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Abstract

Magnetotellurics is a widely-used geophysical method for characterizing variations in electrical
properties of the subsurface. Its ability to achieve large penetration depths and its sensitivity
to fluids make it particularly advantageous for assessing the potential of high-temperature
geothermal systems. However, its computationally demanding nature poses challenges in data
interpretation, especially for 3D applications. Thus, efficient subsurface characterizations are
essential for geothermal projects, as it directly impacts resource- and technical potential,
planning of heat extraction and safety control.

We propose the combination of the non-intrusive reduced-basis method with magnetotellurics
simulations to address these challenges. The non-intrusive reduced basis method aims to con-
struct surrogate models of reduced order, based on input training data obtained by GoFEM,
a solver specified for geoelectromagnetic applications. We demonstrate the effectiveness of
our approach with numerical experiments on the real-valued magnetotellurics parameters re-
sistivity and phase, as well as on the complex-valued impedance. Results show significantly
lower computational costs compared to conventional magnetotellurics simulation approaches,
while keeping accuracy level high. When the impedance is split into its real and imaginary
component during the construction of the surrogate model, we are successfully below the
desired error tolerance of maximum 10-4 globally and 10-2 locally. The transformation of
the complex-valued impedance into a real-valued matrix currently exceeds this threshold, but
it still remains a possible approach due to its higher model consistency. The advantage of
obtaining a large speed-up by a factor of 104 in forward simulations due to the non-intrusive
reduced-basis method can possibly be used in probabilistic approaches like in the Markov
Chain Monte Carlo method, for the resistivity and phase, as well as for the impedance di-
rectly. During this research, we discuss the beneficial use of the non-intrusive reduced-basis
method for magnetotellurics, as well as current limitations, while outlining future research
directions. The non-intrusive reduced-basis method shows great potential for improving mag-
netotellurics data interpretation and advancing geophysical modeling for complex-valued pa-
rameters in practical applications.
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Chapter 1

Introduction

The growing importance and need of renewable energy is nowadays well-known (Farghali
et al., 2023). Global warming, diminishing fossil fuel sources and the current energy crisis
have led to the starting shift from conventional energy to the renewable sector. Geothermal
energy is nearly inexhaustible, reliable and predictable, which is beneficial compared to other
renewable energy sources (Kulasekara and Seynulabdeen, 2019). For these reasons, research
about an efficient use of geothermal reservoirs has increased over the last decades, currently
prioritizing heat generation rather than electricity production (Baillieux et al., 2014; Jolie
et al., 2021; Kabeyi, 2019; Käufl et al., 2020; Tseng et al., 2020). In order to extent the appli-
cation of geothermal systems beyond their current limits, research is additionally conducted
on enhanced geothermal systems. These systems include a host rock of too low permeabil-
ity for geothermal heat extraction, which it is artificially increased by creating fractures to
enhance fluid flow (Olasolo et al., 2016). To decrease risk of borehole failures and strong
seismic activities caused by fracturing, further detailed knowledge about geothermal systems
is required.

This knowledge can be obtained by, e.g., geological or geophysical measurements. One of
this geophysical techniques is magnetotellurics (MT), which reveals variations of the electri-
cal conductivity in the subsurface. It is a passive technique, as it uses the Earth’s natural
electric (E) and magnetic (H) fields as a source. This source is of very low frequency in a range
of milli- to kilohertz, enabling a deep penetration depth of hundreds of kilometers (Siniscalchi
et al., 2021). This advantage, and, additionally, its sensitivity to the presence of fluids due to
strong electrical conductivity contrasts are two main benefits making MT a suitable geophys-
ical method for geothermal systems (Peacock et al., 2012). Other geophysical measurement
techniques are either incapable of reaching the typical depth of geothermal systems of a few
kilometers, or of revealing the availability of fluids. The mentioned advantages of MT lead it
its capabilities of estimating temperature, porosity, and permeability due to their dependency
on the electrical conductivity, which is beneficial for analysing geothermal reservoirs poten-
tial (Munoz, 2014; Ussher et al., 2000). In the last decades, MT has been frequently used for
geothermal applications, in low- and intermediate- (Bertrand et al., 2013; Heise et al., 2016;
Hill et al., 2015), as well as in high-temperature geothermal systems (Munoz et al., 2010;
Peacock et al., 2012, 2013).
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However, geoscientific measurements and applications often lack of data, leading to problems
in simulations and data interpretation (Degen et al., 2022). This also applies for MT ap-
plications, making it challenging for machine learning (ML)-based approaches, where large
data sets are needed to obtain accurate results (Ahmed et al., 2023). ML implementations
allows to simulate data and extract relevant information from it autonomously and accu-
rately with low computational costs when the data set generation is cheap (Mahesh, 2020).
Thus, applying ML in geosciences has the chance to approach data in a different, efficient
way. Therefore, there is an urgent need to overcome the problem of data sparsity in scientific
and engineering applications, in order to enable ML approaches with reduced computational
costs. Related to the application in geothermal, it would allow us to increase out detailed
knowledge of the subsurface required for optimal geothermal energy production (Swischuk
et al., 2019). The use of the non-intrusive reduced basis (NI-RB) method in MT applications
has the potential to tackle these problems (Degen et al., 2022). It is an approach combining
physics-based models with data-driven ML, taking advantage of each of these techniques indi-
vidually. While maintaining a large interpretability and transparency from the physics-based
approach, and allowing low computational costs due to the combination of proper orthogo-
nal decompositions (PODs) with ML techniques, we enable an efficient modelling technique
(Wang et al., 2022b) by the construction of surrogate models based on forward simulations
(Degen et al., 2022). In this project, these forward simulations are obtained by the software
GoFEM, a scalable and robust solver specifically created for geoelectromagnetic applications
(Grayver and Kolev, 2015). The chance of enhancing the computational approach to handle
low-density MT data, and enabling low-cost simulations with keeping the accuracy high, can
widen the knowledge needed for efficient green energy production from geothermal systems.

The response obtained by MT includes the complex-valued impedance, as well as the real-
valued parameters resistivity and phase measured by the electromagnetic field. These three
properties are of interest to derive the electrical conductivity distribution of the subsurface.
For this reason, the goal of this project is to construct surrogate models for simulations of
the impedance, resistivity and phase. The implementation of complex-valued variables, in
our case the impedance, in ML techniques requires adaption of traditional methods, such as
of the structure of neural networks (NNs) (Lopez-Pacheco and Yu, 2022). Splitting complex-
valued parameters into real and imaginary parts and treating them separately as two reduced
models has been one possible approach used in science (Lopez-Pacheco and Yu, 2022). An-
other possibility is the use of complex-valued neural networks (CVNNs), which have specified
training methods, as activation functions, back-propagation operations, and gradient descent
algorithms adapted to the complex domain (Lopez-Pacheco and Yu, 2022). Nowadays, the use
of CVNNs gains in interest, especially in the application of radio frequency signal-, image-,
and audio signal processing (Bassey et al., 2021). In MT, research about modelling complex-
valued impedance using CVNNs has been conducted, but with lacking accuracy in case of
sparse data. Imamura and Schultz (2020) show an application of CVNNs for the impedance
in MT applications, which shows a successful implementation when having large data sets.
However, research of CVNNs is still sparse nowadays, especially in the area of MT. As we
combine such a ML approach with the NI-RB method in this project, we need to ensure the
correct coupling of both applications, which can be challenging and requires the right imple-
mentation of CVNNs, if applied. Another approach is the transformation from complex to
real values (Barwick, 2016). The real and imaginary parts are reorganized in a matrix, which
is in the real domain. These three possibilities are tested throughout this thesis.
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In this project, we overall try to enhance the performance and accuracy of simulations of the
resistivity, phase and impedance of the MT response. We use the NI-RB method to overcome
the common MT data sparsity, while keeping the model error low. The combination of
the NI-RB method and MT measurements has not been tested before, giving this project
an experimental character. However, reduced-basis (RB) methods have been successfully
applied for MT applications, focusing on real-valued properties as the resistivity and phase
(Manassero et al., 2020). The intrusive RB-method has the ability of maintaining the laws of
physics and of having a defined error bound (Degen et al., 2022). The current research of RB
methods in electromagnetics (EM) applications focuses mostly on the Maxwell Equations in
the frequency domain (Benner and Hess, 2017; Hess and Benner, 2013). The traditional RB
method works very well for this application, however, the potential is a real-valued property,
thus making its application simpler than the complex-valued impedance. Both of the potential
and the impedance are obtained from the Maxwell Equations, but the potential focuses on
the electrical field (Benner and Hess, 2017). The implementation of the impedance, instead
of the resistivity and phase, in RB methods is rather new, making this project of exploratory
nature. The NI-RB method, compared to the intrusive RB method, has a larger flexibility
in its applications, as these do not have to be implemented in the NI-RB method. It uses
purely the forward simulations as an input for the surrogate model construction, and thus
allows adaptions to more realistic scenarios due to less geological assumptions made in the
data generation. Additionally, it can handle non-linear and hyperbolic problems. For these
reasons, it is of interest to introduce the NI-RB method in MT applications. If successful, the
project enables a wider use of MT simulations for the detection of structural interfaces in the
subsurface, as the complex-valued impedance can be used with relatively low computational
costs due to the implementation of ML.

During this study, the focus lies on the construction of 2D MT surrogate models created by
the NI-RB method (Degen et al., 2022). As a guideline, this following research question is
leading through this project, and is tried to be answered along the process:

How can we apply the NI-RB method to the real-valued phase and resistivity, as well as
the complex-valued impedance of the MT responses, in order to stay below the desired
maximum local error of 1%?

We try to answer this research question in Chapter 4, after having achieved the desired results.
As a preliminary step, we formulate a working procedure for this problem statement in order
to provide an indication of the study direction:

The phase and resistivity are assumed to be usable in the NI-RB method without re-
quiring too many adjustments of the current available library. For the impedance, we
first try to split this parameter into its the real and imaginary component. However,
as previously mentioned, this approach does not fulfill the ultimate goal of treating the
impedance as a complex-valued variable in its entirety. The latter approach would allow
us to train a single surrogate model, whereas a split would require two separate models,
one for the real and the imaginary component. As a disadvantage, training two reduced
models compared to just one leads to an increase model inconsistency. Thus, in its final
stage we aim for having a single model treating the impedance as one complex-valued
parameter.
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For this reason, an approach needs to be found that ultimately has the ability of dealing
with complex values. The application method of gaussian process (GP) regression and
neural network (NN) is established in the NI-RB method, thus it needs to be decided
which approach is more suitable. Structures of codes and its functions need to be adapted
accordingly to the use of complex values.

This hypothesis aims to demonstrate the possible approach of this thesis. It still needs to be
considered that research often includes changes in approaches, thus variations can occur.

Thus, the general aim of this project is to combine the NI-RB method as a computational
approach taking advantage of physics-based models and data-driven ML approaches, and the
geophysical measurement technique MT, which enables revealing variations of the electrical
conductivity in the subsurface. This research has the ultimate goal to accelerate simulations
and therefore to ease investigations of high-temperature geothermal systems, as the common
field can lead to interpretation difficulties. The combination of the NI-RB method with MT
would allow simulations of high accuracy, independent of the sparsity of the data.

As an overall structure of this project, this thesis is be divided into four main chapters.
Theoretical and methodological aspects of the research are covered in Chapter 2. It gives
a background about geothermal systems and MT, introduces the simulation technique and
shows the functionality of physics-based machine learning (PB-ML) and the NI-RB method
in particular. Chapter 3 presents the research findings, including analyses phase, resistivity
and impedance, as well as MT responses across different frequency ranges. It also includes
a comparison of computational costs between the NI-RB method and GoFEM. In Chapter
4, a thorough discussion of the results is provided, contextualising them with in the broader
research question and exploring potential applications. An outlook with continuing research
ideas are mentioned in Chapter 5, along with concluding words.
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Chapter 2

Theory and Methodology

This chapter provides an overview of the main methods addressed in this thesis. It introduces
geothermal systems, the theory of MT, the software functionality applied in this project for
simulations, as well as the background of the NI-RB method. It is worth noting that each
section is not intended to fully cover the theory and methodology of the corresponding topic,
but rather focuses on the specific knowledge required for this research.

2-1 Geothermal System

Geothermal systems besides other renewable energy sources have a growing importance in
today’s energy sector (Farghali et al., 2023), caused by the current energy crisis, diminishing
resources, and the need for lowering CO2 emissions due to global warming (Mohtasham,
2015). Enhancing the efficiency of heat extraction in geothermal energy production has
gained priority for society. Compared to other renewable energies such as wind or solar
energy, geothermal reservoirs represent a predictable and reliable source, as they are not
weather-dependent and thus provide constant energy (Kulasekara and Seynulabdeen, 2019).
To ensure safe and economically sustainable heat extraction, a better understanding of these
complex systems is crucial. This section aims to give a broad overview over the reservoirs.

2-1-1 Current State

A shift to more renewable energies and an increase of related technological developments
are nowadays urgently needed due to the previously mentioned rapid climate change and
current energy crises worldwide (Farghali et al., 2023). These reasons have led to a growing
importance of geothermal system during the last decades, as it has the potential to provide
up to 150 GWe of renewable energy until the year 2050 (Jolie et al., 2021). Currently, it
supplies over 90 countries with approximately 95.1 GWe used for both electricity and heat
(Jolie et al., 2021), whereas the current focus of research lies on heat production with the need
of further improvements in electricity recovery (Kabeyi, 2019). The geothermal heat source is
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6 Theory and Methodology

nearly inexhaustible as it is present in large quantities in both the crust and deeper parts of the
Earth (Barbier, 2002). However, efficient and safe heat extraction including a carefully chosen
selection of appropriate well locations and pressure monitoring require sufficient knowledge
about the local subsurface (Reinecker et al., 2019).

Thus, geothermal energy is a promising sector of renewable energy, which has led to a large
increase in research during the last years. It also has been greatly financially supported by
governments in various countries, such as in Germany (Agemar et al., 2014), China (Zhang
et al., 2019), Australia (Bahadori et al., 2013), Indonesia (Alhamid et al., 2016) and Turkey
(Kilic, 2016). Due to this support, the success rate of geothermal projects has increased,
as the understanding of the geological sites and the applied technology has been improved.
We could learn from failed projects, where seismic event of magnitudes ML 3.4 in Basel,
Switzerland, (Deichmann and Giardini, 2009) and 5.8 in Pohang, South Korea(Ellsworth
et al., 2019), were caused due to an case-specific unsuitable high-pressure water injection,
endangering the life of human’s beings. As an example for well-working geothermal use, the
German city Munich with over 1.5 million inhabitants plans to be the first European city with
a district-heating network purely supplied by geothermal energy by 2040 (Farquharson et al.,
2016), thanks to the well-suited geological conditions of this city in the carbonate Malm
area (Farquharson et al., 2016). The United States have a current electricity-generating
capacity over 3.8 GW installed (Kumar et al., 2022). Possibilities enabled by the use of
enhanced geothermal systems (EGS) are currently explored, as they aim to allow efficient
heat extraction in geological systems of too low natural permeability for an economically
sustainable energy production compared to traditional, hydrothermal system s(Olasolo et al.,
2016). To artificially increase the permeability, the host rock is mechanically or chemically
fractured (Caulk et al., 2016), followed by fluid injection for heat or energy extraction (Lu,
2018). However, there are challenges, such as dealing with the presence of highly corrosive
and hostile fluids in areas with critical temperatures (Kumar et al., 2022). Additionally, some
geothermal reservoirs are located in hard and abrasive igneous or metamorphic rocks, making
the understanding of the stress orientation crucial to stabilize the borehole properly (Kumar
et al., 2022). Therefore, room of improvement is still large, and so further research is needed
to enhance the use of geothermal energy beyond the current state.

2-1-2 Geological Background

Geothermal systems are closely linked to the geology present and the processes that led
to the current geological state. Depending on the temperatures and pressure conditions
dominating in the desired depth, these reservoirs can be subdivided into different types, which
are also influenced by the geological settings, and the present formations and structures. The
following sections give some insight about the Earth’s geological structure and its connection
to geothermal systems.

2-1-2-1 The Earth’s structure and its heat flow

The Earth is divided into five layers, based on their chemical and physical properties like
density and composition (Brown, 2012) (Figure 2-1). The innermost layer is the inner core,
which is a solid layer consisting of mostly iron. Despite its high temperature, it is solid due
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2-1 Geothermal System 7

to extremely large pressure. The outer core consists of iron in the liquid state. This liquid
behavior creates the magnetic field of the Earth. The lower and upper mantle are both solid
and consist of silicates, with the lower mantle being more rigid and the upper one more ductile
(Brown, 2012). The crust is the outermost layer, and can be divided in thicker and less dense
continental, and a denser and thinner oceanic crust. The geothermal energy is extracted from
the Earth’s crust, but its energy source comes from the deeper layers, thus being of larger
importance to understand the potential of geothermal energy. Therefore, it is important to
keep the concept of a layered earth in mind, focusing on where the source is located and
where the heat is extracted.

Figure 2-1: Sector of the Earth, showing its
main five layers (modified after Brown
(2012)).

The Earth’s crustal mean heat flow
is around 91.6mWm-2 with varia-
tions depending on the local geolog-
ical environment (Elders and Moore,
2016). In the continental crust the
heat flow is generally lower than in
the oceanic crust, as it shows an av-
erage of 70.9 and 105.4 mWm-2, re-
spectively (Elders and Moore, 2016).
The Earth’s heat sources is primar-
ily derived from the radioactive de-
cay of elements such as 238U,232Th,
40K, as well as the residual heat gen-
erated during the planets initial accre-
tion and its subsequent gravitational
differentiation into core, mantle, and
crust (Elders and Moore, 2016) (Fig-
ure 2-1). Therefore, the Earth’s main
heat is stored in the deep subsurface
with a minimum depth of 5 km (Jolie
et al., 2021). The heat can reach the
surface by hydrothermal convection,
where water is the transport medium
of heat through permeable rocks and
their fractures (Jolie et al., 2021). The
heat flow produced by these sources
gives rise to an average geothermal
gradient of about 30 ◦Ckm-1 in stable
areas, with a maximum of around 500 ◦Ckm-1 in tectonically active zones (Elders and Moore,
2016).

2-1-2-2 Influence of the Geology on Geothermal Systems Types

Geothermal systems can be divided according to their reservoir temperature, their enthalpy
including the pressure, or exergy focusing on the available energy (Zarrouk and McLean,
2019). Usually, these geothermal systems are divided into three temperature classes of (1)
low-temperature (below 125 ◦C), (2) intermediate-temperature (between 125 and 225 ◦C), and
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8 Theory and Methodology

(3) high-temperature reservoirs (above 225 ◦C) (Jolie et al., 2021; Zarrouk and McLean, 2019),
where low- and intermediate-temperature systems are non-magmatic and high-temperature
magmatic systems. The presence of sufficient fluids in intermediate geothermal systems allows
the use of binary power plant technologies for power generation (Jolie et al., 2021). High
temperature reservoirs enable the implementation of flash power plant technologies besides
the binary option (Jolie et al., 2021). Examples for low-temperature geothermal systems
are, e.g., the Têt fault geothermal system in the Pyrenees (Taillefer et al., 2017), the Groß
Schönebeck site in Germany (Munoz et al., 2010) and the IRETHERM project in Ireland
(English et al., 2023). The r4d project in Mongolia is an intermediate-temperature system
with past volcanic activities and temperatures of up to 95 ◦C in hot springs at the surface
(Bignall et al., 2005; Käufl et al., 2020). High-temperature geothermal systems are, e.g., the
Coso geothermal field in the USA (Newman et al., 2008) and projects in Aluto, Tulu Moye
and Corbetti at the East African Rift (Mazzarini and Isola, 2010; Samrock et al., 2018; Hübert
et al., 2018).

These different types of geothermal systems are influenced by geological settings, formations
and structures present at each location (Jolie et al., 2021). Their impact is explained in the
following paragraphs.

Figure 2-2: Schematic model of magmatic (a) and non-magmatic (b) geothermal systems (mod-
ified after (Jolie et al., 2021). a) Magmatic geothermal are of high-temperatures
and the conductivity is dominated by hydrothermal alteration and melt from the
magma chamber. b) Non-magmatic are of low- and mid-temperatures, where the
conductivity is dominated by the porosity and pore fluids.
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Geological settings have a large impact on the geothermal reservoir productivity (Jolie
et al., 2021). In a stable area with a temperature gradient of 30 ◦Ckm-1, heat transfer
mostly corresponds to conduction (Jolie et al., 2021). In tectonically active regions with
a temperature gradient of up to 500 ◦Ckm-1, convection is dominating, allowing a faster
heat transfer. In high-temperature geothermal systems, the conductivity is dominated by
hydrothermal alteration and melt from magma chamber. On the other hand, the conductivity
in non-magmatic systems is strongly influenced by permeability, porosity and the pore fluids.
These characteristics lead to a heat flow per area that can be up to 10 times larger in volcanic
areas than in non-magmatic provinces (Jolie et al., 2021). Permeable pathways enable fluid,
solute and heat transfer (Luhmann et al., 2017). Oceanic crust often consist of basalts with
a lower natural permeability of around 1.5·10-16m2, while siliciclastic volcanic rocks allow a
better heat extraction due to their higher permeability of minimum 10-15m2. In Figure 2-2,
the difference of the geological setting of high- and mid- and low geothermal systems is shown
in a schematic way.

Geological formations define important rock parameters as porosity and permeability
which vary as a function of lithology, depth, stress regime and degree of hydrothermal al-
teration (Jolie et al., 2021). The permeability of a rock can vary over time, as secondary
permeability caused by fractures, faults or rock dissolution can increase a formations primary
permeability, while precipitation of secondary alteration minerals can lead to an decrease
(Jolie et al., 2021).

Permeable structures like faults and fractures are the main factor on fluid flow rates in
mid- to high temperature convective geothermal systems (Jolie et al., 2021). Such reservoirs
often occur along faults, which allow average yield flow rates of over 0.1m3 s-1. If fractures
are not present, pores in the permeable host rock are used as fluid paths instead.

2-1-2-3 Magmatic Geothermal Systems

Since the focus of this thesis is on magmatic geothermal systems, we introduce them in this
Section in more detail. A traditional magmatic geothermal system is a hydrothermal system,
which is dominated by water or steam (Munoz, 2014). In a basic matter it consists of a heat
source, an upflow zone in which the heat is transported upwards, as well as an impermeable
clay cap confining the system. A MT-based illustration of such a high-temperature geothermal
systems, is shown in Figure 2-3. It represents the Aluto-Langano geothermal system at the
Ethiopian Rift, describing the fluid- and heat flow in these reservoirs (Samrock et al., 2023).
Based on such illustrations, we develop a simplified, schematic graphic shown in Figure 2-4,
where the the heat source is set to a depth of 6 km. This depth can vary between usually
3 to 6 km (Samrock et al., 2018). Magmatic geothermal systems include large electrical
conductivity contrasts, which are of advantage when applying the geophysical method of
MT (Hill et al., 2015). The surrounding rock often consists of rather resistive fresh volcanic
lithology (Samrock et al., 2018). The clay cap is more conductive, containing of the argillic
smectite-illite alteration at temperatures below 200 ◦C. The reservoir is more resistive and
measures temperatures above 200 ◦C, leading to a propylitic chlorite-illite alteration zone.
The conductivity range of the heat source strongly depends on whether the magmatic system
is active, which would lead to a higher conductivity as cooled intrusions. Possible electrical
conductivity ranges of these described units can be found in Table 2-1.
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10 Theory and Methodology

Table 2-1: Typical Electrical Conductivity ranges chosen for each unit in a geothermal model
(after Samrock et al. (2018)). These ranges are also used in the simulations of this
project.

Unit Electrical conductivity [Sm-1]

Air 1 · 10-12
Surrounding rock 0.001 - 0.02
Clay-cap 0.5 - 2
Upflow zone 0.001 - 0.5
Source 0.2 - 0.5

Figure 2-3: MT-based illustration of the volcano-hosted Aluto-Langano geothermal system,
Ethiopian Rift. (Samrock et al., 2023).

Geothermal fluids show typically a high conductivity, which is due to their high salt content
(Munoz, 2014). Fluid-, as well as the matrix conductivity, is temperature-dependent. The
clay cap shown in Figure 2-4 changes its mineral content when the temperature exceeds
180 ◦C, which is due to the increasing replacement of smectite with illite. This process only
happens when the temperature increases and is not reversible when the system cools down
again (Munoz, 2014). Therefore, the alteration of the clay cap can also be considered as
a maximum thermometer, showing the hottest temperature present in that region. This
phenomena gives one reason for the importance of improving our understanding in clay caps
as it gives information about the present or maximum temperature. The upflow zone defines
the region in which heat is transported upwards, via water or vapour. When it reaches the
nearly impermeable clay cap, the medium is redirected in a more horizontal flow behavior,
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described by the term outflow. Hydrothermal fluids are often mixed with meteoric water
when approaching the surface, and hardly recirculate back in larger depths (Peacock et al.,
2016). The isotherms included in Figure 2-4 are of importance when planning the drilling
location (Jolie et al., 2021). The aim is to reach high temperatures in shallow depths, in order
to maximise the economical outcome while keeping costs low. In case of very high-enthalpy
regions as present in, e.g., Iceland, special equipment is required that can withstand these
high temperatures (Song et al., 2022).

2-1-3 Geophysical Background

Geophysical methods response to different properties of the subsurface, such as to the water
content, temperature variations or density contrasts.

Figure 2-4: Simplified magmatic
geothermal system in-
cluding typical isotherms,
upflow and outflow re-
gions and possible depth
ranges (the depth of the
heat source normally
varies between 3 to 6
km) (modified after
(Samrock et al., 2018)).
Blue (1): air layer, light
orange (2): surrounding
rock, green (3): clay cap,
pink (4): upflow zone,
red (5): heat source.

In order to find the most suitable technique to
extract heat from a geothermal reservoir, it is
crucial to be aware of the relevant physical pa-
rameters of the area of interest beforehand. Tem-
perature, pressure, porosity, permeability and the
chemical content of the fluid (salinity) are usu-
ally the five main physical properties of interest
for geothermal applications (Kana et al., 2015).
Besides these factors, there are other parameters
that increase ones knowledge about geothermal
systems and that are therefore useful to explore,
such as: fluid flow rate, heat flow, mineralogy,
saturation, the density of the host rock and the
fracture network. By defining these properties,
we can outline bodies of geothermal systems like
the heat source, the upflow zone and the clay cap
in a more accurate way, to locate aquifers in that
area and to decide for suitable drilling locations.
As each system has its own shape and extent, its
detailed layout needs to be investigated individu-
ally, in order to gain knowledge about the systems
quality, size and depth (Kana et al., 2015). The
whole project may not be economically feasible if
the expenses required to access the heat outweigh
the financial gains of production due to low per-
meability or temperature, as well as a small reser-
voir volume. These properties can be investigated
with geophysical methods in an efficient way with
relatively low costs (Aretouyap et al., 2016).

In order to provide an overview about possible
geophysical measurements responding to different
target parameters, we introduce here shortly four geophysical methods that can be applied
to investigate geothermal systems. Seismic measurements are defined as indirect methods,
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as they give information about the geological structure of a geothermal systems (Kana et al.,
2015). In this method the acoustic wave velocity distribution and their attenuation are
measured, allowing us to see anomalies of the Earth. It enables the detection of geological
layers, discontinuities, porosity, fluid-filled zones and in this way even temperature contrast,
which is of interest in geothermal applications (Kana et al., 2015). Electromagnetics rely on
the large contrast in electrical conductivity present in geothermal systems, showing generally
higher electrical conductivities than the surrounding host rock (Munoz, 2014). MT is the
only EM method allowing a penetration depth of several kilometers and being sensitive to
fluids, which is of advantage for the investigation of deep geothermal systems (Munoz, 2014;
Aretouyap et al., 2016) (more details about MT can be found in Section 2-2). Gravimetrics
measures the changes in gravity depending on the variations in density in the subsurface. As,
e.g., fluid-rich rocks of high porosity show lower densities as rocks with only few pores, these
changes in density can give insights into the geothermal potential of the subsurface (Kana
et al., 2015). Direct current methods rely on the induction of an electrical current into
the subsurface, from which an electrical potential field develops, measurable with electrodes
at the surface (Kana et al., 2015). As a result we obtain the resistivity distribution, which
describes the geometry of a geothermal system.

The focus on this study lies on the simulation of MT, due to its previously mentioned ad-
vantages. For this reason, the next Section will introduce MT in more detail, and give a
theoretical background.

2-2 Magnetotellurics

MT is a geophysical method used to study the distribution of the electrical conductivity of
the subsurface. It is a passive EM method, using the Earth’s E and H fields as a natural
source. Its theory is based on Maxwell’s equation, describing the propagation of these fields,
but thus also including certain limitations that need to be considered. This section focuses
on the theory behind MT, including the case of 1D and 2D, and differentiating between the
transverse electric (TE) and transverse magnetic (TM) mode. Possible MT applications are
explained.

2-2-1 Theory

The Earth’s H field is described as

H⃗ = B⃗µ0
-1, (2-1)

where H⃗ is the magnetic field intensity [Am-1], B⃗ the magnetic flux density [V sm-2], and µ0
is the magnetic permeability [4π · 10-7V sAm-1] (Kuvshinov et al., 2019).

The Earth’s E field stands for the electric field intensity E⃗ [Vm-1], described as

E⃗ = D⃗ϵ0
-1, (2-2)
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2-2 Magnetotellurics 13

where D⃗ is the the electric flux density [A sm-2] and ϵ0 the electric permittivity [≈ 8.8541 ·
10-12AsV-1m-1] (Kuvshinov et al., 2019). The amplitude, phase and directional relation
between these E and H fields are dependent on the electrical conductivity (Vozoff, 1991).
Therefore, the response of these fields given by subsurface structures allows the visualization
of the distribution of the electrical conductivity.

The spatio-temporal behavior of EM fields can generally be described by the Maxwell’s equa-
tions (Eq. (2-3)-(2-6)), while the frequency-domain is obtained via the Fourier transform (Eq.
(2-7)-(2-10)),

∇× H⃗ = j⃗, (2-3)

∇× E⃗ = −∂B⃗
∂t
, (2-4)

∇ · B⃗ = 0, (2-5)

∇ · D⃗ = q, (2-6)

∇× H⃗ = (σ − iωε0) E⃗ + j⃗cxt, (2-7)

∇× E⃗ = iωµ0H⃗, (2-8)

∇ · H⃗ = 0, (2-9)

∇ · E⃗ =
q

ε0
(2-10)

where j⃗ corresponds to the electric current density [Am-2], ∂t to the temporal partial differ-
entiation, q to the electric charge density [A sm-3], and ω = 2π

T to the angular frequency [rad
s-1] (Kuvshinov et al., 2019). Ampère’s law (Eq. (2-3)) describes the generation of magnetic
fields by currents, and Faraday’s law in Eq. (2-4) introduces the induction of electric fields
by variation over time of magnetic fields. Gauss’ law for magnetism (Eq. (2-5)) describes the
magnetic field as solenoidal, meaning that B⃗ has no source or sink and no magnetic monopoly
exist. This does not hold for electric fields, which are described in the Gauss’ law for electric
fields in Eq. (2-6), including the parameter q describing that electric field lines have a start
and end at charges.

The parameters influencing EM fields can be included in the Maxwell equations as

−∇× H⃗ + (σ + ε∂t) E⃗ = −J⃗e, (2-11) ∇× E⃗ + µ0∂tH⃗ = −J⃗m, (2-12)

with the electrical conductivity σ [S m-1], the electric permittivity ε [F m-1] and the temporal
partial differentiation ∂t (Slob et al., 2007). The properties J⃗e and J⃗m stand for the source
volume densities of the electric and magnetic current, respectively. Eq. (2-11) and Eq. (2-12)
describe the electric and magnetic fields assuming a non-vacuum environment and an immedi-
ate response of the Earth to electromagnetic variations, while including material parameters
of the subsurface. From these rewritten Maxwell equations, we can derive the propagation of
EM fields in a medium over space and time by the so-called Helmholtz differential equations,
which state for E field 1D that

∂2E⃗

∂z2
+ k2E⃗ = 0, (2-13)
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with

k2 = ω2ϵ0µ0︸ ︷︷ ︸
(1)

− iωµ0σ︸ ︷︷ ︸
(2)

, (2-14)

with the frequency ω [rad s-1] and the wavenumber k [m-1] (Basu and Dhasmana, 2022;
Kuvshinov et al., 2019). The ratio of the two terms (1) and (2) in Eq. (2-14) influence the
regime of propagating EM fields. In case of (1) >> (2), Eq. (2-14) simplifies to a wave
equation depending on the electrical permittivity which can be present in the application of,
e.g. a ground penetrating radar. If (1) << (2) the process of diffusion

∇2(E⃗, H⃗)− iωµ0σ (E⃗, H⃗) = 0, (2-15)

is dominating, strongly depending on the electrical conductivity σ. This diffusion regime of
Eq. (2-15) describes MT, as it yields electromagnetic induction (Chave and Jones, 2012).

The penetration depth of E and H fields, also called skin depth, is dependent on the frequency
and the electrical conductivity. It is defined as the distance over which electromagnetic field
decays by e-1 ≈ 0.37, and can be specified as

δ(ω) =

√
2

ωµ0σ
≈ 503

√
ρT = 503

√
1

σf
, (2-16)

with the skin depth δ [m], the electrical resistivity ρ [Ω m] being the inverse of the electrical
conductivity, and period T [s] the inverse of frequency f [s-1](Chave and Jones, 2012). It is
to note that this Eq. (2-16) only holds for a plane-wave source in a homogeneous medium.
Hence, deep structures in the subsurface with low electrical conductivity can be investigated
with a low frequency signal.

The linear relationship between the magnetic and electric field can be described by the transfer
function, stating that

E⃗ = Z⃗H⃗, (2-17)

where the impedance tensor Z relates E and H, containing information about the unknown
parameters of the subsurface (Chave and Jones, 2012). Z is complex-valued and the tensors
shape reveals details about the dimensions of the underground. This impedance is usually
the goal of EM measurements, but due to its complex values, it is obtained indirectly via the
phase ϕ [rad] and the apparent resistivity ρ [Ω m]. Also Eq. (2-17) only holds for a plane-wave
source in a homogeneous medium. The relation between the impedance and resistivity and
phase, respectively, can be shown as (Kuvshinov et al., 2019):

ρ(ω) =
|Z|2

ωµ0
, (2-18) Z = ReZ + i ImZ = |Z|(cosϕ+ i sinϕ). (2-19)

August 2, 2023
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When replacing |Z| in Eq. (2-19) with its definition from Eq. (2-18), we obtain

Z =
√
ρωµ0(cosϕ+ i sinϕ), (2-20)

which is showing how the impedance can be calculated from resistivity ρ and phase ϕ.

In the case of 1D, representing a layered Earth, we define the z-axis to point downwards. A
plane wave assumption leads to excluding vertical components of both E and H fields and to
assume constant E and H fields along any horizontal plane of the x- and y-axis (Kuvshinov
et al., 2019). Additionally, we define both the E and H field to go to zero when z tends
to infinity. These assumptions in the 1D case with horizontal layering lead to the following
simplification of the Maxwell equations in the frequency-domain (Kuvshinov et al., 2019):

∇× H⃗ = σE⃗, (2-21)

∇ · H⃗ = 0, (2-22)

∇× E⃗ = iωµ0H⃗, (2-23)

∇ · E⃗ = 0. (2-24)

Thus, the Helmholtz equation defined in (2-13) can be rewritten for the E field as the following,

∂2E⃗

∂z2
+ k2E⃗ = 0, (2-25)

with the reminder of the propagation constant k =
√
iωµ0σ in the case of diffusion (Kuvshinov

et al., 2019).

The general solution of (2-25) is then

E⃗(z) = E⃗+eikz + E⃗−e−ikz, (2-26)

with E⃗+ and E⃗− being the vector constants. For a uniform 1D Earth we can then conclude
the solution to be

E⃗x(z) = E⃗x
+eikz, (2-27) E⃗y(z) = E⃗y

+eikz (2-28)

for the propagation of the E field over depth (Kuvshinov et al., 2019).

In the case of a 2D Earth, variations of the electrical conductivity happen now in horizontal
direction of the y-axis in addition to the depth (z-axis) (Kuvshinov et al., 2019). In comparison
to the 1D case previously described, the E and H fields are not constant anymore in the
horizontal plane (spanned by x and y), but only in the x-direction, as they vary along the
y-axis. This constant x-axis is also called the strike direction (Kuvshinov et al., 2019). A
schematic overview of the electric conductivity model including its TE and TM modes is
visible in Figure 2-5.
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Figure 2-5: Electrical conductivity model and EM modes of TE and TM for a 2D Earth (Ku-
vshinov et al., 2019).

Rewriting the Ampère’s law and Faraday’s law of the Maxwell equations in the frequency
domain (Eq. (2-7) and Eq. (2-8)) needs to be done component-wise for the TE and TM mode
(which will be explained in more detail in chapter 2-2-2), assuming that displacement currents
can be neglected (Kuvshinov et al., 2019). These rewritten equations look as the following:

∂Hz

∂y
− ∂Hy

∂z
= σEx (TE), (2-29)

∂Hx

∂z
= σEy (TM), (2-30)

−∂Hx

∂y
= σEz (TM), (2-31)

∂Ez

∂y
− ∂Ey

∂z
= iωµ0Hx (TM), (2-32)

∂Ex

∂z
= iωµ0Hy (TE), (2-33)

−∂Ex

∂y
= iωµ0Hz (TE) . (2-34)

Three of these equations define the TE and TM mode, respectively. Additionally, it is to note
that both the strike electric field Ex and magnetic field Hx are involved (Kuvshinov et al.,
2019). Thus, the two fully decoupled Helmholtz equations can be defined as

∇2Ex + k2Ex = 0 (TE) , (2-35) ∇(̇ (σ∇Hx)+iωµ0Hx = 0 (TM), (2-36)

together describing the EM plane wave propagation in a 2D case (Kuvshinov et al., 2019).
It is to note that in this 2D case, no analytical solution of equations 2-35 and 2-36 can be
derived, while this is possible for the case of 1D. Thus, in a 2D case, numerical methods are
required.

2-2-2 Transverse Electric and Magnetic Mode

The EM field can be divided in two different main wave types: the TE and TM mode. These
modes relate the orientation of the E and H fields of the EM waves with the direction of
propagation (Chave and Jones, 2012). In EM methods, these two wave types must be analysed
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separately, as they respond differently to structures and ranges of electrical conductivities in
the subsurface, thus complementing each other. In the following paragraphs, both modes are
explained in more detail for 2D applications only. As a comparison of their response for the
same subsurface, Figure 2-6 can be kept in mind (Berdichevsky et al., 1998).

Figure 2-6: Model of 2D horst-like resis-
tive elevation in a sedimentary
cover, shown by apparent re-
sistivity profiles for TE and TM
modes, for the same subsur-
face. Curve 1 has a period T
of 0.1 s, curve 2 of 1 s, curve 3
of 10 s, curve 4 of 100 s, and
curve 5 of 1000 s s. Figure ob-
tained from Berdichevsky et al.
(1998).

The TE mode is related to the telluric cur-
rent flowing along structures due to the
connection to E-polarized waves generating
transverse MT curves, following the strike
direction (Berdichevsky et al., 1998; Gómez-
Treviño et al., 2018). It does not charge
structures, as its anomalies are of induc-
tive nature (Berdichevsky et al., 1998). This
mode is more sensitive to deep structures,
and more robust to the 3D effects caused
by resistive structures. The TE mode is not
susceptible to the static shift which occurs
in EM waves. When focusing on Figure 2-
6, we see that the TE mode is much more
insensitive to the anomaly present around
1 km depth, as it is hard to detect, espe-
cially in larger periods (Berdichevsky et al.,
1998). However, assuming the same anomaly
in bigger depths of over 100 km, it would
more dominant in the TE mode than in the
TM mode. During analysis, the frequency-
axis can be assumed to be corresponding
to depth, where smaller frequencies repre-
sent larger depths and vice versa (Chave and
Jones, 2012). Additionally, the phase ϕ is
shifted relatively between the TE and TM
mode by π

2 , which is due to the orthogonal-
ity of these two modes relative to each other (Chave and Jones, 2012). This phase ϕ measures
the time lag between the E and the H field.

The TM mode on the other side follows the telluric current across structures, as it is related to
the H-polarized wave generating the transverse MT curves (Berdichevsky et al., 1998). Hence
it is flowing across the strike direction (Gómez-Treviño et al., 2018). In contrast to the TE
mode, the TM mode charges structures and its anomalies are of galvanic nature (Berdichevsky
et al., 1998). It is more sensitive to structures closer to the surface and it is more robust to
3D effects caused by conductive structures. A downside is its strong influence to static shift.
Looking at Figure 2-6, we want to draw attention to the clear representation of the anomaly
in the lower surface (Berdichevsky et al., 1998). However, the static drift is more dominant
in shallower depths, for which reason it needs to be considered in the TM response. Due to
the static shift and the galvanic effect present in this mode, depth estimates via frequencies
are not possible in the TM-mode (Chave and Jones, 2012). These effects can be neglected in
the TE mode, however only in the case of 2D (Becken et al., 2008)
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2-2-3 Limitations and Benefits

As a general limitation, the theory underlying MT described in chapter 2-2-1 follows some
assumptions besides being governed by the Maxwell Equations (Eq. 2-3 to 2-6), that one
should be aware of:

• MT is based on the plane wave EM field propagation assumption (Kuvshinov et al.,
2019). This leads to two advantages: first, it eases the calculation of analytical solutions
of a plane wave propagation in layered media, and second it represents well a natural
EM field in MT. However, this assumption is violated in certain geographic locations as
in equatorial and auroral electrojet zones, where concentrated sources in the ionosphere
invalidate the wave being propagated in a planar form (Hermance and Peltier, 1970).

• The current density sources in the subsurface are assumed to be zero (Kuvshinov et al.,
2019). The EM fields are induced by external variations, and produced and dissipated
inside the Earth.

• The magnetic permeability µ0 and the electric permittivity ϵ0 in deep EM induction
studies are assumed to be constant over time and space and equal to their values in free
space(Kuvshinov et al., 2019).

• We follow the quasi-static approximation, which means that a neglect of displacement
currents is valid since σ >> ωϵ0 (Kuvshinov et al., 2019).

Besides these limitation in the theoretic foundation of EM, noise occurring in EM fields influ-
ences the data quality. This noise is often divided in natural and human-made noise. Natural
sources as radio noise vary over a large frequency range from 1 mHz to 300 GHz (Bianchi and
Meloni, 2007). Events of low frequencies are slow variations in the Earth’s magnetic field,
but also geomagnetic pulsations of higher frequencies may affect EM measurements. Sudden
atmospheric events such as lightning can produce large spikes in the data, but also changes
in air temperature can influence measurements in shallow depths. Human-made EM noise
is usually caused by human technologies, such as power lines, radio or TV communication
installations (Bianchi and Meloni, 2007). The magnitude of the noise is dependent on the
distance to this source, on the sources frequency and power. Experiments close to streets
tend to have a higher noise source than ones in rural areas, as cars additionally cause EM and
seismic noise. As technological innovations have increased and advanced in the last decades,
this source strength is overall growing.

Another drawback of MT measurements are possible distortions of E and H fields, leading
to a decrease in data quality. The galvanic distortion is one example for such a phenomena.
It is caused by electrical charges being present at discontinuities or small-scale electrical
conductivity gradients (Chave and Smith, 1994). These ’unexpected’ charges have an influence
on the E field, which also changes the H field due to its coupling. Galvanic distortions can
be described as the superposition of frequency independent factors caused by these local
property changes in the subsurface on the frequency dependent desired signal (Bibby et al.,
2005). The removal of this effect is problematic as galvanic distortions operating on the
impedance is underdetermined. It requires assumptions which might be arguable depending
on the experiment it is applied to. A second distortion which might cause interpretation
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errors is the topographic distortion. Rough changes in elevation levels along an experiment
require corrections on the impedance, as the density of telluric currents change depending
on the topography (Vallianatos et al., 2002). Due to the increase in elevation, these currents
tend to diverge and converge below hills and valleys, respectively. Topographic distortions
might be either caused by galvanic or induced effects, where research shows that the former is
mainly dominating at periods above 10 s and the latter at shorter periods below 10 s (Käufl
et al., 2020).

As a benefit, MT allows a penetration depth of many kilometers (ranging from 50m to
500 km) due to the use of the natural low-frequency range variations between 10-4 and 104Hz
with the Earth’s magnetic field as a source (Chave and Jones, 2012; Munoz, 2014; Siniscalchi
et al., 2021). Such a depth can be also reached by seismics, but MT is highly sensitive
to the presence of fluids (Peacock et al., 2012), which is of advantage for investigations of
geothermal systems. In such reservoirs, conductivity varies over seven orders of magnitude,
ranging from 0.01 to 10·104mSm-1. The application of MT has been proven to be successful in
both magmatic (Heise et al., 2016; Bertrand et al., 2013; Hill et al., 2015) and non-magmatic
geothermal systems (Munoz, 2014; Peacock et al., 2012, 2013).

Variations in electrical conductivity allow to estimate the reservoirs size and shape (Ishizu
et al., 2021; Newman et al., 2008; Gao et al., 2018), its porosity and permeability (Munoz,
2014; Ussher et al., 2000) as well as to approximate the temperature range present (Azeez
and Harinarayana, 2007; Harinarayana et al., 2006; Spichak et al., 2015). E.g., an increase in
electrical conductivity below the conductive clay cap reflects an increase in temperature with
depth, which often corresponds to a high-temperature geothermal system. This is due to the
alteration of clay-minerals. In regions of temperatures below 150 ◦C smectite-illite alterations
are common, which have a larger electrical conductivity due to their loosely bounded cations.
At higher temperatures, chlorite-epidote species replace the smectite-illite composition, having
a more stable crystal lattice and therefore leading to a lower conductivity. MT can also observe
the presence of melt, and magmatic and meteoric brine in the lower regions of geothermal
systems (Samrock et al., 2021). In non-magmatic geothermal reservoirs the porosity and
permeability can be imaged with EM. High conductivity values normally correspond to saline
fluids, which can help to identify fluid paths in the subsurface.(Munoz, 2014). However, it
should be kept in mind that geophysical results are ambiguous, as different features can lead to
the same conductivity anomaly. Therefore, cross-correlations with other geophysical methods
can help to solve this non-uniqueness (Miller et al., 2022).

Besides for geothermal reservoirs, is MT widely applicable in many other different fields
focusing on investigations of the subsurface. MT can be applied in hydrocarbon exploration,
where 3D models can be used to estimate the volume of hydrocarbon in larger depths, trying
to fit well log data (Hoversten et al., 2015; Mansoori et al., 2016; Azeez et al., 2011). A
further area of application is groundwater estimation, where aquifers can be found in depths
of several kilometers, underlayed by aquicludes (Asaue et al., 2012). Additionally, flowpaths
of high conductivities can be detected. Also, MT can also be used to analyse the static
water level in shallower depth of 25m (Agyemang, 2022). Furthermore, MT can improve
our knowledge about the upper mantle, thanks to its large penetration depth. It allows the
estimation of melt composition, convection movement and thermal structures (Baba et al.,
2010; Selway et al., 2019). MT also allows further insights into planetary exploration, as it
has been applied on, e.g., Jupyter’s moon Europa and on Mars for the detection of water
(Grimm et al., 2021; Delory et al., 2007).
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2-3 Simulations

Simulations are obtained by GoFEM, which allows efficient simulations using finite element
(FE). As sampling strategy for the material properties in the simulations, we use latin
hypercube sampling (LHS). The following paragraphs explain these elements in more detail.

Figure 2-7: Mesh of a simplified mag-
matic geothermal created in
GoFEM with a hexahedral con-
figuration. Blue: clay cap,
orange: upflow zone, green:
heat source.

GoFEM (Grayver and Kolev, 2015) is used
to generate a mesh of a generalized, simpli-
fied, high-temperature geothermal system,
and to run simulations of the propagation
of EM fields through the predefined mesh.
GoFEM represents a Python-environment
enabling 3D geoelectromagnetic modelling
using a parallel adaptive high-order FE
method (Grayver and Kolev, 2015). FEs are
areas or volumes of systems, which are in-
terconnected with nodal points of elements
(Bathe, 2007). In its methods, we solve
partial differential equations (PDEs) numeri-
cally in the discretized manner of using these
FEs, allowing to tackle problems too com-
plex to be solved with analytical methods.
FE methods are nowadays widely used, as
they allow scientists and engineers to model
and solve such complex problems, in a math-
ematical and numerical way. There are two
different main approaches that can be used
to define the variability of a system, the so-
called degrees of freedom (DoF): (1) we define it via the number of nodes and the number
of variables to solve, or (2) we include the number of elements instead of nodes (Larson and
Bengzon, 2013). GoFEM takes advantage of the FE method, while using the element-wise
approach. Furthermore, it is based on a distributed robust and scalable linear solver, using
optimal block-diagonal and auxiliary space preconditioners. Local mesh refinements allow the
reduction of computational costs while maintaining a high accuracy. It enables EM modelling
while having high FE orders, a wide range of frequencies and conductivities, as well as a large
number of DoF and unstructured and nonconforming locally refined meshes (Grayver and
Kolev, 2015). Besides allowing the simulations of electromagnetic currents in the subsurface
with varying properties, it also provides mesh generation. In this project, this is done for the
electrical conductivity. A non-conforming hexahedral mesh with a locally finer grid at bound-
aries is defined. Figure 2-7 shows the GoFEM mesh generated in this project. It represents a
simplified magmatic geothermal system consisting of an air layer above an elevation of 0 m,
a surrounding rock below an elevation of 0 m, a clay cap, an upflow zone, as well as a heat
source.

In order to ensure reliable and efficient GoFEM simulations by generating random variables for
a problem, the statistical sampling method LHS is chosen (Huntington and Lyrintzis, 1998).
After defining the number of parameters p and the number of random variables n that are
needed for a specific problem, a n · p matrix is generated. This matrix preserves the marginal
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probability distribution of each parameter while being based on joint probability density
functions (Huntington and Lyrintzis, 1998), containing values between 0 and 1. A advantage
using LHS is the representation of each parameter in a fully stratified manner (McKay et al.,
2000). Especially in high-dimensional systems, LHS gives a significant computational benefit,
when comparing it to, e.g., standard Monte Carlo (Manteufel, 2000). Overall, it ensures
a distribution of samples over the given parameter space with a efficient sampling strategy
(Olsson et al., 2003), which is important for modelling applications. Figure 2-8 shows a
scatterplot of a 10 · 2 matrix as an example, where 10 variables are defined cia LHS for the
two parameters X and Y.

After the creation of the matrix and running the simulations, the obtained values are scaled
to be merged into the desired range. The applied scaling method for this research is the
min/max scaling, which defines new ranges as

x′ = x(max(x)−min(x)) +min(x), (2-37)

where x’ is the rescaled value of a parameter, x the original value, and min(x) and max(x) the
minimum and maximum value of the specific simulation values, respectively. This ensures
the values to be between zero and one, which is of advantage for specific calculations and
functions. The material properties themselves are standardized by subtracting their mean
and dividing by the standard deviation.
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Figure 2-8: Scatterplot of a LHS with two
parameters X and Y and 10
samples between 0 and 1.

As previously mentioned allows GoFEM, be-
sides others, the mesh generation of subsur-
face structures (Grayver and Kolev, 2015).
However, its main goal are simulations of
electrical currents in the underground when
having varying properties present, such as
the electrical conductivity. The applied lin-
ear solver is algebraic, acting on the matrix-
vector level. Therefore, information about
boundary conditions (BCs), the discretiza-
tion, and explicitly about the source strength
are not required. This is of advantage in MT
applications where the source magnitude is
unknown. It is to note that for physically
logical results, the implementations of, e.g.,
Neumann or Dirichlet BCs should be con-
sidered in the governing PDEs. The combi-
nation of a high-order finite element method
(FEM) with a goal-oriented mesh refinement
allows a satisfying accuracy with relatively little computational time and only few DoFs.
GoFEM includes error indicators for each cell (Grayver and Kolev, 2015). This allows the
identification of the most inaccurate solution, which can then be redefined until the desired
accuracy is achieved. The focus is primarily placed on the receiver location, as increasing the
precision at these points significantly enhances the results. GoFEM as a scalable and robust
solver has an sufficient stability to solve the lowest order Nédélec elements. The robustness of
this solver allows the preservation of a fast convergence, also for the case of large variations
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in model parameters and many unknowns being present, which is often the case in EM. As
GoFEM is scalable, it can reduce the computational time proportionally to the number of pro-
cesses with the use of parallelisation. The impedance is often the main parameter of interest
in MT modelling, also in this project. This complex-valued parameter can, besides others, be
calculated in GoFEM simulations for the MT response (Grayver and Kolev, 2015). Since the
impedance is influenced by anisotropy of the subsurface (Mart́ı, 2014), its measurements usu-
ally require two orthogonal source polarizations. This makes computations more expensive,
which could be reduced in GoFEM by using secondary field formulations and homogeneous
BCs, making the system matrix for the polarization equal to the one for the dual problems.
In the application of MT, the combination of quadratic elements with adaptive local mesh
refinement is a widely used and efficient solution, which additionally keeps the computational
costs low.

2-4 Physics-Based Machine Learning

PB-ML describe the combination physics-based and data-driven ML approaches. It takes
advantage of both techniques and approaches in order to overcome their individual limi-
tations. The following sections give a background about this approach and compare two
different methods: physical-informed neural networks (PINNs) and the NI-RB method. For a
more extensive background of artificial intelligence (AI) and more specifically of ML, further
information can be found in the appendix B-1-1 and B-1-2.

2-4-1 Background to Physics-Based Machine Learning

In PB-ML, physical laws are used as prior knowledge in the form of, e.g., PDEs, such as
conservation of energy, mass or momentum. They have the goal to limit the output to a
physically feasible range and to minimize the DoFs of ML approaches (Vadyala et al., 2022).
This prior knowledge allows for a faster convergence of simulations and more accurate physical
predictions (Vadyala et al., 2022). The implementation of physical knowledge aims to have
a low dimensional representation of high-fidelity simulations which can then be used as a
training data set for ML techniques (Wang et al., 2022a). These data sets train systems to
solve desired models based on the previously defined PDEs (Vadyala et al., 2022). In the
case of PB-ML, physics-based models are used to decrease the size of the black box, as more
knowledge about the input and the function connecting the input to the output is given. The
output is additionally constrained to a specific range, as they need to follow physical laws.
Without this prior physics-based knowledge, this purely data-driven ML approach would
require much larger data sets, which are rare in geoscientific and engineering applications
(Swischuk et al., 2019). More details about data-driven ML approaches and physics-based
models can be found in the appendix B-1-3 and B-3, respectively. The use of ML enables
automatised simulations and inversions of data sets, as the computer is required to learn from
the data provided (Willcox et al., 2021). It allows the handling of multi-dimensional and
complex data sets more efficiently than purely physics-based model would enable (Lattimer
et al., 2020). Therefore, PB-ML merges knowledge gained from data with the awareness
obtained from physics-based models to increase the accuracy of the results while keeping the
required amount of data low (Willcox et al., 2021).
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By combining physics-based models and data-driven ML, the advantages of both these tech-
niques are combined. The interpretability and transparency obtained from physics-based
models is merged with the high computational speed and learning rate of the ML approach
(Wang et al., 2022a), leading to a very efficient modelling technique. It increases the overall
accuracy and ability to solve non-linear models by ML, while keeping physical laws consistent
throughout the modelling by physics-based models. We therefore can preserve the main phys-
ical character, which is necessary for predictions and uncertainty quantification (UQ) (Degen
et al., 2022).

PB-ML can be applied in supervised (Stern et al., 2021), unsupervised (Lattimer et al., 2020)
and reinforcement learning (Peng et al., 2018) to predict and understand physical systems,
guided by physical equations and laws. In this project, PB-ML is implemented within a
general ML framework. Physical parameters such as density and electrical conductivity are
used as labeled input to characterize phenomena such as fluid and electrical flows, which are
fundamentally governed by the laws of physics. These PB-ML models have a wide applications
range in many research areas, such as data storage, fluid dynamics, quantum mechanics and
computational resources (Vadyala et al., 2022).

2-4-2 Physics-informed Neural Networks

PINNs are a type of PB-ML that combines physics and data-driven techniques (Degen et al.,
2022) to minimize the residual loss of PDEs (Chen et al., 2021). PINNs are NNs that imple-
ment physics as a constrain via PDEs, BCs and initial conditions. NNs are trained by giving
specific input-output-pairs, forcing a specific relationship given by the physical laws. It aims
to minimize the norm, also called the loss function, of the residuals in the reduced order
equation (Chen et al., 2021). These underlying physical laws are included as an additional
term in this loss function of the NN during the training process, in order to approximate
solutions that meet these physical constrains (Raissi et al., 2017; Kharazmi et al., 2019).

In general, NNs are inspired by the function and connectivity of the human brain and its
nervous system (Gupta et al., 2013). It allows the processing of bigger data sets by the
application of a large number of nodes (so-called neurons), each with its own output function
(Wu and Feng, 2018). The nodes are connected through weighted connections, allowing the
user to influence the system depending on the connection strength between cells. The black
box is created by the presence of hidden nodes, which can lead to a problematic overfitting
of the data (Liu et al., 2008).

The advantage of this method is its high flexibility and adaptability in function approxima-
tions, leading to a wide range of problems that can be tackled with PINNs. It can solve
over-determined systems (Cai et al., 2021), which are a problem in NN without a physical
background (Liu et al., 2008). However, there are specific problems in the use of PINNs. The
presence of hidden layers increase the size of the black box, leading to processes which are
challenging to fully understand. A user can influence NNs by adjusting so-called hyperparam-
eters such as the range of layers or neurons desired, but the detailed workflow inside the NN is
unknown. Furthermore, problems have occurred in simulations of highly non-linear problems
(Chen et al., 2021) and computational fluid dynamics (Degen et al., 2022), like the Navier-
Stokes equations using PINNs as a solver (Chuang and Barba, 2022). Also, a discrepancy in
the convergence rate of PINNs loss functions has been detected (Wang et al., 2022b). A main
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restriction is that physics is simply treated as data or as constrain inside the BCs or initial
conditions of the loss function (Degen et al., 2022). This is handled differently in, e.g., NI-RB
methods, where the physics is implemented in the snapshots, as explained in more detail in
the next Section 2-4-3. The physical restriction of PINNs causes the solution not to represent
the original physical problem anymore. Additionally, modifications are required when aiming
for a parameter estimation, as PINNs are typically purely used for state estimations problems,
since the input-output relationship is not necessarily maintained (Degen et al., 2022). Due
to the solution being enforced at specific points only, and the following model reconstruction
being solely based on these selected points to obtain the entire state distribution for a single
parameter realization only, an UQ is not possible with the traditional use of PINNs (Degen
et al., 2022).

2-4-3 Non-Intrusive Reduced Basis Method

NI-RB is an alternative PB-ML technique to the previously mentioned PINNs, combining
physical process models with data-driven ML techniques (Degen et al., 2022). It constructs
reliable, scalable and interpretable surrogate models of high accuracy from physics-based
input models, requiring few basis functions (Degen et al., 2022). The NI-RB method consists
of an offline and online stage to construct and use these surrogate models, which are explained
in the following paragraphs. A supporting workflow typical for the NI-RB method can be
found in Figure 2-9.

Physics-
based
models

Determination
of basis
function
with error
tolerance ϵ

Projection
(GP regression
or NN) for

determination
of weights of
basis functions

Evaluation
of the

constructed
surrogate
model with
obtaining the
full solution

Output

Offline stage Online stage

Figure 2-9: Workflow for the NI-RB method.

The surrogate model is constructed during the offline stage. This is an unique, non-repeated
process and includes all computationally expensive steps (Degen et al., 2022). Two steps are
required: the determination of the basis function and the calculation of their coefficients.

Prior to the first step, the chosen, physics-based PDEs are solved, giving the solutions as so-
called snapshots, which are required to test and train the constructed model. The snapshot
matrix S⃗ ∈ RNh×Ns includes all snapshots u⃗h(µ⃗) for any parameter µ⃗ calculated by a fixed
FE setting (Guo and Hesthaven, 2018). It is therefore given by

S⃗ =
[
u⃗h

(
µ⃗1

) ∣∣u⃗h (µ⃗2)∣∣ · · · | u⃗h (µ⃗Ns
)]
. (2-38)

This snapshot matrix S⃗ shows the characteristic behavior of the problem (Degen et al., 2022;
Hesthaven and Ubbiali, 2018), by representing a collection of input-output pairs of the simula-
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tion process. These solutions of the PDEs are computed with an external high-fidelity model
for different inputs (Swischuk et al., 2019). Using snapshots instead of implying the physics
in the data or as a constrain (as it is done in PINNs) enables a decrease in computational
costs of this step while still capturing the physical behavior of the model.

After the creation of the snapshots, the next step of the offline stage takes place: the proper
orthogonal decomposition (POD) is implemented in the form of singular value decomposition
(SVD). It recovers the RB functions (Hesthaven and Ubbiali, 2018) by keeping the singular
vectors corresponding to the largest singular values present in the matrix (Degen et al., 2023).
Via the POD we obtain the basis functions that define parts of the model architecture, while
a individual error tolerance ϵ can be defined, so that

∑r
i=1 ξ

2
i∑N

i=1 ξ
2
i

≤ ε, (2-39)

with the eigenvalue ξ and the total number of training samples N (Degen et al., 2022). This
error tolerance ϵ limits the physical plausible range of each parameter included.

SVD decomposes the rectangular matrix of the snapshots S⃗ obtained from the PDEs,

S⃗ = U⃗ Σ⃗Z⃗T, (2-40)

with U⃗ ∈ RNh×Nh and Z⃗ ∈ RNs×Ns being orthogonal matrices, and Σ⃗ = diag {ξ1, ξ2, . . . , ξNs}
containing the singular values ξ1 ≥ ξ2 ≥ · · · ≥ ξNs ≥ 0 of the snapshot matrix S⃗ (Guo and
Hesthaven, 2018).

This decomposition of the snapshots into its basis functions allows the reduction of the pre-
liminary snapshot dimensionality, while considering constraints imposed on rows and columns
of the matrix (Abdi, 2007). The basis functions focus on the more important features of the
matrix, in order to meet the previously defined error tolerance ϵ. This leads to a reduction of
computational costs (Chen et al., 2021), while keeping the accuracy sufficiently high for each
application individually. These reduced basis functions received via the SVD are the most
informative eigenvectors of the initial problem described by PDEs (Efendiev et al., 2011). An
example of basis functions needed for a surrogate model construction can be found in Figure
2-10. In this example, which is received from the reduced model construction in this project,
four basis functions are required to achieve a pre-defined error tolerance ϵ.

The second step describes the projection step, in which supervised ML is implemented in
the form of GP regression or NNs (Degen et al., 2022; Wang et al., 2019; Chen et al., 2021).
In the conventional RB, the Galerkin projection is used instead of ML techniques. More
information about the RB method can be found in the appendix B-2. Since both the GP
regression, as well as NNs are used in this project, a short explanation of both follows. GP
regression is a non-parametric Bayesian approach towards regression problems to predict
new parameter values according to previous ones, while assuming that the input-output pairs
follow a prior of Gaussian function (Guo and Hesthaven, 2018; Schulz et al., 2018). Thus, it is
guided by a probabilistic distribution over the given basis functions. We use this distribution
as new inputs, as mentioned in Guo and Hesthaven (2018). It can include a wide variety
of input-output relations as it applies a very large number of parameters while adapting
the level of complexity based on the input data and via Bayesian inference (Schulz et al.,
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2018). Its advantage is in its lower computational costs compare to NNs since it requires less
hyperparameters to be adapted. It can perform as accurate as NNs if the problem is not
highly nonlinear. Thus, its main application is found in linear parameter variations (Raissi
et al., 2017). NNs on the other side are more often used for highly non-linear PDEs, as they
show a better performance and higher accuracy than GP regression for these types of problems
(Degen et al., 2022). The working principle of NN is explained in the previous Section 2-4-2. In
the case of the NI-RB method, often a feedforward NN is applied, which is defined by multiple
layers of interconnected neurons present. The data goes from the input layer to the output
layer without any feedback in between (Sazli, 2006). Neurons are only connected with neurons
in the following layer, and not in the current layer itself (Hesthaven and Ubbiali, 2018). This
creates a map between the input and output space, which is especially of advantage in case
of continuous function approximations (Hesthaven and Ubbiali, 2018).

Figure 2-10: An example of four basis functions
being required for a reduced model
for its predefined error tolerance.
These basis functions are obtained
via the POD.

In this project, both GP regression and
NNs are applied due to different ap-
proaches of handling MT parameters.
The use of ML is only present as a pro-
jection method, in order to determine
the weights of the basis functions. This
has the advantage that the black box
problem of ML only occurs in this step.
Therefore, the approximation errors are
mainly related to this weighting step
(Degen et al., 2022). Within the process
of constructing the surrogate model, the
main characteristics of the response can
be preserved.

Finally, the reduced model solution is
defined as

u⃗rb(µ) =
r∑

i=1

θ
(i)
rb (µ)ψi ∈ Vrb, (2-41)

where urb is the reduced solution, r the size of the reduced basis, θrb the reduced coefficients
or weights, and ψi the basis functions that create the reduced space Vrb (Degen et al., 2022).
In order to validate the obtained result, a validation data set is additionally needed to the
training data set, which size should have a minimum of 10% of the training data set (Degen
et al., 2022). The training data set is used to construct the reduced model. This validation
data set tests the approximation of the surrogate model with its predicted outcomes to the
true solution of GoFEM, in our case. These predicted and true values are compared by the
calculations of the mean squared error (MSE), yielding the Q2 score. This is similarly done
with the training data, emerging in the R2 score. These two values, Q2 and R2, reflect
the overall model performance and are thus aimed to be minimized by adjusting the models
architecture and its hyperparameters accordingly.

As mentioned, this offline step is computationally expensive, which is caused by two fac-
tors. The first component is the construction of the training set, including solving numerous
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expensive finite element simulations (Degen et al., 2022). The second computationally com-
plex part is the determination of the hyperparameters during the ML. The former factor
can be reduced by an efficient sampling strategy as, e.g., the implementation of LHS with a
preferably small range of values (Hesthaven and Ubbiali, 2018; Degen et al., 2022), while the
latter can be improved by pre-processing input data or by using the optimization technique
of a Bayes optimization scheme, to accelerate the convergence of the hyperparameter tuning
(Degen et al., 2022).

During the online stage the surrogate model is used allowing an efficient computation process
(Degen et al., 2022). The previously defined reduced order framework is used to find a
suitable approximation to the true solution by a linear combination of the basis functions and
coefficients specifically determined for the newly given parameter values, based on the model
obtained from the offline stage (Hesthaven and Ubbiali, 2018).

Overall, by combining physical process models and data-driven ML, the NI-RB method repre-
sents a solution to overcome the limitations of these approaches when being used individually
(Degen et al., 2022). By implementing PODs to decrease the dimensional complexity of a
problem (Chatterjee, 2000), the physical behavior is extracted and preserved, instead of treat-
ing physical laws purely as constraints or data as it is done in PINNs (Degen et al., 2022). ML
is purely implied to determine the weight of the characteristics, which restricts the error and
the problem of having a black box in this process (Degen et al., 2022). Therefore, error devia-
tions are mainly based on the combination of scalar values. Due to the use of ML, the NI-RB
method maintains a high accuracy, while providing orders of magnitude computational gain
and requiring less data points than needed in purely data-driven ML (Degen et al., 2022).
Due to the theory standing behind the NI-RB method, this approach can be applied in a
wide range of geoscientific problems, also including non-linearly coupled physical problems
(Degen et al., 2022). Its solution allows multiple realizations of pre-defined parameter sets,
which allows the performance of probabilistic analysis such as global sensitivity analysis (SA)
and UQs (Degen et al., 2022). The four main advantages of the NI-RB method can be sum-
marized as the following: (1) physical scalability to small- and large-scale processes, as well
as performance scalability, (2) interpretability of the surrogate models by following physical
laws in a consistent manner, (3) generalizability of the approach to different applications, and
(4) robustness of the model behavior (Degen et al., 2023). A summarizing schematic graphic
is displayed in Figure 2-11, comparing physics-based, data-driven and PB-ML methods, with
the application of both data and models, as well as the benefits and disadvantagess of each
technique (Degen et al., 2023).

As an initial example of using the NI-RB method in this project, we perform simulations based
on thermal conductivities as input parameters with the open-source, parallel finite element,
high-performance toolkit MOOSE (Lindsay et al., 2022). MOOSE is developed by the Idaho
National Laboratory (Peterson et al., 2018). The mesh used for this model is created in
the open-source finite element grid generator GMSH (Geuzaine and Remacle, 2009). These
simulations are used as a training to become accustomed to the accuracy of the NI-RB method
compared to the true solution of MOOSE, and to enhance the understanding of this approach
before combining NI-RB method with the application of GoFEM, as this has not been linked
before. As this trial is only preliminary work and not in the focus of this thesis, the results
obtained are not shown.
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Figure 2-11: Schematic illustration of physics-based, data-driven and PB-ML techniques, includ-
ing their approach of data- and model handling. A ’plus’ and ’minus’ signs describe
main advantages and disadvantages of each method, respectively. meas. means
measured, and sim. stands for simulated. The figure is taken from (Degen et al.,
2023).
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Chapter 3

Results

This section reveals the results obtained in this project. It is to remember that the chosen
model consists of five bodies (Figure 2-7). The material properties of four bodies are varied
over a wide electrical conductivity range of up to orders of magnitude (Table 2-1), while the
air layer is kept constant. These training parameters representing electrical conductivities
are picked via LHS (Section 2-3), to allow a near-random sampling strategy over the entire
predefined range (a list of these values can be found in Section C). For the entire project, a
set of 150 training parameters is used, as this ensures an sufficient amount of simulations to
construct an accurate surrogate model using the NI-RB method. The validation parameters
are determined for the same conductivity ranges with a random sampling strategy, to ensure
independence of the training- to the validation data. 30 validation parameters are defined as
such, since they typically should represent minimum 10% of the amount of training parame-
ters (Degen et al., 2022). These validation parameters aim to test the quality of the surrogate
model performance on a data set other than the one used in the training. These parameter
sets are used for forward simulations with GoFEM, to create 150 and 30 MT responses for
the training and validation data set, respectively. An representative example of these forward
simulations for the parameters phase and resistivity is shown in Figure 3-2. It is to note that
for all analysis in this project a frequency of 1Hz is used, with the exception of one frequency
investigation of 1000Hz in Chapter 3-1. These two frequencies of 1 and 1000Hz are chosen as
they include larger and smaller changes in values, respectively, thus aiming to test the NI-RB
method in its extremes.

As an initial step, the focus is on the parameters phase and resistivity, as the NI-RB method
implementations for real-valued problems already exist. We aim to test the potential of the
NI-RB method in the application of MT with the current possibilities offered by the NI-RB
method. We compare the projection method GP regression and NNs for their suitability.
To ensure high validity of the NI-RB method over frequency ranges, we conduct a brief
analysis of another frequency with weaker signal variations. Then, the focus is shifted to
the complex-valued impedance, while simplifying its approach by treating it as a real-valued
parameter. This is achieved by splitting the impedance into its real and imaginary parts,
which are trained individually. We compare again the approach of GP regression with NNs.
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This step is followed by an implementation of the impedance as a complex-valued parameter
in its entirety, with the projection method of NNs. Due to issues encountered during this
approach, we switch back to the GP regression, while splitting the real and complex parts
after the POD. Ultimately, we transform the complex-valued impedance into real-values, to
obtain a high model consistency and avoid issues arising from complex values. Frequency
analysis of the surrogate model of the impedance would be also of interest, however this is
not in the frame of this project. Figure 3-1 summarizes the described workflow.

Preparation

GoFEM
2D Model

GoFEM
Simulations

NI-RB for
ρapp and ϕ

NI-RB for
impedance (Z)
split before
the POD

NI-RB for
Z (complex)

NI-RB for
Z, split after
the POD

NI-RB for Z,
transformation
to real values

Frequency
Analysis

Frequency
Analysis

Frequency
Analysis

Frequency
Analysis

Frequency
Analysis

Figure 3-1: Workflow for the overall study. The frequency analysis is only conducted for the
phase, but could be done additionally for the impedance (white boxes).

3-1 Phase and Resistivity

Resistivity ρ and phase ϕ are two key parameters of the MT response, providing informa-
tion about the electrical conductivity distribution of the subsurface (Vozoff, 1991). GoFEM
(Grayver and Kolev, 2015) allows simulations of these parameter, as it is specifically devel-
oped for electromagnetic problems. The first part of this project is to use the NI-RB method
to construct a surrogate model for the resistivity and phase individually, for both the TE and
TM modes. These four surrogate models are based on 150 forward simulations, which are
validated with 30 additional simulations. The goal is to estimate the possible accuracy the
NI-RB method with respect to the full solutions of GoFEM. For this MT application, we aim
for an maximum local error tolerance of 1% for the unscaled data set, which is a commonly
set error tolerance in MT applications. Additionally, the POD error threshold of 1 · 10-4 for
the scaled data set is determined before defining the basis functions.

For each parameter (phase and resistivity for the TE- and TM-mode) one separate surrogate
model needs to be trained. The NI-RB method (Degen et al., 2022) applied in this project
uses several ML techniques as the projection method, while we employ the GP regression
and NNs in this project. The advantage of GP regression is its faster execution of the ML
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Figure 3-2: MT response of the forward simulations using GoFEM of the predefined mesh from
Figure 2-7). (1) Conductivity distribution of the model. (2a) and (2b) shows the
phase and resistivity of the TE mode, and (3a) and (3b) of the TM mode, respec-
tively. The dark grey and red dashed lines mark 1 and 1000Hz, respectively, which
are frequencies used in the analysis of this project.

step, because for the NN, more hyperparameters need to be trained until the set is optimized
sufficiently. However, NN has a wider range of applications, as it can deal with non-linear and
hyperbolic problems, where GP regression lacks in its performance. For the approach of the
real-valued resistivity and phase, both ML methods are tested and compared in Table 3-1.
In order to understand the table better, a brief description for the adjustable architecture of
the GP regression is given:

Length scale: represents the length scale of the kernel, defining over which distance the
covariance between data points decreases.

Length scale bounds: describes the range between which the length scale can vary.

Nu: controls the smoothness of the kernel.

Number of restarts of optimizer: states how often the optimizer is restarted for the
optimal hyperparameter search.

Optimizer: is a algorithm to adjust the model parameters for higher accuracy.

The following list explains the adjustable architecture and hyperparameters of the NNs:

Activation function: is a function applied to the output of every neuron.

Loss function: measures the difference between the predicted and the true output.
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Optimizer: is a algorithm to adjust the model parameters for a higher accuracy.

R2/Q2 calculator: determines the model performance compared to the training (R2)
and validation (Q2) data set.

Number of layers: is the number of hidden layers, excluding input and output layer.

Number of neurons per layer: represents the number of neurons per hidden layer, which
can receive inputs and compute outputs based on weights and biases.

Number of epochs: defines the number of iterations over the complete NN.

Learning rate: controls the step size of the NN to adjust its weights, also being referred
to as the speed of convergence.

Batch size: represents the number of training samples that are treated as one group to
update the network’s weights.

We would like to point out several aspects which we can conclude from Table 3-1:

• The number of basis functions varies between four and six, while the phase requires two
more basis functions than the resistivity. Therefore, the phase seems to be more complex
in its shape (please note the area around 0m on the x-axis in Figure 3-3 (1a) compared to
(2a), confirming this assumption). However, this range of basis functions is overall low,
considering that the material properties of four bodies inside the geothermal reservoir
are varied. Thus, each body might require only one basis function for the resistivity,
but further analyses would be require to prove this assumption. Taking into account the
preliminary definition of 150 training parameters, we can conclude that due to the low
number of basis functions probably 50 samples would be sufficient for the construction
of the surrogate model.

• The hyperparameters of the NN show overall the complexity of the surrogate model. It
is to note that especially the TM mode requires only one to two hidden layers, keeping
the model structure rather simple and calculations fast. As the NI-RB method reduces
dimensionality, we usually require a less complex NN architecture for this method than
when applying a pure NN-bases approach Degen et al. (2022). This allows us to reach
such a simple architecture and lower training times, as we can see in these models.

• The training and validation data global model error of both the GP regression and
NN show a magnitude ranging from 10-9 to 10-7 for the scaled data set, calculated
with the MSE. The global model error represents the global discrepancy between the
predictions made by the reduced model and the true solution, in this case the NI-RB
method and GoFEM, respectively. In this project this error is defined as the MSE
between the reduced model and the training and the validation data, respectively. We
can see slightly smaller errors in GP regression of the training data than in the NN.
The validation data error is similar for both approaches.

• The maximum local error reveals the the maximum discrepancy between the surrogate
model and the true solution, without averaging as it is done in the MSE calculations for
the global error. Thus, it is more sensitive to outliers and reveal the largest inaccuracy
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of the surrogate model. Our aim is to keep it below 1% to ensure an overall high
precision without outliers. This is achieved with both projection methods , except in
the NN-application of the phase in the TE mode, where the error is around 15 times
higher than for the other parameters. Overall we can see that the approach with GP
regression enables the desired results of an accuracy below 1% in all four parameters.

Table 3-1: Parameters of the GP regression and NN approach as a comparison for their accuracy
relative to the complexity of the surrogate models, for an error threshold of 1·10−4 for
the scaled data set and a frequency of 1Hz for the phase ϕ and the resistivity ρ of TE
and TM. Abbreviations f.t.t.b: LS = length scale, LSB = length scale boundaries, Nu
= smoothness factor, #Ro = number of restarts of optimizer, Optim. = optimizer,
#BF = number of basis function, ME TD = global model error training data, ME
VD = global model error validation data, Max. LE = maximum local error [%],
Activ. = activation function, Loss = loss function, Q2/R2 : Q2/R2 calculator, #L
= number of hidden layers, #NL = number of neurons per layers, #E = number of
epochs, LR = learning rate, BS = batch size. Values marked with ∗ are valid for all
input parameters.

ML Parameters TE-Phi TE-Rho TM-Phi TM-Rho

G
P

re
gr
es
si
on

LS 1*
LSB (1e-5,1e5)*
Nu 2.5

#RO 0
Optim. L-BFGS-B
# BF 6 4 6 4
ME TD 8.22 · 10−9 1.96 · 10−9 4.64 · 10−9 3.19 · 10−9

ME VD 9.54 · 10−7 9.07 · 10−8 3.45 · 10−8 1.54 · 10−8

Max. LE 0.34 0.21 0.18 0.11

N
N

Activ. Sigmoid
Loss MSE

Optim. Adam
Q2/R2 MSE
# BF 6 4 6 4
# L 3 3 1 2
# NL 253 113 309 87
# E 46198 41329 10308 39231
LR 1.43 · 10−4 2.13 · 10−4 2.33 · 10−4 2.20 · 10−4

BS 56 20 7 45
ME TD 3.51 · 10−8 3.62 · 10−8 9.14 · 10−7 4.55 · 10−8

ME VD 1.11 · 10−7 8.27 · 10−8 1.39 · 10−6 5.32 · 10−8

Max. LE 2.50 0.17 0.11 0.16

Hence, we conclude that both the application of GP regression and NN result in satisfactory
accuracy. The local error of the GP regression is consistently below the accepted local error
tolerance of 1%, and as it additionally requires significantly lower computational costs as it
is easier to train, we decide that GP regression is the desired and more efficient projection
method for this application.
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Figure 3-3: Representation of the accuracy of the surrogate model of a MT simulation of the
phase and resistivity of the TE mode a high-temperature geothermal system for
frequency of 1 Hz with the projection method GP regression. The left side shows
five realizations with different parameter values from the validation data set for the
phase ϕ (1a) and the resistivity ρ (2a) of TE-phi. Solid lines represent the GoFEM
simulation, the dashed line the NI-RB solutions. # BF shows the number of basis
functions needed for an error threshold of 1 · 10-4 for the scaled data set, ME TD
and ME VD demonstrates the global model error of the training data and validation
data, respectively, and Max. LE shows the maximum local error. The right side
shows the difference between the NI-RB solution and the GoFEM simulation of each
realization on the left.
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Figure 3-3 compares the full solution of GoFEMwith the NI-RB simulation with GP regression
as ML technique graphically. As an example, we show phase and resistivity of the TE mode
for five realizations of the validation data set. A realization in this project represents one
simulation of a set of four electrical conductivities in the predefined range (Table 2-1) for
each body in the geothermal model (Figure 2-7). The left side shows the high accuracy of
the NI-RB method, as no difference is visible to the eye in this scale. The figures on the
right side show the difference between the NI-RB and the GoFEM solution. We would like
to draw attention to increasing deviations at sections of rapid changes in values of the phase
an resistivity around 0m for the phase and around -6000 and +6000m for the resistivity. It
seems to be more difficult for the NI-RB method to approximate the full solution if it varies
rapidly, but without significant impact as the local error still remains below 1%.

In order to see the performance of the NI-RB method in other environments, we decided to test
this technique in another frequency range characterized by less significant value fluctuations.
The aim is to test the NI-RB method can detect also very little variations or if they remain
overseen. For this test, the phase of the TE mode with a frequency of 1000Hz is chosen, as
its signal is smooth with only some little changes in values (Figure 3-2, red line). Figure 3-4
reveals the results of it. The surrogate model performs very well, with a maximum local error
of 0.06%. We can see that the model requires one basis function less than for the frequency
of 1Hz. Similar to the frequency of 1Hz, the largest discrepancies happen at abrupt changes
(e.g., around 0m). However, it is to note that there are also increases in differences at
both edges of the x-axis, which does not happen for the frequency of 1Hz. Its reason is the
frequency drop close to the borders for some realizations (in Figure 3-4-a the blue and pink
line), because quick changes lead to the decrease in accuracy of the NI-RB method visible in
Figure 3-4-b. However, the model performance is far below our error tolerance of 1%, leading
to the conclusion that the use of the NI-RB method should approximate the full solution
within our error tolerance over the entire frequency range of the MT response.

Including both frequency test of the resistivity and phase in the TE and TM mode, we confirm
a successful use of the NI-RB method for these two real-valued parameters of both the TE
and TM mode.

3-2 Impedance

The second goal of this project is the surrogate model construction for the impedance, rep-
resenting the complex ratio of the E and H field. It is a variable that is directly obtained
from MT measurements, and contains information that are additionally included in the re-
sistivity and phase as mathematically proven in Eq. (2-20). Using the NI-RB method for the
impedance is more challenging as for the phase and resistivity, as complex-valued number
are not yet implemented in this method, as well as the research of complex-valued MT data
in ML techniques is still in its early stage. In the following sections, different approaches of
implementing the impedance into the NI-RB method are explained.

3-2-1 Split before the Proper Orthogonal Decomposition

The first approach of using the NI-RB method for the impedance is its split into its real and
imaginary part before basis functions are determined via the POD. Both of these parts are
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Figure 3-4: Representation of the accuracy of the surrogate model of a MT simulation of the
phase in the TE mode a high-temperature geothermal system for frequency of 1000
Hz with the projection method GP regression. The left side shows five realizations
with different parameter values from the validation data set for the phase ϕ (a).
Solid lines represent the GoFEM simulation, the dashed line the NI-RB solutions. #
BF shows the number of basis functions needed for an error threshold of 1 · 10-4 for
the scaled data set, ME TD and ME VD demonstrates the global model error of the
training data and validation data, respectively, and Max. LE shows the maximum
local error. (b) shows the difference between the NI-RB solution and the GoFEM
simulation of each realization on the left.

then treated like real-valued parameters, and trained separately in the ML step to calculate
the coefficients. A workflow for this approach is shown in Figure 3-5. Similar to the approach
for the resistivity and phase described in Section 3-1, we compare the suitability of both
projection methods GP regression and NN for this procedure.

Table 3-2 shows all parameter of interest for the construction of the surrogate model for both
the GP regression and NN approach, with error threshold of 1 · 10-4 for the scaled data set.
The explanation of the hyperparameters in the NN section can be found in Section 3-1. We
would like to highlight specific aspects concluded this table:

• The number of basis functions is similarly to the results for the resistivity and phase very
low. For the TE and TM mode, four and three basis functions are required, respectively.
This lets us assume that the 150 training samples created are not necessary and 50 would
have been probably sufficient.

• The hyperparameters reveal that the TM mode requires less layers than the real com-
ponent of the TE mode. This leads to the assumption that the construction of the
TM mode is simpler than the TE mode. The global model errors of the training and
validation data set of the GP regression are two magnitudes higher for the impedance
than for the resistivity and phase (Table 3-1). Comparing the global model errors from
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the GP regression with the NN gives an equal suitability of both projection methods,
with a slightly better overall performance of for GP regression.

• The maximum local error of both approaches is similar, with the exception of the phase
of the TE mode for the NN method. There, the error of 2.5% exceeds our predefined
maximum error tolerance of 1%.

Import training and validation data set

Extract real
part of training
and valida-
tion data set

Create basis
functions
via PODs

Run the offline
stage using

GP regression

Run online
stage for real

reduced solution

Extract imag-
inary part of

training and val-
idation data set

Create basis
functions
via PODs

Run the offline
stage using

GP regression

Run online stage
for imaginary

reduced solution

Merge real and imaginary reduced solution

Real part Imaginary part

Figure 3-5: Workflow for splitting the
impedance in its real and imag-
inary parts before PODs using
GP regression.

Due to the slightly better overall perfor-
mance, especially in the maximum local er-
ror, we decide that the GP regression is the
preferred ML strategy. Its lower computa-
tional costs caused by less hyperparameters
required to be trained, gives an additional
advantage, while not loosing but gaining ac-
curacy compared to the NN method.

Figure 3-6 shows visually the performance of
the NI-RB method using GP regression as
the ML technique. The left side shows the
performance of the full solution of GoFEM
with solid lines, and of the NI-RB method
with dashed lines for five realizations and a
frequency of 1Hz. The full solution is very
well approximated by the NI-RB method in
both the real and imaginary part, as no dif-
ference is visible by eye in the left plots.
The right side shows the difference between
the NI-RB method and the GoFEM simula-
tions. We can see that one realization (blue
line) shows clearly larger deviations than the
other four, which can be caused by electrical
conductivities that were randomly less fre-
quently trained. However, to prove this as-
sumptions, further investigations are needed.
We would also like to point out the regularity
of these errors, as they do not include ran-
dom spikes, but show a smooth behavior. This leads to the conclusion that these discrepancies
are mainly caused by the truncated basis functions. Knowing the error source is convenient,
as it is easier to be tackled than if the errors were of random nature.

We can conclude an accurate performance of the NI-RB method with the GP regression
application for the impedance, when it is split before the generation of the basis functions
via the POD. However, we would like to point out the problematic of this approach: creating
two models leads to higher inconsistency than if we would only have one model to build.
Thus, we follow up in the next section with an approach where the impedance is regarded as
a complex-valued parameter throughout the construction of the surrogate model.
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Table 3-2: Parameters of the GP regression and NN approach as a comparison for their
accuracy relative to the complexity of the surrogate models, for an error threshold
of 1 · 10-4 for the scaled data set and a frequency of 1 Hz. The impedance is split
before the POD into its real and imaginary components. Abbreviations f.t.t.b: LS
= length scale, LSB = length scale boundaries, Nu = smoothness factor, #Ro =
number of restarts of optimizer, Optim. = optimizer, #BF = number of basis
function, ME TD = global model error training data, ME VD = global model error
validation data, Max. LE = maximum local error [%], Activ. = activation function,
Loss = loss function, Q2/R2= Q2/R2 calculator, #L = number of hidden layers,
#NL = number of neurons per layers, #E = number of epochs, LR = learning
rate, BS = batch size. Values marked with ∗ are valid for all input parameters.

ML Parameters TE-Z real TE-Z imag TM-Z real TM-Z imag

G
P

re
gr
es
si
o
n

LS 1*
LSB (1e-5,1e5)*
Nu 2.5

#RO 0
Optim. L-BFGS-B
# BF 4 4 3 3
ME TD 6.85 · 10−8 1.57 · 10−7 2.51 · 10−7 3.34 · 10−7

ME VD 3.90 · 10−7 4.15 · 10−7 1.28 · 10−6 1.28 · 10−6

Max. LE 0.48 0.50 0.80 0.72

N
N

Activ. Sigmoid
Loss MSE

Optim. Adam
Q2/R2 MSE
# BF 4 4 3 3
# L 4 1 2 2
# NL 238 74 145 82
# E 424483 33254 42730 24094
LR 4.33 · 10−4 4.78 · 10−4 1.94 · 10−4 6.90 · 10−3

BS 117 74 12 122
ME TD 1.06 · 10−7 2.10 · 10−7 2.82 · 10−7 7.69 · 10−7

ME VD 2.07 · 10−7 2.65 · 10−7 2.31 · 10−7 1.92 · 10−6

Max. LE 1.98 0.22 0.26 0.91

3-2-2 Split inside the Projection Method

In the second approach, the impedance is treated as a complex-valued parameter. The basis
functions are calculated for the complex-valued values in its entirety, and also the data sets
of the impedance simulations are read into the projection method as complex values. For this
approach, the NI-RB method needs to be adapted to complex-valued variables. Therefore,
we exchange packages and functions with ones that are suitable for complex numbers. Since
better suitable python installations are found for the approach with NNs than with GP
regression, we decide to use NNs for the implementation of the complex-valued impedance.
Both the structure and some functions of the high-level toolbox complexPyTorch developed by
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Figure 3-6: Representation of the accuracy of the surrogate model of a MT simulation of the
impedance of a high-temperature geothermal system for frequency of 1 Hz with the
projection method GP regression, where the impedance is split before the POD. The
left side shows five realizations with different parameter values from the validation
data set for the real (1a) and imaginary part (2a) of the impedance Z. Solid lines
represent the GoFEM simulation, the dashed line the NI-RB solutions. # BF shows
the number of basis functions needed for an error threshold of 1 · 10-4 for the scaled
data set, ME TD and ME VD demonstrates the global model error of the training
data and validation data, respectively, and Max. LE shows the maximum local
error. The right side shows the difference between the NI-RB solution and the
GoFEM simulation of each realization on the left.
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Matthès et al. (2021) are utilized in addition to the library PyTorch (Paszke et al., 2019) for
the employment of the CVNNs. The following aspects are tested for this specific application:

• Adjustments of the initial scaling of the training- and validation data set,

• Implementation of an initialization method, including the definition of layers and testing
for a suitable activation function,

• Adaption of matrix multiplications,

• Testing for a suitable loss functions,

• Testing for a suitable optimizer,

• Testing for suitable global model error calculators for the training- and validation data
set.

It is to note that there are only activation functions available in PyTorch and its additional
packages which calculate the output separately for the real and imaginary component. There-
fore, the impedance is not fully handled as a complex-valued parameter, which is leads to
loss of model consistency. We would like to emphasize this splitting, as also in this approach
the impedance is, consequently, not treated as a complex-valued parameter in its entirety,
as originally expected. After the use of the activation function for each neuron separately,
the output of the real and imaginary part is merged together for the training and testing. A
workflow for this procedure can be found in Figure 3-8.

In Table 3-3 we can see the architecture, hyperparameters, as well as global model errors and
local errors for the following three different cases: (1) the imaginary component is set to zero,
(2) the real part is set to zero, and (3) both components are unequal zero. We would like to
point out several aspects:

• The architecture (including the activation and loss function, the optimizer and the
calculations for the Q2 and R2) is for all three tests the same, as we choose them for
the implementation of complex-valued impedance, and for comparison reasons.

• The number of basis functions is equal, because we split the impedance after the POD.

• The hyperparameters are kept constant for all three tests, for comparison reasons.

• The overall global model error is smaller for tests (1) and (2), with test (2) performing
the best. It is to note that all global model errors are too high.

• The maximum local errors are only in two cases below our threshold for error tolerance
of 1%: for the real component when the imaginary part is set to zero (1) and for the
imaginary component when the real part is set to zero (2). In the other cases it clearly
exceeds our tolerance, or even goes to infinity. This explains the overall global model
error performing below our expectations, as this value combines both the imaginary
and real components.
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Table 3-3: Parameters of the NN approach for an error threshold of 1 · 10-4 for the scaled data
set and a frequency of 1 Hz in the case of splitting Z in real and imaginary part
inside the activation function of the NN. The second and third columns from the
left represent the case where the imaginary and the real component is set to zero,
respectively, while in the fourth column both components are unequal zero.
Abbreviations f.t.t.b: Activ. = activation function, Loss = loss function, Optim. =
optimizer, Q2/R2= Q2/R2 calculator, #BF = number of basis function, ME TD =
global model error training data, ME VD = global model error validation data, Max.
LE = Maximum Local Error [%], #L = number of hidden layers, #NL = number of
neurons per layers, #E = number of epochs, LR = learning rate, BS = batch size.

Parameters Imaginary = 0 Real = 0 None = 0

Activ. Tanh
Loss MSE

Optim. Adam
Q2/R2 MSE
# BF 4
# L 3
# NL 150
# E 40000
# LR 1.94 · 10−4

# BS 150
ME TD 2.23 · 10−2 4.50 · 10−3 2.23 · 10−1

ME VD 2.92 · 10−2 4.85 · 10−3 3.23 · 10−1

Max. LE real 0.13 ∞ 56.32
Max. LE imag. ∞ 0.19 87.42

Looking at Figure 3-7, we can see the results from Table 3-3 graphically. In the first column,
where the imaginary part is set to zero (1), the real component is perfectly fit without dif-
ference visible by eye. However, the zero line of the imaginary part of the GoFEM is not
approximated by the surrogate model at all, as neither the zero values nor the horizontal
line are visualized. In the second column (2) the same happens vice versa. The third col-
umn, where both components are non-zero, the surrogate model can reconstruct parts of the
full solutions shape, especially for the real component. However, its accuracy is insufficient,
especially when moving away from the center on the x-axis towards its edges. It is to note
that zero-values are generally difficult to approximate for gradient-descent-based optimizers,
which explains the inaccurate performance for components being equal to zero (Chuang and
Barba, 2022). We assume that the problems for both non-zero components (3) occur due to
the lack of python packages being suitable for the implementation of complex-valued param-
eters specifically in the NI-RB method. It is challenging for this particular application, as
we link the basis functions from the POD with the simulation results before the ML step,
and also afterwards with the obtained model. This coupling might be one of the reason for
the inaccuracy visualized in Figure 3-7-3a and -3b. The fact that it works very well if one
component is set to zero shows us that the use of NI-RB for complex-valued parameters is
theoretically possible.
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Figure 3-7: Representation of the accuracy of the surrogate model of the impedance in the
TE mode of a high-temperature geothermal system for frequency of 1 Hz with
the projection method of NN. The impedance is split into its real and imaginary
component inside the activation function of the NN. The upper figures show the
real, and the lower ones the imaginary part of the impedance, respectively. The
first (1) and second (2) columns represent the case where the imaginary or real part
is set to zero, respectively. For the third column (3), both the real and imaginary
part are unequal zero. Each figure includes five realizations with different parameter
values from the validation data set. Solid lines represent the GoFEM simulation,
the dashed line the NI-RB solutions. # BF shows the number of basis functions
needed for an error threshold of 1 · 10-4 for the scaled data set, ME TD and ME
VD demonstrates the global model error of the training data and validation data,
respectively, and Max. LE shows the maximum local error.
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Table 3-4: Parameters of the NN approach for an error threshold of 1 · 10-4 for the scaled data
set and a frequency of 1 Hz in the case of splitting Z in real and imaginary part
inside the activation function of the NN. This table shows tests of different NN
architectures, where either the activation or loss function, the optimizer, the Q2
/R2 calculations or the scaling is varied. Abbreviations f.t.t.b: Activ. = activation
function, Loss = loss function, Optim. = optimizer, Q2/R2= Q2/R2 calculator,
Scaling = Scaling of the training and validation data set, #BF = number of basis
function, #L = number of hidden layers, #NL = number of neurons per layers, #E
= number of epochs, LR = learning rate, BS = batch size, ME TD = global model
error training data, ME VD = global model error validation data, Max. LE =
Maximum Local Error [%], c = complex-valued.

Parameters Base Activ. Loss Optim. Q2/R2 Scaling

Activ. Tanh Tanh c Tanh Tanh Tanh Tanh
Loss MSE MSE MSE c MSE MSE MSE

Optim. Adam Adam Adam L-BFGS-B Adam Adam
Q2/R2 MSE MSE MSE MSE MSE c MSE
Scaling 0-1 0-1 0-1 0-1 0-1 0- 1

20
# BF 4
# L 2
# NL 50
# E 20000
# LR 1.94 · 10−4

# BS 140
ME TD 2.62 · 10−4 3.74 · 10−4 2.62 · 10−2 7.70 · 10−3 2.62 · 10−4 6.68 · 10−5

ME VD 2.77 · 10−4 3.78 · 10−4 2.77 · 10−4 1.16 · 10−2 2.77 · 10−4 6.62 · 10−5

Max. LE real ∞
Max. LE imag. ∞

With the current model set-up we can see that receiving complex-valued components is work-
ing, and some training is happening. However, the model does not reach the desired level of
accuracy. This lets us assume that incorrect calculations happen during the surrogate model
construction, where imaginary and real components are combined. This coupling can cause
problems when both components are non-zero. For this reason, several components of the
offline stage have been carefully tested, such as: (1) varying the suitability of the activation
function and its specific use for complex values, (2) the optimizer, (3) the loss function in
its calculations and its behavior over epochs, (4) the calculation of the global model error
defined via R2/Q2, and (5) the pre-scaling of the training- and validation data set before
constructing the surrogate model. In the following, we present these five approaches, and the
issues they bring along. We keep one version with specific hyperparameters for the NN as a
base, and then vary only one of them at a time to investigate the influence of this hyperpa-
rameter. The parameters of the base, and of the varying approaches are displayed in Table
3-4. To show variations in the scaling compared to the approach shown in Table 3-3, we
introduce here a scaling for the complex values together. In the previous approach, the real
and imaginary components are scaled separately, while here we scale the complex numbers
in their entirety. To keep the consistency during the testing, we apply this scaling method
to all six variations. No tuning of the hyperparameters of the NN is performed during any

August 2, 2023



44 Results

of these tests. It is to note that tanh c and MSE c (c standing for complex ) represent the
same calculation method as tanh and MSE but in the complex domain instead of the real one.
These calculations are then done for the real and imaginary part separately, combining them
to complex-valued values afterwards. The L-BFGS-B optimizer has the advantage of low
costs, which is of advantage for large data sets (Zhu et al., 1997). It is generally well-working
for smooth functions (Henao, 2014), as present in our case. Adam on the other side allows
a better control of the step size for the update of the weighting coefficients (Zhang, 2018).
The scaling for the training and validation data set is divided by 20 in order to have a matrix
between -1 and 1 entering the NN step. This matrix results from the matrix multiplication
of the training data set and the basis functions, and is, without this additional scaling by
20, between -20 and 20 in our data set. Having it below -1 and 1 might help the activation
function to improve the training. For these reasons, the specific variations are tested.
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Figure 3-8: Workflow for splitting Z
in real and imaginary part
in the activation function
of the NN.

From Table 3-4 we can conclude that none of the
tests show the desired global accuracy, as we aim
for a global model error of 10-7 for the scaled data
set. The best result show a global model error of
around 10-5, which is obtained when adjusting the
scaling. The optimizer L-BFGS-B leads to the
largest global model error of 10-2. The local error
goes to infinity for all tests. Figure 3-9 shows
the loss function, and the real and imaginary
components of the impedance, for all six intro-
duced tests. We can see that all surrogate mod-
els cannot approximate the GoFEM solutions.
In all cases the real component is slightly bet-
ter adapted to the true solution than the imagi-
nary part, but both are far from our expectations.
Looking at the loss functions (Figure 3-9-a) we
can see their different behavior depending on the
parameter changed. Overall, the loss functions
decay very quickly, which leads to the assumption
that the surrogate models are not trained, and
the first model guess is accepted and given as an
output. In test 4, where the optimizer L-BFGS-
B is applied, the loss function does not decay at
all, with the training data loss function fluctu-
ates randomly and the validation data loss func-
tions is constant. In the scaling test (6), we can
see some fluctuation in the loss function, which
means that some testing has been done. Besides
the loss function test (3) displayed in Figure 3-
9-3, also the complex MSE loss definition after
(Bassey et al., 2021) has been tested. Due to
strong fluctuations in the loss function and not
meaningful results, the results are not visualized
in this thesis.
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Figure 3-9: (Caption next page.)
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Figure 3-9: (Previous page.) Representation of the accuracy of the surrogate model of a MT
simulation of the impedance of a high-temperature geothermal system for 1 Hz,
testing different architecture of the NN. The left side (-a) shows the loss function
over the first 5000 epochs. The figures in the middle and at the right represent five
realizations with different parameter values from the validation data set for the real
(-b) and imaginary part (-c) of the impedance Z, respectively. Solid lines represent
the GoFEM simulation, the dashed line the NI-RB solutions. All tests require four
basis functions needed for an error threshold of 1·10-4 for the scaled data set, ME TD
and ME VD demonstrates the global model error of the training data and validation
data, respectively. The maximum local error goes to infinity in all figures. From top
to bottom, we vary specific parameters in the NN step, following Table 3-4: base
construction (1), activation function (2), loss function (3), optimizer (4), Q2/R2
calculations (5), and scaling (6).

We can conclude that the error source of the malfunctioning of the NN in the NI-RB method
has not been found after this analysis. We assume, that in many cases the NN does not
train the reduced model and assumes its first guess to be correct. We therefore cannot
show any result of desired accuracy. The extensive testing of different parameters of the NN
has not shown any path that could improve the model construction enough to decrease the
discrepancy between the surrogate model and GoFEM sufficiently. For this reason, we decide
for an alternative approach with better control over the construction of the surrogate model,
where the GP regression is used. This is because the use of NNs has two disadvantages in the
NI-RB method, which make analysis difficult: (1) NNs are computationally more expensive
than the GP regression, making quick checks in code adaptions very time intensive. Each
simulation takes minimum 30 minutes, while all stages GP regression are in the range of a
few seconds. (2) NN give us less control of its behavior than GP regression due to the specific
hyperparameters that can be adjusted, making error detection more challenging. For these
reasons, we change our approach of implementing the complex-valued impedance using the
NN, and we switch to the GP regression in the next section. We aim to find the error source
potentially also affecting the current approach by splitting the impedance into its real and
imaginary components after the POD, thus having complex basis functions.

3-2-3 Split after the Proper Orthogonal Decomposition

In order to detect potential errors sources in the previous approach using the NN, we take
a step back and replace the NN by GP regression. This projection method allows a faster
construction of surrogate models due to less hyperparameters to be trained, which is of
advantage when improvements or retrogressions are desired to be detected quickly. However,
our approach differs from the one described in Section 3-2-1, where we determined basis
functions separately for the real and imaginary component. In this section, we calculate the
basis functions for the complex-valued parameter in its entirety, thus we have one complex-
valued set of basis functions, compared to two real-valued sets in Section 3-2-1. We split the
real and imaginary part only after the POD, and then run the offline and online separately
for each component. After the online stage, we merge the reduced solution together to obtain
the impedance as complex parameter its entirety. This improves our model consistency, as
only the coefficients are determined separately for each component of the complex values.
Figure 3-10 shows the procedure of this approach graphically.
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Figure 3-10: Workflow for splitting Z in
real and imaginary part af-
ter PODs for the projection
method of GP regression.

Table 3-5 reveals the model architecture as
well as the errors divided for the real and
imaginary component. The second and third
columns represent the case of setting the
imaginary part (1) and the real part to zero
(2), respectively. In the fourth column, both
components are unequal zero (3). The ar-
chitecture is kept constant to enable direct
comparison. We would like to draw atten-
tion to the following aspects:

• In the case the imaginary part is set to
zero (1), we obtain a global model error
of the real component in a range which
is not promising a result of our desired
accuracy. This is also visible in the
maximum local error of the real part,
showing us some coherence but out of
our threshold. The global model er-
ror of the imaginary component is zero,
which represents an accurate fitting of
the scaled data, while its maximum lo-
cal error goes to infinity for the un-
scaled data set. This behavior is more
easily understandable when visualized
graphically, displayed in Figure 3-11.

• When the real part is set to zero (2), the global model errors of the imaginary part is
in a similar range than the real part if the imaginary part is zero. Thus, we also do not
expect a decent fit. The maximum local error of the imaginary part is even higher than
the one of the real component if the imaginary part is zero.

• When both components are nonzero (3), we obtain the same values for all errors as
for the real component in test (1) and for the imaginary component in test (2). Thus,
neither the global model error nor the maximum local error is in our desired range.

Looking at the results graphically in Figure 3-11, we can see that overall the surrogate model
does not fit the true solution from GoFEM in any of the three tests. Compared to the approach
using NNs described in Section 3-2-2, the components that are nonzero in test (1) and (2) do
not fit the true solution well. However, the parts that are set to zero are approached better
than in the application of NNs. The surrogate model does not fit the GoFEM solution well
in its values, but in its shape, as it is modelled as a horizontal straight line (highlighted with
the orange box in Figure 3-11-1b and -2a). This is a better approximation than the wavy
behavior when using NNs, as obtained in Section 3-2-2. Test (3) combines both non-zero
components of test (1) and (2), thus not satisfying the predefined error tolerance.
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Table 3-5: Parameters of the GP regression with an error threshold of 1 · 10-4 for the scaled
data set and a frequency of 1 Hz in case of splitting the impedance into its real and
imaginary component after the POD. The second and third columns on the right
describe, that first the imaginary and then the real component is set to zero, while
in the fourth column both components are unequal zero. Abbreviations f.t.t.b: LS
= length scale, LSB = length scale boundaries, Nu = smoothness factor, #Ro =
number of restarts of optimizer, Optim. = optimizer, #BF = number of basis
function, ME TD = global model error training data, ME VD = global model error
validation data, Max. LE = maximum local error [%]. Values marked with ∗ are
valid for all input parameters.

Parameters Imaginary = 0 Real = 0 None = 0

LS 1*
LSB (1e-3,1e3)*
Nu 2.5

#RO 0
Optim. L-BFGS-B
# BF 4 4 4

ME TD real 3.25 · 10−2 0 3.25 · 10−2

ME VD real 3.48 · 10−2 0 3.48 · 10−2

Max. LE real 32.56 ∞ 32.56
ME TD imag 0 5.63 · 10−2 5.63 · 10−2

ME VD imag 0 6.11 · 10−2 6.11 · 10−2

Max. LE imag ∞ 57.3 57.3

We conclude from this approach that there must still be problems in the combination of the
complex-valued basis functions with the model obtained from the GP regressions, since the
approach is working for real-valued parameters (Section 3-2-1). However, this approach can
help to solve the problems in accuracy when using NNs, as we have a higher transparency
in the offline stage when using the GP regression. It is therefore of importance to be solved
in the near future. This coupling problem does not seem to be solved until further extensive
investigation is done. This investigation is not feasible within the time frame of this thesis
and therefore is aimed to be addressed outside this research. In order to remove any issues
related to the splitting, the last approach presented in this thesis is tested. It describes the
transformation of the complex-valued impedance to real values, and is described in the next
section.

3-2-4 Transformation from Complex to Real Values

In applications of complex-valued parameters, an approach can be used which transforms
complex values to a real-valued matrix. We assume to have a matrix W of m · n elements in
the complex domain. W can be split into Wr and Wi, representing its real and imaginary
values, respectively. We can then transform this complex-valued matrix

W =

[
Wr −Wi

Wi Wr

]
, (3-1)

August 2, 2023



3-2 Impedance 49

Figure 3-11: Representation of the accuracy of the surrogate model of the impedance in the
TE mode of a high-temperature geothermal system for frequency of 1 Hz with the
projection method of GP regression, with the split of real and imaginary parts after
the POD. The upper figures show the real, and the lower ones the imaginary part
of the impedance, respectively. The first (1) and second (2) columns represent
the case where the imaginary or real part is set to zero, respectively. For the third
column (3), both the real and imaginary part are unequal zero. Each figure includes
five realizations with different parameter values from the validation data set. Solid
lines represent the GoFEM simulation, the dashed line the NI-RB solutions. The
orange box in Figure 1b and 2a highlights the NI-RB solution. # BF shows the
number of basis functions needed for an error threshold of 1 · 10-4 for the scaled
data set, ME TD and ME VD demonstrates the global model error of the training
data and validation data, respectively, and Max. LE shows the maximum local
error.
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where the matrix on the right consists of 2m · 2n ele-
ments in the real domain (Barwick, 2016). We apply
this approach on the complex-valued MT simulations
of the impedance in the NI-RB method. Figure 3-12
shows the workflow for this approach. The POD is per-
formed on the complex-valued training data, as well as
the matrix multiplication of the training data with the
basis functions. Before the product of the matrix mul-
tiplication enters the GP regression, we transform it
to a real-valued matrix following Barwick (2016). Af-
ter the prediction of the coefficients in the online stage,
we transform these values back to the complex domain.
The reduced solution is thus evaluated from basis func-
tions and coefficients both being part of the complex
domain.

The advantage of this approach is that we obtain one
reduced model for both the real and imaginary part
together. This keeps our model consistency higher
than in the previous approaches. When we split the
impedance in real and imaginary components before and
after the POD (Section 3-2-1 and 3-2-3), we loose some
of the model consistency by having two model for the
impedance. Also in Section 3-2-2 where we did not
split the components consciously, the complex-valued
neural network (CVNN) packages used in this approach
splits the real and the imaginary part internally in the
activation function. Therefore, even if that approach
had delivered accurate results, we also would have lost
model consistency with this procedure. With the ap-
proach of transforming the complex values to real ones,
we include the coupling between both components of
the impedance, require only one model and thus main-
tain a high model consistency. This is beneficial and
could help being independent of CVNN libraries being
correctly used for the NI-RB method.

For this approach, we use the GP regression as projec-
tion method, as it allows faster results due to less hy-
perparameters needed to be trained. We apply a length
scale of one, and boundaries of (1 · 10-5, 1 · 105) for the
length scale of all input parameters, with a smoothness
factor of 2.5. The number of restarts of the optimizer L-BFGS-B is zero. We obtain four basis
functions from the POD. Figure 3-13 shows the results of this approach. We receive a decent
result for both real and imaginary components, which maximum local error is 2.65% and
2.86%, respectively, exceeding slightly our desired threshold of 1%. The right side of Figure
3-13 shows the differences between the solution of the surrogate model and the true solution
of GoFEM. It is visible, that similar to the approaches in Sections 3-1 and 3-2-1 the largest
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deviations can be found at quick changes in values. This happens mostly at the receiver
position around 1m. During the set-up of this approach, we noticed that the conjugate of the
coefficients needs to be taken when evaluating the surrogate model with the basis functions
in the online stage to obtain these results. In the previous approaches of the impedance, the
conjugate of the basis functions is taken instead. This shows a potential error source that
might be the reason for some of the issues and inaccuracies encountered in Sections 3-2-2
and 3-2-3. Further testing is required to see the influence of changing the code after these
findings.

The results displayed in Figure 3-13 show a better outcome than obtained in Section 3-2-2 and
3-2-3. However, the accuracy of the obtained results are still not in our desired tolerance for
the maximum local error of 1%, as both the real and imaginary component are above 2.5%.
Additionally, the internal score of the model is with 0.74 not ideal, as it should approximate
1 for decent calculations. It is also to note that the global model error of the validation data
set is by two orders of magnitude smaller than the one of the training data set. Both are too
large, but additionally it is unexpected that the validation data gives a better score than the
training data. These facts lead to the assumption, that the calculations of the coefficients are
not yet ideal. This could be caused by the dependencies between the real and imaginary part
which is not present in the approach of Section 3-2-1, where both components are split before
the POD. After the transformation of complex to real values they are both represented in
one matrix, thus influencing each other. This coupling might arise problems in the the GP
regression. It would be of high priority to test a different projection method as, e.g., NNs,
because it can tackle a wider range of applications. In such a test, we could see if a different
projection method improves the calculations of the coefficients, and thus also the global model
error (and the local error as a consequence).

3-3 Computational Costs

One of the main advantages of using the NI-RB method is the strong decrease of computational
costs. This is especially the case when numerous parameter sets are desired to be tested using
the same surrogate model, as the costs of the online stage are much lower than of the offline
stage, particularly once the model is loaded.

Table 3-6 reveals insights in the computational costs of each important step in the offline
and online stage, for the surrogate model construction of the phase, the resistivity and the
impedance of the NI-RB method. For comparison reasons, the costs for creating one single
simulation in GoFEM is included, which contains the phase, resistivity and impedance auto-
matically together. It is to note that for one surrogate model, the offline stage including POD
and training does not need to be repeated, and as well the model only need to be loaded once,
if all parameter studies are done in one go. When only considering repetitive steps of the
NI-RB method, the prediction and the evaluation of the model, it provides an acceleration of
10’000 times for the impedance. This improvement comparing one forward simulation of the
NI-RB method with respect to the true solution of GoFEM is called speed-up. The difference
to the sum of the phase or resistivity, which can represent the impedance (Eq. (2-20)), and
GoFEM is of similar magnitude. It needs to be considered, that the costs for the GoFEM
simulation in this projects are determined for 49 frequencies. The cost for one frequency is
determined by dividing the total costs of one GoFEM run by 49.
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Figure 3-13: Representation of the accuracy of the surrogate model of a MT simulation of the
impedance of a high-temperature geothermal system for frequency of 1 Hz with the
projection method GP regression, where the complex-valued impedance is trans-
formed to real values after the POD. The left side shows five realizations with
different parameter values from the validation data set for the real (1a) and imag-
inary part (2a) of the impedance Z. Solid lines represent the GoFEM simulation,
the dashed line the NI-RB solutions. # BF shows the number of basis functions
needed for an error threshold of 1 · 10-4 for the scaled data set, ME TD and ME
VD demonstrates the global model error of the training data and validation data,
respectively, and Max. LE shows the maximum local error. The right side shows
the difference between the NI-RB solution and the GoFEM simulation of each re-
alization on the left.
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We should consider that the difference between the overall costs of the NI-RB method and
GoFEM increases significantly with the number of simulations performed per surrogate model.
This is because the costs of GoFEM grow linearly with the number of simulations calculated,
while the ones of the NI-RB method reach a plateau once the model is constructed. Therefore,
the speed-up is a frequently used factor to describe the enhancement in terms of computational
costs, considering the constructed model is evaluated multiple times. Overall, we can conclude
that the use of the NI-RB method is of large advantage with regards to computational costs.

Table 3-6: Computational costs of each important step in the NI-RB method for the MT
response. This table includes the comparison of the computational costs of the
phase resistivity, the impedance of the split approach before the POD (Section
3-2-1), and GoFEM, for a single simulation. All values are in ms, measured with a
computer of 8RAM, a frequency of the processor of 2.6GHz with 2 cores. Values
marked with ∗ are obtained by division or multiplication by/with the entire range of
49 frequencies.

Step Phase [ms] Resistivity [ms] Impedance [ms]

Offline Stage

Forward Sim.
GoFEM

6.74 · 103*

POD 10.1 10.1 17.8

GP regression 387 363 253

Online Stage

Load Model 161 1.73 3.48

Prediction 0.204 0.203 0.54

Evaluation 0.00975 0.00924 0.0324

Total NI-RB:
Predict + Evaluate

1 freq. 0.213 0.212 0.572

49 freq. 10.47* 10.40* 28.12*

Total GoFEM
1 freq. 6.74 · 103*

49 freq. 3.30 · 105
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Chapter 4

Discussion

Let us remind ourselves to the research question posed in the introduction in Chapter 1:

How can we apply the NI-RB method to the real-valued phase and resistivity, as well as
the complex-valued impedance of the MT responses, in order to stay below the desired
maximum local error of 1%?

After conducting extensive research within the scope of this project, we can now address
and answer this initial research question. The NI-RB method can be used for modelling
resistivity and phase with only little adjustments, which are mostly related to the structure
of the GoFEM simulations. Scaling and testing the hyperparameters help to improve the
precision. The desired accuracy with a local error below 1% is achieved with both NNs
and the GP regression as projection methods, with the GP regression significantly reducing
the computational costs due to fewer hyperparameters requiring training. As part of this
project, the impedance can be accurately modelled with the NI-RB method when its real and
imaginary component are treated separately for the construction of the basis functions as well
as for the determination of the coefficients. Two completely separated models are created, to
which new parameters can be applied in the online stage. Merging these two solutions results
in the final, complex-valued approximation of the impedance. A second approach that gives
feasible results for the impedance is the transformation of the complex-valued impedance into
a real-valued matrix. However, it causes a maximum local error of 2.5%, which exceeds our
predefined tolerance. In this thesis, this procedure has been tested with the GP regression as
the projection method, resulting in a model showing difficulties in its calculations. As these
could arise from the dependency of the real and imaginary components, better achievements
could eventually be obtained by using NNs. However, to validate this statement further
analyses are required. The other two approaches with the application of the NN where the
split is performed inside the activation function, as well as the one with the split after the
POD could not result in favorable outcomes during this project.

Despite the challenges that have occurred along this thesis, the research shows several advan-
tages and positive outcomes. The NI-RB method proves to be successful for the resistivity
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and phase, as well as for the impedance when the data is split before the POD. This approach
allows the accurate construction of surrogate models for these parameters of the MT response,
while achieving the desired error threshold of below 1%. It is important to notice, that the
problems faced in this project concerning the impedance are only implementation problems.
In theory, both NNs and GP regressions are approaches with the potential to work effectively
with complex-valued data (Hirose, 2012). Especially the last approach of transforming com-
plex values of the impedance into real ones looks promising, as the application of NNs instead
of the GP regression might help to obtain the desired accuracy. NNs have the advantage
to tackle the potential non-linear behavior caused by the dependency between the real and
imaginary components (Degen et al., 2022). Another benefit arising from this procedure is
that we could find an error source concerning the evaluation of the reduced solution, which
might help to improve the other two currently malfunctioning, approaches. Further analyses
are required to see the impact of the code correction. For the successful approaches of the
resistivity and phase, as well as the impedance with the initial split and its transformation to
real values, the difference between the true solution of GoFEM and the approximated solution
of the NI-RB method exhibits smooth and consistent patterns. This leads to the assumption
that the majority of the inaccuracies included in the NI-RB method arises from the truncation
of the basis functions. Knowing this probable error source is helpful for interpreting the meth-
ods accuracy, and also to improve it further at a later stage, if required. This smooth pattern
proves the reliable estimations achieved by the NI-RB method for the parameters of interest.
Furthermore, the NI-RB method allows a significant advantage in terms of computational
efficiency in comparison to GoFEM. It enables a speed-up of 10’000, when purely considering
repetitive steps as the prediction of the coefficients and the evaluation of the model. This is
the speed-up for the impedance, while it is of similar magnitude for the phase and resistivity.
It is to take into account that this factor excludes the time required for the forward simu-
lations needed for the surrogate model construction, which is very cost-intensive. However,
these simulations only need to be calculated once for an indefinite number of models. When
including the offline stage, the computational benefit of the NI-RB method increases with
the growing number of simulations desired from it, as the higher costs of the offline stage
decrease relatively. These estimations of the computational costs show overall the efficiency
of the NI-RB method, reducing the computational costs drastically.

During this thesis, the comparison to the intrusive RB method has been made. Even though
the NI-RB method is used in this project, the RB method also could have been applied.
The relation between the electrical conductivity and the impedance is not highly non-linear
(Equation 2-20). The RB method tends to have difficulties with highly non-linear problems,
as it then lacks in accuracy and convergence (Chen et al., 2021). However, the problem
tackled here is not strongly non-linear, thus it could have been tested with the RB method.
On the other side, the NI-RB method allows a wider application range, as simulation results of
diverse forward solvers can directly be used in the NI-RB method (Degen et al., 2022). For the
intrusive RB method, the method itself needs to be implemented in the forward solver, making
its use more complex. Additionally, non-linear and hyperbolic problems can be approached
with the NI-RB method, in case the complexity of the MT simulations increases, leading to
a higher flexibility.

Based on the current research, there are several key aspects of this research which can poten-
tially have a positive impact on the MT society. First, our methodology offers a significant
advantage compared to previous studies of using RB methods in EM. Unlike traditional
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approaches focusing on training the potential, we directly construct the surrogate models
for the phase, resistivity and impedance. Thus, we train directly on parameters of interest
for MT data interpretation, allowing results to be close to the application. By focusing on
the impedance using the NI-RB method, we enhance the applicability of this approach to
actual field measurements. As the NI-RB method accelerates simulations by nearly 10’000
times for the impedance once the surrogate model is constructed, it opens possibilities for
3D applications. Manassero et al. (2020) demonstrated that RB methods can be applied to
resistivity and phase, in order to enable 3D MT applications. In this research we show that
the NI-RB method gives the chance to create such 3D models for the impedance. Addition-
ally, the NI-RB method contributes to probabilistic approaches, such as Markov chain Monte
Carlo (MCMC) simulations (Wellmann and Caumon, 2018). By creating different responses
from one surrogate model by inserting variations in electrical conductivities, we can use use
these responses in such a probabilistic approach, testing the fit of the field data to any conduc-
tivity combination. Then, e.g., a MCMC can be run to explore the parameter space and find
the best fitting simulation (Wellmann and Caumon, 2018). The NI-RB method can create
these thousands of simulations required for such an approach in an efficient way, e.g. for the
impedance.

Nevertheless, we also need to consider the multiple challenges that occurred during this re-
search. Splitting the impedance in real and imaginary components especially before, but also
after the POD, is undesired, as it decreases the model consistency. However, we would like
to emphasize that the real and imaginary parts would also be treated separately for the ap-
plication using NNs with the current available python packages and modules for the NI-RB
method. Although this approach seems to come closest to treating the impedance as complex-
valued, it introduces inconsistency by applying the activation function to each component of
the complex-valued input separately, combining them afterwards. This inconsistency arises
at each neuron in the NN. The advantage of this procedure is that the basis functions are
determined for the complex-valued parameter in its entirety. However, this is also fulfilled in
the approach of splitting the impedance after the POD with the GP regression as a projection
method, as explained in Section 3-2-3. Thus, as it maintains the model consistency similarly
to the approach of the NN. However, also the split after the POD seems problematic, as the
basis functions are calculated for the complex values in their entirety, but the training hap-
pens on each part separately. This seems to be the error source, leading to surrogate models
of lacking accuracy. The approach of transforming the complex values to real ones manages to
keep the model consistency high, as only one surrogate model is constructed for both the real
and imaginary component together. This could be a promising solution to enable a construc-
tion of a surrogate model without relying on CVNN libraries and its implementation into the
NI-RB method. From all tested approaches, it promises the highest model consistency and
would therefore be the desired procedure. However, to achieve a desired accuracy below 1%,
as it is now above 2.5%, we would like to test the use of NNs instead of the GP regression, as
the dependency of the real and imaginary components might cause problems in the current
projection method. This needs to be tested in the near future.

Additionally to the challenges faced during this thesis, we would like to reveal the limitations
encountered during this project. We introduce them chronologically to the approach of the
NI-RB method. First, as we use MT, we underlie all assumptions caused by this geophys-
ical method. They include the plane wave assumption, the location of the source for EM
fields, the magnetic permeability and electric permittivity to be constant, and the neglect of
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displacement functions. More details can be found in Chapter 2-2-3. Secondly, the model
created in this project includes the second limitation, as it has a fixed geometry. This does
not represent reality, because geothermal systems have different shapes and varying depths.
Thus, testing different shapes of the bodies at varying depth, would be of great interest.
The third limitation focuses on the simulated parameters. The results of the simulations
from GoFEM, as well as the constructed model from the NI-RB method, show the apparent
resistivity. The apparent resistivity represents the resistivity of the subsurface, assuming it
is a homogeneous half-space. However, in reality, the underground is often heterogeneous,
and our specific model aims to investigate the MT response in regions of varying physical
properties. Therefore, we would need to invert the apparent to the true resistivity for results
representing the reality. This inversion process could also benefit from the application of the
NI-RB method. However, it is worth noting that the apparent resistivity still holds relevance,
especially if the goal of the NI-RB method is to be compared with field measurements, where
the apparent resistivity is indirectly measured. Another limitation is the focus on one fre-
quency in each model. In the current state, a single model is needed to be constructed for
each frequency, which might be of difficulties when desiring a dense frequency spacing from
milli- to kilohertz, which is typical for MT. However, this could be adapted when creating a
loop over around 50 frequencies, which then automatically creates a model for each frequency.
As the models do not represent large-sized files, this can be a solution. Another point is that
the simulations, as they are now, are defined for a fixed time and thus not of transient nature.
It would be interesting to see changes of the reservoir over time. Time-variant implementa-
tions already exist in the NI-RB method (Degen et al., 2023), thus that would be clearly an
interesting option. The last limitation is about the use of NI-RB methods for the impedance.
As already mentioned, a model construction based on the complex-valued impedance in its
entirety is currently not possible, as there is a lack of python modules and packages which
enable the correct calculations for this specific application. However, taking into account
the error source of the conjugate found in the transformation approach, we might be able
to improve our results. To the current state of the project, we require two surrogate models
for the impedance, which reduces the model consistency. The approach of transforming the
complex to real values allows having only one model and therefore a higher model consistency
than any other procedure attempted in this thesis, however its accuracy needs to be further
increased.
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Chapter 5

Outlook and Conclusion

As we approach the conclusion of this project, even more questions and ideas have arose than
were present to the begin of this research. Hence, we would like to present possible future
directions for this project, based on the findings and limitations discussed in Section 4. Of
course, we would first highlight the importance of finalizing the last three approaches of the
impedance, in which the split is done inside the NN (Section 3-2-2), after the POD (Section
3-2-3) and where the impedance is transformed into a real-valued matrix (Section 3-2-4).
As we have found a potential error source in the evaluation of the surrogate model during
the approach of Section 3-2-4 that could additionally improve the results of the previous two
approaches, further analysis is required. However, it needs to be considered if these approaches
are of interest compared to the transformation, as the latter allows a higher model consistency.
Furthermore, we would like to test the application of NNs instead of the currently used GP
regression during the transformation, to see if that increases the accuracy to be above 99%. As
this approach might be of advantage compared to the others due to its high model consistency
throughout the process, this would be of priority. As a consequence, it would then be very
interesting to perform a consistency analysis. The aim would be to test the consistency
between the real and imaginary part of the impedance, depending on the location of the split.
This would help to better understand the importance of treating impedance as a complex-
valued parameter in its entirety, of splitting the impedance after defining the basis functions,
as well as the effect of the transformation to real values. Zorin et al. (2020) shows how this
consistency test can be performed for MT applications. Additionally, the model’s geometry
could be changed to detect variations in the accuracy of the NI-RB method with increasing
model complexity. Altering the layout of the reservoir can allow the application of a bayesian
model selection. There, different models of varying geometries are evaluated based on their
suitability to the measured field data. Thus we could have several geometry models, and run
sets of electrical conductivities on each of them. By comparing these simulations with actual
measured data, we can be guided to the geometry explaining the field data optimally. Another
approach of implementing variations in the model layout is the geometry parametrization. It
would be advantageous to include the geometry in the surrogate model as a parameter, such
as the electrical conductivity is used in this research. It would make the surrogate model
more flexible to test various depths of the geothermal reservoir, as well as different shapes of
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it. This would also be of interest for to compare simulations with MT field data, as then the
geometry could be tested continuously. This would be different from the approach of bayesian
model selection, which would test geometries discretely with a specific surrogate model for
each predefined geometry. Additionally, one could test the computational efficiency of NI-RB
on a 3D model to quantify the computational costs of the construction and evaluation of
surrogate models in a 3D context. This approach could then be compared to performances
of the RB method, which is nowadays used for the phase and resistivity (Manassero et al.,
2020). A final suggestion for the continuation of this project is to test the influence of the
four bodies defined in the geothermal system in this project on the MT response. As creating
simulations is of low computational costs particularly after the construction of the surrogate
model, a global SA can be performed in an efficient manner. It would reveal details about
the body with the largest and smallest impact on the MT response. More information about
SAs can be found in the appendix B-4.

In conclusion, based on the conducted research, we can confirm the successful use of the NI-RB
method for the real-valued resistivity and phase of the MT response, meeting the desired error
threshold of below 1%. The implementation of the complex-valued impedance encounters
certain challenges and limitations. The most promising approach is the transformation of the
complex-valued impedance into a real-valued matrix as it enables a high model consistency.
However, it currently does not meet our desired accuracy by a small margin. This can
eventually be solved by replacing the GP regression with NNs. Additionally, this approach
has revealed a error source occurring during the online stage. Implementing this gained
knowledge in the approach of the NN (Section 3-2-2) and of the split after the POD (Section
3-2-3) might help to decrease their current issues, as currently their results are not suitable
for our application due to low accuracy.

Through our research, we have faced several unsuccessful approaches, which, nevertheless,
have provided us valuable learning experiences. These attempts have allowed insights into
areas that require further testing and modifications. By doing so, along with good teamwork
and a fresh mindset, we can encounter solutions that could not be discovered until this stage.
Then, through the process of research we should always keep the words of Manson (2016) in
our mind, stating that

True happiness occurs only when you find the
problems you enjoy having and enjoy solving.
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Käufl, J. S., Grayver, A. V., Comeau, M. J., Kuvshinov, A. V., Becken, M., Kamm, J., Batmagnai, E., and
Demberel, S. (2020). Magnetotelluric multiscale 3-d inversion reveals crustal and upper mantle structure
beneath the hangai and gobi-altai region in mongolia. Geophysical Journal International, 221(2):1002–1028.

Kharazmi, E., Zhang, Z., and Karniadakis, G. E. (2019). Variational physics-informed neural networks for
solving partial differential equations. arXiv preprint arXiv:1912.00873.

Kilic, F. C. (2016). Geothermal energy in turkey. Energy & Environment, 27(3-4):360–376.

Krishnamoorthy, C., Chen, W., and Rajeev, S. (2018). Artificial intelligence and expert systems for engineers.
CRC press.

Kulasekara, H. and Seynulabdeen, V. (2019). A review of geothermal energy for future power generation. In
2019 5th International Conference on Advances in Electrical Engineering (ICAEE), pages 223–228. IEEE.

Kumar, L., Hossain, M. S., Assad, M. E. H., and Manoo, M. U. (2022). Technological advancements and
challenges of geothermal energy systems: A comprehensive review. Energies, 15(23):9058.

Kuvshinov, A., Grayver, A., and Samrock, F. (2019). Deep Electromagnetic Studies of the Earth. ETH Zürich,
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Samrock, F., Grayver, A. V., Bachmann, O., Karakas, Ö., and Saar, M. O. (2021). Integrated magnetotelluric
and petrological analysis of felsic magma reservoirs: Insights from ethiopian rift volcanoes. Earth and
Planetary Science Letters, 559:116765.

Samrock, F., Grayver, A. V., Eysteinsson, H., and Saar, M. O. (2018). Magnetotelluric image of transcrustal
magmatic system beneath the tulu moye geothermal prospect in the ethiopian rift. Geophysical Research
Letters, 45(23):12–847.

Sazli, M. H. (2006). A brief review of feed-forward neural networks. Communications Faculty of Sciences
University of Ankara Series A2-A3 Physical Sciences and Engineering, 50(01).

Schulz, E., Speekenbrink, M., and Krause, A. (2018). A tutorial on gaussian process regression: Modelling,
exploring, and exploiting functions. Journal of Mathematical Psychology, 85:1–16.
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Appendix A

Data Management

The python scripts, data and surrogate models are currently being stored for the long term
in Coscine (Lang, 2022) for the research group, committee members, and for the public on
demand. This cloud allows files storage and data sharing. GoFEM is publicly accessible via
GitHub (Grayver and Kolev, 2015). The shared Python scripts are sorted depending on the
specific topic, following the structure of the thesis. Supplements to the the phase, resistivity
and impedance for each approach are being stored.

The link to the Coscine library is:

https://coscine.rwth-aachen.de/p/magnetotellurics/
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Appendix B

Theoretical Background

This appendix gives a more extensive theoretical background on subjects related to this thesis.
It covers information about AI and ML, as well as about the RB method and physics-based
models. Furthermore, it introduces the theory of SA as a potential future direction arising
from this project.

B-1 Introduction to Artificial Intelligence and Machine Learning

This section aims to give a brief introduction to AI and its various branches. Since in this
project the branch of ML is applied, this is the main focus.

B-1-1 Background of Artificial Intelligence

AI is a field of science that aims to copy human intelligence into computer systems (Fetzer and
Fetzer, 1990). Its development began in the time after World War II, when researchers such as
the English mathematician Alan Turing started exploring the concept of intelligent machines
(McCarthy et al., 2007). Over time, the number of researchers involved in AI increased,
leading to an accelerated development of AI. This is caused by its wide field of study with
many varying applications, including medicine (Hamet and Tremblay, 2017), finances (Cao,
2022), engineering (Nti et al., 2022), criminology (Hayward and Maas, 2021) and geosciences
(Lary, 2010).

There are various branches of AI (Vijayakumar and Sheshadri, 2019; Mohd Adnan et al.,
2015; Wu and Feng, 2018) and here we introduce six of them:

• Pattern Recognition includes the use of AI to identify and classify patterns in diverse
environments (Nunes Rodrigues et al., 2020). This process takes information from
sensor signals and compares it to patterns known from prior knowledge and previous
teaching processes. (Vijayakumar and Sheshadri, 2019). Additionally, mathematical
and statistical algorithms are applied to make optimal predictions using uncertainty
and probability (Bishop and Nasrabadi, 2006).
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• Expert Systems plays a role when specific expertise in a particular domain is asked
(Krishnamoorthy et al., 2018). In order to find solutions of a problem, a system combines
several elements, like prior knowledge, interference mechanisms between parameters and
user interface (Krishnamoorthy et al., 2018). These gathered information are then used
to offer advice, solutions and decision making to the particular field it is applied to
(Vijayakumar and Sheshadri, 2019).

• Natural Language Processing aims to build a connection between the human lan-
guage and computational machines (Chowdhary, 2020b). Its goal is to analyse and
understand the natural language, and to generate texts and speeches, motivated by
theory. A famous example nowadays is ChatGPT.

• Robotics represents the branch of AI which includes the control over robots about
how to react to an environment, how to solve problems and how to learn from past
experiences (Murphy, 2019; Krishnamoorthy et al., 2018; Vijayakumar and Sheshadri,
2019). These robots use information from sensors to react in specific ways, based on
their prior knowledge (Krishnamoorthy et al., 2018).

• Fuzzy Logic includes fuzzy sets that generalize a mathematically classical set by defin-
ing a degree with a real number between 0 and 1 (Chowdhary, 2020a). This approach
allows to work with uncertainties, which can be beneficial for its accuracy and efficiency
in managing large and complex data sets (Ahn et al., 2019).

• ML can be defined by the ability of computers to learn without explicit programming,
as stated by the American pioneer Arthur Samuel in 1959 (Vijayakumar and Sheshadri,
2019). Its goal is to autonomously learn from data and to improve its performance
over time (Chowdhary, 2020a). ML is broadly divided into three primary sub-branches,
depending on the type of signal or response to the learning system: (1) supervised
learning, (2) unsupervised learning, and (3) reinforcement learning.

The NI-RB method can be assigned to the category of ML, and therefore, this branch is
further explored in the following section.

B-1-2 Overview about Machine Learning

ML can be defined as a computational process using input data to produce a specific output
without the need for explicit programming at each step (El Naqa and Murphy, 2015). Its
algorithm works based on iterations, where the output is continuously adjusted and improved,
so called trained, through code self-configuration, making the algorithm somewhat soft coded
(El Naqa and Murphy, 2015). The training processes is the main advantage of ML, as it allows
the machine to work autonomously as soon as the algorithm understood how to produce a
desired outcome (Mahesh, 2020). The algorithm can vary depending on the individual prob-
lem and the desired result. Due to this wide range of algorithms available, ML has numerous
applications across various domains, including computer vision, prediction, semantic analysis,
natural language processing and information retrieval (Shinde and Shah, 2018). Figure B-1
shows possible algorithms used in ML.

Chapter B-1-1 highlighted three primary ML algorithms: supervised, unsupervised, and re-
inforcement learning. One of these specific algorithms is chosen depending on the individual
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problem and the data set. The following paragraphs provide an overview of these three main
learning mechanisms.

Machine Learning

Supervised
Learning

Decision Tree Naive Bayes
Support Vec-
tor Machine

Unsupervised
Learning

Principal Com-
ponent Analysis

K-Means

Semi-Supervised
Learning

Generative
Models

Self Training
Transductive
Support Vec-
tor Machine

Reinforcement
Learning

Multi-task
Learning

Ensemble
Learning

Boosting Bagging

Neural Network
Supervised

Neural Network
Unsupervised

Neural Network
Reinforced

Neural Network

Instance Based
Learning

k-Nearest
Neighbor

Figure B-1: Possible algorithms in ML (modified after Mahesh (2020)).

Supervised Learning describes the processing of labelled training data (Bell, 2022). This
technique needs a large set of training data, which is manually categorized in a way the result
is desired. Therefore, the computer learns based on predefined input-output pairs to find a
function to correlate these pairs (Mahesh, 2020). After the learning process of encountering
multiple examples part of the training data set, the system should be able to categorize new
data itself, which can be tested using a validation data set. Figure B-2 shows a typical
workflow for supervised learning.
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Input data

Training Data Validation Data

Model

Production

Evaluate ModelTrain Model

DeployTune Tune

Figure B-2: Workflow for supervised learn-
ing (modified after Mahesh
(2020)).

Unsupervised Learning works with un-
labeled data sets, in contrast to supervised
learning. Instead of inserting pre-labeled in-
put data, the system tries to categorize it-
self (Mahesh, 2020). Therefore, the output
is initially undefined (Bell, 2022). The sys-
tem can be guided in desired directions by
defining DoF and initial conditions (El Naqa
and Murphy, 2015). Based on previous expe-
riences, it defines characteristics of new data
sets (Mahesh, 2020). Figure B-3 shows a typ-
ical workflow for unsupervised learning.

Reinforcement Learning aims to maxi-
mize a cumulative reward by a sequence of
actions (Mahesh, 2020). In its behavior it
combines the fields of Markov decision pro-
cesses with supervised ML (El Naqa and
Murphy, 2015). Feedback is included in the
learning process in form of rewards or penal-
ties depending of the current environment
state (El Naqa and Murphy, 2015). This interaction is visualized in Figure B-4.

B-1-3 Data-Driven Machine Learning

Input data (raw)

Interpretation

Learning
Algorithm

Processing

Output 2Output 1 Output 3

Figure B-3: Workflow for unsupervised learning
(modified after Mahesh (2020)).

Compared to the later described
physics-based modelling, data-driven
ML is a method not necessarily rely-
ing on physical laws. This ML tech-
nique requires large data sets in or-
der to predict outcomes from given
inputs (Lattimer et al., 2020). It is
able to extract important parts of a
signal as critical information and can
predict a systems behavior by cor-
relating parameters with each other
(Wang et al., 2022a). It uses samples
of known variables to give insights of
their relationship. The focus of data-
driven ML lies on obtaining a high
accuracy and to minimize the error
between the prediction of the ML and
the actual observation included in a
test data set (Wang et al., 2022a).
Figure B-5 shows a possible workflow
for the data-driven ML method.
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Agent Environment

action

reward

Figure B-4: Workflow for reinforcement
learning (modified after Ma-
hesh (2020)).

This method enables the handling of data
sets with high uncertainties and low com-
plexity, and the analysis of the complex re-
lationship between input and output (Wang
et al., 2022a). The presence of the black
box allows a non-intrusive and highly flex-
ible approach of potentially large accuracy,
if a large data set is given (Willcox et al.,
2021). It often highly correlates with sam-
ples of known variables (Wang et al., 2022a). The black box furthermore increases the mod-
elling speed while decreasing the computational costs, and enables the construction of a model
with low memory (Wang et al., 2022a). On the other side it requires large data sets in order
to allow a high accuracy, which is often difficult in geophysical applications (Degen et al.,
2022). Its functioning is also not rigorously proven, as the existence of the black box makes
physical interpretation and the understanding of the inner logic of the model construction
difficult (Degen et al., 2022; Wang et al., 2022a). This is also caused by the fact that ML
treats physics simply as data, which makes it difficult to use in UQ (Degen et al., 2022).

Research
problem:
f: x α y

data set:
(x1, y1),
(x2, y2),

...,
(xn, yn)

Data
prepro-
cessing

Model
selection

Setting
param-
eters

Model
opti-

mization

Data-
driven
model

Model construction

Figure B-5: Workflow for the data-driven ML method (modified after Wang et al. (2022a)).

B-2 Reduced Basis Method

The intrusive RB method is a type of physics-based reduced order modelling. It is a
projection-based model order technique with the aim to reduce the DoF of a full-order model
while maintaining the input-output relationship (Degen et al., 2022). It consist of an offline
and online stage like the NI-RB method, where the focus of the offline stage is to construct a
reduced order model which is then solved in the online stage (Hesthaven and Ubbiali, 2018).

The approach of modelling by approximations and therefore simplifications of original models,
while maintaining crucial processes and other important aspects of the model is called reduced
order modeling (ROM) (Bai et al., 2005). It is relevant to enable an efficient and numerically
stable computation, by reducing the state-space dimension. This leads to a decrease of com-
putational costs while loosing accuracy in a controlled way (Hesthaven and Ubbiali, 2018).
One class of ROMs are projection based surrogate models. In this specific class are low-
dimensional approximations derived by projecting the original model onto a low-dimensional
subspace (Swischuk et al., 2019) spanned by a set of basis functions. Physical parameters
like material properties, initial conditions and boundary condition (BC) can be defined in the

August 2, 2023



82 Theoretical Background

projection framework, aiming to preserve the underlying physics (Swischuk et al., 2019; De-
gen et al., 2022). Possible methods to obtain a projection-based surrogate model are, besides
others, PODs, Karhunen-Loève expansion or Krylov subset methods (Asher et al., 2015).

The model of the RB method is constructed by basis functions and weights during the offline
stage. This basis functions can be calculated by various algorithms, such as PODs or the
greedy algorithm (Hesthaven and Ubbiali, 2018; Chen et al., 2021). The basis functions are
calculated from snapshots, which are the solutions given by high-fidelity models of different
inputs (Swischuk et al., 2019). During the online stage, the solution is searched as a linear
combination of the previously defined basis functions via projection (Hesthaven and Ubbiali,
2018). In the RB method, this projection is done via the Galerkin-projection (Hesthaven and
Ubbiali, 2018). The full-order model is therefore projected onto a reduced space, spanned
by the defined basis functions (Chen et al., 2021). The final solution is defined for each new
parameter location with reduced coefficients (Swischuk et al., 2019; Wang et al., 2019).

When having non-linear or hyperbolic problems, the RB method causes some problems, as
it tends to have problems with convergence and accuracy (Chen et al., 2021; Wang et al.,
2019). Therefore, the intrusive approach is generally only applicable to a narrow range of
geoscientific problems, as they are often of hyperbolic or nonlinear nature (Degen et al., 2022).
For such applications, the computational gain obtained by applying this method is limited
with respect to the full-order model (Wang et al., 2019).

B-3 Physics-Based Models

Models that are based on PDEs and therefore represent laws of physics and nature are called
physics-based models (Degen et al., 2022; Willcox et al., 2021). We can incorporate these laws
into models by specifying physical processes, parameters, the correlation between physical
variables or BCs through PDEs, which constrain the simulations to a specific physical system
(Wang et al., 2022a; Willcox et al., 2021). Typical steps in construction of physics-based
models are shown in Figure B-6. The obtained model can be used to estimate uncertainties
while having a high approximation of the Earth’s system dynamics (Degen et al., 2022). Since
many properties of the Earth are better represented by a range of values rather than a single
value, parameters are frequently defined over such ranges. Therefore, parameters like initial
conditions, BCs, sources, material properties and the model geometry often vary (Willcox
et al., 2021). The model uses these physical parameters and BCs under the implementation of
the hypothesis set to solve the target variable (Figure B-6) (Wang et al., 2022a). This method
allows the analysis of complex relationships between input and output, while ensuring physical
laws. This increases the interpretability and the understanding of the model, and also allows
the user to control the model construction more than when a black box is present, which is
typical for ML. On the other side, high-fidelity simulations are needed, which increase the
computational costs drastically and therefore limit also the response rate in data analysis
(Wang et al., 2022a).
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Figure B-6: Workflow for physics-based models (modified after Wang et al. (2022a)).

B-4 Sensitivity Analysis

SA is used in modelling and predictions, in order to find the model parameters with the most
significant effect on the model output, and the ones which can be neglected compared to the
others (Saltelli et al., 2019). Its goal is to reduce complexity when it is not of advantage and
to prioritize relevant parameters, which information can later be applied in UQs. It overall
allows model optimization and calibration, enabled by parameter analysis, to determine if a
model parameter has a sufficiently high impact on the modelling outcome to be estimated
from it (Degen et al., 2021b). A typical sub-categorization of SA is the division into local and
global SA (Degen et al., 2021b; Wainwright et al., 2014), which are explained in more detail
in the following paragraphs.

The local SA is based on the assumption that the parameters used in the process of modelling
are independent of each other (Degen et al., 2021b). Its goal is to estimate the influence of the
model parameters on the model output in the vicinity of the initial parameters, which is also
referred to as the first-order index. In the example of modelling the temperature distribution
in the subsurface as described in Degen et al. (2021b), we define a function u = f(x), with x =
(x1, ..., xn) representing thermal conductivities present in the subsurface. When performing

a local SA at x0, we evaluate for
(

∂u
∂xk

)
x=x0

. Thus, we do not include parameter correlations,

assuming that a change in the model response is caused from a single changed parameter with
a pre-defined variance of, e.g., 1%. The local SA then calculates the parameter influence with
respect to an user-defined reference parameter set (Degen et al., 2021a). Mathematically, the
local SA index is calculated for each model parameter x = (x1, ..., xn) as the scaled partial
derivative of the function u = f(x) with respect to xn (Wainwright et al., 2014). Assuming
each parameter xn is described by a set of {xn | n = 1, . . . , k}, we can state that the local SA
index for xn is

Slocal
n =

τx,n
τy

∂y

∂xn

∣∣∣∣
xn;

=
τx,nf (x1∗, . . . , xn ∗+∆xn, . . . , xk∗)− f (x1∗, . . . , xk∗)

∆xy
, (B-1)

with the parameter-scaling factor τx,n representing the standard deviation or parameter un-
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certainty, the output-scaling factor τy describing an significant change in the model output,
and the increment ∆xn by which each parameter n is increased from the reference parameter
values xn∗ (Wainwright et al., 2014). Overall, i = (k+1) simulations are required in the local
SA, which sums up k simulations plus the reference parameter set for measuring changes of
an increment of ∆xn of k parameters.

The general aim is to fit the mentioned reference values xn∗ obtained from the model as
closely as possible to the observed values xn (Degen et al., 2021b). Due to measurement and
model errors this is difficult to achieve, resulting in uncertainties of the local SA. Additionally,
a local SA can lead to am overestimation of the influence of model parameters (Degen and
Cacace, 2021). Therefore, no local but a global SA should applied as a future step of this
project, under the consideration of a method reducing computational costs.

The global SA aims to estimate the entire parameter domain and also includes parameter
correlations (Degen et al., 2021b). It therefore allows more detailed results than the local SA,
but with much larger computational costs as several thousands of forward simulations are
usually required. This fact makes the application of global SAs infeasible, especially for com-
plex, time-consuming simulations as geothermal systems might demand (Degen et al., 2021b).
Several approaches have been developed to counteract these computational costs, such as in-
creasing the model assumptions or introducing response surface fittings (Wainwright et al.,
2014). In this project, a global SA is feasible despite the complexity of the high-temperature
geothermal system, due to the application of the NI-RB method to reduce computational
costs of forward simulations by the use of surrogate models. In contrast to the local SA, the
global one does not only reveal the first-order index to describe the influence of single model
parameters, but also the total-order index, defining the correlation in between the parameters
(Degen et al., 2021a).

In a general approach, the global SA tries to minimize the constraint of the reference x0,
which can be done with, e.g., the Sobol SA, a variance-based method (Degen et al., 2021b;
Wainwright et al., 2014). Instead of setting x = x0 as done in the local SA, it evaluates over
the entire model space f(x), and calculates the ratio between the partial and the total variance
as the Sobol Sensitivity Index (Degen et al., 2021b). It therefore provides a quantification of
the relative relevance of each parameter to the uncertainty in the outputs (Wainwright et al.,
2014). A sampling strategy applicable for this project can the Saltelli sampler, in order to
reduce the amount of forward evaluations required (Degen and Cacace, 2021; Saltelli, 2002;
Saltelli et al., 2010).

Mathematically speaking, the first-order sensitivity index Si is defined as

Si = V⃗
[
E⃗ [U |Xi]

]
/V⃗ [U ], (B-2)

with the mean E⃗[•], the variance V⃗ [•], the parameters Xi and the model response U (Wain-
wright et al., 2014). E⃗ [U |Xi] describes the mean of U conditioned on purely Xi. The
total-order sensitivity index Sti is described as

Sti = 1− V⃗
[
E⃗ [U |X−i]

]
/V⃗ [U ], (B-3)

with E⃗ [U |X−i] including the influence of all parameters considered in the model, also taking
into account interactions between the parameters themselves (Wainwright et al., 2014).
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In the case of a square-integrable function with orthogonal members, it can be decomposed
to

∫
u2(x)dx− u20 =

n∑
s=1

n∑
i1<···<is

∫
u2i1···is dxi1 · · · dxis , (B-4)

with 1 ≤ i1 < · · · < is ≤ n, u0 is a constant, and ui a function (Degen et al., 2021b). Rewriting
Eq. (B-4) to

∫
f2(x)dx− f20 =

∑
i

∫
f2i (xi) +

∑
i<j

∫
f2ij (xi, xj) + . . .+

∫
f212···n (x1, x2, · · · , xn) , (B-5)

allows the determination of the first-order sensitivity index (or partial variance) Si and the
total-order sensitivity index (or total variance) Sti as (Degen et al., 2021b):

Sti =

∫
f2 dx− f20 , Si1···is =

∫
f2i1···is dxi1 · · · dxis . (B-6)

As mentioned before, is the final Sobol Sensitivity Index the ratio between Si and Sti, including
also the parameter interaction. In contrast to the local SA, the global SA does not require
a reference parameter set. The determination of a reference set can include errors due to
uncertainties, and is dependent on the user (Degen et al., 2021b). Thus, it includes the whole
predefined parameter range and therefore allows a larger variations of these parameters (Degen
et al., 2021b).
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Appendix C

Values of the Electrical Conductivity
used in the Simulations

Table C-1: Electrical Conductivity Parameters for the training data set of the high-temperature
geothermal model obtained from GoFEM [Sm-1]. The values are generated with
LHS, and vary as the following ranges [Sm-1]: surrounding rock: 0.001-0.02, clay-
cap: 0.5-2, upflow zone: 0.001-0.5, source: 0.2-0.5.

Surrounding rock Clay cap Upflow zone Heat source

0.00179 0.873558 0.071222 0.256628
0.005235 0.560586 0.001433 0.391123
0.001078 1.264702 0.006403 0.322269
0.013436 1.753511 0.001323 0.289193
0.005151 1.564487 0.00679 0.246411
0.00313 1.309952 0.040495 0.359855
0.008206 0.763456 0.028488 0.390951
0.002566 0.542313 0.060559 0.2499
0.003655 1.216053 0.012348 0.231985
0.003128 1.066297 0.008 0.204038
0.012851 0.750166 0.005552 0.265686
0.01253 0.534214 0.005745 0.351058
0.015502 1.409274 0.02085 0.468874
0.00121 1.914293 0.222892 0.276564
0.002349 0.946691 0.117568 0.447279
0.00333 0.673321 0.332476 0.431199
0.002117 0.885385 0.278004 0.409824
0.003224 0.855413 0.007897 0.253117
0.003753 0.527395 0.140436 0.246007
0.003954 0.900106 0.003097 0.407118

Continued on next page
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Table C-1 – Continued from previous page

Surrounding rock Clay cap Upflow zone Heat source

0.001731 0.722139 0.05082 0.278837
0.017673 1.288451 0.016719 0.484789
0.004999 1.798917 0.101476 0.487309
0.006636 1.829513 0.160087 0.45652
0.00106 1.118019 0.036737 0.388589
0.006724 0.99576 0.468405 0.440956
0.001689 0.904728 0.010948 0.295766
0.00993 0.899959 0.017166 0.292051
0.00235 1.356113 0.001921 0.205656
0.001713 1.059372 0.142431 0.245485
0.013549 0.668964 0.0318 0.210659
0.002634 0.644685 0.001256 0.323062
0.001309 0.790041 0.009564 0.219862
0.001363 1.670176 0.003395 0.433138
0.001233 1.883392 0.021013 0.239492
0.001284 0.627056 0.039119 0.236584
0.005974 0.835088 0.022829 0.374072
0.00927 1.112136 0.004353 0.203078
0.004796 1.467472 0.050159 0.249955
0.001258 0.907519 0.011765 0.356231
0.006471 0.740549 0.007459 0.243922
0.00434 1.990779 0.141312 0.302067
0.002291 1.023374 0.003688 0.254578
0.006095 0.842842 0.00161 0.47761
0.009648 0.707107 0.323625 0.245416
0.005856 1.95432 0.075907 0.303918
0.00139 0.747425 0.001156 0.270614
0.001631 0.687771 0.205172 0.495439
0.002032 1.242575 0.001422 0.256138
0.004701 0.681444 0.023794 0.223928
0.01865 0.593231 0.160014 0.407471
0.001506 1.936341 0.001981 0.218523
0.008389 1.972465 0.001749 0.335122
0.008731 0.80478 0.015085 0.438462
0.006218 1.265757 0.001823 0.34132
0.001839 0.92445 0.002065 0.457617
0.002687 0.571701 0.036009 0.226681
0.001072 0.899171 0.020161 0.309539
0.016217 0.50698 0.124796 0.296582
0.002911 1.337928 0.00254 0.205574
0.017565 0.858565 0.001309 0.29298
0.003282 1.701334 0.007774 0.337175
0.002157 1.208597 0.004929 0.213248

Continued on next page
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Table C-1 – Continued from previous page

Surrounding rock Clay cap Upflow zone Heat source

0.002481 1.277509 0.222897 0.214555
0.003091 0.782773 0.067035 0.358414
0.002115 1.815038 0.351583 0.354062
0.002582 1.654811 0.005817 0.371794
0.007592 0.915945 0.037532 0.259286
0.001952 1.685683 0.013322 0.376364
0.005406 0.675175 0.052281 0.443852
0.001139 0.720298 0.003257 0.311435
0.011781 0.866537 0.196845 0.284167
0.002337 1.536875 0.056798 0.280716
0.007745 1.453973 0.015723 0.209376
0.017919 0.761368 0.001678 0.277308
0.002853 0.66281 0.030509 0.251487
0.00297 1.565547 0.097329 0.230873
0.001209 0.933033 0.079118 0.285908
0.003153 0.941696 0.048124 0.201841
0.006343 1.717131 0.001064 0.233711
0.016544 1.081725 0.054493 0.351906
0.001094 1.313425 0.042499 0.313343
0.013822 1.032876 0.028083 0.40499
0.015896 1.164734 0.002338 0.492422
0.003554 0.577009 0.017804 0.235143
0.007902 0.604299 0.008103 0.327033
0.007009 0.540862 0.026944 0.415007
0.0053 1.427344 0.00632 0.36061
0.003928 0.656712 0.009968 0.36728
0.012019 0.511687 0.093379 0.331053
0.015582 0.754364 0.29789 0.397635
0.007442 0.638754 0.166783 0.468937
0.010876 1.781797 0.14729 0.282436
0.018281 0.694157 0.016388 0.24692
0.012761 0.561231 0.005137 0.257707
0.00103 1.197479 0.003538 0.315263
0.014971 1.143402 0.450803 0.206834
0.003626 0.615572 0.02585 0.28766
0.005195 0.502316 0.002243 0.41248
0.005092 0.700602 0.398114 0.221209
0.015273 1.624505 0.002998 0.232288
0.006735 1.175548 0.002876 0.339241
0.00101 0.650671 0.004176 0.321094
0.002742 1.639588 0.0592 0.238034
0.017218 0.535887 0.001901 0.4305
0.001664 1.848899 0.119731 0.24096

Continued on next page
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Table C-1 – Continued from previous page

Surrounding rock Clay cap Upflow zone Heat source

0.003484 1.301342 0.00276 0.390415
0.00574 0.874583 0.009176 0.383325
0.010041 0.97716 0.046171 0.222565
0.002384 0.582367 0.274201 0.27394
0.014101 1.122462 0.252396 0.217192
0.001599 1.481098 0.034547 0.380991
0.004608 0.530957 0.004537 0.268966
0.002797 1.733074 0.337315 0.385674
0.006602 1.231144 0.01039 0.365043
0.002432 1.071773 0.2858 0.294775
0.007151 1.325619 0.002152 0.435792
0.001336 1.551145 0.021902 0.319139
0.009457 1.186463 0.381957 0.279007
0.010451 1.494849 0.005355 0.253028
0.011096 0.550953 0.001205 0.449308
0.008559 1.061914 0.008446 0.498475
0.012261 0.587774 0.085953 0.427878
0.005516 0.545884 0.101446 0.291196
0.002073 0.812252 0.012263 0.425272
0.001914 0.526072 0.013886 0.343411
0.008907 1.219819 0.489749 0.486443
0.008061 0.713672 0.014473 0.378671
0.019801 0.950439 0.242153 0.260875
0.00303 1.594753 0.432508 0.289423
0.001732 1.765406 0.069871 0.489423
0.01132 1.154019 0.003125 0.267328
0.011548 1.414214 0.006587 0.41755
0.002201 1.042466 0.018557 0.47181
0.004893 0.566442 0.001109 0.208101
0.013018 0.768438 0.044297 0.446571
0.00417 1.918528 0.310491 0.298399
0.013281 0.556068 0.033145 0.422683
0.019026 0.99539 0.001482 0.400072
0.003774 1.508729 0.414955 0.262474
0.001567 0.882703 0.469873 0.395214
0.001802 1.798341 0.366456 0.388037
0.003415 1.375542 0.130075 0.474701
0.002245 1.101905 0.188856 0.345515
0.001418 1.35035 0.181192 0.347633
0.00385 0.609909 0.213851 0.48348
0.001162 0.890899 0.001364 0.325041
0.008224 1.013959 0.061704 0.272272
0.003348 1.401204 0.232326 0.402523

Continued on next page
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Table C-1 – Continued from previous page

Surrounding rock Clay cap Upflow zone Heat source

0.004428 1.388313 0.008803 0.248433

Table C-2: Electrical Conductivity Parameters for the validation data set of the high-temperature
geothermal model obtained from GoFEM [Sm-1]. The values are generated with
random sampling, and vary as the following ranges [Sm-1]: surrounding rock: 0.001-
0.02, clay-cap: 0.5-2, upflow zone: 0.001-0.5, source: 0.2-0.5.

Surrounding rock Clay cap Upflow zone Heat source

0.00179 0.873558 0.071222 0.256628
0.005235 0.560586 0.001433 0.391123
0.001078 1.264702 0.006403 0.322269
0.013436 1.753511 0.001323 0.289193
0.005151 1.564487 0.00679 0.246411
0.00313 1.309952 0.040495 0.359855
0.008206 0.763456 0.028488 0.390951
0.002566 0.542313 0.060559 0.2499
0.003655 1.216053 0.012348 0.231985
0.003128 1.066297 0.008 0.204038
0.012851 0.750166 0.005552 0.265686
0.01253 0.534214 0.005745 0.351058
0.015502 1.409274 0.02085 0.468874
0.00121 1.914293 0.222892 0.276564
0.002349 0.946691 0.117568 0.447279
0.00333 0.673321 0.332476 0.431199
0.002117 0.885385 0.278004 0.409824
0.003224 0.855413 0.007897 0.253117
0.003753 0.527395 0.140436 0.246007
0.003954 0.900106 0.003097 0.407118
0.001731 0.722139 0.05082 0.278837
0.017673 1.288451 0.016719 0.484789
0.004999 1.798917 0.101476 0.487309
0.006636 1.829513 0.160087 0.45652
0.00106 1.118019 0.036737 0.388589
0.006724 0.99576 0.468405 0.440956
0.001689 0.904728 0.010948 0.295766
0.00993 0.899959 0.017166 0.292051
0.00235 1.356113 0.001921 0.205656
0.001713 1.059372 0.142431 0.245485
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