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PREFACE. 

This thesis consists of an introduction and nine chapters which are 
divided into two parts. Part A contains several aspects of one particular 
semi linear elliptic eigenvalue problem. Part B is concerned with three 
independent elliptic problems. 

Chapter la appeared: 
Ph. Clément, G. Sweers. Existence et multiplicité des solutions d'un 
problème aux valeurs propres elliptique semilineaires, C.R. Acad. Sc. 
Paris 302. Série I. 19 (1986). 681-683. 

lb appeared: 
Ph. Clément. G. Sweers. Existence and multiplicity results for a 
semi linear elliptic eigenvalue problem. Annali del la Scuola Normale 
Superiore di Pisa 14 (1987). . 

Chapter 2 will appear: 
G. Sweers. On the maximum of solutions for a semi linear elliptic 
problem. Proceedings of the Royal Society of Edinburgh. 

Chapter 3 appeared: 
G. Sweers. Some results for a semilinear elliptic problem with a 
large parameter, Proceedings ICIAM 87. Contributions from the 
Netherlands, Paris-La Villette. June 29-July 3 1987. 

Chapter 4 wi11 appear: 
Ph. Clément. G. Sweers, Getting a solution between sub and 
supersolutions without monotone iteration, Rendiconti dell* Instituto 
di Matematica dell'Universita di Trieste. 

Chapter 5 appeared as report 87-83 Dept. Math. T.U.Delft. 

Chapter 7 appeared: 
B. Kawohl. G. Sweers, Remarks on eigenvalues and eigenfunctions of a 
special elliptic system, Journal of Appl.Math.Ph.(ZAMP) 38 (1987). 
730-740. 

Chapter 8 will appear: 
G. Sweers. A counterexample with convex domain to a conjecture of De 
Saint Venant, Journal of Elasticity. 
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INTRODUCTION. 

Statement of the problem. 

In this thesis we are mainly interested in the following semi linear 
elliptic eigenvalue problem: 

-Au = Xf(u) in I}. 
(1) 

u = 0 on ÓV. 

where fi is a bounded domain in R with a smooth boundary and where f 
is a C -function. A survey of results and methods up to 1981, for (1) 
with general f. can be found in [23]. For a more recent survey we 
refer to [19]. 
A solution of (1) is a pair (X.u) € R+x Cr(n) satisfying (1). Let 
(X.u) be solution of (1) with max u = m = u(xQ) for some x0 € 0. o Then the second derivatives (9 ) u in x 0 are nonpositive and hence 

f(m) = -X Au(x0) > 0 holds. Using the strong maximum principle, see 
[27]. one can show f(m) > 0 for positive m ([5]). Indeed, let (X.u) 
be a solution with max u = u(x0) = p > 0 and f(p) = 0. Take u ^ 0 
such that cj + Xf(s) > 0 for s € [min u.p]. Hence s -» us + Xf(s) 
is an increasing function on this interval and 

(2) (A-<j)(u-p) = up + Xf(p) - (CJU + Xf(u)) > 0 in f7. 

Since max(u-p) = u(x0) - p = 0. Theorem 2.6 of [27] implies that 
u - p = 0 in 0, which, together with u € C(fi). violates the boundary 
condition. 
The main object of part A is to study solutions the maximum of which 
is close to a positive zero of f. We shall make the following 
structural assumption on f: f possesses a "falling" zero p 
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(3) f(p) = O and f(u) > O for u € (p-e.p). 

where t Is some positive number. 
Recently Angenent. [7], established the existence of a curve of 
positive solutions with max u < p , which are unique for X large. 
under the additional assumptions 

f(u) > 0 on (O.p). 

f(0) > 0 or f(0) > 0. 

(5) f{p) < 0. 

We shall consider functions f which may change sign on (O.p) and we 
shall also weaken assumption (5) to 

(6) f(u) < 0 on (p-e.p) 

for some positive number e. 
In addition to this we will investigate consequences of lack of 
smoothness for both f and the boundary ÓY2. 

A necessary and sufficient condition for existence of solutions. 

A first question concerning (1) is whether there are solutions (X.u) 
with max u = m for every positive m with f(m) > 0. 
Consider for example f(u) = sin u. In the one-dimensional case it is 
possible to answer this question by direct computations. Multiply the 
differential equation by u and integrate. Suppose max u = u(x0) = m 
and m > ir. Let x( € fi be such that u(x,) = v . then 

(7) 0 < (ux(x,))2 = (ux(x,))2 - (ux(x0))2 = 

x, 
= -2A ƒ sin(u(x)) ux(x) dx = 

Xo 
u(x0) m 

= 2X ƒ sin(s) ds = 2X ƒ sin(s) ds < 0. 
u(x,) » 

which is a contradiction. Similarly one finds that 
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p 
(8) ƒ f(s) ds > O for all u e [O.p) 

u 
Is a necessary condition in the one-dimensional case for the 
existence of a solution with maximum near a "falling" zero p. 
In 1973 Fife showed, [12], using the method of asymptotic expansions, 
that (8) is a sufficient condition for the existence of such a 
solution on a domain in IK . In 1981 Hess, [18], showed, when f(0) is 
positive, the existence of such a solution under a slightly stronger 
condition, by using a variational argument. De Figueiredo proved in 
[14]. under additional assumptions on the domain, that condition (8) 
is also necessary. We will show in chapter 1 that condition (8) is 
necessary for the existence of a solution which has its maximum near 
the falling zero p. We shall not assume that this solution is 
positive. For a recent improvement of De Figueiredo's result see 
[11]. In this paper the necessity is proved only for positive 
solutions. Since Gidas-Ni-Nirenberg's result, [16], about radial 
symmetry of positive solutions on the ball is used, their proof does 
not apply to the case of nonpositive solutions. 
The main tool in chapter 1 is the so-called sweeping principle. 

The sweeping principle. 

The definition of the classical version of a subsolution for (1) is. 
see [24. ch.lO.B]: 

u € C 2 ^ ) n C(6). 

(9) 

(10) 

-Au i Xf(u) in n. 

u <, o on an. 
In [30], [9] a weaker version is used, which increases the range of 
applications. We shall call (X.u) a subsolution of (1) if 

u € C(n). 

ƒ ( -Ai> u - X t f(u) ) dx i 0 for all * £ 2>+(n). 
n 
u i o on an. 

The function space 58 (n) consists of all nonnegative functions in 

r' 



C.(n). Supersolutions are defined by reversing the inequality signs. 
For short we call u a (sub/super)solution of (1) if (X.u) is. 
Similar to the classical maximum principle one can prove, for u, < u 2 

being a sub-, respectively a supersolution. that when f 6 C either 
u, < u 2 in 0 or u, = uz in Q. Serrin in [32] obtains a very useful 
result for classical sub- and supersolutions by combining the maximum 
principle with a connectedness argument. Sattinger in [31] called it 
Serrin's Sweeping Principle. This principle plays an essential role 
in almost all chapters of part A. The version which is used for the 
proof of the necessity of condition (8) reads as follows: 

Let { u(t) ; t € [0.1] } be a family of supersolutions defined 

as in (10) and let u be a subsolution defined in (10). Suppose 

u(t) > 0 on 90 for all t € [0.1] and suppose ü € C([0.1];C(fi)). 

If ü(0) > u in 0. 

then u(t) > u in (I for all t € [0.1]. 

For a more general version we refer to Lemma A.2 in the appendix of 
chapter 1. 

Solulions between sub- and supersolutions. 

Suppose there exist a subsolution u, and a supersolution u 2 of (1) 
with u, i u 2 in n. If f € C one can construct a solution u by a 
monotone iteration scheme, see e.g. [31]. When f is only continuous 
one can no longer use this method. Ako was able to show in [2] 
the existence of a solution u (in an appropriate sense), with 
u, < u < u 2 . for a quasi linear elliptic problem. For (1) we give a 
proof in chapter 4. A similar proof holds for f € C(QxIR). We call u 
a solution if it is both a sub- and a supersolution. 

Posi t tin ty. 

For f € C it can be shown that the maximum of two subsolutions in 
H (IJ) n C(C7) is again a supersolution; see the proof of Lemma 2.6 in 
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chapter 1. This result can be improved for f € C without assuming 
more regularity of the subsolution than C(S). In chapter 5 this is 
proved using Kato's inequality; see [21], [8]. If one is interested 
in positive solutions and f(0) 2 0 . then u = 0 is a useful 
subsolution. From the result just mentioned one finds that for any 
subsolution u,, the function u, = maxfO.Ut) is also a subsolution. 
Then there exists a solution u € [u,.p] which is positive. This 
argument cannot be used for f with f(0) < 0 , since u = 0 is not a 
subsolution. The problem of finding a positive solution when f(0) < 
0 is considered in chapter 1, therein assuming that the domain Q 

satisfies a uniform interior sphere condition, see [1]. [17]. We then 
have 

(11) n = U { B(y.e) ; y € 0 with d(y.an) < e } 

for some e > 0 , where B(y.e) is the ball with center y and radius 
e. In particular a domain with Cr-boundary satisfies (11). If 
condition (8) is satisfied one can prove the existence of a positive 
radially symmetric solution (X.u) on the ball B(O.e). Set u = 0 
outside of B(0,e) and define 

(12) u(x) = sup { u(x-y) ; y € Q with d(y.dn) > e ). 

It can be shown, see the appendix of chapter 5, that u is a positive 
subsolution of (1) with X = X. By rescaling one obtains a positive 
subsolution for all X > X . A related result is found in [35]. 
One may ask whether a condition like (11) is necessary. In particular 
Professor W. Jager. [20], raised the question of the existence of a 
positive solution, having its maximum near a falling zero, when 
f(0) < 0 and Q is a square. When f(0) < 0 we establish in chapter 
5 a critical angle for the domain in order to obtain positive 
solutions. If a domain has a corner with a subcritical angle, there 
is no positive solution for any X. As an example consider Q = (-1.1) 
with N > 2 . the (hyper)cube. Then, for every f with f(0) < 0 . 
there is no positive solution. Hence there exist sign-changing stable 
solutions. 
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Stability. 

;i3) 

Untill now it may seem that most solutions can be found by using sub-
and supersolutions. This is however not true. In general one can only 
find stable solutions in this way. 
A solution (X.u) of (1) is called stable if. for all e > 0 there 
exists 6 > 0 such that every solution U of the related parabolic 
problem 

Ut - AU = Xf(U) in R+x n. 

u = o on K x an. 

with II U(0) - u 11̂  < 6 and U(0) € C(Ö) , satisfies for all t € R+ 

II U(t) - u llro < e . 
Let u,. u 2 be a sub- and a supersolution respectively, with u, < u 2 

in 0 and u, < 0 < u 2 on dfi. Then, see [30]. [25] and the appendix 
of chapter 5, there is a stable solution u, such that u, < u < u 2 

in fJ. Consider for example f(u) = (l-u)(u-2)(u-4) . Using sub- and 
supersolutions as in chapter 1 one obtains, for X large, two 
solutions; one with its maximum near 1 and another with its maximum 
near 4. These solutions will be local minimizers of the variational 
problem min{ I(X.u) ; u € H0(n) }. see [18]. with the functional I 

defined by 

(14) I(X.u) = J ( tf|vu(x)| - * J" f(s) ds ) dx. 
n o 

The f i r s t subsolut ion in chapter 1 i s obtained by minimizing I(X,u) 

with for f? the un i t b a l l . By us ing the Mountain Pass Lemma. [ 6 ] , 

[ 2 8 ] . or the Leray-Schauder degree, see [ 3 ] . one can show that there 

i s a th i rd so lu t i on , which i s genera l ly uns t ab l e . 

A s t ronger not ion of s t a b i l i t y i s the fol lowing. Consider for a 

so lu t i on (X.u) of (1) the l i nea r i zed eigenvalue problem: 

(15) 
-Av - X f (u) v = \i v in O, 

v = 0 on 5ÏJ. 

If the principal eigenvalue u0. [4]. is strictly positive, then we 
call the solution (X.u) strongly stable. A solution which is strongly 
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stable is also stable. For a solution to be stable u 0 must be 
nonnegative but not necessarily strictly positive. 
If a solution (X.u) is strongly stable then u = 0 is not an 
eigenvalue of (15) and one can use the implicit function theorem in 
an appropriate function space in order to obtain a curve of strongly 
stable solutions parametrized by X in a neighbourhood of (X.u). The 
existence of such a curve is obtained in Theorem 2' of chapter 1. 

Uniqueness. 

For at) € Cr, f C C ' satisfying (4) and (5) Angenent obtained, for 
X large, a unique positive solution with maximum below p. By allowing 
f'(0) = f(0) = 0 . or introducing positive zeros of f. one can no 
longer expect this to hold; see [29]. Nevertheless, assuming (6) 
instead of (4) and (5). we prove in chapter 1 the uniqueness of 
solutions for X large in an order interval [z.p] C C(fj) . where 

CO 

z € C_(Q) is a nonnegative function such that f > 0 in [max z.p). 
The question was raised by Professor E.N. Dancer. [10], whether there 
is a unique positive solution u with max u € (p-e.p) for X large. 
In order to answer this question affirmatively we use results for the 
so-called P-functions. A reference on this subject is [33]. 
We use the following P-function: 

9 "(x) 
(16) P(x) = |vu(x)T + 2X ƒ f(s) ds. 

0 
First for the torsion problem. Xf S 1. Payne showed in 1968. [26], 
that when the domain is convex. P attains its maximum where the 
solution becomes maximal. For nonconvex but smooth domains and 
arbitrary f. P attains its maximum at a critical point of u or at a 
boundary point. For a solution (X.u) of (1) it is shown in chapter 2. 
using the boundary layer behaviour, that at the boundary P(x) = 

= |vu(x)|2 = |^u(x)| 2 = 2X ƒ f(s) ds + o(X) for X large. At an 

u(x) p 
interior critical point P(x) = 2X ƒ f(s) ds < 2X ƒ f(s) ds holds 

0 0 
by condi t ion ( 8 ) . The bound, obtained in t h i s way. on the grad ien t of 
a so lu t ion together with the fact that p i s a zero of f. i s 
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sufficient to show that a solution with maximum near p lies above a 
special subsolution. One concludes the proof by using the sweeping 
principle and the results from chapter 1. 

Nonautonomous nonltnearities. 

In chapter 6 we obtain results for functions f which also depend on 
x. Existence results for solutions with boundary layers, and possibly 
interior layers, are established for the case in which f is only 
continuous by the method of sub- and supersolutions. For a more 
regular f the existence of strongly stable solutions (with boundary 
layer only) is also obtained. In [12]. [13] similar results were 
proved by using the method of asymptotic expansions and Schauder's 
fixed point theorem. Angenent in [7] considered nonautonomous 
nonlinearities assuming (4) and (5) for every x € 0. 

Pari B. 

(1) 

The second part of this thesis contains results for three independent 
elliptic problems. In chapter 7 variational arguments are used to 
obtain various results for the eigenfunctions and eigenvalues of the 
Lamé-system. which arises in the theory of elasticity. Among them we 
mention the fact that the first eigenvalue on the ball is not simple. 
Chapter 8 contains another problem from the theory of elasticity. 
which was raised by De Saint Venant. Consider the boundary value 
problem: 

-Au = 1 in n. 
u = 0 on dQ. 

2 for domains O C R , which have the orthogonal axes as axes of 
symmetry. The function vu contains the stress components of an 
elastic bar with cross section 0 under torsion. Details of the 
history of this problem can be found in [22]. In a paper of 1856 De 
Saint Venant observed that in the domains he considered |vu(x)| 
becomes maximal in those points on cfl which have minimal distance 
from the origin. In 1859 he knew of a counterexample with nonconvex 
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domain . For convex domains t h e c o n j e c t u r e remained t h a t | v u ( x ) | 

becomes maximal on t he i n t e r s e c t i o n of 90 and the l a r g e s t i n s c r i b e d 

c i r c l e of fi. Kawohl p roved t h e c o n j e c t u r e f o r some convex domains 

w i t h a d d i t i o n a l a s s u m p t i o n s on the b o u n d a r y . I n c h a p t e r 8 we show 

t h a t t he c o n j e c t u r e i s n o t t r u e f o r e v e r y convex s y m m e t r i c domain . 

For more d e t a i l e d knowledge of t h e s o l u t i o n one u s e s a maximum 

p r i n c i p l e for t h e f u n c t i o n P. due t o [ 2 4 ] , d e f i n e d b y : 

(18 ) P(x) = det 

3 d i » d d , . d , * ■=■— ^r— u f x ) -5-— ^-— u ( x ) ■=■— u ( x ) 3 x , 9 x , v ' a x , d x 2
 v ' 9 x , ' ' 

d d , , d d , . d , . 

It is unclear whether there are generalizations for other right hand 
sides. 
Finally, in chapter 9. a maximum principle is proved for a linear 
elliptic system for which the classical maximum principle, see [27. 
p.189], is not applicable. The system considered here is not 
cooperative. A weakly coupled linear elliptic system is called 
cooperative if all the off-diagonal terms have nonnegative 
coefficients. By direct but tedious computations we prove that at 
least on a ball a maximum principle holds for the following system: 

(19) 
-Au = f - X v 
-Av = f 

u = v = 0 

in C5. 
in n. 

on dQ. 

when X is small but positive. Indeed, if f > 0 in Q is not 
identically 0 then u > 0 in fl. This system cannot be reduced to a 
cooperative system by the argument in [15]. The result for (19) can 
also be used to find positivity of solutions for other noncooperatlve 
systems. For example for the same positive X as in (19) one may show 
that the functions u and v are positive in fi if they satisfy: 

(20) 
-Au = f - Xv 
-Av = Xu 

u = v = 0 

in n. 
in Q. 

on 3Q. 

for f 2 0 i n fi n o t i d e n t i c a l l y z e r o . 
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It would be very surprising if this maximum principle, which is not 
directly provable by the classical version, would just hold for the 
ball. However, a proof for arbitrary domains, or a counterexample, is 
still missing. 
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Chapter la 

Existence et multiplicité des solutions d'un 

problème aux valeurs propres elliptique semi lineaire. 

Chapter lb 

Existence and n u l t i p l i c i t y r e s u l t s Tor 

a seiii l i nea r e l l i p t i c eigenvalue problem. 
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THÉORÈME 2. - Soienl T e C 3 , / e C ' » , ue(0,l) satisfaisam (2), (3) et 

(4) il existe c>Q tel que f' (p) < 0 pour p e (p2 - E, p2). Alors : 

(i) il existe X,>0 et <peC'([X„ eo); C2(ö)) tels que (X, <p(X)) *sf solution de (\) pour 
XgX,, ai«c (p(X)>0 dans ii. max <p(X)e(p,, p2) et lim max(p(X) = p2; 

(ii) pour touie fonction zeC£(ii) non negative telle que maxze(p, , p2), il existe 
X(z)èX, tel que si (X, u) est solution de (1) utre XgX(z), et z g u g p 2 , a/ors u = <p(X); 

(iii) si' u0(X) désigne la valeur propre principale de 
-An-X/'(<p(X))n = un dans n 

n=0 sur T. 

a/ors uo(X)>0. pour X§X,. 
Remarque 2. - Lorsque p, = 0 et ƒ'(())= 0 ou p ,>0 , on démonlre comme dans [9] que 

pour X assez grand, il existe au moins deux solutions de (1) satisfaisant max u€(p,, p2). 
Dans 1c cas oü il est la boule unite, p, =0 et 

(5) f(u)=\u\'g(u) avcc a e l l 
N - 2 / 

nous obtenons Ie résultat de multiplicité suivant : 

THÉORÈME 3. - Soit f satisfaisant (2), (4), (5) avec geCl- * et g(0)>0. Si N = l , 2 ou 
N > 2 « a e ( l , N/(N-2)) ou 

(6) ( ^ - a Y u » " g ( u ) è - ^ - . \s"ig-(s)ds pour tout U 6[0, p2], 
\ N - 2 / N - 2 Jo 

alors il existe X0>0 tel que pour X>X0, (1) possède exactement deux solutions positives 
inférieures a p2, lorsque ii est la boule unitê. 

Remarque 3. — La condition (6) est empruntée a [8], th. 3. 1, p. 13. 
Remarque 4. — Dancer [3] a montré que si g ne satisfait pas aux conditions du 

théorème 3, alors il peut exister plus de deux solutions. 

2. DEMONSTRATION DU THÉORÈME 1. - Suffisance. - Dans Ie cas o ü / ( 0 ) > 0 o u / ( 0 ) = 0 
(en prolongeant ƒ par imparité pour u<0), on peut appliquer les arguments de Hess [6]. 
Si / (0 )<0 , on modifie/de sorte q u e / ( - a ) = 0 et J(p)>0 pour p e [ - a , p2) oü a est un 
nombre positif suffisamment petit. En utilisanl Ie résultat d'existence pour ƒ (0)^0, on 
démontre qu'il existe une solution radiale (u, v) de - A U = U/(D) dans B, v=—a sur dB 
et t)g -a dans B oü B désigne la boule unité, et l'on définit v= -a pour x e R ^ B . Il 
existe 0e(0, 1) tel que v(r)>0 pour re[0, 9) et t>(r)<0 pour re(9, 1], Puisque Q satisfait 
la «condition de sphere intérieure uniforme» (uniform interior sphere condition), il 
existe e>0 tel que 0 = U B(x, e) oü A = { xen |dis t (x , « i ) > e } . On pose X = n.(6e~ ')2, 

x«A 
et Ton définit w(y; x) = v(Qc'l\x—y\), pour xeCl et .yeA. On vérifie que w(y, .) est 
une familie de sous-solutions de (1) inférieures a p2, qui est une sursolution de (1). 
Choisissant y0efi>. on en déduit l'existence d'une solution (X, u) avec w(y0, x )éu(x)gp 2 , 
xeCl. On note que w(y0, x)<0 = u(x), pour tout xedtl cl tout ye A. Puisque Ia familie 
w(y, .) dépend continüment de y [dans la topologie C{ii)\ et puisque A est connexe par 
are, il s'en suit par un argument de balayage dü a Serrin ([12], [II]) que w{y, x)<u(x) 
pour tout xeiï et pour tout ye A. D'oü Ton conclut que u(x)>0 pour xefl et êu/dn<0 
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sur dn oü n dcsigne la normale extérieure. Ceci achève la demonstration de la suffisance 
de la condition (2). 

NÊCESSITÉ. — Supposons que la condition ne soit pas satisraite et qu'il existe une 
solution positive (X, u) de (1), tellc que max ue(p,, p2). Si min ) J(p) | pe [0. p , |}=0, on 
peut modifier ƒ sur l'intervalle (max u, p2) de telle sorte que 

J*: =minjJ(p) |p 6 [0 , p , ] )<0 

et que / (p ) reste positive sur (p,, p2). IK u) est aussi solution de (11 pour la fonction 
modifiée. Soit o l'unique solution du problème 

/ -v"=f(f) pour rSO 

D{0) = pj 

1 l ' ( 0 ) = - ( - J * ) " 2 . 
On montre facilcment que, soit v existe pour tout r > 0 et est positive, decroissante avee 
0< inf f(r)<p, , soit v possède un premier minimum positif en r0, tel que i ( r 0 )<p, . 

Dans ce cas v est symétrique par rapport a r0 ei v (2 r0) = p2. 
Dans Ie premier cas on dèfinit V(r)=»(r) pour r > 0 et V(r) = p2 pour rgO. Dans Ie 

deuxième cas, V(r)=o(r) pour re(0. 2r0) et p2 aillcurs. Finalement on dèfinit 
w(k, f, x) = V(A." 2 . (x , - i ) )pour x e R s e t feR. On vèrifie que w(X, r, .) est une familie 
de sursolutions de (1) satisfaisant » 1 ) „ u | = p ,>u pour f assez grand, xeCl, et 
w(X. r; x)>0 pour xet'Cl et pour tout feR. En utilisant 1'argument de balayage de 
Serrin on montre que u(x)g inf w(X, t. x)<p, pour tout xefl, contredisant Ie fait que 

max u>p, . D 
Remise Ie 24 février 1986. accepléc Ie 17 mars 1986 
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EXISTENCE AND MULTIPLICITY RESULTS FOR A SEMILINEAR ELLIPTIC 

EIGENVALUE PROBLEM 

1. INTRODUCTION. 

The following eigenvalue problem will be considered : 

f-Au = Xf(u) in fi <= K N ( 
(P) \ 

lu = O on 3!i = r , 

for X > 0. The domain fl i s assumed to be bounded and to have a smooth 
boundary of c l a s s C . 
The function f w i l l s a t i s f y appropr ia te smoothness cond i t i ons . A p o s i ­
t i v e so lu t ion of (P) w i l l be a p a i r (A,u) in F x C {U) s a t i s f y i n g 
(P) with u > 0 in it. We sha l l c a l l u a so lu t ion of (P ) . 
I t i s a consequence of the s t rorg maximum p r i n c i p l e , see [ 2 ] , t h a t if 
such a so lu t ion e x i s t s , then f(max u) i s p o s i t i v e . The main goal of 
t h i s paper i s to study pos i t i ve so lu t i ons having t h e i r maximum c lose 
to a zero of f. Therefore we assume : 

(Fl) there are two numbers p. and p_ such t h a t p. < p„ , 0 < p . , 

f(Pj) = f (p2) = 0 and f > 0 in ( p r p 2 ) . 

In [13] Hess proves the exis tence of so lu t i ons (X,u) of (P), s a t i s fy ing 

max u e ( p . , p _ ) , when f(0) > 0 under the following condi t ion : 

°2 
(F2) J(p) = ƒ f ( s )d s > 0 for every p e [0,p2> . 

P 

In theorem 1 we prove t h a t (F2) i s a necessary and s u f f i c i e n t condi t ion 
for the ex is tence of such a so lu t ion even without the condi t ion f(0) > 0. 

Theorem 1 . Let f e e satisfy (F l ) . Then problem (P) possesses a 
positive solution (X,u) with max u c ( p . , p _ ) , if and only 
if (F2) holds. 
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Theorem 1 improves a result of De Figueiredo in [10], since it does 
not use the inheritance condition or even the starshapedness of fl. 
It also answers a question of Dancer in [9]. 

Next to this existence result we will prove a uniqueness result for 
positive solutions 
lowing condition : 
positive solutions having their maximum close to p.. We need the fol-

(F3) there exists an E > 0 such that f' S 0 in (p, - e,P_>. 

Theorem 2. Let f « C 'Y , for gome y e (0,1), satisfy (Fl), F(2) and 
(F3). Let r « c . Then there are A > 0 and a nonnegative 
function zQ e c"(fl) with max zQ e (p ,p ), such that for 
all A > A , (p ) possesses exactly one solution u, with 

U A A 
z. < u, < p . Moreover, lim max u; = p . 

Remarks 1. We will state and prove a sharper version of this theorem in 
section 4 (theorem 2'). 

2. If p < 0, or p = 0 and f'(0) > 0, theorem 2 was proven in a 
recent paper, [3], by Angenent. 
For p < 0 there are also related results in [8]. 

2. If P. = 0 and f'(0) = 0, Rabinowitz showed in [16] the 
existence of pairs of solutions for A large enough by a 
degree argument. 

When o = 0 and f'(0) = 0 the question arises, whether or not there are 
exactly two positive solutions of (P.), with maximum less than p , for 
A large enough. We shall consider this problem only for Ü = B, the unit 
ball in IP . 

It is known, [12], that positive solutions for n = B are radially sym­
metric, and can be parametrized by u(0). If f satisfies (Fl) to (F3), 
it follows from theorem 1 and 2' that A is a monotone increasing function 
of u(0), for u(0) « (p„-e,p_), where e is some small positive number. 
Let C denote the component of solutions of (P) containing these solutions 
(A,u) with u(0) e (p2-e,p2>. 
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Set p := inf(u(0) ; (A,U) e C ) . If p > 0, it can be shown that more 
than one component of solutions (A,u), with u(0) « (0,p.) may exist, 
implying the existence of at least four solutions for X large enough. 

In theorem 3 we find a sufficient condition on f, which guarantees the 
existence of a component V of solutions (X,u) of (P) satisfying 
inf{u(0) ; U,u) e V] = 0. 

Theorem 3. If in problem (P) ,ü is the unit ball inm , with N > 2, and 

f satisfies the condition 

(Gl) 
f(u) = |u|a . g(u) for some a e (1, jpj ) and g e C 'Y with 

g(0) > 0 

then the following holds. 

There is an e > 0 such that for every e e ( 0 , E Q ) there exists 

a positive solution (X,u) of P with u(0) = E. 

Moreover \ is a decreasing function of t , and lim A(e) = =>. 
e+0 

If f satisfies (Gl), (Fl) and (F3), there is one branch of solutions 
X + (X,u.) with lim u (0) = p , and one branch of solutions A + (X,u.) 

with lim H.\'0' = "• T n e n ' since u(0) e (p ,p.) parametrizes the solutions 
X-«° 

of (P) on the ball, which are radially symmetric, [12], one finds the 
following. For X large enough, (P ) possesses exactly two positive 
solutions, with maximum less than p , if and only if p = 0. If p > 0, 
there exists a positive radially symmetric solution of 

(P*) 
-Au = f (u) in K N , r -ou = 

^ lim u (x) = 0 , 

satisfying u(0) = p . 
For the sake of completeness this will be shown in section 5. Ni and 
Serrin, in [15], found conditions on f which exclude the existence of 

* a positive solution of (P ). 
Combining these results we obtain : 

Corollary. If in problem (P) on the unit ball in M , with N > 2, f 
satisfies condition (Gl) ,(Fl) ,(F3) and 
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N for a and g defined in (Gl) either holds a < — - or 

(gif - a) . ua + 1 . g(u. > gL ƒ s Q + 1 . g'(s)ds for all u t [O.p^. 

then for \ large enough problem (P ) possesses exactly two 
positive solutions with maximum less than P2-

Remarks. 1. If N s 2, theorem 3 and corollary still hold if one replaces 
N+2 in (Gl), (1, 7T~5") by 11,"). Condition (G2) is no longer needed. 

2. In [11], Gardner and Peletier prove a similar result when 
p. > 0, by using different techniques. 

N N+2 * 
3. For every <* c (rr-^r < rr~̂ > a function f exists, for which p > 0 

Such f can be found by using the example on page 2 of [15]. 
This construction is done in [7]. 

Concerning the proofs, the main tools will be the sweeping principle of 
Serrin.see [22],[21], and the construction of appropriate super- and sub-
solutions. For the sake of completeness we define in the appendix a 
notion of super- and subsolutions and we prove a suitable version of the 
sweeping principle. Some basic ideas for the proof of theorem 2 are 
contained in [3]. 
The results of this paper where announced in [6]. 
We learned that Dancer and Schmitt, [24], have independently found a 
different proof of the necessity of (F2) in theorem 1. 
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2 . PRELIMINARY RESULTS. 

In t h i s s e c t i o n we c o l l e c t some p r e l i m i n a r y r e s u l t s , which w i l l be 

u s e f u l i n t h e coming p r o o f s . The f i r s t r e s u l t f o r f (0 ) > 0 i s c o n t a i n e d 

i n [ 1 3 ] . 

Lemma 2 . 1 . Let f e e satisfy ( F l ) , (F2) and f ( 0 ) > 0 . Then problem 

(P) possesses a positive solution ( A , u ) , with max u e ( p . , p „ ) 

Proof. F i r s t modify t h e f u n c t i o n f o u t s i d e of [ 0 , p ] by s e t t i n g f ( p ) = 0 

f o r p < 0 . Note 

]R . As i n [ 1 3 ] we want t o minimize 

f o r p >p_ and f t p ) = 2f (0) - f ( - p ) f o r p < 0 . Note t h a t f i s bounded on 

I (u ,A) = 4 ƒ | Du j 2 dx - A ƒ F(u)dx i n W * ' 2 ( f l ) , 
fl fl 

u 
where F(u) =ƒ f ( s ) d s . 

0 
For A > 0 , I ( u , A ) i s bounded be low. 

L e t u be a m i n i m i z i n g s equence f o r a f i x e d A, t h e n 

K | u | ,X) = h J Ï D | u II 2 dx - X ƒ F ( | u |) dx s 
P. " Q " 

l u „ l l u I 
2 f " 1 

< h / | D U I dx - X ƒ< ƒ ( f ( s ) - f (0)> d s + ƒ f ( 0 ) d s ^ dx < 
n n n l o o ' 

u u 
2 f r ' " 1 

s H / | D U I dx - X ƒ U ( f ( s ) - f ( 0 ) ) d s + J f (0 ) d s f dx = 
n n l o o > 

= I ( u , A ) . n 

S i n c e !{•,X) i s s e q u e n t i a l l y weakly lower s e m i c o n t i n u o u s and c o e r c i v e i n 

*)„' (fl) , I ( - , X ) p o s s e s s e s a n o n n e g a t i v e m i n i m i z e r , which we d e n o t e by u . 

I t i s s t a n d a r d t h a t (X,u ) i s a s o l u t i o n of ( P ) , w i t h t n e mod i f i ed f. 

By a p p l y i n g t h e s t r o n g maximum p r i n c i p l e , we deduce a s i n [ 2 ] , t h a t e i t h e r 

f<ll « J i j > 0 or uA = 0. 
Thus || u | | m < P 5 , hence (A,u) i s a s o l u t i o n of (p) . 
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r P2 , 
Set a = mim ƒ f (s)ds ,- 0 £ 0 - raax(0,p,) r 

p ' 

S = max] ƒ 2 f (s)ds ; 0 < 0 < p I 

Suppose that for all positive X,|| u || £ p. holds, then we will obtain 
a contradiction. 
We choose 6 > 0 such that 2 . \a° \. B < |$l| .a , with« = (x « (i;d(x,D < 6} 
and |ü| denoting the Lebesgue-measure of Q. This is possible since 
a > 0 and lim|n | = 0. 

6 + 0 - 6 
Next we c h o o s e w e c

n ' 8 ' ' s a t i s f y i n g 0 s w ï p i n fi and w = p i n 
a - Ü6 ; t h e n 

I(w,A) - Huy,\) = 

= S ƒ( 1 Dw 1 2 - |Du. | 2 ) d x - x / ( F ( w ) - F ( u . ) ) d x £ 
a x a x 

s H ƒ Dw|2dx - AN F ( c 2 ) d x +ƒ (F(w) - F ( p . ) ) d x - / F ( u . ) d x ) < 

i is J |Dw| 2 dx + 2 > . | n 6 | B - X J ( F ( p ) - F ( u > ) ) d x = 
a 9 

6 °2 

= h ƒ |Dw| dx + 2 ) . | n ° | 6 - X/ ƒ f (s) d s dx £ 
n fiux 

£ 4 J | D w | 2 d x + X(2 | f i 6 !6 - |J2|o ) < 0 
Q 

f o r X l a r g e enough , s i n c e 2|fi | . B - | f l | . a * ° -

Then I (w,A) < I ( u , X ) , c o n t r a d i c t i n g t h e f a c t t h a t u i s a m i n i m i z e r . 

T h i s c o m p l e t e s t h e p roo f of t h e lemma. 
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In what follows it will be convenient to modify f outside of 
[0,Po] in an appropriate way. 

1 [, 
Let f e C , respectively c for some y e (0,1), satisfy (Fl) and 
(F2). Then there is a function f* e C , respectively C ' ' , satis­
fying f* = f on [D,p,] and 

f is bounded, 
t* < 0 in (p2,-). 
f* = 0 in (-»,-l], 
J2 f*(s)ds > 0 for u e [-1,0]. 
u 

Since we are interested in solutions (A,u) of (P) with 0 < u < o2« 
we may assume without loss of generality that f satisfies (F*). Then 
we have 

0. ' 2 
(2 .1) i n f { / f ( s ) d s ; | p , - u | > 6} > 0 , f o r a l l 6 > 0 . 

u 

Lemma 2 . 2 . Let f e e satisfy ( F 1 ) J F ( 2 ) and ( F * ) . 

Then there exie 

which satisfy : 

Then there exist u > 0 and v e C (R ) , radially symmetric, 

N 
-Av = g . f ( v ) i n 1R , 

v ( 0 ) e ( P J , P 2 ) , 

v ( l ) = - 1 , 

v ' ( r ) < 0 for r > 0 . 

Proof. Since f(u-l) satisfies F(l) and <F2) it follows from lemma 2.1 
that there exists a positive solution (u,w) of 

C -Au = X.f(u-l) in B, 
\ u = 0 in 3B, 

where B i s t h e u n i t b a l l i n K , s a t i s f y i n g max w s (P + 1 , P 2 + l ) . By 

[ 1 2 ] w i s r a d i a l l y symmet r ic and w ' ( r ) < 0 f o r r e ( 0 , 1 ) . S e t v ( r ) = w ( r ) - l 

f o r r e [ 0 , 1 ] and 

f - 1 + ( r 2 _ N - l ) . ( 2 - N ) " 1 . w ' ( D f o r r e (1 ,» ) i f N ?« 2 , 
v ( r ) = <, 

-1 + log r . w" (1) f o r r e (1,<°) i f N = 2 . 
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Since f = 0 on (-■»,-11 one verifies that v is the required function.This 
completes the proof of the lemma. 

Corollary 2.3. Let (u,v) be like in lemma 2.2, and let ae(0,l) be 
the unique zero of v. 
Then for y E 0 and X > u . a2. d(y,n~ 

(2.2) w(X, y ; x) := vm/ii)*5 . (x-y)) , x £ Q, 

is a subsolution of ( P . ) . 

Proof. The function w(X,y) £ C (R ) s a t i s f i e s -Aw =A . f (w) i n n , 

hence ƒ (w . (-A$) -X . f(w) . $)dx = 0 for a l l $ e 0+(f i) , where P+(fi) 

c o n s i s t s of a l l nonnegative funct ions in C-(i2) . Since w(X,y) < 0 on 
2 - 2 

F for X > u . a . d ( y , D , w(X,y) s a t i s f i e s the d e f i n i t i o n of sub-
so lu t i on given in the appendix. This shows the c o r o l l a r y . 

Next we e s t a b l i s h some r e s u l t s for the one-dimensional problem 

f -u" = f ( u ) , x > 0, 
) ■ u (0 ) = 0 , 

u ' (0 ) = 6, 

where f £ c ' s a t i s f i e s ( F l ) , (F2) and (F*). 

Lemma 2 . 4 . Problem (2.3) possesses a unique solution u . in R for 
all 5 £ » . The function 6 •» U { E c [ 0 , r ] is continuous for 
every r > 0. p . 

Moreover, set 6 = (2 . ƒ f ( s )ds ) and 

6 , = (maxl -2 . ƒ f ( s ) d s ; p £ [ -1 ,0 ] }) , 
2 

P 

1) if 6 > fij, then u , (x) > (ó-ój) . x for x £ * + , 

2) if 6 = 6 , then u ' > 0 on R+ and lim uf i(x) = p , 

3) i f - 6 2 < 6 < 6 , then sup {u v (x ) ; x c * + ,v £ [ -6^,6]} < 

4) if 6 < - 6 - , tnen u < 0 on B + . 
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Proof. Since f is C and bounded, the first assertion of the lemma is 
standard. 
Note that a solution of (2.3) satisfies 

? 0 u(x) 

(2.4) (uMx))' = 6 - 2 . ƒ f(s)ds . 

1) If 6 > 6j , then using (2.1) and (2.4) we have 
2 2 P2 2 

(ujj(x)) > (ó-ój) + 2 . ƒ f(s)ds > (ó-ój) . 
u6(x) 

Since u'(0) > 0, we obtain ut(x) > (6-6.) . x for x e R . 
o 6 1 + 

2) If 6 = 5j = (2 . ƒ f(s)ds) , we have 
0 

p2 
(2.5) (u'(x))2 = 2 . J f(s)ds . 

o 
It follows from (2.5), f(P2> = ° a n d t h e uniqueness for the initial value 
problem that u^tx) ? P2 for all x e R + , and thus u^ < P on P.+ . Since u, 
is monotonically increasing and bounded there exists a sequence {x }, 

n 
with lim x = •» and lim ut (x ) = 0. From (2.1) and (2.5) it follows that 

„*» n n - * n 

l im u 5 ( x ) = p . 

2 2 °2 ° 
3) Note t h a t ó j - « 2 = 2 . ƒ f ( s ) d s - max {-2 . ƒ f ( s ) d s ; p e [ - 1 , 0 ] } = 

P ° P 

f2 

= 2 . min {J f ( s ) d s ; p e [ - 1 , 0 ] } . 
P 

Hence by ( 2 . 1 ) , 6 > 6 2 -

I f - 6 < v < 6 < 6 . , one h a s 

2 2 V X > 

0 S (u ' ( x ) ) = v - 2 . ƒ f ( s ) d s < 

2 2 < max(6 , 6 ) - 2 . ƒ f ( s ) d s = 

° P2 
= raax(62-62,62-62) + 2 . ƒ f ( s ) d s . 

u u ( x ) 

2 2 2 2 S i n c e max(6 - 6 ,6 -6 ) < 0, one f i n d s , by u s i n g (2 .1 ) a g a i n , t h a t 

lu ( x ) - o _ | a m > 0 f o r a l l x e H . From u (0) = 0 i t f o l l o w s u < n _ - m 
' V 2 + \j v ' Z 

on B . 
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4) If 6 < -6 , then 2 
o V x ) 

(u'(x)) > max (-2 . ƒ f(s)dx ; p £ [-1,0]} -2 . ƒ f(s)ds > 0 
o o 

for all u,(x) < 0. 
Since u'(0)<0,one finds u| < 0 on » . Hence u£ < 0 on B, . o o + o + 

This completes the proof of lemma 2.4. 

Lemma 2.4 will be used to establish some results for the problem on the 
half space D = {(x.,...,x ) c E ; x, > 0}. 

I N 1 

P r o p o s i t i o n 2 . 5 . Let f e c ' Y , for some ye ( 0 ,1 ) , satisfy (F l ) , (F2) 
and (F3). Let u £ C (D) n c(D) be a solution of 

r -Au = f(u) in D, 
\ u = 0 on 3D, 

with 0 s u < p , in D and lim u(x , « ' ] = P_ uniformly 
for x- £ R

N " ! . X l ~ 
N-l Tfcerc u ( x , , x ' ) = u r (x.) for x, > 0 a>ai x' £ R u t e r e 

1 o . l l 

u . i s defined in lemma 2.4. 

In order to prove propos i t ion 2.5 we a l s o need 

Lemma 2 . 6 . Let (x ,u> * g(x ,u) be a function such that g - j ^ g « C ' f ( 5 + * 

/"or some y £ ( 0 , 1 ) , and | g ( x . , u ) | < h(u) for some h £ C (R) . 

Let u £ c (D) n c (5) be a bounded solution of 

{ -flu = g(x ,u) i n D, 

u = 0 on 3D. 

Then S, defined by S(x ) = sup{u(x , x ' ) ; x ' c R " }, is 
continuous on [0,») , with S(0) = 0, and satisfies 

(2.6) 
* * 

ƒ (S. (-»") - g(x ,S) . 4)dx 1 S 0 for a l l 4 £ £>+(R+) . 
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V (R ) consists of all nor.negative functions in Cn(]R ). 

Proof of lemma 2.6. Since D and AU are bounded and U = 0 on 3D, it fol­
lows from standard regularity properties that U and all first-order 
derivatives are uniformly bounded and uniformly Holder continuous 
with exponent y. Let {ft } be an increasing sequence of bounded sub-
domains of D, with smooth boundary and such that u ft = D. We first 

* n « W n 

prove that for each n « K , if u , u e C(fi ) n H (ft ) satisfy 

(2.7) ƒ (u.(-A$) - g(x ,u) . $)dx < 0 for all <i> e ^+<"n> ' 

t h e n u - = s u p ( u , , u _ ) a l s o s a t i s f i e s ( 2 . 7 ) . 

L e t ui e E be such t h a t u ■* g ( x , , u ) + <u . u i s i n c r e a s i n g on 

[min u . A min u^, max u . v max u _ ] f o r e v e r y x t ft . 

We o b t a i n 
ƒ Cu . (-A4>) + ' o . u . . * )dx < ƒ ( g ( x j , u 3 ) + UJ . u , ) $ . dx 
D X D 

f o r a l l * £ p + < n
n > ' i = 1 < 2 -

S e t h = g ( x , u J + IU . u and l e t w s a t i s f y 

r -Aw + IU .w = h i n ft , 
\ " l w = 0 on 3ft . 

n 

Note t h a t w r. C(ft ) n H (ft ) . Then w. = u . - w, i = 1 ,2 , s a t i s f i e s 
n n l i 

(2 .8 ) ƒ (w . ( -A*) + u . w . $ )dx < 0 f o r a l l $ e P+(ft ) . 

It is known that sup(w ,w_) also satisfies (2.8), see [23,Th. 28.1]. 
1 Therefore u, satisfies (2.7). Note that u, e C(ft ) n H (ft ). By induction 3 J n n 

it follows that if u, e C(fl ) n H (ft ), i = l,...,k, satisfies (2.7), i n n 
then supfu. ; i = l,...,k) also satisfies (2.7). Let u. be translates 

1 - l1 
of II perpendicular to (1,0,...,0). Since U e C(D) n H. (D) , 
sup{u. ; i = l,...,k} will satisfy (2.7). 
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Then by u s i n g t h e Lebesgue domina t ed c o n v e r g e n c e theorem and t h e f a c t 

t h a t U i s bounded , one shows t h a t 

S(x ) = s u p { U l X j . x ' ) ; x ' £ * N ~ ' } = s u p ( u ( x , x ' ) ; x" £ e " " 1 ) 

also satisfies (2.7) for each n. From the choice of the Q it follows 
n 

ƒ (S(-A$) - g(x ,S) . ?)dx S 0 for all 4 e P+(D). 
D * 

By choosing $ of the form «..é,' w i t h * i e P+(K.' and in 6 " * ( " " '< 
ij ï °< one gets (2.6), since s only depends on x.. 
Note that S, as the supremum of continuous functions, is lower semi-
continuous on [0,=>) . From (2.6) and the fact that g(x ,S) is bounded, 
we deduce that S is the sum of a convex function on (0,=°) and a C -
function on [0,»). Hence S t C(0,<»). Since U(0,x') = 0 and since 
3 

-z— U(0,x') is uniformly bounded, S(0) = 0 and S is continuous in 0. 

This completes the riroof of lemma 2.6. 

Proof of proposition 2.5. Without loss of generality we assume 
that f satisfies (F*). Define 

N-1 
I ( x ) = i n f l U U j . x ' ) ; x ' e R } and 

S(Xj) = s u p { U ( X j , x ' ) ; x ' e R N _ 1 } . 

I t i s s u f f i c i e n t t o p r o v e t h a t 

( 2 . 9 ) I z u r on K . and 
o 

(2.10) S S u, on * + » 

f o r 5 = 5 . 

We first prove (2.9) for ó = 5 • By lemma 2.4,4), (2.9) holds with 
6 < - 6 , since I S 0 on R .We will use a sweeping argument to prove 
2.9) for every 6 e (-ó^l.ój). Let 6 c (-ó^l,^). By lemma 2.4,3) and 4), 
here exists P < P such that 

2.11) suplu^x.) ; x, « F ,9 S 6) < p. 
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For some R > 0 one h a s I > o on [R,™). I t f o l l o w s from lemma 2 . 6 , 

w i t h g t x j . u ) = - f ( - u ) , t h a t I e C[0,«>), 1 (0 ) = 0 and 

ƒ ( I . ( - $ " ) - f ( I ) . if)dx 2 0 f o r a l l $ e V+(K. ) . 

Hence I is a supersolution of 

(2.12) 
-u" = f(u) in (0,R), 
u(0) = 0 , 

L u(R) = p. 

For 9 e [-6-1, 6], (2.11) shows that u„ is a subsolution of (2.12). 
We are now in the position to use lemma A.2 and we obtain I > u r 

o 
on (0,R), hence on R . For x > 0 one has 

I(x.) i lim u,(x, ) = u £ ( x ) . 
1 6 + 6, 6 X \ l 

This completes the proof of (2.9), with 6 = 6 . . 
3 Next we give a sketch of the proof of (2.10). Since -— U is uniformly 
1 bounded, there exists c > 0 such that 

S(Xj) < c . Xj for x e K . 

By lemma 2 . 4 , 1 ) , one h a s (2 .10) w i t h 6 = 6 + c . L e t 6 £ (6 , 6 , + c ) . 

A l s o from lemma 2 . 4 , 1 ) , i t f o l l o w s 

Ug(x ) > p +1 f o r x > R := (6-6 ) " . (p +1) and 6 £ [ 6 , 6 + c ] . 

Note t h a t S £ p . . Then one c o n c l u d e s a s above a f t e r u s i n g a sweep ing 

a rgumen t f o r t h e p rob lem 

( - u " = f ( u ) i n ( 0 , R ) , 

u (0 ) = 0, 

u(R) = P 2 -

This completes the proof of proposition 2.5. 
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PROOF OF THE FIRST THEOREM. 

', 
NECESSITY : With J-p) = ƒ f(s)ds, and assuming p > 0, define 

P 
j* -.= min {J(p); o e [0,p ]}. 

Suppose condition (F2) is not satisfied, that is J s o . 
Let (X,u) be a positive solution of (P) satisfying max u t ( D , , P , ) . 
We will obtain a contradiction. 
First, if J* = 0, modify f to f* in C such that f > f* > 0 in (max u, p_) 
and f = f elsewhere. Still u is a solution of (P ) , but now J < 0. 

* Hence we may assume without loss of generality that J < 0. 
Consider the initial value problem 

(3.1) -v" = f (v) , 

f S.2) I 
v(0) = p 2 , 

v' (0) = -(-J*)''. 

For a solution of (3.1), (3.2) one has : 
e2 

(3.3) (v"(r))2 = -J* + 2 . J f(s)ds. 
v(r) 

Set p := max{p (. [0,p ] ; J(p) = J }. 
p2 

Because of (3.3), (v'(r))2 > -J* + 2 ƒ f(s)ds > -J* > 0 holds for v(r) 
v(r) 

in [p.,p.], and henre inf v < p . 
Next we show that v remains positive. If not, there exists an r such 
that v(r ) = p , and since (3.3) holds, one finds 

* P 2 
(v'(r*)) = -J* + 2 / f(s)ds = +J* < 0, 

P* 

a c o n t r a d i c t i o n . 
So e i t h e r v(r) + p e lp*,p.) i f r + » , or v has a f i r s t p o s i t i v e minimum, 

say in r , and v i s symmetric with respec t to r . 

3f. 



In the fir 

case V(r) 

St 

: = 

case 

fv(r k 
define V(r) . 

) for r £ (0, 
elsewhere in R 

■I 
2? 

v( r ) for r > 0 
, and in the second 

p 2 for r < 0 

Set w(A,t;X> = V(A . (x,-t)), where x = (x, , ,x„) . 
1 I N 

Then (w(A,t;-) ; t £ R } is a family of supersolutions, and for t 
large enough w(A,t;-) = p in ft. 
By the sweeping principle u < w(A,t;-) for all t. 
Hence u(x) £ inf{w(A,t;x); t £ R } = inf v < p , a contradiction. 

Remark 1. Let f £ C satisfy (Fl). The proof also shows that, if (F2) is 
not satisfied, there is no solution u of (P.) with max u £ (p.,p?) 
even if u changes sign. 

Remark 2. Let f £ C satisfy (Fl) and let ft c R be an unbounded domain. 
Note that the same technique shows that problem 

( -&u = f(u) in ft, 
u = 0 on 3ft, 
lim u(x) = 0 

|x| ■*" 
X £ ft 

may have a so lu t ion u, with max u £ (p . ,p ) , only i f condi t ion 

(F2) i s s a t i s f i e d . 

SUFFICIENCY : We w i l l prove a s t ronger r e s u l t , which w i l l be used l a t e r on. 

Let x £ ft. Then def ine A =v . a . d(x , D and z = w(X,x ) , where 

U i a and w a re defined in co ro l l a ry 2 . 3 . 

Lemma 3 . 1 . Let £ satisfy (F l ) , (F2) and (F*). 

Then 1) for A > X problem (P.) possesses a solution 

2) there exists \ > X , c > 0 and T E (p j ,p 2 >, 
suoh that for X > X every solution u £ [z , p ] 
of (p.) satisfies 

(3.4) u(x) > rain(c . A*5 . d ( x , D , T ) for a l l x £ ft. 
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Remark 3. It follows from (3.4) that u > 0, for X > X , and that 
A 

max u. £ (p.,p.), for X large enough. 

Remark 4. Lemma 3.1, 2), shows -r- U, < 0 on r for X > X , even when 
a 

f(0) < 0. (— denotes the outward normal derivative) 3n 

Proof of lemma 3 . 1 . By corollary 2.3 one knows that for >. > X , z is 
a subsoiution of (P ), with z < Dp- Since p~ is a supersolution of (P,) < 
lemmaA.1 yields a solution u. £ [z., p„] of (P,), for X > X . This 
completes the proof of the first assertion. 
Since U satisfies a uniform interior sphere condition, there exists 
E Q > 0 such that fi = U { B ( X , C ) ; X <T Ü } , for e « (0,e ], where 
Ü = {x € U; d(x,n >e}. Set 

X = max(X , u . a . e ), 
-S -1 

c = g . inf ((a-r) . v(r) ; r e. [0,a) } and 
T = v(0) , with u i v and o defined in corollary 2.3. 

Note that c > 0 since v > 0 on [0,a) and v'(a) < 0. Let (X,u) be a 
solution of (P) with X > X and u c [z.,o,]. Since for X > X , fl . ...h 

is arcwise connected and since w(X,y) is a subsoiution for v £ fi , , 
a.(vi/xr 

w i t h w(X,y) < 0 on r , one f i n d s by lemma A.2 t h a t 

u > w(X,y) i n ft for a l l y £ fi ,■ 
a . ( u / X ) 

Hence 

u ( x ) > c . X . d ( x , r ) f o r a l l x e fi\fi . , and 
aAv/X)1* 

ulx) > T for all x £ fi , , 
a.(u/X)^ 

which completes the proof. 
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4 . PROOF OF THE SECOND THEOREM. 

As men t ioned i n t h e i n t r o d u c t i o n theorem 2 w i l l be a c o n s e q u e n c e of 

a s h a r p e r v e r s i o n , theorem 2 ' . 

T h e o r e m 2 ' . Let V e c and let f e c ' Y , for some y e (0 ,1 ) satisfy 

( F l ) , (F2) and ( F 3 ) . Then for some X > 0 , 

1) there exists « e C ([X «=) ;c ( f t ) ) , s u c ^ fc/iat (X,<HX)) 

is a solution of (P) for X a X , witfc <)>(X) > 0 in SI, 

max <Ji(X) e ( p , , p _ ) and l im max f(X) = p ; 
1 2 X-K» * 

2) £ƒ u Q (X,u) denotes the principal eigenvalue of 

(LP) 
f -X - 1 . Ah - f ' ( u ) . h = uh in fi 

ï-h = 0 on r , 

U . I A , V I A J J ' U , ' f ' A ' A j , 

3) f o r aZ£ nonnegative z e C Q ( A ) ui t fc max z e (p , p _ ) , 

i f te re exists X(z) > X , sue/ i t f e j t , if (X,u) £ s a 

solution of (P) wifcft X > X(z) and u e [ z , p _ ] , t^?erc 

u = *(X) . 

Remark 1. Theorem 2 f o l l o w s from theorem 2 ' by c h o o s i n g a n o n n e g a t i v e 

f u n c t i o n z e C (Ï1) and s e t t i n g XQ = X (z ) , a s i n t h e t h i r d 

a s s e r t i o n of theorem 2 ' . 

Remark 2. I f p > 0, l e t C d e n o t e t h e component of s o l u t i o n s (p) i n 
* o -

3R x C (S) c o n t a i n i n g { ( X , * ( X ) ) ; X a X } . S i n c e C i s c o n ­
n e c t e d , one h a s f o r U , u ) £ C t h a t max u e ( p . , p . ) ( see [ 2 ] ) 
and X > 0 . By u s i n g d e g r e e a r g u m e n t s a s i n [ 1 9 ] , [ 2 0 ] , one can 
show t h a t f o r X l a r g e enough , C n ( { X } x C (fi)) c o n t a i n s a t 
l e a s t two s o l u t i o n s of ( P ) . The p r o o f of t h i s a s s e r t i o n w i l l 
appea r e l s e w h e r e . 

For t h e p roo f of theorem 2 ' we need t h e f o l l o w i n g lemmas. 
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Lemma 4 . 1 . Let f e e satisfy ( F l ) , (F2> and ( F * ) . For every & > 0 

there is c ( 6 ) > 0, such that for all solutions (X,u) of 

( P ) , with X > X a>^f u « [ z . , p - ] , the following holds 

(4 .1 ) u ( x ) > m i n ( c ( 6 ) . X . d ( x , D , p -6) f o r a l l x « P., 

with X and z as in lemma 3.1. A 

Proof of lerrma 4 . 1 . I f p - 6 < T , we a r e done w i t h c ( 6 ) = c a s i n 

lemma 3 . 1 . O t h e r w i s e , by (F l ) t h e r e e x i s t s o > 0 such t h a t 

o . ( U - T ) < f ( u ) f o r a l l u c [ T , P - > - 6 ] . 

L e t v d e n o t e t h e p r i n c i p a l e i g e n v a l u e of 

f -AIJJ = v . î  i n B, 

^ \ji = 0 on 3B, 

where B d e n o t e s t h e u n i t b a l l i n K . 

Then by u s i n g lemma A. 3 w i t h P ' = P. , , k = c . T , one f i n d s 
k.X~^ 

(4 .2 ) u ( x ) > p , - 6 f o r a l l x e P. . , 
((v/oP+k) .X - 1 

s i n c e (P ' ) , = P. , , . 
( v / o X p ( l v / o ) % k ) . X _ 

By ( 3 . 4 ) one f i n d s 

( 4 . 3 ) u (x ) > c . 6 ) . X . d ( x , D f o r a l l x c P \P 

w i t h c(<5) = T . ( ( v / o ) + k ) ~ ' . 
T h i s c o m p l e t e s t h e p roo f of t h e lemma. 

Lemma 4 . 2 . Let f e C ' Y for some y e ( 0 , 1 ) , satisfy ( F l ) , ( F 2 ) , (F3) 

and (F ) . Then there exists X > X , such that for every 

solution u of ( P j J , with X> X , and u e [ z . , p . ] , 

one finds p„ (X ,u ) > 0 . 

t u t .-V ( ( v / o ) '+k) .X 
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Proof. Suppose t h i s i s n o t t h e c a s e . Then t h e r e e x i s t s a s equence 

(an,un) ; n e K } of s o l u t i o n s of ( P ) , w i t h u e [ z . , p . ] , n n n A z 
U := VufX ,u ) S 0 f o r a l l n , and lira A = <=. n 0 n n n 

L e t e be d e f i n e d by ( F 3 ) . s i n c e u s 0 , f o r a l l n , t h e a s s o c i a t e d e i g e n -

f u n c t i o n s v , n o r m a l i z e d by max v = 1, s a t i s f y 
n n 

- X _ 1 • Av (x) = ( f (u (x ) ) + u ) . v (x) < 0 f o r x e n , , n n n n n -*j 
K . A 

where n 
( 4 . 4 ) K = ( C ( E ) ) " 1 . (p 2 - E) . 

The constant c(e) is defined in the previous lemma. 
Hence the function v is subharmonic in P. , , and v attains its 

K - r n maximum outside of £5 , . Like in [3] let y e PAO. , be a point 
K.A-^ K.A"* 

n n 
where v attains its maximum and let x e r be a point which minimizes n 
(d(x,yn> ; x £ r}. Si nee x and p are bounded, there exists a sub­
sequence, still denoted {(A ,u )}, such that lim x = x e r and 

"*° - N 
lim p = u s 0 . Let 0 be an open neighbourhood of x in F , chosen so 
n-*- n 

3 N small that it permits C local coordinates (£,,...,£) : 0 * R , such 
1 N 

t h a t x e P. n 0 i f and o n l y i f £ , ( x ) > 0, C(x) = 0 . I n t h e s e c o o r d i n a t e s 

t h e L a p l a c i a n i s g i v e n by 

Au = t « . . { C l • x = - r r - u + Ï. b (£) . — u , 
i,j i:> Hi 8 S j j 3 S 

where a . . c C , b . e C and u(x) = u ( 5 (x)) . 

Moreover we choose the local coordinates such that a.,(0) = 6,.. 
Next define the functions 

0 (p) = u (£(xn) + A" . n), n n n 
v (n) = v (C(xn) + A"1* . n). n n n 

2 Since {U } and {V } cure precompact in C, , there exists a convergent 
subsequence.Hence there are U, V e C (D), bounded and positive in 
D = {(x.,x') ; x, > 0, x' e R } , satisfying respectively 

41 



I -AU = f(U) in D, 
U = 0 on 3D, 
r -AV - f' (U) . V = Ü . V in D, 
\ V = 0 on 3D. 

Moreover by lemma 4.1 for every 6 > 0 the following inequalities, 

(4.5) min(c(6) . x , p - 6) < U(x ,x') < i>2
 for a 1 1 x, > 0, x' e RN~ 

hold. From proposition 2.5 we have 

U(x,,x') = u. (x,) for x, > 0, x' t R 
1 o 1 1 

S e t Six ) = s u p {V(x x ' ) ; x ' c K } . Then 0 < S s 1 i n K + and we 

o b t a i n by u s i n g lemma 2 .6 t h a t S e C[0,°>) , S(0) = 0 and 

(4 .6 ) ƒ (S . (-*") - ( f ' ( u 6 ) + ü) . S . $)dx < 0 f o r a l l $ e P + ( » + ) . 
K 1 

+ 
Since uV > 0 on E , there exists a smallest C > 0 such that 

W:= C . u' - s 2 0 on [0.K+1], where K is defined in (4.4). 
61 

Then one finds by using (4.6) and (-u' )" = f'(u. ) . u'. in K , that 
6 1 6 1 6 l 

( 4 . 7 ) ƒ (W. (-$") - f ' ( u , ) . W . t ) d x 2 0 for a l l 0 e P + CR ) . 

S i n c e W i s n o n n e g a t i v e i n [ 0 , K + 1 ] , t h e r e i s w > 0 s u c h t h a t 

ƒ (W. (-*") + u . w . 4)dx > 0 f o r a l l $ e P+((0,K-1) ) . 

By [ 5 , c o r o l l a r y p . 581] and t h e f a c t t h a t W ^ 0, one o b t a i n s 

( 4 . 8 ) W a b . x . (K+l-x) f o r a l l x e [0.K+1 ] and some b > 0 . 

By c o n s t r u c t i o n W v a n i s h e s somewhere i n [ 0 . K + 1 ] . S i n c e W(0) > 0, one 

f i n d s W(K+1) = 0 . Moreover f ( u . ) £ 0 on (K,«) . 
6 1 
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Hence (4.6) yields that S is convex on (K,<*>) . Since W is the sum of 
a C and a concave function en (K,«), (4.8) shows 

0 > -g— W(K+1) > jj- W(K+1), and therefore W(x) < 0 on (K+l,K+l+c) 
for some c > 0. Moreover W cannot vanish on (K+l,™). Otherwise 
there would be c > 0 such that W < 0 on (K+l,K+l+c) and 
W(K+1) = w(K+l+c) = 0. But this cannot happen since by (4.7) W is 
concave as long as W is negative on (K,*0). 

Hence w is concave on (K+l,»). Since — w(K+l) < 0, W is not bounded 
below, contradicting W = C.uJ. - S 2 -1 on E . This completes the 
proof of lemma 4.2. 

It follows from lemma 4.2 that for X > X,, (P.) possesses at most 
1 A 

one so lu t ion in [z ,p ] . indeed, choose u > 0 such t h a t X . f ' (u ) + to > 0 
A 2 

for u £ [0,p ], and define the mapping K : C(S) + C(Ü) by 
K(u) := (-A +(j)-1 (X.f(u) + w . u), 

where (-A+Ü>) i s the inverse of -A-IU) with homogeneous D i r i c h l e t 

boundary cond i t ions . By our choice of u, K maps [ z . , p _ ] i n t o i t s e l f 

and K has no fixed poin t on i t s boundary. Since K i s compact, the 

Leray-Schauder degree on (z ,p_) i s well defined. Because (z ,p_) i s 

convex one f inds 

degree (I - K, (z x ,p ) , 0) = 1, 

If (X,u) is a solution of (P), with u £ [z.,p_] and u.(X,u) > 0, 
it follows that u is an isolated fixed point of K. Moreover, the 
local degree of I - K at u is 1. From the additivity of the degree 
it follows that K possesses at most one fixed point in (z. ,p_) . We 
denote this solution by *(X). Since u_(A,$(A)) > 0, for X > X , 
one finds by the implicit function theorem and Schauder estimates, 
that X -► (MX) e. C ([X.,»); C 'Y(fj)). The estimate (4.1) implies 
that lim max tJ>(X) = p--

X-*» 
It remains to prove the third assertion of theorem 2'. Let z e V (ft) 
with max z £ (p.,p ). It follows form the first part of the proof, 
that it is sufficient to show that there exists X(z) > X , such 
that any solution u of (P.), with X > X(z) and u e [z,p ], is 

A 2 
larger than z . This will be done in two steps. 
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First note that, form the definition of z,there exists an s £ (p.,p.) 
and a ball B(x ,r) c fi, such that z > r. in B(x ,r) . Let o > 0 be 
such that f (u) > o . (u-s) for u £ [s,t], where T = max z, . For 
A > A (z) := (iv/o) + u ) . r~ , with u defined in lemma 2.2, 
we can apply lemma A.3 in order to get 

u(x) > T for x £ B(xQ, (u/A) )c B(x0,r-(v/oA)S. 

Observe that w(A,x-) < u in Ü for A > A.(z). By corollary 2.3 
w>'A,x ) is a subsolution of (P ) for A> A.(z). 
Finally, like in the proof of lemma 3.1 part 2), one uses lemma A.2 
to show that if u > w(A,xQ) in Ü and A > A(z) := max(A (z),A' ** 
also the following estimate holds, 

u > w(A,x*) = z . 

This completes the proof of theorem 2' 
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PROOF OF THE THIRD THEOREM 

Note that, if (X,u) is a positive solution of (P), then v := (u(0)) .u 
satisfies 

f-Av = (u(0))a~ . X . va . g(u(o).v) in B 
\ = 0 on 3B. 

Moreover by defining w(r) := v(R r) with e = u(0) and 

(5.1) R = u(0)^(a_1>.> one gets 

(5.2) -w" - — w' = wa . g(e.w) 

(5.3) 
fw(0) = 1 

(0) = 0 |w' 
fw(R) = 0 
Ur > 0 on [0,R) . 

Let w(e,-) denote the unique solution of the initial value problem (5.2-5.3) 

Lemma 5 . There exists e > 0 such that for c in [0,e ), w(e,-) possesses 

a first zero, which we denote by R(e). Moreover R as a 

function of e is C [0,e ) n c[0,e.) and — R is bounded on 

(0,"l Ej) 

We f i r s t show t h a t the a s se r t i on of theorem 3 i s an easy consequence of 

t h i s lemma. By (5.1) we have X(E) =R(e) . e , and hence 

— X(e) = R(e) . e " a . ( 2 E — R(e) + (1-a) R(e ) ) , 0 < E < E , . Since d£ d£ 1 
a - 1 > 0, R(0) > 0 and ̂  R is bounded on (0,h E ) , it follows that 
3— X(E)< 0 on some interval (0,E„) . dE 0 
Then for X > X ( E J , u, (r) = e(X). w(R(E(X)).r) is a solution of (P,) on 
the unit ball, where E(X) is the inverse of the function X ( E ) . This 
function c(X) is well defined on (A (E ),«>), decreasing and satisfies 
lim E(X) = 0. This completes the proof of the theorem. 
X-K» 
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Proof of lemma S : It is known, see [17], that (5.2-5.3) with 
e = 0 possesses a solution w, having a first positive zero which we 
denoted by R(0). We want to obtain the function w(e,-) by a perturbation 
argument. 
Since we are only interested in bounded positive solutions, we modify 
the right-hand-side of (5.2) by setting h(e,w) = k(w) . g(ew) where 
k is a C -function satisfying 

( 0 for w < 0 
a 

k(w) = • w for 0 < w < 1 
0 for w > 2. 

The function h is C ((-1,1) x F) and has bounded derivatives. The 
initial value problem 

(5.4) -w" - -r~ w* = h(e,w) e e (-1,1), 

(5.5) f. w (0) = 1 
(0) = 0, 

possesses a unique solution W(E,-) on [0,*=). 
For e in [0,1), since W(E,-) is decreasing until it possibly becomes 
zero, this function w(e,-) is identical with the one in the lemma, as 
long as it is positive. 
We claim, for every r > 0, w(",r) is a C -function of e. 
First this will be proven for r « (0,6), with 6 small enough. Note 
that (5.4-5.5) can be rewritten as w = T(e,w), where 

T(e,z)(r) = 1 - ƒ t'"N ƒ s N _ 1 h(e,z(s))ds dt, for z in C[0,6]. 
0 0 

For every 6 > 0, T : (-1,1) * c[0,fi] ■» C[0,6] , where C[0,6] is equipped 
with the supremum-norm, is continuously Fréchet-differentiable. For 6 
small enough, T(E , - ) : C[0,6] + C[0,6] is a strict contraction with 
a unique fixed point Z(E) such that E ■* Z(E) is continuously dif ferentiable 
Since w(e,rl = Z(E)(r), the claim is proven for r < 6 . By repeating 
the argument it can be shown that E + w(E,r) is continuously differentiable 
for every r > 0. 
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Since w(0,R(0)) = 0 and wr(0,R(0)) < O it follows from the implicit 
function theorem, that there exist an e > 0 and a continuously 
differentiable function R(-), defined on (~e,,e,Jf such that 
w(e,R(e)) = 0. From (5.4) it follows that R( E ) is the unique zero 
of w(e,-) on E . This completes the proof. 

Proof of the corollary • since u(0) parametrizes the solutions 
(X,u) of (P) , p* = inf {o > 0; (P) has a solution U , u ) , with 
u(0) = p, for all p 6 Co,p2> } . Suppose p > 0 and let v be the 
solution of the initial value problem 

(5.6) -v" - ?—• . v' = f(v), 

f v(0) = p* , 
(5.7) \ 

I v" (0) = 0. 

Since f(p) > 0 on (0,p ], v is strictly decreasing while v is positive. 
If v has a (first) positive zero R, then (R , v(R • )) is a solution of 
(P), which contradicts the definition of p*. 
If v stays positive, then 

(5.8) lira v(r) = 0. 

Otherwise, t h e r e a re 0 * 0 and R > 0 such t h a t f (v ( s ) ) > c > 0 for 
s > R. By i n t e g r a t i n g ( 5 . 6 ) , one f inds 

v ' ( r ) = (R / r ) N _ I . v'(R) - r '~ N . ƒ sN~ f ( v ( s ) ) d s < 
R 

S (R / r ) N _ 1 . v'(R) - (c/N) . (r-R. (R / r ) N - 1 )< - 1 , 

for r l a rge enough, con t rad ic t ing the fac t t h a t v s t ays p o s i t i v e . 
The ex is tence of a p o s i t i v e function s a t i s f y i n g ( 5 . 6 - 5 . 8 ) , i s con t ra ­
d i c t e d by theorem 2.2 of [ 1 5 ] , i f a S N/(N-2), and by theorem 3.1 of 
[ 1 5 ] , i f the i n t e g r a l condi t ion of (G2) i s s a t i s f i e d . Therefore p* = 0. 
This completes the proof. 
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6. APPENDIX. 

In this section we state, for the sake of completeness, a definition 
and some lemmas concerning sub- and supersolutions of problem 

,-hu = h(u) in ii <= H , 
(H) | 

l-u = g on r, 

where ft i s a bounded domain with C -boundary, h e C and g c C . 

D e f i n i t i o n : We call a function v a subsolution (supersolution) of 
(H) if : 

i) v € C(fi) , 
i i ) v < (>) q on 3fi, and 
i i i ) J(v.(-A$) - h(v) .$)dx < (>) 0 for every « £ P+(fi), 

n 
where Ü* (fi) consists of all nonnegative functions in 

Lemma A . 1 . Let v and w fee respectively a sub- and supersolution of 
(H) with g = 0. If v < v in il, then there exists a solution 

2 -
u £ C (fl) of (H) uiifc g = 0, which satisfies v < u s w 
in n. 

Proof : We essentially follow the proof in [21] on page 24. Choose 
a number u > 0 such that h'(u)+ u > 0 for min v < u < max w, and 
define the nonlinear map T by u = Tu, where 

( -ÜU. + w . u = h(u) + ia . u in f! , 
u = 0 on an. 

Clear ly T : C(5) * C(jj) i s compact. (Where C(jj) i s equipped with the 

supremum-norm.) 
I t i s s tandard tha t T i s monotone on [v ,w] . Next we show t h a t 

v := Tv ï v in J2. 
By the definition of a subsolution and by the construction of v , we 
have 
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ƒ (v.(-A<M + u . v . iji) dx S /(h(v) + u . v ) * dx = 
n n 

= J(v..(-AiJ>) + u . v. . J>)dx for every | £ P (f2). 
f! 

Thus z = v. - v satisfies z > 0 on 3ft , and 

ƒ (z. (-A*) + (JJ . z . 0>dx > 0 for every $ £ P (fl) . 

We claim that z is nonnegative in fl. 
Otherwise there exists a ball B(x ,r) c Ü , such that z is negative 
in B(x ,r) and achieves its minimum in x . 
Hence 

ƒ z.(-A<)i)dx > 0 for every $ e P+(B(x ,r)). 
a 

This shows z is superharmonic on B(xQ,r), and from the minimum 
principle we get z(x) = z(x ) on B(xQ,r). 
Then 

ƒ (z. (-A<j>) + u . z . $)dx = to . z(x.) ƒ * dx < 0 
B(xQ,r) B(xQ,r) 

for every nontrivial $ e V (B(x ,r)), a contradiction. 
Thus TV = v. a v on S. Similarly, one proves Tw S w on 55. Now it 
is standard, see [1], that T possesses a fixed point in [v,w], which 
is a solution of (H) with g = 0. 

Next we prove an appropriate version of the sweeping principle of 
Serrin, [22],[21]. 

Let r = 3fl be the union of two disjoint closed subsets I" and r.,, 
where r or r2 may be empty. Let e e C (fi) satisfy e > 0 on 
O u r , and e = 0, T- < 0 on I".. (n is the outward normal) . I 3n 2 
Set C (jj) = {u e C(Ö); |u| < a . e f or some a > 0} and for 
u € C (fi) define || u|l = inf {a > 0 ; |u| < o . e}. 
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Lemma A . 2 . Let u be a supersolution of (H) and let A = {v ; t e [ 0 ,1 ]} 

be a family of subsolutions of (H) satisfying v < g on 
T, and v = g on r_, for all t £ [ 0 , 1 ] . 

If 1) t -» ( V
C

- V Q > « C
e < ^ ' is continuous with respect to 

the II • II e~nom 
2) u > vQ in n , antf 
3) u it v t , _for aZ£ t c [ 0 , 1 J , 

t/ien there exists a > 0, such that for all t « T0,1] 

u - v > a . e in Ü. 

Proof • Set E = { t f i [ 0 , l ] ; u ï v in j j}. By 2) E i s not empty. 

Moreover E i s c losed . For t « E w := u - v s a t i s f i e s 

ƒ (w.(-A$) + u . w . ♦) dx ï 0 for a l l $ e V (fl) and some u > 0. 

Since w |l 0 i t follows from [ 5 , c o r o l l a r y p . 581] t h a t there i s 6 > 0, 
*- I -

such tha t w a 8. u„ , for some u £ C (fi) , which s a t i s f i e s u > 0 in ft, 
un = 0 and ■£- u < 0 on I". The function w i s p o s i t i v e on r , which 
i s compact, and continuous on fi. Hence the re e x i s t s y > 0 such tha t 
w > Y • e . Since t * ( " . . - « Q ' i s continuous with respec t t o the ||. || -
norm, E i s a l s o open. Hence E = [ 0 , 1 ] and the re i s »> 0, such t h a t 
w > a . e in 55 for a l l t e [ 0 , 1 ] . 
This completes the proof of lemma A.2. 

Let * be the principal eigenfunction, with eigenvalue v, of 

f-Av = A . v in B, 
'■v = 0 on 8B, 

N 
where B denotes the un i t b a l l in E . 
Let Hi be normalized such tha t max p « 1. 

Lemma A . 3 . Let u satisfy -&u = X . f(u) in an open S2' c n3 such 
that u(x) > a for x t n ' . Let o > 0 be such that 
f(u) > o . (u-a) for u £ [ a , b ] . 

TfXQ£ ' " ' ' (v /aX) 1 " then u ( V > b " 
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Proof. Set 9(x ,A,t;x) = a + t . i(-((oA/v) . (x-x.)) for x e. B( ) and 
t e [0,b-a], where B( ) = B(xQ, (v/oA) ). The set {9(x0,A,t);t E [0,b-a]} 
is the family of subsolutions of the problem 

, -Av = A. f(v) in B( I 
(Pb) < 

*■ v = u on 3B( ) , 

and B( ) c fj' . 
By using lemma A.2 one finds u(x_) > b. 
It remains to show that 6(x-.Art) is a subsolution of (Pb ) . By the 
assumption of the lemma u > a = 8(x ,A,t) on 3B( ). The integral con­
dition is also satisfied : 

ƒ <8(-A*) -A.f (6) .<t>)dx = ƒ (-A8-A.f (6))* dx < 
B( ) B( ) 

£ ƒ (-A6-Ao(6-a))(t> dx = 0 for all | ; D (B( )) 
B( ) 

This completes the proof of the lemma. 
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Chapter 2 

On the maximum of so lu t i ons 

for 

a semilinear elliptic problem. 

ABSTRACT. In this note one studies some properties of a semilinear 
elliptic eigenvalue problem with nondefinite right hand side. In the 
first part it is shown that every solution will have its maximum in 
some specified interval J. If the domain is inside a cone in RN with 
N > 1. then J is strictly less than in the one-dimensional case. In 
the second part one shows for bounded domains that if the maximum is 
inside some subinterval of J, then for any eigenvalue there will be 
at most one solution. 
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1. INTRODUCTION AND MAIN RESULTS. 

In a previous paper,[I], existence and uniqueness results in order inter­
vals of C(fi) were obtained for the following eigenvalue problem 

(1.1) 
-iu - Xf(u) in B e R N , 

with X > 0 and f changing sign. In this paper we will give some results 
which are related with the maximum of the solutions. The assumptions on 
f are basically the same as in [1]: 

(1.2) f c C and there exist P,.P? with 0 < p. < p. such that 
f(p() = f(P2) - 0 and f > 0 in (Pj.p^. 

And the condition orginating from [6,8]: 
e2 

(1.3) ƒ f(s)ds > 0 for all p e [O.Pj]. 
p 

For functions satisfying (1,2), (1,3) define 

(1.4) a* := inf{oe [p.,p,];J f(s)ds > 0 for all p f [0,p.]}. , , H 2 

fig. I 

For any positive solution (X,u) of (1.1) with max u £ (p.,p„) it is 
proved in [3], that max u i p if fi satisfies some symmetry properties 
and f(0) a 0. For nonsymmetrical bounded domains it is shown in [1,4] 
that condition (1.3) is necessary for the existence of a solution with 
max u e (p,,p_). This proves again that such a solution satisfies 
max u > p*. If not, one changes f on (max u.p,), such that (1.3) is 
no longer satisfied, and one finds a contradiction. 
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By a more d i r e c t proof, which uses a one dimensional argument, one can 

show the s t r i c t i n e q u a l i t y , even for some unbounded domains: 

Proposi t ion I . Let fi c C c R , with N > 1 and where C i s a cone. 

Suppose f s a t i s f i e s ( I . 2 ) , ( I . 3 ) and (X,u) s a t i s f i e s ( 1 . 1 ) , 

with sup u e (p l tp 2). 
If f(0) S O or if 30 £ C then sup u > p*. 

The cone C, with vertex in x, is defined by C := {x+t(y-x);t > 0,y £ B}, 
where B is an open ball such that x 4 B. 

Remark 1. If S = I, and without more assumptions, one finds sup u 2 p . 

2. If one keeps f and Ü fixed then p is in general not optimal. 
An example will be given in section 2. 

3. A similar result can be found when p. = •> , e.g. f > 0 on [p.,»). 

4. For a = K N , and hence no boundary conditions, there are related 
results in [9]. 

Now assume Ü is bounded. 
Like in M 2 ] it can be shown that if there is a solution (X,u.) of (1.1), 
with X large and max u. £ (p.,p,), there has to be a second solution 
(X,u.) with max u, e (p.,p.). This will be shown elsewhere. 
Hence one cannot expect uniqueness. However, in [1] it is proven that 
there is an order interval [v(.),p~] c C(H), with v > 0, in which there 
exists for X large enough exactly one solution if 3fi is C and under the 
condition : 

I it 
1 

f' S 0 in (p,-6,o,), for some 6 > 0. 

r f £ C " , for some ye (0,1), 
(1.5) \ 

Dancer [5], raised the question whether is is possible to find a subinter-
val of (p.jP»), so that for X large there is a unique positive solution 
(X,u) of (1.1) with max u in this subinterval. In the following theorem 
we will state a slightly stronger result. 
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Theorem 2. Let T £ 0 and suppose fl i s bounded and 3f} i s C . If f 

s a t i s f i e s (1.2) ( ! .5 ) and 

P2 
(1.6) ƒ f ( s )d s > 0 for a l l pe [ T . P J ] , 

o 

then there exists 6. > 0 such that for all X > 0, there 
2 -is at most one u e C (n) with 

i) (X,u.) is a solution of (1.1), 
ii) T < u in Ü, 

iii) max u e (pj-Sj.Pj)-

In [1] it is proved that a curve of positive solutions (X,<l>(X)) 
exists with max $(X) e (p.,p?) and lim max $(X) = p.. 

X-»> 
Combining these results one finds that for all X large enough there is 
exactly one u which satisfies i) ii) and iii). Moreover, since the 
maximal solution below p? is increasing with X for starshaped f!, one 
finds : 

Corollary 3. Suppose f! is starshaped and bounded, and 3!! is C . If 
f satisfies (1.2) (1.3) and (1.5) then there exists 
6, > 0, such that max u parametrizes the positive solutions 
(X,u) of (I.I) with max u € (p.-Ó2,p2)-

For the proof of Theorem 2 we use the Lemmas 5.1 and 5.2 of [14] and 
the results in [1]. 
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We will finish this chapter by showing that p is not optimal for 
positive solutions in bounded fi. 

Lemma 2.2 : Let f(u) - u - I and let P. be the unit ball in R N with 
N > 1. Then there is p > 2 = p such that every positive 
solution (A,u) of (1.1) with max u > 1 satisfies max u > p 

Proof : By [7] every positive solution (X,u) is radially symmetric and 
u(0) = max u. Hence by [10]: 

(2.8) u(r) = I + (u(0)-l) ƒ cos(rA cos 0)(sin 0)N"2dG//(sin 0)N_2dG 
0 0 

W N ? " N ? 
Since v := inf {ƒ cos(z cos 0)(sin 0) d0/ ƒ (sin 0) d0; z > 0} < 0 

0 0 
satisfies v > -I for N > 2, one finds independently of X that 
0 = u(l) > I + (u(O)-D.v . Hence 

(2.9) u(0) > I - v"1 > 2. □ 
N 
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3. UNIQUENESS OF SOLUTIONS WITH MAXIMUM CLOSE TO p.. 

This section will be divided in four parts. For the sake of complete­
ness we will start by recalling some results from [1]. Next we will 
show some technical lemmas. Thirdly we show an estimate at the 
boundary for the solutions close to p~ defined in [1]. After these 
preliminaries we use results from [14] to prove Theorem 2. 

3.1 EARLIER RESULTS. 

Theorem 3. 1 M , Theorem 2']. Let Ü be bounded,3f! be C and let f 
satisfy (1.2), (1.3) and (1.5). Then for some >.] > 0, 
1) there exists * c c'([X ,«); C2(Ü)), such that (X,9(X)) 

is a solution of (1.1) for X > X , with <)>(X) > 0 in 0, 
max <(>(X) e (p.,p.) and lim max <S>(X) ■ p-, 

X-«° 
2) for all nonnegative z e Ĉ (t5) with max z e (p.,p.), 

there exists X(z) > X., such that if (X,u) is a solu­
tion of (1.1) with X > X(z) and u e [z,P2] c C(n), then 
u = *(X). 

Furthermore, by using [1, Proposition 2.5], one can prove a related 
N N 

result on the half space D = R + = {(x x.) ( S'; x: > 0). 

Proposition 3.2. Let f satisfy (1.2), (1.3) and (1.5). Let 
u e C (D) n C(D) be a solution of 

(3.1) 
-Au = f(u) in D, 

u = 0 on 3D. 
ƒ 
L-
If there are c > 0, c„ c (p ,p.) such that 

(3.2) min (c,.X,,C2) •: u(x|,x') < P2 for (x,,x') e » + " K 

then u(x.,x') ■= U(x.), where U is the solution of 

N-l 
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-U" = f(U), 

\ U(0) = O, p 
U'(0) = (2 ƒ f(s)ds)J. 

O 

Proof. In order to apply [I, Proposition 2.5], one has to show that 
u < p. in D and that lim u(x.,x') = p- uniformly for x' t E 

x . -*■> 
The inequality is straightforward since the strong maximum principle 
Ell, Th. 2.3.6] shows that if u S p, than u < p. or u ■ p.. In order 
to show the uniform convergence we will prove that for any E > 0 
there is c(e) > 0, with 

(3.4) u(x,,x') > P 2-£ for X! > c(e) and x' e E . 

Let V be the first eigenfunction, normalized such that max V = I, 
with eigenvalue V, of 

r -AV = v . V in B, 
(3.5) { 

1 v - 0 on 8B. 

B denotes the unit ball in E . 
Let o > 0 be such that 

(3.6) f(u) > o(u-c_) for u c [c.,p -e] 

and define 

(3.7) W(y,t;x) = c2 + t V((o/v)!.(x-y)). 

Inequality (3.2) shows that if y > c./c. + (v/o)J then 

(3.8) u > c2 = W(y,0) on B(y,(v/o)j). 

For y e E and r > 0 we define 

(3.9) B(y,r) - (x e EN;||x-y || < r), 

with || . the Euclidean norm. 
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One uses the sweeping principle of Serrin, C13,13 , to find for 
all t e [O.p^-e-c-] that 

(3.10) u > W(y,t) on B(y,(v/o)'). 

Hence if x. > c(e) := c./c. + (v>/o)' then, with x = (Xj.x'), 

(3.11) u(x) > W(X,P_-E-C.;X) = p,_ e for all x' e E N-l 

which shows (3.4). 
One concludes by using [1, Proposition 2.5]. n 

3.2. MODIFICATION OF f AND CONSTRUCTION OF SUBSOLUTIONS. 

Since we are only interested in solutions above T, we may change f on 
(—,T). 

Lemma 3.3. Suppose f e C , for some y e (0,1), satisfies (1.1) and 
(1.6). Then there exists f* f. C ,Y, satisfying f* = f on 
[T,«) and 

f f* = 0 on(—,T-I], 
(3.12) 

fig.2 

With this modified function f we can state the equivalent of [I,lemma 2.2]. 
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Lemma 3.4. Let f e C 'Y satisfy (1.1) and (3.12). Then there exist 
2 N U > 0 and v e C (E ), radially symmetric, which satisfy 

-Av ■ y.f(v) in E , 

(3.13) v(0) e (p,,02), 
v(l) = T-l, 
v'(r) < 0 for r > 0. 

See [1] for a proof. 
Next we define a family of subsolutions. 

Corollary 3.5. Let f, v and v be like in Lemma 3.4, and let a be the 
unique zero of v. Then for y e n , which is not necessarily 

2 -2 bounded, and X > u. a . d(y,3£i) , 

(3.14) w(X,y;x) := v((X/p) *. (x-y)) x e fi, 

is a subsolution of (1,1)-

Proof. A direct calculation shows - A w = >.f(w), and since 
o < (X/u)*d(y,3n) one finds that w(X,y) < 0 on 3ÏÏ . □ 

In the next lemma we will show that a solution above this subsolution 
w(X,y) is above max w(X,y) everywhere except near the boundary. To 
do so we need that S! satisfies a uniform interior sphere condition : 

There is e > 0 such that 

(3.15) £2 = u{B(y,e); ye fl(e)} , 

where B(y,c) = {x e RN;|| x-y || < e} and 

(3.16) «(e) - {x e il; d(x,3R) > e) . 

Note that if SI is bounded and has a C -boundary, it will satisfy a uni­
form interior sphere condition. 
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Lemma 3.6. Let f, u, v and a be like in Corollary 3.5, and let ft 
satisfy (3.15). Then there exists c > 0 such that 

2 -2 every solution (X,u) of (1.1), with X > u a E and 

for some y c ft 

(3.17) max(T-l, w(X,y)) < u < o2 in ft, 

a l so s a t i s f i e s 

(3.18) min(c X*d(x :3ft), v(0)) < u(x) < o2 for x e ft . 

Proof. Assume without loss of generality that e in (3.15) is so 
2 —2 1 

small that ft(e) is arcwise connected. For X >ua e , ft(a(u/X)s) 
contains y and ft(t). Hence one can use the sweeping principle of 
Serrin, [13,2] , to find w(X,x) < u for all x e ft(a(u/X)'). Defining 
c > 0 by 

(3.19) c = u~* inf {(a-r)"1 v(r) ; r « [0,a)}, 

which is positive since v > 0 in [0,a) and v'(a) < 0, one finds that 

(3.20) min(c X* d(x,3ft), v(0)) < sup (w(X,y,x); y f ft(a(u/xr}. 

This shows the first part of (3.18). The second part is a direct con­
sequence of the strong maximum principle, [I, Th. 2.3.6]. o 

Corollary 3.7. Let ft be bounded, 3ft be C and let f satisfy (1.2), 
(1.5) and (1.6). Then there is X* > 0 such that if 
(X,u) is a solutionof (1 .1) with X > X* and 

(3.21) max(-,w(X,y)) < u < p. in ft for some y e ft , 

then u = *(X), defined by Theorem 3.1. 

Proof. Let z be a fixed nonnegative function in Cn(ft) with max z e (p.,v(0)). 
Then there is X** > 0 such that z(x) < c.(X**)!.d(x,3ft) for x e ft, 
with c defined in Lemma 3.6. Define X* = max(X(z),X**), where X(z) is 
defined in Theorem 3.1. Since u > T we may assume f satisfies (3.12). 
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Then Lemma 3.6 yields (3.18). After observing that 
z(x) < min(c.A*.d(x,3ft), v(0)) for X> A** and x e fi, one uses 
theorem 3.1 in order to find u = *(A) for A > A*. 

3.3. ESTIMATES FOR THE DERIVATIVE AT THE BOUNDARY. 

Lemma 3.8. Let fl, f and $ be like in Theorem 3.1. Then 
P2 

(3.22) lim A"J . -i- *(A)(x) = -(2 ƒ f(s)ds)j, 
A-KO 3n 0 

uniformly for all x e 3fi. (n denotes the outward normal). 

Proof. It is sufficient to show that any sequence (A ,x.) e E + * 3fl 
with lim A = » has a subsequence for which the following equality 
holds 

P2 
(3.23) lim A~J .$(A )(X ) = -(2 ƒ f(s)ds)!. 

i-w» i i i 0 

Let (A ,x, ) e E * 3S1 be a sequence with lim A = ». 
k k + k-"> k 

Since 3ft is compact, a subsequence exists, still denoted (A. ,x.), 
with x. converging to some x e 3ft. By a local change of coordinates 
x + £(x), from 0(x) to E , see [I, Lemma 4.2], one defines the 

functions 

(3.24) uk(n) = <KAk)(5-1(?(xk)+A^ .n)), n e E J . 

These functions U. satisfy for k large enough 

AU,. + A 7 ! . ( E a,;: -i- ̂ - U,. + L b,., ̂ - U,.) + f (U,.) - 0 
(3.25) 

k k "\. kij 3n. 3n. k . ki 3n. k' v k' 
ij i J i i 

in D n jAk
!.£(0(x)), 

Uk = 0 on 3D n jx"'.e(0(x)), 

with D = E + . Since 3ft is C , the functions a... and b.. exist 
and are uniformly bounded on D n JA. .£(0(x)). Furthermore, because 
of Lemma 3.6, one finds 
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(3.26) min(c.X5.d(x,3fi),v(0)) < *(X)(x) for x e fi, 

and hence 

(3.27) iin(c.n,,v(0)) < Ufc(n) for n = (i,,...,^) eDn {X^S.£(0( 

Since (U.Hs precompact in C. (D), there exists a convergent sub­
sequence, which we still denote with index k. Hence there is 
U € C2(D) n C(D), with lim Ufc = U in C^ (D), satisfying (3.1). 
Moreover 

(3.28) min(c.n|,v(0)) < U(n) £ P2 for n e D. 

By Proposition 3.2 one finds U(n) = U(n.) and U is the solution of 
(3.3). Since 

(3.29) 
k-K» k-«° 1 1 

t h i s l a s t o b s e r v a t i o n p r o v e s t he lemma. 

I f (X ,u ) i s a s o l u t i o n of ( I . I ) , w i t h X > A. and u < p „ , t h e n one 

f i n d s by Theorem 3.1 t h a t u s $ ( x ) . Hence - yg- £ - -^- *(X) on 3£1 . 
3n 3n 

I f f s a t i s f i e s ( 1 . 6 ) and u > t , then i t i s a l s o p o s s i b l e t o e s t i m a t e 
- -r— from below i f X i s l a r g e enough . In o r d e r to do so we have t o 

on p« 
modify f once a g a i n . Le t f s a t i s f y ( 3 . 1 2 ) . Then C := ƒ f ( s ) d s i s 

p o s i t i v e . S e t 

f * * ( p ) ■ 

T - l 

f ( p ) f o r p e B / ( T - 2 . T - I ) , 

C . ( c o s ( 2 w . ( p - T + ] ) ) - l ) f o r p £ ( t - 2 . T - l ) . 

f i g . 3 
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Since u > T, (X,u) is also a solution of 

(3.30) 
-Au ■ X f**(u) in Si, 

u = o on an. 

Moreover we can use Theorem 3.1 for 

(3.31) 
-flv = -X f**(-v) in Si, 

v = 0 on 3fl 

in order to find a minimal solution (X,i|i(X)) of (3.30) for X large 
with min iji e (T-2 , T - 1 ) . 
The conditions equivalent to (1.2) and (1.5) are easily checked. The 
equivalent of (1.3) also holds: 

(3.32) 
- ( T - 2 ) -p 

ƒ -f**(-s)ds = - ƒ f**(s)ds = 
P T-2 

-o 
= C - ƒ f(s)ds = 

T-l 
P2 -p 

- f f(s)ds - f f(s)ds = 
*-« T-l 
P 2 

= ƒ f(s)ds > 0 for p e [0,-(T-1)], 
-P 

Hence iJ;(X) S u i n SI f o r X l a r g e enough , and - — I|I(X) £ - ~ on 3S2 . 
3n dn 

since we may assume f satisfies (3.12). 
Hence i|;(X) S u in Si for X 
Applying Lemma 3.8 shows 

(3.33) 
0 2 

lim X_J. a-^(X)(x) = (-2 ƒ f**(s)ds)* - (2/ f(s)ds)J 
X-»- 3 n T-2 0 

for x e 3ft. 

69 



3.4 PROOF OF THEOREM 2. 

We will prove Theorem 2 by showing for X large that a solution 
(X,u) of (1.1), with T < u < p. and |max u - p-| small enough, 
satisfies u > w(X,y) in Ü for some y e n . Hence one finds by 
Corollary 3.7 that u - <J>(A). After that we will show that max u 
is bounded away from p. for bounded X. 

Lemma 3.9. Let Q be bounded, 3S! be C and let f satisfy (1.2), (1.5) 
and (1.6). Then there exists a function o(X), with 
lim X~ .o(A) =» 0, such that for 
(1.1) with T < u < p„ one finds 
lim X .o(X) = 0, such that for anv solution (X,u) of X-w 

, u(x) D2 
(3.34) Q(X,u)(x) := } || Vu(x)|| e +X . ƒ f (s)ds < X . ƒ f (s)ds + o(X) 

0 0 

for all x € n. 

P r o o f . Le t (X,u) be a s o l u t i o n of ( I . I ) w i t h T < u < p . . 

By the Lemmas 5.1 and 5 .2 of [ 1 4 ] , Q(X,u) assumes i t s maximum 

on 3fi o r a t a c r i t i c a l p o i n t of u . In t h e p r e c e d i n g s e c t i o n we found 

- 4 - *(X) S - 4 r ï - I - *CX) on 3n . Hence by ( 3 . 2 2 ) and ( 3 . 3 3 ) a 3n dn dn 
f u n c t i o n o(X) e x i s t s , w i t h l im X.o(X) = 0 , such t h a t 

X-*° 

( 3 . 3 5 ) max ( Q ( X , u ) ( x ) ; x f 351} = 

- max {| | | ï ( x ) | 2 ; x e 3fl) s dn 

< max {} | | ^ * ( X ) ( x ) | 2 ; x e 3f>} v 

max {\\\- « ( X ) ( x ) | 2 ; x t M ) < dn 
°2 

< X. ƒ f ( s ) d s + o ( X ) . 
0 

By c o n d i t i o n ( 1 . 6 ) 

( 3 . 3 6 ) max ( Q ( A , u ) ( x ) ; x <• a and 7 u ( x ) = 0} < 

u ( x ) 
< max{X. ƒ f ( s ) d s ; x e n} < 

0 
P2 P2 

< X. ƒ f ( s ) d s - X.min ƒ f ( s ) d s ; x e «} S 
0 u ( x ) 
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°2 P2 
< \.j f(s)ds - \.min{ ƒ f(s)ds ; T < u < p } < 

O u 
p2 

< X. ƒ f ( s ) d s . 
O 

P2 

Hence Q(X,u)(x) < X . ƒ f (s )ds + o(X) for x e f! . o 
0 

Now we are able to prove Theorem 2 for X l a rge . 
Since f ( p , ) = 0 and f e C , there e x i s t s c > 0 such tha t 

' 2 2 
(3.37) 2 ƒ f ( s )d s < c . | p 2 - u T for a l l u € [ t . p ^ . 

u 
For any solution (X,u) of (I.I), with T < u < o2, one finds 
by Lemma 3.9 and (3.37) that 

, "(x) 
(3.38) || Vu(x)|| ' - 2Q(X,u)(x) - 2X ƒ f(s)ds <■ 

0 
°2 

< 2X ƒ f(s)ds + 2.0Ü) < 
u(x) 

£ c.X.|p2-u(x)|2 + 2.o(X) for all x t B . 

Let x e Si and let e > 0 be small enough such that e < (4cX) ' 
and B(x',e) := (x e R N; || x-x' || < e} c n . Then for all 
x2 t B(x ,e) there is y e B(x ,e) with 

(3.39) |u(x') - u(x2)|2 < || x'-x2|| 2 .|| Vu(y)|| 2 < 

< e2.(c.X.|p2-u(y)|2 + 2.o(X)) < 

S {|p2-u(y)|2 ♦ i(cX)"'.o(X). 

Hence, using the norm | | v | | # :■ sup { |v(x) | ;x e B(x , e ) } , one 

finds 

(3.40) Hu(x')-u| | J S HI P2-UH * + J(cX)"' .o(X) < 

* i ( | P 2 - u ( x ' ) | +| | u(x ' ) -u | | / r ) 2 + i (cX)" ' .o(X) < 

£ j ( | p 2 - u ( x ' ) | + J!uCxl>-u|J^ + ( c X ) " J . ( 2 . o ( X ) ) } ) 2 
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2 1 

C o n s e q u e n t l y f o r a l l x e B(x , e) : 

( 3 . 4 1 ) | u ( x ' ) - u ( x 2 ) | < | | u ( x ' ) - u | |^ < 

< | p 2 - u ( x ' ) | + ( c X ) " i . ( 2 . o ( X ) ) 1 . 

Le t ( u , v ) be f i x e d by Lemma 3 . 4 . Choose an i n t e g e r m > 2 . ( c u ) , 

w i t h c from ( 3 . 3 7 ) , and s e t 6 = 2 ~ ( n + l } . ( p 2 - v ( 0 ) ) . F i n a l l y l e t 

X, > X be such t h a t X~ ' .o (X) < J c . 6 2 f o r X > X„. 

Now s u p p o s e (X,u) i s a s o l u t i o n of ( 1 . 1 ) w i t h T < u < p . , X > X? 

and u ( x ) » max u > P 2 ~ *• We w i l l show t h a t 

( 3 . 4 2 ) u > v ( 0 ) i n B ( x , ( u / X ) J ) . 

Let E < (4cX) * and small enough such that B(x ,rae) c fl. 
Then for any x e B(x ,me) there exist x ,...,xm « x e B(x ,mt) such 
that || xl-xX" || < e for i = l,...,m. 

By (3.41) and the triangle inequality one finds 

(3.43) |u(x°) - u(x 1)| < |u(x°) - u(x 1 - l)| + |u(xi)-u(xI_1)| < 

< |u(x°) - u(x 1 _')| + |p2-u(xI_l)| + (cX)"!.(2.o(X))5 < 

< 2.|u(x°) - u(x I _ l)| + |p2-u(x°)| + (cX)_i.(2.o(X))J 

for i = 1,...,m. 

A r e p e a t e d u s e of ( 3 . 4 3 ) shows 

( 3 . 4 4 ) | u ( x ° ) - u ( x m ) | £ ( 2 m - l ) . ( | p 2 - u ( x ° ) | + ( c X ) _ i . ( 2 . o ( X ) ) j ) 

Because of t h e d e f i n i t i o n of m, 6 and X. one f i n d s 

( 3 . 4 5 ) u ( x ) ï u ( x ° ) - ( 2 m - l ) . ( ( p 2 - u ( x ° ) + ( c X ) " J . ( 2 . o ( X ) ) J ) > 
> P 2 - 6 - ( 2 m - l ) . 2 6 > 

> P 2 - 2 m + l . 6 = v ( 0 ) f o r x e B ( x ° , m e ) . 
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Since u = 0 on 30 , (3.45) shows that if B(x ,me) c n also 
B(x°,me) c Si. Since this holds for any e < (4cX) * it shows 
that B(x ,m.(4cX)~*) "= SI. Hence by the choice of m one finds 

(3.46) u > v(0) a w(X,x°) in B(x°,(y/X)*) c B(x°,m.(4cX)~*) c f) 

By definition u > T a w(X,x ) in Si \B(x ,(u/X)*). Then Corollary 
3.7 shows u = iJi(X). This completes the proof of Theorem 2 if X > X?. 

What remains to be shown is that solutions (X,u) of (1.1) with 
0 < X < X, cannot have their maximum arbitrarily close by P2-
The next lemma will prove this and Corollary 3. 

Lemma 3.10. Let 3P. be C3 and let f satisfy (1.2), (1.5) and (1.6). 
Let ^ and X. be as in Theorem 3.1. Then there is c > 1, 
which only depends on the domain SI, such that for any 
solution (X*,u*) of (1.1) with u* < p», the following 
inequality holds 

(3.47) max u* < max <J>(X) for all X > max(c.X*,X.). 

Moreover, if SI is starshaped (3.47) holds with c = 1. 

As a direct result one finds for all solutions(X,u) of (P), with 
u £ py and X c (O.X^), that max u < max ^ ( G . X J ) ' 

Proof of Lemma 3.10. For any bounded domain SI, there is y e SI and 
r e (0,1] such that 

(3.48) 6 .(-y+fO <= -y+fi for all 9 e (0,r]. 

If SI i s starshaped with y as cen te r , then(3.48)holds with r = 1. 
-2 

Define c = r and s e t 

r max(*(X)(x) , u*(y+(X/X*) J . (x-y)) 
for x e y + (X*/X) *. (-y+fj) (3.49) v(x) 

$(X)(x) elsewhere in SI. 
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Since y + (X*/X)5.(-y+fl) c a for 1 > c.X* and *(X) > 0 
in Ü for 1 > ) . , v is a subsolution of (1.1). Hence there is 
a solution v* of (1.1) with $(X) S v £ v* < p,. The fact that 
$().) is the maximal solution shows that *(X) ■ v ■ v*. Hence 
u*(y +(X/X*)!.(x-y)) < *(X)(x) for x e y + (A*/»)*.(-y+fl). 
Using the strong maximum principle yields the strict inequality 
and concludes the proof of Lemma 3.10. □ 
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Results for tbe boundary layer of solutions 

for 

a semi linear elliptic problem. 

(Some results for a semilinear elliptic problem with a large parameter) 

75 



Proceedings ICIAM 87, Paris-La Villette, June 29-July 3 1987 

Some Results for a Semilinear Elliptic 
Problem with a Large Parameter 

G. Sweers 
Faculty of Mathematics and Informatics 

Delft University of Technology 
P.O. Box 356, 2600 AJ Delft, The Netherlands 

ABSTRACT 

Consider the following eigenvalue problem 

/ -Au = Xf(u) in (1 c K , bounded, 
(P) \ 

* u = 0 on 3(1, smooth, 

where f changes sign. In this note we will show results which can be found 
by using the so-called sweeping principle of Serrin, 1971. Especially we 
will give estimates for the boundary layer of positive solutions near a 
zero of f. For some f a solution u will have a free boundary. We show for 
such f that f (u)=0 except near 3(1. Next to this we improve a result for 
existence of a solution. 

1. INTRODUCTION 

We are interested in pairs (X,u) c » x C (fi) satisfying (P) and 
u > 0 in (1. First, note that a solution satisfies f (max u) > 0. If f e C , 

the strong maximum principle even shows f(max u) > 0. Secondly, if p is a 
zero of f then u ■ p satisfies the differential equation for all X. So one 
could expect the existence of a solution (X,u), where X is large and u is 
near a zero of f (with f(max u) a 0) except for a boundary layer. Results 
for this problem were presented by Fife,1973 and by Clément et al., 1986. 
The results here are strongly related to this last paper. 
Assume that there are two numbers 0 < p < p such that 

(Fl) f(pj) = f(p2) = 0 and f > 0 in (PJ.PJ), 
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Y 1 
(F2) f cC'(-»,P2] n C (-»,p2) and there is 6 > O such that f' s O in 

(P2-6,p2). 

In 1981 Hess showed, if f(0) > O, that the following condition is suf­
ficient for existence of a positive solution (A,u) with max u e (p,,p_). 

p2 
(F3) J(p) := ƒ f(s)ds > 0 for every p £ [0,p,3. 

P 

In the first theorem, it will be proven that this condition is sufficient 
and necessary when f £ C [0,max u] , even if f(0) < 0. In the second 
theorem we will show that the solutions, which are found in this way, are 
near P . 

2. THEOREMS AND PROOFS 

Before stating the first theorem we will shortly explain the sweeping 
principle of Serrin, 1971. A formulation can also be found in the paper 
by Clément et al., 1986. 
Fix X, let u be a solution of (P) and let (v(t) £ C(ft) ; t e [0,1]} be a 
continuous family of subsolutions, such that v(0) < u in ft and for all t 
v(t) < u on 3ft as well as v(t) < p. in ft. Then v(t) < u in ft for all 
t £ [0,1]. Since, if there exists t* £ [0,1] such that v(t ) iu and for 
some x £ ft v(t ,x ) ■ u(x ) , the strong maximum principle implies 

* v(t ) B u, a contradiction. 

THEOREM 1 : 

Let f satisfy (Fl)(F2)(F3) and let ft satisfy a uniform interior sphere 
condition. Then there exists c > 0, c € (p ,p ) and A > 0 such that for 
all A > X a positive solution (A,u(A)) of (P) exists with 

(1) min (crd(x,3ft).A\ c2) < u(A) S p2> 
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Moreover every solution (X,u) of (P) (not necessarily positive) with 
max u 

max u « <Pj»p2 ) satisfies ƒ f(s)ds > 0 for every pe [0,p ]. 
P 

PROOF: 
* * 

Replace f by f , where f s a t i s f i e s (Fl) and 
f (u) = 1 for u < - 1 , 

f*(u) s f(u) for 0 £ u £ p . , 

f* i C ' C R ) , 
p 
ƒ f*(s)ds > 0 for a l l P < P . 

Like Hess in 1981, one f inds for y l a rge enough, a rainiraizer v of 
n " * 1 2 

f (s)ds dx in the cone {v € W ' (ÏÏ) ; v > -1 in B, I (v ,u) = Sf |Vv| dx - M f ƒ 

v = -1 on 3B} with max v € (p ,p ) . (B denotes the u n i t b a l l ) . Gidas e t a l . 
showed in 1979 t h a t v i s r a d i a l l y symmetric and v ' ( r ) < 0 for r c ( 0 , 1 ] . 
Let 0 e (0,1) be the number such t h a t v(Q) ■ 0. Since Ü s a t i s f i e s a un i ­
form i n t e r i o r sphere cond i t ion , fi =U{B(x ,£) ; X € !5(e) } for a l l E e (0,e ) , 
where £Q i s some p o s i t i v e cons tan t and B ( X , E ) = {y e H ; | x - y | < e ) , 
«(c) = {x £ 0; d(x,3fi) > e} . Then w(A,x) := sup {v( 6. e " 1 . |x-y |) ; y e tï{e) }, 
with X = \i. ( 8 / E ) , i s a subsolut ion of (p) , with f replaced by f , for a l l 
X > XQ := W . ( 6 / E 0 ) 2 . Since 0 < wU) < p 2 and f* S f on [ 0 , p 2 ] , w(X) i s 

a lso a subsolut ion of the o r i g i n a l (P) . Note t h a t W(A) « p . i s a super-
so lu t ion of (P) for a l l X. By an i t e r a t i o n scheme one shows the ex is tence 
of a so lu t ion in between. By condi t ion (F2) the re e x i s t two s t r i c t l y i n ­
creas ing continuous functions f. and f„ such t h a t f = f. - f_ on [0 ,p_] 
and f2(0) = 0. Because of (F2) one may assume f e C [ 0 , p , ] . Define T by 
u = T(v) , where u i s the unique so lu t ion of 

f-6u + Xf (u) = Xf,(v) in n, 

I u = o on an. 

See the paper of Brezis e t a l . from 1973. Define W = T (W(X)) and 
n 

w = T (w(X)). (w land {w ) are sequences of r e s p e c t i v e l y decreasing 
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supersolutions and increasing subsolutions. Since W > w in ft the se­
ll n 

quences converge to a solution of (P). Standard regularity theory shows 
2 

that these solutions, or maybe just one solution , are C (fi). The estimate 
(1) is valid since the solutions are between w(X) and W(X). 
The last part will also be proven with a sweeping argument. Suppose there 

max u 
is a solution of (P) with max u e (P.#P,) and ƒ f(s)ds = 0 for some 
p \ [0, P l]. p* 
L e t ü be t h e s o l u t i o n of 

-Ü" = Xf(Ü) , t e R , 

u ( 0 ) = max u , 

ü' (0) = 0 . 

S e t U ( t , x , , . . . , x ) = U(x - t ) f o r x £ RN . 

Note that max U = max u and inf U £ p . Moreover there exists t and x c !i , 
* , N *, with fi = Unix e R ;x > t } , such that 

U(t*) 2 u in fi*, 
U(t*,x*) = u(x*) and Vu(t ,x ) = Vu(x ). 

The s t r o n g maximum p r i n c i p l e shows U( t ) a u , which i s a c o n t r a d i c t i o n . 

For a more d e t a i l e d p roo f s e e t h e a u t h o r s p a p e r of 1986. □ 

THEOREM 2 : 

Let fi satisfy an interior sphere condition and let f satisfy (FI) and 
(F2) with p. not necessarily positive. If p. > 0 then assume (F3) is also 
satisfied. 

a Suppose that f(u) > c(p_-u) for u e (p2_6,p_), where c,o,6 > 0. Then 
oo 

there is C > 0 such that for any nonnegatlve z e CQ(fi), with max z c (P.,P?), 
Mz) > X. exists for which the following holds. 
Let U,u) be a solution of (P) with z S u S p in n and \ > X(z). 
1) If 0 < a < 1 then u(x) 2 min (C.X .d(x,3n) ,p ) . 
2) If a = 1, then u(x) > p,(l-exp(-C.X .d(x,3fl)) ) , for x e fi. 

3) If 1 < a, then u(x) > p,(l-(1+C.X .d(x,3fi))_p) for x « R, with 
p = 2(0-1)" . 

REMARK 1. 

Case 1) shows that a solution near p, will have a free boundary with-
in a distance of order X from 3fi. 
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Define ra := S(p,+max z) and M := v(0). Then there exists a ball B(x ,r), 
such that B(x ,r) c { x e il; z(x) > ra}, and a constant o, such that 
f(u) > a(u-ra) for u e [ra,M]. By the lemma one finds 

u(x) > M for x e B(x*,r-(o.A/v)~ ). 

When r-(o.X/v)~ > 6.(X/u)~ the first step is finished since 

u(x) > M > v(U/l])',|x-x*|) for x e B(x*,e IX/v)'**) 

Hence s e t X(z) = max (X , r~ ( ( v / o ) + v ) )■ 

f i g . 3 f i g . 4 

I n t h e second s t e p we p r o v e t h a t a s o l u t i o n ( X , u ) , w i t h u e (w(X) 

X > X ( z ) , s a t i s f i e s t h e s t a t e m e n t of t h e t h e o r e m . I f o < 0 s e t 

We may assume t h a t c i s such t h a t 

f ( u ) > c ( p 2 - u ) < 1 f o r u « [ M , P 2 ] . 

D e f i n e M^ = p 2 - 2~ k . (p2-M) 

and a k = c . 2 " < k + 1 J • <•"*> . ( p ^ M ) * " 1 . 

Then f ( u ) > a . (u-M ) f o r u e ^ M v ' M v + i ^ -

, P 2 ] and 

M = 0 . 

f i g . 5 

L X 

f ig . 6 

so 
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Chapter 4 

Getting a solution between sub- and supersolutions 

without monotone iteration. 

SOMMARIO: Se esiste una sotto-sopra soluzione per un problema semilineare 
ellittico allora si puó provare 1'esistenza di una soluzione usando il 
metodo del la iterazione monotona. Per applicare questo metodo è necessario 
assumere una regolarita del secondo membro piü forte del la continuita. 
In questo nota si prova 1'esistenza di una soluzione nel la sola ipotesi di 
continuita del secondo membro usando il teorema di Schauder e una versione 
del principio di massimo forte assumendo 1'esistenza di una sotto (sopra) 
soluzione debole. 

SUMMARY: If there exist a sub- and a supersolution for a semilinear 
elliptic problem, then one can show the existence of a solution by a 
monotone iteration scheme. In order to do this one needs more than 
continuity of the right hand side. In this note the Schauder fixed point 
theorem and a version of the strong maximum principle is used to get 
existence of a solution with only continuity of the right hand side under 
the existence of a weak sub- and supersolution. 



1. INTRODUCTION AND MAIN RESULT. 

We consider the following nonlinear boundary value problem: 

f -Au = f(x.u) in 0. 
(1) 

u = g on 9Q. 

where Q is a bounded domain of IR . 
For f we only assume 

(111) f: Ö x R -»R is continuous. 

We also assume that 

(112) g: dQ -» R is continuous. 

In this note we are interested in the existence of solutions of (1) 
lying between sub- and supersolutions defined in a rather weak sense. 
Due to the special form of the left hand side we can define 

DEFINITION 1: A function u is called a sub(super)solution of (1) if 

i) u € C(n:R) 

ii) ƒ ( u {-A-p) - f(x.u) * ) dx < (>) 0 for every ■? C 3)+(f!) 
Q 

u i ) u i (>) g on an 
are satisfied, where 9) (!7) consists of all nonnegative functions 
in cjfl). 

DEFINITION 2: A function u is called a solution of (1) if 

i) u € C(fhR) 

ii) ƒ ( u (-At) - f(x.u) f ) dx = 0 for every f e C™(!7) 
a 

i i i ) u = g on of! 
a re s a t i s f i e d . 
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If f satisfies some additional assumption. like for example 
u -* f(. ,u) + uu is increasing for some u € K, and if dü satisfies 
some smoothness condition, then the following is known, see [2], [5], 
[6. Ch.10] and [3]. 
If u is a subsolution. u is a supersolution such that u < u. then 
problem (1) possesses a minimal and a maximal solution in the order 
interval [u.u]. These solutions are obtained by the method of 
monotone iterations. 
In [1] another method is used to prove the existence of a solution 
lying between a sub- and a supersolution for a very general 
quasilinear elliptic problem. The goal of this note is to show the 
existence of a solution lying between a sub- and supersolution. 
assuming only the continuity of f and for a much larger class of sub-
and supersolutions. 
We shall use the Schauder fixed point theorem and a version of the 
strong maximum principle. 
Observe that if 1 = 0 . then problem (1) possesses a solution for 
every g € dO , if and only if all boundary points are regular, see 
[4. Th.2.14]. Therefore we assume 

(H3) Cl is a bounded domain of IK and every point of 9fi is regular. 

Then we have 

THEOREM: Assume (HI). (H2) and (H3). and let u respectively G be a sub-
respectively a supersolution of problem (1). satisfying 
u £ G in Ö. 
Then problem (1) possesses at least one solution u satisfying 
u < u < u in fJ. 

2. PROOF 

We shall proceed in four steps. 
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STEP Is Reduction to homogeneous boundary condition. 
Let h denote the unique harmonic function on f), continuous on fi, 
satisfying h = g on dil. Set v = u - h. Then u is a solution of 
problem (1) if and only if v is a solution of 

(2) 
-Av = f(x. h(x) + v ) in 0. 

v = 0 on dCl. 

Observe that the modified right hand side again satisfies (HI). Since 
both u - h and u - h are sub- respectively supersolution for the 
modified problem and are also ordered, we may assume without loss of 
generality that g = 0. 

STEP 2: Modification of f. 
Define 

f (x.u) = 
f(x.u(x)) 
f(x.u) 

[ >(x.ü(x)) 

if u < u(x). 
if u(x) < u < u(x). 
if u(x) < u. and x € jj. 

Then f i 0 x K -» D? is continuous and bounded. Note that, if u is a 
solution of 

(3) 
-Au = f (x.u) 

u = 0 

in Q, 

on an, 

and u < u < u in Ö, then u i s a so lu t ion of (1) with g = 0. In 
fact every so lu t i on of (3) s a t i s f i e s u < u < u in fi. This i s done 
in 

STEP 3 : Use of the maximum p r i n c i p l e . 

Let u be a so lu t i on of (3) and s e t Ö = ( x £ Ü ; u(x) < u (x) } 
We want to prove that fi i s empty. Assume to the cont ra ry that 0 i s 
not empty. F i r s t , note that 0 i s open, s ince u and u a r e cont inuous. 
Moreover we have 
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ƒ. (u-G)(-A*) dx i ƒ ( f*(x.u(x)) - f(x.u(x)) )f dx = O 
n n 

for every -p € 2) (0 ). 

Then u - u € C(fi ) is subharmonic and nonnegative in fi . Such 
functions achieve its maximum at the boundary, see [4]. 
Since u - u = 0 on 9Q it follows that u = u in fi . Hence fi is 
empty, a contradiction. Similarly one proves that u £ u in fi. 

STEP k'- Application of the Schauder fixed point theorem. 
It remains to show that problem (3) possesses a solution. Let us 
recall that problem (1) with f depending only on x and g = 0 has 
exactly one solution u € C(fi). Let K: C(fi) -» C(fi) denote the 
solution operator, that is u = Kf. Then it is known that K is a 
linear compact operator in C(fi) equipped with the usual maximum norm 
11.11 (see also Appendix). 
Let F: C(fi) -» C(fi) denote the Niemytski operator associated with f . 
that is 

F(u)(x) = f*(x.u(x)) for u € C(Ö). x € fj. 

Then F is continuous and there is M > 0 such that IIF(u)ll < M. 
Finally observe that u is a solution of problem (3) if and only if u 
satisfies 

u = KF(u). 

A st ra ight forward app l i ca t ion of the Schauder fixed point theorem 

guarantees the ex is tence of such a so lu t ion . This completes the proof 

of the theorem. D 

REMARK: If u i s a so lu t ion of (1) . then i t follows from standard 

r e g u l a r i t y theory that u € W7'P(ft) for a l l p € [1.">). 

although u and u do not need to posses such r e g u l a r i t y . 
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3. APPENDIX 

PROPOSITION: Let 0 satisfy (H3) and f € C(Ö). then there exists a unique 
u € C(fi) satisfying 

i) ƒ ( u(-A*>) + f*> ) dx = 0 for every f 6 C~(S7). 

11) u = 0 on 30. 

Moreover the mapping f -» u is compact in C(fi). 

PROOF: The uniqueness is a direct consequence of the maximum principle for 
harmonic functions. For the existence we extend f by 0 outside of Q 

and set 

w(x) = S„ r(x-y) f(y) dy. 

the Newtonian potential of f. see [4. p.50]. 
Then w € C (Ö), see [4. Lemma 4.1], and the mapping f -» w from 
C(n) in C (fi) is continuous, where C(S) and C (S) are equipped with 
the usual norm. Since C (Ö) is compactly inbedded in C(f)), the 
mapping f -» w from C(S) into C(fi) is compact. 
Let h € C(S) be the unique harmonic function satisfying h = w on 
dO (here we use (H3)). Then u = w - h is a solution of i), ii). 
Since the mapping w -» h from C(P) into C(S) is continuous, we have 
that the mapping f -* u from C(fi) into C(Ö) is compact. a 
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Chapter 5 

Senilinear elliptic problems 

on 

domains with co rne r s . 
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SEMILINEAR ELLIPTIC PROBLEMS ON DOMAINS WITH CORNERS 

ABSTRACT 

In this note it is shoiwi that there exist sign-changing stable solutions 

of some semi linear elliptic problems u>i th Dirtchlet boundary condition, if 

the (smooth) boundary is close to a cone somewhere. Moreouer, for problems 

luith these nonlinear right hand sides, there is a critical angle for 

corners of the domain if one wants existence of a positiue solution. 

1. INTRODUCTION 

Consider the semi linear eigenvalue problem 
-Au = X f(u) in 17. 

(1-1) 
u = 0 on dQ. 

with f € C(R) and X > 0. If f(0) I 0 and f(p) = 0 for some p > 0. one 

can show, see e.g. [2,6], that there exists a solution u of (1.1), 

which satisfies 

(1.2) 0 < u < p in fi 

if the boundary is just regular (see [8. page 25]). 

In [4.5] it is shown for f € C (IR) that there is also a positive 

solution for X large when f(0) < 0. if the following conditions are 

satisfied^ 
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(1.3) f(p) = O for some p > 0 

(Assume f(s) < 0 for s > p) 

P 
(1.4) ƒ f(s)ds > 0 for all t € [O.p). 

t 
and f i na11y 

(1.5) n = U { B(x.e); x € n, d(x.an) > e } for some e > 0. 

where B(x.t) = { y: d(x.y) < e ). 

In [15] there are related results, for which proofs one needs (1.5). 

If 0 is like in (1.5). f? is said to satisfy a uniform interior sphere 

condition. We will show that in order to find positive solutions this 

condition can be replaced by a cone condition. The angle of the cone 

depends on f. 

Domains with a sharper corner will not have positive solutions. For 

bounded X smooth domains close to these edgy domains will also not have 

a positive solution. Nevertheless there may exist a stable solution 

with positive maximum. Hence such a stable solution will change sign. 

These investigations were initiated by a question of W. Jager. The 

results answer a question of Matano whether there are sign-changing 

stable solutions of (1.1) on convex domains. Matano himself recently 

found sign-changing stable solutions on convex domains with even 

f(0) = 0 . [11]. 

A solution u of (1-1) is called stable, if for every e. > 0 there is 

6 > 0 such that, for every U0 € L (0) with II U 0 - U D < S , the 

solution U of the related parabolic problem: 

(1.6) 
U t - AU = Af(U) in n x K+. 

u = o on anxi+, 
with Jj™ II U(t) - U0 llL = 0 s a t i s f i e s II U(t) - u 11̂  < e for a l l 

t > 0 . See [ 3 . 1 0 . 1 3 . 1 4 ] . 
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2. RESULTS 

We will state and prove results for domains in IR . In higher dimensions 

similar results hold, but these will not be proved. The first lemma 

shows that there will not be a positive solution if for example the 

domain is convex and has a corner with angle less than =TT or close to 

„jr. or if the domain is close to such a domain. 

Lemma 2.1: Set X = 1 and suppose f satisfies (1.3) (1.4) and f(0) < 0. 

a. There is t, € (0.1) such that if 

(2.1) (t,.0) € n C { (x,.x2); |xz| < x, > 

there will be no positive solution of (1.1). 

b. There is c > 1 such that if 

(2.2) { (t.0); 0 < t < 1 ) C fj C { (x,.x2): |x21 < ex, } 

there will be no positive solution of (1.1). 

Remark- By rescaling one finds that Lemma 2.1 b. holds for all X > 1. 

Lemma 2.1 a. holds if one replaces t, by t. = X t,. 

In the proofs we will use a weak version of sub and supersolutions. For 

a definition see the Appendix. 

Proof- i) Estimating solutions from aboue. 

Set fM = max { f(s) ; 0 < s < p ) and K = (2pï^A. Define 

U € c'fJR) by 

(2.3) 
U(t) = K.t - |fM-t2 for t i K-fJJ1. 

L U(t) = p for t > K.f"1. 
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Let u be a solution of (1.1) and suppose (2.1) or (2.2) is 

satisfied. By the maximum principle one finds 

(2.4) u(x,.x2) < U(x,) < K.x, for (x,.x2) € Cl. 

ii) Taking a subdomain of (1. 

Take É € (O.K) such that 

(2.5) f(s) < |f(0) for |s| < e 

and set 

(2.6) ö' = !1 n ( (x,.x2) C R2; x, < K_1t }. 

By (2.4) one finds that 

(2.7) -Au = f(u) < |f(0) for x € if. 

iii) Defining a superfunction on the subdomain Q . 

Define 

(2.8) k = K e"1 exp(-8 f(0)_1 I^e"1) . 

(2.9) v(x, .x 2) = - if(0) ( (x 1 + | k _ 1 ) 2 -x 2 ) ln(kx1 + i ) . 

Then one finds for 

(2.10) | x 2 | < x, + ik"1 

that 

(2.11) -Av(x,.x2) = | f (0) (3 + x i (x 1 + | k - 1 ) " 2 ) > | f ( 0 ) . 
1,-1 One also finds that v has a negative minimum for | x 2 | < x t + =k 

in 

(2.12) x = ( k ' 1 ^ - * - ! ) • 0 ). 

Define 

(2.13) t , =k _ 1 (e - i < - i ) 

(2.14) c = 1 + K(2ek)_1. 

Note that t , € (0.1) and hence x € Q. 

By this choice of c one finds that if Q sa t i s f ies (2.2) then every 

x € nV sa t isf ies (2.10). 
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iv) Contradicting posttiutty of u by a loiuest supersolution. 

Let a be the smallest number such that 

(2.15) u < v + a infi'. 

If a < 0 then 

(2.16) u(ic) i v(x) < 0. 

If a > 0. let x* € fiV be such that 

(2.17) u(xx) = v(xx) + a. 
y 

Since v +■ a - u is nonnegative and superharmonic in (7 '■ 
(2.18) -A(v+a-u) = -Av + Au > |f{0) - f(u) > 0 

y 
the minimum principle shows xx € dfl . 

First we will show that xx € 9fi. 

Similar to (2.4) the maximum principle yields 

u(x,.x2) i U((c2+lfl{cXl-x2)) . 

[ u ( x , . x 2 ) < U ( ( c 2 + l ) _ 1 ( c x 1 + x 2 ) ) . 
V -1 

Hence if x € an \9f). which means that x, = K £ and 

| x 2 | < cK_1e . then 

(2.20) v (K _ 1 e .x 2 ) > - i f ( 0 ) ( ( K ' ^ + i k " 1 ) 2 - x f ) . -Sf (O)" 1 K2 e"1 = 
, 2„-2 2 2 , „ 2 - I . (c K t - x 2 ) K t > 

> ( c K - 1 £ - | x 2 | ) c K > 

> K(c2+l)_1(cK_1£-|x2|) > u(K_1£.x2) . 

Finally xx € 90 yields u(xx) = 0 = v(xx) + a and hence 

(2.21) u(x) i v(x) + a < v(xx) + a = 0. D 

(2.19) 

The first part of Lemma 2.1 can be used to construct sign-changing 

stable solutions on smooth domains. 

As an example: 
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Corollary 2.2: Set f(u) = (u -l)(10-u) and 

(2.22) D(e) = { (x,.x2) € R2; x, > 0. x2 < x2(l-x,) - e } 

a. Then there is X, > 0 such that for all X > X, and e. € (O.TJT) 

there is a stable solution a. of (1.1) on D(e) with 

max u. € (1.10). 

b. For all X > X, there is e(X) > 0 such that for e € (O.e(X)] 

u changes sign in D(e). 
A, £ 

D(10~2) 

Proof: First note that for É C (O.-^T) 

(2.23) 

(2.24) 

(2.25) 

(|.0) e D(^) C D(e) C D(0) C { (x,.x2); |x2| < x, }. 

Hence there is 6 > 0 with B((|.0).6) C D(t) for all e € [O.j^]. By 

Lemma A.1 there exist u > 0 and v € CT(B(0.1)). with v radially 

symmetric, which satisfy 

-Av = M f(v) in B(0.1). 
1 < v(0) < 10 . 
v'(r) < 0 for 0 < r i 1. 

I v(l) = -1 . 
Extend v by -1 outside of B(0.1). 

_2 Now define X, = u 6 and 

V(x1.xa) = v((X/u)*(Xi-f>-(>/'0^c*> 
which is. see Corollary A.5. a subsolutlon of (1.1) for all X > Xj 
and e < ypr on D(e). satisfying V = -1 on 9D(e). The constant 
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function W = 10 is a supersolution for all X > 0. 

By Lemma A.6 there exists a stable solution u. of (1.1) In 

[V.W]. This proves the first part. Fix X > X, and let t, be 

defined in Lemma 2.1. Take e(X) so small that X t, € D(t(X)). The 

second part of the corollary is a consequence of the remark 

following Lemma 2.1. G 

In the next lemma we will show that for a special domain with a corner 

which is just below ir there does exist a positive solution of (1.1). 

Define for c > 0 

(2.26) A(c) = {(x,.x2); |x2| < ex, ♦ (1+c2)17? x, < -c(l+c2)"1/2 }. 

(2.27) S(c) = A(c) U B(0.1). 

where B(0.1) is the unit ball. 

Lemma 2.3: Let f satisfy (1.3). (1.4) and suppose f(0) < 0. Then there 

are c > 1 . X and u. which satisfy (1.1)-(1.2) on S(c). 

Proof: There is a radially symmetric subsolution (X.U) of (1.1)-(1.2) on 

B(0.1), which satisfies U'(r) < 0 for r € (0.1]. Since f is 

continuous there is fx€ C with f*< f . which still satisfies 

(1.3) and (1.4). Lemma A. 1 yields the existence of a radially 
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symmetric solution on B(0.1) with f replaced by f*. which is a 

subsolution of the original problem. We will show that for some 

c € (1.°>) there exists a positive solution on S(c) with the same 

X. 

Set the negat ive number f = min { f ( s ) ; 0 £ s £ p } and def ine 

for c > 1 

(2 .28) V c ( x , . x 2 ) = - | x fm ( c 2 - l ) _ 1 ( ( ex, + ( l + c 2 ) 1 / 2 ) 2 - x 2 ) . 

which is positive on S(c). Moreover, one finds directly that V 
c 

satisfies: 

(2.29) -AVc = Xfm i Xf(Vc) if 0 i Vc i p. 

Define 

(2.30) 
W (x) = V (x) for x € A(c) \ B(0.1) . 
Wc(x) = max( Vc(x) . U(x) ) for x € A(c) fl B(0.1) . 

L W (x) = U(x) for x € B(0.1) \ A(c) . 

Since for some a > 0 

(2.31) U(x) > a(l-|x|2) forx€B(0.1). 

one finds for c = ( 1 - |x i ^ ' 1 ) M > 1 that 

(2.32) Vc(xllX2) = -±X fm (c2-l)_1 ( (l+c2)_1-x2 ) = 

= a ( (l+c2)_1-x2 ) < 

< U(x,.x2) for (x,.x2) € dA(c) fl B(0.1). 

For x € A(c) PI 3B(0.1) one finds 

(2.33) Vc(x) > 0 = U(x) . 
Hence W € C(S(c)) and by Corol lary A.5 one f inds that W i s a c c 
subso lu t ion . By cons t ruc t ion W i s p o s i t i v e in S ( c ) . 

c 
Applying the results in [6] shows the existence of a solution 

u e [W .p] C C(S(cj"). Hence u satisfies (1.2). D 
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Before we are able to state the main result for domains in IR we need 

the following. 

Definition 2.4: A domain fl has the uniform interior cone property with 

constant c if 0 = U { eS.; i € I } for some t > 0 , where 

every S. is an orthonormal transformed of S(c) for a fixed c. 

( S(c) is defined in (2.27) ; T is an orthonormal trans­

formation if IIT(x)-T(y)ll2 = llx-ylL for all x. y € R2 ). 

Proposition 2.5: Let f satisfy (1.3). (1.4) and f(0) < 0. Then there 

is c0 € (1.») for which the following holds. Let 0 be 

bounded and convex. 

1) If n has the uniform interior cone property with c > c0. then 

A 0 exists such that for all A > A0 there is a solution u. of 
A 

(1.1)-(1.2). 

2) If D does not have the uniform interior cone property for 

some c < cQ then there are no solutions (A.U) of 

(1.1)-(1.2). 

Remark: If fl is not convex, part 1) of this proposition is still true. 

Proof •■ 

2 

i) Let fl, and fi2 be two bounded domains in R . Suppose there exists a 

solution (X|.u,) of (1.1)—(1.2) on fl,. and suppose there is t > 0 

and a family { T. ; i € I } of orthonormal transformations in R 

such that n 2 = U { T.(efi,) ; i € I }. Since f?, and fi2 are open 

one can assume without loss of generality that I is countable. By 
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Corollary A.5: 

(2.34) vn(x) = sup { nfr-^Cx)) ; i € {i, in} c I } 
-2 

is a subsolution on 02 for X = X,t Using the dominated 

convergence theorem one finds that 

(2.35) v(x) = J J vn(x) 

satisfies condition ii) in Definition A.2. Since {v } is an 

equicontinuous family, v also satisfies the conditions ii) and 

iii) in Definition A.2/A.3. Hence v is a subsolution on fi2 for 
_2 

X = \te .By v > 0 In Q2, max v = max u and again the 

supersolution w = p. one gets the existence of a solution (X2,u2) 

of (1.1)-(1.2) on n2 with X2 = X,t"2. 

ii) If 0, is also convex then fi, = U { x + 9(n,-x) ; x € n, } for all 

6 € (0.1). By part i) there will be a solution of (1.1)-(1.2) on 

n2 for all X > X2. 

iii) Define J = { c € (0.°>) ; there exists a solution (X.u) of (1.1)-

(1.2) on S(c) }. By Lemma 2.1 there is c, > 1 such that Cj < J. 

Lemma 2.3 shows that there is c2 < <° such that c2 € J. Part i) 

of this proof shows that if c € J. then [c.°>) C J. Hence 

(2.36) c0 = inf { c C J } € (l.-) 

is well defined. With part ii) this proves Proposition 2.5. 1). 

iv) We still have to prove the second statement. 

Suppose n is convex but does not have the uniform interior cone 

condition with constant c for some c < c0 . Since fi is also 

bounded there is x * € 9 n , e > 0 . and an orthonormal 

transformation T such that 
fT(eQ) C S(c). 

(2.37) 
T(ex*) = x~. 

101 



where x~= ( -c (1+c ) . 0 ) is the vertex point of S(c). 

Since 3S(c)\{x~} is C there is G > 0 and a family of 

orthonormal transformations { T. : i € I } such that 

(2.38) S(c) = U { TjfeeO) : i € I }. 

If there is an solution of (1.1)—(1.2) on Q, then part i) gives 

the existence of a solution of (1.1)-(1.2) on S(c). which is 

contradicted by part iii). D 

For domains in higher dimensions there is no longer a unique critical 
3 

cone. For example in R one may use the following superfunctions to 

prove nonpositivity: 

(2.39) v(x,.x2.x3) = c,(x?-9xi-(l-e)x?) ln(c2x,). 

With every 8 € (0.1) one can find a critical cone. Replace S(c) in 

Definition 2.4 by 

(2.40) S(9.c) = { (x,.x2.x3) ; (x, . (ex^l-e^)*) € S(c) } 

and one can prove the equivalent of Proposition 2.5 for every 

6 € (0.1). 
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APPENDIX 

Lemma A.I 

(a.1) 

(a.2) 

(a.3) 

Let f € Cl(R) satisfy 

f(p) = 0 for some p > 0 

and 
P 
ƒ f(s) ds > 0 for all u € [O.p). 
u 

Then for all e > 0 there is u > 0 and v 1] such 
that: 

-( v + — - v ) = [if(v). 
v(0) € (p-t,p). 

v'(0) = v(l) = 0. 
[ v-(r) < 0 for r € (0.1]. 

Proof'- For a proof see also [5]. 

Change f for negative numbers such that 

(a.4) f(s) > |f(-s-2)| for s i -1 

and 

(a .5 ) 

( a .6 ) 

( a .7 ) 

ƒ f ( s ) ds > 0 
u 

Moreover assume 

f ( s ) < 0 

for al1 u < p. 

for s > p. 

Take a minimizing sequence {u }, for fixed \i, of 
9 u 

I(u.u) = Ü I |vu| dx - ii ƒ ƒ f(s) ds dx . 
B B -1 

for u+1 e W " (B) . where B denotes the unit ball in IT. Since 

I(|u +l|-l.u) < I(u .u) and since I(..u) is sequentially weakly 

lower semicontinuous and coercive. I(..^) possesses a minimizer 

u ^ -1 in W1,2(B) with u =-1 on 3B. Regularity theory, see [8]. 
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(a.8) 

shows that u € Cr (B). By [7] one finds that u is radially 

symmetric and u'(r) < O for all r € (0,1). Hence u satisfies 

the first and fourth condition in (a.3). By the strong maximum 

principle one finds u (0) < p. 

Suppose u (0) £ p-e for all u > 0. Then define 

w (r) = p for r < 1-6. 

wfi(r) = 6-1(l-r)(l+p) - 1 for 1-6 < r < 1. 

Since I(u ,u) > I(w.,u) for u large and 6 small if u £ p-e . 

this yields a contradiction. Hence for some u, one finds that 

p-e < u (0) < p. Since u is strictly decreasing for r > 0 . 
Mi Mi 

there is a unique r, € (0.1) with u (r,) = 0. Then v and u 
Mi 

defined by 
2 (a.9) v(r) = u (rr,) . ji = ji,r, 

Mi 
satisfy (a.3). D 

Definition A.2: Let 0 be an open bounded domain in R . and let f € C(R). 

We call a function u a superfunction (subfunction) of 

(a.10) -Au = f(u) in fi. 

if i) u £ C(Ö). 

ii) ƒ ( u(-A.p) - f(u)v> ) dx I (<) 0 for all f € 9+(fi). 
n 

+ CD 
where S (0) consists of all nonnegative functions in C0(Q). 

Definition A.3: Let f) be an open bounded domain in RN. let f € C(R) and 

g € C(an). We call a function u a supersolution (subsolution) 

of 
(a.11) -Au = f(u) in fj. 

[ u = g on dQ. 
if u satisfies i), ii) and 

iii) u I (i) g on dQ. 
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Lemma A.4: Let u, and u2 be subfunctions of (a. 10) on an open bounded 

domain f), with f only continuous. Then u defined by 

(a.12) u(x) = max (u,(x).u2(x)) for x € Ö. 

is a subfunction of (a. 10) on fJ. 

Corollary A.5: Let v be a subfunction of (a. 10) on 17 = f}. . where i is 1 

or 2. Define v by 

(a.13) 

(a.14) 

v(x) = v,(x) for x € n,\ fl2. 
v(x) = max (v,(x).v2(x)) for x € (7,0 fJ2. 
v(x) = v2(x) for x € n2\ n,. 

If 
v, < v2 on 9Q, fl 172. 
v 2 < v, on an2 n n , . 

then v is a subfunction of (a. 10) on CJ = 12,11 I72 . 

Remarh. 1. Let v. be a subsolution of (a. 11) on f7 with g = g , where i=l 

or 2. If v,,v2 and v are like in Corollary A.5. then v is a 

subsolution on Q,U C72 for every g With g £ g, on dfi,\ (72 and 

g I Sz on dQz\ 0,. 

Remarh 2. Let { u. : 1=1 k } be a family of subfunctions on f). Then 

one finds that the maximum of these subfunctions is again a 
subfunction. 

Remarh 3. Similar results hold for superfunctions and supersolutions if 

one replaces maximum by minimum and reverses the inequality signs. 
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Proof of the Corollary: By construction i) in Definition A.2 is inmediate; 

ii) remains to be proved. Let <p € S (0,11 f)2). Because of (a. 14) 

and the continuity of v, and v2. it is possible to find >̂, ,-p2 a™* 

■P-, e S (fl,U fi2) such that <p = *,+*2+*3 . v = v. on support(<p ) 

for 1=1,2 . and support(*>3) C (1,0 fl2. Hence it is sufficient to 

prove ii) for all f € 3+(0,n n 2). This follows from Lemma A.4. 

Proof of Lemma A.4: Let J be the mollifier defined in [1. 2.17]: 

With J(x) = 0 for |x| I 1 and J(x) = exp((|x|2-l)_1) for |x| < 1. 

Jt(x) = J(x/e)/ (L J(y/e) dy) . 
if 

Define for ~p € C(Ö) the function J * * € C™(RN) by: 

(a.15) (J * * )(x) = ƒ J (x-y) +(y) dy for x € RN. 
e n e 

Let n > 0 and define fi = { % C tl : d(x.afl) > n } . Suppose 

•p € 9+(n ). By [1. Lemma 2.18] one finds that J * f C S+(fi) if 

t < Hrf. Je* u. € C°(RN) and ^ m Ĵ * u.= Uj uniformly on Q . 

Hence for e < J4rj and *> € S+(0. ): 
(a. 16) 0 > ƒ ( -A(J * *) u - (J. *>) f(u ) ) dx = 

n e i e 

= ƒ ( (J£* -A*) U, - (J£« *) f(Uj) ) dx = 
F* 

= ƒ ( -A* (J * u ) - «. (J ¥ f(u )) ) dx = 
B" 

= ƒ ( -A(J * u ) - (J * f(u )) ) 9 dx . 
nn 

Since -A(J * u ) - (J H f(u ) ) i s continuous one g e t s pointwise 

in 0 that 

(a . 17) -A(J e * u t ) - ( J e * f ( U i ) ) <, 0 . 

For v e CT(fl) and f € S+(fi) one f inds by the Kato inequa l i ty 
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[9. Lemma A] that 

(a. 18) ƒ A# |v| dx I ƒ sign(v) <f Av dx 
n n 

Again let ./> € S+(fJ ) and e < V4n. Write u = J * u . Using (a. 17) 

and (a.18) one finds: 

(a. 19) ƒ max(u, .u„ ). —A-p dx = 
n 

= ƒ *(", + "o * ) • - * • *« + *l K *~ U9 J-"A* <** * 

i *l _ A( ui i 6
+ u 2 . 6 ) * ** - »ƒ sl8n(ui.e" U2.J * 4^ul.e" u2,e) ** = 

= / ( Xr . -i--Au, + Xr • T _ A ur» + 

0 Cul.e>u2.e] l'6 [ul.Ê
<U2.t3 2 t 

Kr ,.-A(Ku, + Xu„ ) ) * dx < 
[ul.e=U2.6] 1,fe 2 , £ 

<ru =u i( * V f {Ui ) + *V f(Uz) ) ) * * 
L 1,6 2.eJ 

Set u3 = max(u , , u 2 ) . With the i d e n t i t i e s J * f ( u , ) = ( J * f ( u , ) 

- f ( u , ) ) + ( f ( u , ) - f ( u 3 ) ) + f (u 3 ) and Kf > y M(u,)-f(u3)) 

= Kr v n t r , -,(f (u , )-f ( u 2 ) ) . we wi l l show that the f i r s t 
[ u l . e U 2 . e ] C u ' < u 2 ] 

term in the l a s t i n t eg ra l of (a . 19) converges to the r i gh t 

expression if e l o . 

F i r s t . s ince f ( u , ) i s continuous. i_ (J * f ( u , ) ) = f ( u , ) 

uniformly on fi . Secondly. Xr -> i-Xr / ^ goes t o zero 
11 Lu[ £?u2 e.^ L u i ^ u 2j 

pointwise on [7 s ince u, and u2 a r e cont inuous. And t h i r d l y , s ince 

u t i s cont inuous. i~ u. = u, uniformly on fim. Hence, s ince a l l 
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the involved functions a re bounded independently of f-

lim (a .20) e l 0 I xr > ^ V f ( u t ) ) , dx = 
17 L l . e 2 . e J 

" ^ Q X [ u l . e > u 2 . J f ( U a ) * d x 

= I Wu2] f{Ua) * * " 
1 

S imi la r ly one t r e a t s the second and th i rd term a t the end of 

( a . 1 9 ) . Since i_ max(u. ,u~ ) = max(u, .u 2 ) = u0 one has shown: 

(a .21) ƒ ( u3.-A*> - f (u 3 ) f ) dx < 0 for a l l f € 2>+(f) ) 
n n 

Since ^Q fi = (7 (a.21) is valid for all f € »+(fi). 0 

Lemma A.6: Let f € C (K). fl be bounded and d0 € C3 and set g=0. If u,, 

respectively u2, with u, < u2 in 0. are respectively a sub 

and a supersolution of (a.11) with u, < 0 < u2 on 30. then 

there exists a stable solution u € [ul.u2] C C(Ö) of (a.11). 

Proof'- In order to get sub and supersolutions in CT (fi). we will use the 

first two steps in a monotone iteration scheme. 

Set e = min { -Uj(x). u2(x) : x € OKI ) . Define 

(a.22) (o = max{ f(u) ; min u,(x) i u < max u2(x) } . 

and the operator T i C(S) -» C(Ö) by 

(a.23) T (u) = ( -A + w )_1( <JU + Xf(u) ) . 
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(a.24) 

where (-A+u) is the inverse of -A+u with Dirichlet boundary 

condition u = at , a € {-,+}. The operators T are order 

preserving. Moreover, if v is a subsolution of (a.11) with g = -e. 

then T_(v) I v and T_(v) is also a subsolution. (see e.g. [13] 

or [5]). By regularity theory (see [8]) T^(u,). T^(u2) € <?{fl). 

Since 1 (uj < i (u2) in S. are respectively a sub and a 

supersolution, one can use [13. Th.3.6]. The unique solution U, of 

U£- AU = f(U) in 0 x D?! 
U = 0 on dQ x R. 
U(0) = f on n. 

with f - T3(u,) . satisfies U,(x.t) T vi(x) f ° r t ** " . and v, 

is a solution of (a.11) with g = 0. Similar the unique solution 

U2 of (a.24) with -p = T^(u2) satisfies U2(x.t) 1 v2(x) for 

t -» °> . and v2 I v, is also a solution of (a. 11) with g = 0. 

By the maximum principle for elliptic problems. [12. Th.2.6], one 

finds: 

(a.25) u, i T^(u,) < v, £ v2 < TJ(U2) * u2 in fi. 

By the maximum principle for parabolic problems, [12. Th.3.12], 

every solution U of (a.24) with T^u,) £ f £ v, converges to v, 

for t *» » . Hence v, is stable from below. Similarly v2 is stable 

from above. By [10, Th.4.3] one finds that there is at least one 

stable solution u € [v,.v2] C [u,,u2] C C(fi). D 

109 



[I] R.A. Adams. Sobolev Spaces. Academie Press. New York/San 
Francisco/London. 1975. 

[2] K. Ako. On the Dirichlet problem for quasilinear elliptic 
differential equations of the second order. J. Math. Soc. Japan 
13 (I960. 45-62. 

[3] H. Amann, Supersolutions. monotone iterations, and stability. 
J. Differential Equations. 21 (1976). 363-377. 

[4] Ph. Clément, G. Sweers, Existence et multiplicité des solutions 
d'un probleme aux valeurs propres elliptique semi 1inéaire, C.R. 
Acad. Sci.. Paris 302. I Ser.. 19 (1986). 681-683. 

[5] Ph. Clément. G. Sweers. Existence and multiplicity results for a 
semilinear elliptic eigenvalue problem, to appear in Annali della 
Scuola Normale Superiore di Pisa. 

[6] Ph. Clément. G. Sweers. Getting a solution between sub- and 
supersolutions without monotone iteration. to appear in 
Rendiconti della Universita di Trieste. 

[7] B. Gidas, W.M. Ni. L. Nirenberg, Symmetry and related properties 
via the maximum principle. Comm. Part. Phys. 68 (1979). 209-243. 

[8] D. Gilbarg, N.S. Trudinger. Elliptic partial differential 
equations of second order. Springei—Verlag. Berlin/Heidelberg/New 
York. 1977. 

[9] T. Kato, Schrödinger operators with singular potentials. Israel 
J. Math. 13 (1972). 135-148. 

[10] H. Matano. Asymptotic behaviour and stability of solutions of 
semilinear diffusion equations, Publ. RIMS. Kyoto Univ. 15 
(1979). 401-454. 

[II] H. Matano, in preparation. 

[12] M. Protter. H. Weinberger. Maximum principles in differential 
equations, Prentice Hall, Englewood Cliffs N.J.. 1967. 

[13] D.H. Sattinger. Monotone methods in nonlinear elliptic and 
parabolic boundary value problems. Indiana Univ. Math. J. 21 
(1972). 979-1000. 

[14] D.H. Sattinger. Topics in stability and bifurcation theory. 
Springer Lect. Notes Math. 309. Berlin/Heidelberg/New York. 1973. 

[15] J. Smoller. A. Wassermann. Existence of positive solutions for 
semilinear elliptic equations in general domains. Arch, for Rat. 
Mech. Anal. 98 (1987). 229-249. 

110 



Chapter 6 

Existence and stability for a 

nonau tononou s 

senilinear elliptic eigenvalue problem. 

in 



1. INTRODUCTION. 

Consider the eigenvalue problem 

f -Au = \F(u) in fi. 
(1.1) 

u = <t on flu. 

with f) a bounded smooth domain in Of and \ positive. In [3] one 

considers f = 0 and autonomous F: F(u)(x) = f(u(x)) . where f € C (R) 

is a function which changes sign. In that paper one gives necessary and 

sufficient conditions, which are independent of the dimension, in order 

to obtain existence of a positive solution near a falling zero of f 

except for a boundary layer. The zero p satisfies for some e > 0 

(1.2) f(p) = 0 and f(s) > 0 for s € (p-e.p). 

A basic idea to treat such a problem comes from [1]. Angenent 

essentially considers f € C (fixIR) which is positive untill the first 

zero p and f (x.p(x)) < 0 in fi. Under additional conditions in [1] as 

well as in [3] one obtains a curve of stable solutions. In this paper 

some of these results are generalized. 

First it is shown that for existence of such a solution with boundary 

layer, it is sufficient to assume f € C (fMR), with p e C (fi) a 

falling zero, when the integral condition of [5] at the boundary is 

satisfied (f may change sign). Fife obtained results for (1.1) using 

asymptotic expansions for infinitely smooth functions. In this paper we 

approach by using sub and supersolutions. Without much more 

difficulties we also state an existence result for solutions with 

interior layers which is related to results in [6]. 

Secondly, in order to get strongly stable solutions it is also 

necessary in [5] to assume f (x.p(x)) < 0 for x € fi. The method used 
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here allows one to weaken this condition to f (x.u) < 0 for 

| u - p(x) | < t and x € n for some positive e. 

2. EXISTENCE WITH ONLY CONTINUITY 

Consider the eigenvalue problem 
-Au(x) = A f(x.u(x)) 

(2.1) 
for x e n. 

u(x) = ■p(x) for x € 317. 

with f3 bounded and dQ regular, see [7]. In this section we assume 

f € C(SxlR) is bounded, t € C(dn). We will show that there exist 

solutions which are close to zeros of f for X large. In order to do so 

we need the following conditions. 

C.l: 

(2.2) 

(2.3) 

There are a. ~i € CT(n) with 

a(x) < -r(x) for x € n. 

f ( x . a ( x ) ) > 0 > f(x.-r(x)) for x e n. 

C.2: 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

There a re P C C 2 ^ ) . with 

a (x) < Pt(x) < -T(X) for x € 0. 

and open f 7 . c n . i = 1 k + 1. such that 

f fx .Pj fx) ) > 0 for x e n. i = 1 k. 

f ( x . P . ( x ) ) < 0 for x € n . i = k+1 k+1. 

Mx) 
S f ( x , s ) ds > 0 for a l l (j € [ a ( x ) . / } . ( x ) ) , 

x € fjj. i = 1 k. 

P,(X) 
S f ( x . s ) ds > 0 for a l l u € ( P j ( x ) . - r ( x ) ] . 

x e S i = k+1 k+1. 
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Remark 1. Let p € C(Q) be such that f(x.p(x)) = 0 for x e (1. 

Call p a falling isolated zero if there is e 0 > 0 with 

(2.9) (u-p(x)) f(x.u) < 0 for 0 < |<j-p(x) | < t„. x € Q. 

If p is a falling isolated zero of f then there exist 

0i• 02 € CT(Ö). with p-e0 < P, < p < p2 < p+e0 in f), which satisfy 

respectively (2.5) and (2.6) with 0, = f}2 = 0. 

Remark 2: Notice that it is no loss of generality to assume 

a. P.. i € CT(O) instead of C(Ö). since f is continuous. 

Theorem 2.1: Let f € C(fMR). *. € C{dQ). Suppose C. 1 and C.2 are 

satisfied. If 

(2.10) a(x) < *(x) < -r(x) for x € 30, 

then there are X0 > 0 and c > 0 such that the following 

holds. For all A > AD there exists a solution u. of (2.1) 

which satisfies: 

(2.11) a(x) i ux(x) < -r(x) for all x € (5. 

(2.12) p,(x) < u.(x) for all x € Ö. n n(cX-1*). 
1 A 1 

i = 1 k. 

(2.13) M x ) < P,(x) for all x £ 0. n 0{c\~'A). 
A 1 1 

i = k+1 k+1. 

( 0(0) = { x € Q; d(x.dfi) > 6 ) ) 

In this section we will only prove two corollaries of Theorem 2.1. The 

theorem itself will be proven in the next section. 
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Corollary 2.2: Let f € C(fixR) and suppose C.l is satisfied. 

Let f € C(an) satisfy (2.10). If p € C(fi) is a falling 

isolated zero of f. see Remark 1. which is such that 
P(X) 

(2.14) ƒ f(x,s) ds > 0 for all <J e [a(x).p(x)) U (p(x).t(x)]. 
xe an. 

then for all e > 0 the following holds. 
There are A0 > 0 and c > 0 such that for all X > A„ there 

exists a solution u. of (2.1). which satisfies (2.11) and 

(2.15) K (x) - p(x)| < t for all x € n(cX~V 
A 

This corollary is related to existence results in [5 ] . It is also 

possible to s ta te a corollary which is related to existence results in 

[6] for solutions with interior transition layers. In the one-

dimensional case there are related resul ts in [2 ] . 

Corollary 2.3: Let f € C(f)xlR) and suppose C.l is sat isf ied. Let 

•p € C(9Q) satisfy (2.10). Let T C fi be a closed curve such 

that n = n, u n2. an, = an u r. an2 = r with n, and n2 open. 
Finally let p,. p2 € C(S) be two falling isolated zeros of f 

(see (2.9)) with p, < p2, which satisfy 
P.(x) 

(2.16) ƒ f(x.s) ds > 0 for all 
U € [a(x).p,(x)) U (P,(x).-r(x)]. x € an. 

and 
P.(x) 

(2.17) ƒ f(x.s) ds > 0 for all <J €(p,(x).p2(x)]. x € n,. 
u 
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(2.18) 

(2.19) 

P2(x) ƒ f(x.s) ds > O for all o> €[p, (x) .p2(x)). x € 02. 
(0 

Then for all e > 0 there is X0 > 0 such that for all A > X„ 

there exists a solution u. of (2.1). which satisfies (2.11) 

and 

|ux(x) - p.(x)| < e for all x € fi.(e) i = 1.2. 

Remark: From (2.17) and (2.18) if follows that 
P2(x) 

(2.20) J" f(x.s) ds = 0 for x € T. 
P.(x) 

Proof of Corollary 2.2: 

Since f, p. a and i are continuous. (2.14) also holds for all 

x € n\f)(6) and for some 6 > 0 small enough. Take (3,. P2 as in 

Remark 1 with e = e 0 and take n e C(fixR) such that 

T)(X.<J) I 0 for u < p(x). 

T|(x.(j) < 0 for u > p(x). 

(2.21) 

T)(X.<J) = 0 

n(x.u) = i 
L n(x.(j) = -1 

if p\(x) < " < P2(x) 
or x e n\n(iö). 

for u < p(x)-e . x € J?(6). 

for p(x)+e < u . x € n(6). 
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For c large enough f € C(fMR), defined by 

f (x,o>) = f(x.w) + cn(x.u). is such that C.l. C.2 are satisfied c 
Applying Theorem 2.1 shows that for X > X 0 there is a solution u. 

of (2.1). with f replaced by f . and 
c 

0 , (x ) < u x (x) < p 2 (x ) for x € nfcX -54). 

2 c -2 
Hence n ( x . u . ( x ) ) = 0 for X > 2c 6 . which shows u. i s a 

2 - 2 
so lu t ion of ( 2 . 1 ) . with the orginal f. for X > max(2c 6 . X„). 

Since 0, > p-e and 0 2 < p+e . (2.15) i s a l s o s a t i s f i e d . □ 

Proof of Corol la ry 2 . 3 : 

Assume without loss of gene ra l i t y that (2.16) holds for 

x € Ö\n(6). 

Let 0, < p, < 0 3 respectively 0 2 < p 2 < 0« as in Remark 1. with 

e 0 = e. Assume 2e < 6. Similar to the previous proof we take 

n e C(QxR) such that 

n(x.(j) £ 0 if (j < p,(x) and x e Ö, 

or u < p2(x) and x € S2, 

n(x.cj) < 0 if u I P)(x) and x e fj, 

or (j > P2(x) and x € f?2. 

(2.22) n(x.(j) = 1 

n(x.u) = "I 

n(x.u) = 0 

if u i p4(x)-t and x € fi(2e) 

or (j £ p2(x)-6 and x € fi2(2e), 

if to > p,(x)+e and x e fi,(2fe) 

or id ) p2(x)+t and x € fi(2£), 

if x € n\fi(e) 

or 0,(x) £ u < 03(x) and x € S, 

or 0,(x) i u <, 0,(x) and x € r+B(0.e) 

or 02(x) < u < 0.,(x) and x € S2. 
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I l l u s t r a t i o n for the proof of C o r o l l a r y 2 . 3 . 

(2.23) 

Define k = 1 = 2 and 

n? = n. 

n2 = n 2 ( t ) . 
i£ = n,( t). 

I o* = n. 
Then C. 1 and C.2 with 0. are satisfied if f is replaced by 

f = f + CTI for c large. Application of Theorem 2.1 shows that 

there are c. XQ and u.. for all A > X0. with u. a solution of (2.1) 
A A 

where f is replaced by f . 
The function u. satisfies 
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(2.24) 

uA(x) > P,(x) 

ux(x) l p2(x) 

uA(x) i P3(x) 

^(x) i p„(x) 

for x e n(c\"*). 

for x e n2(e) 0 n(cX_!<). 

for x e n,(Ê) n a(ck*), 
for x € n(cX~1V 

2 -2 For X > XK = max(X0.c e ) . one finds by (2.24) and (2.22) that. 

T7(x.u. (x)) = 0. Hence u. is a solution of (2.1) with the original 

f. Moreover for X > X^ it follows from (2.24) that (2.19) holds. □ 

3. PROOF OF EXISTENCE. 

In this section we will construct for X large appropriate subsolutions. 

We will use the definition of sub- and supersolution of [3]. 

The supremum of a family of these subsolutions will again be a sub-

solution. Similarly one constructs a supersolution. In [4] one shows 

that there exists a solution between these sub- and supersolutions. The 

sub- respectively supersolution will be constructed such that the 

estimates (2.12) and (2.13) are satisfied. 

Lemma 3.1: Let a C CT(n) be such that 

(3.1) f(x.a(x)) > 0 for all x € fj. 

and for some x0 € 0. b > a(x0) 

(3.2) f(x0.b) > 0. 

If 
b 

(3.3) ƒ f(xo.s)ds > 0 for all u € [a(x0).b) 
u 
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(3.4) 

(3.5) 

then for al 1 e > 0 there are X,. c € R+. v € C^R) with 
v(0) > b . 
v'(r) < 0 for r > 0. 

2 v(r) < b + t - cr for r > 0. 
such that for X > X,. w(X) defined by 

w(X,x) = max { a(x) . vfX^lx-yl) } 

is a subfunction of (2.1). for all y € B(x„.x7 ). 

Proof: Let a € ( 0 . rf(x0,a(x0)) ) be small enough such that 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

ƒ (f(xo.s) - a)ds > 0 
V 

for o) e [a(x0).b) 

M 1 
and let f € C (R) be bounded and such that 

f"(s) < f(Xo.s) - i«7 

f*(s) < 0 

f*(s) > f(x0.s) - \a 

f*(s) > ±f(x0.a(x0)) 

for s € [a(x0).°>). 

for s € [b+t.»). 

for s € [a(xo).b). 

for s € (-».a(x0)]. 

Moreover let f have a unique zero b in [b.b+e]. Minimizing, see 

[8] or [31, 

I(X.u) = ƒ ( i|vti|" - X ƒ f (s)ds ) dx 
B(0.1) * a(x0) 

1 2 * 
in a(xD) + W ' (B(0.1)) for X = X large enough, and extending by 

the solution of an ordinary differential equation gives a function 

V € C 2 ^ ) . which satisfies 
-AV = X*fK(V) 

V(x) = V(|x|) 
V(r) < 0 
b < V(0) < b* 

I V(l) = a(x0) 

for x C R". 

for r > 0. 
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Let 6, > 0 be such that 

(3.10) f*(u) < f(x.w) for u € [ o ( x ) . b + 6 ] . | x - x 0 | < 6». 

Define v ( r ) = V((X ) r ) and take X, large enough such that 

(3.11) X, > 2 ö7 2 . 

(3.12) * Q 0 t & < m ^ a ( x ) 

and 

(3 .13) -Aa(x) < X , f (x , a (x ) ) for x € 0. 

If | x - x 0 | > 6, and y € B(x0.X1 ) then | x - y | > '/46,. and hence 

for X > X, 

(3.14) v(X* |x-y | ) < v(KX?ó,) < a ( x ) . 

If | x - x 0 | < 6, and vfX^lx-yl) > a (x) then (3.10) shows 

(3 .15) f * ( v ( ^ | x - y | ) ) < f ( x . v ( X * | x - y | ) ) . 

Using [9. lemma A], which shows the distributional inequality 

(3.16) -A|u| < - sign(u) Au . 

one is able to prove for w. defined in (3.5) 
A 

(3 .17) ƒ -&<p w- dx = Kf -A» ( a + V, + la-v. I ) dx < 
Q x n xx 

<, Kj f ( -A(a+v^) - s ign(a-v^) .A(a-v^) )dx. 

1 if a (x ) > v . (x ) 
Define h(x) = I V, if a (x ) = v . (x ) . Then for y € B{x0.\?A) 

0 if a (x ) < v. (x) 
A 

( 3 . 1 7 ' ) S -A? w dx < S 9 { h.-Aa + ( l -h ) . -Av ) dx 
0 A n A 

= S 9 h.-Aa dx + ƒ ^ ( l -h) . -Av. dx = 
Q B(x0 .6) 

< ƒ * h X, f ( . . a ) dx + ƒ 9 (1-h) X f " ( v . ) dx < 
0 B(x 0 .6) 

< ƒ f h X f ( . . a ) dx + ƒ f (1-h) X f ( . . v . ) dx = 
0 B(x0 .6) A 

= J" f X f ( . .w ) dx for a l l * € S+(I7) = { <. € Co(fi): v> > 0 }. 
0 A 
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For a more detailed proof see [14. Lenma A.4]. 

The estimate (3.4) follows directly from the construction of f 

and (3.9). □ 

Proof of Theorem 2.1: Take e > 0. but small enough such that 

(3.18) e < | min < 0 (x) - fjj(x) ; x € Ö. fl L i € {1 k}. 

j € (k+1 k+1) ). 

For every i € {1 k) and z € n l e t v ( i . z : x ) and X , ( i . z ) be 

defined in Lemma 3 . 1 . Since fi i s compact, there e x i s t s a f i n i t e 

covering 

(3 .19) U { B(z . V * 0 . z )) : m = 1 m, } of Ö. with z € Q. . 
m ' v m ' v m " i ' i m i 

Define 

(3 .20) X, = ™ { M i . z J i m = 1 m. }. 

F ina l ly , because of (3 .4 ) there i s c > 0 such that 

(3 .21) ^ v ( i . z m : r ) < m^n a (x ) for a l l r > c. 

For X > X, set w(X,i.y;x) = max( a(x) . v(i.z : |x-y |) ). Then W(X) 

defined by 

(3.22) W(X.x) = sup{ w(X.i.y;x) : y € B(z .(X,(i.z ))~'A) 0 QN fl 

f!(cX_i4), m = 1 m. . i = 1 k } 

is a subsolution of (2.1). 

Because of (3.21) 

(3.23) w(X.i.y;x) = a(x) for x £ an. 

is satisfied, which shows the condition at the boundary. Using 

Kato's inequality, see [14, Lemma A.4], one shows that the maximum 

of a finite number of these subfunctions w is again a subfunction. 

Since 

(3.24) a < W(X) < i in n. 
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one uses the dominated convergence theorem in order to show that 

W(X) satisfies, as the supremum of countable many subsolutions: 

(3.25) ƒ ( -A* W(X) - f f(..W(X) ) dx i 0 for all f € 3>+(n). 
n 

where 9 (Q) consists of all nonnegative functions in C_(n). Since 

{ w(X.i.y) e C(Ö); with i and y as in (3.22) } is equicontinuous. 

W(X) € C(fi) and W(X.x) = a(x) for x € dO. Hence W(X) is a 

subsolution. 

Similarly one constructs a supersolution W (X) for X > X,. From 

the construction it follows that W(X) < W (X). Moreover W(X) and 

W*(X) satisfy (2.11) (2.12) and (2.13). 

By [4] there is for X > X0 = max(X, .Xj) a solution u. of (2.1) 

with W(X) £ u.< W*(X) in Q. This completes the proof of 

Theorem 2.1. D 

4. STABILITY 

In order to tell something about stability one will need more 

smoothness. In this chapter we will assume that the bounded domain 0 

has a C3 boundary. Also assume f e C ' ( & * ) , for some 1 > 0, and 

■P € (?{aO). 

Suppose u is a solution of (2.1) and consider the linear eigenvalue 
problem: 

(4.1) f ~* Av " f
u ( x , u ) v = uw l n n' 

v = o on an. 
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Definition 4.1: We call a solution u of (2.1) strongly stable if the 

first eigenvalue ji0 of (4.1) satisfies u 0 > 0. 

The notion of ordinary stability is related with the parabolic problem. 

see e.g. [10]: 

f U - AU = X f ( x . U ) i n C7xIR+. 

U = f on anxIR . 

Definition 4.2: We call a solution u of (2.1) stable if for every 

e > 0 there is 6 > 0 such that, for every U0 € L (0) 

with II UQ - u 11̂  < 6 . the solution U of (4.2) with 

|Jo 1 ö(t) - U0 llLi(f}) = 0 satisfies 

II U(t) - u 11̂  < e for all t > 0. 

Remark : Strongly stable => Stable =* u 0 > 0 . 

In general these implications cannot be reversed. 

Suppose u is a strongly stable solution of (2.1) for X = X,. Then the 

implicit function theorem and Schauder estimates yield the existence of 

a curve of solutions. That is * C C*( (X.-e.X.+e) : C^fi) ) exists 

with *(X,) = u and *(X) is a solution of (4.1) if | X - X, | < e . 

where e is some positive number. However strong stability is in general 

harder to prove then just stability. 

Combining the results of Sattinger and Matano. [12] and [10]. one finds 

the existence of a stable solution u. if there are a subsolution u, and 

a supersolution u 2 of (2.1). with u, < u2 in S and u, < t < u 2 on 60. 

The function u satisfies u, < u < u 2 in S. 

In the proof of Theorem 2.1. see (3.24). we constructed a sub and 
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supersolution W(X), respectively W (X). Hence under the additional 

smoothness conditions one can assert in Theorem 2.1 that there exists a 

stable solution u(X). Under such general conditions as C. 1 and C.2 it 

will not be possible to prove strong stability. For the case that there 

is only a boundary layer one can prove the following. 

Theorem 4.3: Let 0 be bounded and 30 e (T. Suppose f e Cl,"'(Ö*to) for 

some -i > 0. and let p 6 C^fi) be a falling isolated zero of 

f(x.p): 
(4.3) ( p(x) - u ) f(x.u) > 0 for u e [p(x)-ö.p(x)+aT\<p(x)} 

and 

(4.4) f (x.u) < 0 for u e [p(x)-6.p(x)+6]. 

with x e Ö. Let f € C 2 ^ ) . 

If 
P(x) 

(4.5) ƒ f(x.s) ds > 0 for u € 0(x).p(x)) and x € an. 
u 

then for all e € (0,6) there are c > 0. X, > 0 such that for 

all X > X, a strongly stable solution u(X) exists with 

(4.6) min{ *(x*) + cX^| x-x*| . p(x)-e ; x*€ 30 } < u(X;x) and 

u(X;x) < p(x)+e in fi. 

Moreover. u(X) is the only solution of (2.1) which satisfies 

(4.5). 

Proof: In order to simplify arguments we will assume that <p is harmonic. 
Also we will assume that 

(4.7) v(x) < p(x) - e for x € Ö. 

If U is a solution of 
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(4.8) -AU = Xf(x.U+*) in IJ. 
u = o on an. 

then u = U + ip is a solution of (2.1). Hence we may assume without 

loss of generality that y = 0. 

The proof is basically the same as in [3]. 

i) Construction of sub and supersoluttons. 

First change f for u < 0 in a neighbourhood N of 90 such that 

(4.9) f(x,u) > 0 for u < -1 and x € N D 0 

and 
P(x) 

(4.10) ƒ f(x.s) ds > 0 for u < p(x) and x € N 0 0. 
u 

Since we are only interested in solutions for X large which 

satisfy (4.6), we may change f outside of this region and assume 

without loss of generality that (4.9) and (4.10) hold for all 

x € 0. Let { B(y ,a) ; i = i M } be a covering of Ö. Like in 

the proof of Theorem 2.1 assume that o is small enough such that 

w(X.i.y:x) = max{ -1 . v.(X |x-y|) ). with v. defined by Lemma 3.1 

( take x0 = y. ). is a subfunction for all y € B(y..2o). Define 

for 6 € [0.1] the subfunctions (see (3.22) ): 

(4.11) w(X.i.9;x) = sup{ w(X.i.y;x); y 6 B(y..a) PI 0 with 

w(X.i.y) < -9 on 80 ) . 

Since dil is CT one finds that 

(4.12) w(X.i.e) > -9 cm Bf.yj.cr) 0 0. 

Hence 

(4.13) W(X.9;x) = max{ w(X.i.8;x) : i = 1 M }. 

with 0 = 0, is a positive subsolution and even satisfies 

(4.14) min{ c\*| x-x*| . p(x)-e ; x*€ 30 } < W(X.0:x) < p(x) in 0 

for some c > 0 and all X large enough. 
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If 

Also for X large enough. W (X;x) = p(x) + e is a supersolution. 

By sweeping with subsolutions as in [3] one can prove that every 

solution u(X) ( for the changed f) with X large enough, which 

satisfies 
(4.15) min{ cX^I x-x*| . p(x)-e ; x*€ dCl } < W(X.O;x) < p(x)+£ 

for x € Ö . or 

(4.16) W(X.-l) < u(X) < p + e in Q. 

also satisfies 

(4.16) W(X.O) < u(X) < W*(X) in fi. 

ii) Using degree arguments. 

Choose <J such that Xf (x.u) + <J > 0 for x € Ö and 

u € [ -1 . Q p(x) + e ]. Define the continuous mappings F. K '■ 

C(Ö) -» C(Ö) respectively by 

(4.18) F(u)(x) = f(x.u(x)) for x € Ö. 

(4.19) K(u) = ( -A + u JÖ1 ( F(u) + uu ). 

where ( -A + o> ) 0 is the inverse of -A+u with homogeneous 

Dirichlet boundary conditions. Since K is order preserving on 

[W(x.-i).w*(x)] cc(n). 
(4.20) W(X.-l) < K(W(X.-1)) < K(W*(X)) < W^fX) in Ö. 

and since K is compact, the Leray-Schauder degree of I-K on 

(W(X.-1).W*(X)) is well defined. Since (W(X.-1).WM(X)) is convex 

in C(n). one finds by a homotopy argument that 

(4.21) degree( I-K . (W(X.-1).W*(X)) . 0 ) = +1 . 

If u is a strongly stable solution of (2.1) and 

(4.22) u(\) € (W(X.-1).W*(X)) CC(Ö). 

then the local degree of I-K at u(X) is also +1. If every solution 

u(X) in (4.22) is strongly stable then the additivity of the 
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degree shows that there is exactly one solution of (2.1) in 

[w(X.-l).W*(X)]. 
iii) Shouiing strong stability. 

We have to show that, when X is large, for every solution u(X) of 

(2.1). with u(X) € [W(X.O).W*(X)] the first eigenvalue u„(X.u(X)) 

of the linearized problem (4.1) is positive. Suppose this is not 

true. Then there exists a sequence { X }. with X = <■> . with 

solutions u(X ) € [W(X .0),W*(Xn)] and with u = Mo(^n.u(\)) < 0. 
Let v denote the associated eigenfunctions. which are normalized n 
by max v = 1. Take y € Q such that v (y ) = 1. By (4.15) there 

is c > 0 such that 

(4.24) | u(X.x) - p(x) | < e for x € n(cX_''4). 

where fi(r) = { x e fi ; d(x.dO) > T ). 

Since 
(4.25) -Av (x) = X ( f (x.u (X ;x)) + u ) v (x) < 0 for x € ï7(cX-!<). v ' nl ' n x uv nv n " *n ' nv ' ' 

by (4.4) one finds that y e n\n(cX_'/). Similar to [1] or [3, 

Lemma 4.2] one constructs subsequences such that u -• \i < 0 and 

y -» x € SO. uses a local change of coordinates, rescales and will 

find the limit problems 

-AU = f(x.U) in K" = R+x R"* 1. 

U = 0 on dBp = R+x ( 0 ) . 

-AV - fu(x.U) V = |i V in R" . 

V = 0 on ctiF . 

with 0 < V < 1 in ü j . Also U s a t i s f i e s 

(4 .28) min( ex, . p ( x ) - t ) < U(x) < p(x)+t for x = (x, xN) € R1 .̂ 

Since 

(4.29) ( p(x) - u ) f (x .u ) > 0 for u € [ p ( x ) - e . p ( x ) + 6 ] \ ( p ( x ) } . 

(4 .26) 

(4.27) 
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one uses sweeping arguments from below and from above, see [13. 

Prop. 3.2] to show that 

(4.30) J£m U(x,.x') = p(x) for x"e B?"1. 

Next, by the strong maximum principle one finds that U < p(x) 

on BT. [3. Prop. 2.5] or [13, Prop. 3.2] shows that 

(4.31) U(x„x') = U(x4) for (x,.x-) € R+x RN_1, 

and U is a solution of 

(4.32) 
-IT = f(x.U). 
U(0) = 0 . ,-. 

P(x) _ ,, 
I U'(0) = ( 2 ƒ f(x.s) ds ) . 

0 
Define 

(4.33) S(x.) = sup{ V(x,.x) ; x'€ It""1 } for x, € R+. 

Then 0 < S < 1 in IR and by [3. Lemma 2.6], S e C[0.°>) and 

(4.34) ƒ ( S (-*") - ( f„(x.U) + U ) S f ) dx, < 0 
OB 

for all nonnegative *p € C„(IR ) . 
*+ 

Since f (x.U(x,)) + jl i 0 for x, > c one finds that S is 

convex on (c.°>). Since S is also bounded. S is constant on (c.ro). 

Finally, since S is a positive constant on (c.°>). (4.34) yields 

that fu(x.U(x,)) + ü = 0 . and hence f (x.U(x,)) = 0 . for x, ) 

c. This last assertion is contradicted by the fact that neither 

f(x,.) on [p(x)-e,p(x)]. nor U on (c,™) are constant. D 
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Let Q c R" be a bounded domain and v = (o1, v2,..., v") a vector function 
defined on Ü. The operator defined by v -♦ A\ + a grad div v is called Lamê's 
operator. For n = 3 it shows up in the theory of elasticity and then 

a = 1 + - = —-, where A and n are the (positive) Lamé constants and 
/i 1 - 2v 

V e (0, *) is the Poisson ratio, see e.g. [16, §33]. Therefore the assumption a > 0 
is justified. For many metals such as for instance iron a realistic range of x is the 
interval (2, 3). The eigenvectors describe the deformation of isotropic vibrating 
elastic bodies with fixed boundaries. Bibliographical remarks are made at the 
end of this note. 

Lemma I. The first eigenvalue / l , of the Lamé operator is characterized by 

AAQ):= min R(v), where 
0*v€{//A(O)]" 

K(v): = 
j | I |V»'J2 + a(divv)4dx 

jjZ0-'')2}dx 

For the proof we observe that if u is a solution to the variational problem, 
then the first variation of R(u) has to vanish, i.e. 

j | £ Vu'V^' + a d i v u d i v ^ - / t , u ^ i d x = 0. 

for all testfunctions <fie[CZ(Q)]". But this is just a weak formulation of the 
partial differential system for u. The second variation of K(u) should be nonnega-
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tive, and this is in fact the case since 

Jf \ i I W + a(div^)2 - A, \*A dx ^ 0. 

A simple consequence of Lemma 1 is the following estimate. D 

Corollary 1. /I,(f2) > A,(«). 
In fact, certainly 

A, (Q) ^ min ^ P ^ ^ A,(O) 
Otve[H4(n)l" 

holds. This proves the weak inequality /l,(i2) ^ / , (£) . To prove the strict in­
equality one has to observe that equality holds only if the components of u arc 
multiples of the first eigcnfunction u, of the Laplace operator, and if divu = 0 
in Q. But, as W. Velte has kindly pointed out [17], these facts are contradictory, 
since 

f div upAx = - f u grad/>dx for any p e C' (Q). 
n a 

In fact, for p = x ; we obtain \ u'dx = 0, so that u' cannot be a multiple of u,. 
■ D 

Remark I. The well-known Krahn Faber inequality, see e.g. [13, 7], states that 

12/n 

i{£ iwi | d x 

dx 

;.I(f2)^A1(fi*) = ,2 Hi-2)11' 

where Q* denotes the n-dimensional ball of the same volume as ö c R" with 
center in the origin, where n is the number of dimensions, <a„ the surface area of 
the unit sphere in R", \Q\ the n-dimensional volume of Q and;'(n_2|/2 is the first 
zero of the Bessel Function J („_2) ;2(4 In particular for n = 3 we get 

A1{Q)>{^Ji\Q\-2l3ni. 

This is considerably better than the estimate of Sprössig [15]: 

A^^t^Tw-^l, 
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or of Levinc and Protler [111: 

because n1 - 9.86 and 3/5 • (3 n/2)2'3 - 1.44. 
Now that one has an estimate from below, iet us look for an estimate from 

above for A ,(£}). In view of the Lemma this is a relatively simple task. We just 
have to choose a suitable testfunction v in the Rayleigh quotient K(v). 

Corollary 2a. If n ^ 2 then At{Q)<l\ + - I ;.,(fl). 

Corollary 2b. If n = I then A^Q) = (1 + a) / , («) . 

Corollary 2c. If (1 c G then A, (G) g /I, (3). 

To prove Corollary 2a, we let u, be the first eigenfunction of the Laplace 
operator on Q and suppose without loss of generality that 

J 
öu, 
ox, 

d x g J 3u, 
ÖX; 

dx for j = 2,..., n. 

Then we choose v, with components v\ = u, and v] = v\ = ••• = i* = 0 . As­
suming that the Z?(£2)-norm of r | is one, we evaluate K(v,| and obtain 

R(v,) = /.,(0) + a ƒ 
öu, 

d x g 1 +-1/.AQ). 

To prove the strict inequality we observe that AX{Q) = [\ + ) / , {Q) if and 
only if 

I 
öu, 
dx, 

d x g ƒ 
öu, 
3x, 

dx for Ljfe {1 , . . . . n}, 

and ifeach vector v, given by the components t>f = <5,vu, minimizes the Rayleigh 
quotient. Here ó,j is the Kronecker symbol. But then each vector v, is an 

eigensolution of the Lamé operator with eigenvalue A = 11 + - I /.,(&). If we 
write out the systems for all v, we obtain ' 

ö^u, , J,(0) 
Ox3 + u, = 0 and e2u, 

öx, öx 
= 0 for all i =¥j. 

These are too many equations to have u, as a solution. In fact, if we integrate 
the second set of equations with respect to x», we obtain 

8a, 
ex, 

'f,(x,), u,(x) = F,(x,) + G,(x, V u ^ i *. 
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Now the first set of equations implies after separation of variables, that each G, 
has to be constant. Consequently u, must be constant, a contradiction. This 
completes the proof of Corollary 2a. 

The proofs of Corollaries 2b and 2c are trivial. D 

Remark 2. The estimates presented here are optimal for a -»0. For large 
values of a one can sometimes find a better upper bound to /I , by choosing a 
testvector with vanishing divergence in the Rayleigh quotient. As an example, let 
Q be the unit square in R2 and choose 

u' = (sin nx)2 sin 2ny u2 = - sin 2nx (sin ny)2. 

Then R(u) = 5.33 7t2, see [17]. This upper bound for Ax is better than the one in 
Corollary 2a for a > 3.78 while our bound is better for smaller values of ■x. 
Another reasoning of this type and relations with another eigenvalue problem 
are exhibited in Remark 8. 

For large values of a one can interpret the divergence term in the Rayleigh 
quotient as a penalty term which forces the first eigenfunction to have (almost) 
vanishing divergence. In fact there exists a constant c independent of a such that 

f ( d i v u , ) 2 d x g - . 
a <* 

Remark 3. Suppose that Q is a ball. We call a vector function v(x) a radial 
vector or rotationally invariant, iff all components of v depend only on r = |x|. 
If one minimizes R(v) over the subset of radial vectors, then the corresponding 
Euler equations turn out to be 

M +*Vu> r + — u A + /lu> = 0. 

In this case Arj(Q), the minimum of R(v) over the set of radial vectors in [H0((2)]", 
satisfies 

/fS-M+JjWfll. 

Incidentally, this gives another proof of the weak inequality for the case that Q 
is a ball. To prove the strict inequality we could also argue as follows. If 
/1,(J3) = A\(Q) then there exists a radial eigensolution to the Lamé operator. 
This will contradict Lemma 2. Notice that these observations show another 
connection between the Laplace and the Lamé operators. 

Since the first eigenvalues *.X(Q) and /l,(fl) of the Laplace and the Lame 
operators are so closely related, one might wonder whether the eigenfunclions 
u, and u, have something in common. If Q is a ball, one of the features of u, is 
its radial symmetry. However, u, is not radial. In fact, the Lamé operator has no 
radial eigensolutions whatsoever (in the sense defined in Remark 3). 
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Lemma 2. Let n ^ 2, let Q be a ball, and let u be any eigensolution associat­
ed with any eigenvalue A of the Lamé operator. 

Then u is not rotationally invariant, i.e. u is not a function of r only. 
We prove this Lemma by contradiction and suppose that u = u(r), where 

r1 = X xf- Then the y-th component of the system can be rewritten as 
i = 1 

n - 1 + a a " f / . I Al „ 
< + ~ — ~ 4 + -2 XJ 2 {*< K- --Kj\ + Au' = 0. 

and a'(r): = u'„ — u', 

We introduce the notation 

ƒ ' (» • ) := - -K + 

and obtain 

f'{r) 
f - l Xj 

B — 1 + « . 
Ur + / I 

for y = 1 /i. 

Consequently xj'(r) = x ; / ' (r) in fi for any i j ' e { l , . . . ,n} , i.e. / J(r) = 0 for 
j = I , . . . . n. But then a'(r) = 0 for j = 1,. . . , n, i.e. there are constants bt and c ; 
such that u'{r) = /» r̂2 + Cj. Since ƒ ' = 0 we have />y = ĉ  = 0. Therefore u must 
be zero, a contradiction. □ 

Another feature of the first eigenfunction u, of the Laplace operator is its 
uniqueness (modulo scaling). The first eigenfunction u, of the Lamé operator is 
in general not unique, as can be seen from the following Lemma. 

Lemma 3. Let Q e R2 be the unit disk and let u, = (u(x, y), v(x, >)) be an 
eigensolution associated with /l ,(£?). Suppose that 1 < 3.176. 

Then u, is not unique modulo scaling. 

Remark 4. The Lemma remains correct, if Q is a two-dimensional domain 
which is invariant under reflections along the x- and y-axes, and under reflection 
across the diagonal x = y. In this case the precise upper bound for a is given by 
1 + a/2 < /.2((2)//,(0). Upper bounds for the ratio of the two eigenvalues can be 
found in [2], The present upper bound for a general two-dimensional domain 
seems to be 2.586, the conjectured upper bound is the one which is obtained for 
the disk, namely 2.538 .. . . 

With slightly more notational efforts one can prove Lemma 3 also for the 
ball in R3. In that case the bound for a is given by 1 + a/3 < /.2(Q);/.X[Q) * 2.04 
or a < 3.12. This bound is in the physically realistic range, see our introduction. 

Notice that even for a = 0 there are two linearly independent eigensolulions, 
namely (u,(x, y), 0)and (0, u, (x, y)), with ut(x.y) being the first eigenfunction of 
the Laplace operator. 
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For the proof of Lemma 3 we assume that (u, v) is unique and use some 
invariance properties of the class of solutions to reach a contradiction. An easy 
calculation shows that the following statements i) iii) are equivalent. 

i) (u(x, y), v(x, y)) is an eigensolution. 
ii) ( — u( — x, y), v( — x, y)) is an eigensolution. 

iii) (v{y, x), u(y, x)) is an eigensolution. 

So there exist nonzero constants a and b such that u(x, y) = — au( ~ x, y) = 
bv(y, x) and v(x, y) = av{ - x, y) = bu(y, x). A combination of these two equa­
tions shows that b2 = az = 1, so that we have to study several cases. The case 
a = 1 leads to u(0, y) = 0 and v(x, 0) = 0, while the case a = - 1 leads to 
f(0, y) = 0 = u(x, 0). Therefore, in both cases we may minimize the Rayleigh 
quotient R{u, v) over the class of functions which vanish on a diameter and 
obtain the estimate R{u, v) ^ k2(Q). This contradicts Corollary 2a and the small-
ness assumption on a, and completes the proof of Lemma 3. D 

Now that we know that the eigensolutions to the Lamé operator have 
features which distinguish them from the eigenfunctions of the Laplace operator, 
let us attempt to calculate some of the eigensolutions explicitly. 

Let Q be the ball with radius 1 in R". We already know from Lemma 2, that 
there are no radial solutions. But maybe u, = grad/?(r) for some potential p(r). 
This conjecture leads to the "Ansatz" 

u'(x) = xj(r) 

and a straightforward calculation gives 

Notice that the last equation can be interpreted as 

4 , t 2 / + r ^ / = 0 in fln + 2 

where J„»2
 a r |d i2n + 2 denote the Laplace operator and the ball of radius one in 

R"*2. Thus we have shown the following result: 

Lemma 4. 
If W; denote the radial eigenfunctions and qt the associated eigenvalues of 

the Laplace operator on Q„i2 under Dirichlet boundary conditions, then 
Qj'— (1 + a) Qj and Wj = x Wj are eigenvalues and eigensolutions of the Lamé 
operator on Qn. Moreover, each component x,Wj is an eigenfunction of the 
Laplace operator on Qa, with eigenvalue Qj. 
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Remark 5. Lemma 4 shows another intrinsic relationship between the La­
place and Lamé operator. / \ 

Notice, however, that è, = (1 + a) /,(Q,,,2) > I 1 + - I /.,(#„) ^ At(Qn),so 

that w, is not a first eigensolution of the Lamé operator. 
We conclude our remarks with another "Ansatz" and assume that n = 2 and 

that u = ((u(x, >), 0). Then the system is rewritten as 

(1 + a) uxx + uyt + Au = 0 in Q, 
Ux„ = 0 in Q. 

Because of the second equation there exist functions fix) and g(y) such that 
"(x, y) =f(x) + g(y). But now the first equation of the system can be solved by 
separation of variables and has the solution 

u(x, y) = c, sin /- x + c3 cos / - x + c3 sin V/l>' + c4 cos JAy. 
Y 1 + a \ l + ct 

This representation has to satisfy the boundary condition u(x. y) = 0 on dQ. 
Now it is easy to see that for many shapes of Q, for instance for Q a disk, we have 
u = 0, so that this Ansatz is in general not successful. For special domains Q, 
however, we do get a solution to the eigenvalue problem. 

Lemma 5. Let Q e R2 be the rhombus with corners in (± J\ + a, 0) and 
(0, ± 1). Then A = n2 is an eigenvalue and the vector function with vanishing 

second component and positive first component u[x,y) = cos . = + cosny 
is an eigensolution of the Lamé operator. v 1 + a 

In fact, it follows from the above Ansatz and from the identity 
7TX 

u(x, y) = cos — ; ^ = + cos ny 
VI + « 

TEX 7 ty \ / 7CX 7tV 
= 2 cos I = + -t I ■ cos I —1 2 jTTa. 2 y \2 y r r 

that u(x, y) vanishes on the set yrr + lyl — 1 f- This proves the Lemma. 
D 

Remark 6. Notice that, as a -»0, we approach the first eigenfunclion of the 
Laplace operator on a square. This seems to indicate that the eigenvalue which 
we found in Lemma 5, is in fact the smallest eigenvalue of the Lamé operator for 
the rhombus. In this case one would even have an eigensolution which is (com­
ponentwise) nonnegative and thus unique (in the class of vectors with vanishing 
second component). 

Other eigensolutions on the rhombus can be obtained by scaling the solu­
tion from Lemma 5. 
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Remark 7. For the sake of completeness we want to record a nodal line 
result. It is based on the following observation. If u, is an eigensolution of the 
Lamé operator then the function w = div u, satisfies (1 + a) Aw + Aw = 0 in Q. 

Furthermore, if a satisfies the smallness condition 1 4- - < X2(Q)//.l(Q) (which 

was also used in Lemma 3), then w cannot vanish identically in Q. This follows 
from a reasoning similar to the proof of Lemma 1. If, however, w is not identical 
zero, then w cannot have a closed nodal surface in Q. In fact, otherwise there 
would be a set Q c Q such that the restriction of w to Ü is the first eigenfunction 
of the Laplace operator on Ü under Dirichlet boundary conditions. Therefore 

/l, = (1 + a) A,(J?) > 11 + - 1 A,(i2), a contradiction to Corollary 2a. 

Remark 8. It should also be noted, as S. Heinze has kindly pointed out to 
us, that the components of any eigensolution of the Lamé operator satisfy 

(1 + a) <dJnf+ AAu' = 0 in Q, 
u' = 0 on 60 . 

This follows from the identity A = grad div - curl curl. The buckling of a 
clamped plate is modelled by this equation and boundary condition plus the 
condition that the normal derivative of the solution be zero on the boundary, see 
[13, p. 456]. 

Another relationship between our eigenvalue problem and the one describ­
ing the buckling of a plate is the following. Let n = 2 and let $ be any function 
in Hl(Q). Set u = (<f>y, - $x). Then divu = 0 and 

*W-7 r~ 
J |V^| 2 dx 
o 

is an upper bound for Ax. If one minimizes this new Rayleigh quotient over all 
functions if> in HQ(Q), and if i/> is the minimizer, then ip is the first eigenfunction 
of the problem 

AAty + vAiji = 0 in Q, 
i/< = 0 on dQ, 

dé 
- ^ = 0 on dQ. 
6n 

The corresponding first eigenvalue v,(fi) is an upper bound for AX(Q\ which is 
independent of a (and greater than or equal to ).2(Q), see [13, p. 464]). 

It was kindly pointed out to us by L. Payne, that the last inequality 
/l,(fl) g \\(Q) is valid in any number of dimensions. 
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Bibliographical remarks 

The oldest reference to the Lamé operator that is known to us is the book 
of Poincarc[14. p. 96-99]. He studied the eigenvalue problem under the bound­
ary condition 

du du.-
n • — + -—l- n • div u = 0 for /' = 1, 2, 3. 

ox, on 

The oldest reference that we could find to our problem, i.e. the eigenvalue 
problem under Dirichlet boundary conditions, is the paper by Korn. He proved 
the existence of countably many eigenfunctions with positive eigenvalues (for 
n = 3). Wcyl reduced the eigenvalue problem for n = 3 to a system of integral 
equations and studied the asymptotic distribution of eigenvalues. Friedrichs 
investigated the spectrum of the Lamé operator under Neumann boundary 
conditions. Under those boundary conditions and for Q a cylinder in R3 Michlin 
and Smoliziki calculated the smallest nontrivial eigenvalue of an eigensolution 
with rotational symmetry, see (12, pp. 186 188]. For n = 2 another version of 
our Lemma 1 can be found in the book of Courant and Hubert, see [3. 
pp. 530 582]. There is also a paper and book of Kupradze on the subject. He 
gave a potential theoretic approach mainly to exterior problems. He also re­
duced the interior problem for n = 3 to a solvable integral equation (see [9. §47]), 
provided A satisfies the conditions 

A + *> and {ï+iï)A+** 
Here Xj are eigenvalues of the Laplace operator on Q under Dirichlet boundary 
conditions. If Qisa ball in R3 . these assumptions can be verified for /l, {Q) (using 
Lemma 1 and Remark 4 of our paper), provided i < 1.22. 

W. Velte compared in [18] the eigenvalues Aj with the corresponding dis­
crete eigenvalues of a finite difference approximation. We refer to his paper for 
previous results by H. F. Weinberger and J. Hersch on such comparisons. 

If n = 2 and if Q is the square with sides of length n, one has very precise 
numerical bounds for Ay The following list is extracted from the book of Fichera 
[4, p. 90-92] and is based on results by Bassotti. It shows lower and upper 
bounds for Ax. These bounds depend on a. 

a 
0.5 
1 
1.5 
2 
3 

lower bound 
2.474 
2.926 
2.926 
3.244 
4.381 

upper bound 
2.480 
2.932 
3.363 
3.779 
4.568 
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Notice that we derived the bounds 2 < At < min {2 + a, 5.33} in Corollary 2a 
and Remark 2 for every a. For the values of a which arc listed in the table, our 
upper estimate is fairly close to the true value, but our lower bound is definitely 
improvable. 

Finally the papers of Sprössig and Levine and Protter seem to be the first 
ones to contain an explicit positive lower bound for A,(Q) and for general Q. It 
should also be mentioned that Levine and Protter gave primarily bounds for 
sums of eigenvalues. 

Note added in proof (September 15, 87): 

After this paper had been accepted for publication, the estimate 

A.»*!£ C, 
by G. Fichera [4, p. 128] and [20, p. 225 and 227] was kindly brought to our 
attention by M. A. Sneider. Here S denotes the radius of the smallest ball con­
taining Q. Notice that (*) contradicts Remarks 2 and 8 of our paper if a is chosen 
large enough. Unfortunately in [4, 20] there is no proof of the inequality of which 
(*) is the result. We have been able to verify (*) only for a g 2. 
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Abstract 

Lei /l,(ft) be ihc first eigenvalue of ihe vector-valued problem 

An + Ï graddivu + Ati = 0 in ft. 
u = 0 on 6ft. 

with i > 0. Lei /.,(ft) be the first eigenvalue of the scalar problem 

Au + /.u = 0 in ft. 
u = 0 on eft. 

The paper contains a proof of the inequality I 1 + - I /.,(ft) > /l,(ft) > /.,(ft) and improves recent 

estimates of Sprössig [15] and Levine and Protter [II]. Moreover we show, if ft is a ball, that an 
cigensolution u, associated with /1,(ft| is not unique and that the eigensolutions for this and higher 
eigenvalues arc never roiationally invariant. Finally we calculate some eigensolutions explicitly. 

7.usammenfassung 

Es sei /l,(ft) der erste Eigenwert des veklorwertigen Problems 

Aa + i graddivu + /lu = 0 in ft. 
u = 0 auf eft. 

wobei i > 0. Es sei /.,(ft) der erste Eigenwert des skalaren Problems 

Au + i.u = 0 in ft. 
u = 0 auf 6ft. 

In dcr Arbeit wird cin Bewcis der Unglcichung I 1 + - j /.,(ft) > /1,(ft) > /.,(ft| gegeben. Damit 

werden frühcrc Abschatzungcn von Sprössig [2] sowie Levine und Protlcr [1] vcrbessert. 
Es kann auch gezeigt werden, falls ft eine Kugel isl. daB cine Eigenlösung u, nicht eindeutig 

isl. und daO die Eigcnlösungen fur dicsen und höhere Eigenwcne nicht rotationsinvariant sind. Für 
spezielle Rhombusgcbiete lassen sich Eigcnlösungen explizil angeben. 

(Received: May 15, 1987; revised: June 15. 1987) 
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Chapter 8 

A counterexample with convex domain 

to 

a conjecture of De Saint Venant. 
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A COUNTEREXAMPLE WITH CONVEX DOMAIN TO A CONJECTURE 

OF DE SAINT VENANT 

INTRODUCTION. 

The elliptic problem 

(1) 
-Au = 1 in 0 C R2. 

u = o on an. 
with Q which has the orthogonal axes as axes of symmetry, was first 

studied by B. De Saint Venant. The function vu contains the stress 

components of an elastic bar. with cross section fi. under torsion. 

The points of interest for mechanical engineers are the points where 

the stress, |vu(x)|, becomes maximal. It is believed that the 

following conjecture holds, see [1], [3]. 

For convex domains fi, |vu(x) | attains its maximum on the 

intersection of dfi and the largest inscribed circle. 

We will give an example where this conjecture will lead to a 

contradiction. Hence we may state: 

The conjecture is not true in general. 

This answers a question in [4]. 
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THE PROOF. 

Set n = { (x,.x2) € R2; (|x,| + l) 2 + x2 < 4 , |x2| < 1 }. Note that 

the largest inscribed circle intersects 3fi precisely at the x, and 

x2-axes. By [2, Th.6.13 and the remark following Th.6.19] there is a 

unique solution u of (1) and u € C°((i) D C°°(Ö\P). wi th P = {(vÖ-1.1). 

(V3-1.-1). (1-V3.1). (1-V3.-1) }. By the symmetry of fi one finds that 

u(x,.x2) a u(-x,,x2) = u(x,.-x2) for all x € Q. In [5] it is proven 

that the level sets of u. n(e) := { x € 0 ; u(x) > Ê }. are convex 

and that there is only one local maximum. Note that u = u - e is 

the unique solution of (1). where tl is replaced by 0(d). 

We will show that the conjecture cannot be true for all 0(e). 

The following lemma will simplify arguments. 

Lemma 1 : There Is e, > 0 such that for e € [O.e,] the largest 
Inscribed circle of fi(e) can intersect 3(n(e)) only at the 
x, and x2-axes. 
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Since x = 0 is the only critical point and since u € C (Q). the 

implicit function theorem shows 3(n(e)) € C for all t € (0,u(0)). 
— CD 

For x € n\(F\J{0}) one can introduce a local C -transformation of 

coordinates (x,.x2) -» (e.T) such that u(x(t,T)) = e. Let these 

transformations be orientation preserving. Then the curvature K of 

a(fl(t)). defined by 
d x, dx2 8*i " x2 

v, i \i 3 T 2 dr dr &r2 
K(x(e.T)) = 

3/2 

is a nonnegative C (n\(PU{0}))-function. 

Set A = { x € Ö ; d(x.P) < d(O.P) - 1 }. Since K = 0 or K = | 

for x € afAP. and K € c"(Ö\A) there is 6 > 0 such that K(x) < ? 

for all x € B := { x e Ö\A ; d(x.dfï) < 6 }. By the continuity of u 

there is E, > 0 such that 3(n(e)) C A U B for all e € [O.e,]. 

Thus, since a circle with centre 0 and radius less than 1 cannot 

intersect A, we have proven the first lemma. D 

The next step will be to show that if the conjecture is true, the 

stress will attain its maximum in every point of the intersection of 

30 and the largest inscribed circle. 

Lemma 2 : If the conjecture ts true, then §r(1.0) = ^< 0 . 1 ) . 

This lemma is proved by contradiction: we suppose -5—(1.0) < ^-{0.1). 

where n denotes the outward normal. Since u € C (n\P) , there is a 

constant c, such that uniformly 
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(2) |u(x-6n) + 6^{x)| < c,.62 for x € {{1.0). (0.1)} and 6 € [0.1]. 

Let x,(e). x2(e) > 0 for e € [O.e,] be such that u(x,(e).0) = É = 

u(0.x2(fc)). Since fcO-0) < f^0'1) < ° o n e f i n d s b v (2) that 

x,(e) > x2(t) for e > 0 small. 

Hence by lemma 1 the largest inscribed circle of n(e) intersects 

3(fl(fc)) only at (0,±x2(e)). But for e small 

gOct(«).0) < ̂ <0.x2(e)) < 0. 

which gives a contradiction. A similar proof holds if ^-(1,0) > 

|<0.1). Hence |(1.0) = |(0,1). 0 

Lemma 3 : Suppose S l , 0 ) = ^<0.1) . Then the conjecture is not 

true for 0(fc) »tth e > 0 and small enough. 

Set a := -rr-{1.0) = -^-{0.1). Since v and w. defined by v(x.y) = &?'■"' ~ 3nv 

1 2 1 2 2 
= ( l - x ) and w(x,y) = 2 0 - x _ v )• a r e r e spec t ive ly a super - and a 
subsolu t ion of ( 1 ) . one f inds w < u < v in n. 

Moreover | = - f jRl .0 ) < a < - § ^ 1 . 0 ) = 1. S imilar to (2) there i s a 

constant c 2 such that uniformly 

9 
(3) | u(x-6n) + 6 ^ < x ) - Kó2 ^ § { x ) | < c 2 6 3 

011 dn 

for x € { ( 1 . 0 ) . ( 0 . 1 ) } . 6 € [ 0 . 1 ] . 

By the d i f f e r e n t i a l equation one f inds 

-1 = Au(x) = ^ | < x ) + K(x) ^ ( x ) for x e df)\P. 
dn 

Hence 

a 2 

(4) ^ - Ik l .O) = -1 + a K(1.0) = -1 + Ha 
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and 
-2 

(5) ^-SkO.l) = -1 + a K(0.1) = -1. 
dn 

There is then c3 > 0 such that, for x1(.) and x2(.) defined in the 

proof of lemma 2, 

(6) | x,(£) - (1 - a e - ^ e 2 ) I < c3 e3 

4a 
and 

(Y) | x2(e) - (1 - ae - - % e 2 ) | < c3 e3. 
4a 

These inequalities show that for t small enough X,(É) > x2(e) . 

Hence, by lemma 1. the largest inscribed circle of iJ(t) intersects 

3(n(e)) only at (0.±x2(e)). But by using the Taylor expansion and 

(4-7) there are constants c4 and c5 such that uniformly 

-i|(*,(e).0) ♦ Ü<0.*a(e)) > 
A2 ft2 

> (l-x,(e)) ̂ | (1.0) - (l-x2(e)) 2-| (o.l) + 
dn dn 

-c<[ (l-x,(e))2 * (l-x2(e))2 ] 
2 > Kt - c6t > 0 for 6 small enough. 

Hence |vu(x)| is not maximal on Oft) in (0.±x2(t)) for t small, which 

proves lemma 3. D 

Acknowledgement: I would like to thank B. Kawohl for bringing this 

conjecture to my attention. 
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Chapter 9 

A strong miximum principle 

for 

a non-cooperative elliptic syste 

ABSTRACT: in this note it is shown that on a ball in K , with N > 2, a 
maximum principle holds for a special elliptic system. This system is such 
that the classical maximum principle is not applicable. 
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INTRODUCTION AND RESULTS. 

A linear elliptic system 

(1) -Au + 2 h „ u„ = f 

i s ca l l ed cooperat ive if 

with a € {1.2 k} 

(2) 

(3) 

hafl*° 

If a l s o 

£ h°» »° 

for a t P-

for a € {1.2 k> 

one can extend the results of the maximum principle to system (1); 
see [3. p.191]. 

In this note we consider a system. with Dirichlet boundary 
conditions, which is in some sense the simplest non-cooperative 
system: 

-Au = f, - Av 
-Av = f2 

u = v = 0 

in n. 
in 0 . 

on 3f). 
(4) 

where 0 is the unit ball in K . N > 2. The class ical maximum 
principle gives the following positivity result which is not uniform: 

Lemma 1. Let f,. f2 € c'[Q) for some t > 0 with f, > 0 and f, * 0. 
Then there is A(f,.f2) > 0 such that for all A € [0.\(f,.f2)) 
the solution \i. of (4) satisfies 

(5) u. > 0 in n. 
A 

The classical maximum principle doesn't show that it is possible to 
find a uniform result for f2 < f,. Nevertheless we prove for 

(6) 
-Au = f - AV 

-Av = f 
u = v = 0 

in 0. 
in f). 

on an. 
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the following theorem. (The same result holds for (4) if f2 < fi 
and f, = f.) 

Theorem 2 a) There is a largest X0 > 0 for which the following holds. 
For all (u.v) € C^fl) x C 2^) satisfying (6). such that 
X < X0. (tO and f ? 0, one finds that 

(7) u > 0 in fi. 

b) X0 S ( X, + X2 ) ( < X, ), where X,. X2 are respectively 

(8) 

the first and second eigenvalue of 
-Aip = \<p in Q. 

*P = o on on. 

Remark 1. If N = 1 then 
1 

(9) u(x) = J K ( l - | x - y | - x y ) ( 1 - | ( 2 + 2 | x - y | - x 2 - y 2 ) ] f(y) dy. 

1 0 0 O 

Since max{ p (2+2 |x -y | -x -y ) : - 1 < x.y < 1 ) = 7? one f inds 

that X0 = I i ( X7J+ Xz1) - 1 = I ir2 K 1.97 . 

A d i r e c t c a l c u l a t i o n shows that ( X, + X2 + X3 + . . . ) = rj-

I cannot expla in t h i s s i m i l a r i t y . 

Remark 2 . Let H be a subspace of C(f?) such that the inverse B of -A, with 
zero D i r i c h l e t boundary condi t ion , in to (?(Q) i s well def ined. 
Theorem 2a then shows that 

(10) B ( I - XB) f > 0 in fi 

for all X < X0 and f e H with f > O, f * 0. 

Remark 3. The classical maximum principle [3, Th.2.2] shows that Bf > 0 
for f as in (10). If also f(x0) = 0 for some xQ € Q . then 

(11) ( (I - XB) f )(x0) < 0 for all X > 0. 

Remark U. Consider the system 
-Au = f - X2v 
-Av = u 
u = v = 0 

in f), 

in 0. 
on 30. 
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Hence for B as in Remark 2 and X < X, 

u = [ 2 (X 4B 4) k |(I+XB)(I-XB)Bf. 
k=0 

If also X < X 0 then Theorem 2a together with the classical 
maximum principle shows that if f > 0. f ? 0 then u > 0 in fl. 
Both this system as well as (6) cannot be uncoupled as in [1, 
Remark 1.7] in order to find a maximum principle. Recent results 
concerning [1. Remark 1.7] can be found in [4]. 

Remark 5. Let [1 be an arbitrary domain, and let <plt <p2 be the first and 
second eigenfunctions of (8). Set H = { c,f>, + czfz: c,.c2 € R ) . 
One can prove that B(I-XB) from H into H is positive if and 
only if X < X0 = ( X~l* \ a 1 ) * 1 . 
One could also hope that in general X0 = ( 2 X. ) .with the 
summation over all eigen- functions. However, direct but tedious 
computations show that with H = { c,-p, + c2f>2 + c3f>3 ; c. € R } 
and 0 = (0.1) the following inequality holds: 

X0 < ( XT1* \ll* Xl1)'1. 

PROOFS: 

Lemma 1 can be proved by a straightforward application of the 
classical strong maximum principle. Let .p, be the first eigenfunction 
of (8) with fi > 0 in Q. Simce v = 0 on an and v e C 2 ^ ) there 
is c, > 0 such that 

(12) v <, c,*, in Q. 

Let w € C 2 ^ ) be the solution of 

-Aw = v in f). 

w = 0 on 91?. 

The maximum principle. [3, Th.2.6], then shows that 

(14) w < £*- f, in n. 
X| 

Since -A(u+Xw) = f, > 0 and f, ^ 0 the strong maximum principle, 

(13) 
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[3. Th.2.6 and Th.2.7], implies that u + Aw > c2<px in fl for some 
c2 > 0. Hence 

(15) u > c2*, - Aw > ca*, - A £*- *>, > 0 in Q if A < A, ̂  . 0 
A, Cj 

Proof of Theorem 2a . 
Equations (6) can be r ewr i t t en as 

(16) u(x) = J G(x.y) ( f (y) - X v(y) ) dy = 

= X G(x.y) f f ( y ) - X T G(y.z) f ( z ) dz 1 dy = 
n L n J 

= ƒ f G(x.y) - X ƒ G(x.z) G(z.y) dz 1 f ( y ) dy . 

where, see [2 . ( 2 . 1 2 ) . ( 2 . 1 3 ) ] . 

f G(x.y) = gn [ | x - y |2~n - |( |y|x - lyf 1 , ) |2~n 1. y * 0 
(17) 9-n 

G(x.O) = g n ( |x|Z - 1 )• 
The Euclidean norm is denoted by |.|. and g = (n(n-2)<j ) . where 

u is the volume of the unit ball in K . n 
To prove the theorem, it is sufficient to show that 

(18) M(x.y) := (G(x.y))"1 ƒ G(x.z) G(z.y) dz < M 
n 

for some M < <■>. One finds then u > 0 for a l l X $ X0 = M~ . 

We wi l l prove (18) by d i r e c t computations. 

In order to simplify the no t a t i ons we s e t 

(xy) = | x - y | . (XY) = |( | y | x - l y f ' y ) | . e t c e t e r a . 

Note that (XY) = [ | y | 2 | x | 2 - 2 (x .y) + 1 V6 = (YX) . and hence 

(19) (XY)2 - ( xy ) 2 = | y | 2 | x | 2 + 1 - | x | 2 - | y | 2 = 

= ( 1 - | x | 2 ) ( 1 - | y | 2 ) > 0 for x.y € 0. 
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(20) (xy f 1 - (XY) * = -1 ( 1 - l x l 2 ) ( 1 - | y h 
(XY) + (xy) (xy) '(XY) ' 

for x ? y. 

Using (17)- (20) one f inds that 

,2-n ,2 -n , ,2-n ,2 -n , 
( 2 . ) « ^ M(x.y) = f ( C r " - ^ > r ? ( ( y , ? 2 n " ™ ? d z 

(xy) n - (XY)Z n 

n 

- \ 

( (xz) l - (XZ) l) 2 ( x z ) 3 n + k (XZ)~k 

k=0 

U ( ( x y ) " 1 - (XY)_1) 2 ( x y ) 3 _ n + k (XY)"k 

k=0 
n-3 

. ( (yz) ! - (YZ))"1) 2 ( y z ) 3 " n + k (YZ)"k dz 
k=0 

[ ( l - | x | 2 ) ( l - | z | 2 ) 1 * (xy)(XY)"' ( l - | y | 2 ) ( l - | z | 2 ) 
J 1 + (xz)(XZ) _ 1 ( l - | x | 2 ) ( l - | y | 2 ) 1 ♦ (yz)(YZ)" ' 

2 ( x z ) 2 n + k(XZ) 2 k 

k=0 

" 3 ?-n+k -9-k 
2 (yz) (YZ) Z K 

k=0 
2 (xy ) 2 n + k (XY)" 2 k 

k=0 

dz = 

= (xy ) " 2(XY)2 
n-3 

k=0 { (XY) 

n-3 
2 

k=0 
f tel f 
l (XZ) J 

n-3 
2 

k=0 [ (YZ) J 

- | z l 2 ) 2 ( 1 + (xyXXY)"1) 
( 1 t (xz) (XZ) _ 1 ) ( 1 + (yz)(YZ) ' ) 

( y z ) 2 " ( x z ) 2 n(YZ) 2(XZ) 2 dz 

< (xy)" 2(XY)2 J ( 1 - | z | 2 ) 2 2 (n -2 ) 2 (yz ) 2 " n (xz ) 2 " n (YZ)" 2 (XZ)" 2 dz. 
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Assume x * y and s p l i t 0 in fi, and fi2. where 

0, = { z € Q; | x - z | < | y - z | }. fi2 = { z € fi; | x - z | > | y - z | }. 

If | x - z | < | y - z | , then | y - z | > | y - x | -1x-z | > | y -x | - | y - z | and 

l( | y | x - | y | " y ) l i | y | | x - z | + |( | y | z - | y | " y ) l < 

<, | y - z | + l( | y | z - | y | - 1 y ) l -

Hence 

(22) (xy) < 2(yz) and 

(23) (XY) < 2(YZ) for z € n,. 

By exchanging x and y. respectively X and Y one finds equivalent 
inequalities for z € fi2. Moreover 

(24) (XZ)2 = |x|2|z|2 - 2(x.z) + 1 > 

> | x | 2 | z | 2 - 2 | x | | z | + 1 = 

= ( 1 - | x | | z | ) ' 
>2 ^ 1 ,2 ,2 > ( 1 " | z | ) 1 \ ( 1 " | z | ) for z € fi. 

Combining (21) to (24) y i e l d s 

(25) M(x.y) <, 2 (n-2)^g n 

,2-,2r , « -.n-2, 

Ln. 

< 2 n + 3 ( n - 2 ) 2 g [ ƒ (XZ)2"" dz + ƒ ( y z ) 2 - " dz | 

< 2 n + 4 ( n - 2 ) 2 g J | z | 2 - n d z = 2 » * fr*> V l n o r , nw 2fi n 

which completes the proof of 2a. 
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In order to prove 2b let ~p, and y>2 be respectively the first and 
second eigenfunction of (8). with ^, > 0 in Ü. 
First note that XQ $ X,. Indeed, if X > X, then u = X, ( 1 - r- )y, 
is a solution of (6) with f = *, > 0 in n. while u < 0 in V. 
Suppose ( Xj ♦ X2 ) < X < X, and let c > 0 be the largest 
constant such that 

(26) *>, - op2 > 0 in fi. 

Let U be t h e s o l u t i o n of ( 6 ) w i t h f = <p, — o p 2 . Then 

(27) u = x72(x,-x)(v,-c<*.2) - c(x72-x^2)( x - (xl'+x;1 ) - 1 )*2. 

If X = X, then U is negative somewhere in (7 since -f2 changes sign. 
If X < X, then U is negative somewhere since c is the largest 
constant such that (26) holds. This is a contradiction. 0 
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SAMENVATTING. 

In dit proefschrift bekijken we enkele semilineaire elliptische eigenwaarde 
problemen. In deel A beschouwen we het probleem -Au = Xf(u) , in een open en 
begrensd gebied f) in DT. met Dirichlet randvoorwaarden op 3(1 en X > 0. We 
nemen aan dat 9fi voldoende glad is en dat f een differentieerbare functie is 
met een vallend nulpunt p: dat wil zeggen f(p) = 0 en (s-p)f(s) < 0 voor 
0 < |s—p| < 6 . met een 6 > 0. We laten zien dat een integraalvoorwaarde voor 
f. die noodzakelijk en voldoende is voor het bestaan van oplossingen (X.u) met 
max u € (p-6,p) in het ééndimensionale geval, ook noodzakelijk is voor 
gebieden in hogere dimensies. Dat deze voorwaarde voldoende is werd door Fife 
in 1973 bewezen met behulp van asymptotische ontwikkelingen. De voorwaarde is 
ook voldoende voor het bestaan van een positieve oplossing. 

Voor een functie f die tussen 0 en p nog één of meerdere nulpunten bezit kan 
men geen eenduidigheid verwachten. Desalniettemin is het mogelijk, met de 
extra voorwaarde voor f, f' < 0 in (p-ö.p) . om eenduidigheid te bewijzen in 
een orde-interval in C(Q) voor X groot genoeg. Daarnaast laten we ook zien dat 
er een eenduidige oplossing bestaat voor X groot, indien men a priori eist dat 
p-e < max u < p voor een e > 0. Ook wordt stabiliteit van deze oplossingen 
bewezen. 
Vervolgens worden de gevolgen onderzocht voor de oplossingen, indien f slechts 
continu is of indien dü niet langer glad is. Het is nog steeds mogelijk voor 
continue f om een oplossing u te vinden in [u,,u2], als u, i u 2 respectivelijk 
een onder- en een bovenoplossing is. We laten verder zien dat er voor 9fl een 
kritieke hoek bestaat als f(0) < 0 : indien 90 een scherpere hoek bevat 
bestaan er geen positieve oplossingen u. met max u < p . voor welke X > 0 
dan ook. Voor de bewijzen gebruiken we o.a. een zwakke vorm van boven- en 
onderoplossingen alsmede het zogeheten "Sweeping Principle" van Serrin. 
In deel B worden drie onafhankelijke elliptische problemen beschouwd, waarvan 
de eerste twee hun oorsprong vinden in de elasticiteits-theorie. Het eerste 
betreft enkele resultaten voor de eigenfuncties en eigenwaarden van het 
Lamé-stelsel met Dirichlet randvoorwaarden. In de tweede notitie vindt men een 
tegenvoorbeeld voor een vermoeden van B. De Saint Venant uit 1859.( Ofschoon 
er twijfels bestonden was er zover bekend nog geen tegenvoorbeeld.) Voor het 
derde probleem, een lineair elliptisch stelsel, wordt een niet-standaard 
maximum principe bewezen. 

ACKNOWLEDGEMENT: I like to thank Philippe Clément, whose help and support 
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Stellingen behorende bij het proefschrift (»} 

Seal linear Elliptic Eigenvalue Problem 

van C. Sneers. 

Beschouw het stelsel van H tweede orde partiële differentiaalvergelij­
kingen in IR 

(-) E(u) = f. 
N U 

met u . f : F - R en E ( u ) = 2 E ( u ) = f r = i M. w a a r b i j r' ' , ra' s' r J 
s=l N N , ,- . . v ^ rs ö o ., , , rs rs F>s(Us> " \X, * *hk ÖT ÖT V Neem M n da' "hk = *kh h=l k=l T» k 

Het stelsel {*) heet elliptisch indien 

det( a(f) ) / 0 voor al Ie f € FN\{0). 
N N 

waarbij (c(f)) = 2 2 a^* f f rs h»I k=l " k 

(**) Het onderzoek waaruit bijbehorend proefschrift is ontstaan, is 
ondersteund door Z.W.O.. de Nederlandse organisatie voor Zuiver 
Wetenschappelijk Onderzoek (vanaf 1-2-88: N.W.O.). 



Het s t e l s e l («) hee t s t e r k e l l i p t i s c h (Vlsh lk) . Indien e r p > O 
bes taa t zodat 

H M N N p c 0 9 
X 2 2 I ^ | U k i r n , J p I f r l"l 

r=l s=l h=l k=l . . , - Ji , „M 
voor a l l e f € R . tl € R . 

I . I I s de Eucl id ische norm. 

Noem het s t e l s e l (*) m a t r i x - e l l l p t l s c h Indien 

" , " , A v" , " ^ P hr "ks ^ ° voor al l e p e ( R N ) H . 
r=l s=l h=l k=l 

STE1J./NC 1 ( F l c h e r a ) : «ee* aan («) Is «mlr lx-el 1 Ipl Isch en a ^ = AA. 

ZIJ n een begrensd gebied In IT K I een gladde rand. Z i j w e CT(n) 

zodanig dal w i 0 en f 1 ( E (w)(x) ) f ) O in O uoor a l l e f € R " \ ( 0 ) . 

definieer A(w) C C(Ö) door A(w)(x) = j ^ ( ( E r s (w) (x ) f l ) i V he . 

maxlmtm van de elementen op de hoofddlagonaal van ( E (»)(■-) ) Dan 

ge ld l uoor a l l e u € (Cr(Ö)) «el u = 0 op ÖO dal 

( « . ) ( S | u | 2 dx }*i TH ^ [ A( . ) (x ) ) ^ | . ( x ) | ( ƒ |E (u ) | 2 dx ) * 

[EMMA: Het Lamé-s te lse l . gedef inieerd voor M = N > l e n o C R door 
a [ f = 6 6 . . + ! t o ( 6 . 6 . + 6 1 6 , ) h . k . r . s € {1 NJ. 
Tik rs hk l rh sk rk sh 

1) Is s t e rk e l l i p t i s c h dan en s l e c h t s dan a l s o > -1 ; 
_2 

2) Is mat r ix-e l 1 ipt lsch dan en s l e c h t s dan a l s o € [j—r.2] 

STFJXINC 2 : De ongel i jkheid (**) Is n l e l j u l s l uoor liet l .oj»é-stelsel «el o 

voldoende g root . 

Refe ren t i e s : C. Fichera . Methods of l inear a n a l y s i s in mathematical phys ics . 
In: Proc. I n t . Cor.gr. (Amsterdam 1954). I l l . sec t V, 216-228.1956. 

C. Fichera . Numerical and q u a n t i t a t i v e a n a l y s i s . Pitman. London 
1978. 

http://Cor.gr


Singul ie re e l l i p t i s c h e p e r t u r b a t i e s in IR . 

Definieer voor s £ R2 . e > 0 and u e H p ' + S z ( K ) . met p € (1.<°) de 
norm 

Muil = II S " 1 < £ > S ' < e £ > S 2 5 u llL ( R N . . 

p i / N 

waarbij <£> = ( 1 + |fl ) voor f £ IR en waarbij 3 de Fourier-
transformatie voorstel f-

(?u)(f) = (2»)"WI S e" l x f u(x, dx. 
RN 

Beschouw de differentiaalvergelijking 
(») (fc2A2-4-l)u = f in RN met £ £ (0.£o]. 

STELLING 3: Voor alle s € R2. p € (1.«) en tQ > 0 uoldoende feleln. is 
er C > 0 zodat uoor alle t € (0.£o] en u.f dte uoldoen aan (It). «et 
u € HS,+Sa(RH). geldt: 

llull < C ( IIfII , „ „ , + Huil , , . , ) . 
s . p . t ' s - ( 2 . 2 ) . p . e s - ( 1 . 0 ) . p , e ' 

Beschouw de d i f f e r e n t i a a l v e r g e l i j k i n g 

(**) (t2A2-A+l)u = f in RN met e € ( 0 . e 0 ] . 

STELLING l»: Voor a l l e s £ R2 . p € (1.">) en t 0 > 0 uoldoende k l e i n . i s 
e r C > 0 zodat voor a l l e e € ( 0 . £ o ] en u . f d i e uoldoen aan (t*tt). 
«et u £ H S , + S 2 ( R N ) . g e l d t : 

llull i C llfll , _ „ , 
s . p . £ s - ( 2 . 2 ) . p . e 



Singuliere elliptische perturbaties in 

Definieer voor s € R2. £ > 0 and u £ H^,+S2(RN). roet p € (0.°>) de 
norm: 

llull+ = i n f { llvll ; v € H S , + S z ( I R N ) met v = u i n R* } . 
s . p . e ' s . p . d p + 

Beschouw h e t r a n d v o o r w a a r d e n p r o b l e e m : 

(©) 

( £ 2 A 2 - A + I )u = f 

u ( x ' . O ) = 0 

in R*. 

voor x € R 

voor x ' € R 

met E C ( 0 . e o ] . 

STE1J.ING 5 : Voor alle p C ( 1 . » ) en £ 0 > O o o i d o e n d e fcletn. i s e r C > O 

z o d a t ooo r a l l e £ 6 ( 0 . £ o ] en u . f d i e u o l d o e n aan (@). « e t u € n{K ) . 

g e l d t : 

Huilt. iC ( l l f l l t_ , _ , . ♦ Huil* , . . ) 
' ( 1 . 1 ) . p . £ " ( - l . - l ) . P . t " " " ( 0 . 1 ) . P . £ 

(@@) 

Beschouw h e t r a n d v o o r w a a r d e n p r o b l e e m met m, .m 2 € W\{0 ) : 

((-£2A)m 2 + I ] ( -A)m ' u = f in B £ . 

| - p - | u { x - . 0 ) = 0 voo r x £ RN~' en i e { 0 . 1 m , + m 2 - l ) . 

STELLIHG 6: Voor alle p e (1.») en £0 > 0 uoldoende klein. Is er C > 0 
zodat uoor alle £ € (0.£o] en u. f die uoldoen aan (£@). mei 
u £ fT'^tlF). geldt: 

Huil* , i C ( llfll! , t Huilt , . ) 
( m , . » 2 ) . p . £ ( - » , . - » i 2 ) . p . £ ( ■ , - ! . m 2 ) . p . £ ' 

R e f e r e n t i e s : M. Gueugnon, P e r t u r b a t i o n s s i n g u l i è r e s d a n s d e s e s p a c e s L pou r 
l o p e r a t e u r eA2 - A + I . C . R . A c a d . S c . P a r i s 293 ( 1 9 8 1 ) . 1 2 9 - 1 3 1 . 

H. Gueugnon. P e r t u r b a t i o n s s i n g u l i è r e s d a n s d e s e s p a c e s L pou r 
d e s p r o b l è m e s e l l i p t i q u e s g é n é r a u x . C . R . A c a d . S c . P a r i s 301 ( 1 9 8 5 ) . 
5 5 5 - 5 5 8 . 

B. Najman. S i n g u l a r P e r t u r b a t i o n s in L . t o a p p e a r i n G l a s n i k 
M a t e m a t l c k i . 

G. S w e e r s , E s t i m a t e s f o r e l l i p t i c s i n g u l a r p e r t u r b a t i o n s i n L p -
s p a c e s . d o c t o r a a l s c r i p t i e K.U.Nijmegen 1984. 



Om een technische stelling bij te sluiten volgt een formulering van de 
kettingregel. 

SiELLINC 7 : Neea a € M = ï f \ { 0 } . n € c l a l (HN ;RM ) en g € 

■aarb l j | a | = 2 «^ . Definieer i f = D L—I . 
k= 1 ic= 1 Tc 

Dan z i j n er C(B) € Ü zodat voor x € ü" . 

t£ g(l(*)) = 2 
s=l 1 2 2 . C ^ a 2 -

a *a *. . .*a = a 

n M H 
. a ' ) 2 2 . . . 2 

k ,= l k2=I k =1 
aki 

r=l l r J " air 
r=l * \ 

g(l(*)) 

Een spel met vlakke graphen. 

Spe1rege1s i 
1) Er bestaan alleen punten en krommen die twee punten verbinden. 

Een kromme kan een punt In de vorm van een lus met hetzelfde puni 
verbinden. 

2) Krommen snijden of raken elkaar of zichzelf niet. en raken punten 
alleen aan de einden. 

3) In ieder punt komen hooguit drie krommen bijeen. 
1) In den beginne zijn er alleen n punten. 
E>) Om beurten doen de twee deelnemers een zet. 
6) Een zet bestaat uit het verbinden van twee (niet noodzakelijk 

verschillende) punten door een kromme, en het vervolgens In tweeën 
delen van deze kromme door er een nieuw punt op te plaatsen. 

7) De deelnemer die geen zet meer kan doen verliest. 

Zoals in leder eindig spel zonder de mogelijkheid van remise en zonder 
toevalsgenerator (b.v. een dobbelsteen) bestaat er voor een van beide 
deelnemers een winnende strategie. Noem de deelnemers A en B en laat A 
beginnen. Men zou met de volgende stelling zijn voordeel kunnen doen. 

STELLINO 8: Als n € {1.2.6) Is er een «Innende strategie ooor B. 
Als n € (3.4.5) is er een Dlnnende strategie ooor A. 



> F 

STFJ1.ING 9 : Ten onrechte wordt er In het analyse-deel van de wiskunde 
s l e c h t s een zeer beperkt gebruik genaakt van I l l u s t r e r e n d e figuren. 

STELUNC 10: Roken «net «ogen. Ken dient de roker s-elfs te verplichten alle 
door hea («/v) geproduceerde rook te Inhaleren. Als «en nu ook 
de " e x h a l a t l e " uerbledt doet «en ook recht aan een ander motto: 
de ue ruu t l e r b e t a a l t . 

STFJJ.fIK? I I : Herlnix>erlng uon pnard en mgen uoorhowl het onts taan uan f i l e s 
iióór de Coen- tunnel . 

STFJJ.IHG 12: Er Is geen l a a t s t e 


