of different phases of steel, basically anywhere where differ-
ent phases of a substance are capable of changing to the other phase during the
process that one is investigating. To apply this method to a two-dimensional
problem (using a P1 finite-element method), a triangular grid is used, which
preferably fits the interface between the different phases well, since this results
in smaller errors during the application of the level-set method. The subject of
this thesis is the adjustment of a triangular mesh on a two-dimensional square
to a random phase-interface curve.

The subject of adjusting a triangular mesh to a curve has previously been
investigated by Javierre [4], who did not actually adjust the mesh but instead
chose to change the curve itself slightly when possible. Then Den Ouden [3]
moved some points to the interface line, when the distance to be moved was be-
low some threshold, otherwise adding new edges. Lastly Verbeek [2] improved
the way that edges were added and also did a statistical analysis to find the
optimal threshold for moving a point instead of adding edges.

This research has focussed solely on the mesh adjustment itself. The ex-
isting techniques are analysed and compared using 5 different test-cases, and
using 6 different quality measures. Then a new technique was designed using a
shortest-path method along with a separate mesh-relaxation method and com-
pared to the existing techniques.

Chapter 2 introduces some background material for this research, including
terminology that will be used throughout this report. Chapter 3 sets up some
measures and methods to assess the quality of a meshfitting method. Chapter 4
analyses some existing methods and simple extensions of those. Chapters 5 and
6 together introduce a new method of adjusting the mesh, where Chapter 5 uses
a shortest-path algorithm to fit the mesh to a curve, and Chapter 6 introduces a
mesh-relaxation technique to restore the quality of the mesh afterwards. Chap-
ter 7 assesses the quality of the different methods and provides results, which
are discussed further in Chapter 8 where also some ideas for further research
are presented. In the appendices some pictures of meshes are presented showing
the workings and results of the different methods in the 5 test-cases.



Chapter 2

Background material

This chapter provides some background material on the techniques for which the
meshes are used. It is assumed that in the end the mesh is used in an application
of the finite-element method, which is introduced in the first section. The second
section introduces the level-set method, which can be used in combination with
the finite-element method, to be able to cope with interfaces between different
phases of a material. The last section introduces some much-needed terminology
describing mesh characteristics.

2.1 The finite-element method

The finite-element method is the method for which the mesh will in the end
be used. It is a numerical method that approximates solutions to complicated
(partial) differential equations by describing the solution function as a linear
combination of certain basis functions. The solution can then be found by solv-
ing a system of linear equations instead of the more complicated (and often
unsolvable) differential equations.

In this research we are interested in two-dimensional problems, where the
solution is a function of two (usually spatial) variables. The method uses a
regular triangular mesh, where the solution function will be approximated by
its values on the mesh points. A P1 finite-element method is assumed, mean-
ing that the basis functions are chosen to be the piecewise-linear functions that
equal one on one point of the mesh and zero in all others, see Figure 2.1. It is
then straightforward to express the approximation to the solution function as a
linear combination of these basis functions.

Figure 2.1: A typical basis function for the P1 finite-element method.
Retrieved from [14].



The important part to notice here is that the accuracy of the finite-element
method depends on the regularity of the mesh on which it is applied. This means
that the triangles of the mesh should be of roughly equal size, and should not
be very skewed. This is why the quality measures to be described in Sections
3.1 and 3.2 are focussed on size and skewness.

2.2 The level-set method

The level-set method is a method which can be used in combination with the
finite-element method, extending its usability to (more-dimensional) situations
where there are different phases of a substance to model, with different par-
tial differential equations in each phase. This means that there has to be
some way to track which part of the mesh belongs to which phase. In or-
der to do this, the level-set function f(z,y) was introduced by Sethian [1]. It
is a function that differentiates between the phases by having a different sign
in each phase, so 1 = {(z,y) : f(z,y) < 0} describes the first phase, and
D\ = Qo = {(z,y) : f(z,y) > 0} then describes the second phase within
the full domain D. Extensions to more than two phases are possible, see [2] for
example, but will not be considered here. Figure 2.2 shows the situation.

D\ Q

Figure 2.2: Figure showing an example of the different regions of a level-set model.
Retrieved from [13].

Of particular interest is the interface between the two phases, given by
I' = {(x,y) : f(z,y) = 0}, since along this boundary the phases change. This
means that it is much preferred that there are no triangles in the mesh that lie
in both regions €2, and s within the finite-element method, because this would
induce some difficulties in finding the solution. (The differential equations are
different for each phase.)

2.3 Some terminology and basics

Some new terminology will be needed to be able to talk more easily about the
mesh in relation to the level-set function f(z,y).

Firstly the mesh consists of points p, edges ¢ and elements A, where
the elements are the triangles of the mesh. Each element thus consists of three
points and three edges, and each edge of two points. Edges of the mesh will
sometimes be called mesh edges to emphasize the difference between them and
other types of edges. The set of all points in the mesh is denoted with P, the
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Figure 2.3: A mesh before adjustment showing the level-set edges of the zero level-set curve
approximation in dotted blue, zero edges in red, zero elements in grey, interpolated zero level-set
points in black, and (mesh) edges that are also level-set edges in green.

set of all edges with E and the set of all elements with T (where T stands for
triangle).

For the following terms see Figure 2.3 for a depiction.

A boundary edge will be an edge which is contained in just one element,
and the boundary points are the points contained in some boundary edge.
If two neighbouring boundary edges are not in the same direction, then their
common point will be called a corner point as well (in addition to being a
boundary point).

In relation to the mesh we will always talk about the zero level-set curve
C, instead of the level-set function. The zero level-set curve is the curve where
the level-set function equals zero, given by {(z,y) : f(x,y) = 0}. (When the
method is applied to modelling different phases of a material, this is the interface
curve of the different phases.)

When we talk about the level-set function we will almost always implicitly
mean the piecewise-linear approximation to the level-set function induced by
the mesh, see also the figures in Section 3.4. This is the function that equals
the level-set function on the points of the mesh, and equals in each element the
linear interpolation between the values in the points of this element.

The edges of the (also piecewise-linear) zero level-set curve corresponding
to this approximation are called level-set edges. Before adjusting the mesh,
each of these edges does not cross the boundary of an element, and touches the
boundary in at least two places, as can be seen in Figure 2.3.

When the zero level-set curve C, crosses a mesh edge e in its interior, so



when {C, Né} #£0, f(p1) # 0 and f(p2) # 0 with p1,ps € e, this edge is called
a zero edge e,. This is the case when f(p1)f(p2) < 0, so exactly when the
level-set function changes sign across this edge. When the zero level-set curve
C, crosses® a point p, so when p € C,, this point is called a zero point p,. The
set of zero edges will be denoted by F,. When the zero level-set curve crosses
two points of an edge, such that this edge is correctly fitted to the zero level-set
curve, then this edge is called a level-set edge as well as a (mesh) edge.

The piecewise-linear zero level-set curve C, crosses the zero-edges e, of the
mesh in points that are called interpolated zero level-set points piyterp, SO
Dinterp = Cy N e, for some e,, since these can be found by linear interpolation
from the values of the level-set function on the two endpoints of the zero edge
on which the interpolated zero level-set point lies, which are of different sign.

Lastly there are the zero elements, which are those triangles which have
a zero edge as one of its edges.

1Or rather when it comes closer to this point than some pre-defined small threshold.



Chapter 3

Quality of the mesh

To be able to compare different methods to fit the mesh it is necessary to have
a number of ways to quantify the quality of the mesh. Since the mesh is meant
to be used with a finite-element method, the quality can be defined along the
lines of the errors that occur in the finite-element method, meaning that it can
be based on the element skewnesses and sizes.

Since at each step of the finite-element method the level-set functions changes,
the mesh needs to be adjusted at each step as well to the new zero level-set
curve. Because of this the mesh-fitting process is repeated often, making the
computational intensity of some interest as well, although it is not the focus of
this research project.

To keep the skewness small, it is important to try to keep the angles of the
triangles of the mesh as close to § (= 60°) as possible. This will be quantified
in Section 3.1.

Secondly it is also important to maintain similar sizes of the triangles. A mea-
sure that quantifies this is described in Section 3.2.

Thirdly also the goodness of the fit of the new mesh to the level-set curve is
important to consider, which is briefly touched upon in Section 3.3.

The last section of this chapter describes the functions that have been used as
test cases for the meshfitting methods.

3.1 Mesh skewness

The skewness of a triangle roughly corresponds with how much it differs from
an equilateral triangle [2]'. This can be quantified by looking how much the
angles of the triangle differ from the % (= 60°) angles of the equilateral triangle,
see Figure 3.1 [5]. A good place to start seems to be to look at the values of the

largest and the smallest angle of the triangle.

One would like to have a number between 0 and 1 for the skewness of a
triangle, where 0 represents the best possible triangle and 1 represents the worst
possible triangle. To achieve this, the difference between the smallest angle and
the ideal value of % is first normalized and then compared to the corresponding
value of the largest angle. The largest value of these two is then a good measure

IThe discussion on mesh skewness can be found in [2, Technical Details, p. 29)].
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Equilateral Triangle Triangle

Figure 3.1: Skewness of a triangle, retrieved from [5].

of skewness. This gives the following formula for the skewness of a triangle A:

emax Tz emin
Skew(A) = max{ 3 3 } , (3.1)
™

where 6y,;, is the smallest angle of the triangle, and 6,,x is the biggest an-
gle. This is called the normalized equiangular skewness, and can be generalized
to also provide a skewness measure of other types of meshes. For a mesh with
quadrilateral elements, for example, one only has to change each % to 7 (assum-
ing rectangles are preferred). This skewness measure returns a number between
0 and 1, where 0 corresponds to an equilateral triangle and 1 corresponds to a
‘triangle’ with angles (in radians) equal to (m,0,0).

The following observation simplifies the measure of the skewness of a tri-
angle.

Theorem 3.1
For triangles the skewness depends only on the minimum angle; more

explicitly the skewness of a triangle A equals

z - gmin 39min
Skew(A) = 3 min _ 3 min,

jus
3

where 0, is the smallest angle of the triangle.

Proof 3.1

Since the sum of the angles of any triangle equals 7, we have that 20,in + Omax < T

and 0
U max
emin S 5 .
2 2
o - % —Omin
Substituting this in the skewness measure 3——- we have
3
s s s 6 2] s s
5 Omin 53— (5 79%)  TH*—F  fmax— 3
i = i - i T gz
3 3 3 3

10



: F —Omin . . Omax—
which shows that 42— is always equal to or bigger than n:raiﬁ 3 and hence
3 3
[% — % T —0Omi  — Omi 30m;
Skew(A) = max max — 3 , 3 = min L _ 3 — min_ g 2Umin
T—3 3 3 i
]

To obtain a measure of the quality of the whole mesh, one can take the
maximum, the average and the standard deviation of the skewnesses of the in-
dividual elements. Then one must still have a way to calculate the angles of
the triangles of a mesh. Of a given mesh one usually just has the codrdinates
of the points available to calculate with, along with the triples of points that
constitute a triangle. From these points the length of the sides can be easily
calculated, and then the angles can be determined from the law of cosines?.

Since the number of triangles in the mesh is equal to #7T < %#E, these
calculations give a complexity of O(#E).> Apparently these calculations are
not very intensive, such that one could in principle also use the skewness in the
algorithm for adjusting the mesh.

In conclusion there are three measures of skewness for the whole mesh
(with T being its set of triangles):

1. The maximum of the skewnesses of the individual triangles:
Maxskew(T') = max {Skew(A): A € T}.

For this measure smaller is better, Maxskew(S) = 0 would imply that
none of the triangles is skewed and would be the ideal case.

2. The average of the skewnesses of the individual triangles:
1
Avgskew(T') = T Az:€TSl<e\7\7(A).

In the same reasoning as with Maxskew(T"), Avgskew(T') = 0 would be
the ideal value and smaller is again better.

3. The standard deviation* of the skewnesses of the individual triangles:

1
Stdskew(T) = T Z | Skew(A) — Avgskew(T) |2.
Aer

2For a triangle with sides a, b, c and angle v opposite to edge ¢, the law of cosines states
that ¢? = a2 + b2 — 2abcos .

3Note that each edge is part of at most two triangles, and each triangle has three edges
as its perimeter.

4This is of course the exact value of the standard deviation, since all the Skew(A),A € T
are known. If it is considered as a sample, then a finite population correction would be
necessary to provide an unbiased estimator of the standard deviation. Luckily, the exactness
of the calculation makes things a lot simpler. See for example Section 7.3 in [9].
As a sidenote: perhaps one could think of the five test-functions as a kind of sample from all
possible level-set functions. In that case an estimate could be made of the expected standard
deviation over all possible level-set functions. This presents difficulties, however, since the total
amount of possible level-set functions is infinite, so the sample size may never be appropriate,
and the chosen sample functions may never be truly randomly chosen.

11



The ideal value would be Stdskew(T") = 0 since this would imply that all
the skewnesses are the same, implying that the mesh is very regular. So
for this measure it again holds that smaller is better.

3.2 Triangle sizes

The second measure of quality to consider is the size of the triangles of the mesh.
First one needs a way to easily calculate the area of a triangle A when one knows
only the lengths of the edges, given by a, b, ¢ respectively. The simplest method
is to use Heron’s formula, given by

Size(A) = |A] = v/p(p — a)(p = b)(p — ), (3-2)

where p is equal to half the perimeter of the triangle, p = (a + b+ ¢)/2. [6]

The overall measure of quality of the mesh can now be defined as the min-
imum, the maximum, and the standard deviation of the sizes of the individual
triangles. Just as with the skewness measure in Section 3.1, the calculation of
the area is also straightforward and not very computationally intensive, and
with the same reasoning one gets a complexity of O(#E), so the area too can
in principle be used in the algorithm that adjusts the mesh.

In conclusion there are three additional measures of the quality of the
whole mesh (with #7T being its set of triangles):

1. The maximum of the sizes of the individual triangles:
Maxsize(T') = max {Size(A) : A€ T'}.

For this measure smaller is better since one wants to have the triangles be
as equal in size as possible.

2. The minimum of the sizes of the individual triangles:
Minsize(T) = min {Size(A) : A € T'}.

For this measure bigger is better following the same reasoning as for the
maximum of the sizes.

3. The standard deviation® of the sizes of the individual triangles:

Stdsize(T") = % Z | Size(A) — Avgsize(T) |2’
AET

where Avgsize(T) is defined as
1
Avgsize(T) = 7T Z Size(A).
A€eT

For this measure the value 0 would be the best possible value, since it
would imply that all the triangles are equal in size, so smaller is better.

5See also the footnote in Section 3.1 at the description of the Stdskew(S) measure.

12



3.3 Goodness of fit to the level-set curve

The goal of this study is to adjust the mesh in such a way that it fits the level-set
curve more closely (see also Section 2.2), so it is also a requirement that the
method to adjust the mesh actually improves this. This can also be quantified,
see for example [2]. In this research it has been chosen (for simplicity) to assess
the goodness of fit by eye.

3.4 Test-functions

To test the performance of the meshfitting methods, five test-functions have
been used, each with their own peculiar characteristics that could present dif-
ficulties for the meshfitting methods. In the next subsections graphs of each
test-function are shown and the peculiarities are discussed (from the perspec-
tive of having the objective to design a method that only moves points and
does not create new points). For all the functions a triangular mesh is assumed,
on the square {(z,y) : ¢ € [-1,1] N y € [-1,1]}, although the methods are
in principle also suited for different mesh topologies. (This has not been tested.)

Some technical information: The mesh is generated using Delaunay tri-
angulation (see [8]) with some fruitfully chosen points, such that the minimal
angle is maximized in the grid (which corresponds to a grid of minimal skewness,
see Section 3.1). This mesh will be used as the starting mesh for all the test-
functions and meshfitting methods. An average edge length of % was chosen,
except for some figures which were more readable with an average edge length
of %.

3.4.1 Cosine-times-sine function

The cosine-times-sine level-set test-function is defined as

F(z,y) = cos (3”;> . sin (%)

In Figure 3.2 the approximation f* of f on the triangular mesh is shown. The
zero level-set curve is visible in the contour plot in Figure 3.3, as the solid hor-
izontal and vertical lines, which is the set {(z,y) : f*(x,y) = 0}, which should
closely resemble {(z,y) : f(x,y) = 0}.

13



Figure 3.2: A 3d plot of the approximation f* to the cosine-times-sine test-function.
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Figure 3.3: A contour plot of the approximation f* to the cosine-times-sine test-function.

The difficult parts of fitting this level-set function will be detecting and
handling the points of intersection where multiple zero level-set curves come
together in the interior of the mesh, as well as the points where the zero level-
set curves touch the boundary of the mesh. The contour plot in Figure 3.3 also
shows a resolution problem near the points of intersection in the interior, where
some wiggling about the vertical lines is visible. This shows how the errors in
the approximation f* to f can lead to errors in the calculated position of the
zero level-set curve, since the zero level-set curve of f should be exactly vertical
at these locations. (Because these are the sets of coordinates (z,y) for which
cos(3mx/2) =0.)

3.4.2 Linear function

The linear level-set test-function is defined as

fz,y) =3x+2y+ 1.

14



In Figure 3.4 the approximation f* of f on the triangular mesh is shown. The
zero level-set curve is visible in the contour plot in Figure 3.5, as the solid line
that goes through the point (—1,1), which is the set {(x,y) : f*(z,y) = 0},
which now perfectly coincides with {(z,y) : f(x,y) = 0} since f* is a piecewise-
linear approximation to f, which is already linear.

The only difficult parts of fitting this level-set function is in detecting that
one of the intersections with the boundary is in a corner of the mesh, such that
no other point should be allowed to move towards this intersection, and secondly
the detection and handling of the other intersection with the boundary which
includes choosing which boundary point of the mesh can best be moved towards
the intersection.

Figure 3.4: A 3d plot of the approximation f* to the linear test-function.
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Figure 3.5: A contour plot of the approximation f* to the linear test-function.
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3.4.3 Circular function

The circular level-set test-function is defined as

T \2 Y \2
fa.y) = (1.1) * (13) L
(This is actually an ellipsoidal, but it is almost circular so for simplicity it will
still be referred to as the circular test-function.) In Figure 3.6 the approxi-
mation f* of f on the triangular mesh is shown. The zero level-set curve is
visible in the contour plot in Figure 3.7, as the four solid lines, which is the set
{(z,y) : f*(z,y) = 0}, providing a good approximation to {(z,y) : f(x,y) = 0}.

The difficult part of fitting this level-set function will be to handle the 8
intersections with the boundary and to make sure that the mesh is fitted to all
four zero level-set curve parts. Aside from this, the angle which these lines make
with the boundary can result in some difficulties in maintaining the quality of
the mesh whilst fitting.

Figure 3.6: A 3d plot of the approximation f* to the circular test-function.

3.4.4 Star function

The star level-set test-function is defined as®
3 1 2
flz,y) = 5 + 1 cos (6 arctan (g)) — (3;2 + y2).

In Figure 3.8 the approximation f* of f on the triangular mesh is shown. The
zero level-set curve is visible in the contour plot in Figure 3.9, as the outer solid
line, which is the set {(z,y) : f*(x,y) = 0}, providing a good approximation to
{(z,9) : f(z,y) = 0}

The difficult parts of fitting this level-set function will be in fitting correctly
the details of the oscillation of the cosine function, shown as the ‘points’ of

60f course actually the continuous extension of this function is meant, where the function
arctan(y/z) is made to return 7/2 or —7/2 as appropriate, when x = 0.

16
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Figure 3.7: A contour plot of the approximation f* to the circular test-function.

the star in the contour plot, making sure that the fitted line does not degrade
towards a circle too much. Because this would change the length of the perimeter
of the star-shaped area a lot, this could cause large errors in the solution of the
level-set method depending on the application. (Particularly when the equations
that are being solved depend on the perimeter length of course.)

Secondly, the star test-function provides us with a closed zero level-set
curve that does not cross the boundary, meaning that its fitting method will be
different than for the curves that do cross the boundary.

Figure 3.8: A 3d plot of the approximation f* to the star test-function.

3.4.5 Dumbbell function

The dumbbell level-set test-function is defined as

(Ll ()

oo =mae{ 3 -

1
T4

2
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Figure 3.9: A contour plot of the approximation f* to the star test-function.

where x = (z,y) and || - |2 is the Euclidean norm. In Figure 3.10 the approx-
imation f* of f on the triangular mesh is shown. The zero level-set curve is
visible in the contour plot in Figure 3.11, as the solid line, which is the set

{(z,y) : f*(z,y) = 0}, providing a good approximation to {(z,y) : f(x,y) = 0}.

The difficult parts of fitting this level-set function will be to handle the
middle area where the horizontal parts of the zero level-set curve can be quite
close together. The difficulty here would be to choose when they should remain
separate and when they should meld together and disappear, such that the
topology changes to two separate regions.

Figure 3.10: A 3d plot of the approximation f* to the dumbbell test-function.
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Figure 3.11: A contour plot of the approximation f* to the dumbbell test-function.
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Chapter 4

Some simple meshfitting
methods

This chapter describes and analyses the existing method of the combination of
moving and adding points, and analyses an improvement on this method which
allows for edges to be ‘flipped’, and another improvement which orthogonally
projects points to the zero level-set curve instead of moving them simply towards
a nearby zero point p,.

4.1 Moving points to interpolated zero-point on
zero-edge

The simplest possible method to adjust the mesh is to just move points towards
nearby intersections of the grid with the zero level-set curve whenever these
points are closer to the respective intersections than some given threshold. Let
h be the edge length of the triangles of the mesh before adjustment. For this
case Verbeek [2] has analysed what threshold works best, which has resulted in
an optimal threshold of around 0.3h.

The best way to implement this method is then to choose for each zero edge e,
the point p that’s closest to the interpolated point pinterp € €, and list for this
point p, all the distances to the interpolations corresponding to its incident zero
edges Fincident (if there are more than one), and to chose the interpolation with
the least distance towards the point under consideration;

Pinterp such that Hp - pinterpH2 = min { Hp — Pinterp ‘2 * Pinterp €ey € Eincident}~

Then this is the interpolation to which the point will be moved. This is depicted
in Figure 4.1.
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Figure 4.1: Part of the mesh with zero-edges in red and intersections with the blue zero level-
set curve in black, where the arrow depicts the movement that would result from the algorithm
(ignoring the threshold).

4.2 Orthogonally project to the level-set curve

A slight improvement on this method is to use orthogonal projections to project
the point p towards the nearby level-set edges and then choosing the projected
point or or interpolated zero level-set point that is the closest. The upside to
this method is that points are not moved as far as otherwise would happen,
distorting neighbouring triangles less, as well as having less chance of moved
points being very close together. The result of this process for one point is
depicted in Figure 4.2. Some more detailed technicalities of this projection will
be described in Section 5.3.

Figure 4.2: Part of the mesh with zero-edges in red and intersections with the blue zero level-
set curve in black, where the arrow depicts the movement that would result from the algorithm
(ignoring theshold).
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4.3 Adding edges

The third option is to add some edges to the mesh to incorporate the level-set
edges. The idea is to look at those edges which are not incorporated yet after
applying the first method described in the previous sections, where grid-points
were moved when they were closer than 0.3h to a zero point. (Here h is the
edge length of the triangles in the mesh before adjustment.) That method leaves
untouched the cases where moving a grid-point would deform the triangles too
much, so it is presumed that adding more edges will keep the skewness of the
triangles within more reasonable bounds, even though the triangle sizes will of
course be affected.

When the zero level-set curve intersects only one edge of a triangle A,
then we simply add the line from this intersection pinterp € €, € A to the point
opposite of said edge e,. In the rest of this section we will concern ourselves with
the cases where the level-set curve intersects two boundaries of a triangle, with
both intersections at more than 0.3k from the grid-points. (Below this threshold
point(s) would be moved resulting in the case with one or zero intersections with
an edge.)

The situation is depicted in Figure 4.3. Referring to the figure, it seems
more than reasonable to add the line ecp connecting both intersections pc
and pp to the mesh, after which there are two choices to add one final line
to make the new grid triangular again, egc and eap. Let 77 be the set of
triangles of the mesh after applying option 1 (adding edge eap) as shown in
Figure 4.3, and T the set of triangles after applying option 2 (adding edge
epc). The question is then what choice to make, i.e. whether Maxskew(T}) <
Maxskew(Ty), Avgskew(T)) < Avgskew(T:) and Stdskew(7T}) < Stdskew(Tz).
In the same way we ask whether Maxsize(T}) < Maxsize(T3), Minsize(T;) >
Minsize(T») and Stdsize(T1) < Stdsize(T:). (These are all the quality measures
discussed in Sections 3.1 and 3.2.)

........ option 1

— = . option 2

Figure 4.3: The two options of adding a line to make the grid triangular again.

Looking at Figure 4.3, our intuition tells us that option 2 is going to be
the better option, both in the average skewness measure and in the standard
deviation in triangle size measure. The next theorem proves that option 2 is
indeed better in the skewness measure, assuming the whole triangle AABE to
be equilateral. Note that the triangle ACDE is not considered since it gives the
same contribution with both options.
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Theorem 4.1

Applying the second option in Figure 4.3 results in smaller average skew-
ness than applying the first option;

Avgskew(T3) < Avgskew(T1),

or more specifically, after multiplying by #7177 = #7T5 and ignoring terms
that are equal,

Skew(AABC) + Skew(ABCD) < Skew(AABD) + Skew(AACD).

Proof 4.1

‘We have already seen in Theorem 3.1 that only the smallest angle 6,;,, needs to be
considered when calculating the skewness of a triangle. Recall that Skew(A) = %ﬂmn,

where O, is the smallest angle of the triangle A. Figure 4.4 sketches the situation.
Without loss of generality we can assume that points A and B are at the same height,
and also that point D lies higher than point C, and thus é > 0.

Figure 4.4: The angles used in the proof of Theorem 4.1 .

Viewing Figure 4.4, we see that the minimal angle 6.,;, of AABC is
T
Omin (AABC) = az = 3 Y2,

us

since angle ZACB is more than %, and angle ZBAC = %, and then the second equality
follows since angle ZABD = % = a2 + 2. Using the same reasoning we have that

T
Omin(AABD) = a3 = 37 M-

Now consider triangle ABCD. Since ZBDC > %, this cannot be Omin(ABCD), so
Omin (ABCD) is either €2 or vs.

First consider the case when 0y,i, (ABCD) = 2. For triangle AACD we have
Omin (AACD) < 1.
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Now noting that the skewness of a triangle is a function of the negative of the smallest
angle 0in, we can see that the smallest average skewness corresponds with the largest
sum of the smallest angles of the triangles. Summing all these smallest angles in S we
have

3" Omin(A) = Omin(AABD) + 0in(AACD) < = — 5y 471 = —.
A 3 3
€Ty
Summing all the smallest angles in Sz we have
Y Omin(A) = Ouin(AABC) + fain (ABCD) = g —Y2t+y2 = g

AETy

From this it follows that the sums of the smallest angles in option 1 is always smaller
or equal to the sum of the smallest angles in option 2, and since the skewnesses are
a function of the negative of the smallest angles, we then have that Avgskew(Th) <
Avgskew(T1), where equality holds when points C and D are at the same height above
the base of AABE.

Now we need to consider the other possibility, namely that Omin (ABCD) = 2.
For triangle AACD we have that
Ormin (AACD) < e1.

Now summing over the smallest angles as before, we have

> Omin(A) = Omin(AABD) + Opin(AACD) < ay +&1.
A€eTy

Likewise for option 2 we have, since e2 = ¢}, + § (see Figure 4.4), that
D" Omin(A) = Omin (AABC) + Oinin (ABCD) = o + €2 = a + &b + 6.
AET,

The remaining portion of the proof now consists of two parts, namely proving ag —a1 >
—d and proving €/, > 1. For when these two inequalities hold, we have

Z emm(A)f Z emin(A):a27al+§+E/2*€1 > 0. (41)
AET, A€Ty

So let’s now look at the first of these two inequalities, ao — a1 > —§, or equiv-
alently oy — as < §. Notice that because of symmetry, /ZBAD’ = as and thus
a1 — as = /DAD’. Calling this last angle o/, we now have the situation sketched
in Figure 4.5, and we would like to prove o/ < §.
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Figure 4.5: Figure showing that o’ < 4.

To do this, we first construct a circle through the points C, D and D’ as shown in Figure
4.5. The significance of this circle is that if we move point C around this circle, keeping
D and D’ in place, the angle § remains the same (unless we move C all the way into
the arc DD’ of course). In fact, if we move C to some point inside the circle, then the
angle 0 will be bigger. If we move it instead to some point outside the circle, but not
crossing the extension of AC, then the angle § will be smaller than its present value.
We will use this observation to prove that § is bigger than o’ by proving that o’ lies
outside the circle.

First construct the tangent line 7¢ to the circle touching the circle at point C. We will
prove that this tangent line makes an angle £ with the vertical line that is less than
%, If this is the case, then moving point A from C towards its present location will
take it outside the circle, thus proving that o/ < §, since both o’ and § are two angles
corresponding two the same chord of the circle DD’.

Note that from the previous figures we have that ZCD'D = % Because MC
is perpendicular to the line 7o, we have that ZMCD’ = £, and because the triangle
ACDD/’ is isosceles we have also that ZCD’M = ¢. Lastly because the angles of the
triangle AMDD’ must add to =, the angle 8 cannot be more than % (since AMDD' is
also isosceles). This means that

T T w7
=P335 %

And because now & < % we must have that point A falls outside of the circle, and thus
in the region that implicates that o’ is smaller that §. The only case where o’ and §
can be equal is when C coincides with A, which would imply a different kind of cut in
the mesh.

Then last but not least the second inequality, €5 > €1, needs to be proven. To
do this, we first construct a circle through the points A, C and D’ as shown in Figure
4.6.
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Figure 4.6: Figure showing that 5’2 >e1.

We will use a similar technique as the one applied in the proof of the previous
inequality. This circle implies that if we move point D’ around this circle, while keeping
all the other points stationary, the angle €}, does not change (unless we move into the
arc AC of course), and if we move D’ to some point inside the circle, then the angle €/,
will be bigger. If we move it instead to some point outside the circle, but not crossing
the extension of AC, then the angle €/, will be smaller than its present value. We will
use this observation to prove that £; is smaller than 5’2 by proving that €1 lies outside
the circle.

First construct the tangent line to the circle touching the circle at point D’. We will
prove that this tangent line makes an angle £ with the line CD’ that is smaller than
%. If this is the case, then moving point D from D’ towards its present location will
take it outside the circle, thus proving that €1 < €}, since both angles €}, and £; are
angles corresponding to the same arc AC of the circle. From the previous figures we
know that ZACD’ = 2%, Considering triangle AAMC we can easily see that 2o < 7

3
and thus a < 7. This means that

2 2r ow g

p=2T 4T T_T
3 3 2 6
Since line MD’ is perpendicular to the tangent line 7/, we now have that

™ ™ ™
—B< - ——=—.
A 4 6 12

We have proved that & < < % and as such the line DD’ lies outside of the
circle through points A, C and D’, and because of that the angle e1 < €. This proved
the last bit of Equation 4.1 such that the sums of the smallest angles is smaller when
option 1 is applied. As stated earlier we then have that the sums (and thus the averages)
of the skewnesses of the triangles is bigger when option 1 is applied. |

&=

RS
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Thus we have shown that Avgskew(T3) < Avgskew(T}), and indirectly (follow-
ing the remarks in Section 3.1) also that Stdskew(T%) < Stdskew(T?).

The next quality measure to check is the Maxskew(7) measure, the fol-
lowing theorem proves that option 2 performs better in terms of this measure
as well.

Theorem 4.2

Let T3 be the triangles after applying option 1, and T likewise for option
2. Then the following holds:

Maxskew(T7) > Maxskew(T5),

or more specifically:
omin(Tl) S omin(T2)a

where O, (T') is simply the smallest angle of any corner in any of the
triangles in the set T'.

Proof 4.2

The proposition of this theorem is equivalent to: for every angle of a triangle in 7o,
there exists an angle of a triangle in 73 that is at least as small. More specifically:

Voo € To, 301 € T : 61 < 02,

where with 6 € T we mean 6 € A for some A € T', and each triangle A ‘contains’ three
angles 0 corresponding to its three corners. Looking at Figure 4.7, we can see that

{0 € Tl} = {"/175175"'82 +5>F"7O‘116/2/ +’Y2}

and
{0 € To} ={a1 +71,B,¢5,72,62 + 6,1 + K}

Figure 4.7: Figure showing the angles for the proof of Theorem 4.2.

Now we only need to find for every 02 € Th some 61 € Ty such that 6; < 0a.
First consider a; + v1 € T%, this is clearly bigger than 71 € T1. Secondly 8 € T is
larger than x € T since oy > € and a1 +v1 = €5 + 72 = %, and for both trian-
gles (AABD and AABC) the angles need to sum to . For angle € € T> notice that
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lines AB and CD’ are parallel, AB||CD’, such that ¢} = ez = €). From the figure it
is easily seen that 8/2 > g1 such that 5’2’ > €1 € T1. Now consider y9 € Th. Since
o1+ =¢ef +72 = %, and a1 > €}, we immediately see that v2 > 1 € T1. Now for
€2+ 6 € To we have e + 6 > g2 = € > &1 € T1. For the last angle €1 + k € T> we
simply have 61 +k > ¢e1 € T}.

This proves that for every 62 € T2 some 01 € T7 can be found such that 61 < 02
from which it follows that Opin (T1) < Omin (T2) and thus Maxskew(77) > Maxskew(T?2).
|

It is reasonable to assume that when option 2 (see Figure 4.3) is better
for the total skewness, that then the standard deviation of triangle sizes will
be better (smaller) with option 2 as well. We will denote the size of a triangle
A by |Al, and the standard deviation of the sizes of a set T of triangles by
o({|A]: A €T}). The next theorem proves the assertion. Note that we can
again ignore the existence of triangle ACDE, since it is the same size for both
options.

Theorem 4.3

Let T7 be the set of triangles after applying option 1, and T5 likewise for
option 2. Then the following holds:

Stdsize(T}) > Stdsize(T»),
or more specifically:

c({|Al:AeT}) > o({|A]: AeTp}). (4.2)

Proof 4.3

First note that Ty = {AACD,AABD} and T = {AABC,ABCD}. The standard
deviation o( {|A] : A € T} ) is defined as

1

o({Al:aeT)) = [
#TAET

(1Al = ),
where #T denotes the number of triangles involved, and p = #—IT > aer(lA]) is the
average of the triangle sizes |A|. This can be written as

#5-02((al:aeT)) = S (Al- w2 = S AR - 2ulAl+ 42 (43)
AeT AeT
Since #T1 = #7T%, and o > 0, we have that the standard deviation of triangles sizes
o(|Aaer]) is minimized whenever the sum on the right hand side of Equation (4.3) is
minimized. Furthermore, when comparing the standard deviations for the two options,
the last term in the sum can be ignored, since it has the same value for both options
(since the total area of the mesh does not change):

S (A= — S (A =2 = pu. (4.4)

1
o= —— =
#11 AETy #12 AET,

We now have

> AP —2u|A| = [AACD|? + |AABD|? — 2u(]AACD| + |AABD),
AEeTy
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> |A]? = 2u|A| = |AABC|? + |ABCD|? — 2u(|AABC| + |ABCD)),
AETH
from which the last term cancels when comparing the two options, since

|AABC| + |ABCD| = |AACD| + |AABD],

which follows from the definition of the two options and also indirectly from Equation
(4.4). We have now boiled the problem down to determining whether the following
holds:

|AACD|? + |AABD|? > |AABC|? 4 |ABCD|2. (4.5)

Claim: |[AABD| > |AACD| and |[AABD| — |AACD| > ’|ABCD| - |AABC|’.

For the moment we take this claim for granted. Since the average p of two sizes
is exactly halfway in between the values of the two sizes, we can write

|AABD| — |AACD| = 6 — (u—3) = 26 > 2 = pi++& — (u—e) = ||ABCD| ~ | AABC],
for some d,e > 0, and § > e. Writing the sizes in Equation (4.5) in this way we obtain
|AABD|? 4+ |AACD|? = (u + 6) + (u — 8)% = 2p% + 257
>2u% +2e2 = (u+¢)? + (u— )2 = |ABCD|? + |AABC|%.

Through Equation (4.5) we have now proved Equation (4.2) and as such the theorem.

Proof of claim: Looking at Figure 4.8,

option 1
. option 2

Figure 4.8: Figure showing the two situations considered in comparing the standard devi-
ations of the triangle sizes for the two options.

we see that when D is moved to D/, that |JAABC| = |[AABD’| and |ABCD’| = |AACD/|,
such that we have equality in the inequality of the claim. If we then move point D in
the direction of line BD’ back to its original location, then triangle ACDD’ is added.

Considering option 1 we see that the whole area |ACDD’| is added to triangle
ABCD’ to make the new triangle ABCD. In option 2 we see that AABD’ has grown
an area of |[AADD’| to form AABD. We will prove that the area |AADD’| is larger
than |[ACDD’|. Then we also implicitly have that |[AABD| > |AACD|, since AACD’
grows an area strictly less then |[ACDD’| when D’ is moved to D, making the area that
was added to AACD less than that which was added to AABD. More explicitly, we
then have

|AABD| > |AACD|.
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The last step is to prove that indeed |AADD’| > |[ACDD’|. Notice that |[AD’| >

|CD’|, and that ZCD'D= % while § < ZAD'D< 2?” such that sin(ZAD’D) > sin(£CD’D).

Now calculating the sizes of the triangles we have

|AADD'| = %|AD’| -sin(ZAD'D) > %\CD'| sin(£CD’D) = |ACDD’|,
so now we have |AADD’| > |ACDD’| from which it follows that

|[AABD| — |AACD| > |AADD’| > |ACDD’| > ||ABCD| — |AABC]|,

where also the facts that |[AACD’| < JAABD’| and |[ABCD’| < |[AABC]| were used in
the first and last inequalities, respectively.
This proves the claim. | |

So we now have Stdsize(Ty) < Stdsize(T7). Since the total area of the tri-
angles in 77 and T5 respectively is the same, this also indirectly proves that
Maxsize(Ty) < Maxsize(T}) and Minsize(Ty) > Minsize(T}).

So for all quality measures we have now proved that option 2 performs
better than option 1, proving that option 2 is indeed the best option when
adding edges is necessary and the zero level-set curve crosses two edges of the
triangle.

4.4 Flipping edges

When the zero level-set curve crosses one corner of a triangle a good option is to
add the edge from the corner to the interpolated intersection of the zero level-
set curve with the opposite edge. When the other triangle to which that edge
belongs is of the same type, however, it is often better to use a flip mechanism
as shown in Figure 4.9.

Figure 4.9: The flip mechanism, the zero level-set curve is depicted as the blue dotted line.

It is clear from the picture that, using the flip mechanism, the maximum
skewness will be better since the smallest angle of the four triangles in the
left part of the figure is smaller than those of the two triangles in the right
part. In the same way it follows that the average skewness and the standard
deviation of the skewness will both be better, and having just two instead of
four smaller triangles causes the standard deviation of sizes to be better as well.
The maximum and minimum size quality measures might deteriorate slightly
from applying the flip mechanism instead of the cut mechanism, but only in
special circumstances which normally won’t be present in a well constructed
starting mesh.
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Aside from this, the flip method results in a fit to the zero level-set curve
that is less accurate, since only one edge is used, where in the cut method two
edges would be used for the same piece of the zero level-set curve. From this
it follows that the flip mechanism should be used whenever possible, where the
goodness of fit to the zero level-set curve is not that important.! (It will be
assumed that this is always the case since the starting-mesh edge-length was
already chosen as to provide sufficient detail.)

IThe goodness of fit is particularly important in equations where the evolution of the zero
level-set curve in time is dependent on the boundary length of the domains.

31



Chapter 5

Shortest path method

The methods of the previous chapter all chose the points to move by selecting
the points that where closer to an interpolated zero level-set point or projected
point than some given threshold. This can give very distorted meshes in some
circumstances however, which is why a new way of choosing which points to
move is needed. The idea behind the shortest path algorithm is that the path
along the mesh edges that is fitted to the zero level-set curve has to be as
‘smooth’ as possible with some fruitful definition of ‘smooth’. This is translated
to a ‘short’ path when the edges of the mesh are given weights depending on
their orientation with respect to nearby level-set edges.

In the first section the choice of edge weights is described and explained,
after which in the second section workings of the algorithm are explained. The
third section then gives the method by which the chosen points are moved
towards the level-set curve and are redistributed along this line. The next
chapter will show how to redistribute the internal (non-boundary and non-fitted)
points of the mesh.

5.1 Edge weights

The edge weights represent how suitable the edge is to include in the path that
will be fitted to the zero level-set curve. The weight measure should natu-
rally include the angle that the edge e makes with a level-set edge ejyset, de-
noted by Aa(e, ejyset),* as well as its distance from this level-set edge, chosen as
[|Am(e, elyset )||2, where Am(e, e1yset) = m(e) — m(epyset) is the vector between
the midpoints of the edges e and ejyset. In order to calculate this measure, it
has been chosen to just consider the edge weight with respect to the closest (in
Euclidean distance) level-set edge. Experiments with also taking into account
the properties with respect to some other close-by level-set edges showed no im-
provement in performance. (Instead it sometimes gave some unexpected results

lCalculating this can be a bit tricky, since one has to take into account the cases where
the edges are near vertical. So calculating the angle a. of edge e can best be done using
ae = arctan(Ay/Az) except when Az = 0 (in which case we simply return 7 of course).
Here Az is the difference between the x-coordinates of the two endpoints and Ay for the
y-coordinates respectively. The difference in angle, Ac, between edges e; and ea can then be

calculated simply as min{|oe, — e, |, ey — ey + 7|, |ote; — ey — 7|}
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with the ‘star’ test-function described in Section 3.4.4, making the chosen path
look more circle-like than star-like.)

The chosen measure for the edge weight w(e) of edge e is defined as
w(e) = (14 Aa(e, eryset)) - (1 4 ||Am(e, eryset)||2) — 1 (5.1)

where ejyset € C, is chosen such that ||Am(e, ejyset)||2 is minimized, C, being
the zero level-set curve which consists of the set of all level-set edges.

Note that this measure has the bonus that the weight of an ideally posi-
tioned edge e (when Aafe, elyset) = [|Am(e, elyset)||2 = 0 for some ejyset) equals
zero, which is an important property for some more complicated zero level-set
curves like the ‘dumbbell’ test-function described in Section 3.4.5.

In order to be able to setup these edge distance properties quickly, a
branching algorithm has been used. This algorithm loops over all level-set edges,
and branches along the neighbouring edges, saving for these edges the values of
[|[Am|l2, Aa and w(e). When these already exist it checks whether the ||Aml|,
is smaller then the old one, otherwise it cuts off the branch. If the new ||Aml||;
property is smaller it updates the value of w(e). This process is only allowed to
go a specified depth along the neighbour-edges branches. (A depth of two edges
has been found to be sufficient.)

Since no point is connected to more than, say, 8 edges, this algorithm
proves to be polynomial in the total number of edges, with an amount of edges
to calculate on the order of O(#FE),? meaning that this algorithm is suited for
any size of mesh. The algorithm is also suited for larger dimensional meshes,
given that the maximum number of incident edges per point does not grow too
quickly.

5.2 Application of the shortest path algorithm

Now that the edge weight properties are calculated one still has to find some
way of applying this algorithm to given meshes and zero level-set curves. In
order to do this, two cases have been distinguished, allowing for the simplest
topologies of zero level-set curves to be fitted to. The first and simplest case
is when the zero level-set curve crosses the boundary, and the second case is
when it does not, for example when the zero level-set curve is a simply closed
curve. The present algorithm allows for (in theory, depending on the details) one
simple closed curve or any combination of boundary-crossing curves, possibly
intersecting. First the case of boundary intersecting curves will be handled after
which the additions necessary for application on simple closed curves are dealt
with.

2For the algorithm does not go deeper than 2 edges along the branches, we have in total no
more 82 edges per point of the first edge, so we have that the total number of edges calculated
when no branches are cut is no more than 2-82 per starting edge, and the number of level-set
edges from which each branching algorithm springs is less than #FE, the total number of edges
in the mesh, revealing the upper bound of 2 - 82 - #F for the whole algorithm.
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Figure 5.1: A mesh for the linear test-function showing the choices of start-point sets, each set is
shown in a different color, and the redder the edges the lower their assigned weights are.

5.2.1 Choosing start and endpoints

In order to be able to apply a shortest path algorithm to the problem, one
first needs to find some suitable start points and end points. In the case of
boundary-crossing zero level-set curves it is obvious that at least at each cross-
ing with the boundary at least one start point must be defined. Because it is
not certain which of the close-by boundary-points will be the optimal choice for
the shortest path, instead sets of three close-by boundary-points are defined as
‘start-point sets’ for each crossing.® For this the closest boundary point and
its two neighbouring boundary points are chosen, excluding any corner points.
When the crossing is exactly in a corner point (so no movement is allowed for
this point), then just that one corner point is added as a start-point set.

These choices for the linear test-function are shown in Figure 5.1, where
the red point is a corner point so that set consists only of that point, while the
other set consists of three neighbouring boundary points.

The result is a set S consisting of two start-point sets S = {s1, s2} where
the first set s1 equals just the corner point, s1 = {pcorner } shown in red in Figure
5.1. The second set equals the three points shown in green, ss = {p1, p2, p3}.

When there are intersections of the zero level-set curve within the interior
of the mesh, then more points need to be added to make sure all the parts of
the zero level-set curve are fitted to. Figure 5.2 shows the choices for the cosine-
times-sine test-function, where the two intersections in the internal part of the
mesh are automatically detected and each added four times as start-point sets,
because they each are the start point of four paths. (If no point on the mesh

3The number of boundary points to consider here was chosen arbitrarily, although it can
be argued that at least the two closest should be included since these are the most likely
to be chosen as start point of the path. The third point might be chosen in some special
circumstances.
Also note that corner points are not to be considered here, since these are not allowed
to move. If there are no points to consider because all of the three are corner points, the
algorithm will fail to find a shortest path and the mesh should be made more accurate.
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Figure 5.2: A mesh for the cosine-times-sine test-function showing the choices of start-point sets,
each set is shown in a different color. The two intersections in the interior of the mesh are added
four times as start-point sets since these are start points of four different paths. The redder the
edges the lower their assigned weights are.

coincides with the point of intersection, then the closest point is moved to the
point of intersection.)

The result is a set .S of stary-point sets which consists of four sets of three
boundary points, two sets of one boundary point (corresponding to the red and
the orange points in the figure), and eight sets of one internal point, four for
the green point in the figure and four for the blue point, so S looks like

S = {{pred}7 {porange}a Spinks Spurples Sblues Sdark blue; Plight blue}; {plight blue}a
{{plight blue}a {plight blue}a {pgreen}a {pgreen}7 {pgreen}7 {pgreen}}~

Here the s¢o1or sets consist of three points each. Note that the red and orange
points being intersections as well is ignored here, since no shortest path algo-
rithm is needed to ‘fit’ to the level-set edges that are already on the boundary.

Now S is the set of start-point sets where each start-point set occurs a
number of times according to its multiplicity as a start point of a segment of the
zero level-set path, and the start-point sets of intersections consist of only one
point in order to make sure that no further complications occur at these points,
since the shortest-path algorithm of the different segments could otherwise end
in different points of the start-point set, after which further decisions would
have to be made about how to connect these edges.

5.2.2 Running the algorithm itself

After building the start-point sets, one can apply Dijkstra’s algorithm? [10],[12]
to find the shortest-path solutions in the following way. Remember that Dijk-
stra’s algorithm works by maintaining a list of paths, and at each point choosing
the path with least total weight to update, and continuing in this way until the

4Here Dijkstra’s algorithm is applied in a way that precludes the algorithm to choose any
edges that have been previously chosen for other segments of the zero level-set curve.
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end point of the path has been reached, and the least-weight path in the list of
paths weighs more than the shortest path to the endpoint. For a more thorough
explanation of Dijkstra’s algorithm see for example [11].

Application of the algorithm starts with choosing one start-point set s; € S
at random (but preferably one with only one point in it), and this start-point
set is removed from the set S. From each point p; in this start-point set, the
shortest path algorithm is applied to find the least-weight path towards some
other point in some other start-point set. Once some other point ps in some
other start-point set sy is reached®, the algorithm continues until all the points
in so have been reached by the algorithm, and then the path with least weight
is chosen from these paths to the end points in so. This gives a shortest path
from each p; € s; towards some py € so, and from these the shortest one is
chosen as the resulting path. When this is done, the set s, is deleted from S as
well, after which the algorithm continues if the set S is not yet empty. Written
out in steps, this is

1. Choose a startpoint set s; € S, remove s; from S.

2. For each p; € s1, apply Dijkstra’s algorithm to find the shortest path to
some po € s for some sy € S.

3. Then continue until all the ps € so are reached, and choose the shortest
of the paths as the shortest path for p;.

4. From the list of shortest paths for each p; € s1, choose the shortest one
as the resulting shortest path.

5. Delete so from S as well.
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Figure 5.3: The result of the shortest-path algorithm applied to the linear and the cos-times-sin
test-functions shown in green.

5The word ‘reached’ actually does not fully describe the condition that is tested for, since
actually a point in sz is only ‘reached’ when not only there is some path with some path
weight which ends in this point, but when this path weight is also less than the weight of any
other path still to be fully calculated through by the algorithm. This is because only when
every other path can only result in a path weight higher than the path weight for some pa,
does one know for certain that the current path is actually the shortest one to pa.
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After applying this algorithm, one should end up with a set of paths which
together constitute the shortest-path approximation to the best points to move
towards the zero level-set curve. Figure 5.3 shows the found paths for the linear
and the cos-times-sin test-functions.

5.2.3 Dealing with low angles of incidence with the bound-
ary

A problem occurs when the angle of incidence with the boundary is low. This is
the case near the red start-points in Figure 5.5, which shows a part of the mesh of
the circle test-function also showing the chosen start-points. Note in particular
that the red chosen start-points are strictly below the point of intersection of
the zero level-set curve with the boundary. If one chooses points above the
intersection to move towards the intersection and use as a start point, then the
triangle above it would get very skewed, and would remain about the same size.
From error considerations in the finite-element method, it would be preferable
to have a much smaller very skewed triangle there and some extra less skewed
triangles to make up the rest of the space, where the smaller size of the triangles
allows for a greater resolution in this complicated area as well. This difference
is shown in Figure 5.4, where it can be seen that a large part of the original
triangle is now less skewed, and also that more triangles occupy the same region
of space.

Figure 5.4: Schematic visualization of the difference between moving a point from the small angle
of incidence side and from the large angle side. The amount of green of the triangles approximates
the skewness of the triangle.

Figure 5.5: The left plot shows a detail of the mesh for the circle test-function, also showing the
chosen start-points in big colored dots. The zero level-set curve is shown in dotted blue. The right
plot shows the situation when the shortest-path algorithm has been applied, including movement
of the points. The amount of green and red depict the skewness of each triangle and the size mis-
match, respectively. The yellow points depict points that have been moved using the redistribution
algorithm to be described in Section 5.3.

In order to do this, the situation is detected by comparing the orientation
of the zero level-set edges incident with the boundary with the orientation of
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the boundary edge itself, checking if the angle between them is smaller than 7
(= 45°). If this is the case, the start points on the small angle of incidence side
of the intersection are removed from the start-point set such that only the start
points on the large-angle side of the intersection remain, which are the red points
in Figure 5.5. The figure also shows that the triangles near the intersection are
not too skewed.

5.2.4 Dealing with simple closed zero level-set curves

An important class of zero level-set curves consists of simple closed curves, and
for these a modified method is needed to be able to fit the mesh to this curve.
The problem is mainly determining the two start points to use, since then these
points can be considered as ‘intersections’ and the previously described methods
of applying the shortest path algorithm can be used.

Finding the start points

To find an appropriate path, the start-points need to found first. Ideally these
points are zero-points, such that these points themselves do not have to be
moved towards the zero level-set curve. So first one tries to find such zero
points, and if there are more than one, one tries to find the furthest apart pair
among these points. The simple approximation to the solution to this problem
that is used here is to choose the first point at random, and than select as the
second point the point that is the furthest away from the first point. After this
the first point is swapped with the point that is the furthest away from the sec-
ond point. These simple steps should provide with points that are far enough
away, which can be checked against some threshold®.

When there are not enough zero points or when they are too close together,
the search for the second is done among the interpolated zero level-set points
Dinterp € €, of the zero edges e, of the mesh, and the first point is not changed
afterwards. When there is no zero point at all, a random interpolated zero
level-set point of a zero edge is chosen at random for the first point, and the
rest of the algorithm proceeds as with zero points but now with interpolated
zero level-set points of zero-edges. Figure 5.6 shows the two points that were
found for the dumbbell test-function, showing that they are indeed quite far
apart such that the algorithm is likely to operate successfully.

Applying the shortest path algorithm

In the application of the algorithm another modification has to be made to
let the algorithm operate smoothly. The problem here is that the path in one
direction towards the other start point along the zero level-set curve may be
much shorter than the path in the other direction. In this case the algorithm

6In the application of the fitting algorithm to the test-functions presented here, a threshold
of 5h was found to be sufficient, where h is the edge length of the starting mesh. A too low
threshold can cause problems where the algorithm can choose a path that skips the larger part
of the zero level-set curve and just makes a small circle-like fit, while a too large threshold can
cause smaller zero level-set curves to not be able to be fitted to, since no pair of start points
would be found.
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Figure 5.6: The two points found for the dumbbell test-function as start points. These points are
both zero points.

may prefer to go in the same direction for both paths that are fitted to the zero
level-set curve and ignore the other part of the zero level-set curve. To make
sure this does not happen, all the edges in the neighbourhood of a path that has
been chosen are given a very large weight, along with its neighbouring edges.
Now the algorithm has extra obstacles for the direction already fitted to, and is
likely to always choose the right unfitted direction.

To prevent some problems from occurring near the start point, this is only
done in the middle third of the already fitted path such that the edge weights
near the start points remain unchanged. Figure 5.7 shows the path that has
been found in this way, and also shows the modified weights for the top path
which block the algorithm from going that direction again.
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Figure 5.7: The shortest path algorithm applied to a the dumbbell test-function, a simple closed
zero level-set curve. The edge weights are shown as the amount of redness in the edges. Around
the top part of the zero level-set curve it can be seen that the edge weights are increased to a large
value after the top path was found, in order to force the algorithm to go back along the bottom
path.
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5.3 Orthogonal projection and redistribution

Now that the shortest paths are determined, the path still has to be fitted to
the zero level-set curve by moving the points in the path. To determine where

to move these points, orthogonal projection has been used, much like in Section
4.2.

Orthogonal projection

The points in the path are now orthogonally projected to the zero level-set
curve. This is done by finding the nearest level-set edges, and then orthogonally
projecting to all of them. The projected point closest to the original point is
then chosen. When this point is on the edge itself, the point is moved to this
projected point, otherwise it is moved to the nearest zero point. This makes sure
that the resulting point is actually on the path, and not on some extension of a
piece of the path. The situation after orthogonally projecting is shown in Figure
5.8, for some details of the meshes for the circle and dumbbell test-functions.

\-’—0’—0—0—"/

’,.—H—O-Q—Q—O—\

Figure 5.8: Details of the meshes of the circle and dumbbell test-functions after applying the
orthogonal projection. The amount of green and red depict the skewness of each triangle and the
size mismatch, respectively.

5.4 Redistributing projected points

The locations that the points have been projected to are still not ideal, as can
be seen from Figure 5.8. The points are still too close together sometimes,
not quite evenly distributed. To overcome this, Each point is placed exactly in
the middle of the next and previous points in the paths that the shortest path
algorithm found. After this they are immediately projected to the zero level-set
curve again. The end points of each segment (the start points in the application
of the shortest path algorithm) are left where they are. This method has the
benefit that it is very quick and does not move points too far away from their
first projection, but it also gives very evenly distributed points without needing
a lot of iterations. (One loop over all the points in all the paths that the shortest
path algorithm found.) When the largest distance moved in one iteration is less
than 0.01Ah, the iteration is stopped. Figure 5.9 shows the situation after the
points have been redistributed. (Compare this with Figure 5.8.)
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Figure 5.9: Details of the meshes of the circle and dumbbell test-functions after applying the
redistribution of the projected points. The amount of green and red depict the skewness of each
triangle and the size mismatch, respectively.

The same technique has been applied to the boundary points surrounding
an intersection of the zero level-set curve with the boundary. This redistributes
these boundary points evenly around the boundary point that has been moved
to the intersection with the zero level-set curve. This can in principle also be
done using the technique developed in Chapter 6, if one restricts the movement
of the boundary points such that they are forced to remain on the boundary
line.
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Chapter 6

Spring model for mesh
relaxation

After moving the shortest path points towards the zero level-set curve, the mesh
may contain a lot of triangles that are skewed and small or large compared to
the original mesh. To correct this, a physical model is introduced which models
each edge as a spring. The lowest-energy state of the springs then corresponds
to the ideal mesh configuration. The first section of this chapter describes the
spring model in detail, and the second section describes the numerical iteration
used to approximate the lowest energy state.

6.1 The spring model

To convert the problem of skewed and wrongly sized triangles into a physical
problem, each edge is modelled as a spring with spring constant wy. For the
rest position of the springs two options will be considered. The first option is
to have all springs exert zero force when their extension is zero, so when the
edge length is zero. An explanation will be given for why this does not lead to
good results, after which the second option is described where the rest position
is chosen to be at an extension equal to h. (Where h is the edge length at the
initialization of the mesh before any adjustments.)

Rest-extension equals zero

A simple approach to adjusting the points of the grid is to loop over all points
of interest a couple of times and just adjusting those points one at a time. The
question is then to find a simple way of determining where the equilibrium point
of a mesh point is when all the surrounding points are held fixed, see Figure 6.1.
We consider therefore the potential energy PE of the spring system surrounding
the point. We have a nice result from Apostol and Mamikon [7] stating

I 1 1
PE =2 Y wila—rild = 5 Y wille —rel3+ 5Wle—2lf,  (6.)
k=1 k=1
where {wy : k € 1,...,n} are the spring constants for the n springs, c is the

weighted centroid of the surrounding points with weights equal to the spring
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constants wg, z is the position of the point itself and {ry : k € 1,...,n} the
position vectors of the surrounding points, and W =Y _, wy.

Figure 6.1: Figure showing the force system on the elements surrounding a point of the mesh.
This rest extension of the springs in this figure is equal to h, at a rest extenion of 0 all the springs
would be in tension proportional to the extention. The point ¢ depicts the equilibrium point, which
is in the weighted centroid in the case of a rest extension of 0.

From this result it can easily be seen that the minimum of potential en-
ergy lies at the weighted centroid, since only the term W ||c—z||3 depends on z
in the right-hand side of Equation (6.1), and this term has its minimum at z = c.

When for all spring constants wy one has wy = 1, this simple algorithm
thus consists of moving all the grid-points of interest towards the centroid of the
surrounding points until the changes thus made are under a certain threshold. In
addition one could decide to only start adjusting the points when the resultant
force Fes on the point reaches a certain threshold, because then we don’t have
to move as many points. The force is then calculated as

n

Fres(z) =Y Fr=—) (z—14). (6.2)
k=1

k=1

Since we only need the magnitude of the force, we have

n
”Fres(Z)HQ = ZZ —TIg
k=1

2
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This algorithm does not give good results, however, since the higher con-
centration of points in area’s where points have been moved to the zero level-set
curve now means that these area’s attract more points towards them, since the
respective centroids will be biased towards these highly concentrated area’s.
Adjusting the spring constants to counteract this problem is also not a good
idea since this would change the spring constants at each step, because of which
a lot more iterations would be needed before converging to the solution.

This means that the only choice to make sure that concentration of points
does not have any influence is to choose the more complicated system of equa-
tions corresponding to the case where the rest extension is equal to h.

Rest-extension equals h

For all the spring constants wy, let wi = 1. The set of equations to solve is now

n

n
Z—Typ
Fres(z) =Y Fr==> (z—11) —hi——— =0, (6.3)
k=1 k=1 2 = rill2
for each point with location z and n surrounding points ri. This can be written
as

Fres(z) = — kz::(z ~ ) (1 h) =0, (6.4)

1 Tzl

implying that one might linearise this by setting wy, = 1 — h/||z — ri||2, and
applying an iterative method to the non-linear set of equations. Unfortunately
the behaviour of any fixed-point iteration-method to solve this system is very
erratic because the ||z — rg||2 can be very small, causing the equilibrium point
for the equations of one point in one iteration to possibly be far outside of
the surrounding points. The next section describes an Euler-forward inspired
method that performs better for solving for the equilibrium situation.

6.2 Euler-forward inspired approximation-method

In this section the equations for each point are modified in order to be able to
solve them more easily. The equations become

v, (z) = — zn:(z 1) (1 - |h> 0, (6.5)

=1 |z — r2

where v, is the velocity vector of the point p. Thus each point moves with
a certain velocity towards the equilibrium point, since v, is now in the same
direction that F s used to be, and as long as the method can be forced to con-
verge towards v, = 0 for all points p, then it must have the same solution since
v, = 0 corresponds to the situation where F,os = 0 in the unmodified system
of equations.

The Euler-forward integration-method could then be applied to the sys-
tem, such that for a point with coordinates x,(¢) at time ¢, the coordinates at
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time ¢t + At will be
Xp(t + At) = x,(t) + At vp(x,(2)).

But convergence towards the equilibrium solution is not guaranteed using such
a method, since a spring system without friction can easily oscillate instead of
reaching an equilibrium.

So instead of applying the Euler-forward integration-method to this set of
equations, a new method is used to make sure it does converge. The idea is to
just let At = 1 in the Euler-forward method, such that now the displacement
of each point p in the time step form ¢ to ¢t + At would be equal to the velocity
vector v, (t). Lets call this displacement A, so Ay = At) = v,(t). To assure
convergence, however, the point p is moved instead to

A,
1A¢ ]

2h o
x, (t + At) = x,(t) + = arctan (||At||2> (6.6)

To see why Equation (6.6) works, first note that the % factor in front
of the arctan(-) moves the horizontal asymptote at +oo of arctan(-) from 5
towards h, such that a point can only be moved a length of maximally & in each
iteration, preventing a lot of the erratic behaviour that the fixed-point iteration
described earlier provided.

Secondly note that the derivative of arctan(||Allz) is 1 near ||Ally = 0
such that for small A, = v,(t) we have that the displacement roughly equals
%vp, which corresponds to %Fres in the unmodified equations where F,q is
the resultant force on point p (at time ¢). This means that a threshold on the
minimal force before movement is allowed can still be built in by providing a
threshold for A in the modified equations, equal to g times the corresponding
threshold for the unmodified equations.

The third property is the property that the new method actually converges

(or seems to at least).

Does it converge?

The question of convergence is difficult to answer definitively without a lot of
(computer-aided) algebra. This is beyond the scope of the present research
project. For the mesh sizes and test functions used in this project it seems
to converge, however, and the arguments for this technique already mentioned
indicate that it at least will not diverge too quickly if it does. It seems likely
that the method converges for similar, reasonably simple, level-set functions as
well.

An oscillation could still occur, which can be seen in a one-dimensional
case already when there are only three points x1, 2, and x3, and the middle
point z9 is ‘relaxed’ using the described method. For when the middle point
is a distance of A from the equilibrium position %(a:l + x3), and one iteration
of the method happens to move the point exactly 2A, then it is exactly at
the opposite side from the equilibrium point. The method would then make
this point oscillate between the two positions, each at a distance of A from the
equilibrium point. Figure 6.2 shows the process.
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Figure 6.2: Figure showing the oscillatory property of the relaxation method for a simple one-
dimensional case.

The more complicated structure of two-dimensional meshes and the many
more moving points make it very unlikely that such an oscillation occurs, how-
ever. The fact that oscillations have not occurred in the test-cases corroborates
this. (Oscillations would have been detected by the absence of convergence,
because the maximal movement of any point in one iteration would then not
fall below the threshold.)
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Chapter 7

Qualitative comparison of
all described methods

In order to measure the quality of the different methods, a mesh of edge-length
of % has been fitted to the five test-functions described in Section 3.4. Then
the quality measures described in Sections 3.1, 3.2 and 3.3 are calculated for
the resulting meshes. The sections below describe for each quality measure in
succession the performance of the five test functions, with explanations of why
these performances might be expected considering the characteristics of each
test function. It is useful to compare the performance with pictures of actual
meshes being fit to the test functions. These pictures are shown in Appendix A
for a mesh edge-length of %.

The shortest path algorithm was unable to fit correctly to the cos-times-sin
test-function, due presumably to some technical mistakes in the implementation.
Because of this at least one triangle with area 0 and skewness 1 was created,
such that the Maxskew and the Minsize measures do not give representative
results in the three shortest-path method variants compared in this chapter.

7.1 Maximum skewness

The first measure to consider is the Maxskew measure, of which the results are
shown in Figure 7.1. The figure shows that the cut method and the cut-and-flip
method perform about the same, although a slight increase in performance is
seen in the dumbbell test-function. This is to be expected, since only in very
skewed situations can the skewness of flipped triangles be so large as to influence
the maximum skewness taken over all the triangles.

The figure also shows that the shortest-path fit can behave quite poorly
on its own, for example with the circle test-function. The redistribution method
seems to improve this when it is particularly bad, but might also make things
worse a bit like with the star test-function. The forward-relaxation method,
however, seems to make all these changes worthwhile by improving the perfor-
mance greatly, after which there is no doubt that the shortest-path approach
gives a better performance in terms of Maxskew, except of course for the cos-
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Figure 7.1: The maximum-skewness quality-measure of the initial mesh and of the resulting mesh
after application of the different methods applied to each of the test-functions. The mesh edge-

length of the starting mesh is 5.

times-sin test-function where the algorithm could not fit correctly.

The Maxskew quality measure actually measures the worst triangle of the
mesh, around the details of the zero level-set curve that are the hardest to fit to.
These results show that for these hardest details of the mesh, the shortest-path
fit with Euler-forward relaxation is the best choice.

7.2 Average skewness

For the Avgskew measure it is a different story altogether, see Figure 7.2. The
flip method improves on the cut method quite a bit, which can be explained by
the observation that when the cut method is applied, the result is three trian-
gles of which at least two are quite skewed. The flip method, however, results
in only two skewed triangles, which are a bit bigger. Therefore the Avgskew
measure may not be an appropriate measure to compare these two methods,
perhaps the skewness of each triangle should be normalized with respect to the
triangle size.

The figure also shows that the shortest-path fit can perform better or
worse than both cut methods. The refinement methods of the shortest-path
fit, the redistribution and the Euler-forward relaxation, only make things worse
in terms of the Avgskew measure. This can be explained by the fact that the
shortest-path methods adjust a whole lot more triangles than the cut method
and the cut-and-flip method. All these triangles were very close to being optimal
before they were adjusted, so any adjustment would cause the skewness of these
triangles to deteriorate. It is interesting to note, though, that for a function like
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Figure 7.2: The average-skewness quality-measure of the initial mesh and of the resulting mesh
after application of the different methods applied to each of the test-functions. The mesh edge-

length of the starting mesh is 5.

the star test-function, the shortest-path methods still perform better than the
cut methods, which is because in this test-function in particular, a lot of cuts
where needed (as opposed to moves or flips) to make the mesh fit.

This quality measure shows that when the average skewness of the triangles
is what counts, then either the cut-and-flip fit or the shortest-path fit is the
best choice. (Although the horrible performance of the shortest-path methods
on the cos-times-sin test-function can be caused by the earlier described error
in the fitting process.! If this is the case, the shortest-path algorithm without
extensions is probably the best choice.)

7.3 Standard deviation of skewnesses

To give a better indication on the distribution of skewnesses than the Avgskew
described earlier, the Stdskew measure was introduced. The results are shown
in Figure 7.3. The figure shows that the cut method performs especially poorly,
which the cut-and-flip method improves upon. Note that adding the flip method
sometimes does not do a lot, like with the star test-function. The same argument
as in the previous section about the number of skewed triangles contributing
to the measure also applies here, explaining why the cut method performs so
poorly by adding so many skewed triangles.

The performance of the shortest-path methods seems to be better, with
the bare shortest-path method already performing at least as good as the cut

1See the introductory paragraph of this chapter.
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Figure 7.3: The standard-deviation-of-the-skewnesses quality-measure of the initial mesh and of
the resulting mesh after application of the different methods applied to each of the test-functions.
The mesh edge length of the starting mesh is %.

methods. The redistribution then comes with a small cost, but the Euler-
forward relaxation then performs outstandingly, improving the performance a
lot more then the small cost of the redistribution.
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Figure 7.4: The maximum-size quality-measure of the initial mesh and of the resulting mesh after
application of the different methods applied to each of the test-functions. The mesh edge-length of
the starting mesh is %.
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7.4 Maximum size

Then on to the size measures. The results of the Maxsize measure is shown
in Figure 7.4. The figure shows that the cut method performs quite well, ex-
cept with the star test-function, where it increases the Maxsize a bit. The
flip method only seems to make things worse with the first two test functions,
meaning that some already skewed triangles were used in the flip method. In the
other three test functions the performance is about the same as the cut method.

The shortest-path method initially performs horrible, increasing the max-
imum size quite a bit with all test-functions. Only after applying the redis-
tribution and in particular the Euler-forward relaxation does the performance
improve, but then the performance is much better then all the other methods,
and very consistent. In fact the quality of the resulting meshes is almost as
good as the original mesh before fitting, which is assumed to be nearly ideal.
The shortest-path fit with Euler relaxation seems to be the preferred choice
considering the Maxsize measure.

7.5 Minimum size

The results of the Minsize measure is shown in Figure 7.5. The cut method
and the cut-and-flip method seem to perform exactly the same. This is due to
the fact that the cut method results in much smaller triangles than the origi-
nal, much smaller than moving points around is likely to do. The cut-and-flip
method also cuts a lot of triangles, because of which the worst cut is likely to
still occur. (The triangles in which the worst cut occurs can likely not be flipped,
since the requirements for a flip to occur will likely prevent these triangles to

flip.)
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Figure 7.5: The minimum-size quality-measure of the initial mesh and of the resulting mesh after
application of the different methods applied to each of the test-functions. The mesh edge-length of
the starting mesh is =

16"

The values for the shortest-path methods on the cos-times-sin test-function
are not representative, leaving the other four test-functions to consider. The
bare shortest-path method seems already to perform a lot better than the cut
methods. The redistribution can then deteriorate the matter a bit, but the
Euler-forward relaxation can then improve matters greatly. On the whole the
shortest-path fit with Euler forward relaxation seems to be the best choice.

7.6 Standard deviation of sizes

The results for the Stdsize measure are shown in Figure 7.6. The cut method
performs the worst, which the flip method improves a bit. This is probably again
for the same reasons already mentioned in the previous two sections about the
Maxsize and Minsize quality measures.

The interesting part is how the shortest-path methods perform. The bare
shortest-path method already performs better than the cut method, and usually
better than the cut-and-flip method as well. The redistribution method then
improves on this a bit after which the Euler-forward relaxation method improves
the mesh a lot. The Euler-forward relaxation method is thus the best choice
considering the Stdsize measure, performing quite a bit better than all other
considered methods, even including the improperly fitted cos-times-sin test-
function.
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Figure 7.6: The-standard-deviation-of-sizes quality-measure of the initial mesh and of the resulting
mesh after application of the different methods applied to each of the test functions. The mesh edge-

length of the starting mesh is .

7.7 Conclusion

When the shortest-path function works correctly,? the shortest-path-fit-with-
Euler-relaxation method performs the best in all measures except the Avgskew
measure. So unless the Avgskew measure is the most important in the problem
to which the mesh is applied, or the shortest-path method cannot yet be used
for such a problem, then the use of this method is much preferred. The two
refinement methods of the shortest-path method show a large improvement on
the base method, such that one should always use the shortest-path method
with its refinements, never without.

When a shortest-path method is not an option, the cut-and-flip method is
preferred instead of the cut method, since it only performs worse than the cut
method in the Maxsize measure.

2See the introductory paragraph of this chapter.
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Chapter 8

Discussion and future
research

This chapter describes the conclusions from this research in Section 8.1, along
with discussions and thoughts on further research on mesh adjustment in Sec-
tions 8.2 to 8.6.

8.1 Conclusion

This research has analysed the cut method extensively in Chapter 4 after which
two other modifications were presented, which were shown in Chapter 7 to im-
prove the performance of the method. This resulted in the conclusion that the
cut-and-flip method, when implemented as described in this research, performs
better than the other existing methods. (Primarily better than the cut method.)

After this a new method was developed, using a shortest-path algorithm
and a spring model. Three variants of this method were developed, of which
the third one (including the redistribution method as well as the Euler-forward
mesh relaxation method) proved to perform best, most notably much better than
the cut-and-flip method. From this the conclusion follows that when possible
the shortest-path-with-Euler-forward-relaxation method should be applied. The
current implementation of the shortest-path method is limited in its application,
however, as described in the next sections.

8.2 Different mesh topologies

Although many methods developed and used in this research are probably com-
patible with different mesh topologies, this has not been tested and may give
some complications. In this research only a simple square topology has been
used, with a standard Delauney triangulation. If a different mesh topology is
used where many points along the boundary are corners, then the situation
where new edges would have to be added to fit the mesh properly to the zero
level-set curve could easily occur. The shortest-path method presented in this
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report is not able to decide to add new edges in such cases and others, where
new edges are needed to fit properly.

8.3 Complicated level-set topologies

The topology of the zero level-set curves is still a problem. The present algo-
rithm cannot deal with complications like intersections of more than two zero
level-set curves, or even of two curves as happened using the cos-times-sin test-
function. Also the present algorithm cannot detect multiple simple curves not
crossing the boundary, it now just assumes that there is only one. Of course
combinations of curves crossing the boundary and not crossing the boundary
give complications as well.

A possible solution could be to use a different approach to find this ‘short-
est path’ by instead finding the dual graph of the mesh, and in this graph finding
the minimal cut between a point in the interior of a region and another point in
the exterior. (Where the interior is for example where the level-set function is
negative and the exterior where it is positive.) Each line in the dual graph then
still represents an edge, but connects the two faces which it neighbours, so each
point in the dual graph corresponds to a triangle in the original graph. In this
way the edges can still have the same weight as in the original, and a minimal
cut algorithm can find which edges to choose.

A complication may lie in how to choose the points to separate using the
min cut algorithm. For example the dumbbell test-function might be unsuited
to a min-cut algorithm since choosing a point in the left part could cause the
right part to be excluded from the path by the algorithm. The upside to this
method would probably be that it would be easier to make it work for multiple
disjunct zero level-set curves, since finding appropriate internal and external
points of a region for the min-cut algorithm are probably more easily found
than appropriate start points on the edge of the region for the shortest-path
algorithm.

8.4 Refining the mesh relaxation method

The mesh-relaxation method can be made more mathematically precise by mod-
elling the spring system with a finite-element method. The downsize may be
the calculation time, since this whole finite-element method would have to be
modelled until equilibrium for each step where the zero level-set curve changes.

Secondly the model for the mesh relaxation can be changed to a continuous
elastic model, where the mesh area would be modelled as a two-dimensional elas-
tic substance, perhaps like rubber, on which the mesh points would be ‘drawn’.
The surface would then be forced to move its points according to the orthogonal
projection in the shortest path method. Then the rest of the point locations
would be found by finding the displacements using a solution for a finite-element
method for this rubber material.
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8.5 Higher dimensions

An obvious way to extend the methods developed in this research is to use
more-dimensional problems, such as 3-dimensional ice melting. The problem
with this is that the shortest-path algorithm cannot be used to find a least-
weight surface in 3 dimensions. (The phase-interface is now always a surface
instead of a curve in 2-dimensions.) So a new algorithm has to be developed
with a different approach.

If one wants to keep using the equivalent of edge weights (which are tri-
angle weights in 3 dimensions) then perhaps one can use the earlier mentioned
minimal-cut approach to the dual graph. (Which is now in 3 dimensions, so dual
with respect to the elements, not the faces of the elements. Each line in this
dual graph then corresponds with a face between two elements in the original
graph.) This can work because a minimal cut does not discriminate between
the number of dimensions of the mesh, it just gives the minimal cut in the dual
graph whatever this represents in the original graph/mesh.

8.6 Quantifying goodness-of-fit to zero level-set
curve

In this research the goodness-of-fit to the zero level-set curve has not been
quantified. This has been done by Verbeek [2] and gives a better perspective
on the performance of the different methods. The redistribution method from
Section 5.4 is likely to have a positive influence on the performance with respect
to such a measure. Possibly the orthogonal projection method can be adjusted
based on this measure such that redistribution method becomes obsolete.
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Appendix A

Pictures of the methods
applied to the test-functions

What follows are pictures of the test functions as they are applied to a triangu-
lar grid on a square domain [—1,1]? € R?, with an edge-length equal to h = %.
This is somewhat smaller than we would like considering the errors, but it shows
the applied methods more clearly.

In the figures of this chapter, the situation before adjusting the mesh is
depicted to the left of the situation after the method has been applied. In the
figure depicting the situation before the application the red lines depict the zero
edges where the zero level-set curve crosses a mesh edge. In blue are shown
the lines of the zero level-set line as approximated by linearly interpolating the
crossing of the zero level-set curve. These interpolations can be considered to
be exact since we usually do not have the actual level-set function present, but
only the triangular approximation by its values on the grid points. In this case
the (approximated) level-set function is linear on each triangle, such that linear
interpolation gives an ‘exact’ answer.

A.1 Cut method

This method uses only the move and the cut techniques as described in Chapter
4. Figures A.1 and A.2 show this method in action. The green lines represent
the (approximated) level-set edges that now coincide with edges of the mesh.
The move technique consists of moving a grid point towards an interpolated
level-set crossing of a neighbouring edge when the distance is less than 0.3h.[2]*
The points that have moved are shown in orange.

The cut technique splits a triangle in multiple triangles in such a way that
these triangles fit the zero level-set curve better. Depending on the type of cut,
a triangle will split up in two or three parts, where the results described in
Section 4.3 are used to decide how the triangle is cut. The triangles that have
been cut are shown in the following figures in yellow.

I The discussion on the optimal threshold is extensively treated in [2, Quality and Accuracy
of the Mesh, p. 48].
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Figure A.1: The meshfitting method applied to the first three test functions. The method applied
here is the cut method, which moves points and cuts up triangles to make the mesh fit the zero
level-set curve. Orange points depict points that have been moved, while yellow triangles depict
triangles that have been cut into pieces.
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Figure A.2: The meshfitting method applied to the last two test functions. The method applied

here is the cut method, which moves points and cuts up triangles to make the mesh fit the zero
level-set curve. Orange points depict points that have been moved, while yellow triangles depict

triangles that have been cut into pieces.
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A.2 Cut-and-flip method

This method uses the move, cut and the flip techniques as described in Chapter
4. Figures A.3 and A.4 show this method in action. The green lines again
represent the (approximated) zero level-set curves that now coincide with edges
of the mesh. The move technique consists of moving a grid point towards an
interpolated level-set crossing of a neighbouring edge when the distance is less
than 0.3h.[2]> The points that have moved are shown in the figures below in
orange.

The cut technique splits a triangle in multiple triangles in such a way that
these triangles fit the zero level-set curve better. Depending on the type of cut,
a triangle will split up in two or three parts, where the results described in
Section 4.3 are used to decide how the triangle is cut. The triangles that have
been cut are shown in the following figures in yellow.

Whenever possible, the cut-and-flip method applies a flip instead of a
cut, meaning that instead of creating a lot of new triangles, two neighbouring
triangles flip their common edge, such that the flipped edge now connects the
other two of the four points of the two triangles. Where this technique has been
applied, both triangles involved are shown in light blue.

2The discussion on the optimal threshold is extensively treated in [2, Quality and Accuracy
of the Mesh, p. 48].
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Figure A.3: The meshfitting method applied to the first three test functions. The method applied
here is the cut-and-flip method, which moves points, flips edges when possible or else cuts up
triangles to make the mesh fit the zero level-set curve. Orange points depict points that have been
moved, yellow triangles depict triangles that have been cut into pieces and blue triangles are those

whose edges have been flipped.
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Figure A.4: The meshfitting method applied to the last two test functions. The method applied
here is the cut-and-flip method, which moves points, flips edges when possible or else cuts up
triangles to make the mesh fit the zero level-set curve. Orange points depict points that have been
moved, yellow triangles depict triangles that have been cut into pieces and blue triangles are those
whose edges have been flipped.
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A.3 Shortest path method with orthogonal fit

This method uses the a shortest-path algorithm (using Dijkstra’s algorithm to
calculate the shortest path), where the edge weights are determined by their
position and orientation relative to the closest level-set edges. Figures A.5, A.6
and A.7 show this method in action. When these paths are found they are
projected orthogonally towards the closest level-set edges. Then they are redis-
tributed by placing each point in the average position of its two neighbouring
points within the chosen path, and afterwards are again projected to the nearest
zero level-set edge.

The plots also show the choices for start points and start-point sets used
in the shortest-path algorithm, as well as the edge weights, using the colouring
of the points and edges respectively. The plots with coloured triangles also show
the skewness and size mismatch in the amount of green and red in the triangle
colour respectively.
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Figure A.5: The shortest path method applied to the first two test functions. The shortest-path
method first decides which points will be moved towards the zero level-set curve and then moves
them with an orthogonal projection method. The colored points in the first plot of each three depict
the start-point sets from which the shortest path starts or and to calculate. The green points in
the second plot of each three shows the selected points based on the shortest-path algorithm, which
are in plot three of the three moved orthogonally towards the zero level-set curve. In this last plot
the redness of each triangle depicts the skewness of the triangle.
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Figure A.6: The shortest-path method applied to the third and fourth test functions. The shortest-
path method first decides which points will be moved towards the zero level-set curve and then moves
them with an orthogonal-projection method. The colored points in the first plot of each three depict
the start-point sets from which the shortest path starts or and to calculate. The green points in
the second plot of each three shows the selected points based on the shortest-path algorithm, which
are in plot three of the three moved orthogonally towards the zero level-set curve. In this last plot
the redness of each triangle depicts the skewness of the triangle.
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Figure A.7: The shortest-path method applied to the fifth test function. The shortest-path method
first decides which points will be moved towards the zero level-set curve and then moves them with
an orthogonal-projection method. The colored points in the first plot of each three depict the start-
point sets from which the shortest path starts or and to calculate. The green points in the second
plot of each three shows the selected points based on the shortest-path algorithm, which are in plot
three of the three moved orthogonally towards the zero level-set curve. In this last plot the redness
of each triangle depicts the skewness of the triangle.
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A.4 Shortest path method with orthogonal fit
and mesh relaxation

The last method shown here is simply the shortest-path method with orthogonal
fit described in the previous section, after which the mesh-relaxation method
was applied. Figures A.8 and A.9 show this method in action.

The mesh-relaxation method uses a spring model to ‘relax’ the mesh-points
into better positions, such that the mesh quality measures are improved greatly.
The plot show the situations before and after application of the mesh relax-
ation method, where the triangle skewness and size mismatch is depicted as the
amount of green and red, respectively, in the colour of the triangle.
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Figure A.8: Before (left) and after (right) mesh relaxation using the spring model for the first
three test functions. The amount of green and red depict the amount of skewness and mismatch in
size, respectively.
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Figure A.9: Before (left) and after (right) mesh relaxation using the spring model for the last two
test functions. The amount of green and red depict the amount of skewness and mismatch in size,
respectively.
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