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Frequency Response Analysis of General
Zero-Crossing Reset Control Systems

Luke F. van Eijk*, Dragan Kosti¢“, and S. Hassan HosseinNia*“, Senior Member, IEEE

Abstract—This letter introduces an output prediction
method for a general class of closed-loop reset control
systems. The considered type of system consists of a linear
time-invariant (LTI) part which is connected in feedback
with a reset controller that (partially) resets (a part of)
its states when its input is equal to zero. Given some
practical assumptions on the reset element’s input signal,
the system output can be accurately predicted when the
system is subject to a sinusoidal input. One benefit of this
approach is that it provides an intuitive frequency-domain
representation of the system. Another benefit is that output
prediction can be done based solely on a frequency-
response function (FRF) of the LTI part of the system. This
letter also introduces an accurate and computationally effi-
cient algorithm which can - based on the predicted output
— compute a closed-loop pseudo-sensitivity. This pseudo-
sensitivity represents the ratio between the maximum
absolute value of the system’s output and the amplitude of
its input, similar to the closed-loop sensitivity functions for
LTI systems.

Index Terms—Frequency domain, nonlinear feedback
control, reset control.

[. INTRODUCTION

INEAR control has been of significant importance in

a wide variety of applications, ranging from cruise
control in cars to trajectory tracking in semiconductor chip
manufacturing equipment [1]. When the plant is also linear,
a benefit of linear controllers is that they can be intuitively
designed in the frequency domain. To this end, the control
designer can for example use closed-loop sensitivity functions.
These sensitivity functions provide a relation between certain
inputs to the system (such as a reference trajectory, external
disturbance, or measurement noise) and certain outputs (such
as the positioning error, controller output, or plant output) [2].
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More specifically, given a sinusoidal input, a sensitivity
function can be used to fully accurately predict how much
these signals are amplified in a certain output. An additional
benefit of this approach is that the sensitivity functions can be
constructed using a frequency-response function (FRF) of the
plant, which can be obtained based only on a limited amount
of measurement data [3]. Therefore, a parametric model of
the plant is not required. However, a disadvantage of linear
control is that it has inherent performance limitations. These
limitations can for example be expressed by means of Bode’s
sensitivity integral or Bode’s gain-phase relationship [4].

Reset control is a nonlinear control technique in which (part
of) the controller states are reset to a fraction of the original
state when certain conditions are satisfied, such as when the
input signal is equal to zero. It has been theoretically proven
that reset controllers can overcome certain inherent limitations
of linear control, see, e.g., [S], [6]. Even though reset control is
not the only technique for which this can be achieved, a benefit
of reset control is that there are frequency domain design
tools available which are similar to those that are often used
for linear control design. Namely, in [7] a methodology has
been developed based on which a sensitivity function can be
constructed — using only a plant FRF — for closed-loop systems
in which resets are triggered when the reset element’s input is
zero. Given a sinusoidal input, and under the condition that the
system converges to a periodic output with the same period
as the input signal, the methodology allows to analytically
predict what this output looks like. Although the approach
makes some practical assumptions on the reset element’s input,
it has been illustrated through simulations and experiments that
this results in an accurate prediction of the periodic output.
Subsequently, the (pseudo)sensitivity is defined as the relation
between the maximum amplitude of the periodic output with
respect to the amplitude of the sinusoidal input. In [8] it
has been experimentally shown on an industrial wirebonding
machine that, using this methodology, a reset controller can be
designed that outperforms a linear controller that is designed
using the same constraints on the sensitivity function.

Even though reset control design using the pseudosensitivity
shows potential, there are still two limitations hindering
wider adoption of this approach. As a first limitation, the
methodology in [7] cannot be used if there are additional
linear control elements around the reset element, which can
help to improve the controller’s performance, as shown in,
e.g., [9], [10]. An extension has been made in [8] that also
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allows linear filters before, after, and in parallel to the reset
element. However, in [8] the pseudosensitivity can only be
computed from the reference trajectory to the error signal.
Furthermore, many practical control systems contain multiple
loops, such as an internal current control loop and an external
position control loop. These systems do not fit into any of the
system-classes considered in the existing literature. In other
words, there is no general framework which allows to compute
the pseudosensitivity from any input to any output, and with
a reset element present at any place within the system. As
a second limitation, from the existing literature is unclear
how to numerically implement the analytical methodology,
but it is non-trivial how to do this in a proper way. A
primary difficulty is that the plant FRF is in practice not
available at all frequencies, but instead only within a finite
range of frequencies and with a certain frequency resolution.
Furthermore, it is not straightforward to compute the pseu-
dosensitivity in an accurate though computationally efficient
manner.

The aim of this letter is to address the two mentioned
limitations. First, we develop a method to compute the
pseudosensitivity for a system where all the linear elements
are combined into one block and are placed in feedback
with the reset element. Note that this type of system shows
resemblance to the well-known Lure system [11]. Since any
system containing linear elements and a reset element can
be rewritten into this form, this unifies and extends upon the
existing literature. Second, we propose a numerical algorithm
to compute the pseudosensitivity, which allows the use of a
plant FRF containing data with a finite frequency-range and
frequency-resolution. Hereby, focus is also placed on making
the algorithm accurate but still computationally efficient.

The remainder of this letter is organized as follows. In
Section II, preliminaries on the existing methodology are
provided. Subsequently, the extension of the methodology to
the more general class of reset control systems is presented in
Section III. Next, Section IV illustrates how our work is a gen-
eralization of the available literature. In Section V we present
the numerical algorithm for computing the pseudosensitivity.
Finally, we end with a conclusion in Section VI.

Notation: For a time-domain signal ¢(f) with time 7 € R, its
Laplace transform is denoted by the capitalized version Q(s),
with Laplace variable s € C. We say that a periodic signal r(¢)
with period T has a zero-mean if ftf)°+T r(f)dt = 0Vty € R. The
absolute value and angle of a complex number a are denoted
by |a| and Za, respectively. In other words, a = lalé/4?, with
imaginary unit j := /—1. Taking the floor of a real number
b is denoted by |b]|. We denote an identity matrix and zero
matrix of size m by I, and 0,,, respectively. For a matrix M,
its eigenvalues are denoted by A(M).

Il. PRELIMINARIES
A. Definition of the Reset Element
Consider a reset element which is given by
x(t) = Ax(t) + By(r), if y(t) # 0,
x(1T) = Apx(d), if y(r) = 0, (1)
u(t) = Cx(1),

R =

with input y € R, output u € R, states x € R, state-space
matrices A € R™ " B e R™*1 C e R1*™ and reset matrix
A, € R™™ where 1t = lim; 7>, 7. When A, = I,
the reset element behaves like an LTI system given in the
frequency-domain by U(s) = Rpi(s)Y(s), with

Rpi(s) = C(sL, — A)~'B. )

Without loss of generality, reset element R does not contain
a direct feed-through term from input y to output u. Namely,
such a feed-through term can be implemented by means of a
linear gain in parallel to the reset element. Such an LTI filter
can be captured in the LTI part of the system we consider.

B. Response of the Reset Element to a Sinusoidal Input

Consider a reset element which is subject to a sinusoidal
input y(r) = ysin(wr + ¢,), with amplitude € R, phase
¢y € R, and frequency w € R.o. Then, as shown in
[12, Proposition 2], the output of the reset element converges
toa %’-periodie solution if it holds that

1(4,¢%)| <1 V6 e R, 3)

In this letter we are interested in reset elements for which this
condition is indeed satisfied. A necessary condition for (3)
to hold is that reset matrix A, satisfies |A(Ay)| < 1 (see
[12, Remark 4]). However, having a stable base-linear system
(i.e., A is Hurwitz) is not always necessary. For example, the
condition (3) holds for any A if A, = 0y,.

Next, note that such a 2?’T—periodic output of the reset
element (1) can be described by the Fourier series [13]

u(t) = Y _|Hy(o)[Psin (n(wt + ¢y) + ZHy(@)),  (4)

n=1

where H, € C contains the magnitude- and phase-
characteristics of the n'-order harmonic. These characteristics
have been derived in [7, Th. 3.1] and are given by

C(jwly — A~ (In + jOp(»))B, for n = 1,

Hy(0) = { C(jnwl, —A)~jOp(w)B, for odd n > 2,
0, for even n > 2,
©))
22 |
Op(@) = —=A@)[[i@) — A @)]. ©)
Tr(w) = A7 @A, A@) A7 (), A) = o®T+ A%, (7)
Ar(@) =1+ Apeo’, A(w) =1+ e, (8)

For later use, note that after rewriting we can also express the
Fourier series as

u(t) = Y |Un()|sin (nwt + LUy()), )

n=1

Un(@) = Hy(w)Y1(w)e/=DN1@) (10)

where Y1 (w) = ye/#y.
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[V1]sin (2(wt + £Y7)) Y1 Hy|sin (2(wt + /Y1) + ZHa) Y
H2 >
S |V1|sin (wt + £Y7) H [YiHy|sin (wt + /Y1 4+ ZHy) X 5% o,
Ry

Fig. 1. Visual interpretation of a reset element R subject to a periodic input (11), modeled using the harmonic separator (adapted from [7]).
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Fig. 2. Schematic representation of a closed-loop system with a reset
element R as in (1), and LTI elements Cpre, Cpar, Cpos, and P.

C. Response of the Reset Element to a Periodic Input

Consider a reset element which is subject to a 2?’T-periodic
input, such that it can be described by the Fourier series

YO ="y,

n=1

Wn(0) = [Ya(@)| sin (not + LY, (@),

(an

12)

with ¥, € C. Since this is not a pure sinusoidal input, we
cannot directly predict the output using the method explained
in Section II-B. A pragmatic solution is proposed in [7],
where the reset element’s behaviour in response to a periodic
input (11) is modelled as in Fig. 1. In this model, the
higher-order harmonics are separated from the first harmonic
and are passed through the reset element’s underlying linear
dynamics (2). Subsequently, the input-output behaviour of the
first harmonic can again be derived as in Section II-B. In that
case, the first harmonic of the output is still given by

Ui(w) = Hi(o)Y1(w), 13)

in line with (10). However, the higher-order harmonics in the
output now also contain the effect of passing the higher-order
harmonics at the input through the reset element’s underlying
linear dynamics, which yields

Un(w) = Hy(0) Y1 (w)e/=DEN@ 4

Rt (nja) Yy (@) Y # 1. (14)

In view of space considerations, we want to refer the interested
reader to [7] for a more detailed explanation about this model.

In [7] and [8], the model from Fig. 1 has been used to
predict the stationary behaviour of specific classes of closed-
loop reset control systems. To be more specific, consider the
system in Fig. 2 with single-input single-output (SISO) LTI

plant P, SISO LTI control elements Cpre, Cpar, Cpos, and reset
element R. The system has three external inputs: reference
r € R, measurement noise n € R, and disturbance d € R.
In [7], a special case of Fig. 2 is considered where Cpre
I, Chos =1, and Cpar = 0. Under those conditions, it
possible to compute the stationary response of signals e, u,
and yp, when the system is subject to a sinusoidal input in
r, d, or . An important benefit is that only an FRF of the
plant is required to compute the stationary responses. In [8],
an extension is made by considering the complete system in
Fig. 2. However, it is only possible to compute the stationary
response of error e under a sinusoidal reference r.

Numerical and experimental validations in [7] suggest that,
using the model in Fig. 1, it is possible to accurately predict
the closed-loop behaviour when the amplitudes of the higher-
order harmonics at the reset element’s input y are significantly
smaller than the amplitude of the first harmonic, i.e., |V, (w)| <
|Y1(w)|Vn # 1. A pragmatic method to evaluate whether the
higher-order harmonics are small enough, is to check whether
they cause any additional state-resets. When only the first
harmonic is present, this results in two resets per period (at the
zero-crossings of the sinusoid). When higher-order harmonics
become too large, this can result in more than two zero-crossings
per period. The results in [7] suggest that having two resets gives
a good indication for the accuracy of the predicted behaviour,
whereas the prediction can become less trustworthy when there
are more than two resets.

is

D. Definition of the Pseudosensitivity

Consider a reset control system subject to a sinusoidal
external input

w(t) = wsin (a)t + gow), (15)

with amplitude w € R.¢ and phase ¢,, € R. This input can for
example be a reference or disturbance. The system also has
a performance output z € R — such as the error — which we
assume converges to a unique periodic solution zg € R with
period T = %’, which is the same period as the sinusoidal
input. We can then compute the ratio between the maximum
amplitude of the output signal and the amplitude of the input
signal, defined as

max;eo,7) |25 (1|

1Seo (@) = 5 (16)
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y| G

w
<«
L

R

Fig. 3. Schematic representation of a system with an LTI element G as
in (17)-(18), placed in feedback with a reset element R as in (1).

This relation is defined as the pseudosensitivity in [14], giving
a ‘worst-case’ measure of the amplification in the output.

[1l. MAIN RESULT

Consider the system in Fig. 3 with reset element R and LTI
system G. System G has two inputs; an external input w € R,
and the reset element’s output u. It also has two outputs; a
performance output z € R, and the reset element’s input y.
The input-output relation of the LTI system can be described
in the frequency-domain by

Z(s)| _ W(s)
|:Y(s):| = G(S)[U(s)}’ (17)
o Gy (8) Gyz(s)
Gls) = [Gwy(s) Guy(s)]' (18)

Definition 1: Consider the system in Fig. 3 with any initial
conditions for LTI system G and reset element R, which is
subject to a sinusoidal input w as in (15). We call this system
sinusoidal-input convergent if the signals u, y, and z converge
to a unique 2?’T-periodic solution with a zero-mean.

In this letter we focus on systems which are sinusoidal-
input convergent. We deem this to be reasonable, because
for computing a pseudosensitivity it is anyways necessary
that the system’s output converges to a %’-periodic solution.
Furthermore, having a zero-mean significantly eases the sub-
sequent derivations and was also required in [7], [8]. Even
though it is not the focus of this letter, we want to point
the reader towards [14], which provides conditions to check
whether a system as in Fig. 3 is sinusoidal-input convergent.
Next, we present Theorem 1. For systems that are indeed
sinusoidal-input convergent, this theorem provides analytical
expressions to describe the periodic solutions to which the
performance output and reset element input converge.

Theorem 1: Consider the system in Fig. 3 with LTI system
G as in (17)-(18) and reset element R as in (1), both with any
initial conditions, subject to a sinusoidal input w as in (15).
When 1) the system is sinusoidal-input convergent, 2) the
condition in (3) holds, and 3) the reset element is modeled as
in Fig. 1, then the reset element’s input converges to a periodic
solution given by

YO =W ) ISy ()] sin (n(t + @) + LSy n(®)). (19)

n=1

where the higher-order sinusoidal-input sensitivity functions
(HOSISFs) are defined as

Gwy (o)
1 - Gyy(jw)H(®)’

Sy.1(0) = (20)

Guy (njo) Hy (0)Sy, 1 ()l "~ D £Sn1(@)
1 - Guy (njw)Rbl (I’l]a))

Syn(w) = Vn £ 1. (21)

Furthermore, the performance output converges to a periodic
solution given by

20 =W ) ISa(@)| sin (n(et + @) + LS n(@)), (22)

n=1

where the HOSISFs are defined as

S, 1(@) = Gy (jo) + Gy (jo)H (@)Sy,1 (w), (23)
G (i H. (0)S. (=128 1 ()
Sun(@) = ZEIOHN @)y 1 @) Vn £ 1. (24)
1 — Gyy(njw) Ry (njw)
Proof: See Appendix. |

Several conclusions can be drawn from Theorem 1. First, the
theorem provides an intuitive link between closed-loop time-
and frequency-domain behaviour of the system, by means of
what we call the HOSISFs. Second, in turn, the HOSISFs
provide an intuitive link between the open- and closed-loop
frequency-domain behaviour of the system, which can be
used for reset control design purposes. For a more intuitive
explanation on how harmonics are generated by the reset
element and how they flow through the closed-loop system,
we refer the reader to [7]. Third, note that this method allows
to predict the time-domain solution based purely on the FRF
of LTI system G. Finally, we again want to stress that any
closed-loop system containing a reset element R and various
LTI elements, can be rewritten into the form in Fig. 3. We will
illustrate this is the next section.

V. ILLUSTRATIVE EXAMPLE

As an example, we use Theorem 1 to derive the HOSISFs
from reference r to error e for the system in Fig. 2. These
HOSISFs have also specifically been derived in [8]. As a first
step, we transform the system into the form of Fig. 3 with
external input w = r and performance output z = e (under the
assumption that d = 0 and n = 0). This yields the LTI system
G as in (17)-(18) with

1
wz\S) = , 25
) P 5) Cpon(8) Coar ) Cyre ) 2
Gus(s) = P Cpos ) , (26)
1+ P(S)Cpos (S)Cpar(s)cpre(s)
Gwy(s) = Cpre(s)Gwz(S)» Guy(s) = Cpre(S)Guz(S)- 27

Next, substituting (25)-(27) into (20)-(21) of Theorem 1, after
rewriting, yields

Core (jo)
S = p—, 28
v, 1(@) T+ Li() (28)
_P(njw)Cpos(njw)Hn(w)Cpre(njw)
Syn(@) = : R
1 + Loi(njw)
Sy.1 (@) DESI @y £ (29)
with

Li(®) = P(jo)Cpos(jo)[ Cpar (j@) + H1 ()] Cpre (j), (30)
Lpi(s) == P(s)Cpos(s) [Cpar(s) + Rbl(s)] Cpre (5)- (31)
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In a similar manner, substituting (25)-(28) into (23)-(24) of
Theorem 1, after rewriting, yields

1

Sz1(w) = T L@ (32)
_ (n—1)25.,1(@)
Sen(w) = T Lo (i) Sz 1(w)e Vn # 1, (33)

Ly(w) = P(njw) Cpos(njw)Hy(w) - - - -

Core(j) /"~ DECmU) v 221, 34

As expected, the HOSISFs in (32)-(33) are equivalent to the
ones earlier reported in [8, Th. 2].

V. NUMERICAL COMPUTATION OF PSEUDOSENSITIVITY

In this section we propose a numerical algorithm to compute
the pseudosensitivity in (16) using Theorem 1, based on an
FRF of LTI system G. To compute the performance output
using Theorem 1 for a certain input frequency w, information
of LTI system G is required at integer-multiple frequencies
of the input frequency, as can be seen from (24). Therefore,
we assume from here that the FRF is available at a linearly-
spaced grid of frequencies w € [w1, w2, ..., wy], M € N, in
such a way that wy = kwVk € [1, M]. Hereby it is assured
that, for any input frequency wy, information of system G is
available at integer-multiples of wy (at least up to the highest
available frequency wys). Even though it is outside the scope
of this letter, we want to point the reader to, e.g., [3], for
more information on how such a linearly-spaced FRF can be
obtained with only a limited amount of measurement data.

Next, consider a sinusoidal input as in (15), with any input
frequency wy. To compute the pseudosensitivity using (16),
we require the periodic solution zg. We cannot directly use
Theorem 1 to compute this solution, because it requires
information of LTI system G at frequencies larger than the
frequency-range in which the FRF is available. Instead, we
approximate periodic solution zg by taking as many harmonics
into account as is feasible based on the available FRF. Hereby,
we can obtain the best possible approximation, as given by

Nmax

Z() =W Y 1Szn(@p)] sin (n(@xt + @) + LSz (@), (35)
n=1
with nmax = M /k].
To compute the pseudosensitivity using (16), we approxi-
mate the maximum absolute value of periodic solution Zg by
evaluating the solution at a finite set of time-instants

;:{tl,tz,...,tp}, (36)

where t; = (i;Pl)T and P € N is the number of time-instants

in one time-period 7. In that manner we can approximate the

pseudosensitivity, based on a plant FRF, by
max,c; |25 ()]

Srcton] = =255,

(37

with Zs(¢) as in (35) and 7 as in (36). Note that, without loss of
generality, we can assume w = 1. Namely, both the numerator
and denominator of (37) scale proportionally with w. Similarly,
we can assume ¢, = 0, because changing the input phase

only shifts the performance output Zs in time, meaning that
the maximum over one period 7T stays the same.

The remaining question is how the number of time-instants
P should be chosen. A larger P yields a more accurate approxi-
mation of the maximum absolute value, but also requires more
computation time. Therefore, we desire a P which is as small
as possible, but large enough to get an accurate approximation.
According to the Nyquist-Shannon sampling theorem, at least
two sample points are needed per period of a harmonic to be
able to detect it. Therefore, to be able to detect the highest
harmonic in the solution, we require P > 2nmn,x. However, to
more accurately reconstruct the maximum absolute value, one
could for example also choose P > 10nmx.

A MATLAB-based implementation of the algorithm can be
found in [15], which also contains a demonstration of the
algorithm on an example system. The FRF in the example
contains M = 4000 frequencies. Furthermore, P = 1007nm,x
has been chosen. To give an indication of the computation
time, the algorithm takes in the order of 20 seconds to execute
on a regular laptop with an Intel Core Ultra 7 Processor 155H.
The interested reader is also referred to illustrative examples
in the earlier works [7], [8]. Although our work can cover a
broader class of systems, the pseudosensitivities obtained in
those examples are essentially the same as the ones following
from the proposed algorithm.

V1. CONCLUSION

In this letter, we developed a method to predict the output
of general closed-loop systems containing a nonlinear reset
control element, given a sinusoidal input. The considered
class of reset control systems unifies and extends upon all
classes considered in the existing literature. The higher-order
sinusoidal-input sensitivity functions that are used to compute
the output, can be obtained based solely on a frequency-
response function of the system’s LTI part. Therefore, the
output can be predicted without requiring a parametric model
of the LTI part. Based on the output, the developed numerical
algorithm can compute the pseudo-sensitivity in an accu-
rate and computationally efficient manner. Hereby, it is also
possible to trade-off accuracy for computational efficiency
when desired. Since the pseudo-sensitivity has similarity to
the closed-loop sensitivity that is often used for LTI control
design, this makes the design approach for reset controllers
rather intuitive. We hope that the provided numerical algorithm
can boost wider adoption of this design technique.

In future work, we will derive rigorous conditions under
which modeling the reset element as in Fig. 1 is valid.
Furthermore, we want to extend the prediction method to reset
elements with other reset conditions.

APPENDIX
TECHNICAL PROOF OF THEOREM 1

Consider the sinusoidal input in (15), which can be alterna-
tively written as w(f) = |W(jw)| sin(wt + ZW (jw)) with

W(jw) = wer. (38)
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Given that the system is sinusoidal-input convergent, the
signals u, y, and z converge to a %’-periodic solution with a
zero-mean, which can be described by the Fourier series

u(t) = Z |Un()| sin (nwt + ZUx(w)),

(39)
n=1

YO =Y |Ya(@)] sin (not + LY,(w)), (40)
n=1

2(0) = Z |Zy(w)] sin (not + £Z, (), 41)

n=1

respectively. Note that the constant offset terms (n = 0) can
be omitted in (39)-(41) because they have a zero-mean.

Next, in steps 1 till 4 we derive the HOSISFs as given
in (20), (21), (23), and (24), respectively. Finally, in step 5
we derive the periodic solutions to which the reset element’s
input in (19) and the performance output in (22) converge.

STEP 1: First, we derive Y| as a function of external
input W. This can be done by balancing the first harmonic
using (17)-(18), resulting in

Y1(®) = Gyy(jo)W(jw) + Guy(jo) Ui (@), (42)

When the condition in (3) holds, then modeling the reset
element as in Fig. 1 allows for substituting (13) in (42), which
after rewriting yields

Yi(w) = Sy, 1(@)W(jw), (43)

with Sy 1 as in (20).

STEP 2: Second, we derive Yy, for all n #~ 1, as a function
of external input W. This can be done by balancing the higher
harmonics using (17)-(18), resulting in

Y (@) = Gy (njw) Up(w) Vn # 1. (44)
Substituting (14) in (44), and rewriting, yields
V(@) = SuOH @@ D
1 — Gy (njw)Ryi (njw)
Substituting (43) in (45) results in
Yo(@) = Sy n(@)W(j)e "D W0 v £ 1, (46)

with S , as in (21).

STEP 3: Third, we derive Z; as a function of external
input W. This can be done by balancing the first harmonic
using (17)-(18), resulting in

Zi(0) = Gy (jo)W(jw) + Gy (jo) Ui (w). 47)
Substituting (43) and (13) in (47), yields
Zi(0) = S, 1(0)W(jw), (48)

with S 1 as in (23).

STEP 4: Fourth, we derive Z,, for all n # 1, as a function
of external input W. This can be done by balancing the higher
harmonics using (17)-(18), resulting in

Zn(@) = Gz (njw)Up(w) ¥ # 1. (49)

Substituting (43) and (46) in (14) results in
Un(@) = [Ha(@)$y.1 @)/~ D<51@ ..
Ryl (njw)sy,n(w)] W (jw)e "~ DEW0) vy £ 1.(50)

Substituting (21) in (50), and rewriting, yields
Hn(w)Sy,l (Q))ej(n_l)ésy,l (w)

Un(w) = ; ;
1 — Guy(njw) Ry (njw)
W (jow)e "DV vy £ 1 (51)
Substituting (51) in (49) results in
Zy(@) = Sea(@)W(jw)d " DNy L1, (52)

with S; , as in (24).

STEP 5: By substituting (38), (43), and (46) into (40),
after rewriting, we obtain (19). In a similar manner, by
substituting (38), (48), and (52) into (41), after rewriting, we
obtain (22). This concludes the proof.
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