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Propositions

accompanying the thesis
Optimization of Thin-Walled Packaging
R. van Dijk

The success of optimization relies more on the requirement to quantify previously undefined
quality than on the actual optimization.

Innovation is an art and can therefore not be automated.

. An environmental tax on packages which depends on the weight percentage of the package

could be advantageous for packaging waste reduction.

. When governments are technically able to buy the waste generated by the consumer then

they can directly regulate this waste stream.

. Scientific research sponsored by industry is a challenge for all partners involved.

Regulations should apply to everyone:
1984* is yet to come. (*George Orwell)

Green energy does not exist.

. It would be very advantageous if we could gain encergy out of traffic jams.
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. Het succes van optimalisatie is eerder te danken aan de noodzaak voorheen vaak ongedefinieerde

. Innoveren is een kunst en kan hierdoor niet worden geautomatiseerd.

. Een milieubelasting op verpakkingen welke afhankelijk is van het gewichtspercentage van

Stellingen

behorende bij het proefschrift
Optimization of Thin-Walled Packaging
R. van Dijk

kwaliteit te kwantificeren dan aan de daadwerkelijke optimalisatie.

de verpakking zou afvalverminderend kunnen werken.

. Op het moment dat de overheid het door de consument gegenereerde afval technisch gezien

op kan kopen heeft zij het in haar macht deze afvalstroom direct te reguleren.

Wetenschappelijk onderzoek gesponsord door de industrie is een uitdaging voor alle be-
trokken partners.

. Regelgeving dient voor iedereen te gelden.

. 1984* ligt nog voor ons. (*George Orwell)

8. Groene energie bestaat niet.

. Het zou zeer aantrekkelijk zijn wanneer we energie kunnen winnen uit files.




Aan Olga, Sasha & - - -

Aan mijn ouders
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Symbol listing

The following notations have been used:

Wy ®
a8

SoC

G ftuia
h
hy
hy
H
J
K
KI
l
L
m
M
n

”t:r

v

s(;urface area exposed to permeation

axial blow-up ratio

circumferential blow-up ratio

mapping between nodal degrees of freedom and generalized strain rates
dissolved amount of gas 7

initial dissolved amount of gas ¢ at filling temperature

axial Young's modulus

circumferential Young’s modulus

initial fluid fraction

load vector

load vector due to the gas

function which describes the volume change of the structure
for internal pressure changes

geometric stiffness matrix

geometric stiffness matrix differentiated to the design variable
gas pressure contribution in geometric stiffness matrix
hydrostatic pressure contribution in geometric stiffness matrix
wall thickness of the package

final global wall thickness

preform wall thickness

height of the air spring

tangent matrix

tangent operator

tangent operator differentiated to the design variable

bottle length

preform length

number of gases

mass

amount of gas (in mol, not dissolved in the fluid)

amount of gas for p = p*”

actual amount of gas 1 (in mol, not dissolved in the fluid)
amount of gas ¢ during filling (in mol)

total amount of component ¢ (note:dissolved in the fluid and as gas,
N; is not constant in time)

initial total amount of component 7 (dissolved in the fluid and as gas)
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p = gas pressure
P = reference point for calculation of the enclosed volume
p* = critical pressure load
Di = actual partial gas pressure
o) = initial partial gas pressure
p¢ = ambient pressure
P = partial ambient pressure
pt9"" = post-oxidation equilibrium pressure
p{ = partial pressure during filling
" = critical pressure, i.e. the internal pressure at which buckling occurs
i = critical partial pressure of gas ¢
P, = pemmeability of the structure for gas ¢
r; = clement comer node vectors with respect to reference point p
(i refers to the corner number)
ri(pi) = reaction speed of gas 7 as function of the its partial pressure per unit volume
Tmez = Mmaximum bottle radius
Tloe = local bottle radius
R = internal preform radius (note: that R is also used as the universal gas constant)
R = universal gas constant (note: see above)

S = generalized elasticity matrix

s = fluid compressibility

Si = initial ‘saturation’ of the fluid for gas ¢

S = matrix depending on elastic material properties and element definition
Si = solubility of gas i

t = time

T = actual temperature

T = pre-multiplication matrix

T0 = initial temperature

T = ambient temperature

T/ = temperature during filling

u = nodal degrees of freedom

u; = nodal displacement vector

v = buckling mode

v = actual volume fraction

Ve = critical volume ratio

|4 = total enclosed volume

Vo = initial enclosed volume

Vi = brimful volume at the onset of paneling

Vi = undcformed brimful volume

ye = initial enclosed volume at ambient temperature
v/ = total enclosed volume at filling temperature
ng = gas volume during filling

v = initial gas volume at ambient temperature

|44 = initial gas volume

Ve = actual gas volume )

Vf’ = fluid or contents volume at filling temperature
Vs = fluid or contents volume at ambient temperature

Vi = tetraedrical volume contribution of a single element k&



Symbol listing

(”Vin.l
6u/u:l.
SWgst

3> 9 Q>0 X

Eae B =

ﬁ“Qa

]

internal virtual work of deformation

virtual work carried out by external load

virtual work corresponding to the pressure difference
initial corner nodc location vector

generalized deformations

load factor

generalized stresses

relative temperature

volumetric expansion coefficient of the contents
linear expansion coefficient of the structure (notc: see also below)
load factor (note: sec also above)

change of the internal amount of gas

reacted amount of gas ¢

permcated amount of gas ¢

matrix used for description of the second order derivative of the volume

_dp
Vv

reaction or oxidation factor (when i is omitted oxidation is meant)
volume-pressure compliance of a package

design variable

percentage change of the design variable
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Chapter 1

Introduction

The yearly produced amount of waste (including separated components) produced per Duich person
increased from 420 kg in 1990 to 512 kg in 1998 [77]. In the same period the percentage of green
wasle (vegetables, fruit and garden waste) as thrown away in packets reduced from 47% to 33%. While
the amount of plastic waste increased from 8.1% 1o 12% and the amount of un-separated paper waste
increased from 25% to 32%. These numbers clearly illustrate the importance of waste and weight reduc-
tion. Moreover weight reduction of packaging can lead to significant cost savings. The latter is of more
direct importance to industry and has been the actual reason for Unilever Research to pursuc the present
research.

In near future, governments will put more cmphasis on material reduction by taxing the pollution
and recycling of plastic packaging is currently a ‘hot topic’. It can therefore be expected that waste
management for packaging will play cven a more prominent role. A typical package is the plastic bottle
which is commonty used for food and non-food products. In 1995, generally three types of manufactur-
ing tcchniques for plastic bottles could be distinguished {55]: extrusion blow molding, extrusion stretch
blow molding and injection stretch blow molding as depicted in Figure 1.1. From which cxtrusion blow
moulding belongs to the older techniques and injection stretch blow moulding to the latest tcchnology.

Figure 1.1: During injection stretch blow moulding a preform is heated and respectively stretched with
a rod and blown to its final bottle shape.
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However depending on the contents of the package and the packaging material all techniques are cur-
rently still in use.

In 1995 many bottles were made from PVC, since the material properties of PVC with respect to its
chemical inertness and permeability are excellent. The introduction of extrusion stretch blow molding
allowed weight savings of approximately 16 % for a 1 litre bottle using the same source material. Cur-
rently, PVC favours a bad public opinion which is one of the reasons that many bottles are made of PET
using the injection stretch blow molding technique. Additionally this technique reduced the weight of a
1 litre bottle further with 13-25%. The previously mentioned weight changes were mainly due to new
manufacturing techniques while only little attention has been paid to the real requirements for packaging
and the design of packaging. It is here where the actual problem occurs. The development of packag-
ing is still based for a large extent on experience and trial and error. Therefore, most requirements for
packages are historical and in some cases the origin of these requirements can not be determined, while
others are applied without thorough examination how the involved process interacts with the package.
An example of the latter is permeation. Permeation is commonly blamed for the occasionally disappear-
ing of the complete initial gas volume in the package. However, as shown in this thesis, permeation has
almost a negligible affect on the behavior of the structure and the quality of the contents for the package
studied here. It should therefore be considered if the permeability requirement should be maintained.
In the present thesis the relevant processes will be examined. Consequently, examination of these pro-
cesses leads to the definition of more realistic requirements. Finally, these requirements can be used as
constraints during optimization of the package. Only the above described method leads to significant
potential material savings without affecting the quality of the package.

The present thesis describes the optimization of thin walled packages. This thesis is for a large
extent based on papers and conference proceedings published during the duration of this research. In
each chapter new aspects required for a complete description of the involved problems are introduced.
The synthesis takes place in the before last chapter where the optimization problem is concluded with a
significantly lighter bottle. Moreover, the last chapter describes an optimization methodology which can
be applied for many similar packages.

In Figure 1.2 two bottles are depicted which have been used throughout this thesis to study the
relevant processes. In Chapter 2 two tests are described which are currently carried out for this type of
package: empty top load testing and vacuum resistance testing. Each bottle has to meet a specified empty
compression strength and a certain vacuum resistance (see also Chapter 2). The empty compression
strength is motivated by the required resistance during stacking while a certain vacuum resistance is
required to prevent pancling. Paneling has been described earlier by Penzkofer [50] and Tsiourvas et
al. {64]. Tsiourvas er al. indicated that the paneling can be prevented by applying a circumferential
ribbing such that the bottle can deform like a ‘harmonica’. The latter was emphasized with experimental
work. Similar attempts where paneling is controlled in such a way that it is invisible to the customer are
described in many patents [2,3,12,16-19]. Penzkofer [50] quantified pancling for cylindrical (not ribbed)
bottles as a function of oxidation of the contents and permeation. Since, we would like to optimize this
type of package prior manufacturing a start has been made to simulate the behavior of these bottles using
FEA (Finite Element Analysis).

The empty compression strength is a measure which still dates from the past where plastic bottles
did not have a neck support ring, similar to glass bottles. In such cases the force required to apply a
snap—on cap had to be carried by the complete bottle since it was only supported at its base. Currently, a
neck support ring replaces this function. However, requirements with respect to the empty compression
strength are still being used. The compression strength has been investigated in Chapter 3 which showed
a large difference between empty and filled bottles. One can therefore conclude that rejecting the empty
compression strength gives potential material savings. Rejecting of the empty top load requirements
should however be accompanied by additional specifications for the closure of the package. Simulation
of gas-fluid filled structures also introduced numerical problems. These problems have been discussed
and solved in this chapter. However, still there was a discrepancy between numerical and simulated
results for gas-fluid filled structures. Investigation of this problem led to the implementation of solubility
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Figure 1.2: a) Round bottle for 750 ml of vegetable oil. b) Square bottle for 1000 ml of olive oil.

effects, which are rarely investigated [37, 38], in the simulations as described in Chapter 4. Hereafter, a
remarkable match between numerical and experimental results has been obtained.

Design sensitivities [14] are a way to investigate how a structure responds to small design changes.
The deformation induced pressure influences on the calculation hereof. How the latter has been im-
plemented numerically is described in Chapter 5 and illustrates once more the relevance of solubility
effects.

For a complete optimization of the involved bottle as depicted in Figure 1.2a, further examination of
the involved processes is described in Chapter 6. Here, the optimization of the bottle will be progressed
while neglecting empty compression strength requirements. Moreover, it will be assumed that the filled
compression strength is sufficicnt. In Chapter 6 distinction is made between three types of packaging:
rigid, non-resistant and flexiblec packages. For these packages all the processes acting on the package
have been taken into account. Similar studies were carried out by Talasila et al. [61] and Herlitze [34].
However both examined only rigid and non-resistant packages. Effects of oxidation and pecrmcation
are more often subject of research for very thin-wallcd packages e.g. pouches or films [41, 45, 49].
The latter fall in the non-resistant (pouches) and rigid category (tubs scaled with a film). Simulations
which examined all the relevant effects let to a simplification by neglecting the permeability effects. In
Chapter 7 the problem is narrowed down even further by the introduction of a new parameter in the design
of plastic bottles, the volume-pressure compliance. Moreover, it has been illustrated that the behavior of
the structure is mainly determined by the nitrogen gas. This observation created the capability to predict
the internal pressure easily. During this prediction only a small error is introduced due to a piece-wise
linearization of the bottle-behavior.

In Chapter 8 optimization of the whole bottle is discussed while taken into account the simplifica-
tions as described in the earlier chapters. This chapter illustrates that the optimal bottle design can be
determined automatically if the constraints are available. Thereforc future geometrical changes in the
bottle-design can be followed by an optimization which determines the optimal ribbing. The latter takcs
care that the optimality of the bottle is maintained for each design change. This also prevents excessive
material usage in current and future designs.
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Combination of all involved processes in an optimization problem where the design of the bottle
is determined automatically has not been carried out before. The present thesis describes an attempt
to approach this optimization problem leading to significant material savings. However, the described
approach has its limitations. It has not been described how the oxidation process takes place exactly.
The latter might be of interest for products with a short shelf life and in a situation where one wants to
cut down the packaging costs as far as possible. Another limitation is the time dependent behavior of
the package. If a certain under-pressure exists for a long period of time then the package will not return
to its initial shape after unloading. This might cause a complete disappearing of the initial gas volume
depending on the initial gas-fluid ratio and the saturation of the contents. This effect has not been studied
in this thesis.

Finally, in Appendix A application of optimization methods on another application, namely a tub,
has been discussed. Here a plastic tub is optimized with respect to its weight. The initial set of design
variables has been reduced with the help of sensitivity analysis which indicated the most relevant vari-
ables. Hereafter, the more expensive optimization tool Multi-point Approximation Method {76] (MAM)
was used to determine the optimal tub design.
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Chapter 2

Lateral Deformation of Plastic Bottles

Mass reduction of plastic bottles containing non-carbonated liquids calls for advanced design ap-
proaches. Weight reduction of bottles consequently influences the mechanical performance of the
bottle. This performance involves top load, vacuum and impact resistance. This chapter studies the
lateral deformation of a bottic duc to an internal vacuum. Similar studies have been carricd out be-
fore, but till so far the allowable deformation has never been related to the initial hcadspace of the
bottle. If a bottle design is able to compensate for a potential vacuum in an aesthetic manner, then
paneling will not occur. Changing the vacuum resistance of a bottle will result in a different top
load. Current computational techniques enhance the understanding of the problem and provide tools
to achieve solutions for the described above.

2.1 Introduction

The use of lightweight plastic bottles in the foods industry is still growing. It is commonly accepted
that plastic packs have a number of advantages over glass packaging, namely, they are lighter, almost un-
breakable and cheaper [55]. Furthermore, if the plastic pack is properly recycled it is more environmental
friendly, as less energy is required to produce a bottle. Of course the plastic pack is also accompanied
with disadvantages. These involve the top load strength, vacuum resistance and permeability, which are
superior for the glass bottle. A severe complication is that a sufficient underpressure in the plastic bottle
will finally result in a substantial deformation [66]. This phenomenon is often denoted as paneling and
results in an unaesthetic pack that gives the consumer the impression that something happened with the
contents. Plastic containers are sensitive to this type of deformation due to the relatively low bending
stiffness of the bottlc wall. This is the result of a relatively lower Young’s modulus (approximately 30
times less) and much thinner walls in comparison with glass bottles. Paneling is currently an important
factor that hinders further weight reduction of plastic bottles.

Paneling of a bottle is caused by an underpressure that can arise due to one or more of the following
factors:

1. altitude differences (e.g. filling at high altitude followed by transportation to lower level);

2. temperature differences (filling at higher than ambient temperature will result in a contraction of
the oil volume and a reduction of the headspace pressurc);

3. chemical (e.g. oxidation) or physical (solubility) processes between the contents and the air in
the headspace of the bottle. In due time these factors can cause enough undcrpressure to initiate
pancling.

In case the content of the pack is sensitive to oxidation then this is gencrally the most important factor of
the potential occurring of paneling. The oxidation is a progressive process that in most cases will cause a,
nearly, complete disappearing of the oxygen in the headspace, consequently leading to an underpressure
in the bottle. Long term, one year, experiments on bottles containing edible oil also showed that the

9
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complete headspace can disappear [65]. This effect is related to the permeability of the plastic container
and the non-rigidity of the bottle. If the bottle contains a vacuum and is not rigid or has collapsed then
there is no equilibrium nitrogen pressure inside and outside the pack, causing the nitrogen to permeate.

The requirements for a good bottle design are often conflicting each other. Where a certain design is
good with respect to paneling it might be unacceptable for top load strength and impact resistance and
visa versa.

Penzkofer [50] presented formulas to describe the pancling of cylindrical HDPE bottles. Rosato [55],
Ryder and Buttermore [56], and Szanja [59], describe guidelines, based on experience, for round as
well as non-round bottles with respect to top load strength and vacuum resistance. By identifying the
important design parameters of a bottle (e.g. shoulder design, label area, rigidizing the body) they advise
how to design plastic bottles. Rosato [55] describes a solution to prevent paneling in round hot-fill bottles
by applying vertical panels circumferential. However, most of their advises do not give a solution for the
paneling phenomena as observed for round, axial symmetric, bottles.

Tsiourvas et al. [64] also investigated the paneling phenomena and proposed solutions in the form
of easily deformable bottles. Tsiourvas er al. [64] tested different round bottle designs and a bottle with
different wall thickness distributions. One of the bottles was designed with a circumferential ribbing
such that it is able to deform locally in vertical direction, in such a way preventing the creation of an
underpressure. Another solution to prevent paneling is given in Food Marketing & Technology (5] in
which a bottle for hot filling is described. Several vertical membrane panels have been designed in this
bottle. These panels can move inwards and therefore reduce or eliminate the occurring of an underpres-
sure. The last is similar to the effect that can be observed for square bottles where no ‘circumferential’
ribbing has been applied.

When paneling plays an important role, there are basically three design alternatives:

1. rigid bottle approach, i.e. trying to make the bottle as rigid as possible by either increasing the
wall thickness and/or stiffening the bottle by adding ribs;

2. flexible bottle approach, i.e. to allow global deformation of the bottle and to ‘control’ this defor-
mation;

3. mixed approach, in this case the bottle as a whole is rigid but locally it is able to deform substan-
tially, e.g. due to the vertical membranes as described in Food Marketing & Technology [5] and
various patents (2,3, 12, 16-19].

A significant increase of the wall thickness, and therefore a significant increase in material costs, is
necessary to prevent paneling and to obtain a rigid bottle. Therefore a solution needs to be found in the
flexible bottle or mixed approach as described by Tsiourvas et al. [64] and Food Marketing & Technol-
ogy [5]. However, the deformation should be related to the initial headspace of the bottle. If the bottle
is not able to compensate the headspace volume then this will still result in paneling. Consequently, a
reliable way of designing a bottle, such that a specified volume change can be compensated, is demanded
for. This means that we should find a way to quantify the volume absorption of the bottle beforehand.
One way of doing this is by using the Finite Element Method (FEM). With the FEM a bottle can be ana-
lyzed numerically in the design stage. Furthermore, all relevant factors (e.g. material data, wall thickness
distribution ctc.) can be changed and evaluated for their influence, easily.

Finally it needs to be mentioned that there are more solutions to prevent paneling than the one de-
scribed in this chapter. Many solutions have been developed and are available: adding a drop of liquid
N, to the contents to increase internal bottle pressure {5] , other packaging concepts (¢.g. bag in box
packaging), using vent caps, filling at low temperatures, heat treatment of the container {52] and using
specially designed caps that can deform [4] are other, more costly, solution examples to the paneling
phenomena.
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Figure 2.1: a) Round PET bottle (750 ml). b) Square PVC bottle (1000 mi).

The present work can be divided in different parts. First of all a number of laboratory tests have
been carried out 10 determine the critical top load and critical internal underpressure. Secondly, FEM
has been used to simulate the laboratory tests. The results from these simulations let to the question
whether the critical top load and critical underpressure are sufficient design criteria. It turned out that
the use of an additional constraint, the critical volume ratio, during ‘vacuum’ resistance testing could
lead to a complete prevention of pancling. If a bottle can be designed using this design criterion then
underpressure buckling, paneling, will not occur. The top load buckling can be potentially prevented
by introducing the critical vertical compression of a bottle, provided that after a specified deformation
additional load is carried by the secondary package. Finally, we will discuss how we can quantify these
additional constraints.

2.2 Laboratory testing

The bottles that were used during this study are depicted in the Figure 2.1. In Section 2.2.1 top load tests
will be described, whereas ‘vacuum’ resistance tests will be the subject of Section 2.2.2.

2.2.1 Top load testing

During top load testing the bottle was compressed between two horizontal plates with a speed of 100
mm/min. The internal pressure was kept constant during testing. Figure 2.2 depicts the deformed round
and square bottle, respectively. As denoted in Table 2.1 and Figure 2.3 the critical top load as well
as the critical compression have been evaluated during testing. The critical vertical compression is the
shortening of the bottle at the point of buckling and is in this chapter expressed as a percentage of
the bottle height. As can be seen from Figure 2.3, initially, the square bottle’s response to the applied
deformation is nearly linear. At a certain compression the force no longer increases linearly with the
applied deformation. This is the point were the actual buckling starts. In practice the maximum load
that can be applied on the bottle is uscd as a constraint. In Table 2.1 we observe that the actual buckling
load is 13% less than the maximum load and the critical deformation is 32% less than the deformation at
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(a) )

Figure 2.2: Experimental deformation during top load testing. a) Front and side view of the round bottle.
b) Square bottle
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Figure 2.3: Top load test curves for round and square botiles. Two test curves for each bottle type have
been depicted. The non-zero onset of the applied load is caused by pre-loading during testing.

Onset of Buckling  Max. Load ) Onset of Buckling Compression  Critical Vertical Compression

{N] IN] - [%] [%]
Round n.a. 156.8 n.a. 23
Square 136 156 1.6 24

Table 2.1: Average top load test results. Six round and four square bottles have been tested.

maximum load. Thus, by using the maximum load as constraint, the top load and critical deformation of
the bottle are significantly overestimated.
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Figurc 2.4: Experimental setup to measure the critical volume and corresponding underpressure (all
dimensions are in mm).

2.2.2 ‘Vacuum’ resistance testing

Commonly the critical intemal underpressure is denoted as the vacuum resistance of a bottle. Paneling
can be observed when the internal underpressure exceeds the ‘vacuum’ resistance.
A convenient quantity for bottles is the critical volume ratio which will be defined as:

Vi-V,
Vi )

Ve = .1
where v,, V; and V}, are the critical volume ratio, the undeformed brimful volume and the brimfull
volume at the onset of paneling, respectively. In Figure 2.4 the experimental setup to delermine the
critical volume ratio is depicied. This setup consists of a bottle brimfull filled with water (B), which is
placed on a balance (A). The vertical displacement caused by the balance can be neglected. The balance
has an accuracy of + 32 mg. The bottle is closed with a rubber plug with 3 openings, one opening is
connected with a tube to the baromeler (E), the other opening is connected to a valve (G) and in the
last opening a ventile (C) is placed. The accuracy of the barometer is + 0.1 kPa. The length of the
bottle is continuously measured with a displacement measuring device, an LVDT, (D). At the start of
the experiment, valve (G) is in such position (X-X) that water can enter the bottle from funnel (H). Any
air in the bottle or tube between (H) and (B) can leave the bottle through ventile (C). After filling the
bottle to the brim with water, ventile (C) is closed and valve (G) will be turned into Y-Y position such
that the connection with the vacuum-pump (J) is made and the connection with (H) is closed. Between
the vacuum pump (J) and valve (G) two capacities are positioned. Capacity (F) will contain all water
that will be removed from the bottle. The function of capacity (I) is solely to protect water from entering
the vacuum pump. Barometer (E), displacement measuring device (D) and balance (A) are connected to
the computer (K). Since the volume change of the bottle is directly related to the change in weight of
the bottle, the required volume-pressure relation can be obtained. In addition the length is known with
respect to the volume and internal pressurc. Onc might question the 100 mm height difference in the
system between (B) and (E). Since this has a constant pressure influence of approximately 1 kPa this
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(a) (b)

Figure 2.5: Paneling of the round and square bottle.

has been neglected for the round bottle. It might be necessary to take this influence into account for the
square bottle, due to it’s low vacuum resistance.

On the test-setup, as depicted in Figure 2.4, full as well as empty bottles have been tested. During
the empty bottle testing, length and internal pressure changes were evalvated. Comparing empty and
full bottle test results gives an insight in the relation between length and volume change. Full as well
as empty round bottles give similar results, however, for the square bottle a significant difference was
found. The buckled configurations for full and empty, round as well as square, bottles were similar, and
arc depicted in Figure 2.5.

Typical results of the pressure versus time of empty round and square bottles are depicted in Fig-
ure 2.6. Due to the fact that we intend to simulatc the deformation of the bottle with Finite Element
Analyses as a time independent process, we prefer to exclude time. From Figure 2.7 we may conclude
that the length of an empty round bottle does not change significantly after buckling. However, the square
bottle starts to deform significantly in vertical direction after the buckling load has been reached. Since
we do not know yet how the length change relates to the volume change, we should carry out tests on
full bottles to determine the critical volume of the bottle. In the Figures 2.8-2.10 the results from tests
on a full bottle are depicted. Figure 2.8 depicts the result of repeated measurements on one sample. This
means that one round bottle was repeatedly tested not exceeding the critical underpressure except for the
last test (test 6). The square bottle was repeatedly tested exceeding its critical underpressure. Both, round
and square bottles fully recovered after unloading, even if the loading led to buckling. The latter implies
an absence of global permanent deformation. Therefore, initial simulations make use of linear material
behavior. If the latter produces inadequate results then the material description should be refined.

As can be seen in Figure 2.9 and Figure 2.10 the round bottle deforms significantly in axial direction
(approximately 1.4 %) while the square bottle does not significantly deform in axial direction (approx-
imately 0.070 %). However, the volume decreases significantly (approximately 1.45 %) for the square
bottle. Also we can observe that the volume decrease of the round bottle has a much wider variance than
the change in length. Reasons for the variance in the volume measurements, for round as well as square
bottles, can be due to:
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Figure 2.6: Vacuum resistance testing of empty bottles.

Bottle type | Critical Underpressure | Critical Volume Ratio | Critical Bottle Shortening
[kPa] (%] [%]

Round 21.5-23.2 1.76-1.97 1.35-1.43

Square 5.8-6.9 1.39-1.53 0.065-0.076

Table 2.2: Vacuum test results. From each type 4 bottles were tested.

e acccelerating water in the system, water in the tube between (E) and (B), and the tube between (F)
and (G) might cause fluctuations in pressure and weight measurcments;

e any moving of air in the test room can influence on the pressure measurements;

e small, invisible, changes in bottle geometry and stability of the bottle can result in accelerations
that are again passed through to the balance;

e noise in the measurcments.

Since we are not able to determine the critical volume ratio precisely, a range is given for the critical
volume ratio and the critical underpressure in Table 2.2. Further, we can observe from the Figures 2.7—
2.10 that the critical underpressurc of a full round bottle differs slightly from an empty round bottle,
which has a critical underpressure of approximately 21.7 kPa. For the square bottle the influence of the
hydrostatic fluid pressure has a significant influence. An empty square bottlc has a critical underpressurc
in the range of 4.5-5.2 kPa while a full bottle has a critical underpressure in the range of 5.8-6.9 kPa.

2.3 Simulation

Finite Element Analysis [6, 79] allows us to simulate structural behavior prior to manufacturing. In the
present chapter two approaches have been used to determine the critical load of the structure: linearized
buckling analyses and geometric non-linear analyses. Linearized buckling analysis predicts the buck-
ling load and the corresponding buckling mode assuming a fully lincar fundamental or pre-buckling
solution. In a non-linear analysis the load is applied gradually. Bifurcation points can be estimated by
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Figure 2.7: Results of ‘vacuum’ resistance testing on empty bottles.
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monitoring the lowest eigenvalues of the tangent stiffness matrix. Limit points become apparent from
the corresponding load-deflection curves [54]. In this kind of analysis it is also possible to account for
imperfections. Obviously this type of analysis is more close to the actual tests described in the previous

section.

If the deformed and undeformed structure are symmetric, then use of symmetry can be made and,
consequently, only a part of the structure has to be modeled. This results in a significant reduction of

computing time.

The element that was used in all the analyses was a triangular shell element with 12 degrees of
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Figure 2.8: Results of repeated ‘vacuum’ resistance testing on one sample.

freedom (DOF) from which 3 displacements at each corner node and a rotation along each side of the
element [72,73]. In all the analyses linear material behavior has been used.
A number of simplifications have been adopted for the round as well as for the square bottle. The
wall thickness has been approximated using
h = w"[z’uc +bripe +¢ L0 < rge < Tinasy 2.2)

where h, r;,. and r,,,, are the wall thickness at a certain point, the local radius of the bottle and the
maximum bottle radius, respectively (see also Figure 2.11 and 2.12). The values a, b and ¢ can be
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Figure 2.9: Results of ‘vacuum’ resistance testing of full round botiles. Four round bottles were tested.

determined on the basis of wall thickness measurements. This description gives an approximation of the
axial wall thickness distribution for round as well as square bottles. Maximum deviations of 10 % of the
approximated value have been found for round bottles, while locally deviations up to 40 % were found

for the square bottle. The last has not been examined more thoroughly.

Due to the nature of the stretch blow molding process the neck and bottom areas of a bottle are
significantly thicker than the body. The neck of a bottle requires a high dimensional accuracy, which
may not be distorted during the heating in the stretch blow molding process. The base needs to be thicker
to prevent the stretch rod from pinching through the material during the stretching stage. Thercfore the
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Figure 2.10: Results of ‘vacuum’ resistance testing of full square bottles. Four square bottles were tested.

wall thickness in these areas cannot be approximated and (2.2) can only be used for the shoulder, waist
and body areas of a bottle. For this reason a constant wall thickness has been assigned to the neck and

base area.

As can be seen in Table 2.3, a difference of 4 % was found for bottles with a varying wall thickness
in comparison with bottles with a constant wall thickness (based on linearized buckling simulations).
The thickness of the bottle with a constant wall was based on (2.2) with 7, taken as the maximum
bottle radius and a wall thickness in the neck and base equivalent to the bottle with a varying thickness.
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Figure 2.11: Local radius of the bottle. For non-axial symmetric bottles the local radius can vary in a
cross section.

! Critical Top Load | ‘Vacuum’ resistance
[N] [kPa]

Varying wall thickness 165.9 23.62

Constant wall thickness 160.0 22.66

Table 2.3: Comparison of the results of a round botile with varying wall thickness (minimum thickness
is 0.235 mmy) and a round bottle with a constant wall thickness (wall thickness is 0.235 mm). The results
are based on linearized buckling analyses.

The simulations that will be further described in this chapter have been carried out with a constant wall
thickness. Due to the non-axial symmetry of the square bottle, the wall thickness has not been simplified
with a constant value but has been approximated using (2.2).

Due to a biaxial stretching of the bottle during the forming process the bottle is orientated. The
Young’s moduli in circumferential and axial direction depend on the blow-up ratio’s (also called stretch
ratio’s) of the bottle [15,44]. The axial blow-up ratio is defined as [15,44]

l

B, =+
a IIY

2.3)
where B,,, ! and L are the axial blow-up ratio, the bottle ‘length’ and the preform ‘length’, respectively
(see Figure 2.12). The global circumferential blow-up ratio is defined as [15,44]

1"" Qr
B.= #, (2.4)
where B, 7,4, and R are the circumferential blow-up ratio, the maximum bottle radius and the internal
preform radius, respectively. The final global wall thickness in the bottle can be estimated with the help

of the blow-up ratio’s [15, 44]. This results in

hp

M:m&’

2.5)

where /., and hy, are the final global wall thickness and preform wall thickness, respectively. If we apply
(2.3) till (2.5) on the round bottle then the final global wall thickness would be 0.237 mm, which comes
close to the thickness as found in the actual bottle (0.235-0.240 mm).



Lateral Deformation of Plastic Bottles 21

Figure 2.12: Blow-up ratio terminology.

The circumferential Young’s modulus can be obtained with the help of experiments. Test specimens
in this direction are easy to obtain. Test spccimens in axial direction are practically impossible to get.
The axial Young’s modulus can be roughly estimated according [44]

_ E(',Bu

Fu= 5"

2.6)
where E, and E. are the axial and circumferential Young’s modulus, respectively. The circumferential
Young’s modulus has been determined experimentally, while the axial Young’s modulus has been csti-
mated using (2.6). A slight orthotropy of 1.03 was found (¥, / E, = 1.03). The Poisson’s ratio and shear
modulus for the stretched material were taken from supplier data sheets.

The equations (2.3)—(2.6) are easily applied to the round bottle. Due to the non-axial symmetry of
the square bottle, the axial blow-up ratio (sce also Figure 2.12) can not be defined uniquely. Therefore
there is more than one global axial stretch ratio. Also the circumferential stretch ratio can vary in a single
horizontal cross section. However, experiments on the squarc PVC bottle showed that the material is by

good approximation isotropic. Isotropic material properties havc therefore been used in the simulations
for the square bottle.

2.3.1 Top load simulation

Due to the axial-symmetry of the undeformed structure and the two planes of symmetry in the deformed
structure only a quart of the round bottle has been modecled. This significantly reduces computing time.
Consequently, this simplification excludes non-symmetric deformation modes. If there is a small chance
that the deformation mode is non-symmetric then this should be verified on the hand of an analysis of
a complete bottle model. Since the deformed structure of the square bottle under top load contains no
planes of symmetry, the whole structure had to be modeled. The last resulted in long computing times
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Figure 2.13: Simulated top load of the square bottle versus degrees of freedom. The results from lin-
earized buckling analyses have been depicted.

and therefore all computations on the square bottle under top load are restricted to linearized buckling
analyses.

As described earlier, the paneling in square bottles can easily be camouflaged by design features
(e.g. square panels that are able to deform). Due to their geometry round bottles are more prone to
paneling and need a different design strategy. Therefore, in this chapter the paneling of round bottles is
emphasized.

The deformed configuration of the round bottles and the buckling mode of the square bottle are de-
picted in Figure 2.14 and resemble the experimentally deformed structures. As can be seen in Table 2.4
the top load of the round bottle is reasonably well predicted in the present setting (with only 2 % dif-
ference from the experimental value). The simulated top load of the square bottle differs approximately
30% from experimental values. One reason for this is that the applied mesh density is not sufficient to
describe the bottle geometry, accurately. For an accurate description of the gcometry a large number of
Degrees Of Freedom (DOF) was required, consequently increasing computing costs and effort. As can
be seen from Figure 2.13, a rough mesh of approximately 50.000 DOF, where the mesh density near the
ribs is far insufficient, leads 10 a top load of 79 N while more refined meshes lead to significantly higher
top loads. Other reasons for this can be local wall thickness variations and material property variations.

Figure 2.15 depicts the simulated load-displacement curves (non-linear analyses) for round bottles
with a different wall thickness. The critical top load is reached at the onset of buckling which is indicated
by a dashed vertical line. The critical vertical compression is more or less the same for bottles with a
different wall thickness. The top load at the onset of buckling is reasonably predicted in comparison with
experiments. The critical vertical deformation as found in non-linear analysis still differs significantly.
The critical vertical deformation was predicted more accurately with the linearized buckling analysis.

As can be seen in Figure 2.15, the post-buckling path of the experimental results differs significantly
from the simulated results. The last can possibly be explained by two effects. Firstly, during experiments
local plastic deformation was found immediately after the buckling occurred while for the simulations
linear material has been used. Secondly, the bottle was simulated assuming symmetric buckling. During
experiments the buckling was also symmetric but in the post buckling region the bottle snapped in a
non-symmetric buckling shape, as can be seen from Figure 2.16.

Figure 2.17 depicts the significant effect from different uniform wall thickness distributions on the
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Bottle type | Critical Top Load  Critical Vertical Compression

Numerical ~ Experimental | Numerical Experimental
[N] [N] (%] {%]
Round 160.0 156.8 22 23
Square 96 136 ‘ 0.72 1.6

Table 2.4: Simulated (linearized buckling analyses) versus measured top load results. The round bottle
had a 0.235 mm overall wall thickness.

oo

(a) Round (b) Square

Figure 2.14: Deformed configuration of the round bottle based on a quart model (a) and buckling mode
of the square bottle under top load (b). For the square bottle a complete model has been used.

critical top load, while the critical vertical deformation changes only slightly. For example 14 % incrcase
of the wall thickncss from 0.22 mm to 0.25 mm will result in 33 % increase in critical top load and only
1 % increase of critical compression.

2.3.2 “Vacuum’ resistance simulation

The round as well as the square bottle contain two planes of symmetry in undeformed and deformed,
pancled, configuration. Therefore all the ‘vacuum’ resistance simulations have been carried out on a
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Figure 2.15: Simulated and experimental results for the round bottle under top load for different wall
thickness. The dashed line indicates the onset of buckling during simulations.

Figure 2.16: Experimental post-buckled configuration for a round bottle under top load. Note that this
configuration is not symmetric.

quart bottle. As can be seen from Figure 2.18 the deformed configurations are in good agreement with
the experiments. The round and the square bottle have both been analyzed empty and full. Analyzing a
full bottle implies that the influence of the hydrostatic pressure caused by the containing liquid should be
considered. Non-linear analyses where the hydrostatic pressure was taken into account have been carried
out for the round bottle. The vacuum simulation is in good resemblance with the experiments as can
be seen from Figure 2.19, also it can be seen that the influence of the liquid pressure is not significant
for the round bottle. During non-linear analysis the deformation of the square bottle was not conform
the linearized buckling mode and the experimental deformation. Several reasons can be appointed for
this. Firstly, the mesh is not fine enough to follow all geometric details of the bottle. Secondly, initial
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Figure 2.17: Linearized buckling load and its relation 1o wall thickness.

imperfections in geometry and thickness and varying material properties can be present and need to
be considered in the non-linear analyses. However, the linearized buckling mode predicts the critical
underpressure accurately and can also be used to determine the critical underpressure of a full boltle.

The linearized buckling analysis is based on the solution of

[K + GJv =0, @7

where K, G and v are the structure’s stiffness matrix, the geometric stiffncss matrix and the buckling
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Critical Underpressure  Critical Bottle Shortening
Numerical Experimental Numerical Experimental
[kPa] [kPa] (%] (%]
23.0 21.5-23.2 | 1.40 1.35-1.43

Table 2.5: Simulated versus measured results for the round botile containing an underpressure. The
simulated bottle had a 0.235 mm wall thickness. The numerical results were obtained from non-linear
analyses on a full bottle.

Critical Underpressure (Empty Bottle) Critical Underpressure (Full Bottle)

Numerical Experimental Numerical Experimental
[kPs) [kPa] %) (%)
45 4552 | 62 5.8-6.9

Table 2.6: Simulated versus measured results for the square bottle containing an underpressure.

mode, respectively. For a full bottle (2.7) changes to
[K + Gp + Gﬂu,-d]v =90, 2.8)

where the matrix G, is the contribution to the geometric stiffness matrix due to the gas pressure. The
matrix G fy,q is the contribution of the hydrostatic pressure to the geometric stiffness matrix and is
constant. With

Gy =Gp(p) = AGp(p), p=2Xp

where p, p, A, are the critical buckling pressure, the initial applied pressure and the load parameter,
respectively, the eigenvalue problem (2.8) can be written as

K+ AGp (D) + Gryig]v=0. (2.9)

Replacing (2.9) by
(K + 1{Gp(*) + G ruia}lv = 0,

and searching for p(p*) = 1 leads to
K+ Gp(p") + Gjruidlv = 0,

which is equivalent to (2.8), with p* the critical pressure load. The function u(p*) is depicted in Fig-
ure 2.20, where p* has been varied from 2-10 kPa. The critical pressure load, p*, was found at 6.2 kPa
when u(p*) equals 1.

From Figure 2.19, Figure 2.20 and Table 2.6 we can conclude that the fluid has a significant in-
fluence for the square bottle but a negligible influence for the round bottle. Further we can see from
Figure 2.19(a) that the critical bottle shortening of the round bottle seems not to depend significantly on
the wall thickness. The simulated critical underpressure is nearly linear dependent on the overall wall
thickness in a range as depicted in Figure 2.21.

2.4 Discussion

The critical deformation that occurs during vacuuming of a round bottle does not significantly depend
on the wall thickness. This deformation can well be determined with the help of finite element analysis.
If care is taken that this deformation is invisible for the customer, then a bottle can be designed such that
the deformation can compensate for the complete headspace. Paneling is inclined to occur as long as this
deformation is not able to compensate for the headspace volume.



Latcral Deformation of Plastic Bottles 27

@ ()

Figure 2.18: Deformed structure for the round botile (a) and buckling mode (b) of the square botile
during vacuum resistance simulations.

The circumferential ribbing as applied for most axial-symmetric bottles gives a high vacuum resis-
tance and allows the botile a certain axial contraction. When this contraction is not sufficient to com-
pensate the hcadspace volume then paneling can still occur. Many bottles with a high vacuum resistance
in order to resist paneling can still be found, consequently using excessive material. In most cases these
bottles still buckle in due time. If these bottles would allow controlled paneling such that the complete
headspace can be compensated then the excessive material preventing pancling can be removed.

Although paneling is a phenomena that occurs for round and non-round bottles, the effects of it
on square bottles can easily be eliminated. As depicted in Figure 2.18(b) a square bottle will deform
parallelogram like if the bottle contains an internal underpressure. However, the latter will only occur if
a ‘circumferential’ ribbing was applied on the container. If no ribbing would have been applied then the
sidewalls of the bottle will move inwards, absorbing sufficient volume to eliminate paneling.

Finite element calculations depend very much on the input of material data and in the case of thin
walled structures also on accuratc data of the local thickness. The thickness can be casily evaluated for
existing structures. Material properties, on the contrary, are hard to get. However, some aspects of the
behavior of a bottle, here paneling, seem to depend less on the wall thickness distribution and the material
propertics. The un-sensitivity to these properties can in certain cases be exploited during the design process.
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bottle simulations with different wall thickness. b) Experimental and simulated results of full bottles.



Lateral Deformation of Plastic Bottlcs 29

up*)

1. . [ —
0 3 a4 6 3 10
p* [kPa]

Figure 2.20: Determination of the critical underpressure of a full square bottle using linearized buckling
analyses. The critical underpressure for the filled bottle is found for n(p*) = 1.

[
(=]
il

(4

(-
-1
-

g”% * ﬁ
522 . }
2" .
E20 .
[
8 :
E18 - v 1
g
E15 B

12y ]

.
1817 018 019 020 021 022 023 024 035
Wall Thickness [mm}

Figure 2.21: Linearized buckling load during ‘vacuum’ simulations and its relation to wall thickness
(empty round bottle).




30

Chapter 2




Based on: R. van Dijk, F. van Keulen and J.C. Sterk, Simulation of Closed Thin-Walled Structures Partially Filled with Fluid,
Int. . of Solids and Structures, 37, 6063-6083, (2000).

Chapter 3

Pressure Effects in Closed Structures

For closed structures, the enclosed gas volume can contribute significantly to the strength and stiff-
ness of a structure. The present chapter describes the usc of a gas clement which is incorporated into
finite elements for shells. In addition, a method to solve the governing set of cquations efficiently
is described. The method has been applied to a typical packaging example, namely a closed filled
bottle. To validate the proposed method, numerical studics have been compared with experiments.

3.1 Introduction

Many thin-walled structures surround a volume. Typical examples are filled bags, bottles, soft drink cans,
tires, balloons, athletic shoes with air compartments, etc. Deformation of such structures causes intcrnal
pressure changes and may therefore influence the mechanical properties significantly. For example, a
buckling load can increase.

The present research originates from the fact that it was desirable for Unilever, a large manufacturer
of food products, to determine the compression strength of closed filled bottles for cdible oil. Effective
tools for simulation of the filled packages makes it possible to achieve more competitive designs at
acceptable design or reduced design costs.

In many Finite Element(FE) programs it is not possible to include this pressure effect easily. However
the FEA program Abaqus [36] contains elements for solving problems involving fluid-filled cavities
under hydrostatic conditions. Among others [10, 20, 25, 29, 33, 58, 78}, Berry [7] investigated internal
pressure effects. The modelling was done using a pneumatic element which relates the pressure (o the
internal enclosed volume. Applications that were considered are pressurized soft drink cans and an air
spring. The formulation of the pneumatic element is started from the virtual work principle. The virtual
work equation is augmented to account for the virtual work corresponding to the pressure of the enclosed
gas. The latter can easily be determined using the corresponding gas law. The solution of the governing
set of equations has not been addressed by Berry [7]. Due to the fact that the pressure causes the system
matrix to be non-sparse, solving the set of equations, using a dircct solver, is not obvious and will be
described in this chapter. The results of the described method have been compared with experimental
and numerical results reported by Berry [7].

Other complications that were encountered involved a reversing of the pressurc. If during an in-
cremental iterative solution procedure the incremental volume change of the structure is larger than the
remaining gas volume, then the new gas volume becomes negative, consequently lcading (o a nega-
tive pressure. Obviously, this situation is physically infeasible. This effect manifests itself mainly for
relatively small enclosed gas volumes which is typical for many packages. By introducing a fluid com-
pliance, this numerical complication has been circumvented.

The present work can be divided in diffcrent parts. Firstly, a theoretical description is given which
describes how the contents, gas and fluid, influence on the internal gas pressure. Furthermore, this
section describes the prevention of the pressure reverse as discussed earlier. Secondly, implementational
issues and solution of the non-sparse stiffness matrix are addressed. Thereafter, some examples have

31
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Figure 3.1: Situation sketch, V,V,, V, p and p* are the total enclosed volume, the gas volume, the actual
fluid volume, the internal pressure and the ambient pressure, respectively.

been presented. The examples compare analytical and simulated results and illustrate the benefits of a
fluid compliance. Finally, two applications, an airspring [7] and a plastic bottle for edible oil, have been
studied.

3.2 Influence of the gas and fluid

In Figure 3.1, a typical closed-filled structure has been depicted. The figure displays a closed bottle
which contains both gas and fluid and is being compressed.
In the sequel, the following assumptions have been made:

o hydrostatic pressure effects of the liquid are negligible in comparison with the pressure effects of
the gas;

o the gas behaves as an ideal gas;
o the temperature is constant;
e a constant amount of enclosed gas.
The virtual work corresponding to the pressure difference, can be expressed as
SW = (p(Vy) = p7) 0V, @1

where p(V,) represents the internal pressure which is a function of the gas volume, V;. In case of a
constant amount of ideal gas and at constant temperature the gas law simplifies to

PV, =p°V) =Cy, (2

where p°, V0 and C; are the initial gas pressure, the initial gas volume and a constant, respectively (see
also Figure 3.1). In the present setting, it is more convenient to express the gas law in terms of the
enclosed volume, V. In case the gas is governed by (3.2), then the pressure is determined by

PVe-vp)

(3.3)
0 ’
V-V

p=
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where V, IO and VO are the initial fluid volume and the initial enclosed volume, respectively (see also
Figure 3.1). Introducing
%3 1%
1 — _ P
f_“}ﬁv U_V_O,V T 'p_oy (34)
where f, v, r arc the initial fluid fraction, the actual volume fraction and a normalized pressure, respec-
tively, (3.3) can be rewritten as
1-f

= . 3.5

=T 3.5)
As will be shown later, also the derivative of the pressurc with respect to the volume will be required.
This derivative can be found by diffcrentiation of (3.5), giving

dp dr ?° _ rop

0
dv  doV® T w— fVO

During a FE calculation it can occur that v < f, i.e. compression of the fluid volume. This happens
when the volume change caused by a linearized step of the analysis is larger than the current gas volume
leading to a new gas volume, v — f, which is negative. This will consequently result in a ncgative
pressure. This effect has been illustrated in Figure 3.2a where (3.5) has been plotted. Complications due
10 a negative pressure can be circumvented by introducing a penalty factor [39, p.196-197] for the fluid
compressibility. The penalty factor is defined as

0
c=(p— pu)____OV, , (.6)
V] - Vj

where c is the compressibility of the fluid. In case of an incompressible fluid, the compressibility ¢
becomes infinite and consequently V; = V7. The total volume V is given by V, + V; and can be
expressed in terms of the internal pressure using (3.2) and (3.6). This gives

0 0
_P 0 p-p 0
V—;Vg +(1——C—)VI.

Similar to (3.4) the pressure, volume and fluid volume can be normalized. Furthcrmore, f = V7 /V? and
V0 =V, + V} can be combined to (1 - f) = V,)/V°.

With the introduction of a normalized compliance for the fluid, s = p/c, the normalized pressure
can be written as

1—f—‘rv+rf~5f(r2—r)=0. 3.7
Solving of (3.7) for r is straightforward. However, only the positive solution is relevant, which reads
_1f-v+sf4gq
2 sf ’
where g = /(f —v +sf)2 — 4sf2 + 4sf.

Similar to (3.5) the derivative of the pressure with respect to the volume can be evaluated, which
becomes

T (3.8)

dp 7 p°

v qV®
In Figure 3.2b, the pressure fraction, r, has been depicted for various values of s. This figure shows
that s should be chosen small such that the behavior of the structure is similar when containing an
incompressible fluid. In Section 3.4, the effectiveness of the above approach will be illustrated on the
basis of several numerical examples.
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Figure 3.2: The influence of fluid compressibility for a structure filled for 85% with fluid. Analytical
results are depicted. The horizontal and vertical axes refer to the normalized volume and the normalized
pressure, respectively. (a) Due to an incremental-iterative solution procedure the gas pressure can be-
come negative. (b) The introduction of a nearly incompressible fluid with a fluid compliance s, prevents
the gas pressure from becoming negative for the full range of v. The pressure fraction r has been depicted
Jfor various values of s.

3.3 Finite element approach

In a general FE setting [6, 79] we often start from the principal of virtual work which reads
5W«‘uz - Jwe:ct’ (3.9)

where W and §W %! are the internal and external virtual work, respectively.
Assuming linear elastic material behavior the internal virtual work for the entire structure can be
formally described as
Wit = 5eTe = §e'Se(u)
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where €,0,u and S are the generalized deformations, the generalized stresses, the nodal degrees of
freedom and a symmetric matrix which depends on the clastic material properties and the precise element
definitions, respectively. The corresponding rate equations become

du df
dx — dX\
The matrix G represents the gcometric stiffness matrix. The matrix D gives the relations between the

deformation rates and the nodal velocities. The last term, the load vector f, can in the present setting be
described by two terms

(D'SD + G)

f=A 4+,

where M is an cxternal load vector, independent of u, which can be scaled with the load factor A. The
vector 7 is the external load duc to the gas which, with the help of (3.1), can be written as

oV
Ou
The way the enclosed volume of the structure is calculated, is described in Appendix 3.A. During a FE

analysis the external load will be incrementcd by changing the factor A. The corresponding rate equations
become

= (p(Vy) - %) (3.10)

. orY d
(D"SD+6) - = %:f*. G.11)
With (3.10) it follows that
dp(V,
= ’;(V”)VMﬁ(p(Vg)—p“)‘/,u, (3.12)

where - - - ; refers to ou; -

It may be clear, that V is a function of nearly all nodal degrees of freedom. Therefore, the first
term in the ch.s. of (3.12) yields a non-sparse contribution to the system matrix. The contribution f,"
is symmetric and has previously been examined by many investigators (35, 46, 47,57, 78](the reader is
also referred to Appendix 3.A). The non-sparse system matrix requires a special method to solve the
sct of equations using a direct method. Combining (3.11) and (3.12) in such a way that the sparse and
non-sparse components are separated lcads to

du

a8 _ e
K+x ](M £, (3.13)
with &
» 1%
K=D'SD+G - (p —p*
G- - 550
_ & OV
Toav T ou’

As can be seen from (3.13), K is still sparse, whereas the non-sparse contribution has been described by
xaa’’. A technique to solve (3.13) has been found by trying

du
a—ua-#b, a-b=0.
This results in
b=K'f - p(a+ na’K'a)
with Ty—LpA
§= a K P 2
a?(1 + xal’Kla)’
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Figure 3.3: Square plate that determines a pyramid shaped reference volume. The reference volume can
contain a combination of fluid and gas.

This way of solving turn out to be similar to the Sherman-Morrison formula {1,27,31] where the inverse
of a modified matrix is related to the original matrix. Akgiin et.al. [1] uses the Sherman-Morrison
formulas for fast static reanalysis in order to find the response of a structure after modifications by using
the original response of the structure. The required computional effort for this is much less than the effort
required by a complete analysis. The Sherman-Morrison formulas utilize the property that the solution
of a system of linear equations can be updated inexpensively when the matrix is changed by a low-rank
increment {1].

More details and a slightly modified formulation, which is also applicable when the matrix K is
singular, are given in Appendix 3.B. It is noted, that the problem of a non-sparse matrix could also be
circumvented using a Lagrange multiplier formulation. In that case the formulation starts of from the
introduction of an additional kinematic variable, being the volume of the structure. This approach will
lead to governing equations which are similar to the ones described here.

3.4 Examples

In this section the effectiveness of the penalty method as defined by (3.6) will be examined by four
examples, namely:

¢ an undeformable structure containing an incompressible fluid;

¢ an undeformable structure that contains a nearly incompressible fluid;
e a flexible structure containing an incompressible fluid;

¢ a flexible structure that contains a nearly incompressible fluid.

All four examples are based on the same problem definition. The structure that has been considered is
depicted in Figure 3.3, which shows a square plate that determines a pyramid shaped reference volume.
The reference volume is filled for 85% with fluid. A displacement in downward direction has been
prescribed along all sides. The in-plane displacement components and all the rotations about the sides
have been set to zero. During the downward movement of the plate the internal pressure will increase and
causes deformation of the flexible plate. If during an FE analysis the volume change of the structure is
larger than the remaining gas volume and the fluid is incompressible then the pressure becomes negative
as discussed in section 3.2. This is more prone to happen with stiff structures and can be circumvented
by application of the penalty method.

The undeformable structure consists of a square plate modeled by only two triangular elements [9,
72,73). The used clement has a rotational degree of freedom about each element side and 3 translational
degrees of freedom at each comer node. Since, the rotations about the sides of the structure have becn




Pressure Effects in Closed Structurcs 37

10 ) " " : N ) " L .

(@)

1e+5 v T T r T T T T T

le+4 | q

le+3 1

le+2 1

le+l | E

(b)

Figure 3.4: Simulated compression of a rigid structure filled for 85% with fluid. The horizontal axes
refer to the normalized volume, whereas the vertical axes refer to the normalized pressure. (a) Structure
with an incompressible fluid. (b) Structure with a nearly incompressible fluid.

set to zero and only two elements are used, the model will remain flat. As can be seen in Figure 3.4,
the pressure becomes negative in case of an incompressible fluid and remains positive in case of a nearly
incompressible fluid. These results match with the analytical results as dcpicted in Figure 3.2. Notice,
that the reference volume remains a pyramid with flat faces, which is a consequence of the too coarse
model, which consist of only two elements.

The flexible structure consists of a square plate modeled using a fine mesh (see Figure 3.5). As can
be seen in Figure 3.6 the pressure becomes negative in case of an incompressible fluid and causcs the
curvature of the deformed configuration to reverse (scc Figure 3.5a). In case of a nearly incomprcssible
fluid the pressure remains positive.
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(@) (b)

Figure 3.5: Deformed configurations of a flexible structure filled for 85% with fluid. Two series of
subsequent configurations have been depicted. The horizontal lines depict the undeformed configuration.
The applied load increases going in downward direction. (a) Deformation of the structure with an
incompressible fluid. (b) Deformation of the structure with a nearly incompressible fluid.

3.5 Application

Two applications for which the pressure influence plays a significant role will be described. The first
example is an airspring that has been studied by Berry [7]). The second example is a plastic bottle for
edible oil.

An airspring is an air-filled reinforced rubber balloon held fixed between two rigid end plates. As the
end plates are moved up and down, the internal volume expands or contracts, providing the additional
pressure to support the loads. Nearly all of the load carrying capacity of the airspring is contributed
by the enclosed air {7]. The two-bellowed airspring, as used by Berry has been depicted in Figure 3.7.
Due to symmetry Berry used an axisymmetric model as depicted in Figure 3.8 , which also depicts the
dimensions of the spring. The airspring is made out of rubber reinforced by two layers of polyester
cords, which causes the spring to have a very high membrane stiffness and a very low bending stiffness.
The results from Berry have been compared with results obtained by the present approach. For this a %
model of the airspring was modeled using triangular elements [9,72,73]. The model had the dimensions
as depicted in Figure 3.8 and isotropic material properties (Young’s modules: 3000N/mm?, Poisson’s
ratio: 0.35) are used. The airspring is modeled with a thickness of 2 mm. It can be expected that for low
internal pressures the load-compression curve will be different as compared to the results of Berry (1996)
due to usage of different material propertics. However, at higher pressures this effect should decrease.
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Figure 3.6: Simulated compression of a flexible structure filled for 85% with fluid. The horizontal axis
refers to the normalized volume, whereas the vertical axis refers to the normalized pressure. Two simu-
lations have bee depicted: with (compressible) and without penalty factor (incompressible).

Firestone

Figure 3.7: The two-bellowed airspring (By courtesy of Firestone [11]).

The mesh of the model has been depicted in Figure 3.9, on all sides, except the sides at the top, symmctry
conditions have been applied. On the top surface of the airspring displacements in downward direction
have been prescribed. The initial internal volume has been set to 1.3257 x 107mm3, which is conform the
actual internal volume of the airspring. Simulations have been carried out for 3 different initial pressures
(0.1378, 0.2756 and 0.4134 MPa at 0 mm compression). This is conform the experiments as described
by Berry (1996), where the airspring was clamped between two horizontal platen, after which the initial
internal pressure was increased to the desired initial internal pressure. The results from simulations and
experimental results [7] have been depicted in Figure 3.10. This figure also shows that for small internal
pressures, as mentioned before, results differ due to different material properties. This explains why the
results for an initial pressure of 0.1378 MPa differ relatively more from Berry’s (1996) calculated and
experimental results than the results for higher initial pressures.

The second example describes the influence of the internal pressure for a plastic bottle for edible
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Figure 3.8: Dimensions of the airspring as used in the model.

Figure 3.9: Mesh of the airspring model. The mesh describes % model of the two bellowed airspring.
Along bottom and side edges symmetry conditions have been applied.
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Figure 3.10: Experimental and simulated results for the airspring example. The horizontal axis refers to
the compression of the airspring, the vertical axis gives the required compression force. The pressures
0.1378, 0.2756 and 0.4134 MPa are initial internal pressures at 0 mm compression.

oil. The bottlc as depicted in Figure 3.11 is a 750 ml oPET (oriented PET) stretch-blown bottle for
vegetable oil. During compression of the bottle, for example caused by stacking, a significant pressure
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Figure 3.11: Geometry of the 750 ml round oPET bottle used for packing edible oil.
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Figure 3.12: Experimental setup of the pressure and top load measurements.

increase occurs in the bottle. Several boitles, with different fill levels have been studied experimentally
and afterwards simulations have been carried out for validation of the described model. In Figure 3.12
the experimental sct up is depicted. During the experiments the bottle was closed with a plug. A small
channel inside the plug and a narrow metal tube connected the headspace with the barometer. From
several bottles the compression force, the internal (over)pressure and the vertical compression were eval-
uvated and recorded on a computer. In all simulations triangular elements [9,72, 73], and linear material
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Figure 3.13: Simulated deformation of a nearly full bottle under top load. This figure depicts a botile
far past its initial buckling. Since the bottle was supported on the outer diameter only (the bottle was
standing on a ring), the high internal pressure caused the bottom to buckle outwards. The last is in
agreement with experimental results.

behavior have been used. The finite element model of the bottle is depicted in Figure 3.13. As can be
seen in Figure 3.14 the calculated and measured results match well. The fact that the buckling load of the
bottle is not adequately described during the simulations can be appointed to the used material properties
and the fact that initial imperfections in geometry and wall thickness distribution have not been taken
into account [66, 67]. The figure clearly points out that the internal pressure significantly contributes to
the strength and stiffness of the structure. The difference between experimental and calculated results at
higher internal pressures for a bottle filled for 90% with fluid is caused by solubility effects which have
not been taken into account and are further discussed in the next chapter. One might expect that at higher
pressures and small gas-fluid ratios, the effect of gas components (in this case oxygen and nitrogen)
dissolving in fluid becomes more pronounced.

In current practice the bottle is filled for 96.8% or more with fluid. In this chapter only bottles filled
up to 90% have been examined, higher fill levels require inclusion of the solubility effect [71] which is
beyond the scope of this chapter.

3.6 Conclusions

Many structures enclose a certain volume. Often this volume is filled with gas whereas in other structures
a combination of fluid and gas is present. The gas enclosed by a structure can significantly contribute
to the strength and stiffness. The methods to solve the governing equations as described in this chapter
take this pressure effect into account even when the initial stiffness matrix is singular and preserve the
sparse structure of the system matrix. The complication of a singular modified stiffness matrix (K)
has been addressed in Appendix 3.B. In most cases the approach discussed in Section 3.3 will be most
efficient. Notice, that only in rare cases the modified system matrix will be singular. The implementation
of the solution procedure which is applicable to singular initial stiffness matrices (Appendix 3.B) is
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Figure 3.14: Experimental and numerical results for a bottle filled for 90%, 75% and 0%(empty) with
fluid. The compression and the required compression load have been plotted on the horizontal and
vertical axis, respectively. Note, that lines have been used for experimental results.

significantly more involved as compared to the formulation presented in Section 3.3.

Some complications can occur when during a FE analysis the volume change during a lincarized
step is larger than the remaining gas volume. When the fluid is incompressible this leads to negative
internal pressure. Obviously, this situation is physically infeasible. The last can be circumvented by
introduction of a fluid compliance. This compliance should be chosen very small in order not to affect
the fluid volume in the structure.

The proposed model and its implementation has been verified by two examples and has finally been
applied to two practical examples, namely an airspring and a plastic bottle. The calculated results were
in good agreement with the experimental results. As for the airspring example adequate information
on material data is missing, results indicate discrepancies for low internal pressures. However, as soon
as the mechanical behavior is dominated to a significant extent by the intemal pressure, numerical and
experimental results are in perfect agreement. In case the amount of gas is small as compared to the
fluid volume, deviations with experimental results tend to be large. This effect is due to solubility effects
which play a crucial role for small gas-fluid ratios. This aspect will be the subject of Chapter 4.
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Figure 3.A-1: Element, reference point and origin.

Appendix 3.A

Calculation of the enclosed volume

The volume enclosed by the structure can be determined straightforwardly. In Figure 3.A-1 a triangular
element [9, 72, 73] has been depicted with a fixed reference point, p. The total enclosed volume of a
closed structure can be determined by

n
V = Z Vi, (3.A-1)
k=1

where k, n and Vj are the element number, the total number of elements and the contribution of a single
element to the reference volume, respectively. The contribution of a single element to the reference
volume is defined by the tetraedrical volume which is defined by the reference point, p, and the corner
nodes of the element. This volume can be calculated using

1
Vi = P (r2 xr3), (.A-2)

where r|, r2 and r; are the position vectors of the comer nodes with respect to the reference point p.
These vectors span the tetracder and are depicted in Figure 3.A-1. In every configuration the vectors r;
are determined by

ri =x; +0; — p,

where x; and 4; are the initial comer node location vectors and the nodal displacement vectors, respec-
tively.

First-order derivatives of the volume

From (3.A-2) the first-order variations of the volume can be determined, giving

1
6
After rearranging and substitution of ér; = du; , §Vj reads

1 1
Vi = =ory - (ro x r3) + 6“ - (6rg x r3) + En - (rg x ér3) .

g B A g r2 x r3
[aﬁ{ sal aﬁf,] ryxre | . (.A3)
rXry

1

Vi =
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Second-order derivatives of the volume

The second-order variations can be obtained by differentiation of the first-order variations. With (3.A-3)
the second-order variations of thc volume read

Sa(ry X 13)

1 AP e A e AT .
5152Vk = 6 [51“1 (51“2 (5]“3] (\2(!‘3 X l‘l)
da(rp X 1y)
This can be rewritten as R
dal)
N & P TR 5o
01(52‘;; = 6 5[“1 5[“2 dlu3 { :2112 )
oy
where [ is the following matrix
- Ao e
—rg i r% —rd
L 3 —rd —r3 7; ,
—ry T3 ) : TN
' = 7'% . —1'1‘ —'rf 7}
—’r% r . 2 —r
R e N
—r3 s —r}
3 —r -r? ! i

Here, 1‘;- refers to the i-th component r;. Notc, that I" is symmetric.
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Appendix 3.B

The present appendix discusses two techniques to find the solution of
K¢ KcO + s acacT‘ a‘a or Aut _ Af¢
KOC KOO aoa""l aoao Au® - Ato

The unknown variables are Au® and Af°, whereas Au® and Af* are the known variables. Looking at the
unknowns, Au® only and by trying

Au‘ = pa®+b¢,  a’ b‘ =0, (3.B-1)

the following augmented set of equations can be obtained

(3.B-2)

v 0

K* K“a* +n a“ a%)a’ ] [ be ] [ AF — (K9 + xa‘a® )Au?
aL

The first approach that will be described to solve (3.B-2) will make use of the inverse of the stiffness
matrix K, while an alternative technique does not and is therefore applicable when K is singular.

Regular stiffness matrix

The first technique assumes a regular stiffness matrix K. From (3.B-2) it can be determined that
b¢ = Ko [AF — (KD + naca"")Au"] — pa® — pr(a®” a%) (K a%). (3.B-3)

Pre-multiplication by a’ gives

LC"'K&-"(AF — (K + xaa®) Auo)} (3.B4)

(2" a)(1 + xa" K 'a¢)

where use of a¢" b¢ = 0 has been made. Combining (3.B-1), (3.B-3), and (3.B-4) leads to the solution of
(3.B-2)

Au® =

TR AF - (K + ra‘a?” ) A’ g
= ((1+m(tl'(1(:‘n:‘)a : u)} () ()

4K [At" (K9 + xa“a’ )Au]

This technique requires only one additional back substitution in order to calculate K 'a® and proved
very efficient. It is emphasized that the approach works only for a regular stiffness matrix K.

Singular stiffness matrix

In case the initial stiffness matrix K* is singular the previous technique is not applicable and another
approach must be followed to solve (3.B-2). The altenative technique makes (3.B-2) symmetrical by

pre-multiplying it with
| 0
T = [ et T c] ?
a® kxa“ a
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where I is a unity matrix with the same dimensions as K. This results in
cegt oo r ¢l geeqe et oey2
K“a® + x(a* a%)a a® Ka® + x(a® a*)

Af — (K 4 ka‘a® u'
a (AF — (K + na‘a” Ju0)

K< K“a® + k(a¢ a‘)a’ [ be ]
3

(3.B-5)

As can be scen from (3.B-5), the matrix on the Lh.s. is symmetric. In spite of the fact that the stiffness
matrix K can be singular, the modified matrix can be regular. The obtained augmented set of equations
(3.B-5) can be solved with a direct solver. A more careful inspection of (3.B-5) reveals that only an
additional row or column has to be stored, i.e. a sparse structure of K will not be destroyed.
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Based on: R. van Dijk, F. van Keulen and J.C. Sterk, The Influence of Solubility Effects on the Pressure Increase during
Deformation of Closed Thin-Walled Structures, Thin-Walled Structures, 35(1), 2540, (1999).

Chapter 4

Solubility Effects in Closed Filled
Structures

In structures with an internal volume, the enclosed gas can significantly contribute to the strength and
stiffness. If this enclosed volume also contains a fluid then an exchange of components between the
gas and fluid can take place. This chapter describes these solubility effects and presents a method how
to account for the solubility effect in structural analyses. The described method has been studied on a
typical packaging problem, namely a closed filled bottle under vertical compression. The numerical
studies have been validated by experiments.

4.1 Introduction

Many structures surround a volume which contains both fluid and gas. Typical examples are filled bags,
bottles, soft drink cans, efc. Deformation of such structures, for example the vertical compression during
stacking, causes intcrnal pressure changes which conscquently lead to gas dissolving in the fluid or to
escaping of gas from the fluid.

The present work originates from the fact it was desirable for Unilever, a large manufacturer of
food products, to determine the compression strength of closed filled plastic oil bottles as depicted in
Figure 4.1. The compression strength of a bottle is determined by the maximum load the bottle can carry
before the occurrence of collapse, for example in a pallet load. During experiments and simulations
(which accounted only for pressure effects) significant differences were found between experimental and
numerical results for nearly filled bottles. This was indicated to be caused by solubility effects.

Among others [7,10,20,25,29,33,58,78], Berry | 7] investigated internal pressure effects and applied
his methods to pressurized soft drink cans and an airspring. For these applications fluid-gas intcractions
have not been addressed. Due to the fact that for small gas-fluid ratios (e.g. 5% gas and 95% fluid) the
gas-fluid intcractions have a significant influence on the mechanical behavior of the structure, this effect
has been described in this chapter.

The present chapter is divided into different parts. Firstly, a theoretical description is given which
describes how the contents, gas and fluid, influence on the internal gas pressure. Secondly, it is dis-
cussed how the solubility effect has been accounted for. Thirdly, implementational issues are addressed.
Thereafter, the described method is verified with experimental results of the bottle filled with water.

4.2 Pressure effects

In Figure 4.2, a typical situation has been depicted. The figure displays a closed structure which contains
both gas and fluid. During compression of the bottle the internal pressure will increasc and the gas will
dissolve in the fluid, consequently leading to a new equilibrium gas pressure. In the sequel it has been
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Figure 4.1: A plastic 750 ml bottle for edible oil.
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Figure 4.2: Situation sketch, V, V,, V;, p and p® are the total enclosed volume, the gas volume, the
fluid volume, the internal pressure and the ambient pressure, respectively. The arrows visualize the gas
exchange due to solubility effects.

assumed that hydrostatic pressure cffects of the liquid are negligible in comparison with the pressure
effects of the gas.
The virtual work corresponding to the pressure difference, can be expressed as

Wt = (p(Vy) — p*) 8V, .1)

where p(V,) represents a gas law, giving the total gas pressure as a function of the total gas volume, V.
When the encloscd volume contains an ideal mixture of gases, then according Dalton’s Law of partial
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pressures [28, p.36], the total gas pressure can be described as

m

p= zpi’ i=1... m, (42)
i=1

where p, p; and 1, are the total internal actual gas pressure, the actual partial internal gas pressure of gas
i and the number of gases, respectively. The partial gas pressure is defined as [23]

pi=p, 4.3)
where 7; and n are the amount of gas i and the total amount of gas, respectively. Note, that > 12| n; =
1 [28, p.36], wherc  is the total amount of gas (in mol). In case of a mixture of perfect gases and making

use of (4.3), the gas law can be described as [23, 24]

P, piVy _PVy
nT T n?T“

“4.4)

In the present setting it is more convenient to express the pressure in terms of the total cnclosed volume
V. In case, the gas is governed by (4.4) and with a constant fluid volume, the pressure is determined by

™m

T

Ve—Vin; T

P=3n= 3y ot @.5)
i=1 =1 i

After introducing

v |4 T
f——W, ’U:Vo, T—ﬁ,

where f, v and 7 are the initial fluid fraction, the actual volume fraction and the normalized temperature,

respectively, (4.5) can be rewritten as

4.6)

m 1 T l; f
p= pi= ;%U_f‘rp?. @.n
11

=1t

The latter results thus in an expression where the internal pressure is given as a function of the internal
gasses, the solubility coefficients, the fluid volume and the enclosed volume.

4.3 Solubility effects

For small gas and large fluid volumes in an enclosed structure the gas exchange can have a significant
effect on the behavior of the complete structure. According to Henry’s law the concentration of a solute
gas in a solution is directly proportional to the partial pressure of that gas above the solution [13, 43].
Henry’s law is found to be an accurate description of the behavior of gases dissolving in liquids when the
concentration and partial pressures are reasonably low [13,43,53]. In the sequel it will be assumed that
Henry’s law is applicable. Further, it needs mentioning that the molar solubility of a gas is temperature
dependent: the solubility of a gas decreases for higher temperatures. In the sequel the temperature will
be assumed constant: 7 = 1, since this is a common manufacturing condition. Following Henry’s law
for constant temperature, the dissolved amount of gas (in mol) reads

D,‘ = Si Vf, (48)

where D; and S; are the dissolved amount of gas i (in mol) and the molar solubility of gas i at I" = o,
respectively. In the present formulation it has been assumed that the solubility equilibrium is a quasi-
static process, in other words the equilibrium occurs instantaneously. This assumption is not verified



52 Chapter 4

in the present thesis but has been derived from experimental work on the compression of closed-filled
bottles at different compression speeds.
With (4.8) the amount of gas ¢ becomes

n; = N; — D; = N; — piSiVy, 4.9)

where /V; is the total amount of gas i, i.e. both dissolved in the fluid and as gas. Notice, V; is assumed
constant, this means that the structure is a closed system. In other words, gas cannot permeate through
the bottle wall and N; can easily be determined from

Ni=nd + DY, 4.10)

where D) is the initial amount of dissolved gas i in the fluid. D?/(p?V) refers to the initial saturation
of the fluid and will in the sequel be denoted by s;. For a degassed fluid, it holds true D¢ = 0. In many
cases, the filling conditions are ambient and saturation at ambient conditions took place. It can then be
assumed that D0 = p{8;V;, where p{ is the partial pressure of gas ¢ at ambient conditions.

Note, that the amount of a certain component in the gas volume now reads, n; = n + DY — p;S;V;
and becomes negative for partial pressures larger than the critical partial pressure, which is defined as

0 0

er ’ni + D'-
T — . 4.11
pi AT @.11)

The last is due to the linear relationship between the dissolved amount of gas D; and the partial pressure
pi as described in (4.8). Therefore, care should be taken not to approach this critical partial pressure
numerically. Note that also the gas law as used in this chapter is not valid for very high pressures.

The initial amount of gas i, n enclosed by the structure can easily be determined using the gas law,

giving

n? = ”* TV - V). 4.12)
When substituting (4.9), (4.10) and (4.12) in (4.7) the partial pressure for 7 = 1 becomes
1= fq4, f (D}
p’_v~fp‘ +v-f (Vj piS; | TR. 4.13)

The equilibrium partial pressure can directly be derived from (4.13)
_1-f(1-5TR) 0
b= T fa - STRP
As mentioned before in (4.11) the critical pressure p{” may not be exceeded. Substituting (4.12) in
(4.11) gives

4.14)

o 1=f1=sTR) ,
pi = —WM‘-
Comparing (4.14) and (4.15) shows that the critical pressure will be exceeded for values v < f thus
when the total volume contains only fluid.
Hence, the total internal pressure can now be determined according

m m 1- f(1 - TR) o
P—;Pi—lz:;mpi and v> f, 4.16)

(4.15)

and is a function of the enclosed volume only.
As will be shown later also the derivative of the total pressure with respect to the volume will be
required, which can be found by differentiation of (4.14),

dp _~dpi _~x~  1-f(1-sTR) p}
' 2:(1 @17

v " dv '~ f(1L— SITR))Z VT
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Figurc 4.3: Total, partial oxygen and partial nitrogen pressure for an arbitrary closed structure filled
for 90% with fluid, while solubility effects have been taking into account. The figure clearly shows
how the total internal pressure depends on the partial pressures. Horizontally, the reference volume v
(v = actual volume /initial volume) has been plotted. The vertical axis displays the total as well as the
internal partial pressure(s).

If the solubility can be neglected then expression (4.14) simplifies to

m 1 f 1 f m
N l-fo_1-F0 o N0 _
P=) ikt ;pz (4.18)

=1
Consequently, the derivative of the pressure becomes

dp 1—f p°

&V (v- f)2VO

=

?

“4.19)

<

As an example in Figure 4.3 the partial and total pressure(s) have been depicted for an arbitrary
closed structure filled for 90% with fluid, using the following assumptions:

e 2 gasses: O and Ngy;
o the initial pressure, p? , of O; and N; are: 0.02 and 0.08 N/mm?;
e the solubilities, SY, of Oz and N are: 1.26 x 107% and 6.38 x 10~ mol/(mm® N/mm?);

o the initial amount of dissolved gas is: D = p¢S;Vy = p)S;V}; this means that it is assumed that
the initial internal pressure is ambient and that the fluid was saturated with O, and Ny at ambient
conditions;

o the temperature is: 298 K;
o the gas constant is: 8314.4 Nmm/(K mol).

In Figure 4.4, the influence of solubility effects has been depicted using the same assumptions as in
Figure 4.3. From Figure 4.4 it can be seen that the solubility has a significant effect on the internal
pressure. This figure also shows that for v < f, thus when in practice the fluid will be compressed,
the internal pressure is not correctly predicted. When the solubility can be neglected, this can occur
during a FE calculation, as soon as the volume change caused by a linearized step in the nonlinear
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Figure 4.4: The figure depicts the analytical results for the internal pressure of two different cases (with
and without solubility effects) for a structure filled for 90% with fluid (f = 0.9). Note, that for both cases
the pressure is discontinuous. Along the horizontal axis the reference volume, v, is depicted. The vertical
axis displays the total internal pressure, p. The figure clearly shows the influence of solubility effects.
Note also that for the physically infeasible values v < f, thus when the actual volume is less then the
fluid volume, the pressure is incorrectly described for cases with and without solubility effects.

analysis is larger than the current gas volume and consequently, the new gas volume, v — f, becomes
negative. This will consequently result in a negative pressure. In case the solubility can be neglected
this can be circumvented by introducing a penalty factor for the fluid compressibility [71]. In case the
solubility cannot be neglected the problem should be solved more rigorously. Since, at the moment of
fluid compression, thus v = f, all gas is dissolved in the fluid (see also (4.16)), the internal pressure will
only be determined by the fluid compression, for example,

i 0
p=|1——=]c+p’, (4.20)
Vs

where ¢ is the compressibility of the fluid, Vf‘ the actual fluid volume and V; the initial fluid volume.
Note, that the here uscd assumption that all gas will be dissolved at the moment of fluid compression
does probably not hold true in practice.
4.4 Finite element approach*
In a general FE setting [6,79] we often start from the principal of virtual work which reads

SWint = gwest, @.21)

where §W " and §W ¢ are the internal and external virtual work, respectively.
Assuming linear elastic material behavior the internal virtual work can be formally described as

Wit = §ea = 6e7'Se(u)

where €,0,u and S are the generalized deformations, the generalized stresses, the nodal degrees of
freedom and a symmetric matrix which depends on the clastic material properties and the precise element

* The reader who read Chapter 3.3 can skip this section.
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dcfinitions, respectively. The corresponding rate equations become

da  df
d\ T dX\
The matrix G represents the geometric stiffness matrix. The matrix D gives the relations between the

deformation rates and the nodal velocities. The last term, the load vector f, can in the present setting be
described by two terms

(D'SD + G)

f=20 4+,
where M is an external load vector, independent of u, which can be scaled with the load factor A. The
vector f# is the external load due to the gas which, with the help of (4.1), can be written as
) N ov
= (pV,) —p*) B

During a FE analysis the external load will be incremented by changing the factor A. The corresponding
rate equations become

(4.22)

(D'SD + G) - % %‘ =f. (4.23)
With (4.22) it follows that
p dp(Vy) N ’ ST
fi,j =Tav V1V[ + (P(Vq) -p )V,t;u (4.24)
where - - - ; refers o gT‘ .

It may be clear, that V is a function of nearly all nodal degrees of freedom due to the use of shell
elements. Therefore, the first term in the rh.s. of (4.24) yields a non-sparse contribution to the system
matrix. The contribution f¥ ; is symmetric and has previously been examined by many investigators [35,
46,47,57,78]. The non-sparse system matrix requires a special method to solve the set of equations using
a direct method. Combining (4.23) and (4.24) in such a way that the sparse and non-sparse components
are separated leads to

prda
. = 2
K+ xaa ]d)\ £, (4.25)
with 2y
K:D"SD+G-(p—p“)auau
dp _ E)K

=—-— a

dv’ Ju
As can be seen from (4.25), K is still sparse, whereas the non-sparse contribution has been described by
xaal’. A technique to solve (4.25) has been found by trying

Z—::uaer, a-b=0.
This results in
b=K ' - p (a+ na2K_la)
with K- -
p=— - o> =a’a.

a?(l + kal'K'a)’
This way of solving is similar to the Sherman-Morrison formula [1,27,31] where the inversc of a modificd
matrix is related to the original matrix. Akgiin et.al. [1] uses the Sherman-Morrison formulas for fast
static reanalysis in order to find the response of a structure after modifications by using the original
response of the structure. The required computational effort for this is much less than the effort required
by a complete analysis. The Sherman-Morrison formulas utilize the property that the solution of a system
of linear equations can be updated inexpensively when the matrix is changed by a low-rank increment [1).
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Figure 4.5: Experimental set-up of the 750 ml round edible oil bottle.

4.5 Application

The described problem applies to bottles filled with edible oil. During compression of a bottle, for ex-
ample caused by stacking, the bottle deforms and the internal pressure increases [66,67]. Consequently,
the gasses in the ‘headspace’ of the bottle dissolve in the oil until a new equilibrium pressure has been
reached. Several bottles with different fill levels have been tested in an experimental set-up as depicted
in Figure 4.5. Five different fill levels were examined: 0% (=empty), 75%, 90%, 95% and 96.8% fluid.
In all experiments, the bottle was filled with air-saturated water at room temperature (298 K). In case
the bottle would be filled with oil or another liquid then different results can be found due to different
solubility rates. Notice, that only few information is available for solubility rates in liquids other than
water. During the experiments the compression distance, the reaction force and the internal pressure were
evaluated. The experiments were carried out at different compression speeds (10 and 100 mm/min) but
no difference in the results was found. In all simulations triangular thin-shell finite elements [9, 72, 73],
and linear material behavior have been used. A quarter of the bottle has been modelled, that is, a quarter
of the circumference and the full bottle height using 9814 elements. Symmetry conditions were pre-
scribed along the edges. In Figure 4.6, the mesh as used for the simulations has been depicted. As can be
seen in Figure 4.7, numerical results, without accounting for solubility effects, and experimental results
match for large gas-fluid ratios (empty, 75% and 90% fluid). The sudden loss of load in the experimen-
tal curves between 5-8 mm compression is due to a buckling effect. Furthermore, this buckling effect
is so fast that the numerical results during and after buckling are not predicted adequate due to several
rcasons: thermic effects, dynamic effects, non-linear material behavior, contact effects and probably a
non-equilibrium with respect to the dissolved amount of gas. The fact that the onset of buckling load
of the bottle is not accurately described during the simulations can be appointed to the used material
properties and the fact that initial imperfections in geometry and wall-thickness distribution have not
been taken into account [25,26]. From Figure 4.7 it can also be concluded that for small gas volumes
the experimental and simulated results differ significantly. The last is not unexpected since in the present
setting a small gas volume means a small gas-fluid ratio and leads to a higher internal pressure at the
same level of compression. Both, a higher internal pressure and a small gas-fluid ratio cause an increase
of the dissolving of the gas. The last has been illustrated in Figure 4.8. This figure clearly shows that for
small gas-fluid ratios the solubility effect needs to be taken into account and has a large influence on the
stiffness of the involved structure.
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Figure 4.6: The undeformed (left) and deformed (right) mesh of the bottle using 9814 elements and a
quarter model of the bottle.
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Figure 4.7: Experimental and numerical results for a closed bottle under vertical compression where
the solubility effect has been neglected in the simulations. The loss of load for the numerical results for
a structure filled for 96.8% with water is due to buckling of the bottom (outwards) of the bottle, during

experiments this buckling was encountered occasionally. Note that lines have been used for experimental
resulls.
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Figure 4.8: Experimental and numerical results where the solubility effect has been accounted for in the
simulations. The loss of load at approximately 650 N for the 96.8% filled bottle is due to buckling. Note
that lines have been used for experimental results.

4.6 Discussion

In structures with an enclosed gas volume the gas can contribute significantly to the strength and stiffness
of the structure. If the enclosed volume also contains a fluid then for an increasing internal pressure the
gas can dissolve in the fluid and consequently influence on the mechanical behavior of the structure. For
large gas-fluid ratios the solubility effects can be neglected, while for small gas-fluid ratios this effect
plays a major role and should be included.

The described model to account for solubility effects has been verified by the application to a plastic
bottle for edible oil. The calculated results were in good agreement with the experimental results and
confirmed that for small gas-fluid ratios the solubility effect should be accounted for during simulations
of such structures.
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Chapter 5

Design Sensitivities

Many efficient structural optimization algorithms require gradient information. Semi-Analytical
(SA) design sensitivities are rather popular, as they combine ease of implementation with compu-
tational efficiency. For closed-filled structures also the effects of internal pressure changes and solu-
bility of the gas in the fluid may be important. Typical examples for which these aspects are relevant
can be found in packaging, e.g. edible-oil bottles. This chapter focuses on design sensilivities for
such closed-filled structures. The design sensitivities are based on a refined SA formulation for the
structure, whereas the contribution related to its contents is evaluated analytically.

5.1 Introduction

Many structures surround a volume which contains both fluid and gas, i.c. so-called “closed-filled”
structures. Typical examples can be found in packaging, e.g. bottles, cans and bags. Since millions
of packages are being produced every year, optimization is of great importance as discussed by Van
Dijk et al. [67] and in Chapter 2 of this thesis. For effective designs it is important to account for the
internal pressure effects. Van Dijk and Van Keulen [68] (see also Chapter 3and 4 of this thesis) discus the
modeling of these pneumatic effects which require handling of the complication of a non-sparse tangent
operator. The latter originates from the fact that the internal pressure causes a coupling between almost
all nodal degrees of freedom. An internal pressure change also leads to a gas-fluid interaction which
depends on the solubility of the gas. The relative importance of solubility strongly depends on the gas-
fluid ratio. For large gas-fluid ratios, i.e. for a large gas volume and small fluid volume, solubility effects
can in general be neglected. However, for small gas-fluid ratios, e.g. as found many plastic bottles, this
effect has a significant influence and should be taken into account. For longer time periods, permeability
and chemical reactions, e.g. oxidation of the contents, influcnce on the intcrnal pressurc and should
be taken into account. These aspects will be discussed in Chapter 6 and further. The time dependent
deformation of the package, i.e. relaxation of the package will not be considered in this thesis.

Design and optimization processes may rcquire accurate information on design sensitivities, i.e. in-
formation on the derivatives of responsc functions, such as stresses, strains and displacements, with re-
spect to the independent design variables. Especially for the above mentioned structures, which require
non-linear analyses, design sensitivity can be very valuable as they can be retrieved relatively cheaply.
In the present work the Refined Semi-Analytical (RSA) approach as described by Van Keulen and De
Boer [75] and Van Keulen and Dc Boer {74}, will be adapted for geometrically non-lincar analyscs of
closed-filled structures. Two aspects cause design sensitivity analysis to be more involved. Firstly, the
pressure effects cause the tangent operator to be non-sparse, which calls for a special scheme to solve
the corresponding set of equations efficiently. Secondly, solubility effects have to be incorporated. In the
current chapter the method is demonstrated on the basis of a rectangular plate with a pyramid like control
volume, an air-spring and a bottle. The accuracy of the proposed scnsitivity analyses will be compared
with results obtained using Global Finite Differences (GFD).

59
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Figure 5.1: a) Situation sketch, V, V,, V;, p and p® are the total enclosed volume, the gas volume, the
fluid volume, the internal pressure and the ambient pressure, respectively. The arrows visualize the gas
exchange due to solubility effects. b) Rectangular plate (2L x 2L) which encloses a pyramid shaped
reference volume (with top P) and initial enclosed volume V°. On the right, the finite element mesh of
the plate has been depicted.

5.2 Internal pressure and solubility effects

A typical example of a closed-filled structure is depicted in Figure 5.1a. The virtual work corresponding
to the pressure difference, can be expressed as

5W;“ = (p—p*)oV, 5.1

where p is the total internal pressurc and p® denotes the ambient pressure. According to Dalton’s Law
of partial pressures the total gas pressure p is given by the sum of the partial gas pressures for an ideal
mixture of gases [28). In the present setting p;(V?,V, V) represents the partial gas pressure as a function
of the initial enclosed volume of the structure at ambient pressure (V9), the actual total volume (V) and
the fluid volume (V). Thus it has been assumed that the temperature remains constant.

The dissolved amount of gas depends on the partial pressure of the gas above the solution and is
defined by Henry’s law, described by Dack [13] and Kolthof and Elving (43], which reads I); = p;S;V},
where D; is the dissolved amount of gas. .S; is the solubility factor of gas ¢ in the fluid. In the present
formulation it has been assumed that the solubility equilibrium is a quasi-static process, in other words
the equilibrium is assumed to occur instantaneously. The initial saturation of the fluid, thus the saturation
before equilibrium, is determined by s; which is defined as s; = D?/(p{V}), where D? is the initial
amount of dissolved gas and p? the initial partial pressure. In the work of Kolthof and Elving [43] the
above results have been combined with the gas law for an idcal gas, which gives

i Vg _ Pi Vg _
n; n? + D? - p,’S,'VI

RT 5.2)

where n; and n? denote the total amount of a certain gas in the gas volume of the structure (V) and the
initial amount of a certain gas, respectively. The terms R and T denote the universal gas constant and the
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tempcrature, respectively The initial amount of gas enclosed by the structure can easily be determined
using (5.2) and reads 1.0 = (p{V,?)/(RT) . From (5.2), the total internal pressure follows as

m m

f(1—s;TR)
p= sz Zpt U—_mi (5.3)

where f = V;/V° v = V/V? and use has been made of V, = V' — Vy and V' = V' — V;. Note that
the fluid volume V; is assumed constant.

5.3 Analysis and design sensitivities

In a general FE setting, we often start from the principal of virtual work, §W " = §W !, where §W !
and §W ¢+ are the internal and external virtual work, respectively. In the present sctting the external
virtual work contains tcrms that contribute for the virtual work done by the gas and can be described as

SWet = M. su + (p — p“)%/u— - fu 5.4)
where the applicd load is denoted M“*!. The cxternal load is scaled by a load factor A. The total load
acting on the structure is a function of the nodal degrees of freedom u and the design variables s. With
the principal of virtual work the equation of equilibrium becomes

v

£ = (- p") 5, = M ws) (5.5

where f"*! is the so-called internal force vector, i.e. the nodal loads following from the generalized
stresses and the discrete equation of equilibrium.
The additional contribution of the internal pressure to the tangent operator reads

=y o2V dp oV oV
Y ! (')ui(')uj i Z)uJ

Gj=1...n (5.6)

where u denotes an array of n nodal degrees of freedom. This additional contribution docs not destroy
the symmetry of the tangent operator. However, due to the second term in the right-hand side of (5.6) the
tangent operator becomes non-sparse. The tangent matrix J can now be written as

J =K + paa” G.7)

The first term in the r.h.s. of (5.7) represents the tangem operator w1thou1 the second term from the r.h.s.
of (5.6). The latter is represented by paa’, with i = — & and a; = The matrix K may still have a
sparse structure.

Within an incremental-iterative finite element procedure, solutions of Jx = y will be required. A
solution is now searched in the form of

6u

x=ca+Db, a-b=0 (5.8)

with ¢ being an unknown scalar and b an unknown vector. Substitution of (5.8) into Jx = y and
combination with a - b = 0, lcads to the augmented set of equations

K (Ka+ pa’a) bl (¥
al 0 ] [ ¢ ] - [ 0 ] 9

with a2 = aZ'a. Note that this augmented sct may still have a sparse structure, however an additional
row and column have appeared. Provided K is regular, the solution of this augmented set of equations is
given by

b=K 'y — c(a+ pa’K'a) (5.10)
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with ‘
al K ——ly

°= 200+ palK 'a) G0

If a direct solver is applied, a decomposition of the sparse matrix K is generally determined. In addition
to K~ !y also K~'a must be evaluated, i.e. only an additional back substitution is required. This way
of solving tumn out to be similar to the Sherman-Morrison formulas, used by Akgiin et al. [1], Golub and
Loan [27] and Hager [31], where the inverse of a modified matrix is related to the original matrix.

The new term —(p—p*)dV/Ou in (5.5), which in the sequel will be denoted by g, will be investigated
in more detail. Notice, that p = p(V?,V, Vy)and V = V (u, s) where s is the only design variable. In the
present setting the attention will be concentrated on a single design variable s for simplicity. Elaboration
to more design variables is straightforward. It now follows that

dg _ dpov.  dIV
which can be written as
dg op v ov?t VY du
ds (avauau Fe-%7 ) 4

~ (ap vV Op dv®  dp dVy A 513

LA A ¥ -
OV 9s  oVO ds Vs ds | Om PP ) 5405

Consequently, the differentiation of (5.5) with respect to the design variable gives

du th(u;s) afiut(u) dp OV p dve dp de ov a v
o =T I (B s o) a0 619

Note, that J is non-sparse and the resulting set of equations has to be solved as described previously.
The partial derivatives with respect to V',V and V; can be determined on the basis of (5.3), this
leads to
api _ P} i

a 0]),'
N R

vy

0 0
—%(1 — f(1- 5;RT))a?; = %(1 — S;RT —v(1 - s;RT))a? (5.15)
where a = 1/(v — f(1 — S;RT)).

Typically, the term ¢V} /ds, which indicates the containing fluid volume, is defined by the designer.
Three general situations can be distinguished

1. aconstant fluid volume : dVy/ds = 0;
2. aconstant gas volume, with V? = V; + V0 this gives : dV,?/ds = 0 and dV°/ds = dV /ds;
3. aconstant fill-‘level’ : V; = fV® and dV;/ds = f(dV°/ds).

The partial derivatives V/ds and 02V /(Ouds) are calculated using analytical cxpressions for V as
function of u and the nodal locations X. For a single element these derivatives can easily be computed
using

ove  ovedXe o*ve 9PV dxX*
ds  OX* ds’  Ouds  OudX® ds’
where dX¢/ds refers to the design velocity field at element level. The latter has been approximated using
a finite difference scheme.

(5.16)
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Figurc 5.2: a) Influence of perturbation on design sensitivities with the internal volume as response

variable. b) Influence of perturbation on design sensitivities for the relative displacement in the middle
of the plate denoted by u*.

5.4 Examples

The described method has been applied to two examples. The first example is a rectangular flexible plate
(dimensions: 2L x 2L and L = 10) with a thickness & (h = 0.2). The structure was modelled with a
Young’s modules of 3400 N/mm? and a Poisson’s ratio of 0.35. The rectangular plate encloses a pyramid
shaped reference volume as depicted in Figure 5.1b and was filled for 75% with fluid. Solubility effects
have not been taken into account in this example. A displacement in downward direction is prescribed
along the simply supported boundary until the internal volume reaches 90% of the initial volume. This
was followed by sensitivity analyses with I being the design variable. The results thereof, using loga-
rithmic design sensitivities, have been depicted in Figure 5.2. The curves labelled SA refer to a standard
semi-analytical formulation [75}, whereas RSA refers to the refined semi-analytical formulation [75].
GFD indicates results obtained by global finite diffcrences. Figure 5.2 clearly demonstrates that the
RSA gives the best results for the entire range of design perturbations. For small design perturbations
no significant difference between the methods can be observed. Note that in Figure 5.2b the relative
displacement is depicted. The relative displacement «* is the vertical bulging in thc middle of the plate.

The second example is an air-spring like structure from which the axial-symmetric geometry is de-
picted in Figure 5.3a. The air-spring is filled for 75% with water which was saturated under ambient
conditions. Non-linear analyses were carried out where the air-spring was compressed for 20 mm. In
Figure 5.4 the result of thesc analyses are depicted and clearly demonstrate the influence of solubility for
smaller enclosed gas volumes and thus higher internal pressures. At the end of the non-linear analyses
sensitivity analyses were carried out with the height H of the air-spring as design variable. The dcsign
variable H only affects the cylindrical part of the air-spring, thus the radius R = 55.88 as depicted in
Figure 5.3a remains constant. In Figure 5.5 the response of the volume is plotted for perturbations rang-
ing from 10~2 to 10!° for an air-spring with and without solubility effects. The volume change for a
structure without solubility effects has a larger influence on the internal pressure than for a structure with
solubility effects. The latter might explain the larger discrepancy between the the GFD and SA/RSA
methods for the structure without solubility effects at large perturbations.
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Figure 5.3: a) Axial-symmetric geometry of the air-spring. b) Undeformed mesh. c) Deformed mesh of a
quart air-spring model
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Figure 5.4: Results of non-linear analyses, vertically the internal pressure and horizontally the compres-
sion have been plotted.

5.5 Application

A typical example of a closed-filled structure is a plastic bottle for edible oil as depicted in Figure 5.6a.
In most cases these bottles are filled for 96.8%, or more, with oil. During storage and transportation
they are subjected to compression which has a significant influence on the internal pressure. After man-
ufacturing of plastic bottles their geometry might change slightly, e.g. due to shrinkage of the bottle
after manufacturing. It is therefore of intercst to see how certain geometric details, which exhibit these
changes, influence on the compression strength of the bottle.
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Figure 5.5: a) Influence of perturbation on design sensitivities with solubility effects. b) Influence of
perturbation on design sensitivities without solubility effects.

Deformation induced pressure changes lcad to gas dissolving in or escaping from the fluid. Thesc
effects have been depicled in Figure 5.6b, where the compression up to 6 mm of a for 96.8% water-
filled bottle, has been depicted. At a larger compression the structure will collapse. The undeformed
and deformed mesh of the structure are depicted in Figure 5.7. The maximum compression of an empty
bottle is 156.8 N [67). The load-displacement relation for a closed-bottle is here mainly determined
by the internal pressure. It is thercfore of interest to examine how certain parameters of the bottle
influence on this pressure. Three design variables of the bottle have been investigated, namely: the
wall-thickness, A, the height H and the height I, as depicted in Figure 5.8. For all variables the RSA, SA
and GFD solutions have been determined, all taken into account solubility effects. The sensitivities were
determined at 6 mm compression for bottles with a constant fluid volume and with a relative perturbation
of 1075 As described in Table 5.1 , RSA, SA and GFD give similar results. Both the height H and
height I significantly influence the internal gas-volume and thus the internal pressure and compression
strength.
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Figure 5.6: a) Bottle for edible oil. b) The influence of pressure and solubility effects for the compression
of closed-filled botles.

Figure 5.7: Undeformed (left) and deformed (right) structure at a described displacement of 6 mm.
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Figure 5.8: Investigated parameters: the total height H, the height between two circumferential ribs I
and the wall thickness h, which is variable for the indicated area only.
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Table 5.1: Logarithmic design sensitivities for a water-filled bottle with solubility effects at a compression
of 6 mm.

5.6 Results and conclusions

The internal pressure for an ideal gas in closed-filled structures can be described adequately by a combi-
nation of Henry’s law and the general gas law. This makes it also possible to determine dP/dV analyti-
cally. Following this, the tangent operator can be modified for the internal pressure changes leading to a
non-sparse system matrix. The proposed method for solving the non-sparse set of equations proved very
effective in combination with a direct solver.

Pressure and volume effects are easily determined analytically and therefore do not spoil the accu-
racy of the sensitivity analysis. The examples and application as studied here clearly demonstrate that
solubility effects may have a significant influence on the structural behavior for small gas-fluid ratios.

For large perturbations the SA and RSA method give better results than the GFD method.
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Based on: R. van Dijk and F. van Keulen, Simulation of Closed-Filled Structures; Permeability, Solubility and Chemical
Reactions, Proceedings of the European Conference on Computational Mechanics (ECCM’99), August 31 - September 3,
1999, Munich, Germany.

Chapter 6

Permeability, Solubility and Chemical
Reactions

Oxidation of the contents of closed-filled packages significantly influences on the internal pressure
and can lead to unacceptably deformed packages and rancidity of the contents. A model is proposed
to describe the behavior of the structure due to internal pressurc changes which are caused by oxida-
tion, solubility and permeability effects. This model is partially based on experimental results which
have been described. Finally, the mechanical behavior of closed-filled structures has been simulated
and it is shown that the structure cannot be simplified to cither a non-resistant structure or a rigid
structure, thus it is necessary to take the deformation of the structure due to internal pressure changes
into account.

6.1 Introduction

Many thin-walled structures surround a volume which contains both fluid and gas. Typical examples can
be found in packaging, e.g bottles, pouches, cans, bags, among others. Since millions of packages are
being produccd annually optimal use of packaging material is of major importance. The function of the
package is not solely keeping a product together during transportation and storage. Especially, in the case
of food-packaging the package also has a function to protect the product from oxidation. Since almost
all food products are sensitive to oxygen, contact between oxygen and the product should be avoided or
minimized.

Oxidation occurs due to two reasons. Firstly, the contents reacts with the enclosed oxygen gas in
the package. Secondly, permeation of oxygen through the wall of the structure will be followed by
a chemical reaction with the contents. A side effect of the oxidation is its influence on the internal
pressure and therefore on the strength and stiffness of the structure. Internal pressure changes also cause
adissolving or a fugacity of gases into and/or out of the contents, respectively. Simulation of the pressure,
oxidation, permeability and solubility cffects can lead to a better shelf life estimation and to improvement
of package designs.

Internal pressure changes of closed-filled structures can cause a substantial deformation of the struc-
ture [7] and sometimes lead to a complete disappcaring of the enclosed gas volume. An internal pressure
change also leads to gas-fluid interaction which depends on the solubility of the gas. For increasing
pressures the gas will start to dissolve in the fluid, while a decreasing internal pressure might lead to a
fugacity of gas from the fluid (depending on the fluid conditions). The relative importance of solubility
effects depends on the gas-fluid ratio. For large gas-fluid ratios, i.e. for a large gas volume and small
fluid volume, solubility effects can oftcn be neglected. However, for small gas-fluid ratios this effect has
a significant influence and should be taken into account. These small gas-fluid ratios typically occur in
food-packaging.

The effects of permeability on the behavior and contents of the structure have been examined in [22,
41,45,48-51]. The cffect of oxidation on the internal pressure change for fiexible and rigid packages
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has been described by Talasila and Cameron [61]. Talasila and Cameron distinguished only two kinds
of structures, rigid and non-resistant; where for the non-resistant structure any pressure change is com-
pletely translated in a volume change. Most structures have a certain resistance against pressure changes
and can not accurately be described by one of these models. The complexity is therefore to determine
the relation between pressure and volume of the structure [67] and to combine this with the permeation,
solubility and oxidation effects.

In this chapter the influence of permeation and oxidation has been modelled with an explicit integra-
tion scheme. Oxidation and solubility effccts have been included using models from literature {34,42,61].

Finally, the proposed method will be applied to a plastic bottle for edible-oil. The described bottle
is a typical example of a closed-filled structure with an oxygen sensitive content. Due to oxidation of
the oil the internal pressure decreases and causes an in-stream of oxygen through the thin wall of the
package. Furthermore, depending on the initial conditions the internal pressure change causes gas to
escape from the contents. Experimental work with respect to the deformation of the bottle will be used
to obtain numerical results with respect to predictions in the long term behavior of the package.

6.2 Assumptions
The following has been assumed:
e >, ni = n [28), where n is the total amount of gas (in mol);

e it is assumed that the package, the gas and the product always have an equal temperature and the
structure is closed at filling temperature;

o it is assumed that, after filling and closing of the package, the temperature of the contents and the
structure are equal to ambient temperature; this condition is referred to as the initial condition of
the structure;

e no oxidation and permeation take place during filling and cooling to ambient temperature;
o the temperature after filling is constant and equal to ambient temperature;

e both the gases and the contents do not react chemically with the structure.

6.3 Governing equations

This section introduces models, for the description of solubility, permeability and oxidation effects and
structural behavior of closed-filled structures.
6.3.1 Gaslaw

In Figure 6.1, a typical situation has been depicted. The figure displays a closed structure which contains
both gas and fluid. When the enclosed volume contains an ideal mixture of gases, then according to
Dalton’s Law of Partial Pressures [28], the total gas pressure can be described as

m

p=an i=1...m. (6-1)
=1

The partial gas pressure is determined by [23]

pi=—p. (6.2)
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Figure 6.1: Situation sketch, V, V,, V}, p and p* are the total enclosed volume, the gas volume, the
fluid volume, the internal pressure and the ambient pressure, respectively. The arrows visualize the gas
streams due to solubility and permeability effects.

In case of a mixture of ideal gases and making usc of (6.2), the gas law can be described as (23, 24]

pVy iVy
ry_2t'9_ R 6.3
nT n;T R 63)

For calculation of the internal pressure at any time after filling it is necessary to determine the gas
volume in the structure after filling. Generally, the gas volume is defined by

Vy = VO~ TYA+ 1) = V(T = Ty +1) + £, ©4)

where v is the volumetric expansion coefficient of the contained product and A is the linear expansion
cocfficient of the enclosing structure. The initial enclosed volume at ambient temperature and the actual
temperature arc denoted by V¢ and T, respectively. The function f{. describes the volume change of the
package due to internal pressure changes. This function is assumed to be temperature independent. In the
sequel it will be assumed that the temperature after filling is constant and equal to ambient tcmperature,
(6.4) can therefore be described as

Veo=V=Vy+ fr, (6.5)
where fy- describes the volume change of the package due to internal pressure changes at ambient tem-
perature. Substituting (6.5) in (6.3) gives

pi(V - Vi + fv)
n;T¢
For flexible-rigid structures the gas volume changes when the internal pressure changes. In that case
fi- can be expressed in terms of the intemnal pressure. However, if the structure collapses the function

should be expressed in terms of the amount of gas since after buckling the intemnal pressure will remain
approximately constant, as will be shown later.

=R. (6.6)

6.3.2 Solubility effects

For small gas and large fluid volumes in a closed structure the dissolving of the gas in the fluid should
be taken into account. According to Henry’s law the concentration of a solute gas in a solution is pro-
portional to the partial pressure of that gas above the solution [13,43]. Henry’s law is found to be an
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accurate description of the behavior of gases dissolving in liquids when the concentration and partial
pressures are reasonably low [13,43,53). For this study it has been assumed that Henry’s law is appli-
cable. Furthermore, it needs mentioning that the molar solubility of a gas is temperature dependent, to
be more precise the solubility of a gas decreases for higher temperatures. Following Henry’s law for
constant temperature, the dissolved amount of gas (in mol) in equilibrium condition reads

D; = p;S;Vy. 6.7)

In the present formulation it has been assumed that the solubility equilibrium is a quasi-static process, in
other words the equilibrium occurs instantancously. With (6.7) the amount of gas 7 at ambient tempera-
turc becomes

n; = N,‘ - Di = N,‘ —]),'SiV 5 (68)
)

where N; is the total amount of gas %, i.e. dissolved in the fluid and as gas. N; is not constant, as the
structure is not a closed system. In other words, gas may permeate through the bottle wall and the gas
may react chemically with the fluid. The determination of N; follows from

N;=n{ + D] + 4, (6.9)

where 7); is the change of a gas component in time (and thus time dependent) and is governed by the
permeability and chemical reactions. D,-f and n{ are the dissolved amount of component ¢ at filling
conditions and the amount of gas ¢ at filling conditions, respectively. The function 7; is defined by

n=9; -, (6.10)

where ¥; and ®; are the permeated amount of gas ¢ into the structure and reacted amount of gas ¢ with
the contents, respectively. Both ¥; and ®; are time dependent. Initially (during and immediately after
filling), 7;(0) = 0, ¥;(0) = 0 and ®;(0) = 0, since we assume there is no oxidation and permeation
during filling.

Mostly, the contents is stored for a certain time at ambient conditions. In rare occasions the contents is
heated prior to filling in order to speed up the filling process. The initial dissolved amount of component
i, D;’ , can now be determined according Dif = p;‘SiV,, where it is assumed that the product is saturated
at ambient temperature and ambient pressure. It is further assumed that the contents is not heated prior
to filling. The initial amount of gas ¢, nif , enclosed by the structure can easily be determined using (6.3),
giving

I I’if !
ni = qu . (611)
The gas volume at filling conditions, V/, is determined by (6.4) with V, = V;/, T = T/ and f{ = 0.

In order to determinc the partial pressure while accounting for solubility effects, (6.8) has been

substituted in (6.6) resulting in the general gas law,

pi (Ve -Vi+fv)
N, =pSVTe R. (6.12)
As mentioned earlier, during and immediately after filling ¥; and ®; are assumed zero. If the function
fv is known then the pressure after filling can be determined. The conditions just after filling will be
referred to as the initial conditions and will be denoted by the superscript %, e.g. p? refers to the initial
partial pressure (thus just after filling) of component 7 at ambient temperature. Now, together with (6.9),
(6.12) can be written as
p (Ve -V + /()
(n,»f + D,—j —pYSiVy)Te

=R. 6.13)
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Combining (6.12) for two gas components gives a rclation between the actual partial pressures which
reads
pilN;

N; — piSiVy +piS;Vy
Note, that complications might arise when the term N; —p; S,V of (6.12) becomes zero. This can happen
when all the gas i has been dissolved, thus when n{ + D,-f + 1, — piSiVy = 0. Or, more likely, when
all the gas ¢ has reacted with the contents and the newly permeated amount of gas + immediately reacts
with the contents, thus when N; = (. Care should therefore be taken that (6.12) will only be uscd when
Ni — piSiVy > 0 for N; — p;S;Vy < 0 the partial pressure p; will be set to zcro.

pj= 6.14)

6.3.3 Behavior of the structure

Up to now it has been assumed that the function fy- is unknown. However, in praclice it is possible to
make a clear distinction between certain structures, which are:

1. rigid structures, for example glass structures. For these kind of structurcs deformation induced by
internal pressure changes can be neglected.

2. non-resistant structures, for example plastic bags. These kind of structures will hardly resist to

any internal pressure changes. Therefore the internal pressure remains approximately cqual to the
ambient pressure.

3. flexible structures, for examplc plastic bottles. These kind of structures will deform due to internal
pressure changes but will give a substantial rcsistance to the pressure change.

The degree of flexibility, rigid/non-resistant/flexible, is determined by the function fy-. For a rigid struc-
turc this function is zero. In practice most structures are of the third kind. Note that the function fi- can
be non-linear and time dependent, e.g. due to stress relaxation.

From (6.12) it can be seen that the partial pressure is not easily derived when fy- is non-linear and
defined by the total internal pressure. 1In Chapter 2 experiments on plastic bottles indicate a linear relation
between the internal pressure and the volume change of the structure while after buckling the internal
pressure remained approximately constant. Therefore in the prescnt setting and for internal pressures
higher than the critical pressure, thus before buckling, a linear function for f\- will be examined. Hence,

fv(p)=alp-p*) =« [(Z pi) - p“] ,o it p2pT 6.15)
i=1

where p” is the critical pressure of the structure, i.e. the pressure at which buckling/collapse of the
structure occurs. The amount of gas present in the structure at the moment of collapse is denoted by
n". The gas volume as described in (6.5) now becomes V, = V® — V; + «(p — p*), where a is a
newly introduced coefficient which refers to the volume-pressure compliance of the package. It may
be clear that for a rigid pack « is zero and for a non-resistant pack « is infinite. As will bec shown in
Section 6.6, the pressure remains approximately constant and equal to p*”, after collapse. This means
that any change in the amount of gas after buckling will immediately result in a volume change of the
structure. Therefore after buckling, p = p*" and for constant temperature (6.15) can be written as

ol

1
fu(n) = ;;T_Zn - V4V, if n < n. (6.16)

The gas volume in the structure after buckling as defined in (6.5) hereby becomes V, = V¢ — V; +

fr(n) = ;’f n . Together with (6.15), (6.12) can now be written as

pi(V Vida[(Zhl i p) 2°)) _ : e
(A'i—z!;si\})a'a ] =R, ifp2p7,

©6.17)
TR m

Pig\ pfF 2ok 1Tk . -

(1(\—;:48\,)1) =R, ifn < 0.
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The first equation, thus when p > p“, should be used before buckling. After buckling the internal
pressure remains by approximation constant and equal to p“". Therefore after buckling the internal
volume can be determined on the hand of n while n“" is the amount of gas at the moment of buckling.
The equilibrium pressures can now be determined from (6.17).

6.3.4 Permeability effects and chemical reactions

From a cost perspective many structures are being optimised which leads to products with as less material
as possible. For closed-filled structures this can results in constructions with very small wall thicknesses.
Especially for such structures permeability becomes a potentially important factor. The present section
describes permeation of gas through the wall of the structure. As mentioned before, it has been assumed
that the equilibrium pressure in the structure will be reached instantaneously, in other words the solubility
process is a quasi-static process.

Actually, permeation is the process of diffusion of gas from the ambient environment into the wall
of the structure followed by diffusion from the wall into the gas volume and contents of the package.
The diffusion from the wall into the contents is a much slower process, due to a solid-fluid interaction
than diffusion into the gas volume. The diffusion from the wall into the fluid has therefore been assumed
negligible.

Substituting (6.9) and (6.10) in (6.8) gives the amount of a certain gas in the structure at a constant
ambicnt temperature at time £, consequently

ni=nl + D + ¥; — &, - p;S;V;. (6.18)

Rate equations follow by differentiation of (6.18), which gives,

dn,- _ d‘I’,‘ dq)i : dp,'
@&~ at  at Va
This can also be written as [61]
dn; PA dp;
= ST - p) Vs - SV (6.19)

where the first term in the rh.s. refers to the permeability and the second term in the rh.s refers to
the oxidation of the fluid. The permeability is determined by the surface exposed to permeability A,
the thickness of the structure h, and the permeability coefficient ;. The chemical reaction is here
determined by the reaction speed r;(p;) , which depends on the partial pressure, and the volume V; of
the contents. Note that for the present application as discussed in Section 6.6 only the oxygen, which
causes oxidation, reacts with the contents. Definition of the reaction is carried out similar to the work
of Herlitze et.al. [34], Penzkofer {50] and Talasila [61]. Herlitze and Penzkofer used a polynomial
function which gives the oxidation speed as an approximate function of the partial oxygen pressure.
Kiritsakis [42, p.108] mentions a progressive oxidation for olive oil. He describes the oxidation process
in three phases: initiation, propagation and termination. The duration of the initiation phase depends
on the saturation and the presence or absence of antioxidants. In the present setting the oil is assumed
to be in the propagation phase and only the linear term of the polynomial as given by Penzkofer [50]
and Herlitze et.al. [34] has been accounted for. As will be discussed in Section 6.6, oxidation data of
ketchup will be used during the simulations due to the absence of accurate oxidation date of vegetable
oil. Experiments as carried out by Herlitze et.al [34]showed a linear dependence between the oxidation
speed and the partial oxygen pressure for ketchup. The oxidation speed is hereby thus defined as

ri(p;) = wip;, (6.20)

where w; determines the oxidation factor and ¢ refers to the oxygen gas.
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As will be shown in Section 6.6, for values of p = p” it can be assumed that (dp/dt)p—per = 0. The
term dp; /dt for p > p*’, i.e. an intemal pressurc which does not lead to buckling, can be obtained by
differentiation of (6.3) for a constant ambient tempcrature, which gives

du YV doi | p Y,
dt ~ T*Rdt TeR dt’

Note that, dp/dt = 0 for a non-resistant structurc and (V,,/dt = 0 for a rigid structure. If the function V,

can be described according to (6.5), then the derivative dV, /dt is fully determined by dfy-/dt. Assuming

a constant ambient pressure and constant ambicnt tcmperature the derivative of fy- with respect to time
reads,

(6.21)

dp if er :
dfv { ayps if p > p*” (before buckling) ,

s - (6.22)
@ Lfdn, ifn < ne" (after buckling) .
Combining (6.19) and (6.21) gives the general equation for the pressure change
Vy dp; p; dV, PFA dp;
—— — = ‘ - . 6.23
TeRat tTeRat ~ kPR @)V =SV ©.23)
With (6.22) and using V, = V¢ — V; + fy-, (6.23) becomes
T+ akip = Ci - SV, ifp > p,
(6.24)
I%‘—fﬂ— + G =Ci- CAYE ifn < n,

where C; = P A(pf — pi)/h — ri(pi) V.
For ’non-buckling’ pressures p > p° the terms dp; /dt and dn;/dt can be derived from (6.24). In

order to determine these terms after buckling occurred, i.e. when p = p*", use should be made of
m e i = ( and differentiation of (6.2). As can be seen from foregoing results the problem simplifies

as soon either the permeability (P; = 0) or the solubility (S; = 0) can be neglected.

6.4 Special cases

Three special cases will be distinguished:
o negligible solubility effects;
e negligible permeability effects;
o negligible solubility and permeability effects.

The first two cases have been mentioned briefly at the end of the previous section and do not lead to a
significant simplification of the problem. However, if solubility and permeability can be neglected then
this leads to a significant simplification.

If both the solubility and permeability can be neglected (S; = 0, Df = 0 and P; = () and gas ¢ is
still present then the amount of gas in the structure is defined by (6.8), (6 9) and (6.10) and becomes

t
n;=N; = nif +n = n{ — / ri(pi) Vydt. (6.25)
0
Herewith, (6.17) simplifies to

pi(Ve -Veto|(Zim pe) »° .
L ,[L(l‘ ) ¥ _ g ity > per

» (6.26)
e ﬁr,,‘,-f._’l o= R, ifn < n.
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Before buckling (p > p“"), summation of (6.26) gives
p(V* =V +o(p—p")) =nT"°R,  ifp>p~.

The total pressure can easily be determined and is given by

—(Ve -V —ap®) + /(V* - V; — ap*)? + 4aTRn
2a ’

The partial pressure follows by substitution of the total pressure in (6.26). Differentiation of the above

equation or (6.24) with respect to time leads to

dp _ —ViT'RY ri(w)

dt  Ve—V+2ap— ap®’

p= ifp > p.

ifp > p.

After buckling (n < n°"), summation of (6.26) confirms that the critical pressure remains constant.

6.5 Simulation

Simulation of the development of the package behavior as a function of time should indicate if per-
meation is relevant and in which extend oxidation should be accounted for. This information will in
Chapter 8 be used to define the constraints for the package during optimization.

After determination of dp;/dt and dn;/dt from (6.24) a first order estimate for the new internal
pressure and amount of gas can be found by,

dp;
pi(t + At) = pi(t) + d—’:At, 6.27)
and
d’ll.,‘
ni(t + At) = n;(t) + ﬂAt. (6.28)

In such way an incremental solution for the pressure change can be obtained. The total amount of
component  that reacted can be approximated using

D,(t + At) = @;(t) + r;i(p;) At. (6.29)

Note that r;(p;) Af can not exceed the enclosed gas amount plus the during the step permeated amount
into the structure of component :.
The total amount of the component that permeated through the wall of the structure can be determined

according to
PA

(0t - pi(t) At (630
The above calculated values are first order approximations to the real solution and will therefore drift
away from the exact solution and the gas equilibrium as described in (6.12). It is therefore necessary to
select the time increments sufficiently small.

Uit + At) = Ui(t) +

6.6 Application

The atmosphere normally contains approximately 20% oxygen and 80% nitrogen. It is therefore in many
cases sufficient to simplify the problem to these 2 gases. Cases where more then 2 gases are involved are
products containing or producing CO; (in certain cases CO, is created during oxidation), e.g. carbonated
lemonades. The latter cases will not be discussed in this thesis. However, the described model is also
applicable for those products.
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Figure 6.2: (a)Round and (b)square bottle for edible oil.

| o« [m*/kPa] | p“ [kPa]
Round } 6.7-10°10 77.50

Square | 21.781 1010 93.75

Table 6.1: Experimental coefficient determining the appropriate pressure-volume relation and critical
pressure for the round and square bottle tested under an ambient pressure of 100 kPa.

The following application involves a situation where only 2 gases are involved, namely, a bottle filled
with edible oil. The bottle is filled and respectively closed at ambient temperature. Hereafter, the gases
0O, and N , start to permeate through the wall of the structure and the oxygen will start to react with
the oil, in other words the oil starts to oxidizc. The oxygen does not react with the structure and during
its reaction with the contents no gases are being created. Due to oxidation of the oil an internal under-
pressure is created. It is further assumed that the nitrogen gas does not react with the contents nor with
the structure.

The influence of an internal vacuum on the behavior of plastic bottles has thoroughly been discussed
in Chapter 2. In that chapter, round and square plastic bottles for edible oil, as depicted in Figure 6.2
have been studied. The bottles were subjected to an internal vacuum and the behavior of the structure
was observed. In Figure 6.3 the bottles are depicted in a post buckling configuration , thus the internal
pressure is smaller than the critical pressure p*”. Figure 6.4 indicates that after buckling the pressure
remains approximately constant. From Figure 6.4 the critical pressure p" and and the pressure com-
pliance « for both packages can be determined and are listed in Table 6.1. In the present work only
the round bottle will be studicd since the paneling problem is easily circumvented for square bottles as
discussed in Chapter 2. The deformation of the round bottle due to internal pressure changes can be
described by (6.15) and (6.16).

The simulations which will be discussed examine the influence of oxidation, permeation and solubil-
ity effects on the pressure changes in the package. Rigid and flexible structures have been compared. In
this study it has been assumed that the oxidation speed is determined by the function

ro,(po,) = 1.125 - 1073 po,,

which gives the oxidation speed in [ mol m ! N~! day ! ]. This function has been determincd from
experimental work on ketchup [34]. Since no accurate date has been found for vegetable oil the latter
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() (b)

Figure 6.3: (a)Round and (b)square deformed bottle during vacuum resistance testing.

T 293 K
* 100 kPa
vy 75-101 m®
vV, 2 %
h 2.4 .10 m
A 0.003 m?
T 715 kPa

« 6.7-10-10 m? kPa~!

Po, 353-10713 mol m day~! N~!
A, 6.15-1074 mol m day~! N~
So, 5.06250-107% molm~'N~!
Sn, 273214107 molm !N'!

Table 6.2: Values as used during the simulation. The volume-pressure compliance and the internal
buckling pressure are respectively denoted by « and p*".

is considered to give a reasonable indication of the importance of the oxidation process. It is further
assumed that filling and closing took place at ambient conditions. At the start of the simulation the oil
is saturated. Other coefficients necessary for the simulations are mentioned in Table 6.2. The simula-
tions were carried out with a time increment of 0.01 day while a period of 90 days has been examined.
Figure 6.5 depicts the results for a flexible non-buckled and a rigid configuration of the round bottle. This
figure clearly shows that solubility effects play a significant role. Furthermore, For a time period of 90
days and different buckling pressures p“" the pressure as a function of time is plotted in Figure 6.6, while
the amount of Oy and N are plotted in Figure 6.7. The last two figures clearly indicate that permeability
does not significantly influence the quality of the contents, the gas volume and/or the behavior of the
structure in due time. It also shows that any new incoming oxygen reacts completely in the next time
step. It is therefore possible to neglect permeability since it will not influence the optimization of the
whole structure as will be described in Chapter 8. Note that for smaller wall thicknesses this effect might
become important and cannot be neglected. Figure 6.7a shows that almost all oxygen reacts within 25-30
days, depending on the structure. Oxidation causes rancidity of the oil, it should therefore be avoided or
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Figure 6.4: Experimental results for the round and square bottle during vacuum resistance testing. The
vertical axis depicis the internal under-pressure, i.c. p* — p, while the horizontal axis depicts the percent-
age of volume decrease of the structure. The figure clearly shows that the behavior of the structure till
buckling is almost linear. It also demonstrates that the internal pressure remains approximately constant

after buckling.
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Figure 6.5: Result of simulations for flexible and rigid bottles. The index P,S and O, which stand re-
spectively for permeability, solubility and oxidation, indicate which effects were taken into account. The
flexible bottle had a buckling pressure of 77.5 kPa which was enough to resist buckling.

minimized. The presented results illustrate that the latter can be done by reducing the amount of initial
oxygen. This can be carried out by degassing of the oil prior to filling and to fill the package under
an absence of oxygen gas, e.g. blanketing the oil with nitrogen. Finally, care must be taken that the
headspace of the bottle is as small as possible in order to take care that any accidental incoming amount
of oxygen is as small as possible.

Generally, in countriecs where the paneling problem occurs, the shelf-life of the product should be
guaranteed up to 1 year. For defining the constraints for the package at the end of its shelf-life it is thus
possible to assume that all oxygen gas reacted and that the behavior of the structure is only determined
by the nitrogen gas. Use of the latter will be made in Chapter 8 during optimization of the bottle.

6.7 Conclusions

The present work shows that the mechanical behavior of the structure and the internal pressure as caused
by oxidation have a significant influence on each other. It has also been illustrated in Figure 6.5 that sol-
ubility effects have a large influence on the internal pressure and should therefore be taken into account.
Permeability effects in contrary have only a minor influence on the behavior of the package and on the
contents. The latter can be neglected in the present setting.

The oxidation model as used in the present chapter was derived from models suggested by Herlitze
et.al. [34]) and Penzkofer [50]. The accuracy of the model as used here might be discussed. However
refining hereof will most likely not lead to different conclusions since all oxygen gas reacts in a period
much shorter than the shelf life. The latter has also becn confirmed experimentally by Evans [21] who
describes a complete disappearing of all oxygen within three weeks. If the shelf-life of a package is
constrained to a maximum of three weeks or less than use can be made hereof since the required critical
buckling pressure p" can be higher. The latter implies a potential possibility to reduce the bottle weight
and thus the material costs, for this a more accurate description of the oxidation might be required.

The described model has not been used to examine why in due time (one year) all enclosed gas
volume can disappear. The results as described in this chapter indicate that this is not caused by per-
meability. An explanation may be found in the time dependent behavior of the structure and a complete
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Figure 6.6: (a) The internal pressure as a function of time for three different bottles: rigid, p“" = 77.5
kPa (no buckling) and p*" = 92.5 kPa (buckling), respectively. (b) The gas volume as a function of time.

dissolving of all nitrogen into the contents.

The described results are based on a linearized behavior of the package with respect to internal
volume and internal pressure. The latter does not have to be so, in such cases the model can be elaborated
easily to more accurate behavior of the structure which can be detcrmined with finite element analysis.
The latter will be described in more detail in Chapter 7.
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Figure 6.7: The amount of Oz and N as a function of time for the three bottles as mentioned in Figure 6.6.

It has not been examined how humidity and vapour pressures influence on the results. These effects
are expected not to have a significant influence for the edible oil example. However, the model can also
be used for detergents or chemicals. Especially for volatile liquids the effects of vapour pressure might
be important.
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Chapter 7

Deformation of Closed-Filled Packages

Oxidation of the contents of closed-filled packages significantly influences on the internal pressurc
and in due time leads to unacceptably deformed packages and a reduced quality of the contents.
Obviously, these complications should be avoided or minimized. Simulation of the package taken
into account mechanics, oxidation, permeation and solubility can be used to estimate the relative
importance of each of these aspects. A model which takes into account these cffects hereby making
use of a simplified behavior of the package has been described in Chapter 6. The present chapter
will elaborate hereon and will make use of a more accurate volume-pressure relation for the package.
The latter gives more accurate results for the internal pressure as a function of time. The simplified

behavior of the package can be exploited during optimization as will be discussed in more detail in
Chapter 8.

7.1 Introduction

One of the functions of packaging is preservation of the contents. In most cases the contents oxidizes
and in due time becomes rancid [60]. The process of oxidation is very complex and influenced by
many factors such as pollution of the contents, pollution of the packaging material, presence of additives
etc.. During oxidation the cnclosed oxygen gas will be consumed. Consequently, this influences on the
enclosed gas-volume and/or the internal pressure. In the present work the relative importance of the
processes as described above will be estimated. This will be done on the basis of a numerical model.

In practice, three types of packaging can be distinguished. The first type of packages are the so-
called non-deformable or rigid packages, e.g. glass bottles and metal cans. For these packages the gas
volume, and thus also the total volume, remains as a good approximation constant. For the second type of
packages, the so-called non-resistant packages [41], e.g. bags and pouches, the internal pressure remains
equal to ambient. The third type are the flexible packages. The majority of the packages arc among this
type, from which a typical example is depicted in Figure 7.1. For the first two types of packaging the
behavior of the package and its influence on the oxidation-parameters can easily be predicted and was
previously studied by Talasila [61]. For the flexible packages internal pressure changes may induce a
substantial deformation, eventually resulting into buckling of the package. The latter gives the consumer
the impression that the contents is affected and gives the package a reduced appearance. A complete
uplake of the initial gas volume can be observed for bottles containing edible oil after one year of storage.
A model which takes into account the solubility of gas in the fluid, the permeability of gas through
the wall of the package, and the mechanical behavior of the package has previously been described in
Chapter 6. In Chapter 6 the behavior of the flexible packages has been approximated by a model with
a linear volume-pressurc relation before buckling and a constant internal pressure after buckling. In
the current chapter the volume-pressure relation is not necessarily linear and obtained either through
experiments or through Finite Element Analyses (FEA). The latter leads to a more accurate description
of the remaining volume and pressure as a function of time.

The model for oxidation is based on models as found in literaturc (34, 42, 61]. In these models

&3
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Figure 7.1: A plastic bottle for edible oil. The oxidation caused a substantial deformation of the package.

the oxidation is assumed to depend solely on the partial oxygen pressure. Solubility effects have been
incorporated using Henry’s law while assuming that the solubility equilibrium occurs instantaneously.
For the prediction of the internal pressure, volume , etc. an explicit time integration scheme is used. In
the present setting only the oxygen and nitrogen gas have been accounted for.

The main purpose of this chapter is to identify the relevance of the physical processes involved and
to examine whether during optimization use can be made of the more simplified approach as discussed
in Chapter 6. The latter will be discussed in more detail in Chapter 8.

In chronological order this chapter describes the problem, the governing equations, the behavior of
the package, the determination of the oxidation induced deformation and conclusions.

7.2 Problem description and assumptions

The processes involved in this problem are visualized in Figure 7.2 and can be distinguished as follows.
Firstly, the internal gas pressure is defined by the sum of the internal partial gas pressures [24], i.e.
p = Y_ pi. In this thesis ideal gases will be assumed, the gas law thercfore reads
iV

Bils _R, .1

n{l .
where n;, T and R are the amount of a certain gas in the gas volume V,» the tcmperature and the
gas constant, respectively. Secondly, for a constant temperature dissolving of gas can be described by
Henry’s law [13,37, 38, 43,45] which reads,

D; = p;iS;Vy, (1.2)

where S; and V; are the solubility coefficient and the fluid volume, respectively. In Figure 7.2 the
dissolving/fugating is indicated by D). Thirdly, the contents of the package oxidizes, indicated by ®.
Furthermore, due to the absence of equilibrium between intcrnal and extcrnal partial gas pressures, gas
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Figure 7.2: Situation sketch, V, V,, V;, p and p* are the total enclosed volume, the gas volume, the
Sfluid volume, the internal pressure and the ambient pressure, respectively. The arrows visualize the gas
streams due to solubility D, permeability ¥ and oxidation ® effects.

will permeate through the wall of the package which is indicated by ¥. Due to internal pressure changcs
the package will deform. On its turn, the deformation of the package influences the physical proccsses
mentioned above.

As the present study is intended for identifying the relative importance of different physical pro-
cesses, the following assumptions have been made:

e package, gas and contents always have a temperature equal to ambient;

e no oxidation and permeation take placc during filling of the package;

both, the gases and the contents, do not react chemically with the package;

the enclosed air initially contains 20% oxygen and 80% nitrogen;
o the oxidation process does not create residual gases.
These assumptions originate from common practice with respect to bottling edible oil and significantly
reduce the complexity of the problem. Note that it is straightforward to create a model without the above
assumptions.
7.3 Governing equations
The following balance equation can be formulated for each component ¢,
n; = Nlo —D;+ ¥, — 9,. (71.3)

The total initial amount of a certain component, dissolved and as gas, is denoted by NP. The current
dissolved amount of a gas is given by D;. The permeated and reacted amount of a certain component are
given by ¥; and ®;, respectively. It should be noted that the reacted amount of a certain component in
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the present setting only refers to the oxygen gas. It is assumed that the nitrogen gas does not react with
the package nor with the contents.
The solubility rate is given by differentiation of Henry’s law which leads to

dD,' _ Q. dﬂ
a - T
where S; and V; are the solubility coefficient for a constant temperaturc and the fluid volume, respec-

tively.
The rate of permeation reads [61],

(7.4)

dv; PA
'Eii: ;L (®{ — pi)s (1.5)

where P;, A, h and p{ are the permeability coefficient, the area of permeation, the wall thickness and
the ambient partial gas pressure, respectively. Note that permeability as well as solubility is temperature
dependent [49].

The same model as in Chapter 6 has been used for the oxidation. Chapter 6 uses the following

function for the reaction, here oxidation, rate

O =, 1.6
where 7;(p;) is the reaction speed per unit volume and defined as r;(p;) = w;p;, ¢ refers to the oxygen
gas. Here w; is a constant reaction speed per unit contents-volume and per unit partial pressure. This
model is based on the models as proposed by Herlitze et al. [34] and Penzkofer [50]. A justification for
this model is given in Section 6.3.4.

The complete oxidation process is very complicated and influenced by many factors, e.g., tempera-
ture [26], light, presence of traces of metal, humidity [51], oil quality, additives etc. which will not be
further discussed in this thesis. In Chapter 6 it has been described that the oxidation takes mainly place
during the first three weeks. During these weeks all initially present oxygen reacts with the contents.
Hereafter the oxidation speed is governed by permeation of oxygen through the wall of the structure.
Since the period of interest is usually longer than three weeks an more accurate description of the oxida-
tion process will be omitted. If the shelf-life is however constraint to a maximum of three weeks or less
than the oxidation model should be refined.

Differentiation of (7.3) and substitution of (7.4), gives the governing rate equations,
Vq Sil)l Di dVg (l\IJ,’ d‘D,‘ SV dpi

TeRdt TR dt dt a4t at
where the left-hand side is obtained by differentiation of the gas law (7.1) for constant temperature.

1.7

7.4 Deformation of the structure

Before we can make use of (7.7) the deformation of the structure should be available. In practice it is
possible to distinct three kind of structures:

1. Rigid structures, for example glass structures. For these kind of structures deformation induced by
internal pressure changes can be neglected.

2. Non-resistant structures, for example plastic bags. These kind of structures will hardly resist to
any internal pressure changes. Therefore the internal pressure remains approximately equal to the
ambient pressure.

3. Flexible structures, for example plastic bottles. These kind of structures will deform due to internal
pressure changes but will give a substantial resistance to pressure change.
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Figure 7.3: (a) Skelch of the analysed botile. (b) Post buckling deformation in experimental setup. (c)
Experimental pressure-volume relation of the package.

In Chapter 2 it has been described that the packages considered here (see Figure 7.1) have an approx-
imate linear pressure-volume relationship until buckling of the package. While after buckling the internal
pressure remains constant. The latter is illustrated for a 750 ml round bottle for edible oil in Figure 7.3
and Figure 7.4. Before buckling the gas volume can be approximated with V, = Vg0 + a(p—p*) where «
is a so-called volume-pressure compliance for the package. After buckling the gas volume in the package
can be approximated by V, = (nT'R)/p*", where p” is the internal pressure at which buckling occurs.
This approximate piece-wise linear behavior of the structure makes solving of (7.7) easy, since V,, and its
derivative dV,,/dt are now available. However, the experimentally found results as depicted in Figure 7.3
can also be approximated by a non-linear function. The latter is depicted in Figure 7.4 wherc a 10-th
order polynomial function has been used. Afier fitting of this function the term dV,,/dt is again easily
obtained. In the next scctions it will be investigated if simplification to a piece-wise linear approach is
justified.

There might be situations where there are no samples available due to the fact that the package is
still in its development stage. In such cases the behavior of the structure can be simulated with Finite
Element Analysis (FEA). An example hereof is depicted in Figure 7.5, hcre a bottle with a Young’s mod-
ulus of 5700 Nmm~2 and a Poisson’s ratio of 0.35 has been modeled with triangular elements [73]. This
structure has previously been discussed in the previous chapters. The overall wall thickness, which was
modeled uniformly, is in contradiction with practice where the wall thickness varies significantly. Geo-
metric imperfections have also not been taken into account in the Finite Element model. It is therefore
that there is a certain discrepancy between the experimental and the simulated results.

7.5 Determination of the oxidation induced deformation

After determination of dp;/dt and dn;/dt for each of the gases from (7.1), (7.7) and the relationship
between volume and pressure following from the structure an cstimate for the new internal pressure and
amount of gas can be found by,

l. .
pilt + At) = pit) + %At, (1.8)
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Figure 7.5: (a) Undeformed configuration of the bottle with six ribs. (b) Deformed configuration of the
bottle with six ribs. (c) Experimental and numerical pressure-volume relationships.

and

n;(t + At) = n(t) + %At, 7.9
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respectively. In such way an incremental solution for the pressure change has been obtained. The total
amount of component i that reacted can be approximated using

(I’,’(t + At) ~ ‘I),'(t) + w,'p,'VjAt. (7.10)

Note that w;p;V;At can not exceed the enclosed gas amount plus the amount of component : that per-
meates into the structure. The total amount of the component that permeated through the wall of the
structure can be estimated on the basis of '

PA
Wit + AL) = U,(t) + #(p‘,’ — pi(t))At. (7.11)

The above equations describe the explicit integration scheme as used in the present sctting. In order
to avoid drifting from the exact solution it is necessary to sclect the time increments sufficiently small.

7.6 Results

The significance of the effects involved has been cvaluated on the hand of an example. This example
is a plastic bottle for edible oil as currently used by Unilever and is depicted in Figure 7.5. The data as
used in the simulations are equal to the data as used in Chapter 6, sec Table 6.2. The oxidation specd is
defined as 1o, (po,) = 1.125 - 10~ 3po, similar to Chapter 6.

A common measure for oil quality is the PerOxide Value (POV) [38], where 1 POV equals the
conversion of 16 mg O, per kg of oil into hydroperoxides. The PerOxide Value (POV) is an indication
for the amount of oxygen in the structure per unit weight (of the contents). Therefore the POV is a
measure for the amount of dissolved and reacted oxygen [38] and thus the rancidity of the oil.

In the Figures 7.6, 7.7 and 7.8 the results of the simulations are depicted. From these figures it can be
concluded that within a period of approximately 21 days all initially present oxygen reacts with the oil,
the latter is experimentally confirmed by Evans [21]. Hereafter, newly permecated oxygen which entered
the structure reacts immediately with the oil. Thus, after all initial oxygen has reacted, the mechanical
behavior of the structure is fully determined by the remaining nitrogen gas and a constant stream of
oxygen permeating into the structure which consequently leads to a constant,but small, increase of POV
since the partial pressure-difference for oxygen equals p@ . These figures also show that the permeability
effect is very small and can be neglected. This conclusion is based on the constant pressure and gas
volume after all initial oxygen reacted. The latter has also becn concluded in Chapter 6.

The Figures 7.6 and 7.7 show a difference in predicted underpressure and volume change depending
on the behavior of the structure. For an accurate determination of the remaining gas volume and pressure
the non-linearity of the pressure-volume behavior of the package should be accounted for. However, if it
is desired to optimize the involved package then for each design a complete non-linear calculation should
be carried out. The latter can cause the optimization to become very expensive. During an optimization
the piece wise linear volume-pressure relation can be used as an approximation. At the end of the
optimization a check should then be performed if a non-linear volume-pressure relation determined with
FEA on the optimal bottle design will not violate the applied constraints.

Simplifying the behavior of the bottle to either a non-resistant structure or a rigid structure can lead
to wrong results. For example, we have a plastic bottle which buckles at an internal pressurc of 82.5 kPa.
If we assume that the bottle behaves like a rigid structure then the internal pressure after consumption
of all oxygen will be 80.0 kPa. In reality a pressure of 80.0 kPa will cause the real bottle to buckle.
However, the structure has a certain flexibility and therefore the internal pressure might not exceed the
critical pressure depending on the volume-pressure compliance cv.
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7.1

Conclusions

The following conclusions can be formulated for the flexible package in the present setting:

After all oxygen reacted, any new incoming oxygen immediately reacts with the contents;

After all oxygen reacted, the mechanical behavior of the package is fully determined by the nitro-
gen;

Permeability effects can be neglected. Note, that a significant reduction of the wall thickness might
lead to a different conclusion;

The POV value of the contents at the end of the shelf life can be predicted using the initial amount
of oxygen present added with the amount of oxygen permeated during the shelf life while assuming
a zero oxygen pressure after closing;

If the focus is on the mechanical behavior only, i.e. the product’s shelf life and the oxidation is
not a point of interest, then the above conclusions justify simplification of the model by neglecting
permeability;

A non-linearity in the volume-pressure relation of the package has a significant influence on the
prediction of internal pressure and volume. Taking this non-linearity into account can lead to a
very expensive optimization problem. Therefore, it is beneficial to make use of a piece-wise linear
volume-pressure relation during optimization. Fine-tuning of the design concept can then be done
using a non-linear volume-pressure relation.
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Chapter 8

Bottle Optimization

Many packages are being produccd and disposed every year. It is therefore of great importance
to minimize the material required for these packages from a cost as well as an environmental per-
spective. Not only is packaging loaded e.g., during stacking, transportation, handling, etc. also the
contents can cause mechanical loadings. The latter are especially important when packaging foods.
Due to oxidation of the contents, here edible-oil, an internal under-pressure is created which might
lead to buckling of the package. Therefore, optimization of packages with respect to, for example,
weight calls for an integrated approach which takes behavior of the contents as well as the mechanical
behavior of the package into account. This chapter describes the optimization of a plastic bottle for
edible oil making use of the different optimization techniques. Prior to optimization the importance
of solubility, permeability and oxidation have been discussed. Moreover it has been indicated how
these processes can be accounted for during the optimization.

8.1 Introduction

Since millions of packages of fast moving consumer goods are sold and disposed of cvery year, optimiza-
tion hereof can lead to significant material savings and thus less environmental loading. Optimization
of packages requires an approach which takes not only the mechanical aspects but also chemical and
physical processes into account. In this chapter the optimization process of a plastic bottle for edible oil,
as depicted in Figure 8.1, is described.

Due to oxidation the internal oxygen gas is consumed which causes an under-pressure. This under-
pressure can exceed the vacuum resistance, i.e. the under-pressure at which buckling occurs. The latter
can in due time lead to a significantly deformed package as discussed in Chapter 2. On its turn this
deformation influences the internal pressure, the dissolved amount of gas and the oxidation speed. Note
that the oxidation speed depends on the partial oxygen pressure {70]. For the consumer buckling of the
package is an indication that the contents has been affected. Any deformation of the package should
therefore not be visible to the consumer.

Models to describe the oxidation process have been developed by Talasila [61], Kiritsakis [42] and
Herlitze [34]. Talasila [61) coupled the oxidation process to the mechanical behavior of the structure for
rigid and non-resistant packaging e.g. plastic bags, pouches elc..

The pressure induced deformation of the package is influenced by the design of the bottle. Optimiza-
tion of the design of the package should therefore take the oxidation process into account. Here, use will
be made of a simplified oxidation model [69, 701, Finite Element Analyses (FEA) and the Multipoint
Approximation Method (MAM) [76]. This chapter explores better designs, here defined as lighter de-
signs, for a plastic bottle for edible oil. Totally three optimization problems will be discussed. All these
optimization problems have the same objective function, which is the weight of the package and which
is to be minimized. The optimization problems diffcr only in constraint formulation. In the sequel these
different optimization problems are dcnoted as different constraint situations. This approach is chosen
to illustrate the influence of the constraint formulations on the obtainable results in material savings.

93
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Figure 8.1: (a) Bottle deformed due to under-pressure as caused by oxidation of the contents. (b) Sit-
uation sketch. V, V,, Vi, p and p* are the total enclosed volume, the gas volume, the fluid volume,
the internal pressure and the ambient pressure, respectively. The arrows visualize the gas flows due to
solubility and permeability effects.

The first constraint situation prevents buckling of the package according the adapted model and assumes
that there are no other physical processes involved than the ones described here. However, in practice
situations occurred where all initial gas volume disappeared resulting in a buckled package. The current
model does not explain this effect which is most likely caused by non-linear material behavior [69]. This
problem can however be circumvented by applying a constraint which enforces that the volumetric de-
formation of the package before buckling is as large as the initial gas volume, or larger. The latter is done
in the second constraint situation. While the third constraint situation requires the optimal package to
omit both the first and second constraint situation. Each constraint situation leads to a different optimum.
It depends on manufacturing requirements which constraint situation will be adapted.

Structural optimization techniques have earlier been applied in packaging by Hamada [32] who tried
to optimize the thermoforming process. Bhakuni [8] used structural optimization techniques in order to
optimize aluminium beverage can bottoms.

In chronological order this chapter describes: the problem and adopted assumptions, simulations of
the whole bottle with FEA, simplification of the problem to a smaller FE model, design sensitivities [14,
75] and the Multipoint-Approximation technique, results and finally the conclusions.

8.2 Problem description and assumptions

The relevant physical and chemical processes acting in the package have been depicted in Figure 8.1b.
Here the permeability, solubility and oxidation effects are denoted by ¥, D and ®. Assumptions which
have been used in the present setting are:

e package, gas and contents always have a constant ambient temperature;
* no oxidation occurs during filling of the package;

e permeation effects can be neglected; Earlier work carried out by the author {69,70] illustrated that
these effects can indeed be neglected in the present sctting;



Bottle Optimization 95

both the gases and the contents do not react chemically with the package;

initially, the enclosed air contains 20% oxygen and 80% nitrogen;

initially the contents is saturated under air (20% oxygen and 80% nitrogen) at ambient pressure;

the oxidation process does not create residual gases;
o the packed fluid is and remains homogeneous.

Vacuum resistance is only one of the requircments for the involved package. In current practice there
also exist specifications for the empty vertical compression strength of a bottle as discussed in Chapter 2.
Including this specification as a constraint for the optimization problem will most likely result in a dcsign
with only few material-savings gained. Chapter 3 showed that the compression strength of the here uscd
closed-filled bottle is significantly higher than the compression strength of the empty bottle. To guarantee
no failure during vertical compression it is thus required to apply a good closure. If such a closure is
applied then the bottle does not have to be constrained for this compression and consequently does not
restrict further weight reduction.

In conclusion, in the present sctting the bottle will be optimized with respect to its weight and under
the condition that no buckling will occur due to internal pressure changes. In practice, the latter implics
three different constraint situations as described above. Depending on the manufacturing requirements
the desired constraint situation should be applied.

8.3 Model description

The model for the behavior of the package as a function of time includes mechanical, solubility and ox-
idation effects. The effect of permeation has been neglected bascd on the results obtained in Chapter 6.
Consequently, now two stable situations can be distinguished. The first situation is an equilibrium be-
tween the gas, the dissolved amount of gas and the deformation of the package before any oxidation took
place, thus at ¢ = 0 where ¢ is the time in days. In the sequel this will be referred to as the pre-oxidation
or first equilibrium. It is assumed that this equilibrium occurs instantaneously after capping. Here, the
pre-oxidation equilibrium does not lead to internal pressure changes or mechanical deformation due to
the imposed assumptions as mentioned in the introduction above. The second stable situation occurs
when all oxygen rcacted. This situation will be referred to as the post-oxidation or second equilibrium.
In both situations the package can be either in its buckled or none buckled configuration depending on
the initial conditions. In many cascs a complete uptake of all oxygen can be expected within three weeks
after closure [21, 70]. Only the post-oxidation cquilibrium is of interest.

There is no post-oxidation equilibrium for packages where the time dependent mechanical behavior
of the package is taken into account. This timc dependent material behavior directly influences the
internal pressure.

The internal gas pressure is determined by the sum of the internal partial gas pressurcs [24], i.e.,
p =Y. p;. In this thesis ideal gases have been assumed, the gas law therefore reads

-V
”?——:‘7‘1 =R, @.1)
‘1

where p;, n;, T and R are the partial gas pressure, the current amount of a certain gas in the gas volume
V. the temperature and the gas constant, respectively. For a constant temperature the gas dissolves in
the fluid according to Henry’s law [13,37, 38,43,45] which reads,

D; = p;S;Vy, 8.2)

where D;, S; and V; are the dissolved amount of gas i, the solubility coefficient for gas ¢ at a constant
temperature and the fluid volume, respectively.



96 Chapter 8

The following general balance equation can now be formulated,
=N)-D; -9, (8.3)

where the total initial amount of a certain component, i.e. dissolved and in gas form, is denoted by NJ.
The reacted amount of a certain component is given by ®;. Substitution of (8.1) and (8.2) into (8.3) gives
for the current problem,

LAY Y
ng, = N82 — l)o2 - ‘1)02 = 01(1 90 + (])0) - [’02)30>vj ‘I’()2 (8.4)
nN, = N§, - D, = Bae 4 (o, - rn)ShY,

where Vyo, ®o, and pf are the initial gas volume, the reacted amount of oxygen and the ambient partial
pressure of gas 2.

In some cases a drop of liquid nitrogen is added to the contents just before closing of the package.
This is done to obtain an initial over-pressure in the package to prevent buckling. For this situation (8.4)
must be modified. As such additions («0.5% of the gas volume) are very small, the influence hereof
on the contents volume can be neglectcd. Adding a small amount of nitrogen is cost increasing and
therefore not preferred and not further examined in the present sctting. In rare cases the oil is nitrogen
blanketed [40], also then (8.4) should be modified.

Here &g, = 0 and )" p; = pn, + po, = p for the pre-oxidation equilibrium, while for the post-
oxidation equilibrium ng, = 0 and }_ p; = pn, = p. In order to determine the gas pressures and the gas
volume for equilibrium of interest, the behavior of the structure with respect to the internal pressure is
required. Basically, three types of packages can be distinguished:

1. rigid packages, for example glass bottles. For these kind of structures deformation induced by
internal pressure changes can be neglected.

2. non-resistant packages, for example plastic bags. These kind of structures will hardly resist to
any internal pressure changes. Therefore the internal pressure remains approximately equal to the
ambient pressure.

3. flexible packages, for example plastic bottles. These kind of structures will deform due to pressure
changes but will give a substantial resistance to the pressure change.

It is obvious that in the present setting we are dealing with flexible packages since non-resistant and rigid
packages do not exhibit buckling.

The relation between the internal pressure and the enclosed volume has previously been described in
Chapter 2, where an experimental setup which revealed the volume-pressure relation has been described.
In Chapter 6 a linear volume-pressure relation has been used before buckling while after buckling the
internal pressure remains constant. This model is illustrated in Figure 8.2 for the bottle for 750 ml of
edible oil as considered here. The same model is also adopted here. The volume-pressure compliance is
the derivative of the linear volume-pressure relation as depicted in Figure 8.2 and is denoted by « (in m}
kPa~!). In Table 8.1 the functions for the internal gas volume for the post-oxidation equilibrium, which
is the only equilibrium of interest here, have been listed. In practice a buckled package is not desired. In
the sequel the buckled post-oxidation equilibrium is therefore not addressed further. Substitution of (8.2)
and the balance equations (8.4) in (8.1), gives an expression for the post-oxidation equilibrium pressure
9% before buckling which reads

—q+ \/q'l + 4 RTpY, S, Vs + 8, V)

20 ’

equit

=pN2=

p @®.5)

with ¢ = V0 — ap® + RT'Sy,V;. In Figure 8.3 the equilibrium pressure has been plotted as a function
of «« fora botlle with 15 ml gas and 750 ml edible-oil. After buckling the gas pressure is equal to p*" and
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Figure 8.2: (a) Sketch of the analysed bottle. (b) Post buckling deformation in experimental setup. (c)
Experimental pressure-volume relation of the package.

General form | Post oxidation equilibrium

Before |V, =V +alp| V,=V)+apN, —p*)
buckling

After Vy =nTR/p® Vy =nn,TR/p
buckling

Table 8.1: Volume as a function of the internal pressure. The internal pressure at which buckling occurs
is denoted by p*". Note that after buckling the pressure is approximated by a constant pressure p = p’.
The coefficient c is the volume-pressure compliance of the linearized volume-pressure relation and here
defined in ml kPa—'.

fully determined by thc nitrogen. Figure 8.3 clearly illustrates that for a rigid bottle (» = 0) the internal
equilibrium pressure is 80.0 kPa while for a non-resistant bottle (&« = oo) the internal pressurcs is equal
1o ambient. Figure 8.3 also shows that for larger values of « the required vacuum resistance, which is
defined as = p® — p*”, reduces. An optimal bottle design should at least have a critical internal pressure
p°" equal to the equilibrium pressure p¢9** to prevent buckling.

As discussed earlier, cases have been found were all gas volume has been consumed. The latter can
be prevented by taking care that the volumetric deformation before buckling is at least as large as the
initial gas volume, i.e. a(p* — p*") > qu The latter will be discussed further in Section 8.5.

8.4 Current bottle design

Before optimization of the bottle as depicted in Figure 8.4 the current bottle design will be evaluated
with Finite Element Analyses (FEA). If simulations and cxperiments are in reasonable agreement then
FEA can be used for optimization of the bottle. In Figure 8.5a the results of a linearized buckling
analysis of a quart-bottle model with an overall wall thickness of 0.24 mm has been depicted. Note that,
before buckling the bottle remains axial-symmetric. Experimentally the buckling pressure p” of this
bottle is 77.5 kPa while numerically a buckling load of 78.9 kPa was found. Since the used FE model
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Figure 8.3: (a) The internal post-oxidation equilibrium pressure as a function of the volume-pressure
compliance «. (b) Detail of Figure 8.3a.

Figure 8.4: Optimization of the ribs of the bottle. The design variables are the rib depth (D), two-rib
radii (R1, R2) and the height of the rib (I{). On the right hand side several possible rib configurations
have been depicted. The parametric model is made such that only depicted and similar rib variants are
allowed.

gives reasonable results it will be used for optimization. Note however, that the mesh is rather coarse as
depicted in Figure 8.5b.

In Table 8.2 the results of FEA are listed for the current bottle design. From this table it is also
possible to conclude that the current bottle design is not able to compensate for the initial gas volume of
15 ml. The current design is however able to resist the post oxidation equilibrium pressure. One of the
easiest ways of optimization is a reduction of the wall thickness. The same design has been evaluated
with a wall thickness of 0.16 mm. In Table 8.2 the results hereof have been listed. From this it can be
concluded that this bottle is also able to resist the post-oxidation equilibrium pressure. Similar to the
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Figure 8.5: (a) Buckling mode of a quart bottle-model with an internal vacuum. Before buckling the
bottle remains axial-symmetric. (b) Detail of a single rib. (c) Detailed FE model of the current rib shape.
This model is closed at the top by a rigid plate while along the bottle edge symmetry conditions have
been applied.

Wall thickness Post-oxidation or

P « Volume change
{mm] equilibrium press. (kPa] | [kPa] | (ml kPa™!] at p* [ml]
0.24 87.8 78.9 0.476 10
0.16 923 1 91.0 1.128 10

Table 8.2: Current bottle design with a wall thickness of 0.24 mm compared with the same design with a
wall thickness of 0.16 mm.

current design this bottle is also not able to compensate for the initial gas volume. Reducing the wall
thickness of the current design to 0.16 mm can be carried out without loss of performance. The latter
leads to a weight saving of 23%.

As mentioned earlier there are also cases where the total initial gas volume has been consumed,
which might have been caused by time dependent behavior of the package. The latter is not investigated
in more detail in the present sctting. In the remaining of this chapter it will be explored if the design of
the bottle can be modified such that the bottle is able to resist the post oxidation equilibrium pressure and
able to compensate for the initial gas volume while still achieving significant material savings.

8.5 Optimization

As described in the previous section reducing the wall thickness of the bottle leads to significant material
savings, while maintaining a similar performance. It has also been mentioned that the constraint can be
formulated in two ways. The first way of defining the constraint is requiring that the volume change
before buckling is at least as large as the initial gas volume. The latter is called the volume-constraining-
method and will always prevent buckling since the containing fluid is nearly incompressible. The sccond
way of constraining requires that the package should resist the post-oxidation equilibrium pressure. Here,
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Design var. Current Lower Upper Log. design Optimal
value [mm] | boundary [mm] | boundary [mm] l sensitivity ' (MAM) [mm]

H 3.1856 1 6 —3.4x107? 3

R1 2 0.2 25 9.6 x 1073 0.5

R2 1.25 0.2 25 -1.6x 1072 2.5

D 25 0.7 4.5 3.3x 107! 4.5

Table 8.3: Possible values of the design variables and the logarithmic design sensitivities,
{—{ %, 'f—lﬁ’—l, %Qdi‘n%, \Q :—f)—,, respectively, for the current value of the design variables. V denotes the
volume enclosed by a % closed rib segment. The design sensitivities have been obtained using the Global

Finite Difference method.

this is called the pressure-constraining method. Both constraints can be applied, however deciding which
constraints should be applied is left to the manufacturer. In the present setting all three methods will be
discussed. Both packages, the current design and the reduced wall thickness bottle do not satisfy the
volume constraint. As described previously, this constraint prevents paneling even if all gas volume
disappears.

Optimization of the whole bottle in the current configuration would require a very fine mesh in order
to describe the geometry accurately. The latter will result in high computational costs. From experiments
and FEA it was found that the bottle behaves axial-symmetrically until buckling occurs. Moreover, most
deformation takes place in the ribbed area of the bottle. Therefore, it is possible to imagine that it makes
sense to create a FE sub-model which examines a single rib of the bottle. This new sub-model is depicted
in Figure 8.5c and is a é rib segment which is closed at the top by a rigid plate. Along the symmetry
edges symmetry conditions have been applied. The FE model of this rib segment is small in comparison
with the mode! of the quart bottle and therefore more suitable for optimization. Note that this approach
is only of interest for the volume constraint since it is expected that the volumetric deformation of a
single rib is somchow related to the volumetric deformation of a complete bottle; while the buckling
pressure off a single rib can not be extrapolated to the buckling pressure of a complete bottle. In order
to compensate for the initial gas volume the volume change of the bottle should be large enough. For a
single rib this means that the volume change of this rib should be as large as possible since we do not
know how to extrapolate the results of the single rib to the complete bottle. If this optimization is carried
out for a single rib then afterwards it should be verified if the optimum rib design compensates for the
whole initial gas volume when applied in the bottle. In case the package should also meet the pressure-
constraint then also the buckling pressure of the bottle with the optimal rib shape should be checked. The
described approached of examining a single rib will most likely not lead to an optimal solution for the
bottle. However, any improved design can be considered as an iteration to the optimal design.

It is now of interest to find a combination of the design variables as depicted in Figure 8.4 for which
the volume change of the %-rib segment is largest given a prescribed external pressure. Design sensitivi-
ties [75] have been used to get a first indication which of the design variables have a significant influence
on the volumetric deformation of the single rib. The results hereof are listed in Table 8.3. This table
already indicates that the depth of a rib has a significant influence on the volumetric deformation. Here-
after, the Multi-point Approximation Method (MAM) [76] has been used to find an optimal combination
of the design variables. The optimal rib design as found by the MAM is depicted in Figure 8.6a. In
Table 8.3 the optimal values of the design variables for the rib-segment have been listed. In Table 8.4
the volume pressure compliance « for the rib segments have been compared. It is clear that the volume
change of the optimal rib is significantly better. Finally, it has been investigated if the optimal rib shape
as determined by MAM for a certain constant wall thickness changes for different values of this wall
thickness. The latter turned out not to be the case.

The optimal rib shape can now be applied in a quart-bottle model for final evaluation. The latter has
been done for several wall thicknesses as listed in Table 8.5. The weight of the rib was not taken into
account during optimization of a single rib. The latter also allowed generation of ribs which will result
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Current Optimal
ay ., [mikPa~'] | ay,y ImikPa ']
62x10°% | 25x107?

Table 8.4: Comparison of the current volume-pressure compliance of the rib segment and the optimized
variant.

(b)

Figure 8.6: (a) Obtained optimum rib shape. (b) Alternative rib shape which is aesthetically more
attractive. This rib shape is expected to have a similar performance to the rib shape as depicted in
Figure 8.6a.

Wall thickness [mm] | « [ml kPa~!] | Weight savings [%]

0.24 1.748 -8.9
0.22 2.144 -23
0.20 2.680 44
0.18 3.424 11
0.16 4.500 18

Table 8.5: Weight savings for different values of the wall thickness.

in a larger total bottle weight, i.e. negative weight savings. This is the case for the optimal rib shape
with a wall thickness equal to the current bottlc design (0.24 mm). In spite of the fact that an optimal
rib is applied it should not be applied in the bottle with this wall thickness. In Figure 8.7 the results of
buckling analyses for bottles with an optimal rib shape but different wall thickness have been depicted.
From this figure it can be concluded that all these bottles are able to resist the post-oxidation equilibrium
pressure. Together with Table 8.5 it can be concluded that weight savings up to 18% are feasible while
satisfying both the volume and the pressure constraint. It can also be concluded that this ‘optimal’ bottle
is able to compensate for 32 ml initial gas volume while only 15 ml is required. The latter implies that
this ‘optimal’ bottle is over-dimcnsioned and that further optimization might lead to a weight reduction
larger than 18%.

Note that the weight saving while satisfying both constraints is less than the weight saving of 23%
which was obtained by just reducing the wall thickness of the current design to 0.16 mm based only on
the pressure constraint.

The optimum rib shape as depicted in Figure 8.6a has a significantly simpler geometry than the
current rib geometry. The optimum as depicted here is however not too attractive from an aesthetic point
of view due to its pronounced appearance. It does however give a clear insight to the type of ribbing
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Figure 8.7: Predicted post-oxidation equilibrium pressure, the feasible, i.e. no buckling will occur, and
the infeasible areas, i.e. buckling will occur, have been indicated. The points refer to results obtained
Jfrom calculations with different wall thicknesses h for a bottle with the optimal rib shape.

cr equit

Applied «@ Aymer | g P Design var. | Weight savings
constraint l [ml kPa—!] l [mi}] [kPa] | [kPa] | A; R; H [mm)] [%]
Volume 1.9 15 92.0 | 94.8 | 0.16;4.00;1.14 30
Pressure 29 11 96.1 | 96.2 | 0.10;2.12;0.42 46
Vol. and press. 23 15 933 | 954 | 0.15;3.89;1.33 27

Table 8.6: Obtained optima depending on the constraint(s). The maximal volume change is indicated by
AV"{M

required. A rib shape which is more commonly accepted is depicted in Figure 8.6b. This rib shape
will be examined for the optimization of the here involved bottle. The geometry of this rib is defined
by three parameters, the wall thickness h, the rib-radius R (a quart circle) and the height H. This rib
geometry is easier defined than the current ribs and therefore also more robust for mesh-generation during
optimization.

During the optimization the wall thickness / could vary between 0.1 mm and 0.3 mm, the height H
between 0.2 mm and 5 mm and the radius R between 0.2 and 4 mm. The analytical interval volume of
the bottle was kept constant during optimization. On the bottle a pressure loading has been prescribed.
For each bottle design a linear calculation and an eigenvalue buckling analysis were carried out. From
the linear calculation the volume pressure compliance « can be determined. The eigenvalue analysis
gives the buckling pressure p*” of the bottle. Consequently, the post-oxidation equilibrium pressure for a
non buckled package can be determined by substitution of « in [8.5]. Multiplying a by p® — p“™ gives the
maximal volume change before buckling. In Table 8.6 the results of three optimization runs, each with
different constraints, are given. All optimization runs led to weight savings which outrange the previously
found weight savings. Figure 8.8 illustrates the different optimum rib shapes. For completeness the
volume pressure compliance « as determined by a linear FE analysis is verified with a non-linear FE
analysis. The result hereof is depicted in Figure 8.9 for a bottle with a wall thickness 2 = 0.16 mm,
aradius R = 4 mm and a height H = 1.14 mm (see also Figure 8.6b). From this figure it can be
determined that the initial volume-pressure compliance o = 2.00 ml kPa~! while the linear analysis let
to o = 1.94 ml kPa—!. The latter is considered satisfactory. Furthermore, this figure illustrates that the
buckling pressure as determined with the eigenvalue analysis matches the buckling pressure as found in
non-linear analysis. Finally, this figure shows that due the non-linearity in the volume-pressure relation
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Figurc 8.8: Results of MAM optimization on a quart bottle model. (a) Optimal rib shape for a bottle with
only a volume constraint. (b) Optimal rib shape for a bottle with only a pressure constraint. (c) Optimal
rib shape for a bottle with a volume and a pressure constraint.
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Figure 8.9: Volume-pressure relation of a bottle (h = 0.16 mm, R = 4 mm and H = 1.14 mm)
determined by a non-linear FE analysis. The horizontal line indicates the eigenvalue buckling under-
pressure of the same bottle. The vertical line indicates the predicted linearized volume change based on
ap® — p"). This figure clearly indicates, by means of a non-linear calculation, that this bottle is able
to ‘absorb’ more than the predicted linearized volume change.

the bottle is able to compensate for more than 15 ml of volume change, which is the predicted amount
of volume absorption based on «(p® — p*"). The latter indicates that an optimization which uses the
non-linear volume-pressure relation might still lead to further weight reduction.
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8.6

Conclusions

The following conclusions can be formulated:

an optimal bottle should at least be able to resist the post-oxidation equilibrium pressure;

ideally, the volumetric deformation of the bottle due to under-pressure before buckling occurs
should be as large as the initial gas volume;

during optimization of the described package simplified models for oxidation of the contents and
behavior of the structure can be used;

material savings up to 23% can be obtained by reducing the wall thickness of the current bottle
without loosing performance;

material savings up to 18% can be obtained while also satisfying the requirement that the complete
initial gas volume should be compensated for; these savings are not optimal and determined by
optimization of a single rib;

optimization of the structure through optimizing a single rib of the bottle gains understanding in
the direction of the optimal bottle geometry but does not lead to an optimal bottle;

optimization of the whole bottle can lead to material savings up to 46%;

the linearized predicted volume change is smaller than the volume change as predicted in non-
linear analysis;

taking into account the non-linearity in the volume-pressure relation might in the present setting
lead to even further weight savings;

the above mentioned potential material savings are based on geometrically perfect structures; im-
perfections might influence hereon (due to the linearized approach as used here this effect is ex-
pected to have only a small influence);

the above mentioned material savings assume that the filled compression strength of the bottle is
sufficient. This compression strength is also assumed to outrange the empty compression strength
significantly.
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Appendix A
Optimization of Plastic Packaging

Mass reduction of plastic packaging requires advanced design approaches. Mass reduction of plastic
packaging in most cases influences on the mechanical behavior of the structure. This mechanical
behavior involves, top load performance, impact resistance, etc.. This chapter describes the opti-
mization of a round tub (which can contain 500 gr. product) using design sensitivity analysis in
combination with multi-point approximation methods. For verification of the simulated rcsults scv-
eral cxperiments were carried out. Design sensitivity analysis has been used to identify the most
influential design variables at low computational costs. Further optimization of the tub with respect
to top load performance and material usage led to an alternative design for which the initial top load
was maintained but at a mass reduction of approximately 23%.

Introduction

Mass reduction of plastic packaging requires advanced design approaches. One of such an approach is
automated optimization. Optimization is concerned with achieving the best outcome of a given objective
while satisfying certain restrictions [30].

The present study investigates the potential mass, and here especially costs, savings that can be ob-
tained by optimization of a tub for 500 gr. product. Like in most industrial settings the formulation of
the optimization problem is complex. One of the reasons is the fact that the required quality has not
previously been defined and/or quantified. Other reasons involve capriciousness of the design appreci-
ation and other not easily definable human factors of the customer and marketeer. Furthermore, if an
optimization problem was previously defined then external influences, e.g. governmental regulations,
that were not included in the problem description might currently have a significant influence. The latter
might make re-optimization necessary.

Any changes in the design of an existing configuration will most likely result in additional costs for
implementation. In many industrial applications the objective is therefore defined by expenditure and
income. For the present application this means that any modifications to the tub should result in cost
savings that outrange the investments for the involved modifications and implementation.

Contrary, to the easiness of defining the objective is defining the constraints of the problem. In many
cases the constraints are based on common practice, which is based on current and previous experience
with the product, here a tub. In the present application the tub will be optimized with respect to its
mass. The only constraint is the critical top load, which should not decrease. The selection of the
critical top load as constraint is bascd on common practice and driven by the ease of its quantification
and experimental verification. The selected minimum value of the critical top load is thus equal to the
current critical top load which functions satisfactory. However, a thorough investigation of the actually
required top load based on, e.g., its loading and handling conditions has not been carried out and might
offer even more savings.

In the present study it is not investigated if a modification of the package has a negative influence
on other aspects which were not yet taken into account during the optimization, e.g. impact resistance,
handling conditions, markcting aspects, efc.. The latter, however, do determine whether the proposed
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Figure A-1: Deformation of the tub during top load testing.

design changes can actually be implemented in order to realize cost savings. The complexity in taking
these additional aspects into account is the difficulty to measure or quantify certain aspects or due the
heuristic and unpredictable behavior of people. The results of the present study should therefore be
interpreted carefully.

After having defined objective and constraints, the design variables should be identified. Since, only
small geometric changes are allowed this did not give rise to serious problems. If, however, marketing
aspects would also be part of the constraints and large geometric changes would be allowed, then the
problem becomes almost immediately uncontrollable.

This chapter tries, in a systematic way, using optimization techniques, to verify and quantify a poten-
tial option to reduce the costs of the tub without loss of quality. Structural optimization techniques are
not yet common tools in industry, where still most design decisions are based on experience. Therefore,
the effectiveness of some of these techniques will be demonstrated carefully.

In chronological order the chapter describes: experimentally obtained results, (parametric) design of
the tub, sensitivity analyses, optimization, multi-point approximation method and conclusions.

Experimental results

The experiments that were conducted on the tub involved top load and wall distribution measurements.
The results from both experiments will be presented briefly. For the experiments only a limited amount
of samples was available. The thermo-formed tubs are made out of PP (Poly-Propylene, density 0.92 gr
ml~1). The mass of the tub is 13.0 gr.

Top load testing

Several tubs have been tested on a Zwick 1445 compression tester. During top load testing the tub was
compressed between two horizontal platen with a speed of 100 mm min~'. The deformed shape of
a compressed tub has been depicted in Figure A-1. The critical top load is defined as the maximum
load that can be applied on the empty tub. During top load testing care was taken that enclosed gas
could escape in order to prevent an internal over-pressure. The deformed, buckled, shape of the tub is
symmetric with respect to two perpendicular planes of symmetry. These planes of symmetry intersect at
the axes of axial symmetry of the undeformed configuration. The top load has been evaluated for tubs
without lid. Three tubs were subjected to top load testing which resulted in top loads of 263, 265 and
272 N.

‘Wall thickness distribution

From all tubs that were subjected to top load testing the wall thickness distribution prior to testing was
analyzed. The wall thickness distribution measurements will not be further discussed. The measurements
led to the conclusion that the wall thickness can be considered axial-symmetric. Only slight variations
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Location | X-coord. | Y-coord.
A 63.5 60.7

B 62.25549 | 64

C 60.35098 | 64

D Xp i

F Xp 12.20188
G 4963115 {0

H 26.3 0

I 22.8359 |2

J 0 2

Table A-1: Coordinates of the points A until J. Independent variables have been denoted by a tilde.
Remaining variables are either constant or dependent design variables.

(up to 10%) were found at a fcw places. Thickness variations in the rim of the tub have been neglected
since no significant deformations occur in this area during compression.

For manufacturing purposes a certain minimum wall thickness for the rim of the tub is desired. The
thickness of the base, i.e. segment E-F-G-H as depicted in Figure A-2, is variable but constant for the
whole segment. It will be validated that by reducing this thickness significant material savings can be
obtained in combination with small geometric modifications. The initial value of this variable wall thick-
ness is 0.4 mm. Since it of no interest to use more material for the tub this should also be the upper
boundary of the wall thickness as soon as other geometric changes have no significant influence on the
mass. However, this chapter investigates a slightly wider range. The lower boundary for the wall thick-
ness is taken as 0.2 mm due to manufacturing constraints. The wall thickness in the areas A-E and H-1 is
0.5 mm, in the area I-J the wall thickness is 0.6 mm. These assumptions are in line with experimentally
found values. However, if the mass of the tub is calculated on the basis of the experimentally derived
wall thickness distribution, the mass is slightly over-predicted, being 13.46 gr. calculated while 13 gr.
experimentally. The latter can be explaincd by a bias in wall-thickness measurements for the areas, A-E
and H-1. This bias has been neglected based on the absence of significant deformation in these areas and
because these areas are kept constant during optimization.

Parametric model of the tub

Optimization requires certain possibilities to change the structure. The present section describes the
parametric model of the tub and indentifies the areas where geometric or thickness modifications can be
applied. In Figure A-2 the model of the tub is depicted. In Table A-1 and A-2 the geometry of the tub
has been described on the hand of the locations as indicated in Figure A-2. The variables overlined by a
tilde are the primary design variables. The other variables are dependent and can be derived from these
primary design variables. The dependency between the design variables is described in Table A-3. The
initial values are given in Table A-4.

Simulations

Because of symmetry in deformed as well as undeformed configuration only a quarter model of the tub
was modeled using Finite Elements [6]. Note, that this implies that also a modified design is assumed to
behave symmetrically. This assumption should be checked afterwards.

The quarter tub was modeled using triangular shell elements [9,72,73]. The material has been as-
sumed isotropic with a Young’s modulus of 1000 MPa (based on experiments) and a Poisson’s ratio
of 0.35. Along the inner top circumference of the tub a load in vertical direction was prescribed. The
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Figure A-2: Parametric model of the tub.

Location Symbol
Bottom radius, centre point, x-coord. | X},
Bottom radius, centre point, y-coord. | Y7,

Bottom radius, start angle aj
Bottom radius, end angle of
Bottom radius R,
Thickness B

Table A-2: Coordinates of the bottom radius and value of the wall thickness. From all the listed variables
only the thickness R and the radius Ry, are primary design variables.

displacements in horizontal direction were prescribed for the inner top circumference. Symmetry condi-
tions were applied to the edges of symmetry. The critical top load has been determined with a linearized
buckling analysis.

The simulation using a quarter model of the tub resulted in a critical top load of 272 N while the
average experimental critical top load is 267 N which is a difference of 2%. Further investigation to
which factors cause this difference have not been conducted. The results of these simulations have been
used as a basis for sensitivity analyses.
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Yop =Yo-Yp=64—7¥p

(= 10

Yyp = ¥p —12.20188
[= 41.79812]

X, = Xp —cos(arctan((Xy; — Xp)/Yir))
[= 29.49379}

) = (3m)/2 + arccos(Y,/RL)
[= 5.648898]

of  =2r—arctan((Xp — Xp)/Yer)
[= 6.178466)

X¢ =X+ Rysin(ef — (37)/2)
[= 49.63115]

Table A-3: The dependencies of the design variables. The value between square brackets indicate the
initial value.

Primary des. Initial value

variable [mm]
X0 =61.05
¥p =54
X =58.75
R, =25
I3 =04

Table A-4: The initial values of the design variables.

Figure A-3: Buckling mode of the initial tub. Note that only a quarter of the tub was modeled.

Sensitivity analysis

For completeness a description of the calculation of design sensitivities in a finite element context is
given. This description is based on the semi-analytical method and gives industrial readers a brief
overview of the basic idea. In this chapter the refined semi-analytical [74, 75] method has been used
for the tub. Details of the refined semi-analytical method have been omitted in this chapter.

As shown in the previous section the finite element method can be very useful in analyzing or pre-
dicting the behavior of a structure. During a gencral linearized pre-buckling finite element calculation
we solve the equation [74]

Ku =f, (A-1)
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Figure A-4: Buckling mode of the initial tub.

where K, u and f are the stiffness matrix, the nodal degrees of freedom and the load vector, respectively.
In order to determine the linearized buckling load which in the previous section was denoted by the top
load of the structure, we have to solve the eigenvalue problem

(K+AG)v =0, (A-2)

where G, v and ) denote the geometrical stiffness matrix, the buckling mode and the factor to scale the
applied load. Differentiation of (A-2) with respect to a design variable ¢ gives

(K+AG)V + (K' + AG) v+ NGv =0, (A-3)

where a prime refers to differentiation with respect to ¢. If the focus is on the design sensitivities for the
load factor A rather than for v, then (A-3) can be more conveniently expressed as
, v/ K'v+ AvI'G'v

One can say that the design sensitivities indicate the sensitivity of the structure to a certain change
of the design. During the computation of the design sensitivitics the original design, e.g. the geometry,
of the structure will be slightly distorted by perturbing the corresponding design variable and all its
dependencies. The design sensitivity that follows, analyzes the structures sensitivity with respect to small
changes of this variable. Thus, a high value of a design sensitivity implies that the corresponding variable
has a significant influence on the performance of the structure, whereas a very small value implies that
the corresponding design variable has no significant influence.

In the present chapter the design sensitivities for the primary design variables of the involved tub
have been calculated and are presented in Table A-5 and Table A-6. The design sensitivity has also
been indicated in a logarithmic manner in both tables. The logarithmic sensitivity indicates how the
design variable influences on the performance, a logarithmic design sensitivity of 2 means a quadratic
dependence between the design variable and the response function, e.g. mass. A linear dependence is
thus indicated by a design sensitivity 1. Note that the design sensitivity is a reflection of a local situation,
i.e. if a design is changed the design sensitivities may also change.

The range in which the first 3 variables, X, ¥1, and X,., can be varied is in the order of approximately
+2 mm. The variable R}, can be changed with +10 mm and the wall thickness A can be varied within the
range of 0.2 mm to 0.475 mm. The ranges in which these variables can change are listed in percentages
in the tables. Combination of the logarithmic design sensitivities and the relative changes of the design
variables allows to provide a rough estimate of the potential influence of a particular design variable. For
that purpose, suppose we have a response function f and a design variable ¢. Their nominal values are
given by fo and ¢o, respectively. The maximum relative change in the response function of f, caused by
a change of s can now be estimated using

Af wdf A dif

o SRl @™
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Design | 4= | 4= | Ac | S
var. %] (%)
Xp -15.8 | -14.1 +3 +42
Yy 26 | 21 +3 +6
X 292 | 252 +3 +76
R, 028 | 0.10 | %40 +4
3 2046 | 1.2 | -50,+70 | -60,+84

Table A-5: Design sensitivities, dF¢ [/ du, of the initial tub configuration for the buckling load. The critical
top load and logarithmic design sensitivity are indicated by F“ and %, respectively. The percentage
change of the design variable and the corresponding percentage change in buckling load is denoted by
Al and —A,‘T, respectively.

Design % ‘—’(‘l%'- Al A,‘T"O’
var. [%] [%])
Xp 553 | 0.92 +3 +3
) 4% -11.3 | -0.17 +3 +1
X 19.8 | 0.32 +3 +1
R, 33 {00231 +40 +1
h 6217 | 0.68 | -50,+470 | -34,+48

Table A-6: Design sensitivities of the initial tub configuration for the mass of the structure. The mass
has been indicated by M. Design sensitivities and logarithmic design sensitivities have been indicated
by “d# and by 41‘1,[\7[ respectively.

with A{ = Ac/to. The estimates for the percentual change of the critical top load and the mass are given
in Table A-5 and A-6, respectively.

With this information it can now be concluded that the variables X, X;; and the wall thickness A
have the most significant influence on the critical top load of the tub.

In Table A-6 the sensilivity for the mass of the tub is listed. The last column clearly indicates that a
potential mass reduction can only be achicved by a reduction of the wall thickness A. The influence on
tub mass of other design variables can be neglected.

The value Xz.-X ) defines the rim depth which in the sequel will be denoted by #. During sensitivity
analyses the influence of X;; and X;; on the critical top load was simulated separately. Therefore a high
sensitivity for both of these coordinates reconfirms the importance of the rim depth. In the sequel the
problem is simplified to 2 dimensions which are the rim depth and the wall thickness. The rim depth is
from now on defined as 7=61.05-X,;, thus X ;) remains constant. In the sequel overlining of the primary
design variables by a tilde will be omitted.

Optimization problem

In the previous section we found that the top load of the tub depends to a large extent on the wall thickness
and the rim depth. Furthcrmore, it was concluded that a mass change of the tub is mainly determined by
a change in wall thickness and that changes of other design variables have a negligible influence on the
mass. It is thus obvious to cxamine these two variables further and to try to find an optimal combination
of these two variables.

Between industrialists and scientist there is a different perception about the meaning of optimization.
Many industrialist name the rational process, e.g. syslematic, experience wise or either trial and error,
which leads to an improved design, optimization. For scientists working in structural optimization,
optimization means a systemalic plan that leads to a maximum of efficiency. This chapter describes a
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Figure A-5: Evaluation of the design space for the design variables corresponding to the rim depth and
wall thickness distribution. The mass and buckling load have been normalized with their initial values.
The optimum is given by a rim of 0.7 mm and a thickness of 0.275 mm.

systematic as well as a more straightforward method to find the optimum combination for the mentioned
variables.

First, the optimization problem will be formulated. In case it is desirable to minimize the mass of the
tub without loss in top load performance then the optimization problem can be defined as

minimize M(h,r)
suchthat F°(h,r) > F¢(h =04, = 2.3),

where F°(h, ) is the top load performance of the tub and M (h,r) the mass of the tub. The initial values
of h and r are 0.4 mm and 2.3 mm, respectively, and result in a mass of 13.46 gr. and a critical top load
of 272 N.

The more straightforward method of finding the optimum solution for the combination of both
variables is scanning the design space. Since the current problem is a two dimensional problem this
scanning does not impose significant problems and gives a clear and complete picture of the prob-
lem. The optimization problem as described in (A-5) has been evaluated for » = 0.1,0.2,...,2.3 and
h = 0.2,0.225,...,0.475, which thus required 276 computations. It is obvious that this is not an ef-
ficient way to find to solve the mentioned optimization problem. It is however a reliable method and
gives a clear understanding about the influence of the variables on the mass and critical top load per-
formance of the tub. The results hereof have been depicted in Figure A-5 where the buckling load has
been normalized according F“(k,r)/F¢(0.4;2.3), and should be equal or larger than 1. The mass has
been normalized as M (h,7)/M(0.4;2.3). From this figure also the optimum can be derived at 7 = 0.7
and h = 0.275, corresponding to a buckling load of 284 N and a mass of 10.4 gr. The material savings
belonging to this wall thickness reduction and geometry change are approximately 23%. Due to the
stepwise approach as used during the scanning of the design space the buckling load is slightly above its
constraint value of 272 N. Creating a finer grid, or using additional optimization techniques as discussed
in the next section could solve this. Figure A-5 clearly indicates an increasing top load performance
for increasing wall thickness and decreasing rim depth. The reduction of wall thickness and rim depth
do influence the buckling mode of the structure. The buckling mode belonging to a reduced rim depth
is depicted in Figure A-6. Figure A-5 also shows that a complete removal of the rim is not satisfactory
since it reduces the buckling load significantly. Note, that the validity of the used shell theory is a point of
discussion near the optimum solution. Since here, rim depth divided by wall thickness is approximately
1. It is assumed that erosion of the optimum [62] docs not influence on the obtained optimum. However,
rigorous checks have to be made.

(A-5)
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Figure A-6: Buckling mode of the tub with reduced wall thickness and rim depth.

1t should however be mentioned that the rim of the tub cannot simply be reduced since it also gives
the tub a de-stacking capability, i.e. thus when the rim depth will be reduccd the de-stacking facility
should be taken over by other design features in the tub, e.g. de-stacking notches in the bottom. For
completeness the reader is once more reminded that top load is only one requirement and that is has
not been examined if de-stacking force, impact resistance, shelf life efc. have been affected by the new
geometry.

Multi-point approximations

As described in the previous section, scanning of the design space required 276 function evaluations.
Most likely the optimum within the design space could also have been found using significantly less
function evaluations. The reliability of the solution is however smaller since it is not known if the ob-
tained solution is a local optimum and how the top load depends on the design variables for not evaluated
design variable values. Thus from an industrial point of view it is unsatisfactory to implement the de-
sign changes solely based on the results of an automated optimization using for example the Multi-point
Approximation Method (MAM) [76]. The costs of mapping the design space for the described problem
stand in no relation to the costs that might evolve from law suits with respect to product reliability and
should therefore always be considered. The latter might change as soon as more variables arc involved
and a fine scanning of the design space becomes very expensive or even impossible.

As mentioned, one of the automated optimization techniques is MAM. The latter replaces the actual
optimization problem by a sequence of approximate ones, each having a limited range of applicability.
Therefore, it carries out in each iteration function evaluations at several points in the space of dcsign
variables. Based on these function values, mid-range approximations are constructed, that are defined as
relatively simple functions of the design variables and a vector of tuning parameters to be found using
a weighted least-squares method. Standard mathematical programming routines solve the optimization
problem given in terms of these approximations and intermediate move limits easily. This solution, a so
called sub-optimum point, is uscd as a starting point for the next iteration step until convergence is found.
Based on a number of indicators [76}, for example quality of the approximations, new intermediate move
limits are defined or the process is terminated. The mathematical programming problem to be solved in
each iteration is computational inexpensive as it is formulated in terms of relatively simple approximation
functions. The advantage of MAM is threefold. Firstly, the mathematical programming to be solved in
cach iteration is computational inexpensive as it is formulated in term of relatively simple approximation
functions. Secondly, the method can be used whether or not design sensitivities are available. Finally, thc
MAM is relatively insensitive to (numerical) noise in response evaluations since noise can be averaged
out using a weighted least squares method to determine the approximate functions. For more information
about the present MAM, the reader is referred to [63,76].

For the MAM applied to the tub the rim depth r ranged from 0.1 mm to 5.05 mm and the initial move
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Figure A-7: Regions were the design variables have been evaluated during the MAM. Due to the fact
that the problem is only 2 dimensional, visualization for all design variables is possible. a) Movement of
subregions in the design space. b) Movement of subregions in the design space during the last iterations.
Magnified view of Figure A-7a.

Normalized Constraint
v
[

Iteration

Figure A-8: History of the normalized buckling constraint.

limits were 0.1 mm and 4.27 mm. The wall thickness £ ranged from 0.2 mm to 0.5 mm and the initial
move limits were 0.35 mm and 0.5 mm. The solution converged within 9 iterations. After four iterations
the optimum was already indicated, as depicted in Figure A-8 and Figure A-9. The remaining iterations
had no further significant influence on the obtained mass savings. The converged optimum configuration
for the tub was found at a rim depth of 0.45 mm and at a wall thickness 0.267 mm. The mass of the tub
for the optimal solution is M(0.267;0.45)=10.4 gr. which is similar to the optimum found graphically in
the previous section were a mapping of the design space was carried out.

Discussion

Many packages are being produced and disposed of every year. It is therefore of great importance to
minimize the material required for these packages from a cost as well as environmental perspective.
Current computational techniques give the possibility to analyze a structure prior to manufacturing. This
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Figure A-9: History of the objective function.

also gives the opportunity to optimize the structure prior to manufacturing. During such an optimization
study there will be a number of requirements, e.g., costs of manufacturing, material costs, governmental
regulations (environmental tax), performance during manufacturing, performance at the customer, eic..
The costs involved in packaging can be very large duc to very large volumes. When a new design is
proposed it is therefore required that the cost savings generated by a new concept outrange the required
investments necessary for implementation. Very important is also the reliability of thc new design. If in
a later stage it is proved that the new design functions unsatisfactory or caused collateral damage then
this might result in large damage claims and a damaged consumer image. The latter should be taken into
account for each optimization study that is carried out.

In this chapter a round tub for 500 gr. margarine has been optimized with respect to its costs and top
load performance (required during stacking of the tub). Firstly, some experimental work was carried out
on actual tubs. Secondly, the experiments were simulated and design sensitivity analyses were carried
out. The design sensitivity analyses indicated that the two variables rim depth and wall thickness have a
significant influence on the critical top load and mass of the tub, respectively.

These two variables were then further examined by two methods. The first method scans the design
space of the two variables while a second optimization method, MAM, uses a more efficient approach.
This resulted in a design change of the tub such that the mass of the tub reduced by 23%. Note, that
this reduction of mass can only be implemented if other aspects are not influenced by the geometry
changes.
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Discussion

A package is subject to different simultancous load cases during its way to the consumer. These load
cases have a mechanical (deformation), physical (solubility and permeability) and chemical (oxidation)
nature. Here, these processes have been discussed for a particular plastic bottle. For the involved bottle
two main mechanical load cases have been examined: compression strength and vacuum resistance. The
compression strength of the involved package is required for stacking and transportation while vacuum
resistance is required to prevent pancling of bottles. Paneling is created by a combination of gases
dissolving into the fluid and by oxidation of the contents.

On a first impression these two load cases seem conflicting. However, here compression strength
and vacuum resistance can be examined independently. The latter is due to the fact that here the filled
compression strength is more than large enough to prevent failure during stacking. The large filled com-
pression strength is caused by a possibility to build up internal gas pressure during vertical compression
and does not depend on the wall thickness of the bottle. This possibility is created by the harmonica
like deformation of the bottle. The paneling prevention of the bottle benefits in two ways from the har-
monica shape. Firstly, such geometrics have a high vacuum resistance and secondly such geometries
can compensated for under-pressure creation by volumetric deformation. Consequently, replacing the
empty compression strength requirements with requirements with respect to the bottle closure opens
opportunities towards significant material savings.

The physical processes involved are dissolving of gases into the fluid and permeation of gases through
the bottle wall. The solubility effects have a large influence on the internal pressure during pancling as
well as during compression of filled bottles. Permeability effects, however, can be neglected in the
present setting. The latter might change if material properties will significantly change or for packages
with a much smaller wall thickness, e.g. films and pouches. The most dominant chemical process in-
volved is oxidation of the contents. Generally, all initial present oxygen is consumed far before expiring
of the shelf life. Therefore, during most of its life time the behavior of the package is only determined
by the nitrogen gas and the mechanical behavior of the structure. The situation after disappearing of
all oxygen is static, since time dependencies in the mechanical behavior have not been taken into ac-
count. Consequently, the mechanical behavior of the structure has been simplified to a piece-wise linear
volume pressure relation by introducing the volume-pressure compliance which indicates the amount of
volume change for a certain pressure change. The latter created the opportunity to predict the volumetric
deformation and the equilibrium pressure easily.

The previous mentioned simplifications let to a well-defined optimization problem where the objec-
tive function is the weight of the package. Like for most practical optimization problems the constraint
definition is not unique. In the present thesis different constraint formulations have been evaluated each
leading to a different objective value after optimization. For the optimization usc has been made of the
Multipoint Approximation Method. This resulted in significant weight savings and clearly illusirates the
strength of optimization techniques. Additionally, any new design change can be followed by a new
optimization run which automatically updates design details to prevent excessive material usage.
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The optimization as described in this thesis is not limited to the bottle described here but is also
applicable to cases where similar processes are involved. It might be that for other applications some
simplifications as used here can not be justified, the general approach however remains similar. One as-
pect that has not thoroughly been examined in the present thesis is the time-dependent material behavior.
This effect might be of significant importance for other applications than the one described here.




Summary

The present thesis describes the physical (solubility and permeability), the mechanical (structural be-
havior) and the chemical (oxidation) processes which are very often relevant to a thin-walled package.
Initially a study has been carried out which identified the relevant requircments for the involved package,
here being a plastic bottle for edible oil. These requirements are based on experimental work and consist
of empty and filled compression testing and vacuum resistance testing. Subscquently, these experiments
have been modeled with Finite Element Analysis (FEA). The latter required several special numerical
adaptations for the deformation induced internal pressure and solubility cffects which play a significant
role during vertical compression of filled bottles.

Each of the processes as mentioned above have been examined by many researchers, however a
model which combines structural behavior, permeability and solubility effects and oxidation of the con-
tents can hardly be found in literature. If it is desired to optimize a complete structure then it is however
necessary to take all these processes into account. In the present thesis such a model is described, more-
over the model is general applicable and can be used to determine the behavior of the package and to a
certain extent the behavior of the contents as a function of time. The mechanical behavior of the package
required for this can be determined in a quasi-static way with the help of FEA. The amount of dissolved
gas is determined using Henry’s law. The influence of the permecability effect is determined by the gas
pressures, while the oxidation is determined by the oxygen gas pressure and an initial oxidation speed.
Accurate oxidation data is however scarce. If such accurate data is required one could set up experiments
for this, if not approximate data may be used. An explicit integration scheme has been used to determine
the behavior of the package as a function of time.

Applying this model to the round botile indicated that permeability effects could be neglected in the
present setting. Moreover, it has been indicated that the mechanical behavior of the structure can be
simplified to a piece-wise linear volume pressure relation. This simplification originatcs from the fact
that all initial present oxygen reacts in a rclatively short period of time with the contents. Hereafter the
behavior of the structure is fully determined by the nitrogen pressure. Since time dependent behavior of
the package has not been taken into account, the situation after disappearing of all oxygen is investigated
as a static problem. The piece-wise linear behavior of the involved structure can easily be identified with
a linear FE analysis and a buckling FE analysis. The latter has been exploited during optimization of the
involved structure.

During analysis of the optimization problem, sensitivity analysis has been used to identify the most
important design variables of the structure. Hereafter, an optimal design was looked for, making use of
the Multipoint-Approximation Method (MAM). For the present bottle the optimization led to a bottle
where weight savings up to 46% can be achieved. The origin of these weight savings comes however
not directly from the optimization analysis itself. Most potential weight savings have been ‘creatcd’
during the definition of the constraints. In common practice the constraints are mostly based on history
or cxperience while in this thesis the constraints are derived from buckling requirements.

119



120




Samenvatting

In dit proefschrift worden de fysische (oplosbaarheid en permeabiliteit), de mechanische (het constructief
gedrag) en de chemische processen beschreven welke vaak relevant zijn voor dunwandige verpakkingen.
In eerste instantic is er een siudie gedaan naar de relevantie van de verschillende eisen die momentecl
gesteld worden aan de verpakking, hier een plastic fles voor eetbare olién. Deze eisen zijn gebaseerd op
experimentele resultaicn zijnde: compressietesten op lege en op gevulde flessen en vacuiimproeven.
Vervolgens zijn bovenstaande lests gesimulecrd met behulp van de eindige-elementenmethode. Het
simuleren van de door vervorming geinduceerde druk in de fles en de oplosbaarheidseffecten vereiste
verscheidene speciale numerieke wijzigingen in de analyse code.

Vele onderzoekers hebben de boven genoemde processen reeds bestudeerd, echter een model welke
het mechanisch gedrag, de oplosbaarheid, de permeabiliteit en de oxidatic van de inhoud combineert is
niet eerder gerapportcerd. Indien het gewenst is een dergelijke constructie tc optimaliseren dan dienen
al deze aspecten in overweging genomen tc worden. In dit proefschrift wordt dit aigemeen toepasbare
model beschreven en toegepast om het tijdsafhankelijke gedrag van de verpakking en tot op zekere hoogte
van de inhoud te bepalen. Het mechanische gedrag van de verpakking dat hiervoor benodigd is kan op
een quasi-statische manier benaderd worden met behulp van de eindige-elementenmethode. De hoeveel-
heid opgelost gas wordt bepaald met de wet van Henry. De invloed van permeabiliteit wordt bepaald
door de gas drukken terwijl de oxidatie afhangt van de zuurstofdruk en de initi€le oxidatiesnelheid.
Nauwkeurige data met betrekking tot oxidatie is echter schaars. Indien dergelijke data gewcnst is dan
dient men hiertoe experimenten uit te voeren. Als dit niet het geval is dan kan gebruik worden gemaakt
van benaderende gegevens. Een expliciete integratic methode is gebruikt om het tijdsathankelijke gedrag
van de verpakking te bepalen.

Toepassing van dit model op de ronde fles leidde tot de conclusie dat permeabiliteitseffecten hier
verwaarloosd kunnen worden. Bovendien is aangetoond dat het mechanische gedrag van deze construc-
tie benaderd kan worden met een gedeelde lineaire volume-druk afhankelijkheid. Deze benadering komt
voort uit het feit dat reeds in een korte periode alle initicel aanwezige zuurstof reageert met de inhoud.
Hiema wordt het gedrag van de structuur volledig bepaald door de stikstof-druk. Sinds tijdsafhanke-
lijk materiaal gedrag van de verpakking niet in het model is opgenomen kan deze situatie als statisch
beschouwd worden. Deze stuksgewijze lineaire volume-druk relatie van de verpakking kan reeds voor
de vervaardiging hiervan ecnvoudig afgeleid worden met bechulp van de eindige elementen methode.
Tijdens optimalisatie is hiervan uitvoerig gebruikt gemaakt.

Met de formulering van het optimalisatie-probleem is er gebruikt gemaakt van gevoeligheidsanalyses
voor de identificatie van de relevante ontwerpvariabelen. Hierna is er getracht een optimaal ontwerp te
vinden met behulp van de ‘Mutipoint-Approximation’ Methode (MAM). Voor de hier genoemde fles lei-
dde dit tot een gewicht besparing van maximaal 46%. De oorsprong van deze gewicht besparing is vooral
te wijten aan de definitie van de randvoorwaarden. Het is in de praktijk gebruikelijk deze randvoor-
waarden of eisen te baseren op historie en ervaring. Echter in dit proefschrift zijn de randvoorwaarden
gebaseerd op echie relevante ‘knik’-cisen.
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