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PREFACE.

This thesis consists of an introduction and nine chapters which are
divided into two parts. Part A contains several aspects of one particular
semilinear elliptic eigenvalue problem. Part B is concerned with three

independent elliptic problems.

Chapter la appeared:
Ph. Clément, G. Sweers, Existence et multiplicité des solutions d'un
probléme aux valeurs propres elliptique semilinéaires, C.R. Acad. Sc.
Paris 302, Série I, 19 (1986), 681-683.

1b appeared:

Ph. Clément, G. Sweers, Existence and multiplicity results for a
semilinear elliptic eigenvalue problem, Annali della Scuola Normale
Superiore di Pisa 14 (1987),—-.

Chapter 2 will appear:

G. Sweers, On the maximum of solutions for a semilinear elliptic
problem, Proceedings of the Royal Society of Edinburgh.

Chapter 3 appeared:

G. Sweers, Some results for a semilinear elliptic problem with a
large parameter, Proceedings ICIAM 87, Contributions from the
Netherlands, Paris-La Villette, June 29-]July 3 1987.

Chapter 4 will appear:

Ph. Clément, G. Sweers, Getting a solution between sub and
supersolutions without monotone iteration, Rendiconti dell' Instituto
di Matematica dell'Universita di Trieste.

Chapter 5 appeared as report 87-83 Dept. Math. T.U.Delft.

Chapter 7 appeared:

B. Kawohl, G. Sweers, Remarks on eigenvalues and eigenfunctions of a
special elliptic system, Journal of Appl.Math.Ph.(ZAMP) 38 (1987).
T30-740.

Chapter 8 will appear:

G. Sweers, A counterexample with convex domain to a conjecture of De
Saint Venant, Journal of Elasticity.
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INTRODUCTION.

Statement of the problem.

(1)

(2)

In this thesis we are mainly interested in the following semilinear

elliptic eigenvalue problem:

—Au = Af(u) in Q.

u=0 on df,

where {1 is a bounded domain in RN with a smooth boundary and where f
is a Cl—function. A survey of results and methods up to 1981, for (1)
with general f, can be found in [23]. For a more recent survey we
refer to [19].

A solution of (1) is a pair (A.u) € R'x C3(fl) satisfying (1). Let
(A.u) be solution of (1) with max u = m = u(xg) for some x5 € M.

Then the second derivatives (61}2u in Xp are nonpositive and hence

f(m) = —knlﬁu[xo) > 0 holds. Using the strong maximum principle, see
[27]. one can show f(m) > O for positive m ([5]). Indeed, let (A,u)
be a solution with max u = u(xg) = p > 0 and f(p) = 0. Take w > O
such that w + AMf'(s) 2 0 for s € [min u,p]. Hence s = ws + Af(s)

is an increasing function on this interval and
(A-w)(u-p) = wp + Af(p) - (wu + Af(u)) 20 in Q.

Since max(u-p) = u(xg) - p = 0, Theorem 2.6 of [27] implies that
u-p=0 in 0, which, together with u € C({1), violates the boundary
condition.

The main object of part A is to study solutions the maximum of which
is close to a positive zero of f. We shall make the following

structural assumption on f: f possesses a "falling" zero p



(3)

(4)

(5)

(6)

f(p) =0 and f(u) >0 for u € (p-e.p).

where e is some positive number.
Recently Angenent, [7], established the existence of a curve of
positive solutions with max u < p , which are unique for A large,

under the additional assumptions
f(u) >0 on (0,p).

£(0) >0 or £'(0) >0,

£'(p) < 0.

We shall consider functions f which may change sign on (0,p) and we
shall also weaken assumption (5) to

f'(u) <O on (p-e,p)

for some positive number e.
In addition to this we will investigate consequences of lack of
smoothness for both f and the boundary 0.

A necessary and sufficient condition for existence of solutions.

(7)

A first question concerning (1) is whether there are solutions (A,u)
with max u = m for every positive m with f(m) > O.

Consider for example f(u) = sin u. In the one-dimensional case it is
possible to answer this question by direct computations. Multiply the
differential equation by u, and integrate. Suppose max u = u(xg) = m
and m > w. Let x; € 1 be such that u(x;) = v , then

0

Py

(ua)? = (o, x))? - (u %)) =

-2\ }’ sin(u(x)) ux{x) dx =
Xo
u(xe) m

an sin(s) ds = 2\ [ sin(s) ds ¢ O,
u(x,) L]

which is a contradiction. Similarly one finds that



(8)

p
J f(s)ds >0 for all u € [0,p)
u

is a mnecessary condition in the one-dimensional case for the
existence of a solution with maximum near a "falling" zero p.

In 1973 Fife showed, [12], using the method of asymptotic expansions,
that (8) is a sufficient condition for the existence of such a
solution on a domain in RN. In 1981 Hess, [18], showed, when f(0) is
positive, the existence of such a solution under a slightly stronger
condition, by using a variational argument. De Figueiredo proved in
[14], under additional assumptions on the domain, that condition (8)
is also necessary. We will show in chapter 1 that condition (8) is
necessary for the existence of a solution which has its maximum near
the falling zero p. We shall not assume that this seolution is
positive. For a recent improvement of De Figueiredo’'s result see
[11]. In this paper the necessity 1is proved only for positive
solutions. Since Gidas-Ni-Nirenberg's result, [16], about radial
symmetry of positive solutions on the ball is used, their proof does
not apply to the case of nonpositive solutions.

The main tool in chapter 1 is the so-called sweeping principle.

The sweeping principle.

(9)

(10)

The definition of the classical version of a subsolution for (1) is,
see [24. ch.10.B]:

u € 2(a) n c(@),
~Au ¢ Af(u) in 0,
4o on 90.

In [30], [9] a weaker version is used, which increases the range of
applications. We shall call (A,u) a subsolution of (1) if

u € ¢(R),

J(-Apu-Agf(u) )dx <O for all ¢ € 3'(Q),
N

u<o0 on d1N.

+
The function space 9 (1) consists of all nonnegative functions in



Cg(ﬂ). Supersolutions are defined by reversing the inequality signs.
For short we call u a (sub/super)solution of (1) if (A,u) is.

Similar to the classical maximum principle one can prove, for u, ¢ uz
being a sub-, respectively a supersolution, that when f € Cx either
u; {u, in R or uy; =u, in 0. Serrin in [32] obtains a very useful
result for classical sub- and supersolutions by combining the maximum
principle with a connectedness argument. Sattinger in [31] called it
Serrin’'s Sweeping Principle. This principle plays an essential role
in almost all chapters of part A. The version which is used for the

proof of the necessity of condition (8) reads as follows:

Let { u(t) ; t € [0,1] } be a family of supersolutions defined
as in (10) and let u be a subsolution defined in (10). Suppose
u(t) > 0 on 80 for all t € [0,1] and suppose u € C([0.1]:C(Q)).
If u(0) >u inQ,

then u(t) >u in Q for all t € [0,1].

For a more general version we refer to Lemma A.2 in the appendix of

chapter 1.

Solutions between sub- and supersolutions.

Suppose there exist a subsolution u, and a supersolution u, of (1)
with w, vy inf If T € Cl one can construct a solution u by a
monotone iteration scheme, see e.g. [31]. When f is only continuous
one can no longer use this method. Ako was able to show in [2]
the existence of a solution u (in an appropriate sense), with
u; €u < u, , for a quasilinear elliptic problem. For (1) we give a
proof in chapter 4. A similar proof holds for f € C(0xR). We call u
a solution if it is both a sub- and a supersolution.

Positivity.
For f € C1 it can be shown that the maximum of two subsolutions in

Hl{ﬂ} N C() 1is again a supersolution; see the proof of Lemma 2.6 in

10



(11)

(12)

chapter 1. This result can be improved for f € CO without assuming
more regularity of the subsolution than C(R). In chapter 5 this is
proved using Kato's inequality: see [21], [8]. If one is interested
in positive solutions and f(0) 2 O , then u = 0 1is a useful
subsolution. From the result just mentioned one finds that for any
subsolution u,, the function uT = max(0,u,) 1is also a subsolution.
Then there exists a solution u € [uy,p] which is positive. This
argument cannot be used for f with f(0) < O , since u =0 is not a
subsolution. The problem of finding a positive solution when Ff(0) <
0 is considered in chapter 1, therein assuming that the domain
satisfies a uniform interior sphere condition, see [1], [17]. We then
have

Q=U{B(y.e):y€0 with d(y.d0) < e }

for some e > O , where B(y,e) is the ball with center y and radius
e. In particular a domain with C2—boundary satisfies (11). If
condition (8) is satisfied one can prove the existence of a positive
radially symmetric solution (K.E) on the ball B(0,e). Set u=0
outside of B(0,e) and define

u(x) = sup { u(x-y) : y €0 with d(y.80) > e ).

It can be shown, see the appendix of chapter 5, that u is a positive
subsolution of (1) with A = X. By rescaling one obtains a positive
subsolution for all A > X . A related result is found in [35].

One may ask whether a condition like (11) is necessary. In particular
Professor W. Jédger, [20], raised the question of the existence of a
positive solution, having its maximum near a falling zero, when
f(0) < 0O and 0 is a square. When f(0) < O we establish in chapter
5 a critical angle for the domain in order to obtain positive
solutions. If a domain has a corner with a subcritical angle, there
is no positive solution for any A. As an example consider (1 = (—l.l}N
with N 2> 2 ., the (hyper)cube. Then, for every f with f(0) < O ,
there is no positive solution. Hence there exist sign-changing stable

solutions.

11



Stability.

(13)

(14)

(15)

Untill now it may seem that most solutions can be found by using sub-
and supersolutions. This is however not true. In general one can only
find stable solutions in this way.

A solution (A,u) of (1) is called stable if, for all € > 0 there
exists & > 0 such that every solution U of the related parabolic

problem

U, - AU = A£(U) in R x 0,

U=0 on H+x an,

with 11 U(0) ~u ll, < & and U(0) € C(Q) . satisfies for all t € R
| Yle)y— wll e

Let u;, u, be a sub- and a supersolution respectively, with u; < u,
in Q and u,; < 0 € u, on 3. Then, see [30], [25] and the appendix

of chapter 5, there is a stable solution u, such that u; < u < u;

+

in 2. Consider for example f(u) = (1-u)(u-2)(u-4) . Using sub- and
supersolutions as in chapter 1 one obtains, for A large, two
solutions; one with its maximum near 1 and another with its maximum
near 4. These solutions will be local minimizers of the variational
problem min{ I(A,u) : u € Hé{ﬂ} }. see [18], with the functional I
defined by

5 u(x)
I(Au) = J ( %lwu(x)|" - AT f£(s) ds ) dx.
0 0

The first subsolution in chapter 1 is obtained by minimizing I(A,u)
with for Q0 the unit ball. By using the Mountain Pass Lemma. [6],
[28]. or the Leray-Schauder degree, see [3], one can show that there
is a third solution, which is generally unstable.

A stronger notion of stability is the following. Consider for a

solution (A,u) of (1) the linearized eigenvalue problem:
-Av = A fu(u} V=pv in 0,
v=0 on dM0.

If the principal eigenvalue po, [4]. is strictly positive, then we
call the solution (A,u) strongly stable. A solution which is strongly



stable is also stable. For a solution to be stable p, must be
nonnegative but not necessarily strictly positive.

If a solution (A,u) is strongly stable then pu = 0 is not an
eigenvalue of (15) and one can use the implicit function theorem in
an appropriate function space in order to obtain a curve of strongly
stable solutions parametrized by A in a neighbourhood of (A,u). The

existence of such a curve is obtained in Theorem 2' of chapter 1.

Uniqueness.

(16)

For a0 € C3 F € Cl‘ﬂr satisfying (4) and (5) Angenent obtained, for

A large. a unique positive solution with maximum below p. By allowing
f'(0) = £(0) =0 ., or introducing positive zeros of f, one can no
longer expect this to hold; see [29]. Nevertheless, assuming (6)
instead of (4) and (5). we prove in chapter 1 the uniqueness of
solutions for A large in an order interval [z,p] C C(Q}) . where
z € Cg(ﬂ) is a nonnegative function such that f > 0 in [max z,p).
The question was raised by Professor E.N. Dancer, [10], whether there
is a unique positive solution u with max u € (p-e,p) for A large.
In order to answer this question affirmatively we use results for the
so-called P-functions. A reference on this subject is [33].

We use the following P-function:
9 u(x)
P(x) = |vu(x) | + 22 [ f(s) ds.
0

First for the torsion problem, Af = 1, Payne showed in 1968, [26],
that when the domain is convex, P attains its maximum where the
solution becomes maximal. For nonconvex but smooth domains and
arbitrary f, P attains its maximum at a critical point of u or at a
boundary point. For a solution (A,u) of (1) it is shown in chapter 2,
using the boundary layer behaviour, that at the boundary P(x) =

p
= lvu(x][z = [a?u(x)|2 = 2\ [ f(s) ds + o(A) for A large. At an
0
u(x) p
interior critical point P(x) = 2A [ f(s) ds ¢ 2A [ f(s) ds holds
0 0

by condition (8). The bound, obtained in this way, on the gradient of
a solution together with the fact that p is a zero of f. is

13



sufficient to show that a solution with maximum near p lies above a
special subsolution. One concludes the proof by using the sweeping

principle and the results from chapter 1.

Nonautonomous nonlinearities.

Part

(1)

In chapter 6 we obtain results for functions f which also depend on
x. Existence results for solutions with boundary layers, and possibly
interior layers, are established for the case in which f is only
continuous by the method of sub- and supersolutions. For a more
regular f the existence of strongly stable solutions (with boundary
layer only) is also obtained. In [12], [13] similar results were
proved by using the method of asymptotic expansions and Schauder's
fixed point theorem. Angenent in [7] considered nonautonomous

nonlinearities assuming (4) and (5) for every x € 1.

The second part of this thesis contains results for three independent
elliptic problems. In chapter 7 variational arguments are used to
obtain various results for the eigenfunctions and eigenvalues of the
Lamé-system, which arises in the theory of elasticity. Among them we
mention the fact that the first eigenvalue on the ball is not simple.
Chapter 8 contains another problem from the theory of elasticity,
which was raised by De Saint Venant. Consider the boundary value

problem:
~-Au = 1 in 0,

u=20 on a0,

for domains I C IR2. which have the orthogonal axes as axes of
symmetry. The function wvu contains the stress components of an
elastic bar with cross section {1 under torsion. Details of the
history of this problem can be found in [22]. In a paper of 1856 De
Saint Venant observed that in the domains he considered |vu(x)]|
becomes maximal in those points on 81 which have minimal distance

from the origin. In 1859 he knew of a counterexample with nonconvex

14




(18)

(19)

(20)

lvu(x) |

becomes maximal on the intersection of 80 and the largest inscribed

domain. For convex domains the conjecture remained that

circle of 0. Kawohl proved the conjecture for some convex domains
with additional assumptions on the boundary. In chapter 8 we show
that the conjecture is not true for every convex symmetric domain.
For more detailed knowledge of the solution one uses a maximum

principle for the function P, due to [24], defined by:

U0 v au(x)

a a4 d
P(x) = det ax— ax— u(x) ax—z ax—z u(x) Fx, u(x)
o u(x) (x) 2u(x)

It is unclear whether there are generalizations for other right hand

sides.

Finally, in chapter 9, a maximum principle is proved for a linear
elliptic system for which the classical maximum principle, see [27,
p.189], is not applicable. The system considered here is not
cooperative. A weakly coupled linear elliptic system is called
cooperative if all the off-diagonal terms have nonnegative
coefficients. By direct but tedious computations we prove that at

least on a ball a maximum principle holds for the following system:

-Au=f-Av in 0,
-Av = in Q,
u=v=0 Ol'lan,

when A is small but positive. Indeed, if

identically O then u > 0O
cooperative system by the argument in [15]. The result for (19) can

f 20 in 0 is not

in . This system cannot be reduced to a

also be used to find positivity of solutions for other noncooperative
systems. For example for the same positive A as in (19) one may show

that the functions u and v are positive in 7 if they satisfy:

=Au = f = Av in Q,
-Av = Au in 0,
n=v=0 on dn,

for f > 0 in 1 not identically zero.



It would be very surprising if this maximum principle, which is not

directly provable by the classical version, would just hold for the

ball. However, a proof for arbitrary domains, or a counterexample, is

still missing.
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C. R. Acad. Sc. Paris, t. 302, Série L, n° 19, 1986

THEOREME 2. — Soient TeC?, feC' ¥ ne(0,1) satisfaisant (2), (3) et
(4) il existe £>0 tel que f*(p) <0 pour pe(p,—z¢, p,). Alors :

(i) il existe b, >0 et @eC" ([, c0); C*(£2)) tels que (A, @ (X)) est solution de (1) pour
AZk,, avec @ (L)>0 dans Q, max @ (L) e(p,, p,) et lim max @ (L) =p,;
L=

(ii) pour toute fonction zeCg(Q) non négative telle que max ze(p,, p,), il existe
hiz)=h, tel que si (i, u) est solution de (1) avec A=h{z), et 2Su<p,, alors u=p{h);
(iii) si pgo (L) désigne la valeur propre principale de

{ —Ah—Af (@A) h=ph dans Q
h=0 sur T,

alors po (X)) >0, pour A=1,.

Remarque 2. — Lorsque p; =0 et f'(0)=0 ou p, >0, on démontre comme dans [9] que
pour A assez grand, il existe au moins deux solutions de (1) satisfaisant max ue(p,, p,).
Dans le cas ou Q est la boule unité, p, =0 et

N+2
5 = L ]‘—
(5 f=|ul"g@) avec ae( 2)

nous obtenons le résultat de multiplicité suivant :

THEOREME 3. — Soit f satisfaisant (2), (4), (5) avec geC" " et g(0)>0. Si N=1, 2 ou
N>2et ae(l, N(N-2)) ou

N+2 75 o T g
(6) (——a).u"“ (u g—.I Mg/ (s)ds  pour tout uel0, p,),
N1 sz 3| ¥ E@s p (0, p,]
alors il existe h,>0 tel que pour A>k,, (1) posséde exactement deux solutions positives
inférieures a p,, lorsque Q est la boule unité.

Remarque 3. — La condition (6) est empruntée a [8], th. 3.1, p. 13.

Remarque 4. — Dancer [3] a montré que si g ne satisfait pas aux conditions du
théoréme 3, alors il peut exister plus de deux solutions.

2. DEMONSTRATION DU THEOREME 1. — Suffisance. — Dans le cas ot f(0)>0 ou f(0)=0
(en prolongeant [ par imparité pour u<0), on peut appliquer les arguments de Hess [6].
Si f(0) <0, on modifie f de sorte que f (—a)=0 et I1(p) >0 pour pe[—a, p,) ou a est un
nombre positif suffisamment petit. En utilisant le résultat d’existence pour f(0)=0, on
démontre qu’il existe une solution radiale (p, v) de —Av=pf (v) dans B, v=—a sur éB
et v= —a dans B ou B désigne la boule unité, et 'on définit v=—a pour xe RN\ B. II
existe Be(0, 1) tel que v(r)>0 pour re[0, 8) et v(r)<0 pour re(8, 1]. Puisque Q satisfait
la « condition de sphére intérieure uniforme » (uniform interior sphere condition), il
existe £>0 tel que Q= U B(x, ) ot A={xeQ|dist(x, #Q)>¢}. On pose A=p. (0" ')?,

xEA
¢t 'on définit w(y;, x)=o(8e~! ‘x—-_v(}, pour xeQ et yeA. On vérifie que w(y; .) est
une famille de sous-solutions de (1) inférieures a p,, qui est une sursolution de (1).
Choisissant y, € A, on en déduit I'existence d'une solution (1, u) avec w(y,, x)Su(x)<p,,
xe€). On note que w(y,, x)<0=u(x), pour tout x&dQ et tout ye A. Puisque la famille
w(y, .) dépend continiment de y [dans la topologie C ()] et puisque A est connexe par
arc, il s'en suit par un argument de balayage du a Serrin ([12], [11]) que w(y, x)<u(x)
pour tout x €0 et pour tout ye A. D'oul I'on conclut que u(x)>0 pour xeQ et du/dn<0
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sur 7€) ou n désigne la normale extérieure. Ceci achéve la démonstration de la suffisance
de la condition (2).

NEcessiTE. — Supposons que la condition ne soit pas satisfaite et gu'il existe une
solution positive (A, u) de (1), telle que max ue(p,, p,). Si min {J(p)|pe(0, p,|} =0, on
peut modifier fsur I'intervalle (max u, p,) de telle sorte que

J*: =min{J(p)|pel0, p,]} <O

et que f(p) reste positive sur (p,, p,). (A, u) est aussi solution de (1) pour la fonction
modifi¢e. Soit v I'unique solution du probléme

‘ —v"=f(v) pour rz0
v(0)=p,
} v (0)=—(~J%2,
On montre facilement que, soit v existe pour tout r>0 et est positive, décroissante avec
0<inf ¢(r)<p,, soit v posséde un premier minimum positif en ry, tel que v(ry) <p;.

r>0
Dans ce cas v est symétrique par rapport a ry et v(2rg)=p,.

Dans le premier cas on définit V(r)=uv(r) pour r>0 et V(r)=p, pour r<0. Dans le
deuxiéme cas, V(r)=uv(r) pour re(0, 2ry) et p, ailleurs. Finalement on définit
w(k, t; x)=V (L Y2 (x,—1)) pour xe RN et t€ R. On vérifie que w(A, ; .) est une famille
de sursolutions de (1) satisfaisant w(A, I; x)=p,>u pour t assez grand, xe{), et
w(h, 1; x)>0 pour xedQ et pour tout teR. En utilisant 'argument de balayage de

Serrin on montre que u(x)< inf w(A, 1. x)<p, pour tout xef), contredisant le fait que
tel

max u>p,. O

Remise le 24 fevrier 1986, acceptee le 17 mars 1986,
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EXISTENCE AND MULTIPLICITY RESULTS FOR A SEMILINEAR ELLIPTIC

EIGENVALUE PROBLEM
INTRODUCTION.

The following eigenvalue problem will be considered :
<A = AEle) in Qe R,

(P) {
u=0o0n3Q=r1,

for X > 0. The domain { is assumed to be bounded and to have a smooth
boundary of class C3.

The function f will satisfy appropriate smoothness conditions. A posi-~
tive solution of (P) will be a pair (A,u) in rY x Cz{ﬁ) satisfying
(P) with u > 0 in . We shall call u a solution of ‘PA}‘

It is a consequence of the strorg maximum principle, see [2], that if
such a solution exists, then f(max u) is positive. The main goal of
this paper is to study positive solutions having their maximum close

to a zero of £. Therefore we assume :

(F1) there are two numbers Py and oy such that Py < Por f) & Por

f(pl} = fI02) =0and f > 0 in (pl,ozl.

In [13] Hess proves the existence of solutions (A,u) of (P), satisfying
max u € {pl.pzl, when £(0) > 0 under the following condition :
%
(F2) J(p) =/ £(s)ds > O for every p € £0,92}.
p
In theorem 1 we prove that (F2) is a necessary and sufficient condition

for the existence of such a solution even without the condition £(0) = 0.

Theorem 1. Let £ ¢ C' satisfy (F1). Then problem (P) possesses a
positive solution (A,u) with max u € (pyepy)e 2f and only
if (F2) holds.




Theorem | improves a result of De Figueiredo in [10], since it does
not use the inheritance condition or even the starshapedness of M.

It also answers a question of Dancer in [9].

Next to this existence result we will prove a uniqueness result for

positive solutions having their maximum close to Pye We need the fol-
lowing condition :

(F3) there exists an € > 0 such that f' € 0 in [p2 - c,czl.

Theorem 2. Let f ¢ Cl“‘r » for gome y € (0,1), satisfy (F1), F(2) and
(F3). Let T ¢ C°. Then there are Ao > O and a nonnegative
2 = - ’ 5
function zy e C, () with max z, « (000,50, such that for
0

zg < uy < £,- Moreover, iim max u; = p
el

all & > Ko (P,) possesses exactly one solution uy with
e

Remarks 1. We will state and prove a sharper version of this theorem in

section 4 (theorem 2').

2. IE T 0, or oy = 0 and £'(0) > 0, theorem 2 was proven in a
recent paper, [3], by Angenent.

For pl < 0 there are also related results in [8].

3. If By = 0 and £'(0) = 0, Rabinowitz showed in [19] the
existence of pairs of solutions for ) large enough by a

degree argument.

When py = 0 and £'(0) = 0 the question arises, whether or not there are

exactly two positive soclutions of {Pl]' with maximum less than p for

2!
A large enocugh. We shall consider this problem only for 1 = B, the unit
ball in RN.

It is known, [12], that positive solutions for 2 = B are radially sym-
metric, and can be parametrized by u(0). If f satisfies (Fl) to (F3),

it follows from theorem 1 and 2' that A is a monotone increasing function
of u(0), for u(0) € (02—8,92}, where £ is some small positive number.

Let C denote the component of solutions of (P) containing these solutions
(A,u) with u(0) € {92-5,02).
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Set p' := inf{u(0) § (A,u) € C}. If p* > 0, it can be shown that more
than one component of solutions (A,u), with u(0) € (0,92} may exist,

implying the existence of at least four solutions for ) large enough.

In theorem 3 we find a sufficient condition on f, which guarantees the
existence of a component U of solutions (A,u) of (P) satisfying
inf{u(0) ; (A, € P} = 0.

Theorem 3.If in problem (P) ,Q is the unit ball in R, with N » 2, and

f satisfies the condition

2
£(u) = [ul® . glu) for some o € (1, %§3 ) and g € ct*Y with
(G1)
g(0) > 0
then the following holds.

There ig an €_> 0such that for every ee (0,e,) there exists

0
a positive solution (A,u) of P with u(0) = e.
Moreover ) is a decreasing function of e, and lim A(g) = =.
e+0
1f f satisfies (Gl), (Fl1) and (F3), there is one branch of solutions

A + (A,u)) with lim U, (0) = p,, and one branch of solutions A + (Aew)

A

with lim EA(O} = 0. Then, since u(0) e (p*,oz} parametrizes the solutions
Ao

of (P) on the ball, which are radially symmetric, [12], one finds the
following. For )\ large enough, [PA) possesses exactly two positive
solutions, with maximum less than Por if and only if p* = 0, If p* > 0,
there exists a positive radially symmetric solution of

<Ad = B(a) R,
.y

lim u(x) = 0,

%]+
satisfying u(0) = p*.
For the sake of completeness this will be shown in section 5. Ni and
Serrin, in [15], found conditions on f which exclude the existence of
a positive solution of (®").
Combining these results we obtain :

Corollary. If in problem (P) on the unit ball in JRN, with N > 2, £
satisfies condition (G1) , (F1) , (F3) and
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for a and g defined in (Gl) either holds a = NN2 or

(62) (N+2 - ) um+1 (w) 2 2N ? sc:H»l
N-2 . w T igo A

. g'(s)ds for all u € [0.92}.

then for )\ large enough problem (PA) possesses exactly two

positive solutions with maximum less than p,.

Remarks. 1. If N < 2, theorem 3 and corollary still hold if one replaces
N+2
in (G1), (1, §=3) by (1,). Condition (G2) is no longer needed.

2. 1n [11], Gardner and Peletier prove a similar result when
p, > 0, by using different techniques.

N+2 s *
3. For every @ € (Egj-. ﬁ:ai a function f exists, for which p > C

1

Such f can be found by using the example on page 2 of [15].

This construction is done in [7].

Concerning the proofs, the main tools will be the sweeping principle of
serrin,see [22],[21], and the construction of appropriate super- and sub-
solutions. For the sake of completeness we define in the appendix a
notion of super-and subsolutions and we prove a suitable version of the
sweeping principle. Some basic ideas for the proof of theorem 2 are
contained in [3].

The results of this paper where announced in [6].

We learned that Dancer and Schmitt, [24], have independently found a

different proof of the necessity of (F2) in theorem 1.



2. PRELIMINARY RESULTS.

In this section we collect some preliminary results, which will be
useful in the coming proofs. The first result for £(0) > 0 is contained
in [13].

Lemma 2.1. Let £ € C’ satisfy (F1), (F2) and £(0) = 0. Then problem
(P) possesses a positive solution (A,u), with max u € (CIDLPOR

Proof. First modify the function f outside of [0,92] by setting f(p) = 0
for p > Py and f£(p) = 2£(0) - £(-p) for p < 0. Note that f is bounded on
R. As in [13] we want to minimize

Tu,A) =% f|ou|? ax - 2 [ Fluax in W} '3 (@),
0
a2 1)
u
where F(u) =f f(s)ds.
0
For A > 0, I(u,)) is bounded below.

Let u, be a minimizing sequence for a fixed ), then

2
I(lu [,2) =% £|D|“nf| dx - xg'p{lun|) dx <

[u, | lu_|
g
<k j[nunl dx - X j{ [ (£(s) - £(0)) ds + [ £(0) ds} dx <
1) at o 0

u u
n n
[|pu |2 dx - A [ {j (f(s) - £(0)) ds + [ £(0) ds} dx
| R 2 ‘0 0

1.
[

I(un.l}.

Since I(+,A) is sequentially weakly lower semicontinuous and coercive in
Wé'Z(Q]. I(-,)) possesses a nonnegative minimizer, which we denote by ul.
It is standard that tl,ux) is a solution of (P), with tne modified f.

By applying the strong maximum principle, we deduce as in [2], that either
EIH uA|ImJ > 0 or u, = 0.

Thus || uAHcp < pys hence (A,u) is a solution of (P).
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1)

Set

w2
]

[#]
2
min{ I f{s)ds ; O p S ma-x{olpl-‘}
5]

w
I
1A
g

L

P
= max{ | 2¢(s)ds ; 0 <p }.
0 .

Suppose that for all positive S| uAH < p, holds, then we will obtain

1
a contradiction.

nél.s € 18] =y with@®= {x € msatx, 1) < 6)

We choose 6 > 0 such that 2 .
and || denoting the Lebesgue-measure of . This is possible since

a > 0 and 1im[@%] = 0.
540

Next we choose w ¢ c;tn). satisfying 0 € w < Py in n{5 and w = Py in
Q- 96 ; then
I(w,2) - I(ul.K) r
2 2
=4 [(low|® = [ou, [Fax -2 [P0 - Flu)))ax <
i Q
™ IIlezdx - )(é Flp,)dx +f (Flw) - F(pz}]dx - f?(ul)dx\ <
Q2 § 0 )
11
2 6
< flow|%ax + 2 a[0°[B- A [(F(p,) - F(u,))dx =
2 !
P2
=k ”Dw|2dx = 2 %]9%8 ~ Af [ f(s)ds dx <
f 2 u,
P 2 8
< 4 [low|ax + x(2[2”]g - |@la) <O
?

for ) large enough, since 2|96|.5 - |n[.u < 0.
Then I(w,A) < I(ux,l}. contradicting the fact that u,1 is a minimizer.

This completes the proof of the lemma.




In what follows it will be convenient to modify £ outside of

[D,pz] in an appropriate way.
Let £ € Cz, respectively cl'Y for some y ¢ (0,1), satisfy (F1) and

1y

(F2). Then there is a function f* ¢ Cl, respectively C , satis-

fying £* = £ on [3,023 and

f* is bounded,

£ < 0in (py®).

£ =0 in (~=,-11,

92 *

[< £ (s)ds > 0 for u e [-1,0].

u

Since we are interested in solutions (A,u) of (P) with 0 £ u < 050

we may assume without loss of generality that £ satisfies (F*). Then

we have
Py

(2.1)  inf{f £(s)ds ; [p,~u| > 8} > 0, for all & > O.
u

Lemma 2.2.Let f ¢ c! satisfy (F1),F(2) and (F*).
Then there exist u > 0 and v ¢ 2 (&M, radially symmetric,

which satisfy :

=Av = p.f(v) in Fy I
v(0) € (91'92)'
vil) = -1,

v' () = 0 for T > 0.

Proof. Since f(u-1) satisfies F(1) and (F2) it follows from lemma 2.1

that there exists a positive solution (u,w) of

-Au = A.f(u-1) in B,
{ u=0 in 9B,

where B is the unit ball in FF » satisfying max w € (plél, P,*+1). By
[12] w is radially symmetric and w'(r) < O for r € (0,1). Set v(r) = w(r)-1
for r € [0,1] and

{-1 $ iy L et L wi1) forze (1ym) SEN¥ D,

v(ir) =
-1+ logr . wi(l) forre (1, dif N = 2.

29




Since £ = 0 on (-=,-1] one verifies that v is the required function.This

completes the proof of the lemma.

Corollary 2.3. Let (u,v) be like in lemma 2.2, and let ue(0,1) be
the unique zero of v.
Then for y € Q and A > u . a2, dly,0) ™2

(2.2) wil, ¥ i %) := v((l/ullz . (x=-y)) , x € 0,

is a subsolution of ().

Procf. The function w(k,y) € Cztnﬂ} satisfies -Aw =) . f(w) in ILN i
hence | (w . (-A¢) -=A. £(w) . ¢)dx = O for all ¢ € U7 (Q), where D*(9)
Q

consists of all nonnegative functions in Cg(m. Since w(A,y) < 0 on
-2
I for X >\ = uz . dly,I) 7, w(i,y) satisfies the definition of sub-

solution given in the appendix. This shows the corollary.

Next we establish some results for the one-dimensional problem

-u" = £(u), x > 0,
(2.3) u(0) = 0,
u'(0) = &,

where f € (:1 satisfies (F1), (F2) and [F*}.

Lemma 2.4. Problem (2.3) possesses a unique solution ug in R for

all &§ € R. The function & + u;eclO,r] is continuous for

every r > 0. oy
Moreover, set « {2 [ £(s)as)” and
0

f(s)ds ;: p € [-1,0] }!‘::

61
0
&, = (max{ —2.f
p

1) if 8 > bys then ua(x) > (6-8,) . x for x € R_,
2) if 6 = 61, then u"s >0on R and )];_L.: uétx) = Py
3) if <8, <8 <&, then sup {u (X): x € R ,v e [-s,,8]}<

4) £f5<'52p then u, < 0 on R, .

é
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Proof. Since f is C1 and bounded, the first assertion of the lemma is
standard.
Note that a solution of (2.3) satisfies
P 5 u(x)
(2.4) ('x)“=6-2.[ f(s)as.
0
1) I£ 6 > 51 + then using (2.1) and (2.4) we have

p
(ué(x}]2 > (6-61)2 - f f(s)ds 2 (6-61)2.

i.lé (X)
Since ué(Ol > 0, we obtain ustx) > tﬁ—ég) « % for x & IH'.
)
2
2) 1f & = 51 = (2 . | f(s)ds)k, we have
0
2 "2
(2.5) (uzx))“=2.[ f£(s)ds .
uélxl

It follows from (2.5), ftnz} = 0 and the uniqueness for the initial value
problem that ug(x) # Py for all x € R, , and thus ug < 92 on R_. Since ug
is monotonically increasing and bounded there exists a sequence {xn},

with lim B o and lim ué{xn) = 0. From (2.1) and (2.5) it follows that

n-e nre
lim 115 (x) = 92.
x—)ﬂ)
Py 0
2 2
3) Note that §; -6, =2 . [ f(s)ds - max {-2 . [ £(s)ds ; p € [-1,0]}=
0 P
i

= 2 . min {g f(s)ds; p ¢ [-1,0]}.
Hence by (2.1), 61 > 62.
1f —62 fcvsfd < 61, one has

u_ (x)
F . >
05 (i)™ = v =2, [ £(s)ds <
u [x)D
5 A e
< max (85,6 -2 . f(s)ds =
0 0,
A )
= max(8,-62,6%-69) + 2. [ f(e)as.
u_ (x)
v
2 h2 w2 42
Since max(62-61,6 —51) < 0, one finds, by using (2.1) again, that
]uu(x}—oz{ z2m > 0 for all x € R _. From u (0) = 0 it follows u, < ny,-m
on R+.
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4) If & < -52 , then

0 uétxi
tué(x)}z >max {~2 . [ f(s)ax ; p e [-1,01} =2 , [  £(s)ds 2 0
P 0

for all ué(x} < a.

Since ué(O)-:O,cne finds ué < 0 on R+ . Hence Ug <0on R

This completes the proof of lemma 2.4.

Lemma 2.4 will be used to establish some results for the problem on the

halfspace D = {(xt....,xnl < HN; Xy 2 ClhL

Proposition 2.5. Let £ ¢ c''", for some y € (0,1), satisfy (F1), (F2)

and (F3). Let u € c2(p) n c(B) be a solution of

-Au = f(u) in D,
{u:OonBD.

with 0 < u < p;a in D and lim ulx, ,x') = o, untformly
N-1 X, o

for x' ¢ R 1

Then ulx,,x') = ug (x,) for x, 20 and x' € rV! where

1
u, 1s defined in lemma 2.4.
1

In order to prove proposition 2.5 we also need

Lemma 2.6. Let {x ) > g[x ,u) be a funetion such that 9139 3 S 9€C 'th

for some y e (0, 1), and Ig[xl,u)| < h(u) for some h e ® (R) .
Let U ¢ C (D) n C (D) be a bounded solution of

1

-fu = gl(x, ,u) in D,
{ = 0 on 3D.

Then s, defined by Slxll - sup{U(xl,x'J R e RN_I]: is
continuous on [0,=), with S(0) = 0, and satisfies

(2.6) L 30y i
RI(s.( ") - glx,,S) . ¢)ax, <0 for all ¢ € D' (R) .

+
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+ o
D (m+) consists of all nornegative functions in CO{R+].

Proof of lemma 2.6. Since U and AU are bounded and U = 0 on 3D, it fol-
lows from standard reqularity properties that U and all first-order
derivatives are uniformly bounded and uniformly H&lder continuous

with exponent y. Let {Qn} be an increasing sequence of bounded sub-

domains of D, with smooth boundary and such that . gli Q % = D. We first

prove that for each n ¢ N, if u,ou, € c(ﬁn) n Hi(ﬂn) satisfy

(2.7) [ (u.(-8¢) = glx,,u) . $)dx < 0 for all ¢ e v*mn),
D

3
Let w € Il+ be such that u + thl,u) +w. u is increasing on

then u, = sup(ul,uz) also satisfies (2.7).

i A mi v Qo
[min u, Amin u,, max u, Vv max u2] for every x ¢ Qn

We obtain

I (ui . (=nd) +w. ui . d)dx < I (q[x‘,u3] + W u3) ¢ . dx
D D

+ 3
for all ¢ € D (ﬂn), § = g

Set h = g[xi,u3] + w . u, and let w satisfy

3
-MWw +w.w ="hin Q,
{ n

w=20on 30 .
n

Note that w € C[ﬁn) r1Hl{nn]. Then wi = ui -w, 1 =1,2, satisfies

(2.8) [ (w .(=A¢$) +w.w . ¢p)dx < O for all ¢ ¢ D+(szn).
D
It is known that sup(wl.wzl also satisfies (2.8), see [23,Th. 28.1].
3 1 5 3 € C(ﬁn) n Hl(ﬂnl. By induction
it follows that if u, « C{Qn} nH tﬂn}, i = L,uuak, satisfies (2.7),

Therefore u_ satisfies (2.7). Note that u

then sup{ui ; 4 =1,...,k} also satisfies (2.7). Let u, be translates
of U perpendicular to (1,0,...,0). Since U € c(d) n Hioc{D"

supfu, ; i = 1,...,k} will satisfy (2.7).

i
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Then by using the Lebesgue dominated convergence theorem and the fact

that U is bounded, one shows that
S(x,) = sup {Ulx ,x") ; x' ¢ ) T sup {U{xl.x'i : o o

also satisfies (2.7) for each n. From the choice of the ﬂn it follows

[ (S(-8¢) - g(x ,S) . $)dx < 0 for all ¢ ¢ " (D).
D

By choosing ¢ of the form ¢;+8,, with by € D+[lt+} and ¢, € 0+(3F‘1),

it
¢2 # 0, one gets (2.6), since S only depends on %y
Note that S, as the supremum of continuous functions, is lower semi-
continuous on [0,=). From (2.6) and the fact that g(xI,E] is bounded,
we deduce that S is the sum of a convex function on (0,®) and a cl—
function on [0,»). Hence 5 ¢ C(0,»). Since U(0,x') = 0 and since

5%— U(0,x') is uniformly bounded, S(0) = 0 and S is continuous in 0.
1
This completes the proof of lemma 2.6.

Proof of proposition 2.5. Without loss of generality we assume

that f satisfies (F*). Define

. |
InElU (e adl) 2 %Y € IIN "} and

1
sup{U(x,,x') ; x' ¢ i 8

I(xl)
S(xll

It is sufficient to prove that

(2:8) T2y ©onR.s and

(2.10) s € on R,

Us

6 =246_.
for 1

Wwe first prove (2.9) for § = § . By lemma 2.4,4), (2.9) holds with

1
6 =~ 52, since I 2 0 on ii+. We will use a sweeping argument to prove
(2.9) for every 6 ¢ (-62-1,51). Let § ¢ (-62—1.61). By lemma 2.4,3) and

there exists p < 02 such that

(2.11)  sup{u (x,) i x; ¢ R _,8 < 6} < p.
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For some R> 0 one has I> ¢ on [R,»). It follows from lemma 2.6,
with g(x,,u) = -f(-u), that I ¢ c[0,=), 1(0) = 0 and

[ (T.(-¢") - £(I) . $)ax 2 0 for all ¢e0+(n+1.
o
+

Hence I is a supersolution of

-u" = £(u) in (O,R),
(2.12) u(0) =0 ,
u(R) = p.

For § € {—62—1. 6], (2.11) shows that u_ is a subsolution of (2.12).

]

We are now in the position to use lemma A.2 and we obtain I = u6

on (0,R), hence on R_F.Fbr %, 2 0 one has

1

(%) 2 1im g (x,) =u :
1 5%61 ot 61 1

This completes the proof of (2.9), with 6§ = §

1

Next we give a sketch of the proof of (2.10). Since EEF-U is uniformly
bounded, there exists ¢ > 0 such that !

s(xl) < . xl for x1 [ R_+.

By lemma 2.4, 1), one has (2.10) with 6 = 8§, + c. Let § ¢ [61.61+c}.

1
Also from lemma 2.4, 1), it follows

ue(xxj > p.¥l for x, ¥ R ;= (6-611-1

2 { . (p2+1) and B e [6,61+c3.

Note that § = . Then one concludes as above after using a sweeping

P
2
argument for the problem

-u" = f(u) in (O,R),
u(0) 0,
u(R)

92-

This completes the proof of proposition 2.5.




3. PROOF OF THE FIRST THEOREM.

o
2
NECESSITY :With Jip) = [ £(s)ds, and assumingp, > O, define
o]
J* := min {J(p); p € [0:013}-

*
Suppose condition (F2) is not satisfied, that is J = 0.
Let (A,u) bea positive solution of (P) satisfying max u ¢ (01,921-
We will obtain a contradiction.

Pirst, if 3* = 0, modify £ to £* in ¢’ such that £> £ 5> 0 in (max u,

p,y)
and £ = £ elsewhere. Still u is a solution of [PA}' but now J < O.
Hence we may assume without loss of generality that L h
Consider the initial value problem
(3.1) -v" = £(v),
v(i0) = p,
(3.2) { ¢ 3
VELO) = ={=37)".
For a solution of (3.1), (3.2) one has :
2 "2
*
(3.3) ('@ =-3 +2. [ f(s)ds.
v(r)
* *
Set p := max{p € [O'OI] ; Jlp) = 3 ).
e
Because of (3.3), (v'(r))2 2 -3* + 2 [ f(s)ds = -3" > 0 holds for v(r)
v(r)

in fpl,pzl, and hence inf v < p . .
Next we show that v remains positive. If not, there exists an r such
that v{r*} = u*, and since (3.3) holds, one finds
Py
WU w g a0 £la)as =41 20,
D*
a contradiction.
So either v(r) +p e (p*,pl) if r + ®» , or v has a first positive minimum,

say in ;, and v is symmetric with respect to r.



In the first case define V(r) :=

wiz) for x> O
{ , and in the second

sz for r < 0
v(r) for r € (0,2r)
case Vir) := {92 elsewhere in R

Set w(l,t;x) = V(J\l’.(xl—t)! , where x = (xl,......xN) s

Then {w(A,t;-) ; t € R} is a family of supersolutions, and for t
large enough w(i,t;-) = DZ in Q.

By the sweeping principle u < w(\,t;-) for all t.

Hence u(x) < inf{w(l,t;x); t € R} = inf v < Py v @ contradiction.

Remark 1. Let £ € C1 satisfy (F1). The proof also shows that, if (F2) is
not satisfied, there is no solution u of (PA} with max u € (pl.pz)

even if u changes sign.

1 - .
Remark 2. Let £ e C satisfy (F1) and let Q < RY be an unbounded domain.
Note that the same technique shows that problem

-Mu = f(u) in @,
*
(P ) u=0 onaq,
lim u(x) =0
Jx[")'m
x el
may have a soluticn u, with max u € (pl,pzl, only if condition

(F2) is satisfied.

SUFFICIENCY : We will prove a stronger result, which will be used later on.

Let x* € Q. Then define k*=|1. uz = d{x*,F)-2 and B - w(A,x*J. where

¥ , @ and w are defined in corollary 2.3.

Lemma 3.1. Let f satisfy (F1), (F2) and (F ).
Then 1) for X > g problem (P,) possesses a solution
u, € Lz, 02];* :

2) there exists A > X , c> Oand 1 € (psP,)
such that for A > \** every solution u ¢ [za. Pyl
of (p,) satisfies

(3.4) u(x) > min(c .AH. d(x,I),t) for all x e §.




* 4
Remark 3. It follows from (3.4) that u, > 0, for » > X , and that

A
max u, € (91,92], for A large enough.

Remark 4. Lemma 3.1, 2), shows ;% )

£(0) < 0. (3; denotes the outward normal derivative)

Proof of lemma 3.1. By corollary 2.3 one knows that for i > 2\, z

LS
u, < 0DonT for A > A , even when

is

a subsolution of tPA), with zh <02. Since Py is a supersolution of [Pk).

lemmaA.l yields a solution u, ¢ (zA, 92] of (P)), for ) > A

completes the proof of the first assertion.

Since {} satisfies a uniform interior sphere condition, there exists

o > 0 such that 2 =u{B(x,e); x ¢ HE}. for € € (O.EO]- where

£
QE = {x ¢ f: 40x,T) >e}. Set
A= max(lt, P u2 5 5_2).

- 1
c=4y ° ., inf {(e~x) . vir) ; r € [0,a)} and

T=v(0) , with y , v and o defined in corollary 2.3.

Note that ¢ > 0 since v > 0 on [0,a) and v'(a) < 0. Let (i,u) be a

solution of (P) with A > l**and u ¢ [z,,0,]- Since for X > X*t [} L
A2 (u/x)

is arcwise connected and since w(k,y) is a subsolution for v ¢ 0

with w(l,¥) < O on I', one finds by lemma A.2 that

u> w(d,y) in Q for all y € Q

K"
a.(p/ X
Hence
ulx) > ¢ . xh . d(x,I) for all x ¢ N\ iy
a. (p/2)
ul(x) > v for all x ¢ 0 g v
a. (u/2)

which completes the proof.

']



4. PROOF OF THE SECOND THEOREM.

As mentioned in the introduction theorem 2 will be a consequence of

a sharper version, theorem 2Z°.

Theorem 2'. Let T ¢ ¢ and let £ « CI'Y, for some y € (0,1) satisfy
(F1), (F2) and (F3). Then for some AI # B
1) there exiete ¢ € c' ([, = :c* (M), such that (A,6(1)
te a solution of (P) for X = Ay with ¢(X) > 0 in 9,
max ¢(A) € [91'92] and 1im max ¢(X) = p, ;
Kova 2
2) ue(k,u) denotes the principal eigenvalue of
J—A-l .bh=-£() .h=yphin@,
(LP)
1h =0onT,
then Ho (A, (M) > 0 for > Ay i
3) for all nonnegative z € C;(ﬂl with max z € (p ,0,),
there exists A(z) > Aif such that. if (A,u) 25 q
solution of (P) with x > A(z) and u € [2z,0,1, then
u=¢(A).

Remark 1. Theorem 2 follows from theorem 2' by choosing a nonnegative
function z € cgtn) and setting Ag = A(zy), as in the third
assertion of theorem 2'.

Remark 2. 1f py > 0, let C denote the component of solutions (P) in
R, x c2{§1 containing {(A,4(A)): A 2 Ai}. since C is con-
nected, one has for (A,u) € C that max u € {01,921 (see [2])
and X > 0. By using degree arguments as in [19],[20], one can
show that for A large enough, C n ({1} xcz{ﬁ)) contains at
least two solutions of (P). The proof of this assertion will

appear elsewhere.

For the proof of theorem 2' we need the following lemmas.
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Lemma 4.1. Let f ¢ C1 satisfy (Fl), (F2) and (F*). Por every &€ > 0
there te  c(8) > 0, such that for all solutions (A,u) of

*

(B), with A> A" and u € [2,,p,] , the following holds
(4.1) u(x) > min(c(é) . AH - d(x.[) 02—51 for all x ¢ Q,
with A** and z, as in lemma 3.1.

Proof of lemma 4.1 . If Py - § < 1, we are done with c(8) = c as in

lemma 3.1. Otherwise, by (F1) there exists o > 0 such that
0.(u-1) < f£(u) for all u e [1,p,-8].
Let v denote the principal eigenvalue of

{-M;=v.¢ in B,

v =0 on 3B,

where B denotes the unit ball in Eﬂ.

Then by using lemma A.3 with @' = Q oy k = c_1 . T, one finds
k.A

(4.2) u(x) > Py 5 for all x ¢ Q " ke #
((v/a) *+k) . A

since (' ) =Q .

(w/an®  ((v/e) a7
By (3.4) one finds
(4.3)  ulx) > cid) . A7 . dlx,[) for all x € O\R " i
{((v/o) “+k).A

WEkh Gt = 1 Lovle) Sk Y,

This completes the proof of the lemma.

Lemma 4.2. Let £ ¢ c''Y for some y € (0,1), satisfy (F1), (F2), (F3)
and (F"). Then there existe Ay 2", such that for every
solution u of (B)), with x> X and u € [z s
one finds ugy(i,u) > O.

At P2
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Proof. Suppose this is not the case. Then there exists a sequence

{{Rn,un) ; n € N} of solutions of (P), with O, € [zk ,pz],
o = n
Py 25 uo(ln,un) = 0 for all n, and lim An = =,
n+=
Let £ be defined by (F3). Since Ke < 0, for all n, the associated eigen-

functions Voo normalized by max v - 1, satisfy

-1
=A, - AV, () = (£M(a (X)) + u ). v Ax) < O for x € RK (k¢
where “n

(4.4) K = (c(e))”! . (b, =€) .

The constant c(e) is defined in the previous lemma.

Hence the function vn is subharmonic in § a0t and vn attains its
K. A
maximum outside of 0 . Like in [3] let yn e O\Q be a point
x,a;h K.A;B

where Ve attains its maximum and let x" ¢ T be a point which minimizes
{d(x,yn} ; x € T}. Since x" and M are bounded, there exists a sub-

sequence, still denoted {(A ,u )}, such that lim x" =X eI and
oo
lim u = L <0 . Let 0 be an open neighbourhood of x in R, chosen so
n~m
; 3 N
small that it permits C~ local coordinates (£1....,ENJ : 0 >R, such
that x € @ n 0 if and only if £, (x) > 0, E(x) = 0. In these coordinates

the Laplacian is given by

3
M = L aij[g] A~

+
13 e

B B g~
—u LB (E) i = u,
@ 3

58 2 &

where aij € Cz, bj € C1 and u(x) = Ets(x]).
Moreover we choose the local coordinates such that aijIOJ = éij'

Next define the functions
" n =k
un(E(x I AT - n),

b

~ n =
vn(E(x b * ln - N

Un(n)

Vn(n)

2
Since [Un} and {Vn} are precompact in C;

subsequence.Hence there are U, V € C (5], bounded and positive in

» there exists a convergent

D= {(xl,x'} Po%y s 0 gl Ey-H , satisfying respectively
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£(U) in D,

ey
[ =
=
(I =
[}

0 on @D,
-V - f'(U) . V=3.V inD,
{ Vv = 0 on 3D.

Moreover by lemma 4.1 for every &6 > 0 the following inequalities,

(4.5) min(c(8) . Xy s Py - §) < U(xl,x'J <0, for all x> g, x' ¢ BN—1

hold. From proposition 2.5 we have

N-1
s (XI) for xl 20, %" € 3
1

Set S(xll = sup {lel,x‘} ;i X' € R

" -
U(xl,x }) =u

N-1
}.ThenD(SilinR+andwe

obtain by using lemma 2.6 that S ¢ c[0,=), s(0) 0 and

(4.6) [ (S.(-¢") - (£'(ug) + @) . S . ¢)dx < 0 for all ¢ ¢ v*(n+1 g
5

R
+

Since uk >0 on‘i+, there exists a smallest C > 0 such that
1

W:=1¢C . u'6 - S 20 on [0,k+1], where K is defined in (4.4).
1
Then one finds by using (4.6) and (-u! )" = £'{(u, ) . u%* in R , that
61 61 él -
(4.7) [ (W.(=¢") - £'(us ). W . 4)dx 2 0 for all ¢ e D+(R+].
R 1
+

Since W is nonnegative in [0,k+1], there is w > 0 such that

J (W.(-¢") + w.W. é)dx 20 for all ¢e D+((0,K—1)).
R
+

By [5, corellary p. 581] and the fact that W # 0, one obtains
(4.8) W2b.x . (Ktl-x) for all x € [0,K+1] and some b > 0.

By construction W vanishes somewhere in [0,K+1]. Since W(0) > 0, one

finds W(K+1l) = 0. Moreover f'{u6 ) 0 on (K,=).
1



Hence (4.6) yields that S is convex on (K,=). Since W is the sum of

a Cl and a concave function on (K,=), (4.8) shows

- +
0> f%: Wik+l) 2 g; W(K+1), and therefore W(x) < 0 on (K+l,K+l+c)

for some ¢ > 0. Moreover W cannot vanish on (K+1,=). Otherwise
there would be c > 0 such that W < 0 on (K+1,K+1l+c) and
W(K+1) = W(K+l4c) = 0. But this cannot happen since by (4.7) W is

concave as long as W is negative on (K,=).

+
: d
Hence W is concave on (K+1,=). Since = W(K+1) < 0, W is not bounded
below, contradicting W = C.u& -5 2-1 on 12+. This completes the

proof of lemma 4.2. 1

It follows from lemma 4.2 that for A > Al, [PA) possesses at most
one solution in [zl,pzj. Indeed, choose w > 0 such thatX. £'(u) + w> 0
for u ¢ [0,021, and define the mapping K : c(@) = c(f) by

K(u) := (-A s (A.f(u) +w.u),

|
where (-A+w) is the inverse of -A+4w with homogeneous Dirichlet

boundary conditions. By our choice of w, K maps [z ] into itself

LS
and K has no fixed point on its boundary. Since K is compact, the
Leray-Schauder degree on (21'92) is well defined. Because tzl,pz) is

convex one finds
degree (I - K, (zl,pz). 0) =1.

If (A,u) is a solution of (P), with u e [z ] and uo(Au) > 0,

P
it follows that u is an isolated fixed poiit zf K. Moreover, the
local degree of I-K at u is 1. From the additivity of the degree
it follows that K possesses at most one fixed point in (zh,pzﬁ. We
denote this solution by 4¢(A). Since uotk.¢(A)] > @y for X 3 11,
one finds by the implicit function theorem and Schauder estimates,
that A » ¢(A) clttxl,m); c®*Y(R)). The estimate (4.1) implies
that lim max ¢(A) = Py

PR
It remains to prove the third assertion of theorem 2'. Let z € U+(Q)

with max z € (Dl,n ). It follows form the first part of the proof,

2
that it is sufficient to show that there exists Ai(z) > Al, such

that any solution uof (PA], with A > X(z) and u ¢ [z,pzj, is

larger than z,. This will be done in two steps.

3



First note that, form the definition of z,there exists an s ¢ {pl,pzj
and a ball B[xo,r} c §, such that z > s in B(xo,r}. Let g > 0 be
such that f(u) > o . (u-s) for u ¢ [s,1], where 1 = max z,. For

A> Ay (z) := (iv/a)® + uH2 . 2, with u defined in lemma 2.2,

we can apply lemma A.3 in order to get
u{x) > v for x ¢ B(xo.(u/A)ch B(xo.r—(u/ollh).

Observe that w(l,x,;) < u in @ for A > A, (z). By corollary 2.3
w(l,xc} is a subsolution of (Pk) for x> A, (2).

Finally, like in the proof of lemma 3.1 part 2), one uses lemma A.2
to show that if u> w(l,xy) in @ and A > A(z) := max(AI{z),x**}

also the following estimate holds,
u> wid,x*) =z

3

This completes the proof of theorem 2'.
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5. PROOF OF THE THIRD THEOREM

Note that, if (M\,u) is a positive solution of (P), then v := (u(0)) '.u

satisfies

{-f_w = GBI o Lwy® 5 glelold) Fn

v = 0 on 3B.

Moreover by defining w(r) := v(R_lr) with € = u(0) and

4(a-1) J':

(5.1) R = u(0) one gets

N
(5.2) W - — =T, gle.w)

{w{R} =0
w> 0 on [O,R).

Let w(e,-) denote the unique solution of the initial value problem (5.2-5.3)

Lemma 5 . There exists €,> 0 such that for e in [0.91], w(e,-) possesgses
a first zerc, which we denote by R(e). Moreover R as a
function of € is Cl[o,el} nclo,e,) and é%-R ite bounded on
(0,% €,)

We first show that the assertion of theorem 3 is an easy consequence of
this lemma. By (5.1) we have A(e) = R(a)2 = el_a. and hence

4 = -a .9 .
ac Ale) = R(e) . € .(2Ed€ R(e) + (1-a) R(e)), 0 < € < €,. Since

3 -1> 0, R{G) > O and &d'e“ R is bounded on (0% £}, it follows that

d 2
ey A(e)< 0 on some interval (0,50}.

Then for A > A lco), uA(r) = €{A). w(R(e(A)).r) is a solution of (PA) on
the unit ball, where e£(X) is the inverse of the function A(e). This
function £()) is well defined on (A(ED),w}, decreasing and satisfies

lim £()A) = 0. This completes the proof of the theorem.
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Proof of lemma & : It is known, see [17], that (5.2-5.3) with

£ = 0 possesses a solution w, having a first positive zero which we
denoted by R(0). We want to obtain the function w(e,-) by a perturbation
argument.

Since we are only interested in bounded positive solutions, we modify
the right-hand-side of (5.2) by setting h(e,w) = k(w) . glew) where

k is a Cl-function satisfying

0 for w < 4@
k(w) =4 w® for 0 < w< 1

0 for w 2 2,

]
The function h is C ((-1,1) x R) and has bounded derivatives. The

initial value problem

N-1

(5.4) -y - T w' = h(e,w) € € (=-1,1),
w (0) =1

(5.5) {
w'(0) =0,

possesses a unique solution w(e,-) on [0,=).

For ¢ in [0,1), since w(e,+) is decreasing until it possibly becomes
zero, this function w(e,*) is identical with the cne in the lemma, as
long as it is positive.

We claim, for every r > 0, w(*,r) is a Cl—functian of €:

First this will be proven for r € (0,8), with & small enough. Note
that (5.4-5.5) can be rewritten as w = T(g,w), where

s of
1-N I SH~1

0

T(e,z)(r) = 1 - T t h(e,z(s))ds dt, for z in c[0,6].
0
For every 6§ > 0, T : (-1,1) x c[0,8]+cC[0,8] , where C[0,8] is equipped
with the supremum-norm, is continuously Fréchet-differentiable. For §
small enough, T(e,*) : C[0,8] - C[0,8] is a strict contraction with
a unique fixed point z(e) such that € + z(e) is continuously differentiable
Since w(e,r) = z(e)(r), the claim is proven for r < 6 . By repeating
the argument it can be shown that € + w(e,r) is continuously differentiable

for every r > 0.



Since w(0,R(0)) = 0 and wr(O,R(O}l < 0 it follows from the implicit
function theorem, that there exist an €y 0 and a continuously
differentiable function R(+), defined on (-el,el}, such that
w(e,R(e)) = 0. From (5.4) it follows that R(e) is the unique zero

of w(e,+) on :R+. This completes the proof.

Proof of the ecorollary : Since u(0) parametrizes the solutions
(A,u} of (P), p* = inf {o > 0; (P) has a solution (X,u), with
u(0) = p, for all p€ [0;02)} . Suppose p* > 0 and let v be the

solution of the initial value problem

N-1

(5.6) A g v = £{v);
{ vi(0) =p" ,
{5.7)
v'(0) = 0.

Since f(p) > 0 on ID,p*]. v is strictly decreasing while v is positive.
If v has a (first)positive zero R, then (Rz, \n‘l[R_X - )) is a solution of
(P), which contradicts the definition of p*.

If v stays positive, then

(5.8) lim v(r) = 0.

r-i-w
Otherwise, there are ¢ > 0 and R> 0 such that f(v(s)) > ¢ > 0 for
s > R. By integrating (5.6), one finds

N-1

i=N s ' f(v(s))ds <

v'(r) = (n/r)”'1 . v'(R) - r .

me— N

< (l’&/r)“q-1 -« V'(R) - (e/N) . tr-R.(R/rlu_l)-c -1,

for r large enough, contradicting the fact that v stays positive.

The existence of a positive function satisfying (5.6-5.8), is contra-
dicted by theorem 2.2 of [15], if @ S N/(N-2), and by theorem 3.1 of
[15], if the integral condition of (G2) is satisfied. Therefore p* = 0.
This completes the proof.
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. APPENDIX,

In this section we state, for the sake of completeness, a definition
and some lemmas concerning sub- and supersolutions of problem

-pu = h(u) in Q © RN;
(H) {

u=g on T,

3
where {I is a bounded domain with C -boundary, h € C1 and g € CU.

Definition : We eall a fumetion v a subsolution (supersolution) of
(w) Zf :

i) vec .

ii) v £ (2) g on 3N, and

1i1)  [(v.(=8¢) - h(v) .¢)dx < (2) O for every ¢ € D' (),
2

where DY (Q) consists of all nonnegative functions in
o n :
CO( )

Lemma A.l. Let v and w be respectively a sub- and supersolution of
(B) with g=0, If v < w in Q, then there exists a sclution
ue Cztﬁ) of (H) with g = 0, which satisfies v S u < w
in f.

Proof : We essentially follow the proof in [21] on page 24. Choose
a number w > 0 such that h'(u)+ w 2 0 for min v € u < max w, and

define the nonlinear map T by By = Tu, where

1

[ —au1 4+ w.u =hfu) +w.uin q.
i, = 0 on L.

1

Clearly T : C(f)) + C(7) is compact. (Where C({j) is equipped with the
Supremum-norm. )
It is standard that T is monotone on [v,w]. Next we show that

vl :=Tv 2 v in 1.

By the definition of a subsolution and by the construction of v , we

1'
have
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J vo(-8¢) +w .v.¢)dx< [(h(v) +w.V)p dx =
Q h!

= Jtvy-(-88) +w . v, . $)ax for every ¢ ¢ AT
Q

Thus z = v1 - v satisfies z > 0 on 3§ , and

I (z.(-4¢) + w . z . ¢)dx =2 0 for every e U+IQJ.
v}

We claim that z is nonnegative in Q.
Otherwise there exists a ball B(xo,r) < @ , such that z is negative

in B(xo,r) and achieves its minimum in xo

Hence

I z.(-A¢)dx =2 0 for every ¢ ¢ U+(B(x0,r)).

Q
This shows 2z is superharmonic on B(xo.r), and from the minimum
principle we get z(x) = z(xol on B(xo,r).
Then

] (z.(-8¢) +w .z . ¢lax = w . z(xy) [ $dx <0
B(xg,¥) B(xo.r)

for every nontrivial ¢ e D+(B(x0,r1}. a contradiction.
Thus Tv = vy z v on 1. Similarly, one proves Tw < w on 8. Now it
is standard, see [1], that T possesses a fixed point in [v,w], which

is a solution of (H) with g = 0.

Next we prove an appropriate version of the sweeping principle of
Serrin, [22],[21].

Let I' = 90 be the union of two disjeint closed subsets F1 and Fz,

where Fl or I', may be empty. Let e € Cltﬁi satisfy e > 0 on
Qv Fl and e = 0, QE < 0 on F2. (n is the outward normal) .
set ¢ (M) = {u e c@; |u| <a.e for some a > 0} and for

u e CE(ﬁ) define “u”e =inf {a> 0 ; |u] <a.e}.
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Lemma A.2. Let u be a supersolution of (H) and let A = {vt: t e [0,1]}
be a family of subsolutione of (H) satisfying Ve < gon
ry and v, =gon Ty, for all t e [0,11,
If 1)t (v.-vy) € C (R) ©s continuous with respect to
the Il -l e horm
2) u z vy in R, and
3 u # ver for all t € [o,11,
then there exists a > 0, such that for all t « [0,1]
= e einf

t

Proof - Set E = [t ¢ [0,1] ; u 2 v in @i}. By 2) E is not empty.

Moreover E is closed. For t € E wt =u - Vt satisfies

8
[ (w.(=89) + w . w . $) dx 2 0 for all ¢ ¢ D (R) and some w> O.
Q

since w # 0 it follows from [5, corollary p. 581] that there is 8 > O,

such that w_ 2 B. uge for some u_ € Cl{ﬁ), which satisfies u_ > 0 in 2,

0 0

t
= 3 e L
ug = 0 and 3n uﬁ < 0 on I'. The function W is positive on Fl. which

is compact, and continuous on fi. Hence there exists y > 0 such that

w, > Yy . e. Since t + (w -wg) is continuous with respect to the .|| 3
norm, E is also open. Hence E = [0,1] and there is o> 0, such that
w, > . e in & for all t e [0,1].

This completes the proof of lemma A.Z2.

Let y be the principal eigenfunction, with eigenvalue v, of

tav =X .v inB;
= 0 on 9B,
where B denotes the unit ball in l!N i

Let Y be normalized such that maxy = 1.

Lemma A.3. Let u satisfy -au = A . £(u) in an open Q' c Q, such
that u(x) > a for x € 2'. Let o > 0 be such that
f(u) > o . (u-a) for u e [a,b].

If X € o' i, then u(x0}> b.

(v/o))



Proof. set B(xo,x,t;xj = a|+t-..tp((c:)k/\:}li . tx—xO}J for x € B( ) and
t € [0,b-al, where B( ) = B(xo,(ufok)E). The set {B(xo,x,ﬂ;te [0,b-a]}
is the family of subsolutions of the problem

-Av = A, f£(v) in B( )
o |
v =u on 3B( ),

and B( ) c a'.

By using lemma A.2 one finds u(xo) > B

It remains to show that B(XO.A,t) is a subsolution of (Pb1,° By the
assumption of the lemma u> a = e(xo,l,t) on 3B( ). The integral con-

dition is also satisfied :

J  (a(=A¢) -2.£(8) .¢)ax = [ (-A6-A.£(8))¢ dx <
B( ) B( )

< [ (-p8-rc(8-a))¢ dx = 0 for all ¢ e D' (B( ))
B( )

This completes the proof of the lemma.
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Chapter 2

On the maximm of solutions
for

a semilinear elliptic problem.

ABSTRACT. In this note one studies some properties of a semilinear
elliptic eigenvalue problem with nondefinite right hand side. In the
first part it is shown that every solution will have its maximum in
some specified interval J. If the domain is inside a cone in RN with
N > 1, then J is strictly less than in the one-dimensional case. In
the second part one shows for bounded domains that if the maximum is
inside some subinterval of J, then for any eigenvalue there will be

at most one solution.



1. INTRODUCTION AND MAIN RESULTS.

In a previous paper,[l], existence and uniqueness results in order inter-
vals of C(@) were obtained for the following eigenvalue problem
—-Au = Af(u) in 2 © R N,

£1.1) {

u=20 m |,
with X > 0 and f changing sign. In this paper we will give some results
which are related with the maximum of the solutions. The assumptions on
f are basically the same as in [1]:
(1.2) L Cl and there exist P19P) with 0 < Py <Py such that

f(pl) = f(pz) =0 and £ > 0 in (nl,oz).

And the condition orginating from [6,8]:

o]
2
(1.3) [ £(s)ds > 0 for all p ¢ [0,p,3.
p

For functions satisfying (1,2), (1,3) define

o
(1.4) 0* := infloe [Dl,pzl;f f(s)ds > 0 for all p ¢ [U,D]]}.
o

b

ZANZaEDTa

fig. 1

For any positive solution (X,u) of (1.1) with max u € (p],az) it is
proved in [3], that max u > p* if Q satisfies some symmetry properties
and £(0) 2 0. For nonsymmetrical bounded domains it is shown in [1,4]
that condition (1.3) is necessary for the existence of a solution with
max u € {p’,pz). This proves again that such a solution satisfies

max u 2 p*, If not, one changes f on (max u,pz), such that (1.3) is

no longer satisfied, and one finds a contradiction.



By a more direct proof, which uses a one dimensional argument, one can

show the strict inequality, even for some unbounded domains:

Proposition 1. Let 2 € C < B.N, with N > 1 and where C is a cone.
Suppose f satisfies (1.2),(1.3) and (),u) satisfies (1.1),
with sup u € {p],pz}.
If £(0) =2 0 or if 3Q € Cl then sup u > p*.

The cone C, with vertex in x, is defined by C := {x+t(y-x);t > 0,y € B},

where B is an open ball such that x ¢ B.

Remark 1. If N = 1, and without more assumptions, one finds sup u 2 o,

2. If one keeps f and @ fixed then p* is in general not optimal.

An example will be given in section 2.
3. A similar result can be found when Py =&, Qs f >0on [pl,m).

4, For Q = llN, and hence no boundary conditions, there are related

results in [9].

Now assume I is bounded.

Like in [12] it can be shown that if there is a solution (K,u]) of (1.1}
with 3 large and max u, € (°1'°2)' there has to be a second solution
(A,u,) with max u, € (D],Dz). This will be shown elsewhere.

Hence one cannot expect uniqueness. However, in [1] it is proven that
there is an order interval fv(.),pzl c €(%), with v 2 0, in which there
exists for A large enough exactly one solution if 3Q is 03 and under the
condition i

f e C]’Y, for some y € (0,1),

a5
£" <0 1N (92—6,92), for some 6§ > 0,

Dancer [5], raised the question whether is is possible to find a subinter-
val of (ol,pz), so that for )X large there is a unique positive solution
(2,u) of (1.1) with max u in this subinterval. In the following theorem

we will state a slightly stronger result.
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Theorem 2. Let T < 0 and suppose @ is bounded and 30 is C3. If £
satisfies (1.2) (!.5) and
P2
(1.6) [ f(s)ds > 0 for all pe [T,pll,
o

then there exists 6] > 0 such that for all A > 0, there

is at most one u, € Cz(ﬁ) with
g2 (Asu,) is a solution of 1)
ii) 1 < uy in @,
iii) max u, € (pz—ﬁl,pz).
In [I'] it is proved that a curve of positive solutions (2,¢(}))

exists with max ¢(A) (p],pz) and lim max ¢(1) = Pye
]

Combining these results one finds that for all ) large enough there is
exactly one u, which satisfies i) ii) and iii). Moreover, since the
maximal solution below p, is increasing with A for starshaped 2, one
finds :
Corollary 3. Suppose { is starshaped and bounded, and 3Q is C3. If

f satisfies (1.2) (1.3) and (1.5) then there exists
5§, > 0, such that max u parametrizes the positive solutions

2
(A,u) of (1.1) with max u € (92-62,:)2).

For the proof of Theorem 2 we use the Lemmas 5.1 and 5.2 of [14] and

the results in [1].



We will finish this chapter by showing that p* is not optimal for

positive solutions in bounded 0.

Lemma 2.2 : Let £(u) = u - 1 and let 2 be the unit ball in RN with

N > |. Then there is p**> 2 = p* such that every positive

*k
solution (A,u) of (1.1) with max u > | satisfies max u > p .

Proof : By [7] every positive solution (A,u) is radially symmetric and

u(0) = max u. Hence by [10]:

K N-2, % N-2
(2.8) u(r) = 1 + (u(0)-1) [ cos(r¥» cos 0)(sin 0) ~do/f(sin 8)" “do.
0 0

Since v

K Bl N-2
y = inf {J cos(z cos 0)(sin )" “do/ [ (sin ©)" “d0; z > 0} <0
0 0

satisfies vy ? -1 for N 2 2, one finds independently of A that

0=u(l) 21 + (u(O)—l).vN. Hence

(2.9) u(0) 2 1 ~ y

— o
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3. UNIQUENESS OF SOLUTIONS WITH MAXIMUM CLOSE TO P

This section will be divided in four parts. For the sake of complete-
ness we will start by recalling some results from [1]. Next we will
show some technical lemmas. Thirdly we show an estimate at the
boundary for the solutions close to Py defined in [1]. After these

preliminaries we use results from [14] to prove Theorem 2.

3.1 EARLIER RESULTS.
Theorem 3.1 [1, Theorem 2']. Let 0 be bounded,?3Q be C3 and let f
satisfy (1.2), (1.3) and ().5). Then for some M 2 0,
1) there exists ¢ € le[ll,w); Cz(ﬁ)), such that (i,¢(2))
is a solution of (1.1) for 2 2 Al, with ¢(3) > 0 in Q,
max $(1) e (o],oz) and lim max ¢(}) = Pos
A
2) for all nonnegative z ¢ c;(n} with max z ¢ (ci,pz),

there exists A(z) > Xl’ such that if (X,u) is a solu-
tion of (1.1) with A > A(z) and u € [2,92] c C(2), then
u= ¢(r).

Furthermore, by using [1, Proposition 2.5], one can prove a related

result on the half space D = llf = {(xl,...,xz} € ]!N; X, > 0l.

Proposition 3.2. Let f satisfy (1.2), (1.3) and (1.5). Let
u e Cz(D) n C(D) be a solution of

I-ﬂu = f(u) in D,

(3.1) Lu
= 0 on AD,
If there are c, > 0, c, € (pl,pz) such that
3.2) min (e;.x;,¢5) < ulx,,x') < p, for (x;,x') e R, x R,

then u(xl,x') = U(xl), where U is the solution of
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=" = £(U),
(3.3) u(o) = 0, p
2 4
U'(0) = (2 [ £(s)ds)®.
0

Proof. In order to apply [1, Proposition 2.5], one has to show that

u<p, in D and that lim u(xl,x') =p, uniformly for x' € RN_I.
X, o

The inequality is straightforward since the strong maximum principle
[]1, Th. 2.3.6] shows that if u < Py than u < Py OT U = p,. In order
to show the uniform convergence we will prove that for anye > 0
there is c(e) > 0, with

N-1

(3.4) u(x|,x') > pyE for x, > c(e) and x' ¢ R .

1

Let V be the first eigenfunction, normalized such that max V = |,

with eigenvalue v, of

-V =v , V in B,
(3.5) {

v=0 on 9B.

B denotes the unit ball in RN.
Let o > 0 be such that

(3.6) f(u) > o(u=-c,) for u ¢ fcz,pz—ﬂ
and define
(3.7) Wy, t3x) = ¢, + £ V((a/v) L. (xy)).

Inequality (3.2) shows that if ¥y > czfc] + (\J,r’n:!}i then
(3.8) u>e, = W(y,0) on B(y, (v/c)i).

For y ¢ l’.N and r > 0 we define

(3.9) B(y,r) = {x e R xy || <11,

with || . || the Euclidean norm.
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One uses the sweeping principle of Serrin, [13,1] , to find for

&1). 6 & [0,02—a-c2] that
(3.10) u > W(y,t) on B(y.(v!c)i).

Hence if x, > ¢(e) = ¢ fcl - (w’c)i then , with x = (x],x'),

1 2
. N-1
(311} u(x) > w(x,pz—c~c2;x) = py- € for all x' € R
which shows (3.4).
One concludes by using [1, Proposition 2.5]. o

3.2. MODIFICATION OF f AND CONSTRUCTION OF SUBSOLUTIONS.

Since we are only interested in solutions above 1, we may change f on

(_m! T} .

Lemma 3.3. Suppose f ¢ C"Y, for some vy € (0,1), satisfies (1.1) and
(1.6). Then there exists f* ¢ CI’Y, satisfying £¥ = £ on
[t,=) and

£* = 0 on(-=,71-11,

(3.12) 0,
f £*(s)ds > 0 for all p < p,.
p
£
T-1 T Z

P F Y :
DA AR VA

fig.2

With this modified function f we can state the equivalent of [1,lemma 2.2].
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Lemma 3.4, Let f ¢ C]’Y satisfy (1.1) and (3.12). Then there exist
u>0and v e CZ{RN), radially symmetric, which satisfy

=tv = y.f(v) in RN,
(3.13) v(0) € {a[.pz),
v(l) = 1=1,

v'(r) < 0 for r > 0.

See [1] for a proof.

Next we define a family of subsolutions.

Corollary 3.5. Let f, u and v be like in Lemma 3.4, and let o be the
unique zero of v. Then for y € @, which is not necessarily
bounded, and A > yu. &%, d(y.aﬂ)-z.

(3.14) w(k,y;x) := v((klu)!.(x-y)) x € @,

is a subsolution of (1,1).

Proof. A direct calculation shows - Aw # 2 f(w), and since

a < (K/u}id(y,an) one finds that w(},y) <Oon 32 . O

In the next lemma we will show that a solution above this subsolution
w(A,y) is above max w(},y) everywhere except near the boundary. To

do so we need that 0 satisfies a uniform interior sphere condition :

There is € > 0 such that

(3.15) Q = u{B(y,e); yea(e)} ,
where B(y,e) = {x ¢ RY;|| x-y || < ¢} and

(3.16) Q(e) = {x e Q; d(x,30) > e} .

Note that if 2 is bounded and has a C3—boundsry, it will satisfy a uni-

form interior sphere condition.



Lemma 3.6. Let £, y, v and a be like in Corollary 3.5, and let Q
satisfy (3.15). Then there exists ¢ > 0 such that
every solution (X,u) of (1.1), with } > u u2 5_2 and

for some y €

(3.17) max(t-1, w(l,y)) s u < Py in @,
also satisfies
(3.18) min(ec Aid{x,aa), v(0)) < u(x) < py for x € 2.

Proof. Assume without loss of generality that £ in (3.15) is so
small that f2(e) is arcwise connected. For A >1:u2 5_2_ ﬂ(u(u/k)s)
contains y and f1(e). Hence one can use the sweeping principle of
Serrin, [13,2] , to find w(X,x) < u for all x ¢ Q(u(u/l)i). Defining
c > 0 by

(3.19) g mig R SE Hlasey™ v(r) ; r e [0,a)},
which is positive since v > 0 in [0,a) and v'(a) < 0, one finds that
(3.20) min(c li d(x,30), v(0)) < sup {w(d,y,x); y ¢ n(a(ufl)!].

This shows the first part of (3.18). The second part is a direct con-

sequence of the strong maximum principle, [!, Th. 2.3.6]. o

Corollary 3.7. Let 2 be bounded, 3% be 03 and let f satisfy (1.2),
(1.5) and (1.6), Then there is A* > 0 such that if

(A,u) is a solutionof (1.!1)with % > A% and
(3.21) max(t,w(A,y)) <u = Py in O forsomey ¢ 0 ,

then u = ¢()), defined by Theorem 3.1,
Proof. Let z be a fixed nonnegative function in C;(ﬂ} with max z € (pl,v(O)).
Then there is A** > 0 such that z(x) < c.(k**)i.d(x,aﬂ) for x € Q,

with ¢ defined in l.emma 3.6. Define A* = max(i(z),A**), where A(z) is

defined in Theorem 3.!. Since u > 7 we may assume f satisfies (3,12).
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Then Lemma 3.6 yields (3.18). After observing that
z(x) < min(c.h!.d(x,an), v(0)) for A> A*xand x € 0, one uses

Theorem 3.1 in order to find u = ¢(A) for X > A%
3.3. ESTIMATES FOR THE DERIVATIVE AT THE BOUNDARY.

Lemma 3.8, Let 2, £ and ¢ be like in Theorem 3.1. Then

Py
(3.22) lim 3'5 g g%-¢(x)(x) =2 f(s)ds)i,
0

Ao

uniformly for all x € 30. (n denotes the outward normal).

Proof. 1t is sufficient to show that any sequence ()\k,xk) € 1{+ % ot

with lim lk = » has a subsequence for which the following equality
koo
holds
o
-4 i |
(3.23) lim A% L0, )(x, ) = =(2 [ £(s)ds)*.
e Ty k.’ kg 3

1+

Let (lk,xk) e R X 37 be a sequence with lim th = =,

e

Since 30 is compact, a subsequence exists, still denoted (,\k,xk),

with x, converging to some X e 3R. By a local change of coordinates

k
x + E(x), from 0(x) to RN, see [1, Lemma 4.2], one defines the

functions

(3.24) B = 60 Exnrt ), ne Y.

These functions Uy satisfy for k large emough

=} CII i -
MO & Jp (B Bae e U BB T RE ) = 0
1] L ) 1 3
(3.25) in D n ixii.gcoci)),

U, =0 on 3 n ixgi.eco(i)),

with D = RN. Since 90 is C3, the functions a, .. and b, . exist
+ & = 2 ki
and are uniformly bounded on D n “k L.E(0(x)). Furthermore, because

of Lemma 3.6, one finds
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(3.26) min(c.l&.d(x,aﬁ),v(O)) < ¢()) (x) for x € 0Q1,
and hence
(3.27) miu(c.n].v(O)) < Uk(n) for n = {nl,...,nN) £Dn ;1;!.5{0(5)).

Since {U }is precompact in 02 (D}, there exists a convergent sub-—
sequence, which we still denote with lndex k. Hence there is
Uec (D) n c(D), with lim U, =10 in C (D), satisfying (3.1).

ke
Moreover

(3.28) min(c.nl,v(o)) < U(n) < oy for ne D.

By Proposition 3.2 one finds U(n) = U(n;) and U is the solution of

(3.3). Since

(3.29) tim -4 2 60 ) (%) = lim == U, (0) = = U(0)
: ko O T LD ) Tk an;

ke

this last observation proves the lemma. o

If (A,u) is a solution of (1.1), with A > AI and u < 02, then one
finds by Theorem 3.1 that u ¢(1) Hence - EE-S = = ¢(l) on 34 .
1f f satisfies (1.6) and u > T, then it is also p0551ble to estimate
= 3— from below if ) is large enough. In order to do go we have to
modify f once again. Let f satisfy (3.12). Then C := f f(s)ds is
positive. Set v
f(p) for p € R /(1-2,1-1),
Ewk(p) =

C.(cos(2m.(p=-7+1))-1) for pe (1=2.1=1).

Y fig.3



Since u > 1, (),u) is also a sclution of

A = ) £**(u) in 0,
(3.30)
u=0 on 34Q.

Moreover we can use Theorem 3.1 for

-Av = =} f**(-v) in Q,
(3.31)
v=0 on afn

in order to find a minimal solution (A,y(%)) of (3.30) for A large
with min Y€ (1=2,1-1).

The conditions equivalent to (1.2) and (1.5) are easily checked. The
equivalent of (1.3) also holds:

-(1-2)

=8
(3.32) [ =f**(=s)ds = - [ f**(s)ds =
e -2
=-p
=C- [ f(s)ds =
=1
Py wp
= l ] £(s)ds - [ f(s)ds =

™1
2
= [" f(s)ds > 0 for p ¢ [0,-(1-1)1],
-p
since we may assume f satisfies (3,12).
Hence y(A) < u in Q@ for ) large enough, and - g% p(r) = = L on 3 .

an
Applying Lemma 3.8 shows

-1 3 e b j
(3.33) Lim 371 2000 = (-2 [ (e)as)! = (2f £(s)as)
P -2 0

for x € 34.
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3.4 PROOF OF THEOREM 2.

We will prove Theorem 2 by showing for A large that a solution
(A,u) of (1.1), with T < u < p, and |max u - pz] small enough,
satisfies u > w(l,y) in @ for some y € N . Hence one finds by
Corollary 3.7 that u = $()). After that we will show that max u

is bounded away from Py for bounded ).

Lemma 3.9. Let 0 be bounded, 32 be 03 and let f satisfy (1.2),(1.5)
and (1.6). Then there exists a function o(}), with
%ig A-l.o(l) = 0, such that for any solution (3,u) of

(1.1) with T <u < ¢, one finds

2 u(x) 3
(3.34) Q(x,u) (%) := }|| vu) || “+2r. [ f(s)ds<ir .f £(s)ds + o(})
0 0

for all x « Q.

Proof. Let (A,u) be a solution of (1.1) with T < u < Poe
By the Lemmas 5.1 and 5.2 of [14] , Q(),u) assumes its maximum

on 30 or at a critical point of u. In the preceding section we found

-2y == 2 <~ 2 40) on 3. Hence by (3.22) and (3.33) a
function o(}) exists, with lim X.o(X) = 0, such that

Ao
(3.35) max {Q(A,u)(x) ; x € 3} =

= max {} I%E )% ; x € 30} <

A

max {4 1 w002 5 x € 3ab v

max {!I%; ¢(A)<x}|2 ; x € 3R} <
)
Ao [ £(s)ds + o(}).
0

1123

By condition (1.6)

(3.36) max {Q(A,u)(x) ; x ¢ Q and Vu(x) = 0} <
u(x)
< max{i. [ f£(s)ds ; x e q} <
0
) P

A

A. [ £(s)ds - r.min [ f(s)ds ; x € @} <
0 u(x)




P2 %
< AJ f£(s)ds - Aemin{ [ £(s)ds j 1 <u < pz} <

0 u
P2
<. [ £(s)ds
0
P2
Hence Q(A,u)(x) < A . [ £(s)ds + o()) for x € @ . o
0

Now we are able to prove Theorem 2 for A large.
Since f(pz) =0and f € Cl, there exists ¢ > 0 such that
P2

(3.37) 2 [ f(s)ds <c .|pz-u12 for all u e [1,p,].
u

For any solution {h,u) of (1.1}, with T <u < p,, one finds

by Lemma 3.9 and (3.37) that
2 uix)
(3.38) [| vu(x) || © = 2002,u)(x) = 2x [ £(s)ds <
Py .
< 22 [  f(s)ds + 2.0(}) <
u(x) .

< c.l.|p2—u(x)|2 + 2,0()) for all x e Q.

Let %' € R and let € > O be small enough such that e < {1«:1)'*

and Bex! ) 1= (x ¢ RY | x-x'[[ < €} < 2. Then for all

x% e B(xI,E) there is y € B(x],e) with

(3.39) latx!) = utx®)|? < || =t-2] 2 .|| vatn) || 2 <

< 62.(c.1.|pz-u(y)i2 + 2.,000)) =

[0

%Ipz-u(y)l2 + 4(ed) o(h).

Hence, using the norm ||vH* i= sup {|v(x)]| 3x € B(x',e)}, one

finds

(3.40) luh=ull 2 < bl p,mull 2 + e o) =

Floymuthy | +llui=ull, )% + den) ™o =

A

1A

i(lpz—u(xl)| +]|u(xl)—u|L + (ck)_i.(2.0(13)§)2

g1



Consequently for all xz € B(xl,t} :
I 2 1
(3.41) lux’) = u(x) | < [Jux’) - ul, <
< Ipz—u(x[}[ - (cl)ni.(z.o(l))i.

Let (u,v) be fixed by Lemma 3.4. Choose an integer m > 2. (cu)!
with ¢ from (3.37), and set 6= 2 (m+1) .p -v(O)} Finally let
Az > Al be such that A o(A) < fg, 6 for X > lz

Now suppose (A,u) is a solution of (l.1) with T < u < Pps A2 KZ

and u(x ) = max u > Py = 6, We will show that

(3.42) w s 9(0) in 3=, Gyt

Let € < (Ac)\)_i and small enough such that B(xo,me) < @

Then for any x € B(xo,ms) there exist x],....xm =x € B(xc,ms) such

that || x --x1 l|[< £ EOF 1% Tbyunamie

By (3.41) and the triangle inequality one finds

(3.43) Iu(x ) - ulx )| ]u(x ) - ulx ])| +|u(x )= u(x )| <

N

) = uad™ |+ ot Th ]+ @ h @oon!? <

WA

2.0 - ™|+ Jo,uah] + (@07 2o}

for 4 = Fioeuams

A repeated use of (3.43) shows

(3.44) jutx®) - 0™ = (2P-1). (]Dz—u(xc)l + e H2.ont ).

Because of the definition of m, & and 12 one finds

w

(3.45) u(x) u(xo) - (Zm—l).&oz-u(xo) + (cl)-i.(z.o(l))i) >
5p, =8 = (2%1).26 >

m+ |

- . 6§ =v(0) for x € B(xo,ma).

2



Since u = 0 on 30 , (3.45) shows that if B{xo,me) <€ Q also
B(xO,me) © Q. Since this holds for any e < (écl)-i it shows
that B(xo,m.(&cl)_4) c {I. Hence by the choice of m one finds

(3.46) u > v(0) = w(l,xn) in B(xo,(u{k)i} c B(xo,m.(écl}_!) [o7 10

By definition u > 1 2 w(l,xo) in R \B(xo.(ufk);}. Then Corollary
3.7 shows u = $()). This completes the proof of Theorem 2 if )\ > kz.
What remains to be shown is that solutions (A,u) of (l,1) with

0 <A< A, cannot have their maximum arbitrarily close by Poe

The next lemma will prove this and Corollary 3.

Lemma 3.10. Let 30 be C° and let f satisfy (1.2), (1.5) and (1.6).
Let ¢ and AI be as in Theorem 3.1. Then there is ¢ 2 1,
which only depends on the domain 2, such that for any
solution (A*,u*) of (l.1) with u* < p,, the following

inequality holds
(3.47) max u* < max ¢()) for all A > max(c.l*,ll).
Moreover, if f! is starshaped (3.47) holds with ¢ = 1,

As a direct result one finds for all solutioms (A,u) of (P), with

u s op, and A € (0,12), that max u < max ¢(c.}p).

Proof of Lemma 3.10. For any bounded domain @I, there is y ¢ Q and

r € (0,1] such that
(3.48) 6 .(-y+Q) < -y+t for all & ¢ (0,r].

If Q is starshaped with y as center, then(3.48)holds with r = 1.

Define ¢ = r_2 and set

max (4 (1) () , u* G+ /)L, (x-y))

(3.49) v(x) = for x € y + (/0L (ysn)

$(1)(x) elsewhere in Q.
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Since y + (x*ix}i.(-y+n) c @ for A > c.A* and ¢(2) > O

in 7 for A > 11. v is a subsolution of (1.1)., Hence there is
a solution v* of (1.1) with ¢(2) < v € v* < Pye The fact that
¢$(%) is the maximal solution shows that ¢(A) = v = v+, Hence
u*(y +(1/.\*)!.(x—y)) < e(N)(x) for x e y + (l*a’lﬁ-f-y"ﬂ)-
Using the strong maximum principle yields the strict inequality

and concludes the proof of lemma 3.10, o
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Results for the boundary layer of solutions
for

a semilinear elliptic problem.
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ABSTRACT
Consider the following eigenvalue problem
-Bu = Af(u) in 0 ¢ R", bounded,
(P) {
u=20 on 3fl, smooth,

where f changes sign. In this note we will show results which can be found
by using the so-called sweeping principle of Serrin, 1971. Especially we
will give estimates for the boundary layer of positive solutions near a
zero of f. For some f a solution u will have a free boundary. We show for
such f that f(u)=0 except near 3{l. Next to this we improve a result for

existence of a solution.

1. INTRODUCTION

We are interested in pairs (\,u) € R x c’(R) satisfying (P) and

u > 0 in fi. First, note that a solution satisfies f£(max u) = 0. If f € Ci.
the strong maximum principle even shows f(max u) > 0. Secondly, if p is a

zero of f then u = p satisfies the differential equation for all A. So one
could expect the existence of a solution (A,u), where A is large and u is

near a zero of £ (with f£(max u) 2 0) except for a boundary layer. Results

for this problem were presented by Fife,1973 and by Clément et al., 1986.

The results here are strongly related to this last paper.

Assume that there are two numbers 0 < 91 < Py such that

(F1) £(py) = £(py) =0 and £ > 0 4n (p;,p,),
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(F2) f ECY(“”;sz n CI(—N,pZ) and there is § > 0 such that £' € 0 in
{DZ-G'DZJ .

VAAVE A

In 1981 Hess showed, if £(0) > 0, that the following condition is suf-
ficient for existence of a positive solution (A,u) with max u e [nl,pzl.
i
(F3) J(p) := | £(s)ds > O for every pe [O'DI]°
p
In the first theorem, it will be proven that this condition is sufficient
and necessary when f € leo.max ul] , even if £(0) < 0. In the second
theorem we will show that the solutions, which are found in this way, are

near 92.

2. THEOREMS AND PROOFS

Before stating the first theorem we will shortly explain the sweeping
principle of Serrin, 1971. A formulation can also be found in the paper
by Clément et al., 1986.

Fix A, let u be a solution of (P) and let {v(t) € C(); t e [0,1]} be a
continuous family of subsolutions, such that v(0) < u in R and for all t
v(t) < u on 30 as well as wv(t) < pz in Q. Then v(t) < u in  for all

t € [0,1]. Since, if there exists t e [0,1] such that v(t*) <u and for
some x* €N v{t*,x*) = u(x*), the strong maximum principle implies

v{t*) = u, a contradiction.
THEOREM 1 :

Let £ satisfy (F1) (F2) (F3) and let I satisfy a uniform interior sphere

condition. Then there exists c1 >0, c2

all A > Au a positive solution (A,u(})) of (P) exists with

€ 101.02) and Ao > 0 such that for

(1) min (cl.dlx,aﬂl.lh, c2) < u(d) = Pye
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Moreover every solution (A,u) of (P) (not necessarily positive) with

max u
max u € (pyep, ) satisfies [ £(s)ds > 0 for every pe Co,p, 1.
p

PROOF :
Replace f by f'. where f satisfies (F1) and
f*{u) =1 for u < -1,
£ (u) 5 £(u) for 0 S u < p,,

* 1
f eCc (R),
p
2 _*
J f (s)ds > 0 for all P < p

2
p

ik )
VAL 2

fig.2

Like Hess in 1981, one finds for M large enough, a minimizer v of

I(v,p) = 5£|Vv|2d.x = ul[l} f*(s)ds dx in the cone {v ¢ w1'2(m= v > -1 in B,
0

v = -1 on 3B} with max v € (01'92)' (B denotes the unit ball). Gidas et al.
showed in 1979 that v is radially symmetric and v'(r) < 0 for r ¢ (0,1].
Let 68 € (0,1) be the number such that v(f) = 0. Since § satisfies a uni-
form interior sphere condition, 2 = U{B(x,e); x € R(e)} for all € € (0,&0}.
where €, is some positive constant and B(x,t) = {y € ®; |x-y| < €},

fi(e) = {x € 2; d(x,30) > e}. Then w(A,x) := sup {vtB.Eﬁl.Ix-yil: y e 2(e) },
with A = p.(8/€)2, is a subsolution of (P), with £ replaced by £, for all
A2 Ay i u.IB/cD)z. Since 0 < w(\) < p, and £* 5 £ on [0,p,] , w(N) is
also a subsolution of the original (P). Note that W(A) = Py is a super-
solution of (P) for all A. By an iteration scheme one shows the existence
of a solution in between. By condition (F2) there exist two strictly in-
creasing continuoué functions f1 and Ez such that f = f1 - f2 on [0,92]

and fz(ﬂl = 0. Because of (F2) one may assume f, ¢ Cl[O.pz]. Define T by

1
u = T(v), where u is the unique solution of

{—&u + l£2[ul = kfl{v) in R,
u=20 on 3fl.

See the paper of Brezis et al. from 1973. Define W_ = T (Ww())) and

Wi " (w(A)). {Wn] and {wn] are sequences of respectively decreasing




supersolutions and increasing subsolutions. Since “n >w_ in @ the se-
n

quences converge to a solution of (P). Standard regularity theory shows
that these solutions, or maybe just one solution , are C2 (1) . The estimate
(1) is valid since the solutions are between w(A) and W(}\).
The last part will also be proven with a sweeping argument. Suppose there
is a solution of (P) with max u € (01.92} and mmj;u f(s)ds = 0 for some
" e [0,0,1. 3
Let u be the solution of

-a" = Af(T) v K Ba

u(0) = max u ,

u' (0) = 0.

= N
Set U(t,xl,...,xﬂ) = u[xl-t) for x ¢ R . _

* * * *
Note that max U = max u and inf U 2 p . Moreover there exists t and x € ,

- N *
with @ = Qn{x e R ;x1>t}.5uchthat

* *
ule )z u in Q,

* * * * * *
Ut ,x ) =ufx ) and VO(t ,x ) = Vu(x ).

*
The strong maximum principle shows U(t ) = u, which is a contradiction.
For a more detailed proof see the authors paper of 1986. o

THEOREM 2:

Let {l satisfy an interior sphere condition and let f satisfy (F1) and
(F2) with Py not necessarily positive. If Py > 0 then assume (F3) is also
satisfied.
Suppose that f(u) > ctpz-u)a for u e (92—6.92). wh:re c,a,6 > 0. Then
there is C > 0 such that for any nonnegative z e Co(ﬂ}, with max z € [pl,pz),
Alz) > Ay exists for which the following holds.
Let (A,u) be a solution of (P) with z s u = Py in § and A > A(z).
1) If 0 < a < 1 then u(x) 2 min (c.lh.d{x,aﬂ).pz].

2) 1f @ = 1, then u(x) > oz(l—expt—c.lk.dlx,am)l. for x € Q.

3) If 1 < a, then u(x) > p2(1—u+c.1".d(x,ann“1’a for x € 1, with
-1
p = 2(a=1) .

REMARK 1.

Case 1) shows that a solution near Py will have a free boundary with-

in a distance of order Ji_l’ from 3Q.

79




Define m := k(p +max z) and M := v(0). Then there exists a ball B(x ,r),
such that B(x*,r) < {x ¢ 2; z(x) > m}, and a constant ¢, such that
f(u) > o(u-m) for u € [m,M]. By the lemma one finds

u(x) > M for x ¢ B{x’,r-(ﬂ.l/v)_ﬁ}

5, ﬁ.(l/u}_B the first step is finished since

When r—(c.l/v}-

ulx) > M 2 v(O/0 x=x"]) for x € Bx",00/m ™Y

Hence set A(z) = max (Ao. r_z((V/a)E ¥ ub}z’-

L T e [ Ty —— L T T kT T — <4

[-F] 22

fig.3

In the second step we prove that a solution (),u), with u ¢ {w(AJ.02] and

A > X(z), satisfies the statement of the theorem. If p, < 0 set M = 0.

1
We may assume that ¢ is such that
flu) > c{ﬂz—u)u for u € fn,pzl ¥

-k
Py 2 (py=M)

Define M
efin K

a=-1

5~ (k+1) . (a-1) (pz-H) 1

d
an %

Then f(u) > o

c .

k + (u-M) for u e [Mk,Mk+11.

L e +
M,

My

M

Pt —mm m e == 1

fig.6
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Chapter 4

Getting a solution between sub— and supersolutions

without monotone iteration.

SOMMARIO: Se esiste una sotto-sopra soluzione per un problema semilineare

ellittico allora si pud provare l'esistenza di una soluzione usando il

metodo della iterazione monotona. Per applicare questo metodo & necessario

assumere una regolarita del secondo membro piu forte della continuita.

In questo nota si prova l'esistenza di una soluzione nella sola ipotesi di

continuita del secondo membro usando il teorema di Schauder e una versione

del principio di massimo forte assumendo l'esistenza di una sotto (sopra)

soluzione debole.

SUMMARY: If there exist a sub- and
elliptic problem, then one can show
monotone iteration scheme. In order
continuity of the right hand side. In

theorem and a version of the strong

a supersolution for a semilinear
the existence of a solution by a
to do this one needs more than
this note the Schauder fixed point

maximum principle is used to get

existence of a solution with only continuity of the right hand side under

the existence of a weak sub- and supersolution.




1. INTRODUCTION AND MAIN RESULT.

(1)

(H1)

(H2)

We consider the following nonlinear boundary value problem:

=Au = f(x,u) in 0,

u=g on aN,

where {1 is a bounded domain of RN.

For f we only assume
f: @ xR->R is continuous.
We also assume that
g: a1 - R is continuous.
In this note we are interested in the existence of solutions of (1)

lying between sub- and supersolutions defined in a rather weak sense.

Due to the special form of the left hand side we can define

DEFINITION 1: A function u is called a sub(super)solution of (1) if

i) u € C(:R)

ii) J (u (-A¢) - f(x.,u) ¢ ) dx ¢ (2) O for every ¢ € $+(ﬂ}
0

iii)u < (2) g on dfl

are satisfied, where E+{ﬂ) consists of all nonnegative functions
in C(0).

DEFINITION 2: A function u is called a solution of (1) if

i) u € C(R)

ii) S (u(-Ap) - f(x.u) ¢ ) dx =0  for every ¢ € cg(n}
n

ifi)u=g on dn

are satisfied.



(H3)

If f satisfies some additional assumption, like for example
u=f(.,u) + wu is increasing for some w € R, and if 00 satisfies
some smoothness condition, then the following is known, see [2], [5],
[6. Ch.10] and [3].

If u is a subsolution, u is a supersolution such that wu ¢ u, then
problem (1) possesses a minimal and a maximal solution in the order
interval [g.a]. These solutions are obtained by the method of
monotone iterations.

In [1] another method is used to prove the existence of a solution
lying between a sub- and a supersolution for a very general
quasilinear elliptic problem. The goal of this note is to show the
existence of a solution lying between a sub- and supersolution,
assuming only the continuity of f and for a much larger class of sub-
and supersolutions.

We shall use the Schauder fixed point theorem and a version of the
strong maximum principle.

Observe that if f = 0 , then problem (1) possesses a solution for
every g € d1 , if and only if all boundary points are regular, see
[4, Th.2.14]. Therefore we assume

{1 is a bounded domain of IRN and every point of 41 is regular.

Then we have

THEOREM: Assume (H1), (H2) and (H3), and let u respectively u be a sub-

respectively a supersolution of problem (1), satisfying
u<u inQ.

Then problem (1) possesses at least one solution u satisfying

ggugﬁ in {1
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STEP

(2)

STEP

(3)

STEP

1: Reduction to homogeneous boundary condition.

Let h denote the unique harmonic function on 1, continuous on 1,
satisfying h =g on 9. Set v =u - h. Then u is a solution of
problem (1) if and only if v is a solution of

-Av = f(x, h(x) + v ) in Q,

v=~0 on df.

Observe that the modified right hand side again satisfies (Hl). Since
both u - h and u - h are sub- respectively supersolution for the
modified problem and are also ordered, we may assume without loss of
0.

generality that g

2: Modification of f.
Define
f(x.u(x)) if u < u(x),
fﬂ(x.u) = f(x,u) if u(x) ¢ u < u(x).
f(x,u(x)) if u(x) < u, and x € 1.

Then f*:  x R >R is continuous and bounded. Note that, if u is a

solution of

-Au = £ (x.u) in Q,

u=20 on dfl,

and u ¢ u ¢ u in @, then u is a solution of (1) with g = 0. In
fact every solution of (3) satisfies u < u ¢ u in . This is done

in

3: Use of the maximum principle.

Let u be a solution of (3) and set Q'= { x € @ ; u(x) < u(x) }

We want to prove that ﬂ+ is empty. Assume to the contrary that a' is
not empty. First, note that a' s open, since u and u are continuous.

Moreover we have



STEP

S, (umu)(-A¢) dx < J, (£ (xu(x)) - £(x.u(x)) )¢ dx = 0
0 )

for every ¢ € EJ+(D+].

- +
Then u - u € C(0') is subharmonic and nonnegative in €. Such
functions achieve its maximum at the boundary, see [4].
Since u-u=0 on aﬂ+ it follows that u = u in 1". Hence 0" is

empty, a contradiction. Similarly one proves that u < u in Q.

L: Application of the Schauder fixed point theorem.

It remains to show that problem (3) possesses a solution. Let us
recall that problem (1) with f depending only on x and g = 0 has
exactly one solution u € C(). Let K: C(?) - C(f?7) denote the
solution operator, that is u = Kf. Then it is known that K is a
linear compact operator in C{fl) eguipped with the usual maximum norm
.1l (see also Appendix).

Let F: C(f1) » C(f1) denote the Niemytski operator associated with f ,
that is

F(u)(x) = £ (x.u(x)) for u € C(R), x € 0.
Then F is continuous and there is M > O such that [IIF(u)ll < M.
Finally observe that u is a solution of problem (3) if and only if u
satisfies

u = KF(u).
A straightforward application of the Schauder fixed point theorem

guarantees the existence of such a solution. This completes the proof

of the theorem. o

REMARK: If u is a solution of (1), then it follows from standard

regularity theory that u € Wi"z(ﬂ) for all p. € [LI,%),

although u and u do not need to posses such regularity.




3. APPENDIX

PROPOSITION: Let  satisfy (H3) and f € C(f2). then there exists a unique

u € C(1) satisfying
i) J (u(-Ap) + fo ) dx =0 for every ¢ € cg(n).
1
1) v =€ on dn.

Moreover the mapping f - u is compact in c(R).

PROOF: The uniqueness is a direct consequence of the maximum principle for

harmonic functions. For the existence we extend f by O outside of 0

and set
w(x) = gﬂ I(x-y) f(y) dy.

the Newtonian potential of f, see [4, p.50].

Then w € Cl(ﬁ}. see [4, Lemma 4.1]. and the mapping f - w from
C() in Cl(ﬁ] is continuous, where C(Q) and Cl(ﬁ} are equipped with
the usual norm. Since Cl(ﬁ) is compactly inbedded in C(Q), the
mapping f - w from C() into C(R) is compact.

Let h € C{ﬁ) be the unique harmonic function satisfying h = w on
N (here we use (H3)). Then u = w - h is a solution of i), ii).
Since the mapping w = h from C(R) into C(R) is continuous, we have
that the mapping f - u from C[0) into C(f}) is compact. 8]
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Chapter 5

Semilinear elliptic problems

domains with corners.
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SEMILINEAR ELLIPTIC PROBLEMS ON DOMAINS WITH CORNERS

ABSTRACT

In this note it is shown that there exist sign-changing stable solutions
of some semilinear elliptic problems with Dirichlet boundary condition, if
the (smooth) boundary is close to a cone somewhere. Moreover, for problems
with these nonlinear right hand sides, there is a critical angle for

corners of the domain if one wants existence of a positive solution.
1. INTRODUCTION

Consider the semilinear eigenvalue probiem

~Au = A f(u) in Q,

(1.1)
u=0 on d0.

with f € C(R) and A > 0. If f(0) 2 0 and f(p) = O for some p > O, one
can show, see e.g. [2,6], that there exists a solution u of (1.1),
which satisfies

(1.2) QLualpinil
if the boundary is just regular (see [8, page 25]).
In [4.,5] it is shown for f € CI[R) that there is also a positive
solution for A large when f(0) < O, if the following conditions are

satisfied:
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(1:3) f(p) = O for some p > 0

(Assume f(s) < O for s > p)

p
(1.4) [ f(s)ds > O for all t € [0,p).
t
and finally
(1.5) 0= Y { B(x.e): x € Q, d(x,90) > € } for some € > 0O,

where B(x.e) = { y; d(x,y) < e }.

In [15] there are related results, for which proofs one needs (1.5).

If 7 is like in (1.5), 0 is said to satisfy a uniform interior sphere
condition. We will show that in order to find positive solutions this
condition can be replaced by a cone condition. The angle of the cone
depends on f.

Domains with a sharper corner will not have positive solutions. For
bounded A smooth domains close to these edgy domains will also not have
a positive solution. Nevertheless there may exist a stable solution
with positive maximum. Hence such a stable solution will change sign.
These investigations were initiated by a question of W. Jager. The
results answer a question of Matano whether there are sign-changing
stable solutions of (1.1) on convex domains. Matano himself recently
found sign-changing stable solutions on convex domains with even
E(0) =0 ; [11]:

A solution u of (1.1) is called stable, if for every € > 0O there is
6 > 0 such that, for every U, € L?(Q) with Il Up = u I, < 6 , the

solution U of the related parabolic problem:

U, - AU = M(U) in 2 xR,
(1.6) ;
U=0 on 90 xR ,
lim
with t10 Il U(e) = Ug "Ll(ﬂ) = 0 satisfies Il U(t) —ull < e for all

t >0 . See [3,10,13.14].
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2. RESULTS

We will state and prove results for domains in m2. In higher dimensions
similar results hold, but these will not be proved. The first lemma
shows that there will not be a positive solution if for example the
domain is convex and has a corner with angle less than %ﬂ or close to
%ﬁ. or if the domain is close to such a domain.
Lemma 2.1: Set A = 1 and suppose f satisfies (1.3) (1.4) and f(0) < O.

a. There is t, € (0,1) such that if
(2.1) (t,.0) € AC { (%:.%2): Ix2| ¢ x4 }

there will be no positive solution of (1.1).

b. There is ¢ > 1 such that if

(2.2) { (£0); 0¢CEL1LIENC { Beoaa): Ixs] € exyg )

there will be no positive solution of (1.1).

Remark: By rescaling one finds that Lemma 2.1 b. holds for all A > 1.

= h-%t,.

Lemma 2.1 a. holds if one replaces t, by t

In the proofs we will use a weak version of sub and supersolutions. For

a definition see the Appendix.

Proof: i) Estimating solutions from above.
Set £, = max { £(s) : 0 <s < p ) and K = (2pf,)". Define
U € c'(r) by
U(t) =K.t - %fn.t for t ¢ K.fﬁl.
for t > K.fy!.

(2.3)
u(t)

]
-




Let u be a solution of (1.1) and suppose (2.1) or (2.2) is
satisfied. By the maximum principle one finds
(2.4) u(x;.xz) € U(x;) < K.x; for (x,.x3) € 0.
ii) Taking a subdomain of fl.
Take € € (0,K) such that
(2.5) £(s) < 36(0) tor |s] < e
and set
(2.6) 0¥ =00 { (xx2) €R % <K le ).
By (2.4) one finds that
(2.7) ~4u = £(u) < 3£(0) for x € 0.

iii) Defining a superfunction on the subdomain .

Define

(2.8) k=Kel exp(-8 £(0)! KBely ,

(2.9) v(x:.x2) = = 56(0) ((xa+zk )2-x3) In(lx,+3).
Then one finds for

(2.10) Ixal < %, + 27!
that

(2.11) ~dv(x:.%2) = 5£(0) (3 + xa(xi+ak 1) 72) > 36(0).
One also finds that v has a negative minimum for |x2| £ x; + %kvl
in

(2.12) x=(xe™y . 0)
Define

(2.13) t = k_l{e-“-%)

(2.14) c =1+ K(2ek) L.

Note that t, € (0,1) and hence x € 1.

By this choice of ¢ one finds that if Q0 satisfies (2.2) then every

x € 0' satisfies (2.10).
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iv) Contradicting positivity of u by a lowest supersolution.

Let a be the smallest number such that

.15) ulv+a in 0.
If a £ O then
.16) u(x) € v(x) < 0.

If @ >0, let xx € 0° be such that
.17) u(xx) = v(xx) + a.

Since v + a - u is nonnegative and superharmonic in 0 :
.18) -A(v+a-u) = -Av + Au > %I{O) - f(u) 20

the minimum principle shows xx € an'.

First we will show that xx € a1f.

Similar to (2.4) the maximum principle yields

u(x;.xz) ¢ U((c2+1)_l(cx‘-x2)) i
.19) 9 -1
u(x,,xz) € U((c™+1) "(ex,+x2)) .

Hence if x € an7\an. which means that x, = K_le and

|xa] < cK‘le , then

.20) v(K lexa) > -5(0) (K 'esg H)? - 52).-88(0) ! K% 7! =
= (czx'252~x§) i
> (K le-|xal) c K >

> K{c2+l)_l{cKFle—|x2!} > u{K—I&.xz) 3
Finally xx € 80 yields u(xx) = 0 = v(xx) + a and hence

.21) u(x) ¢ v(x) +a < v(xx) +a=0. 0
The first part of Lemma 2.1 can be used to construct sign-changing

stable solutions on smooth domains.

As an example:
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Corollary 2.2: Set £(u) = (u>~1)(10-u) and

(2.22) Dle) = { (%,.35) € BC: %, > 0, %2 < %2(1%,) = € )
a. Then there is A, > 0 such that for all A > A, and € € (0.15)
there is a stable solution u of (1.1) on D(e) with

A€

max u, o € (119,
b. For all A > A; there is e(A) > O such that for e € (0,e(A)]

u changes sign in D(e).

D(0) : : D(107%) :

Proof: First note that for e € (0.10

(2.23) (-3-.0) € n(ﬁ) C D(e) CD(0) C { (x4.%2): Ix2| < x; }.
Hence there is 6 > 0 with B((%.O).G) C D(e) for all e € [0.%6]. By
Lemma A.1 there exist p > O and v € C?(ﬁfﬁ?TT}, with v radially

symmetric, which satisfy

-Av = p f(v) in B(0.1).
1 < v(0) < 10 ,
(2.24) vi(r) <O for 0<r < 1,
v(l) = -
Extend v by -1 outside of B(0,1).
-2

Now define Ay = u & and

(2.25) V(xe.x2) = (V) (xa2). (Vi) )

|

‘ which is, see Corollary A.5, a subsolution of (1,1) for all A > A,
| and e < %6 on D(e), satisfying V = -1 on 8D(e). The constant
|
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function W = 10 is a supersolution for all A > O.

By Lemma A.6 there exists a stable solution U e of (1.1) in
[V.W]. This proves the first part. Fix A > A; and let t, be
defined in Lemma 2.1. Take e(A) so small that A 7t, € D(e(A)). The
second part of the corollary is a consequence of the remark

following Lemma 2.1, o

In the next lemma we will show that for a special domain with a corner

which is just below 7 there does exist a positive solution of (1.1).

Define for ¢ > O

(2.26)
(2.27)

2,172

Alc) = {(x1.%2); [x2| € exy + (14c)7% x, < —c(1+c2)"1’2 ),

S(c)

A(c) U B(0,1),

where B(0,1) is the unit ball.

S(

[PI-N

)

Lemma 2.3: Let f satisfy (1.3), (1.4) and suppose f(0) < 0. Then there

Proof:

are ¢ > 1 , A and u, which satisfy (1.1)-(1.2) on S(c).

There is a radially symmetric subsolution (A.U) of (1.1)-(1.2) on
B(0,1), which satisfies U'(r) < O for r € (0,1]. Since f is
continuous there is fx€ C1 with fx{ f ., which still satisfies

(1.3) and (1.4). Lemma A.l1 yields the existence of a radially



(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

symmetric solution on B(0,1) with f replaced by fx, which is a
subsolution of the original problem. We will show that for some

c € (1,2) there exists a positive solution on S(c) with the same
A.

Set the negative number f‘m =min { f(s) ; 0 { s { p } and define
for ¢ > 1

2112 2

Volxixa) = <A £y (P17 (((oxy + (10D)!2 )2 -2 )

which is positive on S(c). Moreover, one finds directly that Vc

satisfies:
—b\’c = Rfm < M’(Vc} if 0¢ Vc s p-
Define
Wc(x} = Vc(x) for x € A(c) \ B(0,1) ,
W (x) = max( Vc[x} v U(x) ) for x € A(e) NB(O,1I) .
Wc{x} = U(x) for x € B(0,1) \ A(c)
Since for some a > 0
U(x) > a(1-]x|?) for x € B(0,1) ,
one finds for ¢ = (1 -2Afa ' )*> 1 that
Vo(xixa) = - £, (P17 (e ) -
= a {l+c2]_1—x§ ) <
< U(x4.%2) for (x4.x) € dA(c) N B(0,1).

For x € A(c) N 8B(0,1) one finds
\‘c(x) >0 =) «
Hence Wc € C(5(c)) and by Corollary A.5 one finds that Wc is a
subsolution. By construction Wc is positive in S(c).
Applying the results in [6] shows the existence of a solution

u € [Wc.p] C C(S(c)). Hence u satisfies (1.2). O




Before we are able to state the main result for domains in R2 we need

the following.

Definition 2.4: A domain 01 has the uniform interior cone property with
constant ¢ if 0 = U { eSi; i €1} for some e > 0 , where
every Si is an orthonormal transformed of S(c) for a fixed c.
( S(c) is defined in (2.27) : T is an orthonormal trans-

formation if HT(x)—T(y}H2 = Hx—y"2 for all x, y € Rz j 1A

Proposition 2.5: Let f satisfy (1.3), (1.4) and f(0) < O. Then there
is c¢g € (1.,®) for which the following holds. Let 01 be
bounded and convex.

1) If 22 has the uniform interior cone property with ¢ > c5. then
Ao exists such that for all A > Ay there is a solution u, of
{1.1)=(1:2).

2) If 0 does not have the uniform interior cone property for

A

some ¢ < c¢cg , then there are no solutions (A,u) of

(1.1)-(1.2).
Remark: If Q is not convex, part 1) of this proposition is still true.

Proof :

i) Let 1, and 12, be two bounded domains in m2. Suppose there exists a
solution (Ay,u;) of (1.1)-(1.2) on 0,. and suppose there is € > 0
and a family { Ti ; 1 € 1} of orthonormal transformations in m2
such that 0, = U { Ti(eﬂ,) ;1 €1 }. Since )y and {1, are open

one can assume without loss of generality that I is countable. By
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(2.34)

(2.35)

ii)

iii)

(2.36)

iv)

(2.37)

Corollary A.5:
-1.~1
vn(x) = sup { u(e Ti (x)) ;s 1€ {il.....in} cl}
is a subsolution on flz for A = ?\1&—2. Using the dominated

convergence theorem one finds that

lim
n— vn(x)

satisfies condition ii) in Definition A.2. Since {vn} is an

V{X) =

equicontinuous family, v also satisfies the conditions ii) and

iii) in Definition A.2/A.3. Hence v is a subsolution on 0, for

)\=?\‘e_2. By wv>0 i1n L, max v = max u and again the

supersolution w = p, one gets the existence of a solution (A;,u;)

of {11005 00 05 with: X5 =Rt "

If 2, is also convex then 0, =U { x + 8(2,-x) ; x € 1, } for all

6 € (0,1). By part i) there will be a solution of (1.1)-(1.2) on

1, for all A 2 As.

Define J = { ¢ € (0,2) ; there exists a solution (A,u) of (1.1)-

(1.2) on S(c) }. By Lemma 2.1 there is ¢, > 1 such that ¢, € ]J.

Lemma 2.3 shows that there is c¢; < @ such that c, € J. Part i)

of this proof shows that if ¢ € J, then [e,») C J. Hence
Co=Inf { €]} €(1,m)

is well defined. With part ii) this proves Proposition 2.5. 1).

We still have to prove the second statement.

Suppose 1 is convex but does not have the uniform interior cone

condition with constant c for some ¢ < cg . Since 1 is also

bounded there is x¥ € 9N, e » 0, and an orthonormal

transformation T such that
T(efl) C S(c).

T(ex®) = x,
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T . g

where x™= ( wcﬁ1(1+c2)% . 0 ) is the vertex point of S(c).
Since 8S(c)\{x*} is C' there is 6 > O and a family of
orthonormal transformations { ’I‘i ;: i € I} such that

(2.38) S(c) = U { Ti(Beﬁ) i 2 €Y )
If there is an solution of (1.1)-(1.2) on Q, then part i) gives
the existence of a solution of (1.1)-(1.2) on S(c), which is

contradicted by part iii). O

For domains in higher dimensions there is no longer a unique critical
cone. For example in R3 one may use the following superfunctions to
prove nonpositivity:
22 2
(2.39) v(X1.X2.X3) = ¢y (x;-0x5-(1-08)x3) In(ezx,).
With every 8 € (0.1) one can find a critical cone. Replace S(c) in
Definition 2.4 by
2 2.%
(2.40) 8(8.c) = { (x1.%2.%3) i (x,.(6x3+(1-8)x3)") € S(c) }
and one can prove the equivalent of Proposition 2.5 for every

8 € (0.1).
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APPENDIX

Lemma A.1: Let f € C!(R) satisfy

(a.1)

(a.2)

(2.3)

Proof:

(a.4)

(a.5)

(a.6)

(a.7)

f(p) = 0 for some p >0

p
f £(s) ds > 0 for all u € [0,p).
u

Then for all € > O there is p > 0 and v € 02[0.1] such
that:
-( v" + !%L v' ) = uf(v).

v(0) € (p-e.p).
v'(0) = v(1) = 0,
v'(r} <0 forr € {(0,1].

For a proof see also [5].
Change f for negative numbers such that

£(s) > |f(-s-2)| for s ¢ -1

p
f f(s) ds > 0 for all u < p.
u

Moreover assume
f(s) <O for s »p.

Take a minimizing sequence {un}. for fixed p, of
2 u
I(up) =% [ |wu|%dx - p [ [ £(s) ds dx ,
B B -1

for utl € W '*(B) . where B demotes the unit ball in K'. Since
I(|un+l|-l.p) < I(u .u) and since I(.,u) is sequentially weakly
lower semicontinuous and coercive, I(.,u) possesses a minimizer

u, -1 in Wl'2(B) with uu=—l on dB. Regularity theory, see [8],
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shows that up € C2(§}. By [7] one finds that up is radially
symmetric and uﬁ(r] < 0 for all r € (0,1). Hence u, satisfies
the first and fourth condition in (a.3). By the strong maximum
principle one finds uu(O) < p.

Suppose u"(O) ¢ p-e for all p > 0. Then define

wﬁ[r) =p for r < 1-6,
(a.8) i
wb[r) =& “[1=p)}{1#¥p) =1 ZFor I-&¢ r<€ 1.
Since I(uu.p) > I{wb.p] for p large and 6 small if up £ p-e ,
this yields a contradiction. Hence for some p, one finds that
p-e £ uuso} ¢ p. Since uP1 is strictly decreasing for r > 0 ,
there is a unique ry € (0,1) with uugr‘) =0. Then v and p
defined by
(a.9) v(r) = qurrl) 0 b= n,r%

satisfy (a.3). 0

Definition A.2: Let 0 be an open bounded domain in R\, and let f € C(R).
We call a function u a superfunction (subfunction) of

(a.10) -du = f(u) in 0,
if i) u € C(Q),

i1) [ ((u(-A¢) - f(u)e ) dx > (<) O for all ¢ € '(n),
0

where $+(Q) consists of all nonnegative functions in cg(n).

Definition A.3: Let 0 be an open bounded domain in R', let f € C(R) and

g € C(a0). We call a function u a supersolution (subsolution)

of
(a.11) -Au = f(u) in 0.
us=g on dN,
if u satisfies i), ii) and

iii) u 2 (£) g on 80.
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Lemma A.4: Let u, and u, be subfunctions of (a2.10) on an open bounded

domain Q, with f only continuous. Then u defined by

=l

(a.12) u(x) = max (u;(x).,uy(x)) for x €

is a subfunction of (a.10) on 0.

Corollary A.5: Let v, be a subfunction of (a.10) on 02 =10, , where i is 1

i i

or 2. Define v by

[ v(x) = vi(x) for x € O,\ N,
(a.13) v(x) = max (vy(x).va(x)) for x € QN 0,
L v{x) = va(x) for x € @\ 0.

If
[ v; <v> on 80, N0,
| v2 < vy ondlNN,.
then v is a subfunction of (a.10) on 0 = Q,U 0, .

(a.14)

Remark 1. Let vy be a subsolution of (a.ll) on ﬂi with g = By where i=1
or 2. If v,,v> and v are like in Corollary A.5, then v is a
subsolution on N,U 2, for every g with g 2 g, on 81\ 1, and

g 2 g2 on dL\ 0.
Remark 2. Let { u; i=l....,k } be a family of subfunctions on 2. Then
one finds that the maximum of these subfunctions is again a

subfunction.

Remark 3. Similar results hold for superfunctions and supersolutions if

one replaces maximum by minimum and reverses the inequality signs.
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Proof of the Corollary: By construction i) in Definition A.2 is immediate;
ii) remains to be proved. Let ¢ € 9 (0,U 0,). Because of (a.14)
and the continuity of v, and v,, it is possible to find ¢,,¢, and
¢ € !U+{ﬂ,U 1) such that ¢ = ¢, +@atp; . v = vy on support(‘pi]
for i=1,2 , and support(¢;) C 2,1 0. Hence it is sufficient to

prove ii) for all ¢ € 5!+[ﬂ,ﬂ 02,). This follows from Lemma A.4.

Proof of Lemma A.4: Let Je be the mollifier defined in [1, 2.17]:
With J(x) = 0 for |x| > 1 and J(x) = exp((Jx|>-1)"}) for |x| < 1.
1,00 = J0/e)/ (fy 3(57e) @)
Define for ¥ € C() the function J* ¢ € Co(R') by:

(a.15) U #)00 = [ 1 0e) ¥y) dy  for x € B

Let m > 0 and define ﬂn ={ x €0 ; d(x.80) > n } . Suppose

¢ € 5&*(nn). By [1. Lemma 2.18] one finds that J x ¢ € 4'(Q) if
o lim _

e < ¥m, Je‘ ug € CO(RN] and elo Je* u;= uy uniformly on ﬂn.

Hence for e < %n and ¢ € 5+{Qn):

(a.16) 0>

_—

-A(J % @) uy - (J % ¢) £(u;) ) dx

—_—

(J % ~Ag) u, - (J* ¢) £(u;) ) dx

Ao (J* u;) - @ (J% £(u;)) ) dx

—_—

]
o= sqz: L B AR

A% ug) - (I % £(u))) ) @ dx

Since -A(Jeﬂ ui) - {Je* f(ui)) is continuous one gets pointwise
in ©_ that
n
(a.17) -A(J * uy) - (J % f(uy)) €O .

For v € Cz(ﬂ) and ¢ € !J+(0) one finds by the Kato inequality
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(a.18)

(a.19)

[9. Lemma A] that

[ dp |v| dx > [ sign(v) ¢ Av dx
0 1]

Again let ¢ € 5+(ﬂn) and e < ¥n. Write u, = Je* uy. Using (a.17)

and (a.18) one finds:

(J;uax(ulle.uz'e)-wﬂsp dx =
n

= j H(uy +uy ).-he dx + xé Iul’e— uz.el.—&p dx ¢
% n

< zé -A(u; *uy )¢ dx - ué sign(u; —uy ) ¢ A(yy -uy ) dx =
n yi

.—Au +

-Au 5

e x[l.l

l,e 26]

I(K[ule 2e]
n

x[ul_amz.e]'-“%ul.e'P %u2.e) ) i g

< éﬂ( Yy oy JOX D X g, U R0 +
Xfuy 30 A F0) + MIX £(z) ) ) @ x
+E +E

Set u; = max(u,,u;). With the identities JE* fluy) = ( ‘Ie* f(uy)
= f(uy) ) + (f(ug)-f(uy)) + f(u;) and x[ul.e>u2.e]“(Ul)_”ua”
=¥ty u, ] x[ul(uz][f(ul]ﬁf(uz)) . we will show that the first

term in the last integral of (a.19) converges to the right
expression if elo.
lim

First, since f(u;) is continuous, lO(J*I‘(u )) = fuy)

uniformly on Q"T' Secondly, goes to zero

K[ul & 2 &] x[ul(uz]
pointwise on {1 since u; and u; are continuous. And thirdly, since

lim
u; is continuous, elo ul.e = uy uniformly on ﬂn. Hence, since all
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the involved functions are bounded independently of e:

lim
(a.20) / x (J * f(uy)) vdx =
elo nn [ul.e>u2.e] 3
limI
= X ( (I % f(uy)) - f(uy) ) ¢ dx +
elo 0 [ul.ﬁ)u2_&] 3 4
el X (£(uy) = £(u5) ) ¢ ax +
elo 0 [ul_&>u2_£] [uy<uz]
n
lim
f dx =
L Xtuy oy 3 P90 @
n
=] Xpuyouy) f0e) v &
n
Similarly one treats the second and third term at the end of
(a.19). Since zig ma.x(u1 a'u2.e) = max(u, ,uz) = u; one has shown:
(a.21) J (us.-Ap - f(us) ¢ ) dx < O  for all ¢ € s*{nn)
0

Since 0, =0 (a.21) is valid for all ¢ € g'(n). o

u
>0
Lenwa A.6: lLet £ € CH{R), @ be bounded and 0 € C and set g0, If u,,
respectively u,, with uy; < u, in f}, are respectively a sub
and a supersolution of (a.1l) with u, < O < up on 80, then

there exists a stable solution u € [u,.,u,] C C(Q) of (a.11).

Proof: In order to get sub and supersolutions in Cz(ﬁ). we will use the

first two steps in a monotone iteration scheme.

Set e =min { -u,(x)., ux(x) ;: x € 81 }. Define
(a.22) w=max{ f'(u) : min u,(x) ¢ u ¢ max ux(x) } .
and the operator To: (1) = c(R) by

(a.23) T (u) = (-A+w)  (wu+ X)),
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(a.24)

(a.25)

where (—A+u)“l is the inverse of -A+w with Dirichlet boundary
condition u = ce , o € {-,+}. The operators T':|r are order

preserving. Moreover, if v is a subsolution of (a.11) with g = -¢,
then T (v) 2 v and T_(v) is also a subsolution, (see e.g. [13]
or [5]). By regularity theory (see [8]) T%(u,). Tf(uzj € C?[ﬁ).
Since T:_a(u,] < 1'3(113) in 0, are respectively a sub and a

supersolution, one can use [13, Th.3.6]. The unique solution U; of

U AU = £(U) in 0 xR’
U=0 on anN x l!*.-
U(o) = ¢ on 0,

with ¢ = T%l[u‘} , satisfies U,(x,t) T v,(x) for t > ® , and v,
is a solution of (a.l11) with g = 0. Similar the unique solution
U, of (a.24) with ¢ = To(u;) satisfies Up(x.t) } va(x) for
t-e®  and v, 2 vy; is also a solution of (a.l11) with g = 0.
By the maximum principle for elliptic problems, [12, Th.2.6], one
finds:
u, ¢ ’I‘%{ul) Cwg Eva X Tf(uz) duy Infy

By the maximum principle for parabolic problems, [12, Th.3.12],
every solution U of (a.24) with Tf[u‘) { ¢ { v, converges to v,
for t » ® . Hence v, is stable from below. Similarly v, is stable
from above. By [10, Th.4.3] one finds that there is at least one

stable solution u € [v,,v,] C [u,,u,] CC(R). O
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Chapter 6

Existence and stability for a
nonau tonomous

semilinear elliptic eigenvalue problem.




[

(1

INTRODUCTION.

Consider the eigenvalue problem

—Au = AF(u) in Q.
1)

u=g¢ on dfl,
with @ a bounded smooth domain in RN and A positive. In [3] one
considers ¢ = 0 and autonomous F: F(u)(x) = f(u(x)) . where [ € Cl([R)
is a function which changes sign. In that paper one gives necessary and
sufficient conditions, which are independent of the dimension, in order

to obtain existence of a positive solution near a falling zero of f

except for a boundary layer. The zero p satisfies for some e > O

.2) f(p) =0 and f(s) > 0O for s € (p-e.p).

A basic idea to treat such a problem comes from [1]. Angenent
essentially considers f € Cl(ﬁxﬂ} which is positive untill the first
zero p and fu(x.p(x}) < 0 in Q. Under additional conditions in [1] as
well as in [3] one obtains a curve of stable solutions. In this paper
some of these results are generalized.

First it is shown that for existence of such a solution with boundary
layer, it is sufficient to assume f € CO{M}. with p € Co(ﬁ} a
falling zero, when the integral condition of [5] at the boundary is
satisfied (f may change sign). Fife obtained results for (1.1) using
asymptotic expansions for infinitely smooth functions. In this paper we
approach by wusing sub and supersolutions. Without much more
difficulties we also state an existence result for solutions with
interior layers which is related to results in [6].

Secondly, in order to get strongly stable solutions it is also

necessary in [5] to assume fu{X.p(x)) < 0 for x € . The method used
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here allows one to weaken this condition to fu(x.u) ¢ 0 for

|u-p(x) | e and x €2 for some positive €.

2. EXISTENCE WITH ONLY CONTINUITY

Consider the eigenvalue problem
-Au(x) = A f(x,u(x)) for x € 0,

]

(2.1)
u(x) = ¢(x) for x € 80,

with 2 bounded and df regular, see [7]. In this section we assume
f € C(MxR) is bounded, ¢ € C(d0). We will show that there exist
solutions which are close to zeros of f for A large. In order to do so

we need the following conditions.

c.1: There are a, v € C2(ﬁ) with
(2.2) a(x) < v(x) for x € 11,

(2.3) f(x.a(x)) > 0> f(x.,7(x)) for x € Q.

Ci3: There are B, € Cz(ﬁ). with

(2.4) a(x) < By(x) < 7(x) for x € 0,
and open Di Edl | A= Ll 1, Such thas
(2.5) £(x.B,(x)) > 0 for x € ﬁi , LT O,
(2.6) £(x.B,(x)) <O mrxeﬁ i=k+l,... k+l,
B;(x)
(2.7) I f(x,s) ds > 0 for all w € [a(x},ﬁi(x)).
W
x € ﬁi' Lo e e
B, (x)
(2.8) J f(x,s) ds > 0 for all v € (B;(x).7(x)].
W
x €0, 1 = k+l,... k+l.
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(2.

(2.

(2.

(2.

(2.

Remark 1. Let p € C(f2) be such that f(x,p(x)) = O for x € Q.
Call p a falling isolated zero if there is €5 > O with

9) (w-p(x)) f(x.w) <O for 0 < Ju-p(x)]| < €0, x € 0.
If p is a falling isolated zero of f then there exist
B.. B2 € c?(ﬁ). with p-eq < By < p < Bp < p+eg in 0, which satisfy

respectively (2.5) and (2.6) with 0, =0, = Q.

Remark 2: Notice that it is no loss of generality to assume

a, ﬂi' n Cz[ﬁ} instead of C(R), since f is continuous.

Theorem 2.1: Let f € C(ixR), ¢ € C(8N). Suppose C.1 and C.2 are

satisfied. If

10) a(x) < ¢(x) < 7(x) for x € 90,
then there are Ay > 0 and ¢ > 0O such that the following
holds. For all A > Ay there exists a solution uy of (2.1)
which satisfies:
11) a(x) < u,(x) € 7(x) for all x € 0,
12) Bi(x) < uy (x) for all x € ﬁi n n{cx'”).
P ey
13) u, (x) < B;(x) for all x € ﬁi n a(en %),
1 =Tkel, ... Jerl.

( (6] = { x € {1; d(x,00} > 6} }

In this section we will only prove two corollaries of Theorem 2.1. The

theorem itself will be proven in the next section.
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Corollary 2.2: Let f € C(ﬁxm} and suppose C.1 is satisfied.

Let ¢ € C(8R) satisfy (2.10). If p € C(R) is a falling

isolated zero of f, see Remark 1, which is such that

(2.14) IP(X)f(x.s) ds > 0 for all w € [a(x),p(x)) U (p(x).7(x)].

= x € an,
then for all e > O the following holds.

There are Ay > O and ¢ > O such that for all X > Ay there
exists a solution u, of (2.1), which satisfies (2.11) and

(2.15) lu, (x) - p(x)]| < e for all x € n(c;\"").

This corollary is related to existence results in [5]. It is also
possible to state a corollary which is related to existence results in
[6] for solutions with interior transition layers. In the one-

dimensional case there are related results in [2].

Corollary 2.3: Let f € C(ﬁxm] and suppose C.1 is satisfied. Let
¢ € C(8N) satisfy (2.10). Let T C 22 be a closed curve such
that @ =0, UD,, a0, =8QUT, 80, = T with 2, and Q, open.
Finally let p,, p» € C(Q) be two falling isolated zeros of f

(see (2.9)) with p; < p», which satisfy

py(x)
(2.16) I f(x.s) ds > 0 for all
w
0 € [a(x).ps(x)) U (ps(x).7(x)]. x € o0,
and
Pi(x)
(2.170) ¥ f(x,s) ds > 0 for all v €(p,(x).p2(x)], x € 0,
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p2(x)
(2.18) ¥ f(x.s) ds > 0 for all w €[p,(x).p2(x)). x € 5.
3]
Then for all e > O there is A > 0 such that for all A > A
there exists a solution u, of (2.1), which satisfies (2.11)

and

(2.19) ‘uh(x} - pi(x][ e for all x € Q(e) ¥ 1,9

Remark: From (2.17) and (2.18) if follows that

pz2(x)
(2.20) I f(x.s) ds = 0 for:x € L.

p1(x)

Proof of Corollary 2.2:
Since f, p, a and 7 are continuous, (2.14) also holds for all
x € I\2(6) and for some & > O small enough. Take B,, B, as in

€o and take 71 € C(IxR) such that

Remark 1 with e

[ n(x.0) 20 for w < p(x).
n(x.w) <0 for w » p(x).
n(x,w) =0 if By(x) € w < Pa(x)
(2.21) or x € M\(35).
n(x.w) = 1 for w < p(x)-€ , x € Q(5).
| n(x.0) = -1 for p(x)+e < @ . x € 0(5).
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For ¢ large enough fc € C(ﬁxm). defined by
fc(x,w) = f(x,0) + cn(x,0), is such that C.1, C.2 are satisfied
Applying Theorem 2.1 shows that for A > Ay there is a solution u,
of (2.1), with f replaced by fc. and

Bu(x) < uy(x) < Ba(x) for x € A(eA %),

Hence n[x.uk{x]] =0 for AN > 2c26_2. which shows u, is a

solution of (2.1), with the orginal f. for A > max(2c25 2, Ao).

Since B, > p-e and B, ¢ p+te , (2.15) is also satisfied. 0O

Proof of Corollary 2.3:
Assume without loss of generality that (2.16) holds for
x € INY(8).
Let By < py < Bs respectively B, ¢ p> < By as in Remark 1, with
€g = €. Assume 2e < 6. Similar to the previous proof we take
1 € C(xR) such that

I nix.w) 20 if w < py(x) and x € 0,

I~

or w < pp(x) and x € 0,

n(x.w) < 0 if w2 psi(x) and x € 0,
or w > pa(x) and x € 0.
(2.22) n(x.w) = 1 if @ < pi(x)-e and x € 0(2¢)
or w € pa(x)-e and x € 0,(2¢),
n(x.w) = -1 if @ 2 pi(x)*+e and x € 0,(2¢)
or w > pa(x)+e and x € 0(2¢),
n(x,w) = 0 if  x € MN(e)

or B;(x) £ w £ Ba(x) and x € 0,

or By(x) € © < Pa(x) and x € +B(0,¢)

or Ba(x) € w £ Be(x) and x € 0.

117




(2.23)

e et ey i n, 4
ol -| -1 [|-1[-1]-1]1 -1 “1f-1]-1]-1] -1 -l o
1
L —To
Pt |l ——1 = e i R e ____._.--""'/ —1—1
gl (15 - 1%
Ps [l =1 ol gl ol —— 1 | ]
. B e o b o 4 0 ojofo] -] *—17[Y
2 " * - | —1
5 (S T o o[ofof - 1—7-19
2 . -
SR .-g—-"'"-_'_'_'_'—'“'-g-«r-'_ + +| 0|0 -r___._I///
2
0| = | -{ 0] o| + 1 +| o] Of - -1 -1 0
pyte vg’f - -lo o_T““““Tﬂm_hﬁﬁ_‘ﬁ‘
_________\_\_ —d
Bs ool © |ofo]of+ ; e v ] 1P ) e S
ed Kol
oo Folol o lololol s T —14dolo| 51+
B, -6"”'": + o] 4| + 4__-_'—_1‘_‘“%—.1_&?__9_'__2_5'_‘"5%&_.9_
e B = . 15]s ——= |o]o
pye ] +| & ——
0]
o] + 1 1] 1] 1] 1 1 11 1] 1] 1 1 #=| 0
: X
Ln.(zeu hrseBf b—0,(2e)— p-TeB{ p—0,(2e)~

-

()
Illustration for the proof of Corollary 2.3.

Define k = 1 = 2 and

£} wil;
05 = 0,(e).
ﬂ: = (€).
ta = 1.

Then C.1 and C.2 with n‘; are satisfied if f is replaced by
fc =f + en for ¢ large. Application of Theorem 2.1 shows that

there are ¢, Ay and uy for all A > Ag, with u, a solution of (2.1)

A
where f is replaced by fc.

The function uy satisfies




u, (x) 2 Bi(x) for x € n(ch—”)-

(2.24) u, (x) 2 Ba(x) for x € N,(e) N AN %),
UA(X) < Ba(x) for x € 2,(e) N ﬂ(cx_%),
uy (%) < Ba(x) for x € O(cA %).

2:72) . one finds by (2.24) and (2.22) that,

For A > k* = max(Ag.c
n(x.uh(x}) = 0. Hence uy is a solution of (2.1) with the original

f. Moreover for A > A_ it follows from (2.24) that (2.19) holds. O

3. PROOF OF EXISTENCE.

In this section we will construct for A large appropriate subsolutions.
We will use the definition of sub- and supersolution of [3].

The supremum of a family of these subsolutions will again be a sub-
solution. Similarly one constructs a supersolution. In [4] one shows
that there exists a solution between these sub- and supersolutions. The
sub- respectively supersolution will be constructed such that the

estimates (2.12) and (2.13) are satisfied.

Lemma 3.1: Let a € Cz[ﬁ] be such that
(3.1) f{x,a(x}) > 0 for all x € @,
and for some x5, € 1, b > a(xg)
(3.2) f(xo.b) > 0.
If

b
(3.3) I f(x0.s)ds > 0 for all w € [a(x,).b)
w
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(3.4)

(3.5)

then for all € > O there are A,, ¢ € R', v € CX(R) with
v(0) > b,
vi{r) < @ for r > 0,
vir) < b+e- cer® for r 2 O.

such that for A > A,, w(A) defined by

w(A.x) = max { a(x) . v(N|x-y|) )

is a subfunction of (2.1). for all y € B(Xu-x:%}-

Proof: Let 0 € ( O , lf{xn.u{xu)) ) be small enough such that

(3.6)

(3.7)

(3-8)

(3.9)

b
J (f(x0.,s) - o)ds > O for w € [a(xo).b)

w

and let £ € C}(R) be bounded and such that

| %8} € £l ) = 1o for s € [a(xg).®).
%(s) <0 for s € [bte,®),
() > f(x0.5) - % for s € [a(xo).b),
£%(s) > f(x0.a(xo)) for s € (-®.a(x0)].

Moreover let f" have a unique zero b in [b.bte]. Minimizing, see
[8] or [3].
1

2 ¥ N
I(hu) = [ | ﬁ|vu| -AJ  f(s)ds ) dx
B(0.1) a(xg)

in a(x,) + Wé‘z(B{O.l}) for X = X" large enough, and extending by
the solution of an ordinary differential equation gives a function

V€ cz(mﬂ). which satisfies

[ _av = )
v(x) = V(Ix]) for x € R,
v'(r) <O for v 20,

b < V(0) < b

L V(1) = a(xo)
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(3.

(3.
(3.

(3.

(3.

(3.

(3.

(3.

(3.

Let 6, > O be such that

10) £(0) < £(x.0) for € [a(x).bte], |x-xo| € &,.
Define v(r) = V((N) %r) and take A, large enough such that
11) N D% 62,
12) v(#6,\7) < "M a(x)
and
13) -Aa(x) < A f(x.a(x)) for x € 0.
If |x%| > 6, and y € B(xn.?\:%] then |x-y| > %6,, and hence
for A > A
% %
14) v(A?|x=y|) < v(#T64) < a(x).
If |x%o| < 8, and v[x”lx-yl) > a(x) then (3.10) shows
»* % %
15) £ (v(N*[x-y 1)) < f(x.v(N|x-y]))-
Using [9. lemma A], which shows the distributional inequality
16) -Alu| € - sign(u) Au ,
one is able to prove for "\ defined in (3.5)
17) J-Apw, dx = % -Ap (a@+v, + |a-v,| ) dx <
A A A
9} 0]
< %o ( -A(atvy) - sign(a-v,).A(a-v,) )dx.
1}
1 if a(x) > vk(x)
Define h(x) = { % 4f ldx)= vh(x) . Then for y € B{xo.)\:%)
0 if a(x) < \r?\(x)
17") [ -Apwy dx < J ¢ (ho-ha+ (1-h).-dv, ) dx =
0 0
= _r ' h.-Aa dx + ,f ' (].—l'l).—lhfA dx =
0 B(xo.8)
<TeohA f(.a)dx+ [ ¢ (1-h) A f*{vh} dx <
Q B(xo.5)
ST ehf(.,a) dx + i w(1~h})\f(..v7\}dx -
By B(xo.5)
=S eNf(..w) dx forall g €9°() = { ¢ €Co(R): » 20 ).
2
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For a more detailed proof see [14, Lemma A.4].
The estimate (3.4) follows directly from the construction of i

and {3.9). D

Proof of Theorem 2.1: Take € > 0, but small enough such that

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

€< % min { By(x) -~ By(x) i x € B N, i € (1.....k},
1€ {ktl,... . k+1) }.
For every i € {1,...,k} and z € ﬁi let v(i.z:x) and A,(i,z) be

defined in Lemma 3.1. Since ﬁi is compact, there exists a finite
covering

—% _

U{B(z,.\"(d.2))) im=1,....m } of 0

i with z, € ﬂi.

Define
max S i
Ay = tom { k,{i.zm) s M= l.....mi }-
Finally, because of (3.4) there is ¢ > 0 such that
T?: v(i.zm:r} < m%n a(x) for all r > c.

For A > A, set w(A,i,yix) = max( a(x) . v(i.zm:|x—y|] ). Then W(A)
defined by

W(A.x) = sup{ w(A.i,yix) : y € B(zm,(h,(i.zm))w%) n @N n

OGN, Wt Baceni ¥ & Bl |

is a subsolution of (2.1).
Because of (3.21)

w(h.i,y:x) = a(x) for x € 80,
is satisfied, which shows the condition at the boundary. Using
Kato's inequality, see [14, Lemma A.4], one shows that the maximum
of a finite number of these subfunctions w is again a subfunction.
Since

a < W(A) <~ in Q.
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one uses the dominated convergence theorem in order to show that

W(A) satisfies, as the supremum of countable many subsolutions:

(3.25) I (-Ap W(A) - ¢ £(..W(A) ) dx < O for all ¢ € 9 (Q),
0

where 9+{Q) consists of all nonnegative functions in C:(ﬂ}. Since
{ w(r,i,y) € C(Q); with i and y as in (3.22) } is equicontinuous,
W(A) € C() and W(A.x) = a(x) for x € 00. Hence W(A) is a
subsolution.

Similarly one constructs a supersolution w"m for A > )\f. From
the construction it follows that W(A) < W’(?\). Moreover W(A) and
W'(\) satisfy (2.11) (2.12) and (2.13).

By [4] there is for A > Ag = mx(?n.?\’:) a solution u, of (2.1)

A
with W(A) < uy £ W*(?\) in 0. This completes the proof of

Theorem 2.1. O
4. STABILITY

In order to tell something about stability one will need more
smoothness. In this chapter we will assume that the bounded domain 01

has a 03 boundary. Also assume f € Cl'-r(ﬁxiﬂ. for some v > 0, and

o € C(a0).
Suppose u is a solution of (2.1) and consider the linear eigenvalue
problem:

(4.1) —7\_1&\! - f'u{x.u)v = v in 2,

v =40 on dfl.



(4.

Definition 4.1: We call a solution u of (2.1) strongly stable if the

first eigenvalue pg of (4.1) satisfies g > 0.

The notion of ordinary stability is related with the parabolic problem,
see e.g. [10]:
U, - AU = AM(x,U)  in DR,

2) ”
U=¢ on dxR .

Definition 4.2: We call a solution u of (2.1) stable if for every
€ >0 there is &6 > 0 such that, for every U, € Lm{ﬂ}

with # Ug —u il < & , the solution U of {4.2) with
lim
tlo T
IhU(e) —ull, <e forall t20.

I U(e) = Ug Nl satisfies

Remark : Strongly stable = Stable % g 2 0 .

In general these implications cannot be reversed.

Suppose u is a strongly stable solution of (2.1) for A = A,. Then the
implicit function theorem and Schauder estimates yield the existence of
a curve of solutions. That is ¢ € Cl{ (Ai-e. A +e) Cz(ﬁ} ) exists
with ®(A;) = u and ¢(A) is a solution of (4.1) if | A -1, | < e,
where € is some positive number. However strong stability is in general
harder to prove then just stability.

Combining the results of Sattinger and Matano, [12] and [10], one finds
the existence of a stable solution u, if there are a subsolution u, and
a supersolution u, of (2.1), with u,; < u, in 2 and u, < ¢ < u, on a9.
The function u satisfies u; < u < u, in Q.

In the proof of Theorem 2.1, see (3.24), we constructed a sub and
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supersolution W(A), respectively W“(A). Hence under the additional

smoothness conditions one can assert in Theorem 2.1 that there exists a

stable solution u(A). Under such general conditions as C.1 and C.2 it

will not be possible to prove strong stability. For the case that there

is only a boundary layer one can prove the following.

Theorem 4.3: Let 1 be bounded and 801 € 03 Suppose f € Cl'T(ﬁle} for

(4.3)

(4.4)

(4.5)

(4.6)

Proof :

(4.7)

some ¥ > 0, and let p € cz(ﬁ) be a falling isolated zero of
f(x.p):

(p(x) —u ) f(x,u) >0 for u € [p(x)-5,p(x)}+61\{p(x)}}
and

£ (x.u) <O for u € [p(x)-56,p(x)+5].
with x € 1. Let ¢ € cz(ﬁ).
If

p(x)

I f(x.s)ds >0 for u € [p(x),p(x}) and x € 80,
u

then for all e € (0,8) there are ¢ > 0, A; > 0 such that for
all A > A, a strongly stable solution u(A) exists with
min{ o(x") + oN?| x| . p(x)-€ : '€ M } < u(A;x) and
u(Aix) < p(x)+e in Q.
Moreover, u{A) is the only solution of (2.1) which satisfies

(4.5).

In order to simplify arguments we will assume that ¢ is harmonic.
Also we will assume that
e(x) < p(x) - € for x € Q.

If U is a solution of
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(4.8)

i)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

-AU = Af(x,U+yp) in 0,
U=0 onaﬂ'.

then u = U + ¢ is a solution of (2.1). Hence we may assume without
loss of generality that ¢ = 0.

The proof is basically the same as in [3].

Construction of sub and supersolutions.

First change f for u < O in a neighbourhood N of 91 such that

f(x.u) >0 forud(-land x € NN D
and
p(x)
J f(x,s)ds>O0 for u < p(x) and x € N N Q.
u

Since we are only interested in solutions for A large which
satisfy (4.6), we may change f outside of this region and assume
without loss of generality that (4.9) and (4.10) hold for all
x € 0. Let { B(yi.a) ; i=14,...,M} be a covering of 1. Like in
the proof of Theorem 2.1 assume that o is small enough such that

w(A.i,y:x) = max{ -1 , vi[lxlx-yl) }. with v. defined by Lemma 3.1

i
( take xo = Yy ). is a subfunction for all y € B(yi.2a). Define
for 8 € [0,1] the subfunctions (see (3.22) ):

w(r.i.8;x) = sup{ w(A.i.yix); y € B(y;.0) N 2 with

w(h.,i,y) < -8 on 80 }.

Since 90N is C3 one finds that

w()\.i,8) > -8 on B(y,.0) N Q.
Hence

W(A.0:x) = max{ w(A.1,0:x) : 1 =1,....M},
with 6 = 0, is a positive subsolution and even satisfies

min{ cA5| x—x*| . p(x)-e ; x € a0 } < W(A,0;x) < p(x) inQ

for some ¢ > 0 and all A large enough.
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(4.

(4.

(4.

(4.

(4.

(4.

(4.

(4.

15)

16)

16)

ii)

18)

19)

20)

21)

22)

Also for A large enough, W*(J\:x) = p(x) + € is a supersolution.
By sweeping with subsolutions as in [3] one can prove that every

solution u(A) ( for the changed f) with A large enough, which
satisfies

min{ c?\zl x-—x*| . p(x)-e ; x € a0 } C WA, 0;x) € p(x)+e

for x € 0 , or
W(A.-1) Cu(d) < p+e in 0,
also satisfies
W(A.0) < u(d) < W'(p) in Q.

Using degree arguments.
Choose « such that ?\fu{x.u) + w > 0 for x € 00 and
u€eEf -1, r%x p(x) + € ]. Define the continuous mappings F, K
C(Q1) - C(N1) respectively by

F(u)(x) = f(x,u(x)) for x € Q,

K(u) = (A + 0 )" ( Flu) + au ),
where ( -A + w };1 is the inverse of -A+w with homogeneous
Dirichlet boundary conditions. Since K is order preserving on
[W(A.-1).W(A)] € c(f),

W(A.-1) < K(W(A,-1)) < K(W'(A)) < W'(\) in 0,
and since K is compact, the Leray-Schauder degree of I-K on
(W(A,-1).W'(A\)) is well defined. Since (W(A.-1).W'(A)) is convex
in C(2), one finds by a homotopy argument that

degree( I-K , (W(A.-1).¥ (A)) . 0) = +1 .
If u is a strongly stable solution of (2.1) and

u(r) € (W(A.-1).¥'(A)) € c(@).
then the local degree of I-K at u(A) is also +1. If every solution

u(A) in (4.22) is strongly stable then the additivity of the
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iii)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

degree shows that there is exactly one solution of (2.1) in
[W(A.-1). W ()]

Showing strong stability.

We have to show that, when A is large, for every solution u(A) of
(2.1). with u(d) € [W(A.0).W'(A)] the first eigenvalue jg(A,u(}))
of the linearized problem (4.1) is positive. Suppose this is not

lim Y

= o with
- n

true. Then there exists a sequence { An }., with
solutions u(hn] € [W(kn,O),W'(Kn)] and with B = pn(hn.u(An)) £ 0.
Let Ve denote the associated eigenfunctions, which are normalized
by max ¥, = 1. Take Y. 2 such that vn(yn) = 1. By (4.15) there
is ¢ > 0 such that

| u(h.x) - p(x) | <& for x € n(ck-%).
where Q(7) = { x € 0 ; d(x.90) > 7 }.

Since

~Avn(x)

]

%
An ( fu(x.un(hn:x}} o ) vn[x) < 0 for x € Qch 7).
by (4.4) onme finds that y € ﬂ\ﬂ(ch_ﬁ). Similar to [1] or [3,
Lemma 4.2] one constructs subsequences such that i, p < 0 and

¥ X € 81, uses a local change of coordinates, rescales and will

find the limit problems

[ -AU = £(X.U) in B =R xR,
U=0 on 6m§ = R,x {0},
[ -AV - £ (xU) V=pV in mf ;

Yy=0 on amf :

with 0 <V <1 in Rf. Also U satisfies
min( ex, , p(x)-€ ) < U(x) < p(x)+e for x = (x1....%y) € RE,
Since

( p(x) = u) f(x.u) >0 for u € [p(x)-e.p(x)*e]\(p(x)}.




(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

one uses sweeping arguments from below and from above, see [13,

Prop. 3.2] to show that
lim

Xy @

U(x,.x') = p(%) for '€ B Y,
Next, by the strong maximum principle one finds that U < p{;)
on RE. [3. Prop. 2.5] or [13, Prop. 3.2] shows that
U(x,.,x') = U(x,) for (x,.x') € R x =l
and U is a solution of
-U" = £(x.U),
u(o) =0, -
(0) p(x) _ %
U'(0) =(27J f(x.s)ds )"
0
Define
’ e g1
S(xy) = sup{ V(x,.x"') ; x'€ } for x;, € R, .
Then 0 <S <1 inR_and by [3, Lemma 2.6], S € C[0,®) and
J(S () - (f,(xU)+n)S¢)dx <O
R
: for all nonnegative ¢ € Cy(R,).
Since fu(i.U{x,)) +p1 <0 for x; > c one finds that S is
convex on (c,®). Since S is also bounded, S is constant on (c,®).
Finally, since S is a positive constant on (c,®), (4.34) yields
that fu(i.U(x,}] + 1 =0, and hence fu(g.U{x1}) =0 , for % D
c. This last assertion is contradicted by the fact that neither

f(x,.) on [p(x)-€,p(x)]. nor U on (c,») are constant. 0O
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Remarks on eigenvalues and eigenfunctions
of a special elliptic system

By Bernhard Kawohl, Sonderforschungsbereich 123 der Universitat,

6900 Heidelberg, West Germany, and

Guido Sweers, Faculteit der Wiskunde en Informatica, Technische Universiteit,
2628 BL Delft, The Netherlands

Let 2 = R” be a bounded domain and v = (v', v%, ..., v") a vector function
defined on Q. The operator defined by v — Av + « grad divyv is called Lamé’s
operator. For n=3 it shows up in the theory of elasticity and then
=1+ -

L A
v € (0, §) is the Poisson ratio, see e.g. [16, § 33]. Therefore the assumption « > 0
is justified. For many metals such as for instance iron a realistic range of x is the
interval (2, 3). The eigenvectors describe the deformation of isotropic vibrating
elastic bodies with fixed boundaries. Bibliographical remarks are made at the
end of this note.

, where 4 and p are the (positive) Lamé constants and

Lemma 1. The first eigenvalue A, of the Lamé operator is characterized by

.fl,{&'z}:=nt n?filrgmm R(v), where
| {i Vo' > + a(div ‘,)2} dx
Rw):=22=1 .

j{}_n: ([-'ijz} dx

For the proof we observe that if u is a solution to the variational problem,
then the first variation of R(u) has to vanish, i.e.

| {é Vu'V¢' 4+ adivadivg — A, u,p} dx =0.

Q

for all testfunctions ¢ € [CZ(€2)]". But this is just a weak formulation of the
partial differential system for u. The second variation of R (u) should be nonnega-
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tive, and this is in fact the case since
] {Z V@12 + o (divg)® — A, j;ﬂz} dx =2 0.
n (i=1
A simple consequence of Lemma 1 is the following estimate. O

Corollary 1. A,(Q) > 4,(Q).
In fact, certainly

j{ |V |’}dx
A,(2)= min fi—-—-—

0#ve[HLE" J.{ 1)2} d%
0

holds. This proves the weak inequality 4,(2) = 4,(22). To prove the strict in-
equality one has to observe that equality holds only if the components of u are
multiples of the first eigenfunction u, of the Laplace operator, and if diva = 0
in . But, as W. Velte has kindly pointed out [17], these facts are contradictory,
since

2 4(Q)

IlMa .I-I-M‘

[ divupdx = — [ugradpdx for any pe C'(9Q).
2 2

In fact, for p = x; we obtain [w/dx =0, so that « cannot be a multiple of u, .
(4]
O

Remark 1. The well-known Krahn Faber inequality, see e.g. [13, 7], states that

w 2/n ;
()24 1(2%) = |:n |Ql] J"[Ia—wz-

where 2* denotes the n-dimensional ball of the same volume as Q < R” with
center in the origin, where n is the number of dimensions, w, the surface area of
the unit sphere in R", |2 the n-dimensional volume of 2 and j, _,), is the first
zero of the Bessel Function J,,_ ,,,(x). In particular for n = 3 we get

2/3
A,(9) > (4—;) |R]72P n2,
This is considerably better than the estimate of Sprossig [15]:

47 S |
A1 (Q)>(3) (2] 2”35.
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or of Levine and Protter [11]:

4m\*3 3 [3mx\%3
> -2{3
A,(Ql=(3) 1Q| 5(2) .

because 72 ~ 9.86 and 3/5 - (37/2)*3 ~ 1.44.

Now that one has an estimate from below, let us look for an estimate from
above for A,(8). In view of the Lemma this is a relatively simple task. We just
have to choose a suitable testfunction v in the Rayleigh quotient R(v).

Corollary 2a. If n = 2 then 4,(Q) < (l - f—:) 2, (Q).
Corollary 2b. If n = 1 then A (Q) = (1 + ) 4,(2Q).
Corollary 2c. If @ = Q then 4,(Q) < A,(9).

To prove Corollary 2a, we let u, be the first eigenfunction of the Laplace
operator on € and suppose without loss of generality that

du
[—i .éj' dx for j=2,...,n
n [0x, n
Then we choose v, with components v} = u, and v = v} =--- =] =0. As-

suming that the Lz(Qj-norm of v} is one, we evaluate R(v,) and obtain
‘ a

To prove the strict inequality we observe that A,(Q) = (1 - 1) /() if and
only if L.

| Ou, |*
2 |0x;

R(vy) =4, (Q)+a]

uy
Xy

dx for i,je{l,...,n},

qj‘aﬂz
~a|ox;

2

and if each vector v, given by the components v/ = d,;u, minimizes the Rayleigh
quotient. Here 9,; is the Kronecker symbol. But then each vector v; is an

eigensolution of the Lamé operator with eigenvalue A = (l + ?) Z1(Q). If we
write out the systems for all v, we obtain "
u,  A,(9Q) o2u,

ox? g =i Bp ax;0x;

0 forall i+j.

These are too many equations to have u, as a solution. In fact, if we integrate
the second set of equations with respect to x;, we obtain

0
L_u, =10 W 0)=FX)+ Gy civs Xy i Xiwna s s Xp)
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Now the first set of equations implies after separation of variables, that each G;
has to be constant. Consequently u, must be constant, a contradiction. This
completes the proof of Corollary 2a.

The proofs of Corollaries 2b and 2c are trivial. O

Remark 2. The estimates presented here are optimal for  — 0. For large
values of « one can sometimes find a better upper bound to A, by choosing a
testvector with vanishing divergence in the Rayleigh quotient. As an example, let
2 be the unit square in R? and choose

u' = (sinnx)*sin2ny w? = —sin2nx (sinny)’.

Then R(u) = 5.33 n?, see [17]. This upper bound for A, is better than the one in
Corollary 2a for o > 3.78 while our bound is better for smaller values of «.
Another reasoning of this type and relations with another eigenvalue problem
are exhibited in Remark 8.

For large values of « one can interpret the divergence term in the Rayleigh
quotient as a penalty term which forces the first eigenfunction to have (almost)
vanishing divergence. In fact there exists a constant ¢ independent of « such that

[ (divuy)*dx = £
n «

Remark 3. Suppose that 2 is a ball. We call a vector function v(x) a radial
vector or rotationally invariant, iff all components of v depend only on r = |x|.
If one minimizes R(v) over the subset of radial vectors, then the corresponding
Euler equations turn out to be

(1+E)(u£r+"_1 u£)+Auj=0.
n r

In this case A7($2), the minimum of R(v) over the set of radial vectors in [H(2)]",
satisfies

1= (1 + E) ().

Incidentally, this gives another proof of the weak inequality for the case that
is a ball. To prove the strict inequality we could also argue as follows. If
A,(2) = A7(Q) then there exists a radial eigensolution to the Lamé operator.
This will contradict Lemma 2. Notice that these observations show another
connection between the Laplace and the Lamé operators.

Since the first eigenvalues 4,(2) and A,(Q) of the Laplace and the Lamé
operators are so closely related, one might wonder whether the eigenfunctions
u, and u, have something in common. If 2 is a ball, one of the features of u, is
its radial symmetry. However, u, is not radial. In fact, the Lamé operator has no
radial eigensolutions whatsoever (in the sense defined in Remark 3).
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Lemma 2. Let n = 2, let Q2 be a ball, and let u be any eigensolution associat-
ed with any eigenvalue A of the Lamé operator.

Then u is not rotationally invariant, i.. u is not a function of r only.

We prove this Lemma by contradiction and suppose that u = u(r), where

n
r* =Y x?. Then the j-th component of the system can be rewritten as
i=1
n—1+a o

. f i 5 ;
Uy ———— =% xlu, ——u )+ A =0.

=1

We introduce the notation

; il I —1+4+a . , : . 4
f’{r}:=———-(u:,+Wigﬁwf,-{-/‘lwJ and a'(r):i=ul, —-ul
o r r
and obtain
n ) i(r
lea'(r]=f{} for j=1,....M-
i=1

%y

Consequently x;f’(r) = x;f'(r) in Q for any i,je {1,...,n}, ie. f/(r)=0 for

j=1,...,n Butthen a/(r) =0 for j = 1,..., n, i.e. there are constants b, and c;
such that w/(r) = b;r? + ¢,. Since f’= 0 we have b; = ¢; = 0. Therefore u must
be zero, a contradiction. O

Another feature of the first eigenfunction u, of the Laplace operator is its
uniqueness (modulo scaling). The first eigenfunction u, of the Lamé operator is
in general not unique, as can be seen from the following Lemma.

Lemma 3. Let Q € R? be the unit disk and let u;, = (u(x, y). v(x, y)) be an
eigensolution associated with A,(Q). Suppose that 2 < 3.176.
Then u, is not unique modulo scaling.

Remark 4. The Lemma remains correct, if £ is a two-dimensional domain
which is invariant under reflections along the x- and y-axes, and under reflection
across the diagonal x = y. In this case the precise upper bound for x is given by
1 4 2/2 < A,(Q)/4,(22). Upper bounds for the ratio of the two eigenvalues can be
found in [2]. The present upper bound for a general two-dimensional domain
seems to be 2.586, the conjectured upper bound is the one which is obtained for
the disk, namely 2.538 ...

With slightly more notational efforts one can prove Lemma 3 also for the
ball in R?. In that case the bound for a is given by 1 + a/3 < 4,(2)/4,(R2) = 2.04
or o < 3.12. This bound is in the physically realistic range, see our introduction.

Notice that even for « = 0 there are two linearly independent eigensolutions,
namely (u, (x, ). 0) and (0, u, (x, y)), with u, (x, y) being the first eigenfunction of
the Laplace operator.
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For the proof of Lemma 3 we assume that (4, v) is unique and use some
invariance properties of the class of solutions to reach a contradiction. An easy
calcufation shows that the following statements i)-1iii) are equivalent.

i) (ulx, y), v(x, y)) is an eigensolution.
i) (—u(—x,y),v(— x,y) is an eigensolution.
iii) (v(y, x), u(y, x)) is an eigensolution.

So there exist nonzero constants a and b such that u(x, y) = — au(— x, y) =
bu(y, x) and v(x, y) = av( — x, y) = bu(y, x). A combination of these two equa-
tions shows that b = a® = 1, so that we have to study several cases. The case
a=1 leads to u(0, y)=0 and v(x,0) =0, while the case a= —1 leads to
v(0, y) = 0 = u(x, 0). Therefore, in both cases we may minimize the Rayleigh
quotient R(u, v) over the class of functions which vanish on a diameter and
obtain the estimate R(u, v) = 4,(Q). This contradicts Corollary 2a and the small-
ness assumption on «, and completes the proof of Lemma 3. O

Now that we know that the eigensolutions to the Lamé operator have
features which distinguish them from the eigenfunctions of the Laplace operator,
let us attempt to calculate some of the eigensolutions explicitly.

Let 2 be the ball with radius 1 in R". We already know from Lemma 2, that
there are no radial solutions. But maybe u, = grad p(r) for some potential p(r).
This conjecture leads to the “Ansatz”

w(x) = x,f(r)
and a straightforward calculation gives
s WAL A | .
S+ r_f+1+a:f_0 in Q.

Notice that the last equation can be interpreted as
A 2
dyiaf+ l—ﬂf=0 m Q.

where 4, , and Q, , , denote the Laplace operator and the ball of radius one in
R"*2. Thus we have shown the following result:

Lemma 4,

If w; denote the radial eigenfunctions and g; the associated eigenvalues of
the Laplace operator on £,,, under Dirichlet boundary conditions, then
g;:i=(1+a) 2; and W, = Xw; are eigenvalues and eigensolutions of the Lamé
operator on ,. Moreover, each component x;w; is an eigenfunction of the
Laplace operator on £2,, with eigenvalue g;.
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Remark 5. Lemma 4 shows another intrinsic relationship between the La-
place and Lamé operator. .
Notice, however, that g, = (1 + a) 4,(2,.,) > (l s Fr) (82, 2 A,(£2,), so

that w, is not a first eigensolution of the Lamé operator.
We conclude our remarks with another “Ansatz” and assume that n = 2 and
that u = ((u(x, y), 0). Then the system is rewritten as

M+o)u,+u,+Au=0 in Q,
u,=0 in Q.
Because of the second equation there exist functions f(x) and g(y) such that

u(x, y) = f(x) + g(y). But now the first equation of the system can be solved by
separation of variables and has the solution

' A A o —
u{x.y]=c,sm\/1+.=x+czcos 1+ax+c3sm\/z1y+f‘cos\/z‘1}2

This representation has to satisfy the boundary condition u(x, y) = 0 on 0€Q.
Now it is easy to see that for many shapes of £, for instance for © a disk, we have
u = 0, so that this Ansatz is in general not successful. For special domains Q,
however, we do get a solution to the eigenvalue problem.

Lemma 5. Let 2 € R? be the rhombus with corners in (+ /1 + 2, 0) and
(0, +1). Then A = n? is an eigenvalue and the vector function with vanishing

s nx

second component and positive first component u(x, y) = cos 7

is an eigensolution of the Lamé operator. V1+a
In fact, it follows from the above Ansatz and from the identity

+cosmy

mXx

u(x, y) = cos + cosmy

14+a

e M,S(L " 9‘) COS(L ﬂy)
2./ +a 2 2.1 +a Z

z + |yl = 1}. This proves the Lemma.
J1+a

that u(x, y) vanishes on the set {

O

Remark 6. Notice that, as « — 0, we approach the first eigenfunction of the
Laplace operator on a square. This seems to indicate that the eigenvalue which
we found in Lemma 5, is in fact the smallest eigenvalue of the Lamé operator for
the rhombus. In this case one would even have an eigensolution which is (com-
ponentwise) nonnegative and thus unique (in the class of vectors with vanishing
second component),

Other eigensolutions on the rhombus can be obtained by scaling the solu-
tion from Lemma 5.

138



Vol. 38, 1987  Eigenvalues and eigenfunctions of a special elliptic system

Remark 7. For the sake of completeness we want to record a nodal line
result. It is based on the following observation. If u, is an eigensolution of the
Lamé operator then the function w = div u, satisfies (1 + o) 4w + Aw = 0in Q.

Furthermore, if « satisfies the smallness condition 1 + % < A,(2)/4,(82) (which

was also used in Lemma 3), then w cannot vanish identically in §2. This follows
from a reasoning similar to the proof of Lemma 1. If, however, w is not identical
zero, then w cannot have a closed nodal surface in Q. In fact, otherwise there
would be a set € < Q such that the restriction of w to € is the first eigenfunction
of the Laplace operator on £ under Dirichlet boundary conditions. Therefore

A, =01+ a) 1,(9) > (I + E) 4,(9), a contradiction to Corollary 2a.

Remark 8. It should also be noted, as S. Heinze has kindly pointed out to
us, that the components of any eigensolution of the Lamé operator satisfy

(1+a)dAu' + Aduf=0 in Q,
w=0 on 0Q.

This follows from the identity 4 = graddiv — curlcurl. The buckling of a
clamped plate is modelled by this equation and boundary condition plus the
condition that the normal derivative of the solution be zero on the boundary, see
[13, p. 456].

Another relationship between our eigenvalue problem and the one describ-
ing the buckling of a plate is the following. Let n = 2 and let ¢ be any function
in H(Q). Set u = (¢,, — ¢,). Then divu =0 and

[ (4¢)* dx

n
T
n

is an upper bound for A, . If one minimizes this new Rayleigh quotient over all
functions ¢ in H3(£2), and if y is the minimizer, then i/ is the first eigenfunction
of the problem

Ay +vAy =0 in 9,

=0 on 0Q,
0
_'1/=0 on 0Q.
on

The corresponding first eigenvalue v, (Q) is an upper bound for A, (@), which is
independent of o (and greater than or equal to 4,(Q), see [13, p. 464]).

It was kindly pointed out to us by L.Payne, that the last inequality
A,(2) < v () is valid in any number of dimensions.
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Bibliographical remarks

The oldest reference to the Lamé operator that is known to us is the book
of Poincaré [14, p. 96-99]. He studied the eigenvalue problem under the bound-
ary condition

n-a—“+a—m+n,~divu=0 for i=1;2,3:
dx; On

The oldest reference that we could find to our problem, ie. the eigenvalue
problem under Dirichlet boundary conditions, is the paper by Korn. He proved
the existence of countably many eigenfunctions with positive eigenvalues (for
n = 3). Weyl reduced the eigenvalue problem for n = 3 to a system of integral
equations and studied the asymptotic distribution of eigenvalues. Friedrichs
investigated the spectrum of the Lamé operator under Neumann boundary
conditions. Under those boundary conditions and for Q a cylinder in R* Michlin
and Smoliziki calculated the smallest nontrivial eigenvalue of an eigensolution
with rotational symmetry, see [12, pp. 186 188]. For n = 2 another version of
our Lemma 1 can be found in the book of Courant and Hilbert, see [3,
pp. 530-582]. There is also a paper and book of Kupradze on the subject. He
gave a potential theoretic approach mainly to exterior problems. He also re-
duced the interior problem for n = 3 to a solvable integral equation (see [9. §47]),
provided A satisfies the conditions

3 2+ S5ua ;
A#+4; and (2+3a)/1=|=!.j.

Here 4, are eigenvalues of the Laplace operator on  under Dirichlet boundary
conditions. If 2 is a ball in R?, these assumptions can be verified for A, () (using
Lemma 1 and Remark 4 of our paper), provided o < 1.22.

W. Velte compared in [18] the eigenvalues A; with the corresponding dis-
crete eigenvalues of a finite difference approximation. We refer to his paper for
previous results by H. F. Weinberger and J. Hersch on such comparisons.

If n =2 and if @ is the square with sides of length 7, one has very precise
numerical bounds for A;. The following list is extracted from the book of Fichera
[4, p. 90-92] and is based on results by Bassotti. It shows lower and upper
bounds for A,. These bounds depend on =.

b lower bound  upper bound
05 2474 2.480
1 2.926 2932
1.5 2926 3.363
2 3.244 3.779
3 4.381 4.568
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Notice that we derived the bounds 2 < A, < min {2 + «, 5.33} in Corollary 2a
and Remark 2 for every a. For the values of o which are listed in the table, our
upper estimate is fairly close to the true value, but our lower bound is definitely
improvable.

Finally the papers of Sprossig and Levine and Protter seem to be the first
ones to contain an explicit positive lower bound for 4, () and for general Q. It
should also be mentioned that Levine and Protter gave primarily bounds for
sums of eigenvalues.

Note added in proof (September 15, 87):

After this paper had been accepted for publication, the estimate

n+o
né?

by G. Fichera [4, p. 128] and [20, p. 225 and 227] was kindly brought to our
attention by M. A. Sneider. Here & denotes the radius of the smallest ball con-
taining Q. Notice that (*) contradicts Remarks 2 and 8 of our paper if « is chosen
large enough. Unfortunately in [4, 20] there is no proof of the inequality of which
(*) is the result. We have been able to verify (*) only for o < 2.

4,(Q) =z (*)

References

[1] L. Bassotti, Calcolo numerico degli autovalori relativi al primo problema dell'elastostatica piana
in un quadrato. Riv. Mat. Univ. Parma Ser. 2, 9, 221 -245 (1968).
[2] G. Chiti, 4 bound for the ratio of the first two eigenvalues of a membrane. SIAM J. Math. Anal.
14, 1163-1167 (1983).
[3] R. Courant, D. Hilbert, Methoden der mathematischen Physik. Vol. 11, Springer, Heidelberg
1968.
4] G. Fichera, Numerical and quantitative analysis. Pitman, London 1978.
[5] K. O. Friedrichs, On the boundary value problems of the theory of elasticity and Korn's inequal-
ity. Annals of Math. 48, 441-471 (1947).
[6] S. Heinze, personal communication.
[7] B. Kawohl, Rearrangements and convexity of level sets in PDE. Springer Lect. Notes in Math.
1150, Heidelberg 1985.
[8] A. Korn, Die Eigenschwingungen eines elastischen Karpers mit ruhender Oberflache. Konigl.
Bayr. Akad. der Wiss. Miinchen, Sitzungsber. d. Math. Phys. Kl. 36, 351402 (1906).
[9] W.D. Kupradse, Randwertaufgaben der Schwingungstheorie und Integralgleichungen. VEB
Deutscher Verlag der Wissenschaften, Berlin 1956.
[10] V.D. Kupradze, Boundary value problems of steady state elastic vibrations (In Russian). Uspek-
hi matem. nauk. & No. 3 (55), 21-74 (1953),
[11] H. Levine, M. H. Protter, Unrestricted lower bounds for eigenvalues for classes of elliptic equa-
tions and systems of equations with applications to problems in elasticity. Math. Methods Appl.
Sei. 7, 210-222 (1985).
[12] S.G. Michlin, C. L. Smolizki, Ndherungsmethoden zur Lésung von Differential- und Integral-
gleichungen. Teubner, Leipzig 1969.
[13] L.E. Payne, [soperimetric inequalities and their applications. SIAM Rev. 9, 453488 (1967).
[14] H. Poincaré, Legons sur la théorie de l'élasticité. Georges Carré, Paris 1892,

141



B. KawonL and G. SWEERS ZAMP

[15] W. Sprossig, Untere Abschéitzungen des ersten Eigenwerts spezieller elliptischer Randwertaufga-
ben. Wiss. Zeitschr. TH Leuna-Merseburg 27, 556- 560 (1985),

[16) H. Tricbel, Hihere Analysis, VEB Deutscher Verlag der Wissenschaften, Berlin 1972,

[17] W. Velte, Uber ein Stabilitdtsproblem der Hydrodynamik. Arch. Ration. Mech, Anal. 9, 9-20
(1962).

[18] W. Velte, Untere Schranken fiir Eigenwerte in der linearen Elastizitdtstheorie. in: Numerical
Treatment of Eigenvalue Problems. Vol. 3 Eds.: J. Albrecht, L. Collatz, W. Velte Birkhauser
Basel ISNM 69, 192-204 {1984).

[19] H. Weyl, Das asymptotische Verteilungsgesetz der Eigenschwingungen eines heliebig gestalteten
elastischen Kérpers. Rend. Circ. Mat. Palermo 39, 1-49 (1915).

[20] G. Fichera, Methods of functional linear analysis in mathematical physics. In: Proc. Int. Congr.
Math. (Amsterdam 1954), 11, sect. V. 216-228. 1956.

Abstract

Let A,(f2) be the first eigenvalue of the vector-valued problem

Au + zgraddiva + Au=0 in 2,
u=0 on 2Q,

with = > (. Let 4,(€2) be the first eigenvalue of the scalar problem

Au+Aiu=0 in £,
u=0 on 0Q.

The paper contains a proof of the inequality (I + '—::) A (2) > A,(2) > i,(2) and improves recent

estimates of Sprossig [15] and Levine and Protter [11]. Moreover we show, if € is a ball, that an
eigensolution u, associated with A, (£2) is not unique and that the eigensolutions for this and higher
cigenvalues are never rotationally invariant. Finally we calculate some eigensolutions explicitly.

Zusammenfassung

Es sei A,(Q) der erste Eigenwert des vektorwertigen Problems

Au + a graddive + Au=0 in @,
u=0 aufl 30,

wobei x > 0. Es sei 4,(£2) der erste Eigenwert des skalaren Problems
Au+su=0 in £,
u=0 auf 00.
In der Arbeit wird ein Beweis der Ungleichung (t B E) A () > A(2) > 4,(9) gegeben. Damit

werden frithere Abschatzungen von Sprossig [2] sowie Levine und Protter [1] verbessert.

Es kann auch gezeigt werden, falls 2 eine Kugel ist, daB eine Eigenlosung u, nicht eindeutig
ist, und dal die Eigenlésungen fur diesen und hohere Eigenwerte nicht rotationsinvariant sind. Fir
spezielle Rhombusgebiete lassen sich Eigenlosungen explizit angeben.

(Received: May 15, 1987; revised: June 15, 1987)
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Chapter 8

A counterexample with convex domain
to

a conjecture of De Saint Venant.
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A COUNTEREXAMPLE WITH CONVEX DOMAIN TO A CONJECTURE

OF DE SAINT VENANT

INTRODUCTION.

(1)

The elliptic problem
. 2
—Au =1 inQCR,
=10 on dil,
with 1 which has the orthogonal axes as axes of symmetry, was first
studied by B. De Saint Venant. The function wvu contains the stress
components of an elastic bar, with cross section {1, under torsion.
The points of interest for mechanical engineers are the points where

the stress, |vu(x)|, becomes maximal. It is believed that the

following conjecture holds, see [1], [3].

For convex domains 0, |vu(x)| attains its maximum on the

intersection of 80 and the largest inscribed circle.

We will give an example where this conjecture will lead to a

contradiction. Hence we may state:

The conjecture is not true in general.

This answers a question in [4].




THE PROOF.

Set Q= { (xyixz) € R2: {|x1|+1)2 + x23 <4, |x2] <1)}. Note that
the largest inscribed circle intersects 91 precisely at the x, and
xz-axes. By [2, Th.6.13 and the remark following Th.6.19] there is a
unique solution u of (1) and u € Co{ﬁ) N C (\P), with P = {(¥3-1,1),
(v¥3-1,-1), (1-v3,1), (1-v3,-1) }. By the symmetry of 1 one finds that
u{xy,%3) = u{-x(,%3) = u{x,,~%x3) for all x € Q. In [5] it is proven
that the level sets of u, Qe) = { x € 2 ; u(x) > € }, are convex
and that there is only one local maximum. Note that U =u-e is
the unique solution of (1), where 01 is replaced by f(e).

We will show that the conjecture cannot be true for all Q(e).

0N

(10)

Q

The following lemma will simplify arguments.
Lemma 1 : There is €, > O such that for e € [0,e,] the largest

inscribed circle of (e) can intersect 8((e)) only at the

x, and X,—-axes.
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Since x = 0 is the only critical point and since u € Cm(ﬂ). the
implicit function theorem shows d(fi(e)) € c” for all e € (0,u(0)).
For x € D\(PU{O}) one can introduce a local C -transformation of
coordinates (x;,X3) = (e.r) such that u(x(e,7)) = e. Let these
transformations be orientation preserving. Then the curvature K of

d((e)). defined by

Px, B _ O Tx

2 2

Kiile 1)) m 232 g2 ‘3;/2
(@92 + @2 ]

is a nonnegative C ({\(PU{0}))-function.
Set A= {x€0:dxP) <dO.P) -1}. Since K=0 or K=

for x € NP, and K € C (\A) there is 6 > 0 such that K(x) <

£ B NI=

for all x € B := { x € N ; d(x,31) < 6 }. By the continuity of
there is €; > 0 such that d(R(e)) CAUB for all e € [0,e,].
Thus, since a circle with centre 0 and radius less than 1 cannot

intersect A, we have proven the first lemma. o

The next step will be to show that if the conjecture is true, the
stress will attain its maximum in every point of the intersection of

dl and the largest inscribed circle.

Lemma 2 : If the conjecture is true, then gua;{l.O) = gn—u(ﬂ.l).

This lemma is proved by contradiction; we suppose gn—u(I.O) < g“-r;(o.n.
where n denotes the outward normal. Since u € Cm(ﬁ\P) , there is a

constant c¢; such that uniformly
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(2)

(3)

(4)

lu(x-tn) + 62%x) ¢,.62 for x € {(1.0),(0.1)} and & € [0,1].

Let x,(e). x2(e) > 0 for e € [0,e,] be such that u(x,(e),0) =€ =
u(0.x2(€e)). Since %{1.0) < %{0,1) < 0 one finds by (2) that
x4(e) > x2(e) for e > 0 small.

Hence by lemma 1 the largest inscribed circle of {i(e) intersects

3(0(e)) only at (0,ix,(e)). But for e small
du
Sx,(€).0) < ZH0.x5(e)) <O,
x du
which gives a contradiction. A similar proof holds if ﬁl.O) >

du du du
51-(0.1). Hence ﬁl.O} = E(O.l). o

Lemma 3 : Suppose %(1.0) = g“—ﬁ(o.l} . Then the conjecture is not

true for Qe) with e > 0 and small enough.

Set a = -—gn—"l{l.O) = -%{0.1}. Since v and w, defined by v(x.,y)

%(l—xz) and w(x,y) = i{l-—xz-ygj. are respectively a super- and a

]

subsolution of (1), one finds w (u <v in Q.

]

Moreover % = %1.0) & ok -%(1.0} = 1. Similar to (2) there is

constant ¢, such that uniformly

2

| u(x-6n) + 6%{):] - %d P

62—;(:{)|<c26
dn

for x € {(1,0),(0,1)}, & € [0,1].

By the differential equation one finds

&y

1= du(x) = T80 + K Rx)  for x € e
an

Hence

&u

—2(1.0] =-1+aK(1,0) = -1 + ¥a
dn
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and

(5) ég{o.l) = -1 + a K(0,1) = -1.
an

There is then ¢, > 0 such that, for x;(.) and x,(.) defined in the

proof of lemma 2,

1 2-a 2 3
(6) | xs(e) - (1 - 25~ ;;5 ) | Ceae
and
(7) | xa(e) = (1 - Le - ;Eg ) | e

These inequalities show that for e small enough x,(e) > x.(e)
Hence, by lemma 1, the largest inscribed circle of {(e) intersects
d(2(e)) only at (0,ix,(e)). But by using the Taylor expansion and
(4-7) there are constants c, and cg such that uniformly
Gh(x,(£).0) + H0.x2(e)) >
a%u a%u

2 (1xs(e)) T8 (1.0) - (1xa(e)) TY (0.1) +
dn dn
e[ i (e))? + (1xae)? | 2
2 Ye - csez >0 for e small enough.

Hence |vu(x)| is not maximal on @(e) in (0.ix,(e)) for e small, which

proves lemma 3. o

Acknowledgement: I would like to thank B. Kawohl for bringing this

conjecture to my attention.
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Chapter 9

A strong maximum principle
for

a non-cooperative elliptic system.

ABSTRACT: In this note it is shown that on a ball in IRN. with N > 2, a
maximum principle holds for a special elliptic system. This system is such

that the classical maximum principle is not applicable.
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INTRODUCTION AND RESULTS.

(1)

(2)

(3)

(4)

A linear elliptic system
k

M. F X R ug=F
a =1 af P a

is called cooperative if

with a € {1,2,....k}

haﬁ £0 for a # B.
If also
k
EI haﬁ 20 for @ € {L.8....k)

one can extend the results of the maximum principle to system (1);
see [3, p.191].

In this note we consider a system, with Dirichlet boundary

conditions, which is in some sense the simplest non-cooperative

system:
-Au = f, - Av in 1,
-Av = fz in Q.
u=v=0 on dfl,

where {1 is the unit ball in RN. N > 2. The classical maximum

principle gives the following positivity result which is not uniform:

Lemma 1. Let f,, f, € C'(1) for some 7 >0 with f, >0 and f, # O.

(6)

Then there is A(f,;.f5) > 0 such that for all A € [0,A(f,.f;))
the solution u of (4) satisfies

uy »0 in Q.

A

The classical maximum principle doesn’'t show that it is possible to

find a uniform result for f, { f;. Nevertheless we prove for

-du = f - Av in 02,
-Av = in ﬂ.
u=yv=0 on dMl,
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the following theorem. (The same result holds for (4) if f, < f,
and f, =1f.)

Theorem 2 a) There is a largest Ay > 0 for which the following holds.
For all (u.v) € Cz(ﬁ) X Cz[ﬁ) satisfying (6)., such that
A<X, f20 and f # 0, one finds that

(7) u>0 in Q.

b) Ao £ ( R:1+ R;l)_l { < Ay ). where A,, A, are respectively
the first and second eigenvalue of
-Ap = A in 0,
¢ =0 on 0.

Remark 1. If N = 1 then

1
©) aex) = 1% -yl [ 1= 3 @by 32 ] 1) @y,

Since max{ é{2+2|x-yi-x2-y2) =l X Ky L2l )= % one finds
that Ao =3¢ (A +A) T =2 2x1.07 .
1

o

1

A direct calculation shows that ( A, + A, + h;1+ ST %

I cannot explain this similarity.

Remark 2. Let H be a subspace of C(9?) such that the inverse B of —A, with
zero Dirichlet boundary condition, into Cg(ﬁ} is well defined.
Theorem 2a then shows that

(10) B(I1-AB)f>0 inQ

for all A <A, and f € H with f > 0, f # 0.

Remark 3. The classical maximum principle [3, Th.2.2] shows that Bf > 0
for f as in (10). If also f(xp) = 0 for some x, € 0 , then

(11) ( (1 -2AB)f )(x0) <O forall A>oO.

Remark 4. Consider the system

ki = P =X in 0,
-Av = u in ,
u=v=_0 on d0.



Hence for B as in Remark 2 and A < A,
u= [ > ABY" ](1+AB)(1—xB)Bf.
k=0

If also A < Ay then Theorem 2a together with the classical
maximum principle shows that if f > O, f #0 then u > 0 in 0.
Both this system as well as (6) cannot be uncoupled as in [1,
Remark 1.7] in order to find a maximum principle. Recent results

concerning [1, Remark 1.7] can be found in [4].

Remark 5. Let 1 be an arbitrary domain, and let ¢,. ¢, be the first and

second eigenfunctions of (8). Set H = { cy9; + cops: c4.c2 € R}.
One can prove that B(I-AB) from H into H is positive if and
only 1F X Cha= (A vy,

One could also hope that in general Ao = ( 3 A;l )7, with the
summation over all eigen—- functions. However, direct but tedious
computations show that with H = { cy¢, + co¢, + capg c; € R}
and N = (0,1) the following inequality holds:

R A:l+ A;1+ A;l}_l.

PROOFS:

(12)

(13)

(14)

Lemma 1 can be proved by a straightforward application of the
classical strong maximum principle. Let ¢, be the first eigenfunction
of (8) with ¢4 >0 in Q. Simce v =0 ondand v € C2(ﬁ} there
is ¢; > 0 such that

v £ cypy in Q.

Let w € Cz(ﬁ) be the solution of
-Aw = v in 1,
w=0 on d0.

The maximum principle, [3, Th.2.6], then shows that
gy
w < N Py in 2.

Since -A(uthw) = f, >0 and f, # 0 the strong maximum principle,



[3, Th.2.6 and Th.2.7], implies that wu + Aw > cpe; in 0 for some
c; » 0. Hence
(15) u>cﬁ1—mzcﬂi-x%¢,201nnn AN¢AM 2L o

1

Proof of Theorem 2a.
Equations (6) can be rewritten as

(16) u(x) = £ G(x.y) ( f(y) - A v(y) ) dy =

- S0ty (60D - A T 60v2) £(2) a2 | ay =

0 )

=J [G{x.y} - A J G(x,2) G(z.y) dz ] f(y) dy .
n n

where, see [2, (2.12), (2.13)].

cxy) =g | |x=y P™=1CIylx- Iy )P | yzo
a5 [ X,y gn[ lylx = Iyl "y )l ] y

G(x,0) = g, ( !x|2‘n— 1)

The Euclidean norm is denoted by |.|, and g = [n{n—2)mn)_1. where
© is the volume of the unit ball in m".
To prove the theorem, it is sufficient to show that
(18) M(x.y) i= (G(x.y)) " § G(x.2z) G(z.y) dz < M
0
for some M < @ One finds then u > 0 for all A < Ay = H_l.
We will prove (18) by direct computations.

In order to simplify the notations we set

(xy) = |K'Y| . (XY) = |( |Y|x = lYl_lY )' , etcetera.

Note that (XY) = [ ]y12|x|2 - 2(x.y) + 1 ]" = (YX) , and hence

(19) o2 - ()2

n

2 2
lyl2Ix12 + 1 - [xI® - |y)? =

(1- D01~y >0 tor xyen,
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1 =]

2 2
(200 oyl -ont e LA )y

XY) + (%)
oy X Y.
Using (17)-(20) one finds that
@) g Ny = | (a)® - 0@’ () - (2",
0 (xy) = {XY)
n-3
(2 - 2 3 (xe)> K (x2)7
2 n:3
2w - ™) s ™ ™

(Fe

- n-3
R IR 22 ) 0 I A €2 R 0 73 Wl ™
k=0

n

[ a-1x?)(-1z1?) 1+ e -lyAa-lel?)

a L+ a-xPo-lyl®) 1+ ez

n-3 n-3
[ s {xz)2-n+k(xz}—2-k ] [ kio (yz)2—n+k(Yz]—2—k

Il"'3 dZ —
2-n+k -2-k
3 (xy)TTE(XY)

n-3 k |-1 202 -1
(xy)n_2(XY)2 [ 5 [ (xy) ] } J (1-=|=| }_g 1 + (xy)(XY) 3} _
p ( 1+ (2)(XZ) ")( 1+ (yz)(YZ) )

n-3 k n-3 k
iz 2- 2-n ~2 =2
_ [ Eo [M] ] [ [%] ](yz} M(x2) N (Y2) "5 (XZ) T dz ¢

™ 2002 [ (1= 122 20202050 )2 " v2) 202) 2 a2,
N
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Assume x # y and split Q in 0; and 0, where
0, ={z€Mm |xz| <lyz| }. a={ze |xz| > |y=2] }.
If |x-z| < |y-z| . then |y-z| > |y—=x| -|x-z| > |y-x| - |y-z| and
1C Iylx = Iy 17y )1 < Iyllxezl + 1C Iylz = IvI7y )1 <

< ly=zl + 1C Ivlz ~ Iyl )1
Hence
(22) (xy) € 2(yz) and
(23) (XY) < 2(YZ) for z € Q.

By exchanging x and y, respectively X and Y one finds equivalent

inequalities for z € {l,. Moreover

(24) 22 = |xP)z)® - 2(x.2) +1 >
> IxI%1z1? - 20|z + 1 =
=(1- Ixllz] )2 >

(1= lz] ¥2 % (1= =2 )2 for zen

Combining (21) to (24) yields

oo won oo, | [ [T 68 (6 Yo

A Hl_f%z]z[%]n_z[%%} 2(YZ)2—ndz] :

2

< 2n+3(n-2}2g [ T (xz)z_n dz + [ (yz)z_n dz ] <
" lg

1 0,

2n+5 (n-2) @1
nw
n

¢ ™% 11227 4
20

which completes the proof of 2a.
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(26)

(27)

In order to prove 2b let ¢, and ¢, be respectively the first and
second eigenfunction of (8), with ¢, > 0 in 0.

First note that Ap £ Ay. Indeed, if A > A, then u = A:l( I - % ),
is a solution of (6) with f = ¢, > 0 in Q, while u < 0 in Q. )

Suppose k;1+ A;l)_l CAN<AN and let ¢ > 0O be the largest

constant such that
¢; —cpz 2 0 in 0.
Let U be the solution of (6) with f = ¢, — cy,. Then
U = N2(0A) (9amewa) - e 22 (A = (7 ash) e
If A =A; then U is negative somewhere in I since ¢, changes sign.

If N <€ N then U is negative somewhere since c¢ is the largest

constant such that (26) holds. This is a contradiction. O
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SAMENVATTING.

In dit proefschrift bekijken we enkele semilineaire elliptische eigenwaarde
problemen. In deel A beschouwen we het probleem -Au = Af(u) , in een open en
begrensd gebied 1 in RN. met Dirichlet randvoorwaarden op 92 en A > 0. We
nemen aan dat dN voldoende glad is en dat f een differentieerbare functie is
met een vallend nulpunt p; dat wil zeggen f(p) =0 en (s-p)f(s) < O voor
0 < |s-p| < &, met een 6 > 0. We laten zien dat een integraalvoorwaarde voor
f. die noodzakelijk en voldoende is voor het bestaan van oplossingen (A,u) met
max u € (p-6,p) in het ééndimensionale geval, ook noodzakelijk is voor
gebieden in hogere dimensies. Dat deze voorwaarde voldoende is werd door Fife
in 1973 bewezen met behulp van asymptotische ontwikkelingen. De voorwaarde is
ook voldoende voor het bestaan van een positieve oplossing.

Voor een functie f die tussen O en p nog één of meerdere nulpunten bezit kan
men geen eenduidigheid verwachten. Desalniettemin is het mogelijk, met de
extra voorwaarde voor f, f' < O in (p-6,p) . om eenduidigheid te bewijzen in
een orde-interval in C(?) voor A groot genceg. Daarnaast laten we ook zien dat
er een eenduidige oplossing bestaat voor A groot, indien men a priori eist dat
p-e {max u { p voor een & > 0. Ook wordt stabiliteit van deze oplossingen
bewezen.

Vervolgens worden de gevolgen onderzocht voor de oplossingen, indien f slechts
continu is of indien 80 niet langer glad is. Het is nog steeds mogelijk voor
continue f om een oplossing u te vinden in [uy,u;]. als u; ¢ u, respectivelijk
een onder— en een bovenoplossing is. We laten verder zien dat er voor d{l een
kritieke hoek bestaat als f(0) < O : indien 90 een scherpere hoek bevat
bestaan er geen positieve oplossingen u, met max u < p , voor welke A >0
dan ook. Voor de bewijzen gebruiken we o.a. een zwakke vorm van boven- en
onderoplossingen alsmede het zogeheten "Sweeping Principle” van Serrin.

In deel B worden drie onafhankelijke elliptische problemen beschouwd, waarvan
de eerste twee hun oorsprong vinden in de elasticiteits-theorie. Het eerste
betreft enkele resultaten voor de eigenfuncties en eigenwaarden van het
Lamé-stelsel met Dirichlet randvoorwaarden. In de tweede notitie vindt men een
tegenvaorbeeld voor een vermoeden van B. De Saint Venant uit 1859.( Ofschoon
er twijfels bestonden was er zover bekend nog geen tegenvoorbeeld.) Voor het
derde probleem, een lineair elliptisch stelsel, wordt een niet-standaard

maximum principe bewezen.

ACKNOWLEDGEMENT: I like to thank Philippe Clément, whose help and support
has been very helpful.
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Stellingen behorende bij het proefschrift ()

Semilinear Elliptic Eigenvalue Problems

van G. Sweers.

Beschouw het stelsel van M tweede orde partiéle differentiaalvergeli j-
N
kingen in R

(=) Efu) = I,
N M "
met u,f: B =R en Er(u} :sflErs(us) = {‘r r=I....M. waarbij
N N rs @ 4d rs rs
E fu)y==2 3 =z =z =— 1u_. Neem aan dat = :
rs' s Bl %o Mk axh axk s hk = %kh

Het stelsel (%) heet elliptisch indien

det( a(f) ) #0 voor alle £ € IRN\{D}.

NN o
waarbij (a(f =¥ 2 ! o
Nis bt ds qhk *h Sk

(¥#) Het onderzoek waaruit bijbehorend proefschrift is
ondersteund door Z.W.0., de Nederlandse organisatie
Wetenschappeli jk Onderzoek (vanaf 1-2-88: N.W.0.).

ontstaan, is
voor Zuiver



Het stelsel (#) heet sterk elliptisch (Vishik}, indien er g 2> 0
bestaat zodat

M M N N e 2 2
3 3 % % E E. n_m_2p |EI° In
ralipat fud douf T B ¥R Tip Vg M

\roarallefel'l". e R
|.| is de Euclidische norm.

Noem het stelsel (%) matrix-elliptisch indien

M M N N

I 3 3 Tarh B %0 voor alle pe { #Y )"
p=1 =1 hel Rl =

STELLING 1 (Fichera): Neem aan (%) is matrix-elliptisch en a '’ = e

Zij 1 een begrensd gebied in ll" met een gladde rand. Zij w € Cz{ﬁ)
sodonily dat w & Oen EL( E, (")(x) ) E > 0 tn 01 voor alle £ € F\(0).
definteer A(w) € C(1) door A(w)(x) = 1:2!“ E_ (w)(x) )")ii. het
maximum van de elementen op de hoofddiagonaal van ( Ers('){x) )_1 Dan
gelde voor alle u € (C2(71)) met u =0 op 30 dat

o0 [ 5 1P J oo s [ae] T ol [ 1 1 Pax ]

LEMMA: Het Lamée-stelsel, gedefinieerd voor M = N > | en o0 € R door
rs
%hk © 6rs 6hk Ty 6rh bsk 5 Iir"rk 6sh ) hker.s € {l..... My
1) is sterk elliptisch dan en slechts dan als o > -1
2) is matrix-elliptisch dan en slechts dan als o € [ﬁf—lj].

STELLING 2: De ongelijkheid (#%) is niet juist voor het Lamé-stelsel met o
voldoende groot.

Referenties: G. Fichera, Methods of linear analysis in mathematical physics,
In: Proc.Int.Congr.(Amsterdam 1954) 111, sect V, 216-228,1956.
G. Fichera, Numerical and quantitative analysis, Pitman, London

1978.
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Singuliere elliptische perturbaties in IRN
Definieer voor s € R2. e>0 and u € H;’+s"'{ﬂu). met p € (1,») de
norm

Hull
5.p.€

03t St e @ -
. P
waarbij <> = ( 1 + l,flz)" voor £ € B

transformatie voorstelt:

en waarbij ¥ de Fourier-

Bu)(E) = @m A 1 & *E (k) ax.

Beschouw de differentiaalvergeli jking

(#) {ezaz-a—l]u =f in I!N met € € (0,eq].

STELLING 3: Yoor alle s € I!z. p € (1.=) en € > 0 voldoende klein, is
er C > 0 zodat voor alle e € (0.,e4] en u.f die voldoen aan (#), met
u € H:'ilszfli’). geldt :

llulls & £C( Ilf!ls

P -(2.2).p.e ¥ M0

s-(1,0).p.& ) °

Beschouw de differentiaalvergeli jking
(##) [e2a2—A+l]u =f in IRN met e € (0.eq].

STELLING 4: Yoor alle s € Ilz pPE€(l.®) en &g > 0 voldoende klein, is
er C> 0 zodat voor alle e € (0.eq] en u.f die voldoen aan (##),
met u € H:‘+32(ﬂ"). geldt:

lhall
s

p.€ £€ H"'s-(2.2] P.E "

=#
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Singuliere elliptische perturbaties in IRE = RN_I* R+.

Definieer voor s € Rz e >0 and u € H;‘+SZ{RN]. met p € (0,®) de
norm:

han*
s.p.e

= inf { Iivlispt 4 VEH:’+52(HN) met v = u lnﬂf P

Beschouw het randvoorwaardenprobleem:

(e2&2~A+I]u=£ inﬁ?.
(@) u(x',0) =0 voor x'€ HNMI,
dx—‘-i— u(x',0) =0 voor x'€ g

n

met e € (0,eq].

STELLING 5: Yoor alle p € (1.®) en eo > 0 voldoende klein, is er C > 0O
zodat voor alle e € (0,e0] en u,f die voldoen aan (@), met u € Hﬁ(ﬁ").
geldt :

<c(nent + lull

+ +
nu“(l.l).p.t—. (-1.-1).p.e (0.1).p.e d

Beschouw het randvoorwaardenprobleem met m,.m, € WN\{0}:

o) [(~e2a)“‘2 41 ](-a)”" e in B,

a)? N-1
[dx_] u(x',0) =0 voor x'€ R en 1€ {01 v my+my-1}.
n

STELLING 6: Yoor alle p € (1,2) en €5 > 0 voldoende klein, is er C > O
zodat voor alle € € (0,eq] en wu, [ die voldoen aon (@), met
u€ u;‘*'*(n"). geldt :

+ +

<c( +

™ (-m, ,-m;).p.e (m-1.m;).p.e )

(my.m;),p.e

Referenties: M. Gueugnon, Perturbations singuliéres dans des espaces LP pour
1'operateur eA” - A + I, C.R.Acad.Sc. Paris 203 (1981). 129-131.

M. Gueugnon, Perturbations singuliéres dans des espaces P pour
des problémes elliptiques généraux, C.R.Acad.Sc. Paris 301 (1985),
555-558.

B. Najman, Singular Perturbations in LP, to appear in Glasnik
Matematigki.

G. Sweers, Estimates for elliptic singular perturbations in LP-
spaces, doctoraalscriptie K.U.Nijmegen 1984.
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Om een technische stelling bij te sluiten volgt een formulering van de
kettingregel.

STELLING 7: Neem a € N = N\{0}. n € Clul[ﬂu:ll) en g € cl"“(n':l!}.
N

N 1%
warbtj |a| =3 a . Definteer D;‘" = [.&—J 2
k=1 k=1

Dan zijn er C(B) € N zodat voor xGI":

lal N M N
RgmG) = 3 | , ,3 , Caea® 3 3. 3
s=] |@a4a"+.. . 4a =0 k=1 ka=1 ks=l
aJGi
5 r s
r | 0% n(x) 7 S ]
[r:l ( NG ]] [m an, | st

=H=

Een spel met vlakke graphen.

Spelregels:
1) Er bestaan alleen punten en krommen die twee punten verbinden.

Een kromme kan een punt in de vorm van een lus met hetzelfde punt
verbinden.

2) Krommen sni jden of raken elkaar of zichzelf niet, en raken punten
alleen aan de einden.

3) In ieder punt komen hooguit drie krommen bijeen.
4) In den beginne zijn er alleen n punten.
5) Om beurten doen de twee deelnemers een zet.

6) Een zet bestaat uit het verbinden van twee (niet noodzakeli jk
verschillende) punten door een kromme, en het vervolgens in tweeen
delen van deze kromme door er een nieuw punt op te plaatsen.

7) De deelnemer die geen zet meer kan doen verliest.

Zoals in ieder eindig spel zonder de mogeli jkheid van remise en zonder
toevalsgenerator (b.v. een dobbelsteen) bestaat er voor een van beide
deelnemers een winnende strategie. Noem de deelnemers A en B en laat A

beginnen. Men zou met de volgende stelling zijn voordeel kunnen doen.

STELLING 8: Als n € {1,2,6) is er een winnende strategie voor B.
Als n € {3,4,5) (s er een winnende strategie voor A.
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STELLING 9: Ten onrechte wordt er in het analyse-deel wvan de wiskunde
slechts een zeer beperkt gebruik gemaokt van illustrerende figuren.

il

STELLING 10: Roken moet mogen. Nen dient de roker zelfs te verplichten alle
door hem (m/v) geproduceerde rook te inhaleren. Als men nu ook
de “exhalatie” verbiedt doet men ook recht aan een ander motto:
de veruvuller betaalt.

#

STELLING 11: Herinvoering van paard en wagen voorkomt het ontstaan van files
véor de Coen-tunnel .

STELLING 12: Er is geen laatste



