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 A B S T R A C T

Salt cavern simulations involve many numerical challenges that need to be addressed in order 
to ensure accurate and meaningful results. Firstly, lithological structures and solution-mined 
salt caverns always present fairly complex shapes, which favors the use of tetrahedral meshes 
with local refinements for adequate domain discretization. Secondly, salt rocks are known 
to creep under deviatoric stresses, meaning that deformations take place at constant volume 
(isochoric). The combination of isochoric deformations with tetrahedral meshes is particularly 
problematic for low-order finite element formulations. This work presents a stabilized mixed 
finite element (FE) formulation for linear tetrahedrons, where the mean stress is a primary 
variable, incorporating all the relevant deformation mechanisms for salt rocks. The stabilization 
consists of enriching the displacement FE approximation in the mean stress equation by 
obtaining an approximation for the Laplacian of the displacement that accounts for inelastic 
strains. This is achieved by using the Physical Influence Scheme (PIS) with the concept of 
secant Young’s modulus, which promotes local stabilizations where necessary. When combined 
with a proper calculation of a geometric parameter ℎ, this stabilization technique is shown to 
produce oscillation-free and physically consistent results without any sort of tuning parameter. 
The proposed technique is analyzed in relevant test cases for salt cavern simulations and the 
results show the effectiveness of the proposed stabilization to eliminate spurious numerical 
oscillations with low-order tetrahedral meshes.

1. Introduction

Simulating the mechanical behavior of salt caverns is an important step to ensure mechanical stability during the entire cavern’s 
life cycle, i.e., from leaching to storage operation and after abandonment [1]. While accurate stress calculations are crucial for 
stability assessment, they are also challenging for many reasons including e.g. complexities within the lithological descriptions, 
uncertainties associated with initial stress conditions, use of adequate and properly calibrated constitutive models, and numerical 
accuracy and stability of the simulations [2,3]. The present work focuses on the numerical aspects of stress calculations in salt 
caverns as it relates to relevant constitutive models for salt rocks.

Salt rocks exhibit a complex time-dependent mechanical behavior with different deformation mechanisms taking place simultane-
ously. When a constant differential stress is applied, a salt rock immediately responds elastically with a subsequent time-dependent 

∗ Corresponding author at: TNO-GDN Geological Survey of the Netherlands, 3584CB Utrecht, The Netherlands.
E-mail address: herminio.tasinafohonorio@tno.nl (H.T. Honório).

https://doi.org/10.1016/j.cma.2026.119073
Received 10 February 2026; Received in revised form 6 May 2026; Accepted 7 May 2026

Computer Methods in Applied Mechanics and Engineering 458 (2026) 119073 

Available online 14 May 2026 
0045-7825/© 2026 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/cma
https://www.elsevier.com/locate/cma
https://orcid.org/0000-0002-3590-2990
https://orcid.org/0000-0003-4395-5125
https://orcid.org/0000-0002-5077-1394
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
https://github.com/ADMIRE-Public/paper-mixed-salt/tree/main
mailto:herminio.tasinafohonorio@tno.nl
https://doi.org/10.1016/j.cma.2026.119073
https://doi.org/10.1016/j.cma.2026.119073
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cma.2026.119073&domain=pdf
http://creativecommons.org/licenses/by/4.0/


H.T. Honório et al.

inelastic response with a high strain rate. As time progresses, the strain rate slowly decreases, thus characterizing the transient 
(or primary) creep stage. The steady-state creep stage is defined after the strain rate stabilizes at a constant value. This stage is 
well described in the literature, for which two different mechanisms are commonly considered. The first one is dislocation creep, 
which occurs by a rearrangement of the crystal lattice internally to the salt grains, and has a non-linear dependency with stress. The 
second one is a fluid assisted deformation mechanism that consists of dissolution of salt around grain regions of high pressure and 
precipitation in low pressure regions. This mechanism is commonly referred to as pressure solution creep, which is highly dependent 
on grain size, and has linear dependency with stress. It is widely recognized that dislocation creep dominates at high differential 
stresses, while low differential stresses have a greater effect on pressure solution creep. Moreover, salt behavior is strongly dependent 
on whether the stress condition lies in the compressibility or dilatancy regions. In the compressibility region, salt presents transient 
and steady-state creep and continually deforms without failure. On the other hand, if the material operates in the dilatancy region, 
micro-cracks start to form and accumulate, occupying space (volumetric increase) and weakening the material, thus causing tertiary 
creep to appear. This tertiary creep stage is characterized by a rapid increase in strain rate followed by brittle failure of the rock. 
Other mechanisms, such as reverse transient creep and thermal strains might also play a role in salt cavern operations. In addition to 
thermal strains, temperature variations can significantly affect creep behavior. Therefore, including thermal effects is also important 
for accurate predictions of the mechanical behavior of salt caverns.

As exposed in the previous paragraph, creep is an essential mechanism to be described by any the constitutive model for salt 
rocks. Dislocation and pressure solution creep mechanisms are particularly important for the long term behavior of salt caverns. 
These two mechanisms are exclusively dependent on the deviatoric stresses–in other words, they are 𝐽2-dependent viscoplastic 
models. It is well-known that 𝐽2 (visco)plasticity, such as the classical power-law formulations for dislocation and pressure solution 
creep, produce isochoric deformations, which in practice induce an incompressibility constraint to the system. As a result, non-
physical numerical oscillations appear in the mean stress field due to locking. Such mean stress oscillations suggest the use of 
a mixed displacement-mean stress formulation with a choice of the pair of approximation spaces satisfying the Ladyzhenskaya–
Babuška–Brezzi (LBB) stability condition [4]. This implies that classical low-order P1-P1 mixed elements are also prone to numerical 
instabilities, unless a stabilization technique is employed. Many stabilization techniques have been devised in the literature to address 
problems with incompressibility constraints, such as Stokes flows [5–7], incompressible Navier–Stokes [5,8,9], linear elasticity for 
(nearly-)incompressible materials [10–12], coupled poroelasticity [13–19], etc. These problems share the same saddle-point structure 
that cause instability issues when combined with interpolation pairs not satisfying LBB condition. This is also the case for isochoric 
(i.e., 𝐽2) plasticity, for which some of the previous stabilization strategies have been adapted to. For instance, the sub-grid scale 
approach, initially proposed in [20], was extended to incompressible (i.e. 𝐽2) plasticity in [21]. In [22], the effects of softening in 
strain localizations are investigated, where the authors compare the orthogonal sub-grid scale (OSGS) with the Galerkin least-square 
(GLS). In the same work [22], the authors propose two local stabilization strategies based on (i) secant shear modulus and (ii) on a 
consistent residual viscosity. Similarly, the stabilization parameter proposed in [5] is modified in [23] to account for plasticity. The 
concept of secant (or effective) shear modulus was also used as a scaling factor for the stabilization parameters obtained from the 
variational multiscale method in [24]. Although much attention has been given to 𝐽2−plasticity, inelastic and viscoelastic volumetric 
strains can also cause mild mean stress oscillations, as will be shown in the present work. These two types of volumetric strains 
may be present in salt rocks, but the formulations proposed in the literature do not account for these terms.

It is important to keep in mind that locking issues could potentially be avoided by using hexahedral meshes, in which 
displacement-based B-Bar [25] (or F-Bar [26], for large deformations) methods, for example, can be applied. However, lithological 
structures and salt cavern shapes can be highly complex, thus making the construction of hexahedral meshes considerably 
challenging. In [27], for instance, the authors dedicate an entire paper for describing a methodology for building hexahedral 
meshes for systems of caverns with complex shapes. From a geometrical/discretization point of view, algorithms to generate 
tetrahedral meshes are much more advanced, requiring much less human intervention than hexahedral meshes. In this context, 
tetrahedral meshes are unquestionably preferable for discretizing complex geological structures. From a numerical perspective, 
however, ensuring accurate results with tetrahedral meshes can be much more challenging.

Taking into account the mechanical behavior of salt rocks and the possibility of dealing with complex geometries, the present 
work proposes a mixed finite element formulation for linear tetrahedral meshes able to handle general constitutive models. The 
formulation incorporates the effects of inelastic and viscoelastic volumetric strains, which are present in salt rocks, in addition to 
𝐽2−viscoplastic deformations. The mixed formulation is obtained through the classical decomposition of the stress tensor into its 
deviatoric and spherical (i.e., mean stress) parts. The volumetric strains are properly accounted for in the mean stress equation. 
To avoid spurious oscillations, stabilization terms are introduced into the mean stress equation by enriching the finite element 
approximation for the displacement field. Following the ideas proposed in [19], the displacement enrichment is achieved by a 
combination of the Physical Influence Scheme (PIS) and a proper calculation of a geometric parameter ℎ, which is commonly 
referred to as a characteristic length of the element. Finally, inspired by the concept of secant shear modulus presented in [22], 
PIS is adapted to include the effects of non-elastic (i.e., inelastic plus viscoelastic) strains, which is shown to be crucial to ensure 
appropriate local stabilization in regions with higher viscoplastic strains.

To present our methodology, we begin by formally defining the mathematical models in Section 2, and the constitutive model in 
Section 3. Section 4 introduces the stress decomposition and linearization, which are essential to include non-elastic volumetric strain 
effects into the mechanical formulation. The weak forms of the heat diffusion and mechanical models are presented in Section 5, 
while Section 6 introduces the finite element approximations as well as the resulting discrete problems. The stabilization method 
is proposed in Section 7, where two approaches are considered. The outcome from using the proposed stabilization approaches 
together with the primal displacement-based formulation adopted in [28] is investigated in Section 8 with the aid of a number of 
test cases exploring different configurations. Finally, Section 9 closes the presentation with some remarks and conclusions.
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2. Mathematical model

2.1. Linear momentum equations

Consider a time domain 𝜏 ∈ [𝑡0, 𝑡𝑓 ] and a spatial domain 𝛺 ∈ R3 bounded by a closed surface 𝛤  outward oriented by a normal 
vector 𝐧̂. The bounding surface can be further split into 𝛤 𝑢 (for Dirichlet boundary conditions) and 𝛤 𝜎 (for Neumann boundary 
conditions), such that 𝛤 = 𝛤 𝑢 ∪ 𝛤 𝜎 and 𝛤 𝑢 ∩ 𝛤 𝜎 = ∅. The linear momentum balance equation for quasi-static loads can be written 
as 

−∇ ⋅ 𝜎𝜎𝜎 = 𝐛 ∀ (𝐱, 𝑡) ∈ (𝛺 × 𝜏), (1)

where 𝜎𝜎𝜎 is the rank-2 stress tensor and 𝐛 is the vector of body forces. Eq.  (1) is subjected to the following boundary and initial 
conditions:

𝐮(𝐱, 𝑡) = 𝐮̄(𝐱, 𝑡) ∀ (𝐱, 𝑡) ∈ (𝛤 𝑢 × 𝜏) (2)

𝜎𝜎𝜎(𝐱, 𝑡) ⋅ 𝐧̂ = 𝐭̄(𝐱, 𝑡) ∀ (𝐱, 𝑡) ∈ (𝛤 𝜎 × 𝜏) (3)

𝜎𝜎𝜎(𝐱, 𝑡0) = 𝜎𝜎𝜎0(𝐱) ∀ 𝐱 ∈ 𝛺 (4)

where 𝐮̄(𝐱, 𝑡) and ̄𝐭(𝐱, 𝑡) are the displacement and traction vector functions prescribed at 𝛤 𝑢 and 𝛤 𝜎 , respectively, and 𝜎𝜎𝜎0 is the initial 
stress tensor field.

By considering small strains, the compatibility equation reads 

𝜀𝜀𝜀(𝐮) = 1
2
(

∇𝐮 + ∇𝐮𝑇
)

, (5)

where 𝐮 denotes the displacement vector. Finally, the stress tensor is related to the strain by Hooke’s law: 

𝜎𝜎𝜎 = C𝑒 ∶ 𝜀𝜀𝜀𝑒, (6)

with C𝑒 denoting the rank-4 elastic stiffness tensor and 𝜀𝜀𝜀𝑒 the rank-2 elastic strain tensor. Calculation of 𝜀𝜀𝜀𝑒 depends on the adopted 
constitutive model, and will be addressed in Section 3.

2.2. Heat diffusion equation

Consider the space–time domain 𝛺 × 𝜏 and split the closed surface 𝛤  into 𝛤 𝑇 , 𝛤 𝑞 , and 𝛤 ℎ, such that 𝛤 = 𝛤 𝑇 ∪ 𝛤 𝑞 ∪ 𝛤 ℎ, and 
𝛤 𝑇 ∩ 𝛤 𝑞 = 𝛤 𝑇 ∩ 𝛤 ℎ = 𝛤 ℎ ∩ 𝛤 𝑞 = ∅. The heat diffusion equation without heat generation can be expressed as 

𝜌𝑐 𝜕𝑇
𝜕𝑡

− ∇ ⋅ (𝑘∇𝑇 ) = 0 ∀ (𝐱, 𝑡) ∈ (𝛺 × 𝜏), (7)

where 𝑇  is the temperature field, 𝑐 is the specific heat capacity, 𝜌 is the density, and 𝑘 is the thermal conductivity. Eq.  (7) is subjected 
to the following boundary and initial conditions:

𝑇 (𝐱, 𝑡) = 𝑇̄ (𝐱, 𝑡) ∀ (𝐱, 𝑡) ∈ (𝛤 𝑇 × 𝜏) (8)

−𝑘∇𝑇 (𝐱, 𝑡) ⋅ 𝐧̂ = 𝑞′′(𝐱, 𝑡) ∀ (𝐱, 𝑡) ∈ (𝛤 𝑞 × 𝜏) (9)

−𝑘∇𝑇 (𝐱, 𝑡) ⋅ 𝐧̂ = ℎconv
(

𝑇 − 𝑇∞
)

∀ (𝐱, 𝑡) ∈ (𝛤 ℎ × 𝜏) (10)

𝑇 (𝐱, 𝑡0) = 𝑇0(𝐱) ∀ 𝐱 ∈ 𝛺 (11)

where 𝑇̄ (𝐱, 𝑡) and 𝑞′′(𝐱, 𝑡) are the temperature and heat flux functions prescribed at 𝛤 𝑇  and 𝛤 𝑞 , respectively. Additionally, ℎconv is 
the convective heat transfer coefficient, and 𝑇∞ is the far field temperature (usually the gas/brine temperature).

3. Constitutive model

The present work intends to capture transient creep, steady-state creep, and reverse transient creep, which are schematically 
illustrated in Fig.  1. The constitutive model adopted to represent these mechanisms is an extension of the one used in [28], which 
originally includes transient creep, reverse transient creep, and steady-state dislocation creep. The extensions proposed in the present 
work consist of adding thermal strains and pressure solution mechanism for the steady-state creep stage. A schematic representation 
of the model is shown in Fig.  2, which identifies the elements (mechanical analogs, such as springs and dashpots) responsible for 
describing each creep deformation mechanism.

By assuming infinitesimal strains, all these elastic (𝜀𝜀𝜀𝑒), non-elastic (𝜀𝜀𝜀𝑛𝑒), and thermal (𝜀𝜀𝜀𝑡ℎ) strains constitute the total strain tensor 
𝜀𝜀𝜀, i.e., 

𝜀𝜀𝜀 = 𝜀𝜀𝜀𝑒 + 𝜀𝜀𝜀𝑛𝑒 + 𝜀𝜀𝜀𝑡ℎ, (12)
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Fig. 1. Creep deformation mechanisms considered in the present work.

Fig. 2. Constitutive model composition for capturing creep stages plus the thermal response element.

as also shown in Fig.  2. Here, the non-elastic strains comprise all the inelastic elements, 𝜀𝜀𝜀𝑖𝑒, (i.e., viscoplastic, dislocation, and 
pressure solution creep elements) and the viscoelastic element, 𝜀𝜀𝜀𝑣𝑒, such that 𝜀𝜀𝜀𝑛𝑒 = 𝜀𝜀𝜀𝑖𝑒+𝜀𝜀𝜀𝑣𝑒. From Eqs. (12) and (6), the stress tensor 
is written as 

𝜎𝜎𝜎 = C𝑒 ∶
(

𝜀𝜀𝜀 − 𝜀𝜀𝜀𝑛𝑒 − 𝜀𝜀𝜀𝑡ℎ
)

. (13)

For the sake of completeness, the models adopted for each element shown in Fig.  2 are briefly described in the following 
subsections.

In the remainder, we will frequently use the concepts of deviatoric and spherical components of a rank-2 tensor. The symbol ̃  
is used to indicate the deviatoric part of tensor, and the subscript 𝑣 to denote its spherical part. For example, a rank-2 tensor 𝐀 can 
be decomposed as 

𝐀 = 𝐀̃ + 𝐴𝑣𝐈, (14)

where 𝐀̃ is the deviatoric part of 𝐀, and 𝐴𝑣𝐈 is its spherical part, with 𝐴𝑣 = tr(𝐀)∕3 and 𝐈 being the rank-2 identity tensor. An 
exception applies to the spherical part of the stress tensor, which is denoted by 𝑝, i.e., 

𝜎𝜎𝜎 = 𝜎̃𝜎𝜎 + 𝑝𝐈. (15)

3.1. Thermal strain

The thermal strain element is represented in Fig.  2 as a ballon that only responds to temperature variations 𝛥𝑇 , not stress. The 
thermal strain is given by 

𝜀𝜀𝜀𝑡ℎ = 𝛼𝑡ℎ𝛥𝑇 𝐈, (16)

where 𝛼𝑡ℎ is the thermal expansion coefficient, indicating that thermal strains affect volume without material distortion.

3.2. Viscoelastic model

The viscoelastic model is represented by a Kelvin-Voigt element, which consists of a parallel arrangement between a spring and 
a dashpot. The stress 𝜎𝜎𝜎 applied to this type of element is balanced by the stresses on the spring and the dashpot: 

𝜎𝜎𝜎 = C𝑣𝑒 ∶ 𝜀𝜀𝜀𝑣𝑒
⏟⏞⏞⏟⏞⏞⏟
spring

+ 𝜂𝑣𝑒𝜀̇𝜀𝜀𝑣𝑒
⏟⏟⏟
dashpot

→ 𝜀̇𝜀𝜀𝑣𝑒 =
1
𝜂𝑣𝑒

(

𝜎𝜎𝜎 − C𝑣𝑒 ∶ 𝜀𝜀𝜀𝑣𝑒
)

, (17)

where 𝜀𝜀𝜀𝑣𝑒 represents the strain of both spring and dashpot, C𝑣𝑒 is the elastic stiffness rank-4 tensor associated to the spring, and 𝜂𝑣𝑒
is the dashpot viscosity.
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3.3. Dislocation creep model

The dislocation creep mechanism is commonly described by a power-law function together with the Arrhenius law. The 
expression for the dislocation creep strain rate can be written as 

𝜀̇𝜀𝜀𝑑𝑠 = 𝐴𝑑𝑠 exp
(

−
𝑄𝑑𝑠
𝑅𝑇

)

𝑞𝑛−1𝜎̃𝜎𝜎, (18)

where 𝐴𝑑𝑠 and 𝑛 are material parameters, 𝑄𝑑𝑠 is the activation energy, 𝑅 is the universal gas constant (𝑅 = 8.32 J K−1 mol−1), and 
𝑇  is the temperature in Kelvin. Additionally, 𝑞 represents the von Mises stress.

3.4. Pressure solution creep model

Pressure solution creep is characterized by a linear dependency on stress, as opposed to dislocation creep. In addition, it is 
inversely proportional to the temperature and to the cube of the grain size (diameter). The strain rate is given by 

𝜀̇𝜀𝜀𝑝𝑠 =
𝐴𝑝𝑠
𝑑3𝑇

exp
(

−
𝑄𝑝𝑠
𝑅𝑇

)

𝜎̃𝜎𝜎, (19)

where 𝐴𝑝𝑠 is a material parameter, 𝑄𝑝𝑠 is the activation energy (in J∕mol), and 𝑑 is the grain size (diameter).

3.5. Viscoplastic model

The viscoplastic element refers to the model proposed in [29] and used in [3,28] for salt caverns. This element can be represented 
by a parallel arrangement of a dashpot, which represents the time dependency, and a friction element, which indicates that the 
dashpot will only move if the stress exceeds a certain threshold (the yield surface). As shown in the following, this dashpot also 
includes a hardening rule that expands the yield surface. The viscoplastic element follows the formulation proposed in [29], that 
is, 

𝜀̇𝜀𝜀𝑣𝑝 = 𝜇1

⟨𝐹𝑣𝑝
𝐹0

⟩𝑁1 𝜕𝑄𝑣𝑝
𝜕𝜎𝜎𝜎

, (20)

where 𝜇1 and 𝑁1 are material parameters, and 𝐹0 is a reference value equal to 1 MPa. The terms 𝐹𝑣𝑝 and 𝑄𝑣𝑝 represent the yield 
and potential functions, respectively. In this work, only the associative formulation is implemented, that is, 𝐹𝑣𝑝 = 𝑄𝑣𝑝. The yield 
function is given by 

𝐹𝑣𝑝(𝜎𝜎𝜎, 𝛼) = 𝐽2 − (−𝛼𝐼𝑛1 + 𝛾𝐼21 )
[

exp (𝛽1𝐼1) − 𝛽 cos(3𝜓)
]𝑚 , (21)

where 𝛾, 𝑛, 𝛽1, 𝛽 and 𝑚 are material parameters. The terms 𝐼1, 𝐽2, and 𝜓 respectively denote the first stress invariant of 𝜎𝜎𝜎, the 
second stress invariant of 𝜎̃𝜎𝜎, and Lode’s angle. Finally, 𝛼 represents the internal hardening parameter, whose role is to expand the 
yield surface as the inelastic strain (𝜉) accumulates in the material. The evolution equation for the hardening parameter used in this 
work has the following structure: 

𝛼 = 𝑎1

[

(

𝑎1
𝛼0

)1∕𝜂
+ 𝜉

]−𝜂

, (22)

where 𝑎1 and 𝜂 are material parameters, 𝛼0 is the initial hardening parameter, and the accumulated inelastic strain is given by 

𝜉 = ∫

𝑡

𝑡0

√

𝜀̇𝜀𝜀𝑣𝑝 ∶ 𝜀̇𝜀𝜀𝑣𝑝dt. (23)

The initial hardening parameter can be chosen arbitrarily or based on a specific value of 𝐹𝑣𝑝. For a certain value 𝐹 ∗
𝑣𝑝, for example, 

the initial hardening parameter can be computed as 

𝛼0 = 𝛾𝐼2−𝑛1 +
𝐹 ∗
𝑣𝑝 − 𝐽2
𝐼𝑛1

[

exp(𝛽1𝐼1) + 𝛽 cos(3𝜓)
]

. (24)

If the stress state is set at the onset of viscoplasticity, we have 𝐹 ∗
𝑣𝑝 = 0.

It is important to notice that this viscoplastic model is not proven to be thermodynamically consistent for all ranges of stresses 
and material parameters [29]. Here, we assume the model satisfies the laws of thermodynamics in the conditions of our applications. 
A rigorous thermodynamic analysis is indeed necessary to validate our assumption. Nevertheless, this viscoplastic model is adopted 
here specifically because of its dependency on 𝐼1, which results in the representation of the inelastic volumetric strains in our model. 
One of the main goals of the present study is to investigate the performance of our proposed formulation in the presence of such 
inelastic volumetric strains.
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3.6. Non-elastic strain rate

The time dependent elements in the constitutive model shown in Fig.  2 have expressions for the strain rates (see Eqs. (17) through 
(20)), rather than the strains. It is therefore convenient to group these expressions in a ‘‘total’’ non-elastic strain rate, that is, 

𝜀̇𝜀𝜀𝑛𝑒 = 𝜀̇𝜀𝜀𝑣𝑒 + 𝜀̇𝜀𝜀𝑑𝑠 + 𝜀̇𝜀𝜀𝑝𝑠 + 𝜀̇𝜀𝜀𝑣𝑝. (25)

To calculate the stress, Eq. (25) must first be integrated in time to obtain an expression for 𝜀𝜀𝜀𝑛𝑒, as requested by Eq. (13). Moreover, 
we notice that 𝜀̇𝜀𝜀𝑛𝑒, and thus 𝜀𝜀𝜀𝑛𝑒, also depend on the stress, which makes the problem non-linear. Therefore, the second step is to 
linearize these expressions. These two steps are described in the following section.

4. Linearized equations

The constitutive model employed in this work is highly non-linear, thus requiring a proper linearization of the governing 
equations in order to obtain the model solution. The linearization process starts with obtaining a linearized expression for the stress 
tensor, considering the split shown in Eq. (15), and subsequent linearization of the momentum and mean stress equations. This 
process is described in this section. After the governing equations are linearized, the following sections present their corresponding 
weak forms (Section 5) and finite element approximations (Section 6).

4.1. Stress linearization

The mixed formulation is obtained by splitting the stress tensor (𝜎𝜎𝜎) into its spherical and deviatoric (𝜎̃𝜎𝜎) parts (see Eq. (15)), such 
that the mean stress 𝑝 is treated as a primary unknown of the problem. The deviatoric stress depends on the deviatoric elastic strain 
tensor, 𝜀̃𝜀𝜀𝑒, as 

𝜎̃𝜎𝜎 = 2𝐺 𝜀̃𝜀𝜀𝑒 = 2𝐺
(

𝜀̃𝜀𝜀 − 𝜀̃𝜀𝜀𝑛𝑒
)

, (26)

with 𝐺 denoting the shear modulus. Note that the deviatoric part of the thermal strain tensor 𝜀𝜀𝜀𝑡ℎ is zero. The deviatoric strain tensor 
contributions 𝜀̃𝜀𝜀 and 𝜀̃𝜀𝜀𝑛𝑒 read

𝜀̃𝜀𝜀 = 𝜀𝜀𝜀 − 1
3
𝜀𝑣𝐈 =

1
2
(

∇𝐮 + ∇𝐮𝑇
)

− 1
3
(∇ ⋅ 𝐮) 𝐈, (27)

𝜀̃𝜀𝜀𝑛𝑒 = 𝜀𝜀𝜀𝑛𝑒 −
1
3
𝜀𝑛𝑒,𝑣𝐈. (28)

In what follows, we show how to conveniently express 𝜀𝜀𝜀𝑛𝑒 and 𝜀𝑛𝑒,𝑣, so that Eq. (28) can be appropriately evaluated. Performing 
a time integration of the non-elastic strain rates of Eq. (25) between 𝑡 and 𝑡+𝛥𝑡 and using the 𝜃−method to approximate the integral 
lead to 

𝜀𝜀𝜀𝑛𝑒 = 𝜀𝜀𝜀𝑡𝑛𝑒 + 𝜙1𝜀̇𝜀𝜀
𝑡
𝑛𝑒 + 𝜙2𝜀̇𝜀𝜀𝑛𝑒, (29)

with 𝜙1 = (1 − 𝜃)𝛥𝑡, 𝜙2 = 𝜃𝛥𝑡, and 𝜃 ∈ [0, 1] with 𝜃 = 0, 0.5, 1 providing the explicit Euler, Crank–Nicolson, and implicit Euler 
methods, respectively. Moreover, the superscript 𝑡 denotes the quantities evaluated at the previous time level 𝑡, and no superscript 
is used for quantities evaluated at the current time level 𝑡 + 𝛥𝑡.

The challenge in Eq. (29) is to evaluate the non-elastic strain rate at the current time level (𝜀̇𝜀𝜀𝑛𝑒) as it depends on the stress tensor, 
thus requiring non-linear iterations to be performed within each time level. For this purpose, we use Taylor series to expand the 
non-elastic strain rate from iteration 𝑘 to 𝑘 + 1, as done in [28]. In general, the non-elastic strain rate depends on the stress tensor 
𝜎𝜎𝜎 and on a vector of internal variables, 𝐬, such that 𝜀̇𝜀𝜀𝑘+1𝑛𝑒  can be expanded as: 

𝜀̇𝜀𝜀𝑘+1𝑛𝑒 = 𝜀̇𝜀𝜀𝑘𝑛𝑒 +
𝜕𝜀̇𝜀𝜀𝑘𝑛𝑒
𝜕𝜎𝜎𝜎

∶ 𝛿𝜎𝜎𝜎 +
𝜕𝜀̇𝜀𝜀𝑘𝑛𝑒
𝜕𝐬

⋅ 𝛿𝐬, (30)

with 𝛿𝜎𝜎𝜎 = 𝜎𝜎𝜎𝑘+1 −𝜎𝜎𝜎𝑘 and 𝛿𝐬 = 𝐬𝑘+1 − 𝐬𝑘. The variation of the internal variables is governed by a set of evolution equations, 𝐫(𝜎𝜎𝜎, 𝐬) = 0, 
which allow us to express the increment 𝛿𝐬 as a function of 𝛿𝜎𝜎𝜎. Since the evolution equations are generally highly non-linear, the 
relationship between 𝛿𝐬 and 𝛿𝜎𝜎𝜎 can be obtained by expanding also 𝐫𝑘+1 around 𝐫𝑘, getting: 

𝛿𝐬 = −
[

𝜕𝐫𝑘
𝜕𝐬

]−1 (

𝐫𝑘 + 𝜕𝐫𝑘
𝜕𝜎𝜎𝜎

∶ 𝛿𝜎𝜎𝜎
)

. (31)

Introducing Eq. (31) into Eq. (30) results in 
𝜀̇𝜀𝜀𝑘+1𝑛𝑒 = 𝜀̇𝜀𝜀𝑘𝑛𝑒 +G𝑘

𝑛𝑒 ∶ 𝛿𝜎𝜎𝜎 − 𝐁𝑘𝑛𝑒, (32)

with:

G𝑘
𝑛𝑒 =

𝜕𝜀̇𝜀𝜀𝑘𝑛𝑒
𝜕𝜎𝜎𝜎

−
𝜕𝜀̇𝜀𝜀𝑘𝑛𝑒
𝜕𝐬

⋅
[

𝜕𝐫𝑘
𝜕𝐬

]−1 𝜕𝐫𝑘
𝜕𝜎𝜎𝜎

, (33)

𝐁𝑘𝑛𝑒 =
𝜕𝜀̇𝜀𝜀𝑘𝑛𝑒
𝜕𝐬

⋅
[

𝜕𝐫𝑘
𝜕𝐬

]−1
𝐫𝑘. (34)
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See [28] for full derivation.
To simplify the notation, we suppress the superscript 𝑘+1 from the variables evaluated at the current non-linear iteration level. 

Substituting Eq. (32) into Eq. (29) yields the following expression for the non-elastic strain at iteration 𝑘 + 1: 

𝜀𝜀𝜀𝑛𝑒 = 𝜀𝜀𝜀𝑘𝑛𝑒 + 𝜙2G𝑘
𝑛𝑒 ∶ 𝛿𝜎𝜎𝜎 − 𝜙2𝐁𝑘𝑛𝑒, (35)

where 𝜀𝜀𝜀𝑘𝑛𝑒 = 𝜀𝜀𝜀𝑡𝑛𝑒 + 𝜙1𝜀̇𝜀𝜀𝑡𝑛𝑒 + 𝜙2𝜀̇𝜀𝜀𝑘𝑛𝑒.
While the non-elastic volumetric strain 𝜀𝑛𝑒,𝑣 is zero in 𝐽2−plasticity and could be readily removed from Eq. (28), as performed 

in [24], it can be non-zero according to the constitutive model shown in Fig.  2 due to the transient and reverse transient creep 
models. In order to evaluate the volumetric non-elastic strain in Eq. (28), we take the trace of Eq. (35), that is, 

𝜀𝑛𝑒,𝑣 = tr(𝜀𝜀𝜀𝑛𝑒) = tr(𝜀𝜀𝜀𝑘𝑛𝑒)
⏟⏟⏟
𝜀𝑘𝑛𝑒,𝑣

+𝜙2 tr(G𝑘
𝑛𝑒 ∶ 𝛿𝜎𝜎𝜎)

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
Evaluated below

−𝜙2 tr(𝐁𝑘𝑛𝑒)
⏟⏟⏟
𝐵𝑘𝑛𝑒,𝑣

. (36)

Using Einstein notation, the middle term in the right-hand side of Eq. (36) can be expanded as 

tr(G𝑘
𝑛𝑒 ∶ 𝛿𝜎𝜎𝜎) = 𝐺𝑘𝑖𝑖𝑘𝑙𝛿𝜎𝑘𝑙 = 𝐺𝑘𝑖𝑖11𝛿𝜎11 + 𝐺

𝑘
𝑖𝑖22𝛿𝜎22 + 𝐺

𝑘
𝑖𝑖33𝛿𝜎33 + 2𝐺𝑘𝑖𝑖12𝛿𝜎12 + 2𝐺𝑘𝑖𝑖13𝛿𝜎13 + 2𝐺𝑘𝑖𝑖23𝛿𝜎23, (37)

where 𝐺𝑖𝑗𝑘𝑙 represent the components of the rank-4 tensor G𝑛𝑒. Defining the following rank-2 tensor 

𝐅𝑘 =
⎡

⎢

⎢

⎢

⎣

𝐺𝑘𝑖𝑖11 𝐺𝑘𝑖𝑖12 𝐺𝑘𝑖𝑖13
𝐺𝑘𝑖𝑖12 𝐺𝑘𝑖𝑖22 𝐺𝑘𝑖𝑖23
𝐺𝑘𝑖𝑖13 𝐺𝑘𝑖𝑖23 𝐺𝑘𝑖𝑖33

⎤

⎥

⎥

⎥

⎦

, (38)

Eq. (37) can be rewritten as 

tr(G𝑘
𝑛𝑒 ∶ 𝛿𝜎𝜎𝜎) = 𝐅𝑘 ∶ 𝛿𝜎𝜎𝜎. (39)

and the volumetric non-elastic strain can be finally expressed as 

𝜀𝑛𝑒,𝑣 = 𝜀𝑘𝑛𝑒,𝑣 + 𝜙2𝐅𝑘 ∶ 𝛿𝜎𝜎𝜎 − 𝜙2𝐵
𝑘
𝑛𝑒,𝑣. (40)

Substituting Eqs.  (35) and (40) into Eq. (28) yields 

𝜀̃𝜀𝜀𝑛𝑒 = 𝜀̃𝜀𝜀𝑘𝑛𝑒 + 𝜙2
(

G̃𝑘
𝑛𝑒 ∶ 𝛿𝜎𝜎𝜎 − 𝐁̃𝑘𝑛𝑒

)

, (41)

where

𝜀̃𝜀𝜀𝑘𝑛𝑒 = 𝜀𝜀𝜀
𝑘
𝑛𝑒 −

1
3
𝜀𝑘𝑛𝑒,𝑣𝐈, (42)

𝐁̃𝑘𝑛𝑒 = 𝐁𝑘𝑛𝑒 −
1
3
𝐵𝑘𝑛𝑒,𝑣𝐈, (43)

G̃𝑘
𝑛𝑒 = G𝑘

𝑛𝑒 −
1
3
𝐈⊗ 𝐅𝑘. (44)

Eq.  (41) is now combined with Eqs.  (26) and (15) to obtain the linearized stress tensor at step 𝑘 + 1. Recalling that 

𝜎𝜎𝜎 = 2𝐺
(

𝜀̃𝜀𝜀 + 1
2𝐺

𝑝𝐈 − 𝜀̃𝜀𝜀𝑛𝑒
)

, (45)

and 𝛿𝜎𝜎𝜎 = 𝜎𝜎𝜎 − 𝜎𝜎𝜎𝑘, we have: 
( 1
2𝐺

I + 𝜙2G̃𝑘
𝑛𝑒

)

∶ 𝜎𝜎𝜎 = 𝜀̃𝜀𝜀 + 1
2𝐺

𝑝𝐈 − 𝜀̃𝜀𝜀𝑘𝑛𝑒 + 𝜙2G̃𝑘
𝑛𝑒 ∶ 𝜎𝜎𝜎

𝑘 + 𝜙2𝐁̃𝑘𝑛𝑒, (46)

with I denoting the rank-4 identity tensor.
Finally, denoting the rank-4 consistent tangent matrix as 

C̃𝑘𝑇 =
( 1
2𝐺

I + 𝜙2G̃𝑘
𝑛𝑒

)−1
, (47)

and grouping together the terms in the right-hand side of Eq. (46) referring to the previous iteration 𝑘 as 

𝜀̃𝜀𝜀𝑘rhs = 𝜀̃𝜀𝜀
𝑘
𝑛𝑒 − 𝜙2G̃𝑘

𝑛𝑒 ∶ 𝜎𝜎𝜎
𝑘 − 𝜙2𝐁̃𝑘𝑛𝑒, (48)

the linearized expression for the stress tensor can be written in a compact form as 

𝜎𝜎𝜎 (𝐮, 𝑝) = C̃𝑘𝑇 ∶
(

𝜀̃𝜀𝜀 + 1
2𝐺

𝑝𝐈 − 𝜀̃𝜀𝜀𝑘rhs
)

. (49)

Eq.  (49) is a Newton-like linearization of the stress tensor as a function of the unknowns 𝐮 and 𝑝. The quantities C̃𝑘𝑇  and 𝜀̃𝜀𝜀𝑘rhs are 
both calculated with information from the previous non-linear iteration 𝑘. The presence of the different non-elastic creep elements 
in Eq. (49) is encoded in the tensors G̃𝑘

𝑛𝑒 and 𝐁̃𝑘𝑛𝑒.

Computer Methods in Applied Mechanics and Engineering 458 (2026) 119073 

7 



H.T. Honório et al.

4.2. Linearized momentum balance equation

The linearized momentum balance equation is obtained by substituting Eq. (49) into Eq. (1), which results in 

∇ ⋅ C̃𝑘𝑇 ∶
[

𝜀̃𝜀𝜀(𝐮) + 1
2𝐺

𝑝 𝐈
]

= ∇ ⋅ C̃𝑘𝑇 ∶ 𝜀̃𝜀𝜀𝑘rhs − 𝐛. (50)

Notice that the left-hand side of Eq. (50) carries the unknowns 𝐮 and 𝑝, while the right-hand side only depends on known quantities.

4.3. Linearized mean stress equation

Since Eq. (50) depends on two unknowns, 𝐮 and 𝑝, an additional equation is necessary to close the problem. Typically, the mass 
balance equation is used for this purpose, which, for the case of a solid material, is the mean stress equation, i.e., 

𝐾−1𝑝 − 𝜀𝑒,𝑣 = 0, (51)

where 𝐾 is the bulk modulus. The elastic volumetric strain relates to the total volumetric strain, the thermal volumetric strain, and 
the non-elastic volumetric strain by 

𝜀𝑒,𝑣 = 𝜀𝑣 − 𝜀𝑡ℎ,𝑣 − 𝜀𝑛𝑒,𝑣. (52)

The volumetric non-elastic strain is the source of non-linearity in Eq. (52), and it is evaluated by the linearized Eq. (40), i.e., 
𝜀𝑒,𝑣 = 𝜀𝑣 − 𝜀𝑡ℎ,𝑣 − 𝜀𝑘𝑛𝑒,𝑣 − 𝜙2𝐅𝑘 ∶ 𝛿𝜎𝜎𝜎 + 𝜙2𝐵

𝑘
𝑛𝑒,𝑣. (53)

We note that the stress variation between two non-linear iterations in Eq. (53) can be written as 𝛿𝜎𝜎𝜎 = 𝛿𝜎̃𝜎𝜎 + 𝛿𝑝𝐈. In this work, we 
introduce an approximation by assuming the deviatoric stress tensor to be fixed between two consecutive iterations 𝑘 and 𝑘 + 1, 
that is, 𝛿𝜎̃𝜎𝜎 = 0. In this way, the non-linear loop becomes an Inexact Newton method as we simply have 𝛿𝜎𝜎𝜎 = (𝑝 − 𝑝𝑘)𝐈 in Eq. (53), 
which results in 

𝜀𝑒,𝑣 = 𝜀𝑣 − 𝜀𝑡ℎ,𝑣 − 𝜀𝑘𝑛𝑒,𝑣 − 𝜙2𝐅𝑘 ∶ 𝛿𝑝 + 𝜙2𝐵
𝑘
𝑛𝑒,𝑣. (54)

Finally, substituting Eq. (54) into Eq. (51) leads to 
(

𝐾−1 + 𝜙2𝐹
𝑘
𝑣
)

𝑝 − 𝜀𝑣 = 𝜙2

(

𝐹 𝑘𝑣 𝑝
𝑘 + 𝐵𝑘𝑛𝑒,𝑣

)

− 𝜀𝑘𝑛𝑒,𝑣 − 𝜀𝑡ℎ,𝑣, (55)

where 𝐹 𝑘𝑣 = 𝐅𝑘 ∶ 𝐈. Eq. (55) is the linearized form of the mean stress (or mass) equation. Eqs. (50) and (55) are solved together to 
obtain the 𝐮 and 𝑝 fields.

5. Weak formulation

In this section, we present the weak forms of the linearized momentum balance, mean stress, and heat diffusion equations. A 
mixed finite element formulation is proposed for the momentum balance Eq. (1), such that the primary unknowns are displacement 
(𝐮) and mean stress (𝑝). Moreover, temperature 𝑇  can be either specified as a constant field in Eq. (1) via creep (i.e., Arrhenius law 
in Eqs. (18) and (19)), or treated as unknown and determined by solving Eq. (7). Approximations for displacement and temperature 
fields are obtained by using first-order Sobolev spaces, 𝐻1(𝛺), while the mean stress is sufficient to be defined in 𝐿2(𝛺). We introduce 
the following continuous trial function spaces

 = {𝐮 ∶ 𝛺 → R3
| 𝐮 ∈ [𝐻1(𝛺)]3,𝐮 = 𝐮̄ on 𝛤 𝑢},

 = {𝑝 ∶ 𝛺 → R | 𝑝 ∈ 𝐿2(𝛺)},

 = {𝑇 ∶ 𝛺 → R | 𝑇 ∈ 𝐻1(𝛺), 𝑇 = 𝑇̄ on 𝛤 𝑇 },

and the corresponding continuous test (weighting) function spaces as
 0 = {𝐰 ∶ 𝛺 → R3

| 𝐰 ∈ [𝐻1(𝛺)]3,𝐰 = 𝟎 on 𝛤 𝑢},
0 = {𝑣 ∶ 𝛺 → R | 𝑣 ∈ 𝐻1(𝛺), 𝑣 = 0 on 𝛤 𝑇 }.

We emphasize that, since no essential boundary conditions are imposed on the mean stress 𝑝, an unconstrained 𝐿2(𝛺) space is 
sufficient for both the trial and test functions.

5.1. Momentum balance equation

Considering that 𝜎𝜎𝜎 = 𝜎𝜎𝜎(𝐮, 𝑝), the standard weak form of Eq. (1) reads 

∫𝛺
𝜀𝜀𝜀(𝐰) ∶ 𝜎𝜎𝜎(𝐮, 𝑝)d𝛺 = ∫𝛤 𝜎

𝐰 ⋅ 𝐭̄d𝛤 + ∫𝛺
𝐰 ⋅ 𝐛d𝛺, ∀ 𝐰 ∈  0. (56)

By introducing the stress linearization (49) into (56), we obtain the incremental weak form of the linear momentum balance: 

∫𝛺
𝜀𝜀𝜀(𝐰) ∶ C̃𝑘𝑇 ∶

[

𝜀̃𝜀𝜀(𝐮) + 1
2𝐺

𝑝𝐈
]

d𝛺 = ∫𝛤 𝜎
𝐰 ⋅ 𝐭̄d𝛤 + ∫𝛺

[

𝐰 ⋅ 𝐛 + 𝜀𝜀𝜀(𝐰) ∶ C̃𝑘𝑇 ∶ 𝜀̃𝜀𝜀𝑘rhs
]

d𝛺, ∀ 𝐰 ∈  0. (57)
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Since the deviatoric strain tensor 𝜀̃𝜀𝜀(𝐮) is expressed as in Eq. (27), the final form of Eq. (57) reads:

∫𝛺
𝜀𝜀𝜀(𝐰) ∶ C̃𝑘𝑇 ∶

[

𝜀𝜀𝜀(𝐮) − 1
3
(∇ ⋅ 𝐮) 𝐈

]

d𝛺 + ∫𝛺
𝜀𝜀𝜀(𝐰) ∶ C̃𝑘𝑇 ∶

[ 1
2𝐺

𝑝𝐈
]

d𝛺 =

∫𝛤 𝜎
𝐰 ⋅ 𝐭̄d𝛤 + ∫𝛺

[

𝐰 ⋅ 𝐛 + 𝜀𝜀𝜀(𝐰) ∶ C̃𝑘𝑇 ∶ 𝜀̃𝜀𝜀𝑘rhs
]

d𝛺, ∀ 𝐰 ∈  0. (58)

5.2. Mean stress equation

Recalling that 𝜀𝑣 = ∇ ⋅ 𝐮, the weak form of Eq. (55) reads 

∫𝛺
𝑞
[(

𝐾−1 + 𝜙2𝐹
𝑘
𝑣
)

𝑝
]

d𝛺 − ∫𝛺
𝑞∇ ⋅ 𝐮d𝛺 = 𝑏𝑘, ∀ 𝑞 ∈  . (59)

with 

𝑏𝑘 = ∫𝛺
𝑞
[

𝜙2

(

𝐹 𝑘𝑣 𝑝
𝑘 + 𝐵𝑘𝑛𝑒,𝑣

)

− 𝜀𝑘𝑛𝑒,𝑣 − 𝜀𝑡ℎ,𝑣
]

d𝛺. (60)

5.3. Heat diffusion equation

For the prediction of the temperature field required by the constitutive law, the mixed form of the mechanical model is 
supplemented with the solution of the heat diffusion equation (Eq. (7)) with the related initial and boundary conditions. The standard 
weak form of Eq. (7) reads 

∫𝛺
𝜌𝑐 𝜕𝑇
𝜕𝑡
𝑣d𝛺 + ∫𝛺

𝑘∇𝑇 ⋅ ∇𝑣d𝛺 + ∫𝛤 ℎ
ℎconv𝑇 𝑣d𝛤 = ∫𝛤 ℎ

ℎconv𝑇∞𝑣d𝛤 − ∫𝛤 𝑞
𝑞′′𝑣d𝛤 , ∀ 𝑣 ∈ 0. (61)

6. Finite element discretization

The solution to Eqs. (58), (59), and (61) is numerically approximated by finite elements. As usual, the domain is divided into 
discrete elements 𝜏ℎ, with the solutions (𝐮ℎ, 𝑝ℎ, 𝑇ℎ) and the test functions (𝐰ℎ, 𝑞ℎ, 𝑣ℎ) belonging to the spaces,

𝐮ℎ ∈ ℎ ⊂  , 𝐰ℎ ∈  0
ℎ ⊂  0,

𝑝ℎ ∈ ℎ ⊂  , 𝑞ℎ ∈ ℎ ⊂  ,

𝑇ℎ ∈ ℎ ⊂  , 𝑣ℎ ∈ 0
ℎ ⊂ 0.

The finite element spaces are constructed using Continuous Galerkin approximations with piecewise linear basis functions. The 
use of continuous piecewise linear interpolation for both displacement and mean stress does not, by itself, lead to a stable mixed 
formulation, since this equal-order pair does not satisfy the inf-sup condition. The choice is nevertheless deliberate, as linear 
interpolation of the mean stress provides a nonzero intra-element gradient, which is essential for the construction of the stabilization 
term introduced in Section 7. Thus, the equal-order approximation should be understood as part of the stabilized formulation.

The numerical integration is performed with quadrature rules consistent with the polynomial degree of each term. In particular, 
one-point quadrature is used for element-wise constant integrands, like strains and stresses, while degree-2 quadrature is adopted 
for the mass-matrix-like terms appearing in the mean stress and heat equations.

The discrete approximations (𝐮ℎ, 𝑝ℎ, 𝑇ℎ) read

𝐮 ≈ 𝐮ℎ = 𝐮ℎ(𝐱, 𝑡) = 𝐍𝑢(𝐱)𝐮̂(𝑡) (62)

𝑝 ≈ 𝑝ℎ = 𝑝ℎ(𝐱, 𝑡) = 𝐍𝑝(𝐱)𝑝̂(𝑡) (63)

𝑇 ≈ 𝑇ℎ = 𝑇ℎ(𝐱, 𝑡) = 𝐍𝑇 (𝐱)𝑇̂ (𝑡) (64)

where 𝐮̂(𝑡), 𝑝̂(𝑡) and 𝑇̂ (𝑡) are the vectors of displacements, mean stress and temperature values at the grid nodes at time 𝑡, and 𝐍𝑢(𝐱), 
𝐍𝑝(𝐱) and 𝐍𝑇 (𝐱) are the shape functions defined in ℎ, ℎ, and ℎ, respectively. Notice that 𝐍𝑢(𝐱) is a matrix rearrangement of 
𝐍𝑇 (𝐱) to properly multiply the corresponding displacement components of 𝐮. The related gradients are approximated as

𝜀𝜀𝜀(𝐮ℎ) = 𝐁𝐮̂, ∇ ⋅ 𝐮ℎ = 𝐢𝑇𝐁𝐮̂, and ∇𝑇ℎ = 𝐆𝑇̂ ,

with 𝐢 denoting the Kronecker delta column vector, and 𝐆 an array of shape function derivatives that recovers the gradient field of 
a scalar. Similarly, 𝐁 is also an array of shape function derivatives to recover the symmetric gradient operator.
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6.1. Linear momentum equation

The consistent tangent tensor (C̃𝑘𝑇 ), defined in Eq. (47), can be represented as a 6 × 6 matrix using Voigt notation, which we 
denote as 𝐂̃𝑘𝑇 . We define the matrices

K = ∫𝛺

(

𝐁𝑇 𝐂̃𝑘𝑇𝐁 − 1
3
𝐁𝑇 𝐂̃𝑘𝑇 𝐢𝐢

𝑇𝐁
)

d𝛺, B1 = ∫𝛺
1
2𝐺

𝐁𝑇 𝐂̃𝑘𝑇 𝐢𝐍𝑝d𝛺, (65)

B2 = ∫𝛺
𝐍𝑇𝑝 𝐢

𝑇𝐁d𝛺, A = ∫𝛺

(

𝐾−1 + 𝜙2𝐹
𝑘
𝑣
)

𝐍𝑇𝑝 𝐍𝑝d𝛺, (66)

and the vectors

𝐟𝑢 = ∫𝛤 𝜎
𝐍𝑇𝑢 𝐭̄d𝛤 + ∫𝛺

𝐍𝑇𝑢 𝐛d𝛺 + ∫𝛺
𝐁𝑇 𝐂̃𝑇 𝜀̃𝜀𝜀𝑘vgtd𝛺, (67)

𝐟𝑝 = ∫𝛺
𝐍𝑇𝑝

[

𝜙2

(

𝐹𝑣𝑝
𝑘 + 𝐵𝑘𝑛𝑒,𝑣

)

− 𝜀𝑘𝑛𝑒,𝑣 − 𝜀𝑡ℎ,𝑣
]

d𝛺, (68)

where 𝜀̃𝜀𝜀𝑘vgt is the Voigt representation of 𝜀̃𝜀𝜀𝑘rhs. Finally, the linearized system of algebraic equations solved at each iteration of the 
non-linear loop can be expressed as 

[

K B1

−B2 A

][

𝐮̂
𝑝̂

]

=

[

𝐟𝑢
𝐟𝑝

]

. (69)

6.2. Heat diffusion equation

The weak form of the heat diffusion equation, presented in (61), is integrated in time between 𝑡 and 𝑡+ 𝛥𝑡 by a backward Euler 
(fully-implicit) scheme, which results in 

∫𝛺

(

𝑣
𝜌𝑐
𝛥𝑡
𝑇 + 𝑘∇𝑇 ⋅ ∇𝑣

)

d𝛺 + ∫𝛤 ℎ
ℎconv𝑇 𝑣d𝛤 = ∫𝛺

𝑣
𝜌𝑐
𝛥𝑡
𝑇 𝑡d𝛺 + ∫𝛤 ℎ

ℎconv𝑇∞𝑣d𝛤 − ∫𝛤 𝑞
𝑞′′𝑣d𝛤 , ∀ 𝑣 ∈ 0. (70)

By defining the quantities

M = ∫𝛺

(𝜌𝑐
𝛥𝑡

𝐍𝑇𝑇𝐍𝑇 + 𝑘𝐆𝑇𝐆
)

d𝛺 + ∫𝛤 ℎ
ℎconv𝐍𝑇𝑇𝐍𝑇 d𝛺, (71)

𝐟𝑇 = ∫𝛺
𝜌𝑐
𝛥𝑡

𝐍𝑇𝑇 𝑇̂
𝑡d𝛺 + ∫𝛤 ℎ

ℎconv𝐍𝑇𝑇 𝑇∞d𝛤 − ∫𝛤 𝑞
𝐍𝑇𝑇 𝑞

′′d𝛤 , (72)

at each time step the temperature field is computed by solving the linear system 
M𝑇̂ = 𝐟𝑇 . (73)

7. Stabilization

Since the finite element spaces used to approximate the displacement and mean stress fields are not an inf-sup stable pair, a 
stabilization is required to avoid non-physical numerical oscillations of 𝑝ℎ. In this work, we extend the application of the stabilization 
method developed in [19] for a non-elastic medium.

The idea of Ref. [19] is to enrich the displacement approximation 𝐮ℎ so as to mimic a higher-order finite element method. This 
is carried out by noticing that a truncated Taylor expansion of 𝐮 in a linear element reads: 

𝐮 ≈ 𝐮ℎ − ℎ2∇2𝐮, (74)

where ℎ is a geometric parameter that scales the Laplacian of the displacement field. The enrichment of the displacement 
approximation shown in Eq. (74) requires two different steps: (i) the calculation of the parameter ℎ and (ii) the approximation 
of the Laplacian of 𝐮. The procedure used to estimate ℎ has been developed and described in detail in [19], so here we provide 
only a brief discussion. By distinction, the approximation of the Laplacian term in Eq. (74) is a major issue for stabilization in the 
presence of creep and will be described in detail in this section.

7.1. Parameter ℎ

It can be shown that the parameter ℎ can be exactly computed for a regularly shaped hexahedron. However, an analytical 
expression for ℎ is not available for general elements. In the literature, this parameter has often been regarded as a characteristic 
measure of the size of the element where the expansion is performed. Common calculations consist of taking the radius of an 
inscribed sphere, or the diagonal of a cube with the same volume as the element. An alternative interpretation is proposed in [19], 
where ℎ is calculated in such a way to optimize the representation by Eq. (74) of a general polynomial function at the integration 
point of a tetrahedron. This optimization process is rather expensive, so a machine learning approach was proposed to speed-up 
computations. For this purpose, the (expensive) optimization problem was solved to determine ℎ for many different tetrahedral 
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elements with different sizes and orientations. We carried out this process for approximately 30 thousand elements and used these 
data to train a machine learning model that predicts the value of ℎ for any set of vertex coordinates of a tetrahedron. We calculate 
the parameters ℎ for the meshes in the present work using this pre-trained machine learning model. The reader is referred to [19] 
for further details.

7.2. Laplacian approximation

The approximation of the Laplacian of the displacement, ∇2𝐮, is achieved through the Physical Influence Scheme (PIS). This 
method relies on evaluating the momentum balance equation in a single tetrahedral element, where all material properties are 
constants. Using the stress split presented in Eq. (15) and neglecting body forces, the momentum balance equation reads 

∇ ⋅ (𝜎̃𝜎𝜎 + 𝑝𝐈) = 0. (75)

In this work, we consider two different approaches to evaluate Eq. (75) within an element and obtain an approximation of ∇2𝐮.

7.2.1. Approach 1: stab−𝐸
From Eq. (26), and recalling that the material properties are constant inside each element, Eq. (75) becomes 

∇ ⋅ 𝜀̃𝜀𝜀 = ∇ ⋅ 𝜀̃𝜀𝜀𝑛𝑒 −
1
2𝐺

∇𝑝. (76)

If we neglect the term ∇ ⋅ 𝜀̃𝜀𝜀𝑛𝑒, for example assuming that the non-elastic strain is constant inside the element, we can write 

∇ ⋅
(

𝜀𝜀𝜀 − 1
3
𝜀𝑣𝐈

)

≈ − 1
2𝐺

∇𝑝. (77)

where 𝜀̃𝜀𝜀 has been expressed by using Eq. (27). After recognizing that 2∇ ⋅𝜀𝜀𝜀 = ∇2𝐮+∇𝜀𝑣 and 𝜀𝑣 = 𝜀𝑛𝑒,𝑣+
1
𝐾 𝑝, the following expression 

is obtained, 

∇2𝐮 ≈ −
( 1
3𝐾

+ 1
𝐺

)

∇𝑝 − 1
3
∇𝜀𝑛𝑒,𝑣. (78)

The assumption on constant non-elastic strain also yields ∇𝜀𝑛𝑒,𝑣 = 0. Therefore, we can conclude that the Laplacian of displacement 
is approximately proportional to the mean stress gradient, that is, 

∇2𝐮 ≈ − 3
𝐸
∇𝑝. (79)

with 𝐸 denoting Young’s modulus. Substituting (79) into Eq. (74) yields 

𝐮 ≈ 𝐮ℎ + ℎ2
3
𝐸
∇𝑝. (80)

Notice that the approximation in Eq. (79) in the end completely disregards non-elastic strains. While this can be acceptable in 
the beginning of the simulation, the approximation can become too rough as non-elastic strains accumulate with time.

7.2.2. Approach 2: stab−𝐸∗

In order to account for non-elastic deformations in the Laplacian approximation, we adopt a similar concept as introduced in [22]. 
It consists of transferring the effect of non-elastic strains to a modification of the shear modulus, as if the material becomes weaker. 
In this manner, the total strain is regarded elastic, whereas the elastic property (shear modulus) is updated accordingly. Hence, 
Eq. (26) reads 

𝜎̃𝜎𝜎 = 2𝐺
(

𝜀̃𝜀𝜀 − 𝜀̃𝜀𝜀𝑛𝑒
)

≈ 2𝐺∗𝜀̃𝜀𝜀, (81)

where 𝐺∗ is referred to as the secant shear modulus [22]. Using Eq. (81), the effect of the non-elastic strains is lumped into the 
calculation of 𝐺∗, so they are not ignored.

Substituting (81) into (75) provides 

∇ ⋅ 𝜀̃𝜀𝜀 ≈ − 1
2𝐺∗∇𝑝. (82)

and again, recalling Eq. (27) and that 2∇ ⋅ 𝜀𝜀𝜀 = ∇2𝐮 + ∇𝜀𝑣, it follows that 

∇2𝐮 ≈ −1
3
∇𝜀𝑣 −

1
𝐺∗∇𝑝. (83)

Similarly to the secant shear modulus, the effect of non-elastic volumetric strains can be lumped into a secant bulk modulus, 𝐾∗, 
as follows, 

𝑝 = 𝐾
(

𝜀𝑣 − 𝜀𝑛𝑒,𝑣
)

≈ 𝐾∗𝜀𝑣 → 𝜀𝑣 ≈
𝑝
𝐾∗ . (84)

Finally, substituting (84) into Eq. (83) leads to 

∇2𝐮 ≈ −
( 1
3𝐾∗ + 1

𝐺∗

)

∇𝑝 = − 3
𝐸∗∇𝑝, (85)
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and the truncated Taylor expansion of the displacement can be written as 

𝐮 ≈ 𝐮ℎ + ℎ2
3
𝐸∗∇𝑝. (86)

By extension of terminology, 𝐸∗ is referred to as the secant Young’s modulus. In this work, the calculation of 𝐸∗ is performed based 
on the principal stresses and the principal total strains, that is, 

𝐸∗ =
𝜎1 − 𝜈

(

𝜎2 + 𝜎3
)

𝜀1
, (87)

where 𝜎1 > 𝜎2 > 𝜎3 and 𝜀1 > 𝜀2 > 𝜀3. The values of 𝐸∗ are calculated at each integration point based on stress and strain values 
taken from the previous non-linear iteration 𝑘.

Note that if the material is purely elastic, Eq. (87) produces the elastic Young’s modulus 𝐸. Otherwise, if a larger deformation 
𝜀1 is obtained for the same principal stresses, we obtain 𝐸∗ < 𝐸. In other words, the material appears to be weaker because of the 
presence of non-elastic strains. As a consequence, 3∕𝐸∗ increases in Eq. (86) as the non-elastic strains accumulate, thus growing the 
effect of the stabilization terms for elements of the mesh where creep is developing more.

7.3. Stabilized discrete equations

Eq. (80) or (86) is introduced in the continuous weak form of the mean stress Eq. (59), with 𝑝 replaced by its finite element 
approximation 𝑝ℎ. The resulting discrete weak form reads 

∫𝛺
𝑞ℎ

[(

𝐾−1 + 𝜙2𝐹
𝑘
𝑣
)

𝑝ℎ
]

d𝛺 − ∫𝛺
𝑞ℎ∇ ⋅

(

𝐮ℎ + ℎ2
3

𝐸stab
∇𝑝ℎ

)

d𝛺 = 𝑏𝑘ℎ, ∀ 𝑞ℎ ∈ ℎ, (88)

where

𝑏𝑘ℎ = ∫𝛺
𝑞ℎ

[

𝜙2

(

𝐹 𝑘𝑣 𝑝
𝑘
ℎ + 𝐵

𝑘
𝑛𝑒,𝑣

)

− 𝜀𝑘𝑛𝑒,𝑣 − 𝜀𝑡ℎ,𝑣
]

d𝛺,

and 𝐸stab is either 𝐸 or 𝐸∗ if the stab−𝐸 or stab−𝐸∗ approach is chosen. Then, we use integration by parts to evaluate the rightmost 
term inside the integral. Notice that the boundary term does not appear because the stabilization corresponds to a homogeneous 
Neumann problem for the Laplace equation on 𝑝. After this procedure, the following equation is obtained 

∫𝛺
𝑞ℎ

[(

𝐾−1 + 𝜙2𝐹
𝑘
𝑣
)

𝑝ℎ
]

d𝛺 + ∫𝛺
ℎ2 3
𝐸stab

∇𝑞ℎ ⋅ ∇𝑝ℎd𝛺 − ∫𝛺
𝑞ℎ∇ ⋅ 𝐮𝑢d𝛺 = 𝑏𝑘ℎ, ∀ 𝑞ℎ ∈ ℎ. (89)

While in the unstabilized formulation the gradient of 𝑝 does not appear, the weak form (89) contains ∇𝑝ℎ and ∇𝑞ℎ. Therefore, in 
the stabilized formulation, both the trial and test functions must belong to 𝐻1(𝛺), with the corresponding space ℎ subspace of 

 = {𝑝 ∶ 𝛺 → R | 𝑝 ∈ 𝐻1(𝛺)}. (90)

Since no essential boundary conditions are applied to 𝑝, the trial and test spaces coincide.
Finally, introducing the discrete approximations 𝐮ℎ, 𝑝ℎ, and 𝑞ℎ into Eq. (89) leads to the linearized form of the stabilized discrete 

equations. Since now ℎ has the same requirements as 0
ℎ , we can set 𝐍𝑝(𝐱) = 𝐍𝑇 (𝐱), obtaining: 

[

K B1

−B2 A + H

][

𝐮̂
𝑝̂

]

=

[

𝐟𝑢
𝐟𝑝

]

, (91)

where 

H = ∫𝛺
ℎ2 3
𝐸stab

𝐆𝑇𝐆d𝛺. (92)

It is worth to emphasize that, although the corrected displacement approximation acts as a higher-order enrichment, the 
resulting stabilized formulation still preserves second-order convergence for both displacement and mean stress. Evidence supporting 
this behavior was provided in [16] for a mathematically analogous coupled poroelasticity problem, in which displacement and 
pore pressure were the primary variables. In that work, the same Physical Influence Scheme (PIS) was employed to enrich the 
displacement field in a manner analogous to that adopted here, and the corresponding convergence study demonstrated that the 
discrete stabilized formulation is consistent for ℎ → 0 and retained second-order accuracy.

8. Results

The test cases presented in this section are meant to investigate different aspects of the proposed stabilized mixed formulation. 
The first test case is employed to verify that the mixed formulation (𝐮 − 𝑝) produces similar results as the primal (𝐮) one in an 
oscillation-free condition. The remaining test cases assess the stabilization scheme in different scenarios, considering constitutive 
models that produce zero and non-zero spherical non-elastic strains. The material parameters used in all test cases are summarized 
in Table  1. The specific combinations of elements for the constitutive models are specified in each test case.
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Table 1
Material properties used in test cases 1, 2, 3, and 4 [28,30].
 Element Symbol Unit Value  
 Elastic 𝐸 GPa 102  
 𝜈 – 0.3  
 
Dislocation creep 

𝐴𝑑𝑠 Pa−𝑛 s−1 1.1 × 10−21  
 𝑛 – 3.0  
 𝑄𝑑𝑠 J/mol 51 600  
 
Pressure solution creep 

𝐴𝑝𝑠 Pa−𝑛 s−1 1.29 × 10−19 
 𝑄𝑝𝑠 J/mol 72 819  
 𝑑 mm 10  
 
Kelvin-Voigt (viscoelastic) 

𝐸 GPa 10  
 𝜈 – 0.32  
 𝜂 GPa s 1.05 × 1013  
 

Viscoplastic

𝜇1 s−1 5.37 × 10−11 
 𝑁1 – 3.1  
 𝑛1 – 3.0  
 𝑎1 MPa𝑛−2 1.96 × 10−5  
 𝜂 – 0.827  
 𝛽1 MPa−1 0.0048  
 𝛽 – 0.995  
 𝑚 – −0.5  
 𝛾 – 0.095  
 𝜎𝑡 MPa 5.0  
 Thermoelastic 𝛼𝑡ℎ K−1 1 × 10−5  

Fig. 3. (a) Stresses imposed as boundary conditions, (b) resulting differential strains, and (c) yield function values.

8.1. Test case 1: Triaxial load

The main goal in this test case is to show that all the formulations (i.e., P1, P1-P1, P1-P1 stab-E, and P1-P1 stab-E∗) produce 
the same results in the absence of spurious oscillations. This situation is obtained in a triaxial test, where the stresses applied 
on the boundaries are the same perceived by every mesh cell. For this case, we consider a 1 × 1 × 1 m3 cube with faces West
(𝑥 = 0), South (𝑦 = 0), and Bottom (𝑧 = 0) prevented from normal displacement; boundaries East (𝑥 = 1 m) and North (𝑦 = 1 m) 
subjected to the compressive stress 𝜎3 shown in Fig.  3-a; and 𝜎1 imposed on boundary Top (𝑧 = 1 m) also according to Fig.  3-a. The 
constitutive model for this test case considers elastic, transient creep (viscoplastic), dislocation creep, pressure-solution creep, and 
reverse transient creep (viscoelastic).

Since the resulting stress field is the same for every cell in the grid, so is the strain field. In this manner, we monitor the differential 
stress field (𝜀1 − 𝜀3) in a certain grid cell over time, and the results are shown in Fig.  3-b. The yield function values (Eq. (21)) are 
also plotted over time and presented in Fig.  3-c. As can be verified, all formulations produce the same results as expected.

8.2. Test case 2: Plate with circular hole

This test case consists of solving the plate with circular hole problem, whose geometry and boundary conditions are depicted 
in Fig.  4-a. The mesh is composed of tetrahedral elements with a refinement in the near-hole region. The problem was originally 
proposed for a linear elastic material, for which an analytical solution of the stress field is available [31]. In the present work, 
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Fig. 4. (a) Geometry dimensions and boundary conditions for the Test Case 2 and (b) constitutive models.

Fig. 5. Plate with circular hole: mean stress profiles along the circular hole obtained with Model A (viscoelastic).

however, we consider two different material models, as depicted in Fig.  4-b. Model A is known as the Voigt form of the 
Standard Linear Solid model. This model allows for viscoelastic volumetric deformations to take place, since the full stress tensor 
(i.e., deviatoric plus spherical parts) is present in the viscoelastic strain rate expression (see Eq. (17)). Model B, on the other hand, 
is the classical Maxwell’s model equipped with the power law creep model described by Eq. (18), in which inelastic volumetric 
deformations are not allowed. In summary, all components of tensor 𝐅𝑘 in Eq. (38) are zero for Model B, but not for Model A. The 
same holds for 𝐹 𝑘𝑣  in the mean stress equation. In this way, we are able to evaluate the formulation under two extreme situations. 
Finally, since both models are time dependent, a transient simulation is performed. For Model A, the final time is 0.1 day with a 
time step size of 0.001 day. For Model B, the final time is 100 days with a time step size of 2 days.

For Model A, the mean stress profiles are plotted along the internal faces of the circular hole for the initial and final time steps, 
as shown in Fig.  5. The results show that the primal P1 formulation produces considerable oscillations since the beginning of the 
simulation. The mixed P1-P1 formulation is less oscillatory, but oscillations are also present since the first time step. By adding the 
stabilization terms stab-E, the oscillations are initially suppressed but eventually appear in the results, as the secant Young’s modulus 
𝐸∗ starts to differ significantly from the elastic one 𝐸. By introducing the stab-E∗ method, no oscillations have been observed during 
the transient simulation. The three-dimensional oscillatory pattern of these numerical solutions can be observed in Fig.  6 for the 
final simulation time. Despite the results in Fig.  5, oscillations can be hardly observed for the 𝐸−stabilized P1-P1 formulation in 
Fig.  6-c. In agreement with Fig.  5, the results shown in Fig.  6 are also smooth.

The same type of results are shown in Figs.  7 and 8 for Maxwell’s model (i.e., Model B). The solutions at 𝑡 = 0.0 are the 
same for both Models A and B because this is the elastic response of the material. For the final time (𝑡 = 90 days), however, the 
primal P1 solution is extremely oscillatory, which can also be observed in Fig.  8-a. Once again, the stabilization stab-E produces 
less oscillations than the non-stabilized mixed formulation, but is still oscillatory by the end of the simulation. On the other hand, 
the 𝐸∗−stabilized mixed P1-P1 formulation exhibits no oscillations throughout the full transient solution. This is also confirmed in 
Fig.  8, which shows a completely smooth mean stress field for the 𝐸∗−stabilization, whereas oscillatory patterns are obtained with 
the other formulations.

8.3. Test case 3: Salt cavern with viscoplastic model

In this problem, we simulate a hydrogen (𝜌 = 0.082 kg∕m3) storage operation in a salt cavern. The geometry and boundary 
conditions are shown in Fig.  9-a and -b, respectively. The entire domain is considered as a salt layer (𝜌 = 2000 kg∕m3), which is 
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Fig. 6. Plate with circular hole: Mean stress fields obtained with Model A (viscoelastic).

Fig. 7. Plate with circular hole: mean stress profiles along the circular hole obtained with Model B (dislocation creep).

Fig. 8. Plate with circular hole: Mean stress fields obtained with Model B (dislocation creep).

subjected to a 10 MPa overburden and a sideburden following the specific weight of salt, as indicated in Fig.  9-b. The simulation 
is divided in two stages. The first one is referred to as equilibrium stage, and its purpose is to calculate the initial stresses for the 
actual operation (storage) stage. As depicted in Fig.  9-c, the gas pressure is kept constant during the equilibrium stage and equal to 
10 MPa at the top of the cavern, and it increases with depth according to hydrogen’s specific weight. The equilibrium stage is run 
for 100 days with a time step size of 2 days. Moreover, the viscoplastic element in the constitutive model illustrated in Fig.  9-d is 
excluded from the equilibrium stage, as it does not affect the final stress condition. When the equilibrium condition is achieved, the 
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Fig. 9. Geometry, boundary conditions, gas pressure history and constitutive model for test case 3.  (For interpretation of the references to color 
in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Stress paths at two adjacent cells (Cell 1 and 2) obtained with the four formulations.

resulting stress field is used to calculate the initial hardening parameter according to Eq. (24), such that every grid element is in 
the onset of viscoplastic deformation (i.e., 𝐹 ∗

𝑣𝑝 = 0). Therefore, the full constitutive model shown in Fig.  9-d is used in the operation 
stage, and gas pressure at the cavern’s roof follows the blue curve indicated in Fig.  9-c. The operation stage is run for 100 h with 
an adaptive time step size varying between 0.5 to 5.0 h depending on the maximum yield function (𝐹𝑣𝑝) value in the domain.

The stress paths obtained with formulations P1, P1-P1, P1-P1 stab−𝐸, and P1-P1 stab−𝐸∗ are shown in Fig.  10. The graphs show 
the stress paths for two adjacent cells, named Cell 1 and Cell 2. The mesh is sufficiently refined such that the stresses are not expected 
to vary abruptly between neighboring cells. Nevertheless, the graphs in Fig.  10-a show very different stress paths for cells 1 and 
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Fig. 11. Test case 3: mean stress results for the cavern at 𝑡 = 100 h.

2 obtained with the primal P1 formulation. Fig.  10-b and -c reveal that the non-stabilized and stab−𝐸 mixed P1-P1 formulations 
reduces the stress variations between the two cells, but the outcome suggests that these are still a product of oscillatory patterns. In 
contrast, the mean stress field obtained with the mixed P1-P1 stab−𝐸∗ is completely smooth, which is reflected in a small variation 
between the stress paths in the two neighboring cells. The superiority of the mixed P1-P1 stab−𝐸∗ formulation is also confirmed in 
Fig.  11, where the mean stress isosurfaces (top row) and fields (bottom row) are shown for the end of the simulation.

8.4. Test case 4: Salt cavern with thermal effects

In this numerical experiment, we simulate the thermomechanical behavior of a salt cavern considering an elastic overburden 
and a salt layer, as shown in Fig.  12-a. The constitutive model used for the salt rock is depicted in Fig.  12-b, where dislocation 
creep, pressure solution creep, reverse transient creep (viscoelastic element), and thermal strains are considered. The heat diffusion 
equation is also solved to compute the temperature distribution at each time step. The initial temperature distribution is also shown 
in Fig.  12-a. Temperature is prescribed on the surface, heat flux is imposed on the bottom boundary compatible with the geothermal 
gradient, convective heat transfer (ℎconv = 5 W/m2/K and 𝑇∞ = 𝑇gas(𝑡) shown in Fig.  12-c) is imposed on the cavern walls, and all 
the remaining boundaries are isolated. For momentum balance equations, zero normal displacements are imposed on all boundaries, 
except for the top surface, which is stress free, and the cavern walls, which are subjected to the gas pressure shown in Fig.  12-d. 
A purely mechanical (i.e., no thermal strains and no heat transfer) equilibrium stage is solved at constant pressure for 20 days to 
calculate the initial stress conditions.

This test case is simulated using the four investigated formulations (i.e., primal P1, mixed P1-P1 without stabilization, mixed 
P1-P1 stab-𝐸 and stab-𝐸∗). Fig.  13-a compares the means stress results over time at a certain point around the cavern. It can be 
verified that the P1 formulation results in large mean stress variations (amplitudes) in an overall descending trend. The non-stabilized 
and 𝐸-stabilized mixed formulations provide similar results and do not show the descending trend. Finally, the 𝐸∗−stabilized mixed 
formulation results in a significantly smaller amplitude. In terms of von Mises stress, shown in Fig.  13-b, the P1-P1 stab 𝐸∗ produces 
a very different result when gas pressure is at high plateaus. Lastly, the volume of the cavern is monitored over time and plotted in 
Fig.  13-c. All the mixed formulations produce similar results, but the primal P1 formulation significantly underestimate the storage 
volume loss due to creep.

Fig.  13 indicate two specific instants where gas pressure is at high and low values. These, of course, produce very different stress 
responses, which are shown in Figs.  14 and 15 for high and low gas pressure, respectively. As shown in Fig.  14-a, the primal P1 
formulation produces a highly oscillatory mean stress field, as expected, but also the von Mises stress field shows oscillatory patterns. 
Although smaller, mean stress and von Mises stress spurious oscillations are also observed for the non-stabilized and stab-𝐸 mixed 
formulations (Fig.  14-b and -c). Conversely, Fig.  14-d shows that the P1-P1 stab-𝐸∗ formulation produces fairly smooth stress fields.

During low gas pressure cycles, the loads are transferred to the cavern walls, thus producing higher stresses. Fig.  15 shows the 
stresses around the cavern for 𝑡 = 60 days. In this case, the obtained von Mises stresses are very similar to each other, with the 
primal P1 resulting in slightly smaller values. This causes slower creep rates that justify the volume loss underestimation shown in 
Fig.  13-c. After 60 h, the amount of inelastic strain accumulated in the rock mass, especially near the cavern, practically invalidates 
the assumption of negligible ∇ ⋅ 𝜀̃𝜀𝜀𝑛𝑒 and ∇𝜀𝑛𝑒,𝑣 contributions in the P1-P1 stab-𝐸 formulation, causing its solution to be very close to 
the non-stabilized P1-P1 formulation. Once again, the mean stress solution for the mean stress field obtained with the P1-P1 stab-𝐸∗

approach is completely smooth, as the stabilization parameters locally adapt according to the level of the non-elastic strain.
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Fig. 12. Operation stage: Mean stress fields obtained with the Mixed FE formulation with different values of 𝛽 at 𝑡 = 100 h.

Fig. 13. Time variation of (a) mean stress, (b) von Mises stress, (c) and volumetric loss of the cavern.

9. Conclusions

This paper presented a stabilized mixed finite element formulation for the simulation of salt caverns with tetrahedral meshes. 
The mixed formulation consists of isolating the mean stress field from the stress tensor, and solving for displacement and mean 
stress using linear interpolations (P1-P1). Stabilization terms are introduced into the mean stress equation by properly enriching the 
displacement field in a physically consistent way (PIS). Additionally, the concept of secant Young’s modulus has been introduced, 
which promotes localized stabilization in critical regions and was shown to be crucial in eliminating spurious oscillations as creep 
develops. Moreover, the proposed formulation does not require any type of user-defined tuning parameters, and is able to produce 
physically consistent results regardless of the deformation types. The constitutive model considered in this work comprises transient 
and reverse transient creep, steady-state creep (both pressure-solution and dislocation mechanisms), and thermal strains. These 
deformation mechanisms have been systematically tested within the proposed formulation and no spurious oscillations have been 
observed.

The main motivation for this work is to avoid the use of hexahedral meshes for the discretization of salt caverns. Hexahedral 
elements are known to be more accurate, and locking could be readily alleviated, for instance, by means of the B-bar method. 
However, generating hexahedral meshes for cavern systems with complex shapes can be highly time-consuming. This is precisely 
the context in which tetrahedral meshes are most attractive, as they are considerably easier to generate and to locally refine. The 
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Fig. 14. Mean stress (first row) and von Mises stress (second row) fields for all formulations taken at high cavern pressure (𝑡 = 40 days, as shown 
in Fig.  13).

Fig. 15. Mean stress (first row) and von Mises stress (second row) fields for all formulations taken at low cavern pressure (𝑡 = 80 days, as shown 
in Fig.  13).

trade-off is the need to deal with locking, that is, spurious oscillation phenomena, which makes the numerical formulation more 
complex to develop and implement. Ultimately, one must decide where to concentrate effort: on mesh generation or on the numerical 
scheme. The present work chooses the latter, based on the view that implementing a robust numerical formulation for tetrahedral 
meshes is a one-time investment that pays off whenever a new complex geometry must be discretized. An important next step, 
therefore, is to apply the proposed formulation to realistic cavern configurations with intricate geometries, so that its practical 
potential in truly application-driven settings can be fully assessed.
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