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Abstract

Autonomous vehicles are the inevitable future of the industry as theoretically they guar-
antee higher road throughput and a much safer means of transport compared to today’s
ground vehicle. This has attracted the industries and universities making it a very impor-
tant topic of research. The basic function of the autonomous vehicle boils down to trans-
porting its passenger safety from door to door. This requires planning of a path that is
obstacle free. Currently, sampling-based methods are widely used for path planning. Al-
though these methods are proving to be successful in open environments, they are ineffi-
cient in heterogeneous environments. Planning in urban environments would be success-
ful if this obstacle is tackled. In the current literature, it was found that there are many
methods which focus on solving the path planning problem while planning around the ob-
struction, while there are other methods that focus on converging to optimal solutions.
Hence, there is a need for methods that would plan optimal paths in heterogeneous envi-
ronments. This thesis introduced a combined approach that shares elements of planning
paths around obstacles and optimal path planning which are provided by the algorithms
Adaptive RRT and Informed RRT* respectively. These methods are combined along with a
Dubin’s motion model to simulate basic vehicle’s constraints.

The proposed approach was compared with state of the art methods like RRT* to evaluate
its performance via simulation. The simulation was carried out in three different scenarios
with variable complexity depending upon the available free configuration space. The abil-
ity to find a solution and converge it were evaluated, an improvement of 50% was noticed
in finding the initial solution and around 25% improvement was seen in convergence. This
concluded that such a hybrid approach could be an important contribution to urban path
planning.
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Introduction

Over the past few years, the automobile industry and universities have had a growing affin-
ity towards autonomous vehicles and Advanced Driver Assistance Systems (ADAS). Assisted
by the introduction of Tesla Autopilot in 2014 and Audi’s Traffic Jam Pilot in 2017 the indus-
try is progressing towards fully autonomous vehicles. The lead analyst at Morgan Stanley,
Ravi Shanker predicts that autonomous vehicles could save about 5.6 trillion dollars glob-
ally [3], all of this savings would be from accident prevention, congestion reduction and
the driver’s capability of working while being transported. Given the economic impact, it
is evident that autonomous vehicles have had a long history as its research began in early
1920s, when Francis P Houdina professed a radio-controlled driver-less car that followed
another car[4]. In 1980 EUREKA launched the Prometheus project collegial with six Eu-
ropean countries in effort to work on vehicles with highest efficiency and unprecedented
safety, but things really took a big turn during 2004-2005 DARPA grand challenge which
encouraged universities to take part in the event where the autonomous vehicle had to
complete a given course, During 2005 five of the teams were successful in completing the
challenge [5]. By 2010 all the major automobile manufacturers began working on achieving
a fully automated vehicle. With technological prerequisites becoming available and public
admission to it, the vision of fully autonomous vehicles will come to realization.

As mentioned before such automation is only possible with on-board computers and
electronics that will help the vehicle to act as an intelligent agent that can make sensible de-
cisions in different scenarios. The research has also been extended to Vehicular Adhoc Net-
works(VANETS) [6] which is similar to a Mobile adhoc where the nodes are the autonomous
vehicles. These help with more efficient route planning, traffic alert dissemination and mo-
bile vehicular cloud services. For any automated vehicle with great technology and infras-
tructure the crucial problem that it needs to tackle is:

How to reach the goal safely?

In order to get to the destination safely, the vehicle must be able to plan a safe route while
considering variables like the environment, current state of the vehicle, road geometry,
traffic rules, other vehicles, vulnerable road users among others which is path planning.
It plays an essential role in the automation of vehicles, and would be the topic of research
in this thesis.
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Figure 1.3: Path with sampled

Figure 1.1: Valid path Figure 1.2: Invalid path nodes

1.1. Objectives

For making fully autonomous vehicles a reality, it is necessary to tackle one of the most
difficult problems in path planning i.e. planning in urban environments due to the pres-
ence of narrow passages. The presented work aims to study and evaluate the state of the art
path planning methods and propose a combined approach that will outperform the con-
ventional methods.

In an urban environment it is very important to find solutions quickly as well as effective.
Most of the methods used currently focus on intelligent sampling around the obstacles or
purely focus on the convergence of the initial solution and perform planning on holonomic
agents. Consequently, the objectives of this thesis is to produce an algorithm with the fol-
lowing elements:

Sampling efficiency: Uniform random sampling in narrow passages reduces the proba-
bility of a node selected to grow, which causes the algorithm to generate more samples to
generate a sample that can be successfully connected. Hence the research should provide
an efficient sampling strategy that would require fewer samples to solve the path planning
query presented.

Convergence: Finding the shortest and locally collision free path between the start and the
goal via reiteration of the path planning algorithm.

Use of a realizable model: It is a challenge to find a path between two nodes depending
on the agent as it increases the complexity, hence it would be important to implement a
vehicle model along with incorporation of its pose

The end product would be a combination of the objectives mentioned above i.e., a
method that would focus on optimal path planning in narrow environments.

1.2. Scope

In this thesis the agent is assumed to have almost ideal sensing with fixed tolerances to lo-
calize itself i.e the vehicle and obstacle boundary obtained is accurate. So, object detection
isn't in the scope of this work. A path following controller is not considered and an ideal
path follower is considered so the controlling criteria also wouldn’t be in the scope of this
work. The work circles around the software architecture that generates a path with the help
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Figure 1.4: Path Planning for a vehicle like model [1]

of a path planning algorithm. The solution that is produced is and can be only used for
simulation purposes in static environment conditions with an agent having known motion
curves. The evaluation of the work in this thesis is carried out by relative comparison to
compensate for unstable environment and non-optimized software.

1.3. Outline

To understand the essence of the work it is important for the readers to understand the ba-
sics of path planning which is given by chapter 2 . It consists of general terminology used in
path planning along with the formulation of the path planning problem. It also discusses
the literature for the different models used in path planning like geometric, kinematic and
dynamic models and also discuss algorithms that have contributed towards urban path
planning like RRT, RRT* etc.

From the contributions of the methods discussed, two methods are selected viz Adaptive
RRT for its ability to adapt growth around narrow and heterogeneous obstacles and In-
formed RRT* for its capability to approach local optimal at a faster rate compared to other
methods. Along with these, Dubins car model is selected as the motion model to gener-
ate a path between two nodes. Chapter 3 gives detailed description of the selected meth-
ods along with the way they are combined to arrive at the method proposed in this thesis.
It starts with the discussion about the motion model that has been used to connect two
states and moves into describing the constituent algorithms of the proposed combined ap-
proach.After which the combined approach is discussed and represented using a detailed
flow chart.

In order to prove the identified concept there is a need for evaluating it against existing
algorithms this is done in chapter 4 of this report. This chapter discusses the evaluation of
the proposed method along with the baseline methods RRT* and Informed RRT*, it intro-
duces the simulation setup and parameters, and analyses various scenarios in which the
simulation was conducted. Then it discusses the tests that were conducted and presents
the results relatively. Finally, chapter 5 summarizes the outcome of the result and conveys



4 1. Introduction

the use of the combined approach that has been proposed in this thesis by highlighting its
contributions. It then recommends readers about the future prospects in the same area of
research.



Background

Firstly, this chapter introduces the path planning with its most general concepts. After
which the general path planning problem is formulated mathematically. After this, the so-
lutions to the path planning problem are described, highlighting the important differences
between them and different motion models being used. After which the state of the art
methods are explained along with methods that attempt to solve path planning in narrow
environments. The chapter then concludes with some of the contribution the commonly
used planning methods make and their favourability to be selected for the combined ap-
proach discussed later in this report.

2.1. Preliminaries

Definition 1 Configuration space or C-space refers to all set of positions and orientations of
the agent. The configuration space in this thesis considers the position x,y in 2D space along
with the orientation in that plane which can be defined as:

C=R*>XSO(1) 2.1

Definition 2 A robot is holonomic if it can move in any direction in the configuration space.
In classical mechanics a system may be defined as holonomic if all constraints of the system
are holonomic. For a constraint to be holonomic it must be expressible as a function:

f(q,q2....q0, ) =0 (2.2)

i.e. a holonomic constraint depends only on the coordinates q (x,y) and time t. It does not
depend on the velocities or any higher order derivative with respect to time. A system that
does not satisfy these constraints is non holonomic.

2.1.1. State

Path planning involves a state space which informs the situation of the robot. For exam-
ple, the state of a vehicle could represent the orientation and position. States could be
described continuously or discretely. A path planning algorithm would always imply the
state space. In most cases the state is infinitely large and cannot be represented explicitly,
it would mostly be represented by the desired bounds of the application. Hence, state is an
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important component in the formulation of a path planning problem and the algorithms
used to solve it. In the case of this thesis the state space would involve the position and the
orientation of the vehicle alone.

2.1.2. Complexity

The speed at which any problem’s solution can be found is dependent on how complex the
problem is. The theory of computational complexity have classified problems dependent
on their probabilistic complexity, some of the important classes are:

P -This class stands for the problems whose solutions are efficiently computable in poly-
nomial time.

NP - Problems that are not deterministic in polynomial time and could be P type problems
if any new characteristic is acknowledged.

BPP - Problems that can be solved in polynomial time with probabilistic errors.

NP Complete - Problems that are not deterministic but whose solution can be verified in
polynomial time.

PSPACE - This class includes the problems that can be solved given infinite time but con-
suming polynomial memory.

EXPTIME - Problems that can be solved in exponential time.

NP Hard - Problems that cannot be solved in polynomial time and are as hard as the most
difficult NP problems.

There are many other classes apart from these, for a detailed theory the reader is referred
to the book: Computation complexity by Sanjeev arora and Boaz barak [7]. Reif [8] found a
solution to a vehicle moving through a euclidean space while avoiding polygonal obstacles,
but the differential constraints in this case are not considered. The differential constraints
considered is a curvature bound path, hence it can be seen as a path planning problem
from a point to point such that the path is the shortest path given an upper bound on the
radius of curvature.Lazard, Reif and Wang [9] show that such a problem is NP-hard, which
tells that there are no exact algorithms for this problem, hence the use of methods based on
numerical approximation and discretization would be more appropriate to find a solution
which can be nearly optimal.

2.2. General Path Planning Problem

Any path planning problem involves starting in some initial configuration and trying to
reach a specific goal configuration. The actions are selected such that the goal configu-
ration is achieved. There are differential constraints enforced on the path like the bound
on path curvature, rate of path curvature and others so that smoothness is ensured for the
vehicle to easily traverse it. Apart from the constraints in a path planning problem there
would be criteria that would define the cost of the solution. Based on the cost of the solu-
tion we can classify the solutions to be feasible or optimal.

Say a vehicle has to go from point A to B without collision, a feasible solution would be any
route taken from A to B without collision, whereas an optimal solution would be the one
which consumes the least time. Here the quality of the solution is determined by the time
spent by the vehicle to go from A to B. The majority of the current literature still focuses on
finding a feasible solution or local optima, as it is already a hard problem to solve. In many
cases even formulating the correct optimizing criteria is difficult, and even if it is formu-
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lated it would be impossible to find a solution to it. Many methods used presently, provide
feasible solutions that are closer to the optimal solution.

If we have to put this problem in mathematical terms, say the configuration space is de-
fined as C, the initial configuration is gs.qr: € C and the goal is represented as ggoq1 € C.
The region where the vehicle is freely allowed to move is C¢,., and the region with obstacles
is represented by C,;; . The differential constraints mentioned above can be represented
as g(q) where q represents the state.

Definition 3 Path A functiono : [0,1] — R2XS0(1) is called a,

e Path, if it is continuous
* Collision free path, if it is a path and o (@) € Cfyee, for all a € [0,1]
* Feasible path, if its a collision free path, 0 (0) = qstart, and o (1) = qgoal

The quality of the solution is measured by a cost function J(o) (length of the path etc.), then
an optimization problem can be constructed as follows

Problem 1
minimize J(o)

subject to
0(0) = Gstart
0(a) € Cfree
o(l)= Ggoal
given constraints g(q)

(2.3)

2.3. Models used in path planning

In order to plan the route it is important to approximate the behaviour of the autonomous
vehicle in response to the input given to it, such approximation is done by a vehicle model.
The more complex the model is higher the accuracy it will achieve with the actual vehi-
cle. But higher complexity comes at the cost of computational time and power. Hence one
needs to meticulously select the model depending on the available computational power
and path planning algorithm. The ground vehicle can be classified as a non-holonomic
system, as the controllable DOF (Degrees of Freedom) are fewer than total DOF of the sys-
tem. The normal a car is supposed to have 4 DOF in total where two are coordinate axis x
and y direction and the other two are orientation and heading. Only the first two are con-
trollable (Lateral and longitudinal control). Basically a vehicle model is a rigid body over
springs i.e the suspension system and the tire. A definite vehicle dynamics model should
be built to represent the vehicle dynamics as it could be used in simulations to validate any
new instrumental additions to the vehicle. The simulation of the vehicle can be carried
out computationally and hence reduces the cost of testing on a real vehicle. Generally the
vehicle model can be classified into two viz. the ride model and the handling model. The
ride model describes the performance of the vehicles damper displacement, body acceler-
ation and wheel acceleration vertically. The ride model has 3 DOF which is vertical roll and
pitch motion [10]. The handling model has 7 DOF, 3 of which corresponds to longitudinal,
lateral and yaw motions, the other four represent the spinning motion of each wheel. The
model that is relevant to path planning is the handling model.
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2.3.1. Geometric Model

This model basically considers the vehicle dimensions, position and its radius of curvature
without any consideration of velocity and acceleration. This model has seen its applica-
tion in the pure pursuit path tracking method. This model is not used for simulation of
vehicle motion as its components do not regard velocity and acceleration, but geometric
models like Dubins Model which is based on Dubins curves[11] can be used for simulation
of path planning as it would account for the non-holonomic constraints and would be an
inexpensive alternative to simulate difficulty of planning paths for a vehicle like agent over
holonomic agents that do not account for this nature.

2.3.2. Kinematic Model

Kinematics defines the motion of a body or group bodies without the consideration of
mass, internal forces and inertia. Hence the motion of the body would be describes in
terms of position, velocity and acceleration. None of the body’s internal dynamics would
be considered and only the geometry would only be considered. Kinematic model is com-
monly found due to its simplicity and the important data that it gives about the motion of
the vehicle. This model describes the lateral, longitudinal and yaw dynamics in terms of
vehicle velocity and acceleration. A simple kinematic model as seen in figure 2.1 is a vehi-
cle with a local coordinates (x-y) and with world coordinates (X-Y). The local coordinates
are fixed on the vehicle while the world coordinates are fixed to the ground with respect
to which the model has to be simulated. If the vehicle is traveling with a velocity v with a
heading angle 6 and orientation y with respect to the world reference frame . The following
equation gives the velocity of the vehicle in world coordinates

cosy —siny
siny cosy

Vworldx | _ Vlocalx

(2.4)

Vworldy Viocaly

2.3.3. Dynamic Model

Dynamic model describes the motion of the vehicle while considering forces and energy in
terms of position, velocity and acceleration. The model includes the forces on the tire and
the body, it has characteristics from both geometric and kinematic model. The modelling
equations 2.5 are constructed using the equation of motions on the model in fig 2.2.

Fyfi+ Fxpr+ Fypp + Fxrr = mpay
Fyfl +Fyfr + Fyypg +Fyrr =mpay (2.5)
> M+ [=Fyri = Fyrlly + [Fyp1+ Fypelly = Lot

2.4. Path Planning Algorithms

Over the years there have been many types of algorithms developed to tackle the path plan-
ning problem. As discussed in the earlier that via numerical methods finding an optimal
solution with even one differential constraint is a NP-hard problem. Over the course of
time a variety of methods have been developed which can be separated into three cate-
gories viz. Variational methods, graph-search methods and sampling based methods.
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b

Figure 2.1: Vehicle Kinematic Model

Figure 2.2: Dynamic Vehicle Model
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2.4.1. Variational Methods

Variational methods are a general class of approximation techniques with wide applica-
tion throughout applied mathematics. These methods involve representing the path as a
function of certain parameters, these parameters are found by construction of a nonlinear
optimization problem with the cost function defining the quality of the solution. These
methods are known for the high rate of convergence, they find an optima but lack the re-
sources to find a global optima unless an initial solution is provided. Variational methods
are broadly classified into direct methods and indirect methods.

Direct methods are based on an iterative strategy for optimization based on gradient com-
putation of the function space. Advantage of this method is that the convergence of the
solution is independent of the initial solution. But rate of convergence decreases as the
solution is approached and the need for termination is not known. In [12] the implemen-
tation of Euler integration for trajectory planning of a ground vehicle is seen.

Indirect methods are based on an iterative strategy for optimization based on the solu-
tion of a point BVP (Boundary Value Problem) with a system of ODE (Ordinary Differential
Equation). The necessary conditions are provided by Pontryagin’s minimum principle [13],
yet it doesn’t provide the sufficient conditions. The sufficient conditions are provided by
HJB (Hamilton-Jacobi-Bellman)[13] equation. So the solution must satisfy these condi-
tions. Solving a 2 point BVP is very difficult as the solution that may satisfy the first bound-
ary conditions may not satisfy the other. One way to solve this is to let initial conditions be
floating so that integration in search of initial conditions would lead to finding the solution,
this method is known as shooting method [13]. Trent et.al [14] introduce a modified simple
shooting method is used to trajectory optimization problem which solves a two point BVP
for a aircraft re-entry, the study showed it to be faster and more accurate than conventional
shooting method. But indirect methods have a lot of memory issues and need an initial
solution to begin with.

2.4.2. Graph search Methods

These methods involve discretization of the configuration space into a graph G with ver-
tices V and edges E. The vertices represent the various configurations which belong to the
configuration space C and edges is constituent of gsar¢, Ggoal, 0 Where gs;qr¢ is the origin,
the configuration that the vehicle starts from, gg,4; is the desired end configuration and o
is the path that connects the origin to the desired configuration. The edges are constructed
in such a way that they lie in C¢,., and satisfy the constraints g(q). The graph constructions
can be done by lane graph, geometric graphs or sampling based methods.

Lane graphs are partially human created and partially created via an algorithm, that refers
to a digital map. The paths generated are good for vehicles to traverse through, but these
maps do not consider the presence of obstacles in the environment causing it to lose one
of the main aspects of path planning.

Geometric graphs represents the obstacles with a geometric form, polygonal when 2-
Dimensional. Any point in this graph is reachable via a vertex on the graph. Cell decompo-
sition is used to discretize the configuration space into cells, while using vornoi diagrams
to construct a continuous collision free path. This method needs the exact obstacle dimen-
sions to plan paths which might not be available all the time.

It would be computationally expensive to rely on the sensors to manage and collect the
data dynamically. Also there are many other constraints to be considered for path plan-
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ning apart from differential constraints of the curve. Sampling based techniques do not
require the presence of geometric data of the environment and the constraints. Instead it
checks reachability with steering and collision checks. The steering is checked with a steer
function that constructs a path satisfying the differential constraints and collision checking
function to ensure the path is collision free.

After the discretization a search would be performed over these graphs to get a path
with best solution. The most known and basic algorithm to find the shortest path is the
Dijkstra’s algorithm [15] which builds a tree to find the shortest path. The next known al-
gorithm is based on heuristic search, which is called the A* algorithm developed by Hart,
Nilsson et.al [16]. It returns an optimal solution. For lesser computational effort A* was
modified so that heuristics are multiplied by constant weights. The problem with these
algorithms is that they need to be ran everytime as the sensors update the environment
data. For such cases the D* (Dynamic A*) algorithm was developed which was able to do
calculation in real time.

2.4.3. Sampling Based Methods

The disadvantage of graph search methods is that the search is only over the fixed graph
discretized by certain motion primitives, which may cause the algorithms to return a path
that is not feasible. These methods try to mitigate this problem. The grid of discretization
gets increasingly finer, while trying to find a feasible path at the same time. Such a task
requires an exploring behaviour from the algorithm. The process is selection of a random
vertex from the tree which begins at the vehicle initial position, which will be expanded by
applying the steer function. Once the goal is found the path is traced back to the initial
vertex. This is where modern path planning is currently researching on, the next section
gives a detailed literature of the various path planning methods used before and the state
of the art methods used for urban path planning.

2.5. State of the art

As mentioned earlier path planning is an important topic of research with the development
of autonomous vehicles, going over the major focus of the research which is path planning
in urban environments this section would present and discuss the state of the art methods
that have made contributions to the aforementioned.

Rapidly Exploring Random Trees (RRT) proposed by LaValle [17] is a method that uses
randomized data structure for path planning. These are specifically designed to handle
non-holonomic constraints with high dimension. The rapid exploration is achieved by tak-
ing a random sample in the configuration space and extending a the tree towards this sam-
ple via the nearest node available on that tree. The path between the node and the random
sample is constructed using a steering function. Kunz et.al in [18] that RRT is not proba-
bilistically complete. It was also proven to provide sub-optimal solutions in [19].

An extension to RRT was introduced by Karman et.al [19] called RRT* which converged
to an optimal solution asymptotically. RRT and RRT* are pivotal to the algorithms that
plan paths in heterogeneous environments. RRT* involved nearest neighbour search and
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rewiring operations that helped in providing optimality.

Algorithm 1 RRT*

Require: Problem P

while Iteration<Max Iterations do
qrana — RandomState()
Gnear — SearchNear(Tree,q;an4)
if Collision free then

Extend from tree

end if
nn — nearestNeighbour(g.4r,radius) {Obtaining the set of nearest neighbours in a
radius}
ObtainbestParent(q,q,,nn) {Obtaining the best parent for near node}
Rewire(nn) {Rewiring the nearest neighbours}
UpdateTree

end while

As shown in Algorithm 1 it initially samples a random sample from the configuration

space, after which it searches for node pre-existing on the tree that is closer to the random
sample. If the path extending from the nearest node is collision free an extension is made
towards the random sample. Then the nearest neighbours are selected around the new
sample in a radius dependent on the number of vertices in the tree [19] present the best
radius function as well. Then amongst the nearest neighbours a new parent is chosen en-
suring that the cost to arrive to the new sample is the least from the root of the tree and the
nearest neighbours are rewired with each other to have least cost, this ensures the nodes
in tree around a new sample continuously be update to improve the quality of the solution
and achieve an optimal solution.
Whenever path is planned in urban environments with narrow passages as mentioned in
chapter 1, It is a challenge to plan with narrow passages and complex environments. Re-
traction Based RRT [20] is method that tries planning in presence of narrow environments.
The basic idea of this method is to retract a randomly generated sample to a more desirable
region in the free space. A desirable location for retraction would be the closest boundary
point in the free space. Intuitively, the new sample which is close to the boundary, is re-
tracted into the narrow passage. This increases the number of samples in this narrow pas-
sage and is almost independent of the volume of the narrow passage.

Environment Guided RRT introduced in [21] is a combined approach that combines
two methods Reachability Guided RRT [22] and Resolute Complete RRT [23] to produce a
hybrid method that can handle kinodynamic constraints and environment uncertainties at
the same time while planning a path through it smoothly and efficiently by using forward
dynamics. Although this method has worked on bettering sampling in cluttered environ-
ment along with uncertainty it does not focus on solution convergence.

Adaptive RRT [24] is one of the modern methods which selects growth strategies based
on a two level selection one of which involves the visibility of the nodes, i.e how easily a
node can be connected from an adjacent node and its cost based learning approach. The
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next chapter gives a more detailed outlook on this method.

RRT*-Smart introduced in [25] aims to improve the convergence of RRT* via intelligent
sampling around the initial solution and path optimizing. On obtaining the initial solution
via RRT* optimizes the path via pruning repeatable nodes and setting up sampling regions
around the nodes present in the solution. Although this produced convergence, it was very
much dependent on the quality and speed of initial solution and the pruning of nodes dur-
ing path optimization caused loss of information making the algorithm less optimal.

Informed RRT* [2] implements a similar technique but rather than using the nodes
themselves it uses the theoretical minimal cost and the current cost to construct a hyperel-
lipsoid around the initial solution in which uniform sampling is performed to improve the
solution. This produced better solutions that RRT*-smart as there was a much more opti-
mized sampling set. But the dependence on initial solution always remained. Homotopy
aware RRT* [26] uses human informed to tackle the clutter environments and advocated
human-robot interactive path planning and remains to be theoretical without any analysis
with existing methods. GART [27] plans in clutter environment with the obstacles produc-
ing artificial potential such that it can lead the agent to safety.

2.6. Discussion

Out of the different methods to plan paths, sampling based methods are the ones thatled to
modern path planning. From the discussion of the methods that focus on urban path plan-
ning or planning path with narrow environment present there are not many approaches
that focus on obtaining optimal solution in narrow environments. Over the literature dis-
cussed it was found that methods either focused completely on tackling environment con-
straints or tackling the convergence of solutions. Hence there is need for a method that
can give good performance in both these aspects and inter-utilize its advantages for both
purposes. The next chapter introduces the proposed algorithm that tries to achieve the
aforementioned.
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Table 2.1: Contributions towards urban path planning

S.no | Research Article Author Algorithm | Contribution

1 Rapidly-exploring LaValle, Steven M RRT -Pioneered modern path
random trees: A new planning algorithms.
tool for path planning -Sampling based method that
[17]. could handle non-holonomic

constraints

2 Optimal kinody- | Sertac =~ Karaman | RRT* -Proved to be asymptotically
namic motion plan- | and Emilio Frazzoli optimal
ning using -Introduced features like
incremental nearest neighbours
sampling-based -Rewiring operation to im-
methods [19]. prove efficiency

3 An efficient | Zhang, Liangjun | Retraction | -Computes samples near the
retraction-based and Manocha, | Based obstacle space thereby identi-
RRT planner [20]. Dinesh RRT fying the bounds of the obsta-

cle (contact space).
-Manages to plan paths in
narrow passages

4 Environment-guided | Léonard Jaillet, | EGRRT -Manages kindoynamic and
random trees for | Judy Hoffman, environment constraints us-
kinodynamic motion | Jur Van den Berg, ing a combined approach us-
planning with uncer- | Pieter Abbeel, Josep ing forward dynamics.
tainty and obstacles | M Porta, and Ken -Handles environment un-
[21]. Goldberg certainty

5 Adapting RRT growth | Jory Denny, Marco | Adaptive | -Introduces the concept of
for  heterogeneous | Morales, Samuel | RRT visibility
environments [24]. Rodriguez, and -Uses a cost based learning

Nancy M Amato approach to adapt growth

6 RRT*-smart: A rapid | Jauwairia Nasir, Fa- | RRT* -Improvises initial solution by
convergence imple- | had Islam, Usman | Smart intelligent sampling around
mentation of RRT | Malik, Yasar Ayaz, the nodes.

[25]. Osman Hasan,
Mushtaq Khan,
and Mannan Saeed
Muhammad

7 Optimal sampling- | Jonathan D Gam- | Inforrmed | -Optimizes the initial solu-
based path planning | mell, Siddhartha S | RRT* tion by the construction of a
focused via direct | Srinivasa, and Tim- hyperellipsoid around it and
sampling of an ad- | othy D Barfoot directly sampling from it
missible ellipsoidal
heuristic [2].

8 Homotopy-aware Daqing Yi, Michael | Homotopy| -Presented a theory for
RRT*: Toward | A Goodrich, and | aware human-robot interactive
human-robot topo- | Kevin D Seppi. RRT* path planning algorithm
logical path-planning
[26].

9 GART: An | Liang Yang, Jizhong | GART -Introduces bidirectional

environment-guided
path planner for
robots in crowded
environments un-
der kinodynamic
constraints [27].

Xiao, Juntong Q;j,
Liying Yang, Lei
Wang, and Jianda
Han.

potential field to redistribute
each newly sampled state,
such that the in-collision
samples can be redistributed
for extension.




Methodology

3.1. Introduction

It has been discussed in chapter 2 how RRT* [19] has provided solution for optimal path
planning, guaranteeing asymptotic optimality and probabilistic completeness. Although
this algorithm is able to find an optimal solution, it comes at the cost of incalcuable time.
It was found that Informed RRT* [2] addressed this problem and drastically improved the
convergence rate by employing a heuristic that set up the sampling set to reach local op-
timality using the initial solution. But the sampling still remains in question as the prob-
ability of sampling a reachable sample in a narrow or cluttered environment is lower with
random sampling when compared to sampling in open spaces. In [24] it is seen that Adap-
tive RRT efficiently samples around obstacles using growth strategies which uses implicit
obstacle data to adapt growth of the tree. This chapter introduces the combined approach
proposed in this thesis, it leverages the advantages of Informed RRT* and Adaptive RRT to
converge to available optimal solution in finite time.

3.2. Proposed Approach

The algorithm introduced in this thesis is a combined approach that absorbs the exploratory
strengths of Informed RRT* and adaptability of Adaptive RRT in order to solve the path
planning problem in narrow environments while using the Dubins motion model as it steer
function. The overview of the algorithm can be seen in Algorithm 2.

15
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Algorithm 2 Proposed Approach

Require: Problem P, Scenario 1/2/3, growth distance Ad
while Iter < Max Iteration do
if ggoa1 is reached then
drana — InformedSample(q;siars, ggoar,current solution) {Random sample selected
from the ellipsoidal informed subset}
else
Grana — RandomState(Configuration space bounds)
end if
Gnear=SearchNear(Tree,q,,,4) {Search for the nearest node}
vis — visibility(g,eqr) {Obtaining visibility of the near node}
GSS < SelectGrowthStrategySet(vis) {Growth strategy set based on the visibility }
GS — SelectGrowtStrategy(GSS) {Update probabilities and obtain growth strategy}
Gnew — Grow(GS) {Grow the tree towards the new node using Dubins Motion Model}
UpdateVisibility(qnear, Gnew,qGrana) {Update visibility of the new node based on the
growth}
Reward(GS) {Reward the growth strategy based on its performance}
nn — nearestneighbour(gye.r,radius) {Obtaining nearest neighbours around ¢4 in
aradius}
ObtainbestParent(g,.4,,nn) {Obtaining the best parent for near node}
Rewire(nn) {Rewiring the nearest neighbours}
UpdateTree
Iter — Iter+1
end while
if Solution Exists then
Display() {Displays Solution}
else
No solution
end if

The proposed algorithm addresses the research objectives as seen in Chapter 1. The
Dubins model helps in incorporating a realizable motion model with vehicular constraints.
Adaptive RRT works on efficiently sampling in the complex environment. Informed RRT*
helps in converging the solution to local optima in finite time. These 3 algorithms are the
major constituents of the proposed method as seen in figure 3.1. The base structure of al-
gorithm pertains to a standard RRT* algorithm. The algorithm initially obtains the start and
goal configurations along with model, configuration space and obstacle specifications. The
tree is initialized with starting node, while maximum iterations is reached the algorithm
samples a configuration randomly either from the configuration space or the informed
subset depending on whether a path is not found or not. The construction of informed
subset and sampling from it can be seen in section 3.2.4. After sampling a configuration,
the algorithm finds a nearest node on the current tree. The visibility of this particular node
is obtained, visibility is seen in detail in the section 3.2.2. Using this visibility a growth
strategy set is selected which contains multiple growth strategies that may be suitable for
growing towards the random sample. The selection of growth strategy and rewarding is as
explained in sections 3.2.2 and 3.2.3. Once the new configuration is obtained, the best par-



3.2. Proposed Approach 17

Dubins
Motion
Model

Proposed
Algorithm

Figure 3.1: Constituents of the proposed approach

ent is selected from the nearest neighbor set and these neighbors are rewired as explained
before. This algorithm is expected to improve performance in finding initial solution and
convergence. The subsections ahead would explain all of the constituent algorithms of the
proposed approach.

3.2.1. Dubin’s Motion Model

Imagine having an open field with two points 100 meters apart, the shortest path between
these two points would be a straight line connected between them. As a human walking
that straight line would break no sweat, with a car one can get to that point even faster. But
the case with car isn’t always true, say the orientation of the vehicle was such that it was
facing away from that point, to add more say we had the requirement of reaching the goal
point at a particular orientation. The human can still do the task easily, but the car cannot
follow the same shortest path. Cars are different they don't just slide horizontally or turn
about their center of mass. Planning for cars can be made easier by using a Dubin’s car. In
robotics based on how controllable an agent is it can be broadly classified as holonomic or
Non-holonomic agents. The human is an agent that can walk forward, backward, sideways
and can turn about the same point, such an agent is said to have control over its coordi-
nates and can be called a holonomic agent. A car on the other hand cannot move side ways
and cannot turn about its current position, so an agent that does not have control over
its coordinates all the time is called a non-holonomic agent. Cars are capable of turning
about a point is at distance from its center of mass, the distance is often called as turning
radius. Hence planning the shortest path for a non-holonomic agent is difficult compared
to a holonomic agent.

The Dubins car was seen in the literature after it was introduced by Lester Dubins in
1957 [11]. In this model the car has 3 control moves it can make, turn left at maximum
angle, turn right at maximum and go straight, it cannot move backwards. The paths that
will be planned using the Dubins car model will return a combination of these three control
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moves. For optimal planning the control moves can be used in six combinations LSL, RSR,
RSL, LSR, RLR, LRL, where L stands for left max, R stands for right max and S stands for
straight. The next section will give an idea about the modelling involved in the Dubins car.

Xfinal

(i) CCC type 3 (i) CSC types

Figure 3.2: Types of Dubin Curves

Modelling

The vehicle is assumed to move at unit velocity, hence the shortest path can be solved using
simple geometry. To describe the configuration of the car we use position and orientation
that is x, y, 8. When the car turns max left and max right its turning radius will be smallest
in value. To construct the equations that will explain the dynamics of the vehicle, let say
the vehicle is at point P1(x1, y1, 61) and it moved straight for unit time, the new point
configuration is P2(x1+vcosf1, x1+vcosf1, 01). If it was turning then it would turn with an
angular velocity w=(v/7,i,), where r,,i, is the minimum turning radius. The entire system
can be represented by the following set of equations (considering unit velocity).

X =cos0
y:STQ (3.1)
O=w=
I'min

The system above is linear, but an actual car is a nonlinear system. To approximate the
vehicle well it is advisable to trace paths at smaller steps hence the velocity is set to unity.

Path Construction
Generally the path that can be constructed using Dubins car can be classified into two types
CSC (Curve-Straight-Curve) and CCC(Curve-Curve-Curve).

* CSC Path
The CSC trajectories that are possible from the combinations discussed above are
(LSL,RSR,LSR and RSL), that is a max turn followed by a straight line followed by an-
other max turn. Consider the start and end position of the vehicle as two points with
arrows pointing in the direction of the orientation. Construct circles to the left and
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Figure 3.3: Possible Tangents

right of the start and goal positions and take a pair of circle and construct tangents
(one circle from start and one from the goal), there are four tangents possible for each
pair (can be seen in figure 3.3), but only one of which can be a valid solution as a path.
The computation of the valid tangent is crucial to finding a path in this combination
of control moves.

* CCCPath
This path is different from that of CSC path, it consists of a turn followed by a turn in
the opposite direction which is followed again by the turn in the original direction. It
has a similar setup to that of CSC path, but instead of finding the tangent to join two
circles a third circle tangent to both circles is found that will help the car reach its goal.

Dubins Car is one of the simplest ways to accommodate the non-holonomic con-
straints and is easy to compute. But in the real world all kinds of errors can come
into play.Its implementation in RRT can be performed by replacing the moving func-
tion with the possible control moves and the cost measurement can be done by using
Dubins length, which is the total path length.

Collision check

The approach presented in thesis considers the agent to be a rigid rectangular mass instead
of a point mass. Hence, the collision check for any path would be performed by checking
collision for the rectangle at every point in the path seen in figure 3.4. Tolerances are in-
cluded apart from this.

3.2.2. Adaptive RRT

Adaptive RRT [24] is an approach that adapts the growth of the tree based on visibility of
the nodes and then selects a suitable growth strategy randomly based on a cost sensitive
approach. Algorithm 3 summarizes the working of Adaptive RRT. The subsections below
explain the contributing elements of Adaptive RRT.
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Figure 3.4: Collision check in the proposed approach

Algorithm 3 Adaptive RRT

Require: Problem P, growth distance Ad

while P is not solved do
Grand — RandomState()
Gnear — SearchNear(Tree,q;an4)
vis — visibility(qeqr) {Obtaining visibility of the near node}
GSS < SelectGrowthStrategySet(vis) {Growth strategy set based on the visibility }
GS — SelectGrowtStrategy(GSS)
Gnew — Grow(GS)
UpdateVisibility(Gnear, Gnew>Grand)
Reward(GS)

end while

Visibility

In [24] the concept of visibility is introduced. Visibility is the estimation of how good the
connectivity of a node is with its local environment. A node x is said to be visible from an-
other configuration X when a path 7 = {x, x;, x2....X} can be produced with the intermediate
configurations being valid. Algorithm 4 updates visibility of nodes on the tree which takes
Gnear» Grand> Gnew as the input along with a constant penalty and the distance function that
calculates distance between two configurations based on the vehicle model. The total dis-
tance (TotalDist) between the nearest node and the random sample is calculated using this
distance metric. ExpandRatio is the ratio of the distance expanded from the nearest con-
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figuration to the total distance between ¢¢qr and Grgnq-

Algorithm 4 Evaluation of visibility for nodes

Require: Gear, Gnew,qranad,Penalty,distance
TotalDist — distance(Gnear, Grand)
expandedDist — distance(gnear, Gnew)
expandRatio — expandedDist/TotalDist
nearVisibility < geqr.visibility
Gnear-visibility < Average(nearVisibility,expandRatio)
if 0 < expandRatio < 1 then
(new-visibility — Penalty {Partial expansion}
else if expandRatio = 1 then
Gnew-Visibility — Average(nearVisibility,expandRatio) { Full Expansion}
else
Gnew-Visibility — 0 { Null Expansion}
end if

There are three distinct outcomes when it comes to node expansion in RRT- null,partial
and full expansion. When there is null expansion the nearest node on the tree ¢4 may be
near the obstacle and cannot expand in the direction of the random sample ¢, ;4 or there
is a failure to grow this awarded a visibility 0. Partial expansion is when ¢, is between
Gnear and qrqnq due to an obstacle this is awarded a visibility penalty which is an user
defined constant and influences the visibility mapping. Full expansion is where expansion
is successful all the way to ;4,4 for which the visibility is the average of expandRatio and
the visibility of g,e4-- Every time an expansion occurs the visibility of the nearest node
is averaged with the expansion ratio which ensure a relative increase or decrease of the
visibility based on its ability to expand to a random sample. This visibility value helps in
selecting growth strategies which is explained in further subsections.

Growth strategies

To efficiently grow trees in an environment with obstacles it may be beneficial to use growth
methods which would rely on obstacle information rather than just being expanded to
random samples. Such growth strategies are introduced in [28] where some rely on ob-
stacle information while others preserve the random nature of sampling based methods.
The growth strategies dependent on the obstacle information are dependent on elements
known as obstacle vectors. The subsections further explain the obstacle vectors and growth
methods seen in [28].

Obstacle Vectors

These are vectors obtained from the geometry of the obstacles and assist the growth strate-
gies in selecting a direction in which they can grow. These vectors are generally constructed
using a 3D model mesh. In the presented work 2D environments are considered and the
workspace is meshed to obtain obstacle vectors which are implicitly used to guide the ex-
tension in some of the growth strategies. In fig 3.6, we can see a triangular mesh on a 3-
dimensional hollow pipe.
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Figure 3.5: Distinct outcomes during expansion in RRT, fig 3.5a Null expansion, fig 3.5b Partial expansion, fig
3.5¢ Full expansion with Cy.. and Cyps being the free configuration space and the obstacle space
respectively
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Figure 3.6: Triangular mesh on a 3D hollow pipe

The research in this report focuses on 2D obstacles, hence there is a need for simplifi-
cation of the mesh in order to obtain obstacle vectors. The obstacles being dealt with are
mostly rectangles or a combination of rectangles. A rectangle can be simply be meshed as
a combination of two triangles as seen in fig 3.7, the double sided arrows indicate the ob-
stacle vectors. So it can be concluded that obstacle vectors are more like directional vectors
which help some of the growth methods which can be seen in the following subsection.

< >
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\ 4 \ 4
< > Y( > v

@ (b)

Figure 3.7: Triangular mesh with obstacle vectors of a 2D obstacle

Growth Methods

The growth methods in [28] are specifically designed for a robotic arm, hence its states con-
sist of position and orientation. This is helpful in the case of this project as the focus is on
a Dubin’s Vehicle Model being planned in a S' xR? space, but some of the growth methods
didn’t seem to satisfy the constraints of a vehicle. The growth methods that seemed to be
good to use involved randomness in terms of orientation and methods which traced obsta-
cle vectors while keeping the orientation same. Out of the nine methods discussed in the
paper, seven methods were selected which are as follows,

¢ (G1l:Basic extension
In this method, the extension the new random sample is set as same as the random
sample generated initially which can be seen in the figure 3.8, the red and blue arrows
indicate the orientation.
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Figure 3.8: Basic Extension

e G2:Random position with same orientation
In this method of extension the new random sample has random positional vectors
(x and y coordinates) but maintains the same orientation as that of the nearest node.
The growth can be visualized as seen in figure 3.9

Random
Sample
New ’
Sample
Nearest
Node
<Cobs

Cfree

Figure 3.9: Random position with same orientation

* G3:Random obstacle vector with random orientation
In this method of growth the new random sample has positional vector grown in the
direction of one of the obstacle vectors (Equation 3.2) that is randomly chosen while
being assigned a random orientation. In the figure 3.10, it is observed the diagonal
obstacle vector (highlighted in magenta) being chose while the new sample having
a completely random direction. The magnitude of the obstacle vector chosen would
be constant and is given by the user.

Gnew-POS = qnear-POS+ ObsVect (3.2)
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Figure 3.10: Random obstacle vector with random orientation

e G4:Random Obstacle Vector with same orientation
This method is same as G3, but the only difference is that the orientation is same as
that of the nearest node.
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Figure 3.11: Random obstacle vector with same orientation

e G5: Trace Obstacle with Random Orientation
In this method of growth, the first colliding triangle in the mesh of an obstacle is
found by growing via G1, on finding the triangle an obstacle vector is randomly cho-
sen and the new sample is constructed in the direction of this obstacle vector using
the equation 3.2 and random orientation is assigned. In figure 3.12, it is seen that
the selected triangle is highlighted in red and the randomly selected obstacle vector
is highlighted in magenta.
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Figure 3.12: Trace obstacle with random orientation

* G6: Trace Obstacle with same Orientation
This method is same as G5 with the exception of the orientation being same as that
of the nearest node.
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Figure 3.13: Trace obstacle with same orientation

* G7: Trace Obstacle Boundary

In this method the objective is to find a vector parallel to the obstacle space using
an circle search method where a circle with a fixed radius and the center being the
nearest node is constructed, whose points of intersection are recorded to establish a
vector parallel to the obstacle boundary between the random sample and the nearest
node. From figure 3.14, it can be seen that node is moved in the same direction as that
of the vector found via the intersection of the circle with the obstacle and the magni-
tude is equivalent to that of the of the vector. This growth method is very suitable for
scenarios with narrow passages.
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Figure 3.14: Trace obstacle boundary

3.2.3. Selection of Growth strategies

Despite the availability of several growth strategies it can be seen that not all of these will
work successfully all of the time. There is a need for a systematic approach to use the growth
methods. In the paper [24] Jory Denny et.al construct growth strategy sets which contain
multiple growth strategies that can be used depending on the visibility of the nearest node.
From the growth strategy sets these methods are chosen randomly via cost sensitive proba-
bilities that are evaluated every iteration. Initially all growth strategies are given a constant
weight w and cost c, then a cost insensitive probability is calculated using equation 3.3.

. log(w+1) 1
cipx=(1-y)* ——+7— (3.3)
Y log(w;+1)
i=0

After which cost is taken into account to calculate final probability seen in equation 3.4

cip*
p=ri (3:4)
>, e

h Cj
i=0 '

Using this probability a method is randomly selected. After a method is selected a reward
is given based on its expansion ratio, if there is failure to expand (i.e expansion ratio = 0)
the reward r is set to =-0.001, the methods that are not selected are rewarded with 0, after
which weights are updated for all the strategies using 3.5. The reader is directed to [29] for
more details on the probability based selection.

w=uw * exp()/ (Cipg)(n)) (3.5)

3.2.4. Informed RRT*

Informed RRT* introduced in [2] by Gammell et.al is an algorithm that is built over basic
RRT* in order to improve the rate of convergence with the help of an admissible ellipsoidal
heuristic. It has been shown to outperform RRT* in terms of convergence in a highly clut-
tered environment. On obtaining the initial solution, the algorithm calculates an ellipsoidal
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subset in the configuration space with the help of the cost of the current solution and the
theoretical minimum cost. As the algorithm is based on RRT* it maintains the property of
being probabilistically complete. (i.e the probability of finding an optimal solution is 1 as
time tends to 0o). The basic structure Informed RRT* is given in Algorithm 5.

After an initial selution is found all As the solution is improved the area of In the absence of obstacles the
possible improvements lie within an the ellipse decreases. g ellipse degenerates to a line:
t ellipse. : \ )
N \ Vs e Y
l // __———/ e
=~
/ i \\ S “i\‘\i‘-:L ‘
e R o
\/ \ <—— \"V
i R \7

Figure 3.15: Progress of solution Informed RRT* adapted from [2]

Algorithm 5 Informed RRT*

Require: Problem P
while Iteration<Max Iterations do
if P is not solved then
qrand — RandomState()
else
qrana — InformedSample(qsiar s, ggoar,current solution) {Random sample selected
from the ellipsoidal informed subset}
end if
Gnear — SearchNear(Tree,q;n4)
nn — nearestNeighbour(g,¢4r,radius) {Obtaining the set of nearest neighbours in a
radius}
ObtainbestParent(q,.4,,nn) {Obtaining the best parent for near node}
Rewire(nn) {Rewiring the nearest neighbours}
UpdateTree
end while

Ellipsoidal informed subset

The purpose of using an Ellipsoidal informed subset can be understood as the increased
chances in improving a solution by obtaining useful samples in the configuration space by
reducing the sampling set. Given a positive cost between the ¢4+ and ggoq configura-
tion with a constraint to pass through only C(Configuration space) apart from the motion
constraints on the agent with ¢y, as the current best cost. Euclidean distance can be con-
sidered as an admissible distance metric to obtain global minima even with a vehicle like
agent. The new informed subset that will be able improve the solution further must con-
sists of sample which are satisfy the conditions seen in 3.6, which is the equation of a n-
dimensional prolate hyper-ellipsoid. For the details on admissibility of the hyper ellipsoid
the user is referred to [2]. As the solution keeps improving the ellipsoid keeps shrinking to
global minima which can be seen in 3.15.
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Cinformed = {6/ € C] ” Ystart — 6/”2 + ” q—dgoal ”2 < Cpest} (3.6)

The focal points are ¢ssqr¢ and ggoq; With the traverse diameter being cpes; and the conju-

2

gate diameter being c; .. which can be seen in figure 3.16
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Figure 3.16: Informed ellipsoid set

Sampling from the Ellipsoid

Uniformly distributed samples in the Ellipsoidal Informed set can be obtained by firstly
uniformly sampling in a unit n-ball. Geometrically a ball can be defined as a region or
space comprising of all points at a fixed distance from a given point. An n-ball is a ball
in a n-dimensional euclidean space, so unit n ball will be a ball with unit radius in an n
dimensional euclidean space. Since the research here is fixed to a 2-dimensional space, the
uniform sampling occurs in a unit 2-ball which is also known as a circle. Once a particular
point is sampled in the unit n-ball it can be transformed to the ellipse using equation 3.7

where Qcentre = (6/start + qgoal)/z-

Gellipse = L * gpai1 + Gcentre (3.7)

Lis the transformation matrix which can be obtained through the cholskey decomposition
of the hyperellipsoid matrix, S € R

LTL = S,where (3.8)
(g - qcentre)TS(q — qcentre) =1 (3.9)
We obtain the hyperellipsoid matrix with eigen values corresponding to the radii of the
informed ellipsoid , hence S can be written in the form of a diagonal matrix as
2 2 2

c ~ Chi
S=diag! bj”, ”"“4 miny (3.10)

with L resulting as,

2 2
Chest best min

L=diag{=>", 5 } (3.11)
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Rotation from hyper-ellipsoid to the world coordinates can be done by solving the Wahba
problem [30]. The rotation matrix is given by

C= Udiag{l,det(U)det(V)}VT (3.12)

Where det() is the determinant of the matrix. Where U € R>*? and V € R?>*? are unitary ma-
trices such that UXVT = M due to singular value decomposition. Where M is the product
of the outer transverse axis a; and the first column of the identity matrix. M = a; 1y where,

dgoal — Ystart

,Hence (3.13)
” Ygoal — Ystart ”

al =

the final transformation to world ;14 is given by:

Gworld = CLqpail + qeentre (3.14)

if the transformed sample does not lie in the configuration space, a point is normally sam-
pled to replace it. As the research also deals with orientation it is just sampled the standard
way by assigning a random orientation between (0 — 2)

3.3. Discussion

This chapter explains in detail the combined approach proposed in this thesis, the entire
process can be inferred from the figure 3.17. The proposed approach borrows the shrink-
ing ellipsoidal sampling set from Informed RRT* to help its convergence. Uses the two step
sampling strategy of Adaptive RRT to sample efficiently in an obstacle filled environment.
The motion model used is Dubins model which lets the agent have non holonomic con-
straints similar to a vehicle. Furthermore the collision check implemented is also explained
as it accounts for vehicle and obstacle boundary interaction. Despite the heuristics the al-
gorithm functions similar to RRT*. Hence, its probabilistic completeness and asymptotic
optimality is theoretically is guaranteed. For the mathematical proofs, readers are referred
to the paper by karman et.al [19]. In order to prove it is better than the existing state of
art, it is important to perform validation. The validation of the proposed method is seen
in the next chapter. Its initial solution nd convergence aperformance is evaluated in three
different scenarios with varying obstacle complexity.
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Simulations and Results

4.1. Simulation setup

This chapter presents the testing and simulation of the algorithms mentioned in Chapters 2
and 3, the algorithms are scripted and simulated in Matlab version- 2017a. The simulation
package, road-maps along with the vehicle motion model have been entirely coded from
scratch without any external libraries or dependencies. The tests that were carried out to
assess the performance of finding the initial solution and convergence for a fixed number
of nodes.

4.1.1. Simulation Parameters

Table 4.1: Parameters used in the simulation

| Parameter Annotation | Value |
Vehicle Model - Dubins Motion Model
Map size - 100*100 Units
Vehicle Size - 4*2 Units
Vehicle Localization Tolerances - 8*4 Units
Vehicle Turning Radius T'min 5 Units
Hit Penalty Penalty 0.2
Initial Visibility visibility 1
Initial Weights for growth strategies | w 1
Initial Cost for growth strategies c 1

4.1.2. Scenario selection
For the simulation carried out, three scenarios were selected which can be seen in figures
4.1,4.2,4.3, the first scenario comprises of a passage that the vehicle needs to pass through.
The initial state is at (10,10) with the vehicle orientation at 90 degrees with respect to the
x-axis and the goal state is at (90,90) with the vehicle orientation at 0 degrees with respect
to the x-axis.

Scenario 2 represents roads around a market centre square, simple narrow road that
outlines a square. The size of the map is 100 by 100 units. The initial state is at (15,15) with
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Figure 4.3: Scenario 3 map

the vehicle orientation at 90 degrees with respect to x-axis, and the goal state is (75,85) with
the vehicle orientation at 0 degrees with respect to x axis.

Scenario 3 represents a narrow street intersection like scenario. The initial state is at
(50,10) with the vehicle orientation at 90 degrees with respect to x-axis and the goal state is
at (20,50) with the vehicle orientation at 180 degrees with respect to the x-axis.

On comparison of the three scenarios, it is clear that scenario 1 is has more open space
while with a single narrow column, the second scenario only consist of narrow columns
and the third scenario is a fusion of the first and second scenarios with moderately narrow
columns. The whole idea behind selecting these scenarios is to have a wide spectrum of
test environments in which the algorithms can be tested and compared, the free space
percentages can be seen in the figure 4.4

4.1.3. Fine tuning for growth strategy selection

As discussed in Section 3.2.2 since the motion model is different from that followed in [24]
itis necessary to fine tune the visibility range to growth strategies in order for the algorithm
to find solutions smoothly. Hence, the simulation of visibility was carried out according
to Algorithm 4 on all scenarios with classification of low visibility with weight below 0.3,
medium with weight in between 0.3 and 0.6 and high with weight above 0.6. A sample
visibility map on a point mass with Dubin’s motion model can be seen in the figure 4.5. The
blue points indicate the ones that have relatively high visibility, the green ones indicate
the one with medium visibility and the red ones indicate samples with low visibility. Due
to lack of samples not many low visibility points are discovered, increased samples would



36

4. Simulations and Results

70

60

50

40

30

20

Percentage free space

10

Percentage free configuration space

63,2
36
28
Scenario 1 Scenario 2 Scenario 3
Scenarios

Figure 4.4: Available configuration space in each scenario

make the map cluttered with paths making it difficult to visualize the visibility of the nodes

discretely.

Y axis

After tuning

Visibility Graph

X axis

Figure 4.5: Basic Visibility Map

the growth strategies to the visibility range for different scenarios, the final
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growth strategy distribution can be seen in Table 4.2. If the visibility of the node is higher,
upper hand is given to methods with randomness. In the case of medium visibility, meth-
ods that trace obstacle vectors found more success. Finally in the case of nodes with very
low visibility the best performing strategy is tracing the obstacle boundary. As low visibility
nodes generally would lie very close to the obstacle boundary.

Table 4.2: Growth Strategy distribution over the visibility range

Visibility | Low | Medium High
Strategies | {G7} | {G3,G4,G5,G6} | {G1,G2}

4.2, Results

The simulations mainly focus on two performance factors to evaluate its ability to plan in
narrow environment, first is in the effectiveness to find an initial solution , second is ability
to converge to a better solution for a fixed number of iterations. All the results are expressed
on relative performance for easier comparison.

4.2.1. Initial solution performance

This result is presented by performing 100 independent runs until the algorithm finds a
solution. As the performance is only limited to the initial solution the algorithms which
are compared are RRT* and the proposed algorithm as informed RRT* functions the same
way as RRT* in the initial run. For comparison, two criteria are looked at. The number of
samples used to find the initial solution, which would indicate the efficiency of finding a so-
lution and the time required to find the solution to indicate the computational efficiency.
Both the criteria are recorded as the median of the 100 runs to account for randomness.
When comparing the number of samples used to find the initial solution seen in figure 4.6,
it is observed that the proposed method generally needed fewer nodes to find the solution
compared to RRT*. This implies that the proposed method has not only improved effective
exploration of the configuration space but also has an increase in the efficiency of the near-
est neighbour search which is dependent on the size of the tree which is smaller in the case
of proposed method. In terms of planning time an even higher gain in performance is seen
compared to RRT* which can be observed in the figure 4.7. There is a clear cut increase in
the planning time in scenario 2 which discussed earlier is one of the more challenging envi-
ronments. Due to the presence of narrow columns alone it causes the algorithm to invoke
the expensive growth method G7 increasing the overall computation time.
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4.2.2. Convergence Performance

The second result indicates the convergence of the algorithms in order to find a local op-
timal solution with common pseudo samples until the first solution is found. The conver-
gence comparison is done between RRT*, Informed RRT* and the proposed method. The
comparison is done through recording their rate of convergence over 100 runs and taking
the median rate of convergence to compare and compensate the randomness of the ran-
dom sampling that is involved. Sample convergence of the different algorithms can be seen
in figures 4.8 to 4.10.
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Comparing the rate of convergence obtained for all the algorithms in three scenarios
which can be observed in figure 4.11, the proposed method comes on top of the other con-
vergence algorithms in all the three scenarios, but it is observed that increasing complexity
and linearity of the environment (Attaining an optima which is closer to global optima)
shows improvement but much lesser.

4.3. Discussion

The entire chapter goes through the simulation setup, the parameters involved in the sim-
ulation and the fine tuning required for the adoption of adaptive growth strategies along
with the analysis of selection of the scenarios. The simulation is performed on 3 different
scenarios with different environmental constraints while keeping the parameters the same.
The results showed that the proposed method outperformed the state of the art algorithms.
The sampling efficiency of the proposed combined approach was 50% better than RRT* and
Informed RRT* causing lower times to compute initial solution. This is due to the ability to
sample in cluttered region using different growth strategies. Its convergence performance
was significantly improved due to the same reason despite sampling in the same method as
informed RRT*. It was observed in scenario 2, performance variation was much lesser due
to the linearity of the environment. Yet the proposed method showed slight outperform-
ing convergence characteristics. The initial solution performance remained competitive
in scenario 2 due to the proposed algorithm using the expensive growth methods to over-
come the complexity of the environment. After observing all the results it can be said that
the combined approach that indulges in the nature of intelligent sampling while adaptive
to the environment proved to be superior to the state of the art methods.
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Conclusion and Future work

This chapter concludes the thesis. Section 1 recalls the objectives that had been set ini-
tially and goes over the important contributions of the work. Section 2 guides the readers
through the identified prospective future study that can be conducted in light of the limits
in the current framework.

5.1. Conclusions

Path planning of an agent involves generating a path from the agent’s initial state to its
goal state while not colliding with obstruction in the configuration space. Optimal path
planning is finding a similar path while optimizing around a cost function like the shortest
distance which is considered here. In Chapter 2 it was seen that there are many methods
to approach this problem of which sampling based methods come out on top due to their
flexibility and speed.

In sampling based methods, many methods focused on solving the path planning prob-
lem while planning around the obstruction, while other methods focused on converging to
optimal solutions. Also most of the research was conducted on holonomic agents. Keep-
ing this in mind objectives were set for this thesis in chapter 1 which would introduce an
algorithm that have the following features:

* An algorithm that would efficiently sample in heterogenous environments.
* An algorithm that would also focus on the convergence of the solution.
* With a realizable model that would imitate basic vehicle motion.

This inspired the use of a hybrid approach that would combine state of the art methods.
Adaptive RRT and informed RRT* were the methods that were selected to use for the hybrid
approach. Informed RRT* provided exploratory benefits by converging sampling space
around the initial solution with the construction of an ellipsoid. Adaptive RRT provided
the adaptability around obstacles with the help of a two step selection process. It selected
a growth strategy that depended on the accessibility of a state and a learning process that
accounted for the performance of a growth strategy with respect to the cost of using it. The
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motion model used was Dubins car model that considered vehicle turning radius to con-
struct curves that would help the agent reach from one state to another.

This thesis provided a combined approach to optimal planning in heterogenous envi-
ronments. The method was evaluated via simulation carried out in Matlab with three dif-
ferent scenarios with varying complexities. The method was compared to the state of the
art methods RRT* in terms of finding an initial solution, and with RRT* and Informed RRT*
in terms of finding an optimal solution for a fixed number of samples. In the initial solution
performance, the sampling efficiency along with the time to obtain an initial solution was
compared and it was found that there was almost 50% improvement compared to RRT* in
both the cases on an average. For the convergence performance the combined approach
was compared with both Informed RRT* and RRT* as both the methods work on converging
the solution to a more optimal one. It was found that the combined approach was able to
obtain higher rate of convergence compared to other methods. This clearly tells us that the
use of such hybrid methods could be a key to solving path planning problems in heteroge-
neous environments. This combined approach is one of a kind method out there compared
to the literature that is focusing on either one of the problems at hand and could be the key
to urban path planning of autonomous vehicles. It encourages researchers to dive into the
open problem of optimal path planning in heterogeneous environments which was iden-
tified in this thesis. The next section paves the path to research advances that could help
solve this problem at a higher level of difficulty.

5.2. Future work

As seen in previous section, the combined approach proposed in thesis opens up a line
of research and there are many ways to improve the path planning algorithm such that
it would be more reliable and flexible. The path planning in this thesis is done offline
with static obstacles, progressing towards online planning with dynamic obstacles is the
next step. Such an implementation can be done via the same approach but, would require
tweaks in the model, algorithms and the hardware.

The model currently used although easy to implement, only considers limited curves for
the vehicle. In order to obtain shorter routes, a steering function would be required which
could be obtained using a kinematic model that can perform relatively in terms of gener-
ating a path between two states. Including velocity and acceleration would make it more
suitable for being implementable on real hardware. It should be noted that involving more
parameters would increase the complexity. Hence a better computer would be required to
compute those calculation to be able to generate paths real time for vehicle moving at a
certain velocity.

Adaptive RRT used for planning around obstacles needs to be fine tuned depending on per-
formance to obtain the best performance out of it. Modifying the learning approach with
updated learning approaches can help in eliminating the process of offline tuning so it be-
comes viable for real time planning over offline planning.

Informed RRT* used for the convergence of the solution is dependent on the initial solu-
tion and focuses on finding a reliable solution in the shrinking subset around the optimal
solution, this can lead to finding a solution that may be locally optimal. An extension to In-
formed RRT*, Batch Informed Trees (BIT*) is introduced in [31], focuses searching without
requiring an initial solution by incrementally increasing the search subset.
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Additionally, accounting for the perception layer which is ideal here would also make the
simulation more realistic so that these methods can be evaluated and scaled to real time
simulation. Involving higher level concepts like path following and path generation for hu-
man comfort would also be a reasonable research spectrum to bring urban path planning
to a reality.
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