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A Novel Hybrid Analytical Model of Active
Magnetic Bearing Considering Rotor

Eccentricity and Local Saturation Effect
Zhi Cao , Yunkai Huang , Baocheng Guo , Member, IEEE, Fei Peng , Member, IEEE,

Jianning Dong , Member, IEEE, and Ahmed Hemeida , Member, IEEE

Abstract—To facilitate the active magnetic bearing (AMB)
design and analysis, an accurate and fast model that con-
siders both rotor eccentricity and the saturation effect is
necessary. In this article, a novel hybrid analytical model
(HAM) for effective calculation of the magnetic field of the
AMB is proposed. Eccentricity and local saturation are con-
sidered in the proposed HAM. In the proposed HAM, the
stator and rotor are modeled by elementary subdomains
(ESDs) and the air-gap is modeled by magnetic equiva-
lent circuit (MEC). Direct coupling between the solutions
in the ESD regions with MEC completes the whole model
matrices. Compared to the existing literature, the proposed
model considers both the rotor eccentricity and material
nonlinearity. The effectiveness and accuracy of the pro-
posed HAM are validated by both the finite element model
and experimental results. The results show that the pro-
posed HAM can accurately predict the magnetic quantities
of the AMB.

Index Terms—Active magnetic bearing (AMB), analytical
model, hybrid model, magnetic equivalent circuit (MEC),
material nonlinearity, rotor eccentricity, saturation, subdo-
main method.

NOMENCLATURE

AMB Active magnetic bearing.
HAM Hybrid analytical model.
SD Subdomain.
ESD Elementary subdomain.
MEC Magnetic equivalent circuit.
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FEM Finite-element model.
AM Analytical model.
BC Boundary condition.

I. INTRODUCTION

ACTIVE magnetic bearings (AMBs), compared with con-
ventional mechanical bearings, are gaining more and more

attention in various high-speed industrial applications. It has
attractive features such as contactless operation, no lubrication
needed, no mechanical wear, and ability to actively control rotor
dynamics [1].

Normally, the linear AMB model characterizing the relation
of magnetic force versus current and displacement is used for
the controller design and simulation [1]–[3]. However, the AMB
system is highly nonlinear, and linear model is not accurate and
its parameters have to vary with the change of the operating
point. In some cases, such as starting and load variation, the
AMB system has to go through eccentric and saturated condi-
tions. In such case, the linear model will result in inaccurate
results. Thus, better model of AMB with high accuracy in the
full operation range and low calculation burden is required. FEM
is a popular and powerful tool for accurately predicting the
electromagnetic performance for many different actuators [4].
However, FEM has the obvious disadvantages of time and com-
putational consumption.

Compared with FEM, the analytical models (AMs) require
lower CPU resources and can obtain solutions with acceptable
accuracy. Different AMs have been developed to predict the
magnetic field for different electrical machines. Therein the
subdomain (SD) method uses the harmonic model technique
in all subdomains (e.g., air-gap, stator/rotor slots, and magnets)
assuming that the infinite magnetic permeability in the ferromag-
netic materials [5], [6]. However, these models are only valid in
the linear part of the magnetization curve.

Recently, an elegant superposition principle formulation
for the SD model is developed in parallel by Dubas and
Boughrara [7] and Devillers [8] to the include global saturation.
This technique is further extended to an elementary subdomain
level for the full prediction of the magnetic field in the ro-
tating electrical machines with the local saturation effect by
the Newton–Raphson iterative algorithm in [9]. However, these
SD models are only featured with solutions derived for perfect
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Fig. 1. Schematic diagram of a 2-DOF AMB system.

annular domains, which are not applicable for the nonannular
air gap domain under the rotor eccentricity.

To solve eccentricity problems, two approaches are widely
used. The first one is the perturbation method [5], [6], which
considers the first-order term by Taylor series expansion, and
the other one adopts the superposition method [10]–[12]. The
original eccentric state is first divided into several concentric
states, then is superposed. The perturbation method is theoreti-
cally complex and can only achieve accurate solutions in a small
range of eccentricity, while the superposition method requires
longer computation time than perturbation method, and it is
expected to have a nonnegligible error at the boundaries between
sections [13].

Most, if not all, previous studies [5]–[12] are not able to
provide a simple, fast, and accurate approach to consider both
eccentricity and local saturation. To facilitate the AMB design
and analysis, a fast AM that takes into account both rotor
eccentricity and the saturation effects is preferable. Inspired by
the methodology in [9], [14], and [15], a novel hybrid analyt-
ical model (HAM)-based on the ESD technique and MEC is
presented for the AMB design and analysis in this article. To
make up for the deficiency of the ESD model in dealing with
the eccentric problem, an MEC model region in the middle of
the air gap is introduced to model the nonannular region under
the rotor eccentricity. Furthermore, the direct coupling boundary
conditions between ESD regions and the MEC region are derived
based on the air-gap region division technique.

This article is organized as follows. The ESD technique can
consider the local nonlinear behavior of the material in the stator
and rotor. The MEC is used to model the uneven air-gap under ro-
tor eccentricity and directly coupled with ESDs. Thus, the model
matrices are assembled and solved by the Newton–Raphson
method. All results obtained with HAM are compared with and
validated by 2-D FEM. Finally, two-degree-of-freedom 2-DoF
AMB suspension experiment is designed to further verify the
proposed model.

II. INTRODUCTION AND PARAMETERS OF THE STUDIED AMB

A typical 2-DOF radial AMB system is shown in Fig. 1. This
system includes an AMB actuator, a rotor, position sensors, a
controller, and power amplifiers. The rotor is kept at the center
point by controlling the currents in the coils. The coils are
grouped into four sets (distinguished by color in Fig. 1) in the x
and y directions. The expressions of currents in the coils are

Fig. 2. (a) Illustrative representation of a heteropolar AMB. (b) Coordi-
nate relationships of the fixed and moving coordinates.

TABLE I
SPECIFICATIONS OF A HETEROPOLAR AMB

given in Fig. 1, where I0 is the bias current, and ix, iy are
the control currents. The geometric parameters of the radial
heteropolar AMB are depicted in Fig. 2(a) in detail: the rotor
shaft radiusRsh, the rotor yoke radiusRr, the stator bore radius
Rs, the stator slot bottom radius Rsl, the stator outer radius
Rso, the stator slot span angle δs, the stator tooth width angle δt,
and the nominal air-gap length g0. The sign +/− in the figures
denotes the direction of the currents in the coils. A maximum of
50% eccentricity is considered in this article due to the limit of
back-up bearings. The specifications of the studied AMB in this
article are listed in Table I.

III. PROPOSED HYBRID ANALYTICAL MODEL FOR FULL

PREDICTION OF THE MAGNETIC FIELD

To achieve effective analysis of the magnetic field of the AMB,
a hybrid analytical model is presented in this section. This model
takes into account rotor eccentricity and local nonlinearity of
the iron core. It can predict the magnetic field distribution of the
AMB in all regions.

To simplify the analysis, the following assumptions are made.
1) The geometry is 2-D in polar coordinates.
2) The stator slots have radial sides.
3) The end effect is ignored due to very short ending winding

of the concentrated winding (i.e., the magnetic variables
are independent of z).

4) The magnetic vector potential and current density have
only z-axis components.

5) The ESDs are considered as isotropic regions.

Authorized licensed use limited to: TU Delft Library. Downloaded on March 01,2022 at 10:58:19 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 3. Schematic diagram of ESD mesh generation in the stator and
the rotor.

A. Coordinate Systems and Region Division

The following two coordinate systems are depicted in Fig. 2
(b):

1) Os–r–θ coordinate system fixed to the center of the stator;
2) Or–ξ–ψ coordinate system which is attached to the center

of the rotor.
The relative position of the rotor with respect to the stator

is characterized by eccentricity distance ε and angle ϕ. The
coordinate transformations of two reference frames can be found
in [16].

The hybrid analytical model combines the 2-D ESD tech-
nique and the nodal-based MEC by strong coupling boundary
conditions. Since the boundary conditions between non-periodic
subdomains (e.g., stator slots and teeth) and the MEC region are
complicated to derive, the air-gap region is divided into three
layers modeled by the ESD and MEC, respectively. Thus, the
derivation of the boundary conditions between periodic subdo-
mains and the MEC region is simpler. The complete division
of the regions is shown in Fig. 2(a). The stator and air-gap I
are modeled by ESD in Os–r–θ system while the rotor and
air-gap II are modeled by ESD in Or–ξ–ψ system. Only the
inter layer in the middle of the air-gap is modeled with MEC
in Os–r–θ coordinate system to address the problem of rotor
eccentricity.

B. Solutions in the ESD Regions

The ESD modeling applies the general solutions of magne-
tostatic Maxwell’s equations using the superposition principle
in [7], [8], and [17]. It is able to take into account the finite
relative permeability of the ferromagnetic material. The rotor
and stator are subdivided into multiple smaller sector regions
in radial and circumferential directions as shown in Fig. 3. For
convenience, only partial unrolled stator and rotor are displayed
in Fig. 3. In general, the meshing in the ESD regions can be
nonuniform. The meshing is performed such that the material
boundaries of the geometry are coinciding with the edges of the
ESDs. As a result, Ls sections in the circumferential direction
andKs layers are obtained for the stator region whileLr sections
in the circumferential direction and Kr layers are obtained for
the rotor region.

Afterward, the air-gap is divided into three layers character-
ized by the geometric parametersRs,Rg1,Rg2, andRr in Fig. 3.

As a result, one layer is concentric with the stator, one layer is
concentric with the rotor, the inter layer is modeled by MEC.

The general solutions of each ESD are formulated in terms of
magnetic vector potential.

1) General Solutions in the Air-Gap Regions I and II: The air-
gap regions I and II are periodic annular domains, the solutions
of Laplace’s equations in these two regions are given as

AI
z = AI

10 +AI
20 ln(ξ)

+
N∑
n=1

(
AI

1n

(
ξ

Rg1

)n
+AI

2n

(
Rr
ξ

)n)
sin (nψ)

+
N∑
n=1

(
AI

3n

(
ξ

Rg1

)n
+AI

4n

(
Rr
ξ

)n)
cos (nψ) (1)

AII
z = AII

10 +AII
20 ln(r)

+

N∑
n=1

(
AII

1n

(
r

Rs

)n
+AI

2n

(
Rg2
r

)n)
sin (nθ)

+

N∑
n=1

(
AII

3n

(
r

Rs

)n
+AII

4n

(
Rg2
r

)n)
cos (nθ) (2)

where {AI
10A

I
20A

I
1nA

II
2nA

I
3nA

I
4n} and {AII

10A
II
20 AII

1nA
II
2n

AII
3nA

II
4n} are the integration constants in Regions I and II, re-

spectively,N is the maximum number of harmonics considered
in the air-gap regions.

2) General Solutions in the Rotor Regions: Each ESD in the
rotor regions is characterized by its inner radii Rr,k and outer
radiiRr,k+1, position angle αl, opening width al, and magnetic
reluctivity vk,lr . The general solutions of these ESDs can be
expressed as

Ak,lzr = Bk,l1 +Bk,l2 ln(ξ)

+

Vr∑
v=1

(
Bk,l3v

(
ξ

Rr,k+1

)vrl
+Bk,l4v

(
ξ

Rr,k

)−vrl
)

× cos
(
vrl(ψ − αl

2
+ al)

)

+

Wr∑
w=1

(
+Bk,l5w sinh

(
λrk(ψ− αl

2 +al)
)

+Bk,l6w sinh
(
λrk(ψ− αl

2 −al)
)) sin

(
λrk ln(

ξ
Rr,k

)
)

sinh(λrkal)

(3)
where vrl = vπ/al, λrk = wπ/ ln(Rr,k+1/Rr,k), and
{Bk,l1 Bk,l2 Bk,l3v B

k,l
4v B

k,l
5w B

k,l
6w} are the integration constants in

the rotor ESD regions, Vr =Wr is the maximum number of
harmonics considered in the rotor ESDs.

3) General Solutions in the Stator Regions: Each ESD in the
rotor regions is characterized by its inner radii Rs,k and outer
radii Rs,k+1, position angle βl, opening width bl, and magnetic
reluctivity vk,ls . The general solutions of these ESDs of the stator
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can be expressed as

Ak,lzs = Ck,l1 + Ck,l2 ln(r)

+

Vs∑
v=1

(
Ck,l3v

(
r

Rs,k+1

)vsl
+ Ck,l4v

(
r

Rs,k

)−vsl
)

× cos

(
vsl(θ − βl

2
+ bl)

)

+

Ws∑
w=1

⎛
⎝ +Ck,l5w sinh

(
λsk(θ− βl

2 +bl)
)

+Ck,l6w sinh
(
λsk(θ− βl

2 −bl)
)
⎞
⎠ sin

(
λsk ln(

r
Rs,k

)
)

sinh(λskbl)

+Ak,lps
(4)

where vsl = vπ/bl, λsk = wπ/ ln(Rs,k+1/Rs,k), and
{Ck,l1 Ck,l2 Ck,l3v C

k,l
4v C

k,l
5w C

k,l
6w} are the integration constants in

the stator ESD regions, Vs =Ws is the maximum number of
harmonics considered in the stator ESDs, Ak,lps is the particular
solution in the slot ESD regions, which is given as [8]

Ak,lps = −1

4
μ0Ji0r

2 +
μ0Jivr

2

vsl2 − 4
cos

(
vsl(θ − βl

2
+ bl)

)
(5)

Ji0 =
Ji1 + Ji2

2
(6)

Jiv =
2

vπ
(Ji1 + (−1)vJi2) sin

(vπ
2

)
(7)

with the current densities Ji1 and Ji2 in the ith slot shown in
Fig. 2(a).

Then the radial and tangential components of flux density can
be obtained from the vector potential distribution by

Br =
1

r

∂A

∂θ
or Bξ =

1

ξ

∂A

∂ψ
(8)

Bθ = −∂A
∂r

or Bψ = −∂A
∂ξ

. (9)

C. Solutions in the MEC Regions

Since it is hard to give the exact analytical solutions under
rotor eccentricity, the MEC technique is used to model the
uneven air-gap under rotor eccentricity and to directly couple
the nonconcentric stator and rotor regions.

The interlayer MEC region in the air-gap is meshed into
circular sector elements in Os–r–θ coordinate system as shown
in Fig. 4. The magnetostatic problem in the MEC region is
described using scalar potential. Two layers of potential nodes
in the radial direction and Lmec sections in the circumferential
direction in total are set for the MEC region. A potential node
is defined at the geometrical center of each MEC element, and
each MEC element is characterized by reluctance in ±r and ±θ
directions [18]

Rk,lmr =
1

μ0LzΔθ
ln

(
Rg2 − (2− k)Δrl
Rg2 − (3− k)Δrl

)
(10)

Fig. 4. Schematic graphs of the meshed MEC region and the mesh
elements.

Rk,lmθ =
Δθ

2μ0Lz ln
Rg2−(2−k)Δrl
Rg2−(3−k)Δrl

k = 1, 2 and l = 1, . . ., Lmec (11)

where Lz is the stack length of the AMB, Δθ = 2π/Lmec and
Δrl = gmec/2 are illustrated in Fig. 3, representing the angle
in the θ direction and the length in the r direction of each MEC
element, respectively. gmec is the length of inter layer air-gap,
and it can be written as under rotor eccentricity [16]

gmec = g0mec − ε cos(θ − ϕ) (12)

where g0mec is the interlayer air-gap length without rotor ec-
centricity. As a result, the reluctances in (10) and (11) of MEC
elements vary with the rotor position.

According to the magnetic equivalence of Kirchhoff’s current
law applied to each MEC element, the magnetic flux going into
each potential node should equal to the magnetic flux going out,
namely

φk,lrlo − φk,lrup + φk,lθl − φk,lθr = 0 (13)

where the magnetic flux inside each MEC element is calculated
by its potential and reluctances as well as surroundings. The
expressions are given in [18], and hence, are not repeated here.

Then the radial and tangential components of flux density in
the MEC region shown in Fig. 3 can be obtained by

Blr =
U1,l − U2,l

(R1,l
mr +R2,l

mr)Srl
(14)

Bk,lθ =
φk,lθl + φk,lθr

2Sθl
(15)

where Srl = Lz(Rg2 −Δrl)Δθ and Sθl = LzΔrl are the sec-
tional areas of the flux flow in the radial and circumferential
directions of the MEC element.

D. Boundary Conditions (BCs)

After obtaining the expressions of the magnetic field inside
the ESD and MEC regions, the boundary conditions are defined
to obtain the unknown coefficients of the expressions. The
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TABLE II
BOUNDARY CONDITIONS INSIDE ESD REGIONS

conditions applied between two adjacent regions are based on
continuity.

1) Boundary Conditions Inside ESD Regions: The boundary
conditions inside the ESD regions are based on the continuity of
the vector potentials and tangential component of magnetic field
strength between two adjacent ESD regions. The derivation of
the ESD boundary conditions are elaborated in [9], and they are
summarized here in Table II.

2) Boundary Conditions Between ESD and MEC Regions:
Between the ESD and MEC regions, the continuity of magnetic
field has to be guaranteed, i.e., normal flux density and the
tangential magnetic field strength in both the spatial frequency
and space domains are consistent on the region boundaries.
According to the geometric relationship at the boundary surface,
the BCs between ESD regions and MEC region can be expressed
as

HMEC
θ

∣∣
r=Rg2 = H II

θ

∣∣
r=Rg2 (16)

BMEC
r

∣∣
r=Rg2 = BII

r

∣∣
r=Rg2 (17)

HMEC
θ cos γ −HMEC

r sin γ
∣∣
r=Rg1 = H I

ψ

∣∣
ξ=Rg1 (18)

BMEC
r

∣∣
r=Rg1 = BI

ξ cos γ −BI
ψ sin γ

∣∣
ξ=Rg1 (19)

with detailed development of (18) and (19) provided in the
Appendix.

Collecting the boundary conditions in Table II and (16) to (19)
results in the total matrix equations as follows:

M(X)X = Y (20)

with

M=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11 0 M13 0 0 0
0 0 M23 0 0 0
0 M32 O M34 0 0
0 0 0 M44 0 0

M51 0 0 0 M55 0
0 M62 0 0 0 M66

M71 M72 0 0 M75M76

M81 0 M83 (Brotor) 0 0 0
0 0 M93 (Brotor) 0 0 0
0 M102 0 M104 (Cstator) 0 0
0 0 0 M114 (Cstator) 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(21)

X =
[
AagI AagII Brotor Cstator U1 U2

]T
(22)

Y =
[
0 0 Y3 Y4 0 Y6 0 0 0 Y10 Y11

]T
(23)

AagI =
[
AI

10 A
I
20 A

I
11 · · · AI

4N

]T ∈ �2+4N (24)

AagII =
[
AII

10 A
II
20 A

II
11 · · · AII

4N

]T ∈ �2+4N (25)

Brotor=
[
B1,1

10 · · · B1,1
6Wr

· · · B1,2
10 · · ·BKr,Lr6Wr

]T
∈�(2+4Vr)KrLr

(26)

Cstator=
[
C1,1

10 · · · C1,1
6Ws

· · · C1,2
10 · · ·CKs,Ls6Ws

]T
∈�(2+4Vs)KsLs

(27)

U1 =
[
U1,1 U1,2 · · · U1,LMEC

]T ∈ �LMEC (28)

U2 =
[
U2,1 U2,2 · · · U2,LMEC

]T ∈ �LMEC . (29)

It should be noted that the total number of the unknown
variables in (20) is

Ntot = 2× (2 + 4N) + (KrLr)× (2 + 4Vr)

+ (KsLs)× (2 + 4Vs) + 2× LMEC . (30)

The choice of harmonic orders in the ESD regions can refer
to [8]. The section number LMEC of MEC regions should
satisfy LMEC ≥ 2N so that the Nyquist–Shannon sampling
theorem holds for the relation between the spatial and the spatial
harmonic mesh.

Furthermore, the last four lines of submatrices in (21) corre-
spond to boundary conditions of the tangential magnetic field
strength. They are dependent on the reluctivity of materials in
the rotor and stator, and are related to the unknown variable
vector X. Then (20) can be rewritten as the following nonlinear
system equations:

f(X) = M(X)X−Y = 0. (31)

E. Modeling of Nonlinear Material

The magnetic reluctivity of material within each ESD of the
stator and rotor is assumed to be a function of the mean value
of magnetic field B̄, which can be expressed using an analytical
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description [19]

v(B̄) =
1

μ0

[
1− Q∑Q

q=1 ((B̄/mq)nq + a
nq
q )1/nq

]
(32)

where μ0 is the the vacuum permeability, q is an index, and
mq, nq, aq are the parameters to be optimized using genetic al-
gorithm. For the slot and air-gap regions, the magnetic reluctivity
is 1/μ0.

Newton–Raphson technique is applied here to solve the non-
linear solution of (31)

Xk+1 = Xk − (Jk)−1f(Xk) (33)

where Xk is the unknowns at kth iteration, Jk is the Jacobian
matrix at kth iteration, which has been derived in [9].

F. Magnetic Force Calculation

After obtaining the magnetic flux density distribution in the
air-gap, the magnetic force of AMB along the x and y directions
can be predicted by the integral of Maxwell stress tensor based
on the air-gap flux density, which is given by

Fx=Lz

∫ 2π

0

[
1

2μ0

(
Bagr

2−Bagθ 2
)
cos θ− 1

μ0
Bagr Bagθ sin θ

]
rdθ

(34)

Fy=Lz

∫ 2π

0

[
1

2μ0

(
Bagr

2−Bagθ 2
)
sin θ+

1

μ0
Bagr Bagθ cos θ

]
rdθ

(35)

whereBagr andBagθ are the radial and tangential components of
the flux density in the air-gap, respectively.

Consequently, the linearized current stiffness ki and position
stiffness ks versus displacement and current of the AMB in the
x and y directions can be derived from the magnetic force, given
by

ki,pq =
∂Fp
∂iq

(36)

ks,pq =
∂Fp
∂eq

(37)

where subscripts p and q denotes x or y.

IV. FINITE-ELEMENT VERIFICATION

The proposed model is validated by a 2-D nonlinear FEM,
and the element statistics are given in Table III. For a tradeoff
between accuracy and time consumption,the parameters used
in the proposed model are taken as follows: N = 200, Vr =
Wr = 5, Vs =Ws = 20, Kr = 1, Lr = 8, Ks = 2, Ls = 16,
LMEC = 400. The total number of the unknown variables of
HAM are 5204.

A. Flux Density Validation

Figs. 5 to 7 present the comparison between the FEM results
and HAM predictions for three cases in terms of the flux density
distribution in different positions (marked by red dotted circles

TABLE III
FEM ELEMENT STATISTICS

Fig. 5. (a) Magnetic flux density distribution in the AMB obtained by
FEM without rotor eccentricity and equal currents in all windings. (b) and
(c) Waveforms of Br and Bθ in the middle of air-gap. (d) (e) Waveforms
of Br and Bθ in the middle of rotor yoke. (f) and (g) Waveforms of Br

and Bθ in the middle of stator teeth/slots.

in Fig. 5(a). It can be seen that the HAM model results match
well with the solutions of the FEM in the air-gap and rotor.
However, the HAM results deviate slightly from the FEM results
in the stator. This is because the stator tooth modeled by HAM
is simplified by the assumption that stator tooth edges are along
the radial direction whereas the FEM model is consistent with
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Fig. 6. Magnetic flux density distribution in the AMB with rotor eccen-
tricity ε = 0.2828 mm, ϕ = π/4 and control currents ix = 3 A, iy = 3 A.
(a) and (b) Waveforms of Br and Bθ in the middle of air-gap. (c) and
(d) Waveforms of Br and Bθ in the middle of rotor yoke. (e) and (f)
Waveforms of Br and Bθ in the middle of stator teeth/slots.

Fig. 7. Magnetic flux density distribution in the AMB with rotor eccen-
tricity ε = 0.35 mm, ϕ = π/2 and control currents ix = 0 A, iy = 3 A.
(a) and (b) Waveforms of Br and Bθ in the middle of air-gap. (c) and
(d) Waveforms of Br and Bθ in the middle of rotor yoke. (e) and (f)
Waveforms of Br and Bθ in the middle of stator teeth/slots.

Fig. 8. Tooth model by FEM and HAM.

Fig. 9. Magnetic force and stiffness calculation results by HAM and
FEM with ey = 0 mm and iy = 0 A. (a) and (b) Magnetic forces in x
direction and absolute errors between HAM and FEM results. (c) and
(d) Magnetic forces in y direction and absolute errors between HAM and
FEM results. (e) and (f) Deduced current stiffness ki,xx and ki,yx. (g)
and (h) Deduced position stiffness ks,xx and ks,yx (blue indicates the
results of FEM and red is for the results of HAM).

the actual case. The comparison is illustrated in Fig. 8. Such
simplification does not affect the calculation of the air-gap flux
density distribution and the magnetic forces according to the
results.

B. Magnetic Force Validation

The magnetic force characteristic Fx(ix, iy, ex, ey), position
stiffness characteristic ks(ix, iy, ex, ey) and current gain char-
acteristic ki(ix, iy, ex, ey) can be calculated over the entire op-
erating range by the HAM model. Two cases of results by HAM
and FEM in Figs. 9 and 10 are presented here. The difference
between FEM and FEM in force calculations is quantified by
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Fig. 10. Magnetic force and stiffness calculation results by HAM and
FEM with ey = 0.2 mm and iy = 3 A. (a) and (b) Magnetic forces in x
direction and absolute errors between HAM and FEM results. (c) and
(d) Magnetic forces in y direction and absolute errors between HAM and
FEM results. (e) and (f) Deduced current stiffness ki,xx and ki,yx. (g)
and (h) Deduced position stiffness ks,xx and ks,yx (blue indicates the
results of FEM and red is for the results of HAM).

TABLE IV
ERRORS OF FORCE CALCULATION BETWEEN FEM AND HAM

mean absolute errors (MAE) and mean absolute percentage
error (MAPE), and the results are depicted in Table IV. The
errors stay at a low level except for the MAPE in Fig. 9(d)
because the forces in Fig. 9(d) are quite close to zeros. The
error increases slightly when the degree of saturation deepens
and the eccentricity increases. The comparison shows a good
agreement between FEM and HAM. Besides, it can be seen that
the current gains and position stiffness vary according to the
operating point. Moreover, coupling between x and y directions
occurs when the rotor deviates from the center point in x or
y axis, i.e., the coupling stiffness is nonzero. However, such
coupling effects are always omitted during the simulation with
a simplified AMB model [1], [2].

Fig. 11. AMB test setup.

C. Computation Time

The computation time of HAM for the concentric condition
is around 0.9 s while that of FEM is about 3 s. The average
computation time of HAM for eccentric conditions is 2.6 s while
FEM requires an average of 10 s. Therefore, the proposed model
is faster than FEM.

Furthermore, the computational complexity of HAM is given.
The implementation of HAM contains four basic steps: 1)
preparing the input data; 2) establishing the system equations;
3) solving the system equations; and 4) postprocessing.

The preparation of the input data mainly includes mesh-
ing in the ESD regions and MEC regions, and its complexity
depends on the meshing element number Ne, i.e., O(Ne) =
O(KrLr +KsLs + 2LMEC). Then the complexity of forming
the total matrix depends on the size of (21), namely, O(Ntot).
Next, in each iteration of solving the system equations, the LU
decomposition is used. The time complexity of each iteration
is O(N3

tot). The postprocessing phase is mainly to predict the
required quantities, which varies by the actual applications. This
is a relatively simple task and its complexity is not considered
here.

By adding all gained complexities, we obtain the generic
expression of the complexity for the whole algorithm. Given
that Ntot > Ne, the asymptotic complexity of the whole HAM
algorithm is equal to

O(Ne) +O(Ntot) +O(N3
tot) = O(N3

tot). (38)

V. EXPERIMENTAL VALIDATION

The AMB test setup and devices are shown in Fig. 11. To
obtain the magnetic force in the experiment, a magnetic flux
observer is designed according to [20] and the magnetic force
can be deduced consequently. The rotor is actively controlled to
the center position in the horizontal direction (i.e., ex = 0 mm)
and moved from bottom position to top in the vertical direction
with a step pf 0.05 mm. When the current iy changes from −I0
to I0, the magnetic forces in the y direction and the stiffness
ki,yy, ks,yy obtained in the experiment are shown in Fig. 12 and
compared with analytical results and FEM. The deviation from
the experiment results is calculated for FEM and HAM results
and is listed in Table V. It can be seen that even at some extreme
conditions where the iron part is saturated, the calculated forces
by HAM agree well with the measured values. The comparison
shows good agreements on force prediction between the HAM
model and experimental results.
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Fig. 12. Result comparison of the experiment, HAM and FEM under
the condition of ex = 0 mm and ix = 0 A. (a) Magnetic forces Fy . (b)
Current stiffness ki,yy . (c) Position stiffness ks,yy . (Blue indicates the
results of FEM, red marker is for the results of HAM, and green is for the
experimental results.)

TABLE V
FORCE ERRORS BETWEEN CALCULATED VALUES AND MEASURED VALUES

VI. CONCLUSION

This article presented an efficient HAM that integrates ESD
and MEC to predict the AMB electromagnetic performance.
It showed the capability to obtain accurate solutions over the
entire operation range, i.e., with rotor eccentricity and saturation
effects. This method was faster than FEM since the size of the
HAM matrix was much smaller than that of FEM. In addition,
force/stiffness calculations were straightforward and fast since
the expression of the magnetic field in the air gap was obtained
analytically. The HAM implemented in MATLAB could easily
be integrated with algorithms for the optimization design and

control simulation. Furthermore, the proposed HAM was easily
applied to other electromagnetic actuators.

APPENDIX

Taking the boundary conditions at Rg1 as an example, the
elaborated expressions are derived as below. According to (1),
(9), and (15), Fourier projection from MEC region to ESD region
expands the expression of (18) as

− A
I(0)
20

ξ

∣∣
ξ=Rg1

=
1

2π

LMEC∑
l=1

∫ θl+
Δθ
2

θl−Δθ
2

B1,l
θ cos (ψ − θl) dψ

− 1

2π

LMEC∑
l=1

∫ θl+
Δθ
2

θl−Δθ
2

B1,l
r sin (ψ − θl) dψ (39)

−A
I(0)
1n

n

ξ

(
ξ

Rg

)n
+A

I(0)
2n

n

ξ

(
Rr
ξ

)n ∣∣
ξ=Rg1

=
1

π

LMEC∑
l=1

∫ θl+
Δθ
2

θl−Δθ
2

B1,l
θ cos(ψ − θl) sin (nθ) dθ

− 1

π

LMEC∑
l=1

∫ θl+
Δθ
2

rl−Δθ
2

B1,l
r sin(ψ − θl) sin (nθ) dθ (40)
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I(0)
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ξ

(
ξ
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)n
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I(0)
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ξ

(
Rr
ξ

)n ∣∣
ξ=Rg1

=
1

π

LMEC∑
l=1

∫ θl+
Δψ
2

θl−Δθ
2

B1,l
θ cos(ψ − θl) cos (nψ) dθ

− 1

π

LMEC∑
l=1

∫ θl+
Δψ
2

θl−Δθ
2

B1,l
r sin(ψ − θl) cos (nψ) dθ

(41)

where θl is the center position angle of each MEC element center,
which should be transformed to the corresponding value in the
Or–ξ–ψ coordinate system. It should be noticed that the flux
density inside each MEC element is a constant.

Proceeding further, the boundary condition (19) can be elab-
orated by equaling the normal flux flowing into each MEC
element at the interface from the ESD region, and combining
(13), one can obtain(

AI
z

∣∣∣ξ=Rg1
ψ=θI−Δθ

2

−AI
z

∣∣∣ξ=Rg1
ψ=θl+

Δθ
2

)
Lz cos γ

−BI
ψr

∣∣∣ξ=Rg1ψ=θl
Srl sin γ − φ1,lrup + φ1,lθl − φ1,lθr = 0 (42)

with γ = arcsin( ε
Rg1

sin(θl − ϕ)) here.
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