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SUMMARY

Most micro- and nanomechanical devices are designed to operate within the linear dy-
namic range by using simple geometries, primarily due to the limited knowledge in uti-
lizing nonlinearity and constraints in fabrication techniques. However, it is anticipated
that the scope of applications and fundamental research can be significantly expanded,
if these tiny systems can be precisely engineered to account for and exploit their various
nonlinear dynamic behaviors. This thesis provides a comprehensive study on the opti-
mization of dynamical properties of high-Q nanomechanical resonators, spanning from
linear to nonlinear dynamics and evolving from single-mode to multi-mode analysis.

We first give an introduction to the development of micro- and nanomechanical res-
onators in Chapter 1. We focus on their unique mechanics, including very low dissi-
pation and strong nonlinearities. Furthermore, we elaborate on the motivation behind
this thesis and the need for linking engineering optimization with micro- and nanomec-
ahincal resonators. Followed by Chapter 2, we elaborate on the methodology we use
throughout this thesis, including fabrication techniques of nanomechanical Si3N4 de-
vices, characterization approaches by optical measurements, and modeling procedures
for structural dynamics. Among all methodologies, we highlight the Finite Element (FE)-
based Reduced Order Models (ROMs) that can accurately capture the geometric details
and boundary conditions, which facilitate the design of resonators with predictable dy-
namical properties.

We start from investigating linear dynamics of Si3N4 nanostrings in Chapter 3, where
the tuning effects of their soft-clamping supports on resonance frequency and Q-factor
are evaluated. We experimentally and theoretically reveal a trade-off between maintain-
ing high stress and low stiffness of the supports in designing high-Q resonators fabri-
cated with initial strain. By optimizing this trade-off with our soft-clamping design, we
obtain a 50% enhancement of Q-factor compared to doubly-clamped string resonators.
With stronger drive levels, in Chapter 4, we show that the nonlinear dynamics can also
be substantially tailored by soft-clamping supports. Through careful engineering of sup-
port geometries, we introduce softening nonlinearity by stress-induced buckling, allow-
ing precise control over the nonlinear dynamic responses in doubly supported nanos-
trings, which conventionally exhibit hardening behaviors.

Based on the accurate modeling of both linear and nonlinear dynamics that is vali-
dated by experiments, we integrate our FE-based ROM technique with a derivative-free
optimization algorithm for the design of nonlinear mechanical resonators in Chapter 5.
By optimizing the support’s geometry of our nanostrings, we show that the proposed
methodology is not only capable of handling a single optimization goal, but also multiple
conflicting objectives, such as the simultaneous enhancement of Q-factor and the Duff-
ing constant. Besides, we generate Pareto frontiers that visualize the trade-offs among
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multiple optimization objectives, verify the optimized results with brute-force simula-
tions and validate the numerical framework with experiments.

Apart from the dynamics in a single mode, we observe modal interactions between
multiple vibrational modes of our nanostrings in the strong nonlinear regime. In Chap-
ter 6, we demonstrate that soft-clamping techniques, commonly utilized to achieve
high-Q resonators, can be employed to engineer mode coupling. We verify the ana-
lytically derived two-degree-of-freedom system between the lowest two out-of-plane
modes by FE-based ROMs and experiments. We further reveal the significant impact
of multi-mode interactions on the nanostrings’ frequency response, demonstrating
additional opportunities to tailor the nonlinear dynamics of mechanical resonators fa-
cilitated by soft clamping. Moreover, we highlight the design potential of soft-clamping
supports through the geometric optimization of two-mode coupling, showcasing the
effective Duffing constant of the driven mode can be increased by 70%, as well as the
onset of mode coupling can be geometrically programmed to either facilitate or inhibit
its occurrence.

We conclude all works presented for achieving the optimization of nonlinear dynam-
ics in nanomechanical resonators, and give an outlook for future directions in Chapter 7.



SAMENVATTING

De meeste micro- en nanomechanische apparaten zijn ontworpen om in het lineaire
gebied te werken door het gebruik van simpele geometrieën, voornamelijk vanwege een
gelimiteerde kennis in het gebruiken van niet-lineariteiten en beperkingen in fabrica-
getechnieken. Er wordt echter verwacht dat de reikwijdte van de toepassingen en het
fundamentele onderzoek aanzienlijk kan worden uitgebreid als deze kleine systemen
nauwkeurig kunnen worden ontworpen om rekening te houden met hun verschillende
soorten niet-lineair dynamisch gedrag en deze te benutten. Dit proefschrift biedt een
uitgebreide studie naar de optimalisatie van dynamische eigenschappen van nanome-
chanische resonatoren met een hoge Q-factor, variërend van lineaire tot niet-lineaire dy-
namica en uitbreidend van single-mode- naar multi-mode-analyse. We geven eerst een
introductie tot de ontwikkeling van micro- en nanomechanische resonatoren in Hoof-
stuk 1. We richten ons op hun unieke mechanica, waaronder zeer lage dissipatie en
sterke niet-lineariteiten. Verder gaan we dieper in op de motivatie achter deze thesis en
de noodzaak om technische optimalisatie te koppelen aan micro- en nanomechanische
resonatoren. Gevolgd door Hoofstuk 2, gaan we dieper in op de methodologie die we
in deze thesis gebruiken, waaronder fabricagetechnieken van nanomechanische Si3N4-
apparaten, karakteriseringsmethodes door optische metingen en modelleringsprocedu-
res voor structurele dynamica. Van alle methodologieën benadrukken we de op Finite
Element (FE) gebaseerde Reduced Order Models (ROM’s) die nauwkeurig de geometri-
sche details en randvoorwaarden kunnen vastleggen, wat het ontwerp van resonatoren
met voorspelbare dynamische eigenschappen vergemakkelijkt.

We beginnen met het onderzoeken van lineaire dynamica van Si3N4 nanostrings in
Hoofstuk 3, waar de effecten van hun soft-clamping supports op resonantiefrequentie
en Q-factor worden geëvalueerd. We onthullen experimenteel en theoretisch een af-
weging tussen het behouden van hoge spanning en lage stijfheid van de supports bij
het ontwerpen van resonatoren met een hoge Q-factor die zijn gefabriceerd met initiële
spanning. Door deze afweging te optimaliseren met ons soft-clamping ontwerp, verkrij-
gen we een verbetering van 50% van de Q-factor vergeleken met dubbel ondersteunde
stringresonatoren. Met sterkere aandrijfniveaus laten we in Hoofstuk 4 zien dat de niet-
lineaire dynamica ook substantieel kan worden aangepast door soft-clamping supports.
Door zorgvuldige engineering van supportgeometrieën introduceren we verzachtende
niet-lineariteit door stress-geïnduceerde knik, wat nauwkeurige controle over het niet-
lineaire dynamische gedrag in dubbel ondersteunde nanostrings mogelijk maakt, die
conventioneel verhardingsgedrag vertonen. Gebaseerd op het nauwkeurig modelleren
van zowel lineaire als niet-lineaire dynamica die gevalideerd is door experimenten, in-
tegreren we onze FE-gebaseerde ROM-techniek met een optimalisatiealgoritme zonder
afgeleiden voor het ontwerp van niet-lineaire mechanische resonatoren in Hoofstuk 5.
Door de ondersteuningsgeometrie van onze nanostrings te optimaliseren, laten we zien



xii SAMENVATTING

dat de voorgestelde methodologie niet alleen in staat is om één enkel optimalisatiedoel
te verwerken, maar ook meerdere conflicterende doelstellingen, zoals de gelijktijdige
verbetering van de Q-factor en de Duffing-constante. Bovendien genereren we Pareto-
frontiers die de afwegingen tussen meerdere optimalisatiedoelstellingen visualiseren,
verifiëren we de geoptimaliseerde resultaten met brute-force-simulaties en valideren we
het numerieke raamwerk met experimenten.

Naast de dynamica in een enkele eigenmodus, observeren we modale interacties tus-
sen meerdere vibratiemodi van onze nanostrings in het sterk niet-lineaire regime. In
Hoofdstuk 6 tonen we aan dat soft-clamping technieken, die vaak worden gebruikt om
resonatoren met een hoge Q-factor te realiseren, ook kunnen worden ingezet om mo-
duskoppeling te ontwerpen. We verifiëren het analytisch afgeleide tweevrijheidsgraden-
systeem tussen de twee laagste out-of-plane modi met behulp van op FE-gebaseerde
ROM’s en experimenten. Verder onthullen we de significante invloed van multi-modale
interacties op de frequentierespons van de nanostrings, waarmee we extra mogelijkhe-
den aantonen om de niet-lineaire dynamica van mechanische resonatoren te verande-
ren met behulp van soft clamping. Bovendien benadrukken we het potentieel voor ont-
werpen van soft-clamping steunpunten door de geometrische optimalisatie van twee-
modale koppeling, waarbij we aantonen dat de effectieve Duffing-constante van de aan-
gedreven modus met 70% kan worden verhoogd, en dat het beginpunt van moduskop-
peling geometrisch geprogrammeerd kan worden om het voorkomen juist te bevorderen
of te onderdrukken.

We sluiten alle gepresenteerde werken af voor het bereiken van de optimalisatie van
niet-lineaire dynamica in nanomechanische resonatoren, en geven een vooruitzicht
voor toekomstige richtingen in Hoofstuk 7.
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1
INTRODUCTION

In this chapter, I provide an overview of the evolution of micro/nanoelectromechanical
systems (M/NEMS) and the development in mechanical engineering of nonlinear dynam-
ics. I also give the motivation for investigating and optimizing the nonlinear dynamics of
nanomechanical resonators in this thesis.
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W ITH the advent of microscale fabrication techniques, humanity has entered the era
of microsystems engineering. Microfabricated devices have enabled a plethora

of applications, ranging from clocks and sensors to frequency filters [1]. This has been
achieved by coupling mechanical motion to various physical quantities, such as electri-
cal signals, optical waves, thermal fluctuations, and magnetic fields. In our daily life, sen-
sors are used as inertial and gyroscopic navigation electronic devices in cellphones and
computers [2–5]. As fabrication techniques have progressed, the size of microelectrome-
chanical systems (MEMS) has been further miniaturized, leading to the emergence of
nanoelectromechanical systems (NEMS). The limit of detection resolution was further
pushed accordingly, to applications such as gas and biochemical sensing [6], atomic
force microscopy [7], and even single molecule detection [8]. NEMS are also critical com-
ponents for future computer technologies [9, 10], and they hold promise for future quan-
tum information applications due to their ability to couple with quantum systems [11–
13]. More potential has been identified as the size of these devices is reduced to the
atomic scale, like resonators made from 2D materials [14, 15]. These atomic-scale res-
onators can achieve a resonance frequency tuning range of more than 20 times [16], a
capability not readily attainable with mechanical resonators machined from microfab-
ricated materials. Together with the strong electro and optomechanical coupling, NEMS
made from 2D materials are prime candidates for the next generation of wearable de-
vices [17]. Most MEMS and NEMS are designed to operate in the linear dynamic range
by using simple geometries [18, 19] due to the limited knowledge in utilizing nonlinear
behaviours and fabrication techniques. However, we foresee that the frontiers of appli-
cations and fundamental research can be greatly expanded if the nonlinear properties
of MEMS and NEMS can be fully exploited, which can be accomplished by means of
accurate modeling and optimization.

1.1. MECHANICS OF MICRO AND NANOSYSTEMS

Miniaturizing resonators down to the nanoscale has led to the realization of ultra-
sensitive mechanical systems that exhibit high frequencies and Q-factors, while also
making the effects of various damping and nonlinearity sources more pronounced com-
pared to their macroscale counterparts. Particularly, the increased Q-factor enhances
sensitivity when the resonators are used as sensors, but it also makes them more prone
to nonlinear effects under minute excitations [19]. Researchers have developed various
techniques to take advantage of the unique opportunities offered by these small-scale
systems, while mitigating their disadvantages [18, 20]. Both passive strategies during
fabrication and active control in operation are being explored to design resonators by
nonlinear behaviours with a high Q-factor [19]. In addition to tuning mass and linear
stiffness, tailoring Q-factor and nonlinearity requires more advanced design techniques,
which, in turn, offer greater possibilities for pushing the limits of MEMS/NEMS. In the
next two section, I detail out the sources of dissipation and nonlinearity in these tiny
mechanical systems.



1.1. MECHANICS OF MICRO AND NANOSYSTEMS

1

5

(f)
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Figure 1.1: Different techniques for improving mechanical Q-factor in high-stress nanomechanical silicon-
based resonators. (a,b) Soft-clamping [21, 22]; (c,d) Phononic crystals [23, 24]; (e) Decreasing operating fre-
quency [25]; (f) Increasing tensile stress [26]; (g) Crystalline materials [27].

1.1.1. Q-FACTOR
The mechanical Q-factor evaluates the capability to retain the vibrational energy in a
specific eigenmode of the resonator. A higher Q-factor means that coherent energy re-
mains in the eigenmode for a longer period before dissipating into the environment.
The Q-factor is defined as the ratio between the energy stored in the resonator W to the
energy dissipated during one oscillation cycle ∆W [1, 28, 29]

Q = 2π
W

∆W
. (1.1)

As shown in Fig. 1.1, the Q-factor can be tuned from two aspects: the stored energy
W and the dissipated energy ∆W . On one hand, the stored energy W can be increased
by increasing the stress in the resonator [30], a process known as dissipation dilution [26,
31, 32]. Various materials with high initial tension or high yield strength, such as Si3N4,
SiC and 2D materials have been investigated for this purpose [33]. On the other hand,
there are several sources of dissipated energy ∆W . For instance, sealing the resonator
in a vacuum can minimize damping from the environment. Soft-clamping techniques
can be used to reduce the curvature of the mode shape, as the inter-layer dislocation
contributes to friction loss [21, 22, 34, 35]. Accordingly, materials with low intrinsic
damping coefficients, such as crystalline materials, are favored over amorphous ones
for resonators requiring a high Q-factor [27]. Additionally, phononic crystals can be de-
signed to shield against radiation loss, preventing the leakage of vibrational energy from
the resonator to the substrate [23, 24, 36]. Apart from designing the stored and dissi-
pated energy in the fabrication stage, several mechanisms have been demonstrated for
enhancing or suppressing Q-factor of MEMS/NEMS during operation by managing the
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energy of the targeted eigenmodes [20]. Methods like external feedback control, optical
pumping, and mechanical pumping are known to actively modify Q-factor [37–41].

1.1.2. NONLINEARITY

Nonlinear dynamical phenomena are ubiquitous in nature and human society, rang-
ing from the well-known butterfly effect in chaotic global weather systems [42] to the
synchronization in groups of individuals [43]. Nonlinearity refers to the behaviors that
deviate from the superposition principle or exhibit coexisting steady states [18]. For in-
stance, the slipping of a block under a linearly increasing force or the output saturation
of a piezoelectric actuator under a linearly increasing drive level. MEMS/NEMS are par-
ticularly prone to nonlinearities arising both from their intrinsic properties and from
interactions with their surrounding environment [19]. These effects become especially
prominent at smaller scales, where factors such as air, magnetic fields, or even optical
readouts become significant and generate back-actions on the vibrating structures. In
contrast to the external nonlinear effects, even a slight shake of the chip will excite the
nanomechanical resonators fabricated on it into the nonlinear regime, exhibiting geo-
metric nonlinearity caused by the additional stiffness under large-amplitude vibrations.
Nonlinearity in MEMS/NEMS is often modeled using the Duffing equation, which can
lead to characteristic backbone curves representing the locus of peak amplitudes in fre-
quency response curves around certain eigenmode [44–46].

Over the past few decades, a wealth of nonlinear phenomena were showcased
in MEMS/NEMS, including bi-stability [52–55], self-oscillations [56–58], mode cou-
pling [48, 50, 59], and stochastic resonance [49, 60–62]. Many of these nonlinear phe-
nomena in MEMS/NEMS can be utilized to provide additional information and design
space absent in the linear regime of operation, as shown in Fig. 1.2. For instance, nonlin-
ear resonances could be used to characterize material properties [14, 63], stabilize vibra-
tion amplitude [48], and generate mechanical frequency combs [51, 64]. By leveraging
the interplay between geometric and electrostatic nonlinearities, frequency stability of
MEMS/NEMS can be significantly enhanced at large signal-to-noise ratios (SNRs). This
is attributed to the intentionally created non-monotonic backbones that the amplitude
is independent of the drive frequency at the turning point [47, 65], as shown in Fig. 1.2a.
However, introducing external competing nonlinear forces can give rise to a series of un-
wanted side-effects and noise [66, 67], which further complicate the nonlinear dynamic
behaviours and increase the complexity of fabrication as well as operation. Therefore,
methodologies that can tailor the dynamic characteristics of nanomechanical devices
solely through geometric design in the fabrication stage are highly desirable.

1.2. ENGINEERING NONLINEAR DYNAMICS

Being aware of the ubiquitous presence of nonlinear phenomena, engineers across var-
ious research fields—including mechanical, electrical, and optical—have studied these
effects for decades and found ways to harness them. Exploiting nonlinearity in dynami-
cal systems offers significant potential for improving device performance, ranging from
vibration suppression in aeronautical and civil structures [68–70], to broadband energy
harvesting devices [71]. However, it still remains challenging to convince MEMS/NEMS
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Figure 1.2: Different nonlinear phenomena in MEMS/NEMS. (a) Zero-dispersion [47]. (b) Fre-
quency/Amplitude stabilization [48]. (c) Stochastic switching [49]. (d) Coherent energy transfer [50]. (e)(f)
Frequency combs [51].

engineers to design systems based on nonlinear behaviors. For many decades, the goal
has been to avoid nonlinearity due to the lack of control diagrams for their operational
conditions. The difficulty arises from several aspects [19], such as the lack of optimiza-
tion techniques targeting the nonlinear responses, the challenge of accurately deter-
mining the onset of nonlinearity, the operating schematics of bifurcation-based res-
onators, and the lack of quantitative investigation of mode coupling in strong nonlinear
regime. Nevertheless, if these difficulties could be overcome, nonlinearity could then
be harnessed by design considering the operational conditions and configurations of
MEMS/NEMS, and thus revolutionize the design paradigm for the MEMS/NEMS com-
munity. This paradigm shift requires revisiting computational modeling techniques for
nonlinear dynamical systems, improving their performance and linking them to design
optimization methodologies, which are flourishing in all research areas with the advent
of computational technologies [72, 73]. In the next two sections, I introduce the key
techniques for modeling nonlinear systems and optimization used in this thesis.



1

8 1. INTRODUCTION

1.2.1. REDUCED ORDER MODELING

In order to efficiently engineer a dynamical system, we should first build an accurate
model for it. The full model typically involves a large number of degrees of freedom
(DOFs), so it is more efficient to project the full model in physical coordinates into a
reduced-order model (ROM) in modal coordinates. This significantly reduces the DOFs
required for nonlinear computation while maintaining the fidelity of the full model
close to the selected eigenfrequencies. Through reduced-order modeling, we can ex-
press terms explicitly and quantitatively, thereby facilitating the process of engineering.
It is trivial to build a ROM for a linear dynamic system, where eigenmodes are decou-
pled. However, as nonlinearities come into play, the superposition principle fails and
the eigenvalues of the dynamical system become state-dependent. An even greater chal-
lenge arises when different eigenmodes start to couple with each other in the dynamical
system.

In the realm of numerical analysis in solid mechanics, the Finite Element (FE)
method is currently the most commonly used technique, which is capable of discretizing
physical fields into a large number of DOFs. However, implementing nonlinear analysis
on a full FE model is computationally intensive. As a result, reduced-order modeling
is indispensable when nonlinear dynamic simulations are of interest [73], which are
scenarios more common in MEMS/NEMS. Many techniques have been proposed to
build ROMs, including Proper Orthogonal Decomposition (POD) [74], Nonlinear Nor-
mal Modes (NNM) [75, 76] and Spectral Submanifolds (SSM) [77]. With an FE-based
ROM, one can distinctly elucidate the relevant physical properties, enabling thorough
study and efficient optimization. It is worth mentioning that, with most FE codes com-
mercialized nowadays, a non-intrusive ROM approach is preferred, which deals only
with basic outputs of FE analysis, such as stress field, eigenvalues and eigenmodes [78].

1.2.2. OPTIMIZATION

A reliable optimization procedure is crucial for engineering problems where conducting
experiments with a specific design consumes significant time and money. The choice of
an appropriate optimization algorithm depends on the characteristics of the problem.
Considering the optimization of dynamic performance in MEMS/NEMS, gradient-based
shape optimization has been employed to maximize and minimize the Duffing constant
of a doubly clamped beam [79, 80]. Moreover, topology optimization has proven its suc-
cess in minimizing the linear damping in trampoline nanoresonators [81]. However, on
one hand, the complexity of MEMS/NEMS geometry may prohibit accurate predictions
of eigenmodes analytically. On the other hand, the nonlinear analysis using FE-based
ROM further complicates the sensitivity analysis required for gradient-based optimiza-
tion algorithms. Thus, non-gradient based optimization methods are particularly well-
suited for optimizing these nonlinear dynamical systems, such as Genetic Algorithms
(GA) [82] and Particle Swarm Optimization (PSO) [83, 84]. The characteristics of these
optimization algorithms make them highly suitable for problems involving large num-
bers of design variables and can be accelerated through parallel computing. Moreover,
evolutionary computing and swarm intelligence are key components of computational
intelligence—a branch of artificial intelligence focused on adaptive mechanisms that
enable intelligent behaviors in complex environments [85]. The influence of artificial
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intelligence theories and methodologies is rapidly growing due to the advancements in
computing power and the explosion of available data. This new approach to searching
for optimal solutions meet the need for balancing complexity, efficiency, and reliability
in engineering problems, as well as for developing fully physics-based models.

1.3. AIM AND OUTLINE OF THE THESIS
Building on the overview of current advancements in MEMS/NEMS and engineering
techniques, there is a clear need to exploit nonlinear dynamics in the next-generation
miniaturized devices and a promising route to leverage the computer-aided design
strategies. In this thesis, We go beyond conventional linearization techniques, and
develop accurate nonlinear reduced-order models to build the link between geomet-
ric parameters and linear as well as nonlinear behaviours of mechanical resonators.
Chapter 3 to Chapter 6 are based on four published or submitted journal articles. The
structure of the thesis is shown in Fig. 1.3.

Chapter 1
Introduction

Chapter 2
Experimental and theoretical methods

Chapter 3
Resonance frequency and Q-factor

Chapter 4
Geometric nonlinearity

Chapter 6 
Mode couplings

Single mode Multiple modes

Chapter 5
Optimization

Chapter 7
Conclusion and outlook

Linear
dynamics

Nonlinear
dynamics

Figure 1.3: Structure of this thesis.

In Chapter 2, we first introduce the fabrication and the non-intrusive characteriza-
tion of Si3N4 nanomechanical string resonators that are model systems used in this the-
sis. In this chapter, we also go through different modeling techniques of nonlinear dy-
namics in string resonators with compliant supports using the Lagrangian method. In
Chapter 3, we explore the mechanical Q-factor limits of nanostrings that are suspended
by soft-clamping supports. We discover that there is a trade-off between the requirement
of maintaining high stress in the string, and maintaining low stiffness in the supports. By
optimization of this trade-off, we obtain a 50% enhancement of Q-factor as compared to
the doubly-clamped Si3N4 string resonators. Transitioning from linear to nonlinear dy-
namics in Chapter 4, we show that the geometric nonlinearity can also be substantially
tuned by support design. Our approach also allows control over the sign of the Duffing
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constant resulting in nonlinear softening of the mechanical mode that conventionally
exhibits hardening behavior. With the capability of accurately modeling both linear and
nonlinear dynamic properties, in Chapter 5 we integrate a finite element-based nonlin-
ear reduced-order modeling technique with a gradient-free optimization algorithm to
design nonlinear mechanical resonators. The resulting methodology is used to optimize
the support in the presence of conflicting objectives such as simultaneous enhancement
of Q-factor and the Duffing constant. Based on the thorough study of nonlinear dynam-
ics of a single eigenmode, in Chapter 6 we demonstrate that soft-clamping techniques,
commonly utilized to achieve high-Q, can also be employed to engineer mode coupling.
We discuss that soft-clamping supports allow for tuning the onset of mode coupling
and thus can control its occurrence in string resonators. By considering more coupled
modes, we reveal the significant impact of multi-mode interactions on the dynamic re-
sponse, providing additional opportunities to customize the nonlinear dynamics of me-
chanical resonators. Furthermore, we show the geometric design potential of the soft-
clamping supports, whereby the spring hardening nonlinearity of the driven mode can
be enhanced by 70% by two-mode coupling. Finally, we give a general conclusion in
Chapter 7 and provide an outlook for future directions.
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2
METHODOLOGY

In this chapter, we introduce the experimental and theoretical methodologies referred to
and developed in this thesis. The experimental part contains the introduction of fabrica-
tion techniques for nanomechanical Si3N4 devices and the characterization of linear and
nonlinear dynamics with the laser Doppler interferometry. The theoretical part contains
the derivation of the governing equations of nonlinear dynamics in string resonators, and
the finite element-based reduced-order modeling technique.
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2.1. EXPERIMENTS
Silicon-based materials are commonly used in MEMS/NEMS. Due to the mature fabri-
cation technique and the high yield, we select Si3N4 resonators as our testing platform
for studying nonlinear dynamics at the nanoscale. Additionally, the built-in high stress
in Si3N4 grown by low pressure chemical vapor deposition (LPCVD) also helps to sig-
nificantly enhance the mechanical Q-factor, which makes the hidden nonlinearity more
prominent under the same vibration amplitude.

2.1.1. FABRICATION
As demonstrated in Fig. 2.1, the string resonators in this work are fabricated from a high-
stress Si3N4 layer with an in-plane isotropic pre-stress aroundσ0 = 1.1GPa and Poisson’s
ratio ν= 0.23 grown by LPCVD on a silicon substrate [1]. The devices are suspended by a
fluorine-based (SF6) deep reactive ion underetching step. After the release etching, the
predefined Si3N4 pattern is suspended, and the isotropic stress field will redistribute in
order to satisfy the force equilibrium of new boundary conditions.

Figure 2.1: Fabrication process of suspended Si3N4 nanomechanical resonators.

2.1.2. MEASUREMENT
To measure the dynamics of the fabricated nanomechanical devices, as shown in Fig. 2.2,
we attach the chip with doubly sided tape to a piezo actuator that drives the resonator
by an out-of-plane harmonic base actuation. We use a Zurich Instruments HF2LI lock-
in amplifier, connected to an MSA400 Polytec laser Doppler vibrometer, to measure the
out-of-plane motion of the string resonator. We perform all measurements in a vacuum
chamber with a pressure below 2×10−6 mbar at room temperature.

CHARACTERIZING MATERIAL PROPERTIES OF SI3N4

Since the pre-stress in a Si3N4 cantilever disappears completely after the release etching,
the Q-factor of these devices becomes equal to the intrinsic value Q0 determined from
the material parameters. With the known length L, thickness h, and density ρ we can use
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Figure 2.2: Measurement set-up of Si3N4 nanomechanical resonators.

the resonance frequency and Q of the fundamental mode of a cantilever to characterize
the Young’s modulus E and loss modulus E ′. As all of our samples have a non-negligible
undercut of 5 µm due to the dry etching technique, it is less accurate to directly use the
analytical expression for the eigenfrequency of cantilevers to calculate the Young’s mod-
ulus E . The reason is that the undercut increases the effective length of the cantilever,
leading to a reduction in both the resonance frequency and the calculated value of E
compared to a cantilever without undercut. To estimate the value of E we use a finite el-
ement model in COMSOL, which also takes the undercut into consideration as shown in
Fig. 2.3a, and use it to determine the Young’s modulus E , by tuning its value in the finite
element model such that the simulated fundamental resonance frequency matches the
experimental value.

50 100 150 2000.8

1.0

1.2

1.4

1.6
fillet=0.10μm
fillet=0.25μm

Cantilever length (μm)

10 4(b)(a)

Q

Figure 2.3: (a) Out-of-plane fundamental mode shape of a cantilever with 161µm length, 1µm width and
340nm thickness. (b) Measurements of Q-factor of different cantilever lengths and two fillet values at clamping
boundary.

To determine the Q-factor of the cantilevers, we perform ring-down measurement
after driving the device at its out-of-plane fundamental resonance frequency. The resid-
ual stress in cantilevers fabricated by high-stress Si3N4 is negligible, so the Q-factor ob-
tained from the measurement is approximately equivalent to Q0 = E/E ′. As shown in
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Fig. 2.3(b), we measure cantilevers with different lengths and different fillets at a pres-
sure below 2.0×10−6mbar. The Q-factor of each cantilever is measured three times, and
the standard deviation of these measurements is used to determine the error bars in Fig.
2.3(b). The error bars for longer cantilevers are bigger, possibly because they are slightly
bent due to gravity, which makes the measurement more difficult. We take the average
value Q0 = 11774 of all devices in Fig. 2.3(b) as the intrinsic Q-factor.

To compare the measured intrinsic Q0 to earlier works, we use the analytical expres-
sion [1, 2] that includes the effect of surface losses:

1

Q0
= 1

QVolume
+ 1

QSurface

= 1

28000
+ 1

λh
.

(2.1)

By setting the measured Q0 equal to Eq. (2.1), and using that the thickness of our
samples is h = 340nm, the surface loss parameter is determined to be λ= 6×1010(m−1).
This value of λ and the obtained Q0 are in close agreement with the values reported in
the literature [2].

MEASURING NONLINEAR DYNAMICS OF A SINGLE MODE

After introducing the measurement of linear dynamical properties, here we discuss
our fitting strategy to extract the mass-normalized Duffing constant β of the string res-
onators from frequency sweeps at higher drive levels. In performing our measurements
with a Polytec laser Doppler vibrometer, we use the velocity decoder with a calibration
factor of 200 mm/s/V. We note that the resonance frequency f0 of a nanomechanical
resonator with high stress is sensitive to temperature variations. Both the measurement
laser and the environment can induce thermal variations, which may cause the reso-
nance frequency of our resonators to shift by a few tens of hertz during consecutive
frequency sweep measurements under different drive levels. This in turn can make the
estimation of the Duffing constant very difficult, since we need to fit for the backbone
(see the red curve in Fig. 2.4b) to obtain β:

f 2
max = f 2

0 + 3

16π2βA2
max, (2.2)

where Amax is the maximum amplitude of each frequency response curve and fmax is
the frequency corresponding to Amax. In order to correct for this, we first fit the off-
resonance response of multiple frequency response curves at different drive levels to
estimate the resonance frequency f0 using the damped harmonic oscillator model:

Ad =
Amax

Q√[
1−

(
f

f0

)2]2

+
(

1

Q

f

f0

)2
, (2.3)

where Ad is the measured amplitude of the device at its center and f is the drive fre-
quency, as shown in Fig. 2.4a. To be able to estimate β from the backbone, we then fix
the response curve of the lowest drive level and horizontally adjust all the other curves
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at higher drive levels, according to the differences between their linearly fitted f0 and
the one of the lowest drive level (see blue arrows in Fig. 2.4a). This would allow us to ex-
tract the Duffing constant with good accuracy from multiple frequency response curves
at different drive levels, as shown in Fig. 2.4b.

It is worth mentioning that we can also obtain the resonance frequency f0 and Q-
factor for our devices using this off-resonance fitting technique, as demonstrated in
Eq. (2.3). However, for the resonators with extremely high Q-factors [3, 4], the resolution
bandwidth of the measurement set-up might be larger than the bandwidth (FWHM) of
the measured eigenmode. So it is necessary to perform ring-down measurements at the
resonance peak to characterize the Q-factors.
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Figure 2.4: Fitting the backbone of multiple frequency response curves. We choose three frequency sweeps
(black lines with dots) from the string resonator before (a) and after (b) implementing the fitting technique. The
red curve shows the backbone fitted by multiple frequency sweeps after aligning the resonance frequencies of
the different curves. The blue curves show the linear fits using the off-resonance response of the nonlinear
resonance curves at different drive levels.

Additionally, we find that the backbone curve overlaps with the response curves at
large amplitudes, as shown in Fig. 2.4b. Consequently, we can fit a single frequency re-
sponse curve to obtainβ to improve the efficiency when characterizing arrays of devices.
Notably, selecting an appropriate fitting range is essential. On the one hand, if the am-
plitude is not large enough, the backbone does not yet overlap with the response curve,
which would lead to an underestimation ofβ. On the other hand, if the devices are driven
too hard, the resonator would enter the strong nonlinear regime. In the latter case, the
nonlinear damping would kick-in and lead to an overestimation of β. In general, one
should use the part of the response curve right before the nonlinear damping initiates
for this fitting technique to work. We have validated by experiments that the fitted val-
ues of f0 and β match well with the ones fitted through multiple frequency sweeps.

2.2. MODELING OF NONLINEAR DYNAMICS
With known material and geometric parameters, we can effectively optimize the desired
dynamic properties of resonators using precise modeling techniques. We choose vibrat-
ing strings as our model to test our design strategies due to the simplicity of their dy-
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namics. Initially, we apply the Lagrangian method to investigate the nonlinear dynam-
ics of string resonators with a pair of compliant supports. We simplify these supports
as in-plane springs to explore their impact on the central string’s stress and clamping
conditions. However, in structures with high stress, even minor variations in geome-
tries or boundary conditions may lead to a huge change in their dynamical properties.
Consequently, in order to capture all these details to the greatest extent and guide the
design effectively, we also build finite element (FE)-based reduced-order models for our
fabricated nanoresonators.

2.2.1. STRESS TUNING THROUGH THE COMPLIANT SUPPORTS

Fb

1.1

1.0

0.9

0.8

0.7

0.6

von Mises stress (GPa)

Fs

Δi

Shrink to L - 2Δi

kin kin

Figure 2.5: The stress redistribution in fabricated high-stress Si3N4 devices. The schematic simplifies the two
support beams as two linear springs kin. The zoom-in inset shows the force equilibrium between supports and
the central string.

As demonstrated in Fig. 2.5, the supports of an H-shaped nanomechanical Si3N4 res-
onator can be treated as a pair of in-plane springs, that affect the stress along the central
string after the release etching as described in Fig. 2.1. In order to quantify this stress
tuning effect, we derive the analytical expression of the in-plane stiffness kin by simpli-
fying the compliant supports as stressed doubly clamped beams. To relate the simplified
spring model in Fig. 2.5 to the actual geometry of the device, we build an in-plane force
equilibrium between the supports and the central string: Fb = Fs. The in-plane force of
the central string Fb and the force of the support structure Fs are given by:

Fs = kin∆i,

Fb =σb A,
(2.4)

where ∆i is the in-plane deflection of the support beam and A = hw is the area of the
central string’s cross section. The initial stress in the Si3N4 layer is isotropic: σx,0 =σy,0 =
σ0, and the initial strain along the length of the beam (x-direction) obeys ϵx,0 = (σx,0 −
νσy,0)/E from linear elasticity theory. During release of the string, the stress along the y-
direction relaxes and becomes zero while the strain in the x-direction does not change,
such that one gets ϵx,0 = σb0/E and the stress along the central string reduces to σb0 =
σ0(1−ν). Now the stress reduces further due to the deflection of the supports to a value
σb, with σb0 −σb = 2∆iE/L. By using that ∆i =σb A/kin from Eq. (2.4), we obtain:
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σb = (1−ν)σ0

(
1+ 2E A

kinL

)−1

. (2.5)

Now we derive an analytical equation for the in-plane stiffness kin that we can com-
bine with Eq. (2.5) to determine the stress along the central string after release σb. A
challenge in deriving such an analytical expression is that, depending on the support
width and length, the in-plane bending stiffness kEi, shear stiffness ksi, and stiffness due
to stress in the support beams kσi can all be relevant, thus no simple analytical model
in literature is available that captures all three factors simultaneously. We therefore in-
troduce an approximate three-spring model (see Eq. (2.6)), which consists of the series
combination of kEi and ksi in parallel to kσi. The series combination of kEi and ksi en-
sures that the weakest of the shear and bending rigidity dominates their combined ef-
fect, whereas the parallel combination with kσi results in an approximated additive con-
tribution from the stress-induced stiffness. We will later show (left in Fig. 3.7), that this
approximate analytical model for kin, yields comparable results for the estimated string
stress σb to those obtained via finite element simulations. The equation for kin in this
three-spring model is

kin =
(

1

kEi
+ 1

ksi

)−1

+kσi. (2.6)

We now determine the individual equations for the three springs in the model. The
in-plane bending stiffness of the support beams kEi, which is derived from the central
deformation of a doubly clamped Euler-Bernoulli beam under a central force, is

kEi = 192E Isi

L3
s

. (2.7)

Here Isi = hw3
s /12 is the in-plane moment of inertia of the support beam, and ws is

the support width. The in-plane shear stiffness ksi of the support beams is significant
because the ratio ws/h is large. To determine its value, the support beams are treated as
Timoshenko beams with in-plane stiffness ksi given by [5]

ksi = 4AsG

ηLs
. (2.8)

Here, G is the shear modulus, with G = E/(2(1+ν)) for an isotropic material and As = wsh
is the cross-section of the support beam. η= 1.2 is a factor determined by the rectangu-
lar cross section of the support beams [5]. The equation for the in-plane stiffness kσbi

caused by the stress in the support beams is

kσi = 4Asσs

Ls
, (2.9)

where σs is the stress along the length direction of support beams and approximately
equals the initial stress σ0 of Si3N4.
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2.2.2. LAGRANGE EQUATIONS

NONLINEAR EQUATION OF A SINGLE MODE

After determining the stress redistribution in the string induced by the supports, here we
obtain the equations of motion for a high-stress string resonator with finite in-plane stiff-
ness kin at its two ends, as shown in Fig. 2.6. The motion is assumed as the fundamental
mode shape q1(t )sin(π/Lx) of a doubly clamped string, where q1(t ) is the displacement
as a function of time. Since our goal is to investigate the influence of in-plane to out-
of-plane coupling on geometric nonlinearity, we model the support via in-plane springs
kin, and neglect the torsional and out-of-plane (z direction) stiffness of the support for
simplicity [6], i.e.,

kin
kin

L
x

z

uz(x,t)
ux(x,t)

Figure 2.6: Simplified model for a string resonator with compliant supports. The influence from supports on
the geometric nonlinearity is equivalent to a pair of in-plane translational springs, which relaxes the in-plane
stiffening when the string vibrates at large amplitudes.

uz (x, t ) = q1(t )sin
(π

L
x
)

, (2.10a)

ux (x, t ) = u0

(
2x

L
−1

)
+

N∑
i=1

ui (t )sin

(
2iπx

L

)
+ua(t )

(
1− 2x

L

)
, (2.10b)

where ux and uz are the displacements of the string in x (in-plane) and z (out-of-plane)
directions, respectively. ui (t ) represents the in-plane counterpart of a stressed doubly
hinged string under the out-of-plane motion uz (x, t ). u0 is a constant that represents
the initial stress in the x direction of the string, i.e.,

u0 = (1−ν)σ0L

2E
, (2.11)

ua(t ) in Eq. (2.10b) is the additional in-plane motion that is considered to ensure satis-
faction of the boundary conditions of the finite in-plane stiffness kin, which is in con-
strast to the ones in doubly hinged strings (kin →∞, ua(t ) → 0). ua(t ) can be obtained
from applying force balance to the point at which the beam is connected to the support:

kinua(t ) = E A

L

∫L

0
εdx

= E A

L

∫L

0

[
∂ux

∂x
+ 1

2

(
∂uz

∂x

)2]
dx,

(2.12)

where A = hw is the area of the string’s cross section and ε is the strain along the x
direction. Then by substituting Eqs. (2.10a) and (2.10b) to Eq. (2.12) we obtain
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ua(t ) = π2q2
1 (t )

8L

(
1+ kinL

2E A

)−1

. (2.13)

The strain energy of a string can be written as

Us = 1

2

∫L

0
E Aε2dx. (2.14)

The energy stored in the two in-plane springs kin is

Uk = 2× 1

2
kinu2

a(t ). (2.15)

Furthermore, the kinetic energy of the string, neglecting the in-plane inertia, is given
by

T = 1

2
ρA

∫L

0

(
∂uz

∂t

)2

dx. (2.16)

Using Eqs. (2.14) - (2.16), the Lagrange equations can be constructed as

d

dt

(
∂T

∂q̇

)
− ∂T

∂q
+ ∂U

∂q
= ∂W

∂q
, (2.17)

where q = [q1(t ),u1(t ),u2(t ), ...,ui (t )], i = {3,4, ..., N }, is the vector that includes all the
generalized coordinates, and W is the work done by the external forces. Since the in-
plane inertia has been neglected, after substituting the potential energy U =Us+Uk and
the kinetic energy T in Eq. (2.16), we have a system of nonlinear equations consisting of
two differential equations associated with the generalized coordinates q1(t ) and N alge-
braic equations in terms of ui (t ). By solving the N algebraic equations we can determine
ui (t ) in terms of q1(t )

u1(t ) =−πq2
1 (t )

8L
u2(t ) = u3(t ) = ... = uN (t ) = 0,

(2.18)

which will reduce the N +1 nonlinear equations to a single Duffing equation

meff,1q̈1 + c1q̇1 +k1,1q1 +k3,1q3
1 = 0. (2.19)

where k1,1 is the linear stiffness, c1 is the damping factor, k3,1 is the coefficient of cubic
nonlinearity. By dividing Eq. (2.19) by the effective mass meff,1, one can find the mass
normalized linear stiffness

ω2
1 =

k1,1

meff,1
= π2(1−ν)σ0

ρL2

(
1+ 2E A

kinL

)−1

, (2.20)

where meff,1 = ρAL/2. Accordingly, we can obtain the resonance frequency of the first
mode:
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f1 = 1

2L

√√√√ 1

ρ

(1−ν)σ0

1+ 2E A
kinL

= 1

2L

√
σb

ρ
, (2.21a)

where σb is the stress of the string in the x direction after the release etch, as shown in
Eq. (2.5).

The mass-normalized nonlinear coefficient β1 is

β1 =
k3,1

meff,1
= π4E

4ρL4

(
1+ 2E A

kinL

)−1

. (2.22a)

It is worth noting that (1+2E A/kinL)−1 serves as a tuning factor introduced by the fi-
nite in-plane stiffness kin, which rescalesσb, ω2

1, and β1 of a doubly-clamped string with
pre-tension (1−ν)σ0 in the same rate. The additional finite kin will relax the pre-tension
as shown in Eq. (2.5). Consequently, the mass-normalized linear stiffness k1,1/meff,1 =
ω2

1 = (2π f0)2, which is proportional to the tension, is scaled down by (1+2E A/kinL)−1.
In contrast, the finite in-plane springs kin rescale the mass-normalized Duffing constant
β1 in a different way that brings an additional in-plane motion ua(t ) (1−2x/L), neutral-
izing the elongation of the central string under large-amplitude vibrations. Surprisingly,
β1 is scaled down at the same rate, i.e., the tuning factor (1+2E A/kinL)−1 of σb and ω2

1,
which is demonstrated by the solid line in Fig. 2.7a and b. The dotted lines in Fig. 2.7
show the analytical results of a doubly-clamped string under different σb, which show
an opposite trend against σb compared to the ones with soft-clamping.
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Figure 2.7: Dependence of linear and nonlinear stiffness on stress σb tuned by supports’ in-plane stiffness
kin. The solid lines represent the strings with finite stiffness kin and the dotted lines are results of doubly-
clamped strings.
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NONLINEAR EQUATIONS OF MULTIPLE MODES

In the previous subsection, a detailed investigation into compliant supports has demon-
strated their ability to tune the nonlinear dynamics of the fundamental mode in a string
resonator. Moreover, the mode coupling is particularly intriguing, since it represents the
interaction among different resonance modes with high efficiency in a single resonator.
Using the Lagrangian method, we also obtain the equations of motion for a string res-
onator supported with in-plane springs kin under mode coupling between two lowest
out-of-plane modes, as shown in Fig. 2.8.

kin
kin

L1st mode

2nd mode

x

z

q1(t)·sin(π x/L)

kin
kin

q2(t)·sin(2π x/L)

ux(x,t)

Figure 2.8: Simplified model for a string resonator with soft-clamping supports. The influence from soft-
clamping supports is equivalent to a pair of in-plane springs kin at both ends of the central string. The
mode shapes are approximated as sinusoidal functions, which are the closed form solutions for doubly hinged
strings.

With an additional second mode included as compared to Eq. (2.10a), the out-of-
plane and the in-plane displacement for a string undergoing two-mode coupling can be
written, respectively, as

uz (x, t ) = q1(t )sin
(π

L
x
)
+q2(t )sin

(
2
π

L
x
)

, (2.23a)

ux (x, t ) = u0

(
2x

L
−1

)
+

N∑
i=1

ui (t )sin

(
iπx

L

)
+ua(t )

(
1− 2x

L

)
. (2.23b)

Then by substituting Eqs. (2.23a) and (2.23b) to Eq. (2.12) we obtain

ua(t ) = π2
[
q2

1 (t )+4q2
2 (t )

]
8L

(
1+ kinL

2E A

)−1

. (2.24)

There is an additional modal coordinate q2(t ) in Eq. (2.17) as compared to the case of
a single mode, where q = [q1(t ), q2(t ),u1(t ),u2(t ), ...,ui (t )], i = {3,4, ..., N }. Consequently,
we have a system of nonlinear equations consisting of two differential equations asso-
ciated with the generalized coordinates q1(t ) and q2(t ), and N algebraic equations in
terms of ui (t ). By solving the N algebraic equations we can determine ui (t ) in terms of
q1(t ) and q2(t ):
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u1(t ) =−πq1(t )q2(t )

L
,

u2(t ) =−πq2
1 (t )

8L
,

u3(t ) =−πq1(t )q2(t )

3L
,

u4(t ) =−πq2
2 (t )

4L
,

u5(t ) = u6(t ) = ... = uN (t ) = 0,

(2.25)

which will reduce the N +2 nonlinear equations to only two coupled equations:

meff,1q̈1 + c1q̇1 +k1,1q1 +k3,1q3
1 +kc,1q1q2

2 = 0, (2.26a)

meff,2q̈2 + c2q̇2 +k1,2q2 +k3,2q3
2 +kc,2q2

1 q2 = 0. (2.26b)

where k1,1 and k1,2 are the linear stiffnesses, c1 and c2 are the damping factors, k3,1 and
k3,2 are the coefficients of cubic nonlinearity, kc,1 and kc,2 are the coupling coefficients
of these two modes. The mass-normalized linear stiffnesses for both modes are

k1,1

meff,1
=ω2

1 =
π2(1−ν)σ0

ρL2

(
1+ 2E A

kinL

)−1

, (2.27a)

k1,2

meff,2
=ω2

2 =
4π2(1−ν)σ0

ρL2

(
1+ 2E A

kinL

)−1

, (2.27b)

where meff,1 = meff,2 = ρAL/2. Accordingly, we can obtain the resonance frequency of
the two lowest mode shapes, respectively:

f1 = 1

2L

√√√√ 1

ρ

(1−ν)σ0

1+ 2E A
kinL

= 1

2L

√
σb

ρ
, (2.28a)

f2 = 1

L

√√√√ 1

ρ

(1−ν)σ0

1+ 2E A
kinL

= 1

L

√
σb

ρ
, (2.28b)

where σb is the stress of the string in the x direction after the release etching [6], i.e.,

σb = (1−ν)σ0

(
1+ 2E A

kinL

)−1

. (2.29)

The mass-normalized nonlinear coefficients β1, β2, and γ are
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β1 =
k3,1

meff,1
= π4E

4ρL4

(
1+ 2E A

kinL

)−1

, (2.30a)

β2 =
k3,2

meff,2
= 4π4E

ρL4

(
1+ 2E A

kinL

)−1

, (2.30b)

γ= kc,1

meff,1
= kc,2

meff,2
= π4E

ρL4

(
1+ 2E A

kinL

)−1

. (2.30c)

Similarly to the case of a single mode, (1+2E A/kinL)−1 serves as a tuning factor
for σb, as well as for the mass-normalized linear stiffness k1,1/meff,1 = ω2

1, k1,2/meff,2 =
ω2

2, the mass-normalized Duffing constants β1, β2, and the mass-normalized coupling
strength γ in the same rate.

2.2.3. FINITE ELEMENT-BASED REDUCED ORDER MODELING
In order to carry out the optimization of nanomechanical resonators with arbitrary ge-
ometries more accurately, we also develop modeling technique based on FE simulations.
However, FE-based simulations face computational problems when nonlinear dynam-
ics is of interest because a large number of equations of motion have to be integrated in
small increments in the spectral neighborhood of resonant modes. Therefore, once an
FE model is built, the number of degrees of freedom has to be reduced for computational
efficiency. In this section, we discuss the methodology we devised for that specific pur-
pose. Fig. 2.9 shows the schematic of the model we use to simulate our fabricated Si3N4

devices. The yellow geometry marks the suspended nanomechanical resonators. The
surrounding blue lines mark the constraint we implement as fixed boundary conditions.

ws

w
Si substrate

Underetch

h

Fixed boundaryx
z

L

θ
Ls

y

Si3N4 layer

Figure 2.9: Schematic model of a nanomechanical string resonator with soft-clamping supports.

In Fig. 2.10, we show the procedure used to build the FE-based ROM. We first perform
static analysis of the strained structures to calculate the stress redistribution and corre-
sponding static deformation. For devices with negative support angles θ, we perform
an additional buckling analysis to obtain the buckled state. This step of analysis mimics
the etching process that the high-stress Si3N4 layer releases from the silicon substrate.
It is worth noting that the high initial stress of the structure leads to deformation of the
device as compared to its unreleased state. In order to calculate nonlinear forces accu-
rately, we first calculate this initial deformed state and only afterwards perform modal
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meff meff

k1 k1 k3

Δq Δq

① Linear static solver ② Nonlinear static solver

Positive support angles

Extracting the nonlinear force from a 1-dof system

Negative support angles

Flinear= k1Δq Ftotal= k1Δq+k3Δq3

Full FE model

Eigenfrequencies and eigenvectors

Stress redistribution and static deformation

Assumption of displacement fields

Nonlinear reaction forces

Nonlinear stiffness

Q factor Linear stiffness

Reduced-order model

Numerical continuation

③ Fnonlinear= Ftotal - Flinear

Figure 2.10: The flowchart of the FE-based ROM procedure. The static analysis and eigenfrequency analysis
of both flat and buckled devices are shown respectively in blue and orange. An example for a one degree-of-
freedom (1-dof) system is shown to demonstrate the calculation procedure of the nonlinear reaction force.

analysis. The equations of motions of the full FE model for the deformed configuration
are then written as

M Ẍ (t )+C Ẋ (t )+K X (t )+Γ(X (t )) = F (t ), (2.31)

where M , C , K are the mass, damping, and linear stiffness matrices (considering the
additional stiffness from the redistributed stress field as well), respectively, X (t ) is the
displacement vector, and F (t ) is the force vector. Γ(X (t )) is the nonlinear force vector
due to geometric nonlinearity, which is in this work composed of quadratic and cubic
functions of X (t ). We use the eigenvectors of Eq. (2.31) to obtain a set of N symmetric
out-of-plane modes Φ as the assumption of displacement fields for the STiffness Eval-
uation Procedure (STEP) [7–9], which is a reduced order modeling technique we use to
capture the geometric nonlinearity. A set of coupled modal equations with reduced de-
grees of freedom are then obtained by applying the modal coordinate transformation
X (t ) =Φq(t ):

M̃ q̈(t )+C̃ q̇(t )+ K̃ q(t )+γ(q(t )) = F̃ (t ), (2.32)

where M̃ =Φ⊤MΦ, C̃ =Φ⊤CΦ, K̃ =Φ⊤KΦ, γ(q(t )) =Φ⊤Γ(X (t )), F̃ =Φ⊤F . q(t ) is the
vector of N modal coordinates {q1(t ), q2(t ), ..., qN (t )}. The nonlinear term γ(q(t )) can be
written as

γ(i ) =
N∑

j=1

N∑
k= j

a(i )
j k q j qk +

N∑
j=1

N∑
k= j

N∑
l=k

b(i )
j kl q j qk ql , (2.33)
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where i represents the i th modal coordinate and j , k, l are mode numbers. Based on the
prescribed displacement fields as implemented boundary conditions, we solve for the
reaction forces on all nodes with and without considering the geometric nonlinearity in
the full FE model, i.e., Ftotal = Flinear +Fnonlinear and Flinear, respectively. Then we can
project the obtained reaction force vectors in physical coordinates to the i th modal coor-
dinate, and calculate the nonlinear reaction force γ(i ) = F (i )

nonlinear = F (i )
total−F (i )

linear. Conse-
quently, by applying different combinations of modal coordinates {q1(t ), q2(t ), ..., qN (t )}
as the displacement fields, we extract the corresponding modal nonlinear reaction
forces. With a set of algebraic equations in the form of Eq. (2.34), we solve for the
quadratic coefficient a and the cubic coefficient b for all modal coordinates.
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Figure 2.11: (a) Frequency response curves of the first symmetric out-of-plane mode (210927Hz) of the de-
vice with L = 200µm, w = 2µm, ws = 1µm, Ls = 150µm, and θ = −0.1rad, which are simulated by numerical
continuation (Matcont) with different numbers of symmetric out-of-plane modes included in the mode set. N
refers to the number of modes included and modes with lower resonance frequencies are always added with
priority. All the modes included in the ROM are listed next to the nonlinear frequency response. (b) The stress
field at the top and bottom surface along the length of the string, which is derived after the buckling analysis
of the device in (a).

For devices dominated by tensile stress, a single-mode ROM can predicts the experi-
mental results accurately (See Chapter 4 for more details). For buckled devices that have
out-of-plane curvatures and more complex stress deformations, as shown in Fig. 2.11b,
we use multi-mode ROM to capture the softening nonlinear behavior at large ampli-
tudes. In Fig. 2.11a, we show the convergence analysis performed to capture the soft-
ening behavior. This procedure involves the inclusion of higher modes of vibration in
the reduced-order model (Eq. (2.32)) until the solution is converged. We note that in-
plane modes and asymmetric out-of-plane modes do not have an influential role on the
convergence of the obtained nonlinear dynamic responses. We found that a ROM with
only the first mode can obtain accurate results for the slightly buckled cases. For other
buckled cases, however, we account for the first six symmetric eigenmodes, a number
that was determined after a careful convergence analysis.

Meanwhile, according to the static stress field σxx , σx y , σy y and the out-of-plane
component of mode shapes φz obtained in the last section, Q-factors of all modal co-
ordinates can be calculated. The Q-factor of a stressed resonator can be expressed as
[6]
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where Wtension is the mode shape’s stored tension energy, ∆Wbending and Wbending are
the bending loss per cycle and the stored bending energy, respectively, ∆Wtorsion and
Wtorsion are the torsional loss per cycle and stored torsion energy, respectively. Q0 is the
intrinsic material quality factor, which can be expressed as Q0 = E/E ′. To estimate Q
for a supported string resonator in Eq. (2.34), we subdivided the stored energy into ten-
sion energy, bending energy, and torsion energy for the string resonator itself and for the
supports. When beams bend or undergo torsional deformation, the energy dissipated
per cycle is ∆W = 2πW /Q0. In contrast, tension energy, according to the dissipation
dilution, does not lead to a linear dissipation contribution. From the mode shapes cal-
culated in the last subsection, we can numerically calculate the stored tension energy, as
well as the stored bending and torsion energy in different eigenmodes of the resonator.
Finally, with the Q-factor, and with linear and nonlinear stiffnesses obtained from FE
simulations, we can compute Eq. (2.32) and calculate the response of the ROM under
different drives by numerical continuation (Matcont [10]).

2.3. CONCLUSION
In this chapter, we first introduced our experimental approaches, including the fabri-
cation procedure of Si3N4 nanoresonators and the measurement setup. Using a laser
Doppler vibrometer, we characterized the linear and nonlinear dynamic properties of
the devices by measuring their dynamic responses. In order to establish the relationship
between the observed dynamics and the resonators’ geometries, we employed a vibrat-
ing string with compliant supports to model our fabricated devices. By the Lagrangian
method, we examined the influence of these supports on the dynamics of strings with
built-in stress. Additionally, FE-based ROMs were developed to provide more accurate
predictions of the dynamics in resonators with arbitrary geometries. These experimen-
tal, theoretical, and numerical techniques collectively established the foundation for the
works presented in following chapters.
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TUNING THE Q-FACTOR OF

NANOMECHANICAL STRING

RESONATORS BY TORSION

SUPPORT DESIGN

In recent years, the Q-factor of Si3N4 nanomechanical resonators has been significantly in-
creased by soft-clamping techniques using large and complex support structures. To date,
however, obtaining similar performance with smaller supports has remained a challenge.
Here, we make use of torsion beam supports to tune the Q-factor of Si3N4 string resonators.
By design optimization of the supports, we obtain a 50% Q-factor enhancement compared
to the standard clamped-clamped string resonators. By performing experimental and nu-
merical studies we show that further improvement of the Q-factor is limited by a trade-
off between maximizing stress and minimizing the torsional support stiffness. Thus, our
study also provides insights into the dissipation limits of high-stress string resonators and
outlines how advanced designs can be realized for reaching ultimate f0×Q product, while
maintaining a small footprint.

This chapter has been published in Applied Physics Letters 122, 013501 (2023) by Zichao Li, Minxing Xu,
Richard A. Norte, Alejandro M. Aragón, Fred van Keulen, Farbod Alijani, Peter G. Steeneken.
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SUPPORT DESIGN

3.1. INTRODUCTION
Nanomechanical resonators are receiving growing interest owing to their high force
sensitivity and ultra-low dissipation. They have demonstrated strong potential for
mass sensing [1, 2], force sensing [3–6], and transducer applications [7–9]. Moreover,
nanomechanical systems are promising platforms to explore fundamental physics in
both the classical [10] and quantum [11–14] regimes. During the last decades there has
been a tremendous drive towards increasing the mechanical Q-factor of nanomechan-
ical resonators, to maximally benefit from the important performance advantages this
offers [15–17]: when dissipation is low, resonant sensors, clocks, and frequency synthe-
sizers can be operated at large oscillation amplitudes with low power. Moreover, low
losses diminish the thermomechanical-noise induced motion of the resonator via the
fluctuation-dissipation theorem [15, 18]. This low noise results in higher signal-to-noise
ratio, and improves the limit of detection in sensor applications. Finally, in the quantum
regime, a high-Q isolates the resonant mode from being affected by thermomechanical
noise, and thus protects quantum states from decoherence [19, 20].

A main methodology for increasing Q in Si3N4 resonators has been the increase of
tension [21–24]. This dissipation-dilution mechanism has resulted in large Q enhance-
ments, especially in materials like Si3N4 that can be grown with high intrinsic tensile
stress [25, 26]. However, the increase of stress in a clamped-clamped string is associated
with an increase of the bending curvature near the clamping points, which in turn lim-
its the dissipation-dilution factor [27, 28]. Recent efforts have enabled mitigating these
losses by soft-clamping techniques, which involve large support structures that allow
high-stress to be preserved while maintaining small curvatures near the edge of the res-
onant mode [17, 29, 30].

In this chapter, we investigate an alternative approach for reducing dissipation in
Si3N4 string resonators by suspending the string using torsion beam supports instead
of the more conventional direct clamping at the edges [31, 32]. To determine the Q-
factor limits of this approach, we study experimentally, analytically, and numerically —
by means of the Finite Element Method (FEM) — how the support dimensions can be
used to optimize the resonance frequency and Q-factor in string resonators. We show
that the supports enable stress engineering over a wide range from 0.10 GPa to 0.80 GPa,
while also controlling the torsional and out-of-plane translational stiffness of supports.
We also demonstrate a Q enhancement of 50% which is limited due to a support de-
sign trade-off between maximizing the string’s stress and minimizing supports’ torsional
stiffness.

3.2. Q-FACTOR OF A STRING RESONATOR WITH NON-IDEAL

SUPPORTS
To get an intuitive understanding of this trade-off, before discussing detailed analytical
and numerical models, we first analyze a simplified analytical model of the Q-factor of
string resonators with non-ideal supports. Theoretically, an ideal string resonator would
be free to rotate around its pinned endpoints. In practice however, as we show in Fig. 3.1,
the supports always have a finite torsional stiffness kt and out-of-plane translational
stiffness k that will cause the support point to move and rotate along with the resonant
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Figure 3.1: Schematic model for a string resonator with non-ideal supports. At the clamping points the
string exerts a tension F⃗b and a torque M⃗b on the support, which are balanced by the in-plane translational
spring kin, the out-of-plane translational spring k and the torsional spring kt of the support structure.

motion of the string. Although this support motion has little effect on the resonance fre-
quency and mode shape of the string, it can have a significant influence on the dissipa-
tion in nanomechanical string resonators [10, 33, 34]. To estimate the effect of supports
on the mechanical Q, we consider the string resonator with a known tension Fb and as-
sume that the tension is high enough to neglect effects of the support on the mode shape,
such that the fundamental resonant mode can be assumed as φb(x) = φ0 sin(πx/L),
where x denotes spatial coordinate, φ0 is the amplitude of the mode shape and L is
the resonator’s length. As a consequence of its motion, the string will exert a force and
torque on the support with energy storage Wk = 1

2 k∆2
o and Wt = 1

2 ktθ
2, for small angles

θ ≈ dφb(x)
dx

∣∣
x=0, associated with the supports’ out-of-plane deflection∆o and torsional ro-

tation θ respectively. We also note that the force balance in the out-of-plane z-direction

is given by Fb,z = Fb
dφb(x)

dx

∣∣
x=0 = k∆o, where Fb = Abσb and Ab is the cross-sectional area

of the string. Using the given mode shape, the strain energy stored in the fundamental
mode of the string can be written as Wσ =π2Fbφ

2
0/(4L).

After having established these equations, we obtain Q of a string resonator [33] with
translational and torsional supports:

Q =
(

Wσ

2Wk +2Wt
+1

)
Q0 ≈ Q0L

4

(
Fb

k
+ kt

Fb

)−1

, (3.1)

where Q0 is the intrinsic quality factor due to material damping. The equation shows
that, as long as Fb/k ≪ kt/Fb, an increase in tension Fb can enlarge the Q-factor of
the string resonator via dissipation dilution. The increase in Q continues until around
Fb/k ≈ kt/Fb, and at Fb,max =

√
ktk the Q-factor will show a maximum value Qmax =

Q0L
8

√
k/kt.

This approximate equation tells us that optimization of support structures requires
to maximize their out-of-plane translational stiffness k, while minimizing their torsional
stiffness kt, in order to minimize losses due to bending and torsional motion. Further-
more, a third important requirement is that in-plane stiffness kin of the support (see
Fig. 3.1 and Section 2.2.1 in Chapter 2) and the material’s initial isotropic pre-stress σ0

are high enough to prevent the string tension Fb from dropping far below Fb,max after the
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Figure 3.2: Experimental characterization of the nanomechanical resonators. (a) False-colored scanning
electron microscope (SEM) image of an string resonator with L = 200µm, wb = 4µm, Ls = 31µm, ws = 4.5µm
and the corresponding numerical model. (b) Schematics of measurement set-up. (c) Harmonic response of
the string resonator shown in (a), excited near its fundamental resonance frequency. (d) Ring-down measure-
ment of the string resonator in (a), after stopping the resonant driving of the fundamental mode. The y-axis is
normalized to the amplitude at t = 0.

release etch. This tension reduction is a consequence of the support’s in-plane deflec-
tion ∆i = Fb/kin. To validate these guidelines and explore their potential for enhancing
Q, we will now present a more accurate experimental and numerical study of the effect
of the support design on the Q-factor of string resonators.

3.3. MEASUREMENT OF RESONANCE FREQUENCY AND Q-FACTOR
All nanomechanical resonators studied in this work are fabricated on the same chip (see
Section 2.1.1 in Chapter 2 for the fabrication procedures), which provides identical pre-
stress σ0 = 1.1GPa and thickness h = 340nm of the Si3N4 layer.

To optimize the support design, control is needed over the torsional stiffness kt, out-
of-plane translational stiffness k and string stress σb. For this purpose we utilize a rect-
angular doubly clamped support structure with length Ls and width ws. The resonator is
connected at both ends to the center of such a torsion beam support. The studied Si3N4

strings have lengths L = 100, 200, 300 and 400µm. The support length is always kept at
Ls = 31µm while the support width varies from ws = 1µm to ws = 8µm.

Fig. 3.2a shows a picture of an actual device, whose fundamental resonance fre-
quency is characterized using the measurement set-up shown in Fig. 3.2b. The chip
with string resonators is placed on a piezo actuator that shakes the chip to drive the
resonators into resonance. To characterize the resonance frequencies and Q-factors, we
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use an MSA400 Polytec Laser Doppler Vibrometer connected to a Zurich Instruments
HF2LI lock-in amplifier to measure the out-of-plane velocity of the middle of the string,
as shown in Fig. 3.2b. The measurements are performed at room temperature in a vac-
uum chamber at a pressure below 2×10−6 mbar to minimize the effect of gas damping.

For each resonator, we perform a frequency sweep in the linear regime to deter-
mine the resonance frequency f0 of the fundamental out-of-plane mode by fitting a
Lorentzian to the data points (see Fig. 3.2c). To ensure that the demodulator filter band-
width does not affect the determination of the Q-factor, we determine Q from the ring-
down measurements (see Fig. 3.2d).

Thus, the measured resonance frequencies f0 and Q-factors of 24 doubly clamped
string resonators with varying values of L and ws are tabulated in Appendix Section 3.6.1.
Resonance frequencies range from 0.26 MHz to 2.40 MHz. In addition, we assume that
Si3N4 is isotropic, with Young’s modulus E and loss modulus E ′ identical in all directions,
and characterize a set of singly clamped Si3N4 cantilevers to precisely determine the
Young’s modulus E = 271GPa, and the intrinsic quality factor Q0 = 11774 due to material
losses, which is close to literature values [25, 35] (see Section 2.1.2 in Chapter 2).

3.4. STRESS ENGINEERING OF SI3N4
A key advantage of the torsion beam support design is that it provides an effective way
to control the stressσb in the string resonators made from a strained layer with an initial
stress σ0. It thus provides an alternative to the recently presented geometric stress tun-
ing method [32] for obtaining a large number of string resonators, with widely varying
σb, from 0.15 GPa to 0.74 GPa (see Fig. 3.3b), on the same chip by adjusting the support
geometry. After the Si release etch, the high-stress Si3N4 string resonators are suspended,
and as a consequence of the finite in-plane stiffness kin of the support, the string be-
comes slightly shorter, which causes the string stress to reduce to σb. In Fig. 3.3a we
show FE simulations of the effect of the support design on the string stress σb,FEM. For
small values of ws, kin reduces, and consequently σb in the string is lower after the re-
lease etch.

Before analyzing the Q of the resonators, we use their measured f0 to determine
the string stress using the equation for the fundamental resonance frequency f0 ≈√
σb,exp/(4L2ρ) of a simply supported string:

σb,exp ≈ 4ρL2 f 2
0 , (3.2)

where the literature value of Si3N4 mass density is taken as ρ = 3100kg/m3. For the high-
stress devices in this work the effect of bending rigidity onσb is less than 1% and is there-
fore neglected [31]. To validate this procedure, we plot in Fig. 3.3b the value of σb,FEM

(filled triangles) as obtained from FEM (Fig. 3.3a) against the experimentally determined
value σb,exp from Eq. (3.2) for all 24 devices. The correspondence between experiments
and simulations gives us confidence in using Eq. (3.2) for extracting the stress in string
resonators. The observed stress tuning effect can also be approximated by static analysis
(see Section 2.2.1 in Chapter 2) of the string after the release etch:

σb,an ≈ σ0(1−ν)

1+2E Ab/(kinL)
. (3.3)
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Figure 3.3: Comparison between experimental and simulated stress. (a) FE simulations show how the string
stress after the release can be varied using the support width design. (b) σb,FEM obtained from FEM (filled
triangles) andσb,an calculated from Eq. (3.3) (open triangles, Poisson ratio taken asν= 0.23 [28, 35]) are plotted
against experimentally obtained σb,exp using Eq. (3.2) for resonators of different lengths.

The string stress calculated from this equation is also shown as open triangles in
Fig. 3.3b, with the analytical equation providing quite a good approximation of σb,FEM

at high stress values, but deviating at lower stresses for the supports with small widths.

Although the resonance frequency mainly depends on the string stress σb, which in
turn depends on the in-plane stiffness kin of the support, the Q-factor is also sensitive
to the torsional and out-of-plane translational stiffness of the support as expected from
Eq. (3.1). In Fig. 3.4 we plot the experimentally measured Q-factors for various string
lengths L and support widths ws. Fig. 3.4a shows that a large range of resonance frequen-
cies f0 and Q-factors can be covered by tuning these two parameters on the same chip.
In Fig. 3.4b it can be seen that for each value of L the Q-factor increases with increasing
σb, as expected from dissipation dilution, with Q increasing approximately proportional
to L (as expected from Eq. (3.1)). However, around a stress of 700 MPa, the Q −σb curve
flattens off, showing a maximum value above which a slight reduction in Q is observed.

Although we anticipated such an optimal value of Q in Eq. (3.1), the actual situation
is somewhat more complicated. Since in Fig. 3.4b it is not only σb (Fb = Abσb) that is in-
creasing, but actually increasing ws also causes simultaneous increase of the support’s kt

and k. To fully capture this effect we present in Fig. 3.4 simulated values of Q both using
FEM (circles), and using an analytical model (solid lines) that solves the Euler-Bernoulli
beam equation in the presence of stress [10] for the boundary conditions given in Fig. 3.1
(see Appendix Section 3.6.3 and 3.6.4). The FE simulations capture the experimental Q
values closely. The analytical model, which determines the values of kt and k from the
support geometry (see Appendix Section 3.6.2), also captures Q quite well, although it
overestimates Q for the longer string lengths by 17%. It is important to note that the
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Figure 3.4: Effect of support design on Q. The figures show Q as a function of fundamental resonance fre-
quency f0 (a), stress σb,exp calculated from Eq. (3.2) (b), and support width ws (c). Experimental results (di-
amonds) are compared to those obtained by FEM (circles) and analytically (solid lines). The solid diamonds
represent the experimental Q-factors of directly clamped strings without torsion supports. All samples have
Ls = 31µm and wb = 2µm, while L and ws are varied. All data with the same L (labels in 3.4a) has the same
color.

maximum values obtained in strings with torsion beam supports (open diamonds), is
substantially higher (up to 50%) than the Q obtained in directly clamped strings of the
same length (filled diamonds), despite the higher stress σb in those directly clamped
ones (see Fig. 3.4b). This observation provides evidence that not only high string stress
σb, but also low torsional stiffness of the support kt is required for obtaining high Q.

Moreover, we should realize that to reach a high maximum quality factor Qmax ≈
Q0L

8

√
k/kt requires not only a low torsional stiffness kt, but also a large out-of-plane

translational stiffness k. However, for the torsion design presented here—and many
other compliant support designs—decreasing kt, e.g., by reducing ws or increasing Ls,
will also decrease k such that their ratio is not easily tuned by the orders of magnitude
that are needed to reach record Q values. An extensive study of the Q-factor as function
of ws and Ls is presented in Appendix Section 3.6.4 to assess the influence from sup-
ports’ geometry over a larger parameter range. The presented models and experiments
thus expose a trade-off that has to be made among σb, k, and kt, which limits the ulti-
mate Q that can be obtained using string resonators with compliant supports.

A potential method to overcome this limitation is the use of periodic string res-
onators that move out of phase, like the one illustrated in Fig. 3.5. By having anti-
symmetrically vibrating resonators with respect to a central support, the effect of two
opposite forces Fb on the support cancel, and the support displacement is equal to
zero. This allows reducing kt to a very low value without diminishing σb. This peri-
odic resonator configuration resolves two issues: Firstly, the spring k is not deflected
in the out-of-plane direction (such that Wk is zero in Eq. (3.1)), and secondly, σb in the
string does not depend on the in-plane stiffness kin of the support anymore, since the
in-plane displacement of the support has also become zero. As a consequence, kt can
be minimized without leading to a reduction of kin and σb.

However, in a linear configuration this periodicity cannot be continued indefinitely,
and non-periodic end-supports are needed. An interesting idea to avoid the necessity of
such end-supports is to couple the periodic anti-symmetric resonators at a 180◦/n (in-
teger n > 1) angle via torsion springs with very low kt in a regular polygon arrangement,
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Figure 3.5: Periodic string resonator configuration. The anti-symmetric vibration mode stablizes the trans-
lational displacement of the central support and preserves the high stress in the string at the same time.

as was recently demonstrated [35, 36], yielding record-high Q values exceeding a billion.

In the presence of periodic boundary conditions, k and kin become infinitely large
such that the only relevant parameters in Eq. (3.1) are Fb and kt. Thus the ultimate value
of the f0Q product (for h2 ≪ w2

s and assuming other loss mechanisms are negligible)
approximately becomes (see Appendix Section 3.6.5):

(
f0 ×Q

)
max ≈

3Q0(1−ν)
3
2σ0

1
2 wbLs

8ρ
1
2 w3

s

. (3.4)

It is interesting to note that in the ultimate limit, the f0Q product in Eq. (3.4) has be-
come independent of the string thickness and string length, such that it mainly depends
on the design of the support (ws and Ls) and increasing it will require supports with very
low torsional stiffness.

3.5. CONCLUSION

In conclusion, we have analyzed the effect of support design on the Q-factor of high-
stress Si3N4 nanomechanical string resonators. By engineering torsion beam supports,
we control the resonator’s stressσb as well as the support’s torsional stiffness kt and out-
of-plane translational stiffness k without any post-fabrication manipulation [23]. Tuning
these parameters over a large range allows us to investigate their role on the dissipation
and present validated models for estimating the mechanical Q of string resonators. More
importantly, we find that the interplay between these geometric parameters allows us to
determine the optimal support geometry that optimizes Q for string resonators of fixed
length. The Q cannot be increased indefinitely due to design trade-offs that limit the
possibility to design supports that both have low torsional stiffness kt and high in-plane
stiffness kin. It is this realisation that explains the success of soft-clamping and periodic
clamping methodologies which can further increase Q above the limits of simple string
resonators. The challenge remains to find the most effective way to create high-Q res-
onators with minimal device dimensions. The presented models, methods and insights
can help towards achieving higher Q-factors, without requiring ever increasing device
areas and provide a route towards realizing arrays of sensor devices with widely varying
values of f0 and Q on the same chip with optimal sensitivity and resolution [37].
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3.6. APPENDIX

3.6.1. MEASURED FUNDAMENTAL RESONANCE FREQUENCIES AND Q-FACTORS

In Appendix Table 3.1 to 3.4, we provide all the data we measured on the string resonators
with torsion supports. Each value is the average of three measurement values on the
same sample under 2×10−6 mbar. In order to avoid the sample breakage caused by the
stress concentration, all fillets at the clamping point of the string to the support have a
radius of curvature of r1 = 1µm, and at the edge of the support r1 = 2.5µm. The lateral
Si3N4 underetch distance is 2.5µm. Since the resonators with wb = 2µm have the most
mechanical similarity with the analytical model we derived, all the figures and analysis
in this work are based on the last column of these tables. The broken devices are marked
as "—".

Table 3.1: The experimental resonance frequencies and Q factors for fundamental mode of resonators with
L = 100µm, Ls = 31µm

ws (µm) wb = 4µm wb = 3µm wb = 2µm
f0 (Hz) Q f0 (Hz) Q f0 (Hz) Q

8.0 2153611 237381 2255120 234625 2390175 230119
6.8 2032995 255218 2143855 240938 2293107 218529
5.6 1859545 227908 1986077 207367 2156734 214572
4.4 1630138 210631 1752332 203058 1938560 207397
3.2 1302037 153490 1410034 171461 1597774 175124
2.0 880465 112285 958640 112276 1102779 118605

Table 3.2: The experimental resonance frequencies and Q factors for fundamental mode of resonators with
L = 200µm, Ls = 31µm

ws (µm) wb = 4µm wb = 3µm wb = 2µm
f0 (Hz) Q f0 (Hz) Q f0 (Hz) Q

6.5 1122846 574606 1162975 528073 1214642 467460
5.5 1065002 558631 1111544 545814 1172910 495702
4.5 979679 532453 1033290 525524 1106708 504783
3.5 853871 509587 911307 444745 995847 485443
2.5 672769 427813 725676 405086 812937 435193
1.5 437441 292891 476511 284203 546540 305649

3.6.2. ANALYTICAL MODEL FOR TRANSLATIONAL STIFFNESS k AND TOR-
SIONAL STIFFNESS kt

The translational stiffness of the support k is derived according to the central deforma-
tion of an axially stressed doubly clamped beam under concentrated force [38] (page
158). The in-plane deformation will prevent the out-of-plane bending of a wide beam,
so the stiffening effect is taken into account by using E/(1−ν2) [38] (page 169).
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Table 3.3: The experimental resonance frequencies and Q factors for fundamental mode of resonators with
L = 300µm, Ls = 31µm

ws (µm) wb = 4µm wb = 3µm wb = 2µm
f0 (Hz) Q f0 (Hz) Q f0 (Hz) Q

6.2 777486 921184 799035 901508 825598 831771
5.2 742561 881555 768315 924893 802074 834908
4.2 687768 879462 719496 867821 761951 840643
3.2 559702 791338 637035 565082 690162 813058
2.2 466790 747799 — — 560101 738445
1.2 286078 520066 312118 541304 357190 540585

Table 3.4: The experimental resonance frequencies and Q factors for fundamental mode of resonators with
L = 400µm, Ls = 31µm

ws (µm) wb = 4µm wb = 3µm wb = 2µm
f0 (Hz) Q f0 (Hz) Q f0 (Hz) Q

6.0 596570 1305145 610251 1246085 626782 1145119
5.0 572598 1269172 589420 1239181 611087 1210778
4.0 533363 906394 554652 1202736 583012 1198681
3.0 466873 1183917 492836 1194633 530482 591766
2.0 360538 1053545 386559 1087169 429390 947508
1.0 212508 854658 231646 792134 265533 832711

k = µσs As

µLs

4
− tanh

(
µLs

4

)
µ=

√
σs As

E/(1−ν2)Iso

(3.5)

The torsional stiffness kt of the support beam is derived according to the central ro-
tating angle of an axially stressed doubly clamped beam under concentrated torque:

kt = 4
KG +σs J

Ls
, (3.6)

where G = E/(2(1 + ν)) is the shear modulus and J = Iso + Isi is the polar moment of
inertia [38] (page 397), Isi = hw3

s /12 is the in-plane moment of inertia, Iso = h3ws/12 is
its out-of-plane moment of inertia, and K is a function of the rectangular cross section
[38]:

K = wsh3
(

1

3
−0.21

h

ws

(
1− h4

12w4
s

))
(3.7)

In order to check the accuracy of these analytical expressions, we calculate the stress
in the string σb, the torsion spring kt and the translational spring k of the support by FE
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simulations in COMSOL. The stress in the central string after release σb is simulated by
static analysis, same to the way in Fig. 3.3a. For torsion spring kt and the translational
spring k, as shown in Fig. 3.6, an out-of-plane concentrated force Fz = 1×10−6 N, which
is orders of magnitude smaller than Fb to ensure linear deflection, is added on the dif-
ferent places of the support to induce torsion and bending of it. zmax and zmin shown in
Fig. 3.6a are extracted to calculate the torsion angle θ = (zmax − zmin)/ws. The moment
generated by the out-of-plane force is M = Fzws, and kt = M/θ. zc shown in Fig. 3.6b is
the deflection of the center point on the support, which is induced by the concentrated
force Fz loaded at the same place. With the force and numerically calculated deflection,
we can determine the supports’ torsional stiffness kt,FEM and translational stiffness kFEM:

kt,FEM = Fzw2
s

zmax − zmin

kFEM = Fz

zc

(3.8)

Fz = 1×10-6 N
Fz = 1×10-6 N

(a) (b)

F-z = 1×10-6 N

zmaxzmin
zc{

} {

Figure 3.6: The FE simulation used to determine the supports’ (a) torsional stiffness kt,FEM and (b) transla-
tional stiffness kFEM.

With the analytical expressions for σb (see Eq.(2.5) in Chapter 2), k, kt and their sim-
ulated values σb, kt,FEM and kFEM, we can plot their values as functions of support width
ws while keeping other geometric parameters the same, similar to the experimental de-
vices in Appendix Tables 3.1-3.4. We can see from Fig. 3.7 that as ws increasing, σb, kt

and k are all becoming larger as expected. The agreement between FEM results and an-
alytical model is quite good, although not perfect. These differences might be due to the
approximations in the analytical equations and also due to the absence of fillets and the
assumption σs = σ0 in the analytical model. The imperfections in the analytical model
can also account for the differences between the analytical and FE-simulated Q-factor
in Fig. 3.4.

3.6.3. SOLVING THE MODE SHAPE OF THE CENTRAL STRING
For clamped-clamped strings, most of the dissipation is caused by bending near the
clamping boundary. Therefore, an accurate calculation of the mode shape near that
point is of importance for predicting the Q factor. Here we approximate the support
by a combination of a torsion spring kt and a translational spring k just like in Fig. 3.1
of the main text. With these boundary conditions, we derive the mode shapes φb(x) of a
pre-stressed string, with out-of-plane deflection. The undamped bending vibration of a
pre-stressed Euler–Bernoulli beam can be described [10] by the differential equation:
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k. The graphs show simulations for devices with the same beam length L = 400µm, beam width wb = 2µm
and support length Ls = 31µm. The solid lines stand for the analytical results while the solid circles are the
FE-simulated values using the method shown in Fig. 3.6.

ρAb
∂2w(x, t )

∂t 2 +E Ib
∂4w(x, t )

∂x4 −σb Ab
∂2w(x, t )

∂x2 = 0 (3.9)

By using the method of separation of variables, namely w(x, t ) = φb(x)cos(ωt ), we
have:

d4φb(x)

dx4 − σb Ab

E Ib

d2φb(x)

dx2 − ω2ρAb

E Ib
φb(x) = 0 (3.10)

where ρ is the density of high-stress Si3N4, ω is the eigenvalue of the beam. Then its
general solutions can be written in the form [39]:

φb(x) = c1 cos(γx)+ c2 sin(γx)+ c3 cosh(δx)+ c4 sinh(δx) (3.11)

where it is found by substituting a trial function φb,t(x, t ) =φb(x)cos(ωt ) into the differ-
ential equation that:

γ2 = δ2 −α2

α2 = σb Ab

E Ib

(3.12)

Furthermore, it follows that δ2 = 1
2

(
α2 +

√
α4 +4ω2ρAb

E Ib

)
, which allows determining the

resonance frequency ω from δ. For our equivalent model of a central string with tor-
sional springs kt and translational springs k, the sum of the moments and sum of forces
at each end of the string need to be zero, which results in these four boundary condi-
tions:
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E Ib
d3φb(x)

dx3 +kφb(x)−σb Ab
dφb(x)

dx

∣∣∣∣
x=− L

2

= 0

−E Ib
d2φb(x)

dx2 +kt
dφb(x)

dx

∣∣∣∣
x=− L

2

= 0

−E Ib
d3φb(x)

dx3 +kφb(x)+σb Ab
dφb(x)

dx

∣∣∣∣
x= L

2

= 0

E Ib
d2φb(x)

dx2 +kt
dφb(x)

dx

∣∣∣∣
x= L

2

= 0

(3.13)

By substituting the assumed mode shape Eq. (3.11) into the boundary conditions
above, we have:

(−γ3E Ib −γσb Ab)sin(γ L
2 )+k cos(γ L

2 ) (−γ3E Ib −γσb Ab)cos(γ L
2 )−k sin(γ L

2 )
γ2E Ib cos(γ L

2 )+γkt sin(γ L
2 ) −γ2E Ib sin(γ L

2 )+γkt cos(γ L
2 )

(−γ3E Ib −γσb Ab)sin(γ L
2 )+k cos(γ L

2 ) (γ3E Ib +γσb Ab)cos(γ L
2 )+k sin(γ L

2 )
−γ2E Ib cos(γ L

2 )−γkt sin(γ L
2 ) −γ2E Ib sin(γ L

2 )+γkt cos(γ L
2 )

(−δ3E Ib +δσb Ab)sinh(δ L
2 )+k cosh(δ L

2 ) (δ3E Ib −δσb Ab)cosh(δ L
2 )−k sinh(δ L

2 )
−δ2E Ib cosh(δ L

2 )−δkt sinh(δ L
2 ) δ2E Ib sinh(δ L

2 )+δkt cosh(δ L
2 )

(−δ3E Ib +δσb Ab)sinh(δ L
2 )+k cosh(δ L

2 ) (−δ3E Ib +δσb Ab)cosh(δ L
2 )+k sinh(δ L

2 )
δ2E Ib cosh(δ L

2 )+δkt sinh(δ L
2 ) δ2E Ib sinh(δ L

2 )+δkt cosh(δ L
2 )




c1
c2
c3
c4

=


0
0
0
0

 (3.14)

A non-trivial solution exists for this homogeneous system if the determinant equals
to zero, which is also known as the frequency equation. After substituting Eq. (3.12) into
the frequency equation, we can solve for δ, and determine γ and ω from it. Then we can
solve for the c2, c3, c4 as functions of c1 and obtain the mode shape φb of a pre-stressed
beam with torsional springs kt and translational springs k on both of its ends. Note that
when the boundary conditions on both ends x =±L/2 are identical, the symmetry of the
system will cause the mode shapes to be either even upon reflection in x = 0, such that
c2 = c4 = 0, or is purely odd, such that c1 = c3 = 0. Using this property can significantly
speed up the analysis, reducing the 4×4 matrix to a 2×2 matrix.

3.6.4. ANALYTICAL CALCULATION OF Q-FACTOR

The Q-factor of a pre-stressed resonator can be expressed as [33]:

Q = 2π
Wtension +Wbending +Wtorsion

∆Wbending +∆Wtorsion

=
(

Wtension

Wbending +Wtorsion
+1

)
Q0

=
(

Wtension,b +Wtension,s

Wbending,b +Wbending,s +Wtorsion,s
+1

)
Q0,

(3.15)

where Wtension is the mode-shape’s stored tension energy, ∆Wbending and Wbending are
the bending loss per cycle and the stored bending energy respectively, ∆ Wtorsion and
Wtorsion are the torsional loss per cycle and stored torsion energy respectively. Subscripts
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Figure 3.8: Comparison of energy distribution of different string resonators. (a) The illustration of en-
ergy distribution for the out-of-plane fundamental mode of a string resonator with L = 400µm, wb = 2µm,
Ls = 31µm, ws = 6µm. (b) The comparison of the normalized total displacement (up) and the loss den-
sity (down) of the string resonator in (a) with different ws. (c) and (d) The comparison of energy dis-
tribution in central string and supports, as the regions shown in blue and purple in (a). The solid lines
and filled circles represent the tension energy (Wtension/Wtension,total) × 100% from analytical results and
FE simulations, respectively. The dashed lines and hollow circles represent the bending and torsion energy
(Wbending +Wtorsion)/(Wbending,total +Wtorsion,total) × 100% from analytical results and FE simulations, re-
spectively.

“b" and "s" refer to the central string and support beams respectively. Q0 is the intrin-
sic material quality factor, which can be expressed as Q0 = E/E ′. To estimate Q for a
supported string resonator in Eq. (3.15), we subdivided its stored energy into tension
energy, bending energy and torsion energy of the string resonator itself and of the sup-
ports. When beams bend or undergo torsional deformation, the energy dissipated per
cycle is ∆W = 2πW /Q0, whereas tension energy, according to the dissipation dilution
effect, does not lead to a linear dissipation contribution.

From the mode shape calculated in the last section, we can analytically calculate the
stored tension and bending energy in the string from the mode shape φb(x) as follows:
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Wtension,b = 1

2
σb A

∫ L
2

− L
2

(
∂φb

∂x

)2

dx

Wbending,b = 1

2
E Ib

∫ L
2

− L
2

(
∂2φb

∂x2

)2

dx

(3.16)

Then we can derive the energy stored in support beams with the boundary displace-
ment ∆o = φb(− L

2 ) and the rotating angle τs = φ
′
b(− L

2 ). For k, we have kE = 192E Isi

(1−ν2)L3
s

contributed by the bending rigidity, which also takes the stiffening effect into account,
and kσb = k −kE by the stress σs along the support beams. For kt, we have kt = 4KG

Ls
con-

tributed by the torsion rigidity and ktσb = 4σs J
Ls

by the stress σs along the support beams
together with the stress σb in central beam.

Wtension,s = 1

2
kσb∆o

2 + 1

2
ktσbτs

2

Wbending,s = 2× 1

2
kE∆o

2

Wtorsion,s = 2× 1

2
ktτs

2

(3.17)

As shown in Fig. 3.8, the energy distribution calculated by the analytical model
matches well to the FE simulation. Differences can be attributed to inaccuracies in the
analytical model, not including the effects of fillets and the approximation σs = σ0. It
can be seen that the percentage of energy stored in the central string of the resonator
increases with increasing support width ws, which is mainly attributed to the higher
stress σb that is maintained by the stiffer supports.

The Q-factor analytically calculated according to the above mentioned procedure is
plotted against Ls and ws for four values of the central string length L in Fig. 3.9a-d. A
numerically calculated result by FE simulation is also shown to provide the comparison
to the analytical results in Fig. 3.9e. With both calculation procedure, we can see that an
optimal region of Q exists for all L studied in our work.

3.6.5. DERIVING THE ULTIMATE VALUE OF f0 ×Q
For the periodic boundary conditions where the effective translational stiffness k and
in-plane stiffness kin are infinitely large, Eq. 3.1 could be simplified as:

Q =
(

Wσ

2Wk +2Wt
+1

)
Q0 ≈ Q0L

4

(
Fb

k
+ kt

Fb

)−1

≈ Q0L

4

Fb

kt
, (3.18)

where kt is mentioned in Eq. (3.6) and Fb = σb Ab = (1−ν)σ0 Ab according to the stress
redistribution of a doubly clamped beam with isotropic initial stress σ0. By substituting
the expression of kt, Fb and f0 =

√
σb/(4L2ρ) into the f0Q product, we have:

f0 ×Q = 3Q0(1−ν)
3
2σ0

3
2 wbLs

8ρ
1
2 ws

1
2Eh2

(1+ν) +σ0(h2 +w2
s )

. (3.19)

For the case that h2 ≪ w2
s , Eq. (3.19) can be approximated as:
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f0 ×Q ≈ 3Q0(1−ν)
3
2σ0

1
2 wbLs

8ρ
1
2 w3

s

. (3.20)
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4
STRAIN ENGINEERING OF

NONLINEAR NANORESONATORS

FROM HARDENING TO SOFTENING

Although strain engineering and soft-clamping techniques for attaining high Q-factors
in nanoresonators have received much attention, their impact on nonlinear dynamics is
not fully understood. In this study, we show that nonlinearity of high-Q Si3N4 nanome-
chanical string resonators can be substantially tuned by support design. Through careful
engineering of support geometries, we control both stress and mechanical nonlinearities,
effectively tuning nonlinear stiffness of two orders of magnitude. Our approach also al-
lows control over the sign of the Duffing constant resulting in nonlinear softening of the
mechanical mode that conventionally exhibits hardening behavior. We elucidate the in-
fluence of support design on the magnitude and trend of the nonlinearity using both an-
alytical and finite element-based reduced-order models that validate our experimental
findings. Our work provides evidence of the role of soft clamping on the nonlinear dy-
namic response of nanoresonators, offering an alternative pathway for nullifying or en-
hancing nonlinearity in a reproducible and passive manner.

Parts of this chapter have been published in Communications Physics 7, 53 (2024) by Zichao Li, Minxing Xu,
Richard A. Norte, Alejandro M. Aragón, Peter G. Steeneken, Farbod Alijani.
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4.1. INTRODUCTION

High-Q nanomechanical resonators play a central role in sensing and enable ultra-
small mass, acceleration, and force detection. Nonetheless, due to their nanoscale size
and exceptional isolation from the surrounding environment, even minute forces, as
small as a few piconewtons, can induce large-amplitude oscillations in them and re-
sult in a plethora of nonlinear phenomena that include bi-stability [1–4], parametric
resonance [5–7], self-oscillations [8–10], and mode-coupling [11–14]. Many of these
nonlinear phenomena can provide new information that is absent in the linear regime
of operation. For instance, nonlinear resonances can be used to characterize nanoma-
terial properties [15, 16], enhance frequency stability [12, 17], or generate mechanical
frequency combs [18, 19]. Some of these nonlinear phenomena have been engineered
by leveraging the interplay between geometric and electrostatic nonlinearities [6, 20].
However, the introduction of external competing nonlinear forces may give rise to a se-
ries of unwanted side-effects, including noise [21, 22] or back-action effects [23] that can
further complicate the nonlinear dynamic behavior, device fabrication and operation.
Therefore, methodologies that can tailor the dynamic characteristics of nanomechanical
devices solely through geometric design in the fabrication stage, are highly desirable.

Although numerous studies have already demonstrated the design optimization of
resonance frequencies and Q-factor of nanomechanical resonators [24–29], the influ-
ence of geometric design on the nonlinear dynamics has been rarely investigated [11,
30, 31]. In this chapter, we show that soft-clamping techniques that are utilized to re-
alize high-Q nanomechanical resonators, can also be engineered to tune nonlinear dy-
namics. By manipulating the support boundary in high-stress Si3N4 string resonators,
we can tune the stress field and induce strong in-plane to out-of-plane coupling to si-
multaneously increase the Q-factor and the onset of nonlinearity over three times that
of a doubly clamped string. Furthermore, by changing the support angle, we show that it
is possible to engineer compressive forces in the softly clamped resonators and achieve
buckled configurations in a controllable manner. These buckled states allow us to max-
imize geometric nonlinearity and change the response from hardening to softening. To
understand the conditions required for strain engineering and buckling, we develop
reduced-order models from finite element (FE) simulations, which highlight the role of
the support angle in tuning the nonlinear dynamic response. Our results thus provide
experimental evidence of controllable nonlinear dynamic engineering of nanomechan-
ical resonators solely by geometric design, and paves the way for integrating arrays of
highly tunable nonlinear nanodevices on a single chip [32–36].

4.2. NONLINEAR DYNAMIC CHARACTERIZATION

Fig. 4.1a shows a Scanning Electron Microscope (SEM) image of a nanomechanical res-
onator we fabricated with high-stress Si3N4 (see Section 2.1.1 in Chapter 2). The cen-
tral string resonator of all studied devices had the same length (L = 200µm) and width
(w = 2µm). However, the geometric parameters of the support beams, namely the sup-
port length Ls, the width ws and the angle θ (see Fig. 4.1b), are varied to investigate
their effect on the nonlinear response. The characterization of nonlinear dynamics in
the nanomechanical string resonators can be found in Section 2.1.2 in Chapter 2.
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Figure 4.1: Nonlinear dynamic characterization of string nanoresonators. (a) Scanning electron microscope
(SEM) image, colored in blue, of a string resonator with Ls = 110µm, θ = 0.2rad. (b) Illustration of design pa-
rameters. (c) Schematic of the measurement set-up comprising a Micro System Analyzer (MSA) Laser Doppler
Vibrometer (LDV) for reading-out the motion and a piezo-actuator for generating the excitation force. (d)
Duffing nonlinear response of the string resonator with ws = 1µm, Ls = 130µm, and θ = 0 as a function of the
drive level. (e) Sensitivity of the Duffing response to the support length Ls for string resonators with ws = 1µm
and θ = 0. The measurements are conducted on four string resonators with different Ls marked with different
colors. The fitted backbone curves are shown in red and the fitted β values for Ls = (30,70,110,150)µm are β=
(8.28, 2.12, 0.96, 0.62)×1022 m−2s−2 respectively. The mass normalized excitation levels Fexc in (c) and (d) are
indicated by the color scale.

To probe the geometric nonlinearity of our devices, we conduct frequency sweeps at
different drive levels and measure the vibrations of the central string. Fig. 4.1d shows the
frequency response at various drive levels for a device with θ = 0. We note the presence
of a hardening type nonlinearity at large amplitudes that arises from the elongation of
the string during vibrations. To quantify the observed nonlinearity, we use the Duffing
equation:

q̈ +µq̇ +αq +βq3 = Fexc sin(2π f t ). (4.1)

where q is the displacement of the center of the string, Fexc sin(2π f t ) is the mass nor-
malized harmonic drive force, α = (2π f0)2, µ = 2π f0/Q are the mass-normalized linear
stiffness, damping coefficient, respectively. Furthermore, β is the Duffing constant that
we extract by fitting the backbone of the experimental frequency response curves using
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the expression: f 2
max = f 2

0 + 3
16π2βA2

max, where fmax is the drive frequency corresponding
to the maximum amplitude Amax [37, 38] (see Section 2.1.2 in Chapter 2). In Fig. 4.1e
we quantify the change in the Duffing constant β when varying the support length Ls

with θ = 0. We observe a factor 13 reduction in the extracted β when increasing the
support length Ls from 30µm to 150µm. This is because long supports offer less rigidity
to the in-plane motion, thus allowing the central string to relax when vibrating at large
amplitudes, and consequently reducing the overall geometric nonlinearity.

4.3. THE INFLUENCE FROM SOFT CLAMPING
The reduction in the Duffing constant observed in Fig. 4.1e highlights the role of the in-
plane stiffness on the geometric nonlinearity. Hence, to better understand the influence
of support stiffness, we perform additional experiments on a large number of string res-
onators with different support length Ls and width ws, and extract their Duffing constant
β. Moreover, we develop a simplified model consisting of a string connected to in-plane
springs at both ends, denoted as kin (see Fig. 4.2a), to quantitatively capture the influ-
ence of Ls and ws on kin and thus on β when θ = 0. We particularly model the boundary
springs as doubly clamped beams with pre-tension σ0 = 1.06GPa and use their central
deflection to analytically estimate kin as follows (see Section 2.2.1 in Chapter 2 for de-
tails):

kin = (
k−1

Ei +k−1
si

)−1 +kσi

=
[(

16Ehw3
s

L3
s

)−1

+
(

2Ehws

(1+ν)ηLs

)−1
]−1

+ 4σ0hws

Ls
,

(4.2)

where kEi is the bending stiffness, ksi is the shear stiffness, kσi is the additional contri-
bution from the pre-tension. Moreover, η is a geometric factor related to shear effects
in deep beams with a high depth-to-span ratio. For a rectangular cross section, its value
is η = 1.2 [39]. In contrast to the central part that is assumed to be a vibrating string,
the support beam is modeled as a moderately deep beam (ws/h ≥ 2.94), for estimating
kin. To validate our analytical estimation of the in-plane stiffness kin, we also obtained
it numerically using FE simulations. The analytical (lines) and the FE (circles) results in
Fig. 4.2b closely match one another and confirm our earlier prediction that wider and
shorter support beams offer more rigidity against the deflection, particularly in the in-
plane direction. Next, to capture the effect of in-plane springs on the in-plane to out-of-
place coupling and thus nonlinear dynamics, we obtain the Lagrangian L = T −Us−Uk,
where T is the kinetic energy of the string, Us and Uk are the potential energy of the string
and the two springs kin, respectively, and use Lagrange equations to obtain the updated
α and β as follows (see Section 2.2.2 in Chapter 2 for details):

α= k1

meff
= π2(1−ν)σ0

ρL2

(
1+ 2E A

kinL

)−1

, (4.3)

β= k3

meff
= π4E

4ρL4

(
1+ 2E A

kinL

)−1

, (4.4)
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where k1 and k3 are the linear stiffness and the Duffing constant before mass normal-
ization respectively, meff = ρAL/2 is the effective mass and A = hw is the area of the
string’s cross section. It is worth noting that (1+2E A/kinL)−1 serves as a tuning factor
introduced by the finite in-plane stiffness kin, which changes both α and β of a dou-
bly clamped string with stress in the same rate. The effect of kin on the nonlinear stiff-
ness can intuitively be understood by realizing that the geometric nonlinear stiffness of
a string resonator is due to the increase of average string length and the resulting tension
proportional to q2. If the clamping at the ends of the string is weakened by reducing the
value of springs kin, then the tension increase for the same length increase will be less,
such that the nonlinear stiffness β will reduce, as shown by Eq. (4.4).
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Figure 4.2: Influence of in-plane stiffness on the geometric nonlinearity of string resonators. (a) Simplified
model of a string vibrating in the out-of-plane direction, denoted as z, with finite in-plane stiffness kin. (b)
Analytical (solid lines) and Finite element (FE) based (circles and inset) results of the in-plane stiffness kin for
a support beam with varying Ls and ws. (c) Analytical (solid lines) and measured (diamonds) β of a string
resonator with varying Ls and ws corresponding to (b). The dashed line shows the analytical estimation of β
for a doubly clamped string resonator.

In Fig. 4.2c we show the extracted Duffing constantβ from experiments via fitting the
backbone curves of the frequency responses and compare those to the analytical model
predictions from Eq. (4.4). From Fig. 4.2b and c, it is apparent that the variation in β

matches the model quite well. We shall note that for the tested device with the slen-
derest support (Ls = 150µm, ws = 1µm) and the central string stress of 5.08MPa, the
analytically derived f0 = 94kHz and β = 7.21×1021 m−2s−2 compare well with the mea-
sured counterparts f0 = 103kHz and β= 6.20×1021 m−2s−2. Therefore, the assumptions
of having high-stress strings with sinusoidal eigenmode are valid for obtaining the an-
alytical expressions in case of θ = 0. By comparing the dashed line to the experimental
values in Fig. 4.2c, it can be seen that the geometric nonlinearity β can be reduced by up
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to two orders of magnitude using the presented support design. This substantial reduc-
tion in geometric nonlinearity highlights the role of support design in tailoring nonlinear
dynamic behaviors in nanomechanical resonators with soft-clamping. It is also note-
worthy that the β calculated by using the simplified model converges to the value of a
doubly clamped string (1.33×1024 m−2s−2) when the support length Ls tends to zero (kin

approaches infinity in Eq. (4.4)), thus further confirming our model. However, in case
of wider and shorter supports, we notice that the simplified model deviates from the
measurements. We attribute this to the fact that the dimensions of the supports become
comparable to the underetch distance of the Si3N4 (∼ 5µm) such that the assumptions
used for the derivation of Eq. (4.2) might not be valid anymore.

4.4. ENGINEERING THE NONLINEARITY FROM HARDENING TO

BUCKLING-INDUCED SOFTENING

To gain deeper understanding of the full potential of support design on nonlinear dy-
namics, we also look into the influence of the support angle θ on the nonlinear frequency
response curves. By changing θ from positive to negative, we are able to tune the tilting
direction of the backbone curves around the resonance, from the common hardening
nonlinearity to softening (see Fig. 4.3a). To understand the physical mechanism behind
this observation, we use Keyence Digital Microscope VHX-6000 to focus at the middle of
central string and the unreleased Si3N4 layer to measure the difference H of their focal
heights, as shown in Fig. 4.3b. We note a maximum deviation of H = 22.17µm for the de-
vice with Ls = 150µm and θ =−0.1rad, which suggests the presence of broken-symmetry
in nanomechanical resonators with θ < 0. We attribute this to a change of built-in stress
in the Si3N4 resonator from tension to compression, which upon surpassing the buck-
ling bifurcation point, breaks the out-of-plane symmetry and yields a buckled configura-
tion (see SEM image in Fig. 4.3b). To verify these observations, we simulate the buckled
resonator response by nonlinear reduced-order modeling of full FE models [40] and nu-
merical continuation [41] (see Section 2.2.3 in Chapter 2), which had been successfully
applied to model the nonlinear dynamics of graphene drums [40]. It is worth mentioning
that for a buckled string, the maximum amplitude does not always occur at the center
of its first out-of-plane symmetric mode. Accordingly, we use FE simulations to obtain
the amplitude ratio between the center of the mode and where it has the maximum am-
plitude, thus scaling the measured amplitudes at the center. The simulated results are
shown as solid curves in Fig. 4.3a and demonstrate that the buckled configurations can
account for the experimentally observed softening response (see Section 2.2.3 in Chap-
ter 2) [42].

To further investigate the role of the support angle θ on the tunability of the dynam-
ical properties, we perform additional measurements on string resonators with values
of θ ranging from −0.5rad to 0.5rad, while keeping Ls = 150µm and ws = 1µm con-
stant. In Fig. 4.4 we show the variation of the resonance frequency f0, Q-factor, and
Duffing constant β of the first symmetric out-of-plane mode as a function of θ. We note
that supports with positive θ significantly increase the values of the dynamical parame-
ters shown in Fig. 4.4. This is attributed to a higher kin that results in a higher tension,
and thus translates into higher values of f0, Q-factor and the Duffing constant β (see
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Figure 4.3: Influence of support angle θ on the geometric nonlinearity. (a) Finite element (FE) based (bold
lines) and experimentally measured (triangles) frequency response curves of resonators with ws = 1µm and
Ls = 150µm, showcasing the shifting between hardening and softening induced by the support angle θ. The
solid parts of bold lines represent the stable branch of the simulated response while the dotted parts are un-
stable. The legends show the mass-normalized drive level. The fitted β values for θ = (−0.3,−0.5)rad are
β =(−0.56, −0.27)×1022 m−2s−2. For θ = (0.3,0.5)rad the Duffing constant β =(7.00, 9.01)×1022 m−2s−2. (b)
Finite element (FE) based results (dots) and measurements (diamonds) of the buckling induced static dis-
placement height H of the string at its center with ws = 1µm for different support angles θ and lengths Ls. The
inset shows the SEM image, colored in blue, of an array of buckled string resonator with ws = 1µm, θ =−0.2rad
and different Ls from 150µm to 50µm.

Eq. (4.4)). The most intriguing observation, however, lies in the region where the de-
vices transition near θ = 0 from a flat configuration to the buckled state. Here, we no-
tice a sudden increase in the resonance frequency and the maximum |β| of our devices
which is due to the large offset from the flat state (See Fig. 4.4a, c). By reducing θ to-
wards −0.5rad, however, the post-buckling offset is found to decrease again, and subse-
quently both f0 and |β| decrease monotonically. We noticed that near θ = 0, the Q-factor
of our devices drops to a similar level to that of stress-free string resonators [43], whose
dissipation dilution disappears with the relaxation of high tension (see Fig. 4.4b) [27,
29]. We however note that the FE-simulated Q-factor of devices close to the onset of
buckling are lower than the intrinsic Q-factor Q0 = 9864. This could be attributed to
the anti-spring behavior of the buckled strings that can result in Utotal/Ubending < 1 and
thus Q <Q0 [29, 44]. Included in Fig. 4.4c, we compare experimental data to numerical
results from reduced-order modeling of FE simulations that offer a higher θ resolution
than experiments. The simulations (dots) are in good agreement with our experiments,
except around θ = −0.1rad, where we faced numerical instability. We shall note that
the simulations were conducted after a careful convergence study of the correspond-
ing multi-mode reduced-order model, that also accounted for the broken-symmetry in-
duced by buckling. Furthermore, all the simulated results in Fig. 4.4 were obtained using
the same material and geometric properties, and θ is the only parameter that is changed.
The agreement between experiments and simulations is evident for the reliability of the
modelling approach.
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4.5. CONCLUSION

The large tunability of the dynamical properties provided by geometric design offers new
possibilities for engineering devices that are linear over a large range. For instance, as
shown in Fig. 4.4, for devices with θ > 0, it is possible to substantially decrease the ge-
ometric nonlinearity while maintaining a high Q-factor and thus expand the linear dy-

namic range of the resonator by increasing the onset of nonlinearity a1dB ∝Q− 1
2α

1
2β− 1

2

[45, 46]. As an example, in devices with support angle θ around 0.1rad, we note that
both a1dB and Q-factor are three times higher than in conventional doubly clamped
strings (see Appendix Section 4.6.1). The methodology also provides the possibility to
minimize β, such that it is infinitely small. We expect this condition to occur around
θ =−0.0063rad according to FE simulations, where a transition from hardening to soft-
ening is observed. This condition is associated with the onset of buckling bifurcation
when θ is varied, which is unstable and challenging to control, yet potentially possible
to be stabilized by using external forces [1]. On the other hand, it is desirable to oper-
ate devices in the nonlinear regime by squeezing the dynamic range (DR) of nanome-
chanical resonators (defined as the ratio DR = 20lg(a1dB/ath), where ath is the thermo-
mechanical noise floor). Notably, in our current designs we observe a reduction of DR
from 64dB in a double clamped string, to 51dB in devices with slender supports. We
foresee that by reducing the thickness h = 340nm of our devices, DR can be further min-
imized (see Appendix Section 4.6.2), enabling the study of nonlinear dynamics in the
Brownian limit [47]. Moreover, recent studies have shown that by enhancing the ratio
β/α, it is possible to realize nonlinear nanomechanical resonators that approach the
quantum ground state in doubly clamped carbon nanotubes [48]. Our simulations sug-
gest that the absolute ratio of β/α in buckled resonators can be increased to an order
of magnitude higher than that of double clamped ones, suggesting that buckling can be
used as an effective tool for increasing nonlinearities in modes that operate close to the
quantum ground state [49].
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4.6. APPENDIX

4.6.1. TUNABILITY OF a1dB, ath AND DR
Using FE simulations and the reduced-order modeling, we perform a parametric study
on resonance frequency, Q-factor [29] and the Duffing constant and show the results
in Figs. 4.5a, b and c. It is obvious that all these three parameters could be tuned in
a wide range by changing Ls and θ of support beams, which work effectively as knobs
to tune the dynamics of the resonator with relatively small space occupation and high
robustness. It is worth noting that Q-factor doesn’t change monotonically with either Ls

or θ. For relatively small Ls and θ, Q-factor will drop with increasing Ls. While for longer
support beams, there is always a maximum region of Q-factor, which corresponds to a
moderately tilted support angle θ. Here we only focus on devices with θ ≥ 0 because of
their high Q-factor and similarity to string resonators.
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Figure 4.5: Tuning dynamical parameters by engineering the supports of string resonators. FE simulation of
(a) fundamental resonance frequency, (b) Q-factor, (c) the Duffing constant β and (d) the onset of nonlinearity
a1dB by varying support design of string resonators with L = 200µm, w = 2µm. Five cases are selected to show
the measurement of a1dB, where the response curve with closest maximum amplitude compared to a1dB of
each case is bolded.
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Based on dynamical parameters shown in Figs. 4.5a, b and c, we look further into the
onset of nonlinearity a1dB in our resonators, which can be expressed in terms of the Q-
factor and the ratio between the linear stiffness α and the Duffing constant (nonlinear
stiffness) β [45]:

a1dB = 0.9244

√
α

Qβ
. (4.5)

We find that support design offers a wide range of tunability along with high fidelity
compared to the measurement (see for instance Fig. 4.5d).
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We also investigate the influence of geometric design on the dynamic range DR,
which is defined as the ratio between the onset of nonlinearity a1dB and the thermo-
mechanical noise ath [45]:
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DR = 20lg
a1dB

ath

= 20lg

0.9244
√

α

Qβ√
4kBT Q∆ f

meffα
3
2

= 20lg

[
0.4622

(
kBT∆ f

)− 1
2 m

1
2
effQ

−1α
5
4β− 1

2

]
,

(4.6)

where kB is the Boltzmann’s constant, T (298K) is the room temperature, ∆ f (1Hz) is the
measurement bandwidth and meff is the effective mass of the driven mode. In Fig. 4.6,
we demonstrate the FE-simulated a1dB, ath and DR of a string resonator with L = 200µm
and w = 2µm against varying support angles θ as well as different support length Ls and
width ws. The corresponding values of the doubly clamped string without soft-clamping
supports are shown as black dotted lines in Fig. 4.6. In most of the situations, the soft-
clamping supports increase the onset of nonlinearity a1dB and the thermomechanical
noise ath at the same time, as a combined result of the increased Q-factor and decreased
Duffing constant β.

As demonstrated by the FE simulations in Fig. 4.6 and Fig. 4.7, by reducing the thick-
ness h of our resonators from 340nm to 20nm, we can observe a squeezing of DR by
5.5 times, i.e., a reduction of a1dB/ath ratio by 450 times. We find an obvious drop in
DR of string resonators with supports compared to doubly clamped ones (dotted lines).
The squeezing effect for different Ls is distinct close to θ = 0 while it saturates as θ and
Ls become larger. In conclusion, both the small thickness and soft-clamping supports
contribute to the realization of thermally driven nonlinear nanomechanical resonators
at room temperature.
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5
FINITE ELEMENT-BASED

NONLINEAR DYNAMIC

OPTIMIZATION OF

NANOMECHANICAL RESONATORS

Nonlinear dynamic simulations of mechanical resonators have been facilitated by the ad-
vent of computational techniques that generate nonlinear reduced order models (ROMs)
using the finite element (FE) method. However, designing devices with specific nonlin-
ear characteristics remains inefficient since it requires manual adjustment of the design
parameters and can result in suboptimal designs. Here, we integrate an FE-based non-
linear ROM technique with a derivative-free optimization algorithm to enable the design
of nonlinear mechanical resonators. The resulting methodology is used to optimize the
support design of high-stress nanomechanical Si3N4 string resonators, in the presence of
conflicting objectives such as simultaneous enhancement of Q-factor and nonlinear Duff-
ing constant. To that end, we generate Pareto frontiers that highlight the trade-offs be-
tween optimization objectives and validate the results both numerically and experimen-
tally. To further demonstrate the capability of multi-objective optimization for practical
design challenges, we simultaneously optimize the design of nanoresonators for three key
figure-of-merits in resonant sensing: power consumption, sensitivity and response time.
The presented methodology can facilitate and accelerate designing (nano)mechanical res-
onators with optimized performance for a wide variety of applications.

Parts of this chapter have been published in Microsystems & Nanoengineering 11, 16 (2025) by Zichao Li, Far-
bod Alijani, Ali Sarafraz, Minxing Xu, Richard A. Norte, Alejandro M. Aragón, Peter G. Steeneken.
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5.1. INTRODUCTION
Design of mechanical structures that move or vibrate in a predictable and desirable man-
ner is a central challenge in many engineering disciplines. This task becomes more com-
plicated when these structures experience large-amplitude vibrations, since linear anal-
ysis methods fail and nonlinear effects need to be accounted for. This is particularly
important at the nanoscale, where forces on the order of only a few pN can already yield
a wealth of nonlinear dynamic phenomena worth exploiting [1–5].

Although design optimization of micro and nanomechanical resonators in the linear
regime is well-established [6], the use of design optimization for engineering nonlin-
ear resonances has received less attention [7]. This is because designers tend to avoid
the nonlinear regime, and optimizing structures’ nonlinear dynamics is more complex,
which requires extensive computational resources. As a result, available literature on
nonlinear dynamic optimization is limited, although some recent advances have been
made that combine analytical methods with gradient-based shape optimization, to op-
timize nonlinearities in micro beams [8, 9]. For nonlinear modeling of more complex
structures, several approaches have been developed based on nonlinear reduced or-
der modeling (ROM) of finite element (FE) simulations [10–12]. A particularly attrac-
tive class known as STEP (STiffness Evaluation Procedure) [13] can determine nonlinear
coefficients of an arbitrary mechanical structure and can be implemented in virtually
any commercial finite element method (FEM) package. This, for instance, has been re-
cently shown by using COMSOL to model the nonlinear dynamics of high-stress Si3N4

string [14] as well as graphene nanoresonators [15]. Since the number of degrees of free-
dom in the ROM is much smaller than that in the full FE model, the nonlinear dynam-
ics of the structure can be simulated much more rapidly using numerical continuation
packages [16].

In this chapter, we present a route for nonlinear dynamic optimization that is based
on an FE-based ROM. The methodology, which is a combination of Particle Swarm Op-
timization (PSO) with STEP [13] (OPTSTEP), has several beneficial features. First of all,
because it uses a derivative-free optimization routine for approaching the optimal de-
sign, it can be implemented and combined with FEM packages that are not able to ob-
tain gradients easily. Secondly, the ROM parameters generated in OPTSTEP can facil-
itate explicitly expressing the optimization goals. Finally, as will be shown, the devel-
oped procedure allows using multiple objective functions to approximate a Pareto front,
which can help designers in decision-making processes when having to balance perfor-
mance trade-offs among different objectives. Considering the outstanding performance
as ultrasensitive mechanical detectors and the mature fabrication procedure [17, 18], we
select high-stress Si3N4 for the experimental validation of our methodology.

This chapter is structured as follows. We first introduce and describe the general
OPTSTEP methodology. Then we demonstrate the method on the specific challenge of
the optimization of the support structure for a high-stress Si3N4 nano string, while tak-
ing the maximization of its Q-factor and nonlinear Duffing constant β as examples of
linear and nonlinear objectives. By comparing the PSO results to the Q and β values
that result from a brute-force simulation of a large number of designs that span the de-
sign space, we validate that OPTSTEP finds the optimum designs much faster with the
same computational resources. Subsequently, we turn to the problem of dealing with
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multiple objective functions and focus on simultaneously maximizing both Q and β,
demonstrated by a Pareto front. For validation, the results are compared to experimen-
tal measurements of fabricated devices. We conclude by demonstrating the potential of
OPTSTEP for optimizing the performance of resonant sensors by using more complex
objective functions that are relevant for engineering their response time, sensitivity, and
power consumption.

5.2. OPTSTEP METHODOLOGY
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f0 and Q-factor

Q-factor simulation.
Q-factor expression with stress [1]:

Q = 2π
Wtension +Wbending +Wtorsion

∆Wbending +∆Wtorsion

=

(
Wtension

Wbending +Wtorsion
+ 1

)
Q0,

(5)

Wbending and Wbending are the bending
Wtorsion and Wtorsion are the torsional loss and stored torsion energy

f0 and

Q-factor is below the intrinsic value Q0 = 9864. We
Q-factor of our

Q < Q0. In order to validate our finding, we measured more buckled devices with
Ls on the same chip and observe a maximum drop of 22.6% in Q-factor compared to

1.
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I. Modeling the buckling configuration

1. Elaborate the procedure of buckling analysis.
Firstly, we introduce imperfections by adding external static load to the structure without initial stress. Based
on the deformed geometry, we remove the imperfection and add isotropic stress gradually until the level of initial
stress σ0, which gives us the buckling configuration.
Show a figure about this procedure. Is this procedure too well-known by others to be a single section?

II. Modeling linear dynamical parameters f0 and Q-factor

1. Elaborate the procedure of Q-factor simulation.
We formulate our Q-factor in FE simulation by using the well-established Q-factor expression with stress [1]:

Q = 2π
Wtension +Wbending +Wtorsion

∆Wbending +∆Wtorsion

=

(
Wtension

Wbending +Wtorsion
+ 1

)
Q0,

(5)

where Wtension is the mode’s additional stored energy caused by tension, ∆Wbending and Wbending are the bending
loss and the stored bending energy, ∆Wtorsion and Wtorsion are the torsional loss and stored torsion energy
respectively.
Show a figure of the stress field of buckled state together with different mode shapes (up to 6th). List f0 and
Q-factor for each mode.

2. Observe Q < Q0 caused by compression
As shown in Fig. 1, we notice some of the FE simulated Q-factor is below the intrinsic value Q0 = 9864. We
attribute this additional damping to the compression induced by buckling. In the calculation of Q-factor of our
buckled devices, the compression is considered as ”negative tension” in the expression that will lead to a negative
value of Wtension, thus gives Q < Q0. In order to validate our finding, we measured more buckled devices with
different support length Ls on the same chip and observe a maximum drop of 22.6% in Q-factor compared to
Q0, which is also predicted by the FE simulation as shown in Fig. 1.
Explain the physical meaning [2].

Optimized designs

f0 

fexc 

q

ath

a1dB DR

Δf 

Q=f0 /Δf 

Figure 5.1: Schematic of the OPTSTEP method (a) A device geometry is chosen and parameterized by a set
of design optimization variables. In this specific case a Si3N4 nanomechanical string resonator is chosen for
demonstrating OPTSTEP. (b) All designs in one generation are simulated in parallel on a high-performance
computing cluster. Static analysis is conducted to evaluate the stress redistribution and deformation after
etching, followed by eigenfrequency analysis. Resonance frequencies, mode shapes, Q-factor and the ROM
are obtained from the full FE model. (c) The ROM is simulated by numerical continuation. (d) Objective(s)
selected from ROM are sent to an optimizer (PSO in this study) to generate design variables for the next gener-
ation.

An overview of the OPTSTEP method is schematically shown in Fig. 5.1. In the cur-
rent work, we use it for engineering a parameterized geometry. We use nanomechanical
string resonators with compliant supports, which are shown in Fig. 5.1a, to demonstrate
the methodology. We keep the length L and width w of the central string constant, while
varying the width ws, length Ls and angle θ of the supports, as well as the thickness h of
the device. It is noted that the OPTSTEP methodology might be used with a larger num-
ber of parameters, or even might be extended towards shape or topology optimization of
nonlinear dynamic structures. However, such extension is out of the scope of the current
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work.
For a certain set of geometrical parameters, a ROM for the parameterized struc-

ture is generated using the STEP method [13], which we implemented with shell ele-
ments in COMSOL [14]. Besides geometric parameters and boundary conditions (see
Fig. 5.1a), the COMSOL simulation contains material parameters (see Section 2.1.1 in
Chapter 2), and the initial pre-stress distribution is calculated using a static analysis [14].
We conduct this static analysis assuming the material is isotropic and pre-stressed (σ0 =
1.06GPa). We then calculate the stress redistribution during the sacrificial layer under-
etching process, whereby the high-stress Si3N4 layer releases from the silicon substrate.
Note that in the present study we only consider θ ≥ 0, such that the central string is al-
ways in tension (in contrast to Ref. [14]). After the static analysis, an eigenfrequency
analysis is performed to obtain the out-of-plane eigenmodes φi (see Fig. 5.1b). These
eigenmodes, together with the redistributed stress field obtained from the static anal-
ysis, are then used to determine the effective mass meff, resonance frequency f0, and
Q-factor. We can calculate Q-factors [19, 20] of the i th eigenmode Q(i ) based on the
stored tension energy W (i )

t and bending energy W (i )
b :
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(5.1)

where σxx , σy y and σx y is the stress in the Cartesian coordinate, Q0 is the intrinsic Q-
factor of stress-free Si3N4 [21].

As indicated in Fig. 5.1b the STEP method generates a set of coupled nonlinear dif-
ferential equations[13–15], where the effective nonlinear elastic force acting on the i th
mode is given by the function γ(i ) that depends on the quadratic ai j , cubic bi j k coupling
coefficients, and the generalized coordinates qi . qi describes the instantaneous contri-
bution of the corresponding mode shapes φi to the deflection of the structure. Thus,
the finite element model with several thousand or even millions of degrees of freedom
(DOFs) is reduced to a condensed ROM, that can usually describe the nonlinear dynam-
ics to a good approximation with less than ten degrees of freedom. We can visualize
the resulting frequency response curves for different harmonic drive levels by numerical
continuation [16], as shown in Fig. 5.1c.

The resulting ROM parameters, including effective mass m(i )
eff, Q-factor, linear stiff-

ness k(i ) = m(i )
eff(2π f (i ))2 and nonlinear stiffness terms a j k , b j kl , are passed to the PSO

optimizer (see Fig. 5.1d). The algorithm randomly generates many different initial de-
signs by varying the geometric parameters, as shown in Fig. 5.1a. For each of these de-
signs, known as a “particle” in PSO, a ROM is generated by STEP and the corresponding
objective functions are computed accordingly and passed to the optimizer. The opti-
mizer then generates a next generation of particles based on the designs from the cur-
rent generation, the objective functions, and the constraints, with the aim of improving
their design parameters to optimize the objectives (see Appendix Section 5.5.1). The op-
timization loop will iterate until it reaches the predefined maximum generation. If mul-
tiple objective functions are selected to be optimized, there is an additional step that
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selects the nondominated particles according to Pareto dominance [22]. Because each
particle is evaluated independently, PSO enables efficient parallel computing to evaluate
all particles in one generation on a high-performance computing cluster.

5.3. OPTSTEP IMPLEMENTATION AND VALIDATION

5.3.1. SINGLE OBJECTIVE OPTIMIZATION WITH OPTSTEP
We implement the presented OPTSTEP methodology to optimize the support geometry
of the string resonator shown in Fig. 5.1a. The motion of the fundamental mode of the
resonator can be described with the following nonlinear equation of motion:

q̈ + 2π f0

Q
q̇ + (2π f0)2q +βq3 = Fexc sin(2π f t ), (5.2)

where q is the displacement at the string center, f0 is the resonance frequency, Q is the
Q-factor, β = b111/meff is the mass-normalized Duffing constant, and Fexc sin(2π f t ) is
the mass-normalized harmonic drive force. To demonstrate the single-objective opti-
mization capability of OPTSTEP, we present results for two optimization objectives, re-
spectively: maximizing the Q-factor (shown in Figs. 5.2a,c,d) or maximizing the mass-
normalized Duffing constant β (shown in Figs. 5.2b,e,f) of the fundamental mode. We
emphasize that a maximum Q or β does not necessarily result in the best performance
for all applications of nanomechanical resonators. We choose these optimization objec-
tives as examples to demonstrate that the OPTSTEP methodology can be used to find
extreme values of a single objective function, that can be suitably chosen depending on
the application requirements. As design parameters, we use the support parameters (Ls,
ws, θ and h in Fig. 5.1a). The PSO algorithm can freely initialize and vary these variables
between preset constraints 10µm < Ls < 100µm, 1µm < ws < 7µm, 0rad < θ < 0.4rad,
and 40nm < h < 340nm.

We initialize the PSO algorithm with 10 randomly generated particles, as indicated by
the blue circles at the first generation in Figs. 5.2a-b. The Q and β values of the best per-
forming particle per generation are highlighted by the red line, which converges towards
an optimum. Simulated response curves at different drive levels of the initial design
(median performance of the initialized particles) and the optimized design are shown in
Figs. 5.2c, d for Q and Figs. 5.2e, f for β. It is obvious that the resonance peaks become
narrower from Fig. 5.2c to Fig. 5.2d, indicative of an increase in Q-factor. From the back-
bone curves shown in Figs. 5.2e, f, we see that the resonance frequency of the optimized
device shifts more at the same vibration amplitude, which suggests a larger, optimized
value of β.

5.3.2. NUMERICAL VALIDATION
In order to validate the PSO results, we compare them to a brute-force parametric study
where we simulate a large number of designs that span the full design parameter space,
and plot the resulting values of Q andβ in the contour plots in Figs. 5.2g, h. Each of these
subfigures consists of 16 small contour plots, each of which has a different combination
of Ls and h, while along the axes the parameters ws and θ are varied. The red-colored
regions in the plots contain the optimal values of Q and β, which are indicated by a
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Figure 5.2: Optimal designs found by particle swarm optimization (PSO) and simulation of different dy-
namical properties. Four geometric parameters are selected as design variables in Fig. 5.1. ws and θ represent
x and y axis, respectively, of each contour plot. (a,b) PSO’s evolution shows the procedure of searching for
maximum (a) Q and (b) β, where the red lines mark the global best design of each generation. (c-f) Frequency
response curves around the fundamental mode of (c,e) the designs with median performance in the initial
generation and (d,f) the optimized designs, for Q maximization (c,d) and for β maximization (e,f), where the
objectives and backbone curves are marked in red. The dotted lines are unstable solutions. The greyscale of
response curves go from light to dark as the drive level increases. (g,h) Contour plots show the parametric
study for (g) Q-factor and (h) mass-normalized Duffing constant β. The optimized designs found by PSO are
marked as an upward-pointing triangle and a star, while the downward-pointing ones represent the designs
with average objective values in the initial generation.
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triangle and a star. In Appendix Table 5.1, we compare the optimized design parameters
from the OPTSTEP method to the best devices from the parametric study. The close
agreement between both approaches provides evidence that the OPTSTEP method is
able to optimize both linear (Q) and nonlinear (β) parameters of the ROM. The results in
Fig. 5.2a are obtained in 30 minutes using a high performance computing cluster, while
the parametric study in Fig. 5.2g takes over 325 hours on the same cluster with the same
amount of nodes. This illustrates the advantage in computation time that can be realized
with OPTSTEP, although it is noted that these times strongly depends on the resolution
of the parameter grid and other simulation parameters.

5.3.3. EXPERIMENTAL CHARACTERIZATION
To compare the OPTSTEP method to experimental results, we also perform an exper-
imental parametric study on 15 string resonators with varying support design param-
eters. For this we fabricated a set of devices with 10µm < Ls < 90µm and 0rad < θ <
0.2rad, while keeping h = 340nm and ws = 1.0µm fixed. Fig. 5.3a shows a Scanning Elec-
tron Microscope (SEM) image of an array of nanomechanical resonators with varying
support designs made of high-stress Si3N4. The detailed fabrication and measurement
procedures are listed in Section 2.1.1 and 2.1.2 in Chapter 2, respectively.

Fig. 5.3c shows the frequency response at the center of the string at various drive
levels for a device with Ls = 90µm, ws = 1µm, θ = 0.20rad and h = 340nm. We estimate
the linear resonator parameters of all devices by fitting the measured frequency response
curves at various drive levels with the following harmonic oscillator function[14] (see
Section 2.1.2 in Chapter 2):

qd( f ) = qmax,l/Q√[
1− (

f / f0
)2

]2 + f 2/( f0Q)2

,
(5.3)

where qd( f ) is the measured amplitude, qmax,l is set equal to the maximum measured
amplitude qmax,nl as the peak amplitude of the linear oscillator, and f is the drive fre-
quency. To determine the nonlinear stiffness, we measure the resonator’s frequency re-
sponse at increasing drive levels, construct the backbone curve, and use the relation
between the nonlinear peak amplitude qmax,nl and the peak frequency fmax to fit and
obtain the mass-normalized Duffing constant β using the following equation[23, 24]:

f 2
max = f 2

0 + 3

16π2βq2
max,nl. (5.4)

To compensate for small drifts in f0 during the experiments, before fitting with Eq. (5.3),
we plot the frequency response curves along the f − f0 axis [14]. The fitting procedure to
obtain f0, Q and β using Eqs. (4.3) and (5.3) is explained in Section 2.1.2 in Chapter 2.

In Fig. 5.3d-f, we compare the dynamical properties between FE-based ROMs (dots)
and measurements on 15 string resonators (diamonds) as a function of Ls and θ. It is ev-
ident that the fundamental resonance frequency f0, Q-factor, and the mass-normalized
Duffing constant β of the fabricated devices, are all well predicted by FE-based ROMs.
It can also be seen that for short support lengths Ls the device performance is similar,
whereas increasing Ls allows tuning f0, Q and β as we studied in more detail earlier [14,
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Figure 5.3: Experimental set-up and experimental validation of the simulations. (a) Scanning Electron Mi-
croscope (SEM) image of an array of devices (colored in blue) with thickness h = 340nm and different de-
sign variables. (b) Schematics of the measurement set-up, which includes a Micro System Analyzer (MSA)
Laser Doppler Vibrometer (LDV) for motion detection and a piezo-actuator for driving the resonator. (c) Fre-
quency response curves measured around the fundamental resonance frequency of the device with Ls = 90µm,
ws = 1µm, θ = 0.20rad. The red curve is the fitted backbone. (d-f) Measured (diamonds) and FE-simulated
(dots) resonance frequencies, Q-factor and Duffing constant β for various values of the support length Ls and
angle θ, for devices with ws = 1µm and h = 340nm. Error bars of measured results are smaller than the size of
diamonds.

19]. In the next section we will compare these experimental results to multi-objective
optimization as further validation of OPTSTEP.

5.3.4. MULTI-OBJECTIVE OPTIMIZATION WITH OPTSTEP

For actual device design there are often multiple performance specifications that need
to be met. It might sometimes be possible to condense these performance specifications
into a single figure of merit, like the f0×Q product for nanomechanical resonators. How-
ever, to make the best design decisions, it is preferred that the optimizer works with two
(or more) objective functions like enhancing f0 and Q, simultaneously. To enable this,
we implement OPTSTEP with a multi-objective particle swarm optimization (MOPSO),
which is an extension of single-objective PSO. After multi-objective optimization, the
nondominated particles in the swarm are used to determine an approximation of the
Pareto front, which is the set of designs for which improving one of the objectives will
always lead to a deterioration of the other objective(s). By performing MOPSO, we aim
at finding the Pareto front in the design space for multiple objectives, that represents the
boundary on which all optimized designs reside for the chosen variables. As the red dots
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show in Fig. 5.1d illustrate, the Pareto front represents the boundary between feasible
and unfeasible combinations of objectives and thus allows the designer to make the best
trade-off among different objectives.

To demonstrate that multi-objective optimization can be combined with OPTSTEP,
we use it to simultaneously maximize Q andβ. Devices with high quality factor and non-
linear stiffness can be of interest in cases where we are looking for designs that can drive
a string into the nonlinear regime with a minimum driving force and power consump-
tion.
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Figure 5.4: Trade-offs between Q-factor and the mass-normalized Duffing constant β as obtained by com-
bining OPTSTEP with multi-objective particle swarm optimization (MOPSO). (a) Three Pareto fronts for
different constraints (see main text) on design variables are shown in purple, grey and multi-colored dots.
Measurements of devices that have the same design variables as the multi-colored Pareto front are shown by
diamonds with error bars. The reference Pareto fronts (black solid, dotted and dashed lines) are generated by
selecting the designs with maximum Q and β from the parametric study shown in Figs. 5.2g,h for the respec-
tive constraints (see Appendix Section 5.5.2). (b) Each dot from the multi-colored Pareto front in (a) is plotted
in the design space with the same color. The insets show the support design for a device with maximum Q
and a device with maximum β. (c-f) Measured frequency response curves for devices with maximum β (c),
maximum Q (d), high Q & β (e), and low Q & β (f). Black symbols in the plots correspond with devices data
points plotted in (a) and (b). The insets are images taken by Keyence digital microscope VHX-6000 and white
scale bars are 20µm.

The resulting Pareto fronts are shown in Fig. 5.4a. Since we are also interested in the
effect of the constraints on the optimum solutions, we include Pareto fronts with: no
constraint (purple), a thickness constraint of h = 340nm (grey), and with thickness and
support width constraint (multi-coloured). These 3 Pareto fronts show that there is a
clear trade-off between Q and β, with higher Q-factor leading to lower nonlinearity β.
The experimental devices share the same constraints (ws = 1µm and h = 340nm) as the
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multi-colored Pareto and are plotted as the hollow diamonds with error bars in Fig. 5.4a
(see Appendix Table 5.2). We observe that all experimental points reside in the region on
the left hand side of the Pareto front, confirming the area enclosed by the Pareto front
indeed captures the feasible devices, and experimentally strengthening the confidence
in the OPTSTEP approach for multi-objective designs. The color of the points links the
points in the Q−β graph in Fig. 5.4a to the corresponding design parameters in Fig. 5.4b.
In Fig. 5.4b the schematic support geometries are shown as insets for both maximum
β (dark blue) and maximum Q (dark red). We choose some of the fabricated devices
close to the Pareto front to show typical measured frequency response curves and mi-
croscopic images in Figs. 5.4c-f, which correspond to the star, triangle, circle and square
data markers in Figs. 5.4a and b. Together with the microscopic images, it is apparent
that with minor alterations in the support region, the response of the string resonators
can be largely tuned. To further explore the effect of other design parameters numeri-
cally, we release the constraint on ws, keeping only h = 340nm constrained, and conduct
MOPSO (see the grey Pareto front). We can see from the comparison between the grey
and multicolored fronts that the performance gain from changing ws is not very large. In
contrast, if we further relax the constraint on h = 340nm, which shares the same design
space in Figs. 5.2g-h, we obtain the purple Pareto front. The thinner h pushes the Pareto
front to have much higher Q. The long plateau at fixed β is mainly attributed to the in-
crease in Q that results from the dependence of the intrinsic quality factor Q0 on h (see
Section 2.1.1 in Chapter 2). Besides validating the MOPSO approach by comparing with
experimental data, we also use the data from the parametric study in Fig. 5.2 to extract
and generate reference Pareto fronts that are shown as black solid, dotted, and dashed
lines in Fig. 5.4a (see Appendix Section 5.5.2), with constraints that match those from the
MOPSO optimization.

The OPTSTEP methodology that is presented in this work enables the optimization of
the nonlinear dynamic properties of resonant structures using standard FEM software,
since it is based on the STEP and uses a derivative-free optimization method. The ex-
clusive reliance on FEM outputs, without requiring information from the full mass and
stiffness matrices, increases its generality and allows multi-physics optimization, includ-
ing also e.g. electromagnetic or thermodynamic phenomena. We note that although
derivative-free techniques like PSO are able to efficiently find near-optimal values of de-
sign parameters, optimality guarantees can typically not be given, and the techniques
are therefore also called metaheuristic optimization techniques. Here, in order to vali-
date the OPTSTEP methodology numerically and experimentally, we have focused on β

and Q maximization of the fundamental mode of a string resonator by geometric sup-
port design. After having established the methodology, it is now of interest to apply it
to explore performance parameters that are more relevant to applications. For example,
as shown in Fig. 5.5, our methodology can directly be extended to optimize the power
consumption P , sensitivity determined by frequency stability (the limit of detection ex-
pressed in Allan Deviation, assuming averaging time τ = 1s) σy and response time τr

of resonant sensors [25, 26], since these figure-of-merits can be directly expressed in
terms of meff, f0, Q and β (see Appendix Section 5.5.3). We assume all devices operate at
their respective onset of nonlinearity, with sensitivity affected only by thermomechan-
ical noise. In Fig. 5.5, 1000 nondominated particles are found by OPTSTEP to form a
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Figure 5.5: Trade-offs among the power consumption P , sensitivity σy (τ = 1s) and response time τr of a
string resonator with four design parameters. The insets show the geometries and design parameters of
supports of five representative designs on the Pareto frontier. The gradual change of color from dark blue
to dark red marks the increasing in power consumption P when operating the nanoresonator at the onset of
nonlinearity a1dB to guarantee the maximum sensitivity.

3D surface that approaches the Pareto frontier with the objective of minimizing P , σy

and τr simultaneously. The particles have the same design constraints as in the exam-
ple in Fig. 5.2 and the purple Pareto front in Fig. 5.4a, which are 10µm < Ls < 100µm,
1µm < ws < 7µm, 0rad < θ < 0.4rad, and 40nm < h < 340nm. The competing design
trade-offs between these three objective functions are obtained from OPTSTEP, and are
visualized in Fig. 5.5 by showing four typical designs near the Pareto frontier. As demon-
strated by the designs at the upper right corner of the Pareto frontier, we can conclude
that the devices with shorter response time are more likely to have thicker supports,
which lead to a higher resonance frequency f0 combined with a low Q, thus resulting
in a smaller Q/ f0 ratio. At the same time, these thicker supports also contribute to a
larger onset of nonlinearity a1dB [14], so the resonators are able to work at much larger
amplitudes in the linear regime, which provides a better sensitivity σy . However, the
larger a1dB and meff will require more energy to sustain the oscillation at resonance that
causes higher power consumption P . In contrast, the devices with much lower power
consumption P while maintaining comparably high sensitivity σy , which are shown at
the lower left corner in Fig. 5.5, are equipped with more slender supports. With only a
slight increase of support angle θ from 0, the low torsional stiffness of supports is main-
tained while the stress in the central string can be significantly increased [19], leading
to a higher Q, which can be confirmed by Fig. 5.2g. Consequently, when aiming at de-
signing a resonant sensor with relatively low power consumption P , high sensitivity σy

and short response time τr with compliant supports, a pair of slender and slightly angled
supports, together with a medium thickness of Si3N4 layer is generally favored.



5

90
5. FINITE ELEMENT-BASED NONLINEAR DYNAMIC OPTIMIZATION OF NANOMECHANICAL

RESONATORS

In other cases, like approaching the quantum regime with a nonlinear nanomechan-
ical resonator [27], it is beneficial to maximize Q and β simultaneously. The OPTSTEP
methodology can also be used for more complex design problems that involve mul-
tiple modes [5, 8, 14, 28], for avoiding or taking advantage of mode coupling, for in-
stance by optimizing nonlinear coupling coefficients (a j k and b j kl in Fig. 5.1b) and res-
onance frequency ratios. Since OPTSTEP generates the ROM parameters at each gen-
eration, it is particularly suited for dealing with cases where the device specifications
can be expressed in terms of these parameters. Interesting challenges include increas-
ing frequency stability by coherent energy transfer [29, 30], signal amplification [31] and
stochastic sensing [4, 32]. Moreover, intriguing paths for further research involve inclu-
sion of nonlinear damping or extension to full topology optimization [6]. Also the use of
alternative optimization strategies, like binary particle swarm optimization (BPSO) [33],
that could generate radically new geometries, is an interesting direction.

5.4. CONCLUSION
To sum up, we presented a methodology (OPTSTEP) for optimizing the nonlinear
dynamics of mechanical structures by combining an FE-based ROM method with
a derivative-free optimization technique (PSO). We demonstrated and validated the
methodology by optimizing the support design of high-stress Si3N4 nanomechanical
resonators. The method was verified numerically by comparing its results to a brute-
force parametric study, for both single- and multi-objective optimization. Experimental
data on the Q-factor and Duffing nonlinearity were in correspondence with the OPT-
STEP results. The capability of the method was also demonstrated by multi-objective
optimization of the support for the nanomechanical resonator, targeting improvements
in power consumption, sensitivity and response time in resonant sensing. We thus con-
clude that the method can be applied to a wide range of complex design challenges
including nonlinear dynamics, and is expected to be compatible to most FE codes
and derivative-free optimization routines. It holds the potential to facilitate and rev-
olutionize the way (nano)dynamical systems are designed, thus pushing the ultimate
performance limits of sensors, mechanisms and actuators for scientific, industrial, and
consumer applications.

5.5. APPENDIX

5.5.1. PARTICLE SWARM OPTIMIZATION
Here, we elaborate the details in our optimizer as show in Fig. 5.6, which is based on
the algorithms initiated by [22, 34]. For single objective function, the velocity of the i th
particle of the ( j +1)th generation is decided by three parts respectively:

v ( j+1)
i =C0v ( j )

i +C1

(
PBest ( j )

i −x( j )
i

)
+C2

(
GBest ( j ) −x( j )

i

)
, (5.5)

where v ( j )
i and x( j )

i are the velocity and position of the i th particle at the j th genera-

tion, PBest ( j )
i is the best design that the i th particle has had, GBest ( j ) is the best design

among particles in the j th generation. C0 is the inertia weight, C1 and C2 are accelera-
tion coefficients. C0, C1 and C2 are all set as 2. Accordingly, we can update the design of



5.5. APPENDIX

5

91

the i th particle at the ( j +1)th generation as:

x( j+1)
i = x( j )

i + v ( j+1)
i . (5.6)

In order to deal with multiple objectives, the concept of Pareto dominance is intro-
duced [22]. A particle is Pareto optimal (nondominated) if there exists no other particles
in the same generation that would improve some objectives without causing a simulta-
neous derogation in at least one other objective. According to the Pareto dominance, we
selected nondominated particles from each generation and stored them in an external
repository, which is updated for each iteration. The velocity of the i th particle of the
( j +1)th generation is derived based on:

v ( j+1)
i =C0v ( j )

i +C1

(
PBest ( j )

i −x( j )
i

)
+C2

(
Rep( j ) −x( j )

i

)
, (5.7)

where Rep( j ) is one nondominated particle chosen from the repository. The design
space is divided into hypercubes and the nondominated particles fall into different hy-
percubes randomly. The hypercubes with more nondominated particles are assigned a
lower weight that are less likely to be selected according to roulette-wheel selection. This
promotes a more equidistantly distributed nondominated particles along the Pareto
front.

Update memories of all particles:
① Inertia
② Personal best
③ Global best

Update memories of all particles:
① Inertia
② Personal best
③ Nondominated particle

Update the repository of
nondominated particles

Nonlinear ROM

Next generation

No Yes Yes

No No

PSO

Optimized design

Max generation
reached?

Nondominated
particle?

Max generation
reached?

MOPSOMultiple
objectives?

Objective(s)

Updated designs

Eq. (S1) Eq. (S3)

Mutation
operator

YesYes
Optimized designs

(Pareto front)

Analysis of
full FE model

Figure 5.6: Details of the optimizer in Fig. 5.1. According to the amount of objective functions, two routes
based on particle swarm optimization (PSO) are available, respectively. A repository for nondominated parti-
cles is built additionally for multi-objective particle swarm optimization (MOPSO).

Besides, to reduce the drawbacks of PSO that it may converge to a local minimum
due to a high convergence speed, a mutation operator is introduced after the design
update of all particles. The mutation rate is designed to drop as the generation increases,
which guarantees a high exploration of the whole design space at the beginning of the
optimization.
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Table 5.1: Values and corresponding geometric design parameters for Q and β in Fig. 5.2

Dynamical properties Values Ls (µm) ws (µm) θ (rad) h (nm)
Optimized Q from PSO 3.05×106 83.51 6.87 0.06 40.00

Maximum Q from parametric study 3.15×106 100.00 7.00 0.06 40.00
Optimized β from PSO 1.18×1024(m−2s−2) 10.00 7.00 0.03 340.00

Maximum β from parametric study 1.18×1024(m−2s−2) 10.00 7.00 0 340.00

In Appendix Table 5.1, we list the values and corresponding geometric design param-
eters of both Q-factor and the mass-normalized Duffing constantβ obtained by PSO and
by searching the parametric study results in Fig. 5.2 of the main text.

5.5.2. VALIDATION OF MOPSO
We generate reference Pareto fronts from parametric studies according to the Pareto cri-
terion mentioned in Appendix Section 5.5.1, as shown in Fig. 5.7. We evenly discretize
the design space Ls = 10 ∼ 100µm, θ = 0 ∼ 0.4rad, ws = 1 ∼ 7µm and h = 40 ∼ 340nm and
build the 1-dof nonlinear reduced-order model according to the finite element analysis
of the full model. The black lines are used in Fig. 5.4 of the main text as references for the
MOPSO-generated Pareto fronts.

Table 5.2: Values and corresponding geometric design parameters for Q and β in Fig. 5.4

θ (rad) Ls(µm) Q β(m−2s−2) Mark
0.4 90 671081 1.62×1023

0.4 70 561570 1.89×1023

0.4 50 588671 2.61×1023

0.4 30 558798 3.08×1023 •
0.4 10 397014 8.54×1023 ⋆
0.3 90 657047 2.52×1023 ▲
0.2 90 804593 8.44×1022

0.2 70 698133 1.17×1023

0.2 50 668694 1.73×1023

0.2 30 597314 3.15×1023

0.2 10 483734 7.15×1023

0.1 90 587378 3.90×1022

0.1 70 541695 4.64×1022 ■
0.1 50 501157 7.30×1022

0.1 30 475866 1.74×1023

0.1 10 462534 6.71×1023

0 90 69112 1.38×1022

0 70 93174 2.02×1022

0 50 118166 3.68×1022

0 30 202588 1.01×1023

0 10 493902 8.15×1023

Besides, we show the measured Q-factor and the mass-normalized Duffing constant
β of our fabricated devices with constraints ws = 1µm and h = 340nm. We observe that
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Figure 5.7: Reference Pareto fronts of different design spaces. (a) Pareto front of varying Ls and θ while fixing
ws = 1µm and h = 340nm. (b) Pareto front of varying Ls ,θ and ws while fixing h = 340nm. (c) Pareto front of
varying Ls ,θ, ws and h. The blue circles show the FE-based ROMs of devices corresponding to different design
spaces.

they all reside in the lower left side compared to the colored Pareto front, which proves
the reliability of Pareto fronts found by MOPSO. In Appendix Table 6.2, we list the ge-
ometric parameters of the measured devices, which are shown as diamonds with error
bars in Fig. 4(a), and their corresponding Q andβ. Some of the devices listed in Appendix
Table 6.2 is out of the range of Fig. 4(a) because of low Q or β.

5.5.3. FIGURE-OF-MERITS IN A RESONANT SENSOR
Firstly, the response time τr demonstrates the responsivity of a resonant sensor sub-
jected to external stimuli, which is related to the resonance frequency and the corre-
sponding Q-factor [25]:

τr = Q

π f0
. (5.8)

Secondly, for a resonant sensor that operates in linear regime, the sensitivity is deter-
mined by its frequency stability that is influenced by noise. The highest signal-to-noise
ratio can be obtained by operating it at the onset of nonlinearity a1dB, where it has the
largest amplitude [25, 35, 36]. Assuming the thermomechanical noise dominates the
noise floor, we use Allan Deviation as the measure of frequency stability in the closed
loop measurement to evaluate the sensitivity of our devices:

σy (τ) = 1

2
p

2QSN R
√
∆ f

1p
τ

, (5.9)

where SN R can be expressed as the ratio between the onset of nonlinearity a1dB and the
thermomechanical noise ath [14]:

SN R = a1dB

ath
=

0.9244
√

α

Qβ√
4kBTQ∆ f

meffα
3
2

= 0.4622
(
kBT∆ f

)− 1
2 m

1
2
effQ

−1α
5
4β− 1

2 . (5.10)
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kB is the Boltzmann’s constant and α= (2π f0)2 equals to the mass-normalized linear
stiffness. We assume the resonator operates in room temperature T = 298K with the
measurement bandwidth ∆ f = 1Hz. After substituting Eq. 5.10 into Eq. 5.9, we can have
the relationship between σy (τ) and other parameters from ROM, which is irrelevant to
Q:

σy (τ) = 0.765(kBT )
1
2 m

− 1
2

eff α
− 5

4β
1
2 τ−

1
2 . (5.11)

Thirdly, we define the power consumption P as the energy that is needed to be fed to
the devices per second, i.e., the energy dissipated per second:

P = ∆W

T0
= f0∆W, (5.12)

where∆W is the energy dissipated per oscillation cycle, T0 is the period of one oscillation
cycle. Considering the definition of damping ratio:

ζ= 1

2Q
= ∆W

4πW
, (5.13)

and the total energy stored in the resonator supposed that it is operated at the onset of
nonlinearity a1dB for the best sensitivity:

W = 1

2
meffαa2

1dB, (5.14)

we can derive the power consumption P as:

P = 2π f0

Q
· 1

2
meffαa2

1dB. (5.15)

It is worth noticing that when the resonator is operated at the onset of nonlinearity,
the potential energy stored in the geometric nonlinearity is several magnitudes smaller
than W , that can be neglected.
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6
CASCADE OF MODAL

INTERACTIONS IN

NANOMECHANICAL RESONATORS

WITH SOFT CLAMPING

Mode coupling in nanoresonators provides an efficient way to transfer energy between vi-
brational modes. In this work, we show that soft-clamping techniques—widely used to ob-
tain high-Q nanomechanical resonators—can be harnessed to effectively tune intermodal
couplings. Using Si3N4 nanostrings with soft-clamping supports, we obtain successive
modal interactions between five mechanical modes, achieving a quasi-constant ampli-
tude of the targeted mode across a broad frequency range. Through analytical and non-
linear reduced-order modeling, we reveal how soft-clamping supports influence the onset
of coupling and significantly amplify the spring hardening nonlinearity–—enhancing it
by more than an order of magnitude via multiple dispersive couplings. We further discuss
the design potential of the soft-clamping supports to tailor nanoresonators with desired
nonlinear couplings.

Parts of this chapter have been published in arXiv (2025) by Zichao Li, Minxing Xu, Richard A. Norte, Alejandro
M. Aragón, Peter G. Steeneken, Farbod Alijani.
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6.1. INTRODUCTION

M ICRO- and nanoscale mechanical systems are highly susceptible to nonlinear os-
cillations owing to their small dimensions. A wealth of nonlinear phenomena have

been observed and studied in these systems [1–8], among which mode coupling stands
out as it offers opportunities for frequency stabilization [9, 10], energy harvesting [11],
and frequency comb generation [12, 13]. Mode coupling in a resonant structure occurs
when two or more vibrational modes interact at relatively large amplitudes [14]. Among
different mechanical systems, high-Q nanoresonators are particularly well suited to ex-
ploit mode coupling due to their rapid activation of nonlinearities [15]. In these sys-
tems, modal interactions are typically achieved by modulating tension or incorporating
symmetry-breaking forces through optomechanical or electromechanical couplings [12,
16]. These effects however can introduce higher-order nonlinearities [17, 18] or unde-
sirable back-action [19], which can limit their practical utility. Consequently, geometric
design strategies, particularly those leveraging soft-clamping techniques, have received
significant attention for their potential to finely tune both linear [20–22] and nonlin-
ear [23] properties of nanomechanical systems.

Here, we experimentally and numerically demonstrate that soft-clamping tech-
niques can serve as effective knobs for achieving intermodal couplings in nanores-
onators. By performing measurements on softly clamped nanostrings, we observe
multiple modal interactions between out-of-plane (OOP) vibrational modes. Through
combined analytical and finite element (FE)-based reduced-order models (ROMs), we
quantify the coupling strength and uncover how mode coupling shapes and enhances
the tunability of spring hardening nonlinearity. These studies allow us to experimen-
tally amplify the effective Duffing constant of nanostrings by more than an order of
magnitude via leveraging a cascade of dispersive couplings between five mechanical
modes. This confirms that quasi-constant nonlinear dynamic responses are attain-
able by engineering mode coupling over a wide frequency range. Finally, we discuss
how soft-clamping supports can be engineered to manipulate the onset and strength of
mode couplings through geometric optimization.

6.2. MODE COUPLING IN HIGH-Q STRING RESONATORS

Our measurements are performed on Si3N4 nanostrings (thickness h = 90nm, pre-stress
σ0 = 1.08GPa) featuring slender support beams at the boundaries to mediate soft clamp-
ing (see Section 2.1.1 in Chapter 2). Fig. 6.1a shows our measurement set-up, with the
inset illustrating the geometric parameters of one fabricated device. To investigate the
influence of the supports on large-amplitude oscillations and nonlinear coupling of the
nanoresonators, an array of devices is fabricated. All devices have central strings with
identical dimensions (L = 200µm, w = 2µm), but differ in support length Ls, width ws,
and angle θ. We note that the presence of soft-clamping supports tunes the in-plane
stress in the central string [20, 23].

To characterize the nonlinear dynamics of softly clamped string resonators, we fix the
chip comprising suspended resonators to a piezo actuator that provides a harmonic base
excitation in the OOP direction. We use a Zurich Instruments HF2LI lock-in amplifier to
perform frequency sweeps in the spectral neighborhood of the fundamental resonance,
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and then use a MSA400 Polytec laser Doppler vibrometer (LDV) to detect the mechanical
vibrations of our devices. The measurement laser is focused at the position 1/12L from
the support on the central string, ensuring it is distant from nodal points of the three
lowest OOP modes (see Appendix Section 6.7.1). We perform all measurements at room
temperature in a vacuum chamber with a pressure below 2×10−6 mbar to minimize air
damping.

To probe the geometric nonlinearity of our devices, we perform forward frequency
sweeps at different drive levels and measure the vibrations of the central string [23].
Fig. 6.1b shows the frequency responses at various drive levels, ranging from Uexc =
10mV to 100mV, for a device with ws = 1µm, Ls = 50µm, and θ = 0. During frequency
sweeps around the fundamental resonance frequency f1, the detected higher harmon-
ics are negligible in comparison to the driven one, indicating that the device operates
in its fundamental mode without coupling to other mechanical modes. To quantify the
strength of nonlinearity, we use the Duffing equation:

q̈1 + c1q̇1 +ω2
1q1 +β1q3

1 = Fexc sin(2π f t ), (6.1)

where q1 is the generalized coordinate of the fundamental mode, Fexc sin(2π f t ) is its ef-
fective harmonic drive with excitation frequency f from the piezo. Furthermore, ω1 =
2π f1, c1 =ω1/Q1 and β1 are the angular resonance frequency, mass-normalized damp-
ing coefficient and Duffing constant, respectively, where Q1 is the quality factor. We ex-
tractβ1 by fitting the backbone (red line in Fig. 6.1b) of the measured frequency response
curves using the expression: f 2

max = f 2
1 + 3

16π2β1 A2
max, where fmax is the drive frequency

at the maximum amplitude Amax [24, 25].

In Fig. 6.1c, we show the frequency response of the same device measured in Fig. 6.1b
driven at a stronger excitation level (Uexc = 6V) around the fundamental resonance.
Apart from the signal demodulated with the drive frequency f , we also observe a no-
ticeable increase in higher harmonics demodulated at 2 f and 3 f , whose frequency re-
sponses are shown in yellow and ochre lines, respectively. We note that the frequency
response of the fundamental mode deviates from the backbone curve of the Duffing re-
sponse (see the red line in Fig. 6.1c) when the higher harmonics are detected. Since the
resonance frequencies of higher modes of a string resonator are close to integer multi-
ples of the fundamental mode, we attribute the deviation from the backbone curve to
modal interactions between the fundamental and higher-order modes. We note that the
frequency ratios f2/ f1 = 2 and f3/ f1 = 3 suggest the presence of modal interactions be-
tween the fundamental mode ( f1) with the second ( f2) and third ( f3) OOP modes, respec-
tively. We further observe a drop in the frequency response of the fundamental mode
which we attribute to the energy redistribution among the three OOP modes [4]. When
the oscillations of the coupled modes drop, the energy stored in the higher modes trans-
fers back to the driven mode, bringing its amplitude closer to its backbone, as indicated
by the arrows in Fig. 6.1c. In Fig. 6.1d, we present the spectrum and the time trace under
Uexc = 6V, showing the coupling between the first and second modes at f = 209.89kHz,
and the coupling between the first and third modes at f = 216.26kHz.
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Figure 6.1: Measurement of mode couplings in nanomechanical string resonators with soft-clamping sup-
ports. (a) Schematic of the measurement set-up comprising an MSA400 laser Doppler vibrometer (LDV) for
reading-out the motion at different harmonics of the drive frequency ( f , 2 f , ..., n f ) and a piezo-actuator for
generating the excitation. The inset illustrates the design parameters of a Si3N4 nanomechanical string res-
onator with soft-clamping supports. The laser shows the measurement position, which avoids the nodal points
of the three lowest OOP modes. (b) Duffing nonlinear response curves of the lowest OOP mode of the device
with ws = 1µm, Ls = 50µm, and θ = 0, under different drive levels without mode coupling. (c) Nonlinear
response curves of the same device under a stronger drive level (Uexc = 6V). The second (yellow) and third
(ochre) OOP modes are both activated by mode coupling. The arrows in the first graph indicate the direc-
tion of the energy transfer back to the driven fundamental mode (lowest OOP) from higher modes activated
by mode coupling. (d) Frequency spectrum and time domain signals of mode coupling between the first and
second modes at f = 209.89kHz (yellow), and between the first and third modes at f = 216.29kHz (ochre),
respectively.
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6.3. IMPACT OF SOFT CLAMPING ON MODE COUPLING
To further quantify the influence of support design on mode coupling, we measure four
devices with ws = 1µm, θ = 0 undergoing intermodal coupling between the lowest two
modes, for different support lengths Ls (see Fig. 6.2a). Here, the blue lines represent the
response curves of the fundamental mode during the forward sweep, while the yellow
lines depict the response curves of the higher-frequency coupled modes, demodulated
at 2 f . The colors gradually fade as Ls decreases. These curves indicate that strings with
longer supports have smaller values of detuning f − f1 at the same vibration amplitude.
This occurs because slender supports offer lower rigidity to in-plane motion, allowing
the central string to relax more during large-amplitude vibrations and thus resulting in
weaker geometric nonlinearity [23]. The Scanning Electron Microscope (SEM) image of
the measured devices is also shown in Fig. 6.2a.

To understand the influence of soft-clamping supports on the coupled dynamics of
the first two OOP modes of the string, we further develop a simplified model of a string
with finite in-plane stiffness kin at both ends [23] (see Appendix Section 6.7.2):

q̈1 + c1q̇1 +ω2
1q1 +β1q3

1 +γq1q2
2 = 0, (6.2a)

q̈2 + c2q̇2 +ω2
2q2 +β2q3

2 +γq2
1 q2 = 0. (6.2b)

Here, q2 is the generalized coordinate of the second mode. ω2 = 2π f2, c2 =ω2/Q2 and β2

are the angular resonance frequency, mass-normalized damping coefficient and Duffing
constant, respectively, where Q2 is the quality factor of the second mode. We shall note
that the devices in our work are subjected to high tension, with no broken symmetry or
offset from flat configuration. Consequently, there are no quadratic couplings which can
lead to 1:2 internal resonance [12]. Yet, here γ represents the mass-normalized disper-
sive coupling term between the two modes that promotes energy transfer [14]. Accord-
ingly, we derive the analytical expressions for nonlinear coefficients β1, β2 and γ (see
Section 2.2.2 in Chapter 2):

β1 = π4E

4ρL4

(
1+ 2Ewh

kinL

)−1

, (6.3a)

β2 = 4π4E

ρL4

(
1+ 2Ewh

kinL

)−1

, (6.3b)

γ= π4E

ρL4

(
1+ 2Ewh

kinL

)−1

. (6.3c)

E is the Young’s modulus, ρ is the mass density, and dimensional parameters are indi-
cated in Fig. 6.1a. It is evident from Eqs. (6.3a), (6.3b) and (6.3c) that there is a factor
four difference between the nonlinear coefficients: β2 = 4γ= 16β1. At the same time, all
these nonlinear coefficients are scaled by the same factor [(1+2Ewh/(kinL)]−1, which
captures the effect of the finite in-plane stiffness kin of the soft-clamping supports. We
plot their relationships with the support length Ls in Fig. 6.2b with the blue, yellow and
green lines, respectively, and observe a decrease of two orders of magnitude for all terms
caused by the reduction of kin for longer supports. In addition to the simplified string
model, we also use FE models to understand the influence of geometric parameters on
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Figure 6.2: Influence of the soft-clamping supports on the coupled dynamics of the lowest two modes of
high-stress nanomechanical string resonators driven near the fundamental resonance frequency f1. (a)
Measured response curves of the coupled response between the lowest two modes of string resonators with
four different Ls. The blue lines are the response curves of forward frequency sweeps, which are demodulated
by the drive frequency f around the first OOP mode, while the yellow lines are the ones of the second OOP
mode demodulated by 2 f . The colors of the curves gradually fade as the support length decreases. The Scan-
ning Electron Microscope (SEM) image shows the measured devices (colored in blue) with different Ls. The
white bar is 100µm. (b) Analytical (solid lines), FE-based ROM (hollow circles) and experimentally measured
(solid diamonds) nonlinear coefficients (β1, β2, γ) of devices with ws = 1µm, θ = 0, and varying Ls. (c) Sim-
ulated response curves using the FE-based ROMs of devices with ws = 1µm, θ = 0, and varying Ls. The blue
lines represent the first OOP modes and the yellow ones represent the second OOP modes. The upward and
downward hollow triangles represent the onset frequency of the coupled mode ( f1,c/ f1) and the correspond-
ing amplitude (A1,c/h), respectively, as predicted by Eqs. (6.5a) and (6.5b). The purple line plots the onset of
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sponse curves. (d)(e) Comparison of the onset amplitude A1,c/h and frequency f1,c/ f1 of the coupled mode
obtained from FE-based ROMs (hollow triangles) and identified directly from measurements (solid triangles).
The insets show the definitions of f1,c/ f1 and A1,c/h, respectively.
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our fabricated nanoresonators, based on which we build a two-degree-of-freedom (2-
dof) ROM that comprises the lowest two OOP modes (see previous works for more de-
tails [23, 26, 27]). The hollow circles in Fig. 6.2b represent values ofβ1,β2 and γ obtained
from FE-based ROMs, which show good agreement with the analytical results.

Adding to these, we also fit the measured response curves in Fig. 6.2a to experimen-
tally obtain the values of β1, β2 and γ. To perform the fitting, we use the Harmonic
Balance Method (HBM) and obtain analytical backbone expressions of the coupled dy-
namics with the excitation frequency ω= 2π f as follows:

ω2 =ω2
1 +

1

2
γA2

2 +
3

4
β1 A2

1 (6.4a)

ω2 = 1

4
ω2

2 +
1

8
γA2

1 +
3

16
β2 A2

2. (6.4b)

Here, A1 and A2 are the amplitudes of the driven mode q1 and the coupled mode q2,
respectively. We note that when A2 = 0, Eq. (6.4a) yields the backbone expression of
the first mode. In Fig. 6.2b, we plot the experimentally fitted values of the nonlinear
coefficients β1, β2 and γ with solid diamonds, whose values follow the same pattern
as the analytical and FE-based ROMs (see Appendix Section 6.7.4 for the measurement
data). Next, by using Eqs. (6.4a) and (6.4b), we obtain analytical expressions to predict
the onset of coupling with the second mode by assuming ω=ω1,c, A1 = A1,c and A2 = 0:

ω1,c =

√√√√√ω2
2 −

2γ
3β1

ω2
1

4− 2γ
3β1

, (6.5a)

A1,c =
√√√√ω2

2 −4ω2
1

3β1 − 1
2γ

. (6.5b)

Here,ω1,c = 2π f1,c represents the onset frequency of the coupled mode, and A1,c denotes
the amplitude of the first mode at ω1,c, corresponding to the frequency and amplitude
where the slope of the Duffing curve changes. We note that the onset of coupling with
the second mode does not occur exactly at f = 1/2 f2 (see Eq. (6.5a)).

To verify Eqs. (6.5a) and (6.5b), Fig. 6.2c presents f1,c/ f1 (upward triangles) and
A1,c/h (downward triangles) calculated using the parameters from FE-based 2-dof ROMs
of devices with ws = 1µm, θ = 0, and varying Ls. These results are shown together with
the frequency response obtained from simulating the same ROMs by numerical con-
tinuation [28]. The blue lines show the response curves of the driven mode when the
frequency is swept forward, while the yellow lines represent the ones of the second
mode activated through mode coupling. We observe that the gradual change of f1,c/ f1

and A1,c/h with Ls (see purple curve) aligns closely with the trend indicated by the
green triangles. In Figs. 6.2d and e, we present the same results (hollow triangles) along-
side values identified directly from measured response curves (solid triangles). The
strong consistency between measured and simulated values confirms that the derived
Eqs. (6.5a) and (6.5b) can reliably predict the onset of coupling between the first and
second modes.
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6.4. MODAL INTERACTIONS BETWEEN MULTIPLE MODES
Apart from the onset of two-mode coupling, we can see from Fig. 6.2a that this coupled
response also has an impact on the spring-hardening nonlinearity of the driven mode.
In order to investigate this tuning effect further, we derive the relationship between A1

andω due to mode coupling by eliminating A2 from Eqs. (6.4a) and (6.4b) (see Appendix
Section 6.7.2):

ω2 =
ω2

1 − 2γ
3β2

ω2
2

1− 8γ
3β2

+
3
4β1 − γ2

3β2

1− 8γ
3β2

A2
1. (6.6)

Since Eq. (6.6) remains a parabolic expression similar to a backbone curve, we define the
coefficient of A2

1 as the effective mass-normalized Duffing constant β1,eff to characterize
the amplitude-frequency relationship of the first mode undergoing dispersive couplings.
As a natural extension, we also introduce additional coupled modes to explore the influ-
ence of successive dispersive couplings on the Duffing response of the first mode β1,eff

(see Appendix Section 6.7.5):

β(i )
1,eff =

3

4
β(i−1)

1,eff +
3i 2β(i−1)

1,eff γ1,i −2γ2
1,i

6βi −4i 2γ1,i
, (6.7)

where β(i )
1,eff is the effective Duffing constant by including up to the i th mode (i ≥ 2), βi

is the Duffing constant of the i th mode, γ1,i is the dispersive coupling strength between
the first and i th modes. β(2)

1,eff is identical to the effective Duffing constant in Eq. (6.6)

and β(1)
1,eff refers to β1. Substituting dynamical parameters obtained from the FE-based

ROMs for the device with ws = 1µm, Ls = 50µm and θ = 0, we find 52% increase in β1,eff

by including two-mode dispersive coupling. Moreover, through successive dispersive
couplings among five mechanical modes, Eq. (6.7) predicts that β1,eff can increase be-
yond 26 times (see Table 6.1 in Appendix Section 6.7.5).

To further verify this analytical prediction, we simulate the frequency response of an
FE-based 5-dof ROM for the same device. In Fig. 6.3a, as we sweep the drive frequency f
forward, the second (yellow), third (ochre), fourth (cyan), and fifth (purple) OOP modes
sequentially engage in the coupled response, leading to a quasi-constant amplitude- fre-
quency response where β(5)

1,eff → ∞ [29]. The additional tuning effect compared to the
values calculated by Eq. (6.7) is attributed to the inclusion of all coupling terms related
to cubic geometric nonlinearity, rather than limiting the analysis to only dispersive cou-
plings for deriving the analytical backbone expression. The kinks in the blue response
curves of the first mode can be explained by Eq. (6.7), which appear whenever a higher-
order mechanical mode starts to interact with the fundamental mode. The significant
suppression of the vibration amplitude in the driven mode can be explained by treating
the coupled modes as energy reservoirs, which absorb the additional energy pumped
into the driven mode [30, 31].

We also experimentally carry out frequency sweeps on a device with the same geom-
etry as used for the simulation in Fig. 6.3a. To activate all five modes simultaneously, we
use an even stronger drive level (Uexc = 20V) compared to our measurements shown in
Fig. 6.1c. As shown in Fig. 6.3b, the measured frequency response is consistent with our
simulation result, except for the amplitude levels, which we attribute to the differences
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Figure 6.3: Multi-mode interactions in a nanostring. (a) Simulated response curves of a forward frequency
sweep under five-mode couplings of the device with ws = 1µm, Ls = 50µm, and θ = 0. The bold blue line is
the frequency response of the first mode, while the others represent the second (yellow), third (ochre), fourth
(cyan) and fifth (purple) OOP modes, respectively. The mode shapes from the eigenfrequency analysis of the
FE full model are shown on the right. (b) Measured response curves of a forward frequency sweep under five-
mode couplings of the same device as in (a). The bold blue line is the frequency response demodulated by the
drive frequency f , while the others represent the signals demodulated by 2 f (yellow), 3 f (ochre), 4 f (cyan)
and 5 f (purple), respectively. The red lines in (a) and (b) represent the fitted backbone curves of the first mode
before mode couplings initiate.

from measurement conditions and material properties. We shall note that the ampli-
tude fluctuations after the onset of the fourth mode are attributed to the energy leakage
to higher modes, where we observe a series of higher harmonics (n > 5) emerging in the
frequency spectrum. In summary, both simulations and experiments confirm that soft
clamping allows for substantial tuning of driven mode’s Duffing response by facilitating
nonlinear couplings with other vibrational modes in nanoresonators.

6.5. ENGINEERING MODE COUPLING BETWEEN TWO MODES BY

GEOMETRIC OPTIMIZATION

The close agreement between the analytical/numerical results and the experimental
findings not only clarifies the effect of support beams on the nonlinear coupling coef-
ficients, but also suggests that their geometric engineering can be used to suppress or
enhance dispersive couplings. To that end, we conduct a parametric study considering
only two-mode dispersive coupling to assess the extent to which designing the support
beams can tune the frequency response curve. We use three design parameters, namely:
10µm < Ls < 100µm, 1µm < ws < 7µm, and 0rad < θ < 0.5rad. In Figs. 6.4a-b, we show
the onset amplitude of mode coupling AIR and the backbone’s tuning ratio βeff/β, re-
spectively, calculated from the FE-based ROMs (see Appendix Section 6.7.2). This para-
metric study allows us to identify the geometric conditions that lead to two-mode dis-
persive coupling by driving either the first or second mode. We plot A1,c and βeff/β as
functions of the three design parameters Ls, ws, and θ, and indicate the boundaries be-
tween modal couplings that can be achieved by driving the first and second modes with



6

110
6. CASCADE OF MODAL INTERACTIONS IN NANOMECHANICAL RESONATORS WITH SOFT

CLAMPING

Ls (μm)5

4

3

2

1

0

Ac (μm)

1 3 5 7
ws (μm)

ws = 1 μm

Ac (μm)

β 1
,e

ff /
 β

1

0
0.1

0.2
0.3

0.4
0.5

θ (rad)

θ = 0.08 rad

1 3 5 7
ws (μm)

0
0.1

0.2
0.3

0.4
0.5

θ (rad)

1.6

1.4

1.21.2

1.4

1.6

30

60

90

Ls (μm)

30

60

90

(c)(b)(a)

0 0.2 0.4 0.6
1.3

1.4

1.5

1.6

1.7βeff / β

-1 0 1 2
f - f1 (kHz)

-1 0 1 20

0.2

0.4

0.6

0.8

A
m

pl
itu

de
 (

μm
) 

0

0.2

0.4

0.6

0.8

A
m

pl
itu

de
 (

μm
) 

f - f1 (kHz)

Drive the
second mode

Ls = 28.31 μm

ws = 1 μm
θ = 0.02 rad

Ls = 12.77 μm

Drive the
first mode

Drive the
first mode

Drive the
second mode

Figure 6.4: Design potential of the dispersive coupling between the lowest two OOP modes in nanome-
chanical string resonators with soft-clamping supports. (a-b) Contour plots of the onset amplitude of the
dispersive coupling A1,c and the backbone’s tuning ratio βeff/β1 of the driven mode, respectively. The white
solid line in each contour plot marks the boundary between the coupled response that can be achieved by
driving the first and the second modes. The empty zones are devices with A1,c > 5µm, whose A1,c is so large
that is limited by the 5µm gap between the suspended Si3N4 devices and the silicon substrate. (c) Pareto
fronts found by multi-objective particle swarm optimization. The insets display simulated response curves of
the device with the lowest onset amplitude of A1,c and the highest backbone’s tuning ratio β1,eff/β1, under
dispersive coupling between the lowest two modes, respectively. The corresponding design parameters of the
soft-clamping supports are provided for each case. The blue lines represent the response curves of the first
mode during forward frequency sweeps near its resonance, while the yellow lines correspond to those of the
second mode.

white lines. The contours reveal that designs near these boundaries have lower A1,c, thus
facilitating mode coupling. In the same figures, the empty zones represent designs with
A1,c > 5µm, which exceed the 5µm limit imposed by the gap between the suspended
Si3N4 devices and the silicon substrate.

Facilitated by Multi-Objective Particle Swarm Optimization (MOPSO) [32, 33], we
then optimize for designs with the lowest A1,c and the largest β1,eff/β1. MOPSO is ca-
pable of handling multiple design objectives while considering the trade-offs between
them based on Pareto dominance. As depicted in Fig. 6.4c on the Pareto front, the ob-
tained nondominated designs share the same design space as the lower-left regions in
Figs. 6.4a-b when driving the first mode. We can see the trade-off between A1,c and
β1,eff/β1, achieving a maximum increase in the effective Duffing constant of approxi-
mately 70%. Additionally, we show the simulated response curves for the designs with
the lowest A1,c and the highest β1,eff/β1 in the insets, respectively, where the backbones
of the first mode are highlighted in red to visualize the impact of dispersive coupling.
Since the design with maximum β1,eff/β1 does not lie at the boundary of the design
space for Ls and θ, β1,eff/β1 can only be increased by reducing ws below the bound-
ary of 1µm, which would risk breaking the high-stress devices. Therefore, we conclude
that further increasing β1,eff/β1 will require more complex support geometries or more
coupled modes, as suggested in Fig. 6.3.
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6.6. CONCLUSION
In conclusion, we investigated the influence of soft clamping on dispersive modal cou-
plings in nanomechanical resonators and proposed a geometric engineering strategy
accordingly. By both theoretical and experimental studies, we demonstrated that soft-
clamping supports can tune the Duffing constant and the coupling strength of high-Q
string resonators by more than an order of magnitude. This tuning capability is enabled
by the high Q factor achieved through soft clamping, which facilitates the activation of
a large number of mechanical modes and minimizes the total input energy required to
trigger modal couplings. Moreover, the flexibility of the design with soft-clamping sup-
ports allows for effective tuning of frequency ratios to activate the coupling of higher
modes by driving the lower ones, or vice versa [33]. For instance, as shown in the in-
set with minimum A1,c in Fig. 6.3c, a resonance frequency ratio close to two between
the first two modes enables rapid entry into the coupling regime without requiring ex-
cessively high vibrational amplitudes to compensate for large frequency detuning. This
not only allows for control over the onset of mode coupling but also significantly en-
hances the flexibility in introducing additional coupled modes, enabling a cascade of
modal interactions and a substantial rescaling of the Duffing response. The proposed
tuning method relies exclusively on geometrical adjustments, making it highly compat-
ible with FE-based ROMs and metaheuristic optimization algorithms to program the
nonlinear dynamics of nanoresonators through geometric design. By engineering modal
couplings during the design phase, this method lays the basis for developing large arrays
of nanomechanical resonators with intentionally tailored nonlinear functionalities, for
applications as varied as energy harvesting [11], frequency comb generation [12, 34], and
computing [35–37].

6.7. APPENDIX

6.7.1. SIMULTANEOUS MEASUREMENT OF DIFFERENT RESONANCE MODES

In order to detect the low-order OOP modes simultaneously under mode couplings, we
focus the laser beam of the MSA LDV on the central string at 1/12L away from the sup-
port, as shown in Fig. 6.5, which avoids the nodes (zero amplitude) of these modes.
We use Zurich lock-in amplifier to demodulate the measured signal with the driven fre-
quency f and its higher harmonics n f (n=2, 3, ...). Next, we convert the measured dis-
placements of different modes to their corresponding maximum displacements q1, q2,
..., qn according to different mode shapes, in order to facilitate the comparison with an-
alytical and FE-based ROMs. Moreover, since mode couplings induced by the geomet-
ric nonlinearity normally happens in strong nonlinear regime with large amplitude, it
is also beneficial to measure locations with relatively smaller amplitudes, away from the
peaks of various modes. This approach helps to ensure that the measured signals remain
within the limited measurement range of the MSA LDV.

6.7.2. TWO-MODE DISPERSIVE COUPLING

Our devices can be treated as simply supported string resonators, so the effective mass
of the low-order OOP modes are approximately the same [38]. Since our resonators
are symmetric in the vibration direction, we only consider cubic nonlinear terms in our
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q3

q2

q1

1st mode

2nd mode

3rd mode

Measure at 1/12 L

Figure 6.5: Simultaneous measurement of multiple modes by LDV. q1, q2 and q3 are the maximum displace-
ments of the three lowest OOP modes, respectively. The mode shapes obtained by eigenfrequency analysis of
the FE full model are listed next to the simplified ones.

mass-normalized equations of motion [23]:

q̈1 + c1q̇1 +ω2
1q1 +k(1)

111q3
1 +k(1)

112q2
1 q2 +k(1)

122q1q2
2 +k(1)

222q3
2 = 0

q̈2 + c2q̇2 +ω2
2q2 +k(2)

111q3
1 +k(2)

112q2
1 q2 +k(2)

122q1q2
2 +k(2)

222q3
2 = 0.

(6.8)

in which q1 and q2 represent the displacement of the first and second modes, c1 and
c2 represent the mass-normalized damping coefficients, ω1 and ω2 are the eigenfre-
quencies, k with superscripts and subscripts are mass-normalized nonlinear stiffness.
It is worth noting that in Eq. (6.8), not all terms are resonant under the interaction be-
tween two modes of a string with a resonance frequency ratio close to two. To recover
the resonant terms, we assume harmonic motions of the form q1 = A1 cos(ωt ) and q2 =
A2 cos(2ωt ) as a first approximation, and simplify Eq. (6.8) as:

q̈1 + c1q̇1 +ω2
1q1 +k(1)

111q3
1 +k(1)

122q1q2
2 = 0

q̈2 + c2q̇2 +ω2
2q2 +k(2)

112q2
1 q2 +k(2)

222q3
2 = 0,

(6.9)

where the resonant dispersive coupling term could be written as γ = k(1)
122 = k(2)

112, and
the mass-normalized Duffing constant of the first and second modes could be written as
β1 = k(1)

111 and β2 = k(2)
222, respectively. For simplicity, we rewrite Eq. (6.9) as:

q̈1 + c1q̇1 +ω2
1q1 +β1q3

1 +γq1q2
2 = 0

q̈2 + c2q̇2 +ω2
2q2 +γq2

1 q2 +β2q3
2 = 0.

(6.10)

To understand the influence of the dispersive coupling on the kink observed in
the frequency response curves in Fig. 6.2a, next we use the harmonic balance method
(HBM), and assume the solution to be of the form: q1 = A1 cos(ωt ) and q2 = A2 cos(2ωt ).
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Replacing these harmonic responses in Eq. (6.10), gives:

ω2 =ω2
1 +

1

2
γA2

2 +
3

4
β1 A2

1 (6.11a)

ω2 = 1

4
ω2

2 +
1

8
γA2

1 +
3

16
β2 A2

2. (6.11b)

We assume the second mode is activated at ω1,c, where A2 = 0 and A1 = A1,c. Then
Eqs. (6.11a) and (6.11b) become:

ω2
1,c =ω2

1 +
3

4
β1 A2

1,c (6.12a)

ω2
1,c =

1

4
ω2

2 +
1

8
γA2

1,c. (6.12b)

There are two unknown parameters (ω1,c and A1,c) in Eqs. (6.12a) and (6.12b). By
solving them, we can analytically derive the position where the first mode’s backbone
undergoes a kink, as shown in Fig. 6.6a:

ω1,c =

√√√√√ω2
2 −

2γ
3β1

ω2
1

4− 2γ
3β1

(6.13a)

A1,c =
√√√√ω2

2 −4ω2
1

3β1 − 1
2γ

. (6.13b)

Furthermore, by eliminating A2 from Eqs. (6.11a) and (6.11b) we can obtain the back-
bone of the first mode during mode coupling as follows:

ω2 =
ω2

1 − 2γ
3β2

ω2
2

1− 8γ
3β2

+
3
4β1 − γ2

3β2

1− 8γ
3β2

A2
1. (6.14)

We define the coefficient of A2
1 term as effective Duffing constant β1,eff of the first

mode during mode coupling.
Similar to the way we get Eqs. (6.11a) and (6.11b), if we harmonically drive the system

around ω2 with ω, we can also get the backbone expression for both modes:

ω2 = 4ω2
1 +2γA2

2 +3β1 A2
1 (6.15a)

ω2 =ω2
2 +

1

2
γA2

1 +
3

4
β2 A2

2, (6.15b)

We assume the coupled first mode is activated at ω2,c, where A1 = 0 and A2 = A2,c.
Then Eqs. (6.15a) and (6.15b) become:

ω2
2,c = 4ω2

1 +2γA2
2,c (6.16a)

ω2
2,c =ω2

2 +
3

4
β2 A2

2,c. (6.16b)
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Figure 6.6: Derivation of the effective backbone curve under two-mode dispersive coupling. The simulated
response curve of a forward frequency sweep near the first mode’s resonance, activating the coupling of the
second mode.

There are two unknown parameters (ω2,c and A2,c) in Eqs. (6.16a) and (6.16b). By
solving them, we can analytically derive the position where the second mode’s backbone
undergoes a kink:

ω2,c =

√√√√√4ω2
1 −

8γ
3β2

ω2
2

1− 8γ
3β2

(6.17a)

A2,c =
√√√√4ω2

1 −ω2
2

3
4β2 −2γ

. (6.17b)

Furthermore, by eliminating A1 in Eqs. (6.15a) and (6.15b), we can have the relation-
ship between A2 and ω, which is still a parabola similar to the backbone curve:

ω2 =
ω2

2 − 2γ
3β1

ω2
1

1− γ
6β1

+
3
4β2 − γ2

3β1

1− γ
6β1

A2
2. (6.18)

We define the coefficient of A2
2 term as effective Duffing constant β2,eff of the second

mode during mode coupling.

6.7.3. FITTING NONLINEAR COEFFICIENTS BY A SINGLE FREQUENCY SWEEP
We developed a fitting strategy for the fast characterization of nonlinear properties of
high-Q nanomechanical resonators that undergo dispersive coupling. In Fig. 6.7a, we
present the measured frequency response curve for a device with ws = 1µm, Ls = 90µm,
and θ = 0, where we observed the activation of the second OOP mode by driving the
first OOP mode in the nonlinear regime. It is worth noticing that in high-Q Duffing
resonators, frequency sweeps in the nonlinear regime can bring the oscillations to their
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high-amplitude stable branches, which are in close proximity to their backbones [24].
Consequently, we can approximately fit for unknown coefficients in the backbone ex-
pressions using the frequency responses. We select the data marked as red circles in
Fig. 6.7a to fit the surface described by Eq. (6.11a), as shown in Fig. 6.7b. With the mea-
sured ω2, A2

1 and A2
2 from one frequency sweep, we can simultaneously fit for the three

unknownsω1, β1 and γ. The values ofω2 andβ2 can be obtained by fitting the frequency
responses obtained by driving the system around ω2 in the nonlinear regime.
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Figure 6.7: Fitting the nonlinear coefficients of a 2-dof nonlinear dynamical system exhibits dispersive cou-
pling in a single frequency sweep. (a) The measured coupled response between the lowest two OOP modes are
from the device with ws = 1µm, Ls = 90µm, and θ = 0. The bold blue line represents the frequency response
of the driven first OOP mode, which is demodulated with the driven frequency ( f ). The yellow line represents
the frequency response of the second OOP mode, which is demodulated with twice the driven frequency (2 f ).
The selected data for fitting are marked as red circles. (b) The fitted surface described by Eq. (6.11a) with the
selected data.

6.7.4. MEASUREMENT DATA OF THE COUPLED DYNAMICS FOR THE LOWEST

TWO OOP MODES

In Table 6.1, we provide all the measured values (solid diamonds and triangles) in
Fig. 6.2b, d and e. The resonance frequencies f1, f2 and nonlinear coefficients β1,
β2, γ are fitted from measured frequency response curves using the method introduced
in Appendix Section 6.7.3. The onset frequency f1,c and the onset amplitude A1,c of
the coupled response are directly determined from the measured frequency response
curves.

6.7.5. MULTI-MODE DISPERSIVE COUPLING

To study the tuning effect due to successive mode couplings in a string resonator, here
we derive the expression of the effective Duffing constant of the first mode undergoing
dispersive couplings with higher-order modes. For simplicity, we only consider coupling
terms that are derived from the interaction potential 1

2γ1,i A2
1 A2

i (i ≥ 2). This approxima-
tion neglects the interactions of the coupled mode with modes other than the first mode.
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Table 6.1: Measurement data in Fig. 6.2b, d and e

Ls(µm) f1(Hz) f2(Hz) β1(m−2s−2) β2(m−2s−2) γ(m−2s−2) ∆ f1,c(Hz) A1,c(µm)
130 93700 189958 5.21×1021 3.76×1022 1.80×1022 97157 2.48
110 107676 217257 6.81×1021 5.93×1022 2.40×1022 110179 2.30
90 127701 256128 8.60×1021 1.49×1023 3.80×1022 129810 1.77
70 156532 314299 1.17×1022 1.83×1023 3.44×1022 158005 1.44
50 207892 416427 2.01×1022 2.92×1023 6.07×1022 208676 0.92
30 347320 694724 7.73×1022 1.66×1024 9.33×1022 347739 0.46

Similar to our approach in deriving Eqs. (6.11a) and (6.11b), if we consider the effective
backbone of the first mode is coupled with the i th mode, we have:

4ω2 = 4ω(i−1)
1,eff

2 +3β(i−1)
1,eff A2

1 +2γ1,i A2
i , (6.19a)

4i 2ω2 = 4ω2
i +2γ1,i A2

1 +3βi A2
i , (6.19b)

where βi is the Duffing constant of the i th mode, γ1,i is the dispersive coupling strength
between the first and i th mode. By eliminating Ai from Eqs. (6.19a) and (6.19b), we can
derive the new effective Duffing constant of the first mode:

β(i )
1,eff =

9β(i−1)
1,eff βi −4γ2

1,i

12βi −8i 2γ1,i
. (6.20)

By separating 3
4β

(i−1)
1,eff from Eq. (6.20), we can quantitatively visualize the influence of

successive coupled modes on the Duffing constant:

β(i )
1,eff =

3

4
β(i−1)

1,eff +
3i 2β(i−1)

1,eff γ1,i −2γ2
1,i

6βi −4i 2γ1,i
. (6.21)

In Table 6.2, we present the dynamical parameters obtained by the FE-based ROMs
for the device in Fig. 6.3a. The effective Duffing constantsβ(i )

1,eff during successive disper-
sive couplings are calculated using Eq. (6.21), based on the Duffing constants of different
modes and their dispersive coupling coefficients with the first mode. The increasing val-
ues of (β(i )

1,eff −β1)/β1 demonstrate that the effective Duffing constant of the first mode
can be significantly tuned via successive couplings to other vibrational modes.

Table 6.2: Tuning of the effective Duffing constant β(i )
1,eff by successive dispersive mode coupling

Mode number 1 2 3 4 5
βi (m−2s−2) 3.76×1022 5.44×1023 2.73×1024 8.61×1024 2.10×1025

γ1,i (m−2s−2) — 1.58×1023 3.53×1023 6.22×1023 9.70×1023

β(i )
1,eff(m−2s−2) — 5.72×1022 1.24×1023 3.39×1023 1.04×1024

To more quantitatively show the tunability of the driven mode’s response by incor-
porating multiple coupled modes, in Fig. 6.8, we simulate the frequency response of our
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string resonators with ws = 1µm, θ = 0 and varying Ls with FE-based ROMs up to five
modes. We can see the flattening of the frequency response of the first mode of the de-
vice with Ls = 50µm (same with Fig. 6.3a in the main text) and even the drop in the one
with Ls = 30µm, which represent the effective Duffing constant β1,eff →∞ and β1,eff < 0,
respectively. The additional tuning effect compared to the values shown in Table 6.2 is
attributed to the inclusion of all coupling terms related to cubic geometric nonlinear-
ity in the FE-based ROMs, as opposed to the assumption for Eq. (6.21). Both analytical
and numerical investigations confirm that, through geometric design and multi-mode
interaction, one can engineer the coupled dynamical response of a resonator to a large
extent.
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Figure 6.8: Simulated frequency response curves based on FE-based ROMs under multi-mode coupling of
devices with different support lengths. The first modes of all three devices is driven by forward frequency
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7
CONCLUSIONS AND OUTLOOK

This thesis focuses on optimizing the dynamics of nanomechanical resonators. Using
lithographically fabricated nanostrings, we explored both the linear and nonlinear behav-
iors of these devices, encompassing single-mode responses as well as interactions among
multiple modes. We developed experimental techniques for rapid and precise character-
ization of nonlinear dynamic responses, which can be accurately explained by analytical
and numerical simulations. Based on the experimentally validated modeling techniques,
we established a broadly applicable optimization framework, leveraging finite element-
based reduced-order models and a gradient-free optimization technique, to engineer the
mechanical properties of resonators. This final chapter summarizes the key results from
each chapter and outlines potential future research directions.
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7.1. CONCLUSIONS

7.1.1. INTRODUCTION AND METHODOLOGY

In Chapter 1, we discussed the background and motivation for optimizing nonlinear dy-
namics in nanomechanical systems. We introduced the design opportunities that linear
and nonlinear mechanics offer in MEMS and NEMS, followed by an overview of the tech-
niques relevant to incorporating nonlinearity.

In Chapter 2, we presented the experimental and theoretical methodologies em-
ployed in this thesis. The experimental section covered the fabrication techniques for
nanomechanical Si3N4 devices, the measurement set-up with laser Doppler vibrometer,
and the fast characterization approaches for assessing the linear and nonlinear dynam-
ics of the devices. We proposed a technique for the measurement of geometric nonlin-
earity under frequency drift, which commonly exist in micro- and nanoresonators. This
can lead to the change of frequency response curves with time that distorts the back-
bone curve, deteriorating the fitting procedure of the Duffing constant. In this thesis, we
mainly focused on nanostring resonators with a pair of soft-clamping beams to demon-
strate our strategies about engineering dynamical properties by the geometric design. In
order to capture the influence of soft-clamping supports, the theoretical section started
with a static analysis of the softly clamped high-stress string, followed by the deriva-
tion of its governing equations as a nonlinear resonator. Finally, we elaborated on the
widely applicable procedure of building finite element (FE)-based reduced order mod-
els (ROMs) for nonlinear resonators, which are used throughout the thesis to explain the
observed physics and build the basis for the geometric optimization.

7.1.2. ENGINEERING SINGLE-MODE NANOMECHANICAL RESONATORS

In this thesis we chose to experiment with Si3N4 nanomechanical resonators as they
offer high-Q factors and at the same time low onset of nonlinearities which facilitate
nonlinear dynamic studies. Since both linear and nonlinear dynamics of a resonator are
closely tied to its stress, we proposed incorporating a pair of compliant supports to ad-
just the stress in the nanostrings. In Chapter 3, we analyzed the impact of this specific
support design in tuning the stress in the central string accordingly. We found these sup-
ports can function as soft-clamping that that allowed us to tune the dissipation dilution
in the string resonator. Through both analytical models and fabricated Si3N4 nanome-
chanical devices, we revealed the trade-off between stress and clamping stiffness in tun-
ing both resonance frequencies and Q-factors. This finding consequently suggested that
resonators exhibiting perimeter modes with periodic clamping can take advantage of
soft-clamping, while maintaining the initial high stress. Our study provides insights into
approaching dissipation limits in high-Q nanoresonators with a confined design foot-
print.

After the thorough study of dynamical properties in linear regime, such as resonance
frequencies and Q-factors, we found that the supports could also significantly tune the
geometric nonlinearity if the devices are driven stronger in the nonlinear regime. In
Chapter 4, we proposed an analytical model that can show the tunability of nonlinear
stiffness through compliant supports. Next, by introducing the support angle as an ad-
ditional design variable, we showed that it is possible to induce compressive forces in
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the string resonator and obtain buckled configurations. This breaking of symmetry in
vibrations results in quadratic nonlinear terms in the equations of motions, that com-
pete with the cubic (Duffing) nonlinear terms when buckled resonators enter the non-
linear regime. Being able to tune both linear and nonlinear properties of the string res-
onators using soft-clamping supports, we investigated the tunability of dynamic range
(DR) using the support design, demonstrating that the design could either extend or re-
duce DR. Furthermore, by FE-based ROMs, we were able to quantify the influence from
soft-clamping supports on nonlinear dynamic responses of nanoresonators, showing
the possibilities to program nanodevices with different functionalities on a single chip.

7.1.3. DYNAMIC OPTIMIZATION OF NANOMECHANICAL RESONATORS

Based on the validation of our FE-based ROMs by measurements in both linear and non-
linear regime, we were well-positioned to numerically design the highly coupled dynam-
ical properties of high-stress nanomechanical resonators. In Chapter 5, we integrated
our modeling technique with a metaheuristic algorithm, specifically Particle Swarm Op-
timization (PSO). This algorithm, which can be accelerated through parallel comput-
ing and does not require derivative information, proved advantageous over brute-force
parametric studies by significantly reducing the time required to locate optimal designs.
Additionally, PSO is versatile in handling both single- and multi-objective optimization
problems. We showed its capability and reliability by maximizing Q-factor and the cu-
bic (Duffing) nonlinear coefficient, both individually and simultaneously. When dealing
with multiple objectives, we could also visualize the trade-offs among them with a Pareto
front. In this way, our optimization procedure allows for the design of resonators where
multiple objectives need to be satisfied simultaneously.

7.1.4. ENGINEERING OF MODE COUPLING IN NANOMECHANICAL RESONATORS

To fully explore the design potential of soft-clamping supports, we further increased
the drive levels to operate our Si3N4 nanostrings in the strong nonlinear regime. In
Chapter 6, we observed modal interactions between different mechanical modes of our
nanoresonators. To better understand and further exploit this nonlinear phenomenon,
we first developed a model for a two-degree-of-freedom (2-DOF) dynamic system that
consists of two modes undergoing mode coupling, and conducted a theoretical analysis
on the impact of soft-clamping supports on mode coupling. Using the analytically de-
rived expressions for the backbone curves of the 2-DOF system, we developed a fitting
strategy for the rapid characterization of nonlinear properties in high-Q nanomechani-
cal resonators undergoing mode coupling with one single frequency sweep. To achieve
a greater tunability on the dynamic response of resonators, we experimentally and nu-
merically showcased the multi-mode dispersive couplings involving up to five modes.
Moreover, to demonstrate the geometric design potential offered by soft clamping, we
also quantified and optimized the onset conditions of mode coupling and its tuning
strength in the driven mode. The predictable intermodal couplings provide additional
design opportunities for tuning nonlinear responses of nanomechanical resonators.
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7.2. OUTLOOK

7.2.1. ADVANCING THE NONLINEAR DYNAMIC SIMULATION PROCEDURE

Simulation is the art of simplification, offering an idealized approximation of real ex-
perimental conditions. Achieving a balance between simulation accuracy and compu-
tational efficiency requires a thorough understanding of the essential physics to be in-
corporated. Our work derives the equations of motion solely from the geometry and
material properties of nanomechanical resonators, eliminating the need for fitting pa-
rameters such as damping and stiffness terms. The simulated dynamic responses align
closely with experimental measurements, as our ROMs effectively capture the underly-
ing physics of the measured devices. However, this strong agreement between simula-
tions and experiments relies on specific assumptions as I enumerate below:

On the one hand, this work primarily focused on damping from the friction loss, as
our resonators operate at relatively low resonance frequencies (below 2 MHz) within a
vacuum chamber. However, other sources of damping may play a significant role and
should not be overlooked. For instance, the radiation loss caused by acoustic waves
propagating into the surrounding substrate becomes increasingly important as the res-
onance frequency of the operational mode rises. Addressing this requires additional
simulation steps, such as incorporating the substrate in the FE model and applying a
Perfectly Matched Layer (PML) to calculate the radiation loss. PML is an artificial layer
added to simulate an infinite domain by absorbing outgoing waves at the boundaries
of the computational domain. Furthermore, in practical applications of micro- and
nanomechanical resonators, such as resonant sensors that often operate in air or liquid
environments, damping from the ambient environment typically dominates. To capture
the influences arising from the viscous ambient, empirical formula or Fluid-Structure
Interaction (FSI) simulations can be included to model damping from the medium loss.

On the other hand, considering the STiffness Evaluation Procedure (STEP) which is
detailed in Chapter 2 for extracting nonlinear stiffnesses, we limited our formulation of
nonlinearity up to cubic terms for simplicity. Higher-order nonlinearities may need to
be incorporated as well to accurately predict dynamic responses in the strong nonlinear
regime, or in cases of modeling nonlinearities in actuation or detection. Notably, based
on our method for extracting nonlinear terms from FE analysis, this ROM technique
could also evaluate nonlinear effects from multiphysics, such as electrostatic, magnetic,
or optical forces that can be modeled as functions of vibration amplitude of the res-
onators.

Further work is expected to enhance the generality and scalability of the simulation
procedure, which includes incorporating more damping sources and higher-order non-
linearities. By addressing these challenges, the simulation approach could turn into an
even more versatile and comprehensive design framework for a broader range of appli-
cations, ranging from sensing and actuation to signal processing and energy harvesting.

7.2.2. BUCKLED NANORESONATORS

Nanomechanical resonators are gaining attention for their high force sensitivity and low
energy loss, making them useful for sensing, transduction, and studying physics in clas-
sical and quantum systems. The need to enhance the signal-to-noise ratio (SNR) in sens-
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ing and protect quantum states from decoherence have driven efforts to improve their
mechanical Q-factors, as discussed in Chapter 3. However, in addition to our designed
high-Q devices with tension, we anticipate a broad range of topics related to buckled
resonators.

In Chapter 4, we have demonstrated that it is possible to create buckled configura-
tions with a high-stress Si3N4 film by geometric design. In terms of linear dynamics,
we have measured Q-factors on buckled devices with even lower values than the intrin-
sic Q-factor that are without dissipation dilution. In contrast to the flat devices under
tension, this observation implied that the compressive force in the structure can lead to
dissipation “concentration”, which can be harnessed to intentionally decrease Q-factor.
We foresee this strategy can facilitate the design of metamaterials for achieving extreme
vibration suppression in micro- and nano-devices.

Regarding nonlinear dynamics in buckled nanoresonators, we observed that the geo-
metric hardening nonlinearity can be largely nullified by the softening nonlinearity aris-
ing from the symmetry-breaking vibrations right after the onset of its buckling. By lever-
aging these two opposing nonlinear effects, we can finely adjust the geometry of a reso-
nant sensor to achieve a much higher onset amplitude of nonlinearity, significantly im-
proving the SNR. Apart from operating the structure dynamically, the minimized static
stiffness right before the onset of buckling also offers the opportunity to detect mini-
mal changes in various physical quantities, like the small variation in the local gravita-
tional acceleration. As a result, it is worth comparing whether a resonant sensor with
extremely high Q-factor or a non-resonant sensor with almost zero stiffness is more sen-
sitive, based on different target objects and operating conditions.

Additionally, with the buckled resonators, we were able to detect secondary Hopf bi-
furcation and thus quasi-periodicity both numerically and experimentally. With our de-
veloped modeling technique, it is worth continuing to investigate the influence of geo-
metric parameters on the generated frequency combs and possible chaos generation un-
der higher drive levels. The pure mechanical way to achieve chaos would be an ideal test
platform for understanding and engineering this fascinating phenomenon, since it min-
imizes noise introduced into the system by electrostatic or magnetic tuning schemes.

7.2.3. ENGINEERING NONLINEAR DYNAMICS BY TOPOLOGY OPTIMIZATION

In Chapter 5, we laid the foundation for nonlinear dynamic optimization of nanome-
chanical resonators, which is mainly based on size optimization of only a few geo-
metric parameters in a limited design space. As the demand for smaller, more pow-
erful chips continues to grow, maximizing space efficiency becomes a key challenge
in MEMS/NEMS design. Linking ROM to topology optimization algorithms as a next
step would offer the opportunity to fully exploit a limited design space by removing
constraints on the number of design parameters inherent in size or shape optimiza-
tion. Topology optimization has not only been used in solid mechanics, but has also
extended its influence to a variety of other fields, including fluid mechanics, structural
dynamics, electromagnetics, and even biomedical engineering. Originally developed
for optimizing material distribution in solid structures to achieve the best mechanical
performance, topology optimization has proven to be a powerful tool for solving a wide
range of design challenges across different disciplines. For nanomechanical resonators
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which is our primary focus, topology optimization has already been applied to optimize
their linear dynamical properties, such as resonance frequencies and Q-factors. We en-
vision the next step as integrating topology optimization with ROM techniques to tailor
nonlinear properties.

However, for nonlinear ROM techniques, obtaining gradient information can be
challenging when the nonlinear analysis involves iterative solvers, which is the case
for STEP in our work. Instead, this obstacle can be circumvented by implementing a
gradient-free topology optimization procedure with Binary Particle Swarm Optimiza-
tion (BPSO), which is designed specifically for problems with binary (“0” or “1”) design
variables rather than continuous values. The design space could thus be discretized into
fine pixels, each in a binary state: filled (“1”) or void (“0”). Along with connectivity anal-
ysis to guarantee the continuity of the optimized design space, the BPSO will identify an
optimal combination of “0”s and “1”s that generates a topologically new geometry. Like
standard Particle Swarm Optimization (PSO), BPSO can efficiently explore a large search
space. The swarm of particles in BPSO can explore multiple solutions simultaneously,
increasing the chances of finding a global optimum, rather than getting stuck in the
local optima, which is particularly useful in complex and highly nonlinear optimization
problems. Besides, the nature of the PSO algorithm enables parallel exploration of the
search space. This is a key advantage for large-scale problems, as multiple candidate
designs (particles) are evaluated simultaneously, potentially speeding up the search
process compared to other sequential optimization methods.
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