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Finite-Time Fuzzy Adaptive Constrained Tracking
Control for Hypersonic Flight Vehicles with
Singularity-Free Switching

Maolong Lv, Yongming Li, Senior Member, IEEE,

Abstract—This work proposes a fuzzy adaptive design solving
the finite-time constrained tracking for hypersonic flight vehi-
cles (HFVs). Actuator dynamics and asymmetric time-varying
constraints are considered when solving this problem. The
main features of the proposed design lie in: (a) introducing a
novel piecewise but differentiable switching control law, with an
appropriate design thought to avoid singularity issues typical of
finite-time control; (b) handling actuator magnitude, bandwidth,
and rate constraints, thanks to the introduction of an auxiliary
compensating system counteracting the adverse effects caused by
actuator physical constraints, while guaranteeing the closed-loop
stability; (c) handling asymmetric time-varying state constraints,
thanks to the introduction of tan-type barrier Lyapunov functions
(BLFs) working for both constrained and unconstrained scenar-
ios. Comparative simulation results illustrate the effectiveness of
the proposed strategy over existing methods for HFVs in terms of
convergence, smoothness, actuator performance, and constraints
satisfaction.

Index Terms—Hypersonic flight vehicle, finite-time stability,
switching control, constrained tracking, singularity-free control.

I. INTRODUCTION

everal studies on hypersonic flight vehicles (HFVs) have

been carried out targeting future near-space transportation
[1]-[6]. The design of guidance and control systems for HFVs
presents a set of challenges, due to the complex interactions
between the propulsion system, aerodynamics, and structural
dynamics [7]-[9]. Research on flight control for HFVs in past
decades can be primarily classified as sliding-mode control
[10], PID control [11], dynamic inversion design [12] and
intelligent control with radial basis function neural networks
[13]-[14], fuzzy wavelet neural networks [7], or fuzzy logic
systems [15]-[16]. Fuzzy logic systems (FLS) are particularly
studied in HFVs, since the experience from expert human
operators can be systematically included into fuzzy IF-THEN
rules to be part of the control [16]. It should be mentioned
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that any practical control design for HFVs should not ne-
glect crucial aspects of HFVs, such as finite-time tracking
and constrained tracking (either state constraints or actuation
constraints).

Recently, some HFVs literature [17]-[19] has highlight-
ed the importance of finite-time tracking as compared to
conventional non-finite-time tracking methods as in [1]-[16],
due to its faster convergence rate. Finite-time tracking can
be obtained via appropriate modifications to standard de-
sign methodologies. Most notably, the recursive backstepping
method can be modified by introducing fractional feedback
terms in virtual and actual control laws: the fractional terms
guarantee convergence in finite time (see [20]-[23] and the ref-
erences therein). However, those controllers cannot be safely
utilized in HFVs due to the fact that singularity issue (non-
differentiability) may occur in the derivatives of the fractional
terms appearing in the control design (see Remark 2 and our
case study in Sect. V.A for more details). Another standard
design methodology, namely dynamic surface control (DSC),
originally proposed in [24] to handle the issue of “explosion
of complexity” in backstepping, is more challenging to be
modified in finite-time tracking sense, due to the presence
of linear filters that cannot ensure finite-time convergence of
tracking errors.

With respect to state constrained tracking, it must be men-
tioned that HFVs utilize air-breathing supersonic combustion
ramjet (scramjet) as the propulsion system to achieve sustained
hypersonic flight [25]. To make the scramjet work perfectly,
the flight path angle (FPA) and the pitch angle during hy-
personic flight should be restricted inside some compact sets
that are typically asymmetric and time-varying for ensuring
efficiency of intake and combustion [26]. Although BLFs
inspired by [27] have been proposed for HFVs to handle
symmetric time-invariant constraints [28]-[30], these barriers
cannot handle time-varying and possibly asymmetry operating
regions of HFVs. Finally, with respect to actuation constraints
(e.g. magnitude, bandwidth, and deflection rate) which arise
naturally in HFVs deflectors and engines, we are not aware
of any control design that can handle these phenomena in a
rigorous (i.e. provably stable) way. To summarize, despite the
progress in the field, several practically relevant problems are
still open for HFVs. Motivated by above discussions, the main
contributions of this paper are four-fold:

e Proposing a novel singularity-free approach to achieve
fine-time tracking. To avoid the singularity issues, a piecewise
but differentiable switching control law is introduced that
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guarantees the continuity and differentiability everywhere.

e Tan-type BLFs are appropriately embedded into the
control design which are shown to handle asymmetric and
time-varying flight state constraints. Interestingly, constrained
trajectories not only ensure the boundedness of closed-loop
signals but can also preserve the validity of fuzzy logic
approximators.

e Actuator dynamics are modelled and tackled in terms
of magnitude, bandwidth, and rate constraints, thanks to an
auxiliary system constructed to generate certain compensating
signals to counteract the adverse effects caused by actuator
physical constraints.

e Finally, it is worth remarking that, in place of backstep-
ping, a lower-complexity design is adopted in the framework
of dynamic surface control [24]. The novelty of our design also
lies in the use of both linear and fractional terms into the first-
order filters, allowing the finite-time convergence properties.

The rest of this paper is structured as follows. Section
IT presents the problem formulation and preliminaries. The
controller design for velocity subsystem and the altitude sub-
system are given in Section III. Section IV proves the stability
of the entire HFVs systems. In Section V, simulation results
are given. Finally, Section VI concludes the work.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Hypersonic Flight Vehicle Dynamics

The longitudinal dynamic model of HFVs under consider-
ation was originally developed by Bolender and Doman [8],
[31]-[32].

. T - D
V = feosam — gsiny, (1)
h =V sinv, 2)
. 7L+Tsinaigcosny 3)
o mV | A
. L+ Tsina  gcos~y
= — 4
a=Q vty 4)
. M
Q=-—, )
Ly,
il = =2Gwi —wini + Niy i=1,...,n (6)

where the lift L, drag D, pitching moment M, thrust 7T,
generalized elastic forces IN; are given as

L~ gSCy (a,6.,00,m) ™
D~ gSCp (o, 6c,6c,m), ®)
M =~ 20T + §ScChu (e, ¢, 6cym) ©)
T~ qS[Cre (a)®+ Cr () + CPn), (10)
N; ~ gS[N"o® + Nfta + N3, + N0,
+N?+N?n],i:1,...,n, (11)

The model (1)-(11) contains five rigid-body states, i.e.,
velocity V, altitude h, FPA ~, angle of attack (AOA) «, and
pitch rate @, and three control inputs, i.e., the fuel equivalence
ratio P, deflection of elevator ¢., and deflection of canard ¢..
n= [771, Moy Mn, hn]T, n € NT are the flexible states with
7; being the amplitude of the ith bending mode. m, Iy, g,

[ o 1 1|9
Gee | 1

L Q—1 2 =
+7 (24, e s s

Magnitude Limiter Rate Limiter

Fig. 1: Filter that generates magnitude, bandwidth, and rate
constraints.

Ci» wis G, S, z7, and € represent the vehicle mass, moment of
inertia, gravitational acceleration, damping ratio, flexible mode
frequency, dynamic press, reference area, thrust moment arm,
and reference length, respectively. The nonlinear functions in
(7)-(11) are obtained from curve fitting as below

Cu () = O o+ Ca+ Cled.+ Cle6.4+ CY+ Cm,
O ()= Cfa+ C%6, + C6.+ C? + C,
Op () = CX a2 + Cha + C% 82 + C%4,
+ O 62 4 Cl55,+ C 4+ Cm,
Cra () = Cfpa® + Cfpa® + Cfga+ Ch g,
(

(12)

To cancel the lift-elevator coupling, J. is set to be ganged
with d, ie., d, = kel with ke = —C’ge/Cg“. Thereby,
the control inputs of HFVs become ¢ and d.. This approach
was originally proposed in [25] as a way to remove some non-
minimum phase characteristics of the dynamics. The deflection
of the elevator . is adjusted through an electric actuator
which can be well approximated by the following second-order
dynamics:

56 = —Q(wn(;e — w?lée + wflée’c (13)

where w,, is the undamped natural frequency and ( is the
damping ratio. Dynamics (13) can capture magnitude, band-
width, and rate constraints, if the input signal ¢, is eventually
obtained by the command J. . filtered through a linear, stable,
low-pass command filter as shown in Fig. 1. Similarly, the
input signal ® can be obtained by the command ®, filtered in
a similar way as Fig. 1.

The control objective of this paper is to design the control
inputs ®. and . for system (1)-(6) and (13) such that the
variables V' and h follow the reference commands V.. and
hrey with finite-time guarantees, while flight state variables are
confined within asymmetric and time-varying compact sets all
the time.

The elevator angular deflection §. primarily affects the AOA
« (hence altitude h), whereas the fuel equivalence ratio ®
primarily affects the thrust 7' (hence velocity V). Based on
these physical considerations, related literature has proposed
a model decomposition amenable for control design [12]-[13].

B. Model Decomposition and State Constraints

The decomposition relies on separating the motion model
of HFVs into the velocity and altitude subsystems. Taking
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aerodynamic parameter uncertainties and external disturbances
into account, the velocity subsystem can be rewritten as

V=Cu(fy +av®) +dv,
OLB Otz [e% C!S &2 [e%
where Cy = 2% [CT7¢7€T,¢’CT,®’C%,<I>’CT ,C¢,Cf, Cp,

a2 « 66 60 e —
CD 7CDa (CD +kg,cC'D )7 (C?) + ke,005 ) CD? S} » gy =

geosafad, a? a,1,0 10T £ = g[0" adcos a, a’cos a,
2
—0e, — ,f%smﬂ

(14)

@ cos a, cos a, —a’?, —a, =62, and the
lumped disturbance dy = %C;’m cos a— %C%?ﬁ— Ay with
Ay denoting the perturbations resulting from coefficients un-
certainties and external disturbances in the velocity subsystem.

As the FPA v and AOA « are quite small during the cruise
phase, the literature has proposed to take siny ~ v in (2) and
neglect T'sin v in (3) for simplicity [12]-[13]. Therefore, the
altitude subsystem can be rewritten as

h = VA,

Y= (fy +g,0) +dy,

&= Col(fa+9.Q) + do,

Q= Cq(:g(fcg +9q0e) +dg,
= [S0p, £00)" ¢, = [1 S0, S04, 1"
Co=17 b [cC’fu,cke CCM,zTC'T@,ZTCT(I),Z'TC'T@,ZTCT@,
20O (20O +2C ), (20C% +EC%,), (20CY + CY)]T,

15)

where C

g, = [V’Ouz]T’ g, = [1701><3] 9o = [q’q,OIXS T’
I, = [0, L, —Zcosy|", fo=2L[0,—a, -1, qcosv] s JFo=
q‘[O1X2 a3<I>,a2<I> ad, P, a3, a2 «, 1]T, and the lumped dis-

turbances d., = -2 C"n + A, do %an + A,, and
dg = ZTqSC"n + qSCC i+ AQ, with A, A,, and Ag
yy y .
representing the perturbations resulting from coefficient uncer-
tainties and external disturbances in the altitude subsystem.

C. Technical Key Lemmas

The following results, which are often adopted in control of
nonlinear systems, will be used for stability analysis.

Assumpnon 1 [33]: The reference commands V.., Vref,
Vref, href, href, and h7 e are in a bounded region 2,.¢. In
fact, in flight control it is common for HF Vs to track velocities
and altitudes whose first and second derivative are bounded.

Lemma 1 [34]: For any constants m > 0,2 > 0,y > 0, the
inequality =™ (y — x) < 135 (y'™™ — 2'*™) always holds.

Lemma 2 [35]: The inequality (¢ — )" > 9" — " holds for
9 <t,r>1,0>0.

Lemma 3 [36]: Consider the Lyapunov characterization of
finite-time stability in the form L(z) < —¢ L(z) — oL (x),
where ¢; > 0, ¢o > 0, and 0 < [ < 1 are scalars. Then,
L(x) is convergent to a residual set with a finite time 7j <

A =D I (L (o) +2) 5 -

Lemma 4 [37]: The inequality (Z \ml|) < St <
i=1 i=1
(Z |:cl\) holds for z; e R, i =1,...,n, 0 <[ < 1.

Lemma 5 [38]: Let a function (t) € R satisfy

() + Aor(t) — £(t) + MrT (£) =0, (16)

where [ and [5 are positive odd integers satisfying 0 < % <1,
Ao and A\, are positive constants, and £(t) is a positive function.
Then, it holds that x(¢) > 0 for V¢ > 0 as long as x(0) > 0.
FLSs are used to approximate system continuous unknown
dynamics thanks to the following result.
Lemma 6 [39]-[41]: Define a set of fuzzy IF-THEN rules,
where the /th I[F-THEN rule is written as

R':If x1is Fl, and ... and z,, is F, then y is B'.

where © = [zl,...,xn]T € R", and y € R are the input
and output of the fuzzy logic systems, F}, ..., F! and B are
fuzzy sets in R. Let F'(x) be a continuous function defined on
a compact set (2. Then, for a given desired level of accuracy

' > 0, there exists a fuzzy logic system W () such that

sup |F(z) — Wip(z)| <€, (17)
xze T
where W = [wy,...,wp]" is the adaptive fuzzy parameter

vector in a compact set Qyy, p is the number of the fuzzy rules,

p(x) = [p1(x), ..., ¢p(x)]T is the fuzzy basis function vec-
tor, and ¢y(x) = [T7_ ppi () )/ S (T j1 bt (7)) with
fpt (x;) being a fuzzy membershlp functlon of the variable T
in TE-THEN rule. Let W* be the optimal parameter vector,
which is defined as

w sup |F(x) - WTso(mn}. (1)

= arg min {
w €N,

€EQw

Then, we can obtain
F(x) =

where ¢ is the minimum fuzzy approximation error.

Wlp(x) +e, (19)

III. FINITE-TIME FuzzYy ADAPTIVE CONTROL DESIGN

In view of the decomposition of Sect. II.B, the control
design is also decomposed in a velocity control design and
an altitude control design (also refer to Fig. 2). It is worth
mentioning that, due to asymmetric constraints, both designs
rely on skillfully constructing asymmetric time-varying BLFs,
in which the upper and lower thresholds kp, (t) and k,, (¢)
can be set independently.

A. Velocity Control Design

Define the tracking error zy = f/—ev, where V = V—Vier
and ey is an auxiliary variable which will be defined later.
On this basis, construct the asymmetric time-varying BLF as

follows
k3 t &t
= B0 (Lrst @y
™ 262 (21 (1)
where k, (z, (t)) is a short notation for the asymmetric time-
varying threshold, i.e.

(20)

kb* (t) )
ka, (t),

if z. (t) >0,
if 2, (t) <0

Throughout this paper, we abbreviate k, (z, (¢)) by ki (t)
for notation simplicity. To highlight the time-varying mature

ke (24 (1) 2 { (21)
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of the state constraints, the time variable ¢ is not omitted in
k. (t), whereas it can be omitted for other variables.

Remark 1: The tan-type BLF (20) is asymmetric,
time-varying, and positive definite. Besides, according to
L'Hopital’s rule, we have lim Ly = 327, implying

kv(t)—>oo
that both constrained and unconstrained cases can be encom-
passed by (20). Note that conventional BLFs (e.g. log-type

BLFs) cannot deal with the unconstrained condition since

: 1 kY (1) ) _
kv%ggoo 2 IOg k3 () —=3 0.
It follows from (14) and (20) that the time derivative of Ly,
is
. kv (¢
Ly =hy (Cygy® + Fy(zv) - v )ZV
kv (t)

2ky (t) ky (¢) nZ2
2 (555).

where hy = ﬁ Fy(oy) = Cufv + dv — Vies

(22)

w;v
2k3, (1)

collects the unknown dynamics with xy = V. According
to Lemma 6, Fy (xy) can be approximated by an FLS as
Fy(xy) = W”{,Tgov(azv)+av over a compact set 0y, where
ey is such that |ey| < e}, with €}, > 0 a constant.

The control law @, is constructed as

1 Ccy 7TZ‘2/ [2Ave 1 Svg
P, =——-|—t — —S - 2) —
gy | a“(%%(t))*m ity )y
1, - — ey (8) ky (1) 2%
—hy By +MyV 23
tohwEv+MyV+ . n 2%2 ()| (23)

where 0 < [ < 1, p is the number of the fuzzy rules, puy > 0
and cy > 0 are design parameters, =y is the estimate of

Ey = ||[W7/|%, and the switching terms Sy and Sy are
designed as follows
2
tan’ (77227") , if |2y | > 1y,
Sy1= (1) o (24)
tan'~! (21@27V> tan(ziv) , otherwise,
v (1) 2k3, (1)
g 1, if |Zv‘ > TV,
V2= -1 TS w2l . (25)
tan (W) tan(%) , otherwise.

The time-varying gain term My in (23) is given by

i 2
ay
A +

av

My = (26)
where oy > 0 is a parameter to be designed.

As a next step, we design the following auxiliary system to
handle the constraints imposed on control signal @,

éy = —Myey + (pgy (O — @), 27)
The adaptation law Sy is designed as

2 1 S ES

Ev = Shipv — pvEv — pvEy, (28)

where py is a positive design constant. By applying Lemma 5,
we know that =y (£) > 0 for V¢t > 0 after choosing =y (0) >

———

filter - filt
Equations (1)-(6) fer

. — ot -
Velocity Reference X HFV Velocity

\

Velocity Subsystem v 1 ’_‘
. S
Step 1: Implement @ in (23), Sy, in (24), Sy, in (25), v

M, in (26), &, in (27), and =, in (28).
|
J

, o+ .
Altitude Reference X HFV Altitude

Z,

1>

[1]

Altitude Subsystem

Step 1: Implement 74 in (38), S,, in (39),S,, in (40),

and M, in (41). R
=Z,[1
v -1}

Step 2: Implement ¢, in (45), S, similarto (39), S,,
similar to (40), M./ similar to (41), and = in (46).

‘ g, 1

S
Step 3: Implement Qg in (50), S,., similar to (39), S,, a
similar to (40), M similar to (41), and Euin (51).

* =q| 1 |>
. Ls
Step 4: Implement J . in (55), So1 similar to (39), So, o

similar to (40), M, similar to (41), éQin (56), €q in (57).

Fig. 2: The framework of the proposed control structure.

0. Consider the Lyapunov function candidate Ly = Lv +
%%E% with =y = =y — Zy, the time derivative of Ly can
be expressed as

- ; 1 - 2
LV = LV - —oyovy. (29)
[a%
Substituting (23) and (28) into (29) yields
kS ’/TZ2 1
Ly <—cytan | —2— ) — pySy1 — = 2) S
v<—-cy an(%%/(t)) v Svi 2(p+ ) Sva
kv (¢
+hvFy (zv) — Myhy 2y — L()ﬁvzv
kv (1)
1.9 = A = A
— §hV:V +oyoy + 2vay, 30)
where
kv (¢
—Myhyzy — k::j Et; hy zy
kv (¢ 2
= -8 - 2% Et; <0 (D)
14 cos? <72k%/‘(’t)>

Let WV = [W*V7€Va SV1]T7 @V = [‘PV (.’BV) 9 17 1]T7 one
has

- 1
hy Fy (zv) <hy Wy | @y < 5 (p+2+myEv). (32)
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Substituting (31) and (32) into (30) leads to

B 22 1
Ly < —cytan | =¥ ) — -z 2 -1
v < —cy tan (Qk%/ (t)) Wy Svi 5 (p + ) (SV2 )
+EyEy + EvE,, (33)

which will be later used for stability analysis.

B. Altitude Control Design

Step 1: Define the tracking error as z = h — hy.f, and
construct the asymmetric time-varying BLF as

ki (zn () 2, (t)
Ly =" tan | 5o ). 34
T R G @) oY
Taking the derivative of L;, yields
. : k()
Lp=nhp [ Vy = hper — —=21
h h( g ef kh(t)Zh
2k, (t) ke, (1) 22
t 35
R— A\ ) (35)
where A, = —F—H—
2( —“h
cos %IcZ(t)
To proceed wit] the finite-time control design, we propose

a dynamic surface control method appropriately modified to
the purpose of differentiability. Firstly, let us consider the
coordinate transformation [42]

2 =0 Ve
y'y = Ye — Yd»
where 2, zq, 2¢ are the tracking errors, Q =Q — Qd, €Q
is an auxiliary variable defined later, 74, cg and Q4 are the

virtual control laws, ¥, ¥, Yo are the boundary layer errors,
Ye, e and @, are the outputs of first-order filters defined by

ZQ :Q76Q7
ad, Y = QC - Qd7

Za = O — O,
(36)
Ya = Q¢ —

. l
Ye = = Ty1lYy = Ty2Y~;
C.Vc =~ TolYa — 7_0423/517 (37)
: l
Qe = — TQ1YQ — TQ2Yg»
where 7,1, Ty2, Tal, Ta2, TQ1, and T2 are the positive design
constants, and 0 < [ = I;/ly < 1 with [y, Iy being positive
odd integers.
Construct the virtual control law 4 as

&tan WZ}%
hn, 232 (t)

2k, (t) kep, (1) T3 )
hn tan(%,% @)

where pup and cp are the positive design parameters, the
switching term S,; and 5,2 are designed as follows

1
’de—v

h 1 Sha
iy — 2) £
)+ hhshl+2 (p+2) h

- href+Mth1,+

2
5 tan’ (225?15)) , if |zp| > 7, 39
h1= tan!—1( )¢ w2} th . (39
an ziz(o ) tan( gzl ) » otherwise,
g 17 , , if|2h|27’h, 40
h27Y tan~! (2,%7@)) tan (%) , otherwise. (40)
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Remark 2: One novelty in (39) and (40) is represented by the
switching functions Sp; and Sjs. In fact, in order to achieve
finite-time tracking, conventional designs use the fractional
powers of tracking error zib with 0 < [ < 1 for Vz, € R
(cf. [20, eq.(7)], [21, eq.(22)], [22, eq.(29)], [23, eq.(42)], etc).
However, because z,lI = lzh_1 — o0 as zp — 0, a singularity
problem (cf. our case study in Sect. V.A) will arise in the
virtual control law. A similar problem arises also in designs
that are alternative to backstepping, such as terminal sliding
mode (cf. the fractional powers in [17, eq. (46) and eq. (51)]
whose derivative must be calculated for control design). On the
contrary, the switching functions (39) and (40) are skillfully
designed to remove this singularity. Continuity of S, Shi,
Sho and Shg holds due to the following facts:

77'7'2
lim Sp; = lim Sp = tan' ( S ) )
Zp =Ty, z;L—M';r 2kh (t)
lim Shl = lim Shl
Zp =Ty, zh—M':
kn (1) mlr? ton TP
=— . an
k3 (t 2 (_ 7T 2k2(t) )’
h( ) COS 2/@,%(15) h( )
lim Sp; = lim Sp; =0, lim Sp; = lim Sy =0,
zp—0~ Z},,*}O‘*’ zp—0— Zh,%()*’
lim Shg = lim S}LQ = 1, lim Sh2 = lim Sh2 = O7
Zp =Ty, z;L—M':[ Zp =Ty zh—rr,:r
lim Shg = lim Shg = 0, lim S}Lg = lim Shg = 0.
zp—0~ Z}l—>0+ zp—0~ 2}1—>0Jr

The time-varying gain term M} in (38) is designed as

follows
i 2 i 2
M, — an on
h (kah> + (kb;;) Tom
in which op, > 0 is the parameter to be designed. Substituting

(38)-(41) into (35) and using v = 2, + ¥y + V4, the time
derivative of L; can be rewritten as

(41)

2
. Tzl
Ly <V (2y +yy) — cptan (W) — [hSh1
1

-3 (P+2)(Sh2 —1). (42)

From (38) it can be deduced that -4 and 7, are functions
of zp, Zn, kn (t), k, (t), E, (1), href and ﬁref, respectively.
Thanks to the continuity and differentiability of Sp; and
Sha, both functions 4 and 4 are continuous. Therefore, in
accordance with (36) and (37), we get 3, = — 7,19 —772y£/+
by (Zhs 2y K (8), Ko (8), ki (£), ope g, Breg) with oy (+) being a
continuous function.

Step 2: Construct the asymmetric time-varying BLF as

kS (2 (1)) w23 (t) 1 -
L,y = L}L—Ff tan (W) + —0=2.
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Taking the time derivative of L. leads to _ Construct the virtual control law Qg and the adaptation law
) Z, as
. . ke~ (t) 1= 2 2
L’y =Lp+ h’y (C:g’f}/ + F’y(w’y) - Z»y) — 75757 1 Coy T2 Mo 1 Sa2
=— | —t —Sa1+- 2) —
2%y () ky (1) ( n22 ) . ,
+ =" tan X (44) 1, o 2ka (t) ke (2) 722
2 ’ *ha:la t Ma e}
T 2k2 (t) + 3 + e an 202 (1) + Myz
zZ T . h—y T
where h, = ﬁ Fy(zy) = (. f, +dy—Fa collects + h—(‘ﬂ{gﬁ/ (za + ¥a) |, (50)
cos W’(Yt) o
the unknown dynamics with x., = [h,v]%. S :}th B — Pl (51)
~ Construct the virtual control law Q4 and the adaptation law «grefe Feme Fetae
éa as where pi,,cq and p, are the positive de§ign parameters, éa
is the estimate of =, = ||[W5||?> with 2, = =, — Z,, the

an
h’Y

1 Cy wzs MVS 1 5 Sy2 time-varying gain term M, is designed similar to (41), and
- CTQ 2k2 (1) + 71"_5 (p+2) the switching term S,; and S,2 are designed similar to (39)
Rt K and (40). Then, the time derivative of L, reaches

h
1, - 2k, (t) ky (t) 22
+ A=, + Mz, + =2 727 tan il . 2 w22 2
27 v wh, 2k2 (t) Lag—chtan<7rzh> —cptan | ———— —catan<7rz">
5

2k2 (1) 2k2 (t) 2k2 (t)
+ Z:V (zy +9y) |, (45) — [th Sh1 =ty Syl — faSa1 — % (p+2) (Spa — 1)
S VE PR - @) g2 (S 1)~ (p+2) (S 1)
o S R A ey
T e e B (52)

time-varying gain term M, is designed similar to (41), and

the switching term S.; and S.o are designed similar to (39) Step 4: Similar to step 1, let us construct the asymmetric

and (40). time-varying BLF as
Then, by following similar derivation as step 1, one reaches ké (20 (1)) T Zé (t) 1 -,
Lo = Lo+ tan 5 + =0 (53)
. 23 (20 ) ) " 20q
L, < —cp tan LZ% —c, tan ko P Sh1— S
T=""h 2k2 (1)) 7 2k2 (t) Hront = fiyom Taking the time derivative of L results in
1 1 i
— —(p+2 —1)—=(p+2 -1 S . kot
2 v )N(Shz )= P+ G-l Lo =La+hq (CZ}QQJﬁFQ(ﬂfQ) €Q *kz Et; ZQ)
+ 2,2, + EWEQ + hnydgﬁY (zatYa) - 47 (o () 5
1~ 2 QkQ t kQ t T2G
——Z=2020 + tan , (54)
po 07 m <2ké ()
Step 3: Similarly, let us construct the asymmetric time- . T . )
varying BLF as where g = 2( =) >'FQ(‘EQ) =Cofotdo—Qa—1q
cos ()
Q
k2 (24 (1)) 22 (1) 1 -, collects the unknown dynamics with g = [h,v, a, Q]T.
Lo=Ly+ - tan <2k2 2 (t))) +§:‘o¢' (48) Similar to Steps 1-3, let us construct the actual control law
« « A
“ Je,c, adaptation law Zq, and auxiliary variable ég as
Taking the time derivative of L, leads to S —_ 1 C—Qtan 77222 —&—M—QSQH—} (p+2) @
. ’ ngQ ho 2/{% (t) ho 2 hg
. . ko (t) 1 - 2 i 2
Lo =L+l (cgg o+ Fo(my) — z(,> - ELEa L 2 a0 s 2ka (@) ke (1) Tz
« —hg= t
hkie () ko (1) ( 722 )
+ —————tan , 49 ha
" 242 (1) @ e ter )| 55)
= Fo =T —d A S 2 1
where fi, = COS2<2£;%)) - Fo(Ta) = Co f o +da —dq collects S0 =— poZo — pQ:lQ + §h2QpQ’ (56)
the unknown dynamics with z,, = [h, v, a]T. ég =— Mgeq + ngQ(de —e,e), (57)
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where g > 0,cq > 0 and pg > 0 are design parameters, éQ
is the estimate of Zg = ||[W§|[? with ¢ = E¢ — ¢, the
time-varying gain term Mg is designed similar to (41), and
the switching term S and Sgo are designed similar to (39)
and (40). Then, the time derivative of Ly can be bounded by

2 2 2
L <—c¢p tan _Th —c.tan T —c. tan 20
@= 2k2(1)) U \2k2()) T \2k2 ()

7T22
Q
—cQ tan (2]% (t)) — prSh1 — Py Sy1 — faSa1 — 1 SQ1

1 1 —_ =
- §(p+2) (Sh2 — 1) = §(p—|—2) (Sy2 — 1) + 2,2,

1 1 _
—5 WP a2 — —5 WP Q2 — Sata

2( +2) (S 1) 2( +2)(S 1)+
+20Eg + 5,2 + EaEL + E0=),. (58)

IV. STABILITY ANALYSIS

Theorem 1: Consider the closed-loop system composed by
(1)-(12), by the control laws (23), (38), (45), (50) and (55), by
the filters (37), and by the parameter adaptation laws (28), (46),
(51) and (56). Let Assumption 1 hold. Consider any initial
conditions satisfying L(0) < Ay, 2.(0) € (ka,,ks,) where
Ay > max{ka*,kb*} is a positive constant. Then, it holds
that:

o all closed-loop signals including z,, EV, éw éa,
EQ, Yv>» Yo, and yo are semi-globally-uniformly-
ultimately-bounded, and converge to some residu-
al sets (as shown in (72)) in finite-time T <
ﬁ In ((QKlLlil(O) + 1‘12)/%2).

o the state errors z, will stay in the asymmetric time-
varying compact sets Q. = {2, ko, (£) < 2z < ke, ()}
all the time.

Proof. See Appendix. B

Remark 3: Note that only four scalar parameter adaptation
laws (28), (46), (51) and (56) and two scalar first-order filters
(37) are involved in our design, which makes it simpler
than vector-based adaptation laws in backstepping approach
proposed for HFVs [14]. In addition, the proposed switching
mechanism can be simply implemented as a static nonlinearity
as in (39) and (40), which is comparable to the complexity of
state-of-the-art approaches proposed for HF Vs, such as sliding
mode control design [17].

Remark 4: The role of the auxiliary dynamic systems
(27) and (57) is to compensate for the command errors
¢vgy(® — @) and ngQ(ée — e,c) Which arise due to the
presence of magnitude, bandwidth, and rate constraints, as
in Fig. 2. It is worth remarking that we are not aware of
control method for HFVs that can handle actuator constraints
and asymmetric time-varying constraints in the framework of
finite-time stability in a provably stable way.

V. SIMULATION RESULTS

In this section, a simple case study is first given to show that
singularity issue occurs in conventional finite-time schemes,

ay
o
\
)

10 I I I I I
0

W
25 2é 30
Time [sec]
——PFC - CFC

Fig. 3: Curves of closed-loop signals of two control methods.

whereas our proposed switching mechanism avoids such issue.
Then, we compare our method with the HFV designs [17] and
[29] to illustrate the effectiveness of the proposed strategy over
existing methods in terms of convergence, smoothness and
constraints satisfaction.

A. Case Study

Consider a second-order nonlinear system

i1= mpt a1 +ay, d2= utaizy, y=a1, (59

where x1, xo € R represent the state variables, u € R is the
control input, y € R is the system output, and the desired
trajectory is yq = sint + 0.5sin(0.5¢).

Define the tracking errors z; = x1 — yq and 2o = x5 — @,
where « is the virtual control law. In what follows, we do
not take into account state constraints in control design for
the purpose of highlighting the singularity issue. Therefore,
our proposed finite-time switching control laws (PFC) and
conventional finite-time control laws (CFC) [21]-[24] can be
given in (60) and (61), respectively.

ay =—c121 — p1S1.1(21) + Yq,
PFC 1 121 — M1 1,1( 1) ?{d (60)
u=— cozg — p2S21(22) + du,
l .
o) =—C121 — 121 + Yd,
crc. T T am AT (61)
U = — C222 — {22y + O,
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TABLE I: The control structures of CFC, and CIC.

Control laws of CFC

1 . .
¢ =" (‘lVSlgl(ZV)—CI/fV+Vr—)\vsgn(Sv)),
vav

e ( —lgsigh(zq) — Cng +Qa— /\ngn(S'Q)),

_ngQ

where sigh(z;) = sgn(z;)-|zi|', Si = zi+f0t U;sigh(z;)dr, i € {V,Q}.

Control laws of CIC

dzy (t)
dt

)

P =—cyzy — 0‘5/Zv(t)dt -
1 N = € . . e
be = 9—3 [ - w§03(z3) —cqeq — i + K3c — T3m tanh (ﬁ)],

where (5.)3 = (€Q + 53)93(533) — 0.503.

TABLE II: Performance indices of control inputs.

Control inputs PFC CFC CIC
P 0.2452 0.3971 0.3824
e 6.9437 9.3950 9.9032
) 0.0102 0.0119 0.0121
be 0.0032 0.0055 0.0049

where ¢y, co, j41, and po are positive design parameters, and

l .
5. = i, [ if | 2| > 7,
b viz; +0;23, else,
. _ _ ~1) -3 .
with v; = (3—2”7'1[ Lo, = 027)7_21 3 =12

In simulation, the design parameters are chosen as ¢; =
ca =5, uy = pe = 15,1 =0.6,and 7y = 75 = 0.1. Simulation
results are given in Fig. 3. Due to the presence of ¢ in u,
it can be seen from Fig. 3 that, under conventional finite-time
control laws, singularity issues occur at 2.57s, 5.71s, 8.65s,
11.53s, and 15.31s, while our proposed finite-time switching
control law circumvents such issues.

B. Application to the HFVs Dynamics

Comparative simulations are carried out among the pro-
posed PFC, the conventional finite-time nonsingular terminal
sliding mode unconstrained control (CFC [17]), and the con-
ventional infinite-time constrained control (CIC [29]), whose
controllers are listed in Table I. In this simulation, the vehicle
climbs a maneuver from initial values h = 88,000 ft and
V = 7700 ft/s to final values h = 91,000 ft and V' = 8700 ft/s,
respectively. The HFVs model parameter values are borrowed
from [7], and the upper and lower thresholds are set as k,,, =
—1.15exp(—0.2t) — 0.05, kp, = 0.15exp(—0.2t) + 0.05,
kq, = —2.4exp(—0.2t) — 0.1, kp, = 0.1exp(—0.2¢) 4+ 0.1,
ko, = ka, = kao = —0.0048 exp(—0.2t)—0.0002, ky = kp,,
= 0.0008 exp(—0.2t) +0.0002, and kp_, = 0.0018 exp(—0.2t)
+0.0002. The control parameters are chosen as cy = 5,
pwy =1, p =35, 0y =0y =0, = 0g = 0.1, a1 = 10,

ap2 =1,¢cy =95, iy = 1, co = 10, iy = 2, cqg = 40, ug =5,
=06, 7v =001, and 7, = 7, = 7@ = 0.001. Parameters
for adaptive laws are set as py = 0.5, p, = po = po = 0.75.
The positive filter parameters are selected as 7,1 = 791 = 5
and 7,2 = Tg2 = 2.5. The initial state variables are set
as V(0) = 7699 ft/s, h(0) = 87998 ft, v(0) = 0 deg,
a(0) = 1.6325 deg, and Q(0) = 0 deg/s, and the initial
values of év, é.y, é(, and EQ are selected as zero. Specif-
ically, the uncertain aerodynamic coefficients are modelled
as C; = Cf(1 + A;), where C; represents the nominal
coefficient and A; represents the uncertain factor ranging from
—30% to 30%. Parameters for actuator dynamics are set as
wy, = brad/s and ¢ = 0.95. Based on practical engineering
characteristics, the limitations of the actuators of HFVs are set
as ® € [0.05,1.5), & € [-1,1], 6, € [~20 deg, 20 deg], and
be € [—20 deg/s, 20 deg/s].

The fuzzy rules in W3 @, (xy) are listed as

RUIf Vs Fi,, then y is B!, where i = 1,2,3; 1 =1,2,3.

The fuzzy rules in W:T¢7(w7) are listed as

RE I s FA{, then y is B!, where j = 1,2,3; | =
1,2,...,9.

The fuzzy rules in W' () are listed as

R If v is Fi,and a is Fk, then y is B!, where j = 1,2, 3;
k=1,2,31=1,2,...,27.

The fuzzy rules in W*QTgaQ (zq) are listed as

REIf v s Fi, and a is Fk, and Q is Fp, then y is B,
where j =1,2,3; k=1,2,3; p=1,2,3; 1 =1,2,...,81.

Simulation results are given in Figs. 4-5. It can be seen
from Fig. 4 and Fig. 5 (h)-(j) that our proposed method
exhibits a faster convergence rate and a smaller steady s-
tate tracking error for both velocity and altitude channels,
while guaranteeing the satisfaction of asymmetric time-varying
constraints. From Fig. 5 (a)-(b), it can be observed that
our proposed method not only satisfies actuator constraints,
but displays a smoother response and a smaller magnitude
than CFC and CIC. Fig. 5 (c¢)-(g) show the boundedness
of flight state variables v, a, @, 11, and 72 of PFC, CFC,
and CIC. In Tables II-III, the tracking performances of PFC,
CFC, and CIC are quantified via several performance indices:
integral absolute error (IAE) | fOT |e(t)|dt], integral time ab-

solute error (ITAE) | fOTt|e(t)|dt], root mean square error
1

(RMSE) [+ OT e*(t)dt]?, and mean absolute error (MAE)

E: fOT le(t)|dt]. In addition, the control indexes are defined

as the mean absolute control actions (MACA) [+ fOT |<I>|dt} ,

[ [P 1®lat], [% [ [6e]dt], and [ [ |8|d¢]. Tables TI-ITI
show that the control effort of PFC is smaller than the one
of CFC and CIC and that the performance indexes of PFC
are smaller than those of CFC and CIC, which show that the
proposed design scores better than the state of the art in terms
of tracking performance, control effort and smoothness.

VI. CONCLUSION

A novel fuzzy adaptive design is constructed for HFVs
in spite of asymmetric time-varying constraints and actuator
constraints. It is shown that the proposed differentiable smooth
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Fig. 4: (a) Velocity tracking performance; (b) Altitude tracking performance.
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Fig. 5: (a) Fuel equivalence ratio ®; (b) Elevator angular deflection d.; (c) FPA ~; (d) AOA «; (e) Pitch rate Q; (f) First
generalized flexible coordinate 7;; (g) Second generalized flexible coordinate 7)2; (h) FPA tracking error z,; (i) AOA tracking
error z,; (j) Pitch rate tracking error zg.

2 2 2
_ Yy Yo Yo
where L, = 5 + 5 + =%,

The time derivative of L, is
Ly < YyolQ (Zou Zar Ko (t) y ka (t) 5 ka (t) 5 s Yvys Yas yQ)
+ Yala (2'77 277 k“/ (t) ) kw (t) 7k“/ (t) ) évv Yy, yoc>

+ y’yb’y(zhv Zhs kp, (t)v kh (t)v kh (t), hrefa href)

adaptive fuzzy controller can ensure finite-time convergence
with the aid of a smooth switch between a fractional and a
linear control. Tan-type BLFs are incorporated into the design
to guarantee the satisfaction of asymmetric time-varying con-
straints imposed on flight state variables. Auxiliary systems
are constructed to counteract the adverse effects caused by
actuator physical constraints. It is worth investigating how

[1p

—_
—
[l

Y

the proposed method can be adopted in a distributed control PTasyltt Rrary?
. . . . I+1 2 Y a2Yo g'y allYy
setting like in [44]-[45], where the multiple HFVs have to —Ty2Yy T T TyllYy — 7 - P
minimize a consensus error in place of a tracking error. =y =y
- TQleQ+1 — TQ1Y0- (63)
APPENDIX
PROOF OF THEOREM 1 Define a compact set as Q, = {(2n, 2n, 2y, 2, Zas Zas

Construct the entire Lyapunov function

B (£), o (8), o (), B () ey (8), By (0) R (8) e (8) B (1),

2 2 2 =B ith A, being a positive constant. If
_ Y Y Yo s aay'yaya,yQ)}’ Wi 1 gap
L=Lyv+Lqg+ ?’y + o + DR (62) L(t) < Ay, together with Assumption 1, it can be obtained
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TABLE III: Performance indices of velocity and altitude channels for the three designs.

Velocity Channel

Altitude Channel

Performance
Indices PFC CFC CIC PFC CFC CIC
IAE 0.0602 0.1975 0.1603 10.5238 17.4467 16.9052
ITAE 0.5220 8.3307 6.0020 233.8438 523.4490 602.7337
RMSE 0.0040 0.0055 0.0045 0.1020 0.1270 0.1022
MAE 4.3277%1075 2.0448%10~* 1.9667x10* 0.0095 0.0123 0.0119

that there always exists a positive constant A, such that
() < A, on the compact set Q,, x ..y with « standing for
v, «, and @Q. By applying Young’s inequality and combining
(33) with (58), the derivative of L is derived as

L <—cy tan ﬁ —cp tan LZ% —c~ tan LZ%
SR o) TR e) 2k

22 71'2’22
o tan 22 ) Z e tan | —=2 ) — iy Syt — un S,
Cq lall (ng(t)) Cq tan 2k2Q(t) MV OV —HhOhl

1 ~
~Hy S HaSar—1QSQ1— 5 (p+2)(Sva—1)—T1y3
1 1 ~
- §(P+2>(Sh2 —-1)- 5(294‘2)(572 —1) = Toa1yl
1 1 ~
=5 (P+2)(Saz = 1) = 5 (1 +2) (Sa2 = 1) =Ty

[1p

I+1

I+1 =
—772217 —Ta2Yq o +~a~a

(64)

_TQng_l—l—éva—&—é,y
+20E0 +EvEL + 5,EL + 5.5, + 20k,
where ’7:71 = Ty1 — 1/(2)(7), ?al = Tal — 1/(2Xa), ?Ql =

Q1 — 1/(2)(@). and d = X4 DA2/2 + Xa D2 /2 4 QAL /2 with
X~ Xas X being positive constants. Here we choose 7,1 >

1/(2x~), Ta1 > 1/(2Xa) and 7g1 > 1/(2x¢) such that 7, >
0, Ta1 > 0 and 71 > 0. According to Lemmas 1-2, we have

= 2 1 -\ T
28l < (251“(33) > (65)
Then the inequation (64) can be rewritten as
1 = = = :
; =2 =2 =2 =2
bei [(B) T+ (E) =) T+ (E)
2 2 2
T2y T2} Tz
—cytan|——-2) —cptan| ——o2e | —cy t
v a]“(zk%(o) Ch a“(%i(t)) “ a“(%%(t))
2

71'23 TZQ
—c, tan <2ki(t>> —CcQ tan (%é(ﬂ) *,UIVSV1 *Nthhl

1 ~
— 1y So1 = praSa1 —1@SQ1— 5 (P+2)(Sva—1) =Ty

*1(P+2)(Sh2*1)f%(p+2)(5ﬂ,271)7?a1yi

2
1 1 -
— 5 (p+ 2) (Sa2 - ].) — 5 (p+2) (SQ2 _ 1)—7'6213/22
= 1~ 1~
Ty = Taayh eyl - 55 - 58252
1-~
—5529 +d. 66)
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—14l | = —_ —1+1 —_ —_
where d = 2~ (:VJr +EM 4 EH B ) +35 +22 4

141

=2 + =2 From the definition of switching functions (39) and
(40), the following two cases should be considered.

Case 1: When |z,| < 7, we have the derivative of L as

. [ T w23 1-
L<—|ecy+ uvtanl_1< v )] tan<v> — -=2
| 2k3, (t) 2k3. (t) 27V
[ 2
-1 ™y T2y L=y
— ¢y + pytan ( )] tan( ) - ==
i 22 (1) 2kZ (1) | 277
— |Ca+ 1 tan' ™! m—'z tan Wzg‘ — 1§2
I 2kZ, () 2k3(1)) 277
[ TTE T22 1~
- Q Q =2
— |co+up tan'~! tan —==
e 2k% (t) 2% (1) ) 279
[ nT? TS ~
— |lep + ,uhtanl_1 < h ] tan( h ) -7 1y2
I 2k, (¢) 2k (1)) T

— Ta1¥a — TQ1Yp + d- (67)
Noting (67), we also have
L<-—wL+d, (68)

2
in which o=min {ﬁ(t) [c*—ku*tanl*l (%)} s Py 2?*1}.
Integrating (68) over [0, t], we have

L(t) < <L (0) — d) e 7+ g. (69)

This fact implies that all closed-loop signals are bounded.
Case 2: When |z,| > 7, we have the derivative of L as

1 [fma M e\ B o\ e
b |[(B0) T +(E) T H(E) H{E)
2

2
Tz . zy 1~y
— pytan ( ) —pyta ( ) - ==
2k2 (t) 2k2, () 27V
722 722 1-
— potan 7 — potan’ 2 ——=2
K <2k3 (t) 7 2k2 (t) 277
22 w22 1-
_ at « _ at l [} _ 752
e (%3 <t>> ot (21«3 (t)) 27
22 Tz2 1-
Q l Q =2
— potan —potan —==
@ (2% 1)) e 263 (t) ) 279
n2d

— T 1Yo —T Q1Y — T2ty —Ta2yh T2y +d. (70)
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It then follows from (70) that

L < —kiL — koL + d, (71)

l
where k; = min{ﬁmc*, Pss 2?*1}, Ko = min{ (%(t)) s
27,0, 151 (20.)

By virtue of Theorem 5.2 of [43], there always exists a finite
time 7 such that I > (2d/k2)/" for all t € [0,7]. Thus for
all ¢t € [0, 7], one has L < —k1L— Hng/Q, and it then comes
from Lemma 3 that the fast finite-time stability of the closed-
loop system can be ensured with a finite settling time T <
o 1 (261 L' 71(0) + #2) /kz). Furthermore, it is readily
seen that ¢ < T. Therefore, for V¢ > T, L < (Qd/ng)(l/l).
Then all internal error signals will converge into the following
compact sets

o < ko[- e (<220t

2 zhoy[1- e (2207,

Ev] < V20v (2d/r2) T |E,| < /20y (2d/R2) T, (72)
, |éa| <v 2pa (Qd/"@) s

Zq| < /2pq (2d/k2)
vl < V2(20/k2) " lyal < V2(2/2) 7
lyol < V2(2d/k2)T

in finite time. Next, we prove that the constraints are never
violated. From (62), (68) and (71), we note that all closed-

loop signals are semi-globally-uniformly-ultimately-bounded

and tan (W(*)) € Lo, then we conclude that z, € (k,,, kb, )

for V¢t > 0. This completes the proof. W

~=

o~
.
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