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故不积跬步 If you do not accumulate little steps,
无以至千里 You will have no way to go a thousand li1.

不积小流 If you do not accumulate small streams,
无以成江海 You will have no way to form river or sea.
骐骥一跃 Even the famous horse Qi Ji2 could not go

不能十步 more than ten paces in a single leap,
驽马十驾 but with ten days of riding even an old nag can equal him,

功在不舍 because accomplishment rests in not giving up.
锲而舍之 If you start carving and give up,

朽木不折 you won’t even be able to break rotten wood,
锲而不舍 but if you start carving and don’t give up,
金石可镂 then you can engrave even metal and stone.

- 劝学 An Exhortation to Learning

By 荀子 Xunzi, a Chinese philosopher
living in ca. 312 –230 BC,

Translated by Dr. Eric Hutton.

1 A traditional Chinese unit of distance (equal to 416 m in 770 - 250 BC).
2 The legendary horse which could travel a thousand li in a single day



Summary

Fatigue is an important design driver for wind turbine rotor blades. The
strength and stiffness degradation of the composite materials caused by the
fatigue damage can limit the blade service life. Thus, an adequate description
of the composite fatigue damage is needed in the design of wind turbine rotor
blades.

Models which can describe the fatigue behaviour of composite materials can
be divided in to three categories: empirical, phenomenological and micro-
mechanical models. Of these models, only micro-mechanical models are
based on the failure analysis at the constituent level; fibres and matrix. Be-
cause of this, they hold the promise to be able to predict composite behaviour
and the effect of changes of material and laminate configuration, with rela-
tively limited experimental analysis, as would be required for models of the
other categories.

In this dissertation, a multi-scale micro-mechanical fatigue model is presented
that avoids the use of empirical or phenomenological factors at the composite
laminate or structural scales. Using this model, the axial tension-tension
fatigue behaviour of unidirectional Glass Fibre Reinforced Polymer (GFRP)
composites is predicted, including the fatigue life and stiffness degradation.
The model inputs are only material properties of fibres and matrix, and the
entire calculation procedure consists of a three-step geometrical scaling-up
process.

1. A small structure consisting of several fibres embedded in a matrix is
modelled as a Multi-Fibre (MF) unit cell. The fatigue behaviour of this
cell is simulated by considering (sequential) fibre breakages as the dom-
inant mechanism. Simulation outputs are the fatigue life predictions
and elastic constant degradation of the MF unit cells.

2. The fatigue behaviour of composite at the meso-scale is simulated by
using the predicted MF unit cell properties as inputs. This model
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Summary II

is called the Meso-Structure (MS) model. The MS model is analysed
using the finite element method, where each element is equivalent to an
MF unit cell. The outputs of this analysis are the fatigue life predictions
and elastic constant degradation of the MS models.

3. The fatigue behaviour of composites at the macro-scale is simulated by
using the predicted MS model properties as inputs. In this numerical
model a part of a test coupon is simulated and therefore it is called
the Coupon-Size (CS) model. In turn, this model is made up of MS
elements.

As the geometrical size increases, the S-N slope does not significantly change.
The fatigue lives scatter is reduced by several orders of magnitude, and
the axial stiffness degradation exhibits more clustered and sudden-death be-
haviour. At a single scale, for instance the meso- or macro-scale, the axial
stiffness degradation rate is slightly reduced and the scatter in the stiffness
degradation decreases, with the input fibre S-N slope reduced from -10.0 to
-30.0, which covers the possible fibre S-N slopes extracted from single fibre
fatigue tests.

Compared to the experimental results of the unidirectional GFRP composite
dog-bone coupons tested in this project, the predicted fatigue lives are longer
by one order of magnitude. This is probably due to not modeling some fatigue
failure mechanisms, such as the fibre debonding. Nevertheless, the predicted
axial stiffness degradation agrees with the experimental observations.



Samenvatting

Vermoeiing is bepalend voor het ontwerp van wind turbine rotor bladen. De
sterkte- en stijfheidsafname van de composietmaterialen, veroorzaakt door
vermoeiingsschade, kan de operationele levensduur beperken. Derhalve is
een adequate beschrijving van vermoeiingsschade in composieten nodig voor
het ontwerp van wind turbine rotor bladen.

Modellen die het vermoeiingsgedrag van composietmaterialen kunnen beschri-
jven kunnen verdeeld worden in drie categorieën: empirische, phenomenol-
ogische, en micro-mechanische modellen. Van deze modellen zijn alleen de
micro-mechanische modellen gebaseerd op het berekenen van schade op het
niveau van de bouwstenen van het composiet; de vezels en hars. Hiermee zijn
deze methoden veelbelovend voor het voorspellen van het gedrag van com-
posiet en het effect van veranderingen in materiaal- en laminaatsamenstelling,
met relatief beperkte experimentele analyse van het uiteindelijke composiet,
vergeleken met wat nodig is bij de modellen van de andere categorieën.

In deze dissertatie wordt een multi-scale micro-mechanisch model gepresen-
teerd dat het gebruik van empirische of fenomenologische factoren op com-
posietlaminaat of constructieschaal vermijdt. Met dit model wordt het axi-
ale trek-trek vermoeiingsgedrag van uni-directionele glasvezelversterkte com-
posieten voorspeld, inclusief levensduur en stijfheidsafname. De invoerpa-
rameters van het model zijn beperkt tot vezel- en harseigenschappen en de
berekeningsprocedure gebeurt via een geometrisch opschaalproces in 3 stap-
pen:

1. Een kleine constructie bestaande uit enkele vezels ingebed in een hars
wordt gemodelleerd als een multi-fibre (MF) unit cell. Het vermoei-
ingsgedrag van deze unit cell wordt gesimuleerd waarbij uitgegaan
wordt dat opeenvolgende vezelbreuk het dominante faalmechanisme is.
De uitvoer bestaat uit levensduurvoorspellingen en degradatie van de
elastische eigenschappen.
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Samenvatting IV

2. Het vermoeiingsgedrag van een composiet op meso-schaal wordt ges-
imuleerd met de voorspellingen uit de MF unit cell als uitgangspunt.
Dit model wordt meso-structure (MS) model genoemd. Het MS model
wordt geanalyseerd met de eindige elementen methode, waarbij elk ele-
ment equivalent is aan een MF unit cell. De resultaten van deze analyse
zijn de vermoeiingslevensduren en degradatie van de elastische eigen-
schappen van de MS modellen.

3. Het vermoeiingsgedrag van composieten op macro-niveau wordt ges-
imuleerd met de MS model-eigenschappen als invoer. In dit numerieke
model wordt een deel van een testcoupon gesimuleerd en daarom wordt
het Coupon-Size (CS) model genoemd. Op zijn beurt is dit model opge-
bouwd uit MS elementen.

Bij opschalen verandert de helling van de SN-curve niet significant. De sprei-
ding in vermoeiingslevensduren wordt een aantal ordes van grootte kleiner,
en de curves die de stijfheidsafname beschrijven vertonen minder spreiding
en laten een sterker ‘sudden-death’ gedrag zien. Op ieder schaalniveau af-
zonderlijk is de stijfheidsafname lager en de spreiding in de stijfheidsafname
minder wanneer de helling parameter van de S-N curve wordt gereduceerd
van -10 tot -30. Dit interval voor de helling parameter omvat de mogelijke
waarden gebaseerd op de vermoeiingsdata van individuele vezels

Vergeleken met de experimentele resultaten van de proeven die in dit project
zijn uitgevoerd op unidirectionele composieten breedte-getailleerde proefs-
tukken, zijn de voorspelde levensduren een orde van grootte langer. Dit
is waarschijnlijk een gevolg van niet-gemodelleerde faalmechanismen, zoals
vezelonthechting. Desalniettemin komt de voorspelde stijfheidsafname overeen
met de experimentele observaties.
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List of Acronyms

2D Two Dimensional
3D Three Dimensional
cov Coefficient of Variation
pdf Probability Density Function
CFRP Carbon Fibre Reinforced Polymer
CLD Constant Life Diagram
CS Coupon Size
DIC Digital Image Correlation
ECN Energy Research Centre of the Netherlands
FE Finite Element
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GFRP Glass Fibre Reinforced Polymer
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LLS Local Load Sharing
LR Linear Regression
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MF Multi Fibre
MLE Maximum Likelihood Estimation
MS Meso Structure
RVE Representative Volume Element
SCF Maximum Stress Concentration
SEM Scanning Electron Microscope
WMC Knowledge Centre Wind turbine Materials and Constructions
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List of symbols

Symbols used in chapter 2

βe Weibull shape parameter for tensile failure strains
βH Weibull shape parameter for high fibre tensile strengths
βL Weibull shape parameter for low fibre tensile strengths
βM Weibull shape parameter for middle fibre tensile strengths
βS Weibull shape parameter for tensile strengths
ε fibre tensile failure strain
ε0 Weibull scale parameter for tensile failure strains
εavg average fibre tensile failure strain
ε∞ axial tensile strain at the (infinite) fibre ends
γ exponential parameter used in the weakest link theory
σ axial tensile stress
σ∞ axial tensile stress at the (infinite) fibre ends
σ0ref Weibull scale parameter for fibre tensile strengths with the

reference length
σ0H Weibull scale parameter for high fibre tensile strengths
σ0L Weibull scale parameter for low fibre tensile strengths
σ0M Weibull scale parameter for middle fibre tensile strengths
σeq equivalent tensile stress
σu ultimate tensile strength
σL transition point between low and middle fibre tensile

strengths
σM transition point between middle and high fibre tensile

strengths
{σf} stress components on fibres
{σm} stress components on matrix
σt fibre pull out strength
σ1 first principle stress
σ2 second principle stress
σ3 third principle stress
τ normalized fatigue life
ξ normalized x
df fibre diameter
l actual fibre length
lem embedded fibre length
lref reference fibre length
k material parameter used in the critical element model
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n elapsed number of fatigue cycles
p axial loads at the (infinite) each fibre
pi axial loads on the ith fibre
q empirical parameter used to calculate σeq
r number of broken fibres
s centre-to-centre distance of fibres
ui axial displacement of the ith fibre
x fibre orientation axis
[A] 6×6 bridging matrix relating the stress components on the

fibres and matrix
Af fibre cross-sectional area
Ef fibre Young’s modulus
Fe failure functions of the critical element
FL failure functions of a position far away to the incipient failure

in the laminate
Gf fibre shear modulus
Gm matrix shear modulus
Li normalized load on the ith fibre
N fatigue life
Pi normalized pi
Sa applied stress on the critical element
Su ultimate strength on the critical element
SrL composite residual strength
SiLu composite initial strength
Ui normalized un
Vf fibre volume fraction
Vi normalized displacement on the ith fibre
Vm matrix volume fraction

Symbols used in appendix A

α Weibull scale parameter for the ratio lseg,cr/d
βe Weibull shape parameter for tensile failure strains
βi Weibull shape parameter for fibre tensile failure strains in

failure mode i
βseg Weibull shape parameter for fibre fragment lengths
βld Weibull shape parameter for the ratio lseg,cr/d
βS Weibull shape parameter for tensile strengths
ε fibre tensile failure strain
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ε0i Weibull scale parameter for fibre tensile failure strains in fail-
ure mode i

εavg average fibre tensile failure strain
εr fibre tensile failure strain with the maximum slack length
λ fragment density of a fibre fragmentation specimen
λmax the maximum crack density of a fibre fragmentation specimen
νf fibre Poisson’s ratio
νm matrix Poisson’s ratio
σ tensile strength
σ0 Weibull scale parameter for tensile strengths
σfc tensile strength of a fibre fragmentation specimen
σmax maximum tensile stress over an area with λmax
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imen
pf probability density function
rf fiber radius
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s centre-to-centre distance of fibres
uep fibre indentation displacement due to fibre elastic-plastic de-

formation
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uf fibre compressive displacement in a micro-indentation test
ui original indentation displacement in a micro-indentation test
Af fibre cross-sectional area
Ecr the critical energy release rate to form a fibre debonding crack
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Em matrix Young’s modulus
Fde fibre debonding force
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micro-indentation test
Freal real load on a fibre bundle
Gm matrix shear modulus
K fit parameter in Eq. A.26
L likelihood function
P fibre failure probability
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imen
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Symbols used in the other chapters

βe Weibull shape parameter for tensile failure strains/equivalent
strains

βS Weibull shape parameter for tensile strengths/equivalent
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βN Weibull shape parameter for fatigue lives
ε0 Weibull scale parameter for tensile failure strains/equivalent

strains
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σmax maximum fatigue stress
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ds/dF slope of the fibre displacement vs. load curve
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lref reference fibre length
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Chapter 1

Introduction

In this thesis, a research project for predicting fatigue damage in wind
turbine rotor blades using micro-mechanical methods is described. The
project background is first described in Section 1.1, in which the problems
encountered in composite fatigue modelling are particularly discussed.
Following in Sections 1.2 and 1.3 are the motivation for the project and
the purpose of this study. After that, Sections 1.4 and 1.5 give the
approach and scope of a multi-scale micro-mechanical model developed
to fulfill the research purpose. Finally, the thesis structure is shown in
Section 1.6.

1.1 Background

In wind industry, the rotor blades are expected to work at least 20 years
or up to 108-109 load cycles [13, 14]. During its service life, the rotor blade
suffers from cyclic fatigue loads caused by the flapwise and edgewise bending
moments, as shown in Figure 1.1 [1]. The flapwise bending moment is pro-
duced by the lift component perpendicular to the rotor plane. The edgewise
bending moment is generated by the combination of the lift component in
the rotor plane and the gravity on the blade. These two bending moments
are cyclic, due to wind shear and blade rotation.

Wind turbine rotor blades are typically made out of glass or carbon fibre
composite laminates, because of their excellent mechanical properties and
low weight. A multitude of lay-ups and fibre orientations are used throughout

1
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Figure 1.1: Cross-section of the wind turbine rotor blade (reproduced from
[1])

the blade, tailored to local loads. In a common blade structure shown in Fig-
ure 1.1, the flapwise bending moments are carried by a beam like structure,
the main spar, located at the largest thickness of the aerodynamic profile.
This beam consists of laminates with high axial strength at the aerodynamic
shell, separated by a web with high shear strength. To withstand the edge-
wise bending moments, axial reinforcements are placed near the leading and
trailing edges of the blade.

Figure 1.2 shows 600 seconds of simulated flapwise and edgewise bending
moments at the mid-point (30.6 m from the root) of a 61.5 m rotor blade.
These signals were generated using the commercial design software FOCUS6
developed by Knowledge Centre Wind turbine Materials and Constructions
(WMC) and Energy research Centre of the Netherlands (ECN) [15]. The
characteristics of the flapwise and edgewise bending moments are:

1. The flapwise bending moment stays positive but varies stochastically
in the mean value and amplitude, because of the stochastic wind speed
as it flows past the wind turbine.

2. The edgewise bending moment appears periodic around a mean value
near zero, because the bending moment is dominated by the gravity
loads.

These loads characterise the resulting stresses in the main spar and the lead-
ing and trailing edges. Cyclic tensile and compressive stresses act on the
main spar, depending on the side. In the leading and trailing edges, revers-
ing stresses occur, going from tensile to compressive for each revolution of
the rotor.

The wind turbine rotor blade fatigue design is based on experimental re-
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Figure 1.2: Simulated cyclic flapwise and edgewise bending moments at the
mid-point of a rotor blade by using FOCUS6

sults from laboratory tests on composite coupons. For the fatigue design
of the cross-section of the blade, a time series of fatigue stresses are calcu-
lated based on the spectrum flapwise, edgewise bending moments and the
centrifugal load. By using the rainflow-counting method, this time series of
fatigue stresses are converted to a spectrum load set [16]. Then, according
to the Palmgren-Miner Rule [17] and Constant Life Diagram [18], the blade
fatigue response (of that cross-section) can be designed from the experimen-
tal results of composite coupons. Here it is implicitly assumed that similar
failure mechanisms exist in both the full-scale rotor blade and the laboratory
coupons.

At the coupon level, the fatigue behaviour of composites has been studied in-
tensely, by using empirical, phenomenological and micro-mechanical models
(see Section 2.1). The empirical and phenomenological models describe the
time to failure and sometimes macroscopic stiffness and strength degradation,
but do not provide information on the micro-mechanical damage progression
within the material. Ignorance of the micro-mechanical failure mechanisms
brings the following limits.

1. The extraction of fatigue model parameters requires extensive experi-
ments that are time-consuming.

2. The fatigue models typically describe constant amplitude behaviour of
a limited number of material structures and configurations, and new
parameters have to be re-extracted when any change is made in the
material configuration.

The micro-mechanical models constitute novel approaches that aim to predict
composite fatigue behaviour by studying interaction of failure mechanisms at
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the fibre level. The ultimate goal of these models is to predict the compos-
ite fatigue behaviour, solely based on properties of composite constituents.
However, the fatigue failure of composites is characterised by an interaction
of many failure mechanisms and, therefore, capturing this in a model is a
considerable challenge. The availability of micro-mechanical models is very
limited, especially for fatigue models, and those that do exist still rely on
empirical and phenomenological factors, for instance to describe the fatigue
degradation of composite elastic constants. These parameters are obtained
indirectly from experiments on composites instead of directly from tests on
individual constituents, and therefore eliminate the main advantage of micro-
mechanical models over phenomenological models.

1.2 Motivation

Although a large number of wind turbine blades in service show that reliable
blades can be built with empirical and phenomenological models, these mod-
els have considerable drawbacks. Apart from the experimental effort involved
and the fact that the tests only provide design data for a single fibre-matrix
combination and lay-up, they do not provide any insight into underlying
failure mechanisms. This limits the development and improvement of com-
posites, for which insight in the failure mechanisms would provide valuable
guidance.

As shown in Figure 1.1, different lay-ups of the above-mentioned composite
laminates are distributed in a wind turbine rotor blade. Numerical exper-
iments on composite laminates can assist in the selection of the optimal
configuration of fabric architecture, fibre-resin combinations or even speci-
men geometry. Understanding the failure behaviour will improve knowledge
of the limits of the materials. Therefore the development of a tool to perform
numerical experiments on composite laminates will eventually improve the
fatigue design of wind turbine rotor blades.

This thesis focuses on composites as used in wind turbine rotor blades. These
composites differ from those used in e.g. aerospace industry because of dif-
ferent demands in terms of loads, reliability and cost. Notable characteristics
of the wind turbine used composites are:

1. The diameter of fibres is usually large (up to ca. 17µm).
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2. Non-woven fabric is used in the lay-up of fabrics. That means the fibres
are straight in the composite laminates, contrary to the undulated fibre
bundles in woven fabric composites.

3. The composite laminates can be very thick (up to 100 layers or more)

In the main spar typically unidirectional glass fibre reinforced polymer (GFRP)
composites are used as the stiffener materials to carry the axial normal stress
imposed by the flapwise bending moment, as a result of which they are nor-
mally loaded under the cyclic tensile or compressive axial loading. Compared
to the composite laminates with other lay-ups, unidirectional GFRP compos-
ites have a relatively simple structure. Micro-mechanical modelling of axial
tension-tension fatigue behaviour of the unidirectional GFRP composites is
performed in this thesis.

1.3 Purpose

The purpose of this study is to obtain a validated model for fatigue dam-
age in wind turbine rotor blade laminates using micro-mechanical methods.
According to the model, the composite fatigue lives and stiffness degrada-
tion will be predicted based on the material properties of (glass) fibres and
polymer matrix.

1.4 Approach

A multi-scale fatigue model is developed to predict composite fatigue be-
haviour by using the properties of fibres and matrix via a scaling-up proce-
dure. The scaling-up procedure consists of three steps, (a) Development of
Multi-Fibre (MF) unit cells, (b) Development of Meso-Structure (MS) mod-
els and (c) Development of Coupon-Size (CS) models. At the lowest scale,
the MF level, the fatigue behaviour is modelled using 3D unit cells, which
are micro-structures of several fibres and surrounding matrix. For these unit
cells the material properties of the constituents (fibres and matrix) are used
as input, taking into account the stochastic strength properties of the fibres.
At the next higher scale, the MS level, MF unit cells are used to predict the
behaviour of multiple MF unit cells together. Finally the fatigue behaviour
of composite coupons (CS level) is predicted by scaling up the MS modelling
results. A chart describing this hierarchical flow is shown in Figure1.3.
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Composite
constituent properties

MF unit cell modelling (57×57 µm2 across)
MF Unit cell

fatigue properties

1st geometrical scale-up (1× 1 mm2 across)
MS model

fatigue properties

2nd geometrical scale-up

CS model fatigue
properties

(10× 1.5 mm2 across)

Figure 1.3: Flow chart of the multi-scale micro-mechanical fatigue modelling
methodology

1.5 Scope

Due to the structural complexity, it is a huge amount of work to involve
all possible micro-mechanical failures (see Section 2.2) in the fatigue model.
Since fibres are the main constituents that bear loads, the proposed model is
established by focusing on sequential fibre breakages (regarded as the domi-
nant micro-mechanical failure) and the resulting matrix failures. The effect
of fibre/matrix interface failure on composite fatigue behaviour is not dis-
cussed in this thesis. However, studying the fibre/matrix interface failure is
vital for improving the prediction accuracy, and therefore is recommended
for the next step in Section 7.2.

The proposed model is limited to predicting axial tension-tension fatigue
behaviour of unidirectional composites. It will not work on composites under
other fatigue loading conditions or with other configurations, due to the
fact that sequential fibre breakage will not be the dominant fatigue failure
mechanism any more.

Because glass and carbon fibres are characterized in the same technique,
the proposed model is also suitable for unidirectional carbon fibre reinforced
polymer (CFRP) composites.
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1.6 Outline of the thesis

The thesis is organized in seven chapters. In this chapter, a brief introduction
was given on the background and motivation of the project, the purpose of
this study, and the approach and scope of the proposed multi-scale micro-
mechanical fatigue model.

Chapter 2 reviews the state-of-the-art of micro-mechanical fatigue failure
mechanisms including fibre breakage, matrix failures and fibre/matrix inter-
face failures, and the micro-mechanical fatigue models. Considered as the
dominant failure mechanism, the sequential fibre breakages are specially dis-
cussed to show the damage progression in the unidirectional GFRP composite
materials under axial tensile loads. For the composite fatigue characteriza-
tion, two kinds of micro-mechanical fatigue models for unidirectional GFRP
composites are presented.

Chapter 3 reports the experimental work on the single glass fibres and uni-
directional GFRP composite dog-bone coupons. The single fibre static and
fatigue experiments are performed to provide inputs for the fatigue simu-
lations of the MF unit cells. The fatigue experiments on the unidirectional
GFRP dog-bone coupons are carried out to validate the proposed model. For
the data analysis of these experimental results, the fatigue behaviour of the
fibres and dog-bone coupons is characterized by three fatigue parameters.

From chapters 4 to 6, numerical fatigue simulations are performed on the
MF unit cells, MS and CS models sequentially. The fatigue parameters
and degradation curves of the composite elastic properties of the MF unit
cells, MS and CS models are extracted to reveal the fatigue behaviour of
the unidirectional GFRP composites at micro-, meso- and macro-scales. In
Chapter 6, the final fatigue predictions on the unidirectional GFRP dog-bone
coupons are obtained and compared to the experimental results.

Finally, the main conclusions and recommendations for future work are sum-
marized in chapter 7.

This chapter includes the introduction of project background and mo-
tivation, the purpose of this study, and the approach and scope of the
proposed multi-scale micro-mechanical fatigue model which is used to
account for the fatigue damage in the unidirectional GFRP composites.
The development of such a model requires a good knowledge of known
micro-mechanical failure mechanisms and models, which are discussed
in the next chapter.
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Chapter 2

State of art

This chapter presents the literature study of micro-mechanical failure
mechanisms and models. A general overview of the composites fatigue
models is given in Section 2.1. Micro-mechanical models have an ad-
vantage regarding modelling of progressive failures compared to empiri-
cal and phenomenological models. The common micro-mechanical fail-
ure mechanisms are categorized into fibre breakage, matrix failure and
fibre/matrix interface failure, and reviewed in Section 2.2. Since the
fibres carry the vast majority of applied loads during fatigue, the influ-
ence factors on the sequential fibre breakages are of great interest to the
micro-mechanical fatigue models. This part of the work is discussed in
Section 2.3. Later in Section 2.4, two kinds of micro-mechanical fatigue
models are presented based on the quantification of the relevant micro-
mechanical failure mechanisms. The concluding remarks of this chapter
are summarized in Section 2.5.

2.1 Fatigue models

In this thesis, fatigue models for Fibre Reinforced Polymer (FRP) composites
are categorized into empirical models, phenomenological models and micro-
mechanical models [19].

The empirical models are curve fitting models, and usually quite simple for
the convenience of the model parameters extraction. The drawback is that
these models do not consider any physical failure mechanisms. Accordingly,

9
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they can only give fatigue life predictions of the composite coupons, but do
not provide any detail of composite fatigue degradation.

Typical empirical fatigue characterisation methods are S-N curves, Constant
Life Diagrams (CLD), etc. [1]. The S-N curve shows the fatigue life as a
function of the fatigue loads (mostly the maximum fatigue stress or strain).
The S-N curve is usually not directly used because it only gives information
at a certain R ratio (the ratio between the minimum and maximum fatigue
loads). To combine the S-N curves of different R ratios together, a CLD is
plotted by connecting the fatigue load points subjected to the same fatigue
life on the S-N curves of different R ratios. Figure 2.1 illustrates the rela-
tionship between the CLD and two constituent S-N curves of R ratios of -1
and 0.1 on both sides. Note that the y-axis of the S-N curves in Figure 2.1
is fatigue stress amplitude, on a linear scale in accordance with the y-axis
of the CLD. In this case S-N data for nine different load ratios were used
to construct this CLD. Commonly S-N data is available at only a few load
ratios, resulting in a CLD with far less detail.

Figure 2.1: Illustration of the S-N curve and Constant Life Diagram

Phenomenological models [20, 21] attempt to describe the effect of fatigue
damage evolution on material properties, such as stiffness degradation (Fig-
ure 2.2) and strength degradation (Figure 2.3). Figure 2.2 illustrates the
normalized axial stiffness degradation of unidirectional GFRP composite dog-
bone coupons under tension-tension fatigue loads, tested in WMC’s labora-
tory. The maximum fatigue stress was 390 MPa. The degraded stiffness was
calculated from the axial strain measured using the Digital Image Correla-
tion technique. On the x- and y- axes, the fatigue life and stiffness were
normalized by the final fatigue life and initial stiffness respectively.
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Figure 2.3 illustrates normalized residual strengths and fatigue data of [90◦/0◦/±
45◦/0◦]s GFRP composite dog-bone coupons under tension-tension fatigue
loads [1]. The maximum fatigue stress was 380 MPa. The strength residual
data were also combined with the tensile strengths and fatigue lives of the
composite coupons to indicate the beginning and end of the residual strength
degradation. On the x- and y- axes, the fatigue life and strength were nor-
malized by the average values of the fatigue lives (subjected to the maximum
fatigue stress of 380 MPa) and tensile strengths respectively.

Figure 2.2: Composite stiffness
degradation

Figure 2.3: Composite strength
degradation (reproduced from [1])

The degradation of composite stiffness or strength is usually modelled by the
failure accumulation which is not based on physical considerations. Another
problem of strength degradation models is that the experimental determina-
tion of composite strength is obtained from a batch of composite coupons.
Due to random flaw distribution and fatigue failure accumulation, the de-
graded strengths of the composite coupons subjected to the same fatigue
loading show significant variation. Thus, the accuracy of strength degra-
dation model parameters depends on the scatter of degraded strengths of
composite coupons.

Compared to the empirical and phenomenological models, micro-mechanical
models [7, 22–48] have potential advantages on interpreting progressive fail-
ures and saving test effort. The micro-mechanical model is an approach
working at predicting composite properties by modelling microscopic failures
that occurred on fibres, matrix and fibre/matrix interface (or interphase).
For instance, the fatigue damage in unidirectional composites is caused by
a synergistic interaction of fibre breakage, matrix failure and fibre debond-
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ing, depending on the constituent properties, geometries, applied boundary
conditions, etc.

The difficulty in micro-mechanical modelling on a coupon-size composite
specimen is that the overall microscopic failure is very complex, since many
thousands of fibres are involved. Due to computational limitations, numeri-
cal investigations can only be directly carried out on a microscopic composite
structure up to a small number of fibres, for instance by using shear-lag mod-
els or finite element simulations [49–54]. The significance of these studies is to
approximately account for the influence of certain micro-mechanical failure
mechanisms on composite static behaviour. For predictions of large compos-
ite structures, a trade-off to minimize the model complexity has to be made
by introducing some empirical or phenomenological factors (see Section 2.4).

In the micro-mechanical models for large composite structures, the anisotropic
or orthotropic composite properties are modelled by unit cells, which are also
called Representative Volume Elements or RVEs. Traditionally the unit cell
is regarded as the smallest cell whose properties are equivalent to those of
the composite (implicitly ignoring scale effects). Depending on the failure
mechanisms of interest, different structures could be selected for the unit
cell. For unidirectional composites, the most simple unit cell only consists of
one fibre and surrounding matrix, and is limited to the failure mechanisms
where no interaction between fibres occurs. The application of the one-fibre
unit cells is frequently found in the models such as Micro-mechanical Ho-
mogenization [32], etc.

2.2 Microscopic failure mechanisms

During fatigue tests, the composite fatigue progressive failures initiate ran-
domly at the weakest locations of the fibres, matrix and fibre/matrix inter-
face. Therefore, the initiation of the microscopic failures should be under-
stood before building up the micro-mechanical models. A large amount of
literature has been published on the extraction of fibre properties and fi-
bre/matrix interface properties. A survey of those approaches is given in
Appendix A. In addition to the above two resources, failure may also stem
from the manufacturing imperfections in matrix such as matrix voids.

A fatigue life diagram of unidirectional FRP materials proposed by Talreja
is illustrated in Figure 2.4 [2]. Talreja’s fatigue diagram consists of three
regions, under different dominant fatigue failure mechanisms.
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Figure 2.4: Three fatigue life regions defined by Talreja [2]

For unidirectional composites under tension-tension fatigue loads, in region
I, the maximum fatigue load is large enough to break a critical number of
fibres simultaneously. The resulting load-redistribution causes an overwhelm-
ing failure of all surviving fibres. In region II, the applied fatigue loads are
reduced below the criterion that triggers the critical sequential fibre break-
ages. As a result, failures stemming from fibre/matrix interface and matrix
become more significant. The composite fatigue life is longer because of the
lower breaking rate of the supporting fibres. As the fatigue loads are further
reduced to the region III, the composite fatigue life is not experimentally
detectable any more. Therefore the composite is assumed to not fail by fa-
tigue at least for the number of cycles that is practically reproducible in the
laboratory or in service.

It has been noted that the existence of Region III is disputed, since for some
composite materials the starting point of Region III is far more than the
upper limit where the fatigue life can be measured. For instance, van Delft et
al. observed that the power-law S-N curve is still valid to describe the fatigue
behaviour of multi-directional GFRP composites up to 109 cycles [55].
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2.2.1 Fibre breakage

Glass fibres exhibit statistically distributed strengths due to the superficial
(and internal) statistically distributed micro-flaws, rather than the failure
of chemical bonds [56, 57]. If a fibre fails by the rupture of chemical bonds
(e.g. Si-O bond), the theoretical strength is approximately 10000 MPa [58].
However, although glass fibres show a much higher tensile strength compared
to bulk glass products, the maximum fibre strength is still considerably lower
than the theoretical strength.

Ladevéze and Genet [3] illustrated surface crack growth of single glass fibres
by a post-mortem SEM picture, and claimed that a fibre fails when a critical
crack length is formed, as shown in Figure 2.5.

(a) SEM picture (b) Illustration

Figure 2.5: Superficial crack propagation on fibre cross-section (reproduced
from [3])

Commonly, a two-parameter Weibull distribution modified by the weakest
link theory is used to characterize the fibre tensile strengths (or failure
strains), that is in Eq. 2.1 [59–62].

P (σ) = 1− exp{− l

lref
(
σ

σ0ref
)βS} (2.1)

in which P is fibre failure probability of tensile strength σ (or less), l is the
fibre actual length while lref is the fibre reference length where the Weibull
shape βS and scale parameters σ0ref are extracted from experimental results.
The βS parameter indicates the scatter of fibre tensile strengths. The effect
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of βS on the strength probabilities of fibres (when l = lref ) is illustrated in
Figure 2.6, in which the βS values span the range from 4.0 to 10.0 covering a
realistic range of βS values of glass fibres while the σ0ref is set to 2000 MPa.

Figure 2.6: Illustration of fibre strength probabilities with different β param-
eters

For bulk glass (large scale structures), Jayatilaka and Trustrum [57] built
up the correlations between the inner/superficial crack distribution and glass
tensile strength distribution using the strain energy theory. They found
that the Weibull form of the strength distribution can be related to the flaws
distribution by assuming the flaw length to follow a Gamma distribution and
the flaw angle to follow a uniform distribution. The Weibull shape parameter
of the glass tensile strength is inversely proportional to the variability of the
inner crack lengths. Therefore, a wider distribution of crack lengths gives
rise to a smaller Weibull shape parameter (corresponding to a larger scatter)
of glass strengths.

In many cases, the length effect on fibre tensile strength cannot be accurately
described by the linear ratio l/lref , because of the fibre diameter variation [63]
or the stress concentration at the clamped ends [64]. Taking these factors
into account, Eq. 2.2 is modified to

P (σ) = 1− exp{−(
l

lref
)γ(

σ

σ0ref
)βS} (2.2)

in which, γ is an exponential parameter ranging from 0 to 1, which is deter-
mined experimentally. If γ equals to 1, Eq. 2.2 reduces to Eq. 2.1, whereas
if γ equals to 0, it means the fibre strength distribution does not exhibit a
length effect.
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Eq. 2.1 or Eq. 2.2 indicates longer fibres have lower tensile strength, and
vice versa. However, in reality, the fibre tensile strength cannot be infinitely
increased, as Eq. 2.1 or Eq. 2.2 implies if the length L approaches 0, due to
the finite strength of chemical bonds. In other words, there should be a lower
limit of the length of validity of Eq. 2.1 or Eq. 2.2. Unfortunately, so far it
has been not been possible to determine this limit. Thomason [65] studied
the strength of fibres with very short lengths (180 to 380 µm) and found that
an increasing tendency of fibre strength still exists with the reduction of the
fibre length.

It has been noted that the fibre tensile strengths are not always modelled in
a uni-modal Weibull form (shown in Eq. 2.1 or Eq. 2.2) but a multi-modal
Weibull form. This is because the trends in failure probabilities might be
different with typical strength intervals. Wu and Robinson proposed a tri-
Weibull distribution function Eq. 2.3 to describe the stepwise relationship
between the failure probabilities and fibre tensile strength in the low, middle
and high strength regions [66].

P (σ) =


1− exp[−( σ

σ0L
)βL ] when 0 ≤ σ ≤ σL

1− exp[−( σ
σ0M

)βM ] when σL ≤ σ ≤ σM
1− exp[−( σ

σ0H
)βH ] when σM ≤ σ ≤ ∞

(2.3)

in which βL and σ0L, βM and σ0M , βH and σ0H are Weibull parameters for
fibre tensile strengths corresponding to the low, middle and high strength re-
gion respectively. σL and σM are transitions between these different strength
regions. However, Eq. 2.3 does not involve the length effect on fibre tensile
strengths. It is uncertain whether the σL and σM can be modelled explicitly
as a function of fibre gauge lengths. Therefore, unless there is a large differ-
ence between the Weibull parameters for different strength regions, Eq. 2.1
or Eq. 2.2 is regarded still efficient to describe the fibre tensile strengths over
a certain gauge length range.

The experimental data for cyclic loading fatigue of glass fibres is very limited.
One can assume that fibre fatigue damage is caused by the propagation
of micro-flaws existing in fibres. Gupta [67] studied the static fatigue life
prediction of high strength (bulk) glass materials and found that the power
law equation can give a versatile and reasonably good prediction of all the
data in which the crack growth rate was from 10−16 m/s to 10−4 m/s.

Studies of fibre static fatigue (creep) tests show a range of slope values of
the fibre S-N curves spanning from -20 to -30 for E-glass fibres [68,69]. The
main problem of the S-N slope extraction of single fibres is that large scatter
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is expected because of the wide distribution of micro-flaws. Kurkjian [69]
carried out fibre creep tests and found that for silica glass fibres, the time to
failure spans about a factor of 1000.

It has to be mentioned that all above-mentioned analyses on fibre static and
fatigue properties were limited to room temperature (i.e. ca. 23◦C). Fibre
properties are also significantly affected by environmental conditions such as
temperature, moisture, etc. Since in FRP composites, the polymer matrix
provides good protection of fibres from the severe environmental conditions,
the environmental effect on fibre properties is not considered during compos-
ite fatigue tests. The relevant studies of environment effect on fibre properties
can be found in the work of Wiederhorn [70,71], Armstrong [72], Mrotek [73]
and Pierre [74].

2.2.2 Matrix failure

Polymer matrix is used to constrain the fibres in a fixed alignment. For
unidirectional composites under axial tensile loads, the matrix only carries
a small part of the loads. Its main functionality is to transfer the normal
stress in fibres, for instance from the broken fibres to the neighbouring intact
fibres within a limited distance (called “ineffective length”, see Section 2.3).
Generally, according to Eq. 2.4 shown below in Section 2.3, a high matrix
stiffness causes the fibre-to-fibre load redistribution in a small region, but
a high stress concentration to the neighbouring fibres. When failures occur
in the matrix, the load redistribution rule will be correspondingly changed,
leading to a different fatigue response of the composites.

How matrix failures develop within a composite is influenced by the matrix
viscoelasticity. According to the study by Zhang and Hartwig [75], com-
posites with a brittle matrix (for instance, epoxy) show longer fatigue lives
compared to those with a ductile matrix (for instance, PEEK) under the
same fatigue loads, even though the matrices exhibit similar stiffness. This
is because more matrix micro-cracks are initialized in the brittle matrix dur-
ing a fatigue test. The initialization of these micro-cracks contributes to
energy dissipation and therefore decreases the Stress Concentration Factors
(SCFs) caused by fibre breakages. That means in brittle matrix composites
the fibre breaking rate is slower and the final composite failure is delayed.

The frequency effect on the fatigue behaviour of composites is another con-
sequence of the matrix viscoelasticity. The relationship between the testing
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frequency and composite fatigue life is affected by the heat dissipation, which
is related to the testing frequency in turn (by matrix viscoelastic damp-
ing). At low frequencies (no heat dissipation), the fatigue life increases as
the frequency increases, but at high frequencies (obvious heat dissipation),
the fatigue life decreases as the frequency increases [76]. Mishnaevsky and
Brøndsted [52] developed a kinetics-based model to predict the influence of
frequency on composite fatigue lives with respect to different loading histo-
ries. In their models, a linear damage accumulation law is assumed during
every fatigue cycle. The model predictions show that composite fatigue lives
are almost linearly increased with the testing frequencies.

Despite the above discussions, due to the fact that the fibres constrain the
movement of its chemical chains, the matrix probably exhibits more elastic
behaviour. Thus the effect of the matrix viscoelasticity on composite fa-
tigue behaviour is less significant. At the current stage, the matrix is still
assumed to exhibit pure elastic behaviour in the proposed multi-scale micro-
mechanical model.

2.2.3 Fibre/matrix interface failures

Glass fibres are coated by a sizing material to improve the adhesion be-
tween fibres and matrix, and prevent the damage from fibre-fibre contact
in fabrication. The sizing material is a complicated chemical mixture made
up of 5-10 wt% lubricants, 80-90 wt% film formers and 5-10 wt% coupling
agents, and takes 0.2-2 wt% of glass fibres [77, 78]. The fibre/matrix inter-
face (or interphase) is formed by the mixture of fibre sizing materials and
polymer matrix and can be regarded as a “constituent” of the unidirectional
composites [4, 77–82] . The fibre/matrix interface shear strength (ISS) is
in direct proportion to the compatibility between fibre sizing materials and
matrix [79].

Zinck et al. [4] found that the coupling agents in the sizing materials can
fix fibre superficial flaws. They compared the tensile strength distribution of
glass fibres with different surface treatments, and concluded that the use of
organosilane coupling agents increases the average fibre strength by approx-
imately 15%. The scatter of fibre strength was not significantly changed.
Zinck argued the sizing materials can only fill up but not fully cover the fibre
superficial flaws, as illustrated in Figure 2.7. Therefore, the flaw distribution
stayed the same.
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Figure 2.7: Illustration of covering fibre superficial flaws by sizing materials
(reproduced from [4])

Sjögren et al. [5] studied the growth of the crack initialized from a fibre break-
age. Depending on the strength of the fibre/matrix interface, this crack may
grow parallel to the fibre on its surface (Figure 2.8a) when the fibre/matrix
interface is weak, or perpendicular to it (Figure 2.8b) when the fibre/matrix
interface is strong. For most commercial GFRP composite materials, Sjö-
gren indicated that, even through the glass fibres surface is coated by sizing
materials, the fibre/matrix interface is still not strong enough to initialize
the matrix cracking [5].

In axial tension-tension fatigue tests on unidirectional FRP composites, Pupurs
and Varna [6] pointed out that fibre debonding (namely the fibre/matrix in-
terface failure along the fibre surface) is created by either fibre breakages for
the high applied loads or matrix failure propagation for the low applied loads,
as illustrated in Figure 2.9. The failure mechanism depends on the Mode II
strain energy release rate. For fibre debonding caused by fibre breakages,
they derived both analytical expressions and finite element simulations to
predict the fibre debonding growth.
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(a) Weak interface (b) Strong interface

Figure 2.8: Fibre/matrix interface failure due to the fibre breakage (repro-
duced from [5])

(a) Subjected to high fatigue loading (b) Subjected to low fatigue loading

Figure 2.9: Illustrations of fibre debonding initiation (reproduced from [6])

Van den Oever and Peijs [83] compared the axial tension-tension fatigue prop-
erties of unidirectional GFRP composites with strong and weak fibre/matrix
interface. They found that if there is no fibre debonding in the composites,
the axial Young’s modulus of the composite follows a more sudden-death
shaped degradation curve. Otherwise, the axial Young’s modulus follows a
gradual degradation curve.
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2.3 Sequential fibre breakages

In unidirectional FRP composites under axial loads, fibres are the major
components to bear the applied loads. Fibres will not break all at the same
time because of their distributed strength, both from fibre to fibre and along
the fibres. Thus, the investigation of fatigue damage evolution can be related
to the study of a sequential fibre breakages failure mechanism.

After the breaking of weak fibres, the composite stress/strain state adjacent
to the fibre breaking points is changed. The axial normal loads of broken
fibres near the breaking point are transferred to other surviving fibres. Either
a Global Load Sharing (GLS) load redistribution rule or a Local Load Sharing
(LLS) load redistribution rule is used to reveal this natural load transfer. The
difference between GLS or LLS is that, the axial normal loads are transferred
evenly over all other surviving fibres or locally to the neighbouring surviving
fibres with decreasing transferred loads to the further ones away from the
broken fibre. GLS is usually used in ceramic or metal matrix composites,
where the stiffness of the matrix is comparable with that of the reinforcing
fibres [25, 84], whereas LLS is found more fit to FRP composites.

In Harlow and Phoenix’s studies [29,30], LLS is simply performed by trans-
ferring the axial normal loads of the broken fibres to the nearest neighbouring
fibres. Later on, the shear-lag models are used to predict LLS by assuming
the load transfer is actually done by matrix shear between broken fibres and
the neighbouring intact fibres. In the shear-lag model, fibres are assumed
to carry all axial normal loads. Therefore, the shear-lag model works better
in cases where the stiffness of the matrix is much lower than that of fibers,
corresponding to the characteristics of most FRP composites. Furthermore,
the accuracy of the shear-lag model goes down with the decrease in the fibre
volume fraction, since the matrix carries more load.

By studying the effect of the fibre orientation on the stiffness and strength of
paper and other fibrous materials, Cox [85] developed a complicated formula
to calculate the stress state of the infinitely long fibres embedded in a matrix
with random orientations. For a special case that a single fibre of length l is
embedded in a matrix subjected to a constant strain ε∞ in fibre orientation,
the stress state of the fibre is shown in Eq. 2.4.

σ(x) = σ∞{1−
cosh [ψ(l/2− x)]

cosh [ψl/2]
}, ψ = {Gf

Ef
[

2π

Af ln (2s/df )
]}1/2 (2.4)
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in which σ∞ is the applied stress at the fibre ends (i.e. σ∞ = Ef × ε∞),
Af is the fibre cross-sectional area, Ef and Gf are the fibre Young’s and
shear moduli, s is the centre-to-centre distance of fibres and df is the fibre
diameter.

Later on, to account for the axial loads redistribution in between fibres,
Hedgepeth [86] developed a 2D shear-lag model for a planar fibrous composite
under constant tensile loads on both ends, based on a dimensionless governing
equilibrium equation Eq. 2.5 of fibre axial displacement.

∂2Ui
∂ξ2

+ Ui+1 − 2Ui + Ui+1 = 0 (2.5)

with the conditions

pi = pPi, ui = p

√
sUi

EfAfGmdf
and x =

√
EfAfsξ

Gmdf

in which i is the fibre rank id ith, pi is the axial load on ith fibre, p is axial load
at the infinite ends of each fibre, Pi, Ui, ξ are normalized variables, ui is the
axial displacement of the ith fibre, s is the centre-to-centre distance of fibres
and x is the fibre orientation coordinate. Furthermore, EfAf indicates the
fibre tensile stiffness, and Gmdf indicates the matrix shear stiffness. Solution
of Eq. 2.5 subjected to certain boundary conditions gives the stress state on
the fibre bundle. For a specific circumstance of continuous fibre breakages
(all broken fibres are in a cluster which does not contain any intact fibres),
as described by Eq. 2.6 where r is the number of broken fibres, the numerical
solution of Eq. 2.5 can be obtained by a two-step procedure.

Pi(0) = 0 where 0 ≤ i ≤ r − 1 and Ui(0) = 0 where for other fibres (2.6)

Firstly, an auxiliary function (also called influence function) Eq. 2.7 is intro-
duced, with respect to boundary conditions Eq. 2.8 where no remote load is
applied on the fibre bundle and only 1 fibre (for instance the 0th fibre) breaks
when a unit displacement is applied, is solved using the Fourier transform
method. Note that the boundary conditions for this case are different from
Eq. 2.6.

∂2Vi
∂ξ2

+ Vi+1 − 2Vi + Vi+1 = 0 (2.7)
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Pi(0) = 0 where i = 0 and Vi(0) = 0 where for other fibres (2.8)

Then, the solutions of Eq. 2.5 are obtained by using superposition on all
influence functions from 0th to (r − 1)th broken fibres, as shown in Eqs. 2.9
and 2.10.

Pi(ξ) = 1 +
r−1∑
m=0

Li−m(ξ)Um(0) (2.9)

Ui(ξ) = ξ +
r−1∑
m=0

Vi−m(ξ)Um(0) (2.10)

in which, Li and Vi indicate the applied load and displacement at axial length
ξ of the ith fibre in the influence function.

Eqs. 2.9 and 2.10 imply that most of the axial loads are transferred to the
nearest neighbouring fibres of the continuous fibre breakage crack. On the
broken fibres, the applied loads are gradually recovered from the breaking
point within a certain length, known as characteristic load transfer length
[87] or ineffective length [88]. For the fibres bearing the transferred loads,
the axial tensile loads gradually attenuate to the boundary loads within the
ineffective length.

The experimental technique to evaluate the ineffective length is the Laser Ra-
man Spectroscopy technique [89, 90]. Anagnostopoulos et al. [90] measured
the ineffective lengths in unidirectional aramid fibre reinforced epoxy com-
posites subjected to different applied loads. According to their observations,
the load recovery can be fitted by an exponential function, and the ineffective
length is increased with the rise of applied strain levels. Anagnostopoulos
also found that the fibre/matrix Interface Shear Strength (ISS) significantly
deviates from Cox shear lag model predictions when high strain levels are
applied. They attributed this discrepancy to a severe matrix shear modulus
decrease caused by (high) residual thermal stresses.

Hedgepeth’s model can only deal with 2D transverse continuous fibre break-
ages (on the same locations along their length). Satry and Phoenix [91] gen-
eralized Hedgepeth model to randomly distributed fibre breakages by using
a Break-Influence Superposition (BIS) technique. The idea of the BIS tech-
nique is that, the transferred loads and resulting displacements of all surviv-
ing fibres due to every fibre breakage are independent of each other. In other
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words, for a surviving fibre, the final stress state can be calculated by sum-
ming up the stress state induced by every single fibre breakage. Hedgepeth
model can be regarded as a particular application of the BIS technique. Ac-
cording to the calculations by the BIS technique, the maximum transferred
loads to the most two neighbouring fibres next to the transversely continu-
ous fibre breakages are obviously reduced if the fibre breaking locations are
unevenly distributed.

In general, the maximum Stress Concentration Factor (SCF) induced by a
broken fibre predicted by the Hedgepeth and Satry models is approximately
1.333, which is higher than the range from 1.04 to 1.10 obtained from some
numerical simulation results [92–97]. This is because of the rigid assumptions
used in these models, namely:

1. Fibres are evenly aligned in an infinite 2D line.

2. The matrix has pure elastic properties and only carries shear load.

3. The fibre/matrix interface is made up by a perfect bond

Hedgepeth and van Dyke [98] developed a 3D model (hereby called HVD
model) in which the influence fibres are enlarged to four nearest neighbouring
fibres for a square fibre array or six nearest neighbouring fibres for a hexago-
nal fibre array. Later on, Landis et al. [99] pointed out that the HVD model
still underestimates the transferred loads on the second nearest neighbouring
fibres, and therefore predicts higher SCFs on the nearest neighbouring fibres
but lower SCFs on the second nearest fibres. They generalized the HVD
model to a more complex equation to further reduce the maximum SCF.

In the same paper, Hedgepeth and van Dyke [98] also took matrix shear
yielding into account in the Hedgepeth model Eq. 2.5. They found that
matrix yielding will limit the transferred shear stress and then diminish the
maximum SCF. This resultant maximum SCF reduction becomes gradual as
the ratio, between the applied load at far-away ends and the required load
at far-away ends to cause the matrix to yield, increases.

Furthermore, fibre debonding and matrix cracking stemming from fibre/matrix
interface failure are important failure mechanisms that alter the load trans-
fer rules from broken fibres to intact fibres. Ochiai et al [100] studied the
influence of fibre debonding and matrix cracking on the SCF calculations.
They concluded that the calculated SCFs are decreased by fibre debonding,
but increased by matrix cracking around the broken fibre.
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However, Beyerlein and Phoenix [87] pointed out that fibre debonding is still
negative for unidirectional FRP composites although it diminishes the SCF
associated with fibre breakages. When a fibre starts to debond, the original
interfacial shear stress along the fibres is replaced by the relatively lower
friction loads in the debonding area. For this reason, the ineffective length
for the load recovery of the broken fibres and load transfer of the neighbouring
intact fibres is extended. The failure probabilities of the neighbouring intact
fibres are then increased. This negative influence can be eased by a higher
friction loads resulting from the fibre debonding.

Goda and Phoenix [49] performed Monte-Carlo simulations on the shear
lag model considering the fibre debonding . They found that the CFRP
composite specimens containing debonded fibres exhibit low average strength
with a large variance compared to the non-debonding specimens. And as
expected, higher average and lower variance of composite strengths can be
obtained by increasing the friction loads in the fibre debonding region.

Landis and McMeeking [101] discussed the influences of debonding, axial
matrix stiffness, and uneven fibre spacing on the maximum SCF calcula-
tions in 3D fibre array structures. They claimed that when a single fibre is
broken, fibre debonding or increased axial matrix stiffness with well bonded
fibre/matrix interface reduces the maximum SCF of the surrounding fibres.
If the fibres are distributed unevenly, the maximum SCF will be higher for
fibres that are close together.

2.4 Micro-mechanical fatigue models

Analytical micro-mechanical fatigue models are primarily developed to cal-
culate the degradation of composite material properties as a function of lo-
calized failure events. In these models, only properties of the critical element
(that causes final failure of the composite specimen) are of interest. Thus
they are called critical element models.

The rapid development of modern computational technique allows modelling
of the competitive microscopic failure mechanisms. For complex models,
it is very difficult to obtain analytical expressions for the damage factor
calculation in the critical element models. In these cases, the finite element
model will be a good alternative.
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The detailed introduction and application of critical element models and
finite element models are given in Sections 2.4.1 and 2.4.2.

2.4.1 Critical element models

The critical element modelling concept was first developed by Reifsnider
[33] to model FRP composite fatigue behaviour by reducing the structural
complexity. Reifsnider suggested a composite specimen is made up of the
critical element and sub-critical elements, and the composite failure is caused
only by the failure of the critical element. The following assumptions are also
used:

1. The composite failure is immediately caused by the failure of the critical
element due to a dominant progressive failure mechanism. Therefore,
the critical element should be large enough to trigger the catastrophic
failure of a composite structure. For instance, for a multi-layer compos-
ite laminate subjected to axial tension fatigue loading, a unidirectional
ply can be regarded as the critical element;

2. In the sub-critical elements, fatigue degrades the material stiffness but
does not lead to the final failure of the composite;

3. During the fatigue test, the applied loads on the critical elements are
changing continuously, depending on the stiffness degradation in the
critical element and sub-critical elements.

The model outputs are the predictions on composite fatigue lives and strength
or stiffness degradation curves.

A general equation to describe the composite strength degradation developed
by Reifsnider is shown in Eq. 2.11 [33].

SrL(τ1)

SiLu
= [

Fe(0)/FL(0)

Fe(τ1)/FL(τ1)
]rv{1−

∫ τ1

0

[1− Fe(τ)]kτ (k−1)dτ (2.11)

in which SrL and SiLu are residual and initial (ultimate) strengths of the
composite specimen, Fe is the failure function of the critical element under
the dominant progressive failure mechanism, FL is the failure function of
a far-away position to the incipient failure in the laminate, subscript rv in
brackets indicates the SCF (i.e. Fe/FL) and is calculated from the RVE, τ is
the normalized fatigue life defined by the ratio between the elapsed number
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of cycles and total number of cycles (i.e. n/N), τ1 corresponds to the τ value
where the degraded strength is calculated, and k is a material parameter.
For all τ , if it is assumed that Fe equals to FL (i.e. uniform stress state
over the critical element) and the failure function F is independent of τ (i.e.
no load transfer from sub-critical elements to the critical element), Eq. 2.11
can be reduced to a commonly used phenomenological strength degradation
function Eq. 2.12.

SrL
SLu

= 1− (1− Sa
Su

)(
n

N
)k (2.12)

In Eq 2.12, no stress concentration is considered. Then, the critical element
failure can be simply calculated by Sa/Su, in which Sa and Su are the applied
and ultimate stresses on the critical element.

Reifsnider argued that an analytical calculation of failure function Fe de-
pends on several factors such as the 3D stress state of the critical element,
non-uniform applied stress due to the corresponding failure mechanisms and
statistical properties of constituents. The consideration of any of the above
effects will bring tremendous complexity into the Fe calculation.

In order to simplify the Fe calculation, semi-empirical damage evolution mod-
els of the critical and sub-critical elements are employed. For instance, Noll
et al. [40] developed a critical element model to predict the fatigue lives of
multidirectional CFRP composite specimens under tension-tension fatigue
loads. The S-N curve, strength degradation model of the critical elements
(0◦ plies), and stiffness degradation model and delamination model for the
sub-critical elements (off-axis plies) were prepared in advance for calculating
damage factors of the critical elements. Their model gives reasonable fatigue
life predictions by considering a non-linear composite stress-strain relation-
ship combined with stiffness degradation in sub-critical elements due to both
inter-fibre failure and delamination.

An alternative way to reduce the computational complexity is to choose
simple critical elements. Akshantala and Talreja [34] developed a critical
element model for tension-tension fatigue characterizations of cross-ply lam-
inates. The critical element is chosen as a unit cell where a 90◦ layer of
thickness 2×t1 is embedded in between two 0◦ layers of thickness t2. The
dominant failure mechanism is assumed to be the ply delamination between
the 90◦ and 0◦ layers and modelled by a power-law function. By using these
assumptions, Akshantala developed the relationship between the elapsed fa-
tigue life and the resulting ply delamination length. The model showed not
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only the fatigue life but also the progressive fatigue failure evolution of a
cross-ply laminate.

Spearing [35–38] studied the tension-tension fatigue properties of central
notched CFRP composite specimens and found the fatigue failure mecha-
nisms are the 0◦ ply (in-plane) split initiated from the central notch, ply
interface delamination and transverse crack propagation in the 90◦ plies. By
assuming the 0◦ ply as the critical element and fibre split as the dominant
failure mechanism, Spearing developed a power-law for the fatigue growth
of splits in order to predict the experimental results. Spearing’s model gives
good predictions on the ply splitting growth, residual strength and stiffness
after a certain number of fatigue cycles. However, his model is limited to
centre-notched composite specimens where the critical failure is dominated
by the ply splitting growth.

Uleck [39]] developed an analytical model consisting of three sub-models
(which are used to describe the damage initiation, damage evolution and
composite failure) to predict the axial tension-tension fatigue behavior of
2-layer carbon reinforced unidirectional composites. In Uleck’s model, the
composite specimen was assumed to be a long fibre bundle and the critical
element was selected to be one part of the bundle with an ineffective length δ
which is long enough to break the entire bundle. In the first stage, the initial
ineffective length was calculated by properties of fibres and matrix, laminate
tensile strength, etc. The growth of the ineffective length was regarded as the
dominant fatigue failure mechanism and further described using the Paris’
Law together with the shear-lag model. The composite specimen was con-
sidered to fail when the ineffective length reached a critical value. According
to Uleck’s model, the fatigue failure probability of the composite specimens
can be predicted by using the static tests results.

Because of the symmetric structure, the FRP composite specimens may con-
tain a number of critical elements. On the other hand, the FRP composite
specimens are produced from constituent materials (i.e. fibres and matrix)
with randomly distributed micro-defects. These imperfections induce scat-
ter in the composite properties (e.g. distributed strengths, scattered fatigue
lives, etc.) and random progressive fatigue failures. Therefore, the failure
of these critical elements is random, and should be predicted by statistical
fatigue models.

Diao et al [7,41] developed a statistics based fatigue model by predicting the
fatigue damage progression in the RVEs (see Figure 2.10) containing both
critical elements and subcritical elements. In this model, the critical element
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was not a typical element but any sub-structure that could cause the final
failure of the composite. For instance, in cross-ply composite specimens, all
0◦ layers have the possibility to be the critical element. The authors as-
sumed the composite fatigue failure started from the damage in the subcrit-
ical elements. A damage saturation of the subcritical elements will trigger
further damage in the critical element. The composite fatigue properties
are represented by fatigue properties of the critical element, of which the
initial strengths are statistically distributed. The model is governed by the
kinetic strength degradation function, with the consideration of load redistri-
bution from subcritical elements to critical elements. This load redistribution
is caused during the damage accumulation process of subcritical elements,
and calculated by a semi-empirical load-redistribution factor [7] or shear-lag
based load-redistribution factor [41]. It has been noted that the calculated
load-redistribution factor is not a constant value but a function of composite
fatigue life depending on microscopic failure mechanisms. Diao’s model gave
good predictions on the strength/stiffness degradation curves, S-N curves
and fatigue life scatters of unidirectional and cross-ply composite materials.

Figure 2.10: The RVE defined in Diao’s model (reproduced from [7]

To conclude, the critical element models give fast composite fatigue char-
acterization by quantifying the damage progression in the critical element
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in analytical equations. Therefore, they are preferred to use when a quick
estimate of the composite fatigue life and strength degradation is needed.
However, the calculation of the failure function of the critical element is
not completely micro-mechanics based, nor the stiffness degradation calcu-
lation in the sub-critical elements. This makes these models rely on the
phenomenological curves (or empirical criteria) of macroscopic composites as
input to define the fatigue properties of the critical and sub-critical elements.
The resulting problem is that the fatigue predictions of composite structures
still depends on the fatigue tests of the macroscopic composite specimens.
Furthermore, the calculation of the failure function of the critical element
should be simple enough for analytical implementation. This may lead to er-
rors when dealing with complicated failures. Therefore, the critical element
models can only be used on composites with simple geometries.

2.4.2 Finite element models

Finite element (FE) simulations are developed for fatigue characterization
of composite materials, in particular with non-linear material properties and
complex coupon geometries. In these continuum mechanics based FE mod-
els, the composite fatigue failures are assumed to be a combination of the
microscopic failures. The model outputs are the predictions on composite
fatigue lives and stiffness degradation curves.

Van Paepegem et al [45] predicted load degradation curves of plain woven
GFRP composites under fatigue bending loads. The tests were done in bend-
ing displacement control mode. They deduced a power law damage growth
model for the prediction of the composite stiffness degradation. The damage
growth model parameters were empirical fitting parameters. Their model
was implemented by both semi-analytical numerical programming and finite
element simulations. The predictions of stress redistribution across the struc-
ture under the applied fatigue bending moments and bending load degra-
dation by both implementations were in good agreement. Particularly the
predictions of the bending load degradation are close to the experimental
observations.

Huang [46, 47] developed a bridging model for fatigue life predictions of the
unidirectional FRP composites. In his model, the input parameters are only
fibre and matrix fatigue properties and fibre volume fraction. A bridging rule
shown in Eq. 2.13 is used to correlate the stress states applied on the fibres
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and matrix.

{dσm} = [A]{dσf} (2.13)

in which {dσm} and {dσf} indicate the increments of all six stress compo-
nents (σ11 to σ66) applied on matrix and fibres, and [A] is a 6×6 bridging ma-
trix relating the two stress components. According to the Rule-of-Mixtures
theory, the relationship between {dσm} or {dσf} and increments of unidi-
rectional composite stress {dσ} can be obtained as

{dσf} = (Vf [I] + Vm[A])−1{dσ} and {dσm} = [A](Vf [I] + Vm[A])−1{dσ}
(2.14)

in which Vf and Vm are the fibre and matrix volume fractions. For 2D pla-
nar unidirectional composites, all elements of the matrix [A] were deduced
by considering elastic or plastic-elastic properties of fibres and matrix. The
bridging parameters in matrix [A] can be retrieved from shear tests of uni-
directional composites. Furthermore, the composite constituent failures are
determined by the maximum normal stress criterion on fibres and matrix, as
shown in Eq. 2.15.

σeq ≥ σu (2.15)

in which σeq and σu are the equivalent stress and ultimate strength of fibres or
matrix. Depending on the third principal stress, σeq is empirically calculated
by Eq. 2.16

σeq =


σ1 when σ3<0
{(σ1)q + (σ2)q}1/q when σ3=0
{(σ1)q + (σ2)q + (σ3)q}1/q when σ3>0

(2.16)

in which σ1, σ2 and σ3 are three principal stresses, q is the empirical pa-
rameter ranging from 1 to infinity. Huang’s model provides a comprehensive
application incorporating thermal analysis, mechanical analysis, and fatigue
analysis of both unidirectional and multi-directional composites.

In continuum based finite element models, composite statistical aspects are
represented using statistical properties of the model elements. Lian and
Yao [48] developed a statistical continuum based model for fatigue life pre-
dictions of FRP composites with different stacking sequences. In their model,
the Normal-distributed elastic components were randomly assigned to the
model elements. The stiffness degradation of each element was considered in
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two alternative ways. If the applied fatigue loads did not reach the criteria for
certain microscopic failures (i.e. fibre breakages, matrix failure, fibre/matrix
interface failure), the degradations of element stiffness followed traditional
phenomenological degradation rules. The corresponding parameters were
obtained by the curve fitting of experimental degradation curves of the com-
posite specimens. Otherwise, while a certain microscopic failure occurred,
the stiffness degradation was conducted by empirical reduction factors. Their
model gave good predictions on cross-ply composites fatigue properties and
reasonably good predictions on other multi-directional composites.

Kabir et al [43] developed a two-stage statistics-based micro-mechanical fa-
tigue model to predict the fatigue behaviour of short fibre reinforced ductile
matrix composites. The properties of microscopic structures were first sim-
ulated using 3D unit cell models taking Weibull-distributed fibre breakages
and fibre debonding into account as the failure mechanisms. In order to
show the random orientation of short fibres, simulations were performed on
several types of unit cells consisting of a fibre volume fraction from 1.8% to
13.1%. Then these unit cell material properties were randomly attributed
using Gaussian distribution to the elements of a 3D continuum model as in-
put parameters to characterize the composite stiffness degradation. It was
shown that the simulated stiffness degradation curve is in a good agreement
with the experimental results on Al-Al2O3 short fibre reinforced composites.

To conclude, the continuum based models implemented by finite element sim-
ulations allow virtualization of the numerical representation and are quite
versatile since they can characterize the fatigue behaviour of various com-
posite structures. The composite statistical characteristics can also be in-
corporated in the fatigue predictions. For the numerical continuum models,
the fatigue damage evolution in the continuum based models can be de-
scribed by two approaches. One way, as done in the critical element models,
is to use phenomenological curves (or empirical criteria) of the macroscopic
composites [48]. And the problem of using the experimental results of the
macroscopic composite specimens as input still exists. An alternative way
is to predict the damage evolution from a microscopic composite structure
by considering the relevant microscopic failures [43]. The latter method is
regarded as having more potential because the composite fatigue behaviour
is directly predicted from the properties of composite constituents.
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2.5 Concluding remarks

1. In micro-mechanical study of unidirectional FRP composites subjected
to axial tension-tension fatigue loads, fibre breakage, matrix failure and
fibre/matrix interface failure are the three basic failure mechanisms.

2. The broken-to-intact fibre load transfer rule is usually analytically cal-
culated by the shear lag models, in which the calculated SCFs are
influenced by fibre properties, matrix properties, fibre/matrix interface
properties, fibre alignment, etc.

3. The micro-mechanical models to predict the fatigue behaviour of the
composite specimens are categorized into critical element models and
finite element models. The critical element models are usually analyti-
cal models and therefore give fast composite fatigue predictions, while
the finite element models are numerical models which take more time to
run. However, the critical element models can only be used for compos-
ites with simple geometries, while finite element simulations are more
suitable for complicated composite structures.

As mentioned above, the approaches to degrade the elastic properties of
composite elements are mostly phenomenological and empirical formu-
las, based on the composite progressive failure mechanisms. Also, the
parameters are extracted from composite specimen tests, rather than the
degradation characteristics of local composite structures. In this thesis,
the fatigue behaviour of the local composite structures is investigated nu-
merically, as inputs for fatigue predictions of the coupon-size composite
structures.

In order to obtain input parameters and to validate modelling results,
a number of experiments on single fibres and unidirectional composite
dog-bone coupons were performed. These relevant experimental work
and results are described in the next chapter.



State of art 34



Chapter 3

Experiments and results

Under the axial tension-tension fatigue loading conditions, fibres are
the main constituents that bear the applied loads in the unidirectional
composite structures. Therefore, the fibre breakage is considered to be
an important fatigue failure mechanism. The fibre properties are used
as input variables in the first step of the proposed multi-scale model,
i.e. the MF unit cells. Since the fibre elastic properties such as Young’s
modulus and Poisson’s ratio are related to the material elastic constants,
they were regarded to be constant and obtained from manufacturers. The
reason to utilize the failure strain instead of strength to characterize fi-
bre tensile property is because the axial strains over the cross-section
of unidirectional GFRP composites are constant, but stresses are not.
Note that the fibres in the MF unit cells are too short to be tested (only
400 µm), their properties are predicted by extrapolating the properties of
fibres with a length of several millimetres. For validating the model pre-
dictions, tension-tension fatigue tests were performed on unidirectional
GFRP composite dog-bone coupons. The composite fatigue lives and ax-
ial stiffness degradation curves were extracted from these test results.

The test conditions of the single fibre tests and composite dog-bone tests
are first shown in Section 3.1. Then the experimental results of single
glass fibre and composite dog-bone tests are discussed in Section 3.2,
and summarized in Section 3.3.

35
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3.1 Tests description

3.1.1 Fibre tests

The glass fibres have an average diameter of 17.20 µm with a standard devi-
ation of 0.98 µm, and a reference Young’s modulus of 73.0 GPa [9,102]. The
fibre specimens are prepared according to the standard ASTM 3379-75 [8].
Figure 3.1 illustrates a fibre specimen of 20 mm length used in the fibre
tensile test. For fibre tensile tests, fibre specimens of 20, 50, 100 and 200
mm lengths were tested on an MTS 10 kN maximum load capacity testing
machine, equipped with a 5 N maximum capacity load cell.

An equation to roughly determine the required number of single fibre tensile
tests for each fibre length is given in Eq. 3.1 [103]

nfib =
z0.45 × s
errmax

(3.1)

in which nfib is the required number of the data sample, z0.45 is the critical
value corresponding to a 90% confidence interval, s is the standard deviation
of the fibre tensile failure strains and errmax is the maximum failure strain
measurement error. The z0.45 value is calculated by the vertical boundary for
the area of 90%/2 in the right tail of the probability distribution of the fibre
tensile failure strains. For a 2-parameter Weibull distribution (which is going
to be used for description of fibre tensile failure strains), it is calculated by
Eq. 3.2.

z0.45 = exp{− 1

βe
ln(0.025) + ln(ε0)} (3.2)

in which βe and ε0 are Weibull shape and scale parameters of fibre tensile
failure strains.

For the glass fibres in this study, an estimate of the Weibull shape parameters
is βe of 5 and ε0 of 3%. If the errmax is further assumed as 5% × ε0, the
required numbers of the single fibre tensile tests can then be calculated as
27. Therefore, approx. 30 fibres were tested at a loading rate of 0.5 mm/min
at each length. Nevertheless, more tests could to be performed to improve
accuracy especially for the extreme value statistics of the fibre strength.

Since it is not possible to apply strain gauges on the fibre specimens, the
fibre tensile failure strain is calculated by fibre elongation divided by its
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Figure 3.1: A 20 mm length fibre specimen

gauge length. Figure 3.2 illustrates an example of the fibre tensile test data.
The calculation of the fibre tensile failure strain εt is given in Eq. 3.3, where
the fibre is assumed to exhibit perfectly linear elastic behaviour according to
Figure 3.2.

εt =
Ft × (ds/dF )

l
(3.3)

in which Ft is the load (force) required to break a fibre in tension, ds/dF
indicates the inverse of the slope of the load-displacement curve and l is the
actual fibre length.

For fibre fatigue tests, 39 fibre specimens of 20 mm length were tested on the
same MTS testing machine, at an R ratio of 0.1 and frequency of 20 Hz in load
control mode. For each fibre fatigue test, a pre-tension test was applied up to
a tensile load of 300 µN to measure the factor ds/dF in advance. This pre-
tension test is significant because the ds/dF value is different for each fibre
specimen, depending on the different fibre diameter. Then the maximum
fatigue strain εmax is calculated by Eq. 3.3 in terms of the maximum fatigue
load Fmax.
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Figure 3.2: Experimental data of a fibre tensile test

Figure 3.3 shows the maximum and minimum displacement signals measured
by the internal displacement sensor in the testing machine, subjected to the
constant amplitude fatigue loads. It can be seen that the measured maximum
and minimum displacements are not significantly changed. Therefore, the
fibre fatigue test can be also regarded as occurring in displacement control
mode.

3.1.2 Composite coupon tests

A dog-bone geometry (D13) shown in Figure 3.4, was selected for axial
tension-tension fatigue tests of unidirectional GFRP composite materials.
These composite dog-bone coupons were fabricated from 4-layer laminate
panels with the symmetric configuration of [±45◦/0◦/0◦/± 45◦] produced by
using the Resin Transfer Moulding method. At the gauge area, the ±45◦

layers were removed by milling, leaving only the unidirectional layers. Then,
20 mm loading tabs were machined starting at the edge of the 48 mm gauge
area to reduce the possibility of delamination between 0◦ layers and ±45◦

layers during the fatigue test. This particular dog-bone geometry was de-
signed for two reasons. First, the delamination failure in between tabs and
unidirectional composites was reduced to the minimum, since the tabs are
cured together with the unidirectional composites. Second, the dog-bone
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Figure 3.3: Load and displacement signals of a fibre fatigue test

shape was used to create an area of high stress and promote failure in the
gauge section. The risk of longitudinal splitting along the fibres was reduced
by the gradual curvature.

Figure 3.4: Illustration of the unidirectional composite dog-bone coupon

Unfortunately, the composite failure in between tabs cannot be avoided in
the fatigue tests of the unidirectional composite dog-bone coupons. This
failure usually occurs earlier than the failure in the gauge section and leads
to the final failure of the dog-bone coupon, as illustrated by a failed composite
dog-bone coupon in Figure 3.5.
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Figure 3.5: A failed unidirectional composite dog-bone coupon (TR05D13)

In total 25 dog-bone coupons were tested on an Instron 25 kN maximum
load capacity testing machine in load control mode. They were cut from
three panels. The fibre volume fractions of the panels were measured as
46.2 % in average. The test frequency was 2 Hz for the low cycle fatigue
tests (less than 105 cycles), and 8 Hz for the high cycle fatigue tests (above
105 cycles). For measuring axial stiffness degradation, 12 of these dog-bone
coupons were tested with extensometers, and 6 were tested using a DIC
technique. Table 3.1 shows the overview of all tested dog-bone coupons.

Table 3.1: Overview of the tested dog-bone coupons
Coupon
ID

From
panel

Fibre volume
fraction

Maximum
Stress

Fatigue
life

Measurement
technique

[%] [MPa] [cycles]
TQ01D13 TQ 45.1 635 6360 extensometers
TQ02D13 TQ 45.1 320 1862053 extensometers
TQ03D13 TQ 45.1 631 4751 -
TQ05D13 TQ 45.1 635 2401 extensometers
TQ06D13 TQ 45.1 622 3055 extensometers
TQ07D13 TQ 45.1 321 2160283 extensometers
TQ08D13 TQ 45.1 315 2098277 extensometers
TQ09D13 TQ 45.1 563 1762 -
TQ02D13 TR 48.8 374 3240015 DIC technique
TR03D13 TR 48.8 601 7479 DIC technique
TR04D13 TR 48.8 370 1147114 DIC technique
TR05D13 TR 48.8 377 1668662 -
TR06D13 TR 48.8 390 772767 DIC technique
TR07D13 TR 48.8 605 9871 DIC technique
TR08D13 TR 48.8 595 15240 -
TQ09D13 TQ 48.8 612 9920 DIC technique
TS01D13 TS 44.8 326 1657831 -
TS02D13 TS 44.8 702 2214 extensometers
TS03D13 TS 44.8 704 2858 extensometers
TS04D13 TS 44.8 347 1488256 extensometers
TS05D13 TS 44.8 707 3512 extensometers
TS06D13 TS 44.8 718 2327 extensometers
TS07D13 TS 44.8 701 2020 extensometers
TS08D13 TS 44.8 349 2243272 -
TS09D13 TS 44.8 349 2623550 -
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The composite axial stiffness, considered the same as the composite axial
Young’s modulus, is calculated by Eq. 3.4.

E11 =
∆σ11
∆ε11

(3.4)

in which E11 is the axial stiffness, ∆σ11 and ∆ε11 are the axial stress and
strain ranges for calculating E11.

The axial strain in Eq. 3.4 is calculated by the composite dog-bone coupon
vertical displacement, which can be measured directly from the internal dis-
placement sensor of the testing machine. However, the corresponding mea-
surements are strongly influenced by the actuator temperature, indirectly
related to the fluctuating hydraulic oil temperature. To avoid this temper-
ature influence, the coupon vertical displacements are measured by using
external displacement sensors, such as the extensometers. Figure 3.6 shows
the extensometers set-up on a tested dog-bone coupon. Two extensometers
were attached to an iron frame with fixed distance (25 mm). The iron frame
was fixed on the dog-bone coupon by two sets of knife-edge blades, which
were placed on rubber pads glued to the coupon’s surfaces to minimize the
damage.

At the first cycle, the initial strain measurements by extensometers were
calibrated using strain gauge measurements. During the fatigue test, each
time after a given number of cycles, the degraded axial stiffness was calculated
by the ratio of the fatigue stress and strain amplitudes of the next cycle. The
strain amplitude was calculated from the average of two amplitudes measured
by both extensometers.

The DIC technique provides an indirect solution to measure the displace-
ments by correlating the pictures of the dog-bone coupon without and with
load. A surface treatment is required on the gauge area of the dog-bone
coupon, provide sufficient contrast for the digital image correlation. This
was done by spraying the white paint firstly, followed by sputtering with
black paint to create a fine speckle pattern.

In the correlation process, pixels in deformed pictures are matched with
those in the reference picture for calculation of the displacement field. The
match process is done not on a single pixel but all pixels in a small square
window (called subset). Then the displacement of the subset is calculated
by minimizing the summation of the squared differences of the grey values of
the subset pixels. To obtain the displacement field, the subset scans all over
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Figure 3.6: The composite dog-bone coupon with extensometers

the coupon surface by steps of a certain number of pixels (called stepsize).
The optimal setting for the subset and stepsize depends on several factors
such as the size and distribution of black particles, the computational power,
the convergence of in-plane strain calculations, etc. Furthermore, for 2D
correlation, the length of the stepsize should be smaller than the half-length of
the subset for getting better spatial resolution of the displacement field [104].

Before testing, a (reference) picture was taken of the dog-bone coupon with-
out any load, as shown in Figure 3.7. During the test, after each interval
(1000 cycles for high cycle fatigue tests and 10 cycles for low cycle fatigue
tests), the test was stopped, and two pictures were taken of the tested coupon
under 1 kN and 5 kN tensile loads respectively. These two pictures were used
together with the reference picture to calculate the coupon axial strains cor-
responding to the above two tensile load levels. During the entire test, the
camera had to be in a fixed position to assure all pictures had the same frame
of reference.

The DIC analysis was performed using Matchid2D software developed at
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Gauge section
of the dog-

bone coupon

Figure 3.7: The composite dog-bone coupon for DIC technique

the Catholic University College Ghent, Belgium [105, 106]. An area on the
coupon surface has to be selected for calculating the in-plane strain field.
Subsequently the axial strain of the tested coupon was calculated by aver-
aging the axial strains over this selected area. Finally, the (degraded) axial
stiffness of the dog-bone coupon each time after a given number of cycles
was calculated from the stress range of 1 kN and 5 kN tensile loads and the
corresponding strain ranges.

The selected areas of all six dog-bone coupons are shown in Figure 3.8 [107].
The lengths of the pixel subset and stepsize were set to 20 and 7 respectively.
All other parameters in the Matchid2D software were used at the default
settings.

3.2 Results and discussion

3.2.1 Fatigue characterization

Fibre breakages occur when the ultimate strain of the fibre is exceeded. As
a first-order estimate, the uni-model Weibull distribution is used to predict
fibre tensile failure strains. This is convenient to take into account the length
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TQ02D13 TR03D13 TR04D13 TR06D13 TR07D13 TR09D13

Figure 3.8: Selected areas of the composite dog-bone coupons for DIC anal-
ysis

effect in the model. Rewriting Eq. 2.1 for strain leads to Eq. 3.5.

P (εt) = 1− exp{− l

lref
(
εt
ε0ref

)βe} (3.5)

in which P is the fibre failure probability of tensile strain εt (or less), lref
and l are the reference and actual lengths, βe and ε0ref is the Weibull shape
and scale parameters corresponding to the reference length. Then, the re-
lationship between fibre length and the average tensile failure strain can be
obtained by Eq. 3.6.

εt,avg = (l/lref )
(1/βe)ε0refΓ(1 + 1/βe) (3.6)

In order to describe the complete data set of the fibre fatigue lives, the
Strength-Life-Equal-Rank-Assumption [108] is applied to correlate the fibre
fatigue lives and (quasi-static) tensile failure strains. The fibre is assumed to
fail when its ultimate tensile failure strain degrades to the applied maximum
fatigue strain εmax, through an S-N form fatigue model given by Eq. 3.7.

log(N) = C1 × [log(εmax)− log(εt)] (3.7)

in which C1 is the S-N slope in a log-log plot, N is the fibre fatigue life and εt is
the tensile failure strain of that fibre. Note that the C1 parameter is negative
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because εmax is always smaller than εt. Then the whole family of fibre S-
N curves is characterized by a median S-N curve formed by connecting the
fatigue life with 50% failure probability at each εmax level and a quantification
of fatigue life scatter. In order to achieve this, fibre fatigue lives are described
by a two-parameter Weibull distribution function Eq. 3.8, which is derived
by substituting Eq. 3.7 into Eq. 3.5.

P (N) = 1− exp{−(
N

N0

)βN} where βN = − βe
C1

and N0 = (
ε0
εmax

)−C1 (3.8)

in which, βN and N0 are Weibull shape and scale parameters of fatigue lives
subjected to εmax. The Weibull shape parameter βN is used to depict the
fatigue life scatter. Generally, the single glass fibres exhibit small βN values,
for instance from 0.1 to 0.5. On the contrary the composite dog-bone coupons
exhibit large βN values, for instance from 1 to 5. In Figure 3.9, the fibre
fatigue life probabilities calculated by Eq. 3.8 with βN of 0.1, 0.5, 1 and 5
are illustrated, with the N0 set at 106 cycles.

Figure 3.9: Illustration of fibre fatigue life probabilities with different βN

For each εmax level, the fatigue life with 50% failure probability Nmedian can
be calculated by Eq. 3.9.

Nmedian = N0[ln(2)]1/βN (3.9)
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Therefore, the median S-N curve is shown by Eq. 3.10.

log(Nmedian) = C1 × log(εmax) + C2 where C2 = −C1 log(ε0) +
log[ln(2)]

βN
(3.10)

in which C1 and C2 are the slope and intercept.

Parameters βN , C1 and C2 in Eq. 3.10 are fatigue parameters deduced for
single glass fibres, but can also be used for the MF unit cells and MS mod-
els. In the latter two numerical models, ε0 is regarded as the Weibull scale
parameter of the equivalent tensile failure strains εeq, which are calculated
from the projection of the fatigue lives by the S-N slope onto the y-axis, as
shown in Figure 3.10.

Figure 3.10: Illustration of calculation of an equivalent failure strain

According to Weibull properties, the coefficient of variation is calculated by
Eq. 3.11.

cov =

√
Γ(1 + 2/βN)

Γ2(1 + 1/βN)
− 1 (3.11)

in which cov is the coefficient of variation. It can be seen that the calculated
cov only depends on the shape parameter βN , and is therefore constant for
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all εmax levels. Furthermore, Eq. 3.11 also indicates that the cov of fibre
fatigue lives is much larger than fibre tensile failure strains, by reason of the
very small shape parameter βN .

For the description of fatigue lives tested under load control modes, Eq. 3.10
is rewritten to Eq. 3.12 in terms of the stress σmax for the fatigue character-
ization.

log(Nmedian) = C1 × log(σmax) + C2 where C2 = −C1 log(σ0) + log[ln(2)]/βN
(3.12)

in which C3 is the stress based S-N intercept, σ0 is the Weibull scale parameter
of the equivalent strengths calculated by the projection of the fatigue life by
the S-N slope onto the y-axis. Eq. 3.12 characterizes the fatigue lives of ideal
composites with no imperfection and the same fibre volume fraction, i.e. the
CS models. For practical use of the composite dog-bone coupons, it has to be
noted that the extraction of the fatigue parameters βN , C1 and C3 is affected
by many factors, such as manufacturing flaws, random fibre clusters and fibre
volume fractions.

From Eqs. 3.10 and 3.12, it can also be seen that only two of the fatigue
parameters βN , C1 and C2/C3 are independent.

3.2.2 Fibre properties

Figure 3.11 shows the experimental average tensile failure strains for different
lengths. For a reference length of 20 mm, the values of Weibull parameters
βe and ε0ref are extracted as 4.9 and 2.8%. Using this choice of reference
length, the predictions of average fibre tensile strains with respect to other
lengths were calculated by Eq. 3.6. In Figure 3.11, it can be seen that the
predictions are in good agreement with the experimental data.

Figure 3.12 shows the experimental data of fatigue tests on single glass fibres
with 20 mm length. A fatigue life of 1 cycle was assigned to fibres which
broke during the initial cycle, before reaching the εmax level. These tests
were regarded as 1-cycle fatigue tests and they were plotted on the strain-
axis. Data points with arrows were runout tests which were stopped before
failure of the fibres. In the first few decades of cycles, the maximum fatigue
load is gradually increasing to the predefined level to avoid overshoot at this
high frequency. Any error arisen by these first cycles is negligible since the
entire fatigue lives of most fibres are higher than 1000 cycles.
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Figure 3.11: Fibre static test results

The fatigue parameters C1, C2 and βN were extracted by using the Maximum
Likelihood Estimation (MLE) method, in which the 1-cycle fatigue tests were
treated as left-censored data and runout tests as right-censored data. As
shown in the legend of Figure 3.12, the extracted values for C1, C2 and βN
values are -18.4, 12.1 and 0.144.

In agreement with the results in the literature [67–69], fibre fatigue lives
exhibit a large scatter, as indicated by a low value of βN in Figure 3.12. This
large fatigue life scatter results in considerable uncertainty in the extracted
C1 value of the fibres. A sensitivity study of the C1 value extraction was
done by calculating the 95% confidence interval using the Likelihood Ratio
Bounds (LRB) method. In the LRB method, a wide range from 0 to -50
of trail C1 values were numerically scanned using intervals of -0.01. The C1

values were regarded to be within the 95% confidence interval if they satisfied
Eq. 3.13.

− 2 ln[
L(C1)

L(Ĉ1)
] ≥ χ2

0.95,1 (3.13)

in which L(C1) is the likelihood value for a trail C1 value (in the range from 0
to -50), L(Ĉ1) is the maximum likelihood value for the maximum likelihood
estimate for C1 (i.e. -19.4), χ2

0.95,1 is the chi-squared statistics with 95%
probability and 1 degree of freedom and equals to 3.84. The fibre fatigue
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Figure 3.12: Fibre fatigue test results

data suggest that extracted C1 values within 95% confidence interval are in
a range from -8.5 to -29.4, as shown also in the legend of Figure 3.12. To
indicate the region covered by the possible S-N curves, the S-N curve with the
best C1 value is plotted as the solid line while the S-N curves with extreme
C1 values are plotted using the dashed lines in Figure 3.12.

There are two aspects contributing to this large interval of extracted fibre
C1 values. Firstly the scatter of the fibre fatigue lives is large. Therefore
the calculated likelihood value is not sensitive to the change of trial fibre C1

values. Secondly fibre fatigue lives are located mostly in limited range of εmax
between 2.0% and 3.5%. The extraction of fibre C1 value will be improved
by adding some more test results at the εmax levels lower than 2.0%. Then,
the technical difficulty would be that high frequency testing equipment is
required to measure the fatigue lives longer than 108 cycles subjected to such
low εmax levels, with a reasonable time frame.

As discussed in the previous chapter, according to the creep test results, fibres
show a range of C1 values ranging from -20 to -30 for E-glass fibres [68, 69].
For the case of cyclic loading fatigue lives, the C1 value is expected to be
within a similar range. To investigate the influence of the value of C1, values
of -10.0, -20.0 and -30.0 (corresponding approximately to the two extremes
in the range and an average value) are used in fatigue simulations of the MF
unit cells.
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3.2.3 Unidirectional composite dog-bone fatigue prop-
erties

The initial longitudinal Young’s modulus E11 and Poisson’s ratio ν12 were
calculated from the data obtained from 14 unidirectional composite dog-
bone coupon tests. Table 3.2 shows the measurements of initial E11 and ν12.

Table 3.2: Measurements of initial composite elastic properties
E11 ν12

[MPa] [-]
Average 37600 0.268
Standard deviation 2135 0.017

Figure 3.13 shows the experimental fatigue lives, which are fit by Eq. 3.12. By
using the MLE method, the βN , C1 and C3 values of the dog-bone specimens
are extracted as 1.75, -9.8 and 31.4. The 95% confidence interval of C1 values
are also extracted using the LRB method. The main S-N curves with the
best C1 and the extreme C1 values of the 95% confidence interval are plotted
by solid and dashed lines in Figure 3.13. Compared to the single fibres, the
composite dog-bone coupons show much smaller scatter in fatigue lives and
95% confidence interval of the S-N slope. The reason is probably that the
composite dog-bone coupon always fails at the cross-section where a critical
number of fibres are broken. For a unidirectional dog-bone coupon, the
strength of any composite cross-section at the gauge area is similar and close
to the average fibre strength.This also suggests that the fatigue life scatter
of the unidirectional dog-bone coupons is small according to a Strength-Life-
Equal-Rank-Assumption.

Twelve normalized axial stiffness degradation curves obtained using exten-
someters are plotted in Figure 3.14(a). A high dispersion is found at the start
of the curves (low cycles region). This scatter is attributed to the scatter of
axial strain measurements caused by the (random) drift of the extensome-
ters early in the test, but not to the stiffness degradation of the coupon
itself. Due to the small stiffness degradation in comparison to the observed
scatter, no clear statement on the amount of stiffness degradation can be
made. It can only be said that the stiffness degradation seems to be limited
to a few percent until just before failure. Furthermore, the stiffness of the
coupon TQ02D13 is found to be largely reduced in the second half of the
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Figure 3.13: Fatigue lives of unidirectional composite dog-bone coupons

fatigue test. This large reduction of the stiffness is due to the drift of the
extensometers [107].

The early normalized axial stiffness scatter due to the initial extensome-
ter drift can be removed by normalizing the axial stiffness using the second
rather than the first stiffness measurement (asuming that the first and second
stiffness measurements are same). Then the normalized axial stiffness degra-
dation curves are re-plotted in Figure 3.14(b). It can be seen that the nor-
malized axial stiffness degradation curves are not significantly different from
the maximum fatigue stress σmax levels. This suggests the micro-mechanical
fatigue failures (i.e. fibre breakage, fibre debonding, etc.) existing in the
dog-bone coupon are probably independent of the σmax levels.

Six normalized axial stiffness degradation curves obtained using the DIC
technique are shown in Figure 3.15. Note that the axial stiffness degradation
curve of the coupon TR02D13 is regarded as invalid for two reasons. Firstly,
the stiffness exhibits an increasing trend during the fatigue test, instead of
degradation. Secondly, because of the extreme high stiffness calculated at
the end of the fatigue test, the normalized stiffness degradation curve of
the coupon TR02D13 is far below the curves measured from the other tests.
However, the reason is still not clear.

Except for TR02D13, the normalized axial stiffness degradation curves of the
other dog-bone coupons are in good agreement with each other. Again, the
σmax level does not considerably affect the composite axial stiffness degrada-
tion.
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(a) Original (b) Excluding the initial drift
influence

Figure 3.14: Normalized axial stiffness degradation curves measured by ex-
tensometers

Figure 3.15: Normalized axial stiffness degradation curves measured by DIC
technique

3.3 Concluding remarks

1. The fatigue lives can be characterized by three parameters. For single
glass fibres, the MF unit cells and MS models, they are shape parameter
βN , S-N slope parameter C1 and strain-based S-N intercept parameter
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C2 in Eq. 3.10. For unidirectional composite dog-bone coupons and the
CS models, they are shape parameter βN , S-N slope parameter C1 and
stress-based S-N intercept parameter C3 in Eq. 3.12.

(a) Fatigue life scatter of single glass fibres is much larger than that
of unidirectional composite dog-bone coupons.

(b) Because of the large fatigue lives scatter, a single C1 of individ-
ual fibres is hard to pinpoint. The best value for fibres is -18.4
obtained using the MLE method. However, the sensitivity study
shows the C1 values of fibres lie in a range from -8.3 to -31.4
corresponding to 95% confidence interval.

(c) The C1 value of unidirectional composite dog-bone coupons is cal-
culated as -9.9, with the 95% confidence interval from -9.0 to -10.6.

2. The axial stiffness degradation in unidirectional dog-bone composite
coupons is studied using both extensometers and Digital Image Corre-
lation technique.

(a) The normalized composite axial stiffness degradation curves mea-
sured using extensometers exhibit a high dispersion at the begin-
ning. This large scatter is due to the initial drift of extensometers
and therefore does not exist in the stiffness degradation curves
measured using the DIC technique.

(b) The maximum fatigue stress σmax level does not significantly influ-
ence the composite normalized axial stiffness degradation curves.

The extracted fibre properties will be used together with the matrix prop-
erties as the input variables to predict the axial tension-tension fatigue
behaviour of unidirectional composites at the micro-, meso- and macro-
scales. The final fatigue predictions will be verified by the experimental
results of the unidirectional composite dog-bone coupons. As the first
modelling step, the fatigue simulations of MF unit cells are presented in
details in the next chapter.
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Chapter 4

Numerical fatigue simulations of
the MF unit cells

Numerical studies of the fatigue behaviour of the MF unit cells are
carried out in this chapter. The numerical model, fatigue simulation
procedure and applied boundary conditions for calculating the MF unit
cell elastic properties are first described in Section 4.1. The cumulative
damage rule used in the MF unit cell fatigue simulations is particularly
discussed in Section 4.2. Then in Section 4.3, the fatigue simulation
results are discussed. Finally the concluding remarks are summarized
in Section 4.4.

4.1 Multi-Fibre unit cells

The MF unit cell describes the structural details of unidirectional composites
at micro-scale. In this study, the determination of the number of fibres in a
MF unit cell was done under the following considerations.

1. The unit cell should contain enough fibres to allow load transfer from
the broken fibre(s).

2. Fibres are aligned quasi-hexagonally.

3. Fibres should be all complete as opposed to portion of fibres to avoid
the situation that several MF unit cells share the same fibre.

55
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4. The unit cell should be computationally efficient.

The MF unit cell to satisfy these above conditions is regarded consisting of
7 to 45 fibres. For a MF unit cell with less than 7 fibres, a hexagonal fibre
array cannot be generated. On the contrary, for a MF unit cell with more
than 45 fibres, the computational effort becomes prohibitive.

For comparing the fatigue behaviour of MF unit cells of different size, the
MF unit cells consisting of 7 and 45 fibres were created making use of a
programme “Meso3DFibrer” developed by Mishnaevsky Jr and Brøndsted
[53,54,109]. These two types of MF unit cells are called 7-fibre unit cell and
45-fibre unit cell respectively. In both MF unit cells, fibres had a constant
diameter of 17.2 µm, and were positioned in a rectangular volume. The fibre
volume fraction was set as 0.5 [110]. For this high fibre volume fraction,
the influence of fibre alignment on the fatigue behaviour is small. Therefore,
the fibres in both MF unit cells were aligned in a near hexagonal array with
a constant distance between surrounding fibres and the unit cell border.
The unit cell length was set as 400 µm. This length is much longer than
the ineffective length caused by a fibre breakage, i.e approx. 10 times as
long as the fibre diameter for a hexagonal fibre array with 50% fibre volume
fraction [111]. This allows a fibre to possibly break at least two positions
during the fatigue simulation.

The major role of matrix in the MF unit cell is to redistribute the axial normal
loads when new broken fibres are detected. For a composite with a high fibre
volume fraction, the fatigue propagation of micro-cracks existing in matrix
is constrained by the reinforcing fibres. Based on such consideration, the
fatigue failure is not considered in matrix elements. These matrix elements
are only failed when the polymer chemical bonds (e.g. Si-O bond) are broken.
This matrix failure usually occurs on the matrix elements next to the broken
fibre segments by high stress concentrations.

According to the predefined fibre volume fraction and fibre diameter, the
dimensions of both MF unit cells are calculated and shown in Table 4.1. All
these numerical models are created by 3D 20-node brick elements (element
type 21) using the finite element software MSC.MARC [112].

In order to allow for random distribution of fracture locations along the length
of fibres, fibres were evenly divided into a number of segments with Weibull-
distributed tensile failure strains. The calculation of stress concentration
on surviving fibres was done by discretizing the fibres along their length
and using finite elements. In order to find an optimal mesh density, fatigue
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Table 4.1: Dimensions of the MF unit cells
7-fibre unit cell 45-fibre unit cell

Length [µm] 400 400
Width [µm] 57 145
Thickness [µm] 57 145
Number of elements 15480 25240

simulations on 7-fibre unit cells with the same initial material properties
of fibres and matrix were performed [113]. In these simulations, fibres were
divided into 1, 5, 10, 20 and 30 segments along the x axis (along their lengths).

Figure 4.1 shows the normalized longitudinal Young’s modulus E11 degra-
dation curves from simulations with different numbers of fibre segments (in-
dicated by nseg). The E11 moduli were normalized by the initial E11 value,
and the fatigue lives were normalized by the final unit cell fatigue life. As
nseg increases, the normalized E11 degradation curves converged to a single
curve, for the reason that the accuracy of load transfer calculations is getting
better. However, the disadvantage of using a high number of fibre segments
is that the computational time is greatly increased. As a compromise, the
number of fibre segments nseg was set to 20, allowing for good accuracy and
reasonable computational time.

Figure 4.1: Normalized unit cell E11 degradation curves for different number
of fibre segments

The generated 7-fibre unit cell and 45-fibre unit cell are illustrated in Fig-
ure 4.2. The assumptions used in fatigue simulations of these unit cells are:
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1. The fatigue failure progression is caused by the accumulation of fibre
breakages and resulting matrix (chemical bond) failures. The fatigue
failure in matrix elements is not considered.

2. A Weibull distribution is used to define the tensile failure strains of
fibre segments, for the determination of the fibre breaking point.

3. During the fatigue simulation, the axial strain of a fibre segment is
calculated by averaging the axial strains of all elements in that fibre
segment.

4. The final failure of the unit cell occurs when all supporting fibres are
broken.

5. The fibre/matrix interface failure is not considered.

6. The plastic deformation of the unit cell is ignored. Therefore, the unit
cell can resume its original shape on removal of the applied loads.

Figure 4.2: The overall view of 7-fibre unit cell (left) and 45-fibre unit cell
(right)

As inputs, the matrix failure strain is a theoretical maximum failure strain
corresponding to breaking the chemical bonds and is equal to 0.093 [114].
Note that if this critical matrix failure strain is defined significantly smaller
than 0.093, a majority of matrix elements will fail after the failure of the
weak fibres but prior to the failure of the strong fibres. This large scale
failure of most matrix elements will change the load redistribution from the
new broken fibre(s) towards a Global Load Sharing rule.

The Young’s moduli and Poisson’s ratios for fibres and matrix specified by
the manufacturers are shown in Table 4.2. The input parameters of Eq. 3.5
to Eq. 3.8 for calculations of initial tensile failure strains and fatigue lives
of fibres are shown in Table 4.3. These parameters were selected as tested
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from the single fibre static and fatigue tests. Note that the three values for
C1 parameter were used to cover the entire range of possible fibre C1 values.
As shown in Figure 3.12, the scatter in the data corresponds to a relatively
wide range of C1 values and this entire range must be represented in the
simulations.

Table 4.2: Static properties of fibres and matrix
Fibre Matrix

Young’s modulus [MPa] 73000 3640
Poisson’s ratio [-] 0.22 0.34

Table 4.3: Parameters of fibre properties characterization
Tensile strain calculation
lref [mm] 20
βe 4.9
ε0ref [%] 2.8
Fatigue life calculation
C1 -10.0/-20.0/-30.0

As soon as a weak fibre segment breaks, the normal stresses (or strains) of all
surviving fibre segments are redistributed according to the shear-lag effect.
For both MF unit cells subjected to a tensile strain of 3%, the specific load
redistribution caused by the breakage of the lowest segment of the middle
fibre was investigated. Figure 4.3 shows the axial (normal) strains of the
fibre segments on the same layer with the broken segment. It can be seen
that the majority of the normal strain applied on the broken fibre segment is
transferred to its immediate neighbours. In particular, the broken fibre and
its neighbouring fibres are numbered in Figure 4.3.

Figure 4.3: Illustration of the broken fibre and neighbouring fibres in both
MF unit cells (Left: in 7-fibre unit cell; Right: in 45-fibre unit cell)
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The Stress Concentration Factors (SCFs) of the numbered fibres along the
fibre axis from the broken point are plotted in Figure 4.4. Note that the SCF
curves of the neighbouring fibres on the top and bottom are slightly higher
than those curves of the neighbouring fibres on the left and right sides. This
is because the neighbouring fibres on the top and bottom are nearer to the
broken fibre and therefore bear more transferred loads, compared to the
neighbouring fibres on the left and right sides. Figure 4.4 shows that the
resulting half-ineffective lengths (measured by the recovery distance of the
normal stress on the broken fibre) in the 7-fibre and 45-fibre unit cells are
similar. This length is measured about 150 µm, close to the value calculated
using the shear-lag model by Landis et al [115].

Figure 4.4: SCFs of the numbered fibres in both MF unit cells (Left: in
7-fibre unit cell; Right: in 45-fibre unit cell)

For both MF unit cells, the maximum SCFs of the neighbouring fibres are
calculated and shown in Table 4.4. Two maximum SCF values for each MF
unit cell are shown corresponding to the two groups of the fibres that are
the nearest fibres (e.g. Fibres 3 and 5 in the 7-fibre unit cell) and relatively
further fibres (e.g. Fibres 1, 2, 6 and 7 in the 7-fibre unit cell). The maximum
SCFs in the 45-fibre unit cell are lower than those in the 7-fibre unit cell
because more fibres are involved, and these maximum SCFs are near the
middle of the range of the values calculated in the literature [86, 91, 92, 94–
98,101]. An illustration of the comparison between these maximum SCFs is
shown in Figure 4.5.

The entire MF unit cell fatigue simulation procedure contains consecutive
iterations in each of which new broken fibre segments are found. The sim-
ulation is run in displacement control mode. As outputs, the fatigue model
gives predictions of the unit cell fatigue life and the degradation curves of all
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Table 4.4: Comparison of the maximum SCFs caused by a single broken fibre
Maximum SCF1

Unit cell models
7-fibre unit cell 1.150/1.107
45-fibre unit cell 1.100/1.065
Shear Lag Models
Hedgepeth [86] 1.333 (l)
Satry [91] 1.333 (l)
Deng and Fan [92] 1.104 (l)2
Hedgepeth and van Deke [98] 1.146 (s), 1.105 (h)
Landis [101] 1.081 (s), 1.085 (h)
Finite Element Models
Nedele [94] 1.058 (h)
Li [95] 1.126 (l), 1.160 (l)3
Xia [96] 1.081 (h)
van der Heuvel [97] approx. 1.07 (h)

1 The letter in a parenthesis after the value indicates that SCF is calculated by a linear
fibre array (l), a square fibre array (s) or a hexagonal fibre array (h);
2 SCF calculated in [92] is the average SCF over the ineffective length;
3 SCFs calculated in [96] are 1.126 for polypropylene matrix composites and 1.160 for
epoxy matrix composites.

Figure 4.5: Comparison between maximum SCFs in Table 4.4
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elastic properties. The calculation consists of the following steps, shown in
Figure 4.6.

Start

1. Material
properties definition

2. Elastic properties
calculation

3. Stress-strain
state calculation

4. Fatigue cycle
increment calculation

5. Failed elements
determination

Failed?
6. Material properties
fatigue degradation

7. Stop

If no

If yes

Figure 4.6: The unit cell fatigue simulation flow chart

1. At the beginning of each iteration, material properties of fibre and
matrix elements are defined (initial material properties for the first
iteration; properties from the previous iteration).

2. For the plots of unit cell properties degradation, longitudinal Young’s
modulus E11, transverse Young’s moduli E22, E33, Poisson’s ratios ν23,
ν32, ν12, ν13, ν21, ν31, and shear moduli G23, G32, G13, G31, G12, G21

are calculated from nine independent finite element simulations. The
applied boundary conditions in those simulations are shown below in
Table 4.5.

3. The stress-strain state in the unit cell is calculated by using another
finite element simulation under applied maximum fatigue strain εmax.
The applied boundary conditions are similar to those in the simulation
for the calculations of E11, ν12 and ν13.
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4. Fatigue lives of all surviving fibre segments are calculated according
to Eq. 3.7. For practical reasons, the calculated fatigue lives of fibre
segments less than 1 cycle are set to 0. The cycle increment for the
current iteration loop is set equal to the smallest fatigue life calculated
across all fibre segments.

5. The failed fibre segments and matrix elements are identified. For fi-
bres, these are the segments with the smallest remaining fatigue life as
identified in Step 4. The failure of a fibre element leads to the failure of
all elements within that fibre segment. Matrix elements are considered
to fail when the tensile strain exceeds 0.093.

6. If, at the end of one iteration, there are still surviving fibres, the de-
graded mechanical properties of fibre elements are calculated. For the
surviving fibre elements, the failure strain degradations are carried out
by assuming the slope of the S-N curve has not changed, as illustrated
in Figure 4.7, in which the x- and y-axes are both logarithmic. Then
the residual tensile failure strains are calculated based on the residual
fatigue life by rewriting Eq. 3.7 to obtain Eq. 4.1:

log(εres) = log(εmax)− 1/C1 log(Nres) (4.1)

in which Nres and εres are the residual fatigue life and tensile strain.

Figure 4.7: Illustration of fibre segment failure strain degradation

As brittle materials, fibres exhibit a strong sudden-death behaviour for
the Young’s modulus degradation during the fatigue test. Thus, the
Young’s modulus of fibres is assumed to not degrade in the present
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model. Moreover, as mentioned in Step 5, no crack initiation and
growth are assumed in the matrix elements. That also means, no ma-
terial property of matrix elements is degraded. Furthermore, all elastic
properties of broken fibre and matrix elements are directly reduced to
a near-zero value (e.g. 0.001).

All degraded (and remaining) properties of the fibre and matrix ele-
ments are saved for the next iteration.

7. The final failure of the unit cell is reached when all fibres have failed.
Figure 4.8 shows a 7-fibre unit cell at failure. The grey colour indicates
the high ε11 strains caused by highly reduced stiffness after the failure
of fibre segments. The corresponding modulus degradation curve is
plotted at the right-bottom corner, with the black circles showing the
stage where the final failure occurs.

Figure 4.8: Final failure patterns of a 7-fibre unit cell

There are nine simulations in total to calculate the unit cell elastic properties.
For showing the periodic boundary conditions, the surfaces of a 7-fibre unit
cell are named as Top, Bottom, Front, Back, Left and Right, as shown in
Figure 4.9, in which top and bottom surfaces are perpendicular to the x-axis
(also fibre orientation), front and back surfaces are perpendicular to the y-
axis, left and right surfaces are perpendicular to the z-axis. The boundary
conditions applied on these simulations are shown in Table 4.5.
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Figure 4.9: Surface terminology of the 7-fibre unit cell

It has to be pointed out that non-flat lateral surfaces still exist in the sim-
ulations for shear moduli G21, G31, G23 and G32, even though the periodic
boundary conditions were applied. For the shear strain calculation, equiva-
lent flat surfaces were created by passing through the corner nodes of these
non-flat lateral surfaces.
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4.2 Cumulative damage rule

The fibre fatigue damage under various maximum fatigue loading conditions
is described by Eq. 4.1. The calculated residual fatigue life exactly agrees
with the calculation using Palmgren-Miner Rule. Assuming that a single
fibre is under a variable amplitude fatigue loading sequence consisting of
m blocks, the predefined and entire fatigue cycles at the maximum fatigue
loading level εmax,i are set as ni and Ni respectively. Then the damage factor
Di at εmax,i can be calculated by Eq. 4.2.

Di =
ni
Ni

=
Nres,i−1 −Nres,i

Ni

(4.2)

in which Nres,i−1 and Nres,i are the residual fatigue cycles under the maxi-
mum fatigue loading level εmax,i for the calculation of ni. For two extreme
conditions, the Nres values satisfy the formulas Nres,0 = N1 and Nres,m = 0.
Figure 4.10 illustrates the relationship between ni, Nres,i−1 and Nres,i.

Figure 4.10: Illustration of ni (a loading block in a variable amplitude fatigue
loading sequence)

Substituting Eqs. 3.7 and 4.1 in to Eq. 4.2 gives rise to Eq. 4.4

Di =
(
εres,i−1

εmax,i
)−C1 − (

εres,i
εmax,i

)−C1

( εt
εmax,i

)−C1
(4.3)
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in which εres,i−1 and εres,i are the residual strains after Nres,i−1 and Nres,i

cycles at fatigue loading level εmax,i. Likewise, the extreme values of εres,i
satisfy the formulas εres,0 = εt and εres,m = 0. According to Eq. 4.4, the
cumulative damage factor up to fibre failure is equivalent to unity, namely

m∑
i=1

Di ≡ 1 (4.4)

4.3 Results and discussion

The calculated elastic properties of a pristine MF unit cell are shown in
Table 4.6. They are compared to the calculations by analytical models, such
as Rule-of-Mixtures, the Halpin-Tsai model [116], and Christensen’s model
[117]. The formulas used for the analytical calculations are given in Eq. 4.5 to
Eq. 4.9. The terminology is that E, G, V and ν represent Young’s modulus,
shear modulus, volume fraction and Poisson’s ratio, while the subscripts f
and m represent fibres and matrix. The data within parentheses indicate the
percentage difference (i.e. the difference between two values divided by the
average of these two values) between the elastic properties calculated by MF
unit cells and analytical models. All calculated percentage differences are
within approx. 10%. As the unit cell size increases from 7 fibres to 45 fibres,
the percentage difference becomes smaller for the Poisson’s ratios ν23, ν32
and the shear moduli G31, G12, G13, G21 but larger for the Young’s moduli
E22, E33 and Poisson’s ratios ν21, ν31.

1. The longitudinal Young’s modulus:

E11 = EfVf + EmVm (4.5)

2. The transverse Young’s moduli [116]:

E22 = E33 = Em ×
1 + ζηVf
1− ηVf

where η =
Ef/Em − 1

Ef/Em + ζ
and ζ = 2 (4.6)

3. The Poisson’s ratios ν12, ν13, ν21 and ν31:

ν12 = ν13 = νfVf + νmVm, ν21 = ν12 ×
E22

E11

and ν31 = ν13 ×
E33

E11

(4.7)
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4. The Poisson’s ratios ν23 and ν32 [117]:

ν23 = ν12 ×
1− ν12E22/E11

1− ν12
and ν32 = ν23 ×

E33

E22

(4.8)

5. The shear moduli:

G = Gm × 1+ζηVf
1−ηVf

where η =
Gf/Gm−1
Gf/Gm+ζ

and

ζ =

{
1 For shear moduli G12, G13, G21 and G31

1+ν23
3−ν23−4ν21ν12 = 0.53 For shear moduli G23 and G32

(4.9)

In addition, the experimental modulus E11 and Poisson’s ratio ν12 calculated
from the acquisition data at the first cycle of composite dog-bone coupons
are shown in Table 4.6. A good agreement can also be seen on the E11 and
ν12 values between the MF unit cells and experimental results. Therefore,
the (degraded) stiffness values calculated using MF unit cells are sufficiently
accurate for our purposes.

Table 4.6: Comparison of calculated composite elastic properties

7-fibre unit cell 45-fibre unit cell Analytical models Experimental results
E11 [MPa] 38340 (0.1%) 38273 (-0.1%) 38320 37600
E22 [MPa] 11969 (0.2%) 10654 (-11.4%) 11945 -
E33 [MPa] 11762 (-1.5%) 11139 (-7.0%) 11945 -
ν21 [-] 0.084 (-3.5%) 0.076 (-13.5%) 0.087 -
ν12 [-] 0.268 (-4.4%) 0.274 (-2.2%) 0.280 0.268
ν31 [-] 0.083 (-4.7%) 0.078 (-10.9%) 0.087 -
ν13 [-] 0.269 (-4.0%) 0.269 (-4.0%) 0.280 -
ν23 [-] 0.326 (-8.5%) 0.342 (-3.7%) 0.355 -
ν32 [-] 0.321 (-10.1%) 0.357 (0.6%) 0.355 -
G23 [MPa] 3219 (1.4%) 3214 (1.3%) 3174 -
G31 [MPa] 4017 (9.8%) 3875 (6.3%) 3640 -
G12 [MPa] 4109 (12.1%) 3653 (0.4%) 3640 -
G32 [MPa] 3215 (1.3%) 3214 (1.3%) 3174 -
G13 [MPa] 4017 (9.8%) 3875 (6.3%) 3640 -
G21 [MPa] 4110 (12.1%) 3661 (0.6%) 3640 -

Three batches of the 7-fibre unit cells were modelled with input S-N slope
parameters C1 of fibres of -10.0, -20.0 and -30.0. Furthermore, fatigue be-
haviour of the 45-fibre unit cells was also modelled in order to compare with
the 7-fibre unit cells. Due to computational limitations, only one batch of
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the 45-fibre unit cells were modelled with input fibre C1 value of -30.0. In
each batch, 20 unit cells were modelled under three εmax levels. These εmax
levels were selected as 2%, 3% and 4% for the input fibre C1 values of -10.0
and -20.0, while 3%, 4% and 5% for the input fibre C1 values of fibres of
-30.0. The reason of changing εmax values is to avoid having to calculate very
long fatigue lives under the εmax of 2% for the input fibre C1 value of -30.0.

As discussed in Section 3.2.1, the fatigue behaviour of the MF unit cells
is described by Weibull shape parameter βN , S-N slope parameter C1 and
strain-based S-N intercept parameter C2. Table 4.7 shows the extracted
fatigue parameters of the MF unit cells, compared with the reinforcing glass
fibres (with 400 µm length). The comparison of fatigue parameters between
fibres and the MF unit cells gives:

1. The MF unit cell has less fatigue life scatter (i.e. higher βN values)
than the fibres. This tendency of the scatter reduction is pronounced
when the unit cell size is increased from 7 fibres to 45 fibres.

2. The C1 values of the MF unit cells and fibres do not differ significantly.
This can be further proved by a sensitivity study of the C1 values, in
which the fatigue parameters except for the C1 values of fibres were
set to be the same. Then the fatigue parameters of the MF unit cells
consisting of the above fibres were extracted, as shown in Table 4.8. It
can be seen that the extracted C1 values of the MF unit cell are still
quite similar with those of the fibres.

3. The C2 values of the MF unit cells are higher than those of the fibres
because strong fibres in the MF unit cell improve the unit cell fatigue
lives. For this reason, the C2 value of the 45-fibre unit cells is further
higher than that of the 7-fibre unit cells, as shown in Table 4.7.

4. In Table 4.8, the C2 values of the MF unit cells are not always higher
than the fibres because the relevant fibres are virtual fibres and much
different with the fibres used in this study. Actually, these fibres ex-
hibit less scattered low tensile failure strains indicated by higher βe
values and lower ε0 values (with respect to 400 µm length), according
to Eqs. 3.10 and 3.12. As a result, the final failure of the 7-fibre unit
cell is more likely to occur right after the breakages of first few fibres
due to the efficient load redistribution. This results in the reduction of
the C2 value of the MF unit cells when only the input fibre C1 value is
decreasing.
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Table 4.7: Comparison of fatigue parameters between single fibres and MF
unit cells

Input fibre C1 -10.0 -20.0 -30.0 -30.0

single fibre 400 µm long
βN 0.49 0.25 0.16 0.16
C1 -10.0 -20.0 -30.0 -30.0
C2 7.6 15.2 22.8 22.8

7-fibre unit cell 45-fibre unit cell

MF unit cell
βN 1.03 0.58 0.49 0.58
C1 -10.5 -21.0 -32.2 -32.7
C2 8.8 16.9 25.4 26.6

Table 4.8: Sensitivity study of the C1 values of MF unit cells

single fibre 400 µm long
βN 0.49 0.49 0.49
C1 -10.0 -20.0 -30.0
C2 7.6 7.6 7.6

7-fibre unit cell
βN 1.03 1.07 0.76
C1 -10.5 -20.0 -29.9
C2 8.8 7.9 7.1

Figure 4.11 shows all degradation curves of the elastic constants of a MF
unit cell with the input fibre C1 value of -10.0. For comparison purposes,
the elastic properties were normalized by the initial values and the elapsed
fatigue cycles were normalized by the final fatigue life. From Figure 4.11, it is
found that the rotational symmetry around the fibre axis is not significantly
reduced during the fatigue life, by a good match between the moduli and
Poisson’s ratios along the transverse and through-thickness directions, such
as E22 and E33, ν12 and ν13, etc.

Figure 4.12 illustrates the fibre breakage progression in a 7-fibre unit cell.
The broken fibre segments are indicated by large axial strains shown in grey
colour. At the right-bottom corner of each graph, the normalized E11 degra-
dation due to the corresponding state of fatigue failure evolution is also plot-
ted, the black circle indicates the instantaneous stiffness. The unit cell even-
tually fails by a cluster of fibre breakages, which is caused by the large stress
concentration associated with the shear lag.

Figure 4.14 shows the degradation curves of normalized E11 of a 7-fibre unit
cell and a 45-fibre unit cell with the input C1 value of fibres of -30.0, for
three different εmax levels. Initial reduction of the normalized E11 is found
independent of the εmax levels. This reduction is caused by the sequential
breakages of the very weak fibre segments. After that, the matrix elements
fail due to the resulting stress concentration. For the case of higher εmax
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Figure 4.11: Simulated degradation curves of elastic constants of a MF unit
cell

Figure 4.12: Fatigue failure evolution in a random 7-fibre unit cell

levels, the number of failed matrix elements increases. The failure of more
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matrix elements alters the subsequent fibre segment breaking sequence by
changing the stress concentrations. These variations in fibre breaking se-
quence, however, do not lead to a systematic change in stiffness degradation.

Figure 4.13: Normalized longitudinal Young’s modulus degradation curves of
the MF unit cells (Left: a random 7-fibre unit cell; Right: a random 45-fibre
unit cell)

Because of the random damage progression of fibre segments, the stiffness
degradation curves show considerable differences among each unit cell. Fig-
ure 4.14 shows the normalized E11 degradation curves of the MF unit cells
(under the lowest εmax level). Figure 4.14 shows the normalized E11 degrada-
tion curves of the MF unit cells (under the lowest εmax level), it can be seen
that the normalized E11 degradation curves of the MF unit cells have large
scatter. This implies the fatigue damage progression and property degrada-
tion in the MF unit cell is more random. For the 7-fibre unit cell, the increase
of the fibre C1 value (from -30.0 to -10.0) will slightly ease the reduction of
the normalized E11, but not affect the scatter of the degradation curves, ac-
cording to the comparison from graphs (a) to (c).

4.4 Concluding remarks

1. The geometries, initial elastic properties and fatigue simulation proce-
dure of the MF unit cell were introduced.
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(a)

(c)

(b)

(d)

Figure 4.14: Normalized longitudinal Young’s modulus degradation curves
of the MF unit cells

2. Simulated elastic properties of the MF unit cells are in good agreement
with the calculations by analytical models, such as Rule-of-Mixtures,
the Halphin-Tsai model, the Christensen’s model and limited experi-
mental results.

3. Compared to single glass fibres, the fatigue lives scatter of the MF
unit cells is drastically reduced, and the S-N slope parameter C1 and
intercept parameter C2 are slightly smaller.

4. The normalized E11 degradation curves of a MF unit cell under vari-
able fatigue loading conditions are similar, except for some stochastic
variation.

5. The normalized E11 degradation curves of different MF unit cells are
scattered, due to the random breaking sequence of the fibre segments.
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6. The increase of the fibre C1 value (from -30.0 to -10.0) will slightly
reduce the degradation rate of the normalized E11 of the MF unit cell,
but not affect the scatter of the degradation curves.

The simulated fatigue properties of the MF unit cell provide the inputs
for fatigue simulations of the MS models. Note that the fatigue lives of
the MF unit cells exhibit a wide scatter, according to the large βN values
in Table 4.7. The fatigue failure in the MS model initiates from few
very weak MF unit cells. The failure of these unit cells together with
the element stiffness degradation leads to stress concentrations on the
neighbouring elements to speed up the failure of these elements. In the
end, the MS model fails as soon as a critical cluster of failed elements
have formed. The details of relevant work are discussed in the next
chapter.
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Chapter 5

Numerical fatigue simulations of
the MS models

In this chapter, fatigue properties of the MF unit cells are scaled up to
the MS level. The numerical model and simulation procedure of the MS
models are described in Section 5.1. Subsequently, Section 5.2 shows the
discussion on the simulation results. The concluding remarks are finally
summarized in Section 5.3.

5.1 Meso-Structure models

The MS7 and MS45 models (consisting of 7-fibre or 45-fibre unit cells re-
spectively) were created by stacking structural elements equivalent to the
MF unit cells. Therefore the fibre volume fraction of the MS models is the
same as the MF unit cells (i.e. 0.5). Figure 5.1 illustrates both MS models,
with the dimensions given in Table 5.1. Each element represents a typical
7-fiber or 45-fibre unit cell.

Table 5.1: MS model dimensions
MS7 model MS45 model

Length [µm] 1600 1600
Width [µm] 1141 1157
Thickness [µm] 971 1012
Number of elements 1360 224

77
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Figure 5.1: The overall view of MS7 models (left) and MS45 models (right)

The input variables for the structural elements are initial elastic static prop-
erties, fatigue lives and degradation curves of the elastic properties. The
initial static properties are calculated directly from static simulations of the
pristine MF unit cells. The definition of elastic properties degradation is
done by randomly selecting a set of elastic properties degradation curves (of
a MF unit cell) from a predefined library, which contains the degradation
curves calculated from 20 MF unit cell fatigue simulations. The fatigue lives
are calculated by using Eq. 3.7 with the fatigue parameters βN , C1 and C2

shown in Table 4.7.

Moreover, because the elastic properties of the unit cell along the y-and z-axes
are slightly different (transverse isotropy in 2-3 plane is not maintained, e.g.
E22 6= E33), an arbitrary number of elements (MF unit cells) were rotated
by 90◦. For the rotated elements, the elastic properties along the y- and
z-axes are interchanged. An example of the element rotation is illustrated in
Figure 5.2.

Unit cell
rotated by 90◦

Figure 5.2: Illustration of a random 7-fibre unit cell rotated by 90◦

During the fatigue simulation, the damage interaction between the structural
elements is ignored. Therefore, the load redistribution due to the damage
progression of each element only proceeds via the element global stiffness
degradation. In other words, local damage in an element does not directly



79 Meso-Structure models

create a large stress concentration on neighbouring elements but only causes
a stiffness degradation that generally will create a much smaller stress con-
centration.

The flow chart for the fatigue simulation procedure of the MS model is simi-
lar to the that for the MF unit cell which was shown in Figure 4.6. However,
the details of the simulation steps are different. The simulation is run in dis-
placement control mode. As outputs, the fatigue model gives predictions of
the MS model fatigue life and the degradation curves of all elastic properties.
The calculation consists of the following steps.

1. At the beginning of the first iteration, the initial elastic properties
of the model elements are defined by the predicted properties of the
equivalent numerical models, i.e. the MF unit cells. During each new
iteration, these elastic properties are re-defined by the (degraded) prop-
erties calculated from the previous iteration.

2. For the plots of the MS model elastic properties degradation, values for
the longitudinal Young’s modulus E11, transverse Young’s moduli E22,
E33, Poisson’s ratios ν23, ν32, ν12, ν13, ν21, ν31, and shear moduli G23,
G32, G13, G31, G12, G21 are calculated from nine independent finite
element simulations. The applied boundary conditions are the same
with those for calculations of the elastic properties of the MF unit
cells, described in Section 4.1.

3. The stress-strain state in the MS model is calculated by using another
finite element simulation under applied εmax. The applied boundary
conditions are similar to those in the simulation for the calculations of
E11, ν12 and ν13 (see Section 4.1)

4. The calculation of fatigue cycle increment at the current iteration is
different in the MS7 and MS45 models. For the MS7 model, the cy-
cle increment is set equal to the smallest remaining life of the model
elements, which are calculated by Eq. 3.7.

However, for the coarse-mesh model such as the MS45 model, the cycle
increment of fatigue cycles is calculated as a fraction of the remaining
fatigue cycles of the next possible broken element. This approach is
required because otherwise the large element size affects the accuracy
of the stress redistribution and stiffness degradation calculations, and
consequently of the fatigue life. For the MS7 model this approach is not
required because the finer mesh makes them less sensitive to stiffness
degradation of individual elements.
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As shown in Figure 5.3, it can be seen that a converged normalized E11

degradation curve can be obtained when the fraction is selected smaller
than 1/20. Therefore, for MS45 models, the cycle increment is set equal
to 1/20 of the smallest remaining life of the model elements. In the fol-
lowing iterations, if no elements are found broken, the cycle increment
remains the same (as used in previous iteration). Otherwise, the cycle
increment is updated by the remaining fatigue cycles of the new broken
elements. Then in the next iteration, the increment of fatigue cycles
is re-calculated as 1/20 of the calculated smallest remaining life of the
model elements.

Figure 5.3: Normalized MS45 model E11 degradation curves for different
intermediate cycle interpolations

For practical reasons, the calculated cycle increment less than 1 cycle
is set to 0.

5. At the current iteration, elements in the MS model withstand variable
fatigue loading conditions, calculated by the load redistribution as a
result of the elastic property degradation of these elements themselves.
The cumulative damage of an element is described by a damage factor,
which is calculated by the ratio between the cycle increment and entire
fatigue life of that element. For each element, the damage factor at the
current iteration is calculated by the ratio between the cycle increment
and entire fatigue life of the element. According to Palmgren-Miner
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Rule, the final element failure is determined when the cumulative dam-
age factor attains unity.

6. If, at the end of that iteration, the final model failure criterion is not
reached, the degraded material properties of the elements are saved for
the next iteration. All elastic properties of the broken elements are
directly reduced to a near-zero value (e.g. 0.001). All elastic properties
of the unbroken elements are reduced by the linear interpolation values
of the corresponding normalized elastic property degradation curves.
These degradation curves were obtained from fatigue simulations of
the MF unit cells, mainly based on the sequential fibre breakages. The
matrix failure does not significantly affect the degradation curves since
only few matrix elements next to the fibre breaking points failed due to
the stress concentration caused by the fibre breakages. As an example,
Figure 5.4 illustrates the interpolated degraded E11 at 20% of the entire
fatigue life (corresponding to a cumulative damage factor of 0.2).

Figure 5.4: Illustration of interpolation of stiffness degradation

7. The final failure of the simulated model is reached when failure of
adjacent elements extents to the edge of the model. Figure 5.5 shows
the MS7 model at final failure with input fibre C1 value of -30.0. The
corresponding normalized E11 degradation curve is plotted at the right-
bottom corner, with the black circles showing the stage where the final
failure occurs.
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Figure 5.5: Final failure patterns of the MS7 model

5.2 Results and discussion

Fatigue modelling of the MS7 model with input fibre S-N slope parameters
C1 of -10.0, -20.0 and -30.0, and MS45 model with the input fibre C1 value
of -30.0 was performed. In each batch, 20 MS models were simulated under
three εmax levels from 2% to 4%.

The extracted Weibull shape parameter βN , S-N slope parameter C1 and
strain-based S-N intercept parameter C2 of the MS models are shown in
Table 5.2. Compared to the MF unit cells, the fatigue life scatter of the MS
models is further reduced, shown by higher βN values. The C1 values of the
MS models are still similar to the input fibre C1 values, because there are no
additional failure mechanisms introduced during the scale-up process from
the MF unit cells to the MS models. However, the MS models have smaller
C2 values than the MF unit cells. The main reason for this is that the MS
models are four times longer than the MF unit cells. Therefore, statistically
the MS models have a higher failure probability.

Table 5.2: Comparison of fatigue parameters of MS models
MS7 model MS45 model

Input fibre C1 -10.0 -20.0 -30.0 -30.0

MS model
βN 3.52 2.76 1.83 1.82
C1 -10.3 -21.0 -32.2 -32.7
C2 8.1 14.8 22.2 22.7
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Similar fatigue parameters of the MS7 and MS45 models with the input fibre
C1 value of -30.0 are observed in Table 5.2. This indicates the composite
fatigue life prediction is consistent under geometrically different scale up
approaches.

The normalized E11 degradation curves of the MS models are plotted in
Figure 5.6. At first glance, the MS models have more severe sudden-death
degradation curves compared to the MF unit cells, see Figure 4.14. The
decrease of the input fibre C1 value obviously reduces the degradation rate
of normalized E11 modulus (before failure) and reduces the scatter of the
degradation curves, according to the graphs (a) to (c). For the same input
fibre C1 value, the MS45 models show more scattered normalized E11 degra-
dation curves compared to the MS7 model, as shown in the graphs (c) and
(d). This is because the MS45 model is coarse-meshed. Therefore, the fail-
ure progression in the MS45 model after the initial failed elements is more
dispersed.

5.3 Concluding remarks

1. The geometries, initial elastic properties and fatigue simulation proce-
dure of the MS model were introduced.

2. Fatigue simulations on the MS7 and MS45 models were performed.
Both models give comparable predictions on the fatigue lives. However,
MS7 model gives more consistent normalized E11 degradation curves
compared to the MS45 fibres.

3. Compared to the single glass fibres and MF unit cells, the fatigue life
scatter of the MS models is further reduced, while the extracted S-N
slope parameters C1 are not significantly different.

4. Compared to the MF unit cells, the normalized E11 degradation curves
of the MS models are more like sudden-death curves. It appears that
the degradation rate of normalized E11 before failure can be reduced by
the decrease of the input fibre C1 value, the same applies to the scatter
of the degradation curves.

Compared to the MS45 model, the MS7 model produces more consistent
degradation curves of the composite elastic properties, and therefore is
selected for providing the inputs for composite fatigue simulations at
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(a)

(c)

(b)

(d)

Figure 5.6: Normalized longitudinal Young’s modulus degradation curves of
the MS models

the macro-scale. The details of these simulations are shown in the next
chapter.



Chapter 6

Numerical fatigue simulations of
the CS models

In this chapter, the geometry, initial elastic properties and simulation
procedure of the CS model are first described in Section 6.1. Then simu-
lation results are shown in Section 6.2 to compare with the experimental
results of the unidirectional GFRP composite dog-bone coupons. In the
end, the concluding remarks are summarized in Section 6.3.

6.1 Coupon-Size models

The CS model was created as a numerical representation of the unidirectional
composite dog-bone coupon. As shown in Figure 6.1, for reducing the com-
putational time, only the gauge area was modelled. The CS model contains
600 elements equivalent to the MS7 models, although the geometrical size
of its structural element (1600×1000×750 µm3) is smaller than that of the
MS7 model. Likewise, the fibre volume fraction of the CS model is the same
as that of the MS7 models.

As inputs, the initial elastic properties of the CS model elements are calcu-
lated from the static simulations of the pristine MS7 models. Similar to the
MS models, for an arbitrary number of elements, the elastic properties along
the y- and z-axes are interchanged. The degradation of those elastic proper-
ties is done by randomly selecting a set of corresponding degradation curves
(of a MS7 model) from a predefined library, which contains the degradation
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Figure 6.1: Finite element representation of a unidirectional composite dog-
bone coupon

curves calculated from 20 MS7 models. The fatigue lives of the CS model
elements are calculated by using Eq. 3.10 with the fatigue parameters βN ,
C1 and C2 shown in Table 5.2.

The fatigue simulation flow chart of the CS model is identical to that in
Figure 4.6. However the details of the individual steps are different with the
MF unit cell and MS model. For the CS model, the simulation is run in
load control mode, to allow direct comparison to the experimental data. As
outputs, the fatigue model gives predictions of the CS model fatigue lives
and the degradation curve of the axial stiffness (i.e. E11). The calculation
consists of the following steps.

1. At the beginning of the first iteration, the initial material properties
of the CS model elements are defined by the predicted properties of
the equivalent MS7 models. In subsequent iterations, these material
properties are re-defined by the (degraded) properties calculated from
the previous iteration.

2. Only the degraded E11 of the CS model is calculated, for comparing
with the experimental axial stiffness degradation curves. The relevant
boundary conditions are referred to those for calculations of the E11 in
the MF unit cell and MS model (see Section 4.1)

3. The stress-strain state in the CS model is calculated by using a finite
element simulation under σmax. Opposite constant loads are applied on
the ends of the CS model to match the experimental loading conditions.
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4. The calculation of fatigue cycle increment at the current iteration is the
same as was done for the MS45 model. Likewise, the cycle increment
of fatigue cycles is calculated by 1/20 of the remaining fatigue cycles
of the next possible broken element. In the following iterations, if no
elements are found broken, the cycle increment remains the same (as
used in previous iteration). Otherwise, the cycle increment is updated
by the remaining fatigue cycles of the new broken elements. Then in
the next iteration, the increment of fatigue cycles is re-calculated by
1/20 of the residual fatigue life of the new next possible broken element.

For practical reasons, the calculated cycle increment less than 1 cycle
is set to 0.

5. At the current iteration, elements in the MS model withstand variable
fatigue loading conditions, calculated by the load redistribution as a
result of the elastic properties degradation of these elements themselves.
The damage of an element is described by a cumulative damage factor,
which is calculated by the ratio between the cycle increment and entire
fatigue life of that element. According to Palmgren-Miner Rule, the
final element failure is determined when this cumulative damage factor
attains unity.

6. If, at the end of that iteration, the final model failure criterion is not
reached, the degraded material properties of the elements are saved for
the next iteration. All elastic properties of the broken elements are
directly reduced to a near-zero value (e.g. 0.001). All elastic proper-
ties of the unbroken elements are reduced by the linear interpolation
values of the corresponding normalized elastic property degradation
curves. These degradation curves were set up from the MS fatigue sim-
ulations indirectly based on primarily the sequential fibre breakages,
and secondarily matrix failures in the MF unit cells. An example of
the interpolation was shown in Figure 5.4.

7. The final failure of the simulated model is reached when failure of
adjacent elements extends to the edges of the model. Figure 6.2 shows
a CS model with the input fibre S-N slope parameter C1 of -10.0 at the
final failure. The corresponding normalized E11 degradation curve is
plotted at the right-bottom corner, with the black circles showing the
stage where the final failure occurs.
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Figure 6.2: Final failure patterns of a CS model

6.2 Results and discussion

Three batches of CS models with input S-N slope parameters C1 of fibres of
-10.0, -20.0 and -30.0 were performed in load control mode. In each batch,
20 CS models were simulated with respect to three σmax levels from 340 MPa
to 680 MPa. The extracted fatigue parameters of the CS models are Weibull
shape parameter βN , S-N slope parameter C1 and stress-based S-N intercept
parameter C3, shown in Table 6.1. For comparing with the MF unit cells and
MS models, the strain-based S-N intercepts (i.e. C2 parameters) of the CS
models are also extracted, and shown in parentheses in Table 6.1. The εmax
levels were obtained by dividing the σmax levels by the experimental E11 (i.e.
37600 MPa) of the dog-bone coupons.

Table 6.1: Comparison of fatigue parameters of CS models
Input fibre C1 -10.0 -20.0 -30.0

CS model
βN 3.74 3.27 2.15
C1 -10.3 -21.0 -32.2
C3 33.5 67.8 104.0
C2 (7.0) (13.7) (21.0)

It can be seen that the βN values of the CS models are further increased
while the C1 values are still not affected significantly, compared to the single
fibres, MF unit cells and MS models. In addition, the C2 parameters of
the CS models are reduced compared to the MF unit cells and MS models.
However, this comparison of the C2 parameters is only qualitative since the
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εmax level is not constant due to the E11 degradation of the CS model during
the fatigue simulation.

Figure 6.3 shows the normalized E11 degradation curves of the CS models.
The degradation of E11 becomes less pronounced with the decrease of input
fibre C1 value. In particular, there is almost no degradation on the graph (c)
for input fibre C1 value of -30.0.

(a) (b)

(c)

Figure 6.3: Normalized longitudinal Young’s modulus degradation curves of
the CS models

Since the C1 value of the composite materials is not significantly influenced
by the geometrical scale of the composite structure, the input fibre C1 value is
adjusted to the experimental C1 value of the dog-bone coupons in the fatigue
predictions of the dog-bone coupons themselves. A value of -10.0, which is
close to the experimental C1 value of the dog-bone coupons was used in the
prediction of dog-bone coupon fatigue lives.
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Figure 6.4 shows the predicted fatigue lives of the dog-bone specimens which
are overestimated by about one order of magnitude compared to the exper-
imental results. One possible reason is the insufficient consideration of the
fatigue failure mechanisms in the dog-bone specimens. Besides the sequen-
tial fibre breakages, other micro-mechanical failure mechanisms, such as the
fibre debonding [6], matrix cracking [118], etc., may also exist in the dog-
bone specimens during the fatigue test. By taking these additional failure
mechanisms into account, the accuracy of the fatigue life predictions might
be improved.

Figure 6.4: Experimental and predicted fatigue lives of the composite dog-
bone coupons

Figure 6.5 shows the predicted normalized axial stiffness degradation curves
of 20 CS models using the input fibre C1 value of -10.0, in comparison with the
experimental normalized axial stiffness degradation curves. The predicted
normalized axial stiffness gradually degrades to approx.10% before failure,
agreeing with the experimental observation from the unidirectional GFRP
composite dog-bone fatigue tests.

6.3 Concluding remarks

1. The geometry, initial elastic properties and fatigue simulation proce-
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Figure 6.5: Experimental and predicted normalized axial stiffness degrada-
tion curves of dog-bone specimens

dure of the CS model were introduced.

2. The same trend of the evolution of the fatigue parameters continued at
the CS level. That is, compared to the single fibre, MF unit cell and
MS model, the βN value of the CS model is greatly increased, while the
C1 value is relatively constant.

3. The normalized E11 degradation becomes less pronounced as the input
fibre C1 value is reduced from -10.0 to -30.0.

4. The final fatigue predictions were obtained with the input fibre C1

value matching the C1 value of the dog-bone specimens. By using the
calibrated fibre C1 value, longer fatigue lives of the dog-bone specimens
were predicted, while the predicted normalized E11 degradation curves
agreed well with the experimental observations.

So far, the entire process of predicting the axial tension-tension fa-
tigue behaviour of unidirectional GFRP composites by using the proposed
multi-scale micro-mechanical fatigue model has been demonstrated. In
the next chapter, the major conclusions in this study are given, and the
possible improvements for the proposed model are discussed.
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Chapter 7

Conclusions and
recommendations

To fulfil the goal of fatigue damage modelling in wind turbine blade
laminates using micro-mechanical methods, a multi-scale finite element
model was successfully developed by considering the sequential fibre break-
ages as the dominant failure mechanism, and was validated with coupon
experimental results. At the micro-scale, the numerical composite model
(so-called Multi-Fibre or MF unit cell) contains a limited number of
fibres and surrounding matrix. The experimental data obtained from
single fibres were used as inputs to predict the fatigue behaviour of the
MF unit cell. Since the length of the fibres in the MF unit cell was too
short for their strength to be experimentally measured, the fibre prop-
erties were extrapolated to that particular length from the experimental
results using the weakest link theory. Next, the MF unit cell was scaled
up to the meso-scale, allowing both life estimations and stiffness degra-
dation, as the numerical model describes sequential breakages of fibres.
At the next scale-up level, the Meso-Structure model consisting of 7-
fibre unit cells was eventually expanded to describe the behaviour of the
centre section of a dog-bone shaped fatigue test specimen, and validated
both for fatigue life and stiffness degradation.

Using the proposed model, the composite fatigue lives and (degraded)
elastic constants (including E11−33, ν12,13,21,31,23,32 and G12,13,21,31,23,32) at
the micro- and meso- and macro-scales were modelled based on the ma-
terial properties of the fibres and matrix. The main conclusions drawn
from this work are given in Section 7.1. Then some recommendations
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follow to improve the fatigue prediction accuracy in Section 7.2.

The research in this thesis can be regarded as a step forward in en-
abling the prediction of fatigue behaviour of composite structures, such
as wind turbine blades, based on the properties of the constituents by
using micro-mechanical models. However, the microscopic failures ex-
isting in a wind turbine rotor blade depend on the composite configura-
tion and loading conditions. That is to say, in order to design a full
scale blade, a large amount of additional work needs to be done in order
to predict the fatigue behaviour of composite laminates with different
lay-ups and under different R ratios.

7.1 Conclusions

The fatigue lives of glass fibres and composite materials were characterized
by three features, the scatter, S-N slope and intercept. Experimental strain-
life data were generated from fatigue tests on single fibres in the life range
of 103-107 cycles. A large amount of scatter (in the order of 4 decades) was
encountered. A sensitivity study on the fibre S-N slope was performed with a
wide range covering from -10.0 to -30.0, to analyse how the slope parameter
evolved during the numerical scaling up. The corresponding results showed
this parameter was not sensitive to the composite structural scale. Therefore,
according to the current model, the S-N slope of the fibres should be similar
to the S-N slope found on coupons.

According to the composite simulation results at the micro-, meso- and
macro-scales, the large scatter of fibre fatigue lives was significantly reduced
with the increase of composite structural scales. This agreed with the ex-
perimental observation that the fatigue lives scatter of single glass fibres is
much higher than that of the composite dog-bone coupons. Furthermore,
with the input fibre S-N slope matching that of the coupons, the final fatigue
life predictions were overestimated by approximately one order of magnitude,
which can be considered a promising result. The difference is most likely due
to effects not captured in the model, such as other micro-mechanical fatigue
failure mechanisms (e.g. fibre debonding, matrix failure, etc.), imperfections
(e.g. fibre alignment) and fibre behaviour discrepancy between embedded
fibres (in surrounding matrix) and pristine fibres (without surrounding ma-
trix).
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The degraded composite elastic constants at different composite structural
scales were also calculated during the scaling-up process. As a particular
example, the normalized E11 (axial stiffness) degradation curves were plotted
to show the degradation trends of these composite elastic constants. This
normalized axial stiffness degradation did not significantly depend on the
fatigue load level, as observed from the experimental results of the composite
dog-bone coupons and simulation results of the MF unit cells. It has been
found that the normalized axial stiffness degradation curves exhibited more
clustered and sudden-death behaviour by either scaling up the structural
scales (from micro- to macro-), or decreasing the input fibre S-N slope (from
-10.0 to -30.0) at the same scale. Moreover, the final predictions of the
normalized axial stiffness degradation curves of composite dog-bone coupons
agreed well with the experimental results, when the matching fibre S-N slope
was considered.

7.2 Recommendations

On the basis of current research, the accuracy of predictions of the proposed
model obviously depends on the input fibre properties. Several improvements
in fibre characterisation are discussed in these followings.

1. More single fibre tests shall be performed for accurate determination
of fibre tensile failure strains. On these fibre tests, individual stiffness
measurements on the single fibre tests might help to evaluate the test
results. It is possible that the 2-parameter Weibull distribution func-
tion is not sufficient enough to characterize fibre static behaviour when
analysing these more fibre test results. In that case, a multi-modal
Weibull distribution function has to be considered, as mentioned in
Section 2.2.1.

2. The Weibull parameters obtained from the single fibre tests shall be
compared with the values obtained from the other methods, such as
the fibre bundle tests and single fibre fragmentation tests discussed in
Appendix A.2 and A.3 respectively.

3. For improving the statistical confidence in the input fibre S-N slope
parameter, the sample of fibre fatigue lives should either be greatly
enlarged, or the range of load levels should be enlarged to an extremely
long fatigue cycle region (up to 1010 cycles or higher). For the latter
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option, a high frequency fatigue testing facility is required to be able
to perform the long cycle fibre fatigue tests. A benefit of this option
would be that the fibre behaviour at low load levels can be based on
experiments rather than extrapolation, and that the validity of the
power law for fibre fatigue can be checked.

4. A link with existing residual strength methods may assist in evaluat-
ing the first-cycle breakage results. Digital Image Correlation (DIC)
was used to evaluate strains in the coupon specimens. Adopting this
technology to single fibre tests may provide useful information along
with the other recommended improvements in test methodology. On
the other hand, elaborate Scanning Electron Microscope (SEM) obser-
vations on the fibre crack surfaces may reveal hints on the underlying
mechanisms of fibre fracture and help to explain the very large scat-
ter that is generally observed in this type of experiments. This will
be helpful to figure out if the weakest link theory is the best theory
to calculate the properties of fibres with micrometre gauge lengths, or
some other alternatives should be employed.

A striking observation from this study is that the very large scatter observed
in fatigue data of single fibres reduces to about a single decade of scatter for
coupon sized composite specimens. The model captures this phenomenon
accurately, but the underlying mechanism should be further investigated.
This is essential for achieving a higher prediction accuracy of the MS and CS
models by providing more reliable composite fatigue degradation curves at
the micro-scale.

1. Microscopic observation or other experimental techniques could be used
to investigate the initiation and propagation of damage. These obser-
vations could be used for clarifications of the offset in life prediction
found in this study, and provide guidance for further developments of
the model as mentioned above. Combining such an experimental effort
with model development would also provide tools to validate future
model developments.

2. As discussed in Section 2.2, the fibre/matrix interface failure (i.e. fibre
debonding) is an important failure mechanism affecting the sequential
fibre breakages in the MF unit cells. The onset of fibre debonding
depends on the fibre/matrix interface behaviour, which can be charac-
terised by the methods introduced in Appendix A.3 to A.6.
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3. The matrix damage will be another consideration of the MF unit cells.
In this thesis, the matrix damage is only assumed to occur as a result of
the breakages of polymer chemical bonds, which is caused by the large
stress concentration near the fibre breakage. However, in practice, the
matrix elements may fail earlier than expected due to matrix plasticity
and defects (such as micro-voids, etc.). Therefore, the assumption to
describe the matrix failures needs to be relaxed to allow these above-
mentioned failures. This would result in more extensive matrix damage
which will affect the stress distribution and thus fatigue life.

From a design perspective, the composite fatigue properties with different
fibres and matrix could be investigated at the micro- to macro-scales. This
work can be carried out by adapting the specific material properties of the
fibres and matrix in the proposed model and its future updates.
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Appendix A

Test methods for
characterizations of fibres and
fibre/matrix interface

Properties of fibres and fibre/matrix interface can be extracted by var-
ious approaches, where the focus of analysis is different. In general,
the approaches of extracting fibre tensile strength (or failure strain) are
single fibre tests A.1, fibre bundle tests A.2 and fibre fragmentation
tests A.3. Whereas the approaches of extracting fibre/matrix Interface
Shear Strength (ISS) are fibre fragmentation tests A.3, fibre pull-out
tests A.4, fibre micro-bond tests A.5 and micro-indentation tests A.6.

A.1 Single fibre tests

Figure A.1 illustrates a single fibre tensile test, performed by ASTM stan-
dard D3379-75 which is, however, withdrawn in 1998 since no update comes
after [8]. From a batch of experimental results, Weibull parameters of Eq. 2.1
can be obtained by either Linear Regression (LR) method or Maximum Like-
lihood Estimation (MLE) method.

In the LR method, failure probability P can be estimated by Eq. A.1.

P =
i− 0.3

n+ 0.4
(A.1)
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Figure A.1: Illustration of a single fibre tensile test (reproduced from [8])

in which, i is the rank number of certain test and n is the number of tests.
Then Weibull parameters can be extracted from the slope and intercept of
the plot ln(− ln(1− P )) vs. ln(σ).

In the MLE method, the likelihood function Eq. A.2 is defined as the product
of all probability densities of fibre strengths, which is

L(βS, σ) =
n∏
i=1

pf (βS, σ) (A.2)

in which L is the likelihood function, pf is probability density function of the
selected Weibull distribution of parameters βS and σ0. For instance, pf of
Eq. 2.1 is shown in Eq. A.3.

pf (βS, σ0) = (
l

lref
)(
βS
σ0

)(
σ

σ0
)(βS−1) exp{−(

l

lref
)(
σ

σ0
)βS} (A.3)

Then Weibull parameters are solutions from binary equations Eq. A.4 where
the estimator of likelihood function becomes the maximum.

∂(L(βS, σ0))

∂βS
|β=β̂S = 0 and

∂(L(βS, σ0))

∂βS
|σ0=σ̂0 = 0 (A.4)

in which β̂S and σ̂0 are the binary equation solutions.
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A.2 Fibre bundle tests

Figure A.2 illustrates a fibre bundle specimen, used to extract the Weibull
parameters of fibre tensile failure strains [9, 102, 119–125]. A generalized

Fibre bundle
Loading Loading

Figure A.2: Illustration of a fibre bundle specimen

model Eq. A.5 to describe the fibre bundle load/strain curve was developed
by Phoenix [125].

Freal = nf × Ef × Af ×
∫ ε

0

f(ε− x)× g(s)dx (A.5)

in which nf is the number of fibres in the bungle. Ef and Af are fibre modulus
and cross-sectional area, Freal is the applied load under strain ε. Function
f denotes the product of the strain and the survival probability under that
strain, i.e. ε × Ps(ε). Function g denotes the probability density function
of the slack lengths. Different slack length density functions including the
Dirac distribution, uniform distribution, triangular distribution, etc., were
compared in the studies by Phoenix [125] and Creasy [120]. When slack fibres
are not dominant, it is accurate enough to predict the slack length of fibres
using the uniform distribution. The expression of the uniform distribution is

g(ε) =

{
1/εr when 0 ≤ ε ≤ εr
0 elsewhere (A.6)

in which, εr is the fibre strain with the maximum slack length. Substitution
of Eq. A.6 into Eq. A.5 results in Eq. A.7

Freal = n× Ef × Af × 1/εr ×
∫ ε

ε−εr
x× Ps(x)dx (A.7)

In the case of no slack fibres, Eq. A.7 reduces to Eq. A.8.

Freal = n× Ef × Af × ε× Ps(x) (A.8)

By Eq. A.9, the fibre survival probability Ps(ε) at each strain is calculated
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by the ratio between the Freal and a imaginary load Fimg where no fibre is
assumed broken under the same strain level. A demonstration of Freal and
Fimg is shown in Figure A.3.

Ps(ε) =
Freal
Fimg

(A.9)

Figure A.3: Illustrations of fibre survival probability from a fibre bundle
load-strain curve (reproduced from [9])

The plot of ln(− ln(Ps)) vs. ln(ε) is shown in Figure A.4. It is clear that the
regression of survival probabilities violates increasingly the linear relationship
represented by a two-parameter Weibull function. Andersons [126] used the
first linear part to calculate the Weibull parameters for single fibre strength.

Carlard [123] studied the possible factors that affect load-strain curves of
fibre bundles, and found that the violation is primarily because of the local
load sharing phenomenon by fibre interactions (such as frictions). Further,
Okoroafor [124] monitored the sequence of fibre breaks in a bundle by acoustic
emission technique and found that fibre breaking is dominated by a mix of
simplex failure mechanisms (such as singlet, doublet, triplet, quartet, ect.).
The multiple failure mechanisms can be regarded as the results from fibre
interactions. Higher level failure mode means more severe local load transfers
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Figure A.4: Plot of ln(− ln(Ps)) vs. ln(ε) (reproduced from [9])

because of fibre interactions. Therefore, by assuming that all fibre failure
mechanisms follow a 2-parameter Weibull distribution function, Okoroafor
proposed a series based model to calculate fibre survival probability, which
is

Ps(ε) = exp{− l

lref
×

n∑
i=1

ci(
ε

ε0i
)βi} (A.10)

in which, index i denotes the type of failure mechanisms include from singlet
fibre breakage (i = 1) to n-rank fibre breakage (i = n), ci is the weight factors
measured by the acoustic emission equipment in failure mode i, βi and ε0i
are Weibull parameters of fibre failure strains in failure mode i. Okoroafor
indicated that the relationship among Weibull parameters of different failure
mechanisms is:

βi = i× β and εi0 = εavg × (βi)
1/βi (A.11)

where εavg is the average failure strain of fibres. However, the calculation of
Weibull scale parameter ε0i is questionable since it deviates from the Weibull
properties.
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A.3 Fibre fragmentation tests

Figure A.5 illustrates a single fibre fragmentation test, which can be used
to characterize both Weibull parameters of fibre tensile strengths and fi-
bre/matrix ISS, depending on the interests.

Imbedded fibre

Loading Loading

Figure A.5: Illustration of a single fibre fragmentation test

During the fibre fragmentation test where the applied loads are increasing,
the embedded fibre is being broken into small pieces, and becomes satu-
rated. The number of fragments is assumed to follow the Poisson distribution
Eq. A.12 [127,128]

Pk =
(lsegλ)k exp(−lsegλ)

k!
(A.12)

in which Pk is the probability to have k fragments in that specimen, lseg is
the length of the fibre fragmentation specimen, and λ is the fragment density.
Therefore, the product of lseg and λ gives the mean value of k.

By considering an extreme condition, in which the fibre only break once
within the length lseg, fibre failure probability P can be calculated by Eq. A.13,
since the limitation of (lsegλ)k/k! becomes to unity.

P = 1− Pk=0 = 1− exp(−lsegλ) (A.13)

If the fibre failure probability P is also assumed to follow Eq. 2.1, then
the relationship between fragment density λ and applied load σ of the fibre
fragmentation specimen can be obtained in Eq. A.14, by comparing Eq. 2.1
and Eq. A.13.

λ =
1

lref
(
σ

σ0
)βS (A.14)

Then the number of fragments nseg can be calculated by the integration of
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λ, as shown in Eq. A.15.

nseg =

∫ lseg

0

λmax(x)dx =

∫ lseg

0

1

lref
(
σmax(x)

σ0
)βSdx (A.15)

in which λmax is the maximum crack density of an arbitrary place x over the
length, and σmax is the maximum tensile stress applied on the arbitrary place
x. The reason to use λmax and σmax in Eq. A.15 is that in the vicinity of
fibre fracture the tensile stress is dropped from the maximum stress, but the
crack density should be kept constant since cracks have been already formed.
Experimentally, the number of fragments nseg can be measured by optical
microscopes or acoustic emission techniques [127–131]. At the beginning of
a single fibre fragmentation test, constant stress σ(i.e. σmax) can be assumed
along the fibre since fewer fragments are found. Then Eq. A.16 is derived.
Then the Weibull parameters of fibre strengths can be extracted from the
linear part of the plot of ln(nseg) with respect to ln(σmax).

nseg =
lseg
lref

(
σ(x)

σ0
)βS (A.16)

For measuring fibre/matrix ISS, the fibre fragmentation test works only in
the case that the matrix failure strain is at least three times as large as
the fibre failure strain, based on a rule-of-thumb [11]. The fibre/matrix ISS
can be calculated from the fragment lengths, which are usually observed by
optical microscopes, acoustic emission techniques, etc. [11,129,132–146].

Kelly and Tyson [136] developed Eq. A.17 to calculate the fibre/matrix ISS.

τmax =
σfcdf
2lseg,cr

(A.17)

in which τmax is the fibre/matrix ISS, df is the fibre diameter, lseg,cr is the
critical fibre fragment length beyond which fibre axial normal stress is re-
covered large enough to cause a new fibre breakage, and σfc is the tensile
strength when the critical fibre fragment length is obtained.

However, the observed fibre fragment lengths are usually statistically dis-
tributed and not equalled to lseg,cr. Wimolkiatisak and Bell [138] argued the
fibre fragment lengths should be in the range between lseg,cr/2 and lseg,cr, be-
cause the fibre fragment longer than lseg,cr has the opportunity to break into 2
pieces (both of which are shorter than lseg,cr but longer than lseg,cr/2). There-
fore, Wimolkiatisak assumed the average fragment length Lseg,avg equalling
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to 3lseg,cr/4. On the other hand, Lseg,avg can be obtained by calculating the
arithmetic average of all observed fragment lengths or by Eq. A.18 if the
fragment lengths are assumed to follow a Weibull distribution [139,141].

Lseg,avg = lseg,0Γ(1 + 1/βseg) (A.18)

in which βseg and lseg,0 are Weibull shape and scale parameters of fibre frag-
ment lengths. As a result, Eq. A.19 to finally calculate fibre/matrix ISS is
derived by substituting Eq. A.18 into Eq. A.17 [138]. In Eq. A.19, σfc has
to be calculated separately from a fibre strength model taking into account
the length effect, for instance the modified 2-parameter Weibull distribution
Eq. 2.1.

τmax =
3σfcdf

8lseg,0Γ(1 + 1/βseg)
(A.19)

Drzal et al [139] proposed an alternative expression Eq. A.20 derived from
Eq. A.17 to calculate the fibre/matrix ISS.

τmax =
σfc
2α

Γ(1− 1/βld) (A.20)

in which βld and α are Weibull shape and scale parameters of the ratio
lseg,cr/d. The term in the gamma function should be corrected by 1 + 1/βld,
according to Weibull distribution properties. In general, the fibre/matrix ISS
calculation by Eq. A.20 is higher than the calculation by Eq. A.19 [138].

The drawback of using the single fibre fragmentation test to calculate the
fibre/matrix ISS is that the fibre-to-fibre interaction is not considered. This
fibre-to-fibre interaction is caused by the load redistribution from the broken
fibres to the neighbouring fibres. For solving this problem, multiple fibre
fragmentation tests are developed [142–146]. In the multiple fibre fragment
test, the fibre/matrix ISS is still calculated by Eq. A.19. However, due to
the fibre-to-fibre interaction, the fibre/matrix ISS calculation is influenced
by more factors, for instance the fibre volume fraction [142], the fibre-to-
fibre spacing distance [143], etc. In conclusion, the upper and lower bounds
of the fibre/matrix ISS can be obtained from the single fibre fragmentation
tests and multiple fibre fragmentation tests with short fibre-to-fibre spacing
distance.
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A.4 Fibre pull-out tests

Figure A.6 illustrates a fibre pull-out test. The fibre is planted vertically
with a controlled embedded length in a block of uncured matrix. After a
curing treatment, fibre is pulled out from the matrix droplet by a very slow
rate. The fibre/matrix ISS can be characterized by shear strength or critical
energy release rate.

Fibre

Figure A.6: Illustration of a fibre pull-out test

The fibre/matrix interface shear stress τ over the embedded length is calcu-
lated by the equilibrium function Eq. A.21

τ =
rf
2

dσ

dx
(A.21)

in which Ef is the fibre Young’s modulus, rf is the fibre radius and σ is the
fibre axial normal stress at location x. Because of the shear lag effect, σ
is not evenly distributed over the embedded length. Chua and Piggott [11]
calculated σ by a model Eq. A.22 similar to Cox’s shear-lag model Eq. 2.4

σ = σt
sinh[ψ(lem − x)/rf ]

sinh(ψlem/rf )
where ψ = {Em

Ef
(

1

(1 + νm) ln(rm/rf )
)}1/2

(A.22)

in which σt is the fibre pull-out strength, lem is embedded length, Em and
Ef are Young’s moduli of matrix and the fibre, νm and rm are the Poisson’s
ratio and radius of matrix. Substitution of Eq. A.22 into Eq. A.21 gives rise
to the final calculation of fibre/matrix interface shear stress by Eq. A.23.
According to Eq. A.23, the calculated τ value is dependent on many issues,
such as fibre diameter, fibre embedded length and fibre/matrix stiffness ratio,
etc. In practice, a strong diversion of the calculated τ value among is found
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among different test facilities [11,132–134].

σ = ψσt
cosh[ψ(lem − x)/rf ]

2 sinh(ψlem/rf )
where ψ = {Em

Ef
(

1

(1 + νm) ln(rm/rf )
)}1/2

(A.23)

Instead of the fibre/matrix ISS, Hampe et al [10] developed an energy release
rate based criterion to characterize fibre/matrix interface property. As shown
in Figure A.7, they divided the load-displacement curve of a fibre pull-out test
into three regions, which are elastic deformation region (AB), fibre debonding
region (BCD) and fibre friction region (DE). The critical energy release rate
Ecr to make fibre fully debonding is then calculated by Eq. A.24.

Ecr =
ABCD

2πlemrf
(A.24)

in which ABCD is the area where the debonding work is determined. Unfor-
tunately, Hampe pointed out the critical energy release rate criterion Ecr can
only be used for the brittle matrix composites. For ductile matrix, the area
BCD is not obvious to be detected.

Figure A.7: The load-displacement curve of a fibre pull-out test (reproduced
from [10])

A.5 Fibre micro-bond tests

Figure A.8 illustrates a fibre micro-bond test. The fibre micro-bond speci-
men is produced by curing a fibre in a matrix droplet. After that the fibre
micro-bond specimen is placed in between two knife edges (or small metal
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blocks [134]). The calculated fibre/matrix ISS depends on not only fibre
diameter, embedded length, but also geometry and symmetry of the ma-
trix droplet, variations of concentrations of hardener in the matrix droplet,
etc. [11]. Eq. A.25 shows the formula to calculate fibre/matrix ISS, by as-
suming a constant interfacial stress τ over the embedded length.

τmax =
Fde

πdf lem
(A.25)

in which Fde is the debonding force, df and lem are fibre diameter and em-
bedded length.

Fibre

Matrix droplet

Figure A.8: Illustration of a fibre micro-bond test (reproduced from [11])

The calculated fibre/matrix ISS also depends on the position of the sup-
porting knife-edges, where matrix cracks might be induced during the fibre
micro-bond test. Nishikawa and his colleagues [135] investigated the effects
of knife-edge position on the fibre/matrix ISS calculation. From their ex-
perimental and numerical simulation results, they found that if the knife-
edges are too close, the matrix crack formed from the knife-edge position
will propagate to fibre/matrix interface, resulting in a significant reduction
on the debonding force. On the contrary, if the knife-edges are far enough,
for instance twice the fibre diameter from one knife-edge to the fibre, the
matrix crack will hardly reduce the debonding force. Therefore, they pro-
posed to use the convergence (to the upper limit) of a batch of experimental
debonding forces to calculate the fibre/matrix ISS.

A.6 Micro-indentation tests

Figure A.9 illustrates a micro-indentation test. A section of composite spec-
imen is carefully polished and placed in the testing machine. Then com-
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pressive load is applied through an indenter on a single fibre which is not
contacted by any other fibres. Note that the diameter of the indenter should
be smaller than the selected fibre, in order to produce a nice single fibre
debonding. A large enough maximum indented displacement should also be
set to make sure debonding occurs during the test. The advantage of micro-
indentation tests is that the fibre/matrix ISS can be directly measured on
the macroscopic composite specimen.

Figure A.9: Illustration of a micro-indentation test (reproduced from [11])

In early studies of micro-indentation tests, the fibre/matrix ISS is calculated
by FE element models. One reason is because an accurate analytical solution
of the stress state of and around the indented fibre is difficult to get since the
indenter only contact the fibre top surface in part [133,147]. Another reason
is that the fibre debonding point is very difficult to be detected from a load-
indented displacement curve. For instance, Figure A.10 shows an example of
a load-indented displacement curve of a unidirectional GFRP specimen by
curve (a). It can be seen there is no evident curvature change to point out
the fibre debonding on that indentation curve.

Kharrat et al [148] and Zidi et al [12,149] developed an analytical calculation
of the fibre/matrix ISS from Cox’s shear lag model Eq. 2.4. They divided
the original indentation displacement ui into two contributions, the displace-
ment uep due to fibre elastic-plastic deformation and the fibre compressive
displacement uf , which is also called reduced displacement in [148]. The
displacement uep can be measured by the micro-indentation test on a bulk
glass specimen with the same indentation rate, or empirically modelled by a
power law Eq. A.26 [150].

ueq = KPm (A.26)

in which K and m are fit parameters. Curve (b) in Figure A.10 shows an
example of the indentation curve of a bulk glass specimen. Then the reduced
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(a) Indentation curve of the composite (b) Indentation curve of the bulk
glass (c) Reduced indentation curve of the composite

Figure A.10: An example of load-indented displacement curve (reproduced
from [12])

displacement uf can be calculated by removing ueq from ui. Curve (c) in
Figure A.10 shows the reduced displacement uf calculating by eliminating
curve (b) from curve (a). From curve (c), the debonding load can be detected
as the first value deviating from the linear part of the curve.

The governing equilibrium equation calculate the stress state of the indented
fibre is shown in Eq. A.27.

∂2σ

∂x2
− φ2σ = −φ2σ∞ (A.27)

in which σ and σ∞ are fibre axial normal stress at location x and the far-
away ends, φ is the shear-lag parameter. For solving Eq. A.27, two following
boundary conditions are considered. Firstly, it is assumed that the indented
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force Fin on the fibre top surface is evenly distributed. That means

σ(x = 0, r) =
Fin
πr2f

(A.28)

Secondly, the fibre radius is assumed much smaller than the fibre length (i.e.
the axial thickness of the specimen). That means

σ(x =∞, r) = 0 (A.29)

The solution is then shown in Eq. A.30.

σ(x) =
Fin
πr2f

exp(−ψx) where ψ = {Gm

Ef
[

2π

Af (ln(s/rf )
]}1/2 (A.30)

in which Ef is the fibre Young’s modulus, Gm is the matrix shear modu-
lus, s is the centre-to-centre distance of fibres and rf is the fibre radius.
The fibre/matrix ISS can be calculated by the fibre mechanical equilibrium
equation, that is

τ(x) = −1

2

dσ(x)

dx
=
ψFin
2πrf

exp(−ψx) where ψ = {Gm

Ef
[

2π

Af (ln(s/rf )
]}1/2

(A.31)

Eq. A.31 shows the maximum fibre/matrix ISS is obtained at the region
x = 0, where Fin reaches the inflection point Fin,cr in the load-reduced dis-
placement curve, that means

τmax =
ψFin,cr
2πrf

where ψ = {Gm

Ef
[

2π

Af (ln(s/rf )
]}1/2 (A.32)
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