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A single van der Pol wake oscillator model for coupled cross-flow
and in-line vortex-induced vibrations

Yang Qua,∗, Andrei V. Metrikinea,b

aDepartment of Hydraulic Engineering, Delft University of Technology, Stevinweg 1, 2628CN Delft, The Netherlands
bDepartment of Engineering Structures, Delft University of Technology, Stevinweg 1, 2628CN Delft, The Netherlands

Abstract

In this study a new wake oscillator model is proposed to describe the coupled cross-flow and
in-line vortex-induced vibrations of an elastically supported rigid cylinder. Different from many
other studies where two wake oscillators have been applied, the current model uses only one
wake oscillator coupled to both cross-flow and in-line motions. The new model is based on the
van der Pol oscillator with the classic acceleration coupling between the wake and cross-flow
motion, while the in-line motion is coupled with the wake variable in a nonlinear manner. The
predictions of this new model are compared with the existing experimental data and shown to
be in good agreement. In addition to the conventional lock-in range that corresponds to reduced
velocities between 5 and 8, another lock-in is predicted around reduced velocity of 2.5 due to the
in-line vibration. Most importantly, the new model is proved to be able to predict the appearance
of the ’super-upper’ branch at small mass ratios without changing the tuning parameters. The
limitations of the model associated with unrealistic predictions of free vibrations with very small
mass ratios and those of forced in-line vibrations at high frequencies are also discussed along
with a possible remedy.

Keywords: vortex-induced vibration, coupled cross-flow and in-line vibration, wake oscillator
model, fluid-structure interaction

1. Introduction

Vortex-induced vibration (VIV) is a well-known phenomenon to civil engineers as it often oc-
curs in flexible cylindrical structures, such as chimneys, cables of suspended bridges, suspended
power lines, offshore risers and mooring cables, that are subjected to air or water flows. This vi-
bration can lead to the rapid accumulation of fatigue damage, or it can even result in the sudden5

collapse of a structure.
Due to the complexity of the fluid-structure interaction problem, most knowledge about VIV

to date has been obtained from physical experiments. It is the VIV of rigid cylinders that has
been the focus of early research. Two types of experiments have been adopted by the majority
of researchers to investigate the problem: free and forced vibration tests. In the free vibration10
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tests an elastically supported rigid cylinder vibrates due to the fluid-structure interaction, and
the characteristics of the motion are analysed. The forced vibration test, on the other hand,
investigates the hydrodynamic forces acting on and the wake structure behind a cylinder that is
forced to vibrate with constant amplitude and frequency. Reviews of these studies can be found
in the papers by Williamson and Govardhan (2004) and Sarpkaya (2004). The accumulated15

results from the investigation of the VIV of rigid cylinders have provided some insights into the
fundamental mechanism of VIV, and several prediction models have been developed.

So far the prediction of VIV mainly relies on the semi-empirical approaches such as force-
decomposition methods, wake oscillator models, single degree-of-freedom models and variation
approach. A detailed review of these approaches can be found in the paper by Gabbai and20

Benaroya (2005). In particular, the wake oscillator model has been the focus of many works in
recent years. The fundamental idea of this approach is to describe the dynamics of the wake
using an effective nonlinear oscillator, whose motion is coupled to the dynamics of the cylinder.
Instead of modelling the actual flow field, this model attempts to reproduce the main features
of VIV observed in experiments, and it is thus phenomenological. The concept of the wake25

oscillator can be dated back to the 1950s when Birkhoff (1953) tried to find expressions for the
Strouhal frequency and vortex spacing in the wake through a linear oscillator that describes the
motion of the angle between the wake axis and incoming flow. Bishop and Hassan (1964) were
the first to suggest the idea of using a van der Pol nonlinear oscillator for the description of the
hydrodynamic force. A large number of wake oscillators have been proposed since then in the30

1970s and 1980s (Hartlen and Currie, 1970; Skop and Griffin, 1973; Iwan and Blevins, 1974;
Landl, 1975). In more recent studies, one main contribution is from Facchinetti et al. (2004) in
which a classical van der Pol oscillator is used to model the near wake dynamics, and the effects
of several types of linear coupling terms (displacement, velocity and acceleration) modelling the
fluid-structure interaction are investigated. Facchinetti et al. (2004) found that the acceleration35

coupling is most appropriate for the modelling of most of the features of VIV. Facchinetti’s model
was further improved by properly including the effect of the stall term, dropping the assumption
of a small angle of attack (Ogink and Metrikine, 2010).

In most previous studies on the modelling of VIV, the in-line response was normally not of in-
terest, as its amplitude is small compared to the cross-flow response. However, due to its doubled40

oscillating frequency, relative to the cross-flow, the in-line vibration may introduce significan-
t fatigue damage to the structure. Also, studies have demonstrated that the presence of the in-line
vibration may alter the wake pattern and consequently influence the cross-flow response (Dahl
et al., 2007; Jauvtis and Williamson, 2004). More importantly, in practical situations, the flexi-
ble structures possess multiple natural frequencies and are usually allowed to vibrate in different45

directions. In such cases, it is possible that resonance occurs in both cross-flow and in-line di-
rections. Therefore, an advanced model that is capable of predicting the coupled cross-flow and
in-line VIV is necessary to simulate practically relevant situations.

Although a large number of wake oscillator models have been developed for the prediction of
the cross-flow response of a structure, only a few attempts have been made to model the coupled50

cross-flow and in-line VIV (Kim and Perkins, 2002; Srinil and Zanganeh, 2012; Bai and Qin,
2014; Postnikov et al., 2017). For the latter, the approach of introducing a second nonlinear
wake oscillator for the description of the oscillating drag force, in addition to the wake oscillator
that describes the lift force, has been widely employed; see, for example, Srinil and Zanganeh
(2012); Postnikov et al. (2017); Kim and Perkins (2002). Efforts have been made to tune the55

model to the experimental measurements, and the influence of the empirical parameters on the
simulation results has been investigated (Srinil and Zanganeh, 2012; Postnikov et al., 2017).
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Although good agreements between the simulation and experiments have been achieved, the
phenomenon of the super-upper branch – characterised by the appearance of a large amplitude of
cross-flow vibration at a small mass ratio (Jauvtis and Williamson, 2004) – which is one of the60

most important characteristics of coupled cross-flow and in-line VIV, has not yet been captured.
The simulations and experiments are matched by applying different tuning parameters each time
the experimental conditions, such as mass ratio for example, change (Srinil and Zanganeh, 2012).
Also, in most literature, only the amplitude of the vibration of the structure is presented, whether
these models are able to capture the frequency lock-in around reduced velocity 2.5, which is65

another main characteristic of the coupled cross-flow and in-line VIV, is not reported.
Introducing a second wake oscillator equation that is coupled with the in-line motion to de-

scribe the oscillating drag force is a common approach taken by most researchers. However, in
most cases, such as the models by Srinil and Zanganeh (2012); Postnikov et al. (2017), the two
wake oscillators are uncoupled (here the uncoupling means that the two oscillators are not di-70

rectly coupled, in the case of free vibration they are indirectly coupled through the instantaneous
flow), and the one that describes the lift force is solely dependent on the cross-flow motion of
the cylinder, while the oscillating drag force is predicted by the other oscillator, which is only
coupled with the in-line motion. This is not entirely consistent with the fact that the lift and drag
forces have the same origin, the dynamics of the wake, and are interdependent on each other.75

This interdependency is reflected by the fact that there is a certain phase relation between the
fluctuating lift and drag forces on a fixed cylinder. However, according to the uncoupled dou-
ble wake oscillator models, the phase relation between the fluctuating lift and drag forces on a
stationary cylinder is arbitrary and dependent on the initial conditions of wake variables. The
only model that contains coupled double wake oscillators is given by Kim and Perkins (2002). In80

this model, a set of quadratic couplings between the two wake oscillators have been introduced
and qualitatively analysed. However, the large number of tuning parameters makes this model
inefficient and less attractive.

The model with two wake oscillators may be said to contradict the fundamental mechanism
of coupled cross-flow and in-line VIV. It is physically more reasonable to use only one oscillator85

to describe the dynamics of the wake, and this oscillator should be coupled to both cross-flow
and in-line motions of the cylinder (not the same as the model by Bai and Qin (2014) where the
wake oscillator is only coupled with the cross-flow motion). The development of such a wake
oscillator model is the main objective of this paper.

In Section 2, the model that describes the two degrees of freedom VIV of an elastically sup-90

ported rigid cylinder is presented, with the focus on the introduction of an in-line coupling term
to the wake oscillator equation. The proposed model is then compared with the free vibration
experiments in Section 3. The limitation of the new model under in-line forced vibrations at high
frequencies is discussed in Section 4 and a modification of the in-line coupling term is proposed.
The modified model is then compared with the original one with respect to the prediction of free95

vibration experiments in Section 5. Final conclusions are provided in Section 6.

2. Model Description

In this section, the governing equations for the motion of an elastically supported rigid cylinder
that is allowed to move in both cross-flow and in-line directions, the definition of hydrodynamic
forces as well as the wake oscillator that is coupled to both in-line and cross-flow motion are100

presented.
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Figure 1: Coupled cross-flow and in-line VIV of an elastically supported rigid cylinder subjects
to uniform flow.

2.1. Governing equations for the structure
Consider a rigid cylinder that is elastically supported in both cross-flow (represented by the

y axis) and in-line (represented by the x axis) directions; see Fig.1. The displacements of the
cylinder X and Y along the in-line and cross-flow directions can be described as105

m
d2X
dt2 + b

dX
dt

+ kX = FX , (1)

m
d2Y
dt2 + b

dY
dt

+ kY = FY , (2)

where m is the mass of the cylinder, and b and k are the viscous damping coefficient and the
stiffness of the supports of the cylinder respectively. It should be noted here that there are experi-
ments that have been conducted with unequal mass, stiffness and damping in different directions
due to the set-up of the apparatus (Wu and Moe, 1990; Dahl et al., 2006); they are not considered110

here. Furthermore, FX and FY on the right-hand side of the equations are the in-line and cross-
flow hydrodynamic forces acting on the cylinder, both of which are assumed to be expressible as
a superposition of a vortex force and an ideal inviscid inertia force associated with the potential
added mass of the fluid:

FX = FVX + FAX =
1
2
ρDLV2CVX − ma

d2X
dt2 (3)

115

FY = FVY + FAY =
1
2
ρDLV2CVY − ma

d2Y
dt2 (4)

In Eqs.(3) and (4), ρ is the mass density of the fluid, D is the diameter, L is the length of the
cylinder, V is the undisturbed flow velocity, CVX and CVY are in-line and cross-flow vortex force
coefficients respectively, ma = CaπρD2L/4 is the added mass and the value for Ca is 1, as follows
from the potential theory. Moving the potential inertia force to the left-hand side of the equation
and dividing the result by (m + ma), Eqs. (1) and (2) become120

d2X
dt2 + 2ζωn

dX
dt

+ ω2
nX =

FVX

m + ma
. (5)
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d2Y
dt2 + 2ζωn

dY
dt

+ ω2
nY =

FVY

m + ma
. (6)

where ωn =
√

k/ (m + ma) and ζ = b/ (2ωn (m + ma)) are the natural frequency and damping
ratio of the cylinder in still water.

2.2. Definition of hydrodynamic forces
For an oscillating cylinder, the components FVX and FVY of the vortex force are time-varying125

hydrodynamic forces which are constructed as the summation of a stall force and a fluctuating
excitation component. The concept of the stall force was first suggested by Triantafyllou et al.
(1994) according to their experimental finding of a negative slope in the fluctuating lift force and
later adopted by Skop and Balasubramanian (1997) and Facchinetti et al. (2004) in their wake
oscillator model. It was recently pointed out by Ogink and Metrikine (2010) that the stall term130

used by Skop and Balasubramanian (1997) and Facchinetti et al. (2004) is the linearised form of
instantaneous drag force in the cross-flow direction with the assumption of small angle of attack
of the relative flow to the cylinder. It was further suggested by Ogink and Metrikine (2010)
that the original nonlinear instantaneous drag force should be used as it gives better match with
experiments and also produces fluctuating force in the in-line direction. Therefore, the nonlinear135

instantaneous drag force model is used in this paper to take into account the stall effect. The
instantaneous drag force FVD acts along the relative flow velocity U and can be written as

FVD =
1
2

CVDρDLU2, (7)

in which CVD is the drag force coefficient and U =

√(
V − dX

dt

)2
+

(
dY
dt

)2
is the relative flow

velocity. Similarly, the instantaneous lift force that is perpendicular to the relatively flow velocity
U is given as140

FVL =
1
2

CVLρDLU2, (8)

where CVL is the instantaneous lift force coefficient which is associated to the wake oscillator.
With instantaneous lift and drag forces defined above, the components FVX and FVY of the vortex
force then can be written as

FVX =
1
2

CVLρDLU2 sin (β) +
1
2

CVDρDLU2 cos (β) , (9)

FVY =
1
2

CVLρDLU2 cos (β) +
1
2

CVDρDLU2 sin (β) , (10)

in which the angle β is the angle between the direction of relative flow velocity U and that of145

undisturbed flow velocity V and is given as

sin β = −
dY
dt
/U, and cos β =

(
V −

dX
dt

)
/U. (11)

The definition of the angle β and the force decomposition described above is illustrated in Fig.2.

The force definition described above is the same as the one proposed by Ogink and Metrikine
(2010). In their model, the drag force coefficient is assumed to be constant and equals the steady150
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Figure 2: Decomposition of the vortex force in drag, lift, cross-flow and in-line directions (Ogink
and Metrikine, 2010).

component of the drag force measured from a stationary cylinder. One main problem with the
utilisation of the constant drag force coefficient is that the model is not able to predict pure in-line
free vibrations, since the cylinder, according to the force definition, is only subjected to a con-
stant drag force when its motion in the cross-flow direction is constrained. One straightforward
approach to deal with this shortcoming is to introduce an oscillating instantaneous drag force155

that is coupled with the instantaneous lift force in the following form:

CVD = CDM + αC2
VL. (12)

where CDM is constant, and the second quadratic term describes the relationship between the
fluctuating lift and drag forces that are derived from a fixed cylinder (Qin, 2004). According
to the definition of Eq.(12), the total drag force is composed of a steady part and an oscillating
component. The steady component of the drag force is the summation of CDM and the mean160

value of αC2
L, and the latter component is proportional to the square of the lift force coefficient’s

amplitude. Since the steady part of the drag force only damps the energy out from the structure,
the author found that the cross-flow motion would be significantly underestimated due to the
extra damping introduced by a large lift force. Therefore, in this paper, the instantaneous drag
force coefficient is still assumed to be constant CVD = CDM . Meanwhile, a fluctuating force is165

directly introduced in the in-line direction and coupled with the lift force in the same manner as
in Eq.(12). In this way, the in-line component FVX of vortex force is reformulated as

FVX =
1
2

CVLρDLU2 sin (β) +
1
2

CDMρDLU2 cos (β) +
1
2
αC2

VLρDUx|Ux|, (13)

where Ux = V − dX
dt is the in-line component of the relative flow velocity U. When the cylinder

6



dose not move, i.e. dY
dt = 0 and dX

dt = 0, Eq. (13) reduces to

FVX =
1
2

(
CDM + αC2

VL

)
ρDLV2, (14)

which is in the same form as proposed by Qin (2004) for the coupled lift and drag force on a170

fixed cylinder.
After performing the necessary substitutions into Eqs.(5) and (6), the final equations of motion

of the structure can be written as

d2X
dt2 + 2ζωn

dX
dt

+ ω2
nX =

1
2
ρDV2 CVX

m + ma
. (15)

d2Y
dt2 + 2ζωn

dY
dt

+ ω2
nY =

1
2
ρDV2 CVY

m + ma
. (16)

where175

CVX = −CVL
U
V2

dY
dt

+ CDM
U
V2

(
V −

dX
dt

)
+ αC2

VL

(
1 −

1
V

dX
dt

)
|1 −

1
V

dX
dt
|, (17)

and

CVY = CVL
U
V2

(
V −

dX
dt

)
−CDM

U
V2

dY
dt
. (18)

2.3. Wake oscillator coupled to both cross-flow and in-line degrees of freedom of the structure

When the cylinder is only allowed to move in the cross-flow direction, the dynamics of the
wake, which is characterized by alternate vortex shedding, can be described by the van der Pol
oscillator forced by structural acceleration as180

d2q
dt2 + εωs(q2 − 1)

dq
dt

+ ω2
sq =

A
D

d2Y
dt2 , (19)

where q is the wake variable and ωs is the Strouhal frequency, ωs = 2πStV/D in which St denotes
the Strouhal number. The parameters A and ε are tuning parameters. The wake variable is related
to the lift force coefficient as CVL = 1

2 qCL0 and the reference lift force coefficient CL0 is the one
measured on a fixed cylinder. It has been proven by Facchinetti et al. (2004) that Eq.(19) is able
to model most of the important features of the cross-flow VIV, including the lock-in as a result185

of wake synchronization driven by the cross-flow motion. In the cross-flow VIV, the use of the
oscillator to describe the wake dynamics comes from the experimental observation that ‘the wake
swings from side to side, somewhat like the tail of a swimming fish’ (Birkhoff, 1953) as well as
experimental measurements of lift and drag forces that ‘responded to forcing rather as a simple
oscillator would under similar circumstances’ (Bishop and Hassan, 1964). The dynamics of the190

wake in the cross-flow VIV is dominated by alternating vortex shedding; therefore, the resultant
lift force can be reasonably well represented by an oscillator driven by the acceleration of cross-
flow motion. Different from cross-flow VIV, for which the dynamics of the wake is dominated
by the alternating vortex shedding, the in-line VIV is characterised by two response branches
that correspond to different wake patterns. For the first branch (denoted as the SS branch) that195

occurs at a lower reduced velocity – defined as Vn = 2πV
ωnD , within the range roughly between 1

and 2.5 – symmetric vortex shedding is observed, while for the second branch (denoted as the
AS branch), the vortices are shed alternatively above Vn ≈ 2.5, (Aguirre Romano, 1978). The
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priority of this work is to model the second excitation region of in-line VIV, as it corresponds to
wake dynamics that is similar to that in the cross-flow vibration. To simulate the first response200

branch due to the symmetric vortex shedding, another model may be needed, which is not in the
scope of this paper.

In the second excitation region, Konstantinidis (2014) pointed out that the response of the
cylinder is steady, and the fluctuation of the wake, represented by the transverse velocity fluctua-
tion, is synchronised to half of the frequency of cylinder oscillation. From forced in-line vibration205

experiments, Aronsen (2007) also demonstrated that the lift force in this region contains signif-
icant components at both 0.5 and 1.5 times the frequency of cylinder oscillation. These facts
suggest that the coupling between the in-line motion and the wake variable may be in the form
that ensures parametric excitation of the lift force by the in-line vibration. To pursue this idea,
the wake oscillator equation is now extended to include a parametric excitation term, and it is210

given as
d2q
dt2 + εωs(q2 − 1)

dq
dt

+ ω2
sq −

κ

D
d2X
dt2 q =

A
D

d2Y
dt2 . (20)

The reason for using d2X
dt2 q instead of other combinations, such as dX

dt q for example, is a reasonable
guess based on the work by Nishi et al. (2008) in which the classic van der Pol wake oscillator
equation was derived by replacing the wake behind the cylinder by a rigid bar. The coupling
between the dynamics of the rigid bar, represented by the rotation angle, and the cross-flow215

motion of the cylinder was assumed to follow the same form as the dynamics of a pendulum
with a moving suspension point. If the same assumption holds in the in-line direction, then the
coupling between the wake oscillator and the in-line motion should be in the form of d2X

dt2 q, as
can be derived using the Lagrangian formulism. For a more detailed derivation, please refer to
Appendix A.220

The wake oscillator, Eq.(20), as well as the structural governing equations Eq. (15) and (16)
formulate the initial value problem for the coupled cross-flow and in-line vortex induced vibra-
tion of a rigid cylinder. Using the following quantities:

τ = ωst,Ωn = ωn/ωs, x = X/D, y = Y/D, (21)

the dimensionless form of the governing equations is obtained as

ẍ + 2ζΩn ẋ + Ω2
nx =

CVX

2π3St2 (m∗ + Ca)
, (22)

225

ÿ + 2ζΩnẏ + Ω2
ny =

CVY

2π3St2 (m∗ + Ca)
, (23)

q̈ + ε(q2 − 1)q̇ + q − κẍq = Aÿ (24)

where

CVX = (CDM (1 − 2πStẋ) + CVL2πStẏ)
√

(1 − 2πS tẋ)2 + (2πStẏ)2 +αC2
VL (1 − 2πStẋ) |1−2πStẋ|,

(25)

CVY = (−CDM2πStẏ + CVL (1 − 2πStẋ))
√

(1 − 2πStẋ)2 + (2πStẏ)2. (26)

and CVL = 1
2 qCL0, CDM = CD0 −

1
2αC2

L0. Here, CL0 and CD0 are lift and mean drag force coeffi-
cients measured on a fixed cylinder and overdots represent derivative respect to the dimensionless230

time τ.
8



3. Model predictions of coupled cross-flow and in-line vortex-induced vibrations

With the coupled system defined by Eqs.(22-24), the series of 2DOF VIV experiments reported
by Jauvtis and Williamson (2004) have been simulated. In these experiments, the cylinder has
the same natural frequency and mass ratio in the cross-flow and in-line directions.235

3.1. Model predictions of experiments with m∗ = 2.6 and 7
Although several experiments have been conducted with mass ratio m∗ varying from 1.5 to

25.0 and (m∗ + Ca) ζ from 0.001 to 0.1, detailed experimental data of cylinder responses are
only reported for the cases of m∗ = 7.0 with ζ = 0.0015 and m∗ = 2.6 with ζ = 0.0036.
These two cases demonstrate one of the main characteristics of the coupled cross-flow and in-240

line VIV, namely the phenomenon of the super-upper branch. Jauvtis and Williamson (2004)
discovered that the influence of the in-line freedom on the cross-flow response is surprisingly
small provided that the mass ratio is higher than m∗ = 6. However, as the mass ratio becomes
smaller than m∗ = 6, a new response branch, termed a ‘super-upper’ branch, appears in the cross-
flow direction, with a peak cross-flow amplitude as large as 1.5D. It will be shown later that with245

the model presented in the current study, this phenomenon is well captured.
The model is first tuned to the measurements with m∗ = 7. The hydrodynamic coefficients on a

stationary cylinder are assumed to be St = 0.2, CL0 = 0.3 and α = 2.2 (to generate an oscillating
drag force coefficient around 0.1). The mean drag force coefficient CD0 is assumed to be 1.2,
then CDM = CD0 −αC2

L0/2 ≈ 1.1. Since the model is not able to predict both the upper and lower250

branches of the cylinder response simultaneously (Ogink and Metrikine, 2010), two different sets
of tuning parameters have been used to capture those branches separately. The case in which the
model is tuned to the upper branch is referred to as ‘Case U’, and the other case is ‘Case L’. For
practise applications, a new wake oscillator model should be calibrated against a wide variety of
experimental data to determine the most suitable empirical and tuning parameters. This requires255

a comprehensive optimization procedure and a detailed analysis of available experimental mea-
surements. In this paper, we have only conducted a preliminary calibration of the model against
the cross-flow response by trial and error. The tuning parameters are determined such that a
good compromise between the cross-flow peak amplitude and the shape of the response branch
is achieved. The simulation results of the tuned model in comparison with the experimental260

measurements are illustrated in Fig.3 against reduced velocity. In this figure, A∗x and A∗y are di-
mensionless in-line and cross-flow amplitudes and Ωy is the dimensionless cross-flow frequency.
Since the calculated responses of the cylinder in both cross-flow and in-line directions are very
steady and periodic, A∗x and A∗y are determined by finding the maximum recurrent displacements
and Ωy is found by determining the highest peak in the Fourier spectrum of selected steady state265

response. The tuning parameters used for Case U are A = 8, ε = 0.08 and κ = 5; for Case L, they
are A = 20, ε = 0.8 and κ = 5.

The simulation results are generally in good agreement with the experimental measurements,
and the main characteristics of the coupled cross-flow and in-line VIV are well reproduced.
According to the experiments, apart from the conventional lock-in that occurs in the cross-flow-270

only vibration, an additional lock-in regime, which occurs at lower reduced velocities around
Vn ≈ 2.5, is observed. The latter regime corresponds to the same wake patterns that are observed
in the pure in-line vibration with two response branches, SS and AS; therefore, it is denoted
as an in-line vibration mode. Since the cross-flow response of the SS branch is almost zero,
and the associated wake dynamics with symmetric vortex shedding are not considered by the275

current model, the results presented next are only for the AS response branch. As can be seen
9



from Fig.3(c), the current model captures the lock-in regime associated with in-line vibration
mode well. Within this lock-in range, the simulated frequency of the cross-flow response lock-
s on to half of the natural frequency, Ωy/Ωn = 0.5, which is consistent with the experimental
measurements, while the width of the lock-in is smaller than that observed in experiments. This280

is because, as discussed previously, in the model proposed in this study, only the AS response
branch is considered. It is also shown in Fig.3(c) that for Case L there is a peak that reaches the
cross-flow natural frequency, Ωy/Ωn = 1, around Vn = 1.7. This is not lock-in but a phenomenon
of resonance when the third harmonic component in the fluid force approaches the natural fre-
quency of the structure. It needs to be pointed out that there are two predominant frequency285

components in the spectrum of cross-flow response at reduced velocity Vn = 1.7, one corre-
sponds to the Strouhal frequency and the other is the third harmonic. In this specific case the
third harmonic component is dominant as a result of resonance while in other cases the Strouhal
frequency dominates.

For the response amplitude, as illustrated in Figs.3(a) and (b), the upper and lower response290

branches are quantitatively captured by Case U and Case L respectively. Coupled cross-flow
and in-line motions that are associated with the AS response branch around Vn ≈ 2.5 are well
captured in the Case U, although the predicted AS response branch occurs at slightly smaller
reduced velocities, and its cross-flow amplitude is somehow underestimated. As for the in-line
response, the amplitude of the AS response is in good agreement with the experiment. The model295

predictions of the in-line response corresponding to the upper branch of cross-flow vibration is
larger than the experimental measurements, and that corresponding to the lower branch is slightly
over-predicted by Case L.

With the same tuning parameters, the model is then used to predict the coupled cross-flow
and in-line VIV of the experiment with m∗ = 2.6 and (m∗ + Ca) ζ = 0.013. Fig.4 illustrates300

the prediction of the model in comparison with the experimental measurements. From Fig.4, it
can be seen that the agreement between the prediction and experimental measurements is good.
The super-upper branch, with the peak amplitude reaching 1.5D, which is not observed in the
previous case (m∗ = 7) is captured quantitatively. To authors’ knowledge, this characteristic of
the coupled cross-flow and in-line VIV of rigid cylinders has never been truly captured by any305

wake oscillator model in the past. The effect of the mass ratio on the prediction of coupled cross-
flow and in-line VIV has been considered by Srinil and Zanganeh (2012) who used different
empirical and tuning parameters for high, moderate and low mass ratios. This is apparently an
alternative approach for practical purposes when the model itself is not able to provide the correct
prediction. In another work, Kurushina et al. (2018) conducted optimizations on the nonlinear310

damping of the wake oscillator equation and associated parameters in order to identify the most
suitable wake oscillator models which are applicable to a wide variety of experimental data. They
have only obtained such a model for experiments with small mass ratios and a model that is able
to cover the whole range of mass ratio is still missing.

The phase difference between the cross-flow and in-line vibrations and the corresponding tra-315

jectory shapes of cylinder motion are plotted in Fig.5 in which the phase angle φxy is defined in
the same way as given by (Jauvtis and Williamson, 2004). It can be seen from Fig.5(a) that the
model with the tuning parameters of Case U correctly predicts the general trend of measurements
for reduced velocities smaller than 8. However, for the lower branch, while the experimental data
are close to 320◦ with an increased reduced velocity, the predicted phase by Case L continual-320

ly increases and finally exceeds 360◦. The predicted motion trajectory shapes corresponding
to specific reduced velocities are depicted in Fig.5(b) based on the last 40 cycles of steady re-
sponse. In general, the trajectory shapes are consistent with the experimental findings (Jauvtis
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Figure 3: A comparison of numerical (lines) and experimental responses (circles) with m∗ = 7
and (m∗ + Ca) ζ = 0.0117 for (a) Cross-flow response amplitude, (b) In-line response amplitude
and (c) Normalized cross-flow response frequency. Solid lines represent ”Case U”, dashed lines
represent ”Case L”, circles represent experimental data
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Figure 5: Phase and trajectory of cross-flow and in-line motions with m∗ = 2.6 and (m∗ + Ca) ζ =

0.013 for (a) phase angle (solid line represents Case U, dashed line represents Case L, circles
represent experimental data) and (b) trajectory (Case U is represented by color black, Case L is
represented by color grey).

and Williamson, 2004). For the coupled motion around Vn ≈ 3, the typical figure-of-eight-type
of motion is predicted. As the reduced velocity increases, the figure eight starts to become e-325

longated in the cross-flow direction and gradually transforms into a crescent pattern. Different
from experiments in which the super-upper branch ends with a crescent pattern at the maximum
amplitude, the predicted response continues to evolve and ends at the maximum amplitude with
a shape of eight again.

3.2. Influence of mass ratio and Griffin plot330

In recent decades, discussions have been held as to the main influence factors that affect the
maximum amplitude (typically cross-flow) of VIV. Although Govardhan and Williamson (2006)
have proven that for the cross-flow-only VIV, it is possible to collapse the peak amplitude data of
different cylinders against mass-damping parameter (m∗ + Ca) ζ if the influence of the Reynolds
number is taken into account, this is most likely not the case for the coupled cross-flow and in-335

line VIV, as Jauvtis and Williamson (2004) have explicitly demonstrated that the magnitude of
13



the mass ratio plays an important role in the appearance of the super-upper branch that yields
large amplitudes in both cross-flow and in-line directions. In this subsection, the proposed model
is used to produce the Griffin plots for the coupled cross-flow and in-line VIV and to investigate
the influence of the mass ratio on the peak cross-flow and in-line amplitudes. It needs to be340

pointed out that the Griffin plot shown in this paper is not for the purpose of prediction but to
present the model results in a manner similar to how the experimental results were presented.
Since the maximum response is focused upon here, only Case U will be considered, and the
same tuning parameters as those in Section 3.1 will be used for the rest of this section.

In the series of experiments conducted by Jauvtis and Williamson (2004), although the max-345

imum peak amplitude as function of (m∗ + Ca) ζ is reported, in most cases the exact values of
m∗ and ζ at which the specific experiment is conducted are not given. Therefore, the simulation
results are obtained at several mass ratios picked from the range that is used by the experi-
ments, while the varied (m∗ + Ca) ζ is obtained by altering ζ. Fig.6 presents the predicted peak
amplitudes of both cross-flow (A∗ymax) and in-line (A∗xmax) vibrations against (m∗ + Ca) ζ, with350

each curve representing a constant m∗. It can be seen from Figs.6(a) and (b) that for a specific
(m∗ + Ca) ζ, the predicted peak amplitudes based on different m∗ and corresponding ζ are differ-
ent, which clearly indicates the effect of m∗ in contrast to (m∗ + Ca) ζ on the peak amplitude. At
a fixed mass ratio, the variation of peak amplitudes against (m∗ + Ca) ζ follows the same trend as
that observed from cross-flow-only experiments (Govardhan and Williamson, 2006). In general,355

the peak amplitude first increases rapidly as (m∗ + Ca) ζ decreases, and it then gradually reaches
a saturation limit when (m∗ + Ca) ζ becomes small. The measured cross-flow peak amplitudes
are also plotted in Fig.6(a), and it can be seen that these amplitudes for 2.5 < m∗ < 4 (repre-
sented by solid dots) are between curves of predictions with m∗ = 3 and 4.5, which implies that
the model predicts slightly higher peak amplitudes at these mass ratios. Those measurements360

for 6 < m∗ < 25 (represented by circles) are well between curves of predictions with the same
mass ratios. With regard to the maximum attainable peak amplitude, the predictions of the model
demonstrate the increase in the peak amplitude from around 0.9D for a cross-flow response and
0.02D for an in-line response at m∗ = 25 to over 1.9D and 0.35D respectively at m∗ = 1.5. It
seems that the lower limit of the peak amplitude is reached at m∗ = 25 for both cross-flow and365

in-line vibrations, while the upper limits of the cross-flow and in-line peak amplitudes can still
be extended as m∗ further decreases from 1.5.

To further investigate the influence of m∗, the model is used to predict the peak amplitude
at a specific (m∗ + Ca) ζ ≈ 0.013 with a varying m∗, and the results are presented in Fig.7 in
comparison with experimental measurements. Overall, there is a good agreement between the370

predictions and experimental results over the range of mass ratios reported in the experiments,
namely m∗ > 2.5. The general trend of an increasing peak amplitude with a decreasing m∗ is well
predicted by the model. For m∗ higher than 6, the predicted peak amplitudes in both directions
are less dependent on the variation of m∗, and they display a trend of convergence as m∗ further
increases. This is consistent with the experimental observation that at m∗ > 6, the coupled375

cross-flow and in-line VIV shows no obvious difference compared to the cross-flow-only VIV,
and the peak amplitude, if the influence of the Reynolds number is neglected, mainly depends
on the value of (m∗ + Ca) ζ ((Govardhan and Williamson, 2006). However, at small mass ratios
m∗ < 2.5, the predicted cross-flow and in-line peak amplitudes keep increasing and reach values
over 2.4D and 0.45D respectively at very small mass ratios, while the experimental data around380

m∗ = 3 seem to indicate that both cross-flow and in-line peak amplitudes have a tendency of
convergence instead of continuous increase with decreasing mass ratio.
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Figure 6: Griffin plots of peak amplitudes for coupled cross-flow and in-line VIV based on
experimental (symbols) and prediction (lines) results for (a) Cross-flow peak amplitude and (b)
In-line peak amplitude. Dots represent experimental data for 2.5 < m∗ < 4, and circles represent
experimental data for 6 < m∗ < 25.

15



 m* [-]

 A
* y,

m
ax

 [
-]

 

0 2 4 6 8 10 12 14
0.8

1.2

1.6

2

2.4

2.8
(a)

 m* [-]

 A
* x,

m
ax

 [
-]

 

(b)

0 2 4 6 8 10 12 14
0

0.1

0.2

0.3

0.4

0.5

Figure 7: A comparison of predicted (lines) and experimentally measured (circles) peak ampli-
tudes with varying mass ratio for (a) Cross-flow peak amplitude and (b) In-line peak amplitude.
The experimental data marked by red circles indicate possible convergence of the peak amplitude
with decreasing mass ratio.

4. The stability of the new wake oscillator model under in-line forced vibration

Despite of the good performance of the new wake oscillator model in the modelling of cou-
pled cross-flow and in-line free vibrations of an elastically supported rigid cylinder, as shown385

in previous section, it was discovered by the authors that the model has a stability issue when
subjected to forced vibration in the in-line direction. If only the in-line vibration is considered,
and ignoring the damping term, then substituting prescribed in-line oscillation x = x0 sin (Ωτ)
into Eq.(24) yields

q̈ + q + κΩ2x0 sin(Ωτ)q = 0. (27)

Here, Ω is given as Ω = ω/ωs, where ω is the frequency of the prescribed cylinder oscillation.390

Eq.(27) is of the type generally known as the Mathieu’s equation, the stability of which has been
studied in detail, and the transition curves that separate stable and unstable regions have been
derived (Kovacic et al., 2018). It has been shown that Eq.(27) has several instability zones. The
one of most interest to the current study – with Ω corresponding to reduced velocity Vr smaller
than 3, which is associated with the in-line VIV – is plotted in Fig.8(a), with κ = 5. Here, the395

definition of the reduced velocity for the forced vibration is given as Vr = 2πV
ωD . The reduced

velocity Vr can also be expressed using dimensionless parameters as Vr = 1/StΩ.
It can be seen from Fig.8(a) that Eq.(27) is unstable around Ω = 2, and as the amplitude

x0 increases, the system is unstable over a wider range of Ω. The instability around Ω = 2,
which corresponds to Vr = 2.5, is consistent with the experimental observation that in-line VIV400

occurs around the same reduced velocity and therefore is desirable. However, this unstable
region does not have an upper bound with respect to the frequency of oscillation. This instability
at high frequencies is against experimental observations, where the synchronisation as well as
the amplification of the lift force is bounded within a certain range of frequencies of cylinder
oscillation (Nishihara et al., 2005). To enforce the system to be stable at high frequencies of405
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Figure 8: Stability maps of the model with (a) original in-line coupling term and (b) modified
in-line coupling term .

in-line vibrations, the term ẍq is modified into ẍ
1+ẍ2 q so that Eq.(27) becomes

q̈ + ε(q2 − 1)q̇ + q − κ
ẍ

1 + ẍ2 q = Aÿ, (28)

and the corresponding dimensional form is given as

d2q
dt2 + εωs(q2 − 1)

dq
dt

+ ω2
sq − κ

ω4
s D d2X

dt2

ω4
s D2 +

(
d2X
dt2

)2 q =
A
D

d2Y
dt2 . (29)

The stability map of Eq.(28), after removing the damping term, with external in-line forcing
is plotted in Fig.8(b), with κ = 5. The stability map is obtained numerically by applying the
Floquet theory (Bittanti and Colaneri, 2009). As can be seen in Fig.8(b), the unstable region410

around Ω = 2 is now bounded. To further illustrate the differences between the two terms, the
response of q according to Eqs.(24) and (28) subjected to external forcing at x0 = 0.1 is calculated
with κ = 5 and ε = 0.08, and the results are illustrated in Fig.9, where the maximum amplitude
of the wake variable qmax and the frequency ratio Ωq/Ω (Ωq is obtained at the peak frequency)
are presented. The results are shown against reduced velocity Vr. It is clear that the original in-415

line coupling term, as depicted in Fig.9(a), results in a lock-in range extended to small reduced
velocities, which correspond to high frequency of oscillation, without any sign of lockout. The
amplitude of q continuously increases as the reduced velocity decreases, and it reaches a value
as high as 11 at Vr = 0.5. For the modified coupling term, Fig.9(b) demonstrates that the lock-in
range is bounded approximately over the range of reduced velocities between Vr = 1.5 and 3.5.420

The amplification of q only occurs within the lock-in range; outside of this range, q oscillates at
an amplitude close to 2.

5. Predictions of free vibration experiments using modified in-line coupling

A modified in-line coupling term has been proposed in previous section to solve the stability
issue of the original one under forced in-line vibrations. In this section, this modified model425

17



 V r [-]

  
q m

ax
 [

-]

q
/

 [
-]

  qmax

q/

0 1 2 3 4 5
0

2

4

6

8

10

12

0.3

0.5

0.7

0.9

1.1
(a)

 V r [-]

  
q m

ax
 [

-]

q
/

 [
-]

(b)

  qmax

q/

0 1 2 3 4 5
0

2

4

6

8

10

0.1

0.3

0.5

0.7

0.9

1.1

Figure 9: Dynamics of the wake variable q subjected to external in-line forcing at x0 = 0.1 for
(a) original in-line coupling term and (b) modified in-line coupling term.

is used to predict free vibration experiments. The simulation cases presented in Section 3 have
been repeated with the modified in-line coupling term using the same empirical and tuning pa-
rameters. The results are presented in Figs.10-14 in comparison with both experimental results
and predictions by the original model.

The modified in-line coupling term has qualitatively similar dynamic characteristics as the430

original term, therefore it also captures the lock-in regime associated with the in-line vibration
mode and the development of super upper branch, as can be seen in Figs.10 and 11. In Fig.10,
the predictions of case m∗ = 7 by the two models are almost exact except that the modified model
predicts slightly higher AS in-line amplitudes around Vn = 2.5. For the case m∗ = 2.6, as shown
in Fig.11, the model with modified in-line coupling predicts slightly smaller peak amplitudes in435

both cross-flow and in-line directions. The phase difference between the cross-flow and in-line
vibrations predicted by the two models are also almost exact, see Fig.12.

The Griffin plots and variations of the peak amplitude against mass ratios for both cross-flow
and in-line vibrations are presented in Figs.13 and 14, where significant differences between
predictions by the modified model and those by the original one are observed at small mass440

ratios. As can be seen in Fig.13, the predicted curves of mass ratios m∗ > 4.5 are the same
for the two models, while the original model predicts significantly larger peak amplitudes at
mass ratios m∗ = 3 and 1.5 in both cross-flow and in-line directions. The influence of the
modified in-line coupling term is better presented in Fig.14, where the peak amplitudes that
predicted by the original model continuously increase with decreasing mass ratio while those445

predicted by the modified model reach limits around 1.5D and 0.3D in cross-flow and in-line
directions respectively. It is interesting to notice that the cross-flow peak amplitudes predicted
by the modified model start to decrease after reaching a maximum around 1.5D at m∗ ≈ 2.
Due to the limited data, it is not clear yet whether the same phenomenon was observed in the
experiments.450

It is not clear yet which model predicts a correct variation trend of the peak amplitude for mass
ratios m∗ < 2.5. However, the experimental data around m∗ = 3, as previously mentioned in
Section 3.2, seem to indicate that the peak amplitude has a tendency of convergence as the mass
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ratio is further reduced, which is more consistent with the predictions of the modified model.
It must be clarified that the modification of the in-line coupling term to formulate a bounded455

unstable region is purely a mathematical manipulation, and whether the underlying mechanism
of VIV in reality is in the same form is not known. However, the modified in-line coupling term
does solve the limitation of the original one under forced in-line vibrations at high frequencies
and also improves the performance of the model in the predictions of free vibrations at small
mass ratios.

 Vn [-]

 A
* y [

-]
 

(a)

0 2 4 6 8 10 12 14
0

0.2

0.4

0.6

0.8

1

1.2

AS

 Vn [-]

 A
* x [

-]
 

(b)

0 2 4 6 8 10 12 14
0

0.04

0.08

0.12

0.16

AS

 Vn [-]

y /
n [

-]
 

In-line mode

0 2 4 6 8 10 12 14
0

1

2

3
(c)

Figure 10: A comparison of numerical (lines) and experimental responses (circles) with m∗ = 7
and (m∗ + Ca) ζ = 0.0117 for (a) Cross-flow response amplitude, (b) In-line response ampli-
tude and (c) Normalized cross-flow response frequency. Solid lines represent ”Case U”, dashed
lines represent ”Case L”, circles represent experimental data. Black lines represent results from
modified model and grey lines represent results from original model.

460

6. Conclusions

In this paper, a new wake oscillator model for the prediction of coupled cross-flow and in-line
vortex-induced vibrations (VIV) of an elastically supported rigid cylinder has been proposed and
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and (c) Normalized cross-flow response frequency. Solid lines represent ”Case U”, dashed lines
represent ”Case L”, circles represent experimental data. Black lines represent results from mod-
ified model and grey lines represent results from original model.
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Figure 12: Phase and trajectory of cross-flow and in-line motions with m∗ = 2.6 and
(m∗ + Ca) ζ = 0.013 for (a) phase angle (solid lines represent Case U, dashed lines represent
Case L, circles represent experimental data). Black lines represent results from modified model
and grey lines represent results from original model.

investigated. The novelty of the model lies in the improvements with respect to the conventional
van der Pol wake oscillator that have been achieved by introducing a new in-line coupling term465

as well as by enhancing the expression for the in-line force such that it can fluctuate when the
cylinder moves in the in-line direction only.

Based on the experimental observation and heuristic inference from the dynamics of a pendu-
lum, a nonlinear coupling between the wake variable and the acceleration of the in-line motion
of the cylinder has been introduced.470

The new model has been tuned to the free vibration experiment of an elastically supported
rigid cylinder. Two different sets of tuning parameters have been applied to reproduce the upper
and lower branches separately. It has been shown that the simulation results are in good agree-
ment with the experimental measurements, and the main characteristics of the coupled cross-flow
and in-line VIV are well captured. The simulation results indicate that, in addition to the con-475

ventional lock-in range, the proposed model predicts the experimental observation of another
lock-in that occurs around reduced velocity of 2.5 due to the in-line vibration. With the same
tuning parameters, the model has then been applied to predict another free vibration experiment
with smaller mass ratio. It has been demonstrated that the prediction is in good agreement with
the experimental measurements. Most importantly, the appearance of the super-upper branch, as480

a result of the decreasing mass ratio, has been well captured.
The new model has also been compared with experiments regarding the influence of mass and

damping ratios on the peak amplitude. The comparison between the Griffin plots generated by the
new model and the available experimental data suggests good agreement at moderate and large
mass ratios. At very small mass ratios, the model predicts significantly higher peak amplitudes485

in both cross-flow and in-line directions. The experimental observation of an increasing trend of
the peak amplitude as the mass ratio decreases is captured by the proposed model. However, the
model predicts continuous increase of cross-flow and in-line peak amplitudes with decreasing
mass ratio for m∗ < 2.5, where the experimental data suggest that the peak amplitude may
converge.490
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Figure 13: Griffin plots of peak amplitudes for coupled cross-flow and in-line VIV based on
experimental (symbols) and prediction (lines) results for (a) Cross-flow peak amplitude and (b)
In-line peak amplitude. Dots represent experimental data for 2.5 < m∗ < 4, and circles represent
experimental data for 6 < m∗ < 25. Black lines represent results from modified model and grey
lines represent results from original model.
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Figure 14: A comparison of predicted (lines) and experimentally measured (dots) peak ampli-
tudes with varying mass ratio for (a) Cross-flow peak amplitude and (b) In-line peak amplitude.
Black lines represent results from modified model and grey lines represent results from original
model.

Despite of its good performance in the modelling of free vibration of an elastically supported
rigid cylinder, the new model has been shown not to be in agreement with experimental observa-
tions when subjected to forced in-line vibrations at high frequencies. A modified in-line coupling
has been proposed as a remedy for this limitation. The modified in-line coupling has qualitative-
ly similar dynamic characteristics as the original model and is shown to be able to reproduce495

the free vibration experiments well. Most importantly, at very small mass ratios, the modified
in-line coupling predicts a non-increasing trend of the peak amplitude, which is more consistent
with experimental observations compared to the original model. Therefore, the modified model
is recommended for the modelling of coupled cross-flow and in-line VIV.

To conclude, one can say that the new wake oscillator model presented in this paper shows500

advantages over the existing wake oscillator models at some aspects. The main superior aspects
of the proposed model are its ability to predict the super-upper branch without changing tuning
parameters, its ability to predict the lock-in around reduced velocity 2.5 and its physical consis-
tency with the fact that the hydrodynamic forcing in both in-line and cross-flow directions is a
result of one and the same fluid motion, which is described in the model by a single oscillator505

equation. As a preliminary study, the results presented in this paper is not extensive. A more
in-depth analysis of the new model, such as comprehensive parametric sensitivity analysis and
calibration with more experiments are recommended for future research.
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Appendix A. Similarity between the wake oscillator and a rigid pendulum

Consider a rigid pendulum with mass m f that is attached to a foundation with mass ms that is
elastically supported in X and Y directions; see Fig.A.15. The governing equations for the small
vibrations of the system can be derived using the Lagrangian formalism, and they are given as515

(
ms + m f

) d2X
dt2 + ksX = m f L

φd2φ

dt2 +

(
dφ
dt

)2 , (A.1)

(
ms + m f

) d2Y
dt2 + ksY = −m f L

d2φ

dt2 , (A.2)

m f L2 d2φ

dt2 + m f gLφ − m f L
d2X
dt2 φ = −m f L

d2Y
dt2 . (A.3)

s
s

s

f

Figure A.15: Pendulum with moving foundation

Using the following relationship:

τ = tωn; Ω =
ωφ

ωn
; x =

X
D

; y =
Y
D

; (A.4)

where ωn =

√
ks/

(
ms + m f

)
and ωφ =

√
m f g/

(
m f L

)
, the dimensionless form of the equations

of the motion is obtained as520

ẍ + x = M
(
φ̈φ + φ̇2

)
, (A.5)

ÿ + y = −Mφ̈, (A.6)

φ̈ + Ω2φ − ẍφ = −ÿ, (A.7)
24



where M =
m f L

(ms+m f )D
.

If only the motion of the foundation in the Y direction is considered, corresponding to the VIV
that is constrained to the cross-flow direction, then the equations of motion become525

ÿ + y = −Mφ̈, (A.8)

φ̈ + Ω2φ = −ÿ. (A.9)

The above two equations are symmetrically coupled through acceleration; therefore, they are sta-
ble. However, if the sign of the pendulum mass is artificially changed from positive to negative,
i.e. from m f to −m f , then Eqs.(A.8) and (A.8) become

ÿ + y = Mφ̈, (A.10)
530

φ̈ + Ω2φ = −ÿ. (A.11)

If the above equations are compared to the following simplified form of the wake oscillator
equation given by de Langre (2006)

ÿ + y = M̂Ω2q, (A.12)

q̈ + Ω2q = Aÿ, (A.13)

then the similarity between the two is obvious. Both systems predict a coupled mode flutter,
which, according to de Langre (2006), is the possible fundamental mechanism of VIV.535

The similarity between the wake oscillator model and a rigid pendulum with a negative mass
for the cross-flow vibration, as described above, provides a possible way in which to derive the
form of coupling between the wake oscillator equation and the in-line motion. By changing m f

to −m f , the equations of the motion of the system in the X direction are given as

ẍ + x = −M
(
φ̈φ + φ̇2

)
, (A.14)
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φ̈ + Ω2φ − ẍφ = 0, (A.15)

From the above equations, it can be seen that the coupling between the oscillator equation and the
in-line motion can be most likely expressed in the form −ẍq, and the force in the in-line direction
is in the form −

(
q̈q + q̇2

)
. For the sake of simplification, as well as for easy implementation, the

form of in-line force used in this paper is q2, which has the same phase as −q̈q, while the term
q̇2 is neglected. Further research is needed to determine whether using −

(
q̈q + q̇2

)
instead of q2

545

will improve the results. For the cross-flow vibration, the same form as that given by Eqs.(A.12)
and (A.13) is still followed. Additional studies are also required to find out whether Eqs.(A.10)
and (A.11) are more appropriate for the modelling of cross-flow VIV.
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