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Summary 

I 

Summary 

To prevent catastrophic structural failures, it is essential to monitor the condition of aging 
concrete structures and provide early warnings that enable timely maintenance and repair. 
Structural health monitoring (SHM) of concrete structures has attracted considerable at-
tention in the research community. Among various SHM techniques, acoustic emission 
(AE) has emerged as a particularly effective method for early fracture detection, owing 
to its real-time monitoring capabilities and sensitivity to early crack formation. 

However, a comprehensive review of the mechanisms and models related to AE phenom-
ena in concrete fracture (Chapter 2) reveals ongoing challenges in applying AE reliably. 
A key difficulty lies in accurately correlating localized fracture events with AE signals 
recorded after wave propagation through complex structural media. Both experimental 
inversion and forward modelling approaches have been explored to address this issue. 
Nevertheless, experimental techniques face inherent limitations due to complex wave 
propagation effects and sensor responses. Furthermore, existing modelling methods are 
not yet capable of explicitly simulating AE signals generated by concrete fracture. 

This dissertation aims to investigate the source mechanisms underlying AE phenomena 
induced by concrete fracture and to establish a quantitative relationship between localized 
fracture events and the resulting AE signals. The overarching goal is to enhance the reli-
ability of AE-based techniques for early warning applications in concrete structures. Par-
ticular attention is given to AE signals generated by tensile cracking, which is the domi-
nant source of AE activity, especially in the early stages of fracture when timely warnings 
are most critical. The research is organized into three main topics: 

First, a general modelling framework is developed for AE simulation based on lattice 
modelling, which is well-established for simulating concrete fracture. Chapter 3 extends 
traditional lattice models to simulate elastic wave propagation by introducing a propor-
tional-integral-derivative (PID) control algorithm to suppress spurious noise and a Ray-
leigh damping-based approach to model signal attenuation. Chapter 4 further incorporates 
sensor response modelling into this framework, resulting in a comprehensive system for 
simulating AE signal generation due to tensile cracking. 

Second, the dissertation investigates the fundamental mechanisms by which tensile crack-
ing generates AE signals. Chapter 5 explores these mechanisms analytically using a sim-
plified one-degree-of-freedom (1-DoF) system. Chapter 6 applies the proposed lattice 
model to a more realistic two-dimensional scenario, analysing the relationship between 
AE signals and both local and global mechanical behaviour during tensile cracking. 
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Third, the research quantifies AE sources generated by concrete tensile cracking using 
the developed modelling framework. Chapter 7 establishes quantitative relationships be-
tween AE source parameters and tensile cracking behaviour, including a correlation be-
tween AE peak frequency and fracture volume, offering a physically grounded AE indi-
cator. Chapter 8 provides a physical interpretation of trends in AE parameters observed 
during crack propagation, supporting more rational, physics-based interpretations of AE 
signals. 

In summary, this dissertation advances the understanding of AE source mechanisms and 
contributes to more reliable AE-based early warning systems for concrete fracture 
through the following key achievements: 

 Development of a comprehensive lattice modelling framework capable of simulat-
ing full AE waveforms, with potential applicability to other AE source types in 
quasi-brittle materials (Chapters 3 and 4) 

 Elucidation of the physical mechanisms driving AE from tensile cracking in con-
crete, providing a robust foundation for reliable AE applications (Chapters 5 and 6). 

 Introduction of a physically grounded AE indicator for quantifying tensile cracking, 
enabling fracture volume estimation from measured AE peak frequency and offer-
ing guidance on sensor layout and selection (Chapter 7). 

 Provision of physical interpretations for the evolution of AE parameters during ten-
sile crack propagation, facilitating more rational, physics-based analysis of AE data 
in experimental fracture mechanics (Chapter 8).  
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Samenvatting 

Om catastrofale falen van constructies te voorkomen, is het essentieel om de conditie van 
verouderende betonconstructies te monitoren en om vroegtijdige waarschuwingen te ge-
ven die tijdig onderhoud en herstel mogelijk maken. Constructieve gezondheidsmonito-
ring (SHM) van betonconstructies heeft aanzienlijke aandacht gekregen binnen de onder-
zoeksgemeenschap. Onder de diverse SHM-technieken is akoestische emissie (AE) naar 
voren gekomen als een bijzonder effectieve methode voor het vroegtijdig detecteren van 
scheurvorming, dankzij de mogelijkheden voor real-time monitoring en de gevoeligheid 
voor vroege scheurinitiatie. 

Een uitgebreide analyse van de onderliggende mechanismen en modellen (Hoofdstuk 2) 
met betrekking tot AE-fenomenen bij betonbreuk laat echter zien dat het nog steeds een 
uitdaging is om AE betrouwbaar toe te passen. Een belangrijke moeilijkheid is het nauw-
keurig correleren van gelokaliseerde breukgebeurtenissen met AE-signalen die worden 
geregistreerd nadat de golven zich door het complexe structurele medium hebben voort-
geplant. Zowel experimentele inversie- als forward-modelleringsbenaderingen zijn on-
derzocht om deze uitdaging aan te pakken. Desondanks ondervinden experimentele tech-
nieken inherente beperkingen als gevolg van complexe golfvoortplantingseffecten en sen-
sorrespons. Bovendien zijn bestaande modelleringsmethoden momenteel nog niet in staat 
om AE-signalen die door betonbreuk worden gegenereerd expliciet te simuleren. 

Dit proefschrift heeft tot doel de brontheorieën te onderzoeken die ten grondslag liggen 
aan AE-fenomenen die worden opgewekt door betonbreuk, en om een kwantitatieve re-
latie vast te stellen tussen gelokaliseerde breukgebeurtenissen en de resulterende AE-sig-
nalen. Het overkoepelende doel is het verbeteren van de betrouwbaarheid van AE-geba-
seerde technieken voor toepassingen op het gebied van vroegtijdige waarschuwing bij 
betonconstructies. Bijzondere aandacht gaat uit naar AE-signalen die worden gegenereerd 
door trek-scheurvorming, de dominante bron van AE-activiteit, met name in de vroege 
fasen van breuk, waarin tijdige waarschuwingen het meest cruciaal zijn. Het onderzoek 
is georganiseerd rond drie hoofdthema’s: 

Ten eerste wordt een algemeen modelleringskader ontwikkeld voor AE-simulatie op ba-
sis van vakwerkmodellering, een methode die breed wordt toegepast voor het simuleren 
van betonbreuk. Hoofdstuk 3 breidt traditionele vakwerkmodellen uit om elastische golf-
voortplanting te simuleren door een proportionele, integrerende en differentiërende (PID) 
regelalgoritme te introduceren om spookruis te onderdrukken, en een aanpak gebaseerd 
op Rayleigh-demping voor het modelleren van signaalverzwakking. In Hoofdstuk 4 
wordt bovendien de modellering van sensorrespons geïntegreerd in dit kader, wat resul-
teert in een volledig systeem voor het simuleren van AE-signaalgeneratie ten gevolge van 
trek-scheurvorming. 
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Ten tweede onderzoekt het proefschrift de fundamentele mechanismen waarmee trek-
scheurvorming AE-signalen genereert. Hoofdstuk 5 verkent deze mechanismen analy-
tisch aan de hand van een vereenvoudigd één-vrijheidsgraden (1-DoF) systeem. Hoofd-
stuk 6 past het voorgestelde vakwerkmodel toe op een realistischer tweedimensionaal ge-
val, waarbij de relatie tussen AE-signalen en zowel het lokale als globale mechanisch 
gedrag tijdens trek-scheurvorming wordt geanalyseerd. 

Ten derde kwantificeert het onderzoek de AE-bronnen die worden gegenereerd door trek-
scheurvorming in beton, met behulp van het ontwikkelde modelleringskader. Hoofdstuk 
7 stelt kwantitatieve relaties vast tussen AE-bronparameters en het gedrag van trek-
scheurvorming, waaronder een correlatie tussen AE-piekfrequentie en breukvolume, 
waarmee een fysisch onderbouwde AE-indicator wordt aangeboden. Hoofdstuk 8 geeft 
een fysische interpretatie van trends in AE-parameters die worden waargenomen tijdens 
scheurvoortplanting, ter ondersteuning van meer rationele, natuurkundige interpretaties 
van AE-signalen. 

Samenvattend levert dit proefschrift een bijdrage aan het begrip van AE-bronmechanis-
men en aan betrouwbaardere AE-gebaseerde systemen voor vroegtijdige waarschuwing 
bij betonbreuk, door de volgende hoofdresultaten: 

 Ontwikkeling van een uitgebreid vakwerk-modelleringskader dat in staat is om vol-
ledige AE-golfvormen te simuleren in quasi-brosse materialen (Hoofdstukken 3 en 
4). 

 Verklaring van de fysische mechanismen die AE genereren als gevolg van trek-
scheurvorming in beton, en het bieden van een robuuste basis voor betrouwbare AE-
toepassingen (Hoofdstukken 5 en 6). 

 Introductie van een fysisch onderbouwde AE-indicator voor het kwantificeren van 
trek-scheurvorming, waarmee het breukvolume geschat kan worden op basis van 
gemeten AE-piekfrequentie, en die richtlijnen biedt voor sensorlay-out en -selectie 
(Hoofdstuk 7). 

 Fysische interpretatie van de evolutie van AE-parameters tijdens scheurvoortplan-
ting, wat bijdraagt aan een meer rationele, natuurkundige analyse van AE-data in 
experimentele breukmechanica (Hoofdstuk 8).
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Chapter 1 Introduction 

 1 

1. Introduction 

1.1 Reliable monitoring and early warnings on fracturing of concrete 
structures 

Concrete structures are the major construction type for buildings and infrastructure. 
Throughout the world, a considerable share of concrete structures experience notable ag-
ing, compromising their functionality and performance (Hariri-Ardebili, Sanchez, and 
Rezakhani 2020). In the Netherlands, around 60% of bridges were built before 1975 
among a total of around 3500 bridges in the road network (Lantsoght et al. 2013). It is 
essential to reliably monitor the health of aging concrete structures and provide early 
warnings against damages, enabling timely maintenance and repair.  

Among various types of damage, fracturing of concrete is the most common damage type 
and is recognized as an effective indicator of structural failure. Reliable monitoring the 
fracturing processes of concrete structures has gained significant attention in the research 
community. Among others, tensile cracking constitutes the dominant fracture mechanism, 
especially during the early stages of concrete fracturing processes (Aggelis 2011).  

Therefore, monitoring tensile cracking activities during the initial phases holds significant 
potential as an early warning indicator of impending structural failure in concrete. This is 
particularly important during load testing of concrete structures or during intensive mon-
itoring of critical infrastructure. In such cases, tracking tensile cracking enables more ef-
fective assessment of structural performance and a deeper investigation into underlying 
fracturing (Zhang 2022). 

To effectively monitor concrete tensile cracking activities in early fracturing stages, it is 
ideal to have a monitoring technique that possesses the following capabilities: 

 Real-time monitoring  

 Sensitive to microcracking at early fracturing stages 

 Internal cracking detection  

The first two capabilities are essential to provide an early warning of concrete fracture 
and enabling timely maintenance and repair. The third is critical for identifying structural 
failures that originate from internal damage (Tue, Theiler, and Tung 2014).       

Although numerous non-destructive evaluation (NDT) techniques have been developed 
over the past decades (Gharehbaghi et al. 2022), most existing methods fail to meet the 
above requirements simultaneously. Specifically, traditional strain- and displacement-
based techniques (e.g., strain gauges (Higson 1964), linear variable differential trans-
former (LVDT) (Nhung et al. 2023) and fibre optic sensors (Udd 1995) as well as vision-
based methods (e.g., digital image correlation (DIC) (McCormick and Lord 2010) are 
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incapable of detecting internal cracks and/or are not sensitive to microcracks in the early 
stages of fracturing. Similarly, traditional ultrasonic monitoring techniques (e.g., external 
ultrasonic testing (Prassianakis and Prassianakis 2004) and embedded smart aggregates 
(Song, Gu, and Mo 2008) do not enable real-time monitoring; instead, they assess struc-
tural damage states only at specific time points. 

Among various NDT methods, acoustic emission (AE) stands out as an ideal technique 
that simultaneously meets all three of the above-listed requirements, since the AE tech-
nique directly monitors the elastic waves generated by the rapid energy release of internal 
fracturing activities (Matthews 1983). This establishes the AE technique as an ideal mon-
itoring method in concrete structures under loading. Much AE-related research has been 
conducted in literature for monitoring concrete fracture processes. For example, acoustic 
emission-based indicators have been recently proposed to provide early warnings of shear 
failure of reinforced concrete structures without shear reinforcement (Zhang 2022). 

Although applications of the AE technique in the concrete field can be dated back to 
1950s (Ajitesh 1956; Brun and Boucher 1956), many fundamental issues in acoustic 
emission (AE) remain unresolved. AE signals arise from a complex interplay of mul-
tiscale and multi-physical phenomena, including local material fracturing, global elastic 
wave propagation, and sensor response. To date, it is not yet possible to reliably link 
measured AE signals to fracture activities inside concrete structures. 

1.2 Research goal and questions 
This dissertation focuses on the acoustic emission induced by concrete tensile cracking, 
as it is dominant AE source type in concrete fracture processes and offers significant po-
tential as early warning indicators of impending structural failure in concrete. The primary 
objective of this research is to understand the link between concrete tensile fracturing 
processes and induced AE signals.  

Therefore, the central research question is: How can measured acoustic emission be 
linked to the tensile fracture processes in concrete? 

The main question can be classified into sub-research questions, with the corresponding 
challenges. 

The first discussed objective is development of AE modelling methods. Compared to ex-
perimental methods that cannot separate the individual components of the AE process, 
modelling is a promising tool to address the complicated multi-physics phenomena of AE. 
Nevertheless, there is currently no modelling method capable of accurately modelling the 
coupling between concrete fracture processes and induced elastic wave propagation, as 
well as sensor response. The inability to comprehensively capture all these interacting 
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components limits the predictive and interpretive capabilities of current AE modelling 
techniques.  

Therefore, the first question is: (Q1) How can we accurately model the local material 
fracturing, global elastic wave propagation and sensor response simultaneously with one 
model?  

The second discussed objective is mechanisms of AE sources. There is currently a lack 
of consistent understanding regarding the mechanisms underlying the monitored AE sig-
nals. Existing AE theories attribute the origin of AE phenomena to various mechanisms 
occurring at different scales and from diverse perspectives, resulting in fragmented and 
sometimes contradictory interpretations. Furthermore, these theories are generally unable 
to provide a physical explanation for many of the commonly used AE signal parameters, 
limiting their ability to support accurate, physics-based interpretation and modelling of 
AE data. 

Therefore, we need to provide a physics-based interpretation of tensile cracking-induced 
AE phenomena. To achieve this, we need to figure out: (Q2) How does concrete tensile 
cracking generate acoustic emission? 

The third discussed objective is understanding AE measurements. Currently, there is no 
reliable experimental AE characterization method capable of quantitatively linking rec-
orded AE signals to concrete fracturing behaviour. Existing methods are largely devel-
oped through empirical calibration and experimental observations, often lacking a clear 
physical foundation. As a result, these phenomenological approaches fall short in provid-
ing quantitative insights into the actual fracture processes occurring within concrete, lim-
iting their effectiveness for rigorous material characterization or predictive modelling. 

For practical applications, we need to quantify concrete tensile cracking activities through 
AE measurements. Therefore, the research question is: (Q3) what is the quantitative rela-
tionship between concrete tensile fracturing parameters and induced AE signals?  

Furthermore, to provide effective early warning for critical fracturing phases, we need to 
understand the effects of successive tensile fracturing processes on AE parameters. One 
following-up question is: (Q4) How does the successive tensile fracturing process effect 
the acoustic emission parameters? 

The four sub-questions form three parts of work. Part 1 includes questions Q1, to develop 
AE modelling methods. Part 2 focuses on Q2, to fundamentally reveal the mechanisms 
underlying concrete tensile cracking-induced AE sources. Part 3 includes Q3-Q4, to de-
velop physics-grounded AE indicators and to provide more reliable interpretation of AE 
measurements. 
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1.3 Thesis outline 
The outline of this dissertation is illustrated in Figure 1.1. The main contents answer the 
three parts of research questions described in Section 1.2. The dissertation contains eight 
additional chapters, each briefly described as follows: 

 Chapter 2 performs a literature review on AE phenomena induced by concrete frac-
turing processes. This chapter aims to explore cutting-edge knowledge on AE phe-
nomena in concrete fracturing, and to compare different available AE theories and 
AE modelling methods.   

Development of AE modelling methods, for research questions Part 1 (Q1) 

 Chapter 3 addresses Q1, proposing a general lattice modelling framework for sim-
ulating the propagation and attenuation of elastic waves induced by concrete tensile 
cracking. The proposed model will be used to simulate complete AE waveforms 
induced by tensile cracking (Chapter 4) and to characterize the source mechanisms 
of tensile cracking-induced AE signals (Chapters 6, 7, and 8). 

 Chapter 4 further addresses Q1, developing additional techniques for modelling AE 
sensor responses within the framework of the lattice model introduced in Chapter 3. 
This will allow for the simulation of complete AE waveforms induced by tensile 
cracking. The model will be experimentally validated through comparison with ex-
perimental results from a three-point bending test on a notched concrete beam. 

Reveal of the mechanisms of AE sources, for research questions Part 2 (Q2) 

 Chapter 5 analytically addresses Q2 in a simplified 1D case, using analytical mod-
elling methods to understand the AE phenomena induced by concrete tensile crack-
ing. The chapter identifies the factors that influence the parameters of AE signals 
during concrete tensile cracking process, and these factors are numerically quanti-
fied in Chapter 7. 

 Chapter 6 numerically addresses Q2 in a realistic 2D case. This chapter employs the 
lattice model developed in Chapter 3 to reveal the source mechanisms of AE signals 
induced by concrete tensile cracking in a more realistic 2D scenario, providing clear 
explanations for the physical principles underlying AE phenomena in concrete ten-
sile fracture processes. 

Explanation of AE measurements, for research questions Part 3 (Q3-Q4) 

 Chapter 7 addresses Q3, employing the lattice modelling framework (developed in 
Chapters 3 and 4) to quantify AE source parameters induced by concrete tensile 
cracking (identified in Chapter 5) through a numerical parametric study. Building 
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upon the parametric results, this chapter will select the dominant factors of concrete 
tensile cracking as physically grounded AE indicators.  

 Chapter 8 addresses Q4, employing the lattice modelling framework developed in 
Chapters 3 and 4 to provide a fundamental interpretation the variation of typical AE 
parameters observed during successive concrete tensile cracking propagation pro-
cesses, providing guidance for more reliable interpretation of AE measurements. 

 Chapter 9 concludes the dissertation by summarizing the research findings and of-
fering recommendations for future studies. These recommendations will focus on 
more reliable applications of the AE technique and more rational interpretation of 
AE measurements. 

 

Figure 1.1 Outline of this dissertation. 
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2. Acoustic emission in concrete fracture processes: current 
understanding and available modelling methods in literature 

2.1 Introduction 
Acoustic emission (AE) is strongly linked to the fracturing process in various brittle and 
quasi-brittle materials like concrete; therefore, AE measurement is a promising technique 
that can monitor the health conditions of in-service concrete structures once the link be-
tween AE signals and the physical sources of the signals is clear. To reach that under-
standing, many experimental and modelling works have been conducted in literature. This 
chapter performs a literature review concerning the AE phenomena induced by concrete 
tensile fracturing processes, which is often considered as the major damaging process of 
concrete, with a focus on available theories and modelling methods.  

It should be mentioned that the literature review performed in this chapter is not only 
restricted to concrete materials nor fracturing processes, although the focus of this disser-
tation is on AE phenomena in concrete fracturing processes. Some classical work in seis-
mology is also referred in this section, as AE can be seen as a special type of microseis-
mical activity (Wang 2014). A wider scope of reviewing on available theories and mod-
elling methods for AE phenomena in various fields helps us to better understand the 
mechanisms of AE phenomena occurring in concrete fracture processes. 

This chapter is organized as follows. Section 2.2 introduces the physical principles and 
technique bases of AE, and then briefly reviews available experimentally based AE char-
acterization methods with a discussion on their limitations. Section 2.3 discusses concrete 
fracture theories related to AE phenomena and then reviews the AE source theories avail-
able in literature to explain AE phenomena induced by concrete fracturing processes. 
Section 2.4 reviews the available modelling methods of AE signals generated in concrete 
fracturing processes with a discussion on the pros and cons of each method. Based on the 
literature review, section 2.5 identifies the knowledge gap regarding mechanisms and 
modelling aspects of concrete fracture-induced AE phenomena. 

  



Chapter 2 Acoustic emission in concrete fracture processes: current understanding and available 
modelling methods in literature 

 7 

2.2 Basics of acoustic emission 
This section first introduces the general physical principals and technical bases of AE and 
then briefly describes available experimental-based AE source characterization methods 
with a discussion on their limitations. 

2.2.1 Physical principals and technical bases of acoustic emission 

The term of “acoustic emission” refers to both a class of physical phenomena and a mon-
itoring technique. In this sub-section, we briefly introduced AE in these two aspects.  

Physically, AE refers to a class of microscopic phenomena involving transient processes 
of stress redistribution at local level of a material (Ying 1973). Such transient processes 
lead to rapid energy release and further induce vibrations of the whole system, namely 
the propagation of elastic waves (Wang 2011; Eitzen and Wadley 1984).  

For reinforced concrete structures, many deterioration processes involving transient local 
stress redistribution are likely to induce AE phenomena, such as hydration 
(Thirumalaiselvi and Sasmal 2019), creep (Zhao et al. 2024), fracture (Zhou et al. 2024), 
fatigue (Noorsuhada 2016) and corrosion of steel reinforcement (Zheng et al. 2020). 
Reader are referred to the book of (Grosse and Ohtsu 2008b) for more details of various 
AE source types in concrete.  

Amongst various AE sources, the concrete fracturing is one of the major sources of AE 
signals and is often used to indicate the health conditions of concrete structures (Ohtsu, 
Isoda, and Tomoda 2007). Therefore, the scope of this dissertation is restricted to AE 
phenomena induced by fracturing processes of plain concrete. The fracture-induced AE 
phenomena has a similar physical base with earthquakes in seismology but at a smaller 
scale, and thus fracture-induced AE is also referred to as micro-seismicity in literature 
(Wang 2014; Zhu et al. 2024). 

Technically, as shown Figure 2.1, the elastic waves induced by AE sources and travelling 
within structures can be captured and transformed into electrical signals (AE signals) by 
certain types of sensors (AE sensors) mounted on structure surfaces (Pollock 2018). The 
electrical signals are further stored and processed by an AE acquisition system (Scruby 
1987b). This signal acquisition process is called AE technique, which aims at character-
izing and localizing the signal sources through analysing measured AE signals. 

AE is a passive and continuous monitoring technique that directly measures wave signals 
induced from the inside of the monitored structures. Such a passive nature brings the AE 
technique distinguished advantages in real-time monitoring (Pan et al. 2023) and the 
prompt detection of early cracking (Zheng et al. 2020).  
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Readers are referred to the classical work in literature for more details of the AE technique 
(Matthews 1983; Scruby 1987b; Nazarchuk, Skalskyi, and Serhiyenko 2017) and the AE 
phenomena of various source types in different materials (Ono 2011; Ohtsu 1996; 
Gholizadeh, Leman, and Baharudin 2015). 

 
Figure 2.1 Illustration for the signal acquisition process of the AE technique and two options for 

establishing a source-to-signal relationship. 

2.2.2 Available experimental-based AE characterization methods 

The aim of AE technique is to characterize and localize signal sources inside structures 
through analysing signals received at structural surfaces. Therefore, reliable applications 
of AE technique rely upon a quantitative relationship between AE measurements and 
corresponding signal sources. As shown in Figure 2.1, inversion from experimental data 
and forward modelling provide two options to link the measured AE signals with the 
physical sources of the signals. Available AE methods are mostly established through 
experimental reversal. This sub-section briefly introduces available experimental-based 
AE source characterization methods. Readers are referred to the classical work in litera-
ture (Zhang 2022; Pollock 2018) for more comprehensive description in this regard.  

Experimental-based AE source characterization methods aim to link AE measurements 
with concrete fracture behaviours through analysing measured AE parameters (or com-
plete AE waveforms) (Zhao, Kang, and Yao 2018). The definition of AE parameters men-
tioned in this dissertation is illustrated in Appendix A (see also the work of Stone (Stone 
and Dingwall 1977)). Herein, we classify available AE methods into two categories ac-
cording to the objects they aim to characterize, including methods for characterizing local 
AE sources and those for characterizing structural behaviours. In the following, these two 
categories of AE methods are briefly described, with a discussion on limitations of each 
mentioned method. 
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2.2.2.1 Methods for characterizing local AE sources 

The first class of available AE methods is aimed at characterizing each AE source, in-
cluding location and type of an AE source, through analysing waveforms/parameters of 
corresponding AE signals. 

 Source localization: 

Identifying the precise locations of damage/AE sources is essential for analysing potential 
cracking regions within structures and gaining a deeper understanding of the damage 
characteristics of monitored structures (Cheng et al. 2021). The mostly used AE localiza-
tion methods are based on the arrival time of AE signals received by sensors at different 
locations. The location of each AE source is estimated by equalling the wave travel dis-
tances from the source to different sensors to the products of wave velocities multiplied 
by wave travel time. Different arrival time-based algorithms (Sedlak, Hirose, and Enoki 
2013; Sedlak et al. 2009) have been developed following such a principal.  

There are many other AE source localization algorithms available in literatures, such as 
zonal-based localization methods (Ai, Zhang, and Ziehl 2023) and machine learning 
methods (Ince et al. 2010), by analysing different AE parameters besides the first arrival 
time to estimate AE source locations. Readers are referred to the work of Hassan (Hassan 
et al. 2021) for more details of various AE source localization algorithms. 

It should be noted that an accurate source localization is not possible in concrete structures, 
because many factors can lead to localization errors, such as picking error of arrival time, 
the presence of cracks in wave travel paths and wave scatters from concrete heterogeneity, 
which cannot be entirely removed (Zhang, Pahlavan, and Yang 2020).  

 Source type classification:  

The type of fracturing source is an important indicator of concrete fracturing processes. 
The RA-AF method (Aggelis 2011), a method given in the ISO 16838:2019 standard 
(ISO 2019), is the mostly used approach for classifying AE sources in concrete fracturing 
processes into two types of tensile cracking and friction. Two parameters of an AE signal, 
RA value and average frequency (AF) (see Appendix A for definition), are combined for 
analyses: AE signals from tensile cracking are characterized by higher average frequency 
and shorter rise time, while those from friction are characterized by lower average fre-
quency and longer rise time.  

There are many other classification methods available in literature, such as the moment 
tensor reversion methods (Shigeishi and Ohtsu 2001; Graham et al. 2010), the peak fre-
quency-based criterion (Zhang et al. 2022) and the machine learning-based methods 
(Zhang, Yan, and Guo 2022), for classifying AE sources into different types in various 
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concrete deterioration processes. Readers are referred to the work of Sagar and Prasad 
(Sagar and Prasad 2012) for more details of various AE source type classification meth-
ods in concrete and reinforced concrete structures. 

Nevertheless, it should be noted that all mentioned source classification methods are qual-
itative without a clear classification boundary. Moreover, they are all established based 
on experimental observations without clear physical meanings (Dong et al. 2023).  

2.2.2.2 Methods for characterizing global structural behaviours 

The second-class AE methods aim at characterizing the global behaviour of structures 
(e.g., structural damage degrees) through analysing the changes of measured AE sig-
nals/parameters during progressive failure processes.  

The most forward AE method for characterizing structural integrity is by analysing the 
time history of AE rates or accumulated AE hit numbers in concrete fracturing processes: 
a sudden increase in AE rates/numbers means the change in structural damage degree 
(Zheng et al. 2020). There are several more advanced AE methods for a similar purpose. 
Herein, we describe two mostly used classical methods for exemplification: 

 AE intensity analysis: this method is to evaluate the structural damage states analys-
ing AE signal strength. Two statistical parameters are calculated from monitored AE 
signal strength data, historic index (H (t)) and severity index (Sr) (see the work of 
FOWLER (Fowler, Blessing, and Conlisk 1989) for the expressions of H(t) and Sr). 
A sudden change in these two parameters indicates the deterioration of structural 
integrity (Zheng et al. 2020). This method has been applied to evaluate the integrity 
of different structure types subjected to various damage types (Abouhussien and 
Hassan 2020; Shahidan et al. 2011; Di Benedetti and Nanni 2014).  

However, the AE intensity analysis method provides only qualitative evaluation of 
structural damage states; there is no consistent and quantified relationship between 
two statistical parameters (H (t) and Sr) and structural damage states. 

 B-value analysis: this method originated from seismology by analysing the relation-
ship between peak amplitude (magnitude) and occurrence frequency of earthquakes 
(Gutenberg and Richter 1954).  The so-called b-value, calculated as the amplitude 
versus occurrence frequency distribution of AE hits (see the work of Main et al. 
(Main, Meredith, and Jones 1989) for the expression of b-value in AE field), is used 
to assess the fracturing scales inside structures. Since the occurrence frequency is 
inversely correlated with magnitude of AE hits (Colombo, Main, and Forde 2003), a 
decrease trend of b-value indicates the transformation from microcracking into mac-
rocracking and thus the occurring of severe structural damage (Carpinteri, Lacidogna, 
and Puzzi 2009; Kurz et al. 2006). There is an improved version of b-value analysis 
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method, called improved b-value (Ib-value) method (Shiotani 1994), for minimizing 
influence of ambient noise signals by further considering the statistical distribution 
of AE signal amplitudes (Colombo, Main, and Forde 2003; Shiotani 2001; Shiotani 
2006). 

However, large fluctuations of b-values were observed in AE monitoring processes 
(Farhidzadeh et al. 2013), and it is difficult to find a critical b-value for reliably dis-
tinguishing macrocracking from microcracking (Zhang 2022).     

There are several other AE methods available for characterizing structural behaviours, 
such as the load ratio-calm ratio method for characterizing structural behaviour under 
cyclic/fatigue loading conditions (Liu and Ziehl 2009) and the fractal dimension analysis 
calculated from AE hit numbers for assessing structural damage severity (Zheng et al. 
2022). Readers are referred to the work of (Behnia, Chai, and Shiotani 2014) for more 
detailed description of various AE-based structural evaluation methods.  

However, it should be mentioned that available AE-based structural damage evaluation 
methods are mainly established based on experimental observations without a clear phys-
ical basis, thus providing only qualitatively evaluation for structural damage states (Sagar 
and Prasad 2012). 

2.2.2.3 Limitations of available experimental-based AE characterization 
methods 

Characterizing local signal sources through AE measurements is a typical inverse prob-
lem. Although carrying the information of sources, the received AE signals are also in-
fluenced by many other factors, such as wave propagation and AE sensor response, as 
shown in Figure 2.1.  

The aforementioned analysis methods of AE signals are mostly established through ex-
perimental observations. The physical basis behind these methods remains unclear. 
Therefore, they cannot provide reliable and quantified relationship between the source 
mechanism in the material/structure and received AE signals, because the influence from 
wave propagation and sensor response cannot be removed in experiments as shown in 
Figure 2.1 (Behnia, Chai, and Shiotani 2014). 

Furthermore, the phenomenological models established through experimental reversal are 
usually case-dependent and can only provide a roughly qualitative description for AE 
sources due to the lack of clear physical bases (Sagar and Prasad 2012). Different or even 
conflicted conclusions can be drawn from the phenomenological methods when applied 
to different experimental cases (Dong et al. 2023).  
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2.3 Acoustic emission induced by concrete fracture processes in 
literature 

In view of the limitations of available experimental-based analysis methods of AE signals, 
a rational understanding is needed to interpret the physical principals behind the measur-
able AE signals. Only based on that, it is possible to establish a solid model that can 
explain phenomenological observations of AE and develop new methods towards more 
reliable interpretation of AE measurements. In this section, we review and discuss avail-
able theories aimed at explaining AE phenomena induced by concrete fracture processes.  

2.3.1 Concrete fracture theories associated with acoustic emission 

As the scope of this dissertation is restricted to AE phenomena induced by concrete frac-
turing processes, this sub-section firstly briefly introduces concrete fracture theories.  

Following the classical work of Griffith (Griffith 1921) for the fracture criterion of crack-
ing extension in solids, several different theories have been proposed for explaining the 
fracturing processes of solids, such as stress intensity factor theory (Erdogan 1983), strain 
energy release theory (Hussain, Pu, and Underwood 1973) and J-integral theory 
(Schapery 1984). These fracture theories have been applied to solve different fracture-
related problems in various solid materials (Anderson and Anderson 2005). Readers are 
referred to the classical work of Bažant and Cedolin (Bažant and Cedolin 1980) and of 
Carpinteri (Carpinteri 1982) for the applications of different fracture theories in brittle 
and quasi-brittle materials including concrete.  

The difference between various concrete fracture theories mainly lies in the scale they 
focus on (Shah, Swartz, and Ouyang 1995). Macroscopically, the type of concrete fracture 
processes is usually defined by the external loading conditions, such as the failure types 
of tension, compression, shear and torsion, regardless of internal fracture mechanism 
(Van Mier 2017). The fracture theories formulated at mesoscale and microscale, which 
consider fracture mechanisms at local material regions, are more relevant to AE phenom-
ena. In the following, we separately discuss mesoscopic and microscopic perspectives on 
independent basic fracture modes/mechanisms (namely AE source types) involved in the 
fracturing processes of concrete included quasi-brittle materials. 

2.3.1.1 Mesoscopic perspective: classical fracture mechanics for solids 

Mesoscopically, in the scale of macrocracks and under the framework of classical fracture 
mechanics (Gdoutos 2020; Sun and Jin 2011), the fracture of solids is traditionally clas-
sified into three basic modes based on the deformation types of cracks, including Mode I 
(opening cracks), Mode II (in-plane shear cracks) and Mode III (out-of-plane shear 
cracks), as illustrated in Figure 2.2. These three basic fracture modes and their combina-
tion can be used to explain all kinds of fracture processes of solids at macroscale (Kerlins 
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1987). Specifically, it is assumed that cracks under different fracture processes/loading 
states can be all reduced into a combination of stress intensity factors (Irwin 1957) or 
fracture energy (Ballatore et al. 1990) of the three independent basic fracture modes.  

It should be noted that this viewpoint of three basic fracture modes at mesoscopic level is 
a universal principal that applies for diverse types of solids including concrete-like quasi-
brittle materials and other ductile materials (e.g., metals and composites) (Kerlins 1987). 

   

(a) (b) (c) 

Figure 2.2 Illustration for three fracture modes of solids in classical fracture mechanics: (a) 
Mode-I fracture (opening crack); (b) Mode-II fracture (sliding crack); (c) Mode-III fracture (tearing 

crack) (adapted from (Sun and Jin 2011)). 

2.3.1.2 Microscopic perspective: fracture mechanics specialized for quasi-brittle 
materials 

The fracture processes of quasi-brittle materials are generally governed by two independ-
ent basic mechanisms, including tensile cracking at crack tip/front and friction along 
crack surfaces/planes (Carpinteri et al. 1993), as marked in Figure 2.2. Specifically, as 
illustrated in Figure 2.3, tensile cracking at crack tip is the dominant microscopic mech-
anisms that consumes fracture energy to create new fracture surfaces under different mac-
roscopic fracture modes/loading states (see Figure 2.3a), while the friction along existed 
cracking surfaces due to roughness of cracking surfaces is the secondary microscopic 
mechanisms that provides additional resistance to fracture under various macroscopic 
fracture modes/loading states except pure tension (namely mixed-mode fracture) (see Fig-
ure 2.3b).   

Such a viewpoint for the fracture of quais-brittle materials has been widely validated both 
numerically and experimentally (Ayatollahi, Moghaddam, and Berto 2015; Ayatollahi 
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and Saboori 2015; Carpinteri et al. 1993). It has been also demonstrated that by consid-
ering these two microscopic mechanisms it is possible to accurately simulate the macro-
scopic fracturing behaviours of quasi-brittle materials under different external loading 
states using different numerical methods, such as phase-field model (Fei and Choo 2020), 
lattice model (Place and Mora 1999), phantom node method (Komijani, Gracie, and Yuan 
2020) and discrete element method (Torkan et al. 2019).   

It should be noted that the term of “tensile cracking” mentioned herein is also referred to 
as “cohesive cracking” (Elices, Rocco, and Roselló 2009) or “cohesive fracture” (Park, 
Paulino, and Roesler 2010) in literature. Similarly, the term of “friction” is also referred 
to as “interlocking” (Walraven 1981) or “shear sliding” (Haskett et al. 2011) in literature. 
These different terminologies are same concepts that describe the two independent mi-
croscopical mechanisms governing the fracture processes of quasi-brittle materials shown 
in Figure 2.3. 

  

(a) (b) 

Figure 2.3 Illustration for two microscopic mechanisms governing different fracture modes of 
quasi-brittle materials like concrete: (a) tensile cracking at crack tip in Mode-I fracture (in pure 
tension); (b) tensile cracking at crack tip combined with friction along crack surfaces in mixed-

mode fracture (adapted from (Xu, Hajibeygi, and Sluys 2024)). 

2.3.1.3 AE source types in concrete fracture processes  

Different perspectives on the independent basic fracture mechanisms largely influence 
the ways we look at AE phenomena in quasi-brittle materials, especially for the types of 
AE sources.  

There are several AE theories and methods formulated following the macroscopic or 
mesoscopic viewpoints of fracture modes, where macroscopic failure modes defined by 
external loading conditions (i.e., tensile, shear and compressive failure) or mesoscopic 
fracture modes (i.e., Mode-I, -II and -III fracture) are regarded as independent AE source 
types involved in concrete fracturing process. For example, Chisari, Guarnaccia et al 
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(Chisari, Guarnaccia, and Rizzano 2020) proposed a numerical modelling strategy for 
simulating AE sources generated in fracturing processes of reinforced concrete structures, 
where tensile, shear and compressive failure of concrete elements are taken as three in-
dependent AE source types. Grosse, Reinhardt et al (Grosse, Reinhardt, and Dahm 1997) 
proposed a method to classify AE sources into three types corresponding to three inde-
pendent fracture modes according to the radiation patterns of received AE waveforms. 
Ohno and Ohtsu (Ohno and Ohtsu 2010) developed a so-called SiGMA algorithm based 
on the moment tensor theory (MT) to classify AE sources generated by concrete fracture 
processes into three independent fracture modes.  

Differently, most available AE theories and methods are formulated following the micro-
scopic viewpoint of two governing fracture mechanisms, where tensile cracking friction 
are regarded as two basic AE source types in concrete fracturing process. As the AE in-
duced in concrete fracture processes are microscopic phenomena, such a microscopic 
viewpoint is more reasonable for describing AE source types involved in concrete frac-
turing processes.  

In the following, we review and discuss available AE theories and modelling methods for 
the two AE source types of tensile cracking and friction, while those formulated following 
the macroscopic or mesoscopic viewpoints of AE source types will not be further dis-
cussed in this dissertation. 

2.3.2 Attempts on rational models of acoustic emission in concrete 
fracture processes 

Although no general accepted rational models on acoustic emission during concrete frac-
turing process is available, there are several attempts in literature that form the basis of 
this research. This section reviews and discusses available theories in literature for ex-
plaining AE phenomena occurring in concrete fracturing processes. For a better illustra-
tion, the available theories are classified into three categories, including energy perspec-
tive, macroscopic perspective and microscopic perspective. For each category, theories 
for the two main AE source types involved in concrete fracturing processes, namely ten-
sile cracking and friction as illustrated in previous section, are separately discussed. 

2.3.2.1 Energy perspective: released energy  

2.3.2.1.1 Tensile cracking-induced AE 

The theories formulated from energy perspective to explain tensile cracking-induced AE 
in concrete included quasi-brittle materials are mainly contributed by Carpinteri and co-
authors (Iturrioz, Lacidogna, and Carpinteri 2014; Bosia et al. 2008; Carpinteri, Corrado, 
and Lacidogna 2013) following the classical theories in seismology field (Scholz 2019). 
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This sub-section describes the energetic theory presented in the classical work (Iturrioz, 
Lacidogna, and Carpinteri 2013, 2014). 

Consider a system consisted of single crack embedded in a 3D solid where inelastic ma-
terial behaviour is assumed to be induced by propagation of tensile cracking at crack tip 
only. Ignoring the gravitational potential energy, the dynamic energy balance of consid-
ered system can be written as: 

total external elastic damage kineticW W W W W      (2.1) 

where ௧ܹ௢௧௔௟ is the total energy of the system; ௘ܹ௫௧௘௥௡௔௟ is the energy from external load; 
௘ܹ௟௔௦௧௜௖ is the internal elastic strain energy of the system; ௗܹ௔௠௔௚௘ is the internal energy 

dissipated by cracking extension (growth of tensile cracking at crack tips) in the fracturing 
process; ௞ܹ௜௡௘௧௜௖ is the internal kinetic energy (released energy) in the fracture process. 

The dynamic energy equilibrium given by Equation (2.1) can be written in rate form as 
(Scholz 2019): 

0total external elastic damage kineticW W W W W           (2.2) 

where the superscript dot symbol “.” represents the energy rate. 

For an AE signal due to the extension (opening) of a crack occurring in a short period ∆t, 
the AE energy, represented by ஺ܹா, equals the sum of kinetic energy (released energy) 
during time ∆t: 

0

0

d
t t

AE kinetic kinetic
t

W W W t


      (2.3) 

where ߂ ௞ܹ௜௡௘௧௜௖ is the change in kinetic energy in the duration ∆t of the AE signal. ݐ଴ is 
an arbitrary time moment. 

By substituting Equation (2.2) into Equation (2.3), the AE energy ஺ܹா  is further ex-
pressed as: 

d ( )dAE kinetic kinetic external elastic damageW W W t W W W t           (2.4) 

Further consider very small change in external load during the transient time ∆t (namely 
ܹ̇௘௫௧௘௥௡௔௟ ≪  ܹ̇௘௟௔௦௧௜௖  and ܹ̇௘௫௧௘௥௡௔௟ ≪  ܹ̇ௗ௔௠௔௚௘) (Iturrioz, Lacidogna, and Carpinteri 
2014), the AE energy ஺ܹா is finally expressed as: 
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(2.5) 

where ߂ ௘ܹ௟௔௦௧௜௖ and ߂ ௗܹ௔௠௔௚௘ are changes in elastic strain energy and dissipated energy 
during tensile cracking process during the transient time ∆t. |∗| is the absolute value sign. 

To illustrate the energetical relationship given by Equation (2.5), Figure 2.4 shows the 
evolution of changes in elastic energy (߂ ௘ܹ௟௔௦௧௜௖), dissipated energy (߂ ௗܹ௔௠௔௚௘) and AE 
(released) energy (߂ ௞ܹ௜௡௘௧௜௖) of the system during the propagation process of a tensile 
crack simulated by a lattice model (Iturrioz, Lacidogna, and Carpinteri 2014). When ten-
sile cracking occurring, ߂ ௘ܹ௟௔௦௧௜௖  drops from positive into negative values while 
߂ ௗܹ௔௠௔௚௘ increases from zero into positive values, leading to variations in the difference 
between their absolute values, namely ߂ ௞ܹ௜௡௘௧௜௖. The AE energy ( ஺ܹா), defined as the 
change in system kinetic energy (߂ ௞ܹ௜௡௘௧௜௖) and standing for the released energy from an 
earthquake in seismology (Scholz 2019), represents the portion of energy resulting from 
elastic waves induced by the tensile cracking processes (Iturrioz, Lacidogna, and 
Carpinteri 2014).  

 
Figure 2.4 Evolution of elastic strain energy (ΔWelastic), dissipated energy (ΔWௗ௔௠௔௚௘) and AE/re-

leased energy (ΔW௞௜௡௘௧௜௖) during the propagation processes of a tensile crack simulated by a 
truss lattice model (adapted from (Iturrioz, Lacidogna, and Carpinteri 2014)). 

As can be seen in Equation (2.5) and Figure 2.4, the AE energy comes from the variation 
of the difference between elastic strain energy and dissipated energy of the whole system 
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during tensile cracking processes (namely, AE energy comes from the surplus of elastic 
energy that cannot be fully dissipated by tensile cracking processes).  

2.3.2.1.2 Friction-induced AE 

For friction-induced AE in the fracture processes, the classical work for AE in tribology 
field is described in this subsection. The model describes the friction along two rough 
concrete cracking surfaces from an energy perspective.  

Consider a pair of contacted rough cracking surfaces with asperity contact, as illustrated 
in Figure 2.5 (Baranov, Kudryavtsev, and Sarychev 1997). The amplitude (interference 
or deformation) of the asperity between two contact/rubbing surfaces is denoted by ߜ. A 
critical amplitude value of asperity, denoted as ߜ௖ , is used to distinguish deformation 
modes of contacted asperity: the asperity undergoes elastic deformation when the contact 
amplitude larger than the critical value (i.e., ߜ >  ௖); otherwise, the asperity undergoesߜ
plastic deformation (i.e., ߜ ≤  ௖). Further consider two contacted surfaces sliding alongߜ
each other for a sliding duration T and with a maximum interference amplitude of ߜ௠௔௫ 
between two contact surfaces, the total energy stored by the deformations of the asperity 
during sliding in the sliding duration T, denoted as ௗܹ௘௙௢௥௠௔௧௜௢௡, is expressed as (Hao et 
al. 2019): 

max
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 (2.6) 

where ܲ(ߜ) is the contact force, for which the values depend on the interference ampli-
tude ߜ. The subscript of e and p represent elastic and plastic deformation, respectively. 
 .dependent parameter characterizing the deformation degree of the asperity-ߜ is a (ߜ)߯

It is further assumed that a portion of the total energy of the contact surface ( ௗܹ௘௙௢௥௠௔௧௜௢௡) 
will be released into AE pulses. Furthermore, the released AE energy ( ஺ܹா) is considered 
linearly proportional to ௗܹ௘௙௢௥௠௔௧௜௢௡ (Hao et al. 2019): 

AE deformationW gW  (2.7) 

where g is empirical constant in the value range of 0-1; the value of g depends on the 
roughness of the contact surface (e.g.,   ݃ = 1 in the case of pure slip friction and ݃ = 0 
in the case of pure stick friction) (Hao et al. 2019). 

There are several different models (Fan, Gu, and Ball 2010; Hao et al. 2019; Baranov, 
Kudryavtsev, and Sarychev 1997) for sliding friction-induced AE in tribology field, all 
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formulated following the same energy concept that AE energy comes from the portions 
of deformation energy of asperity between contact surfaces. The difference between var-
ious AE-friction models mainly lies in the calculation involved parameters in Equation 
(2.6). 

 
Figure 2.5 Illustration for a pair of rubbing surfaces and its characterizing parameters (adapted 

from (Baranov, Kudryavtsev, and Sarychev 1997)). 

2.3.2.2 Macroscopic perspective: local instabilities in global load 

2.3.2.2.1 Tensile cracking-induced AE 

In this section, two theories are discussed which describe the global mechanical behav-
iours of concrete for explaining tensile cracking-induced AE phenomena, including the 
local snap-back instability theory and the local stress-drop instability theory, as follow: 

 Local snap-back instability:  

This theory was proposed by Carpinteri and co-authors explaining AE phenomena from 
tensile cracking of quasi-brittle materials (Carpinteri et al. 2016; Carpinteri 1989; 
Lacidogna, Accornero, and Carpinteri 2019; Carpinteri and Accornero 2018). Figure 2.6a 
illustrates a special type of catastrophic structural response of quasi-brittle materials un-
der special conditions (e.g., large specimen slenderness and unstable loading processes), 
called snap-back or snap-through instability, which is characterized by a drop in both load 
and displacement in post-peak loading stages (Bocca and Carpinteri 1990). In more gen-
eral conditions of quasi-brittle materials’ fracturing processes, a more stable global be-
haviour is observed showing a post-peak softening behaviour perturbed by multiple local 
snap-back instabilities, with each local drop (snap) and recovering (back) in global load 
corresponding to sudden growth and arrest of a microcrack, as illustrated in Figure 2.6b 
(Carpinteri and Accornero 2018).  
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Such local phenomena, explained as a macroscopical evidence of the discontinuous man-
ner of the growth of micro-cracks, is attributed to the source of tensile cracking-induced 
AE phenomena in quasi-brittle materials. Furthermore, the surplus of elastic energy that 
cannot be fully dissipated by material fracture, named as emitted as energy and denoted 
as “E” in Figure 2.6, are used as analogy to AE energy (Carpinteri et al. 2016). Such an 
energy-based explanation in the local snap-back theory is in line with the released energy 
theory discussed in Section 2.3.2.1.1. 

(a) (b) 

Figure 2.6 Illustration for snap-back instability theory: (a) a global snap-back catastrophic behav-
iour in a load-deflection curve and (b) a global post-peak softening behaviour characterized by 

multiple local snap-back instabilities, with D, E and R represent damage dissipated energy, emit-
ted energy and total released energy, respectively. (adapted from (Carpinteri et al. 2016)). 

 Local stress-drop instability. 

This theory is proposed by Li, Ren et al. (Li, Ren, and Li 2024) to explain tensile cracking-
induced AE phenomena in concrete. Figure 2.7 illustrates the basic concept of the local 
stress-drop instability theory, where a concrete sample is idealized by a bundle of paral-
leled micro-springs with random properties to represent the microscopic heterogeneity of 
concrete (see Figure 2.7a). When the external load gradually increases, the micro-springs 
break in sequence. Each broken spring, representing a microcrack, leads to a decrease in 
global stiffness (slope of stress-strain curve) and thus a local drop in global stress of the 
concrete sample. When the number of tensile yielded microcracks reaching a certain level, 
the saw-tooth shape of a stress-strain curve perturbed by multiple local stress drops turns 
into the smooth tensile softening curve as observed in experiments (Chen and Su 2013). 
Such local stress drops are considered as the source of AE phenomena induced by con-
crete tensile cracking.  
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(a) 

 
(b) 

Figure 2.7 Illustration for the local stress-drop instability theory: (a) simplification of concrete into 
a system of micro springs and (b) a global strain-stress softening curve resulting from multiple 

stress drops (AE phenomena) induced by progressive failure of micro springs (adapted from (Li, 
Ren, and Li 2024)). 

The local snap-back and stress-drop instability are similar theories, both attributing the 
origin of AE phenomena induced by tensile cracking of microcracks to local instabilities 
in global load/stress. The main difference between these two theories is that the local 
snap-back instability theory requires the decrease in global displacement/strain corre-
sponding to the occurrence of local load/stress drops to emit AE energy (see Figure 2.6b). 
An example of experimental evidence for the correlation between AE phenomena and 
local stress drop is illustrated in Figure 2.8, where a burst of AE hits observed when local 
drops occurring in global load (see the blue circle in Figure 2.8) in a uniaxial compression 
test of a rock (gypsum) cylinder specimen under displacement control (Lacidogna, 
Accornero, and Carpinteri 2019).It should be mentioned the similar concept of stress drop 
is also used for earthquake source characterization in seismology field (Cocco, Tinti, and 
Cirella 2016; Baltay et al. 2011; Abercrombie 2021; Kanamori and Allen 1986). 
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Figure 2.8 Evidence correlating AE phenomena to local instabilities in global load in post-peak 

regime in a compression test of a rock (gypsum) cylinder (adapted from (Lacidogna, Accornero, 
and Carpinteri 2019)). 

2.3.2.2.2 Friction-induced AE 

The stick-slip (or called stick-sliding) friction theory (Berman, Ducker, and Israelachvili 
1996) provides explanation for friction-induced AE phenomena in concrete fracture pro-
cesses.  

Classically, the Coulomb friction is used to describe the contact (friction) mechanisms 
(Cull 1999). However, the Coulomb friction, where the contact is described as a constant 
opposing force independent of sliding velocity of contacted surfaces (see Figure 2.9a), is 
not suitable to describe the AE included dynamic friction processes.  

The stick-slip/sliding friction model (Haessig Jr and Friedland 1991) (also referred to as 
“viscous friction” (Buttà, Cavallaro, and Marchioro 2015)) is a more accurate description 
of the dynamic friction processes. The basic concept of stick-sliding friction theory is 
illustrated in Figure 2.9b. The friction force between contact surfaces increases firstly 
when the relative velocity between two contact surfaces is smaller than a critical value, 
denoted as ݒ௦ in Figure 2.9b, during which the contact surfaces are in static states; when 
the relative velocity exceeds ݒ௦, the states of contact surfaces start to transform from static 
to slip (sliding), characterized by a sharp decrease in friction force during a relative ve-
locity range of (ݒ௦, -ௗ) as marked in Figure 2.9b; with further increasing the relative veݒ
locity to a range larger than ݒௗ, the contact surfaces are in steady sliding process and the 
friction force remains a constant, namely sliding friction force ܨ௦ in Figure 2.9b. 

Following the applications of stick-sliding friction theory in seismology field for explain-
ing and modelling the earthquakes from friction between earth faults (Dieterich 1978; 
Madariaga 1979; OHNAKA 1973), it has been used to study the friction-related vibra-
tions of different dynamics systems in various fields, such as tribology (Gao, Kuhlmann-
Wilsdorf, and Makel 1993), mechanical engineering (Galvanetto, Bishop, and Briseghella 
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1995) and rock mechanics (Yao et al. 2023). As a vibration-related phenomena, many 
modelling (Polycarpou and Soom 1995; Rozman, Urbakh, and Klafter 1997; Bengisu and 
Akay 1999) and experimental work (W. Goebel et al. 2013; Ferrer et al. 2010; Johnson et 
al. 2013) has been conducted to explain friction-induced AE phenomena in various ma-
terials by using the stick-slip friction theory.  

The correlation between AE and the stick-slip phenomena of contact surfaces is marked 
by pink boxes in Figure 2.9b. AE phenomena occur mainly in the unstable stick-to-slip 
transformation process of contact surfaces, characterized by sharp drop in friction forces 
(in the velocity range of (ݒ௦, -ௗ) as marked red in Figure 2.9b) (Ferrer et al. 2010). Secݒ
ondary friction-related AE phenomena can be also observed in later steady sliding process 
depending on the roughness of contact surfaces (in the velocity range of ݒ >  ௗ in Figureݒ
2.9b) (Bengisu and Akay 1999).  

  

(a) (b) 

Figure 2.9 illustration for different friction models: (a) the classical Coulomb friction model and (b) 
a dynamic stick-sliding friction model (adapted from (Haessig Jr and Friedland 1991)). 

An example of experimental evidence which shows the correlation between AE phenom-
ena and local drop in global friction force is illustrated in Figure 2.8, where sliding-fric-
tion tests are performed on cracked surfaces of two types, rock-to-rock surfaces (Figure 
2.8a) and glass-to-glass surfaces (Figure 2.8b), with the sliding driven force being pre-
scribed by a constant velocity and lateral confinement being prescribed by a constant 
distributed force (McLaskey 2011). In both cases, similarly to the above stress-drop in-
stabilities theory, AE events are observed when measured global friction force drops be-
tween contact surfaces. The burst of AE signals occurs mainly at the onset of sliding 
(namely the stick-sliding transition process as marked red in Figure 2.10b) for glass-to-
glass surfaces, while AE signals are persistently observed in the whole sliding process for 
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rock-to-rock surfaces (see Figure 2.10a) which is explained by the damage (plastic defor-
mation) of microscopical asperities (see Figure 2.5) along rougher rock-to-rock surfaces 
in later steady sliding process (McLaskey 2011; McLaskey et al. 2012; Sirorattanakul et 
al. 2025).  

(a) (b) 

Figure 2.10 Correlation between stick-sliding friction instabilities and AE signals observed in slid-
ing friction tests of contact surfaces of different materials: (a) friction along rock-to-rock surfaces 

and (b) friction along glass-to-glass surfaces (adapted from (McLaskey 2011)). 

2.3.2.3 Microscopic perspective: local discontinuity/dislocation 

In classical continuum mechanics, the physical cracks are mechanically described as dis-
placement jumps at local material region, called dislocations or discontinuities (Mura 
2013). Through such a idealization, the physical problem of fracturing in solids can be 
mathematically described (Friedel 2013). The explanation of AE phenomena (Eitzen and 
Wadley 1984; Ying 1973; Kao, Carvalho, and Labuz 2011) is mainly formulated follow-
ing a continuum mechanics-based theory. 
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2.3.2.3.1 Tensile cracking-induced AE 

As shown in Figure 2.11a, an opening of a microcrack due to tensile cracking is described 
by a normal (opening) dislocation (displacement jump) in a local material region follow-
ing the classical continuum mechanics (Mura 2013), marked as ∆ݑ௡ in Figure 2.11a. The 
dislocation ∆ݑ௡ is further reassumed to occur during a period of T in a constant velocity. 

 

 

(a) (b) 

Figure 2.11 Illustration for (a) a local tensile cracking-induced dislocation (adapted from (Mura 
2013)) and (b) its relationship with AE (adapted from (Sause and Richler 2015)). 

The correlation between the dynamics of the microcracking process and AE phenomena 
is illustrated in Figure 2.11b. The dynamic history is assumed to be symmetric in time 
domain in the classical continuum mechanics (Mura 2013) (see Figure 2.11b). Therefore, 
the velocity of the microcracking, calculated as first-order derivative of displacement re-
spect to time, is in the form of a pulse wave corresponding to the jump in displacements. 
Such a transient velocity pulse, further disturbing the whole system (i.e., elastic wave 
propagation), is considered as the source of AE signals. Following this assumption, the 
source parameters is determined by the velocity magnitude ∆̇ݑ௡ and the duration T of the 
microcracking process. The properties of pulse waves (O'Rourke and Gallagher 1996), 
namely, the amplitude (denoted as ܣ௦௢௨௥௖௘), the central frequency (denoted as ௦݂௢௨௥௖௘) of 
the AE sources are positively and negatively proportional to ∆̇ݑ௡ and T: 

so u rce nA u    (2.8a) 

1
sourcef

T
  (2.8b) 

As the displacement jump duration T also describes the source pulse duration of AE sig-
nals, it is also referred as source rise time in classical AE theories (Eitzen and Wadley 
1984; Ying 1973; Kao, Carvalho, and Labuz 2011)). It should be mentioned that the ∆ݑ௡ 
and T, which fully determine time-domain amplitude and the frequency characteristics of 
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AE signals, respectively (see (Equation (2.8)), are based on a simplified fracturing model 
which neglects the nonlinear properties of concrete.  

2.3.2.3.2 Friction-induced AE 

Figure 2.12 illustrates the microscopical explanation for AE phenomena induced by fric-
tion along cracking surfaces (Sause and Richler 2015), which is similar to the above treat-
ment of tensile cracking. The only difference is that the physical problem of friction along 
a pair of contacted cracking surfaces is mechanically represented as a different dislocation 
type (Mura 2013), namely a shear displacement jump (∆ݑ௦) as shown in Figure 2.12a. 

 

 

(a) (b) 

Figure 2.12 Illustration for (a) a friction (shear)-induced dislocation (adapted from (Mura 2013)) 
and (b) its relationship with AE (adapted from (Sause and Richler 2015)). 

2.3.2.4 Summary and discussion on available AE theories 

The above-mentioned AE theories are summarized in Table 2.1. Available AE theories 
provide quite limited explanation for AE phenomena in concrete fracture processes. Their 
limitations are summarized as follows:  

 Available AE theories are inconsistent with each other, attributing the origin of AE 
phenomena to different mechanisms/phenomena at different scales from different 
perspectives. 

 Available AE theories cannot quantify AE sources. Those formulated at macroscale 
(namely the snap-back instability, stress-drop instability, and stick-slip friction the-
ories in Table 2.1) provide only qualitative description for AE phenomena induced 
by concrete fracture processes, although there has been experimental evidence for 
supporting them. Those established from energy perspective (namely the energy re-
lease theory in Table 2.1) or at microscale (namely the local dislocation theory in 
Table 2.1)) do provide relatively quantitative evaluation, which, however, introduce 
many assumptions and lack experimental validation. 
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 Available AE theories provide explanations for limited AE parameters, only the AE 
energy without experimental evidence and the AE source parameters involving 
strong assumptions; most of classical AE parameters (see Appendix A) cannot be 
physically explained by available AE theories. 
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Table 2.1 Summary of available theories for concrete fracture-induced AE. 

Source 
types  

Theories 
 (reference)  

Perspectives Origin of AE Quantita-
tive ?  

Explained 
parameters 

Pros & Cons 

Tensile 
cracking 

Energy release 
(Iturrioz, Lacidogna, and 

Carpinteri 2013) 

Energy Released energy as 
the difference be-
tween elastic and dis-
sipated energy  

Yes AE energy Pros: Quantitative expressions for AE 
energy 

Cons: No experimental validation 

Snap-back instability 
(Carpinteri et al. 2016) 

Macroscale Local snap-back in-
stabilities in global 
load-deflection curves 

No - Pros: In line with classical snap-back and 
energy release theories 

Cons: No experimental validation 
           Explaining no AE parameter 

Stress-drop instability 
(Li, Ren, and Li 2024) 

Macroscale Local drops in global 
load/stress 

No - Pros: Experimentally validated 
Cons: Explain no AE parameter 

Local dislocation  
(Sause and Richler 2015) 

Microscale Transient jump of lo-
cal normal displace-
ments 

Yes AE source 
parameters 

Pros: Quantifying AE source parameters 
Cons: Source parameters introduced by 

assumptions 

Friction 

Energy release 
(Baranov, Kudryavtsev, 

and Sarychev 1997) 

Energy Released energy from 
portions of defor-
mation energy of mi-
croscopical asperities 

Yes AE energy Pros: Quantitative expressions for AE 
energy 

Cons: A strong assumption that AE en-
ergy proportion to deformation en-
ergy of asperity 

Stick-slip friction 
(Haessig Jr and Friedland 

1991) 

Macroscale Local drops in global 
friction force during 
stick-slip transition 

No - Pros: Experimentally validated 
Cons: Explaining no AE parameters 

Local dislocation 
(Sause and Richler 2015) 

Microscale Transient jump of lo-
cal shear displace-
ments 

Yes AE source 
parameters 

Pros: Quantifying AE source parameters 
Cons: Source parameters introduced by 

assumptions 



Chapter 2 Acoustic emission in concrete fracture processes: current understanding and available 
modelling methods in literature 

 29 

2.4 Available modelling methods for acoustic emission induced by 
concrete fracturing processes  

The limitations of available experimental-based AE characterization methods (see Sec-
tion 2.2) and the lack of a deep and consistent understanding of AE mechanisms in avail-
able AE theories (see Section 2.3) highlight the need for forward modelling of AE phe-
nomena in concrete fracture processes. Compared to the phenomenological models, for-
ward-modelling methods are more reliable to understand and further establish reliable 
signal-to-source relationships for AE source characterization, in which the signal sources, 
wave propagation and sensor response can be explicitly modelled separately, as shown in 
Figure 2.1.   

In this section, we review and discuss available forward AE modelling methods. Availa-
ble AE modelling methods can be mainly classified into four categories, including ana-
lytical models, finite element methods (FEM), particle-based discrete element methods 
(DEM) and lattice models.  

An AE signal is the result of a multi-physical and multiscale process, which has to include 
at least three sub-processes, namely the generation of AE source signals, the propagation 
of AE signal, and the measurement of AE signal at sensors. Because the sensor response 
and signal acquisition process can be separately considered through postprocessing the 
modelled wave signals (Hamam et al. 2021; Hamam et al. 2019) (see also Chapter 4), the 
last sub-process is not considered in this chapter. In the following, the pros and cons of 
each available method are discussed considering the generation of AE source signals, the 
propagation of AE signal. 

2.4.1 Analytical approaches 

There are several different analytical modelling methods of AE phenomena in literature, 
such as the analytical solution to surface waves derived from reciprocity theorem (Zhang 
and Lin 2023) and those to Lamb waves based on modal analysis (Seco and Jiménez 2012; 
Barat et al. 2019).  

Among available analytical treatments, the moment tensor theory (MT) (Ohtsu and Ono 
1986) is the most used method in the AE field. A brief description of the MT is given in 
sub-section. Readers are referred to the work of Ohtsu and co-authors (Ohtsu and Ono 
1986; Ohtsu 1995) for more details of the MT. 

2.4.1.1 Model description 

The MT originates from seismology (Steketee 1958) and is formulated based on the clas-
sical elasodynamics (Eringen and Suhubi 1975). Its adaption for AE modelling is mainly 
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contributed by Ohtsu and co-authors (Ohtsu and Ono 1986; Ohtsu 1995). The MT is 
mathematically described under tensor notation as (Ohtsu 1995): 

,( , ) ( , , ) * ( , )i ij k jku x t G x y t M S t T  (2.9) 

where ݑ௜(ݔ, ,ݐ)ܵ ௝௞ andܯ ;ݐ and time ݔ is a far-field displacement at location (ݐ ܶ) are the 
so-called moment tensor and the source-time function, respectively, together describing 
the dynamics of an AE source at a local location ܩ ;ݕ௜௝,௞(ݔ, ,ݕ  is the first-order spatial (ݐ
deviation of the Green’s function ܩ௜௝(ݔ, ,ݕ | ;(ݐ ∗ | is the convolutional symbol. 

The basic idea of Equation (2.9) is illustrated in Figure 2.13. The far-field displacement 
,ݔ)௜ݑ  is used to represent an AE signal in the MT, with its source and wave propagation (ݐ
being described by three terms in right side of Equation (2.9).  The treatment of AE 
sources and wave propagation in the MT are described in the following.  

 
Figure 2.13 Illustration for the moment tensor theory. 

 AE source description: 

The magnitudes and types of AE sources are described by a second-order tensor, called 
moment tensor ܯ௝௞ (Ohtsu 1995): 

jk jkpq p qM C l n V   (2.10) 

where ܥ௝௞௣௤ is the fourth-order elastic tensor; ݊௣ is the unit normal vector of crack planes; 
݈௣ is a unit normal vector characterizing the movement direction of cracking (namely dis-
location direction); ܸ߂ is the volume of crack. 

The moment tensor ܯ௝௞ in seismology is similar to the concept of eigen stress in micro-
mechanics (Kachanov 1980). The involved term of ݈௣݊௤ܸ߂ in Equation (2.10) can be 
seen as the eigen strain of cracks: the magnitude and dislocation direction of cracks are 
described by ܸ߂ and ݈௣݊௤, respectively. Such a treatment of AE sources in the MT is in 
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line with the microscopic understanding of AE as described in Section 2.3.2.3. The phys-
ical meanings of the nine elements in the moment tensor (Equation (2.11)) are illustrated 
in Figure 2.14. The MT treats fracture-induced AE sources as force dipoles/couples (dis-
locations). Each tensor element represents a different dislocation type: the tensile crack-
ing sources are represented by diagonal elements (ܯ௫௫ ௬௬ܯ ,  ௭௭), while the frictionܯ ,
sources are represented by the remaining elements (ܯ௫௬, ܯ௫௭, ܯ௬௫, ܯ௬௭, ܯ௭௫, ܯ௭௬). 

xx xy xz

yx yy yzjk

zx zy zz

M M M

M M MM
M M M

 
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  
  
 

 (2.11) 

 

 
Figure 2.14 Nine elements of the moment tensor and their represented force dipole/dislocation 

types, with tensile cracking and friction AE sources represented by diagonal and orthogonal ele-
ments, respectively (adapted from (Grosse et al. 2021)). 

It should be mentioned that there are several other analytical AE models similar to the 
MT, such as the models developed in the work (Hora and Červená 2010; Ohtsu, Yuyama, 
and Imanaka 1987). In these models the AE sources are treated as different force types, 
with the sources being treated as a point force (monopole) (Hora and Červená 2010) or 
the penny-shape cracks (Ohtsu, Yuyama, and Imanaka 1987) under the framework of 
micromechanics (Kachanov 1980), instead of the force dipoles used in the classical MT. 

 Wave propagation modelling: 

The propagation of elastic waves in the MT is modelled by solving the Green’s function 
,ݔ)௜௝ܩ ,ݕ ,ݔ)௜௝ܩ ,Mathematically .(ݐ ,ݕ  is a second-order tensor satisfying the following (ݐ
equations (Duffy 2015): 
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L[ ( , , )] ( , ) ( )jk jkG x y t x y t     (2.12) 

where L is the differential operator associated with Navier-Cauchy’s governing equation; 
,ݔ)ߜ ;௝௞ is the Kronecker’s delta symbolߜ  are the spatial and temporal Dirac’s (ݐ)ߜ and (ݕ
delta functions. 

Physically, the Green’s function ܩ௜௝(ݔ, ,ݕ -represents a i-direction far-field displace (ݐ
ment at a location x and time t that is disturbed by a local j-direction displacement at a 
location x and time 0 (Grosse and Ohtsu 2008a).  

2.4.1.2 Limitations 

The MT has limitations for modelling both AE sources and wave propagation, as follows: 

 Wave propagation: A close-form analytical solution to the Green’s function 
,ݔ)௜௝ܩ ,ݕ  is, however, available only for special simplified (see Equation (2.13)) (ݐ
cases under strong assumptions of an infinite space (Aki 1980), a semi-infinite half-
space (Niwa, Ohtsu, and Shiomi 1982) or an infinite plate of isotropic medium 
(Wadley, Scruby, and Sinclair 1980). For more complicated cases, the solution relies 
on numerical approximations (Enoki, Kishi, and Kohara 1986; Hamstad, O'Gallagher, 
and Gary 1999). Moreover, the MT assumes a homogeneous medium, for which the 
applicability is limited because wave reflections, deflections, and velocity non-uni-
formity complicate the interpretation. 

 AE sources: The moment tensor representation ܯ௝௞ can only describe the crack mag-
nitude and crack motion direction, while the dynamic history of cracking, which has 
a decisive effect on modeled AE waveforms especially the frequency characteristics, 
is based on an assumed source-time function ܵ(ݐ, ܶ) (see Equation (2.9)).  

An accurate description of ܵ(ݐ, ܶ) is not possible, as an AE signal occurs in a transi-
ent period in the magnitude of microsecond (Eitzen and Wadley 1984). One solution 
is to inverse ܵ(ݐ, ܶ) from an experimentally received AE signals (Kim and Sachse 
1986; Ohtsu 1988); nevertheless, experimental reversion introduces many errors, as 
a AE signal received by a sensor is a result influenced by many other factors besides 
the sources, as shown in Figure 2.1. 

Another solution is to use an assumed mathematical function. According to the clas-
sical micromechanics (Kachanov 1980), the dynamic process of a crack dislocation 
(namely displacement jump) should start with a zero slope and smoothly approach to 
a constant displacement peak, as shown in Figure 2.15. Following such as a principal, 
many different mathematical expressions are assumed for ܵ(ݐ, ܶ) in literature. A 
mostly used ܵ(ݐ, ܶ) in the MT is given in Equation (2.13), which is first proposed in 
the classical work of NIWA, OHTSU et al. (Niwa, Ohtsu, and Shiomi 1982). As 
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discussed in Section 2.3.2.3, such a form of ܵ(ݐ, ܶ) leads to a pulse response of the 
velocity at source location, for which the source frequency characteristics are totally 
determined by the assumed value of source duration T (see Equation (2.8b)).  

4d ( , ) πsin ( ) 0
d

S t T t t T
t T

    (2.13) 

 

 
Figure 2.15 An example of source time function S (t, T) and its first-order temporal derivative 

Ṡ (t, T)  (adapted from (Niwa, Ohtsu, and Shiomi 1982)). 

2.4.1.3 Advantages and applications 

MT provides close-form solutions to both fractur-induced AE sources and wave propa-
gation, which therefore can synthesize complete AE waveforms at a sensor location. It 
has been demonstrated that the AE waveforms synthesized by the MT can be comparable 
to those measured from experiments through properly selecting an assumed source time 
function ܵ(ݐ) and an assumed moment tensor ܯ௝௞ (Ohtsu and Ono 1986; Ohtsu 1995, 
1989).  

However, MT faces difficulties in forwardly model AE waveforms from sources due to 
the limitations of accurately describing both wave propagation and AE source as dis-
cussed above. Alternatively, in real applications, the MT theory is mainly used to charac-
terize AE sources through measured waveforms inversely, called moment tensor inver-
sion (MTI). Several attempts have been made to quantify concrete fracture sources using 
MT, such as fractured volume estimation (Chang and Lee 2004; Hazzard and Young 2002) 
and fracture source classification (Ohtsu 1991; Shigeishi and Ohtsu 2001) through differ-
ent MTI algorithms (Kim and Sachse 1986; Ohtsu 1988; Kao, Carvalho, and Labuz 2011).  

In the MTI, the limitations of source representation and wave propagation can both be 
minimized. For example,  the so-called relative moment tensor inversion (rMTI) tech-
nique (Dahm 1996) provides a solution to the limitations of the Green’s function (wave 
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propagation). In the rMTI, the Green's functions can be considered the same and thus be 
eliminated in Equation (2.9), for a set of acoustic emissions originating from a relatively 
small area compared to the travel distance. It has been demonstrated that the rMTI is 
providing an applicable approach concerning wave propagation in scattering and slightly 
heterogeneous materials (Cao et al. 2022). The rMTI also provides solutions to the source 
function in a reverse problem. Providing that the same source functions represent the 
same fracture type, it is easy to invert AE data onto the moment tensor using rMTI re-
garding a set of very different waveforms (Dahm 1996). A waveform comparison, such 
as the calculation of the Magnitude Squared Coherence Value, can then be used to quickly 
identify the fracture types for a large set of acoustic emissions (Malekpour, Gubner, and 
Sethares 2018). Additionally, there are other MTI-based methods to derive/approximate 
the source functions through measured waveforms in seismology, such as the higher-de-
gree moment tensor representation (Dahm and Krüger 1999) and the MTI version devel-
oped by McLaskey et al to further account for sensor response (McLaskey and Kilgore 
2013). 

2.4.2 Traditional FEM included continuum mechanics-based numerical 
methods 

The continuum theory-based numerical methods (Kukudzhanov 2012; Zhang and Cai 
2010), especially the finite element method (FEM) (Cheung and Leung 1992; Hughes 
2003), are the mostly used numerical tools for AE modelling. 

2.4.2.1 Model description 

The treatment of AE sources and elastic wave propagation in continuum theory-based 
numerical methods are discussed in the following. 

 AE source description: 

As illustrated in Figure 2.16, the most continuum theory based numerical methods use 
monopole force to represent a single concentrated nodal force/displacement (see Figure 
2.16a) (Cheng et al. 2021; Zelenyak, Hamstad, and Sause 2015). Like the MT, the treat-
ment of fracture-induced AE sources follow the microscopic dislocation theories (see 
Section 2.3.2.3): the tensile cracking and friction-induced AE sources are simulated by a 
tensile and shear force/displacement diploes, respectively, at different nodes (see Figure 
2.16b and c) (Schubert and Schechinger 2002; Hamstad 2007a).    
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(a) (b) (c) 

Figure 2.16 Description of AE sources in FEM included continuum theory-based numerical meth-
ods: (a) a point displacement/force (monopole), (b) a tensile cracking source represented by a 
displacement/force couple (dipole) and (c) friction source represented by a displacement/force 

couple (dipole) (adapted from (Schubert and Schechinger 2002; Hamstad 2007a)). 

The above nodal forces/displacement introduced in the continuum theory-based numeri-
cal methods can be expressed in Equation (2.14). Like the MT, an assumed source time 
function ܵ(ݐ, ܶ) without clear physical meanings and irrelative to material fracture (see 
Figure 2.15), is needed to describe the dynamic history of sources, in which the frequency 
characteristics of modelled AE signals fully depend on the assumed source rise time T 
(see Equation (2.8a)). 

0( ) ( , )F t F S t T  (2.14a) 

0( ) ( , )u t u S t T  (2.14b) 

where ܨ଴ and ݑ଴ are two constants that describe the magnitudes of source forces/displace-
ments. 

 Wave propagation modelling: 

In continuum theory-based methods, the propagation of elastic wave propagation is mod-
elled by solving motion equation (Equation (2.15a)) (Harris 2001) or wave equations 
(Equation (2.15b)) (Graff 2012): 
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where ߩ is the density; ࢛ is the displacement tensor; ߘ is the del-operator; ࢈ࡲ is the body 
force tensor. 
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The motion or wave equations are then numerically solved to derive the approximated 
solutions to dynamic fields of the whole system at each time (namely elastic wave prop-
agation) by using various mathematical approximation methods, such as the finite ele-
ment method (FEM) (Serón et al. 1990; Zelenyak, Hamstad, and Sause 2014), finite dif-
ference method (FDM) (Marfurt 1984; Johnson 1987), finite boundary method (FBEM) 
(Ballandras et al. 2009; Ohtsu, Kaminaga, and Munwam 1999), finite volume method 
(FVM) (Dormy and Tarantola 1995; Xuan et al. 2014), spectral element methods 
(Komatitsch and Tromp 1999; Zhu, Qin, and Zhang 2011) and elastodynamic finite inte-
gration technique (EFIT) (Schubert and Schechinger 2002; Raley 2019), et al.  

2.4.2.2 Advantages and applications 

The FEM included continuum theory-based numerical methods are suitable for simulat-
ing elastic wave propagation processes. The motion equation (Equation (2.15a)) and wave 
equation (Equation (2.15b)) are partial differential equations (PDE), which are both de-
rived in the framework of continuum mechanics (Spencer 2004) and can rigorously de-
scribe the dynamic force equilibrium of the entire system (field). The only difference is 
that the wave equation is a simplified form of the motion equation under certain condi-
tions with a focus on describing wave propagation characteristics; the wave equation 
(Equation (2.15b)) can be derived from the motion equation (Equation (2.15a)) in the 
conditions of isotropic materials and without body force (Harris 2001). These two equa-
tions are both field equations that rigorously describe the wave (dynamic) field of solids.  

Owing to the suitability to solve linear wave propagation problems in elastic and viscoe-
lastic solids, the continuum theory-based numerical methods have been extensively im-
plemented in simulating the propagation of AE waves induced by externally introduced 
source functions in varied materials (Sause and Richler 2015; Zelenyak, Hamstad, and 
Sause 2015; Hamstad 2007b; Sause and Horn 2010; Prosser et al. 1999).  

2.4.2.3 limitations 

The FEM included continuum theory-based numerical methods are, however, not suitable 
for describing fracture-induced AE sources. The fracture sources can be only indirectly 
introduced as assumed source functions with strong assumptions and without a clear frac-
ture-related physical meaning (see Figure 2.16).  

The FEM and other continuum theory-based methods established on the basis of conti-
nuity hypothesis and local contact principle cannot explicitly simulate the local displace-
ment discontinuity (Dhatt, Lefrançois, and Touzot 2012). Specifically, there is a displace-
ment spatial derivative term in the governing partial differential equations (the left-side 
term in Equation (2.15)) that reflects the internal force in governing equations, while the 
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displacement field in the crack tip region is discontinuous, and the spatial derivative does 
not exist (Javili et al. 2019). 

2.4.3 Particle-base DEM  

The particle-based discrete element method (also referred to as distinct element method 
(Hart 1993)) (DEM) are one of the mostly used numerical methods for modelling AE 
events induced during fracture processes of quasi-brittle materials. 

2.4.3.1 Model description 

As illustrated in Figure 2.17, particle-based DEM models represent a continuum material 
as an assembly of rigid or deformable spherical particles (or in other irregular shapes (Lu 
and McDowell 2007; Coetzee 2016)) that are bonded together at their contact points 
(Bićanić 2004). Two types of contact forces (also referred to as mechanical bonds (André 
et al. 2012)), normal and shear contact forces (marked as Fn and Fs in Figure 2.17b and 
c), are used to describe the particle interactions. 

 

  

(a) (b) (c) 

Figure 2.17 Illustration for the DEM: (a) discrete representation of a continuum; (b) normal con-
tact forces between particles; (c) shear contact forces between particles (note: Fn and Fs repre-

sent normal and shear contact forces; Kn and Ks represent normal and shear stiffness; nܷ and sܷ 
represent normal and shear displacements) (adapted from (Qin et al. 2021)). 

 AE source description: 

In the particle-based DEM, the fracture-induced AE sources are described by failure of 
contact forces between particles by implementing nonlinear constitutive laws. As shown 
in Figure 2.18a, the tensile cracking is simulated by brittle (Hazzard and Young 2000) or 
softening (Li and Smith 2023a) failure of particle normal contact forces Fn governed by 
the relative normal displacement between particles un. Such a treatment of tensile crack-
ing is in line with the local stress-drop theory (Li, Ren, and Li 2024) to explain tensile 
cracking-induced AE (see Figure 2.7).  



2.4 Available modelling methods for acoustic emission induced by concrete fracturing processes 

38 

As shown in Figure 2.18b, the friction-related AE sources are simulated by the shear-
sliding failure of particle shear contact forces Fs that is governed by the relatively shear 
displacement us (namely the classical Coulomb friction law (see Figure 2.9a)) (Hazzard 
and Young 2000) or shear velocity uṡ (namely the dynamic friction law (see Figure 2.9b))  
(Horabik and Molenda 2016) between particles. Such a treatment of friction is in line with 
the local stick-sliding friction instability theory (McLaskey 2011) for explaining friction-
induced AE (see Figure 2.10). 

  
(a) (b) 

Figure 2.18 Nonlinear constitutive laws of contact forces for representing fracture-induced 
sources in the DEM: (a) tensile cracking and (b) shear-sliding friction (adapted from (Bićanić 

2004)). 

 Wave propagation modelling: 

The wave propagation in particle-based DEM is simulated by solving the motion equa-
tions in terms of discrete equations assembled by the contacted forces between particles: 

         0t t t t   Mu Cu F  P   (2.16) 

where ࡹ and ࡯ are mass and damping matrixes, respectively; ࢛̈(ݐ) and ࢛̇(ݐ) are acceler-
ation and velocity vectors, respectively; (ݐ)ࡲ and (ݐ)ࡼ are internal contact force and ex-
ternal force vectors. 

2.4.3.2 Advantages and applications 

DEM is suitable for fracture-induced AE source modelling. In DEM, the stress singularity 
at crack tip introduced by continuum theory is avoided in a straightforward way by using 
contact forces (see Equation (2.16)) to substitute the stress concept that involves a dis-
placement spatial derivative term (see Equation (2.15)) in continuum-based methods for 
the description of internal forces (Tavarez and Plesha 2007). Although a relatively simple 
set of micromechanical interaction laws is used, these models can reproduce several typ-
ical features of macroscopic material behavior including elasticity, fracturing and damage 
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accumulation (Potyondy and Cundall 2004). Crack nucleation is simulated through break-
ing of internal bonds while fracture propagation is obtained by coalescence of multiple 
bond breakages (Lisjak et al. 2013a). 

Owing to the ability for simulating microscopic fracturing activities during fracturing 
processes, the particle-based DEM models have been extensively employed to simulate 
the fracture-induced AE events in different brittle and quasi-brittle materials (Wu et al. 
2023; Wang et al. 2021; Xie et al. 2020; Ji and Di 2013; Li and Smith 2022). 

2.4.3.3 limitations 

DEM cannot accurately simulate the propagation of elastic waves. The governing equa-
tions (Equation (2.16)) in particle-based DEM are established based on local contact 
forces between particles. Such discrete equations of local contact force equilibrium can-
not rigorously describe the global wave field (Equation (2.15)), although there is an indi-
rect connection between the local contact forces between discrete particles and the global 
properties of represented solids (Horabik and Molenda 2016).  

Due to the inability of accurately simulating the elastodynamics of wave propagation in-
duced by bond breakage, most work in literature is restricted to statistical characterization 
of AE events in the fracture process from different perspectives, such as the evolution of 
AE rate (bond breakage rate) in the fracture process (Li et al. 2017; Caulk 2020), the 
particle kinetic energy upon bond breakage (Hazzard and Young 2000; Li and Smith 
2023b) and the b-value analysis considering the distribution of event amplitude and oc-
currence frequency (Zhang and Zhang 2017; Lisjak et al. 2013a). The explicit modelling 
of AE waveforms is not possible in particle-based DEM simulation. 

2.4.4 Lattice model 

The lattice models, also referred to as “central force model” in the physics community 
(Wang and Harris 1989), are another type of DEM that are particularly suitable for AE 
simulations.  

2.4.4.1 Model description 

As illustrated in Figure 2.19, in lattice modelling, a continuum is represented by a set of 
distributed nodes (lumped masses) interconnected by lattice elements. The bonded force 
between lumped masses is established by lattice elements that can be truss, spring or beam 
elements (Pan et al. 2018; Ostoja-Starzewski 2002). 
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(a) (b) 

Figure 2.19 Illustration for a typical lattice model: (a) a basic lattice unit and (b) the nonlinear 
force-strain constitutive law for tensile cracking in a truss-element lattice model proposed by 

(Kosteski et al. 2011). 

 AE source description: 

The tensile cracking-related AE sources in lattice modelling is described by a brittle 
(Schlangen and Garboczi 1997; Chang et al. 2020) or softening (Kosteski et al. 2011; 
Zhou et al. 2024) nonlinear cohesive constitutive laws of lattice elements allowing ele-
ment breakage upon reaching critical conditions.  

Figure 2.19b exemplifies the nonlinear constitutive law for tensile cracking in a truss-
element lattice model that has been widely used for AE simulations (Kosteski et al. 2011). 
Like the particle-based DEM, the nonlinear constitutive laws of the lattice elements can 
effectively simulate microcracking activities in fracture processes. Such a treatment of 
tensile cracking is in line with the local stress-drop theory (Li, Ren, and Li 2024) for 
explaining tensile cracking-induced AE (see Figure 2.7).  

 Wave propagation modelling: 

The wave propagation modelling in lattice models is like that in the particle-based DEM 
by solving the motion equations (Equation (2.16)). The main difference is that the discrete 
motion equations in lattice modelling is assembled by the bond forces between lumped 
masses that are established by lattice elements. Readers are referred to the classical review 
work (Pan et al. 2018; Ostoja-Starzewski 2002) for the establishment of force equilibrium 
using different lattice element types. 

2.4.4.2 Advantages and applications 

Lattice modelling combines the advantages of FEM and particle-based DEM and thus is 
suitable for modelling both AE sources and elastic wave propagation:  
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 For fracture-induced AE sources, like the particle-based DEM, the nonlinear consti-
tutive laws of lattice elements for bond forces of lumped masses can effectively avoid 
stress singularity at crack tip introduced by continuum theory. The fracturing phe-
nomena of crack nucleation, propagation, and coalescence to form macroscopic frac-
ture can be reflected in lattice modelling through element breakage and the accumu-
lation of broken elements (Nikolić et al. 2018). Therefore, the lattice modelling ap-
proach is suitable for describing fracture-induced AE sources. 

 For wave propagation, the use of lattice elements enables it to accurately simulate 
the wave fields. Specifically, differently from the particle-based DEM that directly 
uses the contact forces between particles, the internal force (namely (ݐ)ࡲ in Equation 
(2.16)) established by lattice elements are deduced from classical continuum me-
chanics in lattice models. Such discrete governing equations established by lattice 
elements are rigorously equivalent to the PDE of wave fields: the discrete motion 
equations in lattice models (Equation (2.15a)) can be seen as special forms of numer-
ical discretization of the PDE of wave field (Equation (2.16)) (namely the discrete 
motion equations in lattice models and the particle-based DEM are mathematical and 
physical approximations, respectively, of the PDE in continuum theory) (Suiker, 
Metrikine, and De Borst 2001b). As a result, the elastodynamics of wave propagation 
induced by bond breakage can be accurately simulated by a lattice model. 

Due to the aforementioned advantages of the lattice modelling approach, it is considered 
promising for simulating the complete AE process (Iturrioz, Lacidogna, and Carpinteri 
2014). The first application of lattice modelling in AE simulation is contributed by Grabec 
& Petrišič (Grabec and Petrišič 1986) for the AE signals induced by tensile fracturing of 
polymeric materials. Subsequently, the lattice models have been applied in tensile crack-
ing-induced AE simulations in various materials, such as crystal (Trochidis and Polyzos 
1995), glass (Minozzi et al. 2003), wood (Nagy, Landis, and Davids 2010) and graphite 
(Barai and Mukherjee 2014).  

Available work for simulating AE signals in tensile fracture process of different quasi-
brittle materials was mainly contributed by Carpinteri and co-authors (Iturrioz, Lacidogna, 
and Carpinteri 2013; Friedrich et al. 2022; Iturrioz, Lacidogna, and Carpinteri 2014; Birck 
et al. 2016; Rodrigues, Birck, and Iturrioz 2016) by using a truss-based dynamic lattice 
model (the model shown in Figure 2.19).  

2.4.4.3 Limitations  

Although promising, the lattice modelling approach has limitations for AE simulation for 
modelling both AE sources and elastic wave propagation. The limitations and possible 
improvement are discussed as follows: 
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 Treatment of friction-induced AE source:  

The study of friction-related AE sources in lattice modelling is quite limited in literature. 
In the above listed work for lattice modelling of AE, the tensile cracking is considered as 
the only fracture mechanisms. The mix-mode fracturing processes of quasi-brittle models 
is usually simulated as indirect tension failure by combing with a random lattice mesh to 
indirectly consider friction forces (Aydin, Binici, and Tuncay 2021; Schlangen and 
Garboczi 1997).  

Although not yet applied for AE simulations, there have been several improved lattice 
models (Cusatis, Bažant, and Cedolin 2003; Mora and Place 1993; Abe et al. 2002; Place 
and Mora 1999) trying to incorporate friction mechanisms in simulating fracture pro-
cesses of quasi-brittle materials by introducing additional shear type of lattice elements 
with various nonlinear constitutive laws to consider the stick-sliding behaviors between 
lumped masses (similar to the treatment of shear-sliding friction in the particle based-
DEM, as shown in Figure 2.17c). These improved lattice models are promising for sim-
ulating friction-related AE sources in concrete fracturing processes.  

 Wave propagation:  

Although the lattice modelling approach is theoretically suitable for wave propagation 
simulation as discussed in Section 2.4.4.2, limited research was conducted in this regard. 
Available work is mainly restricted to statistical characterization of AE events in the frac-
ture processes by analyzing released energy (Iturrioz, Lacidogna, and Carpinteri 2013), 
number of AE events (Iturrioz, Lacidogna, and Carpinteri 2014) and event amplitudes 
(Rodrigues, Birck, and Iturrioz 2016). 

 Several valuable attempts have also been made to explicitly model the fracture-induced 
AE waveforms (Iturrioz, Lacidogna, and Carpinteri 2014, 2013); nevertheless, an accu-
rate simulation of transient complete AE waveforms has not yet been achieved. In listed 
literature, the simulated AE waveforms are largely different from the experimentally 
measured AE signals in both time and frequency domains. 

2.4.5 Other numerical methods 

Besides the above modelling strategies, there are several modelling strategies that have 
been adopted for AE modelling in literature. In this section, we briefly introduce three 
typical alternative types of numerical AE modelling methods, including two-step FEM, 
extended finite element method (XEFM) and finite discrete element method (FDEM). 
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2.4.5.1 Two-step FEM strategy 

 Model description  

The two-step FEM simulation strategy is proposed to overcome the limitations concern-
ing explicit AE source description in traditional FEM-based AE simulations (see Section 
2.4.2). The simulation strategy includes two independent steps:  

The first step is to obtain two critical cracking displacement fields at the onset and end of 
a cracking growth step (࢛૚ and ࢛૛ in Figure 2.20) through a static simulation using a 
FEM-based fracture model (e.g., those simulating the cracks as element stiffness degra-
dation) (Cuadra et al. 2015; Cuadra 2015; Sause and Richler 2015; Mirgal, Singh, and 
Banerjee 2023) or through the digital image correlation (DIC) in experiments (Cuadra 
2015).  

Further assuming a source rise function to connect the obtained displacement fields ࢛૚ 
and ࢛૛ at two critical statuses of a cracking propagation step, the history of the displace-
ment fields due to the cracking propagation can be completely described (see Figure 
2.20b). A dynamic FEM simulation is then conducted using the displacement field history 
as boundary conditions to model the AE waveforms due to the change of the displacement 
fields in a transient fracturing process. 

 
 

(a) (b) 

Figure 2.20 Illustration for the two-step FEM AE simulation strategy: (a) step one: obtaining the 
cracking displacement fields at the beginning and end of a cracking growth step; (b) step two:  

dynamic FEM simulation of AE waves due to the change of the obtained displacement fields with 
assumed source time function (adapted from (Cuadra 2015)). 

 Pros and cons for AE modelling 

Compared to the classical FEM-based AE simulations with fully assumed nodal force/dis-
placement as AE sources (see Section 2.4.2.3), the use of cracking displacement fields to 
describe AE sources in such a two-step strategy enables a more realistic description of 
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fracture-induced AE sources and a simulation of the propagation of AE waves in a struc-
tural stress state that is closer to real fracturing processes.   

Nevertheless, an assumed source rise time function still needed to describe the complete 
history of cracking displacement fields (see Figure 2.20b), which determines the ampli-
tudes and frequency characteristics of simulated waves, as discussed in Section 2.3.2.3.1 
(see Equation (2.8)). Moreover, this method can only simulate a single AE signal in one 
step of crack propagation and is not suitable for studying the changes of multiple AE 
signals during progressive fracturing processes. 

2.4.5.2 XFEM  

 Model description 

The extended finite element method (XFEM) (also referred to as generalized finite ele-
ment method (GFEM) (Strouboulis, Copps, and Babuška 2001)) is a numerical method 
proposed specially to address the discontinuity problems of conventional FEM when 
modelling the fracturing process (Fries and Belytschko 2010).  

The basic concept of the XFEM is illustrated in Figure 2.21. It extends the traditional 
continuous finite element shape functions by using enrichment functions (jump functions) 
(marked as H (x) in Figure 2.21) in a grid containing discontinuous elements to simulate 
discontinuous physical fields (marked as ߗା  and ିߗ  in Figure 2.21) (Fries and 
Belytschko 2010). After numerically describing the fracture planes (discontinuity) by the 
enrichment functions, the tensile cracking and friction related microscopic fracture mech-
anisms (fracture induced-AE sources) are then described by a crack propagation criterion 
(e.g., energy release rate (Xu, Hajibeygi, and Sluys 2024)) at crack tip and contact laws 
along fracture surfaces, respectively. Such a treatment of fracture-related AE sources is 
similar to those in the DEM as shown in Figure 2.18 and is in line with macroscopic 
theories for explaining AE phenomena in Section 2.3.2.2. Readers are referred to the clas-
sical work (Datta 2013; Khoei 2015) for more details of the XFEM. 
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(a) (b) 

Figure 2.21 Illustration of the XFEM: (a) a physical fracturing plane characterized by displace-
ment discontinuity and (b) numerical treatment of discontinuity by enrichment function H(x) in 
XFEM (note: Ωା and Ωି represent two portions divided by a fracture in a discontinuous field) 

(adapted from (Khoei 2015)). 

 Pros and cons for AE modelling 

The XFEM overcomes the limitation of traditional FEM for describing the microscopic 
fracturing mechanisms (AE sources) and at the same time keeps the advantage of tradi-
tional FEM in simulating elastic wave propagation (see Section 2.4.2.2); therefore, it is 
capable of simulating the fracture-induced AE signals. The applications of the XFEM in 
AE simulation is mainly contributed by Komijani and co-authors for the AE source types 
of both tensile cracking and stick-sliding friction in different fracturing processes under 
various external loading conditions in porous solids (Komijani and Gracie 2017; 
Komijani and Gracie 2019; Komijani, Gracie, and Yuan 2020; Komijani, Wriggers, and 
Goudarzi 2023; Komijani 2018). 

However, the XFEM has limitations in simulating fracture-induced AE. First, the enrich-
ment functions themselves (besides the implemented fracturing criterion and contact laws) 
introduce additional assumptions on microscopic fracturing behaviours (AE sources) 
(Fries and Belytschko 2010). Second, the used of enrichment functions also largely in-
crease the computational costs especially in combination with the dynamic solution to 
elastic wave propagation problem (Xu, Hajibeygi, and Sluys 2024); the above listed avail-
able XFEM-based AE simulations are restricted in modelling a single AE event induced 
by one cracking propagation/sliding step and cannot simulate multiple AE events during 
progressive fracturing processes. 
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2.4.5.3 FDEM  

 Model description 

The finite-discrete element method (FDEM) (also referred to as combined discrete finite 
element method (DEM/FEM) (Munjiza 2004)) is another numerical method that particu-
larly suitable for AE simulation. The DEM is used to describe local fracturing areas while 
the FEM is used to describe the elasticity and wave propagation away from the fracture 
areas. There are two types FDEM available for AE simulation, as illustrated in Figure 
2.22, with the fractured areas being simulated by the particle-based discrete elements 
(Gao et al. 2019) or interface (cohesive) elements (Lisjak et al. 2013a) while the unfrac-
tured areas being described by the FEM in both cases. 

(a) (b) 

Figure 2.22 Illustration for two types of FDEM available for AE simulation: (a) FEM combined 
with particle-based DEM (adapted from (Gao et al. 2019)) and (b) FEM combined with interface 

elements (adapted from (Lisjak et al. 2013a)). 

 Pros and cons for AE modelling 

Unlike the XEFM relying on complicated mathematical implementation of enrichment 
functions that largely increase computational costs, the FDEM efficiently addresses the 
discontinuity of fracture in a simple way by directly combining the DEM and FEM. The 
computational efficiency makes the FDEM suitable for simulating multiple AE signals 
during fracturing processes. The particle discrete element-based (Ferdowsi et al. 2013; 
Wang, Elsworth, and Fang 2017; Ciamarra et al. 2011; Gao et al. 2019) and interface 
element-based (Zhao 2013; Wu et al. 2019; Bu et al. 2022; Xia et al. 2023; Zhao et al. ; 
Lisjak et al. 2013a) FDEM has been used to simulate the AE signals from both tensile 
cracking and friction in fracturing processes of various materials. 

However, the XFEM has limitations in simulating fracture-induced AE. First, the FDEM 
needs to pre-define possible fracturing areas, for which the fracture paths are fixed in 
predefined DEM zones and the elastic wave propagation is restricted to the elastic FEM 
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zones away from the fracture areas (Munjiza 2004). Second, although theoretically suit-
able for elastic wave propagation simulation, the research of AE wave modelling by the 
FDEM is limited in literature; the above listed literature is mainly restricted to analysing 
AE event (broken element) numbers during fracturing processes. In few available works 
considering the wave propagation (Zhao et al. ; Lisjak et al. 2013a), the simulated AE 
waveforms are largely different from the experimentally measured AE signals in both 
time and frequency domains. 

2.4.6 Summary and discussion on available AE modelling methods 

The above-mentioned AE modelling methods are summarized in Table 2.2.  

To date, it is a formidable challenge to model AE signals occurring in concrete processes. 
The traditional continuum theory-based methods (the MT and FEM) and the DEM face 
challenges in simultaneously modelling fracture-induced AE sources and elastic wave 
propagation, which is, therefore, not suitable for describing the whole AE processes due 
to their rooted limitations. 

It should be mentioned that there are other numerical methods in literature for AE simu-
lations besides the mentioned ones, such as the molecular dynamics (MD) method  (Landa 
et al. 2003; Marasanov and Sharko 2017) and the peridynamics method (Ma et al. 2022; 
Cottica et al. 2020). Nevertheless, like those exemplified in Section 2.4.5, all these meth-
ods are formulated following a methodology like either the FEM (see Section 2.4.2) or 
DEM (see Section 2.4.3), facing the similar challenges in simulating AE. 

Amongst the available modelling methods, the lattice models, XFEM and FDEM are 
three promising methods for AE modelling, as they can model both the discontinuity of 
local material fracturing and the global continuity of elastic wave propagation within a 
same modelling approach in one step. However, an accurate simulation of fracture-in-
duced AE signals by these methods has not been achieved due to limited research in lit-
erature: available work is mainly restricted to analysing AE event (broken element) num-
bers during fracture processes. In few available works considering the wave propagation, 
the simulated AE waveforms are largely different from the experimentally measured AE 
signals in both time and frequency domains. Without accurately modelling the complete 
waveform, most of AE parameters cannot be obtained for understanding their relation-
ships with concrete fracturing behaviors.
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Table 2.2 Summary of available modelling methods for concrete fracture-induced AE. 

Method 
names 

AE source modelling  Elastic wave propagation modelling 
AE modelling aspects     

in literature 
Description 

ways 
Consider 
fracture? 

Limitations   Description 
ways 

Accurate? Limitations  

MT Moment tensor 
representation 

No Assumed source-time 
functions 

 Green       
functions 

No Simplified analytical solu-
tions unable to describe 
complicated wave propaga-
tion processes  

A single AE waveform 
due to an assumed 
source 

FEM Displace-
ment/force-time 

functions 

No Assumed source-time 
functions 

 Motion/wave 
equations 

Yes Ignoring structural stress 
states in real fracturing situ-
ations  

A single AE waveform 
due to an assumed 
source 

DEM Nonlinear con-
stitutive laws 

Yes Calibrated fracture pa-
rameters without clear 
physical meanings 

 Motion      
equations 

No Motion equations assembled 
by contact forces unable to 
accurately describe the 
wave field 

Multiple AE hits in frac-
ture processes       
(without waveforms) 

Lattice 
model 

Nonlinear con-
stitutive laws 

Yes Limited research in de-
fining friction-related 
constitutive behaviors 

 Motion     
equations 

Yes 
 

Limited research 
(not yet achieving accurate 
wave simulation in literature) 

Multiple AE waveforms 
in tensile cracking pro-
cesses  
(inaccurate waveforms) 

Two-step 
FEM 

Displace-
ment/force-time 

functions 

Indirectly Assumed source-time 
functions 
 

 Motion         
equations 

Yes Heavy computational costs 
introduced by two-step sim-
ulations 

A single AE waveform 
due to an assumed 
source 

XFEM  Nonlinear con-
stitutive laws 

Yes Assumptions intro-
duced by enrichment 
functions 

 Motion     
equations 

Yes Heavy computational costs 
introduced by enrichment 
functions 

A single AE waveform 
due to one fracture 
propagation step 
(inaccurate waveforms) 

FDEM Nonlinear con-
stitutive laws 

Yes Fixed fracture paths 
only in predefined 
DEM zones 

 Motion     
equations 

Yes Wave propagation only in 
predefined FEM zones 

Multiple AE waveforms 
in fracture processes 
(inaccurate waveforms) 
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2.5 Knowledge gap 
Bazant (Bazant 2009) pointed out in his speech at the award ceremony of Timusinko 
Medal in 2009: “The problem of damage and fracture of solids and structures, along with 
turbulence in fluid dynamics, is one of the two major problems of engineering science in 
the 21st century”. As an attendant physical phenomenon associated with solid fracture, 
AE occurring in concrete fracturing process is even more complicated than fracture itself 
because we need consider other aspects besides fracture such as elastic wave propagation 
and sensor response.  

In view of the complexity of fracture-induced AE phenomena in concrete, limited work 
is available in literature on how AE signals are linked to the physical fracturing processes 
of concrete. The knowledge gap regarding AE induced in concrete fracturing processes 
are summarized as follows: 

Knowledge Gap 1: lacking accurate AE modelling methods. Although many methods are 
available for modelling AE phenomena, none of them can accurately model the compli-
cated multiscale coupling process of fracture-induced AE between the discontinuity of 
local material fracturing and the global continuity of elastic wave propagation. 

Knowledge Gap 2: lacking consistent and reliable AE source theories. 

 Knowledge Gap 2.1: lacking consistent understanding of the origin of concrete frac-
ture-induced AE phenomena. Available AE theories are inconsistent with each other 
for explaining the origin of AE phenomena. They attribute the origin of AE phenom-
ena to different mechanisms/phenomena at different scales from different perspec-
tives. 

 Knowledge Gap 2.2: lacking physical bases for measured AE signals. Available the-
ories provide mainly qualitatively description with strong assumptions for fracture-
induced AE phenomena and cannot physically explain most parameters of AE meas-
urements.  

Knowledge Gap 3: lacking reliable and quantified AE characterization methods. Availa-
ble experimental-based AE characterization methods are mostly established through ex-
perimental observations without clear physical bases. Therefore, they cannot provide re-
liable and quantified relationships between signal sources and received AE signals. 

Among the three listed knowledge gaps, the knowledge gap 1 is the principal one. The 
lack of accurate AE modelling methods leads to the lack of reliable AE characterization 
methods and AE theories. This dissertation aims to fill in these identifies knowledge gaps, 
as follows: 
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 This dissertation first attempts to develop an accurate modelling framework for con-
crete-fracture AE phenomena based on one of the three promising AE modelling 
methods identified in Section 2.4.6, namely the lattice model. The developed model-
ling framework is expected to accurate simulate the whole multiscale and multi-phys-
ical process of concrete fracture-induced AE phenomena as shown in Figure 2.1, by 
extending the lattice modelling approach dedicated for concrete fracturing simulation 
with additional techniques that can accurately simulate the propagation of elastic 
waves (Chapter 3) and the sensor response (chapter 4) (for knowledge gap 1). 

  With the developed AE modelling method, this dissertation expects to reveal the 
source mechanisms of tensile cracking-induced AE phenomena (Chapter 5 and 6) 
(for knowledge gaps 2).  

 Building upon the understanding of AE source mechanisms, this dissertation expects 
to develop new AE indicator for quantifying the tensile cracking behaviour of con-
crete through AE measurements (Chapter 7), and to physically explain the evolution 
trends of AE parameters during tensile cracking propagation processes (Chapter 8). 
(for knowledge gaps 3).
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3. A lattice modelling framework for acoustic emission wave propagation 
in concrete 

3.1 Introduction 
As reviewed in chapter 2, it remains a challenge to relate the local fracturing phenomena 
of concrete to the received acoustic emission (AE) signals after propagation in concrete 
structures, therefore, resulting in a lack of fundamental understanding and physically 
based explanation for most parameters of measured AE signals. In view of the complexity 
of AE phenomenon, forward modelling is a promising option to establish quantitative AE 
source characterization models. To achieve this, accurately modelling the complete tran-
sient waveforms of fracture-induced AE signals is a prerequisite. Nevertheless, to date, 
there is no comprehensive approach available that can explicitly model the complete tran-
sient waveforms of acoustic emissions induced by concrete fracture processes.  

Among available modelling methods, the lattice type models are promising approaches, 
as they are known to be a matured modelling approach to simulate the fracturing pro-
cesses in concrete-included quasi-brittle materials. However, limited explorations have 
been reported in literature on simulation of elastic waves propagation using the frame-
work of lattice modelling. Consequently, modelling of wave generation and propagation 
cannot be done using the same approach. This chapter presents a lattice modelling frame-
work to simulate the propagation of fracture-induced AE waves (elastic waves) in con-
crete. 

This chapter is organized as follows. Section 3.2 describes the basic concept of lattice 
modelling approach, and the new techniques implemented in this study. Section 3.3 ver-
ifies the feasibility of proposed methods against theoretical solutions for simulating un-
damped elastic wave propagation using a simple externally inputted wave source function. 
Section 3.4 investigates the undamped numerical elastodynamic response of wave prop-
agation induced by the breakage of a lattice element. Section 3.5 investigates the influ-
ence of numerical damping on simulated AE waves and then introduces a systematic test-
based calibration procedure for simulating the attenuation of fracture-induced AE waves. 
Section 3.6 discusses the choices of representing an AE signal in numerical modelling, 
and the limitations and possible improvement of proposed methods for simulating elastic 
wave propagation.  
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3.2 Description of proposed lattice modelling framework  
This section describes the proposed lattice modelling framework for AE wave simulations. 
Section 3.2.1 briefly describes the adopted approach of lattice modelling. Section 3.2.2 
and Section 3.2.3 show two new implemented techniques to incorporate wave propaga-
tion and attenuation simulation in lattice modelling, including a proportional-integral-de-
rivative (PID) control algorithm in an explicit time integration scheme for numerical noise 
reduction and a Rayleigh damping-bases theoretical method for AE wave attenuation sim-
ulation. 

3.2.1 Description of adopted lattice model 

This sub-section gives a brief description for the lattice model adopted in this thesis. This 
study uses a two-dimensional truss-based lattice model. The adopted approach for the 
lattice model was initially developed by Aydin and co-authors (Aydin, Tuncay, and Binici 
2018), which has been extended in order to simulate the fracturing behaviour of plain 
concrete structures subject to tension (Aydin, Tuncay, and Binici 2018) and compression 
(Aydin, Binici, and Tuncay 2021) and the structural response of  different reinforced con-
crete members (Aydin, Tuncay, and Binici 2019; Aydin et al. 2022).  

In the adopted lattice model, a continuum is represented by a set of uniformly distributed 
nodes (lumped masses) interconnected by unidimensional truss elements. A two-dimen-
sional squared lattice network is used in this study, corresponding to the classical lattice 
geometry proposed by Hrennikoff (Hrennikoff 1941). A basic unit of the adopted lattice 
network is shown in Figure 3.1a. The minimum spacing between two neighbouring nodes 
is called grid size, denoted as ݀. The total mass of an area with the size of ݀ × ݀ (in 2D 
case) around a node is lumped into a dimensionless mass at the node. The lumped mass 
of each node, denoted as ݉௡, is calculated as: 

 n nm   (3.1a) 

2
n pd w   (3.1b) 

Where ߶௡ is the material volume represented by a node (a lumped mass). ݓ and ߩ denote 
the specimen thickness and material density. The values of ߶௡ is calculated by Equation 
(3.1b), where ݌ is a coefficient to adjust ߶௡ for nodes at different locations. The value of 
 is adjusted into 0.75, 0.5 and 0.25 for nodes ݌ is 1 for internal nodes, while the value of ݌
at outer corners, edges and inner corners, respectively, to match their actual representing 
area (see Figure 3.1b).  
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(a) 

 

(b) 

Figure 3.1 Illustration for the adopted two-dimensional truss-based lattice network: (a) A basic 
unit and (b) the nodes at edges and corners with adjusted masses to match their actual repre-

senting area. 

Two types of elements are employed at grid level, including the orthogonal elements with 
size ݈ = ݀ and diagonal elements with size ݈ = √2݀ (see Figure 3.1a). The force-strain 
constitutive law of the truss elements is shown in Figure 3.2, where ܨ௘ and ߝ represent the 
axial force and strain of truss elements. The elastic rigidity of orthogonal and diagonal 
elements is taken the same value as ܵܧ∗, where ܧ and ܵ∗(݀) are concrete modulus of 
elasticity and effective cross-sectional area of the truss elements, respectively, in which 
the latter is a function of the lattice grid size ݀. ܵ∗(݀) acts as a bridge linking the elastic 
properties of discrete lattice elements to those of represented continuum. Specifically, the 
 value can be viewed as the slope of the linear range of constitutive force-strain (݀)∗ܵܧ
diagram (Figure 3.2a) and is determined by equalling the total elastic energy of a contin-
uum to that of the equivalent lattice model under a uniform strain field. The effective 
cross-sectional area ܵ∗(݀) of all truss elements involved in a lattice grid level ݀ is calcu-
lated as: 
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* 3
2(1

)
2)

(S dwd 


 (3.2) 

where ݓ is the specimen thickness. The derivation procedure of Equation (3.2) is detailed 
in Appendix B.  

The compressive force in the truss elements is assumed to be linear elastic. The tensile 
force in the truss elements is assumed to be linear until the critical tensile strain ߝ௖௥ is 
reached, followed by a tri-linear softening curve (Muralidhara et al. 2011). The value of 
௖௥ߝ ௖௥ is taken as a material property and determined asߝ = ௧݂/ܧ, where ௧݂ is concrete 
tensile strength.  

To minimize the difference in fracture energy between orthogonal and diagonal elements 
involved in a chosen grid size, the fracture energy regularization concept (Bažant and Oh 
1983) is implemented. Denoting the three tensile softening parameters of orthogonal ele-
ments of length ݈ = ݀ as ܽଵ, ܽଶ and ܽଷ, the softening parameters of diagonal elements 
with length of ݈ = √2݀ are then divided by √2 (Figure 3.2a), to assure a same stress-dis-
placement relationship (i.e., fracture energy) for different element sizes (Figure 3.2b). In 
Figure 3.2, two force coefficients ܾଵ and ܾଶ, corresponding to two softening parameters 
ܽଵ and ܽଶ are selected as fixed values of 0.6 and 0.2, respectively (Muralidhara et al. 
2011).  

Moreover, different from the classical continuum theory-based numerical methods (e.g., 
FEM) that the element size mainly affects the computational accuracy mathematically, 
the element size of the lattice model as a discrete element method has a clear physical 
meaning. A fractured lattice element (with strain larger than ߝ௖௥) physically corresponds 
to certain fracture volume, denoted as ߶௙, induced by a crack propagation step. According 
to Figure 3.1, ߶௙ is the sum of two sub-volumes represented by two nodes (lumped mass), 
denoted as ߶௡,ଵ and ߶௡,ଶ, that are linked by a broken element: 

,1 ,2f n n     (3.3) 
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(a) 

 
(b) 

Figure 3.2 Constitutive law of truss elements: (a) constitutive force-strain diagrams for different ele-
ment sizes; (b) regularized stress-displacement relationships for different element sizes (b1=0.6 and 

b2=0.2) (Aydin, Tuncay, and Binici 2018). 

The softening parameters ܽଵ, ܽଶ and ܽଷ are calibrated by a procedure as shown in Figure 
3.3 to match the uniaxial stress–average displacement response of a “representative” di-
rect tension test. Specifically, the stress-displacement model proposed by Cornelissen et 
al. (Reinhardt, Cornelissen, and Hordijk 1986) is selected as the “representative” test re-
sult and used as a benchmark for the lattice model. Lattice simulations are conducted 
using different trial values for softening parameters and a comparison in fracture energy 
(area under stress-displacement curve) is conducted between the numerical and bench-
mark results in each trial simulation. The tension softening parameters of lattice elements 
are updated until the difference between simulated and experimental fracture energy is 
reduced to a chosen tolerance (5%). This calibration procedure is conducted prior to the 
formal simulation case of tested specimen which is then conducted as a blind prediction 
based on the calibrated parameters.  
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Figure 3.3 Calibration procedure of tension softening parameters (Aydin, Tuncay, and Binici 

2018).  

Figure 3.4 shows the solution flowchart of the adopted lattice model. In each time step, 
the strain in each lattice element is first computed according to the computed nodal dis-
placement in a previous step and prescribed boundary conditions. The element forces are 
then computed according to the constitutive law shown in Figure 3.1.  The resultant force 
 in a node (lumped) is then obtained as the vector summation of the forces of all elements ܨ
connected to the node: 

  
1

n
ei

F F i


   (3.4) 

where ܨ௘(݅) is the force in i-th element. ݊ is the number of elements connected to a node 
(݊ = 8 for the adopted 2D squared lattice network as shown in Figure 3.2). The equations 
of motion are then obtained from equilibrium conditions of all the forces acting on the 
nodal masses: 

        0t t t t   Mu Cu F  P  (3.5) 

where ࢛̈(࢚) and ࢛̇(࢚) are the acceleration and velocity vectors, respectively. ࡹ and ࡯ are 
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the diagonal mass and damping matrices. ࡲ(࢚) and ࡼ(࢚) are the internal and external 
force vectors.  

In this study, the damping matrix ࡯ is approximated by the Rayleigh damping (Caughey 
1960): 

   C M K  (3.6) 

where ࡷ is the stiffness matrix. ߙ and ߚ are the mass-proportional and stiffness-propor-
tional Rayleigh damping coefficients, respectively.  

The explicit time integration method proposed by Chung & Lee (Chung and Lee 1994) is 
adopted to solve the equations of motion (Equation (3.5)). A more detailed description of 
the solutions strategy adapted by the lattice model is discussed in previous works of the 
authors (Aydin, Tuncay, and Binici 2018; Aydin, Tuncay, and Binici 2019). 

Figure 3.4 Solution flowchart of the adopted lattice model (Aydin, Tuncay, and Binici 2018). 
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3.2.2 PID control for noise signal reduction 

In the lattice modeling approach, the fracture-induced AE signals are assumed to be the 
elastodynamic response of concrete induced by breakage of elements locally. This effect 
can be simulated directly in lattice models by solving the motion equations (Equation 
(3.5)) using an explicit time integration scheme. This scheme, however, also introduces 
dynamic noises, called spurious oscillations (Schmicker et al. 2014). The spurious oscil-
lations are largely amplified in case of unstable external loading (Mirbagheri et al. 2015). 
In a direct solver, external loading bias is inevitable, and it amplifies the spurious oscil-
lations into high-amplitude dynamic noise in the system (see also Section 3.4.1). This can 
be suppressed by controlling the external loading bias.  

In this paper, we propose to minimize noise signals caused by external loading bias by 
implementing a proportional-integral-derivative (PID) control scheme in the lattice model. 
The PID algorithm serves as a feedback loop controller and can be mathematically de-
scribe as follows:  

      
0

t
p i d

deP t h e t h e t dt h
dt

    (3.7) 

where ܲ̇(ݐ) and ݁(ݐ) are the external loading rate and tracking error, respectively. ℎ௣, ℎ௜ 
and ℎௗ are three coefficients controlling the proportional gain, integral gain and deriva-
tive gain of ݁(ݐ), respectively. Considering an arbitrary system (Figure 3.5), the loading 
rate function ܲ̇(ݐ) can be controlled in multiple ways by controlling the displacement rate 
at Point A, relative displacement rate between Points A and B, crack width opening rate 
at Point C, or stress/strain rate at Point D.  

The flowchart of the PID control algorithm is shown in dash lines in Figure 3.4. Assuming 
that the targeted control variable is the displacement of loading point ݑ଴(ݐ),  and the ac-
tual calculated displacement is (ݐ)ݑ , the tracking error is calculated as ݁(ݐ) = (ݐ)଴ݑ −
 defined by the integro-differential equation (Eqution (ݐ)̇ܲ The rate of external load . (ݐ)ݑ
(3.7)) is solved to update the value of ܲ(ݐ) as feedback in each calculation step (Equation 
(3.5)).  

The bias in nodal velocity or acceleration induced by external loading ܲ(ݐ) (i.e., noise 
signals) can be sufficiently reduced by keeping the values of error function at a low level. 
Values of PID constants used in this study are chosen according to the recommendation 
from Ziegler and Nichols (Ziegler and Nichols 1942). Integrating PID control within the 
explicit time integration methodology avoids additional dynamic effects from external 
loading bias. The effect of the implemented PID control will be demonstrated in Section 
3.4.1.  
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Figure 3.5 An arbitrary system with PID control. 

3.2.3 A Rayleigh damping calculation method for AE signal attenuation 

To properly simulate the propagation of elastic waves in concrete, it is essential that the 
modelling approach can consider the attenuation of AE signals. The attenuation of AE 
signals (elastic waves) in concrete is caused by many factors (Gresil and Giurgiutiu 2015; 
Schubert and Herrmann 2011; Pollock 1986). Among others, two main factors can be 
distinguished, namely, geometric spreading loss (or called geometric attenuation) and 
material damping (Zhang 2022). The geometric spreading loss is the loss of wave ampli-
tude due to the radiation of a wave front departing from a point source into all directions 
(Gresil and Giurgiutiu 2015). The material damping (also referred to as viscous damping 
(Yang, Cascante, and Polak 2011) or absorbing damping (Tian et al. 2017a)) describes 
the energy stored in a wave that is dissipated due to viscoelastic material behaviours, 
which further includes the intrinsic damping and scattering damping (Zhang 2022). The 
intrinsic damping is associated with the internal friction between particles (Lambri 2000), 
while the scattering damping is associated with the fact that wave with certain wavelength 
scatters in the media when it travels through scatters of comparable sizes (e.g., aggregates 
or pores in concrete) (Lai and Tu 2020).  

The wave attenuation due to spreading loss has been inherently considered in the adopted 
lattice model (this will be demonstrated in Section 3.3.2), as the system energy conserva-
tion is accurately considered in the establishment of force equilibrium (Equation (3.5)). 
A Rayleigh damping-based method is proposed in this paper to consider the wave atten-
uation due to material damping. Derivation of the proposed method is described in the 
following.  

As the intrinsic damping and scattering damping are hard to be distinguished from each 
other, they are often described together by a frequency-dependent material damping fac-
tor (Philippidis and Aggelis 2005), herein denoted as ߟ .(߱)ߟ(߱) depends on the fre-
quency and the type of a wave: a wave of higher frequency attenuates faster because the 
wave involves more cycles of particle movements during the same travel time (Bormann, 



3.2 Description of proposed lattice modelling framework 

60 

Engdahl, and Kind 2012); shear and Rayleigh waves attenuate more than pressure wave 
owing to more friction between motion particles in shear deformation (Gaydeck et al. 
1992). For a single-frequency and single-mode wave with angular frequency ߱, the ratio 
between two wave peak amplitudes, ܣ௜(߱) and ܣ௝(߱), received at two different locations 
݅ and ݆, respectively, with distances of ݎ௜ and ݎ௝ to the wave source is described as (Yang, 
Cascante, and Polak 2011; Zerwer, Cascante, and Hutchinson 2002): 

 
    

0

expji
i j

j i

rA
r r

A r


 


          

 (3.8) 

where ቀ
௥ೕ

௥೔
ቁ

ఎబ
 is the wave attenuation considering geometric spreading loss and ߟ଴ is a 

controlling variable with  ߟ଴ = 0 for plane wavefront, ߟ଴ = 0.5 for cylindrical and circu-
lar wavefronts and ߟ଴ = 1.0 for spherical wavefronts propagating in isotropic and homo-
geneous media (Yang, Cascante, and Polak 2011). expൣ−ߟ(߱)൫ݎ௜ −  ௝൯൧ represents theݎ
wave attenuation due to material damping. Based on Equation (3.8), the frequency-de-
pendent material damping factor ߟ(߱) can be expressed as: 

   
  0

1 ln j i

i j i j

A rln
r r A r


  



 
  
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 (3.9) 

According to Equation (3.9), the attenuation of wave amplitudes excluding the geometric 
spreading loss between locations i and j, denoted as ߛ(߱), can be expressed as: 

   
     0ln ( )j i

i j
i j

A rln r r r
A r


      


       (3.10) 

where ݎ߂ = ௜ݎ −  ௝ is the distance between two receiving locations ݅ and ݆. If ܸ(߱) is theݎ
velocity of the considered single-mode wave, the arrival time difference of waves re-
ceived at locations ݅ and ݆, denoted as ݐ߂ = ௜ݐ −  :௝, can be expressed asݐ

   
i j

i j
r r rt t t
V V 
 

      (3.11) 

Assuming the two locations ݅ and ݆ are chosen in such a way that ݐ߂ can be expressed as 
the product of the number of wave cycles ݊ and the wave period ܶ = ଶగ

ఠ
, Equation (3.11) 

can be further expressed as (Gresil and Giurgiutiu 2015): 

 
2r nt nT

V


 


     (3.12) 

By substituting Equation (3.12) into Equation (3.10), ߛ(߱) is then expressed as: 
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     2 n V    


  (3.13) 

Alternatively, consider the motion of a wave particle involved in the single-frequency and 
single-mode wave. The vibration amplitude of the wave particles attenuates in the time 
domain following a logarithmic decrement law. The logarithmic decrement, denoted as 
  :logarithmic(߱), is given by the following equation (Meirovitch 2010)ߛ

   
 
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nAln
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 


 (3.14) 

where ܣଵ and ܣ௡ are the vibration amplitudes of the wave particle at first cycle and after 
݊ cycles, respectively. ߦ(߱) is damping ratio. In a low-damping system, ߦ(߱) ≪ 1, Eq. 
(3.14) can be approximated to: 

   1
logarithmic 2

n
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A

      (3.15) 

The damping ratio ߦ(߱) can be expressed in the form of Rayleigh damping ܿ = ݉ߙ +
 :as proposed by Caughey (Caughey 1960) ݇ߚ
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 (3.16) 

where ݉, ݇ and ߱ = ඥ݇/݉ are mass, stiffness and natural angular frequency of the wave 
particle.  ܿ଴ = 2√݇݉ is the critical damping. Furthermore, it is assumed that in the case 
of a single-frequency and single-mode wave propagating in isotropic and homogeneous 
media, the attenuation of the motion of an involved wave particle in time domain, 
 logarithmic(߱), is equivalent to the spatial attenuation of the wave excluding geometricߛ
spreading loss, ߛ(߱), both caused by the material damping (Tian et al. 2017b; Ramadas 
et al. 2011; Gresil and Giurgiutiu 2015). Accordingly, Equation (3.13) is equal to Equa-
tion (3.15), as follows: 

         logarithmic
2 2n V n        


    (3.17) 

By substituting Equation (3.16) into Equation (3.17), the relationship between the mate-
rial damping factor ߟ(߱) and Rayleigh damping coefficients ߙ and ߚ is established as: 

   
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 (3.18) 

Equation (3.18) is derived based on the assumption of a single-frequency and single-mode 
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wave. An AE signal is however composed of waves of multiple modes and a wide fre-
quency range. To model the attenuation of an AE signal, we assume the AE signal is 
dominated by certain wave modes and the attenuation of the dominating mode can repre-
sent the attenuation of the entire AE signal. The attenuation of an AE signal in an inter-
ested frequency range (߱௠௜௡,  ߱௠௔௫) can then be described by one set of suitable Ray-
leigh damping coefficients using an average concept. Specifically, by substituting the 
low- and high-bound frequency ߱௠௜௡ and ߱௠௔௫, corresponding material damping factors 
(௠௜௡߱)ߟ  and ߟ(߱௠௔௫) , and wave velocities ܸ(߱௠௜௡)  and ܸ(߱௠௔௫)  of a dominating 
wave mode into Equation (3.18), we get the following equation set: 
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By solving Equation (3.19), average Rayleigh damping coefficients covering an inter-
ested frequency range (߱௠௜௡,  ߱௠௔௫) of an AE signal with certain dominating wave mode, 
denoted as ߙ(߱௠௜௡,  ߱௠௔௫) and ߚ(߱௠௜௡,  ߱௠௔௫), can be determined as: 
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3.3 Verification of undamped elastic wave propagation in lattice model  
In this section, the proposed lattice model is verified using four simplified cases of two 
different signal source forms, namely, plane waves and point-source waves. In the verifi-
cation cases, the models assume undamped elastic wave propagation, so that one may 
compare the simulated results with classical theoretical solutions. A concrete beam spec-
imen with dimensions of 55015040 (lengthwidththickness) mmଷ is modelled with 
1-mm lattice grid size (݀ = 1 mm). For a clear discussion, a Cartesian frame is defined 
with the coordinate origin located at the bottom left corner of the numerical model, see 
Figure 3.5. The adopted material properties are listed in Table 3.1.  
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Figure 3.6 Numerical model for simulating undamped elastic wave propagation (unit: mm). 

 
Table 3.1 Concrete material properties. 

Prop-
erties 
(unit) 

Density 
ρ  

(kg/m3) 

Elastic 
modulus E 

(GPa) 

Compressive 
strength fc 

(MPa) 

Tensile 
strength ft 

(MPa) 

Fracture  
energy Gf 

(N/m) 

Dynamic  
Poisson’s ratio 

υ (-) 

Values 2310 35.20 33.95 3.15 58.82 0.24 

A nodal displacement ݑ௜(ݐ) is defined as the wave source function at the corresponding 
source location. The adopted wave source function ݑ௜(ݐ) was initially proposed in Bruna 
& Riera (Bruna and Riera 1988) as a typical numerical representation of hypocentres: 

   0 0 sin( )sin( ),   a
i a b

a b

t tu t u t t t
t t

  
  


 (3.21) 

where the subscript ݅ = ,ݔ  denotes the nodal displacement directions in x or y (ݐ)௜ݑ of ݕ 
directions. ݑ଴ = 2.5 × 10ି଺ mm, ݐ௔ = ௕ݐ ,0 = 0.01 ms and ߱଴ = ߨ2 × 200 kHz. These 
parameters result in a Gaussian pulse (Bauer et al. 1984b) with a central frequency 200 
kHz and a duration of 0.01 ms.  

A time step of 2 × 10ିସ ms (5 MHz sampling rate) and zero numerical damping (ߙ =
ߚ = 0) are used in the explicit integration procedure when solved the model. 

3.3.1 Plane waves 

The propagation of the plane pressure (P) and shear (S) waves is examined in this sub-
section through two simulation cases. The plane waves are considered propagating from 
left (ݔ = 0 mm) to right plane (ݔ = 550 mm) in x direction. The applied boundary con-
ditions are summarized in Table 3.2, where Case 1 and Case 2 correspond to the simula-
tion of P wave and S wave, respectively. The source displacements ݑ௜(ݐ) are applied to 
all the nodes at plane ݔ = 0 mm in the x and y directions for P wave and S wave, respec-
tively. The symmetric or antisymmetric boundary conditions are introduced at planes ݕ =
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0 mm and ݕ = 150 mm to simulate an infinite space in y direction that allows the unre-
stricted propagation of plane waves without altering the waveforms (Iturrioz and Riera 
2021). In addition, a nonreflexive boundary is implemented on the right edge to avoid 
wave reflection. Various methods can be used to create such a nonreflexive boundary, as 
discussed in (Givoli 1991). Herein, a simple method was implemented by providing nodes 
from ݔ = 540 mm to ݔ = 550 mm with smoothly increased viscous dampers, with their 
stiffness proportional damping coefficients ߚ linearly increasing from 0 (nodes at ݔ =
540 mm) to a critical value ߚ଴ (nodes at ݔ = 550 mm).  ߚ଴ is determined by the central 
angular frequency ߱଴ of simulated source wave as (Semblat, Lenti, and Gandomzadeh 
2011):  

 
0

0
2 


  (3.22) 

 

Table 3.2 Boundary conditions used for plane wave simulations. 

Case 
number 

Wave 
 type 

Plane at 
x=0 

Planes at 
y=0, y=150 mm  

Planes at  
x=540~550 mm 

Plane at  
 x=550 mm 

1 
P- 

wave 
ux(t) Symmetry 

 plane 
Nonreflexive  

boundary 
ux = 0 

2 
S- 

wave uy(t) 
Anti-symmetry 

 plane 
Nonreflexive  

boundary ux = uy = 0 

For Case 1, a typical x direction displacement field at simulation time ݐ = 0.1 ms is il-
lustrated in Figure 3.7a. Figure 3.7b shows the evolution of displacements in x direction 
of the two recorded nodes at (ݔ = 0, ݕ  = 75 mm) and (ݔ = 100 mm, ݕ  = 75 mm). The 
P-wave velocity in the lattice model can be estimated using the distance and arrival time 
difference of two recorded nodes. The arrival time of P-wave at ݔ = 100 mm is 22.7 μs 
and the numerical P-wave velocity is estimated as ௉ܸ (௡௨௠௘௥௜௖௔௟) = 100 mm/22.7 μs =
4405 m/s.  
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(a) 

 
(b) 

Figure 3.7 Simulation results for plane P-wave: (a) a typical x direction displacement filed at sim-
ulation time t=0.1 ms (unit: mm); (b) evolution of x direction displacements of two recorded nodes 

at (x=0, y=75 mm) and (x=100 mm, y=75 mm ). 

For Case 2, a typical y direction displacement field at simulation time ݐ = 0.1 ms is il-
lustrated in Figure 3.8a. Figure 3.8b shows the evolution of displacements in y direction 
of the two recorded nodes at (ݔ = 0, ݕ  = 75 mm) and (ݔ = 100 mm, ݕ  = 75 mm). The 
arrival time of S-wave at ݔ = 100 mm is 41.8 μs and accordingly the numerical S-wave 
velocity is estimated as ௌܸ (௡௨௠௘௥௜௖௔௟) = 100 mm/41.8 μs = 2395 m/s.  
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(a) 

 
(b) 

Figure 3.8 Simulation results for plane S-wave: (a) a typical y-direction displacement filed at sim-
ulation time t=0.1 ms (unit: mm); (b) evolution of y-direction displacements of two recorded nodes 

at (x=0, y=75 mm) and (x=100 mm, y=75 mm). 

For isotropic and homogeneous solids, the theoretical P- and S-wave velocities are calcu-
lated by (Morelli and Dziewonski 1993): 
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Using the material properties listed in Table 3.1, the theoretical P- and S-wave velocities 
are calculated as 4238 and 2479 m/s, respectively. The differences between theoretical 
and numerical wave velocities are 4.2% and 3.4% for P- and S-waves, respectively.  

3.3.2 Point-source waves  

As the sources of acoustic emission signals can be regarded as point excitations consid-
ering the much smaller fracture scale than that of concrete structures, two additional sim-
ulation cases are conducted to investigate the propagation of body wave and Rayleigh 
wave (R-wave) induced by a point source. The applied boundary conditions are summa-
rized in Table 3.3. A source displacement ݑ௬(ݐ) (Equation (3.21)) is applied in y direction 
on a single node at (ݔ = 275 mm, ݕ = 75 ݉݉) and at (ݔ = 275 mm, ݕ = 150 mm), 
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respectively. Case 3 simulates the propagation of a point-source body wave while Case 4 
simulates a point source R-wave. The boundary conditions defined at the four edges of 
both models are given in Table 3.3. The nonreflexive boundaries are applied using the 
same method described above for plane wave simulations. 

Table 3.3 Boundary conditions used for point-source wave simulation (unit: mm). 

Case 
number 

 

Wave type Node at 
(x=275, 
y=75) 

Node at 
(x=275, 
y=150) 

Planes at 
x=0~10, 

x=540~550,   
y=0~10 

Planes at 
y=140~150 

Plane at 
y=0 

3 Body 
wave 

uy(t) - Nonreflexive 
boundary 

Nonreflexive 
boundary 

uy=0 

4 Rayleigh 
wave 

- uy(t) Nonreflexive 
boundary 

- uy=0 

 

 
(a) 

 
(b) 

Figure 3.9 Simulation results for point-source body wave: (a) a typical y direction displacement 
filed at simulation time t=0.02 ms (unit: mm); (b) evolution of y direction displacements of two 

recorded nodes at (x=275 mm, y=75 mm) and (x=375 mm, y=75 mm). 
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For Case 3, a typical y direction displacement field at simulation time ݐ = 0.02 ms is 
illustrated in Figure 3.9a. Due to the directivity of the applied wave source (applied in y 
direction), the intensity of the wave front is biased in different propagation directions. 
The P- and S-waves are dominant in y and x directions, respectively. Figure 3.9b shows 
the evolution of displacements in y direction of two recorded nodes at (ݔ = 275 mm, 
ݕ = 75 mm) and (ݔ = 375 mm, ݕ = 75 mm). It can be seen that the amplitudes of 
point-source wave decrease with increasing the wave travel distance due to geometric 
spreading loss (or wave radiation) (Gresil and Giurgiutiu 2015). Moreover, the waveform 
is slightly altered due to the directional dependency of Poisson’s ratio in the lattice model. 
A more detailed discussion about the influence of material anisotropy on the waveform 
alternation can be found in (Iturrioz and Riera 2021). 

For Case 4, a typical y direction displacement field at simulation time ݐ = 0.04 ms is 
illustrated in Figure 3.10a. P-, S- and R-waves are coexisted in this case with the intensity 
of R-wave being dominant. Figure 3.10b shows the evolution of displacements in y di-
rection of two recorded nodes at (ݔ = 275 mm, ݕ = 150 mm) and (ݔ = 375 mm, ݕ =
150 mm). The R- and S-waves are superposed due to their similar velocities, which 
brings the difficulty in determining the arrival time and thus velocity of R-wave. Moreo-
ver, the amplitude of R-wave decreases with increasing of the wave travelling distance 
due to the geometric spreading loss. In isotropic and homogeneous media, R-wave fol-
lows a circular and cylindrical spreading loss for 2D and 3D cases, respectively (Yang, 
Cascante, and Polak 2011). For the undamped R-waves modelled here (ߙ = ߚ = 0), by 
substituting ߟ଴ = 0.5 and ߟ(߱) = 0 into Equation (3.8), the ratio between two R-wave 
peak amplitudes, ܣ௜(߱) and ܣ௝(߱), received at two different locations i  and j , respec-
tively, with distances of ݎ௜ and ݎ௝ to the wave source is described as: 

  
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j i

rA
A r




  (3.24) 

Figure 3.10c shows the numerical results for the peak amplitudes of R-waves received at 
different recorded nodes versus the distances to source, where the peak amplitudes are 
normalized with respect to that of a reference node at (ݔ = 300 mm, ݕ = 150 mm). It 
can be found that the numerical results fit well the theoretical curve given by Equation 
(3.24). Despite the consistency with the theoretical solutions, limitation of the lattice 
model for simulating the propagation of point-source waves should be mentioned as well. 
Theoretically, a circular wave front is expected for the point-source body waves propa-
gating in two-dimensional isotropic and homogeneous media (same wave velocity in all 
propagation directions) (Schubert and Schechinger 2002). However, due to the variation 
of Poisson’s ratio values in the adopted two-dimensional lattice model, the simulated 
wave velocities are slightly different in different propagation directions. As can be ob-
served in Figure 3.9a and Figure 3.10a, the simulated wave fronts are distorted circles, 
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especially for S-waves. 

 
(a) 

 
(b) 

 
(c) 

Figure 3.10 Simulation results for point-source Rayleigh wave: (a) a typical y direction displace-
ment filed at simulation time t=0.04 ms (unit: mm); (b) evolution of y direction displacements of 
two recorded nodes at (x=275 mm, y=150 mm  ) and (x=375 mm, y=150 mm); (c) a comparison 
of geometric spreading loss of Rayleigh waves between theoretical calculations and numerical 

results with zero damping (α=β=0). 
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3.4 Influence factors on simulating undamped fracture-induced AE 
signals in lattice modelling  

This section considers the propagation of fracture induced acoustic emission signals gen-
erated by the breakage of a lattice element. The effect of the implemented PID control 
algorithm and the influence of lattice grid sizes on the simulated AE waveforms are in-
vestigated. This chapter focuses on simulating elastic wave propagation, and thus a sim-
plified simulation case is considered for demonstration. The simulation of AE waveforms 
in real concrete fracturing processes implementing the proposed model will be reported 
in next chapter. 

The studied numerical model and its boundary conditions are given in Figure 3.11 and is 
named as simulation Case 5. The material properties listed in Table 3.1 are adopted as 
inputs for the numerical model. An additional 1-mm vertical element is placed at location 
ݔ = 50 mm, ݕ = 150 mm as the fracture source (݈(௦) = 1 mm). The tensile softening 
parameters ܽଵ, ܽଶ and ܽଷ of the fracturing element are calibrated as 5.5, 120 and 620, 
respectively, using listed material properties following the calibration procedure de-
scribed in Figure 3.3. A positive y direction displacement ݑ௬(ݐ) in terms of a constant 
velocity of 1 × 10ିଷ mm/s (dݑ௬(ݐ)/dݐ = 1 × 10ିଷ mm/ݏ) is applied at the upper node 
of the fracture source element to induce the fracturing of the element. The bottom nodes 
are fixed (ݑ௫ = ௬ݑ = 0) to assure force equilibrium of the system. 

The PID control algorithm is implemented in the simulations. The controlling variable is 
the velocity of the loading node (upper node of the fracture source element) to minimize 
the loading bias (computational errors). The PID constants are selected as: ℎ௣ = 0.01, 
ℎ௜ = 0.01 and ℎௗ = 0.05.  

The node located at ݔ = 130 mm, ݕ = 150 mm is considered as a virtual AE sensor 
(marked as S1 in Figure 3.11). The other virtual sensors marked in Figure 3.11 (S2-S6) 
will be used in the simulation cases in later sections. The vertical (y direction) accelera-
tions recorded at S1 are used to mimic the received AE signals, as received AE signals in 
reality are the stress waves perpendicular to AE sensor surface (Matthews 1983). A more 
detailed discussion about the numerical representation of AE signals will be given in Sec-
tion 3.6.1. The adopted time step and numerical damping coefficients are 5 × 10ିହ ms 
(20 MHz sampling rate) and zero (ߙ = ߚ = 0), respectively. 
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Figure 3.11 Numerical model and boundary conditions of Case 5 for simulating the AE signals 

induced by a fractured lattice element (unit: mm). 

3.4.1 Effect of implemented PID control algorithm 

This sub-section aims to to illustrate the effect of the implemented PID algorithm de-
scribed in Section 3.2.2. Two simulation cases are performed with and without the PID 
control. The grid size is selected as 1 mm (݀ = 1 mm in Figure 3.11).  

The evolution of vertical accelerations of virtual AE sensor S1 in the two simulation cases 
are shown in Figure 3.12, where the presented period is from the beginning of the loading 
process to a moment before fracturing of the source element. It can be found that by in-
troducing the PID algorithm a stable loading process is observed and the dynamic noise 
in nodal accelerations is effectively suppressed comparing to the simulation case without 
PID control in which the nodal accelerations have a bias induced by the external loading, 
with non-vanishing noise signals of high amplitudes existing even in the absence of a 
lattice element fracture (Figure 3.12a). Similar phenomenon was also reported in the work 
of Minozzi et al. (Minozzi et al. 2003), where a 2D lattice model without PID control was 
used to simulate the dynamic fracture of quasi-brittle materials. The dynamic noises in-
fluence the computational accuracy of targeted dynamic response due to a fracturing lat-
tice element; it also leads to the difficulty in identifying the fracture-induced AE signals 
with relatively low amplitudes, which is mixed by the non-vanishing noises.  
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(a) 

 
(b) 

Figure 3.12 Vertical accelerations of the virtual AE sensor S1 before fracture occurring for two 
simulation cases: (a) without PID control and (b) with PID control. 

3.4.2 Lattice model grid size & AE signal frequency resolution 

As a discrete modelling approach, the grid size has a clear influence of the propagation 
of AE signals. To demonstrate this, several simulations are performed with varied grid 
sizes (݀ = 1~10 mm). The AE signal source is controlled by keeping the size of the 
fracture source element constant (݈(௦) = 1 mm).  

Figure 3.13 shows typical simulated AE signals from models with grid sizes of 1 and 10 
mm. The starting time zero of AE signal presented in Figure 3.13 is not the actual simu-
lation time but has been normalized to represent a typical pre-trigger time of 256 us 
(Scruby 1987a) (see Appendix A for the definition of pre-trigger time). It can be observed 
that the obtained AE signals are largely influenced by the grid sizes. In models with 
smaller grid sizes higher frequency components of an AE signal are observed. A theoret-
ical explanation of this observation is given below. 
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(a) 

 
(b) 

Figure 3.13 Simulated AE signals received at virtual sensor S1 for simulation cases with: (a) 1 
mm and (b) 10 mm grid sizes d and a fixed 1 mm fracture source element size l(source). 

The maximum frequency that a lattice model with given grid size can simulate is herein 
defined as cut-off frequency, denoted as ௠݂௔௫. The minimum pressure wavelength corre-
sponding to ௠݂௔௫ is denoted as ߣ௣(௠௜௡).  In Figure 3.13, it should be noted that the signal 
amplitudes corresponding to frequencies higher than around half of the cut-off frequen-
cies ௠݂௔௫  are sharply decreased. According to the Nyquist criteria (Desoer and Wang 
1980), the frequency components higher than half of the maximum frequency that can be 
produced by a given temporal or spatial sampling rate will lose their information (Howell, 
de Weck, and Miller 2008). This phenomenon is called the aliasing (Haldorsen 2020). 
The highest frequency without signal aliasing, herein called Nyquist frequency and de-
noted as ே݂௬, is equal to half of the cut-off frequency ௠݂௔௫: 

 0 .5N y m axf f  (3.25) 

The minimum pressure wavelength without signal aliasing, herein called Nyquist pres-
sure wavelength and denoted as ߣ௉_ே௬, corresponding to the Nyquist frequency ே݂௬ is 
then calculated as: 
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Physically, the adopted truss elements have constant axial deformations (without bending 
moment), resulting in linear variation of displacement only at their nodes. Therefore, as 
shown in Figure 3.14a, at least four element (5 nodes) are needed to approximate (or 
spatially sample) a minimum pressure sine wave with wavelength ߣ௉(௠௜௡). Accordingly, 
as shown in Figure 3.14b, at least eight element (9 nodes) are needed to approximate the 
Nyquist pressure wavelength ߣ௉_ே௬: 

  _ 2 8P Ny P min d    (3.27) 

 

  

(a) (b) 

Figure 3.14 Physical interpretation for the relationships between: (a) lattice grid size d and the 
minimum pressure wavelength λP(min) and (b) lattice grid size d and the Nyquist pressure wave-

length λP_Ny. 

By substituting Equation (3.26) into Equation (3.27), a relationship between the Nyquist 
frequency ே݂௬ and lattice grid size ݀ can be established as: 

 
8

P
Ny

Vf
d

  (3.28) 

The relationship between the lattice grid sizes ݀ and the Nyquist frequency ே݂௬ obtained 
from both Equation (3.28) and from lattice simulations are compared in Figure 3.15. The 
numerical value of ே݂௬ is calculated as half of ௠݂௔௫ (Equation 3.25). The values of ௠݂௔௫ 
from the lattice model selected as the frequency in the upper frequency range with an 
amplitude equal to 0.1% of the peak amplitude, as shown in Figure 3.13. It can be found 
that the proposed function fits well the simulation data.  

The requirement defined by Equation (3.28) can be a recommendation for the selection 
of lattice grid size: an appropriate lattice grid size ݀ should be selected according to the 
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maximum targeted AE signal frequency, denoted as m݂ax_௧௔௥௚௘௧௘ௗ, or the minimum tar-
geted pressure wave length, denoted as ߣ௉(௠௜௡_௧௔௥௚௘௧௘ௗ). 
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max_targeted

V
d

f
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8
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Figure 3.15 Relationship between lattice grid size d and Nyquist frequency fNy of the simulated 

AE signals. 

3.5 Numerical damping & AE signal attenuation 
In previous section, all presented numerical cases adopt a zero damping (ߙ = ߚ = 0) to 
illustrate the effect of factors other than numerical damping. This section shows the rela-
tionship between numerical damping and the attenuation characteristics of simulated AE 
signals. The influence of Rayleigh damping coefficients on simulated AE signals is dis-
cussed in Section 3.5.1. Section 3.5.2 demonstrates the calibration and calculation proce-
dure of the Rayleigh damping-based method for AE signal attenuation proposed in Sec-
tion 3.2.3 through an experimental example. 

3.5.1 Influence of numerical damping on simulated AE signals 

The influence of numerical damping on the simulated AE signals is investigated with 
several simulation cases adopting different values of Rayleigh damping coefficients ߙ 
and ߚ.  The adopted numerical model and model inputs are same with previous section 
(see Figure 3.11). The influence of mass proportional damping coefficients ߙ and stiff-
ness proportional damping coefficients ߚ is shown in Figure 3.16 and Figure 3.17, re-
spectively. Compared to the undamped case shown in Figure 3.13a, the simulated AE 
signals with various ߙ and ߚ values are attenuated to different extents showing a lower 
amplitude in time domain and less high-frequency contents in time domain.  

Moreover, it is noted that the mass proportional damping coefficients ߙ has less influence 
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on the simulated AE signals, while the influence of stiffness proportional damping coef-
ficients ߚ is more significant. Specifically, in the simulation cases with various ߙ values 
and a zero ߚ (Figure 3.16), the simulated AE signals are attenuated in time-domain show-
ing a slightly lower amplitudes and a shorter duration, while their frequency characteris-
tics remain similar. In the simulation cases with various ߚ values and a zero ߙ (Figure 
3.17), the simulated AE signals are largely attenuated in both time and frequency domains, 
with a higher ߚ value leading to lower amplitudes and lower upper-bound frequencies. 

Traditionally, Rayleigh damping is used to describe the time-domain vibration attenua-
tion of macroscopic structures. In such case, the mass-proportional coefficient ߙ and stiff-
ness-proportional Rayleigh damping coefficient ߚ are both significant, because mass and 
stiffness are both structural properties that determine the structural vibration attenuation 
characteristics (Chowdhury and Dasgupta 2003). When applied to the case of wave prop-
agation in current study, the situation is changed. In such case, mass is a material property 
of a single wave particle, while stiffness describes the interactions between different wave 
particles. Physically, the attenuation of elastic waves is mainly a result of interactions 
between microscopic wave particles (Gresil and Giurgiutiu 2015; Schubert and Herrmann 
2011; Pollock 1986) and is less relevant with the mass of each wave particle. As a result, 
the stiffness-proportional Rayleigh damping coefficient ߚ show a larger effect on the at-
tenuation of high-frequency elastic waves as the case of acoustic emission. 

  

(a) (b) 

  

(c) (d) 

Figure 3.16 Simulated AE signals received at virtual sensor S1 with different α values and a zero 
β value (β =0): (a) α=100 rad/s; (b) α=1000 rad/s; (c) α=5000 rad/s and (d) α=10000 rad/s. 
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(a) (b) 

  

(c) (d) 

Figure 3.17 Simulated AE signals received at virtual sensor S1 with different β values and a zero 
α value (α=0): (a)  β=1×10-6 s/rad; (b) β=1×10-7 s/rad; (c)  β=1×10-8 s/rad and (d)  β=1×10-9 

s/rad. 

3.5.2 A Rayleigh damping calibration procedure for AE signal 
attenuation   

As shown in previous section, the values of numerical damping largely influence the at-
tenuation characteristics and thus the waveforms of simulated AE signals. This section is 
dedicated to introducing a systematic test-based calibration procedure for incorporating 
numerical damping in the lattice modelling approach. The theoretical Rayleigh damping-
based calculation method for AE wave attenuation proposed in Section 3.2.3 is demon-
strated through an experiment. The Rayleigh damping coefficients ߙ and ߚ are deter-
mined by the experimentally obtained material damping factor ߟ(߱) and the wave veloc-
ity ܸ(߱) (Equation (3.16-3.17)). Experimental procedure for evaluating these two param-
eters is described in the following.  

The measurement setup and the calibration specimen are given in Figure 3.18. The spec-
imen has the same dimensions of the numerical model discussed in Section 3.4 (Figure 
3.11), namely 55015040 mmଷ. Different from the simplified model, a notch of 5-mm 
width and 30-mm depth is present at mid-length of the specimen. A three-point bending 
test will be applied on the specimen and the results of the test will be reported in next 
chapter of this thesis. The material properties of the specimen are the same with those 
used in the simulations (Table 3.1). The details of concrete mix proportions are listed in 
Table 3.4. The concrete has a maximum aggregate size of 8 mm and a designed strength 
class of C35. The modulus of elasticity ܧ is obtained averaging measurements on three 
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prism specimens (100100400 mmଷ) from the same concrete batch. The cube compres-
sive strength ௖݂,௖௨௕௘ and mass density ߩ are obtained from averaging measurements on 
three cubic specimens (150150150 mmଷ) from the same concrete batch. The cylinder 
compressive strength ௖݂ is converted from measured ௖݂,௖௨௕௘ according to fib Model Code 
2010 (MC2010) (Walraven 2012). The tensile strength ௧݂ and tensile fracture energy ܩ௙ 
are estimated based on the value of compressive strength ௖݂ according to MC2010. The 
dynamic Poisson’s ratio value of 0.24 is selected based the measurement for C35-class 
concrete (Pal 2019).  

Table 3.4. Details of concrete mix proportions. 

Material Water Cement Sand  Gravel Superplasticizer 

Density 
(kg/mଷ) 

156 260 848 1123 0.25 

The measurement setup consists of a transducer (marked as S0) as signal source and six 
R15α AE sensors with operating frequency range of 50-400 kHz (MISTRAS 2011b) 
(marked as S1-S6) as receivers. The signal source S0 is placed at the location (ݔ =
50 mm, ݕ = 150 mm) and connected to a Pundit-200 wave generator (Pundit 2021). 
Two types of transducers with different wavebands are used to generate source signals of 
different frequencies, including a dry-point-contact (DPC) S1803 transducer (10-160 kHz 
band width) (ACS 2023a) and a DPC S1820 transducer (150-400 kHz band width) (ACS 
2023b). The receivers are installed on the top surface of the specimen with a spacing of 
80 mm and are connected to a AE acquisition system (Micro-II Express Digital AE 
(MISTRAS 2011a)). Steel holders and silicone grease coupling agent are used for AE 
sensor installation to assure tight coupling between sensor and specimen. The positions 
of the DPC transducer and the six AE sensors on the specimen are consistent with those 
of the fracture source element and virtual AE sensors in the lattice model shown in Figure  

To calibrate suitable Rayleigh damping coefficients that cover the operating frequency 
range of used R15α AE sensors (50-400 kHz), wave attenuation characteristics of lower- 
and upper-bound frequencies (namely 50 and 400 kHz) are tested. Specifically, squared 
waves of two different central frequency, namely 50 kHz and 400 kHz, were generated 
by the wave generator. The signals are received by the AE sensors and recorded by the 
AE acquisition system.  
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Figure 3.18 Experimental setup for AE signal attenuation tests (unit: mm). 

According to the simulation case 4 in Section 3.2.3 (Figure 3.10), the AE signals received 
in experiments are dominated by R-waves.  Its wave velocity ோܸ(߱) and material damp-
ing factor ߟோ(߱) are used to calculate the Rayleigh damping coefficients ߙ  and ߚ  in 
Equation (3.18-3.19). The values of ோܸ(߱) and ߟோ(߱) are evaluated based on the re-
ceived AE signals. The evaluation procedure is given in the following: 

A typical AE signal with 50 kHz central frequency received by AE sensor S1 is given in 
Figure 3.19. Two parameters can be directly obtained from the received AE signals, in-
cluding the first arrival time and signal peak amplitude. The first arrival time of the signal 
corresponding to P-wave components is picked using the Akaike information criterion 
(AIC) method (Liu et al. 2017). The P-wave velocity ௉ܸ(߱) is then estimated by a linear 
regression between the picked first arrival time and the distances from AE sensor to 
source (Equation (3.21)). To reduce the picking error of AE signal peak amplitude, the 
amplitudes of the original signals are transformed into effective amplitudes using the av-
erage energy concept (Weaver and Sachse 1995). The effective amplitude at time ݐ௜, de-
noted as ܣ௧೔

∗ (߱), is calculated as the average squared root energy of the original ampli-

tudes ܣ௧ೕ
(߱) in the time interval ݐ௝ ∈ ௜ݐ] − ௱௧

ଶ
, ௜ݐ  + ௱௧

ଶ
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where ௦݂௣ is the sampling rate. ݐ߂ is the length of predefined time interval, which is se-
lected as twice the wave period in this study (Weaver and Sachse 1995). The effective 
peak amplitude of an AE signal received by an AE sensor S୧ (݅ = 1~6), denoted as ܣ௜

∗(߱), 
is then picked as the maximum amplitude.  
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Figure 3.19 A typical 50-kHz AE signal received by AE sensor S1. 

Wave velocity ோܸ(߱) and material damping factor ߟோ(߱) of dominating R-waves are 
then indirectly evaluated using the experimentally obtained P-wave velocity ௉ܸ(߱) and 
the effective peak amplitudes ܣ௜

∗(߱).  

Since the Rayleigh wave velocity ோܸ(߱) cannot be accurately determined from experi-
ments (see Figure 3.10b), it is estimated by Equation (3.31) (Morelli and Dziewonski 
1993) based on the measured ௉ܸ(߱) . The ோܸ(߱)  are estimated as: ோܸ(߱௠௜௡) =
2285 m/ݏ  for ߱௠௜௡ = ߨ2 × 50 kHz  and ோܸ(߱௠௔௫) = 2349 m/ݏ  for ߱௠௔௫ = ߨ2 ×
400 kHz.  
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The frequency-dependent material damping factor of Rayleigh waves ߟோ(߱) is calibrated 
using Equation (3.9). Specifically, by selecting AE sensor S1 as a reference, the relative 
drop of peak amplitude due to material damping received by an AE sensor S୧ (݅ = 1~6), 
denoted as ߛ෤௜(߱), is normalized in Nepers (Np) as: 
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In Figure 3.20, the total peak amplitude drop measured in experiments (first term in left 
side of Equation (3.30)) and theoretical values of the peak amplitude drop due to geomet-
ric spreading losses (second term in left side of Equation (3.32)) are plot in cross and 
triangle markers, respectively. The values of ߛ෤௜(߱) calculated as their difference are 
marked as circle symbols in Figure 3.20. The value of  ߟோ(߱) is then estimated by finding 



Chapter 3 A lattice modelling framework for acoustic emission wave propagation in concrete 

 81 

the best fitted line between the ߛ෤௜(߱) values and the distances from sensor S୧ to reference 
S1, ∆ݎ௜ = ௜ݎ − ଵݎ . The ߟோ(߱)  values are estimated as: ߟோ(߱௠௜௡) = 1.05 Np/m  for 
߱௠௜௡ = ߨ2 × 50 kHz and ߟோ(߱௠௔௫) = 4.03 Np/m for ߱௠௔௫ = ߨ2 × 400 kHz. Substi-
tuting the estimated values of ோܸ(߱௠௜௡), ோܸ(߱௠௜௡), ߟோ(߱௠௔௫) and ߟோ(߱௠௔௫) into Equa-
tion (3.20), the Rayleigh damping coefficients covering a interested frequency range of 
(߱௠௜௡ = 50 kHz, ߱௠௔௫ = 400 kHz) are calculated as: ߙ(߱௠௜௡, ߱௠௔௫) = 4574.1  rad/
s and ߚ(߱௠௜௡, ߱௠௔௫) = 2.28 × 10ିଽ s/rad. 

 
(a) 

 
(b) 

Figure 3.20 Normalized amplitude drops versus sensor distances to reference S1: (a) 50 kHz 
central frequency AE signals and (b) 400 kHz central frequency AE signals. 

A simulation is performed adopting the Rayleigh damping coefficients obtained from the 
calibration process described above. The configurations of the model are similar to that 
of Case 5 (see Figure 3.11). The only difference is that a notch of 5-mm width and 30-
mm depth is created at mid-length in the numerical model to be consistent with the phys-
ical notched beam specimen.  

Figure 3.21a shows typical simulated AE signals received at virtual sensor S1 to demon-
strate the effectiveness of proposed method in modelling the temporal attenuation of AE 
waves. In frequency domain, the high-amplitude wave components are concentrated in 
the frequency range of 37-446 kHz that is close to the targeted frequency range of 50-400 
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kHz. The amplitudes of other frequency components are largely attenuated.  

The effectiveness of the proposed method in modelling the spatial attenuation of AE 
waveforms is further examined by examining the attenuation of narrow-banded wave 
components at 50 and 400 kHz respectively. The two wave components with 50 and 400 
kHz as their central frequencies are extracted using the second-order Butterworth band-
pass filter (Hussin, Birasamy, and Hamid 2016) with a 10-kHz bandwidth, as shown in 
Figure 3.21b. The peak amplitudes of these two extracted waves are marked in dashed 
line in Figure 3.20a and b. With the damping coefficients calibrated from experiments, 
the spatial attenuation of simulated AE signal turns out to be comparable to experimental 
results. 

 

(a) 

 
(b) 

Figure 3.21 Simulated AE signals received at virtual sensor S1 with calibrated Raleigh damping 
coefficients: (a) original signals and (b) filtered signals (50 kHz and 400 kHz central frequency 

components are marked in red and black lines, respectively). 
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3.6 Discussion and recommendation  
3.6.1 Numerical representation of acoustic emission signals: 

displacement, velocity or acceleration? 

There is no consensus in literature on how to represent an AE signal in numerical model-
ling.  Nodal displacement (Prosser et al. 1999), velocity (Lisjak et al. 2013a) and accel-
eration (Iturrioz, Lacidogna, and Carpinteri 2014) were all used to numerically represent 
an AE signal in literature. Figure 3.19 shows the displacements, velocities and accelera-
tions of virtual AE sensor S1 in simulation case 5 adopting a 1-mm grid size d (see Figure 
3 10). It can be observed that the nodal acceleration of the same signal contains more 
high-frequency components than the nodal velocity response, and the displacement re-
sponse has the least.  

A similar phenomenon was observed in literature that high-frequency vibration signals 
cannot be obtained when using displacement or velocity to represent a fracture-induced 
AE signal (Minozzi et al. 2003; Iturrioz, Lacidogna, and Carpinteri 2014). Different ex-
planations were proposed for this phenomenon, e.g., attributing to the low fracture veloc-
ity of the adopted model (Lisjak et al. 2013a) or the large numerical damping values used 
in the simulation (Minozzi et al. 2003). A more reasonable explanation is given in the 
following. Consider a dynamic displacement (ݐ)ݑ defined as a simple sine function of 
time ݐ: 

   sinu t A t    (3.33a) 

where ܣ, ߱ and ߮ are the amplitude, angular frequency and initial phase angle. The ve-
locity ̇(ݐ)ݑ and acceleration ̈(ݐ)ݑ are expressed as: 

  sin
2

u t A t       
 

  (3.33b) 

   2 sinu t A t       (3.33c) 

As can be seen in Equation (3.33), when the frequency of the signal increases, the ampli-
tudes of the velocity and acceleration are proportional to ߱ and ߱ଶ times of those of the 
displacement, respectively. In an AE signal with multiple frequency components, it 
means that an acceleration signal is more sensitive to the higher frequency components 
than a displacement signal.  

Moreover, AE sensors, whether wideband- or resonant-type, are made from piezoelectric 
ceramic or crystal which charges electrically in response to applied mechanical force 
(stress) (Matthews 1983). The electrical signals measured by an AE sensor are directly 
transformed from the dynamic forces (stress waves) of structure surface where the sensor 
is attached through piezoelectric effect. The dynamic forces measured by AE sensors are 
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mainly contributed by the acceleration-related inertia force, due to the much higher mag-
nitude of acceleration than those of displacement and velocity for high-frequency vibra-
tions. Accordingly, we suggest using accelerations to represent AE signals in lattice mod-
els. However, it should be mentioned that this is a simplified representation method, as 
both velocity and acceleration of particles contribute to the measured signals (e.g., wide-
band and resonant-type sensors measure mainly the acceleration and velocity, respec-
tively (Grosse et al. 2021)). A more rigorous method in future studies is to explicitly 
model the transition process from particle motions to electric signals through implement-
ing the piezoelectric equations.  

 
(a) 

 

(b) 

 
(c) 

Figure 3.22 Different representation choices for AE signals: (a) displacements, (b) velocities and 
(c) accelerations of virtual AE sensor S1 of simulation Case 5. 
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3.6.2 Limitations of current study and recommendations for future 

study 

The model developed in this study is based on a 2D truss-based square lattice network. 
This lattice network has inherent Poisson’s ratios varying from 0.26 to 0.42 depending on 
loading directions, resulting in unequal velocities of elastic waves in different propagation 
directions (Figure 3.9). Many alternative lattice configurations have been proposed to ad-
dress the constraints associated with Poisson’s ratio, by using additional shear springs 
(Griffiths and Mustoe 2001; Cusatis, Bažant, and Cedolin 2003), beam elements 
(Karihaloo, Shao, and Xiao 2003; Lilliu and van Mier 2003), spring birth (Parisi and Cal-
darelli 2000), Kirkwood–Keating springs (Monette and Anderson 1994; Ostoja-
Starzewski, Sheng, and Alzebdeh 1996) and the artificial force concepts (Baudet et al. 
2007). As shown by Gerstle (Gerstle 2015), it is feasible to achieve various Poisson’s 
ratios using a hexagonal mesh. An example of wave propagation simulation using a hex-
agonal lattice mesh can be found in (Suiker, Metrikine, and de Borst 2001a). In a future 
study, these advanced lattice networks can be adopted to better simulate the propagation 
of fracture-induced AE waves in the fracture process of concrete.  

Additionally, this study adopts a 2D version of lattice model that cannot well simulate the 
wave propagation in real 3D concrete structures. In a future study, the proposed modelling 
framework can be adapted into a 3D lattice model (such as that developed in the work of 
Kosteski (Kosteski et al. 2011)) to better simulate the 3D wave propagation induced by 
concrete fracture process.   

3.7 Summary  
Developing deterministic models for quantitative AE source characterization relies upon 
accurately modelling the whole AE process, including the fracture sources and the in-
duced elastic waves. Nevertheless, there is currently no available method that can simu-
late the complete transient waveforms of fracture-induced AE signals including their 
propagation. This chapter proposes a lattice modelling framework to fill this research gap 
with a focus on simulating the wave propagation and attenuation. The proposed approach 
includes the following new features:  

 A proportional-integral-derivative (PID) control algorithm to control the dynamic 
noises other than fracture-induced response (i.e., fracture-induced AE signals) in an 
explicit time integration procedure. 

 A Rayleigh damping-based theoretical method which has been experimentally vali-
dated to model the attenuation of AE signals. 

Using the developed approach, we systematically investigate the feasibility and limitation 



3.7 Summary 

86 

of lattice models for simulating propagation of AE included elastic waves. The principal 
findings are synthesized as follows:  

 Feasibility of the lattice model for simulating elastic wave propagation is examined. 
The simulated pressure and shear wave velocities agree well with theoretical results. 
The geometric spreading loss of point-source wave can be accurately captured by the 
lattice model. Limitation of the adopted lattice model is that the simulated wave ve-
locities are unequal in different propagation directions due to the variation of Pois-
son’s ratio in the adopted two-dimensional squared lattice network. 

 Effect of the implemented proportional-integral-derivative (PID) control algorithm 
has been demonstrated. Without the PID control, non-vanishing noise signals of high 
amplitudes persistently exist even in the absence of a lattice element fracturing. The 
PID control algorithm effectively reduces the noise signals due to external loading 
bias in nodal accelerations.  

 A relationship is established between the lattice grid size and the frequency resolution 
of simulated AE signals: an appropriate lattice grid size should be no more than one 
eighth of the minimum targeted pressure wavelength to avoid signal aliasing.  

 A theoretical method and corresponding experimental calibration procedure are pro-
posed to determine the Rayleigh damping coefficients for modelling the attenuation 
of AE signals due to material damping. The proposed method has been demonstrated 
by an experiment; a comparison between the numerical and experimental results 
shows that the proposed method is able to capture the spatial and temporal attenua-
tion of AE waveforms. The proposed method has the potential to be used in other 
numerical methods besides lattice modelling (e.g., finite element methods) for mod-
elling the attenuation of AE signals generated by various sources besides fracture 
(e.g., stick-sliding friction along crack surfaces) in different materials besides con-
crete (e.g., rocks, composites or metals). 

The proposed lattice modelling framework will be used in the rest of this thesis to model 
the complete AE waveforms in concrete progressive tensile fracturing process (Chapter 
4) and to reveal the source mechanisms of AE induced by concrete tensile fracture (Chap-
ters 6,7 and 8).  
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4. Lattice modelling of complete acoustic emission waveforms in the 
concrete tensile fracturing process 

4.1 Introduction 
In the previous chapter, we have proposed a framework to simulate the acoustic emission 
(AE) wave propagation with attenuation through a dynamic lattice modelling approach. 
However, as illustrated in Section 2.2, the monitored AE signals in experiments are also 
affected by the response of AE sensors. It is necessary to further explicitly model the 
sensor response to physically interpret experimental AE measurements. Therefore, this 
chapter develops modelling methods to further include the effect of sensor response in 
the proposed lattice modelling framework, leading to a completed numerical modelling 
framework for the whole process of tensile fracture-induced AE phenomena, including 
the tensile cracking-related AE sources, induced elastic wave propagation and sensor re-
sponse.  

The enhanced lattice modelling approach is then applied to simulate the full waveforms 
of AE signals measured during a tensile cracking process in concrete. Using a three-point 
bending test of an unreinforced concrete beam as a benchmark, this chapter further aims 
to validate the effectiveness of the proposed modelling framework for AE waveform sim-
ulation through comparing the simulated AE waveforms against experimental measure-
ments.  

This chapter is organized as follows. Section 4.2 introduces the proposed methods for 
explicitly modelling the AE sensor response. Section 4.3 details the experimental setup 
of the three-point bending test used for model validation. Section 4.4 describes the nu-
merical model configuration, including the setup and input parameters for simulating the 
bending test, as well as the postprocessing techniques employed to extract AE hits. Sec-
tion 4.5 presents a comparison between numerical and experimental results in terms of 
mechanical behaviour, AE hit distribution during loading, representative AE waveforms, 
statistical patterns, and spatial variation of AE parameters. Section 4.6 discusses the ob-
served discrepancies in certain AE parameters between numerical and experimental re-
sults, outlines limitations of the current model, and suggests possible improvements for 
more accurate simulation of tensile fracture-induced AE waveforms. 
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4.2 Modelling methods for sensor response 
As reviewed in Chapter 2, the AE sources-induced elastic waves travelling within struc-
tures are transformed into electric AE signals through AE sensors. To interpret the AE 
signals measured in experiments, this section proposes methods to explicitly model the 
sensor response. The effects of sensor response include the sensor geometry and sensor 
frequency-response sensitivity, which both affect the monitored AE signals. In the fol-
lowing, we introduce modelling techniques for considering these two aspects. 

4.2.1 Modelling of sensor geometry  

A typical AE sensor is illustrated in Figure 4.1a. The output of AE sensors comes from 
the average disturbance over the entire sensor surface, which is called “aperture” effect 
(Grosse et al. 2021) (see Appendix C for more detail). Therefore, the basic idea of explic-
itly modelling the effect of sensor geometry is to calculate the average amplitudes over 
the sensor covering surface in time domain.  

As shown in Figure 4.1b, a monitored AE signal is the out-of-plane response (y direction 
in Figure 4.1a) of a 2D covering area of an AE sensor (x-z plane in Figure 4.1b), which 
cannot be strictly modelled in the proposed 2D lattice model. Alternatively, we use a 1D 
line in lattice model (x direction in Figure 4.1b) to represent the 2D sensor area (x-z plane 
in Figure 4.1b). The average y-direction response of the nodes in the x-direction 1D line 
is then used to numerically represent AE signals.  

Moreover, as shown in Figure 4.1c, the nodes included in the 1D line have varied sizes 
of represented 2D areas (gray area in Figure 4.1c) due to the circular shape of sensor 
surface. Therefore, to account for the 2D circular geometry of AE sensor bottom surface, 
an area-based weight function is further assigned to each selected bottom node distributed 
in a 1D line. Specifically, the weighted average accelerations in y-direction of each se-
lected bottom node group, denoted as ̅ܣ, are used as a numerical representation of AE 
signals and calculated as follows: 
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where ݊ is the number of selected nodes included in each virtual sensor. ݍ௜ and ܣ௜ are the 
weight and y-direction accelerations of node ݅, respectively. ݏ௜ is the representing area of 
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node ݅ in the circular sensor surface. ܵ and ܦ are the area and diameter of sensor bottom 
surface. ݀ is the distance between two neighboring nodes (namely lattice grid size). ݔ௜ is 
the distance from node ݅ to the center of sensor surface. 

 

 

  
(a) (b) (c) 

Figure 4.1 Illustration for modelling of sensor geometry: (a) a typical AE sensor with diameter of 
D, (b) selection of nodes to represent a sensor surface and (c) parameters to calculate numeri-

cal AE signals. 

4.2.2 Modelling of sensor frequency-response sensitivity 

In the experiments, the original elastic waves induced by concrete fracture are further 
transmitted into electrical signals by AE sensors through piezoelectric effect (Manbachi 
and Cobbold 2011). In the transformation process, the information of original elastic 
waves is partially lost and thus altering the waveforms, due to the frequency-response 
sensitivity of AE sensors, herein called “sensor effect” (Hamam et al. 2021; Hamam et al. 
2019).  

To more accurately model the waveforms of monitored AE signals, the “sensor effect” 
should be considered in the lattice modelling. In the following, we use a typical AE sensor 
type, R15α AE sensors (MISTRAS 2011b), to exemplify the modelling procedure of the 
“sensor effect”. 

Figure 4.2a shows the frequency-response sensitivity spectrum of the R15α AE sensors, 
where the red and blue curves are the frequency-response sensitivity of R15α sensor in 
response to pressure (acceleration)- and velocity-type of surface motions, respectively 
(McLaskey and Glaser 2012). As we consider nodal acceleration as numerical represen-
tation of AE signals (see also Section 3.6.1), the red frequency-response sensitivity curve 
in Figure 4.2a is considered herein.  

We then transform the frequency-response sensitivity spectrum into a normalized sensi-
tivity function ܫ௦௘௡௦௢௥(߱), as shown in Figure 4.2b. The maximum function value 1 (max-
imum sensitivity) of ܫ௦௘௡௦௢௥(߱) is achieved at the central frequency of the R15α sensors 
and the function values are reduced for other frequency components. 
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To accounting for the “sensor effect”, the numerical AE waveforms considering only the 
normalized sensor geometry ̅ܣ(߱) calculated by Equation (4.1) are further convoluted 
with the normalized sensor sensitivity function ܫ௦௘௡௦௢௥(߱) in frequency domain as:   

     sensor sensorA A I     (4.2) 

where ܣ௦௘௡௦௢௥(߱) denotes the amplitude of numerical AE waveforms with complete 
“sensor effect”, namely considering both sensor geometry and sensor frequency-response 
sensitivity.  

 
(a) 

 
(b) 

Figure 4.2  An example for obtaining S(ω): (a) frequency-response sensitivity of used R15α AE 
(adapted from (MISTRAS 2011b) ) and (b) normalized sensor sensitivity function I(ω). 
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4.3 Experimental benchmark   
The enhanced lattice model is benchmarked by a three-point bending test. The experi-
mental setup is described in this section. 

A three-point bending test is conducted on the same notched beam specimen that has been 
used for wave attenuation tests in Section 3.5.2, with dimensions of 55015040 (length 
width thickness) mmଷ and a notch of 5-mm width and 30-mm depth at mid-length 
(see Figure 3.18). The small thickness value of 40 mm is designed to minimize the dif-
ference of wave propagation in thickness direction between the physical and correspond-
ing numerical specimens, as the lattice model is currently restricted to 2D simulation. 
Only waves with wavelength longer than 40 mm are considered in the measurement.  

Material properties and concrete mixture design of the considered beam specimen are 
listed in Table 3.1 and Table 3.4, respectively. Tests and calculation of listed material 
properties have been detailed in Section 3.5.2. 

The setup of three-point bending test is shown in Figure 4.3. Two linear variable differ-
ential transducers (LVDT) are installed across the notch on front and back surfaces 
(marked as LVDT1 and LVDT2 in Figure 4.3) to measure the crack mouth opening dis-
placements (CMOD). The test is conducted under CMOD control at a prescribed CMOD 
rate of 1 × 10ି଺ m/s using the average measurements from LVDT1 and LVDT2 as feed-
back. The mid-span deflection of the beam specimen is measured by another LVDT, 
marked as LVDT3 in Figure 4.3.  

The AE sensor layout is shown in Figure 4.3b. A total of seven sensors are used to record 
the AE signals in the whole three-point bending test, including three R15a AE sensors 
(MISTRAS 2011b) (marked as S1-S3 in Figure 4.3b) and four R15a AE sensors on the 
specimen front side (marked as S4-S7 in Figure 4.3b). All sensors are glued by hot melted 
adhesive due to lacking additional space for installing sensor holders.  

The acquisition of AE signals is performed using a 32-channel Micro-II Express Digital 
AE system (MISTRAS 2023). Pencil-leak break (PLB) tests are conducted for each sen-
sor before the main tests to assure sensor sensitivity and the proper settings of AE moni-
toring system. The threshold and sampling rate for AE acquisition are initialized as 45 
dB and 5 MHz, respectively. The peak definition time (PDT), hit definition time (HDT) 
and hit lockout time (HLT) are set as 300, 600 and 1000 μs, respectively (PAC 2005). 
The waveforms corresponding to each AE hit are saved by the acquisition system for 
further analysis, with a 256 μs pre-trigger time and a 1.6 ms waveform recording length. 
The definition of AE parameters mentioned in this dissertation is given in Appendix A. 
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(a) 

 
(b) 

Figure 4.3 Three-point bending test: (a) experimental setup; (b) schematic view of sensor loca-
tions (unit: mm). 

The digital image correlation (DIC) technique is applied in the three-point bending test to 
record images of specimen surface in the loading process, which are further processed to 
obtain surface cracking patterns. The area painted with speckles on the front surface of 
the notched beam, marked by dash lines in Figure 4.3, is selected as the DIC measuring 
zone. The DIC setup is shown in Figure 4.4, which is consisted of a flash and a 51 
Megapixel camera with 8688 × 5792 pixels to record images with a resolution of 0.125 
mm/pixel. The DIC sampling rate is selected as 1 Hz (1 image per second) to capture 
crack kinematics. The principle of DIC technique is to obtain the displacement filed 
through the correlation between images recorded at different loading time. The 
displacements are further processed to calculate the strain fields. The calculation process 
of strain fields from images measured by DIC technique can be found in the work of Pan 
(Pan 2011).  
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Figure 4.4 DIC measuring setup. 

4.4 Description of adopted numerical model  
This section describes the setup and input parameters of built numerical model, and the 
output setting and postprocessing methods for numerical AE signals. 

4.4.1 Model overview 

The geometry and boundary conditions of built numerical models are shown in Figure 
4.5. The grid size ݀ is selected as 1 mm to achieve a frequency resolution up to 512.5 
kHz, which is wider than the 50-400 kHz operating frequency range of experimentally 
used R15a AE sensors. This estimation is based on Equation (3.27) for the relationship 
between lattice grid size d and maximum targeted AE signal frequency m݂ax_௧௔௥௚௘௧௘ௗ. 5 

The material properties listed in Table 3.1 are adopted as inputs for the numerical model. 
The tensile softening parameters ܽଵ, ܽଶ and ܽଷ are calibrated as 5.5, 120 and 620, respec-
tively, for 1 mm orthogonal lattice elements following the calibration procedure described 
in Figure 3.3 (see also the work of Aydin et al. (2018)). The softening parameters of √2 
mm diagonal elements are regularized by dividing √2 according to Figure 3.2a, to assure 
a same fracture energy of orthogonal and diagonal elements (see Section 3.2.1 for more 
details about fracture energy regularization in adopted lattice model).  

The Rayleigh damping coefficients are calibrated as: 2)ߙπ × 50kHz, 2π × 400kHz) =
4574.1 rad/s and 2)ߚπ × 50kHz, 2π × 400kHz) =  2.28 × 10ିଽ s/rad, to cover the 
50-400 kHz operating frequency range of experimentally used R15a AE sensors. The cal-
culation method and experimental calibration procedure of adopted Rayleigh damping 
coefficients are detailed in Section 3.2.3 and Section 3.5.2, respectively. 

The left and right supports are pinned (ݑ௫ = ௬ݑ = 0) and hinged (ݑ௬ = 0) boundary con-
ditions, respectively. The CMOD loading condition in the experiment is reproduced in 
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the simulation by implementing the PID control algorithm (see Section 3.2.2 for details 
about implemented PID control). Two nodes (marked red in Figure 4.5) with same coor-
dinates of the centers of two installation holders of LVDT1(2) in the experiment (Figure 
4.3) are selected as controlling nodes. The rate of horizontal (x-direction) displacement 
difference between two controlling nodes, namely CMOD rate, is used as PID control 
variable. The load is applied according to the selected PID control variable which is pre-
scribed as the same value used in experiment, namely the CMOD rate of 1 × 10ି଺ m/s. 
The PID constants are selected as the same values used in experiment: ℎ௣ = 0.01, ℎ௜ =
0.01 and ℎௗ = 0.05. The time step is selected as 2 × 10ି଻ s in the explicit integration 
procedure to be consistent with the 5 MHz sampling rate used in experiments.  

 
Figure 4.5 Overview of numerical model (unit: mm). 

4.4.2 Postprocessing of simulated AE signals  

Herein, we explicitly model the waveforms of sensors S1-S3 for experimental validation, 
while the results of the remaining sensors S4-S7 will be used for AE event localization.  

For sensors S1-S3, the y-direction accelerations of bottom nodes located in the covering 
area of experimentally used AE sensors (see Figure 4.5) are used to represent numerical 
AE signals, as AE signals received in experiments are the stress waves perpendicular to 
sensor surfaces (see Section 3.6.1 for details about numerical representation of AE sig-
nals).  

For sensors S4-S7, the x-direction (horizontal) accelerations of nodes located in the cov-
ering surfaces of AE sensors are considered as numerical AE signals. The reason to select 
x-direction nodal motions as numerical AE representation herein is that there is no out-
of-plane direction (the direction perpendicular to sensor surface) response in 2D simula-
tion, and the x-direction deformation is dominant compared to that of y direction (vertical) 
in the three-point bending test. 

The simulated AE signals represented by nodal accelerations are continuous waveform 
flows in time domain. A numerical waveform flow in terms of y-direction accelerations 
of a single node located in the center of AE sensor S1 is shown in Figure 4.6, where each 
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sudden jump in accelerations (vertical lines) is an AE hit induced by the breakage of 
lattice elements. A typical numerical AE waveform (the last AE hit in the loading process) 
is shown in the zoomed-in subfigure of Figure 4.6.  

 
Figure 4.6 Simulated AE signals (represented by y-direction nodal accelerations) received by a 

single node located in the centre of AE sensor S1. 

In the following, we describe the output setting for modelling the geometry and sensitivity 
response of AE sensors and introduce methods for extracting AE hits. 

4.4.2.1 Sensor response 

The sensor response, including sensor geometry and frequency-response sensitivity, is 
explicitly modelled following the procedure detailed in Section 4.2.  

The parameters for modeling sensor geometry are specified here. The dimensions of ex-
perimentally used R15α AE sensor are 19 mm  22.4 mm (diameter height) (MISTRAS 
2011b), namely D =19 mm in Equation (4.1). Accordingly, a total of 20 bottom nodes are 
included in the covering surface of each virtual AE sensor (Figure 4.5b) in the adopted 1-
mm lattice grid level, namely n =20 in Equation (4.1). Throughout the main text of this 
chapter, we only consider the geometry of used R15α AE sensor to compare with the 
experimental benchmark. A detailed parametric analysis on more sensor geometry cases 
and corresponding physical interpretation is given in Appendix C.  

An example of the numerical AE waveforms (corresponding to the last AE hit in the 
loading process in Figure 4.6) recorded by sensor S1 is given in Figure 4.7, in terms of 
the accelerations of a single node in sensor centre (Figure 4.7a), the weighted average 
accelerations of multiple nodes calculated by Equation (4.1) considering only sensor ge-
ometry (Figure 4.7b) and those calculated by Equation (4.2) with complete “sensor effect” 
(Figure 4.7c).  

It can be observed that the time- and frequency-domain characteristics of the numerical 
waveform are both altered by the geometry and frequency-response sensitivity of AE 
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sensors. The sensor geometry reduces time-domain amplitudes and filters high-frequency 
contents of the numerical waveform. Such influence of sensor geometry on time- and 
frequency domain responses are both physically explained in Appendix C (see Figure 
C.2). The frequency-response sensitivity of sensors alters the wide-band frequency re-
sponse into a narrowed-band one due to the inherent characteristics of used resonant-type 
sensors (the R15α AE sensors). 

  
(a) (b) 

 
(c) 

Figure 4.7 Typical simulated AE signals: (a) a raw AE signal recorded by a single node; (b) a 
postprocessed AE signal considering sensor geometry (b) a postprocessed AE signal with com-

plete “sensor effect”. 

4.4.2.2 AE hit extraction 

To isolate hit-based discrete numerical AE waveforms and calculate corresponding nu-
merical AE characteristic parameters, the AE waveform extraction process conducted in 
the AE acquisition system in experiment is applied on the simulated waveform flows (see 
Figure 4.4). Numerical AE hits are identified in a simulated waveform flow through de-
fining four hit definition parameters, namely threshold, PDT, HDT and HLT (PAC 2005). 
The numerical hit definition parameters PDT, HDT and HLT are selected as the same 
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values used in experiments, i.e., 300, 600 and 1000 μs, respectively. See Appendix B for 
the definition of the AE parameters mentioned. 

For the values of numerical threshold, a trial value of 0.15 m/sଶ, which is chosen as twice 
the peak amplitude of numerical noises (i.e., the maximum value of accelerations in the 
absence of lattice element breakage in lattice simulations), is first applied to the continu-
ous numerical waveform flows to isolate AE hits. The average values of peak amplitudes 
of isolated numerical AE hits recorded by virtual sensor S1 are calculated as: 753.5  
m/sଶ, 626.4 m/sଶ and 431.2 m/sଶ, respectively, for the numerical AE signals repre-
sented by a single node located in sensor center, the numerical AE hits considering only 
sensor geometry (obtained by Equation (4.1)) and the numerical AE hits with completed 
“sensor effect” (obtained by Equation (4.2)). The numerical threshold values are then 
evaluated by equalizing numerical and experimental ratios between threshold and average 
peak amplitude. Specifically, the experimental threshold and average peak amplitudes of 
experimental AE hits received by AE sensor S1 are 45 dB and 58.4 dB, respectively. The 
numerical threshold values are then calculated as: 753.5 m/sଶ/(58.4 − 45)dB = 161.0 m/
sଶ , 626.4 m/sଶ/(58.4 − 45)dB = 133.8 m/sଶ  and 431.2 m/sଶ/(58.4 − 45)dB = 92.1 m/sଶ , 
respectively, for the three different numerical representation choices.  

After identifying the numerical AE hits, numerical AE waveforms are isolated from the 
numerical waveform flows by adopting the same values of waveform recording parame-
ters used in experiments, namely 256 μs and 1.6 ms, respectively, for pre-trigger time 
and waveform recording length. Numerical AE characteristic parameters are then calcu-
lated based on the isolated waveforms. See Appendix A for the definition of the AE pa-
rameters mentioned. 

4.5 Model validation  
This section compares the numerical and experimental results in various aspects, includ-
ing mechanical behaviour, AE hits, typical AE waveforms, statistical distributions and 
spatial variation of typical AE parameters. 

4.5.1 Mechanical behaviour 

Figure 4.8 presents load-deflection curves of the three-point bending test obtained from 
both the experiment and the simulation. It can be observed that the numerical curve ob-
tained by the lattice modelling is close to the experimental one.  

The zoom-in subfigure with a gray dashed border in Figure 4.8 shows the detailed me-
chanical behavior around peak force, where many small fluctuations can be observed in 
the numerical load-deflection curve, called local snap-back instability (Carpinteri and 
Accornero 2018) or local stress drop (Madariaga 1977). This observation is in line with 
the experimental observation from Carpinteri and co-authors (Carpinteri et al. 2016). 
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Such local fluctuations are not obvious in the experimental load-deflection curve in Fig-
ure 4.8, which may be attributed to the much smaller sampling rate of 10 Hz used to 
record loading data in our experiment (the sampling rate used in the lattice simulation is 
5 MHz). The relationship between AE phenomena and such local instabilities will be 
discussed in detail in chapter 6.  

 
Figure 4.8 Comparison between experimental and numerical load-deflection curves. 

The crack trajectory in the experiment and the simulation is shown in Figure 4.9. The 
numerical results are presented in terms of the x-direction strain filed (Figure 4.9a) and 
the distribution of broken elements (Figure 4.9b) in the loading stage corresponding to 
0.4 mm mid-span deflection in Figure 4.8.  

In Figure 4.9b, we use scatter diagram to represent the distribution of broken elements, 
with each dot representing the centre of a broken element, in order to make the broken 
element distribution pattern more visible and to compare with following AE event local-
ization results. Moreover, the broken element configuration shown in Figure 4.9b are the 
accumulated results; an element is marked as broken once its strain exceeding ߝ௖௥ in cer-
tain loading stage even if it is unloaded in later loading stages. This is because that the 
strains of already broken elements are likely to be reduced to linear range due to locally 
unloading processes, since the adopted constitutive force-strain law follows an unloading 
path back to zero strain (see Figure 3.2a) and cannot consider the residual strains in un-
loading process. 

It can be observed that the numerical and experimental results both show a curved crack 
trajectory. Such cracking trajectory is often attributed to the heterogeneity of concrete 
material (Ghosh, Dhang, and Deb 2020), i.e., cracks mainly developing along the mortar 
paste between randomly distributed aggregates in experiment. Nevertheless, the curved 
crack trajectory is observed in the lattice modelling without considering the concrete het-
erogeneity (differentiation between mortar paste and aggregates) in mesh generation.   
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(a) 

    

(b)  (c) 

Figure 4.9 Comparison in cracking patterns: (a) final numerical cracking configuration in terms of 
strain field; (b) final numerical cracking configuration in terms of broken element distribution; (c) 

final experimental cracking configuration. 

To understand the curved crack trajectory in lattice modelling, Figure 4.10 presents the 
evolution of numerical cracking patterns at different stages compared to the experimental 
results. The cracking patterns are represented in terms of x-direction strain fields at four 
different loading stages, including 50% pre-peak load, peak load, 50% post-peak load and 
10% post-peak load. The experimental strain fields shown are obtained based on DIC 
measurements described in Section 4.3 using the GOM Correlation software (GOM 2016). 

From a general point of view, the numerical and experimental results show different 
widths of cracking bands. The wider cracking bands in experiment are due to the 
restriction from the resolution of recorded images and the size of patterns painted on the 
specimen surface (see Figure 4.3a). The influence of DIC resolution on widths of 
calculated cracking bands is detailed in the work of Carroll (Carroll et al. 2013). However, 
it can be observed that fracture morphology and strain values are similar for experimental 
and numerical results in all presented loading stages.  
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In early loading stages, as shown in the sub-figures in last two rows of Figure 4.10, the 
cracks initiate at the corners of the notch due to stress concentration. It should be noted 
that only one crack initiate at left corner of the notch in the experiment following a curved 
cracking path, while two symmetric vertical cracks are observed in both corners of the 
notch in numerical results. This can be attributed to the imperfect loading condition and 
concrete heterogeneous material properties in the experiment, leading to the curved 
cracking shape and asymmetrical cracking distribution. 

In later loading stages, as shown in the sub-figures in last two rows of Figure 4.10, the 
straight numerical cracking path turns into curved shapes. This can be attributed to the 
large displacements occurring in later loading stages. Specifically, large displacements 
are accounted for naturally in the proposed lattice model by adopting a Lagrangian-type 
solver proposed by Chung & Lee (Chung and Lee 1994) for solving motion equations 
(see Section 3.2.1). The iterative operation is carried out by means of coordinate updating, 
i.e., the deformed coordinates of the mesh after each iteration are used as the new starting 
coordinates, to simulate the actual deformation more realistically. Moreover, to account 
for the effect of stress states on local cracking behaviour, we set a same value of elastic 
rigidity ܵܧ∗ and thus slightly different values of elastic stiffness ܵܧ∗/݈ for orthogonal 
and diagonal elements with different sizes ݈ (see Section 3.2.1). In this way, when large 
displacements occurring in certain stress states in the loading process, strains are localized 
in the weaker diagonal elements and then the cracking propagation direction is deviated, 
although without considering the concrete heterogeneity (differentiation between mortar 
paste and aggregates) in mesh generation. 

It also be noted that the numerical cracks on right side of the notch appearing in early 
loading stages disappear in later loading stages. This is due to locally unloading process. 
Specifically, during late loading stages, the strains are localized at the left side of the 
notch in numerical results due to different support conditions applied at two sides: the 
pinned support (ݑ௫ = ௬ݑ = 0) on left side has less degrees of freedom than the hinged 
support (ݑ௬ = 0) on right side (see Figure 4.5). The right support that is unconstrained in 
x direction allows the right half of the specimen to deform freely in same direction.  
Therefore, the already cracked elements on the right side of the notch are then locally 
unloaded in later loading stages when large deformation occurring, since the adopted 
constitutive force-strain law cannot consider the residual strains in unloading process (see 
Figure 3.2a).  
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(a.1) (a.2) (a.3) (a.4) 
(a) 

    
(b.1) (b.2) (b.3) (b.4) 

(b) 

Figure. 4.10 The evolution x-direction strain fields at different loading stages: (a) numerical re-
sults and (b) experimental results, with (a.1) (b.1) at 50% pre-peak load, (a.2) (b.2) at peak load, 

(a.3) (b.3) at 50% post-peak load, (a.4) (b.4) at 10% post-peak load. 

4.5.2 AE events 

This sub-section compares the numerical and experimental results of AE hits and events. 
The numerical AE hits for different AE sensors are extracted from the simulation by fol-
lowing the procedure discussed in Section 4.2.2.2.  

Figure 4.11 and Figure 4.12 present numerical and experimental distributions of AE hit 
rates and accumulated AE hit numbers, respectively, in the loading process. The analyses 
are based on the AE signals received by sensor S1 which has a closest distance to the 
crack (see Figure 4.5). Herein, AE hit rate is defined as the number of AE hits per second. 
A good agreement is observed between the experimental and numerical results: high AE 
rates and thus rapid increasement in accumulated AE hit numbers mainly occur in the 
loading stage of 0.01~0.15 mm mid-span deflection, with the peak values of AE rate being 
distributed at around the peak load. The AE activities are then gradually suppressed in 
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later post-peak loading stage. Such evolution trends of AE hits will be physically ex-
plained in Chapter 8. 

The total number of experimental and numerical AE hits received by AE/virtual sensor 
S1 are 1617 and 833, respectively. The 2D lattice model produced a smaller number of 
numerical AE hits because the sizes of microcracks (AE sources) in the model is limited 
by the size of the lattice elements. It should be mentioned that it is possible to generate 
more numerical AE hits by using a smaller lattice grid size, due to the dependence of 
broken lattice element number on the lattice discretization level. The influence of lattice 
discretization level on AE sources and their evolution in fracturing process will be re-
ported in Chapter 7 and 8, respectively.  

  
(a) (b) 

Figure 4.11 AE rate received by AE/virtual sensor S1: (a) numerical results and (b) experimental 
results. 

 

  
(a) (b) 

Figure 4.12 Accumulated AE hits received by AE/virtual sensor S1: (a) numerical results and (b) 
experimental results. 

 



Chapter 4 Lattice modelling of complete acoustic emission waveforms in the concrete tensile 
fracturing process 

 103 

AE event localization is performed for both experimental and numerical results based on 
AE signals received by four AE sensors S4~S7 (see Figure 4.3). The arrival time of 
experimentally and numerically obtained AE signals are both determined using the 
Akaike information criterion (AIC) method (Liu et al. 2017). The obtained AE hits are 
then clustered into AE events according to their arrival time differences 139.0 μs 
( ௠௔௫ݐ∆ = ∆݀௠௔௫/ ௣ܸ  = 570 mm/4100 m/s = 139.0 μs , where ∆݀௠௔௫  is the maximum 
sensor spacing distance) are classified into a same AE event. Only the AE events that are 
received by at least three sensors among S4~S7 are kept for source localization (a 
minimum number of three signals received at different locations are required for 2D 
source localization). The grid search method (Kundu 2014) is then used to determine the 
locations of each AE event based on the arrival time received by sensors S4~S7.  

Figure 4.13 compares the numerical and experimental AE event localization results, 
where each dot represents the location of an AE event. The experimental and numerical 
results show a similar distribution pattern: larger numbers and a wider distribution width 
of AE events are observed along the lower height range of around 0.03~0.08 m, which is 
consistent with the distribution patterns of broken elements in Figure 4.9b.  

Nevertheless, the experimental results exhibit a more scattered distribution than 
numerical results. This may be partially explained by the concrete material heterogeneity 
and the presence of cracks in wave travel paths in the experiment, both leading to changes 
in wave velocity and thus larger localization errors (the material is considered as isotropic 
with a constant wave velocity in the adopted AE event localization algorithm). Moreover, 
the scattered AE event distribution in the experiment may be caused by a wider width of 
experimental fracture process zone, since the width of numerical fracture process zone 
(broken element distribution) is restricted by the lattice discretization level (this will be 
detailed in Chapter 8).   
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(a)  

 
(b) 

Figure 4.13 AE event localization results (unit: m): (a) numerical results and (d) experiment 
results.  

4.5.3 AE waveforms 

This sub-section compares typical AE waveforms and statistical distributions of AE pa-
rameters obtained in the experiment and lattice simulation, based on the results received 
by AE/virtual sensor S1. 

A selection of typical numerical and experimental AE waveforms obtained by sensor S1 
are shown in Figure 4.14. Three presented signals are randomly selected at around 50% 
pre-peak load, the peak load and 50% post-peak load (corresponding to blue circles A, B 
and C marked in Figure 4.8), respectively. In the main test, we only show final numerical 
waveform obtained by Equation (4.2) considering complete “sensor effect”. Correspond-
ing numerical waveforms in intermediate steps are given in Appendix D, including raw 
waveforms recorded by a single node located in sensor centre and those calculated by 
Equation (4.1) considering only the sensor geometry. 

In Figure 4.14, it can be observed that the numerical AE waveforms with complete “sen-
sor effect” show high similarity to experimental waveforms. In time domain, the signals 
show high amplitudes from 0 to around 0.2 ms and then are gradually attenuated in am-
plitudes. In frequency domain, the numerical and experimental waveforms both show a 
main frequency peak at around 150 kHz (marked red in Figure 4.14) and secondary peak 
at around 300 kHz (marked blue in Figure 4.14).  
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A comparison between Figure 4.14 and Figure D.1 (see Appendix D) reveals the role of 
sensor response in obtained signals. The time-domain characteristics of waveforms are 
mainly influenced by sensor geometry: the numerical AE signals recorded by a single 
node (sub-figures in first column of Figure D.1) have a shorter duration; after considering 
only the geometry of AE sensors, the numerical waveforms (sub-figures second column 
of Figure D.1) are already like experimental ones in time domain.  

The frequency-domain characteristics of waveforms are largely influenced by both sensor 
geometry and sensor frequency-response sensitivity: the sensor geometry filters high-fre-
quency wave components, while sensor frequency-response sensitivity narrows the re-
sponse to a band around the 150-kHz central frequency of used R15α sensors. The sec-
ondary peak at around 300 kHz in numerical AE waveforms is also due to sensor fre-
quency-response sensitivity; as shown in Figure 4.2, there is a secondary peak at 300 kHz 
in the frequency-response sensitivity curve of used R15α sensors.  

  
（a） 

  
(b) 
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(c) 

Figure 4.14 Typical experimental and numerical AE waveforms received by AE/virtual sensor S1 
at (a) 50% pre-peak load; (b) peak load; (c) 50% post-peak load. 

It is meaningless to conduct a point-to-point comparison between numerical and experi-
mental signals, because even the experimental AE signals show large discrepancy in 
waveforms from each other, as shown in three sub-figures in second column of Figure 
4.12. A statistical comparison is then conducted between all numerical and experimental 
AE signals obtained in the whole loading process of the three-point bending test, in terms 
of typical AE characteristic parameters, to further validate the effectiveness of proposed 
model for AE waveform simulation. The definition of AE parameters used herein can be 
found in Appendix A. It should be mentioned that, throughout this chapter, the statistical 
analyses ignore the occurrence sequence of AE signals in the loading process. The evo-
lution of AE parameters during tensile cracking propagation processes will be analysed 
in Chapter 8.   

Figure 4.15 compares the statistical results of typical AE parameters calculated from ex-
perimental waveforms and the numerical AE waveforms with complete “sensor effect”. 
The distributions of numerical AE parameters are like those of experimental ones. As 
shown in Figure 4.15a and b, two time-domain parameters both show a wide distribution 
pattern, with the percentages of two parameters descend with the increase of parameter 
values. The duration and rise time values are mainly distributed in the ranges of 100~500 
and 0~50 μs, respectively, for both numerical and experimental results. Three frequency-
domain parameters all show a similar concentrated distribution pattern, as shown in Fig-
ure 4.15c-e. The distributions of average frequency, peak frequency and frequency cen-
troid are mainly concentrated at around 40-100 kHz, 150 kHz and 100-220 kHz, respec-
tively, for both numerical and experimental results. 

The distributions of AE parameters corresponding to numerical waveform without “sen-
sor effect” are given in Figure D.2 in Appendix D. It can be observed that two time-
domain parameters are mainly influenced by sensor geometry: the duration and rise time 
of raw numerical results represented by a single node (subfigure in first column of Figure 
D.2) are more narrowed in the ranges of smaller values, while those only considering 
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sensor geometry (subfigure in second column of Figure D.2) are similar to those with 
complete “sensor effect” (subfigure in first column of Figure 4.15). For three frequency 
characteristic parameters, larger difference can be observed between the numerical results 
using the three different representation methods. The statistical results of those repre-
sented by a single node show a much wider distribution along frequencies. The concen-
trated distribution pattern of frequency-domain parameters in experiments are due to the 
geometry and frequency response of sensors. 

However, it should be noted that there is an obvious difference in three frequency param-
eters between experimental and numerical results. About 20% experimental signals show 
low values of average frequency, peak frequency and frequency centroid in the ranges of 
0~40, 0~75 and 50~100 kHz (marked in red dash boxes in Figure 4.15c-e), respectively, 
while such low-frequency signals are not observed in the numerical simulation. A detailed 
discussion on possible reasons for this discrepancy is given in Section 4.6.1. 

   

（a） 

   
(b) 
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(d) 

  
(e) 

Figure 4.15 Statistical comparison between experimental and numerical AE parameters received 
by AE/virtual sensor S1: (a) duration; (b) rise time; (c) average frequency (d) peak frequency; (e) 

frequency centroid. 

4.5.4 Spatial variation of acoustic emission parameters 

This sub-section compares numerical and experimental results in terms of spatial varia-
tion of AE waveforms. To further evaluate the effectiveness of the developed lattice 
model in simulating the attenuation of AE signals propagating in concrete structures, a 
comparison is conducted between numerical and experimental AE signals received by 
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three AE/virtual sensors (S1, S2 and S3 in Figure 4.5) with various distances to fracturing 
sources.  

Figure 4.16 shows experimental signals and the numerical waveforms with complete 
“sensor effect” received by three AE sensors from a typical AE event randomly selected 
at around the peak load (corresponding to blue circle B marked in Figure 4.8).  

  
(a) 

  
(b) 

  
(c) 

Figure 4.16 Comparison between numerical and experimental waveforms of a typical AE event 
received at different sensor locations: (a) sensor S1; (b) sensor S2; (c) sensor S3. 
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With increasing the distance from sensor to cracking source, a decreasing trend is ob-
served in peak amplitudes in time domain and the amplitudes of high-frequency compo-
nents (200~500 kHz) in frequency domain for both numerical and experimental wave-
forms. Moreover, it should be noted that the waveforms of sensor S3 with longest distance 
to source show longer rise time than sensors S1 and S2. 

The numerical results in intermediate steps corresponding to those shown in Figure 4.16 
are given in Figure D.3 in appendix D, including original waveforms recorded by a single 
node located in sensor centre and the waveforms obtained by Equation (4.1) considering 
only the sensor geometry. The attenuation characteristics of numerical waveforms in three 
different representation ways are similar, all showing a decrease in time-domain peak 
amplitudes and in high-frequency wave components with the increase of wave travel dis-
tance.    

According to the above observations in the attenuation characteristics of typical wave-
forms, statistical analyses are conducted considering the changes in distributions of peak 
amplitudes, peak frequency and rise time of numerical and experimental AE waveforms 
received by sensors S1, S2 and S3.  

Figure 4.17 shows the statistical change in signal time-domain peak amplitudes received 
at different sensor locations, for experimental signals and the numerical waveforms with 
complete “sensor effect”. To compare numerical and experimental peak amplitudes in 
different units, the peak amplitude values are normalized. Specifically, the peak ampli-
tudes of sensors S2 and S3 are both normalized relative to those of S1 in dB as: 
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where ܣሚ௣,௞ and ܣ௣,௞ are the normalized and original peak amplitudes for an AE event 
received by sensor S୩ (݇ = 2, -ଵ the original peak amplitudes for an AE event reܣ .(3
ceived by sensor S1. 

Corresponding numerical results in intermediate steps are given in Figure D.4 in Appen-
dix D. It can be observed that the statistical distributions of numerical and experimental 
results are similar, and there is no large difference between the numerical results using 
three different representation methods. The drop in normalized peak amplitudes of wave-
forms received by sensor S2 and S3 are mainly distributed in the ranges of 0~6 and 3~12 
dB, respectively, for both the numerical and experimental AE signals.  

The major difference in time-domain amplitude attenuation between numerical and ex-
perimental waveforms is that some negative values of peak amplitude drop are observed 
in numerical results (those in red dash boxes in Figure 4.17). Such negative values of 
peak amplitude drop mean that their AE sources are closer to sensors S2 and S3 than 
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sensor S1, and thus corresponding signals received at S1 attenuate more due to a longer 
travel distance. The sources of such signals can be attributed to the friction between spec-
imens and left support in experiments (see Figure 4.5), which are closer to sensors S2 and 
S3. 

  
(a) 

  
(b) 

Figure 4.17 Statistical distribution of peak amplitudes of AE signals received at different sensor 
locations relative to sensor S1: (a) S2 and (b) S3. 

Figure 4.18 shows the statistical distributions of signal rise time at different sensor loca-
tions for experimental signals and the numerical waveforms with complete “sensor ef-
fect”. Corresponding numerical results in intermediate steps are given in Figure D.5 in 
appendix D. The experimental results and the numerical results in three different repre-
sentation ways show similar variation characteristics for the rise time: the proportion of 
signals with longer rise time increase with increasing the wave travel distance.  

Such relationship between AE rise time and wave travel distance is also observed in sev-
eral experimental works reported in literature (Dong et al. 2023; Zhang et al. 2022). This 
can be explained by the difference in wave velocities between different wave modes. 
Specifically, in an AE signals, shear and surface wave components have higher ampli-
tudes (energy) but slower wave velocities than pressure wave (see Figure 3.9 and 3.10). 
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The starting point of the rise time defined as first threshold crossing corresponds to pres-
sure wave components with earlier arrival time but lower amplitudes, while ending point 
of the rise time defined as arrival time of signal peak amplitude corresponds to shear 
and/or surface wave components with latter arrival time but higher amplitudes (see Ap-
pendix A for the definition of AE rise time). Therefore, a longer signal travel distance 
leads to a larger difference in arrival time between different wave modes and thus a longer 
signal rise time. 

  
(a) 

  
(b) 

  
(c) 

Figure 4.18 Statistical distribution of rise time of AE signals received at different sensor locations: 
(a) S1; (b) S2 and (b) S3. 
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Figure 4.19 shows the statistical results of peak frequency at different sensor locations 
for experimental signals and the numerical waveforms with complete “sensor effect”. The 
variation characteristics of numerical and experimental peak frequency are similar: the 
percentages of AE signals with peak frequency values concentrated at around 150-kHz 
sensor central frequency slightly increase with increasing the distance from sensor to 
sources, while the percentages of signals with higher peak frequency (those at around 300 
kHz marked by blue dash boxes in Figure 19a and b) are significantly reduced with in-
creasing the sensor-to-source distance. Herein, we do not distinguish the AE signals in 
different loading stages; the evolution of AE peak frequency values in the loading pro-
cesses will be reported in Chapter 8. 

The statistical results of the peak frequency values corresponding to numerical wave-
forms without complete “sensor effect” are given in Figure D.6 in appendix D. Compared 
to above little influence of “sensor effect” on the attenuation characteristics of time-do-
main peak amplitudes, the geometry and frequency response of sensor show large effect 
on the distributions of signal peak frequency. Specifically, the numerical AE signals rep-
resented by a single node at sensor center (subfigures in first column of Figure D.6) show 
a larger spread discrepancy from the experimental signals. After accounting for the sensor 
geometry, the peak frequencies of all three sensors are narrowed to the frequency range 
of 100~200 kHz (second-column subfigures in Figure D.6). Such effect of sensor geom-
etry one signals frequency characteristics is physically explained in Appendix C (see Fig-
ure C.2b).  

Nevertheless, numerical waveforms obtained with three different representation choices 
show similar attenuation characteristics of peak frequency: the proportions of signals with 
high- and low- peak frequency decrease and increase, respectively, with the increase in 
wave travel distance. 

Additionally, it should be mentioned that there is an obvious difference in peak frequency 
distribution between numerical and experimental AE signals for all the three sensor loca-
tions and for all the three numerical representation choices: the low-frequency signals 
with peak frequency at around 50 kHz (marked by red dash boxes in Figure 4.19) in ex-
perimental results do not exist in the simulations. Corresponding explanations are given 
in Section 4.6.1.  
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(c) 

Figure 4.19 Statistical distribution of peak frequency of signals received by different AE sensors: 
(a) S1; (b) S2; (c) S3 
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4.6 Discussion  
This chapter experimentally validates the effectiveness of the proposed lattice model for 
full-waveform simulation of tensile cracking induced AE signals. To the best knowledge 
of the authors, to date, the proposed method is the first model in literature that can explic-
itly simulate both the mechanical responses of concrete fracture processes, and the AE 
waveforms measured during the fracturing processes with one model and with relatively 
simple modelling and calibrating process.  

The proposed model has distinguished advantages among available AE modelling meth-
ods. It relies only on the concrete mechanical properties with clear physical meanings as 
model inputs; AE signals are automatically generated as a direct result of concrete frac-
turing process and do not require additional inputs for AE phenomenon itself. Compared 
to traditional continuum-based analytical models and numerical FEM, the proposed 
model does not need additional assumptions (external inputs) for the description of AE 
sources. With respect to other DEM, the proposed model can explicitly simulate the tran-
sient elastodynamic effects of elastic wave propagation and attenuation triggered by ele-
ment breakage, and thus the complete fracture-induced AE waveforms. 

To date, we have no clue about how AE signals are linked to the physical fracturing pro-
cesses inside concrete. As a most dominant AE source in quasi-brittle materials like con-
crete, the AE source of tensile cracking is often used to indicate the health conditions of 
concrete structures. The experimentally validated lattice model is promising to uncover 
AE sources mechanisms induced by concrete tensile fracturing (this will be addressed in 
Chapter 6 and 7). Additionally, the fracturing phenomena of crack nucleation, propaga-
tion and coalescence to form macroscopic fracture can be reflected in lattice modelling 
through element breakage and the accumulation of broken elements (Nikolić et al. 2018). 
Therefore, the developed model also has great potential to investigate the evolution of 
fracture sources and resultant change in AE parameters in different fracturing stages, thus 
towards developing reliable AE indicators for concrete structural damage states (this will 
be addressed in Chapter 8). 

The proposed model however has its limitations. In the following, we discuss the model 
limitations and possible improvements. 

4.6.1 Explanations for the difference in frequency characteristics 
between experimental and numerical AE signals  

The As can be seen in Figure 4.15c-e and Figure 4.19, there are differences in frequency 
characteristics between numerical and experimental AE waveforms. The experimental 
results include around 20% AE signals with frequency values, while such low-frequency 
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signals are not observed in the numerical simulation. Possible explanations for this dis-
crepancy are given in the following:  

① Fracturing scale. The numerical discretization level (grid size) in the lattice model has 
a clear physical meaning. As shown in Figure 3.1, different lattice grid size corresponds 
to different areas of represented continuum, and thus broken elements of different sizes 
represent different sizes of fractured areas. As will be discussed in Chapter 7, the fre-
quency characteristics of generated AE signals is related to corresponding fractured area. 
The numerical simulation case presented in this chapter adopts a fixed grid size of 1-mm 
and thus low-frequency signals from fractured area of larger sizes in the experiment may 
not be reproduced in the simulation case.  

② Friction. In plain concrete, AE signals are mainly from two sources, tensile cracking 
(Mode-I fracture) and stick-sliding friction along existing crack surfaces (Zhang et al. 
2022). AE signals from these two mechanisms show different waveform characteristics. 
It is well-known that the AE signals from tensile cracking are characterized by higher 
average frequency and shorter rise time. The AE signals from friction are characterized 
by lower average frequency and longer rise time (Ohno and Ohtsu 2010; Shiotani 2006; 
Shiotani, Ohtsu, and Ikeda 2001). This explanation is in line with the observation in the 
research of Zhang et al. (Zhang et al. 2022), in which it was proposed that the cracking-
induced AE signals have peak frequency values higher than 70 kHz, while friction in-
duced AE signals may have peak frequency lower than 70 kHz. As shown in Figure 4.9c, 
the surface cracks in the three-point bending test are not perfectly straight involving slid-
ing along the crack surfaces. The low-frequency signals observed in the experiments may 
be caused by the friction along crack surfaces, which cannot be considered in current 
lattice modelling framework. In addition, parts of the experimental low-frequency AE 
signals can be attributed to the noises from the friction between specimen and loading 
devices (i.e., loading and support plates).  

Such an observed discrepancy will be further explained in Section 8.4.1. 

4.6.2 Limitations of current research and recommendations for future 
study 

The limitations of current research and corresponding recommendations for future study 
are discussed in this section. 

4.6.2.1 Influence of existed cracks on wave propagation 

In the proposed lattice model, the implemented numerical Rayleigh damping can simulate 
the intrinsic wave attenuation of the undamaged concrete, while the attenuation and re-
flection of AE waveforms caused by cracks cannot be correctly simulated. Specifically, 
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to ensure the reduction of the mechanical properties, the stiffness of the cracked elements 
must be reduced in the lattice model. However, following the Rayleigh damping formu-
lation (see Equation (3.4)), this reduction of stiffness will lead to a lower damping, as the 
damping values of nodes linked by a broken element are reduced when its stiffness de-
grades. On the contrary, the damping value at a cracked region shall increase towards an 
infinitely large value (the cracking surfaces can be seen as additional boundaries). This 
challenge can be resolved by two possible solutions; one option is to remove the broken 
elements to create cracking boundaries in each calculation step or set an increasing damp-
ing value for the nodes linked by broken elements. Here, the damping value of cracked 
elements will not be linearly linked to the stiffness of the element, a dedicate calibration 
of the damping effect of cracked concrete with respect to the crack width, wave propaga-
tion angle and polarization shall be carried out (Caleap, Aristégui, and Angel 2009). 

4.6.2.2 Concrete heterogeneity 

In microscopic level, concrete is a highly heterogeneous material. The heterogeneity may 
influence both source mechanisms and AE wave propagation: the AE sources from the 
fracture of mortar, aggregates or their interface may be different; the presence of aggre-
gates or pores in concrete leads to wave scattering of AE signals. In this study, concrete 
is modelled as homogeneous material without considering the differentiation between 
mortar paste and aggregates in mesh generation. In a future study, the influence of con-
crete heterogeneity on simulated AE signals should be investigated. In lattice modelling, 
the concrete material heterogeneity can be simulated by either applying random distribu-
tion of element material parameters, e.g., fracture energy (Iturrioz, Lacidogna, and 
Carpinteri 2013) or by adopting a random lattice mesh (i.e., perturbing lattice grids with 
small random displacements or random angles (Aydin, Binici, and Tuncay 2021)). The 
material disorder has been considered in classical lattice modelling work and is seen as 
an essential part to simulate an AE test (Iturrioz, Lacidogna, and Carpinteri 2013, 2014; 
Minozzi et al. 2003). 

4.6.2.3 Limitation of 2D simulation 

The developed lattice model is currently restricted to 2D simulation and thus cannot sim-
ulate the propagation of AE waves and the fracturing process inside concrete in 3D. To 
ensure enough temporal and spatial sampling rates of simulated AE signals, small values 
were used for both the mesh size and time step in the simulation, leading to more compu-
tational resources. Although the vectorization and parallelization computing techniques 
have been applied in the lattice modelling platform, the computation time is still around 
10 days for the simulation case presented in this study even using a high-performance 
workstation.  
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In a future study, a more efficient 3D lattice model is necessary for a better simulation of 
wave propagation process and internal fracturing process in real structures. One possible 
solution is to use varied time steps in the explicit integration procedure, adopting a much 
larger time step when no lattice element is broken. The second possible solution is to 
combine the lattice model with high-order finite element methods (i.e., combined finite-
discrete element method (Lisjak et al. 2013b)). The possible cracking region is still mod-
elled by lattice elements, and the remaining undamaged parts can be modelled by elastic 
finite elements. 

4.7 Summary 
To establish a clear relationship between the AE signals measured during the fracturing 
process and the physical sources that induces the signal, it is ideal to establish a forward 
model that can explicitly model the fracturing process of concrete, the propagation of AE 
waves and the response of AE sensor. In this chapter, additional techniques for modelling 
AE sensor response are introduced to the proposed lattice model presented previous chap-
ter, forming a complete lattice modelling framework for complete AE processes.  

The effect of sensor response on AE signals has been revealed through lattice modelling. 
The sensor geometry reduces time-domain amplitudes and filters high-frequency contents 
of the numerical waveform, while the frequency-response sensitivity of sensors narrows 
a wide-band frequency response to certain narrowed bands with higher sensor sensitivity. 

The feasibility of the proposed model for tensile fracture-induced AE waveform simula-
tion has been demonstrated through a comparison against experimental results. In this 
chapter, the proposed lattice model is implemented concrete tensile cracking process in a 
three-point bending test of notched concrete beam. Besides mechanical behaviours and 
AE hits, a comparison is conducted between typical numerical and experimental wave-
forms. The simulated AE waveforms show a high degree of similarity statistically to the 
measured AE signals in terms of typical AE parameters.  

The proposed lattice model that has been experimentally validated in this chapter will be 
adopted to uncover the source mechanisms of concrete tensile fracture-induced AE sig-
nals in Chapter 6, Chapter 7 and Chapter 8.
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5. Understanding the tensile cracking-induced acoustic emission 
phenomena in concrete: 1D analytical modelling  

5.1 Introduction 
To date, the source mechanisms of acoustic emission (AE) signals generated during con-
crete fracturing processes remain unclear. As reviewed in Section 2.3, existing AE theo-
ries provide inconsistent explanations for the origin of AE phenomena, attributing them 
to different mechanisms or phenomena across various scales and perspectives. Moreover, 
these theories fail to explain most parameters of AE measurements due to the absence of 
a clear physical foundation. Therefore, a deeper understanding of the physical principles 
underlying AE phenomena in concrete fracture processes is essential. 

This chapter aims to elucidate the source mechanisms of acoustic emission (AE) induced 
by concrete tensile cracking, as it represents the primary AE source in concrete fracturing 
processes, yet its physical basis for generating AE signals remains unclear. While previ-
ous chapters introduced a numerical lattice model capable of explicitly simulating the 
entire AE process induced by concrete tensile fracture, an analytical approach is neces-
sary to first understand the fundamental mechanisms of AE signal generation before nu-
merically investigating the AE sources through the proposed lattice model. To achieve 
this, a simplified one-degree-of-freedom (1-DoF) dynamic system is employed to study 
a localized concrete tensile cracking area. By analysing this model, the chapter seeks to 
enhance the understanding of tensile cracking-induced AE phenomena and identify key 
factors influencing AE source characteristics. 

This chapter is structured as follows. Section 5.2 explores the physical phenomena asso-
ciated with tensile cracking-induced acoustic emission (AE) sources in concrete fractur-
ing processes. Section 5.3 introduces the simplified one-degree-of-freedom (1-DoF) dy-
namic system to describe AE phenomena induced by concrete tensile cracking. In Section 
5.4, a closed-form expression for the dynamic response of this system is derived. Section 
5.5 illustrate a typical example of the system dynamic response. Based on the obtained 
expressions, Section 5.6 examines the relationship between concrete tensile cracking be-
haviour and the resulting AE phenomena, while Section 5.7 identifies key factors influ-
encing the parameters of tensile cracking-induced AE sources. Finally, Section 5.8 dis-
cussed how the observations from the simplified 1-DoF dynamic system can be extended 
to more realistic cases of AE phenomena induced by concrete tensile cracking. 
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5.2 Description of physical phenomena 
Figure 5.1a illustrates an idealized straight macro-crack of concrete under tension where 
the crack tip is characterized by many micro-cracks. We follow the assumption that the 
micro-cracks as well as their interactions (e.g., coalescence of micro-cracks) are the phys-
ical sources of tensile cracking-induced AE signals in quasi-brittle materials like concrete 
(Ohtsu 1996). The micro-cracking area ahead of a visible macro-crack is defined as the 
fracturing process zone (FPZ) (Bažant and Lin 1988), or called plastic zone (Besel and 
Breitbarth 2016). From the mechanics perspective, the FPZ is an area where irreversible 
cracking strain (plastic strain) is localised and is characterised by progressive nonlinear 
inelastic tensile softening behaviour, for which the stress decreases at increasing defor-
mation/strain, as shown in Figure 5.1b.  

  
(a) (b) 

Figure 5.1. Illustration for physical mechanisms of tensile cracking-induced AE sources in con-
crete: (a) a FPZ at cracking tip and (b) nonlinear tensile softening behaviour of the FPZ. 

As the micro-cracking activities in the FPZ is considered as the physical sources of tensile 
cracking-induced AE phenomena in concrete, in the following we derive the closed-form 
expressions of dynamic response of the FPZ under tension to understand the tensile crack-
ing-induced AE phenomena in concrete. 

5.3 Model description and assumptions 
To understand the complicated physical problem of concrete FPZ dynamic response in 
2D as shown in Figure 5.1, we first analytically address the 1D case in this chapter. The 
more complicated 2D case will be numerically studied in next chapter through the pro-
posed lattice model. 

Let we consider the case of a 1D bar of length (2ܮ + ݈), cross-section area ܵ∗, Young’s 
modulus ܧ and density ߩ. The considered 1D bar is subjected to uniformed tractions at 
two edges in terms of a constant velocity ݒ଴ ( ݒ଴ is considered as a small value so that the 
1D bar is restricted to quasi-static loading conditions globally), as shown in Figure 5.2a. 
We assume that the applied tension load results in a localised cracking zone of length 2݈ 
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in the mid (marked red in Figure 5.2a) showing tensile softening (plastic) behaviour as 
illustrated in Figure 5.1b. Here the localized cracking zone is considered as the FPZ in 
1D case.  

Even for the considered a 1D bar in Figure 5.2a, describing its force equilibrium relies on 
nonlinear partial differential equations (PDE) with respect to time and space under the 
framework of classical continuum mechanics theory (Spencer 2004), for which a closed-
form analytical solution is not possible because the material properties (coefficients of 
the PDE) are not constants but vary in both space (nonlinear tensile softening occurs only 
in the FPZ while other parts remain elastic as shown in Figure 5.2a) and time (stiffness 
of the FPZ continuously degrades during loading process as shown in Figure 5.1b).  

To derive a closed-form solution to the dynamic response of the FPZ for revealing AE 
source mechanisms, we need to first perform spatial discretization on the considered 1D 
bar as a continuum to simplify the time- and space-dependent PDEs for describing its 
force equilibrium into the ordinary differential equations (ODE) only with respect to time 
that can be analytically solved. Specifically, we discretize the considered 1D continuum 
bar into a simplified spring-mass system, as shown in Figure 5.2b. The FPZ is divided 
into two equal symmetric areas, and each area is represented by a lumped mass located 
in the area centroid, denoted as ݉: 

2
FPZ lm S     (5.1) 

where ߶ி௉௓ = 2ܵ∗݈ is the volume of the FPZ. 

The two symmetric lumped masses ݉ representing the FPZ are then connected by three 
springs to establish the force interactions. As shown in Figure 5.2b, two types of springs 
are used. One nonlinear spring of length ݈ (the spring 2 in Figure 5.2b) connects the two 
symmetrical portions of the PFZ for describing the tensile softening behaviors of the FPZ. 
Two linear elastic springs (denoted as springs 1 and 1ᇱ in Figure 5.2b) of length ܮ are 
used for describing the elastic behaviors of the elastic zone surrounding the PFZ. Tensile 
displacements in terms of constant velocity ݒ଴ are applied at the ends of linear springs 1 
and 1ᇱ to induce the tensile failure of nonlinear spring 2. 

It should be noted that the simplified spring-mass system shown in Figure 5.2b is not a 
strict discretization of the 1D continuum bar shown in Figure 5.2a, because we do not 
consider the mass of the elastic zone surrounding the PFZ. This will be further discussed 
in Section 5.8. Nevertheless, the focus of this study is the dynamic response of the FPZ 
under global quasi-static loading conditions, for which the surrounding elastic zone pro-
vides mainly the elastic force interactions that are considered by elastic springs 1 and 1ᇱ 
(namely we ignore the (global) inertia force of the surrounding elastic zone on the FPZ). 
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Therefore, the simplified model is still able to uncover the basic physical principles un-
derlying tensile cracking-induced AE phenomena. 

  
(a) 

 
(b) 

Figure 5.2. Illustration for the considered model: (b) a 1D bar with a mid-span localized fracture 
zone under tension and (b) a simplified dynamic system for analysing. 

Figure 5.3 shows the constitutive laws of the three springs defined in Figure 5.2b. Herein, 
we use the force-strain relationships for describing constitutive behaviors. Specifically, 
linear elastic force-strain constitutive law is considered in elastic springs 1 and 1ᇱ (see 
Figure 5.3a), as all areas except the FPZ remain elastic in the whole loading process. For 
the ease of analyses, a bilinear softening force-strain relationship (Park, Paulino, and 
Roesler 2008) is considered in the nonlinear spring 2 for mathematically describing ten-
sile softening behavior of the FPZ, as shown in Figure 5.3b. The effect of different non-
linear constitutive laws will be discussed in Section 5.6.  

Considering the physical properties of the 1D bar in Figure 5.2a (namely cross-section 
area ܵ∗and Young’s modulus ܧ) represented by the simplified spring-mass system in Fig-
ure 5.2b, the rigidity of both linear and nonlinear springs (slop of the linear parts in the 
force-strain curves in Figure 5.3) is calculated as ܵܧ∗ (Troyer, Griffis, and Shackelford 
2005) (see also Section 3.2.1 and Appendix B). The linear limit of the FPZ (nonlinear 
spring 2) is characterized by its tensile strength ௧݂ amd cracking strain ߝ௖௥ shown in Fig-
ure 5.3b. The first-stage nonlinear behavior of the FPZ is characterized by a tensile sof-
tening strain coefficient ܽଵ and corresponding force reduction coefficient ܾଵ. The angle 
between the adopted bilinear force-strain curve and the force-axis direction in the first 
tensile softening stage (ߝ௖௥~ܽଵߝ௖௥) is denoted as ߠ଴. Constitutive behavior of the FPZ 
after ܽଵߝ௖௥ is described by an angle between the force-strain curve and force-axis direc-
tion, marked as ߠଵ in Figure 5.3b.  
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(a) (b) 

Figure 5.3. Constitutive law for springs: (a) linear elastic behaviour of springs 1 and 1ᇱ and (b) bi-
linear tensile softening behaviour of spring 2 (Park, Paulino, and Roesler 2008). 

According to the physical characteristics of concrete FPZ (Park, Paulino, and Roesler 
2008), the defined tensile fracturing parameters satisfy the following mathematical con-
ditions: 

 1 1a   (5.2a) 

10 1b   (5.2b) 

 00
2
   (5.2c) 

 10 2
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The displacements of left and right lumped masses ݉ representing the FPZ are denoted 
as (ݐ)′ݑ and (ݐ)ݑ, respectively, with ݑᇱ(ݐ) =  due to the symmetry of the problem (ݐ)ݑ−
 The strains of linear springs (springs 1 and 1ᇱ in Figure 5.2b) and .(is the loading time ݐ)
nonlinear springs (spring 2 in Figure 5.2b), denoted as ߝଵ(ݐ) and  ߝଶ(ݐ), respectively, are 
then expressed as: 

    
1

0v t u t
t

L



  (5.3a) 

      
2

'( ) 2u t u t u t
t

l l



   (5.3b) 

The force in linear spring 1 (1’) and nonlinear spring 2 (see Figure 5.2) are denoted as 
 respectively. According to the strain-force constitutive laws of springs (ݐ)௘ଶܨ and (ݐ)௘ଵܨ
defined in Figure 5.3,  ܨ௘ଵ(ݐ) and ܨ௘ଶ(ݐ) are expressed as: 
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(5.5a) 

(5.5b) 

(5.5c) 

with t
cr

f
E

   (5.5d) 

5.4 Model formulation  
Under the above model simplification, the physical problem described in Section 5.2 is 
then transformed into an inverse modelling problem. Specifically, the classical elastody-
namics theory (Achenbach 2012) and MT theory (see Section 2.3.1) available for AE 
modelling only provide the solution to the forward problem of far-filed dynamic response 
due to a local disturbance (source) with known expressions of source dynamic response, 
namely the problem of wave propagation excited by known sources. Differently, the 
model established herein is to inversely solve the dynamic response of the FPZ (source) 
during tensile softening process, namely displacement (ݐ)ݑ, under a far-field displace-
ment prescribed by a constant velocity ݒ଴.  

To solve this problem, force analysis is conducted on one lumped mass ݉ representing 
half of the FPZ (see Figure 5.2), as shown in Figure 5.4.  

 

Figure 5.4. Undamped dynamic force equilibrium of the FPZ. 

Furthermore, for the problem of high-frequency elastic wave propagation as the case of 
acoustic emission considered herein, the solids can be treated as a low-damping system 
with low values of damping ratio (Meirovitch 2010) (see also Section 3.5.1). Therefore, 
further ignoring the damping force for the simplicity of analyses, the undamped dynamic 
force equilibrium (motion equation) of lumped mass ݉ is established as: 

      2 1e emu t F t F t   (5.6) 
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where ̈(ݐ)ݑ are the acceleration of the lumped mass ݉.  

The mathematical model established by Equation (5.6) is in line with the classical dy-
namics problem of undamped forced vibration of a 1-DoF system (Humar 2012), but has 
a changed stiffness that varies with loading time ܨ .ݐ௘ଵ(ݐ) and ܨ௘ଶ(ݐ) in Equation (5.6) 
can be regarded as external and stiffness-related internal force in a 1-DoF dynamic system, 
respectively, as shown in Figure 5.4.   

By substituting Equation (5.3), Equation (5.4) and (5.5) into Equation (5.6), the un-
damped dynamic force equilibrium of the FPZ (lumped mass ݉) is further expressed as: 
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 (5.7d) 

(5.7e) 

where ܭ∗ is the effective stiffness of the 1-DoF system (i.e., the coefficient of all dis-
placement-related terms). 

Equation (5.7) includes three second-order linear differential equations with constant co-
efficients. Appendix E gives the standard solution procedure to a generalized second or-
der linear differential equation with constant coefficients. In the following, the solution 
process to Equation (5.7) is divided into three stages according to the three different strain 
phases of the FPZ, namely ߝଶ(ݐ).  

5.4.1 Stage 1: linear elastic stage of the fracture process zone  

The force equilibrium of the FPZ in linear elastic stage (0 < (ݐ)ଶߝ ≤  ௖௥) is described byߝ
Equation (5.7a). The solution to Equation (5.7a) is as follows (see Appendix E):   

  
* *

0
1 2

2 1 2 1cos sin
2

v lES ESu t C t C t t
l L m l L m L l

                          
 (5.8) 
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where ܥଵand ܥଶ are two constant coefficients to be decided by initial conditions. Consid-
ering the constant strain rate ̇ߝ in the whole domain in the elastic stage of the PFZ, the 
initial conditions of Equation (5.8) are expressed as: 

(0) 0u   (5.9a) 

0 02(0)
2 2 2 2

v v ll lu
L l L l

       

  (5.9b) 

(0) 0u   (5.9c) 

Substituting the initial values in Equation (5.9) into Equation (5.8), two constant coeffi-
cients are determined as: 

 1 2 0C C   (5.10) 

Moreover, because the expression of (ݐ)ݑ is a linear increasing function of both time ݐ 
(Equation (5.8)) and strain ߝଶ(ݐ) (Equation (5.3b)) when 0 < (ݐ)ଶߝ ≤ -௖௥ (namely disߝ
placement and thus strain of the FPZ monotonically increase with increasing loading time 
in this strain stage), the strain condition 0 < (ݐ)ଶߝ ≤  ௖௥ can then be transformed intoߝ
time condition as: 

10 t t   (5.11) 

where ݐଵ is the ending time of this stage corresponding to cracking strain ߝ௖௥ of the FPZ 
and thus satisfying the following equation: 

   1
2 1

2
cr

u t
t

l
    (5.12) 

By substituting Equation (5.8) and Equation (5.10) into Equation (5.12), the expression 
of ݐଵ is derived as: 

 1
0

2
2 cr
L lt
v


  

(5.13) 

5.4.2 Stage 2: first nonlinear softening stage of the fracture zone  

The force equilibrium of the FPZ in first nonlinear tensile softening stage (ߝ௖௥ ≤ (ݐ)ଶߝ <
ܽଵߝ௖௥) is described by Equation (5.7b). Mathematically, the solution to Equation (5.7b) 
can be in different forms depends on the value of the involved term ܭ∗(ߠ଴) (see Appendix 
E). Physically, considering the brittle behavior of concrete in early tensile softening stage 
(Chen and Su 2013), ߠ଴ is a small positive value (see Figure 5.3) and thus only the case 
of negative value of ܭ∗(ߠ଴) is taken into consideration herein (ܭ∗(ߠ଴) is positively cor-
related with ߠ଴ (see Equation (5.7d))). This will be further discussed in Section 5.6 in 
more detail. Accordingly, Equation (5.7b) is solved as: 
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 (5.14) 

where ܥଵ
ᇱ and ܥଶ

ᇱ  are two constant coefficients to be determined by the initial conditions. 
Considering the time-domain continuity of displacements of lumped mass ݉, the initial 
values of Equation (5.14) equal to the end values of Equation (5.8) at time ݐଵ. By substi-
tuting the expression of ݐଵ in Equation (5.13) and Equation (5.10) into Equation (5.8), the 
initial conditions of Equation (5.14) at time ݐଵ are expressed as: 

  1 2
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  (5.15a) 
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 1( ) 0u t   (5.15c) 

Substituting Equation (5.15) into Equation (5.14), the two constant coefficients are deter-
mined as: 
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(5.16b) 

Substituting Equation (5.16) and Equation (5.13) into Equation (5.14), Equation (5.14) is 
further organized as: 
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 (5.17b) 

௖௥ߝ) in this strain stage (ݐ)ݑ ≤ (ݐ)ଶߝ < ܽଵߝ௖௥) is an increasing function of both time ݐ 
(Equation (5.17)) and strain ߝଶ(ݐ) (Equation (5.3b)). The proof procedure that Equation 
(5.17) is an increasing function of time ݐ is given in Appendix F. This means the displace-
ment and thus strain of the FPZ monotonically increase with increasing loading time in 
this stage. Therefore, the strain condition, ߝ௖௥ ≤ (ݐ)ଶߝ < ܽଵߝ௖௥, can be transformed into 
time condition as: 

1 2t t t   (5.18) 

where time ݐଶ corresponds to the moment that the strain of the FPZ reaching ܽଵߝ௖௥: 
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By substituting Equation (5.17) into Equation (5.19), we derive the following equation 
for ݐଶ: 
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Equation (5.20) has no explicit solution for ݐଶ, but an approximate solution of ݐଶ is given 
as: 
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
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The derivation process of Equation (5.21) is detailed in Appendix G. 

5.4.3 Stage 3: second nonlinear softening stage of the fracture zone  

The force equilibrium of the FPZ in second nonlinear tensile softening stage (ߝଶ(ݐ) ≥
ܽଵߝ௖௥) is described by Equation (5.7c). Mathematically, the solution to Equation (5.7c) 
can be in different forms according to the value of the term ܭ∗(ߠଵ) (see Appendix E). 
Physically, considering the ductile behavior of concrete in late tensile softening stage 
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(Chen and Su 2013), the value of tan -ଵ is relatively large and thus only the case of posߠ
itive value of ܭ∗(ߠଵ) is taken into consideration here (ܭ∗(ߠଵ)  is positively correlated 
with ߠଵ (see Equation (5.7e))). This will be further discussed in Section 5.6. Accordingly, 
Equation (5.7c) is solved as: 
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''
1
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arctan C
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   (5.22b) 

where ܥଵ
ᇱᇱand ܥଶ

ᇱᇱ are two constant coefficients to be decided by the initial conditions. 
Considering the time-domain continuity of displacements of lumped mass ݉, the initial 
values of Equation (5.22) equal to the end values of Equation (5.17) at time ݐଶ. By sub-
stituting the expression of ݐଶ in Equation (5.21) into Equation (5.17), the initial conditions 
of Equation (5.22) at time ݐଶ are expressed as: 
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The detailed derivation processes of Equation (5.23b) and Equation (5.23c) are given in 
Appendix H. Substituting Equation (5.23) into Equation (5.22), two constant coefficients 
are determined as: 
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(5.24b) 

5.5 Model illustration 
The above derived dynamic displacement (ݐ)ݑ of the FPZ in response to tensile cracking 
is summarized as follows: 

 

   

 

* * * *

1 1
0 0

0
1

( ) ( )'
0

0
1 1 2*

* * ''
''2 '' 2 1
1 2 ''

2

10 1 2**
1

*
1 1

0

1

0
2

2( )

( )sin arctan

tan( ) ( )

K ES K ESt t t t
m m

cr

cr

v l t t t
L l

C
e e
v lt t t t t

u t LK

K ES CC C t
mL C

av bt t t
LK KES

 







 

   

   





     


  
     

 
  



   


 
 



 






 

 

(5.8) 

(5.17) 

(5.22) 

The acceleration ̈(ݐ)ݑ of the FPZ is used for the representation of AE sources, as AE 
signals are stress waves in nature (see also Section 3.6.1). Taking the second-order deriv-
ative of displacement (ݐ)ݑ with respect to time ݐ, the expression of ̈(ݐ)ݑ is derived as: 

 
   

* * * *
0

1 1
0

1

* *
( ) ( )'

0 1 2

* * * * ''
''2 ''2 1
1 '

0

1
2 2'

2

1

0 0

( )

( ) ( )sin arctan

K ES K ESt t t t
m m

t t

K ESC t t t
m e eu t

K ES K ES CC C t t t
mL mL C

 

 

   

 



       

  
       
  



(5.25a) 

(5.25b) 

(5.25c) 

The expressions of parameters involved in Equation (5.25) are not listed again in this 
section to avoid repetition. Readers are referred to the previous section for the expressions 
of involved parameters: ݐଵ  (Equation (5.13)), ܥ଴

′  (Equation (5.17b)), ܭ∗(ߠ଴) (Equation 
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(5.7d)), ݉ (Equation (5.1)), ݐଶ  (Equation (5.21)), ܥଵ
ᇱᇱ  (Equation (5.24a)), ܥଶ

ᇱᇱ  (Equation 
(5.24b)) and ܭ∗(ߠଵ) (Equation (5.7e)).  

Figure 5.5 illustrates an example of the displacement (ݐ)ݑ and accretion ̈(ݐ)ݑ (Equation 
(5.25)) of the FPZ in response to tensile cracking. The concrete properties listed in Table 
3.1 are adopted for the calculation. The values of other involved parameters are selected 
as: ݈ = 1 mm, ܵ∗ = 5 mmଶ, ܮ = 100 mm, ܽଵ = 7.5, ܾଵ = 0.6, tan ଵߠ = 2 × 10ିସ Nିଵ 
and ݒ଴ = 1 × 10ିଷ mm/s.  

 
Figure 5.5. An example of the analytically derived dynamic responses of the FPZ in tensile crack-

ing process. 

It can be observed that the dynamic response of the FPZ under tension is a two-stage 
dynamic process. Starting from time ݐଵ  corresponding to cracking strain ߝ௖௥  (tensile 
strength ௧݂) of the FPZ in Figure 5.3b, an acceleration jump occurs in the FPZ. The ac-
celeration of the mass at FPZ increases continuously following an exponential trend 
(Equation (5.25b)) until reaching time ݐଶ. In the simplified constitution relationship, this 
time ݐଶ corresponds to the first tensile strain limit ܽଵߝ௖௥ of the FPZ in Figure 5.3b. After 
the strain firstly reaching ܽଵߝ௖௥, the FPZ starts to vibrate (Equation (5.24c)). 

5.6 Model analyses I: AE phenomena & concrete tensile softening 
behaviour 

This section aims to understand the tensile cracking-induced AE phenomena. As shown 
in Figure 5.5, the dynamic response of the FPZ (AE sources) under tension is a two-stage 
process. In this section, we describe such a dynamic process mathematically and then 
provide corresponding physical interpretations. The analysis focuses on revealing the 
connection between concrete tensile softening behavior and AE source response. 
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The difference in the forms of dynamic response of the FPZ in the two strain softening 
stages in Figure 5.5 lies in the mathematical solution forms to its dynamic force equilib-
rium (Equation (5.7b) and Equation (5.7c)). The solution forms of these two similar equa-
tions depend on the values of involved terms of ܭ∗(ߠ଴) (Equation (5.7d)) and ܭ∗(ߠଵ) 
(Equation (5.7e)) (see Appendix E).  

According to the physical characteristics of concrete tensile softening behavior (Chen and 
Su 2013), we have considered the following conditions to derive the expressions of the 
dynamic response (ݐ)ݑ of the FPZ (see Section 5.4.2 and Section 5.4.3): 
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The negative ܭ∗(ߠ଴) and positive ܭ∗(ߠଵ) lead to the solution forms of exponential func-
tions (corresponding to displacement jump stage of the FPZ in Figure 5.5) and of trigo-
nometric functions (corresponding to vibration stage of the FPZ in Figure 5.5), respec-
tively. This indicates that the angle between the force-strain curve and force-axis direction 
(namely ߠ଴  and ߠଵ  in Figure 5.3b) is a criterion for distinguishing different dynamic 
stages of the FPZ. Physically, this angle describes how rapid the stiffness of concrete 
degradation at the FPZ is with the increase of strain. In early tensile softening stage 
 the dynamic response of the FPZ is in the ,(ଶ in Figure 5.5ݐ~ଵݐ the period) ௖௥ߝ௖௥~ܽଵߝ
displacement/acceleration-jump stage in terms of an exponential function due to the rapid 
stiffness degradation characterized by a small angle ߠ଴. When the strain of the FPZ larger 
than ܽଵߝ௖௥ (the period after time ݐଶ in Figure 5.5), the dynamic response of the FPZ is 
then in the vibration stage in terms of a trigonometric function when the stiffness degra-
dation rate slows down corresponding to a large angle ߠଵ.  

In the above analysis, the nonlinear tensile softening behavior of the FPZ is approximated 
by two linear segments (see Figure 5.3b), where only two angle values, namely ߠ଴ and 
 ଵ, are involved in the nonlinear softening curve. Now we consider a more general caseߠ
with multi-linear segments to approximate an exponential tensile softening curve of the 
FPZ, as shown in Figure 5.6a, where a i-th linear segment is characterized by the stain 
values of ܽ௜ߝ௖௥  and ܽ௜ାଵߝ௖௥  and force values of ܾ௜ܵ∗

௧݂  and ܾ௜ାଵܵ∗
௧݂  at its starting and 

ending points. ߠ௜ is the angle between the i-th linear segment and the force-axis direction. 
When the number of segments increase, the force-strain curve approaches towards the 
classical exponential tensile softening constitutive law of concrete (Reinhardt, 
Cornelissen, and Hordijk 1986), as shown in Figure 5.6b. According to the tensile soften-
ing behavior of concrete, ߠ௜ satisfy the following mathematical conditions in the nonlin-
ear stages: 
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   (5.27) 

 

  

(a) (b) 

Figure 5.6. Illustration for occurrence conditions of different dynamic response phases of the 
FPZ: (a) a tensile softening curve approximated by multiple linear segments and (b) classical ex-

ponential tensile softening curve of concrete (Reinhardt, Cornelissen, and Hordijk 1986). 

Following the procedure described in Section 5.4, the force equilibrium of the FPZ (the 
lumped mass ݉ in Figure 5.2b) in the i-th strain softening range is established as: 
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According to Appendix E (see also the work of Sibuya (Sibuya 1975)), the value of 
-defined by Equation (5.28b) governs the solution forms of Equation (5.28a). Spe (௜ߠ)∗ܭ
cifically, the characteristic equation of Equation (5.28a) is expressed as: 
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where ߤ is the eigen root of Equation (5.28a). The value types of ߤ govern the solution 
forms of Equation (5.28a), as follows: 

① When ܭ∗(ߠ௜) < 0, Equation (5.28a) has two real eigen roots ߤଵ and ߤଶ as: 

* *

1
( )i E

m
K S   (5.30a) 



5.6 Model analyses I: AE phenomena & concrete tensile softening behaviour 

134 

*

2

*( )i ES
m

K     (5.30b) 

In such a case the solution form to Equation (5.28a) is an exponential function, corre-
sponding to a dynamic response form of displacement/acceleration jump for the FPZ, as 
follows: 

 
* * * *( ) ( )

2

0
* * *( ) tan ( )

i iES ESt K K

i
i

i i

t
i im m
1

c

i

r

u t C e C e

v a
t b

SK KL E

 



  

  
 

 
   
 
 

 (5.31) 

where ܥଵ
௜ and ܥଶ

௜  are two constant coefficients to be determined by the initial conditions. 

② When ܭ∗(ߠ௜) > 0, Equation (5.28a) has two wo complex eigen roots ߤଵ and ߤଶ as: 
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where ߯ = √−1 denotes the imaginary unit. 

In such a case, the solution form to Equation (5.28a) is a trigonometric function, corre-
sponding to a dynamic response form of vibrations for the FPZ, as follows: 
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where ܥଵ
௜ and ܥଶ

௜  are two constant coefficients to be determined by the initial conditions. 

From an energy perspective, ܭ∗(ߠ௜), representing the effective stiffness of the 1-DoF sys-
tem (i.e., the coefficient of all displacement-related terms), governs the form of energy 
dissipation within the system. In a typical linear dynamic system, the inertial, damping, 
and stiffness coefficients are all positive (i.e., ܭ∗(ߠ௜) > 0 as shown in Equation (5.32)). 
This configuration describes a dissipative system, where all internal force components 
work to absorb external energy, resulting in either balanced undamped vibration ampli-
tudes (see Equation (5.33)) or attenuated amplitudes when damping is considered. How-
ever, if one or more internal force terms become negative (namely ܭ∗(ߠ௜) < 0 as Equa-
tion (5.30)), those internal forces no longer absorb energy. Instead, they contribute energy 



Chapter 5 Understanding the tensile cracking-induced acoustic emission phenomena in concrete: 
1D analytical modelling 

 135 

to the system, effectively acting as additional external inputs. This transformation occurs 
because negative internal force terms on the left-hand side of the motion equation become 
positive external forces when moved to the right-hand side (refer to Equation (5.28)). In 
this scenario, the system is characterized as unstable or even divergent and exhibits en-
ergy emission, leading to amplified vibration amplitudes (see Equation (5.31)). 

As shown in Figure 5.6, the value of ߠ௜ monotonically increases with the increase of strain 
-during the tensile softening process of the FPZ. Furthermore, as can be seen from Equa ߝ
tion (5.28b), ܭ∗(ߠ௜) is positively correlated with ߠ௜ when 0 ≤ ௜ߠ ≤ గ

ଶ
 (Equation (5.27)). 

This means ܭ∗(ߠ௜) also monotonically increases with the increase of strain ߝ during the 
tensile softening process of the FPZ. Further considering the brittle fracture behavior of 
the FPZ in early tensile softening stages, the value of  ܭ∗(ߠ௜) can be negative in early 
tensile softening stages, e.g., ܭ∗(ߠ௜) approaches negative infinity for ideal brittle failure 
when ߠ௜ approaches zero (see Equation (5.28b)). Such negative values of ܭ∗(ߠ௜) in early 
tensile softening stages then monotonically increase to positive values with the increase 
of strain ߝ during the tensile softening process of the FPZ, e.g., ܭ∗(ߠ௜) approaches the 
positive value of ଵ

௅
 for ideal plateau ductile failure when ߠ௜ approaches గ

ଶ
 (see Equation 

(5.28b)).  

Corresponding to such an evolution trend of ܭ∗(ߠ௜) during the tensile softening process 
of the FPZ , the dynamic response of the FPZ involves a first stage of displacement/ac-
celeration jump (exponential solution forms of FPZ response) when the values of ܭ∗(ߠ௜) 
increase from negative to zero (Equation (5.31)), and a second stage of vibrations (trigo-
nometric solution forms of FPZ response) when ܭ∗(ߠ௜) further increases from zero to 
positive values Equation (5.33). Therefore, the zero value of ܭ∗(ߠ௜) is a critical value that 
distinguishes such two different dynamic forms of the FPZ. The critical value of ܭ∗(ߠ௜), 
denoted as ܭ∗(ߠ௖௥), is then expressed as: 
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By solving Equation (5.34), a critical value of ߠ௜, denoted as ߠ௖௥, that distinguishes the 
two different dynamic forms of the FPZ (displacement jump or vibrations) is expressed 
as: 
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where ܭ௦௧௥௨௖௧௨௥௘ defined by Equation (5.35b) is the stiffness of the linear elastic springs 
1 and 1’ illustrated in Figure 5.2b, physically being the stiffness of the elastic parts sur-
rounding the FPZ, namely structural stiffness, as shown in Figure 5.2a. 

The dynamic process of the FPZ (namely the tensile cracking-induced AE source) and 
corresponding occurrence conditions in the concrete tensile softening curve are marked 
red in Figure 5.6b. According to the above analyses, the occurrence conditions of concrete 
tensile cracking-induced AE phenomena is the rapid stiffness degradation in the FPZ at 
the starting of nonlinear softening stage. The degree of FPZ stiffness degradation should 
satisfy the mathematical condition of ߠ௜ < -௖௥, as shown in Figure 5.6b, to allow the ocߠ
currence of AE phenomena; such a rapid stiffness degradation triggers a transient jump 
of displacement/acceleration and later vibrations in the FPZ.  

Considering the physical meaning of ߠ௜ in Figure 5.6, it is associated with the (tangent) 
stiffness of the FPZ, denoted as ܭி௉௓,௜, as follows: 
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where dܨ௜, dݑ௜ and dߝ௜ are the increments of the force, displacement and strain of the 
FPZ in the i-th strain softening range (see Figure 5.6). 

By substituting Equation (5.36) into Equation (5.35), a critical value of ܭி௉௓,௜, denoted 
as ܭி௉௓,௖௥, that distinguishes the two different dynamic forms of the FPZ (displacement 
jump or vibrations) is expressed as: 
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Equation (5.37) means that the FPZ should have an inelastic (tangent) stiffness (ܭி௉௓,௜) 
at the starting of nonlinear softening stage with a value less than the negative value of the 
structural elastic stiffness of the elastic parts surrounding the FPZ (ܭ௦௧௥௨௖௧௨௥௘) to allow a 
transient jump of displacement/acceleration in the FPZ that triggers the AE phenomena. 

The above occurrence conditions of the tensile cracking-induced AE phenomena are 
physically explained in the following. The tensile softening curve shown in Figure 5.6b 
is a mechanical description at mesoscale for an assembly of microscopical phenomena 
occurring in the PFZ (Ritchie 2011). Figure 5.7 illustrates microscopical fracture phe-
nomena involved in different stages of the strain-stress constitutive curve of the FPZ 
(Morgan 2015).  

After reaching elastic limit (cracking strain ߝ௖௥), micro-cracks occur in the FPZ, leading 
to a rapid stiffness degradation of the FPZ and manifesting as a sharp stress drop in the 
strain-stress curve. The micro-cracking develops and lasts for a certain strain range until 
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 ௖௥ in Figure 5.7, during which more microcracks appear and then gradually coalesce toߠ
form cracks of larger sizes in the FPZ, manifesting as continuous stress drops but with 
gradually reduced degrees of stiffness degradation in the constitutive curve.  

With further increasing in strains of the FPZ after ߠ௖௥ in Figure 5.7, the micro-cracks fully 
develop into macro-cracks where secondary fracturing phenomena dominate the response. 
In the case of concrete tensile fracture, the secondary fracturing phenomena are mainly 
the bridging effect of aggregates (namely the FPZ cannot be fully separated at once due 
to concrete material heterogeneity with aggregates bridging the cracking paths, as marked 
brown in Figure 5.7) (Van Mier 1991) and the interlocking between rough surfaces of 
macro-cracks (namely friction forces between aggregates or at interfaces between aggre-
gates mortar, as marked green in Figure 5.7) (Walraven 1981). Such secondary phenom-
ena provide residual stress in the FPZ, manifesting as continuous stress drops but with 
very slow rate of stiffness degradation. 

 
Figure 5.7. Physical interpretation for dynamic process of AE sources (the FPZ) in response to 

tensile cracking. 

A comparison between Figure 5.6b and Figure 5.6 reveals the physical mechanism of the 
above mathematical conditions for dynamic response of the FPZ (namely tensile crack-
ing-induced AE sources). Specifically, the sources of tensile cracking-induced AE phe-
nomena in concrete are the micro-cracks at cracking tips, which mechanically manifest 
as sharp stress drops in the FPZ at meso-scale. Such a sharp stress drop triggers transient 
displacement/acceleration jumps (or called displacement discontinuity/dislocation in 
classical continuum theory (Chen et al. 2018)) in the FPZ. The jumps last for a short 
period of time until the micro-cracks develop into macro-cracks, which mechanically 
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manifest residual stress with slower stiffness degradation rates in the FPZ due to second-
ary fracturing phenomena. With further decreasing in stiffness degradation rates, the FPZ 
mathematically follows a dynamic response of trigonometric forms, which physically 
manifests as vibrations of the FPZ. 

5.7 Model analyses II: Influencing factors of tensile cracking-induced AE 
sources  

With the analytical 1D model, it is already possible to analyze, from the perspective of a 
dynamic system, what are the influencing factors that can affect the parameters of AE 
signals. In this section, based on the closed-form expressions given by Equation (5.25), 
we analyze the factors that influence tensile cracking induced AE sources. Three im-
portant parameters of AE source signals are selected for analyses, including the source 
rise time, amplitude and frequency of source signals. 

5.7.1 Source rise time  

As reviewed in Section 2.3.2.3, the source rise time is an important parameter in classical 
AE modelling theories (the MT (Ohtsu 1995) and FEM based models (Sause and Richler 
2015)), which has decisive effects on the frequency characteristics of  modelled AE waves 
(see Equation (2.8) and Figure 2.11) but is however introduced as assumed values in 
available theories. As we have obtained closed-form expressions of complete dynamic 
response of AE sources, the source rise time is analyzed in this sub-section. 

The source rise time, denoted as ௥ܶ௜௦௘, is defined as the duration of local displacement 
jump (Ohtsu 1995). Therefore, herein, it is calculated as the time difference between ݐଵ 
and ݐଶ in Equation (5.25) (see also Figure (5.5)). To generalize the results, we transform 
the external loading conditions of prescribed velocity ݒ଴ (see Figure 5.2) into average 
strain rate ̇ߝ of the whole domain as (see Figure 5.2): 
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By substituting Equation (5.1), Equation (5.3c), Equation (5.5d), Equation (5.7d) and 
Equation (5.38) into Equation (5.21), ௥ܶ௜௦௘ is expressed as: 
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It can be easily found that ௥ܶ௜௦௘ is positively correlated with concrete tensile strength ௧݂, 
and is negatively correlated with the strain rate ̇ߝ and concrete elasticity modulus ܧ. Fur-
ther considering the definition of concrete cracking strain ߝ௖௥ given in Equation (5.5d), 

௥ܶ௜௦௘ is then negatively correlated with ߝ௖௥. This means ௥ܶ௜௦௘ is affected by both concrete 
inherent material properties and external loading conditions. 

More importantly, it should be mentioned that, in Equation (5.39),  ௥ܶ௜௦௘ is positively cor-
related with both fracture scale ݈ and fracture early-stage ductility coefficient ܽଵ (proof 
process for this is detailed in Appendix I). This indicates that the fracture at a relatively 
larger scale and with more ductility leads to a longer duration of the displacement/ accel-
eration jump.  

5.7.2 Source amplitudes 

As the time-domain amplitude is an import AE parameter, it is analyzed in this sub-sec-
tion. Herein, we consider two amplitudes involved in a source signal: the amplitude at the 
end of displacement/acceleration-jump stage and the amplitude in the vibration stage, de-
noted as ܣ௝௨௠௣ and ܣ௩௜௕௥௔௧௘, respectively, as marked in Figure 5.5.    

The expression of ܣ௝௨௠௣, namely ̈ݑ(ݐଶ) in Equation (5.25b), is given by Equation (5.23c) 
(its detailed derivation process can be found in Appendix H). By further substituting 
Equation (5.1), Equation (5.5d) and Equation (5.7d) into Equation (5.23c), an equivalent 
expression is derived as: 
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It is interesting to note that ܣ௝௨௠௣ is independent of external loading conditions. Among 
other involved parameters, it should be noted that the value of ܣ௝௨௠௣ is linearly propor-
tional to concrete strength ௧݂ and the structural scale of undamaged portion ܮ (see Figure 
5.2), and is in linearly inverse proportion to fracture early-stage ductility coefficient ܽଵ, 
density ߩ and fracture scale ݈. This indicates higher amplitudes of displacement/ acceler-
ation jump of the FPZ will be induced in the cases of higher concrete strength, larger 
structural scale, more brittle fracture, lighter-weight materials and smaller fracture scales. 

By substituting Equation (5.24) to Equation (5.25c), the amplitude of AE source at vibra-
tion stage, ܣ௩௜௕௥௔௧௘, is derived as: 
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where |∗| is the absolute value symbol. It can be easily found that the value of ܣ௩௜௕௥௔௧௘ is 
positively correlated with the displacement ݑ(ݐଶ) and velocity ̇ݑ(ݐଶ) of fracture sources 
at the end of displacement/acceleration jumps stage. Moreover, there are many other pa-
rameters involved in the expression of ܣ௩௜௕௥௔௧௘, including both concrete material proper-
ties (݉ and ܧ), fracture properties (ܽଵ, ܾଵ and ߠଵ), fracturing source scale (ܵ∗ and ݈), 
structural dimensions (ܮ) and external loading rate (ݒ଴). This indicates that the displace-
ment/acceleration jump at the source performs like a trigger for the AE process. Subse-
quent vibration of the source is a complicated system response to the trigger, which is 
further governed by the geometry and properties of the system and external loading con-
ditions.  

5.7.3 Source frequency  

The frequency characteristics are important AE parameters for characterizing fracturing 
sources. The peak frequency and average frequency are considered as classical AE indi-
cators for classifying fracturing source types in various quasi-brittle materials (Zheng et 
al. 2020; Aggelis 2011). The source frequency is analyzed in this sub-section. 

Based on Equation (5.25c), the angular frequency of the AE source signals in the vibration 
stage (ݐ >   :ଶ in Figure 5.5), denoted as ߱, is expressed inݐ
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where ܭ௦௧௥௨௖௧௨௥௘ is the stiffness of elements 1 and 1ᇱ in Figure 5.2b (namely the struc-
tural stiffness of elastic area surrounding the FPZ in Figure 5.2a). ߶ி௉௓ =  is the ݈∗ܣ2
volume of the FPZ (see Figure 5.2a). 

It can be seen that ߱ mainly depends on volume of the FPZ (namely mobilised fracture 
volume), the density ߩ and the stiffness of unfractured concrete surrounding the FPZ. 
This indicates that the smaller fracture scale, lighter-weight material and stiffer structures 
leads to higher AE source frequency. Moreover, the values of ܭ௦௧௥௨௖௧௨௥௘ and ߩ are similar 
within a same concrete structure, and thus the frequencies of different tensile-cracking 
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sources generated in a same structure are mainly determined by fracture scales ߶ (the 
FPZ size). It can be also inferred that a degraded structural stiffness  ܭ௦௧௥௨௖௧௨௥௘ results to 
a lower AE source frequency, which may partitially explain the experimental observa-
tions that the average frequency of AE signals tends to be gradually reduced in progres-
sive loading processes (Aggelis 2011), because the structural stiffness  ܭ௦௧௥௨௖௧௨௥௘ is grad-
ually degradated during fracture processes. 

5.8 Discussion 
This section discusses how the above observations from the simplified 1-DoF system can 
be generalized to more realistic cases of multiple DoF systems.  

To derive closed-form expressions for AE sources, the dynamic response of the FPZ (ten-
sile cracking-induced AE sources) is derived by addressing a 1-DoF system in this chapter 
(see Figure 5.2). This leads to large discrepancy from the dynamic response of the FPZ 
in real concrete fracturing processes, especially for the vibration stage of the FPZ (the 
response stage after time ݐଶ in Figure 5.5), as follows: 

First, due to omitting the damping force in establishing the force equilibrium of the FPZ 
Equation (5.6), there is no amplitude attenuation in the vibration stage (after time ݐଶ in 
Figure 5.5). In real concrete fracturing processes, vibration amplitudes of the FPZ should 
attenuate to zero in a short period after ݐଶ due to the existence of damping force and the 
geometric spreading loss of vibration energy (see Section 3.2.3). This will be further il-
lustrated in Chapter 6. 

Second, only one vibration mode and thus one frequency and one vibration amplitude can 
be considered in the adopted simplified 1-DoF system. A concrete structure is an infinite-
DoF system. If the 1D bar shown in Figure 5.2a could be discretized into more DoFs, the 
expressions of the AE sources (namely dynamic response of the FPZ) in vibration stage 
would be in following form according to modal superposition principle (Nickell 1976): 
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where ݊  is the DOF number of the system, namely the number of vibration modes. 
-݅ ௩௜௕௥௔௧௘(݅), ߱(݅) and ߮(݅) are the amplitudes, angular frequency and phase position ofܣ
th vibration mode.  

A closed-form expression of involved parameters in Equation (5.41) cannot be analyti-
cally obtained. Nevertheless, the analytical modelling has illuminated the mechanism of 
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a tensile cracking-induced AE process and has identified factors that influence source 
response. Moreover, it should be mentioned that analytical modelling conducted in this 
chapter is a simple analytical version of the numerical lattice model proposed in Chapter 
3. Therefore, in the next two chapters, we will numerically quantify AE sources induced 
by concrete tensile cracking through the proposed lattice model. 

5.9 Summary 
This chapter analytically addresses the long-term standing problem of AE source mecha-
nisms induced by concrete tensile cracking in a 1D case. A simplified one-degree-of-
freedom (1-DoF) dynamic system is employed to study the dynamic response of a local-
ized concrete tensile cracking area (namely fracture process zone (FPZ)). Such a dynamic 
response of the FPZ is considered as a tensile cracking-induced AE source. By analysing 
such a simple dynamic system, we uncover the physical principles underlying the tensile 
cracking-induced AE phenomena. The main conclusions are as follows: 

 Mathematical and physical occurrence conditions of tensile cracking-induced AE 
phenomena: we quantify the relationship between concrete tensile softening behav-
ior and AE source response. It is found that a tensile cracking-induced AE source is 
induced by rapid degradation of the FPZ stiffness due to sudden propagation of mi-
crocracks in early softening stages. Such a rapid stiffness degradation should meet 
a quantitative condition that the tangent stiffness of the inelastic FPZ is less than the 
negative of the structural stiffness of the elastic parts surrounding the FPZ, which 
mathematically leads to an exponential solution form of FPZ dynamic response and 
physically manifests as a local displacement jump in the FPZ.  

When the degradation degree of the FPZ stiffness is reduced in later-stage softening 
stages where the secondary fracturing activities of macrocracks dominate the FPZ 
fracturing behaviours, the tangent stiffness of the inelastic FPZ gradually increases 
to a level higher than the negative of the structural stiffness of the elastic parts sur-
rounding the FPZ. Such an increased tangent stiffness then mathematically leads to 
a trigonometric solution form of FPZ dynamic response and physically manifests as 
vibrations of the FPZ.  

 Influence factors of tensile cracking-induced AE sources: we identify the key factors 
that influence different typical AE source parameters. Among various source pa-
rameters, we found that the source frequency is mainly determined by the volume 
of the FPZ (namely the volume of mobilised areas), the material density ߩ and the 
stiffness of unfractured concrete surrounding the FPZ (namely structural stiffness). 
This indicates that a smaller fracture scale, lighter-weight material and stiffer struc-
tures leads to higher AE source frequency.  
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The source mechanisms of concrete tensile cracking-induced AE phenomena revealed in 
the simplified 1-DoF system will be further discussed in a more realistic 2D case in Chap-
ter 6. The identified influencing factors of AE source parameters will be further quantified 
in Chapter 7 through the lattice model presented in previous chapters.
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6. Revealing the source mechanisms of concrete tensile cracking-
induced acoustic emission: 2D lattice modelling  

6.1 Introduction 
In the previous chapter, we examined the acoustic emission (AE) phenomena induced by 
concrete tensile cracking through the analysis of a fracture area in a one-dimensional (1D) 
scenario, which is further treated as a simplified one-degree-of-freedom (1-DoF) system, 
with large discrepancy from reality. Therefore, this chapter further investigates the source 
mechanisms underlying the AE phenomena associated with concrete tensile cracking in 
a more realistic two-dimensional (2D) context, utilizing the lattice model proposed in 
Section 3.2. 

In addition, as reviewed in Chapter 2, the correlations between concrete tensile cracking 
behaviour and the resulting AE phenomena are still controversial in the literature. First, 
existing AE source theories present inconsistencies, attributing the origin of AE phenom-
ena to various mechanisms and processes occurring at different scales. Second, the rela-
tionship between concrete fracture energy and AE phenomena are controversial in the 
literature. Accordingly, this chapter seeks to critically examine the available AE source 
theories and the relationship between concrete fracture energy and AE phenomena in light 
of the observations obtained through lattice modelling. 

The structure of this chapter is as follows: Section 6.2 outlines the numerical model 
adopted for the analyses. Section 6.3 explores the source mechanisms of AE phenomena 
induced by concrete tensile cracking by analysing a representative numerical source sig-
nal (defined herein as a vibration signal recorded directly at the fracture location). Section 
6.4 discusses the connection between available AE source theories and the relationship 
between concrete fracture energy and AE phenomena based on the numerical findings. 

6.2 Description of adopted numerical model 
As discussed in Chapter 2, the AE signals received in experiments are influenced by many 
factors including AE sources, wave propagation and sensor response, which cannot be 
decoupled in experimental measurements. To clearly uncover the relationship between 
concrete tensile cracking behaviors and induced AE signals, we numerically investigate 
the AE source signals in lattice modelling by excluding the influence from wave propa-
gation and sensor response. Note that this is impossible with experimental methods. 
Herein, a numerical source signal is defined as the acceleration signal of a node directly 
linked by a broken lattice element, for which the influence from spatial wave propagation 
and sensor response are minimized. 

Throughout this chapter, the same lattice simulation case of three-point bending test of a 
notched unreinforced concrete beam that has been tested and simulated in Chapter 4 is 
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adopted for numerical analyses. The adopted numerical model is illustrated in Figure 6.1. 
The first numerical source signal in the loading process is selected as a representative 
example for the analysis. This signal is triggered by the tensile failure of a lattice element 
positioned at the upper left corner of the notch, noted as E0 and marked red in Figure 6.1. 
The accelerations in x direction (dominant deformation direction) of a node located at (x 
= 272.5 mm, y = 30 mm) (namely the left-side node of the source element E0), labeled as 
S0 and marked green in Figure 6.1, are used to mimic a tensile cracking-induced AE 
source signal. 

The model inputs are the same as those described in Section 4.3.1. The only difference is 
that a smaller time step of 2 × 10ି଼ s is used to achieve a higher sampling rate of 50 MHz, 
since this chapter focuses on the AE source signals directly at fracture areas with a re-
sponse of higher frequency than corresponding signals after spatial wave propagation 
(this will be further demonstrated in Section 6.3).   

 
Figure 6.1 Numerical model adopted for analysing concrete tensile cracking-induced AE sources 

(unit: mm). 

6.3 Source mechanisms of tensile cracking-induced AE  
In the previous chapter, we analysed how concrete tensile cracking behaviour is linked to 
AE phenomena in a simplified one-degree-of-freedom (1-DoF) system (see Section 5.6); 
nevertheless, the analysis of a 1-DoF case leads to large discrepancy from tensile crack-
ing-induced AE phenomena in real concrete fracturing processes (see Section 5.8).  
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Therefore, this section seeks to further elucidate the source mechanisms underlying AE 
phenomena associated with concrete tensile cracking in a more realistic 2D case, through 
the analysis of a representative numerical source signal derived from lattice modelling.  

Figure 6.2 shows a typical AE source signal induced by the tensile fracture of source 
element E0 and recorded by virtual source sensor S0 (see Figure 6.2). It should be men-
tioned that the time of presented AE source signal is not the actual simulation time but 
has been normalized to represent a signal pre-trigger time of 0.01 ms (see appendix A for 
definition of pre-trigger time). The source signal is in the form of Gaussian pulses (Bauer 
et al. 1984a), with a short duration of around 10 μs in time domain and a wide frequency 
range up to 2 MHz with peak frequency at around 600 kHz.  

 
Figure 6.2 The first tensile cracking-induced AE source signal induced by source element E0 and 

received by virtual sensor S0. 

Compared to those received at a far-field sensor as shown in Figure 4.7, due to the ex-
cluding of spatial wave attenuation, the source signal shows higher amplitudes and shorter 
duration in time domain and a wider frequency range.  

Compared to the analytical source signal of a 1-DoF system shown in Figure 5.5 (the 
numerical and analytical models have similar inputs), the numerical source signal shows 
a similar two-phase dynamic response including a first stage of acceleration jump in terms 
of an exponential shape and then a second stage of vibrations in terms of a trigonometric 
shape. Nevertheless, the numerical dynamic response in the later vibration stage is largely 
different from that of the analytical one. The modelled 2D case with more DoFs are closer 
to a real concrete specimen and thus the numerical source signal contains more vibration 
modes manifesting as a wide range of frequency response. Moreover, as the damping 
force has been included in the lattice simulation, the numerical time-domain amplitudes 
gradually attenuate and disappear in a short period in the vibration stage. 
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In the following, the source mechanisms of AE signals induced by concrete tensile crack-
ing are investigated by analysing both the local dynamic responses and the global me-
chanical behaviour of the numerical model (see Figure 6.1), in relation to the occurrence 
of the AE source signal presented in Figure 6.2. 

6.3.1 Micro-mechanical behaviors associated with AE phenomena 

Figure 6.3 shows the local behaviors induced by tensile failure of the source element E0, 
including the dynamic response of the source node S0 (in terms of displacement, velocity 
and acceleration) and the evolution of strain and stress of corresponding fracturing source 
element E0. The cracking strain ߝ௖௥ and first tensile softening strain limit ܽଵߝ௖௥ defined 
in the constitutive law (see Figure 3.2) are marked red and blue, respectively, in Figure 
6.3a. The occurrence time corresponding to ߝ௖௥ and ܽଵߝ௖௥ are marked as ݐଵ and ݐଶ, re-
spectively, in Figure 6.3e.  

Similar to the 1-DoF case shown in Figure 5.5, during ݐଵ~ݐଶ corresponding to early strain 
softening stage of E0 characterized by a rapid stiffness degradation (ߝ௖௥~ܽଵߝ௖௥), there is 
a drop in stress of fracturing source element E0 (Figure 6.3b) and a jump in both displace-
ment (Figure 6.3c), velocity (Figure 6.3d) and acceleration (Figure 6.3e) of source node 
S0. Physically, a broken lattice element with tensile softening behavior represents a frac-
turing area as part of the whole FPZ at crack tip as illustrated in Section 3.2 (this will be 
discussed in detail in Chapter 7). According to the relationship between the FPZ strain 
states and microscopic fracturing activities as shown in Figure 5.7, such a rapid stiffness 
degradation of source element E0 in early softening stage is physically attributed to the 
sudden propagation of microcracks in the fracturing area represented by element E0.  

After ݐଶ when the strain of E0 exceeds its first tensile softening strain limit  ܽଵߝ௖௥ char-
acterized by a reduced stiffness degradation rate, the source node S0 starts to vibrate. The 
vibration trend is more obvious in the acceleration (Figure 6.3e) than the velocity (Figure 
6.3c) and displacement (Figure 6.3d), because the acceleration is more sensitive to high-
frequency signals as discussed in Section 3.6.1. This stage physically corresponds to the 
arrest of microcracking and the occurrence of secondary fracturing phenomena of macro-
cracks in the fracturing area represented by element E0 (see Figure 5.7). 

The vibrations of S0 are then rapidly attenuated in a short period due to the implemented 
numerical Rayleigh damping. The strain value of source element E0 and corresponding 
occurrence time (denoted as ݐଷ) at the end of source vibration stage are marked gray in 
Figure 6.3a and Figure 6.3e, respectively. At the end of source vibrations, the strain value 
of source element E0 is far less than its second tensile softening strain limit  ܽଶߝ௖௥ defined 
in Figure 3.2. 
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Figure 6.3 Local behaviour of source node S0 and fracturing source element E0: (a) strain of 
fracturing source element E0; (b) stress of fracturing source element E0 (MPa); (c) x-direction 

displacement of source node S0 (m); (d) x-direction velocity of source node S0 (m/s); (e) x-direc-
tion acceleration of source node S0 (m/s2). 

6.3.2 Macro-mechanical behaviors associated with AE phenomena 

Figure 6.4 shows the global mechanical response of the notched beam specimen corre-
sponding to the fracturing moment of source element E0. The load-deflection curve in a 
strain stage of source element E0 from ߝ௖௥ to 0.07ܽଶߝ௖௥ is zoomed in in Figure 6.4, cor-
responding to the occurrence period of the source signal shown in Figure 6.2 (namely the 
period of ݐଵ~ݐଷ marked in Figure 6.3). Three critical strain values of fracturing source 
element E0, ߝ௖௥, ܽଵߝ௖௥ and 0.07ܽଶߝ௖௥, are marked red in Figure 6.4.  

It can be observed that there is a sharp drop in global load and a sudden increase in global 
mid-span displacement in the strain stage ߝ௖௥~ܽଵߝ௖௥ of E0 corresponding to the jump 
stage of source node S0 during ݐଵ~ݐଶ (see Figure 6.3). In later tensile softening stages 
when the strain of E0 exceeding ܽଵߝ௖௥, the global load is then gradually recovered fol-
lowing a path with small fluctuations (vibrations). Such global behavior is physically ex-
plained as follows: 

In early tensile softening stage of fracturing element E0, physically corresponding to the 
sudden propagation of microcracks (see Figure 5.7), the rapid stiffness degradation of E0 
at the microscale leads to a sharp global stiffness degradation of the structure, because 
global stiffness of the whole specimen is determined by local stiffness of each involved 
sub-area (namely each lattice element). Such a sharp degradation of structural stiffness 
mechanically manifests a sharp drop in global load.  
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In later tensile softening stages, when the strain of fractured element E0 is larger than 
ܽଵߝ௖௥, physically corresponding to arrest of micro-crack propagation and the occurrence 
of secondary fracturing phenomena of macro-cracks (cracking bridging and interlocking 
in Figure 5.7), the reduction in stiffness degradation rates of a local fracturing area leads 
to a decreased rate of global stiffness degradation of the whole structure, during which 
the global load is then partially recovered following a path with reduced global stiffness. 
The reduction in global stiffness due to tensile failure of source element E0 is illustrated 
by an intersection angle ߠ௥௘ௗ௨௖௘ௗ between original and recovered load-deflection curves 
as marked blue in Figure 6.4. The recovered load then further increases until new mi-
crocrack suddenly propagates (new lattice element breakage) when the material fracture 
toughness is reached again.   

 
Figure 6.4 Global load-deflection behavior at the fracturing moment of source element E0.  

6.4 Discussion on the correlations between concrete tensile cracking 
behaviour and the resulting AE phenomena  

This section discusses available theories proposed in literature that explains the relation-
ships between concrete tensile cracking behaviour and induced AE phenomena in various 
aspects based on the numerical results.  

6.4.1 Connection between available AE source theories across different 
scales  

This sub-section discusses the connection between available theories in literature for ex-
plaining the tensile cracking-induced AE phenomena. Readers are referred to Section 
2.3.2 for details of mentioned AE source theories. 

As illustrated in Figure 5.6, the physical nature of tensile cracking-induced AE signals is 
the sudden propagation of micro-cracks at crack tips. Such a physical phenomenon is 
mechanically described as sharp stiffness degradation locally, which results in a micro-
scopic displacement discontinuity (jump) in a local fracturing area (see Figure 6.3). This 
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microscopic observation is consistent with the AE source explanation provided by the 
continuum mechanics-based local dislocation theories, e.g., the MT (Ohtsu 1995) (see 
Section 2.3.2.3). In addition, a local stiffness degradation weakens the global stiffness of 
the whole structure, and thus dynamically leads to a small drop in global load in the mac-
roscopic load-deflection curve (see Figure 6.4). This macroscopic observation is con-
sistent with the local load-drop instability theory for explaining AE sources (Li, Ren, and 
Li 2024) (see Section 2.3.2.2).  

Therefore, the local dislocation theory and the local load-drop instability theory are the 
mechanical description for a same physical phenomenon of tensile cracking-induced AE 
at microscopic and macroscopic scales, respectively.  

The local snap-back instability theory (Carpinteri et al. 2016) (see Section 2.3.2.2) ex-
plains AE phenomena in a similar way to the local stress-drop instability theory. The only 
difference lies in the need for a drop in global displacement together with the drop in 
global load to emit AE energy in the local snap-back instability theory (see Figure 2.6 
and 2.7). As shown in Figure 6.4, no drop in mid-span displacement is observed when the 
source element E0 is fractured in the lattice simulation. This means the local snap-back 
instability (local drop in both global load and global deflection) might not be a necessary 
condition for the occurrence of AE phenomenon. The local stress-drop instability theory 
could be a more generalized explanation for AE source mechanism at macroscopic level. 

6.4.2 AE phenomenon & concrete fracture energy  

The relationship between concrete fracture energy and AE energy is still controversial in 
the research community. Positive (Landis and Baillon 2002; Han, Yang, and Xu 2018) 
and negative (Carpinteri and Accornero 2018; Carpinteri et al. 2016) correlations  are 
proposed in literature between concrete fracture energy and AE energy, both established 
by fitting experimental data. The relationship between concrete fracture energy and AE 
phenomenon is discussed in this sub-section.  

To illustrate the relationship between fracture energy and AE phenomena, additional sim-
ulation cases are performed by varying the values of the second and third tensile softening 
parameters ܽଶ and ܽଷ in the adopted tensile softening constitutive law (see Section 3.2.1). 
In these numerical cases, all model inputs are kept the same as those described in Section 
6.2 except ܽଶ and ܽଷ. Figure 6.5 shows typical simulated AE source signals received at 
source node S0 with different values of ܽଶ and ܽଷ. The simulated source signals are iden-
tical when varying ܽଶ and ܽଷ.  
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(a) 

 

(b) 

Figure 6.5 Typical fracture-induced AE source signals received by virtual sensor S0 in: (a) simu-
lation case 5 with various a2 values and (b) simulation case 6 with various a3 values. 

As shown in Figure 6.6a, the microscopic concrete tensile fracture energy at element level 
is calculated as the area under the stress-displacement curve in the whole nonlinear stage 
 As demonstrated in Figure 6.5, an AE source signal is only associated to .(௖௥ߝ௖௥~ܽଷ݀ߝ݀)
concrete early-stage tensile softening behavior (area marked by red cross in displacement 
stage of ݀ߝ௖௥~ܽଵ݀ߝ௖௥ in Figure 6.6a), while it is irrelative to the later-stage fracture be-
havior (ܽଵ݀ߝ௖௥~ܽଷ݀ߝ௖௥ in Figure 6.6a). This indicates that there is no direct correlation 
between microscopic concrete fracture energy and AE phenomenon. 

At macroscopic level, the concrete tensile fracture energy is positively related to the 
whole area under the global load-deflection curve. The standard calculation procedure of 
concrete fracture energy using the load-deflection curve in a three-point test can be found 
in the work of Peterson (Peterson 1980). However, as discussed in Section 6.3.2, the ten-
sile cracking-induced AE phenomena are only related to the local load-drop instabilities 
in a global load-deflection curve, namely the areas marked by red cross in Figure 6.6b. 
This indicates that there is no direct connection between macroscopic concrete fracture 
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energy and AE phenomenon. It should be mentioned that the local load-drop instabilities 
are plotted exaggeratively in Figure 6.6b for better illustration, while such local load-drop 
instabilities in lattice simulation are on a much smaller scale as shown in Figure 6.4 (see 
also Figure 4.8).  

Physically, the Mode-I (tensile) fracture energy is the total energy dissipated by all frac-
turing activities occurring in a concrete tensile fracturing process (see Figure 5.7). Nev-
ertheless, AE phenomena in concrete tensile fracturing processes are only related to sud-
den propagation and arrest of microcracks among various fracturing activities. Such AE-
related microcracking activities are only related to a small portion of the total dissipated 
energy, namely fracture energy. Therefore, AE phenomena should not have a direct rela-
tionship with concrete Mode-I fracture energy. 

  

(a) (b) 

Figure 6.6 Illustration for the relationship between concrete fracture energy and AE phenome-
non: (a) micro-scale and (b) macro-scale. 

6.5 Summary 
This chapter numerically investigates the mechanisms underlying the AE phenomena as-
sociated with concrete tensile cracking in a more realistic 2D case by utilizing the lattice 
model that has been proposed and validated in chapters 3 and 4.  

Through analysing a typical numerical AE source signal directly recorded at a local ten-
sile fracture area, as well as the local and global mechanical behaviour associated with 
the source AE signal, we derive the following conclusions: 
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 The dynamic response of a concrete tensile cracking area consists of a first dynamic 
stage of exponential-shape acceleration jump and a second stage of attenuated vibra-
tions. Such a two-stage dynamic response forms a Gaussian pulse in acceleration of 
a local fracture area that generates acoustic emission signals. 

 The physical origin of tensile cracking-induced AE phenomena is the sudden propa-
gation microcracks, mechanically leading to a rapid stiffness degradation of both lo-
cal fracturing area and the whole structure. Such a rapid stiffness degradation simul-
taneously induces a sudden displacement jump of the local fracturing area at micro-
scopic level and a sharp drop in global load at macroscopic level.  

Based on the numerical analyses, we then discuss the classical theories available in liter-
ature for explain AE phenomena in various aspects and derive the following conclusions:  

 The local dislocation theory and the local load-drop instability theory are the me-
chanical description for a same physical phenomenon of tensile cracking-induced 
AE at microscopic and macroscopic levels, respectively.  

 There is no direct relationship between AE phenomena and concrete Mode-I (tensile) 
fracture energy, as tensile cracking-induced AE phenomena is only related to the 
sudden propagation and arrest of microcracks among various fracturing activities. 
AE phenomena are only associated with a small portion of all dissipated fracture 
energy. 
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7. Quantifying concrete tensile cracking-induced acoustic emission 
sources through lattice modelling 

7.1 Introduction 
Building on the qualitative analysis of acoustic emission (AE) sources generated by con-
crete tensile cracking presented in the previous chapter, this chapter shifts the focus to-
ward a quantitative evaluation of AE source characteristics. 

As discussed in Chapter 2, there is currently no reliable method for quantitatively as-
sessing tensile cracking behaviour in concrete using AE measurements. This limitation 
stems from the complex interactions among AE source mechanisms, wave propagation 
phenomena, and sensor responses in experimental observations. To address this challenge, 
it is essential to establish case-independent, quantitative relationships between concrete 
tensile cracking behaviour and AE source characteristics, which are isolated from the 
uncertainties introduced by wave propagation and sensor effects. Numerical modelling 
offers a promising approach for achieving this objective. 

This chapter conducts a numerical sensitivity analysis using the lattice modelling frame-
work introduced in Chapters 3 and 4. This analysis quantifies the relationships between 
tensile cracking characteristics and corresponding AE source parameters. The primary 
goal is to identify key deterministic factors that govern AE source behaviour and to de-
velop these into quantitative AE indicators linked to tensile cracking. These indicators 
are then applied to practical AE monitoring scenarios to assess their effectiveness in eval-
uating concrete cracking. 

This chapter is organized as follows: Section 7.2 presents a numerical sensitivity study 
using lattice modelling to quantify the influence of various tensile cracking factors on 
typical AE source parameters. Section 7.3 evaluates the significance of each influencing 
factor and identifies the key parameters that deterministically govern AE source behav-
iour. A quantitative AE indicator is proposed based on the relationship between these 
factors and the AE source characteristics. Section 7.4 demonstrates the practical applica-
tion of the proposed AE indicator through several case studies. Section 7.5 provides a 
critical discussion comparing the current findings with classical AE source theories, par-
ticularly focusing on the determinants of AE frequency characteristics. 
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7.2 Numerical sensitivity study on AE source parameters  
To develop reliable AE characterization methods for concrete tensile cracking behaviour, 
we need first to assess different influencing factors associated with concrete tensile crack-
ing behaviour on the generated AE source parameters, isolating the uncertainties intro-
duced by wave propagation and sensor effect in experiments. In Chapter 5, the influenc-
ing factors of AE sources induced by concrete tensile cracking were identified through 
the analysis of a single degree-of-freedom (DoF) system (see Section 5.7). However, the 
insights derived from the single DoF system are limited in their generalizability and quan-
titative applicability to AE source characterization. Therefore, this section seeks to quan-
tify the previously identified influencing factors through a numerical parametric study 
within a more realistic two-dimensional (2D) framework, employing the lattice model 
introduced in Section 3.2. 

Throughout this chapter, the same lattice simulation case of the three-point bending test 
of a notched concrete beam used in chapter 6 (see Section 6.2) that has been experimen-
tally validated in Chapter 4 is adopted for numerical analyses. The effects of the influ-
encing factors of concrete tensile cracking-induced AE sources that have been identified 
by analytical modelling in Section 5.7 are investigated through six numerical cases. The 
parameters adopted in different numerical cases are detailed in Table 7.1. Simulation case 
0 serves as a benchmark corresponding to the case presented in Chapter 6, for which the 
parameters correspond to properties of the physical notched specimen listed in Table 3.1. 
Model parameters are changed in the remaining numerical cases (cases 1-6) to investigate 
the effect of changed parameters on generated AE sources. The model parameter investi-
gated in each case is highlighted gray in Table 7.1.  

A uniform lattice network is adopted for all the simulation cases, namely all the elements 
are kept at the same grid level in each simulation case. It should be mentioned that the 
numerical case 5 in Table 7.1 involves various lattice grid levels ݀. In Section 3.2.1, we 
have introduced the fracture energy regularization technique for the tensile softening pa-
rameters of diagonal and orthogonal elements with different element sizes ݈ involved in 
a same lattice grid level ݀ (see Figure 3.2). Herein, the same concept is extended to lattice 
elements involved in different lattice grid level ݀. The softening parameters only cali-
brated once for orthogonal elements involved in a certain lattice grid level ݀଴ with ݈ =
݀଴, following the calibration procedure shown in Figure 3.3; other elements with different 
sizes (݈ ≠ ݀଴), including diagonal elements involved in a same grid ݀଴ and all elements 
involved in different grid levels, are obtained by regularizing their fracture energy. Spe-
cifically, denoting the calibrated softening parameters of element size ݈ = ݀଴ as ܽ௜(݀଴) 
with ݅ = 1, 2, 3 (see Figure 3.2), the tensile softening parameters of other element sizes 
݈ ≠ ݀଴, denoted as ܽ௜(݈), are regularized as: 
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Herein, the softening parameters are calibrated based on orthogonal elements involved in 
a 1-mm grid size (namely ݀଴=1 mm) and those of all other elements are regularized by 
Equation (7.1). As shown in Figure 3.2, after being regularized by Equation (7.1), lattice 
elements of different sizes have a same stress-displacement (stress-crack opening) con-
stitutive law and thus a same fracture energy. The effects of fracture energy regularization 
on modelling AE source signals are detailed in Appendix J, while its effects on simulating 
concrete mechanical response are demonstrated in Appendix K(see also the work of Ay-
din (Aydin, Tuncay, and Binici 2018)).  

Table 7.1 Model parameters of different simulation cases. 

Case 
number 

Material 
density 

 ρ 

Elastic 
modulus 

E   

Tensile 
strength 

 ft 

*Fracture 
parameter 

a1( d0) 

Grid 
size 
 d 

CMOD 
rate 
∆u̇ 

(unit) (kg/m3) (GPa) (MPa) (-) (mm) (m/s) 

[factor] [×103] [-] [-] [-] [-] [×10ି଺] 

0 2.31 35.2 3.15 5.5 1 1 

1 1.5~3.0 35.2 3.15 5.5 1 1 

2 2.31 27~44 3.15 5.5 1 1 

3 2.31 35.2 1.5~5 5.5 1 1 

4 2.31 35.2 3.15 1~10 1 1 

5 2.31 35.2 3.15 5.5 0.05~5 1 

6 2.31 35.2 3.15 5.5 1 0.01~10 

* The listed values of tensile softening parameters are calibration results for lattice elements of 1 mm 
size (l =d଴=1 mm). Tensile softening parameters of elements with sizes different than d0 (l ≠ d଴) are 
regularized by Equation (7.1). 

In the following, we separately investigate the effect of each influencing factor on the AE 
source response. The accelerations in x direction of source node S1 triggered by the ten-
sile failure of critical element E0 are used to present an AE source signal for analyses (see 
Figure 6.1). As illustrated in chapter 6, a concrete tensile cracking-induced AE source 
signal is in the form of Gaussian pulses (see Figure 6.2), for which the peak (central) 
frequency and time-domain peak amplitude are two most important signal parameters 
(Bauer et al. 1984a). Moreover, the source rise time ௥ܶ௜௦௘, defined as the duration of local 
displacement jump/discontinuity (dislocation), is an important parameter in classical AE 
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modelling theories, as reviewed in Section 2.3.2.3. Therefore, these three parameters are 
selected as typical parameters of AE source signals for the following analyses.  

Readers are referred to Appendix A for the definition of peak frequency and time-domain 
peak amplitude. Since the source rise time ௥ܶ௜௦௘ is defined as the duration of local dislo-
cation (displacement jump) (Ohtsu 1995), it is herein calculated as the time interval cor-
responding to the strain stage ߝ௖௥~ܽଵߝ௖௥ of the critical element E0 (see Figure 6.3). 

7.2.1 Material properties 

This subsection investigates the influence of concrete material properties on AE source 
signals, corresponding to simulation Cases 1–3 presented in Table 7.1. The selected par-
ametric range for concrete density ߩ encompasses various concrete types, including both 
high-density (Khalaf, Ban, and Ramli 2019) and lightweight concrete (Newman and 
Owens 2003). The studied parametric ranges for elastic modulus ܧ and tensile strength 

௧݂  are selected covering common concrete classes (C12~C90) according to fib Model 
Code 2010 (MC2010) (Walraven 2012). 

Figure 7.1 shows the effects of concrete density ߩ on three selected typical AE source 
parameters. Within the investigated parameter ranges, concrete density ߩ is linearly pro-
portional to source rise time ௥ܶ௜௦௘ and is inversely proportional to peak frequency and 
peak amplitude. This indicates that concrete with lighter weights generates AE source 
signals of higher amplitudes and higher-frequency contents. 

 
Figure 7.1 Effects of concrete density ρ on three AE source parameters in simulation case 1. 

Figure 7.2 shows the effects of Young’s modulus ܧ on three selected typical AE source 
parameters. Within the investigated parameter ranges, Young’s modulus ܧ is positively 
correlated with peak frequency and peak amplitude and is negatively correlated with 
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source rise time ௥ܶ௜௦௘. This indicates that concrete of higher elasticity generates AE source 
signals of higher amplitudes and higher-frequency contents. 

 
Figure 7.2 Effects of Young’s modulus E on three AE source parameters in simulation case 2. 

Figure 7.3 shows the effects of concrete tensile strength ௧݂ on three selected typical AE 
source parameters. Within the investigated parameter ranges, tensile strength ௧݂ is posi-
tively correlated with peak amplitude and source rise time ௥ܶ௜௦௘, while the peak frequency 
remains the same value when varying ௧݂. This indicates that concrete of higher strength 
generates AE source signals of higher amplitudes.  

 
Figure 7.3 Effects of concrete tensile strength ft on three AE source parameters in simulation 

case 3. 

7.2.2 Fracture parameters 

This sub-section studies the influence of the first tensile softening parameters ܽଵ defined 
in the constructive law of lattice elements (see Figure 3.2) on induced AE source signals, 
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corresponding to simulation Cases 4 in Table 7.1. We do not further consider the other 
two softening parameters involved in the adopted tensile constitutive law (ܽଶ and ܽଷ in 
Figure 3.2), because they are irrelevant to AE phenomena as demonstrated in both Section 
5.7 and Section 6.4. 

Figure 7.4 shows the effects of the first tensile softening parameter ܽଵ on three selected 
typical AE source parameters. The peak frequency is independent of ܽଵ. The source rise 
time ௥ܶ௜௦௘  is positively correlative with ܽଵ, because a larger ܽଵ value leads to a wider 
strain range of ߝ௖௥~ܽଵߝ௖௥ and thus a longer duration of source jump stage (see Figure 5.6). 
Moreover, the peak amplitude is negatively correlative with ܽଵ. This indicates that more 
brittle fracture results in higher source amplitudes, as ܽଵ physically characterizes the brit-
tleness of concrete fracture in an early softening stage as illustrated in Figure 5.7.  

 
Figure 7.4 Effects of concrete tensile fracture parameter a1 on three AE source parameters in 

simulation case 4. 

7.2.3 Mesh size  

This sub-section discusses the mesh size sensitivity of simulated AE source signals cor-
responding to Case 5 in Table 7.1. For different discretization levels d, dimensions of the 
notch in the specimen are kept the same, namely 5-mm width and 30-mm depth (see 
Figure 6.1).  

Figure 7.5 shows the effects of lattice grid size d on three selected typical AE source 
parameters. Two time-domain parameters, peak amplitude and source rise time ௥ܶ௜௦௘, are 
positively correlated with d, while source peak frequency dramatically decreases with the 
increase of d.  
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Figure 7.5 Effects of lattice grid size d on three AE source parameters in simulation case 5. 

7.2.4 External loading rate 

This sub-section investigates the influence of external loading rate on induced AE source 
signals (Case 6 in Table 7.1). The proposed lattice model adopts a rate-independent con-
stitutive model (see Figure 3.2) and thus cannot realistically consider the dynamic ampli-
fication effect of concrete constitutive behavior in response to high-speed dynamic/im-
pact loads (Gao et al. 2021). Therefore, small values of CMOD rate ∆u̇ in a range of 
0.01~10 × 10ି଺ m/s are selected for analyses, being restricted to quasi-static loading 
conditions.  

Figure 7.6 shows the effects of CMOD rate ∆u̇ on three selected typical AE source pa-
rameters. Within the investigated parameter ranges, CMOD rate ∆u̇ is positively and neg-
atively correlated with peak amplitude and source rise time ௥ܶ௜௦௘, respectively, while the 
peak frequency is irrelevant to external load rate. This is because external loading condi-
tions influence mainly the early-stage displacement jump of the fracture area that triggers 
subsequent vibrations, while the frequency/vibration characteristics of the fracture area 
are mainly determined by its inherent properties, as discussed in Section 5.7. 
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Figure 7.6 Effects of CMOD rate ∆u̇ on three AE source parameters in simulation case 6. 

7.3 Development of a quantitative AE indicator for concrete tensile 
cracking behaviour  

This section aims to develop a physically grounded AE indicator for quantifying the ten-
sile cracking behaviour of concrete, building upon the findings of the preceding numerical 
parametric analysis. As discussed above, the three investigated AE source parameters are 
affected to varying degrees by different influencing factors. Therefore, it is necessary to 
compare the relative influence of each factor on the AE source parameters in order to 
identify the most deterministic one for developing a reliable AE-based indicator of con-
crete tensile cracking behaviour. 

To achieve this, the variation in each source parameter resulting from changes in a given 
model input across the simulation cases (Cases 1~6 in Table 7.1) is normalized as follows: 

 max min

max max

x - xxx = =
x x
  (7.2) 

where ݔ represents the three AE source parameters under investigation. |ݔ߂| denotes the 
absolute difference between the maximum (denoted as ݔ୫ୟ୶) and minimum (denoted as 
 ෤ serves as a normalizedݔ߂ .୫୧୬) values of a source parameter across the input variationsݔ
metric characterizing the degree of change in each parameter due to a specific model input.  

Given that the range of each influencing factor has been selected to reflect a broad spec-
trum of concrete properties and working conditions, the normalized metric ݔ߂෤ can be in-
terpreted as a general index of the influence level of each factor on the AE source param-
eters associated with tensile cracking in concrete. The value of ݔ߂෤ ranges from 0 to 1, 
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where a larger value indicates a greater influence of the varied input, and a value of zero 
signifies no correlation between the model input and the resulting AE source parameter.  

Figure 7.7 illustrates the effects of various factors on the three selected AE source param-
eters. The two time-domain source parameters, namely the source peak amplitude and the 
source rise time ௥ܶ௜௦௘, are influenced by multiple factors. Among these, the first tensile 
softening parameter ܽଵ and the lattice grid size (d) exert a more significant influence on 
these two parameters. It is important to note that ܽଵ is not a directly measurable material 
property, but rather a calibrated model parameter introduced by the assumed constitutive 
law (see Section 3.2). While it is physically interpreted as representing the fracture brit-
tleness of concrete during the early softening stage, as illustrated in Figure 5.7, ܽଵ remains 
a model-derived parameter. 

Interestingly, the peak frequency of the AE source is only influenced by concrete density 
 and lattice grid size ݀, which aligns with the results obtained from ܧ elastic modulus ,(ߩ)
the analytical modelling of a 1-DoF system in in Section 5.7 (see Equation (5.42)). In 
addition to ߩ and ܧ, the lattice grid size ݀ also also holds clear physical significance. The 
breakage of a lattice element serves as a mechanical representation of a crack propagation 
step (see Chapter 6). As shown in Figure 3.1, two nodes connected by a broken lattice 
element represent a specific fracture volume ߶௙ (see Equation (3.3)) that actively gener-
ates AE. In the current numerical case, the critical element E0 links one edge node and 
one outer corner node (see Figure 6.1). Therefore, the fracture volume represented by the 
studied element E0 is calculated as ߶௙ = 1.25݀ଶݓ. 

 
Figure 7.7 Normalized variations of three AE source parameters affected by different model in-

puts. 
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It is important to note that the fracture volume ߶௙ is different from the volume of fracture 
process zone (FPZ) ߶ி௉௓ that is defined as the entire region of the fracture area experi-
encing inelastic strains (Bažant and Lin 1988). In the one-degree-of-freedom (1-DOF) 
case discussed in Chapter 5, ߶௙ equals to ߶ி௉௓, as the FPZ in one dimension involves 
only a single step of crack propagation. However, in the two-dimensional (2D) case ex-
amined in this chapter, which features a progressive crack propagation process, ߶௙ rep-
resents only a portion of the overall ߶ி௉௓. As illustrated in Figure 7.8, ߶௙ corresponds to 
the newly formed fracturing volume associated with a single crack propagation step dur-
ing the early stage of tensile softening (ߝ௖௥~ܽଵߝ௖௥) which actively generates AE signals 
(see Figure 6.3).  

 
Figure 7.8 Illustration for the fracture zone of volume ϕf that actively generates AE. 

Since the values of the two experimentally measurable properties, concrete density ߩ and 
elastic modulus ܧ, tend to be consistent within the same concrete structure, the source 
peak frequencies of different tensile cracking-induced AE sources generated in the same 
structure are primarily governed by the corresponding fracture volumes ߶௙. This implies 
that the source peak frequencies of AE signals can serve as direct indicators of the internal 
tensile fracture volumes within a given concrete structure.  
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Based on this understanding, the objective of the following section is to establish a source 
peak frequency-based AE indicator for quantifying the fracture volume ߶௙.  ߶௙ is corre-

lated with the AE source peak frequency (denoted as ௣݂
(௦)), concrete density ߩ and elastic 

modulus ܧ in the following general form: 

 ( )( , , )s
f pg f E   (7.3) 

Here, g represents a functional relationship. However, it is not feasible to derive a closed-
form expression for Equation (7.3) that universally applies to various experimental sce-
narios with different values of ܧ and ߩ, due to the complex nature of AE source signals. 
These signals result from nonlinear vibrations of a multi-degree-of-freedom (multi-DoF) 
system (see Section 6.3).  

Instead, the relationship can be empirically established through numerical lattice model-
ling. The numerical results of AE source peak frequency ௣݂

(௦) and corresponding fracture 
volume  ߶௙ (calculated by Equation (3.3)) are plotted in Figure 7.9 based on the simula-
tion case 5 (see Table 7.1). Drawing inspiration from the observation in the 1-DoF system 
(Chapter 5) that the dominant frequency of a fracturing region is inversely proportional 
to the square root of its volume (see Equation (5.43)), the numerical data are fitted using 
the following empirical relationship:  

  2( )
1 2

s
f pc cf


   (7.4) 

where ܿଵ  and ܿଶ  are two fitting constants varying with concrete density ߩ and elastic 
modulus ܧ (see Equation (7.3)). In this equation, ߶௙ and ௣݂

(௦) are expressed in units of 
mm3 and MHz, respectively. The resulting fitting function demonstrates strong agreement 
with the numerical data and can thus serve as a practical AE-based indicator for estimat-
ing concrete fracture volume. 
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Figure 7.9 The proposed AE indicator based on simulation case 5 for the relationship between 

source peak frequency f௣
(s) and fracture volume ϕf.  

As indicated by Equation (7.3), the two fitting ܿଵ and ܿଶ of the proposed AE indicator 
(Equation (7.3)) are dependent on concrete density ߩ and elastic modulus ܧ. The values 
presented in Figure 7.9 are specifically fitted based on the material properties used in 
Case 5 (refer to Table 7.1).  

To enable broader applicability and facilitate the practical use of the proposed AE indi-
cator, we provide the values of ܿଵ and ܿଶ for various common concrete classes, as sum-
marized in Table 7.2. This table is developed based on the same modelling framework as 
Case 5, with adjusted values of ߩ and ܧ reflecting different concrete classes in accord-
ance with the fib Model Code 2010 (MC2010) (Walraven 2012). 
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Table 7.2 Fitting constants ܿଵ and ܿଶ of the the proposed AE indicator in Equation (7.4) for common 
concrete classes (C12~C90) (Walraven 2012). 

Concrete  
classes 

Material density 
 (kg/m3)  ߩ

Elastic modulus 
E  (GPa) c1 c2 

C12 

2500 

27.1 7.8 16.7 

C16 28.6 8.1 18.6 

C20 30.0 8.5 20.2 

C25 31.5 8.5 23.1 

C30 32.8 8.7 25.0 

C35 34.1 9.0 28.0 

C40 35.2 9.1 28.4 

C45 36.3 9.1 30.8 

C50 37.3 9.2 30.3 

C55 38.2 9.3 31.1 

C60 39.1 9.4 31.4 

C70 40.7 9.4 32.0 

C80 42.2 9.5 32.5 

C90 43.6 9.6 32.4 

7.4 Practical applications of the proposed AE indicator  
Although the AE indicator proposed above provides a theoretical basis for quantifying 
fracture volume, it cannot be directly applied in practical scenarios, as the source peak 
frequency itself is not directly measurable. In experimental settings, the recorded AE sig-
nal is significantly influenced by wave propagation effects and sensor response charac-
teristics (see Section 4.4.3). 

In the following, we explore potential applications of the proposed AE indicator within 
the context of practical AE monitoring, considering the limitations imposed by real-world 
measurement conditions. 

7.4.1 Estimating fracture volume through AE measurements 

The size of the fracture process zone (FPZ) is a critical factor influencing the fracturing 
behaviour of quasi-brittle materials and serves as a key parameter in several classical 
fracture models (Ba and Kazemi 1990; Cusatis and Schauffert 2009). However, accu-
rately measuring the evolution of FPZ size during the fracture process remains a signifi-
cant experimental challenge. 
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The AE indicator developed in Equation (7.4) establishes a quantitative relationship be-
tween the AE source peak frequency ௣݂

(௦) and the fracture volume ߶௙ that constitutes a 
portion of the FPZ (see Figure 7.9). This method enables the quantification of the fracture 
volume associated with each crack propagation increment that actively generates AE, 
thereby offering a means to evaluate the evolution of FPZ size throughout the crack 
growth process. 

Since the source peak frequency ௣݂
(௦) is not directly measurable in real AE applications, 

an alternative approach is to rely on parameters derived from measured AE signals. In 
this context, the peak frequency of the measured AE signals, denoted as ௣݂

(௠), is selected 
as a measurable proxy for estimating the fracture volume ߶௙. It is worth noting that other 
frequency-domain parameters closely related to source frequency characteristics (e.g., 
frequency centroid and partial powers (Unnþórsson 2013)) may also be employed to es-
timate ߶௙, depending on the specifics of the application. 

The measured peak frequency ௣݂
(௠) are further influenced by the signal attenuation in 

wave travel path (denoted as ܫ௪௔௩௘) and the sensor response (denoted as ܫ௦௘௡௦௢௥) (Equa-
tion (7.5a)). By substituting Equation (7.5a) into the original indicator formulation in 
Equation (7.3), we can express the relationship between fracture volume ߶௙  and the 

measured AE peak frequency ௣݂
(௠) in Equation (7.5b).  

( ) ( )'( , , )m s
p p wave sensorf g f I I  (7.5a) 

'' ( )( , , , , )m
f p wave sensorg f I I E   (7.5b) 

where g’ and g’’ represent functional relationships incorporating the relevant influencing 
factors. 

A closed-form solution to Equation (7.5b) cannot be derived as a universal AE criterion 
applicable across different experimental conditions involving varying values of ܧ  ,ߩ ,
ܵ௪௔௩௘and ܵ௦௘௡௦௢௥. This limitation arises because experimentally measured AE signals re-
sult from the nonlinear vibrations of a multi-degree-of-freedom (multi-DoF) system (see 
Section 5.3) and are significantly influenced by the nonlinear characteristics of the sensor 
response (see Chapter 4). 

As an alternative, case-specific numerical solutions to Equation (7.5b) can be developed 
using lattice modelling. In this approach, ܧ and ߩ are treated as model inputs, while ܫ௪௔௩௘ 
and ܫ௦௘௡௦௢௥ are explicitly represented within the model framework. By numerically estab-
lishing the relationship between ௣݂

(௠) and ߶௙, it becomes feasible to estimate ߶௙ from ex-

perimentally obtained ௣݂
(௠) values.  
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7.4.1.1 Demonstration cases 

To demonstrate the proposed approach, two numerical case studies are conducted based 
on the simulation Case 5 in Table 7.1. Lattice modelling is used to simulate AE signals 
generated by the tensile failure of the critical element E0 at various lattice grid levels 
corresponding to different fracture volumes ߶௙  (see Figure 6.1). These signals are re-
ceived by two virtual R15a sensors, S1 and S3, positioned at the closest and farthest dis-
tances from the source, respectively, in a three-point bending test of a notched concrete 
beam (see Section 4.3). 

Wave propagation and associated attenuation effects are inherently captured within the 
lattice model through the implementation of Rayleigh damping (see Section 3.2). Addi-
tionally, the sensor response, accounting for the geometry and frequency-dependent sen-
sitivity of the sensors, is incorporated following the modelling procedure described in 
Section 4.2. 

Figure 7.10 shows the numerical correlations between fracture volume ߶௙ and the peak 

frequency of numerical AE signals ௣݂
(௠), as simulated by the two selected virtual AE 

sensors S1 and S3. It is observed that wave propagation and sensor response transform 
the broader and smoother distribution of the source peak frequency ௣݂

(௦) (up to 4 MHz in 

Figure 7.9) into significantly narrowed distributions of ௣݂
(௠) , limited to below 500 kHz.  

Moreover, the distribution of ௣݂
(௠) for both virtual sensors exhibit a non-smooth, three-

phase evolution trend. Specifically, the slopes of the curves in Figures 7.10a and 7.10b 
both decrease sharply within the range of  100 kHz < ௣݂

(௠) < 200 kHz. Within this range, 
the frequency values cluster around 150 kHz, corresponding to the resonant frequency of 
the modelled R15a sensors (see Figure 4.2). 
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(a) 

 
(b) 

Figure 7.10 Relationships between the fracture volume ϕf and the peak frequency of numerical 
AE signals f௣

(m) received by different sensors: (a) S1 and (b) S3. 

Additionally, the relationship between ߶௙ and ௣݂
(௠) is strongly dependent on the wave 

travel distance. The values of ߶௙ corresponding to three critical values of ௣݂
(௠) (100, 200 

and 300 kHz) measured by virtual sensors S1 and S3 are marked in Figure 7.8. It is evident 
that the same ௣݂

(௠) measured by the closer sensor (S1) corresponds to a larger fracture 
volume ߶௙.   

Nevertheless, the numerical AE peak frequency ௣݂
(௠) maintains a clear negative correla-

tion with the fracture volume ߶௙ in Figure 7.10. This relationship provides a practical 
basis for estimating ߶௙ in experimental settings using the measured AE peak frequency 
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௣݂
(௠), as the numerical values of ௣݂

(௠) in Figure 7.10 have been obtained by accounting 
for the entire acquisition process of experimental AE signals.  

However, due to the uncertainties introduced by wave propagation effects and sensor re-
sponse characteristics, it is not feasible to establish a precise mathematical function be-
tween ௣݂

(௠) and ߶௙ that would allow for accurate fracture volume prediction.  

As an alternative, based on the numerical trends shown in Figure 7.10, it is possible to 
estimate approximate ranges of ߶௙ corresponding to different value intervals of ௣݂

(௠). Ta-
ble 7.3 proposes AE peak frequency-based criteria for the two virtual sensors (S1 and S3) 
to estimate fracture volume ranges. The AE peak frequency range of 0~400 kHz, which 
covers the effective operating bandwidth of the modelled R15a sensors (see Figure 4.2), 
is divided into four equal subranges. For each subrange, the corresponding value range of 
߶௙ is determined from the numerical data presented in Figure 7.10. It should be a more 
detailed frequency-based classification was not applied to achieve finer estimation of 
fracture volume, since high-frequency components (e.g., >200 kHz) attenuate rapidly and 
are seldom detected in experiments.  

Table 7.3 Criteria established for estimating fracture volume based on the measured AE peak fre-
quency, derived from the simulation results of two virtual R15a sensors (S1 and S3). 

Measured AE 
Peak frequency 

f௣
 (m) (kHz) 

Fracture volume ϕf (mm3) 

S1 S3 

<100 >750 >400 

100~200 65~750 15~400 

200~300 7~65 0.8~15 

>300 <7 <0.8 

The AE criteria established in Table 7.3 are then applied to estimate the experimental 
fracture volumes based on the AE peak frequency values measured by AE sensors S1 and 
S3 during the three-point bending test, as described in Section 4.3. Figure 7.11 presents 
the estimated fracture volumes ߶௙  corresponding to the experimentally measured AE 

peak frequency ௣݂
(௠) values. It can be observed that the estimates derived from the exper-

imental AE data for the two R15a sensors, located at different positions (see Section 4.3), 
are consistent. Approximately 80% of the fracturing areas that generated AE signals 
(highlighted by red braces) exhibit fracture volumes ߶௙ on the order of  10ଵ~10ଶ mm3.  

Assuming the experimental cracks in the three-point bending test are through-thickness 
type, similar to those modelled in the 2D lattice model, the experimental cracking areas 
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(denoted as Sf  and calculated as ௙ܵ = ߶௙/ݓ, where ݓ is the specimen thickness) corre-
sponding to each crack increment (each measured AE signal) are typically on the order 
of 10ିଵ~10଴ mm2. 

However, it is important to acknowledge that, in the above demonstration case, the sen-
sor-to-source distance varies during the crack propagation process in the experiment (see 
Figure 4.10), whereas the criteria presented in Table 7.3 are established based on a fixed 
source element E0 in the lattice modelling (see Figure 6.1). This discrepancy introduces 
extra errors in the estimation of experimental fracture volumes ߶௙ as presented above. 
For a more accurate estimation, future studies should incorporate the dynamic variation 
of sensor-to-source distance throughout the crack propagation process. 

  
(a) (b) 

Figure 7.11 Experimental fracture volumes ϕf estimated by the AE criteria in Table 7.3 consider-
ing different AE sensor locations: (a) S1 and (b) S3.  

7.4.1.2 Application guidance 

The above procedure can alternatively be implemented using a range of numerical models 
and experimental methods to establish a criterion for estimating the active fracture vol-
ume ߶௙  based on measured AE peak frequency ௣݂

(௠) (or other relevant parameters of 
measured AE signals) (see Table 7.2). This approach is made feasible by the proposed 
AE indicator (Equation (7.4)), which eliminates the need for specialized, fracture-specific 
AE source modelling, such as that required in lattice-based simulations. 

The step-by-step procedure for estimating fracture volume through AE measurements is 
summarized as follows: 
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 Step 1: Define source waveforms for various fracture volumes.  

For each fracture volume ߶௙, the corresponding source peak frequency ௣݂
(௦) can be 

determined using Equation (7.4). The corresponding source waveforms can then be 
approximated as Gaussian pulses (Bauer et al. 1984a). These pulses should have a 
broad frequency bandwidth approximately spanning the range (0, 2 ௣݂

(௦)), centred at 

௣݂
(௦), in order to closely replicate the spectral characteristics of AE sources generated 

by tensile fracture (see Figure 6.2). 

 Step 2: Generate AE signals and extract relevant parameters.  

The source waveforms defined in Step 1 can be used in numerical simulations or 
experimental setups to generate AE signals. From these, key signal parameters, such 
as peak frequency ௣݂

(௠) or other frequency-domain parameters of the resulting AE 
signals, can be obtained. In numerical modelling, the effects of wave propagation 
and the sensor response can be explicitly accounted for using the methods described 
in Sections 3.2 and 4.3, respectively. In experimental studies, these effects are inher-
ently embedded in the measurements. 

 Step 3: Establish correlations between measured AE parameters and fracture 
volume. 

By developing a case-specific correlation between fracture volume ߶௙ and AE sig-

nal parameters such as ௣݂
(௠),  it becomes possible to estimate ߶௙ from experimental 

data. This correlation serves as a practical criterion for quantifying fracture activity 
using AE measurements. 

7.4.2 Sensor type selection and sensor layout optimization for 
monitoring targeted fracture scales 

Proper sensor type selection and sensor layout design are essential components of effec-
tive AE monitoring. Traditionally, these are determined solely based on the attenuation 
characteristics of elastic waves propagating through the monitored medium  (Cui et al. 
2019). While it is ideal to also consider the AE source response to enhance the accuracy 
of sensor selection and layout design, conventional approaches are limited by the insuffi-
cient understanding of AE source characteristics. 

This limitation can be addressed by leveraging the quantitative relationship between the 
AE source peak frequency ௣݂

(௦) and the corresponding fracture volume ߶௙, as provided 
by the proposed AE indicator. For a targeted fracture volume range, the corresponding 
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AE source waveforms can be determined. By further analysing the attenuation character-
istics of corresponding propagated waves, appropriate sensor types can be selected, and 
sensor layouts can be optimized to effectively monitor the desired fracture scales. 

7.4.2.1 Demonstration case 

To demonstrate the proposed approach, numerical case studies are performed using sim-
ulation Case 5 from Table 7.1. These studies employ lattice modelling to simulate AE 
signals generated by the tensile failure of the critical element E0 at different lattice grid 
resolutions, thereby representing varying fracture volumes ߶௙ (see Figure 6.1).   

To enhance the observation of wave attenuation effects, the length of the numerical spec-
imen is extended from 550 mm to 2500 mm, while all other boundary conditions and 
geometric and material properties remain unchanged. Attenuation of the AE waves is 
inherently captured by the lattice model through the implementation of Rayleigh damping 
(see Section 3.2). Moreover, as the focus is on the attenuation characteristics of generated 
AE waves, sensor response is not included in the simulation. Instead, the AE waveforms 
are represented by the y-direction accelerations of single nodes located on the bottom 
surface at various distances from the source in the notched beam specimen (refer to Sec-
tion 4.3). 

This numerical setup enables a detailed investigation of both time-domain and frequency-
domain attenuation characteristics of AE waves generated by varying fracture volumes 
߶௙. 

Figure 7.12 presents the time-domain attenuation behaviour of AE waves generated by 
different fracture volumes ߶௙, illustrated by the variation in normalized peak amplitudes 
ሚ௣ܣ  with wave propagation distance ܮ௪௔௩௘ . Each peak amplitude is normalized by the 
maximum amplitude of its corresponding source wave. While larger ߶௙ values (linked to 
larger lattice grid sizes d) typically produce source waves with higher peak amplitudes 
(see Section 7.2.3), the source peak amplitude is also significantly affected by fracture 
brittleness, characterized by the first tensile softening parameter ܽଵ (see Section 7.2.2). 
Given the high heterogeneity of concrete at the microscale, a smaller but more brittle 
fracture volume can generate a higher source peak amplitude than a larger, more ductile 
one. Therefore, to ensure consistency in comparison, the source peak amplitudes at 
௪௔௩௘ܮ = 0 for all fracture volumes  ߶௙ are all normalized to 1 (i.e., 0 dB in Figure 7.12). 

It can be observed that the AE waves with higher frequencies, corresponding to smaller 
fracture volumes ߶௙, attenuate more rapidly. This is because such waves involve more 
cycles of particle motion within the same travel time, leading to greater energy loss during 
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propagation (Bormann, Engdahl, and Kind 2012). Assuming a detection threshold (de-
noted as ∆ܣሚ௣

(௖௥)) of -50 dB relative to the source peak amplitude, as indicated by the blue 
dashed line in Figure 7.12, a shorter propagation distance is required for detecting higher-
frequency AE waves generated by smaller fracture volumes ߶௙. 

Based on this understanding, we can determine the maximum allowable sensor-to-source 
distance, denoted as ܮ௪௔௩௘

(௠௔௫), to enable the detection of a minimum target fracture volume, 
denoted as ߶௙,௠௜௡. As illustrated in Figure 7.12, for a given ߶௙,௠௜௡, ܮ௪௔௩௘

(௠௔௫) can be deter-
mined as the wave travel distance at which the attenuation curve of the corresponding 
source wave (red solid line in Figure 7.12) intersects the detectable threshold (blue dashed 
line in Figure 7.12). This value, ܮ௪௔௩௘

(௠௔௫), serves as a critical constraint in the design of the 
sensor layout. Specifically, the maximum sensor-to-source distance in any sensor array 
must be less than ܮ௪௔௩௘

(௠௔௫) to ensure reliable detection of fracture volumes satisfying ߶௙ ≥
߶௙,௠௜௡. 

 
Figure 7.12 Time-domain attenuation characteristics of AE waves induced by various fracture 

volumes. 

Figure 7.13 illustrates the frequency-domain attenuation characteristics of AE waves gen-
erated by various fracture volumes ߶௙, shown as the variation in wave peak frequency 

(denoted as ௣݂
(௪)) with wave propagation distance ܮ௪௔௩௘. A general decreasing trend in 

௣݂
(௪) is observed with increasing ߶௙ and ܮ௪௔௩௘, despite some scatter. This trend provides 

a valuable basis for selecting appropriate sensor types to monitor a target fracture volume 
range (߶௙,௠௜௡, ߶௙,௠௔௫). 
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Figure 7.13 Frequency-domain attenuation of AE waves induced by various fracture volumes. 

Within the previously determined maximum allowable sensor-to-source distance ܮ௪௔௩௘
(௠௔௫), 

two critical frequency values define the detectable frequency range for AE signals from 
the target fracture volume range (߶௙,௠௜௡, ߶௙,௠௔௫): 

 The minimum peak frequency of AE waves generated by the maximum fracture 
volume ߶௙,௠௔௫ and propagating with the critical wave propagation distance ܮ௪௔௩௘

(௠௔௫), 

denoted as ௣݂,௠௜௡
(௪,௠௜௡), is marked by the green circle in Figure 7.13.  

 The maximum peak frequency of AE waves generated by the minimum fracture 
volume ߶௙,௠௜௡, corresponding to its source peak frequency (denoted as ௣݂,௠௔௫

(௦) ) and 
can be directly calculated by Equation (7.4), is marked by the red circle in Figure 
7.13. 

These two values, ௣݂,௠௜௡
(௪,௠௜௡) and ௣݂,௠௔௫

(௦) , represent the lower and upper boundaries, respec-
tively, of all possible AE wave peak frequencies generated within the target fracture vol-
ume range (߶௙,௠௜௡, ߶௙,௠௔௫), considering the propagation limit ܮ௪௔௩௘

(௠௔௫). 

To effectively monitor the target fracture volume range of (߶௙,௠௜௡, ߶௙,௠௔௫) within the 

determined maximum allowable sensor-to-source distance ܮ௪௔௩௘
(௠௔௫) , the selected sensor 

type should have a working frequency range (f1, f2) covering the frequency range of 
( ௣݂,௠௜௡

(௪,௠௜௡), ௣݂,௠௔௫
(௦) ), as marked by the two blue circles in Figure 7.13.  Moreover, in practi-

cal AE monitoring, the lower bound frequency f1 should exceed 20 kHz to effectively 
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suppress ambient noise interference (Grosse and Ohtsu 2008a). These criteria are sum-
marized in the following expressions: 

( ,min)
1 ,min20kHz w

pf f   (7.6a) 

( )
2 ,max

s
pf f  (7.6b) 

7.4.2.2 Application guidance 

The procedure described above can be alternatively implemented using alternative nu-
merical models and experimental methods to determine the attenuation characteristics of 
AE source waves associated with specific fracture volumes, based on the AE indicator 
introduced in Equation (7.4). Once the attenuation characteristics of the source waves for 
target fracture volumes are established, sensor layouts and sensor types can be effectively 
optimized for monitoring the desired fracture volume range. 

The design workflow to monitor a target fracture volume range (߶௙,௠௜௡, ߶௙,௠௔௫) is sum-
marized in the following steps: 

 Step 1: Define source waveforms for boundary fracture volumes.  

Using the AE indicator established in Equation (7.4), we can determine the 
source peak frequency values ௣݂,௠௔௫

(௦)  and ௣݂,௠௜௡
(௦)  corresponding to the minimum 

and maximum target fracture volumes ߶௙,௠௜௡ and ߶௙,௠௔௫, respectively. Corre-
sponding source waveforms can then be approximated as Gaussian pulses with 
broad frequency bandwidths (0, 2 ௣݂,௠௔௫/௠௜௡

(௦) ) and centred at ௣݂,௠௔௫/௠௜௡
(௦) . This de-

sign mimics the spectral characteristics of AE sources generated by tensile frac-
ture (see Figure 6.2). 

 Step 2 Analyse attenuation characteristics of propagated waves.  

The source waves corresponding the minimum and maximum target fracture 
volumes ߶௙,௠௜௡ and ߶௙,௠௔௫ can be used as inputs for either numerical modelling 
or experimental measurements. In numerical models, wave propagation and at-
tenuation can be explicitly captured following the method described in Section 
3.2, while these effects are inherently captured in experimental data. By account-
ing for wave propagation and attenuation effects, the time-domain and fre-
quency-domain attenuation characteristics of the propagated AE waves can be 
analysed. 
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 Step 3: Sensor layout design based on time-domain attenuation.  

Using the time-domain attenuation characteristics from Step 2, the maximum 
allowable sensor-to-source distance, ܮ௪௔௩௘

(௠௔௫), can be determined. This distance 
corresponds to a critical drop in the peak amplitude of AE waves generated by 
the minimum target fracture volume ߶௙,௠௜௡ (e.g., 50 dB in the above demonstra-
tion case). This maximum distance serves as a key constraint in sensor placement 
design. (see Figure 7.12) 

 Step 4: Sensor type selection based on frequency-domain attenuation. 

Based on the frequency-domain attenuation data for the maximum target fracture 
volume ߶௙,௠௔௫  obtained in step 2, the minimum AE peak frequency value, 

௣݂,௠௜௡
(௠,௠௜௡), can be identified from all AE signals that travel within the critical sen-

sor-to-source distance ܮ௪௔௩௘
(௠௔௫). (see Figure 7.13) 

The selected sensor type should have a working frequency range (f1, f2) that co-
vers the frequency range of ( ௣݂,௠௜௡

(௪,௠௜௡), ௣݂,௠௔௫
(௦) ) ( ௣݂,௠௔௫

(௦)  is determined in step 1).   

However, the correspondence between the fracture volumes ߶௙ responsible for AE gen-
eration, which is used as the design target in the above procedure, and the actual concrete 
fracturing processes remains unclear. According to the limited available theoretical and 
experimental work,  ߶௙, as a portion of the FPZ (see Figure 7.8), appears to be correlated 
with the structural sizes (Tarokh et al. 2017) and external loading conditions (Ghamgosar 
and Erarslan 2016) in quasi-brittle materials. Establishing a clearer understanding of the 
relationship between  ߶௙ and concrete fracture processes in future studies would enable 
the proposed procedure to be effectively applied for selecting appropriate sensor types 
and optimizing sensor layouts across different structural scales and external loading types. 

7.5 Discussions  
This section explains the observed difference between current study and classical AE 
source theories for explaining the frequency characteristics of acoustic emission sources. 

In this study, we found that the peak frequency of a tensile cracking-induced AE source 
is determined by the inherent properties of corresponding fracture area. This conflicts 
with the classical AE theories that are established based on the dislocation theory, where 
the frequency characteristics of modelled AE signals are alternatively determined by the 
source rise time that is defined as the duration of a displacement dislocation (see Section 
2.3.2.3).  
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The source rise time and peak frequency of all numerical AE source signals obtained in 
the above simulation cases (Cases 0-6 in Table 7.1) are plotted in Figure 7.14. No clear 
correlation is found between these two parameters in lattice modelling. 

 
Figure 7.14 Correlation between values of source peak amplitudes and source rise time obtained 

in lattice simulations. 

In the following, we discuss and explain such a discrepancy about the determinants of AE 
source frequency characteristics between this study and the classical dislocation theory-
based AE theories. 

In the classical continuum mechanics-based AE theories (e.g., the MT (Ohtsu 1995) and 
FEM based models (Sause and Richler 2015) as reviewed in Section 2.4.1), the frequency 
characteristics of resultant AE signals is fully determined by the assumed source rise time 
(Sause and Richler 2015). Specifically, the classical AE theories are formulated in the 
framework of the dislocation theory (Mura 2013), assuming that an AE signal is caused 
by a discontinuity/dislocation (namely a displacement jump) at local material regions as 
illustrated in Figure 7.15a (see also Section 2.3.2.3). The time history of a crack disloca-
tion (called source-time function in AE field (Niwa, Ohtsu, and Shiomi 1982) or jump 
function in continuum mechanics (Yavari and Sarkani 2001)) are introduced through as-
sumptions, since such a transient process cannot be accurately measured (the duration of 
a crack dislocation is in the magnitude less than 10ି଺ s (van Gemmeren, Graf, and Dual 
2020)). Furthermore, according to the classical micromechanics (Kachanov 1980) that 
the dynamic process of a crack dislocation should start with a zero slope and smoothly 
approach to a constant displacement peak (see Figure 7.15a), the time history of a crack 
dislocation is usually assumed as symmetric in time domain within the classical AE the-
ories.  

Due to the time-domain symmetry of assumed displacement jump history, the velocity/ac-
celeration of a crack dislocation, which is considered as representation of AE sources and 
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calculated as the derivative of the displacement jump with respect to time, are then in 
forms of symmetric pulse signals (see Figure 7.15a). Such a pulse signal causes an in-
stantaneous impact wave/load on the local area and generates elastic waves in the whole 
system. The source rise time ௥ܶ௜௦௘ (defined as the duration of a displacement dislocation) 
is then the duration of resultant velocity/acceleration pulses (namely transient local im-
pact load). As a pulse signal, the frequency is totally determined by its duration, namely 
the assumed source rise time ௥ܶ௜௦௘ (see also Equation (2.8)). 

The displacement discontinuity and corresponding source signal induced by fracturing of 
source element E0 in lattice simulation case 0 (corresponding to Figure 6.3c and e) are 
illustrated in Figure 7.15b. Although the numerical displacement discontinuity in lattice 
modelling is in a similar shape with the time-domain symmetric displacement jump as-
sumed in the classical AE theories, it is asymmetric involving two different dynamic 
phases, a displacement jump and subsequent vibration, as can be clearly seen in the ac-
celeration signals in Figure 7.15b (see also Figure 6.3). The displacement jumps act only 
as a trigger for an AE signal and thus its duration (namely source rise time ௥ܶ௜௦௘) is less 
relevant to the signal frequency. The signal frequency in lattice modelling is alternatively 
determined by the inherent properties of the fracturing zone in subsequent vibration stages 
(see also Section 5.7.3). 

  
(a) (b) 

Figure 7.15 Explanation for the relationship between source rise time and source peak frequency 
in: (a) classical AE theories and (b) lattice modelling. 

Since the AE source dynamic history in lattice modelling is rigorously derived through 
the nonlinear material behaviour and the principals of dynamics, the new insights from 
current study about the source frequency characteristics of AE signals are more reliable 
than the explanation provided by classical AE theories, for which the source response is 
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derived based on the fully assumed dynamic history of local displacement discontinuity 
with time-domain symmetry.  

7.6 Summary 
This chapter quantifies the AE sources induced by concrete tensile cracking in numerical 
models, excluding the uncertainties introduced by wave propagation and sensor effects in 
experimental measurements. A numerical sensitivity analysis is conducted to assess the 
influence of various factors on the typical parameters of AE sources generated by con-
crete tensile cracking, as identified in Chapter 5. This analysis utilizes the lattice model 
proposed in Chapter 3. Through a quantitative comparison of the influence of different 
parameters, it is found that time-domain AE source parameters are sensitive to all studied 
factors, whereas frequency-domain AE source parameters are primarily determined by 
the intrinsic properties of the corresponding fracture zone, including material density, 
elastic modulus, and fracture volume. 

Building on the findings of the numerical parametric analysis, we propose a physically 
grounded AE indicator in the form of a quantitative relationship between the AE source 
peak frequency and the corresponding fracture volume that generates AE. Since the 
source peak frequency itself is not directly measurable, we further explore potential ap-
plications of the proposed AE indicator in the context of practical AE monitoring, ac-
counting for the limitations of real-world measurement conditions. We present demon-
stration cases for the application of the proposed AE indicator, including the estimation 
of fracture volume through the measured AE peak frequency, by incorporating sensor 
response modelling methods as presented in Chapter 4. Additionally, the proposed AE 
indicator is explored as a design tool for selecting appropriate sensor types and optimizing 
sensor layout to monitor target fracture scales.
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8. Understanding the evolution of acoustic emission parameters during 
concrete tensile cracking propagation  

8.1 Introduction 
Building upon the understanding of numerical acoustic emission (AE) signals generated 
by the tensile failure of individual lattice elements (i.e., individual cracking steps), as 
established in previous chapters, this final chapter shifts focus to the evolution of numer-
ical AE signals resulting from the progressive failure of multiple elements (i.e., succes-
sive cracking steps) during tensile crack propagation in concrete. 

As reviewed in Chapter 2, analysing the evolution of AE parameters during fracturing 
processes provides valuable insights into distinguishing various damage mechanisms in 
concrete structures and assessing their structural integrity. However, the physical mech-
anisms underlying the observed trends in experimental AE measurements remain inade-
quately understood. This limitation hampers both the rational interpretation of AE param-
eter evolution trends in experiments and the development of a robust AE-based methods 
for evaluating the integrity of concrete structures. 

This chapter investigates the evolution of typical acoustic emission parameters during 
tensile crack propagation in concrete. Using the lattice model introduced in Chapters 3 
and 4, the study examines individual contributions of AE source characteristics, wave 
propagation, and sensor response to the experimentally observed evolution patterns of AE 
parameters during tensile fracturing, with the goal of providing guidance for more rational 
interpretation of AE measurements in future experimental studies. Furthermore, by di-
rectly analysing the numerical AE source parameters at fracture zones and corresponding 
microscopic fracturing activities, this study seeks to elucidate the fracturing mechanisms 
that govern the evolution of AE parameters throughout the crack propagation process, 
with the goal of providing physical bases for the observed evolutionary trends in experi-
mental AE measurements. 

The chapter is organized as follows. Section 8.2 presents the setup and input parameters 
of the lattice models used in the analysis. Section 8.3 outlines the post-processing proce-
dure for extracting numerical AE source signals during crack propagation. Section 8.4 
interprets the observed evolution trends in typical AE parameters by distinguishing indi-
vidual contributions of AE source characteristics, wave propagation, and sensor response 
in lattice modelling. Section 8.5 explores the underlying fracturing mechanisms respon-
sible for AE parameter evolution through a combined analysis of AE source signals and 
the corresponding microscopic fracturing activity. Finally, Section 8.6 discusses the im-
plications of the insights gained from lattice modelling of numerical AE sources for un-
derstanding physical AE sources in real-world scenarios. 
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8.2 Numerical model description 

As reviewed in Chapter 2, numerous experimental studies have reported changes in 
acoustic emission (AE) parameters during progressive concrete fracturing and have 
proposed phenomenological models that associate these evolution trends with specific 
damage stages for evaluating structural integrity (Aggelis 2011; Rao and Lakshmi 2005; 
Zheng et al. 2022). However, these relationships are often case-specific, and the 
underlying mechanisms remain insufficiently understood, primarily due to the challenge 
of isolating the individual contributions of AE source characteristics, wave propagation, 
and sensor response in experimental settings. 

The lattice modelling framework introduced in Chapters 3 and 4 enables the separate 
consideration of AE source behaviour, wave propagation effects, and sensor responses. 
This provides a powerful approach to investigating the physical mechanisms underlying 
the evolution of AE parameters during tensile cracking in concrete. Understanding these 
mechanisms not only establishes a physical basis for existing phenomenological models 
but also contributes to more reasonable interpretation of the evolution trends of 
experimental AE measurements during tensile crack propagation. 

This chapter focuses on the evolution trends of representative AE parameters during 
tensile crack propagation, using the three-point bending simulation case described in 
Section 4.4. Differently from the original numerical model setup in Section 4.4, a smaller 
time step of 2 × 10ି଼ s is used in the explicit integration procedure to achieve a higher 
sampling rate of 50 MHz. This high temporal resolution is necessary because the analysis 
focuses on AE source signals recorded directly at the fracture zones, which exhibit 
significantly higher frequency content than signals recorded after wave propagation, as 
demonstrated in Chapter 6.  

Furthermore, since the characteristics of AE signals generated by tensile cracking in 
concrete are strongly influenced by the fracture volume (i.e., the lattice grid size), as 
discussed in Chapter 7, three numerical simulations were conducted using different grid 
sizes, 0.5 mm, 1 mm, and 2.5 mm, to investigate their effects on AE signal evolution 
during crack propagation. For all numerical discretization levels, the dimensions of the 
notch in the specimen are kept consistent, 5 mm in width and 30 mm in depth, to align 
with the experimental setup described in Section 4.3. The total number of nodes (and 
corresponding elements) in the three lattice models is 330,861 (1,319,060), 83,232 
(330,731), and 13,469 (52,989) for grid sizes of 0.5 mm, 1 mm, and 2.5 mm, respectively. 
The selection of these three grid sizes is based on two main considerations. First, 
computational efficiency imposes practical limitations; for instance, the simulation with 
a 0.5 mm grid size requires approximately 72 days to complete on a high-performance 
workstation. Second, the relationship between lattice grid size and the frequency 
resolution of simulated AE signals, as described by Equation (3.28), necessitates fine 
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discretization to accurately capture high-frequency components. Coarser grids are 
incapable of resolving higher-frequency AE content, for example, the largest grid size 
used (2.5 mm) results in a cut-off frequency of approximately 440 kHz. 

The material properties of the notched beam specimen, as listed in Table 3.1, are 
employed in the numerical analyses. The tensile softening parameters ܽଵ, ܽଶ and ܽଷ are 
calibrated to 5.5, 120, and 620, respectively, for 1 mm orthogonal lattice elements, 
following the procedure outlined in Figure 3.3. For other element sizes, including 
diagonal elements within the 1 mm grid model and all elements in the remaining grid 
configurations, the tensile softening parameters are regularized using Equation (7.1) to 
ensure consistent fracture energy across different discretization levels. The effects of 
fracture energy regularization on the simulation of both local AE source characteristics 
and global mechanical behaviour are discussed in detail in Appendixes J and K, 
respectively. 

In the following sections, we focus on analysing the evolution trends of representative 
AE parameters during tensile crack propagation. Additional numerical results are 
presented in Appendix L, where comparisons between the spatial distributions of visible 
cracks, simulated AE sources, and localized AE events are made to clarify why 
experimentally observed AE events often appear scattered around the main visible crack. 

8.3 Extraction procedure of AE source signals 
To understand the fracturing mechanisms governing the evolution of AE parameters 
during the propagation of tensile cracks in concrete, it is essential to extract AE source 
signals directly from the fracture zone during the loading process in lattice simulations, 
in order to exclude the uncertainties of wave propagation and sensor response introduced 
in experiments. As discussed in Section 6.2, an AE source signal is defined here as the 
motion of a node directly connected to broken elements, excluding any effects from wave 
attenuation and sensor response. 

Unlike the straightforward analysis of individual source signals generated by the breakage 
of single lattice elements in previous chapters, the extraction of all source signals 
throughout the entire loading process necessitates specialized post-processing techniques. 
The procedure for extracting numerical AE source signals is illustrated in Figure 8.1. 
During each time step of the simulation, the x-direction accelerations of all numerical 
nodes and the locations of broken elements are recorded. In this context, broken elements 
are identified as those with tensile strain values exceeding the cracking strain threshold 
 ௖௥, since AE signals induced by tensile cracking primarily occur during the early tensileߝ
softening stage when the strain surpasses the material’s elastic limit, as discussed in 
Section 6.3.1. 
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For each node, AE hits are isolated from continuous waveform streams, and the 
corresponding waveforms are extracted following the procedure outlined in Section 
4.4.2.2. In this chapter, a lower threshold value of 0.15 m/s² (twice the peak amplitude of 
numerical noise) is employed to ensure the extraction of all numerical AE signals for 
analysis. The arrival time of each AE hit is determined using the Akaike information 
criterion (AIC) method (Liu et al. 2017). Subsequently, the extracted signals from 
different nodes are clustered into AE events based on their arrival time differences, 
according to the methodology described in Section 4.5.2. 

The AE source signal for each identified event is defined as the signal with the earliest 
arrival time among all clustered waveforms. The waveforms of these identified source 
signals are saved with a pre-trigger time of 10 μs and a total duration of 150 μs, which 
encompasses the maximum observed length of AE source signals. These signals are then 
used to compute AE parameters for further analysis. 

Additionally, the spatial locations and occurrence times of broken elements 
corresponding to the durations of the selected AE source signals are also identified for 
subsequent analyses. 

 

Figure. 8.1 Flowchart for the extraction procedure of AE source signals.  
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8.4  Interpretation for the evolution patterns of measured acoustic 
emission parameters  

This section interprets the evolution patterns of experimental acoustic emission parame-
ters measured during the tensile cracking propagation in the three-point bending test de-
scribed in Section 4.3. The focus is on understanding the influence of each individual 
contributions from AE source characteristics, wave propagation, and sensor response on 
shaping the observed evolution of typical AE parameters during the loading process, 
aimed at providing guidance for more rational interpretation of AE measurements in fu-
ture experimental studies. 

To achieve this, we compare the evolution patterns of representative AE parameters ob-
tained from both experimental measurements and lattice simulations during the tensile 
crack propagation process. The individual contributions of AE source characteristics, 
wave propagation, and sensor response are efficiently distinguished in the lattice model-
ling. 

As demonstrated in Chapter 7, the AE peak frequency is closely related to the fracture 
scales of AE sources. It is therefore selected as one of the AE parameters analysed in this 
section. Additionally, peak amplitude and AE energy are two time-domain parameters 
commonly employed in experimental studies (Behnia, Chai, and Shiotani 2014), where 
their evolution trends are used to assess structural integrity. However, given that peak 
amplitude is influenced by multiple factors and has been found to be an unstable indicator 
of tensile cracking behaviour (see Section 7.3), this chapter focuses on AE energy as a 
more reliable parameter (this will be demonstrated in Section 8.6). Definitions of the se-
lected AE parameters are provided in Appendix A.   

8.4.1 AE peak frequency 

This subsection interprets the observed evolution pattern of AE peak frequency during 
tensile cracking propagation in the three-point bending test described in Section 4.3. The 
analyses are based on the signals measured by AE sensor S1.  

The peak frequency distributions of experimental and numerical AE signals received by 
AE sensor S1 during the tensile crack propagation is shown in Figure 8.2. Each red dot 
represents an AE hit. The numerical results are those accounting for sensor response 
following the modelling procedure in Section 4.2. Numerical and experimental peak 
frequency values both show zonal distributions in the loading processes. 
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(a)  (b)  

  
(c)  (d)  

Figure. 8.2 Distribution of AE peak frequency recorded by AE sensor S1 in loading process: (a) 
numerical results with 0.5 mm grid size; (b) numerical results with 1 mm grid size; (c) numerical 

results with 2.5 mm grid size and (d) experimental results. 

By isolating the individual contributions of AE source characteristics, wave propagation, 
and sensor response within the lattice modelling framework, the observed evolution 
patterns in the measured AE peak frequency can be explained in the following. 

Effect of sensor response: 

Figure 8.3 presents the raw numerical results obtained without incorporating the sensor 
response, represented by the acceleration at a single node located at the centre of the 
virtual sensor S1. The peak frequencies of these raw AE signals exhibit a much more 
scattered distribution throughout the loading process, spanning a broader frequency range.  

A comparison between Figures 8.2 and 8.3 demonstrates that the experimentally observed 
zonal distributions of peak frequency primarily result from the frequency-response 
sensitivity of the sensors used. Most signal frequencies are concentrated around 150 kHz, 
which corresponds to the resonance frequency of the R15α sensors (MISTRAS 2011b). 
Additionally, a secondary distribution band of peak frequencies appears around 300 kHz 
in both the experimental data and the numerical simulations with 0.5 mm and 1 mm lattice 
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grid sizes. As shown in Figure 4.2, this aligns with a secondary peak in the frequency-
response sensitivity curve of the R15α sensors.  

Moreover, as discussed in Appendix D, the high-frequency components of AE signals are 
attenuated by the sensor’s geometry due to the so-called "aperture effect" (Grosse et al. 
2021). Consequently, higher-frequency components are more evident in the raw 
numerical AE signals (Figure 8.3), while the peak frequencies of numerical signals 
incorporating the sensor response remain below 500 kHz across all three discretization 
levels (Figure 8.2). 

  

(a) (b) 

 

(c) 

Figure 8.3 Distribution of AE peak frequency of a single node located in the centre of sensor S1 
in loading process: (a) 0.5 mm grid size; (b) 1 mm grid size and (c) 2.5 mm grid size. 

Effect of wave propagation: 

For the measured AE signals recorded with sensors (Figure 8.2), the main distribution 
band around 150 kHz persists throughout the entire loading process. In contrast, signals 
within the secondary band around 300 kHz appear predominantly during the early loading 
stage, corresponding to a mid-span deflection range of 0–0.2 mm. A similar trend is 
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observed in the raw numerical signals without sensor response (Figure 8.3), where high-
frequency components diminish in the later stages of loading. 

This trend can be interpreted by examining the numerical AE source signals, which 
exclude both sensor response and wave attenuation effects. Figure 8.4 illustrates the 
evolution of peak frequency in the numerical AE source signals, showing that high-
frequency components persist consistently throughout the entire loading process. 
Therefore, the observed reduction in high-frequency content in the measured signals is 
primarily attributed to wave attenuation. 

  
(a)  (b)  

 
(c)  

Figure. 8.4 Distribution of peak frequency of AE source signals: (a) 0.5 mm grid size; (b) 1 mm 
grid size and (c) 2.5 mm grid size. 

As shown in Figure 4.10 (see also Figure L.1), the crack propagates in an upward 
direction during loading, increasing the source-to-sensor distance over time. As sensor 
S1 remains in a fixed location, this growing distance leads to progressively greater signal 
attenuation. Since high-frequency components attenuate more rapidly over the same 
propagation path (Wyllie, Gardner, and Gregory 1962), they are more likely to be fully 
attenuated in the later stages of loading. 
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Source characteristics: 

The numerical source peak frequencies across different discretization levels exhibit a 
similar overall distribution pattern, as shown in Figure 8.4. Specifically, a longer 
distribution zone of high-frequency signals is accompanied by several shorter zones 
associated with lower peak frequencies throughout the loading process. Furthermore, the 
peak frequency distributions of numerical signals demonstrate a strong dependency on 
the mesh size. High-frequency signals exceeding 350 kHz are observed only in the 0.5 
mm grid size simulations, while all signals generated at the 2.5 mm grid size level exhibit 
peak frequencies below 200 kHz. As discussed in Chapter 7, this mesh-size dependency 
of AE source signals physically represents the fracture scale. Further explanation of this 
trend in AE source peak frequency will be provided in Section 8.5. 

This mesh-size dependency helps explain the discrepancy between the numerical and 
experimental AE signals observed in Figure 8.2. Specifically, the experimental data 
shows an additional distribution band of low peak frequencies around 50 kHz, which is 
absent in the simulations. As discussed in Section 4.6.1, these low-frequency signals may 
arise from either stick-slip friction between crack surfaces or from larger fracture scales 
that are not captured by the current lattice discretization. However, since the low-
frequency signals are consistently observed throughout the entire loading process (Figure 
8.2d), it is more reasonable to attribute them to large-scale fracture processes beyond the 
resolution of the three adopted lattice grid levels. This interpretation is supported by the 
fact that persistent shear deformation along crack surfaces, especially in the early linear 
portion of the load-deflection curve, is unlikely. Additionally, as demonstrated in Figure 
7.5, large fracture scales corresponding to grid sizes of 5 mm or greater are capable of 
generating such low-frequency AE signals. 

8.4.2 AE energy 

This subsection interprets the observed evolution pattern of AE energy during the 
propagation of tensile cracking. The analysis is based on signals measured by AE sensor 
S1, as described in Section 4.3.  

Figure 8.5 presents the energy distributions of AE signals received by sensor S1 
throughout the loading process. To facilitate comparison between numerical and 
experimental results, the AE energy values are normalized by dividing each value by the 
corresponding maximum energy, accounting for potential differences in units. Both the 
numerical and experimental results exhibit a similar evolution trend: high-energy signals 
are predominantly concentrated around the peak load, while the occurrence of such high-
energy events gradually diminishes during the post-peak stage.   
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(a)  (b)  

  
(c)  (d)  

Figure. 8.5 Distribution of AE energy recorded by AE sensor S1 in loading process: (a) numerical 
results with 0.5 mm grid size; (b) numerical results with 1 mm grid size; (c) numerical results with 

2.5 mm grid size and (d) experimental results. 

By isolating the individual contributions of AE source characteristics, wave propagation, 
and sensor response within the lattice modelling framework, the observed evolution 
patterns in the measured AE energy can be explained in the following. 

Effect of sensor response: 

Figure 8.6 presents the raw numerical results obtained without incorporating the sensor 
response, represented by the acceleration at a single node located at the centre of the 
virtual sensor S1. Compared to its significant effect on AE peak frequency, the sensor 
response exhibits a much more limited influence on AE energy. The evolution of AE 
energy in the raw AE signals shows a similar trend to that observed in the processed 
numerical signals that account for sensor response (Figure 8.5), with high-energy signals 
predominantly concentrated around the peak load. The number of these high-energy sig-
nals gradually decreases throughout the loading process. 
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(a) (b) 

 

(c) 

Figure 8.6 Distribution of numerical AE energy of a single node located in the centre of sensor 
S1 in loading process: (a) 0.5 mm grid size; (b) 1 mm grid size and (c) 2.5 mm grid size. 

Effect of wave propagation: 

Figure 8.7 shows the evolution patterns of normalized AE source energy during the load-
ing process, showing that low-energy components persist consistently throughout the en-
tire loading process. The high-energy signals at around peak load in experimental meas-
urements are observed in AE source, while no decrease trend in signal energy is observed 
in later loading stages. 

A comparison between Figures 8.6 and 8.7 clearly demonstrates that the experimentally 
observed decrease trend in signal energy in later loading stages are from wave attenuation 
due to the increased wave travel distances to the fixed sensor S1 during the crack propa-
gation process. Moreover, the high-energy signals around peak load in experiments (Fig-
ure 8.5) are from the characteristics of AE sources themselves.  
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(a)  (b)  

 
(c)  

Figure. 8.7 Distribution of energy of AE source signals: (a) 0.5 mm grid size; (b) 1 mm grid size 
and (c) 2.5 mm grid size. 

Source characteristics: 

Three numerical cases under different numerical discretization levels show a similar AE 
energy distribution pattern: a main distribution zone of low energy source signals persis-
tently exist in the whole loading process, while high-energy sources are reduced in num-
bers and mainly distributed at around the peak load (Figure 8.7). Moreover, the energy of 
numerical source signals also shows a mesh size dependency. The lower energy contents 
cannot be reproduced in the simulation cases with larger grid sizes. This will be physically 
explained in Section 8.5.  

8.5 Fracturing mechanisms governing the evolution of acoustic emission 
source characteristics  

After understanding the individual contributions of source characteristics, wave 
propagation, and sensor response to the evolutionary trends of typical AE parameters 
observed in the experiments in the previous section, this section presents a physical 
interpretation of the corresponding numerical AE source characteristics. The aim is to 
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establish a general physical foundation for understanding the observed trends in AE 
measurements across various experimental contexts.  

As shown in Figures 8.4 and 8.7, the AE sources that exclude both sensor response and 
wave attenuation effects still exhibit distinct characteristics at different stages of tensile 
crack propagation for each uniform lattice grid discretization level. The source peak 
frequency and source energy display zonal distributions throughout the loading process. 

Notably, high-energy and low-frequency sources are predominantly concentrated around 
the peak load. This observation is consistent with findings from many other experimental 
studies  (Backers, Stanchits, and Dresen 2005; Dong, Xiangdong, and Libin 2014; Jiang 
et al. 2021; Zheng et al. 2023; Du et al. 2020), which reported that AE signals with high 
energy and low frequency tend to occur near the peak load or during other loading stages 
associated with rapid changes in global stiffness. 

In the following analysis, we provide a physical explanation for these evolutionary trends 
in AE sources by examining the microscopic fracturing processes captured through the 
lattice modelling approach. 

8.5.1 Correlation between microscopic fracturing activities and acoustic 
emission source characteristics 

As illustrated in Chapters 5 and 6, a broken lattice element in the early tensile softening 
stage, ranging approximately from ߝ௖௥~ܽଵߝ௖௥ , physically represents a discrete 
microcrack propagation step that induces a local displacement jump responsible for 
generating acoustic emission (AE) phenomena (see Figures 5.7 and 6.3). Therefore, in 
this section, we investigate the evolutionary trend of broken elements as a physical 
analogue to AE-related microscopic fracturing activities. The procedure for determining 
the occurrence time and spatial location of broken elements is detailed in Section 8.3. 

The evolution of broken element rates throughout the loading process is presented in 
Figure 8.8, alongside a comparison with AE event rates. In this analysis, the rate values 
are calculated as the number of AE events and broken elements per second. The numerical 
broken element rates follow a similar trend to the AE event rates, with both peaking 
around the peak load, corresponding to rapid changes in specimen stiffness globally 
during this critical phase. The spatial distributions of broken elements and AE events are 
provided in Appendix L. 
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(a)  (b) 

 
(c)  

Figure. 8.8 Rates of AE hits and numerical broken elements in the loading process (unit: sିଵ): (a) 
numerical results with 0.5 mm grid size; (b) numerical results with 1 mm grid size and (c) numeri-

cal results with 2.5 mm grid size. 

As shown in Figure 8.8, the physical sources of acoustic emission, namely the broken 
elements, exhibit a higher rate than the corresponding AE hits, particularly around the 
peak load, where high-energy and low-frequency AE sources are observed (see Figures 
8.4 and 8.7).  

To further highlight the difference between the rates of numerical broken elements and 
AE events in lattice simulations, the evolution of their rate difference (defined as the 
broken element rate minus the AE event rate) throughout the loading process is presented 
in Figure 8.9.  

Notably, the observed evolution trend of the rate difference between broken elements and 
AE rates closely aligns with the trends in source parameters. The loading stages exhibiting 
larger differences in rates in Figure 8.9 correspond to the occurrence of the distribution 
zones of lower-frequency and higher-energy AE sources, as shown in Figures 8.4 and 8.7. 
Given that a very low threshold was used to extract all AE hits (see Section 8.3), this 
discrepancy is not attributable to data processing errors. Rather, it likely reflects a 
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fundamental aspect of AE signal generation, offering a physical explanation for the 
observed variations in AE source characteristics during tensile crack propagation. 

  
(a)  (b)  

 
(c)  

Figure. 8.9 Rate difference between broken elements and AE events in lattice simulations: (a) 
0.5 mm grid size; (b) 1 mm grid size and (c) 2.5 mm grid size.  

For each individual AE source signal, the observed rate difference between broken 
elements and AE events leads to variability in the number of broken elements occurring 
within the duration of the signal. To explore this relationship, a statistical analysis is 
conducted to correlate the AE source characteristics with the number of broken elements 
involved. The procedure for determining the number of broken elements associated with 
each AE source signal duration is described in Section 8.3. 

Figure 8.10 presents statistical results, displayed as point plots with error bars, showing 
the correlation between typical AE source parameters and the number of broken elements 
involved, under three different lattice discretization levels. The two studied source 
parameters under three numerical discretization levels show a similar trend: the broken 
element numbers involved in the signal duration are positively and negatively related to 
normalized AE energy and peak frequencies, respectively, of corresponding source 
signals. 
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Notably, each error bar in Figure 8.10 corresponds to a distribution zone of specific AE 
source parameters shown in Figures 8.4 and 8.7. This suggests that the observed 
evolutionary trends in AE source characteristics are driven by variations in the number of 
broken elements occurring within the duration of individual source signals.  

  
(a) (b)  

 
(c)  

Figure. 8.10 Correlation between parameters of AE source signals and number of broken ele-
ments: (a) 0.5 mm grid size; (b) 1 mm grid size and (c) 2.5 mm grid size.  

8.5.2 Physical mechanisms underlying the evolution of AE source 
characteristics 

As discussed above, the observed evolutionary trends in AE source characteristics in 
Figures 8.4 and 8.7 are primarily governed by variations in the number of broken elements 
involved in the signal duration. Physically, the number of broken elements corresponds 
to the number of microcracks and thus the volume of active fracture zones responsible 
for generating AE signals (see Figures 5.7 and 7.3). Therefore, in the following analysis, 
the characteristics of AE sources, specifically the source peak frequency and source 
energy, are interpreted in relation to the physical significance of the number of broken 
elements participating in AE generation.     
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8.5.2.1 AE source peak frequency 

Figure 8.11 presents typical AE source signals and the corresponding distribution patterns 
of broken elements occurring during their durations across three numerical discretization 
levels to understand the observed evolution trends of AE source peak frequency. For each 
lattice grid size, two representative source signals are selected, each associated with a 
different number of broken elements activated during the signal duration. The broken 
elements are highlighted in red. Since the broken elements physically corresponds to the 
volumes of the active fracture zone responsible for AE generation (as illustrated in Figure 
6.3), the fracturing zones are marked in orange to facilitate the examination of their 
influence on the source peak frequency. 

The three subfigures in the first column of Figure 8.11 illustrate typical AE source signals 
generated by a single broken element at different numerical discretization levels. 
Physically, these signals are generated by a single microcracking step within their 
durations. These source signals all exhibit the characteristics of Gaussian pulse signals 
(Bauer et al. 1984a), featuring short durations in the time domain and a single dominant 
peak in the frequency domain (see also Section 6.2). According to the negative correlation 
between fracture volumes and AE source frequency in Section 7.3, a larger fracturing 
area results in a lower central (peak) frequency of the sources.  

The three subfigures in the second column of Figure 8.11 show typical AE source signals 
involving multiple broken elements within their durations at different numerical 
discretization levels. Physically, these signals are generated by a series of successive 
microcracks occurring within a short transient period, that is, within the duration of the 
source signals. These signals exhibit more complex characteristics compared to those 
induced by a single element breakage: they have longer durations and display multiple 
peaks in both the time and frequency domains. Despite this complexity, a comparison 
between these three source signals emphasizes the significant influence of the fracture 
zone size on the frequency characteristics of the generated source signals: a larger fracture 
zone consistently results in a lower peak frequency.  

Moreover, at a same lattice grid level, the source signals induced by several broken 
elements and thus larger fracture zones consistently exhibit lower peak frequency values 
than those induced by one element breakage. 
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(a)  

  
(b)  

  

 (c)  
Figure. 8.11 Typical AE source signals and corresponding broken elements: (a) 0.5 mm grid 

size; (b) 1 mm grid size and (c) 2.5 mm grid size.  

Since the source peak frequency is closely related to the volume of the corresponding 
fracture zone in both scenarios (one or more broken elements involved in one AE source) 
presented in Figure 8.11, we convert the statistical results of the number of broken ele-
ments in Figure 8.10 into the corresponding fracture volumes. The fracture volume asso-
ciated with a source signal generated by one or multiple broken elements is denoted as 
߶௙

(௦௨௠), to distinguish it from the single-element fracture volume ߶௙ defined in Equation 

(3.3). The value of ߶௙
(௦௨௠) is calculated as the sum of the volumes represented by all the 

nodes (lumped masses) involved in the fracture zone actively responsible for AE genera-
tion (see Figure 7.8), as follows: 
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where ߶௡,௜ is the fracture volume represented by i-th node (see Equation (3.1b) for the 
expression of ߶௡,௜) and ݍ is the number of nodes (lumped masses) involved in the fracture 
zone. 

The correlation between ߶௙
(௦௨௠) and the source peak frequency ( ௣݂

(௦)) is illustrated in Fig-
ure 8.12, displayed as point plots with error bars, incorporating all numerical source sig-
nals under three different lattice grid levels. Since the simulation setup presented in this 
chapter is consistent with that in Chapter 7, the AE indicator proposed in Chapter 7 for 
quantifying the relationship between ௣݂

(௦) and the single-element fracture volume ߶௙ (see 
Equation (7.3)) is also plotted in Figure 8.12 to assess its applicability to AE sources 
induced by multiple successive microcracks (i.e., multiple broken elements). Despite 
some scatter, the proposed AE indicator demonstrates a good fit with the numerical data 
across all source signal scenarios and lattice discretization levels. This result reinforces 
the validity of the AE source peak frequency as a reliable indicator for characterizing 
concrete tensile fracturing behaviour. Such a correlation explains that the observed evo-
lutionary trends of AE source peak frequency in Figure 8.4. The variations in source peak 
frequency are physically explained by the variations in the volumes of active fracture 
zones responsible for AE generation in different loading stages.  

 
Figure. 8.12 Correlation between AE source peak frequency and corresponding active fracture 

volume for all numerical source signals under three different lattice grid levels.  
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8.5.2.2 AE source energy 

As can be seen in Figure 8.11, the characteristics of AE energy is also closely related to 
the scale of the corresponding fracture zones.  

For AE source signals generated by a single broken element, as illustrated in the three 
subfigures in the first column of Figure 8.11, a larger fracture volume results in both a 
longer signal duration and a higher amplitude. This is attributed to the longer rise time of 
the displacement jump, which develops in a continuous manner (see Chapters 5 and 6). 
The combined effect of increased duration and amplitude leads to a higher source energy.  

For AE source signals generated by several broken elements, as illustrated in the three 
subfigures in the second column of Figure 8.11, the signals exhibit longer durations, but 
similar amplitudes compared to those induced by single-element breakage at the same 
grid level. The increased duration contributes to higher source energy.  

Figure 8.13 illustrates the breakage sequence of lattice elements corresponding to a 
typical source signal induced by multiple broken elements obtained at the 1 mm lattice 
grid level to understand the characteristics of such source signals. The initiation times of 
element breakage, defined as the moments when the element strain exceeds the cracking 
strain ߝ௖௥  (see Section 8.3), are marked with red dots. To visualize the temporal 
progression of fracture, the evolution of the fracturing area responsible for the AE signal 
is presented as a series of broken element patterns corresponding to each red dot. It can 
be found that the involved broken elements are not all broken at the same time but in a 
progressive fracturing manner during the signal duration.  

As illustrated in Chapters 5 and 6, a tensile cracking-induced AE signal originates from 
a local displacement jump caused by microcracks (i.e., broken elements). In the case of a 
single-element breakage (see subfigures in the first column of Figure 8.11), this 
displacement jump is rapidly attenuated due to material damping and wave geometric 
spreading loss (refer to Section 3.2.3). However, when multiple elements break in 
succession (as shown in the second column of Figure 8.11), each subsequent element 
breakage introduces new displacement jumps before the response from earlier ones is 
fully attenuated. This results in continuous dynamic disturbances within the system, 
leading to extended signal durations. Since signal energy is positively correlated with 
signal duration (as demonstrated in Appendix A), such events exhibit higher total source 
energy. Therefore, the observed evolutionary trends of AE source energy in Figure 8.7 
are from the variations in fracture sequence of the total active fracture zones 
corresponding each source signal in different loading stages.  
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Figure. 8.13 Occurrence sequence of broken elements in a typical AE source signal.  

Figure 8.14 presents the normalized energy and duration values of the experimental AE 
signals recorded by sensor S1 (see Section 4.3), with each dataset scaled by its maximum 
value. The results demonstrate a clear positive correlation between AE energy and signal 
duration, reinforcing the above conclusion that longer source durations are a key factor 
contributing to higher source energies. However, it should be mentioned that parts of 
experimental AE signals can be generated by the friction mechanisms (shear fracture), 
while all the numerical signals are induced by tensile cracking. In a future study, the fric-
tion-related AE mechanisms should be further investigated (see Appendix M for more 
details).  
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Figure. 8.14 Correlation between the energy and duration of experimental AE signals measured 

by sensor S1. 

8.6 Discussion 
This section explores how the above derived insights into numerical AE sources from 
lattice modelling can be applied to real-world scenarios. The preceding analyses revealed 
that AE source characteristics are significantly influenced by both the scale of the 
corresponding fracture zones and the sequence of fracturing events within those zones. 
These implications for physical AE sources can be categorized into two representative 
scenarios: 

Scenario 1: numerical signals from single-element breakage. 

Numerical sources resulting from single-element breakage at different lattice grid levels 
(see the first column of Figure 8.11) correspond to physical AE sources generated by 
continuous microcrack growth, wherein the fracture zone fails in a single, uninterrupted 
cracking step. 

Scenario 2: numerical signals from multiple-element breakage. 

Numerical sources produced by multiple-element breakages at the same lattice grid level 
(see the second column of Figure 8.11) represent physical AE sources arising from 
discontinuous microcrack growth. In this case, the fracture zone fails progressively over 
a short period, but the resulting AE signal is perceived as a single source.  

These two scenarios cannot be simultaneously reproduced in a single lattice simulation 
due to the constraints imposed by the adopted uniform lattice grid, which limits the 
variability in fracture scale and sequence. However, in real materials such as concrete, 
which behaves as a strongly heterogeneous continuum, a range of fracture scales and 
diverse fracturing sequences can occur concurrently during crack propagation. In the 
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following, we discuss the shared characteristics and distinctions of numerical AE sources 
in these two scenarios and the implications for physical AE sources in experiments: 

Shared numerical characteristics and experimental implications: 

Because both scenarios can coexist in real materials, their combined characteristics offer 
a representative depiction of physical AE sources. In both cases, the frequency of the 
resulting AE sources shows a negative correlation with the fracture zone volume, as the 
frequency contents of AE sources are determined by the vibrational characteristics of 
corresponding fracture zones (see Section 7.5). This relationship can be quantified using 
the AE indicator proposed in Equation (7.3) (see Figure 8.12). Furthermore, larger 
fracture scales tend to produce longer source durations and, consequently, higher source 
energies (see Figure 8.11). However, a precise quantitative relationship between fracture 
scale and source energy cannot be established due to variability in the time intervals 
between successive microcrack events (see Figure 8.13). This suggests that source peak 
frequency is a more stable parameter than source energy for characterizing microscopic 
fracturing behaviour in concrete, a conclusion supported by the observation in Figure 8.10, 
where AE energy shows more scatter (i.e., longer error bars) than peak frequency.  

These shared characteristics also help explain results reported in multiple experimental 
studies (Backers, Stanchits, and Dresen 2005; Dong, Xiangdong, and Libin 2014; Jiang 
et al. 2021; Zheng et al. 2023; Du et al. 2020). These studies observed that AE signals 
with high energy and low frequency typically occur near peak load or during loading 
stages marked by rapid reductions in global stiffness (see also the experiment results of 
the modelled three-point bending test in Figures 8.2 and 8.5). Such global stiffness 
changes indicate the fracturing of a large portion of the overall fracture zone, as the global 
stiffness of a specimen is governed by that of its constituent sub-volumes. This condition 
increases the likelihood of sub-zones of large scales failing within a short time frame, 
producing AE sources with lower frequencies and higher energies, regardless of whether 
the failure occurs continuously (Scenario 1) or discontinuously (Scenario 2). 

Numerical distinctions and experimental implications: 

Despite these shared characteristics, the two scenarios exhibit notable differences in 
source amplitude, which is primarily governed by the behaviour of displacement jumps 
caused by individual microcracks within a fracture zone (see also Chapter 5). As shown 
in Figure 8.11, a clear correlation exists between peak amplitude and fracture zone size 
when the fracture zone fails in a continuous manner (Scenario 1) (see also Chapter 7). 
However, this relationship does not hold for AE signals generated by multiple breakages 
at the same lattice grid level (Scenario 2), due to the discontinuous nature of the fracturing 
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process. This distinction suggests that AE energy is a more reliable time-domain param-
eter than amplitude for characterizing fracture scale, as it is less affected by the sequence 
of microcrack events. 

8.7 Summary 
This chapter provides a fundamental interpretation of the evolution trends of typical 
acoustic emission (AE) parameters observed during tensile crack propagation in the three-
point bending test described in Section 4.3. By applying the lattice modelling framework 
developed in Chapters 3 and 4, we systematically disentangle the individual contributions 
of AE source characteristics, wave propagation effects, and sensor response to the 
observed evolution of AE parameters. 

The analysis reveals that while the trends observed in experiments are significantly 
influenced by case-dependent factors such as wave attenuation and the sensor's frequency 
response, some features of the AE sources are retained in the measured parameters. We 
further explore the fracture mechanisms driving the evolution of AE source 
characteristics and examine their implications for interpreting physical AE sources in 
real-world scenarios.  

It is found that AE source characteristics are primarily governed by the scale of the 
associated fracture zones and the sequence of microcrack growth within them, both of 
which evolve throughout the cracking process. AE source peak frequency shows a 
negative correlation with fracture zone volume, reflecting the fact that the frequency 
content of AE signals is shaped by the vibrational properties of the fracture zones. AE 
source energy, in contrast, increases with fracture zone size, as larger zones tend to 
produce longer-duration signals, whether from a single continuous microcrack or from 
successive, discontinuous microcracks. 

Although the analyses are based on a specific experimental case, the findings offer 
broadly applicable insights that can guide more rational interpretation of AE data across 
different test configurations and materials. Key experimental phenomena are clarified as 
follows: 

 Spatial distribution of AE events: The scattered locations of AE events around 
visible cracks are not solely due to localization errors but also reflect the broader 
widths of the active fracturing zones generating the AE signals (see Appendix L). 

 Zonal patterns of AE peak frequency: The spatial clustering of peak frequency 
values is primarily a result of the frequency-response characteristics of the AE sensors. 
These patterns should not be used as criteria for identifying AE source types (see 
Section 8.4.1). 
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 Fracture zone size and AE source parameters: The size of the fracture zone is 
positively correlated with AE source energy and negatively correlated with AE source 
peak frequency (see Section 8.5.2). 

 High-energy, low-frequency AE near peak load: AE signals with high energy and 
low peak frequency tend to occur near the peak load or during other loading stages 
marked by rapid changes in global stiffness, due to the involvement of larger fracture 
zones occurring in short period at these critical stages (see Section 8.5.3). 

 AE energy vs. peak amplitude: AE energy is a more robust time-domain parameter 
than peak amplitude for characterizing fracture behaviour, as it is less sensitive to the 
sequence in which microcracks occur within a given fracture zone that induces an AE 
response (see Section 8.5.3).
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9. Conclusions and Recommendations 

9.1 Retrospective view 
This study aims at deepening the understanding of the mechanisms behind acoustic emis-
sion (AE) generated during concrete fracture processes, with the goal of enhancing the 
reliability of AE techniques for monitoring concrete structures under loading. Since ten-
sile cracking is the primary source of AE in concrete, the main objective of this disserta-
tion is to model and quantify AE signals induced by tensile cracking in concrete.  

To achieve this overarching goal, the research addresses several sub-goals:  

 Sub-goal 1: Develop a modelling framework for AE wave propagation with at-
tenuation in concrete (Chapter 3), as well as for sensor response (Chapter 4), 
thus enabling simulation of the complete waveforms of concrete tensile crack-
ing-induced AE signals.  

 Sub-goal 2: Achieve a fundamental understanding of how tensile cracking in 
concrete gives rise to AE phenomena (Chapters 5 and 6).  

 Sub-goal 3: develop physics-grounded and quantitative AE indicators that in-
fluence AE parameters (Chapter 7).  

 Sub-goal 4: Gain fundamental insights into the effects of successive tensile frac-
turing processes on AE parameters in concrete (Chapter 8). 

The following sub-sections summarize the accomplishment of these sub-goals and high-
light the key contributions of this dissertation. 

9.1.1 A lattice modelling framework for the complete acoustic emission 
waveforms in concrete tensile fracturing processes  

Chapter 3 presents a general modelling framework that simulate the propagation and at-
tenuation of AE-induced elastic waves in concrete using a lattice modelling approach.  
This is achieved by incorporating two novel techniques: (1) a proportional-integral-de-
rivative (PID) control algorithm, which suppresses spurious noise unrelated to fracture-
induced responses within the explicit time integration procedure; (2) a Rayleigh damping-
based theoretical approach, along with a corresponding calibration procedure, to model 
the attenuation of AE signals. Furthermore, a quantitative relationship is established be-
tween lattice mesh sizes and frequency resolution of simulated waves. 

Chapter 4 implements the model to simulate the full AE waveforms by proposing addi-
tional techniques to explicitly account for AE sensor responses in computational model-
ling, including the physical geometry and frequency-response sensitivity of AE sensors. 



Chapter 9 Conclusions and Recommendations 

 207 

The model is further experimentally validated through comparison with experimental re-
sults from a three-point bending test on a notched concrete beam. 

9.1.2 Revelation of the source mechanisms of concrete tensile cracking-
induced AE phenomena  

Chapter 5 presents an analytical modelling approach to understand AE phenomena in-
duced by concrete tensile cracking. A one-degree-of-freedom (1-DoF) dynamic system is 
used to represent a localized tensile cracking region in concrete. The analysis reveals that 
AE phenomena are caused by the sudden opening of crack tips during the early softening 
stage. Mathematically, this results in an exponential form of the dynamic response at the 
fracture zone, which physically manifests as a local displacement jump and further in-
duces subsequent vibrations of the fracture region.  

Chapter 6 builds on the foundation of analytical modelling by applying the lattice mod-
elling framework (developed in Chapters 3 and 4) to a more realistic two-dimensional 
(2D) case. The simulations reveal that the dynamic response of a tensile cracking region 
consists of two distinct stages: an initial stage characterized by an exponential-shaped 
acceleration jump, followed by a second stage of attenuated vibrations. Together, these 
two stages generate a Gaussian-shaped acceleration pulse in the local fracture area, which 
is the source of the acoustic emission signal.  

9.1.3 A physically grounded AE indicator for quantifying concrete 
tensile cracking behaviour  

Chapter 7 utilizes the lattice modelling framework developed in Chapters 3 and 4 to quan-
tify AE source parameters induced by concrete tensile cracking, these parameters are in-
itially identified through the analytical modelling in Chapter 5. A comparative analysis 
of various influencing factors reveals that time-domain AE source parameters are sensi-
tive to a wide range of input variables, while frequency-domain source parameters are 
predominantly governed by intrinsic properties of the fracture zone, such as material den-
sity, elastic modulus, and fracture volume. 

Based on these findings, a quantitative relationship is established between the AE source 
peak frequency and the corresponding fracture volume. This relationship serves as a phys-
ically grounded AE indicator for characterizing concrete tensile cracking behaviour. Sev-
eral case studies are conducted to demonstrate the practical applications of this indicator, 
including: (1) estimating the size of the fracture zone in concrete based on measured AE 
peak frequency, and (2) optimizing AE sensor layout and AE types to effectively monitor 
AE signals associated with specific fracture volume scales. 
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9.1.4 Physical explanations for the evolution trends of acoustic 
emission parameters during concrete tensile cracking propagation 

Chapter 8 employed the lattice modelling framework developed in Chapters 3 and 4 to 
provide a fundamental interpretation the variation of typical AE parameters observed dur-
ing successive tensile crack propagation in a three-point bending test. The analysis shows 
that, although measured AE signals are significantly influenced by wave attenuation and 
sensor frequency response, key features of the AE sources are still preserved in the ex-
perimental data. Specifically, AE source peak frequency is found to be negatively corre-
lated with fracture zone volume, due to the vibrational properties of the source, while AE 
source energy increases with fracture zone size, reflecting the longer signal durations 
generated by larger or successively activated crack tips. 

9.2 Conclusions  
This section provides the key insights gained from the analytical and numerical modelling 
conducted in this dissertation, as outlined below: 

 Tensile cracking-induced AE originates from sudden propagation of crack tip. 

The fundamental source of AE in concrete tensile cracking is the sudden propaga-
tion of crack tip, which results in rapid stiffness degradation within both the local 
fracture zone and the overall structure. This degradation simultaneously produces a 
transient displacement discontinuity at the microscale and a sharp drop in global 
load or stress at the macroscale (see Section 6.3). Such a transient displacement 
discontinuity follows by the vibrations of the fracture zone that generates acoustic 
emission (see Section 5.7).  

 The frequency characteristics of an AE signal at its source are determined by 
vibration characteristics of fracture zones. 

Since the physical nature of tensile cracking-induced AE sources is the cracking-
induced vibrations of local fracture zone, the frequency characteristics of tensile 
cracking-induced AE at the source should be interpreted from the point view of the 
vibration characteristics (namely volume, elasticity and density that determine the 
nature frequencies) of the fracture zone instead of the transient duration of cracking 
increment (i.e., the source rise time characterizing fracturing velocity) as in the clas-
sical AE theory (see Section 5.4 and Section 7.5). 

 There is no direct relation between fracture energy and AE phenomena. 

AE activity does not directly reflect Mode-I fracture energy in concrete. AE signals 
are triggered by the sudden propagation of microcracks, representing only a small 



Chapter 9 Conclusions and Recommendations 

 209 

fraction of the total energy dissipated during the tensile fracture process. (see Sec-
tion 6.4.2) 

 Wider spatial distributions of AE sources than visible cracks are not only from 
localization errors. 

The scattered spatial distribution of AE events around the main visible cracks ob-
served in experiments is not solely due to localization errors. It also reflects the 
broader extent of the fracturing zones that actively generate AE signals. (see Section 
4.5.2, Section 7.5.1 and Appendix L) 

 Measured AE parameters are significantly affected by sensor response.  

The sensors largely altered the original AE waves, for which the influence from both 
the diameter of sensor surface and the frequency-response sensitivity. Sensor geom-
etry can reduce time-domain amplitudes and attenuate high-frequency components 
of AE signals. Additionally, the frequency-response of AE sensors reshapes the 
wide-band frequency content of original waves into narrower-bands response of 
measured AE signals. (see Section 4.6.3 and appendix D) 

The zonal distribution patterns of AE peak frequencies during loading history are 
largely influenced by the frequency-response characteristics of the sensors used. As 
such, these patterns should not be used as definitive indicators for AE source type 
classification. (see Section 8.2) 

 Frequency-domain AE source parameters are more reliable than time-domain 
source parameters. 

Frequency-domain AE source parameters (e.g., AE source peak frequency) are gen-
erally more reliable indicators of concrete fracture behaviour than time-domain 
source parameters, as AE source frequency is primarily influenced by inherent prop-
erties of fracture zone while the time-domain parameters are affected by many other 
factors, such as tensile strength, fracture brittleness and external loading conditions. 
(see Section 5.8, Section 7.3 and Section 7.5.2) 

Among other time-domain source parameters, AE source energy is more reliable 
than source peak amplitude for characterizing fracturing behaviour because it is less 
affected by the sequencing of successive fracture events. (see Section 8.5) 

 Rapid global stiffness degradation leads to lower-frequency and higher-energy 
signals. 

AE signals with high energy and low peak frequency that occur near peak load or 
during phases of rapid global stiffness degradation that are attributable to larger 
fracture zones. (see Section 8.6.3) 
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9.3 Recommendations for the future work  
This section highlights several research directions closely related to the work presented 
in this dissertation and proposes them as promising avenues for future investigation. 

9.3.1 Improvement of the proposed lattice model  

Chapters 3 and 4 introduced a lattice modelling framework capable of simulating the 
complete waveforms of AE signals generated by concrete tensile cracking. However, sev-
eral limitations remain that should be addressed in future work: 

 Directional dependence of elastic wave velocities: 

The current 2D truss-based square lattice network exhibits direction-dependent 
Poisson’s ratios, resulting in unequal elastic wave velocities in different propagation 
directions. One can consider using advanced lattice configurations that mitigate 
these Poisson’s ratio constraints, enabling more accurate simulation of elastic wave 
propagation (see Section 3.6.2). 

 Interaction of waves with existing cracks: 

The current model does not adequately capture the effects of existing cracks to elas-
tic wave propagation. This limitation can be addressed by assigning increased 
damping values to nodes connected by broken elements, thereby more realistically 
modelling wave-crack interactions (see Section 4.6.2). 

 Effect of concrete heterogeneity on AE response: 

Concrete was treated as a homogeneous material at the mesoscale in this study, and 
the influence of material heterogeneity on AE response was not explored. This can 
be incorporated in future models by introducing randomly distributed material prop-
erties across elements or using randomly generated lattice meshes to represent het-
erogeneity within the lattice modelling framework (see Section 4.6.2). 

 2D simulations: 

This study is restricted to 2D modelling due to computational efficiency constraints, 
as AE simulation requires small time steps and fine lattice grids. Future work could 
explore 3D lattice modelling by implementing adaptive time-stepping techniques or 
by coupling lattice fracture elements with high-order elastic finite elements within 
a hybrid modelling approach (see Section 4.6.2). 

 AE sensor response: 

         AE sensors are not only responsive to waves arriving perpendicular to the PZT ele-
ment but also to those arriving laterally or at intermediate angles. Such directional 
characteristics can influence signal amplitude and frequency content, particularly in 
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complex propagation fields. In a future study, such directional effects of AE sensors 
can be further investigated. Moreover, this study uses particle accelerations to nu-
merically represent AE signals. Nevertheless, in classical AE theories (Grosse et al. 
2021), an AE signal is usually represented by particle velocity. The numerical rep-
resentation methods of AE signals should be further investigated in a future study. 

9.3.2 Modelling friction-induced AE sources with lattice model  

Tensile cracking at crack tips and friction along macrocrack surfaces are two major 
sources of acoustic emission (AE) during concrete fracturing processes under different 
modes (see Section 2.4). This dissertation focuses on modelling and understanding AE 
relating tensile cracking. However, the potential applicability of the proposed lattice mod-
elling approach to friction-induced AE remains an open area for future investigation, with 
the goal of simulating AE signals generated by different concrete fracture modes under 
various external loading conditions. 

Preliminary efforts towards simulating friction-induced AE signals are presented in Ap-
pendix M. These results demonstrate that implementing a dynamic stick-slip friction law, 
such as that proposed by Raous and Barbarin (Raous and Barbarin 1996), can successfully 
reproduce the long-rise times and low-frequency characteristics typical of friction-in-
duced AE observed in experiments. However, coupling tensile cracking and stick-slip 
friction within the current lattice modelling framework has not yet been achieved mainly 
due to the following numerical challenges: 

 Identification of friction pairs:  

Friction physically occurs only along surfaces that have already undergone tensile 
cracking in quasi-brittle materials. This could be implemented in the lattice model-
ling by adopting techniques from the extended finite element method (XFEM), 
which introduces additional degrees of freedom to identify tensile-cracked elements 
and nodes as potential crack surfaces (Xu, Hajibeygi, and Sluys 2024). 

Furthermore, friction along crack surfaces involves large deformations, and the con-
tact areas where friction forces act can change dynamically during crack propaga-
tion. Defining friction pairs is essential to determine the appropriate application 
points/areas of frictional forces within the model. Useful numerical techniques for 
defining such friction pairs are discussed in the work by Karpenko and Akay 
(Karpenko and Akay 2001).  

 Modelling and calibration of rate-dependent stick-slip friction laws:  

As demonstrated in Appendix M, AE signals related to friction are mainly generated 
by stick-slip mechanisms between cracking surfaces, which requires the numerical 
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implementation of the dynamic stick-slip friction laws between the identified fric-
tion pairs. A relevant implementation example can be found in the work by Hoving 
and Metrikine (Hoving and Metrikine 2017).  

The implementation of the stick-slip friction laws also requires dedicated numerical 
algorithms for physically describing the contact conditions of potential friction pairs 
(e.g., the determinisation of critical crack open thresholds to allow the contact of 
crack surfaces and the avoidance of normal penetration of the contact surfaces 
through the penalty method (Stefancu, Melenciuc, and Budescu 2011)). 

Additionally, since this type of friction laws involves multiple parameters (see Ap-
pendix M), corresponding experimental methods for parameter identification or 
model calibration are essential for improving predictive accuracy.  

9.3.3 Determination of microscopic material constitutive parameters 
through AE measurements 

Most existing discrete element methods (DEM) and microscopic fracture models rely on 
nonlinear material parameters that are not directly measurable through conventional ex-
perimental techniques. However, as demonstrated in Chapters 5, 6, and Appendix M, AE 
signals reflect the dynamic response of a system to local nonlinear effects caused by frac-
ture and contact interactions. This indicates that AE measurements, which are inherently 
linked to these localized nonlinear behaviours, hold potential as an indirect method for 
identifying parameters in microscopic nonlinear constitutive laws. 

Chapter 5 presents a closed-form solution for determining the critical tensile strain range 
associated with microcracking behaviour responsible for generating AE. Additionally, 
Chapter 7 establishes a quantitative relationship between AE source peak frequency and 
the corresponding fracture volume. Building on these insights, future research should fo-
cus on exploring the correlations between various AE (source) parameters and micro-
scopic fracturing or contact properties. Such investigations could be instrumental in iden-
tifying key material parameters that are otherwise inaccessible, thereby advancing the 
development and calibration of microscopic constitutive models. 

9.3.4 More accurate AE measuring for better experimental AE source 
characterization 

Chapter 7 establishes a quantitative relationship between AE source peak frequency and 
the corresponding fracture volume. However, the practical application of such an AE in-
dicator is significantly constrained by the influence of sensor response on the measured 
AE signals. To achieve more reliable characterization of AE sources, it is essential to 
minimize the effect of sensor response in experimental settings. 
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Since this influence arises primarily from the sensor's surface diameter and its frequency-
response sensitivity, using wide-band sensors with smaller diameters offers a promising 
solution. Sensors such as the 9203 (Mistras 2018) and S9208 (Mistras 2022)) are partic-
ularly suitable for this purpose, as they are designed to reduce the distortion of AE signal 
characteristics and better preserve the true frequency content of the source. Moreover, the 
laser doppler vibrometer (Tue, Theiler, and Tung 2014) can be an alternative vibration 
(wave) measuring technique that can fully remove the sensor response.  

Moreover, proper selection of sensor type and sensor layout design are essential compo-
nents of effective AE monitoring. Traditionally, these are determined solely based on the 
attenuation characteristics of elastic waves propagating through the monitored medium  
(Cui et al. 2019). While it is ideal to also consider the AE source response to enhance the 
accuracy of sensor selection and layout design, conventional approaches are limited by 
the insufficient understanding of AE source characteristics. Chapter 7 provides a proce-
dure to optimized sensor layouts and sensor types for monitoring the desired fracture vol-
ume range. This procedure can be implemented in future experimental studies. 

Furthermore, it is important to note that the quantitative relationship established in Chap-
ter 7 between the AE source peak frequency and the corresponding fracture volume ap-
plies exclusively to tensile cracking. However, in real concrete fracturing processes, AE 
signals may also arise from frictional mechanisms. For friction-induced AE signals, fur-
ther research is required (see Section 9.3.2) to validate the relationship between fracture 
volume (i.e., the slip zone defined in Appendix M) and signal frequency characteristics. 
Until the underlying mechanisms of friction-induced AE are better understood, a practical 
interim solution is to classify AE source types (tensile versus frictional) using an estab-
lished classification criterion (Zhang et al. 2022). By isolating the frictional signals, the 
proposed indicator in Chapter 7 (as well as other conclusions of this dissertation) can then 
be more reliably applied for AE source characterization.
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Notation 

Roman upper case  

 Wave amplitude ܣ
 Effective wave amplitude ∗ܣ
 Average wave amplitude ܣ̅
 ሚ Normalized wave amplitudeܣ
 ௣ Wave peak amplitudeܣ
 ሚ௣ Normalized wave peak amplitudeܣ
 ”௦௘௡௦௢௥ Wave amplitude with “sensor effectܣ
௜ܥ ,௜ܥ

ᇱ, ܥ௜
ᇱᇱ, ܥ௜

ᇱᇱᇱ i-th constant coefficient (i =1, 2) 
D Sensor diameter 
 Young’s modulus ܧ
 Nodal force ܨ
 ଴ Driving forceܨ
 ௘ Element forceܨ
 ௘௜ Force of i-th element (i =1, 2)ܨ
 ௙௥ Friction forceܨ
 ௙௥௦ Maximum static friction forceܨ
 ௙௥ௗ Dynamic friction forceܨ
 ௙ Fracture energyܩ
 ௜ i-order polynomial functionܪ
 ௦௘௡௦௢௥  Sensor frequency-response sensitivity functionܫ
 ௪௔௩௘ Effects of wave propagation and attenuationܫ
  Effective system stiffness ∗ܭ
 ௦௧௥௨௖௧௨௥௘ Structural stiffnessܭ
 ி௉௓ Stiffness of the fracture process zoneܭ
L Structural length 
 ௪௔௩௘ Wave propagation distanceܮ

଴ܲ Force boundary condition 
ܲ̇ External loading rate 
ܳ௜ i-order polynomial function 
ܵ Area 
ܵ∗ Lattice element cross-sectional area 

௙ܵ Size of a fracture area 
ܶ Wave period 

௥ܶ௜௦௘ Source rise time 
ܸ Wave velocity 

௉ܸ  Pressure wave velocity 
ோܸ Rayleigh wave velocity 
ௌܸ  Shear wave velocity 

ܹ Strain energy 
ܹ∗ Effective strain energy 
 Damping matrix ࡯
 Internal nodal force vector ࡲ
 Stiffness matrix ࡷ
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 Mass matrix ࡹ
 External force vector ࡼ

Roman lower case  

ܽ௜ i-th tensile softening factor (i =1, 2, 3) 
ܾ௜ i-th force reduction factor (i =1, 2) 
c Damping  
ܿ଴ Critical damping 
ܿ௜ i-th constant coefficient (i =1, 2) 
݀ Lattice grid level 
݀଴ A critical lattice grid level used for constitutive law calibration  
݁ PID tracking error 
f Wave frequency 

௖݂ Compressive strength 
௖݂,௖௨௕௘ Cube compressive strength 
௠݂௔௫ Cut-off frequency 
ே݂௬ Nyquist frequency 
௦݂௣ Sampling frequency 
௧݂ Tensile strength 
௣݂
(௦) AE source peak frequency 

௣݂
(௪) Peak frequency of AE waves 

௣݂
(௠) Measured AE peak frequency 

g, g’, g’’ A function 
ℎ௣ Proportional PID parameter 
ℎ௜ Integral PID parameter 
ℎௗ Derivative PID parameter 
݇ Stiffness  
݈ Lattice element size 
݉ Mass  
݉௡ Mass of a lattice node (lumped mass) 
݊ A number  
 A constant coefficient ݌
q A constant coefficient 
 Distance to source ݎ
s Sensor area presented by a node 
 Time ݐ
 ଵ Loading time corresponds to cracking strainݐ
 ଶ Loading time corresponds to first tensile softening limitݐ
  ଷ End time of the source vibrationݐ
 ௠௔௫ Total processing timeݐ
  Nodal displacement ݑ
 ᇱ Nodal displacement of a symmetric nodeݑ
 ଴ A critical displacement valueݑ
 ௫ x-direction displacementݑ
 ௬ y-direction displacementݑ
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 ଴ A particular solution of displacementݑ
  Nodal velocity ݑ̇
 ଴ External loading rate prescribed by a constant velocityݑ̇
 ௙௥ௗ Friction velocity corresponds to the maximum static friction forceݑ̇
 ௙௥௦ Friction velocity at the onset of slipݑ̇
  Nodal acceleration ݑ̈
 ଴ Applied boundary velocityݒ
 Specimen thickness ݓ
 Coordinate ݔ
 Coordinate ݕ
 Coordinate ݖ
࢛ Displacement vector 
࢛̇ Velocity vector 
࢛̈ Acceleration vector 

Greek upper case  

ሚ௣ܣ∆
(௖௥) A detection threshold of wave amplitude 

∆݀௠௔௫ Maximum sensor spacing distance 
 Relative distance ݎ∆
 Time step (interval) ݐ∆
 ௠௔௫ Maximum arrival time difference of signals in an AE eventݐ∆
∆u̇ Crack mouth opening displacement (CMOD) rate 
 Variation of AE source parameters ݔ߂
 ෤ Normalized variation of AE source parametersݔ߂
Ωା, Ωି Two sub-domains divided by a fracture 

Greek lower case  

 Mass-proportional damping coefficient ߙ
 Stiffness-proportional damping coefficient ߚ
 ߚ ଴ A critical value ofߚ
  Attenuation from material damping ߛ
 ෤ Normalized attenuation of material dampingߛ
 ୪୭୥ୟ୰୧୲୦୫୧ୡ Logarithmic decrementߛ
 A constant coefficient ߜ
 Strain ߝ
 ௖௥ Cracking strainߝ
 ௘ Element strainߝ
 ௜ Strain of i-th element (i =1, 2, ...)ߝ
 ௫ x-direction strainߝ
 ௬ y-direction strainߝ
 Strain rate ̇ߝ
 A constant coefficient ߞ
 Material damping factor ߟ
 ଴ Wave geometric spreading loss variableߟ
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 ோ Material damping factor of Rayleigh waveߟ
-The angle between strain-axis and force-axis directions of the non ߠ

linear force-strain constitutive curve of lattice element  
 ߠ ௖௥ A critical value ofߠ
 ௜ The angle between strain-axis and force-axis directions in theߠ

(i+1)-th tensile softening stage (i =0, 1, ...) 
 Wavelength ߣ
 ௉ Pressure wavelengthߣ
 ௉_ே௬ Nyquist pressure wavelengthߣ
 Function root ߤ
 ௜ i-th function root (i =1 and 2)ߤ
 ଴ Repeated function rootߤ
߭ Poisson’s ratio 
 Damping ratio ߦ
 Material density ߩ
 Normal stress ߪ
߬ Shear stress 
߮ Wave phase angle 
߶ Volume 
߶௙ Fracture volume represented by a broken lattice element 
߶௙

(௦௨௠) Sum of the volumes represented by all the nodes (lumped masses) 
Involved in the fracture zone actively responsible for AE genera-
tion 

߶ி௉௓ Volume of the fracture process zone 
߶௡ Material volume represented by a lattice node (lumped mass) 
߯ Imaginary unit 
߱ Wave angular frequency 
߱଴ A critical wave angular frequency value 
 A positive constant characterizing the change degree of friction ߴ

force in the stick-slip transition process 

Subscripts and superscripts  

* Effective quantity 
0 Quantity related to critical or initial values 
P Quantity related to pressure waves 
R Quantity related to Rayleigh waves 
S Quantity related to shear waves 
c Quantity related to compressive strength 
e Quantity related to element 
f Quantity related to fracture 
݅ Integer index 
݆ Integer index 
݇ Integer index 
m Quantity related to measured AE signals 
n Quantity related to node 
p Quantity related to peak values 
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t Quantity related to tensile strength or time 
s/source Quantity related to acoustic emission source 
w/wave Quantity related to AE waves 
 Quantity related to x-direction ݔ
 Quantity related to y-direction ݕ
FPZ Quantity related to fracture process zone 
Ny Quantity related to Nyquist criteria 
cr Quantity related to cracking strain or a critical value 
cube Quantity related to cube specimen 
fr Quantity related to friction 
frd Quantity related to dynamic friction 
frs Quantity related to static friction 
jump Quantity related to displacement jump 
logarithmic Logarithmic quantity 
max Quantity related to maximum values/ upper bound 
min Quantity related to minimum values/ lower bound  
numerical  Numerical values 
rise Quantity related to source rise time 
sensor Quantity related to acoustic emission sensor effect 
structure Quantity related to the whole structure 
sum Quantity related to the sum of broken element 
targeted Targeted values 
theoretical  Theoretical values 
vibrate Quantity related to vibrations 

Abbreviations 

AE Acoustic emission 
AIC Akaike information criterion 
DEM Discrete element method 
DPC Dry-point-contact transducer 
FEM Finite element method 
P-wave Pressure wave 
R-wave Rayleigh wave 
S-wave Shear wave 
Si i-th sensor (i =0, 1, ..., 7) 
E0 Fracture source element 
LVDT Linear variable differential transducer 
PLB Pencil-leak break test 
PDT Peak definition time 
HDT Hit definition time 
HLT Hit lockout time 
DIC Digital image correlation 
PDE Partial differential equation 
DoF Degree-of-freedom 
FPZ Fracture process zone 
ODE Ordinary differential equation 
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MC2010 Fib Model Code 2010 
CMOD Crack mouth opening displacement 
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Appendix A. Definition of typical AE parameters 

As many AE parameters are mentioned and analyzed in this dissertation, the definition of 
typical AE parameters used in this thesis is briefly described in this Appendix. AE pa-
rameters can be mainly distinguished into three categories, including hit definition pa-
rameters, characteristic parameters and hit-based waveform recording parameters.  

The hit definition parameters are used to extract burst AE signals (AE hits) from a meas-
ured continuous waveform flow. Threshold, peak definition time (PDT), hit definition 
time (HDT) and hit lockout time (HLT) are four hit definition parameters. As illustrated 
in Figure B1.1a, the threshold specifies the starting time of an AE hit. The PDT is the 
period that allows to determine the peak amplitude of an AE hit. The HDT is the maxi-
mum allowed period between threshold crossing in an AE hit: the hit has ended if no 
threshold crossing occurs during the HDT. The HLT is the minimum period for detecting 
a new hit after the end of previous hits, to avoid falsely detecting the reflected or delayed 
waves as independent AE hits. 

After identifying an AE hit, its characteristic parameters can be calculated. Typical time-
domain characteristic parameters are illustrated in Figure A.1a. Duration is the period 
between the first and last threshold crossing. Rise time is the period between the first 
threshold crossing and the peak amplitude. AE count is the number of signal oscillations 
crossing the threshold. The ratio between count and duration is defined as average fre-
quency. As illustrated in Figure A.1b, peak frequency and frequency centroid are two 
main frequency-domain characteristic parameters. The peak frequency is a frequency 
value corresponding to the maximum energy spectrum point. The frequency centroid is a 
frequency value that divides the frequency spectrum into two equal areas.  

AE waveforms can be recorded in an AE acquisition system in two ways: either recording 
the complete continuous waveform flow or recording discrete waveforms based on AE 
hits. The second method is commonly used due to less need of storage space. Pre-trigger 
time and waveform recording length are two main parameters to recover AE waveforms 
from identified hits, as shown in Figure A.1b. The pre-trigger time is the period before 
the first threshold-level crossing. The waveform recording length is the total recording 
period for a waveform. It should be mentioned that the parameters mentioned herein are 
only parts of AE parameters. The definition of complete AE parameters can be found in 
the book (Unnþórsson 2013). 
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(a) 

 
(b) 

Figure A.1 Illustration for definition of typical AE parameters: (a) time domain; (b) frequency do-
main. 
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Appendix B. Derivative process of effective cross-sectional area of truss 
elements in adopted 2D square lattice network 

The effective cross-sectional area of a lattice element in the adopted two-dimensional 
truss-based lattice model, ܵ∗(݀), is a function of the lattice grid size ݀ and is expressed 
as: 

* 3
2(1 2

)
)

( dwS d 


 (B.1) 

where ݓ is the specimen thickness. The close-form derivative process of Equation (A.1) 
is given in the following. Consider a 2D isotropic continuum subjected to equally uni-
formed biaxial strain fields as: 

   x y
 (B.2) 

where ߝ௫ and ߝ௬ are strains in x and y directions, respectively. ߝ is a strain value. Accord-
ing to the Hook’s law, the strains are further expressed as (Gurtin 1982): 

1( )    
  x y E

 (B.3) 

where ߪ represents stress. ߥ and ܧ are the Poisson’s ratio and Young’s modulus, respec-
tively. The elastic strain energy stored in the considered continuum, denoted as ܹ,  is 
then derived as: 

21 ( )d d ( )
2 1x x y y

EW wS wS        

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   (B.4) 

where ߪ௫ and ߪ௬ are stresses in x and y directions, respectively. ߶ and ܵ represents the 
volume and area of the considered 2D continuum, with ߶ =  .ܵݓ

We then use the 2D square truss lattice network to discretize the considered 2D continuum 
(see Figure 3.1). Assuming all elements (orthogonal and diagonal elements with different 
lengths) involved in each lattice grid size level ݀ have same effective cross-sectional area 
ܵ∗(݀), the total strain energy stored in the equivalent lattice representation, denoted as 
ܹ∗, is then calculated as: 
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     (B.5) 

where ܨ௜
௘ and ݈௜ are the axial force and length of i-th lattice element. 

The total strain energy stored in the considered 2D continuum must equal that in the cor-
responding discrete lattice elements as: 
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The effective cross-sectional area ܵ∗(݀) is then derived as: 
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Selecting a basic unit area of area ܵ = ݀ଶ in the adopted 2D square truss lattice network 
(see Figure 3.1) for analyses, a total of eight elements of half element length (namely ݊ =
4) are involved in the basic unit area consisted of two orthogonal elements of length ݈ =
݀ and two diagonal elements of length ݈ = √2݀. Equation (B.7) is further expressed as: 
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wd wdS d wd
d dl  



  
    

  (A.8) 

According to the work of Hrennikoff (Hrennikoff 1941), the average value of inherent 
Poisson’s ratio of the adopted square truss-based lattice model equal to 1/3. By substitut-
ing ߥ = 1/3 into Equation (B.8), we derive the expression of ܵ∗(݀) as given in Equation 
(B.1).
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Appendix C. Influence of sensor geometry on simulated AE signals 

This Appendix conducts a quantitative parametric analysis on the influence of sensor ge-
ometry on simulated AE signals in lattice modelling and provides corresponding physical 
interpretation. Herein, the investigated sensor geometry parameter is the diameter of cov-
ering area (area of the bottom surface) of sensors, as we cannot modelling a real 3D sensor 
in the proposed 2D lattice model. 

In chapter 4, we have considered the influence of the physical geometry of sensors in the 
presented simulation case. Nevertheless, the analyses account only for one geometry of a 
specific sensor type, namely R15α AE sensors with a circular surface of 19 mm diameter. 
In this appendix, we analyze the relationship between the diameter of surface D (see Fig-
ure 4.4) and typical parameters of simulated AE signals in lattice modelling. We adopt 
the same numerical case described in chapter 4 (see Section 4.3.1 for detailed numerical 
setup) for analyses. The first numerical AE signal in the loading process of the three-point 
bending test is considered. The analyses are based on a combination of nodes with a cen-
tral coordinate of (250 mm, 0) (namely S1 in Figure 4.2). The weighted average acceler-
ations in y direction calculated by Equation. (4.1) is used to account for the effect of 
sensor geometry.  

The influence of sensor surface diameter D on peak amplitudes and peak frequency of 
simulated AE signals is shown in Figure C.1, where the values of peak amplitudes and 
peak frequency are normalized by dividing the maximum values. It can be observed that 
the peak amplitudes and peak frequency both decrease with increasing sensor diameters.  

(a) (b) 

Figure C.1 Influence of sensor surface diameter D on typical parameters of simulated AE param-
eters: (a) peak amplitudes and (b) peak frequency. 
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A physical interpretation for above trends is given in Figure C.2. The sensor surface in-
terferes with the waveform shape in both time and frequency domains, as the output of 
AE sensor comes from the average disturbance over the entire sensor surface, which is 
called “aperture” effect (Grosse et al. 2021). In the time domain, the high-amplitude com-
ponents are suppressed because of being averaged over sensor surface (Figure C.2a). In 
the frequency domain, for the wave components with wavelength λ less than sensor di-
ameter D, many cycles of the wave (multiple wavelengths) are simultaneously acting on 
the sensor surface, and their contribution is averaged (Figure C.2b). Such high-frequency 
components are then filtered by the sensors, as their wavelengths are stretched.   

 
(a) 

 
(b) 

Figure C.2 Physical interpretation for the effect of sensor geometry: (a) amplitude and (b) fre-
quency. 
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Appendix D. Additional results for numerical AE waveforms without 
“sensor effect” 

This appendix belongs to Chapter 4. we only show numerical results with complete “sen-
sor effect” that are calculated by Equation (4.2) considering both the geometry and fre-
quency-response sensitivity of AE sensors in main text of Section 4.5. Corresponding 
numerical results in intermediate steps are presented in this appendix. All numerical re-
sults presented in this appendix are obtained in the numerical case described in Section 
4.4. Throughout this appendix, figures marked with “single node” are y-direction accel-
erations of a single node located in the centre of virtual sensors, while those marked with 
“sensor geometry” are weighted average accelerations in y direction of all nodes included 
in covering surface of virtual sensors (Equation (4.1)) considering only the effect of sen-
sor geometry.  

Figure D.1 provides numerical results in intermediate steps for typical waveforms re-
ceived by virtual sensor S1 at three different loading stages, corresponding to three typical 
waveforms presented in Figure 4.14.  

  

（a） 

  
(b) 
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(c) 

Figure D.1 Typical numerical AE waveforms received by virtual sensor S1 without complete “sen-
sor effect” at (a) 50% pre-peak load; (b) peak load; (c) 50% post-peak load. 

 

Figure D.2 provides numerical results in intermediate steps for statistical distributions of 
typical AE parameters received by virtual sensor S1, corresponding to the results given 
in Figure 4.15.  

  

（a） 

   
(b) 
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(c) 

   
(d) 

  
(e) 

Figure D.2 Statistical distributions of numerical AE parameters received by virtual sensor S1 
without complete “sensor effect”: (a) duration; (b) rise time; (c) average frequency (d) peak fre-

quency; (e) frequency centroid. 
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Figure D.3 provides numerical results in intermediate steps for typical waveforms re-
ceived by different sensor locations, corresponding to the results given in Figure 4.16. 

  
(a)  

  
(b) 

  
(c) 

Figure D.3 Numerical waveforms of a typical AE event without complete “sensor effect” received 
at different sensor locations: (a) sensor S1; (b) sensor S1; (c) sensor S3. 
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Figure D.4 provides numerical results in intermediate steps for statistical distributions of 
peak amplitude drop of numerical signals received by virtual sensors S2 and S3, corre-
sponding to the results given in Figure 4.17. 

  
(a) 

  
(b) 

Figure D.4 Statistical distribution of peak amplitudes of AE signals received at different sensor 
locations relative to sensor S1: (a) S2 and (b) S3. 
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Figure D.5 provides numerical results in intermediate steps for statistical distributions of 
rise time of numerical signals received by virtual sensors S1, S2 and S3, corresponding 
to the results given in Figure 4.18. 

  
(a) 

  
(b) 

  
(c) 

Figure D.5 Statistical distribution of rise time of AE signals received at different sensor locations: 
(a) S1; (b) S2; (c) S3. 
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Figure D.6 provides numerical results in intermediate steps for statistical distributions of 
peak frequency of numerical signals received by virtual sensors S1, S2 and S3, corre-
sponding to the results given in Figure 4.19. 

  

 

(a) 

  

 

(b) 

  

 

(c) 

Figure D.6 Statistical distribution of peak frequency of signals received by different AE sensors: 
(a) S1; (b) S2; (c) S3 
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Appendix E. Solution forms to a general second-order linear differential 
equation with constant coefficients 

This appendix provides standard solution procedures to general second-order linear dif-
ferential equations with constant coefficients.  

Consider the standard form of a second-order linear differential equation with constant 
coefficients: 

       u t pu t qu t g t     (E.1) 
 

where (ݐ)ݑ̇ ,(ݐ)ݑ and ̈(ݐ)ݑ are the function to be solved, its first- and second-order deriv-
ative with respect to a variable ݐ, respectively.  ݌ and ݍ are two constants. ݃(ݐ) is a con-
tinuous function of ݐ.  

The characteristic equation of Equation (E.1) is given as: 

 2 0p q       (E.2) 

where ߤ is the eigen root of Equation (E.1). 

The solution forms to Equation (E.1), namely (ݐ)ݑ, depends on the solution types of 
Equation (E.2): 

 In the case that eigenequation Equation (E.2) has two different real eigen roots 
 :ଶ, the solution to Equation (E.1) is expressed asߤ ଵ andߤ

   1 2
2

0
1

t tu t C e C e u t     (E.3a) 

 In the case that eigenequation Eq. (E2) has one real repeated eigen root ߤଵ =
ଶߤ =  :଴, the solution to Eq. (E1) is expressed asߤ

   0
1

0
2( ) tu t C C t e u t     (E.3b) 

 In the case that eigenequation Eq. (E2) has two complex eigen roots in terms of 
conjugates ߤଵ = ߞ + ଶߤ and ߜ߯ = ߞ − ߯ where) ߜ߯ = √−1 denotes the imagi-
nary unit), the solution to Eq. (E1) is expressed as: 

     1 2
0cos sintu t e C t C t u t      (E.3c) 

In Equation (E.3), ܥଵ and ܥଶ are two constants to be determined by initial conditions. 
 the) (ݐ)݃ is a particular solution of Equation (E.1) and depends on the form of (ݐ)଴ݑ
right-side term in Equation (E.1)). In this study, ݃(ݐ) is a i-order polynomial of variable 
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(ݐ)݃ denoted ,ݐ = ଵߤ When .((ݐ)௜ܪ is the order of ݅) (ݐ)௜ܪ ≠ 0 and ߤଶ ≠ 0 as the case of 
this study, ݑ଴(ݐ) is expressed as: 

   0
iu t Q t   (E.4) 

where ܳ௜(ݐ) is a polynomial of variable ݐ with the same order of ܪ௜(ݐ). The coefficients 
in ܳ௜(ݐ) are obtained by substituting it back into Equation (E.1) and solved by the method 
of undetermined coefficients. A more detailed description about the solution to second 
order linear differential equation can be found in the book of Sibuya (Sibuya 1975).
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Appendix F. Proof that Equation (5.17) is an increasing function of loading 
time 

This appendix provides the procedure to prove that Equation (5.17) is an increasing func-
tion of time t.   

Equation (5.17a) has the first order derivative with respect to time t as: 

     
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(F.1) 

 

Because all sub-terms of the first term in right side of Equation (F.1) are positive, we can 
derive the following relationship considering the basic inequality: 
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(F.2) 

Substituting Equation (F.2) into Equation (F.1), the following relationship is derived: 

  *
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Because ̇(ݐ)ݑ is positive, (ݐ)ݑ is an increasing function of time t.
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Appendix G. Derivation process for the approximated expression of t2 

Equation (5.20) has no explicitly analytical solution and thus an approximate solution to 
 ଶ is given by Equation (5.21). The approximate process of Equation (5.21) is given inݐ
this appendix.  

By substituting Equation (5.7d) into Equation (5.20), Equation (5.20) can be expressed 
into another form as: 
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 (G.1) 

Equation (G.1) is a function of independent variable (ݐଶ − ଶݐ ଵ), withݐ −  ଵ > 0. Equationݐ
(G.1) cannot be analytically solved; one or two of the first three terms in the right side of 
Equation (G.1) that involves the variable (ݐଶ −  ଵ) must be ignored to derive an explicitݐ
expression of ݐଶ. A comparison between the first three terms in the right side of Equation 
(G.1), in terms of absolute value ratios, is as follows: 
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  (G.2b) 

where |∗| is the absolute value symbol. Mathematically, we can only prove that Equation 
(G.2a) and Equation (G.2b) are larger than 1 and 0, respectively. Their exact values de-
pend on the involved coefficients.  

Physically, concrete density (ߩ), Young’s modulus (E), and the length (݈) and cross-sec-
tion area (ܵ∗) of the FPZ are on the magnitude orders of 10ଷ kg/mଷ, 10ଵ଴ Pa, 10ିଷ m 
and 10ି଺ mଶ, respectively. Moreover, since the fracture scale is relatively small with re-
spect to structural scale especially in the case of acoustic emission-related micro-cracking 
processes, we assume that the scale of the FPZ is assumed to be much smaller than the 
structure, namely ܮ ≫ ݈. Further assuming that (1 − ܾଵ) and (ܽଵ − 1) are in the same 
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magnitude (see Figure 5.3), the values of the terms ටቂଶ(ଵି௕భ)
௟(௔భିଵ)

− ଵ
௅
ቃ ாௌ∗

௠
 and  (௔భି௕భ)௅

(ଶ௅ା௟)(௔భିଵ)
 in 

Equation (G.2) are then on the magnitude orders of around 10଻ rad/s and 10଴, respec-
tively. Moreover, according to the work of Ohtsu (Ohtsu 1995), the rise time of AE source 
signals, ݐଶ −  ଵ, is on the order of around 10ି଺ s (see also in the lattice simulation resultsݐ
in Section 6.2). The values of (G.2a) and Equation (G.2b) are then on the orders of around 

݁ଵ଴ and ௘
భబ

ଵ଴
, respectively. Therefore, we can derive the following relationships in the case 

of concrete fracture: 
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Equation (G.3) means that the absolute values of the other two terms in the right side of 
Equation (G.1) that involves the variable (ݐଶ −  ଵ) are negligible compared to the firstݐ
term. Therefore, we ignore the last two terms in the right side of Equation (G.1) that 
involves the variable (ݐଶ −  :ଵ) and Equation (G.1) is then approximated asݐ
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 (G.4) 

 

By solving Eq. (G.4), an approximated expression of ݐଶ is given as: 
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Finally, by substituting Equation (5.7d) into Equation (G.5), the expression of ݐଶ is ex-
pressed as: 
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Appendix H. Derivation process for the approximate expressions of the 
velocity and acceleration of the FPZ at the end of displacement jump 
stage 

This appendix provides the detailed derivation processes for the approximate expressions 
of ̇ݑ(ݐଶ) and ̈ݑ(ݐଶ). Taking the first- and the second-order derivative of Equation (5.17) 
with respect to time ݐ and further substituting ݐ =  ଶ and Equation (5.7d) into Equationݐ
(5.17), we derive the following expression for ̇ݑ(ݐଶ) and ̈ݑ(ݐଶ): 
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According to Equation (G.2), we ignore the terms with far less absolute values in the right 
side of Eq. (H1), which is then approximated to: 
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By substituting the expression of ݐଶ in Equation (5.21) into Equation (H.2), ̇ݑ(ݐଶ) and 
 :are further expressed as (ଶݐ)ݑ̈
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Appendix I. Influence of fracture scale and fracture early-stage ductility 
coefficient on source rise time 

This appendix provides the procedure to prove that the source rise time ௥ܶ௜௦௘ is positively 
correlated with both fracture scale ݈ and fracture early-stage ductility coefficient ܽଵ.  

Since the fracture scale is relatively small with respect to structural scale especially in the 
case of acoustic emission-related micro-cracking processes, the scale of the FPZ is as-
sumed to be much smaller than that of the structure, namely ܮ ≫ ݈. Under this assumption 
ܮ) ≫ ݈), the expression of ௥ܶ௜௦௘ in Equation (5.39) is further simplified as: 
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The partial derivative of Equation (I.1) with respect to ݈ is then expressed as: 
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Because ܾଵ < 1 < ܽଵ (see Equation (5.2a) and Equation (5.2b)), the first term in right 

side of Equation (I. 2) is positive; therefore, the value of డ்ೝ೔ೞ೐
డ௟

 depends on values of pa-

rameters involved in the second term in right side of Equation (I.2) (the term in curly 
bracket).  

Physically, concrete elastic modulus E, tensile strength ௧݂ and length of the FPZ ݈ are on 
the magnitude orders of around 10ଽ ܲܽ, 10଺ ܲܽ and 10ିଷ ݉, respectively. The second 
term in the right side of Equation (I. 2) is then positive in the case that the strain rate  ̇ߝ is 
on the magnitude order less than 10ଷ ିݏଵ. For typical concrete working conditions with-
out considering high-speed impact loads, the value of strain rate ̇ߝ is far less than 10ଷ ିݏଵ 

(Cusatis 2011). In such case, డ்ೝ೔ೞ೐
డ௟

 is positive and thus ௥ܶ௜௦௘ is an increasing function of 

݈. 

The partial derivative of ௥ܶ௜௦௘ with respect to ܽଵ is derived as: 
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Because ܾଵ < 1 < ܽଵ (see Equation (5.2a) and Equation (5.2b)), we can derive the fol-
lowing inequation: 
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By substituting Equation (I.4) into Equation (I.3), we can derive the following relation-
ship: 
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(I.5a) 

(I.5b) 

(I.5c) 

The first term in the right side of Equation (I.5c) is always positive because ܾଵ < 1 < ܽଵ 

(see Equation (5.2)).  According to the above analyses for డ்ೝ೔ೞ೐
డ௟

 (Equation (I.2)), the sec-

ond term in the right side of Equation (I.5c) (the term in curly bracket) is positive for 
typical concrete working conditions without considering high-speed impact loads (when 

ଵ). In such case, డ்ೝ೔ೞ೐ିݏ is on the magnitude order less than 10ଷ ̇ߝ
డ௔భ

 is positive and thus 

௥ܶ௜௦௘ is an increasing function of ܽଵ. 
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Appendix J. Effect of fracture energy regularization on AE source signal 

This appendix demonstrates the effect of implemented fracture energy regularization 
technique (Equation (7.1)) on AE source signals induced by concrete tensile fracturing. 

In the three-point bending simulation case performed in Section 7.2, the length of lattice 
elements (݈ = ݀ for orthogonal elements or ݈ = √2݀ for diagonal elements) and the mass 
values of nodes (fracture volumes) are both changed when adopting different grid levels 
݀ for spatial discretization (namely case 5 in Table 7.1). A different simulation case is 
then performed in this appendix to distinguish these two parameters and to illustrate the 
effect of the implemented fracture energy regularization technique for AE simulation.  

The adopted numerical model and boundary conditions are shown in Figure J.1. The ma-
terial properties, time step and numerical damping values are kept same with that used in 
previous sections (Case 0 in Table 7.1), while an additional element is created at the top 
surface as fracturing source element (marked as red in Figure J.1). The length of source 
element is denoted as ݈(௦௢௨௥௖௘). A y-direction displacement in terms of prescribed velocity 
(dݑ௬(ݐ)/dݐ = 1 × 10ିଷ mm/s) is applied on the upper node to induce the fracturing of 
source element. The y-direction accelerations of the lower node of source element, 
marked in green and denoted as S0 in Figure J.1, are considered as the AE source signals. 
The analyses are performed by varying the size of fracturing source element ݈(௦௢௨௥௖௘), 
while the grid size ݀ of remaining domain is kept constant as 1 mm. In such case, the 
masses of all nodes are kept constant when varying ݈(௦௢௨௥௖௘) values. 

 
Figure J.1. Numerical model and boundary conditions to illustrate the influence of elements sizes 

on simulated source signal (unit: mm). 

Several simulations are performed either adopting a same force-strain constitutive rela-
tionship (without fracture energy regularization) for different ݈(௦௢௨௥௖௘) values or regular-
ized force-strain constitutive relationships by Equation (7.1) (with fracture energy regu-
larization). Typical AE source signals with and without fracture energy regularization are 
shown in Figure J.1a and b, respectively, adopting varied source element sizes 
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(݈(௦௢௨௥௖௘) = 1 or 5 mm).  

The simulated signals are largely different in amplitudes for different ݈(௦௢௨௥௖௘) values in 
the case without fracture energy regularization (Figure J.1a), while those with fracture 
energy regularization are similar (Figure J.1b). This demonstrates that the implemented 
fracture energy regularization eliminates the mesh size dependence of simulated fracture 
source signals; the difference in AE source signals involved in different grid levels ݀ is 
caused only by the difference in node masses (fracture volumes) with a clear physical 
meaning. 

 

(a) 

 

(b) 

Figure J.2. Fracture-induced AE source signals received by virtual sensor S0 in the simulation 
case presented in Figure J.1 with varied source element sizes l(source): (a) without fracture energy 

regularization and (b) with fracture energy regularization. 
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Appendix K. Lattice mesh size dependency in global mechanical 
behaviour 

This appendix investigates the dependency of global mechanical behaviour on lattice 
mesh size, as examined through three simulation cases of the three-point bending test 
using lattice grid sizes of 0.5 mm, 1.0 mm, and 2.5 mm, as presented in Chapter 8. The 
corresponding model parameters and simulation setups are detailed in Section 8.2. 

Figure K.1 presents a comparison of the numerical load–deflection curves obtained for 
the different lattice grid sizes with the experimental results from the three-point bending 
test described in Section 4.3. Overall, the simulated results show good agreement with 
the experimental data. The most notable discrepancies occur around the peak load, where 
the experimental curve displays a lower peak value and exhibits greater instability (i.e., 
more fluctuations). These differences can be primarily attributed to imperfections in the 
experimental loading conditions. 

While the numerical load–deflection curves vary only slightly across the three mesh sizes, 
some dependency on the lattice discretization remains. Although the nonlinear segments 
of the constitutive force–strain relationships have been regularized using the fracture 
energy approach (see Section 7.2) to mitigate mesh size effects, this dependence cannot 
be completely eliminated. This residual dependency arises from variations in the stiffness 
values of the lattice elements at different discretization levels, denoted as ܵܧ∗(݀), which 
are computed based on strain energy balance considerations (see Appendix B). 

Furthermore, since the proposed model employs a dynamic solver, the global mechanical 
response is influenced by inertial forces related to mass. As discussed in Section 3.2 (see 
Equation (3.3)), varying levels of numerical discretization inherently correspond to 
different fracture volumes and hence different effective masses which in turn affect the 
mechanical response.  
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Figure. K.1 Load-deflection curves for different lattice grid sizes. 
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Appendix L. Comparison in spatial distributions of visible cracks, AE 
sources and AE event localization results 

This appendix aims to elucidate why the acoustic emission (AE) events observed in ex-
periments are largely scattered around the major visible crack, by comparing the spatial 
distributions of visible cracks, AE sources, and AE event localization results in lattice 
modelling. This analysis is conducted using three simulation cases of the three-point 
bending test with lattice grid sizes of 0.5 mm, 1.0 mm, and 2.5 mm, as presented in Chap-
ter 8. 

Figure L.1 presents the numerical cracking patterns obtained using lattice grid sizes of 
0.5 mm and 2.5 mm. The corresponding experimental results, along with those from the 
simulation case using a 1.0 mm lattice grid size, are provided in Figure 4.10. These 
patterns are represented by the strain fields in the x-direction at four distinct loading stages: 
50% of the pre-peak load, peak load, 50% of the post-peak load, and 10% of the post-
peak load.  

The localized strain patterns serve as a physical analogue for visible cracks. Across all 
loading stages, the fracture morphology and strain magnitudes are comparable between 
the different mesh sizes. However, a notable discrepancy is observed in the widths of the 
cracking patterns. This mesh size dependency in the numerical cracking width arises from 
strain localization. Since strain localizes within discrete elements that vary with mesh 
resolution, coarser grids (i.e., larger lattice elements) result in broader bands of localized 
strain, which manifest as wider visible cracks.  
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(a.1) (a.2) (a.3) (a.4) 

(a) 

 

 
  

(b.1) (b.2) (b.3) (b.4) 

(b) 

Figure.L.1 Numerical results of x-direction strain fields at different loading stages obtained by us-
ing different lattice grid sizes: (a) 0.5 mm lattice grid size and (b) 2.5 mm lattice grid size, with 

(a.1) (b.1) at 50% pre-peak load, (a.2) (b.2) at peak load, (a.3) (b.3) at 50% post-peak load, (a.4) 
(b.4) at 10% post-peak load. 

Figure L.2 illustrates the distribution patterns of accumulated broken elements obtained 
using lattice grid sizes of 0.5 mm and 2.5 mm at 10% of the post-peak load. The corre-
sponding numerical results for the 1.0 mm lattice grid size are presented in Figure 4.9b. 

The broken element patterns serve as a physical analogue for AE sources. The simulation 
results across different mesh resolutions reveal a generally consistent distribution pattern 
of broken elements: the majority are concentrated within a height range of approximately 
0.03 to 0.08 m. At greater heights, the bands of broken elements become narrower and 
more irregular, often appearing in curved configurations, due to unstable crack propaga-
tion associated with large deformations during the later stages of loading (see Section 



Appendix L. Comparison in spatial distributions of visible cracks, AE sources and AE event 
localization results 

 249 

4.5.1 for further discussion on large deformation effects in lattice modeling). Despite 
these similarities, a clear mesh size dependency is observed in the width of the broken 
element distribution bands. Specifically, the simulation with the 2.5 mm grid size exhibits 
a broader distribution compared to those with finer meshes. 

Furthermore, a comparison between Figures L.1 and L.2 reveals that the bands of AE 
sources (represented by broken element patterns in Figure L.2) are generally wider than 
the corresponding visible cracks (represented by localized strain patterns in Figure L.1), 
particularly in the lower region within the 0.03–0.08 m height range. As discussed in 
Chapter 7, the broken elements that serve as sources of AE signals represent segments of 
the fracture process zone (FPZ), which physically extends around the visible cracks dur-
ing crack propagation. 

 

 

(a) (b) 

Figure. L.2 Distribution of accumulated numerical broken elements at 10% post-peak load: (a) 
0.5 mm and (b) 2.5 mm grid sizes. 

Figure L.3 presents the numerical AE event localization results obtained for lattice grid 
sizes of 0.5 mm and 2.5 mm. The AE localization methodology is detailed in Section 
4.5.2. The corresponding experimental results and simulation outcomes for the 1.0 mm 
lattice grid size are shown in Figure 4.13. 

The spatial distributions of the numerical AE events in Figure L.3 closely resemble those 
of the corresponding AE sources (i.e., broken elements) shown in Figure L.2. For example, 
the simulation using a 2.5 mm grid size exhibits a more dispersed pattern of AE events, 
which corresponds to the broader distribution of its AE sources. 

However, it is also evident that the AE event distributions in Figure L.3 are more scattered 
than the broken element patterns in Figure L.2. This discrepancy arises from two main 
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aspects. First, errors in the picking of signal arrival times in the numerical AE signals can 
introduce spatial inaccuracies. The sensor geometry and frequency response characteris-
tics used in the numerical simulations significantly influence the AE waveforms (see Sec-
tion 4.5.3), thereby increasing uncertainty in arrival time detection. Second, localization 
errors are also introduced by directional variations in wave velocity, which are a result of 
the anisotropic behaviour of the 2D square truss-based lattice network, particularly due 
to the directional dependency of Poisson’s ratio, as discussed in Section 3.3. 

A comparative analysis of the spatial distributions of visible cracks (localized strain fields) 
in Figure L.1, AE sources (broken elements) in Figure L.2, and AE events in Figure L.3 
provides insight into why AE events observed in the three-point bending tests (see Section 
4.5) tend to be widely scattered around the main visible crack. This observation, con-
sistent with experimental findings reported by (Maji and Shah 1988; Muralidhara et al. 
2010; Ohno 2015; Zietlow and Labuz 1998), suggests that the spatial spread of AE events 
is not solely attributable to localization errors. Rather, it also reflects the broader extent 
of the fracture process zone, which actively generates AE signals during crack propaga-
tion. 

 

(a) 

 

(b) 

Figure L.3 Localization results of accumulated AE events at 10% post-peak load (unit: m): (a) nu-
merical results with 0.5 mm grid size and (b) numerical results with 2.5 mm grid size. 
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Appendix M. Preliminary modelling results of friction-induced acoustic 
emission signals in concrete fracture processes 

This appendix provides preliminary modelling results of friction-induced acoustic emis-
sion signals in concrete fracture processes, including an analytical explanation for the 
relationship between the stick-slip friction and AE phenomena and the results of a trial 
simulation of a stick-sliding friction-induced AE waveform through lattice modelling. 

 A simple analytical analysis on stick-sliding friction & AE phenomena  

Consider a pair of cracking surfaces where the upper surface of mass ݉ slides along the 
fixed lower surface under a constant driving force (Figure M.1a).  

 
 

(a) (b) 

Figure M.1 Illustration for (a) a pair of sliding cracking surfaces and (b) corresponding simplified 
1-DoF dynamic system. 

We then simplify the upper sliding surface into a one-degree-of-freedom (1-DoF) dy-
namic system (Figure M.1b). The dynamic force equilibrium of the 1-DoF system is ex-
pressed as: 

( ) ( ) ( ) ( )0 frmu t + cu t + ku t = F F u    (M.1) 

where (ݐ)ݑ̇ ,(ݐ)ݑ and ̈(ݐ)ݑ are the displacement, velocity and acceleration of the sliding 
mass ݉, respectively. ݉, ݇ and ܿ are the mass, stiffness and damping of the system, re-
spectively. ܨ଴ and ܨ௙௥(̇ݑ) are the constant external driving force and the velocity (strain 
rate)-dependent friction force along cracking surfaces, respectively. 

We then adopt a simplified bilinear stick-slip friction law (Raous and Barbarin 1996) to 
describe the velocity-dependent stick-slip friction force, as shown Figure M.2, where  
-௙௥ௗ are the maximum static friction force and the dynamic friction force correܨ ௙௥௦ andܨ
sponding to two critical velocities ̇ݑ௙௥ௗ and ̇ݑ௙௥௦ of the sliding mass, respectively. Read-
ers are referred to the classical work of (Haessig Jr and Friedland 1991) for more details 
of stick-slip theory (see also Section 2.3.2.2.2). 
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Figure M.2. A simplified bilinear stick-sliding friction law (adapted from (Raous and Barbarin 

1996)). 

Herein, we only consider the nonlinear part of the stick-slip friction force ܨ௙௥(̇ݑ) (the red 
part in Figure M.2 when the velocity of the sliding mass ݉ larger than ̇ݑ௙௥௦), since the 
AE signals does not occur in the static states of friction surface as discussed in Section 
2.3.2.2.2 (see also the classical work (McLaskey et al. 2012; Sirorattanakul et al. 2025)). 
The stick-slip friction force ܨ௙௥(̇ݑ)  in the nonlinear range can be mathematically ex-
pressed as: 
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where ߴ is a positive constant characterizing the change degree of friction force in the 
stick-slip transition process (the absolute value of the slop of the stick-sliding friction 
curve in the velocity range ̇ݑ௙௥௦ ≤ (ݐ)ݑ̇ <  .(௙௥ௗ in Figure M.2ݑ̇

By substituting Equation (M.2) into Equation (M.1), the dynamic force equilibrium of the 
considered one-DoF system in the velocity range of ̇(ݐ)ݑ ≥ ௙௥ௗݑ̇   can be further ex-
pressed as: 

( ) ( ) ( ) ( )   if  ( )

( ) ( ) ( )                      if  ( )
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0 frd frd
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(M.3a) 

(M.3b) 

Considering the sharp drop of friction force and thus a large value of ߴ in the in the stick-
slip transition process  ̇ݑ௙௥௦ ≤ (ݐ)ݑ̇ < -௙௥ௗ (Liu et al. 2022) and the small value of dampݑ̇
ing ܿ in case of the underdamping problem of wave propagation (Gaul 1999) (see also 
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Section 3.2.3), we further assume the following conditions for the coefficients involved 
in Equation (M.3): 

0c    (M.4a) 

2( ) 4 0c km    (M.4b) 

2 4 0c km   (M.4c) 

According to the assumed conditions in Equation (M.4), Equation (M.3) is solved as fol-
lows (see Appendix E for the solution procedures to general second-order linear differ-
ential equations with constant coefficients): 

2 2
''' '''2
1 2

2 2
'''' ''''2
1 2

4 ( ) 4 ( )
( ) cos sin

2 2

  if  ( )

4 4( ) cos sin
2 2

      

c t
m

0 frs
frs frd

c t
m

0 frd

mk c mk c
u t e C t C t

m m

F F
u u t u

mk c mk cu t e C t C t
m m

F F

k

k

  



            
    
     


 

          
    

    






  

         if  ( ) frdu t u
















 


 
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(M.5b) 

where ܥଵ
ଶܥ ,′′′

ଵܥ ,′′′
′′′′and ܥଶ

′′′′ are four constants to be determined by initial conditions. 

According to Equation (M.5) and the slick-slip friction theory (Haessig Jr and Friedland 
1991) (see also Section 2.3.2.2.2), the dynamic response of the sliding mass ݉ involves 
two different phases, as follows: 

 In stick-sliding transition process (̇ݑ௙௥௦ ≤ (ݐ)ݑ̇ <  ௙௥ௗ): the force equilibrium of theݑ̇
sliding mass in this stage is characterized by a negative value of effective (system) 
damping (namely ܿ − ߴ < 0 in Equation (M.3a)). Such a negative value of effective 
damping leads to a mathematical solution form of a trigonometric function multi-
plied with an exponential function of a positive exponential coefficient for the dy-
namic response (see Equation (M.5a)), which physically manifests as unstable am-
plified vibrations of the sliding mass (cracking surfaces) with an increased vibrating 
trend of wave amplitudes. 

 In steady sliding process (̇(ݐ)ݑ ≥  ௙௥ௗ): the force equilibrium of the sliding massݑ̇ 
in this stage is characterized by a positive damping value (ܿ > 0  in Equation 
(M.3b)). Such a positive damping value leads to a mathematical solution form of a 
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trigonometric function multiplied with an exponential function of a positive expo-
nential coefficient for the dynamic response (see Equation (M.5b)), which physi-
cally manifest as absorbed vibrations of the sliding mass and thus attenuated wave 
amplitudes. 

Considering the temporal displacement continuity, the dynamic response of the sliding 
mass (cracking surfaces) is manifested as a continuous pulse signal with a first phase of 
increased amplitudes in stick-slip transition process (̇ݑ௙௥௦ ≤ (ݐ)ݑ̇ <  ௙௥ௗ) and a secondݑ̇
phase of decreased (attenuated) amplitudes in later steady sliding process (̇(ݐ)ݑ ≥  (௙௥ௗݑ̇ 
(see also Figure M.4). 

 A trial simulation of stick-sliding friction-induced AE with lattice model 

As illustrated above, adopting a nonlinear velocity-dependent slick-slip friction law 
(namely a rate-dependent shear constitutive law) is possible to explicitly model the fric-
tion-induced AE signals in concrete fracturing processes. However, we have not yet 
achieved the implementation of such a velocity-dependent friction constitutive law in the 
proposed lattice modelling framework (see Section 9.3.2 for more discussion on this). 
Therefore, herein, we perform a trial simulation in the lattice model with the velocity-
dependent slick-slip friction force being applied indirectly, to demonstrate the feasibility 
of the nonlinear velocity-dependent slick-slip friction law for numerical simulation of the 
friction-induced AE signals along cracking surfaces. 

The boundary conditions of the numerical model are shown in Figure M.3a. We adopt a 
basic lattice unit for analysis, consisted of four nodes (numbered as node 1~4 in Figure 
M.3a) and six truss elements. The lattice grid size is selected as 1 mm (namely d =1 mm 
in Figure L.3a). The material properties of truss elements and two Rayleigh damping co-
efficients are kept same with those used in previous chapters (see Section 4.2). Two bot-
tom nodes (nodes 3 and 4) are fixed, and the right upper node (node 2) is prescribed by a 
x-direction constant velocity of 1×10-6 m/s (namely ̇ݑ଴ =1×10-6 m/s in Figure M.3a) to 
induce the shear deformation of the basic lattice unit. The PID control algorithm is im-
plemented with the x-direction constant velocity of node 2 as the control variable. The 
PID parameters are kept same with those used in previous chapters (see Section 4.3.1).  

An additional x-direction negative damping force is applied to nodes 1 and 2 in terms of 
the friction-related damping coefficient (ݐ)ߴ (see Equation (M.2)). The expression of 
ߴ is given in Equation (M.6) with a value of (ݐ)ߴ = 2ܿ being applied from 0.1 ms to 0.3 
ms of simulation time to achieve a negative effective damping value (namely ܿ − ߴ =
−ܿ) in this duration (see Equation (L.3a)).  

The physical meanings of the above-described boundary conditions are illustrated in Fig-
ure M.3b. The applied boundary conditions are used to mimic the stick-sliding friction 
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process of two lays of particles that sliding along each other. The applied (ݐ)ߴ (Equation 
(M.6)) is to mimic the velocity-dependent drop of friction force ݂(̇ݑ) during the stick-
sliding friction transition process (see Equation (M.2) for the relationship between (ݐ)ߴ 
and ݂(̇ݑ) ). The x-direction accelerations of node 1 is used to mimic an AE waveform 
induced by the stick-slip friction along cracking surfaces. 

 
 

(a) (b) 

Figure M.3. Indirect simulation of slick-slip friction-induced AE with lattice model: (a) the numeri-
cal model and boundary conditions (unit: mm) and (b) corresponding physical meanings. 
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(M.6a) 

(M.6b) 

(M.6c) 

The simulated AE waveform in terms of x-direction accelerations of node 1 is shown in 
Figure M.4. The numerical AE signal is in line with analytical results predicted by Equa-
tion (M.5), showing a first phase of increased amplitudes during stick-slip friction transi-
tion process and then a second phase of gradually attenuated amplitudes. 
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Figure M.4. X-direction accelerations of node 1. 

As the AE signal shown in Figure M.4 is the dynamic response of a sliding node, it can 
be seen as an AE source signal. Such a friction-induced AE source signal shows funda-
mental difference in waveforms with respect to the tensile cracking-induced AE source 
signals shown in Chapter 6 (see Figure 6.2). The difference in waveforms between these 
two types of AE sources are compared and explained as follows: 

 In time domain, a tensile-induced AE source waveform shows a sharply exponential 
increasing trend in amplitudes (in terms of an exponential function) in early tensile 
softening stages; the increased amplitudes are then gradually attenuated in later ten-
sile softening stages due to material damping and geometric spreading loss (see Sec-
tion 3.2.3). Such an exponential increase of amplitude in early tensile softening 
stages is mathematically triggered by a negative value of effective stiffness of the 
system (the negative coefficient of the displacement term in Equation (5.28a), 
namely ܭ∗(ߠ௜) < 0) and physically due to the sharp strain (displacement)-dependent 
tensile stress (force) drop in the FPZ (see Section 5.2.4.1.2).  

The friction-induced AE source waveform shows a viscous behaviour with a slower 
vibrating increasing trend in amplitudes (mathematically in terms of a trigonometric 
function multiplied with an exponential function) during stick-slip transition process; 
the increased amplitudes are then gradually attenuated in later steady sliding pro-
cesses, also due to material damping and geometric spreading loss. Such a slow vi-
brating increase of amplitude in stick-slip transition process is mathematically trig-
gered by a negative value of effective damping of the system (the negative coefficient 
of the velocity term in Equation (M.3a), namely ܿ − ߴ < 0) and physically due to 
the strain rate (velocity)-dependent friction force (stress) drop in the slip zone (de-
fined as the areas with sliding velocities/displacements exceeding a threshold value 
(Daemen 1983)) during stick-slip transition process.  
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 For frequency, similarly to a tensile cracking-induced AE source signal with the 
source frequency inversely correlated to the active fracture volume as part of the FPZ 
at crack tip (see Section 7.3), the source frequency of a stick-slip friction-induced AE 
source signal is inversely correlated with the size of the sliding mass (see Equation 
(M.5)).  

The sliding mass in the considered single DoF system is defined as a slip zone 
(Sibson 2003) in a structural level, as illustrated in Figure M.5. Since the size of slip 
zone is positively related to the length of contacted cracking surfaces (see the classi-
cal work (Wang, Vuik, and Hajibeygi 2022; Phan et al. 2003) for the correlation 
between the slip zone size and the contacted cracking length in stick-slip friction 
processes), the slip zone along the existing cracking surfaces should have a much 
larger scale than the fracture area as portions of the FPZ (see Figure L.5); therefore, 
the frequency of a friction-induced AE source signal would be much lower than that 
of a tensile cracking-induced one.  

 
Figure M.5. Illustration for a slip zone along cracking surfaces (adapted from (Xu, Hajibeygi, and 

Sluys 2024)). 

The above reasons may partially explain the experimental observations for the different 
waveforms of the two AE source types involved in concrete fracturing processes that the 
friction-induced AE signals have longer rise time and lower frequency than the tensile 
cracking-induced ones, as illustrated in Figure M.6 (Zhang et al. 2022). 
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Figure M.6. Examples of AE waveforms from tensile cracking and friction recorded in a concrete 

failure test (adapted from (Zhang et al. 2022)). 

Nevertheless, it should be mentioned the numerical waveform of friction-induced AE 
presented in this appendix is simulated in a rough and indirect way. In a future study, the 
velocity (strain rate)-dependent stick-sliding contact law should be strictly and directly 
implemented in a numerical model, to quantify the source mechanisms of AE phenomena 
induced by the friction along concrete cracking surfaces, to fundamentally understand 
why they are different with the tensile cracking-induced ones, and to further develop more 
reliable classification criterion for distinguishing these two AE source types. Readers are 
referred to Section 9.3.2 for more discussion on the recommendations for modelling of 
friction-induced AE phenomena in concrete fracture processes. 
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