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Summary

The main focus of this thesis is a stochastic parabolic Cauchy problem of the following form.

(0.1)

{Btu(t,a:) = div(A(z)Vu(t,x)) + g(t, z)dW (1), t>0,z€R",
u(0,z) = ug(x), x € R™

with A € L>®(R", #,(C)) satisfying uniform ellipticity estimates. In [8], a conical stochastic
maximal LP-regularity result was proved for the above problem and in [6] it was shown that for
the deterministic version of the above problem (¢ = 0) we have a control of a non-tangential
maximal function by the gradient of the solution. Our goal in this thesis is to develop a stochastic
analogue of the determinstic result for problem (0.1).

To this end, we start by introducing tent spaces, denoted by T% ’2, and study their properties.
These properties include tent spaces being Banach spaces, norm equivalences and change of
aperture results. For most of these we also provide proofs.

Afterwards, we define what we mean by an elliptic operator in divergence form and also introduce
the notions needed to do so. We mentioned that if L = —div(AV) is an elliptic operator in
divergence form then L has a holomorphic functional calculus in L?. Furthermore, we show that
the families (e™tF);~q, (tLe™F)4ng and (vEVe F)ssq satisfy L? off-diagonal bounds.

Having given these preliminaries, we start anaylsing the relevant parts of [6]. First, we introduce
the notion of maximal regularity and explain its importance for the analysis of our PDE. We
define the operators My, My, and R}, and prove boundedness results for them.

Thereafter, we develop energy solution for (0.1) where g = 0 with initial data in L2. We show
that the solution is given by I'(t,0)ug, where T is a propagator. Furthermore, we show that we
have the following equality

t
L(t,0)ug = e Fug + / e~ =) Ldiv (A(s, ) — A)VI (s, -)ugds.
0

By taking L = —A in the above we have u = e"**ug + R_A(A — I)Vu. Using this with the
previously mentioned boundedness results we are able to prove the non-tangential control of the
solution by its gradient.

Next, we give a brief introduction to stochastic integration with respect to Brownian motion. We
introduce the necessary notions from probability theory and explain how the stochastic integral
is defined through the extension of an L? isometry. We also mention the well-known It6 isometry
and It6’s formula.

Equipped with a basic understanding of stochastic integration, we analyse [8]. We give the
outline of the proof of its main result, which is based on a T2? estimate combined with an
extrapolation result based on off-diagonal bounds. Hereafter, we explain how an application of
this main result is used to get a conical stochastic maximal LP regularity for (0.1).

Having analyzed both [8] and [6] we switch our attention to an analogue of a non-tangential
maximal function estimate for (0.1). To do so, we first provide a necessary condition for the
stochastic analogue of the boundedness of R, for p > 2, of which the proof, again, relies on off-
diagonal estimates. Afterwards, we define a Banach space Xg through a Rademacher maximal
function and prove the following result

Proposition 0.1. Let p > 2, 5> 0 and let u : RTFI x 0 — R™ be an adapted simple process.
The operator Ty, extends to a bounded operator from LP(Q;T§’2) to X%, where

’TLu(t,x,w)—/O e*(t*S)Lb(u(s,-,-))(x,w)dW(s).



v

This provides a sufficient condition for our aim, if we can develop, rigorously, a solution of
(0.1).
In the final chapter, we will discuss our results and the above remark regarding the sufficient
condition for a stochastic analogue of a non-tangential maximal fucntion estimate with respect
to the gradient of the solution.
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Chapter 1

Introduction

In this thesis, we focus on a stochastic parabolic Cauchy problem of the following form.

{Btu(t,x) = div(A(z)Vu(t,x)) + g(t, z)dW (1), t>0,z€R", (11)

u(0,x) = up(x), x e R,
with A € L>®(R", #,(C)) satisfying uniform ellipticity estimates

A >0: VEneC™ |(A(x)E,n)| < AlE||n| for a.e. z € R™,

) (1.2)
A>0: Ve C' Re((A(x)E,&)) > NE|* for ae. z € R",

where g : Ry X R™ x Q — R" is a process with suitable measurability and integrability assump-
tionsa and where W is a (cylindrical) Brownian motion representing white noise.

Problem (1.1) is a stochastic partial differential equation (SPDE). To study SPDEs one
utilizes stochastic calculus, which was developed in the 1950s by It6. Via an L2-isometry and
stopping time techniques he constructed the It6 stochastic integral with respect to Brownian
motion. This construction was generalized to stochastic integrals of progressively measurable
processes with values in a Hilbert space H, see e.g. [10], and to H'-valued stochastic integrals
with respect to an H-cylindrical Brownian motion defined by operator-valued integrands with
values in the space of Hilbert-Schmidt opeartors % (H, H'), see e.g Da Prato and Zabczyk [14].
Futher generalizations include stochastic integration on UMD Banach spaces, with recent works
by van Neerven, Veraar and Weis [31, 29, 32].

Recently, it was shown in [8], that, under certain assumptions, the above problem satisfies a
conical stochastic maximal LP regularity with weight 5. Stated somewhat informally, this means
the following.

Theorem 1.1. Let L = —divAV be an elliptic operator in divergence form on R™ with bounded
measurable real-valued coefficients. Then for all 1 < p < oo and 8 > 0 the stochastic convolution
process

t
ut) = [ Iglavis). =0,
0
satisfies the conical stochastic mazximal LP-regularity estimate
P P p
E||VUHTP»2(R+xR”,t*Bdtxdx;R") < CpﬁEHgHTPv?(RJFan,t*Bdtxdx;Rn)’

where g € LP(Q; TP2(Ry x R, t78dt x da;R™)) and where TP2(Ry x Rt Pdt x dz;R™) is a
weighted parabolic tent space of R™-valued functions on Ry x R™.

1



2 CHAPTER 1. INTRODUCTION

The notion of (stochastic) maximal regularity playes a key role in the theory of parabolic
partial differential equations. This is due to the fact that it enables one to study certain classes
of ’complicated’ non-linear PDEs through a fixed point problem. In the deterministic case,
L2(R%™)-maximal regularity was proved by de Simon in [38]. In [39] this was extended to L”
with p # 2 for operators L generating an R-analytic semigroup. In [4] a weighted (in time)
version for the L? boundedness was established and in [7] the corresponding result for p # 2 was
proved.

For stochastic maximal regularity a classis result is due to Da Prato [13]. He proved that for
A = div(IV) in (1.1), u has stochastic maximal L2-regularity in the sense that

Bl Vul?2g, r2@ngny < CEN9 22w, .12 @nm)-

This result was extended by Krylov [24, 26] to LP(Ry; LY(R™; H)) — LP(R4; LY(R™;R™)) for
p>2and 2 < g < p. Krylov also showed that under mild regularity assumption on the
coefficients A may even be replaced by any second-order uniformly elliptic operator. Further
extensions were made in [33] where, for p > 2, the restriction ¢ < p was removed and where
an even greater class of operators were allowed. In all of the above results the condition p > 2
is necessary since for 1 < p < 2 the corresponding result is false [25]. In [8], it is shown
that u has ’conical’ stochastic maximal LP-regularity for the full range p € [1,00), by taking
g € LP( TP2(Ry x R™, ¢t Adt x dx; R™)).

So by working on tent spaces, Theorem 1.1 shows that we can control the gradient of the
solution of problem (1.1) for any p € [1,00). On the other hand, in [6], it was shown that for
the following problem

{atu(t, z) = div(A(z)Vu(t,z)), t>0,z€R", 13)

u(0, ) = up(z), r € R,

we have a non-tangential control of the solution by the gradient of the solution. The result reads
as follows:

Proposition 1.2. Let 1 < p < co,ug € L?(R"), and u(t,-) = T'(t,0)ug for all t > 0, where T is
a propagator. If Vu € TP2, then u € XP, and

[ullxe < [IVullze.2,

where the implicit constant is independent of u and where XP is the subspace of functions F €
L2 (R, such that

loc

1

5 3
| F'||x» := ||z — sup ]l ][ |F(t,y)|>dydt < 0.
5>0 \J$ JB(z,V5)

p

This leads to the question wether we can establish an analogue result for problem (1.1).
Investigating this question is the goal of this thesis. To do so, we analyse the papers in which
the above results appear with a main focus on [6]. Thereafter, we apply the techniques from
these papers to, first, establish a necessary condition for the desired result. Afterwards, we
define a vector-valued version of X?, namely X?, through a Rademacher maximal function and
prove the following result.

Proposition 1.3. Let p > 2, 8> 0 and let u : Rfﬁ“ x 0 — R"™ be an adapted simple process.

The operator Ty, extends to a bounded operator from LP(); Tg’z) to X'g, where

TLu(t,x,w)—/O e*(t*S)Lb(u(s,-,-))(x,w)dW(s).



This leads to the following general outline of the thesis.

First, we introduce tent spaces and elliptic operators in divergence form. We give the defini-
tions of tent spaces and its weighted version and show that they are Banach spaces for p € (1, 00).
After that, we show how the elliptic operator in divergence form, Lf = —div(AVf), is defined
through a form method and that this operator is a maximal accretive operator. As a con-
sequence, it generates an analytic semigroup, (e~**);~o. We also present the proof of L2-off
diagonal estimates for this semigroup and several other families of operators involving L and its
semigroup. These L? off-diagonal estimates serve as a replacement of pointwise kernel estimates
and play an important role in the proofs of the above mentioned results and in the proof of the
necessary conditions that we have developed.

After these preliminaries, we give a detailed analysis of the relevant parts of [6]. We introduce
several maximal regularity operators and prove boundedness results for these, wherein the L?
off-diagonal bounds are used. Then, we focus on the L? setting of problem (1.3) and introduce a
variation of Lions spaces. Together with a priori estimates, we then show that this Lions space is
a solution space of energy solutions. In other words, we show that for ug € L?(R"), the problem

Oy = div(AVu), u € W(0,00), Tr(u) = uo,

where W(O, 00) is the aforementioned Lions space, has a global weak solution. The proof of this
result also shows that the solution is obtained through propagators and provides us with some
useful estimates with respect to Vu and ug. After proving some properties involving these prop-
agators, we present the proof of Proposition 1.2, which also relies on Littlewood-Paley estimates.

Having given a detailed analysis of [6], we shift our focus to [8]. We first give an introduction
to stochastic integration with respect to Brownian motion. We introduce the required notions
to build the stochastic integral and also mention well-known results such as the the It6 isometry
and It6’s formula. Afterwards, we provide a brief explanation on how Theorem 1.1 was obtained
and elaborate on some of the techniques used.

Combining techniques from both [6] and [8], we then establish two new results, from which
the second one provides us with a necessary condition for a stochastic analogue of Proposition
1.2. It reads as follows.

Proposition 1.4. Let p > 2, 5> 0 and let u : R’ffl x 0 — R™ be an adapted simple process.

Then we have Lp

P 2
dt
sup E ][ ][ Touldy— < CpanpBlull?, 2,
6>0 ( g B(-,m‘ i . pomtEllligy
p

with Cp g.n.p independent of u.

After establishing this necessary condition, we define the space X g through a Rademacher
maximal function and show that it is a Banach space. As a last result we prove Proposition 1.3.

Lastly, we discuss the work done in this thesis and give several conluding remarks.
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Chapter 2

Notation

A Banach space X of function from D; to Dy will be denoted by X (D1; D3). In most cases Dy
is either R™ or RZLFH and Dy is R™ or C". If no confusion can arise we will usually just write X.
If the Banach space acts on a different set, then this will be added to the notation.

For the Bochner space of LP functions from D; to a Banach space X, we write LP(Dy; X)
or just LP(X) if no confusion can arise. Similarly, an X-valued Banach space Y will be denoted
by Y (X).

By 2(Dy) or 2, we denote €-°(D1), the space of compactly supported, infinitely differen-
tiable functions on D1, also known as the test functions. Its dual, the space of distributions on
D, is denoted by 2'(D;) or 2.

Similarly by .%, we denote the space of Schwartz function i.e. the space of functions whose whose
derivatives are rapidly decreasing. Its dual, the space of tempered distributions is denoted by
.

We denote by 6,(LP) the space of LP(R"™)-valued continuous functions on [0, c0) that go to 0 at
infinity.

For the average value of a function f over a set B, we use the notation

1
fxdx::/fxdx,
f r@ae= o [ s
where |B| is the volume of B.

By xB, we denote the indicator function of a set B.
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Chapter 3

Tent spaces and XP

Tent spaces were first introduced by Coifman, Meyer and Stein in [11]. Since their introduction,
they have been studied by many authors and now play an important role in harmonic analysis.
In this chapter we give the definition of tent spaces and study several of their properties.

For a measurable function u on Rfﬁ“, we define the conical square function A(u) by

_ > U 2 % T n
A(u)(x) = </0 ]{?(gj,\/{)| (t,y)] dydt> , € R".

Let p € [1,00). The set of measurable functions u on R*! such that
A(u) € LP(R™)

is called the (parabolic) tent space TP2(R':!). By definition we have TP2(RM ) C L2 (RH).
The tent space norm of v € TP? is defined by

[ullzrz = [l A(u)| e

Taking equivalence classes of functions that are the same almost everywhere, this indeed defines
a norm: by the properties of absolute value and integral we easily get ||cul|zp2 = |c|||w|7p.2,
for some constant ¢, and also |[u|l7p2 = 0 implies u = 0 almost everywhere. For the triangle
inequality, note that we can write

lullze = [A(u)]|zr =

1
= ||l —]u .
H |B(ZE, \/)| H HL2(B( W) L2(Ry)

Lr

Using three instances of Minkowski’s inequality then provides us with the triangle inequality for
the tent space norm. So the tent spaces are normed vector spaces. In fact they are complete
normed vector spaces i.e. Banach spaces. There are various ways to prove this. We are going
to show the proof from [18].

To do so, we first define the following map

i TP? 5 [P (L2 <dy dtﬂ >) ,
cpt?

Z(U) (.’L’, t7 y) = ﬂ($7 ta y) = X{(y,t):|x—y\<\/i} (t7 y)u(ta y)7
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where ¢, is the measure of the unit ball in R™. By definition of the norm we have
N 1
p

_ /Rn</ ][ ty2dydt>2dx
)

< </ /n () le—yl<viy (B Y ult; y)[? dtg

nt

[ellzr.2

G O))

Hence, TP is isometric to ¢(77¢). This brings us to the following theorem

2 . .
Theorem 3.1. Let 1 < p < co. Then the operator N, given by
1
t??/)iﬂ u(27tay)d
Cnt2 ‘Z—t‘<\/{5

= X{(t)lo—l<vir(
) = o (22 (v %

Y—n

)) whose range s

N(u(z,t,y))

defines a continuous projection from LP (L2 (dy
Proof. We are going to use the vector-valued Hardy-Littlewood maximal operator given by

i(TP2).
1
W/B\f(zat,y)\dz

dt
i3

) = I (g )y = 1 0

My f(t,y)(x) = sup
zeB
where B denotes a Euclidean ball. By definition of N we have
N Ut )] < Xty () 57 |/’ u(zty)ldz < Miu(t,y)(a).
From [36] we know that, for 1 < p < oo, M; is bounded LP (L2 (d d )) — LP <L2 (dy%))
Cn Cn
)

So we find
N
| u||LP<L2(dydt%
cnt
Next we need to show that N is a projection. We have
1
N(Nu)(x,t i t, Nu(z,t,y)d
(Nu)( Y) X{(y,t),\m_y|<\/5}( y)cntz /|Z oy ( Y)
(t,y) ! / u(v,t,y)d ! / dz
{(y t) \x7y|<\/i} ’ Cnt% IU y|<\/ T Cnt% |ny‘<\/g
\/ENu(z,t,y)d Then, by

_ 1
cnt% fizfy|<

= Nu(z,t,y)
Nu(z,t,y)d

2—y|<VE

Now let u be in the range of N and denote h(t,y)
1
| —

(#:69) = Xyt 0 g [

definition we have
() le—yl<viy (B9 Y)



= h(w,t,y).
If @ € i(TP?) then we have

W, T, Y) = X (y0):fa—y|<viy & Y)u(t,y)
1
= X{(yt):]a— ty n/ X{(y,t):]— t,y)u(t,y)dz
(@ lo—yl<viy (V) ylevi L@ ul<viy (b Y)u(ty)

cpt?

1
XD [ty
= Nu(z,t,y).
So we also have that i(772) is equal to the range of N. O
A consequence of the above theorem is the completeness result for the tent space.

Corollary 3.2. Let 1 < p < co. Then TP? is a Banach space and the subspace of compactly
supported functions is dense in TP?2.

Proof. By Theorem 3.1 we have that i(T??) is a closed subspace of LP (L2 (dy )) and hence

is Banach. Since TP*? is isometric to i(TP2) it follows that T?? itself is a Banach space as well.

To prove the density result, first note that the compactly supported functions are dense in
Lp <L2 (dy%)) Also, if f is compactly supported then there exists a compactly supported
h such that nN (f) = h. Now let u € TP2. Then we have a sequence of compactly supported
functions (uy,)pen such that w, — @ in LP <L2 (dy

dt )) By continuity of N and calculations

cnt?2

from the previous proof we get h, = N(up) — N(a) = @ in LP <L2 (dy%)) By isomtry
Cn,

between TP2 and i(TP?) we thus get

hy, = u in TP2,
with (hp)nen a sequence of compactly supported functions. O

A useful property for the case p = 2 is that we have, by using Fubini and |B(z,V1)| =

|B(y, V1)l
[ullpze = (/n/ ][ u(t,y)| dydtdac)
= (/Ooo /n]{g(%\/{) \u(t,y)|2dxdydt>
= (/Oo/n][ o dz|u(t, y)|2dydt>
= </ /n u(t,y) 2dydt>

= |lullre (L?)>

N|=

o

V]

[SIE

and hence T?? = L%(L?).
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In the above we defined our tent spaces with an integration over a ball with aperture 1 i.e.
B(x,1-+/t). We can also define the tent space with a different aperture: Again, we define a
mapping, mapping functions on RTLI to functions on R", by

N :
A9 () (z) = / L / fu(t, ) Pdydt |
0 cpt2 B(z,a/t)

Let p € [1,00). The set of measurable functions u on R7*! such that

A%(u) € LP(RM)

is called the tent space T?%%, with norm defined by ||u||zp.2.0 = ||A%(u)||z». It turns out that this
norm is equivalent with the previous one and thus defines the same sets. In [2], this equivalence
was proven with sharp bounds. Since we do not necessarily need sharp bounds, we will provide
a shorter proof from [18]. Let 0 < a < co. We define the following map

dt
Qg TP?Y — LP <L2 (dy - >> ,
cpl2

io(u)(z,t,y) = X{(y,t):|z—y|<av/i} (t,y)u(z, t,y).

2,a

Analogously to & = 1 we get that TP2® is isometric to i, (T?>%). Moreover, the operators

defined by
1
NaU($,t,y) =X J|o— a (t7 y)in / U(Z,t, y)dz
{(t):]e—yl<avt} nt? Jisyl<avi

are also continuous projections in LP <L2 (dy dt )) with norms independent of a and with

cnt2
range i, (TP%%).

Proposition 3.3 (Change of angle). Let 1 < p < 00 and 0 < oy, as < co. Then TP>%1 = TP:2:02
with equivalent norms.

Proof. By change of variables we may assume a; > ag = 1. For u € TP?°1 we have, using

B(z,t) C B(z,a1V1),

D
[e'e] 1 2
ul|® :/ / - / ulldydt | dx
iz R ( 0 cpt2 B(az,ﬂ)| |
< / / Tl / |u|?dydt Ed
< = XB(x.o u|“dy x
" 0 Cnt§ B(m’\/g) B( ) l\/z)
g/ / n/ lu|*dydt | dz
n \Jo cnut? JB(z,01V1)

= [[ullr2.e,

and hence TP2® C TP2, Now take u € TP2. Then we have

— X s o t,y u t7y dZ
Cnt§ /Z—y|<a1\/i {(y,t).‘ y\< 1\/1:/}( ) ( )

= X{(gt):|o—y|<ar v} (T y)Tult, y),

Na(ia; (u)(z,t,y) = X{(y,t):|z—y|<o1 vt} (ty)
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from which we get
HU||TP,2,a1 = Oéf”HNOA (ial (U))HLP (L2 (dy dt )) < CpaInHuHTpﬂ.
cnt%

O

Remark 3.4. The statement with sharp bounds from [2] reads as follows. Let 0 < p < oo and
ay,a > 0. There exist constants C,C’ > 0 depending on n,p only, such that for any locally
square integrable function f

. ar\" ¢ (g P
C min { (%) , (QQ) } 1 lwees < 1 lowees
o —5 o ~%
gc'max{<1) () }\|f||Tp,2,a1.
a9 a9

Moreover, the dependence in «y/ag is best possible in the sense that this growth is attained.

We will also work with weighted (in time) tent spaces, denoted by Tg’Q for some 8 € R. They
are defined analogously to the unweighted tent spaces, but where the time variable is integrated
with respect to the measure £5. These weighted tent spaces are also Banach spaces and have a
change of aperture result. The proofs for these are similar to the unweighted case.

We will also use a variation of the non-tangential maximal function, which was introcduced
by Kenig and Pipher for elliptic equations in [23].

Definition 3.5. Let F € L? (R"*"). The non-tangential mazimal function N(F) is defined by

N(F)(z) := sup f ][ F(t,y) |2dydt , Vo e R".
5>0 6)

Using this non-tangential maximal function the following Banach space was defined in [23].

Definition 3.6. Let 1 < p < oco. XP is defined as the subspace of functions F € LlOC(RTFI)
such that )
[Ellx := [|N(F)[[Lr < oo.

In contrast to the original non-tangential maximal function, defined by

*

ut i x e sup lu(t, )|, (3.1)
(t,y)€(0,00) xR™
lz—yl<v/t

we do not need pointwise bounds for our solutions. We can also control the modified non-
tangential maximal function by the original one in the following way.

1
2
sup <][ ][ F(t,y) lzdydt> < sup <][ ][ dydt)
>0 >0
= F*(z

Hence,
[Fl[xr < [[F*[| e
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Chapter 4

Elliptic operators

In this section we will define what a divergence form elliptic operator is and also provide a few
properties that we are going to use later on. These properties and definitions are taken from [3],
unless stated otherwise.

Before stating the definition of a divergence form elliptic operator we introduce the notion of a
strongly continuous semigroup, an analytic semigroup and (maximal accretive) operators.

Definition 4.1. Let X be a Banach space and L(X) the bounded linear operators on X. A
strongly continuous semigroup on X is a map T : Ry — L(X) such that

(i) T(0) = I, where I is the identity operator,
(ii) for allt,s > 0: T(t+s)=T(t)T(s),
(i17) for all x € X : limy o | T(t)x — x| x — 0.

Now let S(t) be a strongly continuous semigroup on a Banach space X and denote a sector
of angle w in the complex plane by ¥, i.e.,

Yo ={2€C:|argz| <w}.

Definition 4.2. S(t) is said to be analytic if there exist a w € (0,5) such that the following
hold:

e The mappingt — S(t) can be extended to ¥, such that the usual semigroup properties hold
on X,. In other words, such that for all s,t € ¥, we have S(0) = I, S(s)S(t) = S(s+1)
and the mapping z — S(z)x is continuous for all x € X.

o For all z € ¥, ,\{0} the mapping z — S(2) is analytic in the operator norm.
We will also need the following definitions related to operators

Definition 4.3. Let X,Y be Banach spaces. An operator T is said to be closed if its graph,
[(T) is a closed set. Here, the T(T) = {(z,Tz) : v € D(T)} C X ®Y, where D(T) is the
domain of T.

Definition 4.4. A closed operator T' acting on a Hilbert space H is said to be accretive if
Re(Tu,uy >0, forallue H.

If T has no proper accretive extension, it is called mazximal accretive.

13
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We will also introduce the notion of a bounded holomorphic funtional calculus is as was done
in [16].
Let w,0 € C be such that 0 < w < ¢ < m. We define the following sectors in the complex plane.

¥, = {zeC:|argz| <w}, 22 =¥, \{0}.

Note that X, is a closed set and X0 an open set. By H(X?) we denote the space of all holomorphic
functions on XU. For every a, 3 > 0,we define the following subset of H(%2)

H>®(Zg) = {d € H(Zy) : [|6]| Lo xg) < o0},
Uops(22) :={¢ € H(X]):3C : |¢(2)| < Cl2|*(1 +|2[*"#)~" for every z € £0}.

We also define the set ¥(X)) := Ua.g>0 T, 5(20).

Definition 4.5. Let w € [0, 7). A closed operator L in a Hilbert space H is said to be sectorial
of angle w if o(L) C Xy, where o(L) is the spectrum of L, and for each o > w, there exists a
constant Cy > 0 such that

I(zI = D)7 < Colol ™, 2 ¢ S

Let w < 0 < 0 < m and L a sectorial operator of angle w € [0, 7) in a Hilbert space H. Then

for every ¢ € W(X2)
1

o -1
L) = 5z [ PN =Dy

defines a bounded operator on H. Since L is sectorial, the above integral is well-defined. Fur-
thermore, by the extension of Cauchy’s theorem, the above definition is independent of the
choice of 0 € (w, ).
Now, in addition to sectorial, assume that L is also injective. By, for example, [12] Theo-
rem 2.3 and Theorem 3.8, we get that L has a dense domain and a dense range in H. Setting
#(2) := z(14+2) 72, we then get that ¢(L) is injective and has dense range in H. For f € H*(X?)
we define by

F(L) = [$(L) (- 9)(L)

a closed operator in H. If there exists a constant ¢, > such that for all f € H>®(X2), there
holds f(L) is a bounded operator on H with

IF (D < ol fllzoe(sy)s

we say that L has a bounded holomorphic or H>(X2) functional calculus. Having a bounded
holomorphic functional calculus is equivalent to L satisfying square function estimates, i.e. for
some (all) o € (w,7) and some ¢ € U(X2)\{0} there exists a C' > 0 such that for all u € H

—1)1,,112 Oo o dt 2
C™ lullg < : l¢(tL)ullE~ < Cllull”.
For more details about functional calculi (of accretive operators) see [27].

Now we start defining what a divergence form elliptic operator is. Let A € L™ (R", .#,(C)))
satisfy uniform ellipticity estimates

A>0: V& neC [(A(@)S, )| < Alllnl, = eR”,
IAN>0: V€T, Re((A(2)E,€)) > NE2, = € R™
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A second order divergence form operator is then formally defined as
Lf = —div(AVY).

We will need to justify this definition and notation. To do so, let D(L) be the largest subspace
contained in W2 = H' the Sobolev space, such that

\(AVf,VgH = SCHQH% for allgGHl,

AV - Vgdz
R

where (-,-) is the L? inner product. Then we set Lf by

(Lf.g)= | AVf-Vgdz,
R

for f € D(L) and g € H'. This defines L (see [22, Chapter VI] for more information on forms).
From this definition we get that L is a maximal accretive operator on L? and that its domain,
D(L), is dense in H! (see [22, Chapter V, §3.10]).

To justify the divergence notation we first introduce the homogeneous Sobolev space in the
following way: we set H'(R") = {u € 2'(R") : Vu € L*(R";C")} equipped with the seminorm
u +— ||Vl 2. Note that for this semi-norm, H' is dense in its homogeneous version H'. (Test
functions are dense in H' and are included in H ). Hence, L extends to a bounded invertible
operator from H' into its dual space, which can be identified with H—1(R") = {divg : g €
L%(R"™,C")} equipped with the norm f — ||f| ;-1 = inf{||g||z2 : f = div g}. Moreover, for all
uwe HY(R™), all g € L>(R";C") and f = div g, we have

g-1{fow) g = —12(9, Vu) 2.
Remark 4.6. For the dual of L we have
(Lf,9) = (=div(AV f), )
= (f, —div(A"Vg))
=(f,L"g), f.g€H,

with A* being the dual of the matriz A. This shows that the dual of L is again a divergence form
elliptic operator.

Since L is a maximal accretive operator we have that —L generates a bounded analytic semi-
group (e_ZL)zeEE,WL with wy, = inf{y € [0,5) : [arg(Lf, f)| < v for all f € D(L)}. From [35]
2

we also know that (e7F)icp, is a contraction semigroup i.e. ||e™F||2 2 <1 for all t € Ry.
Another consequence of L being maximal accretive, is that it also has a bounded holomorphic
functional calculus on L? [27, Theorem 11.5].

A property involving the operator L and its semigroup that we Wﬂll nleed later on is the
following: Let L2 be the unique maximal accretive operator such that L2 L2 = L. Then for all
u € H', we have, by the solution of Kato’s square root problem [5],

1
[L2ull2 ~ [[Vull (4.1)
and the domain of L? coincides with H'. As a consequence we get

sup ||Ve_tLu||L2 ~ sup ||L%e_tLu||L2 = sup ||e_tLL%uHL2 < ||L%u||Lz ~ ||Vul| 2. (4.2)
>0 >0 t>0
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Another property that we use on multiple occasions throughout this thesis are the off-
diagonal estimates of Gaffney type.

Definition 4.7. Let q € [1,2] and let T = (T})i>0 be a family of operators acting on L?. If for
some constants C > 0 and ¢ > 0, for all Borel sets E,F C R", all h € L?> N LY with support in
E and all t > 0 we have

_n ,_;) _ cd(B,F)?

IxrTibllz < Ct 220 ],

then we say that T satisfies L9 — L? off-diagonal estimates. Here, d(E, F) denotes the distance
between the sets E and F.

Whenever ¢ = 2, we just say that 7 satisfies L? off-diagonal estimates.

Proposition 4.8. The families (e *)s~q, (tLe™t)~¢ and (VtVe )i satisfy L? off-diagonal
bounds.

Proof. Let ¢ be a Lipschitz function on R™ with Lipschitz norm 1 and let p > 0. By the same
mehod as we defined the operator L, we define L, = eP?Le~P?. Note that for L we have

Lf = —div(AVf) = Z@aw@f

and for L, we have
L,f= —eP?div(AVe PP f) = epd’Z@ a; j0;(e (e P2 f),
7‘7

where we recall that L is defined through a form and hence the a;; need not to be differentiable.
Using the product rule we get that L, has the same principal term as L and some lower order
terms, which are bounded since e”® and e?? are smooth enough. In other words, if Q, is the
associated form, then it is bounded on H' and we can find a constant ¢ depending only on
dimension and the ellipticity constants of L such that

Re(Q,(f) > MIVFIE - c?lIfI3 f e H.

The above shows that L, + cp? is a maximal accretive operator on L? and hence generates an

analytic semigroup (e_tLPe_CPQt)DO. Since ¢ and p are constants we find that the semigroup
(e7trr);~0 exists and is analytic as well. So we have

— c 2
le™%2 fll2 < Ce™| fll2, (4.3)

for all t > 0 where C only depends on ellipticity constants of L and on dimension. Now let E and
F be two Borel sets and f € L2, with compact support contained in E. Choose ¢(z) = d(z, E).
Since L, = eP?Le™P?, viewed as multiplication of operators, we get that e tlr = ePPetle=r?,
Using this, and that the support of f is contained in £ we find

o il — ¢=Poetlo f.
Combining with (4.3) we thus find for all t > 0 and p > 0

— _ 2
Ixre ™ fll2 < Ce P E)e™ | 5.
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Optimizing —pd(E, F) + cp*t with respect to p > 0 we get
d(E,F

_ _ )?
Ixre ™ fll2 < Ce™ aer || fla. (4.4)

Now let o € C such that |a| < Z —wy. Then e“L, with coefficients e A(z), is an operator in
the same class as L. Hence we can find the same estimate as (4.4) for L. For z € oz
—zL _ o—t(e'*L)

—wy, We

can write z = tel® with |a| < 5 —wr and t € R. In this case we have e . Thus we
can do the following.

Let f,g € L?, with supp f C E and supp g C F. For z € &,,, define

G(z) = (e f.g) = / e~ f(x) - glx)d.

n

Using that (e™*%),cx, is analytic and e * = et L)

and find

we get that G is also analytic on X,

E

_d(B.F)?
G(2)] < Ce™ e || fllallgll2-
Now fix t > 0. We can write, by using the Cauchy integral formula,

t —¢L
— 672(1@
271 ¢ —tj=nt (C—1)

where we choose 7 > 0 small enough such that {¢ € C: | —t| < nt} C Xp. We thus find

tLe b = —

_ t 1G]
[(tLe " f,9)| < o= |dc]
21 Jic—t=m 17
d(E,F)? 1 1
< 0o " el 52
~ _d(B,F)?
< Cem || fllallgll2-

Hence, for all t > 0 we find

d(E

— o - YF)Q
IxptLe " flla < Ce™ et | f|la

with C only depending on dimension and ellipticity constants.
To see that (v/tVe 'F);~q also satisfies L? off-diagonal estimate we note that, for f € H?, we
have, using ellipticity,

IVEve (3 = (Vive ' f,v/tVe t f)
= (tVe tLf Ve tLf)
< (tAVe 't f Vet f)
= (—tLe'f, f)
< [l = tLe " fllal fll2,
where the implicit constant only depends on the ellipticity constants. Hence, the L? off-diagonal
estimates of (vtVe™'");~¢ follow from the L? off-diagonal estimates of (tLe™'*);~y. O

Remark 4.9. Let t > 0. We have (vtVe tE)* = \/te £ div. Using this we find

tVe tf, Vte T d .
IVEVe ™ | 1ayps = sup [(VEVe L}, g)| ~ sup [(f, Vte wg)| Ve div| oy 1.
rgerr fll2llgll2 fgeL? [ fll2llgll2

Since L* is a divergence form elliptic operator, as mentioned in Remark 4.6, we know that
(VtVe L") ,oo satisfies L? off-diagonal bounds as well. Switching the roles of L* and L in the
above computation thus shows us that (v/te tdiv)i~o also satisfies L? off-diagonal bounds.
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Proposition 4.10. If T = (T})i>0 and S = (S;)i>0 both satisfy L? off-diagonal estimates, then
so does (TySt)t>0-

Proof. Let E,F C R™ be Borel sets, t > 0 and f € L?. We want to show

cd(E

_ cd(B.F)?
IxrLi(Sexef)lle Se + |Ixeflle.

for some constant ¢ > 0. First we assume that F'N E = (). We denote d = d(F, F'), and define

[y

Gi={zxeR"d(z,EUF) > gd},

1
Go ={z e R"d(z,FE) < gd},
1
Gz ={z eR"d(z,F) < gd}
The above sets are mutually disjoint and we have G1 U G2 U G3 = R™. Now we get

IxrTi(Sexef)ll2 = IxrTi((xe: + Xas + XGs)Sixef)ll2
< IxrTi(xc, Sexef)lz + IxrTi(xc. Sixe )2 + IxeTi(xas Sixef)|l2- (4.5)

Using L? off-diagonal estimates for 7" and S for the first part we get
_e1d(Gy,F)?
IXFTi(xc, Stxef)ll2 Se  lIxe, Stxefll2

_¢1d(G1,F)?  c9d(G1,E)?
t t

Se e Ixefll2

c13d(E,F)? cpid(E,F)?
=ec et xefl

& d(E,F)?

=e o Ixeflles

where ¢ = %cl + %02. For the second part of (4.5) we have

_1d(Gg,F)2 c9d(Go,E)?
IXFT:(Xc, Sixef)ll2 Se e ©xefll

2

2
_c13d(B,F)
Se e llxefl:
_ &yd(BE,F)?
=€ t ||XEf||27
where ¢y = %01 + %02. Similarly, we get for the last part of (4.5)

E3d(B,F)?

IxrTi(xasSexef)lle S e 7 [Ixeflle

where ¢3 = %cl + %CQ. Collecting the above estimate thus provides us with the desired result

with ¢ = ¢, + ¢ + ¢3.
d(E,F)?

Now assume F N E # (). Then d(E,F) =0 and hence e”~ ¢ ~ = 1. In this case we have

IxrT:(Sexef)l2 = [IXFT(xrnSexEf)]|2
_c1d®™, )2 cod(E,R™)?
Se te o Ixefll

= [Ix& /2,

which is the desired result. O



Chapter 5

Maximal regularity operators

We first introduce the notion of maximal regularity in a simple setting. Let X be a Banach
space and L a closed, not neccesarily bounded, operator with domain D(L) dense in X. For a
measurable function f : [0,00) — X, we consider the following problem

[0ty T o0

Definition 5.1. Let p € (1,00). We say that L has mazimal LP-regularity if there exists C > 0
such that for all f € LP(0,00; X), there is a unique u € LP(0,00; D(L)) with ' € LP(0,00; X)
that satisfies (5.1) for almost all t € (0,00) and such that

HUIHLP(O,OO;X) + HLUHLP(O,OO;X) < CHf”LP(O,oo;X)-

If we have a bounded analytic semigroup (7'(t))¢>0, generated by —L, then the solution u of
(5.1) is formally given by

u(t) = /0 T(t—s)f(s)ds, t>0.

Hence, we have

Lu(t) = L/O T(t—s)f(s)ds = /0 LT(t—s)f(s)ds t >0,

Since u/(t) = —Lu(t) + f(t) we thus can see if L has maximal LP-regularity by checking if the
operator My, defined by

MLf(t):/OtLT(t—s)f(s)ds, t>0

for f € LP(0,00; X), is bounded in LP(0, oo; X).

Going back to our setting of interest, we consider the divergence form elliptic operator
L = —divAV with domain D(L) = {u € H(R"); AVu € D(div)} and A € L®(R";.#,(C)))
satifying (1.2). As previously mentioned, —L generates a bounded analytic semigroup of con-

tractions (e_tL)tzo on L?. The maximal regularity operator associated with L is then formally
defined by
¢
Mpf(t,z) = / Le= 9L f(s. ) (x)ds. (5.2)
0

The L?(R; x R™) boundedness of this operator was proved in [38] by de Simon using the H-
functional calculus. For LP(R; x R™) boundedness, where p # 2, it was shown in [39] that

19
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a necessary and sufficient assumption was that L generates a R-analytic semigroup. In [4], a
weighted (in time) version of the L? boundedness was established. It was shown that, for all
B € (—-1,00), My, extends to a bounded operator on L?(R, x Rt~ Adtdz) = Tﬁm. For the
corresponding p # 2 case, the following result, of which we will provide the proof, was established
in [7].

Theorem 5.2. Let —T be a densely defined closed linear operator acting on L*(R™) and gener-
ating a bounded analytic semigriup (e=*1);>¢ and let B € (—1,00), p € (%, o0) N (1, 00),
and T = min{p, 2}. If for all Borel sets E,F C R", allt > 0 and all f € L*(R"), (tTe )50
satisfies

B d(E, F)*\
Ietre el 5 (1“5 ) el (5.3

where M > -, then Mr extends to a bounded operator on T§’2.

Proof. In this proof we are going to use dyadic annuli which are defined as follows. For x € R™
and t > 0, we introduce Co(z,r) = B(z,t), and Cj(z,7) = B(z,2/t)\B(x,2771t), for j > 1,
where B(z,t) = {y € R" : |x — y| < t}, the ball of radius ¢ with center z.

o0 o0 o0
Let f € 9. Using Minkowski inequality we can write HMTfHTg,z < 3> I, + Z J;
k=1j= J=0

where

Iy = (/n </0°°fB ’/2 . lt TG, wav (55 )(y)dS‘Qdy?ﬁlt)gda?) ,

p

J: = / </00][ ’/t Te—(t—s)T(XC f(s '))(y)ds‘Qdy@ 2 dx);
’ nNJoo BV 'L j(w,4/5) )\ v
We fix 7 > 0 and k > 1. Then we have for fixed x € R"
2-1¢ Y
T —(t—s) ) dt
/ ]{g(x f)‘/Q o T e v £, ))(y)dS) dy

2-1¢
ds |2 dt
~ _ (t=s)T ) _as _dat
= /0 /B \ /Zt DT (e gy P ) W) ;= | s

oe] 2= 1t (t ) ) dt
:/o /B ’/2 k- 1t s)Te” (XC (:1:4\f)f< (y)d3’ dym

00 2-1¢
dt
< 2_kt/ t — s)Te (=T _ S, - 2dsd —_—
< /0 Ry SN (X6 v (52 ) @ Py

—k—1¢

S =

- [ / 2y / (t — 5)Te= (=97 F(5,))(y) Py 224t
Jo Jarey B(z1) Xey@av I35 WY g e

0o 271 g2t \ —2M
<[ [ ( 2 ) iozrayi (5 ) ) 3ol
~ 0 o—k— lt t—s x t5+ +2

2k+1

akyam [ (/ BftH)IIx ook s F5 D) Bds

n , ds
—k(Z4148)5—45 M 2
S2HED I [T g 5 Dy
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n . oo ds
~ 9 k(3 +14B)g—45M / ][ . 24,45
: ; B(z,2j+3+§\/§)|f(7y)(8)‘ Y5
t

In the first equality we used that ¢ —s and ¢ are similar in size for s € Uk21[2_k_1t, 27k C o, 5.
For the first inequality we used the Cauchy-Schwarz inequality for the integral with respect to
y. Afterwards we used Fubini to switch the integral. In the second inequality we used (5.3) and
in the subsequent steps, again we used that ¢t — s and ¢ are similar in size and Fubini. Using
these calculations together with Remark 3.4 we thus find

Iig S (G + W2 HGEHE—R)ICU=2) )

where 7 = min{p, 2}. Since we have M > 2= and 2 + 1+ 8 > 22 it follows that
o o
S £l
k=1 j=0

Note that our restriction on f is required~f0r 5+1 1—1— B> %—Z to be true for p > 2.
Now we estimate Jy. We have Jy < (g Jo(z)%dz)? where

jo(x):/ooo/n

with g(s,y) = Xp(z,ay5) (V) f(s,y). We have

t 2 dydt
—(t—s)T . Yy
/; Te =gl (y)ds| e

t

[T gl s = [ Te gl s = [Ty ) ds

' 0 0

t i
B /0 Te= =T g(s, ) (y)ds — e ™37 /O T eI g(s, ) (y)ds.

So we can rewrite the inside integral of Jy(z) as
_t t
Mrg(t,) = e 2" Mrg(5.).
Since 8+ % € (—1,00) we have by [4] that M7 is bounded on L?(Ry x R™; t=(B+3)dydt). We

also have that (e7*7);>¢ is uniformly bounded on L?(R"). We thus get, in combination with

Fubini’s Theorem
j < o0 2 dS
03 X B(z,4y5)f (55 ')||285T%-

As for J; with j > 1 we have for fixed z € R"

h t 2 dt
Te_(t_S)T XC;(x,44/5 f S, ))\Y ds dy—
/0 7{9@,@‘/; (Xoy(zavm (5:2) () 3
ds 12, dt

S t
~ t— 8T —(t—s)T . _ B T
/0 /B(x,\/i) ‘ /é ( S) ¢ (XCJ(QCA\/g)f(s’ ))(y)t s ytﬁ+§
oo t
< t— 3T —(t—s)T . g 2 d !
S A R Y O rerr e =

[ Qimg\ —2M s
: =145 NN RTI
~ /0 /; (t 3) 1+ s HXB(J:,2J+2\/g)f(s’ )”28/64,-%_1 dt
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; o 2s 27mi\ 2 ds
—2j(2M—2 -2 2
200 [T ([T 2 (14 220 ) Isaren a6 B g

0
by 9] dS
S 9 4]M/O ||XB(z,2j+2\/§)f(s’ )H%SIBT%

4 o ds
=2 [T Py
0 JB(x,27+2,/s) S

In the first inequality we used Cauchy Schwarz inequality. In the second we used Fubini and

then (5.3). In the next step we again used Fubini and that ¢ and s are similar in size. In the

last inequality we used the change of variables v = ﬁ Using a change of angle we thus find

Jj S 2N | llgge = 5277 fllgge.

Now summing up all the estimates provides us with the desired result. ]

Remark 5.3. In Section 4 we have seen that the operator L = —divAV is a special case of a
densely defined linear operator acting on L*(R™) that generates a bounded analytic semigroup
(e7')4>0. Furthermore, by Proposition 4.8 we also get (tLe™'F);>o satisfies (5.8) for any M.
So by the above theorem we get that My, extends to a bounded operator on Tg’Q for B € (—1,00)

and p € ( 00).

2n
n+2(1+5)°

We are also going to use a variation of M, namely M, defined by
¢
Mrf(t,-) :/ Ve =9 div f (s, -)ds. (5.4)
0

Proposition 5.4. M, is well defined as a bounded operator from L'(H?) to LS°

% (L?), where
H? = H*(R";C"), and extends to a bounded operator on L*(L?).

Proof. By using (4.2), we have, for all 7 > 0 and g € H?,
IVe ™ div gl > S IVdiv gl e < gl a2,

which shows that the operator is indeed well defined.

Now for the extension to L?(L?). By Remark 4.6 we know that the adjoint of a divergence
form elliptic operator is again a divergence form elliptic operator. Let L' = —div A*V. Then
(L')* = L. We thus know, by the solution of the Kato square root problem [5], that for
g € L*(R%;C") we have HV(L’)_%gHLz S |lgllz2. Hence, V(L')_% : L*(R") — L*(R%;Cn)
is a bounded operator. Using (V(L’)_%)* = —((L’)*)_%div = —L 2div, we find that h =
L_%divg € L*(R"). Furthermore, if g € H?, then divg € H! = D(L%) by [5]. Therefore,
Lh = Ladivg € L?(R™). Hence h € D(L). Since VL 2 is L2 bounded, [5], we get for all g € H?
and 7 >0

Ve "Idivg= VL 2Le "FL 2divg in L%

From this we get for all f € L'(H?)
Myf =VL 2 ML 2div f.

Since M, is bounded on L?(L?), and 2 C L'(H?), we find, by density, that M, extends to a
bounded operator on L?(L?). O

We also have that the adjoint of M, extends boundedly to L?(L?):
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Lemma 5.5. The adjoint of My, initially defined for g € 9, is given by
M g(s, ) :/ V(e B divg(o + s,-)(z)do, (s,z) € (0,00) x R"
0

and extends to a bounded operator on L?(L?).

Proof. Let f,g € 9. Then

/RWLf(t,-),g( // X(0.00)(t — 8)(Ve "9Ldiv f(s,), g(t, ))dsdt
S [ o) i 5. gt + 5, s
R JR
— / / X0y (@) (F (5, ), V(€ L) div g + 5, ))dods

_ /< / V(e ") div g0 + 5, )do>ds.

By density of 2 we get the extension to L?(L?). O

Proposition 5.6. Let § € (—1,00) Then M extends to a bounded operator on Tg’Q forp e

(ﬁ;ﬁ%ﬁqg,@O)f\(l,OO)

Proof. As in the proof of Proposition 5.4, we have the following L? equality
Ve "ldivg = VL 2Le L1 2div g.
From this we get for all f € L' (t=Adt; H?)
My f = VL 2 ML 2div f.

Since M, is bounded on L2(t=Pdt; L?) for B € (—1,00), see [4], and 2 C L'(H?), we find, by
density, that M, extends to a bounded operator on L%(t~Adt; L?).
Now we consider the following family of operators: (tVe™*“div);~o. We have for any ¢t > 0

tVe tLdiv = ViVe Lo 5L \/idiv.

By Proposition 4.8 and Remark 4.9 we know that (\/EVe_%L)bg and (e_%L\/{fdiv)bo satisfy
L? off-diagonal estimates. Hence, by Proposition 4.10, (tVe *rdiv);~¢ satisfies L? off-diagonal
estimates as well. Since satisfying L? off-diagonal estimates implies that (5.3) is satisfied for any
M, we can now repeat the proof of Theorem 5.2 to obtain the desired result. ]

Remark 5.7. For 8 = 0, the above proposition holds for a bigger range ofp Let q € [1,2)
be such that sup; H\fVe ¢t | 2(rsy < oo forall s € [2,q"). In that case, My, extends to a
bounded operator on TP2 for all p € (pe,o0] with p, = max{ 2L :}. For the proof we refer

to [6, Proposition 2.8].

n+q’ n+q
We will also need to following integral operator

Rrf(t, x) ::/O e div f (s, ) (x)ds, (5.5)

which is defined as a bounded operator from L'(H'), with H! = H'(R";C"), to L

loc

(L?).
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Proposition 5.8. Let p € (0,00). The operator Ry, extends to a bounded operator from TP? to
XP,

Proof. In this proof we are going to use dyadic annuli which are defined as follows. For x € R"
and r > 0, we introduce Si(z,7) = B(z,2r), and S;(x,r) = B(z,2Tr)\B(z,2r), for j > 2,
where B(xz,r) = {y € R" : |z — y| < r}, the ball of radius r with center z.

We note that it is enough to show that [|Rf|x» < || fllzwe for f € (R C"), since
%.(R";C") is contained in L'(H') and is dense in TP% of C"-valued functions.
Now let f € €.(R%™;C"). For almost all (t,z) € R we have

t
Rrf = /Oe(tS)Ldivf(s,')(x)ds

© 27k
S / e~ =)L iy f(s, ) (x)ds

—ky¢
k=0 2
- 1-27k)tL 2 27Ft—s)L
= Ze_(_ )t /Q—kt e T div (s, ) (x)ds
k=0 2
= Y e U2 f(27 R ),

where K f(t,x) = ﬁ e~ (=)L divf(s,-)(z)ds. Fixing € R” and k > 0, we get for § > 0
2

][][ SO R F(27 R ) Pyt
B(z, \/3)
oo d (1 Q—k)tL k 9
S e X (x K f 2” ta' y dydt
2 ][g]{g(gcﬁ)' (X3, (0, ve) KLf (27 )) W)

Jj=1

. o . 45
<Y 2uts ][e 1(12k)t][ |Krf(27", y)|?dydt
3 B(z,29+1/3)

1
2

N

2

2

1
> . 5 1
,S 2j%e—c4] ][ f |KLf 2_kt, y) Qdydt
2 ( g 200
o in 2k s . )
s Yre K (275, y)Pdydt
a Z 520 ][2‘“5’ ][B(x,23'+1+§\/57)| f2 7yl dy

o0 5 2
=32 sup f 1 KL f (1) Paydt |
: (5’>0 (z 2]+1+2 f

where in the first inequality we used Minkowski inequality to move the sum out of the integral.
In the second inequality we used the L? off-diagonal estimates for (e~*%);>o. Note that for k = 0,
we have, for any j > 0,

1
2

1
2 5 2
][ ][ Vel ) s v ][ ][ KL f(ty) Pyt
$ JB(,2111V56)
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1

& 2
< 2% sup ][ ][ |Kpf(t,y)|Adydt
§>0 \J & JB(z,20+1V5)

Looking at the part in the supremum, we have for & > 0 and j > 0

4 2
K f(t,y)|*dydt
(Jézl][B($72j+l+§\/67)’ Lf(ty)l"dy >
o) kY
<
_lz; ][‘;;]{Bm””’z?ﬁ)

Again, we used Minkowski and the boundedness of the operator to take out the sum.
Now let I =1, and t € (%,, d’). Then we have, using Remark 4.9

t t
—(t—s)L q; . —(t—s)L q; .
H/; [§] le(Xsl(x72j+1+§\/5ﬁ)f(Sv ))(y)dSH2 < /; ||6 le(XS1(x,2j+l+§\/5>’)f(S’ ))Hgds

N[

2
ei(tiS)Lle(XSl(xg]‘Fl-ﬁ-%\/y)f(s’ ))(y)ds‘ dydt>

t
1
= /; \/m||XB(x72j+2+§\/6ﬁ)f(sa')HZdS-

From this we find

&’ t (t=5)L 9 %
]é]{s(x,wué\/ﬁ) )/; ‘ le(Xsux,zHH%W)f(S"))(y)ds‘ dydt

1 E )
S (d, / @t [ / I e g F )0 dydt>
2
(3 [ )’
o\ )y 2
1

2 2
— jH1+E o -2 .
|ITF(t

N

(tfs)LdiV(X ds

S1 (x,2j+1+%\/57)f(57 N(W)

t
2

) ) HL2(%’75/)7
where T is the integral operator defined as

1

T s

TF(t,-) = /OOO X(t0)(8)

and

; k _n
Fs,) = |2V B, g £ (502

Using that t € (%/,5’) and s € (%,t), we find that

/5, (5)—=——dt / L
sup , X(i,t) S = 523
SE(%,75’) % 2 VoVt —s se( 5/ ) t— s
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and
sup / ———ds < C < .
te(%.,6) \/> vi—s
We thus have, by Schur’s lemma [17, Appendix 1], || TF(t, )HL2 < ||F(t, )||L2(5—' &)’ and
2 9
hence

t
e~ (=9 giy(

5
ot

2
XSl(x,2f+1+§\/y)f(S, '))(y)dS‘ dydt)

1
2

2
! 1
5 , 2 o 2 1
S ty)Pdydt | < / f t,y)[Pdydt
/g]{g(x72j+2+gﬁ)\f( y)|"dy ; B(x,2j+3+§\/i)‘f( y)|"dy

For [ > 2 we have

—(t—s)L
(f f;(gy2j+1+§\/7 ’/ le( S(x2j+1+2\/7)f(

1
2

2
y)ds‘ dydt>

2
3
2
~ J+1+5 —(t=s)Lg; .
= ( 2 \/>) 2j+1+§\/57)e le(XSl(x’zjﬁ-l-F%\/éﬁ)f(S? ))(y)dSH dt)
2
JH1+% /5 —2 —(t—s)L 3 H
< ( f” (2 2V/5) X p(oait1+5 v5© le(Xsl(xgﬁH%\/y)f(s )||ds | dt
1
2 bl
<\ e E F(s,)Pdy)ds | di
R —s 2
~ %/ % W \/m B(z72j+l+2+§ \/67,) S, y y S
where in the second inequality we used the L?-off diagonal estimates for e * div.
Now define
ToF(t,) = /Oo ! ! efﬂiF(s -)ds
2 ) . 0 X(i’t) \/y P 9 9
with

1
2

F(s,z) = 2 D = cd'tigk,
(s.2) (ﬁ it ) dy> and D = c

Usingthatte(lé’) and s € (4,t), we have 0 <t —s < §'. Also, e = < min{1, (53)N} for

some large N € N, which we W111 choose later. If 1 < (
before and find

6/
1 1
sup / Xt (S dt < C< C'<
se(%.on 7T (50l )\/5' Vi—s

For (55:5)Y < 1, we have

M2 <t—s)N
sup dt = sup

SE(%,,(S’) %l\/s \/> V

A
3
=

$)N then we have the same integral as

N N
t—s &
< < DN,
D5’> _C<D5’> ~D

=
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We find similar estimates for the integration with respect to s. Thus, by Schur’s lemma [17,
Appendix I] we find HTgF(~,$)\|L2(g 5 <D N|F(-,x and hence
2 b

& . 2
—(t—s)L q; . ’
(JZ;; ][B(x,2j+1+§\/57)‘/; € le(XSl(ijJrlJr%\/éﬁ)f(S, N (y)ds dydt>
< ln I+jok )
e (ﬁ ][ 2j+l+2+§\ﬁ) | f(s,9)] dydt)
< Ing gl4+joky— ,
2 C4 2 </ ][ 23+l+2+§\[ ’f(S y)‘ dydt)

Using Remark 3.4 and summing over k, j,! we thus get

)”LQ(%/,&/))

=

N

1

00 2
< (I4+2)n —cad l+jok —NH / ][ 2 H
Rifllxe £ 32 e ettty Mo ([T s pPaas )

k"j’l

S Z 2(l+%)ne—c4j (C24l+j2k)_N2(‘j+l+g)THfHTp,?
k?j7l

S [ f w2

with 7 only depending on n and p and where we chose N > n + 7. O

The general outline of the above proof will be used to prove our results in Chapters 10 and
11.

Proposition 5.9. Let p be as in Remark 5.7. Then for f € TP2 we have VR f € TP? and
VRLf = Mypf in TP2.

Proof. Let f,g € &. Then we have
/ (MLf(t ), gt ))dt = / / X(oooy(t — 8) (Ve =iy f(s,), g(t, ))dsdt
R
_ //X(Ooo (t — s) (e~ diy f(s,-), div g(¢,-))dsdt
_ / (RLf(s,), div g(t, ))dt
- /R (VRLI(E ), g(t, ))dt,

where (-, ) is the L? inner product. So we have VR f = My f in 2’. By Remark 5.7, Proposi-
tion 5.8 and density, we get the desired result. O

The TP? boundedness of the operators M, and Ry will have a key role in the proof of
Proposition 1.2, as will be shown in Chapter 7.
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Chapter 6

Energy solutions in L?

In this chapter we develop energy solutions for (1.3) with initial data in L?. We first show that if
the matrix A in (1.3) is dependent on both time and space then the solution can be given through
propagators acting on the initial data. Afterwards, we show that if A is time independent, as
in Chapter 4, then the solution can be given more explicitly using the semigroup of L and the
operator Ry, from the previous chapter.

So througout most of this chapter, the matrix A in (1.3) is in L*°((0,00) x R", #,(C)) and
satisfies the following uniform ellipticity estimates

A >0: VEneC (At )&, n)| < Al||n| for a.e. t > 0 and z € R",

6.1
IAN>0: Ve C" Re((A(t,2)€,€)) > Mé? for ae. t > 0and z € R, (6.1)

Now let us first observe that for the homogeneous Sobolev space H'(R™), which was intro-
duced in Chapter 4, we have H L(R™) c .#". To see this note that for every f € .7 there exists
a F € L? such that f = divF by the Hodge decomposition. So for every v € H' we have that
f = (u, f) = (u,divF) = (~Vu, F) and since we have Vu, F' € L?, this mapping is continuous.

Next, we define a variant of the solution space used by Lions in [28] as follows
W(0,00) :={ue 2 :ue L?H") and dyu € L>(H™1)}.

Lemma 6.1. For all u € W (0,00), there exists a unique v € W (0,00) N €o(L*(R™)) and ¢ € C
such that u = v + c. Moreover,

[Vl Loor2y < \/2||U||L2(H1)||3tu||L2(H1)

Proof. Let u € W(0,00) and set w = dyu + Au. Using Au = div(Vu), we can find, by the
properties of W (0,00), a g € L2(L?) such that w = divg. By 7rg, we denote the time translation
of g for a given t > 0. It is defined by 7g(s,-) = g(s + t,-).

Now let f € L?(R") and t > 0. Using that the Fourier multiplier of Ves® is fe_s|5‘2, which is
bounded by %, we find, for every ¢, R > 0, ¢ < R,

IN

R R
( / e*Adiv (rig)(s)ds, f)] / [(rg(s), Ver f)ds

< gz ery .o ll(s,2) = Ve £(2) || 12((e.r).12)
< |Imgllrz@oll(s,2) = Ve £ (@)l 22
<

1
ﬁHTtgHLQ(LQ)Hf”L?a

29
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where we used Cauchy-Schwarz twice in the first inequality. So by taking weak limits in L?, we
find

/0 [(*2div (rig)(s), f)|ds < \}ﬁllﬁglhz(m)\f\m

Now we set, for all ¢ > 0

v(t) = — /too DAY (s)ds = — /000 e*2div (1r9)(s)ds,

where the integral is weakly defined by the above argument. By the same argument, we get,
using Riesz representation theorem, |[v(t)|r2 < %Hng”Lz(Lz), for all t > 0. Similarly we find

1
lo(®) = vtz < —=lmg = Tgllizz) ¥t 20,

which shows that v € €([0,00); L?). Since lim [[7g|[12(z2) = 0, we also get lim ||lu(t)]|2 = 0.
t—o00 t—00

Now, we are going to prove that u—wv is a constant. By Lemma 5.5 we know that /\;lz is bounded
on L?(L?). So we have

||VU||L2(L2) = HM*—AQHLQ (L2) S H9HL2 L?)-
from this, || f|| ;-1 = inf{||g|/z2 : f = div g} and Av = —div Vv we thus find

1AV 2 -1y < IVllL2r2) S Nlgllrzr)- (6.2)
Now let ¢ € 2. Then we have

(O, 9) = —(v,09)
= /OO h e5=DBy(s)ds, 8t¢(t)> dt
0 t

(
- /0 h /0 (el 0%u(s), 0(0) dtas
|

<w(s), e(s_t)A8t¢(t)> dtds

— /:oo<w /0 (5=, (1) >ds

_ /OOO <w /0 (DA g (¢ ))+e<st>AA¢(t)]dt>ds
= [7 (w09 - 26000+ [ 05000t ) as
= (w,$) —(v,Ad).

In the third equality we also used Fubini. In the last equality we did the same steps as the first
few equalities but in reverse order and used that ¢ is a test function. From this and (6.2) we
thus find dyv € L2(H ') and d,v + Av = w in L2(H ™).

We define the distribution h := u —v. We have h + Ah =w —w =0 € L?(H™') and also
dth = du — Oy € L*(H™"). So Ah = —div Vh € L*(H~"). From this we find Vh € L?(L?),
which implies b € L?(H') and hence h € W(0,00). Since H' C .7, we get h € L*('). We
are now able to take the partial Fourier transform F, in the space variable. Using the Fourier
multiplier for A and that d;h + Ah = 0, we thus get ¢ = F,h € L?(.'), which satisfies

O — €[’ =0 in Z'.
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Staying away from & = 0 and solving this first order partial equation, we find
¢ =< "a in 7'((0,00) x (R"\{0})),

for some v € 2/ (R™\{0}). Since £¢ = F,(Vh) € L*(L?), we find £¢ = £aetlél® € L2(L2(R™\{0})).
But we have for any K C R™\{0}) that

/0 | feact " pagar = | /0 o 2dtde = oo,

where we used Fubini. We must have a = 0 in 2'(R™\{0}). So ¢ is supported in (0, 00) x {0}.
This implies that there exist & € 2(0, 00) such that ¢ = é®3dy. We have ;¢ = |€|?¢ € L2(H ).
Now suppose that d;¢ # 0. Then we have 6y € H~!, which means that dy = divF for some F €
L?. Taking Fourier transform gives 1 = F(8) = || 2F(€), which can only hold if F/(£) = |¢]2.
Since |¢|? is not an L? function, we have a contradiction. So 9;¢ must equal 0 and hence we get
¢ is constant. From this we find h = F,; ¢ = F, (¢ ® §y) = ¢ for some constant ¢ € C. Hence
u=7v+c.

Uniqueness: let vy, v9 € W(O, 00) N %o(L?) and c1,co € C be such that v = vy + ¢; = va + co.
Define w = v1 — vy = u —¢1 — u + g = ¢y — ¢1. Since w € 6p(L?), we must have w = 0. Hence
v] = v9 and ¢; = c3.

Estimate: As shown before, we have, for all + > 0 and all g € L?(L?) such that w = div g, that
o)z < %HTtgHLz(Lz) = %HQHH(L?)- From this we find

sup [o(t) 12 < Szl e s

i V2 (H™1)
< (10lzgimsy + 1Al )
< s 10lagaosy + i Tl o)
< \}E(H@UHH(H—I)JF||U”L2(H1))'

For a > 0 we define u, : (¢,2) — a%u(t, az), and we apply the above inequality to u,. We find

t < 1 18 : :
sup o(t)]z2 < ( Gl0wlzagiosy + alelzagny )

Optimising in a yields

S [0(0)l| 2 < \/2100l 2 gl i
0

Remark 6.2. For 0 < a < b < oo, and u,v € W(0,00) N € ([a,b]; L?), we have that t —
(u(t),v(t)) € Whl(a,b) and

(z2(u(),v())p2) = s/ (), 0O g + g (u(),0'()) g1 € L (a,b)

See [1, §14].

The above lemma gives the existence of the limit %iH(l) u(t,-) in 2'(R™). This brings us to the
_>

following definition
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Definition 6.3. For each u € W(0,00), we define the trace of u, Tr(u), by

Tr(u) = }g% u(t,-) = v(0) + c.

Definition 6.4. Let 0 < a < b < 00, be an open subset of R™ and Q = (a,b) X Q. A function
u € L? (a,b;HE (Q)) is called a weak solution of (1.8) on Q if

loc loc
//Qu(t,:c)ammdxdtz//QA(t,x)vu(t,x).dedu

forall g € €°(Q). If Q = Rfﬁ“ = (0,00) x R™, we say that u is a global weak solution.
We get the following a priori energy estimate as a corollary of Lemma 6.1.

Corollary 6.5. Let u € 2’ be a global weak solution of (1.8) such that Vu € L*(L?). Then
there exist ¢ € C such that v := u — ¢ € 6o(L?) and is norm decreasing, Vv = Vu € L*(L?), v
is also weak solution of (1.3) and

A
[0(O)[z2 = [Vl zoo(r2) < \f2A V] L2(z2) < [ S H0(0)]] 2,

where v(0) = v(0,-), and A, X\ are the ellipticity constants from (1.2).

Proof. Since u is a weak solution of (1.3) we have dyu = div g in 2’ with g = AVu € L*(L?).
From this we get

[{Owu, d)| = [{div AV, )]

= |[(AVu, Vo)
AVl 222y VBl L2 (L2
AHVUHL2(L2)"v¢‘|L2(L2)a

VANV

for any test function ¢. Hence dyu € L?(H™1). Also note that Vu € L?(L?) implies u € L>(H").
S.o u € W(0,00) and by lemma 6.1 we get that there exits constant ¢ € C such that v:=u—c €
W(0,00) N 6y(L?), and

lollzeqzey < \/2000ll 21 IVull 2z

< 2ol IVul 2
< 214Vl ) I Vul 222
S V2A||VUHL2(L2)

S V2A||VU||L2(L2).

Now note that constants are trivially weak solutions of (1.3), and since u is aswell, this implies
that v is a weak solution too. Now let 0 < a < b. For all V € L?(a,b; H'(R")), we have

b b
[ i@ Vs s = [ v AVe(e, ), Vs, s

b
_ _/ 2 (AV0(s,-), YV (s, ) 12ds
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b e —
= —/ / A(s,z)Vu(s,x) - VV (s, z)dxds.
Taking V = v, we have by Remark 6.2 and ellipticity
Hv(a, )H%Q - ||U(b> )H%Q = ) ')7 ’U(b, ')>L2 — L2 <v(a, ')7 v(a, ')>L2)

— (p2{v(d
b
= —/ at(L2<U(t,‘)7v(t7')>L2)dt
b

= _/ H*1<atv(tv')>v(t7')>+H1<’U(t,'),atv(t, ')>H,1dt

a

b
= _/ [—'[—1<atv(t")’v(t")>]—'[1 +[—'[—1<atv(t")vv(ta ')>H1dt

b
= —2?]%6/ g-10w(t, ), v(t, ) gndt

b
= 28?6/ A(t,z)Vou(t,x) - Vou(t, z)dzdt
a JR"

b S —

> 2)\/ Vou(t,z) - Vo(t, z)dzdt
a JR”

= 2>‘va||%2(a,b;L2)7

which proves the norm decreasing property. Furthermore, by letting a — 0 and b — oo, we find
2>\HV’U”%2(L2) < ||v(0,-)||22, which completes the proof. O

Next, we want to prove a well-posedness result for problem (1.3): prove the existence and
uniqueness for global (or local) weak solutions in some solution space X. In our case X is going
to be W(0, 00). For the proof of this result we will need the following lemma.

Lemma 6.6. Let A, € L*((0,00); L>®(R"; #,(C))) for k € N be such that (6.1) holds uniformly
in k and i
— 0

Ag(t,x) — A(t,x) for almost every (t,z) € (0,00) x R".

Let uy, be a global weak solution of Oyu = div AxyVu for all k € N, and assume that

sup(||ug | oo 22y + | Vull L2 (r2y) < oo.
keN

Then, there exist a subsequence (uy;)jen such that (uk;)jen weak™ converges to u in L*°(L?) and
(Vug,)jen weak™ converges in L%(L?). The limit u € L°°(L?) is then a global weak solution of

(1.8) such that Vu € L*(L?).

Proof. Let k € N. We know that uy, is a global weak solution of dyu = div A Vu. By assumption
we have Vuy € L%(L?). So u € L*(H') and dyuy, = div g with g = ApVu;, € L*(L?). So
ug € W(O,oo). Using ux € L*(L?), we find, by Lemma 6.1 and a modification on a set
of measure 0, that uy € %o(L?). Thus, (ug(0,-))ken is uniformly bounded in L?*(R™). By
assumption, we also have that (Vug)ren is uniformly bounded in L?(L?). By the sequential
Banach-Alaoglu theorem and the fact that V is a closed operator, we can then find a subsequence
for which there exists u € L°°(L?) and uo € L*(R™) such that
Jj—o0

ug, — u  weak™in L>®(L?)

Jj—o0
—

Vug, Vu  weak* in L?(L?)
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j—00 .
ug; (0, ) % wp weak* in L2,

Let ¢ € 2(R™) and t > 0. By integrated version of Remark 6.2 and using u; € %p(L?) for all
k € N, we find

(g, (1), $()) — (g, (0, ), 6()) = / i (Ostiy (5,), 6()) g1 s
_ /OH1(divAkj(s,-)Vu(s,-),¢(-)>H1ds

= /0 _L2<A’“a'(3")V“(37')7V¢(-)>des.

So we get
— — t —
/ wr, () $(g0dy = / (0, 9)8(8)dy — / / Ay, (5,9)Vug, (5,9) - Vo) dyds.
Rn Rn 0 n

We know that the right hand side converges to [p., uo (y)qb(y)dy—f(;f Jan A(s,y)Vu(s, y)-Vo(y)dyds,

so the left hand side converges as well and the limit is equal to [, u(t,y)¢(y)dy for almost all
t > 0. By modifying ¢ on a set of measure 0, we can assume that the equality holds everywhere.
Differentiating with respect to ¢ and using Remark 6.2 we get

H_1<atu(ta')7¢(')>f{1 +0 = L2<u(t7')v¢(')>L2
= —2(A(t,)Vu(t, ), Vo()) 2
= g1 <diV A(tv )Vu(t’)v¢()>H1

So we have dyu(t, ) = div A(t,-)Vu(t, ) in H~" for almost all ¢ > 0 and therefore dyu = div AVu
in L2(H~'). By definition of weak solution we then find that u is a weak solution of (1.3). [

Definition 6.7. Let ug € L?(R"). We say that
dyu = div AVu, ue W(0,00), Tr(u)=ug

is well-posed if there exists a unique u € W (o, 00) global weak solution of (1.3) such that Tr(u) =
ugp-

Theorem 6.8. For all ug € L*(R"), the problem
dyu = div AVu, ue W(0,00), Tr(u)=ug

is well-posed. Moreover, u € 65([0,00); L?), ||u(t,-)||12 is non increasing and

A
lluoll = llull oo (£2y < V2A[Vul r2(z2) < \/:’u0||L2'

Proof. We will prove this theorem in several steps, where in each step we have a slightly different
A.

Step 0: Suppose A is indepent of ¢ and let L = —div AV. Then, from semigroup theory, we
kow that u = e~*Fug € €p([0, 00); L2(R™))NE>(0, 00; D(L)) is a (strong) solution of dyu+ Lu =
0. Since u € D(L) with respect to space variable, we also get that Vu € L?(L?) and hence u €
W (0, 00) as well. In the same way as in Corollary 6.5, we can then find 2)\HVU||%2(L2) < luoll3,.
By
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where we used the L? inner product, we get that u is also a global weak solution.
Step 1: Now suppose A is of the form

N
A7) = Xittor) DA + Xty 1,00 () AN 11(2)
k=0

for some N € N, (tx)o<k<n+1 an increasing sequence in [0, 00) with tg = 0 and (Ag)o<k<n+1
satisfying (1.2) uniformly. We set ty12 = oo and Ly = —div A;V. Note that L(t) = Lg(t) for
t € [tg,trr1). We define

Ta(t,s) = e~ (t=ti)Ljo—(tj—t;-1)Lj—1  (—(tix1—s)Li

for t € [tj,tj41) and s € [t;,ti11). For t > 0 we define u : t — I'4(¢,0)ug. Since we have compo-
sition of analytic semigroups (of contractions), (e7**);>0, we get that u € 6p([0, 00); L2(R™)).
We now prove the desired properties of u by induction. We know that —Lg generates an anlytic
semigroup of contractions. So we have

I(t ) = X0, T ato (@) 1o 22y = |t @) = e g (@) | oo 12y < o] 2.

Now, using an argument similar to (4.2), we find

1(t,2) = x(0,00) () Ve~ 0™ 0ug(@) | 2 12)

S @) = X () Ve Fug (@) r2(12)
S luollze,

H (ta .I‘) = X(0,t1) (t)vu(t) $) ||L2(L2)

where the last inequality follows by step 0. From step 0, we also get that dyu(t,-) € L*(R") for
all t € (0,t1) and 9(u(t,-)) = Lou(t,-) = L(t)u(t,-) in L2(R") for all t € (0,t1).
Now let £ < N + 1 and assume:

(¢, 2) = X(0.6) (DT a(t; 0)uo ()| Lo (£2) < [uoll L2,
1(E,2) = X(0,,) ) VT a(t, 0)uo(2) || L2(22) S lluoll 2,
and Qyu(t,-) = L(t)u(t,-) in L*(R") for all t € (0,t;)\{to,...,tk_1}-

In the second assumption the implicit constant may depend on N, but we are inducting on a
finite number of steps and later on in the proof we will get a constant that only depends on the
ellipticity constants from (1.2). We want to show that the above also holds on (0,tg4+1). For
t € [tg,tr+1) we have

_(t_tk)Lke_(tk_tkfl)kal B 'e—tlLouO

@

u(ta ) =
= e
— e*(t*tk)Lke*(tk*S)Lk—lu(57 )

*(t*tk)Lke*(tk*S)LkAe*(S*tkfl)kale*(tkfl*tk72)Lk72 o e*tlLouO
)

for all s € (tx_1,tx). From this and using that e~ (t=tr) Lk and e~(te—=9)Lr—1 are contractions, we
get
(£, 2) = X0, ) Ot @) Loo(r2y < I(E ) = X(0,00) B)ult, )| Loo(£2) < Juol|2-

For t € [tg, tpy1) we have u(t,-) = e~ "t Lky(ty,-). By a similar argument as in the first part
of the induction, we get

1t 2) = Xty b)) O VU, 2) | 22022) S Jultr, )2 < lluollze-
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We also have duu(t,-) = Ot lry(ty,.) = —Lyu(t,-) = —Lu(t,-) in L?(R") for all t €
[tk,tr+1). By induction, we thus have proved that u € L>(L?) N L?(H'), and that u satisfies

Buu(t, ) = —L(tyu(t,) Vt e (0,00)\{tr: k € N}.

We are now going to show that u is a global weak solution of (1.3). Let ¢ € 2, and pick
M > tny such that supp ¢ C (0, M) x R™. Since the inner product on L? is bounded as a
operator we have that, for j = 0,..., N+1, t+~ (u(t,-),d(t,-) is €' on (¢j,tj11) and continuous
on [tg,tj+1). Hence

/tj+1<u(t,')7at¢(t, Ndt = /tjﬂ &(u(t,-)ﬁ(t,-))dt—/tﬁl@tU(tw),qﬁ(tf))dt

= (a1, 0lt50,0) — (g 0t ) + [ Lyt ofe e

Using (Lju(t,-), ¢(t,-)) = (Aju(t,-), Vo(t,-)) for all t € (¢j,t;11) and that supp ¢ C (0.M) x R"
we get, by summing in j,

/ow/nu(t’y)¢(t’y)dydt— /Ooo/nA(t,y)W(t,y) - Vo(t,y)dydt.

So u is a weak solution of (1.3). By Corollary 6.5, we can find a v € W (0, 00) N %o(L*(R™))
such that v is a weak solution of (1.3) and such that |[Vvl|z2(z2) ~ [[uol|g2, with constants only
depending on the ellipticity constants from (1.2).

Step 2: We now consider A of the form

A (t,z) = ZX(tk,thrl)(t)Ak(x)
k=0

for some increasing sequence (ty)ken with t9p = 0 and klim tr = oo and (Ag)ken satisfying (1.2)
—00

uniformly. Define

N
Ay (tx) = ZX[tk,tk+1)<t)Ak(x) + X[tN+1,oo)AN+1($)
k=0
for all N € N. Then, for almost every (¢,2) € (0,00) x R™ we have Ay (t,x) Nogo A(t, x).
By the previous step we have a corresponding sequence of weak solutions, (uy)yen, to dyu =
div Ay Vu. Note that we have the same initial condition for every uy. Hence, our sequence
fulfills the assumptions of Lemma 6.6. So we can find a subsequence (uy;)jen converging to
u € L>®(L?) in the weak® topology such that w is a weak solution of dyu = div AVu and
1wl oo (£2) + [Vl p2(z2) ~ [luol| L2, with constants depending only on the ellipticity constants.
Step 3: Now let A € €([0,00); L>®(R™; #,,(C))). We can find an almost everywhere approx-
imation of A by matrices of the form

(£.2) = > Xttty () Ar(z), with A = A(ty,,-),
k=0

which satisfy (1.2) uniformly. By step 2, we obtain a family of weak solutions, (u;);jen, which
satisfies the assumptions of lemma 6.6. Thus we can find a weak solution u of (1.3) such that
lull oo (z2) + [[Vullp2(z2) ~ |luol| 2, With constants depending only on the ellipticity constants.
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step 4: We are now able to consider general A € L>°((0,00); L (R"; #,(C))). We approxi-
mate A by

~ t+1
<A c(t,x) g t A(s,m)ds) € €([0,00); L= (R™; #,(C)))

for g > 1, which is an almost everywhere approximation. By step 3 and Lemma 6.6, we obtain,
in a similar fashion as before, the desired result.

Step 5: We still need to prove uniqueness of solutions. Let u,v € W(O, o0) be solutions of
(1.3) with Tr(u) = Tr(v). Now define w := u—v € W (0, 00). Then w is a weak solution of (1.3)
such that Tr(w) = 0. By Corollary 6.5, we can find @ € %y(L?) and ¢ € C such that w = @ + c.
We then have 0 = Tr(w) = @(0, -) + ¢. Since @ € Go(L?), we get that w(0,-) = 0. Thus, by the
inequalities of Corollary 6.5, we find ||w||pe(r2) = ||| oo (z2) = 0. O

Inspired by the above proof, we are going to find a more explicit form of our solutions. We are
going to do so, first through a family of operators which are known as propagators. Afterwards,
by taking A € L>®(R", #,(C)) satisfying (1.2) we can show that these solutions can be given
by using the semigroup of L and the operator R .

Lemma 6.9. There exists a family of contractions {T'(t,s);0 < s <t < oo} C .Z(L?) such that
(1) T(t,t) =1 Vt>0.

(2) T'(t,s)I'(s,r) =T(t,r) Yt>s>r.

(3) For all h € L*(R™). and s >0, t — ['(t,8)h € 6o([s,00); L*(R™)).

(4) For all ug € L*(R™), (t,z) + I'(t,0)ug(x) is a global weak solution of (1.3).

Proof. Let ug € L?*(R™) and u be the solution to the problem in Theorem 6.8. We then have
u € Go(L?) N LA(HY), with |lu(t,-)|| 2 < |luollz2. So we can define I'(t,0) as the contraction on
L? which maps ug to u(t,-). Starting from any time s > 0 and any data h € L?, we can obtain,
in a similar fashion, a unique solution v € W (s, c0) N%y([s, 00); L?), with u(s,-) = h. Note that
u restricted to (s, 00) is a solution aswell and hence coincides with v on (s,00). We then define
['(t,s) as the contraction mapping h to u(t,-), when ¢t > s. Then (1), (3) and (4) follow by
construction, while (2) follows from uniqueness. O]

Definition 6.10. We call {I'(t,s);0 < s <t < oo} the family of propagators for (1.3).

Lemma 6.11. Let f € L?(L?) and h € L?*(R"). Let A € L>®(R", #,(C)) satisfy (1.2) and
L = —div AV. Define, for allt > 0

ut,) =e "Fh+ RLf(L, ),

where Ry, is the bounded operator from T%2 to X2 from Proposition 5.8. Then u is the unique
element of W(0,00) such that, for all ¢ € 2,

(u,0r9) = (AVu, Vo) + (f, V),
and Tr(u) = h.
Proof. Assume f € 2. Define v : (t,z) — e *Fh(z) and

v=v9+ Rrf.
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From semigroup theory we know that v € ¢ (L?) and
Ov=—Lvy— LRpf+div f = —Lv+div f.
By step 0 of the proof of Theorem 6.8 we know that Vug € L?(L?). By Proposition 5.9 we have
VRyf € T*? = L*(L?). Hence, Vv € L?(L?), and thus
(v,019) = —(0w,9)

= (Lv,¢) — (div [, ¢)

= {4V, Vo) +(f, V),
for all ¢ € 2. By taking ¢t — 0 we also get Tr(v) = h.
Now, let f € L?(L?), and let (fx)nen be a sequence of functions in & converging to f in L?(L?).

Define, for all £ € N,
up =v9+ Rrfr, and u=v9+ Rpf.

By Proposition 5.8 we know that Ry is a bounded operator from T%2? = L?(L?) to X2. So
up — w in X2. We also know, by Proposition 5.9, that VR, f = My f in L?(L?), which we
know to be bounded on L?(L?) by Proposition 5.4. So Vuy — Vu in L?(L?)). Hence, for all
¢ 6 ‘@7

(u, Vorg) = (AVu, Vo) + (f, V).

Furthermore, Tr(uy) = h for all k € N and Tr is continuous from W (0, c0) to L? by Lemma 6.1.
So we also have Tr(u) = h.
To prove uniqueness, let 4 € W (0, 00) be another solution of

(@, Vo) = (AVU, Vo) + (f, V),
for all ¢ € 2, with Tr(@t) = h. Define w = u — @ € W (0, 00). Then, for all ¢ € 2,
(u—1,0p) = (u, ) — (4, 0r¢9) = (AVu,V¢) — (AV@, Vo) = (AV(u — 1), V),
and
Tr(w) = Tr(u — @) = Tr(u) = Tr(a) = h — h = 0.
Therefore, w is a solution of
Ow = div AVw, w € W(O, o00), Tr(w) =0,
and thus v = % by Theorem 6.8. O

Corollary 6.12. Let A € LR #,(C)) and A € L®(R"™, #,(C)) satisfy (1.2). Let L =
—div AV. For allt >0 and h € L*(R"), the following holds in L*(R"):

t
D(t,0)h = e tLh + / e =9 iy (A(s,-) — A)VI (s, -)hds. (6.3)
0

Proof. Let h € L?>(R"™). Define vy(t,-) = e **h and f(t,-) = (A(t,-) — A)VI(t,0)h for all

t > 0. Then f € L?(L?) by proof of Theorem 6.8 (step 1) combined with Lemma 6.9. Define

u=wvo+ Rrf, and u(t,-) = ['(¢,0)h, for all ¢ > 0. Using Lemma 6.11, we get, for all ¢ € 2,
(u, Orp) = (AVu, Vo) + (f, V) = (AVu, Vo) + (A — A)Va, Vo)

The proof of Theorem 6.8 gives us u € W(O, o0) and by Lemma 6.9 we know that @ is a global

weak solution of (1.3) with Tr(@) = h. So we have

(u—10,09) = (AVu, Vo) + (A~ A)Vi, V) — (AViL, Vo) = (A(u — Vu), V).

Therefore, u — @ € W(0,00) is a global weak solution of &(u — @) = div AV(u — @), with
Tr(u — @) = 0. Hence, by theorem 6.8, we have u = 4. O



Chapter 7

Controlling the maximal function

In the previous chapters we developed boundedness results for the operators My and Ry. We
also obtained energy solutions of (1.3), which are given through propagators. More explicitly,
for time independent A, the solution is given as the sum of the semigroup of L acting on the
initial data and the operator R, acting on the gradient of the solution. Using these results, we
are now able to prove the following proposition (Proposition 1.2 of the introduction).

Proposition 7.1. Let 1 < p < oo,ug € L*(R"), and u(t,") = T'(t,0)ug for all t > 0. If
Vu € TP2, then u € XP, and
[ullxr < [[Vullzee,

where the implicit constant is independent of u.

Proof. Let v(t,-) = e"®uyg, for all t > 0. Using (6.3) with L = —A = div V we have that

[ullxr = [lv+R-alA—=D)Vulx»
S lvllxr +R-a(A = DVl x»
< lollxe + IR-allgerez x| A = Tz IVull 7oz,

where we also used that R_a is a bounded operator from 772 to X? by Proposition 5.8.
Now note that

lollxe = IN(@)llze < IN@") e = [[0"]|Lr,

where v* is the non-tangential maximal function defined by (3.1).
Using (6.3) again, together with the classical conical Feffermann-Stein estimate [15, Theorem
8], Proposition 5.6 and Proposition 5.9 we also have

v e S (IVVll7e2
= [[V(u—R-a(A—1)Vu|re2
IVullze2 + [M-allzere2 e2)[|A = Tl Loo | V]| 7o,

IN

Combining the above, we thus find the desired result. O
Corollary 7.2. For all ug € L*(R"™), the problem
O = divAVu, ue€ X? Tr(u) = ug

is well-posed. Moreover, the solution u is the energy solution, i.e. u(t,-) = I'(t,0)uy for all
t >0, and

1
luollzz = lullpoe(rzy S llullxz S NVullzaz) < 4/ 5y lluollzz.

39
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Proof. We will only prove existence of a solution. For the uniqueness we refer to [6, Corollary
7.2]. Let u(t,-) = T'(t,0)up. As in the previous chapter we have that u is the unique solution of

dyu = div AVu, u € W(0,00) Tr(u) = up.

By Proposition 7.1 and Theorem 6.8 we then have

1
[ullx> S IVullr22 = [Vull 22y <4/ Sy lluollz2-
2\



Chapter 8

Stochastic integration

Before starting the analysis of [8], we are going to give a brief introduction of how integration
with respect to Brownian motion is defined. For a detailed introduction to stochastic integration
see for example [37].

We start with basic definitions and notation that are needed in order to develop the desired
integral. We work on a probability space (€2,.7,P), where Q is a sample space, .# a o-algebra
and PP a probability measure.

A filtration on a probablity space (2..7,P) is a collection of o-algebras {.%; : t € R} such that

F, CFH CF forall 0 <s<t< oo

A stopping time is a random variable 7 : Q — [0, 0o] such that {w;7(w) <t} € Z;.

A stochastic process X is a collection of random variables {X; : t € T'}, indexed by an index
set T, defined on the same probability space. The random variables all take values in the same
measurable space S and X is then called an S-valued process. In most (continuous) cases, the
index set is Ry, or a subset of it, and usually represents time.

If for each 0 <t < oo, X; is #-measurable, we call the process X = {X; : ¢t € R;} adapted to
the filtration .%;.

Now let Bg, denote the Borel o-algebra of R .. A process X is called measurable if it is Br, ®.%-
measurable as a function from R x 2 into R”. Furthermore, it is called progressively measurable
if X restricted to [0,T] x €2 is Bjg ) ® Fr-measurable for each T'. Note that if a process X is
progressively measurable then it is also adapted, but the reverse does not need to be true.

The process X is called continuous if it is pathwise continuous, i.e. if for almost all w € € the
path ¢ — X;(w) is continuous as a function of ¢. If a process is continous and adapted, then it
is also progressively measurable.

Now let X be a stochastic process and let 7 = {0 = tg < t1 < -+ < t,,(r) = t} be a partition
of [0,t]. We write down the sum of squared increments as

m(m)—1

Z (Xti+1 - Xti)Q'

=0

The above sums converge to the random variable (X); in probability as mesh(mw) = max(t;11 —
t;) — 0 if for each € > 0 there exist a § > 0 such that
> 6} <e€

d

m(m)—1

Z (th'+1 - Xti)2 - <X>t

1=

41
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for all partitions 7 with mesh(7) < . This limit is denoted as

lim Xy —X.)?=(X); in probability.
i+1 i

mesh(7)—0 Z

If the above limit exists and furthermore we have (X )¢ = 0 and for each w the path ¢ — (X):(w)
is nondecreasing, then (X) = {(X); : t € R4} is called the quadratic variation process.
We can define a quadratic covariation between two processes in the following way.

Definition 8.1. Let X and Y be two stochastic processes on the same probability space. The
quadratic covariation process (X,Y) = {(X,Y); :t € Ry} is defined by

(X,Y) = (5 (X +¥) = (5(X = V),

provided the quadratic processes on the right exist.

We are interested in a particular stochastic process, namely Brownian Motion process, also
known as Wiener process. Brownian Motion is the random motion of particles due to collision
with the gas or liquid particles in which they reside. It is named after the botanist Robert Brown,
who, in 1828, describes the irregular movement of pollen in water. In 1905, Einstein described
in detail that this irregular movement was due to particle collision. The first mathematical
construction of Brownian Motion was done by Norbert Wiener in 1923. The process is defined
as follows.

Definition 8.2. Let (2, F,P) be a probability space, {.%:} a filtration and W = {W;;0 < t < oo}
an adapted real-valued process. If W satisfies the following properties

(i) W is a continuous process, i.e. for almost every w, t — Wi(w) is continuous,
(ii) W has independent increments, i.e. for 0 < s <t, Wy — Wy is independent of Fs,
(iii) for all0 < s <t, Wy — W5~ N(0,t—s),

then W is called a one-dimensional Brownian motion with respect to {F} or {%}-Brownian
motion. If additionally W satisfies

(iv) Wo =0 almost surely
then W is a standard Brownian motion.

An R™-valued process Wy = (W}, ..., W) such that the coordinates W', ..., W™ are inde-
pendent and each W} is a one-dimensional Brownian motion is called an n-dimensional Brownian
motion.

We can also define Brownian motions in more general settings. One of these more generalized
Brownian motions, namely cylindrical Brownian motion, will be used in the next section. The
definition, as given in [30], reads as follows.

Definition 8.3. Let (2, F,P) be a probablity space and { %} a filtration. An {%}-cylindrical
Brownian motion in Hilbert space H is a bounded linear operator Wy : L*(Ry; H) — L%*(Q)
such that

(i) for all f € L*(Ry; H) the random variable Wy (f) is centered Gaussian.

(ii) for allt € Ry and f € L*(Ry; H) with support in [0,t], Wy (f) is Fi-measurable.
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(iii) for allt € Ry and f € L?*(Ry; H) with support in [t,00), Wy (f) is independent of .Z;.
(i) for all f1, fo € L*(Ry; H) we have E(Wy(f1) - W (f2)) = [f1, fol 2w, ;m)-

For h € H we put
Wh(t)h = Wh (X0, @ h)-

Most of the results we mention in this chapter will use a one-dimensional Brownian motion.
At the end of the chapter we will provide the definition of a stochastic integral with respect to
a cylindrical Brownian motion, but we will not need many of its properties. Also note that in
the above definition, if we take H = R” for any n, then Wy is just an n-dimensional Brownian
motion.

The next class of stochastic processes we want to describe are martingales. Let (Q,.%,P)
be a probablity space and {.%#;} a filtration. A martingale with respect to filtration {.%;} is a
real-valued stochastic process M = {M; : t € R.} adapted to {.#;} such that for each ¢, M; is
integrable and

E(M|#s) = Mg for all s < t.

An example of a martingale is the real-valued Brownian motion.

If a martingale M is square-integrable i.e. E(M?) < oo for all ¢, then M is called an L*-
martingale and we denote M € L?(().

Now let 7 be a stopping time and X = {X; : t € Ry} a process. The stopped process X7 is
then defined by X7 = Xya,. This brings us to the definition of a local martingale, which we will
need in order to define integration with respect to Brownian motion.

Definition 8.4. Let M = {M; : t € Ry} be a process adapted to a filtration {Z;}. We say
that M s a local martingale if there exists a sequence of stopping times 71 < To... such that
P(7 1 o0) = 1 and for each k, the stopped process M™ is a martingale with respect to {%}.
We say that M is local L®-martingale if for each k, { %} is an L?-martingale. For both cases,
(Tk)ken 18 called a localizing sequence for M.

We now want to build the integral fg KdM;s = (K e M);. We do this for two different cases.
For the first case we define the following two spaces.

* ./\/l,ic := {Martingale M : M € L*(Q), M continuous , My = 0 a.s, E(sup;>o M{) < oo},
* L2(M) := {Stoch. proc. H : H progressively msr., E([y° H2d(M)s < 00, M € Mg’c}.

Here (M)4 denotes the quadratic variation process of M and the integral is a Lebesgue-Stieltjes
integral with respect to the time variable s, evaluated for fixed w € 2. We equip Mg . with a
norm obtained through the following inner product

(M,N) e =E(M,N)oo), with (M, N)o = lim (M,N); in LY(Q).

c

For L?(M) we use the following norm

| o qan) = (E ( s H3d<M>s))é |

Equipped with these norms, both spaces are Hilbert spaces and we have the following theorem.
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Theorem 8.5. Let M € Mac, then for all H € L*(M) there exists a unique martingale in
M%vc, H e M, such that

VN e Mj.:(HeM,N)=He(MN).

where H  (M,N) = [ Hyd(M, N);, the Lebesgue-Stieltjes integral.
The map L*(M) — M2 ., H — H e M is an isometry:

1 o Mllpg = 1]l 2000

H e M is also denoted as fo H,dM, and is our first case of a stochastic integral. As mentioned
before, we want to build the stochastic integral with respect to Brownian motion. To be able to
do that, we need to relax our assumtions slighlty since W ¢ /\/lg .

Again, we define two spaces. 7

* M%OC’C := {M : M continuous local martingale in L?(Q), My = 0 a.s}.
* L2 (M) :={H : H progr. msr., ¥t > 0 : P(f; H?d(M)g < 00) =1,M € M}__}.

We have a similar result for this spaces.

Theorem 8.6. For all H € L? (M) there exists a unique martingale in M H e M, such

that for all N € M? _ we have

loc,c

2
loc,c?

(HeM,N)=H e (M,N).
In this case we can also get the stochastic integral through a limit in probablity

Theorem 8.7. Let M € M
as the following limit

and H € L? (M). Then the stochastic integral can be realized

2
loc,c loc

T —1

t
(Ho M), = /0 H,dM, = lim > Hyn (M | — Myn) in probability,
1=0

n—+o0 4

where T, is a partition of [0,t].

Since Brownian motion W is in L (M), we thus have defined the stochastic integral with
respect to Brownian motion. Furthermore we know that (W), = s a.s. This brings us the a well
known result, known as It6 isometry, which we will use on multiple occasions.

Theorem 8.8 (It6 isometry). Let W be a real-valued Brownian motion and let H € L? (W).

loc,c
Then, for any t > 0 we have
t 2 t
(/ HdW) :E(/ H3d5>.
0 0

We would also like to mention Ito’s formula. It reads as follows.

Theorem 8.9 (Itd’s formula). Let 0 < T < oo and f € CY2([0,T] x D), where D is an
open subset of R™. Suppose Y is a R"-valued continuous local martingale in L*() such that
Y[0,T] C D almost surely. Then

E

mmm:mxw+%mwwm+zéﬁ@nmm@
=0

1 t
S [ e vipany)

1<ij<n
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Often, a differential notation is used to denote the It6 formula. the above formula is then
expressed as follows.

df(t, Y (1) = fi(t, dt+fo Z iy (8, (Y (£))d(Yi, V) (E).

1<z,]<n

This notation is more economical than the integral notation, but it has no rigorous meaning.
A special case of the Ito formula is if we take Y to be an n-dimensional Brownian motion W.
Using that (W;, W;) = s if i = j and 0 otherwise, we find

FEWO) = FO.WO) + [ (4 5ANEW s+ [ Vi W) ().

We will also give a small example of the use of It6’s formula.

Example 8.10. Let £ > 1. We want to evaluate the fg WEAW,, where W is the standard
1-dimensional Brownian motion. To do so, we take f(x) = (k+ 1)"'a**1. Then we have
f!(x) = 2% and f"(z) = kx*=1. Ité’s formula then gives

t t
/ WeaWs = (k+ 1)~ "Wt — ’;/ Wl tds,
0 0

where the integral on the right is a Riemann integral of the continuous function s — WEF1,

Lastly, we want to define the stochastic integral with respect to a cylindrical Brownian
motion. To this end, we are provided with a probablity space (2, .%#,P), endowed with a filtration
F = (%t)1>0, a real Hilbert space H and W = (W(s))s>0, which denotes a .#-cylindrical
Brownian motion in H.

A measurable mapping u : RTFI x  — R" is called an .#-adapted simple process if it is of the

form
t II: w Zx(tl,tl+1 Z XAml ¢ml )

with 0 <t < - <itnyi1 =T < 00, Ay € F, and ¢, a simple function on R™ with values
in H. For such processes, we define the stochastic integral with respect to an H-cylindrical
Brownian motion by

T N N
| W0 = 35 e (Wit ot = Wi (1)1,
=1 m=1

For more information about stochastic integration with respect to a cylindrical Brownian motion
see e.g [30, 31].



46

CHAPTER 8. STOCHASTIC INTEGRATION



Chapter 9

Conical stochastic maximal
regularity

In this chapter we start our analysis of [8], wherein a conical maximal LP-regularity estimate,
for 1 < p < 0o, was proved for the stochastic convolution process

u(t) = /O te*@*s)Lg(s)dW(s), t>0. (9.1)

We will give a brief overview of the first five sections, which include the main result and its
proof. Afterwards, we will describe the problem and results of the sixth section and explain how
they relate to our previous work.

Let W be a cylindrical Brownian motion with values in a Hilbert space H. We consider the
following stochastic heat equation in R™ driven by W:

(9.2)

Owu(t, z) = Au(t, z) + g(t, x)dW (), t>0, xeR",
u(0,2) =0, x € R,

with process g : Ry x R” x Q — H having suitable measurabilty and integrability properties. In
this case, the process u : Ry X R™ x  — R given formally by the stochastic convolution (9.1) is
well defined and called the mild solution of (9.2). As a consequence of a classical result due to
Da Prato [13], it follows that this mild solution u has stochastic maximal L2-regularity in the
sense that
E|[Vull72@, 2@z < C°Ellall 2, r2@n;my)»

with C independent of g and H. For p > 2 analogous results, extensions and generalizations
were established in [24, 26, 33].

On the other hand, the corresponding results for the above in the case that 1 < p < 2 was
shown to be false even for H = R in [25]. The main result of [8] shows that the stochastic
heat equation (9.2), under certain conditions, has ’conical’ stochastic maximal regularity on the
full range of 1 < p < co. To state the exact result we first introduce the setting in which we work.

We are provided with a probablity space (§2,.%#,P), endowed with a filtration .# = (%#)¢>0,
a real Hilbert space H and W = (W (s))s>0, which denotes a .%-cylindrical Brownian motion in
H. For an .%#-adapted simple process u, as introduced at the end of previous chapter, we define
the stochastic convolution operator as

Soglt) = /O St — 5)g(s)dW (s).
4

7
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Whenever S = (S(t))i>0 is a strongly continuous semigroup of bounded linear operators, then
the above operator is well-defined as an L? valued process (see e.g. [31]).
The main result of [8] then reads as follows.

Theorem 9.1 (Conical stochastic maximal LP-regularity). Let L = —divAV be a divergence
form elliptic operator, with A € L*(R"™; #,(C))), as introduced in Chapter 4, and let S =
(S(t))e>0 be the bounded analytic contraction semigroup generated by —L. Then for all1 < p <
oo and B > 0, and all adapted simple processes g : R+ x R™ x Q — H one has

EVS(0) 0 8l gy < CoaBll s
with constant C, g independent of g and H.

To prove this theorem, a Tg,z estimate is combined with an extrapolation result based on
off-diagonal bounds which gives the Tg’Q estimate.

Before explaining the TE’Q estimate, we need to introduce the following two definitions.

Definition 9.2. Let Hq, Hy be Hilbert spaces. A linear operator T : Hiy — Hy is said to be a
finite rank operator if the range of T is finite dimensional.

Definition 9.3. Let Hy, Hy be Hilbert spaces. A linear operator T : Hi — Hoy is said to be
Hilbert-Schmidt if

k
supz |Th;||?> < oo
hi4
where the supremum is taken over all finite orthonormal systems h = {hy,... , hi} in H.
We are now able to explain the T§’2 estimate. It is a weighted analogue of a classical

stochastic maximal L2-regularity result due to Da Prato (see [14, Theorem 6.14]). Let H, E
be Hilbert spaces and ¢ an #-adapted simple process with values in the vector space H @ E
of finite rank operators from H to E. Da Pratos result states that if —L generates a bounded
analytic contraction semigroup (S(t))¢>0 on E, then there exists a constant C' > 0, independent
of g and H, such that

1
E|L2S o gliam, m) < C°Ellliae, nm.0;

where % (H, E) is the space of Hilbert-Schmidt operators from H to E. The weighted analogue
of this result is then formulated as follows:

Proposition 9.4. Suppose —L generates a bounded analytic contraction semigroup S = (S(t))i>0
on a Hilbert space E. Then for all f > 0 there exists a constant Cz > 0 such that for all .7 -
adapted simple processes g : Ry x Q — % (H, E),

1 2 2 2
EIL2S 0 gll72r, -5,y < CBENINT2 (R, -5, 2(11,m))-
Choosing E = L?(R™) and using the following identification, see [21, Section 9.2.a,

L*(Ry, ¢~ Pdt; % (R, LA(R™)) = L*(Ry, ¢~ Pdt; LA(R™)) = T3*(H), (9:3)

we get the estimate

1
E||L2S ¢ g]7a 22 S C,BEHQHTM

The extrapolation result which gives the Tg '“ estimate is proved in 2 steps. The first step assumes

L?-off diagonal bounds and gives the result for p € [1,00)N (ni—gﬁ,

of Theorem 5.2 where we proved a variation of L? off-diagonal bounds for p € (

00). It is a stochastic analogue

2
nraira °) N

(1,00). It is formulated as follows:
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Proposition 9.5 (Extrapolation via L?-off diagonal bounds). Let (T});~q be a family of bounded
linear operators on L?, let B > 0, and suppose there exists a constant Cg > 0, independent of g

and H, such that
2

E /OTt_sg(s,-)dW(s) »

2 — CB ”g”Tgvz

for all F-adapted simple process g : Ry x R" x Q — H. If (t%Tt)bo satisfies L?-off diagonal
bounds, then, for p € [1,00)N 00), there exists a constant Cp, 3 > 0, independent of g and
H, such that

2n
(n+26 ’
2

E\ / (s )iV (s

< CREllg 2y
TP,
B
The second step gives the Tg’z estimate for p € [1,00) and assuming L' — L%-off diagonal
bounds. It is formulated as follows:

Proposition 9.6 (Extrapolation via L' — L%-off diagonal bounds). Let (T});~o be a family
of bounded linear operators on L?, let B > 0, and suppose there exists a constant Csg > 0,
independent of g and H, such that

¢ 2
E / Thgg(s,) AW (s)|| < C2Ellg|2a
0 722 B

for all F-adapted simple process g : Ry x R" x Q — H. If (t%Tt)t>0 is a family of bounded
linear operators on L? which satisfies L' — L?-off diagonal bounds, then, for all p € [1,00), there
exists a constant Cp g > 0, independent of g and H, such that

|

t 2
| Tegls )W (s)| < CEBIgIE
0 T%? B

With these tools, one is able to prove Theorem 9.1.

Proof of Theorem 9.1. Since A € L*°(R"; #,(C))), we have as a consequence of [9, Theorem 4

and Lemma 20], that the family of operators (t%Ve_tL)tzo satisfies L' — L?-off diagonal bounds.
By (4.2) we have

1
[L2ull 2 S [Vl 2. (9-4)

Moreover, by the discussion in Chapter 4 we know that L is maximal accretive on L? and
therefore the bounded analytic semigroup generated by —L is a contraction semigroup on L?. By
Proposition 9.4, the mapping g — L2.S ¢ g extends to a bounded operator from L% (€; TBM(H))

to L?g-(Q; Tﬂm), where L27(Q7 Tﬁ22(H)) denotes the closed subspace of all %#-adapted simple
processes belonging to L?(; ng(H)) By using (9.4), we thus get that the mapping g — VSog

extends to a bounded operator from L% (9; Tg 2(H)) to L% (; TB2 2(R™)). The desired result now
follows from Theorem 9.6.
O

As an application of the above results, the following problem is considered in Section 6 of
[8]:

{du(t,x) = —Lu(t,z)dt + b(Vu(t,z))dW(t), >0, z€R", ©5)

u(0,x) = up(x), z e R",
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Here, L = —divAV is the operator introduced in Section 4 but with A € L®(R", #,(R))
instead of A € L>*(R", #,(C)), W is a .#-Brownian motion relative to some filtration .# and
the function b : R” — R is a globally Lipschitz continous functions with Lipschitz constant Ly,
ie

b(z)| < Lylz|, z e R™ (9.6)

c . . . B
We take the initial value ug : R™ — R to be in the LP realisation of the operator Lz, for some

0 < B8 < 1. We denote this space by Dp(Lg).
Problem (9.5) is then formally rewritten to obtain a notion of a solution. This results in the
following abstract initial value problem

dU(t) + LU(8)dt = B(Vu(t, AW (t),  t >0,
U(O) = Uuop,

where
(B(w))(t,x) := b(u(t, x)).

Here, the operator B is also known as Nemytskii operator. B inherits the continuity and
boundedness properties from the Lipschitz continuous function b. By property (10.2), we see
that B maps L7 (9 Tg’z(H)) into itself.

In this formal setting we want a ”mild solution” to be an adapted ”process” that ”satisfies” the
variation of constants equation

U(t) = S(t)ug + /0 S(t — s)B(VU(s))dW (), (9.7)

where S is the bounded analytic semigroup generated by —L. Then V is formally applied to
both sides of the above identity and V' = VU is formally substituted to obtain

V=VS()ug+VSoB(V). (9.8)

Definition 9.7. Problem (9.5) is said to have conical mazximal LP-regularity with weight B if

for every initial value ug € Dp(Lg) there exists a unique element V' in LP(Q;Tg’Q(R”)) such
that (9.8) holds.

Before stating the result regarding conical maximal LP-regularity in the above sense, the
following lemma is proved in [8].

Lemma 9.8. There exists 5y € (0,1] with following property. If p € (1,00) and 0 < 8 < 1
are such that the pair (%,ﬂ) belongs to the interior of the planar polytope with vertices (0,0),
(0,50), (3,1), (1,1), (1,0), then for all ug € Dp(Lg) the function (t,x) — VS(t)ug(x) belongs
2

to Tg (R™).

The above lemma is proved in several steps. First for p =2 and 0 < 8 < 1 in the following
way.
Let vg = Lguo. Then we have

& _ dt
I(t.9) = VS @) By oy = [ [ 19 Py

I 1o, 2, ddt
_/O /n ’AQG U0| dytT
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o 18 dt
:/ / |(tL) 2 e tng\QdyT
0 n

~ [Jvol[3,

where in the second inequality we used (4.1) and in the last inequality we used a square function
estimate of the H*-functional calculus of L with ¢(tL) = (tL)%e_tL.

In step 2 the case 1 < p < 2 and 0 < § < 1 is proved using the first order approach from [20].
In the next step, we first claim that there exists a Sy € (0, 1] such that for all 0 < 8 < Sy and
f € L™ we have

18 B
I(t,y) = t72 VL™ 2e ™ f(y) oo ony S IIFllLe,

where Tgo is defined as the space of all locally square integrable functions such that the Carleson
measure condition

)2

r dt
[ [ strars <o (9.9)
o JB t
holds whenever B is a ball of radius » > 0, with C' independent of B. Using this, together with
the p = 2 result for all 0 < § < 1 and with the fact that the spaces Tg’Q interpolate between
p=2and p = o0, see e.g. [11], we get that for 2 < p < oo and 0 < 8 < By where 5y € (0,1] we
have - 5
I(t9) = ' VL e (@)l gy S lollar,

i.e.,
8
1t y) = VSOuo W)l cny S 112 ollzr-

We now prove the claim. First note that up to changing the matrix A(z) to A(rx + zp), which
does not change the ellipticity constants, our following arguments are scale and translation
invariant. So we can assume the ball B in (9.9) to be the unit ball. Let f be a bounded
measurable function with compact support. Let fo = fxop and fi = f — fo. By the p = 2
result, we have

Lfois_ s dt
| [ vt ) s < Mol < 11
0
For the f; we will use the following representation formula.

ds

VL_ge_thl = C’/ ng(sL)e_(S'H)Lfl .
0

with C' > 0 a constant independent of f;. This equality holds in L?(B;C"), see [8] for more
details. One of the ingredients to prove the above equality is the following kernel estimate of
Le=sL. There are constants ¢, C > 0 and 9 > 0 in (n — 2, n] such that

1
~ 2 2
Wy ¢ 2B (/ |VIKS+t(x,y)|2dx> <Y (—C“/‘ )
B

(s—l—t)%"'%‘*'%o s+t

where K is the kernel of Le~ L. The proof of the above estimate is the same as the proof of the

same estimate for e 'L, which can be found in [9, Lemma 33]. Now define 8y = 2(70 —n+2) €

(0,1]. By the representation formula and the above estimate and the fact that f; has support
outside of 2B, we have

oo d

HVL_ge_thl”LQ(B-(C”) ~ H/ ng(SL)e_(SH)Lﬁj’

k) 0 S

L2(B;Cn)
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S

=| / SHEVLe (0L
L2(B;Cn)

ds
s

= H/ st ‘y|>QVKS+t( y) f1(y)dy

L2(B;Cn)

s ds
g/ 3“2/ IVE st () fr() 22 (Biom) dy—
0 ly[>2

B
00 81+5 y2 dS
0o Jy>2 (s+t)atat s

1
< 1l / B
y|>2 [yl

S fillze,

for 0 < 8 < fp. Hence, fo Ht VL~ Ee_thlHLQ BT < || f1ll Lo, which proves the claim.
In the final step the remaining cases are proved usmg Steln s complex interpolation.

One last ingredient that we will need is the Banach contraction principle. The theorem was
first proved by Banach in 1922. We will provide a more recent proof due to R.S. Palais, [34].

Theorem 9.9 (Banach contraction principle). Let (X, d) be a non-empty complete metric space
and T : X — X a contraction operator i.e. d(T(x1),T(x2)) < Kd(x1,x2) for all x1,x2 € X with
0< K < 1. Then T has a unique fized point T in X i.e. T(Z) = ZT.

Proof. Using the triangle inequality we get
d(:L‘l, .%'2) < d(a:l, T(%l)) + d(T(l’l), T(Q?Q)) + d(T(.%'Q), 1‘2), r1,x0 € X.

Since 0 < K < 1 we thus get

d(.’L‘l, .%'2) < (d(a:l, T(.’L‘l)) + d(.’L‘Q, T($2))) . (9.10)

1
1-K
This shows that if 1 and z2 are both fixed points of 7" then we must have d(x1,x2) = 0. So the
uniqueness is proved.

Now let T" denote T' composed with itself n times. By induction we have d(T"(x1),T"(x2)) <
K™d(x1,x2). Let x € X and take z; = T™(z) and xo = T™(x) in (9.10). We get

d(T"(2), T"(2)) < 5 _lK(d(T”(fL‘),T”(T(w))) +d(T"(2), T™(T(2))))
K"+ K™

< TR d(z,T(z)).

Since K < 1, we get, by letting n, m — oo, that d(T"(x),T™(x)) — 0. Hence T"(z) is a Cauchy
sequence in X and by completeness of X it converges to a point £ € X. Using that T is a
contraction and hence a continuous mapping we get

= lim T"(z) = lim T(T" }(z)) = T(lim T" () = T(2),

n—oo n—o0 n—oo

which proves that z is a fixed point. O

We are now able to prove the following result.
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Theorem 9.10. Letp € (1,00) and 0 < B < 1 be such that the pair (%, B) belongs to the interior
of the planar polytope with vertices (0,0), (0, Bo), (%, 1), (1,1), (1,0), where By is defined in the
previous lemma. Suppose that K, gLy < 1, where K, g is the norm of the mapping g — VS og
from Lp(Q;T§’2) to Lp(Q;Tg’Z((C”)) and Ly is the Lipschitz constant of b. Then Problem 9.5
has conical stochastic mazimal LP-reqularity with weight 3, i.e. (9.8) holds for all initial values

uo € Dy(L?2).
Proof. We define the mapping F on L7 (€; TgQ(R”)) by
F(v):=VS()uy+ VS o B(v).

By Theorem 9.6 we have V.S o B(v) for all v € L7 (; Tg’Z(R”)). Together with Lemma 9.8 this

shows us that F" maps L7 (€; TgQ(R”)) into itself.
Now for vy, ve we have

| F(v1) — F(U2)HL1)(Q;T§2(R’G)) = [|[VS o (B(v1) — B(U2))HL7»(Q;T5*2(R"))

< Ky Bn) = B2l ppgrn2an,

< Kp,BLb”Ul - vzHLP(Q;Tgvz(Rn))'

Since we assumed K, gL, < 1, the above calculation shows that F' is a contraction mapping
from L7 (€ Tg’2(R")) into itself. By the Banach contraction principle we thus get that there

exists a unique fixed point v of F', i.e. there exists a unique v € LQZ(Q; T§’2(R”)) such that (9.8)
holds.

Note that the requirement for 5 to be in the described polytope is due to the use of Lemma 9.8.
In that lemma, the restrictions on the polytope were obtained through the different steps of its
proof. O

For the stochastic parabolic Cauchy problem we see, in the above, that we can solve for v,
where v can be formally seen as the gradient of the ”mild solution of (9.7)”. In other words, we
only have information on the gradient of the solution.

On the other hand, in Chapter 7, we showed that we can control the non-tangential maximal
function of the solution of the deterministic parabolic Cauchy problem (1.3) by the gradient of
the solution. To do so, we first found that the solution could be given in terms of propagators,
which in turn could be described as a sum of the semigroup generated by —L working on the
initial solution and the operator R working on the gradient of the initial solution. By showing
that the operator R is bounded from 77?2 to X? and combining that with conical Littlewood-
Paley estimates we thus got the desired result.

We want to develop an analogue result for the stochastic problem as well. In the upcoming
sections we are going to define a vector-valued version of X? on which we prove a similar result
to the deterministic problem. To do so, we use some of the techniques used for the deterministic
Cauchy problem and generalize them to a stochastic setting.
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Chapter 10

Necessary condition

Here, we develop two results of which the second one is a necessary condition for a stochastic
analogue of 7.1. The first result will not be needed later on, but it might be interesting to
mention. Ideas for the proofs of both results are inspired by the proof of Proposition 5.8. We
also use techniques used to prove [8, Proposition 4.1].

We are provided with a probablity space (§2,.%#,P), endowed with a filtration .# = (%#)¢>0,
and W = (W (s))s>0, wich denotes a standard .#-Brownian motion in R™.
A measurable mapping u : R’}fl x €0 — R"™ is called an .#-adapted simple process if it is of the

form
t z, w Zx(tl,tl+1 Z XAml ¢ml )

with 0 <t < - < tny1 < o0, Aml € 7, and ¢,, a simple function. For such processes we
define the following operator

t
Ryu(t,z,w) = / eI div (s, -, ) (z,w)dW (s), (10.1)
0

as an L2-valued process.

Proposition 10.1. Let p > 2, 8> 1 and let u : RTFI x 0 — R"™ be an adapted simple process.
Then we have

o - o d 2|
supE ][ ][ Rrul“dy——s- < CparnE|u )
o 5 B(~,\/5)‘ ’ 81 p,0, H HTp2
Lp
with Cy, g, independent of u.
Proof. By Fubini we have
é % P é g
- dt ~ dt
][ ][ |7€Lu\2dyﬂ = / E ][ ][ |7€Lu|2dyﬂ dz.
§ JB(.Vo) t ke \/3 JBve) t

Lp

Using the Kahane-Khintchine inequality we find

0 t (t )L 2 dt g
E ]Z 7Z / e\ div u(s, -, ) (z, w)dW (s)|“dy——
5 B(m,\/g)| 0 ( ) ) (s)] B—1

95
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: (/ / SRR / X(3.0) DX, W)e Ediv (s, ), w)dW (s >|d£t1>g

p
=k ' E /0 (276)( ) (x,\/g)(y)ei(tis)LdiV U(S’ ° )($’w)dW(S)

e p

é dt 2
- <IE][ ][ |/ I iv u(s, ) ) AW (5) Py ) .
$ JB(x
with implicit constant depending on p.

So we get
1 % b é %
- dt ~ dt
][f ]RLulzdyﬂ :/ E][][ \RLU\Qdyﬂ dz,
5 JB(.Vo) t R\ /3 /B@Ve) t
t 2

L
Now define Kru(t,z,w) = [t e~ #=5)Ldiv u(s,-,)(x,w)dW(s). Similar to Proposition 5.8 we
2
have

L2 (R (0,00):dy L)

[SiS]

I ()L
7 | X 0 e i s ) )W ()

2 Y )
d
L2(R" x(0,00);dy 555)

Rrpult, z,w) Ze_(l 2L i (27t z,w)  ae.

Fixing z € R” and k € N\{0} we get, analogous to Proposition 5.8,

1
—(1-2-F)iL —k o, dt \?
KLU’(2 t,y,W)’ dy B—1
B(z,V/5 t

. n o . o dt \°
< 272" sup E][ ][ |[Kru(t,y,w)|*dy—+ | .
Z 750 \ J& B2+ ) th=1

7j=1
5 3
n - dt
273 IE][ ][ Kru(t,y,w Zdyi
( ¢ JB(x,201V/6) | ( ) 1o

o § . at \?
< 2/zsup E][][ |KLU(tayaW)|2dyﬂ :
50 $ JB(z, 2041V t

For ' > 0 and j > 0 we have, using Minkowski’s inequality,

d . at \?
(Eﬁ,][ Lk |KLu(t,y,w)|2dyﬁ_l) S
8 JB(z, 2 T3V t
o0 6/
S (ef, £,
=1 % JB@2HTIVE)

Now let [ =1 and t € (%/,5’). By a result due to Da Prato (see, [14, Theorem 6.14]), we have

2

[

For k =0 and any j > 0 we get

at '\’
(f][ Kt Pty )

N

Jun

=

—(t—$)L 1 2 dt
e ( )Ldlv(xsl(z,21'+1+%\/57)u(8’"'))(y’w)dw(s)‘ dy >

E

[ e_(t—s)Ldiv(v(s7 SNy, w)dW (s)

L2(Ry = (B-Ddt;L2(Rm))



o7

2
t p—
SE| [ 5 e I div(o(s. ) ()W ()
2 L2(R L2 (RY))
2
t
+E ﬁ(s_ﬁ e O div(u(s, -, ) (y, w) AW (s)
2 L2(Ry3L2 (R™)
‘ 2
—1
<E / s~ eI div(u(s, -, ) (y, w)dW (s)
0 L2(Ry;L2(R™))
RS S S S i
FE|| [ (7 T e I div(u(s, )y w)dW (s)
z L2(RL2(RM))
S Eljv]l?

L2(Ry t~(B=1dt; 22(RM; L2(R™)))

t
+E / (5_6 1—t‘*) =D div(v(s, -, ) (y, w)dW (s)
3 L2(R4;L2(RM))

2

ﬂ (5~ 25 1= 2 e~ Ldiv(u(s, -, )) (> w)dW (5)

L2(Ry;L%(R™))

t 1 —1 2
- / E( / (s—% —t_ﬁz)e_(t_S)Ldiv(v(s,-,~))(y,w)dW(s)) dt

- (/ e div(o(s, ) (,w) ) dsdt

<E ’SiT P dsd
= [[v(s, 7')”32 Rn;L2(Rn))dsdl

s
S —(B- 1)‘ 5 _ 1|2
_E/ / | Hv(sa'7')‘|$2(RH;L2(Rn))det
2s | B; _ 1‘2
= E/(; HU( S, )||g2 Rn: L2 Rn )/ ﬁdti
SEHUHLQ(R_‘_ (B— 1)dtj2(R” LQ(R")))

In the second equahty we used It6’s isometry. We also used multiple instances of Fubini and

B
that ffs udt ~ s. Set v(z,y,t,w) = X85 )(t) Using the

[t—s]
above estimates and Fubini, we thus find

5/
Eff k
& JB(e2 T3V 1)L
dt
5’5’ n

2

/ —(t— sLdlv( ( S7~))($,y,w)dW(s)‘ dytgfl
_ 1 te_(t—s)L (ol s ) (x )
__<nyE”é div(v(-, -, 5,)) ()W (5)

XB(x,2j+2+§\/57) (y)u(y, t, W)-

1
2

C oo 2 dt
. e ( )LdIV(Xsl(m,Qj‘HﬁL%\/y)u(&'7'))(y7w)dW( )’ dy )

R
[N

2
L2(R+.t—(5—1);L2(R"))>
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1
2

5/5/” E|lv(z L2(R+,t(Bl)dt;z2(R",L2(R")))>

& ) dt 2

Jun

D=

& . dt
t dy—
/ JQMWJ o
1
o dt?
< |E w(t,y,w)?dy— |
_( / ]{3(%2H3+,M)| (t.y.w) yt5>

where we used that % < % and in the penultimate line we used the same identification as in
(9.3), i.e
LR, tPdt; Z2(R", L*(R")) = L*(R,,t~Pdt; L*(R™)).

For [ > 2 we have, where we do not write some of the variables to keep the calculations clear,

6/
e Fyuss
%/ B(z,22 T2 /57
" t 2 dt
= —(t—S)L 1 ) ‘
]{2/ ]é(zgaﬁrw’;ﬁ)ﬂz‘/; ¢ le(XSl(IQJ-!-I-&-%ﬁ)u)dw(s) dytﬁ 1
5 .
dt
= E —(t—S)L :
]é’]{g(mgnw’;\/y) /; e div(x Si(x 2]+1+7\f )| dey
5l t 9i+1+5 \/61) "% —(t=s)Lg; 24sd dt
"5y %\( 2V0') X o2+ v IV(Xsl(x,QHH%\/y)“” sdy 5
T j+1+5\ﬁ -z —(t—s)L 3: 5, dt
=Ef, [(27F1+2V/6) 2X p(a2i i+ v le(Xsl(x,2j+1+§ﬁ)u)H2d3
2 2
8§ pt
1 1 l+jok st di
SE/ / */7221 —2c 4t256][ . . |u<s’y,w)‘2dyds e’
5! t O't—s B(I72]+l+2+7\/67) t

& z+] 5/ dt
< IE/ / _ T g2ng2etS ][ _ i \u(s,y,w)|2dyds—6
t t—s B(z, 27425 /57 t

where we used multiple instances of Fubini, L?-off diagonal estimates for e */div and Ito’s

dt

t
e~ =)L div(y w)dW (s )‘ dy =5

Sz(ﬂf 23+1+7\F)

isometry.
Now define
t 1 Ds!
T )= [ e s s
i t—s
with

F(s,z,w) :][ i lu(s,y,w)|?dy and D = catigk+L,
B(:E 2j+l+2+§\/67)

We want to prove that T : Ll((%,, 8N, t7Pdt) — Ll((%/, 8"),t~Pdt) is bounded. This is equivalent
to proving that T : Ll((%l, ) — Ll((%/, ¢')) is bounded with

t 1 B _ps'
ToF(t,-,-) ::ﬂ <§> o os F(s,-,-)ds.

t t—s \t
2
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To prove this we are going use Schur’s lemma We have t € (6—/ &), s € (%,t) and B> 1. So we

get 0 <t —s < ¢ and (£)° < 1. Also, 6o < (L2)" for some large N which we will choose
later. With these we ﬁnd

, 6 N2
/Ws 1 (t—s)th [1 <t—s>N] ’

sup ) — = sup | —
se( oS gvs L8\ DY se(@ oy (NP Ja,

2
< DN,

We find similar estimates for the integral with respect to s. Thus, by Schur’s lemma [17,
Appendix I] we get | TF(-, z, <D N|F(-,x sl and hence

6/
o
%’ B(z, 2/ T1T 257

g 88", t=Adt) ~ ((5,8),t=Bdt)’

|=

t L 2 dt
e )Ldlv(XSl(mngrH%\/y)u(s"a'))(y)dW<3>’ dy >

1
< 2 (ealtighthy=3 lu(t,y w)|2dyﬁ 2
o ) B2t /) T %

In I+j k+1 —=
<A ( / ][a:2j+l+2+§\f’ ult,y,w) dytﬁ’)

Using the change of aperture lemma [2] and summing over k, j, [ we thus get

1P

0 2
dt
supE ][ ][ IR pul? dy
§>0 S JB(-V6

Lr
1P
< Z2(l+%>"e—c4j(024l+j2’f+1)—%N IE/OO][ lu(t,y w)\Qdy@ 2
5 Y AN
3Jy D
% p
dt
< 2 l+ 043 4l+j2/€+1 _*N]E / ][ ly,w Qdy
Z]l ) B(- 23+l+2+2\[)| u(t,y, )| 8 .,
, D
(1 — J l k —lN l
<z;2 +4)n —cd cpdl iRkt o(j++%) TEHUHsz
7]
< CpﬁnEH“HTp 25

with 7 only depending on n and p and where we chose N > 2(n + 7). In the second inequality
we used a combination of Fubini and Jensen’s inequality to get the expectation out of the norm.
(Only Fubini is needed in the case p = 2). The restriction p > 2 is provided by the use of
Jensen’s inequality since it works only with convex functions. O

We have a similar result for a slightly different operator. Let b : R® — R be a globally
Lipschitz continuous function that satisfies

|b(x)] < Cylz|, =x€R" (10.2)

For adapted simple processes, u, we define the operator 7 as

ﬁu(t,x,w)—/o e b (u(s, -, ) (@, w)dW (s).
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Proposition 10.2. Letp > 2, 3> 0 and let u : R?fl x £ = R™ be an adapted simple process.

Then we have Lp

0 2
dt
Sup]E ][][ EUQdyi chvvb]Eup,a
6>0 ( % B(7\/3)| | t,B p,Bn || ”T§2

Lp
with Cp gn.p independent of u.

Proof. Using Fubini and Kahane-Khintchine inequality, we have, similar to the proof of the

previous proposition,
5 5
dt
= [ (Bl f  mepayy) as
Rn $ JB(x,V9) t

)

dt

<][5 ][ [ Teul*dy— )

2 B(7 Ip

Now define Ky u(t,z,w) = ft e~ =) Lp(u(s, ) (z,w)dW (s). Similar to Proposition 5.8 we have
2

with implicit constant depending on p.

Tru(t,z,w) Ze_(l 27M)L (27t z,w)  ae.

Fixing z € R" and k € N\{0} we get, analogous to Proposition 5.8,

0 —k\i T, dt :
IE][][ le=(12 )tLKLu(Z_kt,y,w)de—B
§ JB@Vo) t

o 2
n ; dt
S E 22~ sup E][ ][ |Kpu(t,y,w )]2dy—5 .
= §>0 5 JB(e2 1+ 5 V/E) t

For k =0 and any j > 0 we get

J . dt : .n J - dt :
E][ ][ |KLU(t,y,W)’2dy B S 272 E][ ][ |KLU(t,y,W)’2dy 8
$ JB(z,V5) t ¢ JB(2,2i+15) t

1 0 . dt 2
< 272 sup IE][][ [Krult,y,w)l’dy—5 | -
>0 $ JB(2,20+1V&) t

For ¢’ > 0 and j > 0 we have, using Minkowski’s inequality,

5 ) L dt 3
E Kru(t dy— | <
]{é]{s(x,zﬁwéﬁ)’ wult g,y | <
o 5/
S(eLf
1 & JB(z,27 15 V5)

Forl =1, and t € (%/, 0") we have, where we do not write some of the variables to keep the
calculations clear,

6/
y Jur
%’ B(z,2/ 1T 2/57)

Jun

=

b s dt
€ (¢ )L(Xsl(m7gj+l+§\/57)b(u(sv'7')))(y7w)dW( )‘ dy 5)

s 2 dt
e ( )L(X&(I’QﬁH%ﬁ)b(u))dW(s) dyt?
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£ B [0, g )W () dy
B P s N Si(@2 V) t?

4 t
dt
= —(t—S)L 2 b
][g’ J{B(z,gﬂw’rﬁﬁ)E/; l (Xsl<z,2f+1+§ﬁ)b(“))| dsdy-3
dt

& t
— J+1+5 52 —(t—s)L 2 dt
fo [ Iy B e I e )Py

2 2

& pt
— J+1+E —n —(t—s)L 5, dt
—Bf, (@I g eI e g 0B
2 2

&t
145 -3 2 dt
2 2

<CE/6l/t1][ lu(s,y,w)|?d dsg
~ b %l % (S/ B(I72J+1+§\/57) 73/7 y tﬁ.

Aside from multiple instances of Fubini, we used [t6’s isometry, the fact that the semigroup of
L is a contraction and the property of the function b. Now define

t
1
TF(t,-,-) ::/ < F(s,-,-)ds
t )
with

F(s,z,w :][ u(s, y, w)|>dy.
)= g 10 Py

We want to prove that T : Ll((%,, 8N, tPdt) — Ll((%,, 8"),t~Pdt) is bounded. This is equivalent
to proving that T : Ll((%l, §)) — Ll((%, 4’)) is bounded with

t1 /s\8
TyF(t, ) :—ﬁ 5 (2) Fis, s
2

We have t € (%,,5'), s € (%,t) and B > 0. So (£)# < 1. Using these we find
t 1 8 t
sup / 5 (f) ds < sup / ds < C.
te(%.5) 73 t te(2,51 73

We find similar estimates for the integral with respect to t. Thus, by Schur’s lemma [17,
Appendix I] we get | TF (-, z,w) ) SF( 2z, w) and hence

6’
(& fe
& /B2 T2 V)

”Ll((%’,é’),t*ﬁdt HLl((%’,y),rﬁdty

(SIS

b, 2 dt
ﬁe (t )L(X81($’2j+1+§ﬁ)b(u(87‘7')))(y7w)dw(s)’ dytﬁ)
2

1
% 3
dt
S E/, ][ e ety w0)Pdy 5
§ /B2 V) ¢

1

oe] dt 2

< E/ ][ u(t,y,w)|?dy— | .
< ; B(mm%ﬁ)l (t.y.w)[dy 3

Now we are going to consider [ > 2. We have, similar the to [ = 1 case

é‘/
oy Fws
8 J B2 T E V)

s 2 dt
[ e e s D )W ()]
2
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&t
= JH1+5 /51— —(t-s)L 9, Al
_E][y /t (2 2V ) *Xp (2145 o) © (Xsl(x72j+1+§f) (u ))||2dst
2 2

Using L? off-diagonal estimates for the semigroup, we then find

8§t
. k n (s
Eﬁ [”(2]4’14“2\/?) 2XB(I2]'+1+%\/57)8 (t )L(Xsl(x72j+1+§\/—) ( ))H%ds
2

9 & 4l+j2k5/
S 29"E t=s

dt

dt
2

dyds 5
]{9<x,zj+l+2+’§ﬁ> s )Pz

Applying Schur’s lemma again, with similar arguments as the previous lemma, provides us with

6/
5, s
2 Jowbum
1
< 2ln< 4l+j2k+1 —= |’U,(t y w)‘Zdyﬁ ’
5 2j+l+2+§\ﬁ) I 8

d
In(cqltig+1)=3 2

The rest of the proof is the same as the proof of Proposition 10.1. O

e dt
€ (* )L(Xsl(x’2j+1+§\/67)b(u(5,',‘)))(y,w)dW( )‘ dy 5)



Chapter 11

Vector-valued X7

In this chapter we are going to define a vector-valued version of the space X?, namely Xp, and
show that the operator 77, is bounded from LP(€2; T§’2) to Xp.

We are going to define X through a variation of a Rademacher maximal function similar to
the work done in [19, Section 7]. To do so we need Rademacher variables. A (real) Rademacher
variable is a random variable € : Q — {—1, 1} satisfying

1
Ple=—-1)=Ple=1)= 3
A (real) Rademacher sequence, (e)kez, is a sequence of Rademacher variables.
Definition 11.1. Let (Q,.%,P) be a probablity space and let k € Z. For a process u : R”}r“ x Q) —
R", such that u(w) € L} (RTT), we define the functional Ny g by

loc

1
2 dt ’ n
Ny su . u(t,y,w)| dyt—ﬁ , VxeR"

Note that we can write Nk,g (u) as an L? norm in the following way

ke 12k X B(z,v2) 9, di
u(t,y, w)|2dy— ~ (@ t dy—
]é ][ Y, w ytﬁ //n s [u(t,y,w)["dy 3

:H X (2k- 12k)XB( V/2F)

2k21 2711@ uf:, '7"‘))“L2(R1+1;t—5dy><dt)

(11.1)

We are now able to define our variation of the Rademacher maximal function as follows

MRad,Bu(x) = sup {EQH Z Ek)\kaﬁ(u)(I, )‘

Lr(Q)
kEZ )

A = (Ar)kez finitely non-zero with [[A[];2(z) < 1}.
Definition 11.2. Let 1 < p < oo. Xg is defined as the space of u : R?fl x 0 — R" such that
lull 57 = 1M Raa gully < oo

It is easily verified that the above indeed defines a norm and hence X g is a normed vector
space. Furthermore, we have the following.
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Proposition 11.3. Let 1 < p < co. Then f(g is a Banach space.

Proof. We are going to use that a normed space is a Banach space if and only if an absolute
convergent series is also convergent.

Suppose (un)nen is an absolute convergent series in X5, ie. Y. ||up|l g, < co. Fixing z and
neN

using Kahane-Khintchine inequality, [19, Proposition 2.3|, we have

Bol| L aufs(3 e ), = [ (Z 1 w2
k€EZ

NI

neN L)
>

= Nk s(\ up ) (x, - 2) .

H (% ot @), ,

We now define the function Tpu(-,-,w) : Z — L2(R;¢7Pdy x dt) by
X (2k—1 2k) XB(z,v/2F
(Tl ) () = M= 2 =2 ),
2 4

So we have Tyu(-,-,w) € 12(Z; L2(RT;t7Pdy x dt)). Using this we get

H <k§% Nes (e D un)(, .)‘2>

neN

[N

= || T, Z Un”Lp(Q;lZ(Z;m(Ri“;t—dexdt)))'

Lriy neN

Now we can use Minkowski’s inequality to find
1> wnllsr S || swp_ 172 3 woll s asimyt-sapean |,
neN M@=l pen

<ZH sup HTw“nHLp(ﬂ;ﬂ(Z;LQ(Riﬂ;t—ﬂdyxdo))H
neN M2z <1

=Y Junll g

neN

By assumption the last expression is finite and hence > w, converges. O
neN

This brings us to the following proposition.

Proposition 11.4. Letp > 2, 3 >0 and let u : Rfrl X 0 — R"™ be an adapted simple process.
The operator Ty, extends to a bounded operator from LP(); Tg’Q) to X'g.

Proof. Fixing x and using Kahane-Khintchine inequality, [19, Proposition 2.3], we have

N

Bal| X eniaTiade |, o = | (5 PR (T )
keZ

Lr(Q)
keZ )

Denoting N = (Ny 5(Tzu)(z, -))rez We get

(X (i o ->r?)%

keZ

ey IAN || Lo (022

[

= (EIAN R z))”
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1

~ (BN, )

= (3 WPE( N s(Tou) () ))

keZ

M=

In the penultimate line we used Kahane-Khintchine inequality and in the last line we used
Fubini. For each k we have

dt
E(| N p(Tou)(z f ][  Tifdys
2k

Now continuing as in Proposition 10.2 we find

2k
dt
(E][ ][ \TLUIzdy ﬁ> <
2k—1J B(z,v/2F

dt
l+ n—c43 43 m+1 —= 2
I Rl CT A% R e >ldy5)

m,j,!

where M is a big enough constant which we will choose later. As can be seen the above expression
is independent of k. Because of this and the fact that > [A\x|?> < 1 we thus get

keZ
1P
. d 2
. < (I4+2)n —c4? I+j m+1 2
Thallgr S 3 207 9me et (ca'H92 ( / T ) dyﬁ)
m,j,l Lp
1P
d 2
< 2 H— 043 4l+]2m+1 —7ME t Qd
2 ) AP R T
m,j, Lp

< Z 2 l+ n —c41(c 4l+]2m+1)—7M2(j+l+ TEHUH
m,jil
< CpgnBlull]

TP2

Tp2’

with 7 only depending on n and p and where we chose M > 2(n + 7). In the second inequality
we used a combination of Fubini and Jensen’s inequality to get the expectation out of the norm.
(Only Fubini is needed in the case p = 2). Again, the restriction p > 2 is provided by the use
of Jensen’s inequality since it works only with convex functions. In the third inequality we used
the change of angle for T} 2,

O
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Chapter 12

Concluding remarks

In this final chapter, we will briefly discuss our obtained results.

As discussed in Chapter 9, the solution of (1.1) is formally given by

t
u(t, z,w) = e Lug(z,w) —i—/o b (u(s, -, ) (@, w)dW (s)

= e Pug(z,w) + Trul(t, z,w).

If our solution is of the above form, then we would be able to get the following estimate:
lull 37 < ElVull ppa-

We would be able to obtain this estimate by using Proposition 11.4, which stated that, for p > 2,
the operator 7; is bounded from T’ g 2o X g, and then reasoning as in the proof of Proposition 7.1.

A second remark we would want to make is about Proposition 11.4 itself. Based on its proof
it would seem that we could have defined X g in a more direct manner and get a similar result.

By defining Xg as the LP(R")- norm of

g dr\’
sup ][ ][ \u!2dy—ﬁ , z € R",
5>0 ¢ JB(,V3) t

and arguing as in Proposition 10.2 we would get boundedness from T g’g to Xg as well. We
figured this out in hindsight.

A final remark we make is with regards to our goal at the start of this thesis. We wanted a
stochastic analogue of the non-tangential maximal function estimate with respect to the gradient
of the solution. Ideally we wanted an estimate of the form

Ellullxy S ElVule.

where Xg would be a weighted in time version of XP. To get such an estimate we need to be
able to get a supremum out of the expectation in our setting, which we were not able to do.
This is the reason why we considered the Rademacher maximal function as a substitute of our
non-tangential maximal function, but even in this case we could only get an estimate on the
vector-valued version of XP.
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