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Abstract. In this paper, we consider the integrated model of train timetable and
speed profile for a single bi-directional track. This problem aims to schedule train
passes along single track from opposite directions to avoid conflicts. It is assumed
that there are different types of stations along the track, and trains can only pass
each other simultaneously at stations that have sidings. Focusing on the opera-
tion scenario, we propose an integrated model of train timetable and speed profile
optimization. To address the nonlinear constraints generated by the meeting con-
flicts in the single bi-directional operation, the Big-Mmethod is used to transform
the constraints into linear constraints incorporating binary integer variables such
as meeting and train priority. Thus, a mixed integer linear programming (MILP)
model is constructed, which can be solved using the Gurobi solver. The model is
formulated with two objective functions: one aims to minimize the time deviation
of trains running in pairs considering passenger satisfaction, and the other is to
minimize the total train travel time. The proposed model is applied to solve the
problem based on a single-line urban railway and the feasibility of the model is
verified. The results show that the total train travel time is effectively reduced by
29.8%.

Keywords: Bi-directional Track · Timetable Scheduling · Integrated Model

1 Introduction

With the development of intelligence and automation of urban rail transit, how to further
improve the synchronized and coordinated operation of the system is a topical matter
of current research [1]. Under the multiple operation modes of urban rail transit, the
single bi-directional operation mode is applicable to single-track scenarios and exists
at both national and international levels. In urban rail networks, single, double and
even multiple tracks are interconnected, which means that the effectiveness of single bi-
directional schedules significantly impacts the overall quality of the network schedule.
Therefore, under the background of integration, it is of great practical significance and
challenge to explore the single bi-directional operation scenario.
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In order to break the system barriers and improve operational efficiency, the study
of integrating train timetable and speed profile has become a popular concern in the
field today [2, 3]. On the one hand, the train timetable is the key of scheduling, which
determines the train arrival time, running time, and dwell time, on the other hand, the
train operation control strategy determines the section running time as Fig. 1. Therefore,
to obtain the optimal solution of the whole system, it is necessary to conduct integrated
research on the train timetable and speed profile. Many scholars have studied double-
track or multi-track lines based on the integration [4], but single tracks are different from
double-tracks or multi-track, with strong coupling and complexity of meeting impact
factors. Single bi-directional operation mode means that only one track is used for the
upstream and downstream, with the opposing trains constrained to each other. When a
single track block occurs, the operation mode can optimize running efficiency.

Fig. 1. Integration of train scheduling and control.

As early as 1970s, for the single-track railway scheduling problem, Szpigel first
applied operations research to generate train timetable [5]. Further research has led to the
development of various programming models for the description of single bi-directional
scheduling problem. Li et al. [6] constructed a nonlinear mixed integer programming
model and proposed a heuristic algorithm based on the prediction of global conflict
distribution. In order to further study the complexity and the lower bound of single track
train scheduling, Harbering et al. [7] confirmed that for any fixed number of blocks
and different cases, the problem can be solved polynomially in the number of trains
and the maximum block length by dynamic programming. Considering both strict and
relaxed cases, Xu et al. [8] establish two MILP models for integrated optimization,
which realizes simultaneous locomotive allocation and train scheduling. Yang et al. [9]
constructed a MILP model by using the integer variable of train occupancy order, which
aims to minimize the total travel time and operation cost. It is proved by simulation that
the train operation mode of running in pairs has higher overall efficiency and shorter
computation time than the hybrid mode. However, it is not considered that the deviation
of the running time of opposite trains when running in pairs, which may affect the
passenger satisfaction with the efficiency of bi-directional operation.

The main contributions of this paper are as follows. Under the integrated develop-
ment of urban rail transit, a MILP model is constructed to express the meeting-crossing
constraints using integer variables such as train priority, considering the minimization of
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the train travel time and the deviation of opposite trains running time. Based on the data
of a certain urban rail single line, the proposed integrated model is utilized to calculate
and verify the validity of the method.

2 Problem Statement

Under the single bi-directional operation mode, there are different types of stations
affecting the train operation. To simplify the problem, these stations are considered as a
group of sites, which can be classified into three types.

1) The first type of site, denoted as S1, represents a common station that including
sidings.

2) The second type of site, referred to as S2, has only a single track and does not allow
trains to meet.

3) The third type of site, S3, known as a passing loop, is similar to S1 but serves only
as a meeting site for opposing trains and typically does not allow for stopping.

Similar to S2, it is not possible to have a meeting within a track section, which
is also a challenging issue to consider when optimizing the train timetable. We will
limit the operational constraints of stations according to the type of sites, which will
be described in the next chapter. Furthermore, this problem also takes into account
the arrival priority of opposing trains during meeting, which contributes to providing
factors of greater interest to operators [10]. If trains in opposite directions occupy the
corresponding section, preventing upstream or downstream trains from reaching the next
section, this is known as a deadlock situation.

3 An Integrated Model of Train Timetable and Speed Profile
for Single Bi-directional Line

3.1 Train Timetable Constraints

The departure and arrival time constraints for upstream trains are shown in (1)–(2), and
the same applies for downstream.

τmin
i,s ≤ tdi,s − tai,s ≤ τmax

i,s (1)

rmin
i,s−1 ≤ tai,s − tdi,s−1 ≤ rmax

i,s−1 (2)

The headway constraints for upstream or downstream trains traveling in the same
direction as (3)–(4). These constraints can be linearized using the Big-M method [11].

hsmin ≤ |tdi,s − tdi−1,s| ≤ hsmax (3)

hsmin ≤ |tai,s − tai−1,s| ≤ hsmax (4)
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Due to the simultaneous operation of trains in opposite directions in the single bi-
directional operation mode, the trains in opposite directions must satisfy the minimum
headway interval constraints.

The headway intervals of opposing trains are constrained as follows:

homin ≤ |tai,s − tdj,ε| ≤ homax (5)

homin ≤ |tdi,s − taj,ε| ≤ homax (6)

3.2 Meeting-Crossing Constraints

In the train timetable of single bi-directional operation, there is a nonlinear constraint
between opposing trains, which is the deadlock situation mentioned above. The rela-
tionship refers to the meeting-crossing constraint of opposing trains, which exists not
only in S2, as in (7), but also in the track section of opposing trains as (8).

(tdi,s−1 − taj,ε+1) · (tai,s − tdj,ε) > 0 (7)

(tdi,s−1 − taj,ε+1) · (tai,s+1 − tdj,ε−1) > 0 (8)

Fig. 2. Illustration of nonlinear constraint for meeting of opposite trains

In order to facilitate the representation of the same station being served by opposing
trains, we set the platform order for the upward direction to s and the opposite direction to
ε. Thus, ε= S− s+ 1, and S is the number of sites. To linearize the nonlinear constraints
(7)–(8) generated by the single bi-directional operation, the Big-M method is used to
associate continuous dynamic variables with discrete logistic variables, which requires
the establishment of corresponding binary variables as described below. To summarize
the linearization process, we plot how intersecting train running lines are linearized into
four types of scenarios using integer variables in Fig. 2. The first two types correspond to
situations where opposite trains meet, while the last two correspond to scenarios where
opposite trains cross.
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A meeting binary variable ci,j,s is set for the sites that may generate a meeting-
avoidance at a single-track platform or passing loop. The relevant constraints on ci,j,s
are described by:

∑

j∈J
ci,j,s ≤ 1, ∀i ∈ I, s ∈ S (9)

∑

i∈I
ci,j,s ≤ 1, ∀j ∈ J, s ∈ S (10)

tdi,1 − taj,S ≤ M · (1 −
∑

s∈S
ci,j,s) (11)

tai,S − tdj,1 ≥ −M · (1 −
∑

s∈S
ci,j,s) (12)

Constraints (9)–(10) respectively mean that any pair of opposing trains i and j can
only meet with the reverse train j or i at station s at most once. Constraints (11)–(12)
imply that for all station s, any pair of opposing trains i and j can meet at most once at
the station where a meeting may occur if certain conditions are met.

The constraints on two pairs of train sequence binary variables are described as:

supi,j,s + sdowni,j,s = 1 (13)

tupi,j,s + ndowni,j,s = 1 (14)

The two pairs of train sequence binary variables are related to the arrival sequence
of opposite trains, thus they can be calculated by the priority of trains. When the train
i and j meet at station s, that is ci,j,s = 1, the train sequence variables is determined by
the priority of the opposite trains. Taking supi,j,s and tupi,j,s as the example, sdowni,j,s and tdowni,j,s
can be calculated by (13)–(14).

supi,j,s =
{
1, if pi ≤ pj
0, if pi > pj

(15)

tupi,j,s = 1, ∀pi, pj (16)

The constraint (7) for S2 can be transformed into (17), with the single-track section
constraints (8) similarly transformed. hsaf is the minimum safety interval between
meeting.

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

tdi,s−1 − taj,ε+1 ≥ hsaf − M · supi,j,s
taj,ε+1 − tdi,s−1 ≥ hsaf − M · supi,j,s
tai,s+1 − tdj,ε−1 ≥ hsaf − M · sdowni,j,s

tdj,ε−1 − tai,s+1 ≥ hsaf − M · sdowni,j,s

(17)
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3.3 Objectives

The objective function consists of two parts: minimizing the total train running time and
reducing the deviation in single trip duration for bi-directional train services.

J1 =
∑

i∈I
Tup
i +

∑

j∈J
Tdown
j (18)

J2 =
∑

i≤N ,j≤N ,i=j

|Tup
i − Tdown

j |,N = min(|I|, |J|) (19)

where Ti represents the total travel time of train i along the entire route, and Tj similarly,
which can be calculated using the decision variables related to train operation time. N
denotes the smaller value between I and J. It is used to compare the travel time deviations
of pairs of opposing trains.

4 Case Study

In this chapter, we propose two train timetables for comparative validation. One is an
empirically based manually prepared timetable, and the other is the integrated solution
proposed in this paper. It is worth noting that the integrated model is solved using the
commercial solvers Gurobi 11.0.1.

4.1 Parameters Setup

The line utilized in this case contains 14 stations, and the specific parameters are shown
in Table 1, including the minimum/maximum dwell time, distance between stations and
speed limit. In particular, the minimum dwell time at terminal stations can be regarded as
the minimum turnaround time. To ensure that the single bi-directional operation retains
flexibility for operational adjustments, the train departure interval is set at 560 s.

According to previous studies [12, 13], it is known that the train inter-site running
time can be setwithin a suitable range based on theminimum train inter-site running time.
Therefore, we calculate the minimum inter-site running time through train dynamics and
line parameters, and set the maximum inter-site running time to 1.2 times this value.

4.2 Experimental Results

We consider dispatching 9 train services in each direction. Figure 3 illustrates the dif-
ference between the manually prepared timetable and the timetable generated by the
integrated model. The total travel duration in the manual timetable is 30,390 s, while the
integrated timetable achieves a duration of 21,331 s, resulting in approximately 29.8%
time savings.

The integrated model can generate the optimal timetable in a short time while main-
taining flexibility for train operation adjustments. Additionally, it effectively meets the
fundamental requirements of manually prepared timetables.
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Table 1. Simulation line parameter

Sites Type τmin(s) τmax(s) Inter-site distance(m) Speed limit(km/h)

1 S1 30 90 – –

2 S3 30 45 276 20

3 S2 30 90 251 25

4 S3 0 45 154 20

5 S2 30 90 238 25

6 S3 30 45 380 20

7 S2 30 90 311 20

8 S3 0 45 315 15

9 S2 30 90 115 45

10 S1 30 90 236 20

11 S1 30 90 547 20

12 S3 0 45 651 40

13 S2 30 90 290 25

14 S1 30 90 461 25

Fig. 3. Comparison of the train timetable

5 Conclusions

This paper introduces an integrated model for single bi-directional operations in urban
rail transit. The model optimizes train scheduling by linearizing conflict constraints
for single-track platforms using binary integer variables related to meetings and train
priority. It minimizes total train travel time while accounting for deviations in paired
train running times. Through a case study, it is confirmed that the model can effectively
enhance the line capacity of the single bi-directional operation mode. This improvement
provides valuable decision support for urban rail transport scheduling.
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