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Abstract

Nowadays, precast technology is mainly used for the production of concrete
shell elements. Computer Numerically Controlled (CNC) milling techniques
is the main production method of single or double-curved concrete elements,
creating astonishing shapes with high accuracy. However, these techniques are
also accompanied with high costs and large material waste. Skilled carpentry or
curved steel formwork are other techniques used for the production of concrete
shells. An alternative to the aforementioned techniques is the �Flexible Mould�
method being developed at Delft University of Technology. This method is
based on mass customization of the produced panels, due to the adaptability of
the formwork's shape according to the speci�ed geometry. The concept of the
�Flexible Mould� will be used as a starting point for the current thesis.

Concrete shells are mainly used for decorative reasons such as claddings
and facade elements. Their structural capacity has still to be improved so
that they can be applied as load-bearing elements and avoid sub-optimal or
even �bad� designs. Several researches are being conducted in order to analyze
and improve the load bearing capacity of concrete shells produced with the
adjustable formwork technique. Applying conventional steel reinforcement to
take up possible occurring tensile stresses in concrete shells produced with the
Flexible Mould, has been proved to be possible only with limited diameters due
to construction requirements.

In the �rst part of the thesis, a research was conducted on possible improve-
ments in the production of concrete shells with the �exible mould, so that they
could be considered feasible to be applied in real life structures. Having con-
ducted a literature review on production parameters related to the �Flexible
Mould� concept, Computer Aided Design (CAD) was used as the main tool to
create the digital geometry of double-curved concrete elements. Dimensional
limitations imposed from the existing test set-up of the adjustable formwork
at TU Delft laboratories, as well as the inherent geometry of shell elements,
had to be taken into account. As a next step towards the implementation of
double-curved concrete elements in real life structures, non-load-bearing labo-
ratory tests took place. These tests were performed for illustrating reasons with
sand to be the main material used instead of concrete. During these tests, a
steel wire mesh diamond shaped was applied as the elastic layer of the �exible
mould, being a di�erent material in comparison with the previous studies on the
�exible mould. Grid distance between the actuators was the main parameter
investigated during this part of the research.

In the second part of the thesis, a study was conducted on possible im-
provements in the �exural tensile capacity of concrete shells via prestressing
steel reinforcement. CAD design and Finite Element Modeling (FEM) were the
main tools used. Due to shell's complex geometry, the research was conducted
�rst for simple geometrical shapes under linear static analyses. Two and three
dimensional elements were investigated being modeled as plane stress elements
and solids respectively. Linear or single-curved prestressed concrete elements
were analyzed with regard to their de�ection and stress �eld. The number of
concrete elements as well as the in�uence of an intermediate element in-between
them simulating a joint, was an additional investigated parameter.

Subsequently, a four-point bending that will take place at TU Delft, was
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simulated with Finite Element Modeling (FEM), investigating its structural re-
sponse under both linear and nonlinear static analyses. The created (FEM)
comprises of two centrally prestressed concrete elements connected with a mor-
tar joint in between them. No bond interaction between the post-tensioning
steel reinforcement and the concrete is incorporated in the FE model. The type
and size of the applied reinforcement is investigated in this model. The main
goal of this part was to analyze the structure's response for loads exceeding the
cracking load of the concrete, taking into account a brittle concrete failure at
joint's location.

In the �nal part of the thesis, a post-tensioned arch structure segmented in a
series of concrete elements and joints, was �rst designed with CAD software and
then analyzed under a linear static analysis via FEM. Although more complex,
a three-dimensional (3D) modeling was conducted, aiming at describing the
three dimensional state of stress and de�ection �eld of the arch. Based on a
draft CAD model, several geometrical parameters had to be adjusted in order to
meet construction requirements of the �nal concrete shell structure. Modeling
and meshing requirements imposed from the Finite Element Analysis (FEA)
software were also taken into consideration for the �nal shape of the arch.

The current thesis is a part of a research program that is being performed at
TU Delft, aiming at developing the Flexible Mould with regard to construction
and structural application of concrete shells in real life structures.
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Part I

Introduction

1 Introduction to the problem - Research objec-

tives

1.1 Summary

In this section, the main subject of this thesis is presented, and this is the in-
vestigation on improvements in the tensile capacity of double-curved concrete
panels produced with the �Flexible Formwork� via prestressing reinforcement.
Initially, the reader is introduced to free-form architecture and the relevant pro-
duction techniques of precast concrete shells. An overview of the developments
in the adjustable formwork is also given. Several researches were conducted with
respect not only to the mechanical evolution of the �exible mould but also to
the structural capacity of the shell elements produced with this concept. Sub-
sequently, the necessity for applying reinforcement in the panels is highlighted
and as an alternative way to be investigated in this thesis, will be the use of
post-tensioning reinforcement. In addition, the applicability of prestressed el-
ements in three on-going projects will be analyzed. Finally, the main outline
that will be used as directive in this thesis is presented.

1.2 Introduction

The time domain of 1950 - 1960, is considered to be a golden era for free-form
architecture. Single or double curved elements made out of di�erent materials,
such as plastic, glass, timber, steel and concrete made a leap in modern ar-
chitecture, creating astonishing shapes for several structures. Concrete can be
distinguished from its durability, smooth �nishing, texture, color, slenderness
and strength. It is also characterized by its thixotropic behavior and viscosity
during the elements' manufacturing process. Precast technology techniques are
mainly used for the production of complex geometrical shapes. Excellent curing
properties, less creep and shrinkage, weather independent conditions, superior
�nishing and minimization of construction tolerances are the most important
features of precast concrete [Schipper, 2015].

In 1960, the Italian architect Renzo Piano was the �rst to publish his re-
search related to double-curved �bre reinforced plastic (FRP) elements, with
the renowned pneumatic device of �Stampo Deformabile� of �Flexible Mould�.
Several architects and engineers such as Heinz Isler (�gure 1.1) and Eduardo
Torroja focused on concrete shell structures that were not only aesthetically
appealing but also characterized by high strength properties.

After this �ourishing period, shell architecture stagnated. Design and pro-
duction of double curved elements was quite a cumbersome task for engineers.
Lack of knowledge in Finite Element Method (FEM), undeveloped Computer
Aided Design (CAD) and insu�cient production techniques accompanied with
high costs were the main causes.

Nowadays, advances in the computer technology and speci�cally in digital-
parametric and FEM software design, resulted in an increasing interest for com-
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plex shaped single- or double-curved structures. As a result, free form archi-
tecture is regaining ground in the construction industry, see �gure 1.2. Double-
curved panels are mostly used for architectural reasons, such as roof claddings
and facade elements. These type of panels are considered to be non-load bearing.
Panels of single or double curvature can also obtain a load-bearing function when
designed according to the design codes with regard to their strength, sti�ness,
durability. However, their structural behavior is not yet adequately analyzed.

For the production of double-curved concrete panels, computer numerically
controlled (CNC) milling techniques are mainly used, elsewhere skilled carpen-
try or curved steel formwork are required. Although these methods o�er high
accuracy for the end product, they result in high costs. For the �rst method,
this can be explained by the large volume of waste that is produced and the
single use of the formwork. Skilled carpentry implies labor intensive tasks, slow
production process and higher costs for the curved panels. In addition, in case
of using curved timber or steel formwork, con�icts arise between cost and �-
nal aesthetics of the shell structure. The more complex is the geometry of the
building, the larger the number of uniquely shaped elements that have to be
produced with the precast technology. In order to minimize the total cost,
the aforementioned production techniques are based on optimized segmentation
methods, the entitled rationalization of the structure [Schipper, 2015].

To overcome this problem and develop a more sustainable and cost e�ec-
tive technique with a high repetition factor, the concept of �Flexible Mould� is
being researched by several scientists at Delft University of Technology. This
production technique seems promising, since it can be adjusted according to
the demands of the project, creating single or double curved elements, taking
into advantage the bene�ts of precast technology. The main superior feature
of this method is the recon�gurability of the mould for creating di�erent ge-
ometries of shell elements. This may lead to smaller cost di�erences between
di�erent panels used for the free-form structure [Schipper, 2015]. Hence, the
adjustable formwork sets an alternative to rationalization techniques used in
CNC and carpentry formworks. The �exible mould concept is based on mass-
customization of the produced panels due to the adaptability of the formwork's
shape according to the speci�ed geometry. Using this type of formwork implies
a great potential in industrial production of precast complex-shaped concrete
panels.

Figure 1.1: Triangle cupola roofs,
Highway service area Deitingen,
1968, Heinz Isler Wikipedia

Figure 1.2: Heydar Aliyev Cultural
Center, Baku, Azerbaijan, 2013,
Zaha Hadid Wikipedia
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1.3 Earlier research

The �Flexible Mould� concept was studied by Hughe and Schoofs [2009] who
constructed a prototype of an adjustable formwork. Janssen [2011] focused on
a mechanical model to describe the elastic layer used in the �Flexible Mould�
and determined experimentally the required time of deformation of concrete,
to produce the double curved elements. Later on, Schipper [2015] studied the
rheological properties of concrete elements produced with the re-con�gurable
mould as well as several functional requirements for the design of curved concrete
elements. Eigenraam [2013] simulated the mechanical behavior of the elastic
layer with a digital parametric model and constructed a new prototype for the
�exible mould.

Other relevant studies with the production of concrete shells have also taken
place during the past years at TU Delft. Roesbroeck [2006] analyzed the con-
struction of prefabricated concrete, optimizing the design and production pro-
cess of shells. Maten [2011] investigated the application of Ultra High Per-
formance Concrete in large span shell structures. Troian [2014] made a crack
evaluation of double curved concrete elements using the �exible mould con-
cept. Witterholt [2016] investigated the application of double curved concrete
elements in a sphere shaped shell structure and analyzed via FEM software
the connections between the precast concrete elements. Kok [2013] investigated
reinforcement possibilities of elements produced with the adjustable formwork
and made a feasibility study on their production process.

The present thesis is built upon the previous research projects and aims at
investigating the structural applicability of concrete shells produced with the
�exible formwork in real life structures.

10



1.4 Research project

The content of this Master Thesis is presented in this section:

1.4.1 Problem de�nition:

Double-curved concrete elements produced with the adjustable formwork, will
be subjected to multiple loads during their construction and service life. As a
result, tensile stresses may occur, which in case they exceed the tensile concrete
strength, cracking is caused. Conventional steel reinforcing bars may be used
up to small diameters due to the casting procedure, followed by the use of the
adjustable formwork. Aiming at slender concrete structures consisted of shells,
prestressing the elements with cables is regarded as an alternative reinforcement
method. In case of no bond between the concrete and the applied prestressing
steel reinforcement, brittle failure at joints location in between the concrete
shells may also occur, assuming that the weakest spot in a precast concrete
structure is the mortar joint. The �nal goal of this thesis is to check whether
the prestressed panels, can be considered as structural members, so that their
application is extended from architectural to structural. An investigation in
construction parameters of double curved concrete elements produced with the
�exible mould will also be a part of this thesis.

1.4.2 Research question

Having de�ned the problem, the main research question of this master thesis
are:

1. �What is the in�uence of prestressing on the load bearing capacity of
precast concrete double curved elements?�

1.4.3 Research objectives

1. To investigate and choose the most suitable from the various prestressing
reinforcement possibilities of the double-curved concrete elements.

2. To focus on the computational modeling and analysis of the load bearing
capacity of straight and curved elements under di�erent load combina-
tions.

1.4.4 Report outline

Part I Introduction and research

Part I �Introduction to the problem - Research objectives� contains an intro-
ductory research on previous studied on the �Flexible Formwork�, as well as the
problem de�nition, the research scope and the objectives to be answered on the
current thesis.

Part II Literature review

The �Flexible Mould� concept that will be used in this project is presented �rst.
Then, an introduction to the �Theory of shells� is given, the background of which
will be used to attain knowledge on the internal load distribution in shell struc-
tures. Last, the �Design Parameters� includes an extensive literature review
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on the design parameters such as reinforcement possibilities, connection detail-
ing and load bearing capacity of concrete panels produced with the adjustable
mould.

Part III Experimental investigation on double curved concrete ele-
ments

Investigation on the constructability of four prestressed double curved concrete
elements produced with the �exible mould is included in this part. Sand tests
simulating the weight of concrete shells, can be used as indicative to to reach
this goal.

Part IV Introduction to Finite Element Modeling (FEM) with DI-
ANA 10.1

Straight or curved prestressed concrete elements will be designed using Com-
puter Aided Design (CAD) techniques - RHINOCEROS5 (RHINO). The digital
models of the concrete panels will be used as input for the design in �nite ele-
ment modeling (FEM) - DIANA10.1. Structural linear static analysis under the
applied loads will be performed for several cases of simple geometrical elements.
The computed results should be validated via hand calculations. Conclusions
and recommendations will be included.

Part V Four point bending test - Brittle joint

Two rectangular post-tensioned concrete elements will be subjected to a four-
point bending test simulated with FEM. The two concrete elements are inter-
sected with a mortar joint in-between them, its strength assumed to be brittle.
CAD design and FEM analysis with DIANA10.2, will be the main output of
this part. Linear and nonlinear static analyses will be performed. The com-
puted numerical analyses results should be validated with hand calculations.
Conclusions and recommendations will be included.

Part VI Post-tensioned concrete arch structure

A post-tensioned arch structure will be designed in RHINO and input in DI-
ANA10.2 for linear static analysis under the applied loads. Hand-calculations
will be compared with the computed Finite Element Analyses (FEA) results.
Conclusions and recommendations will be included.

Part VII Discussion

General conclusions based on the obtained results from the numerical analysis
and the laboratory tests will be included in the last part of the thesis, answering
the main research question and giving recommendations for further research.

Part VIII Annex

Hand calculations, �nite element analyses results will be included in this part.

12



Part II

Literature review

2 Summary

An overview of the developments of the Flexible Formwork is presented in the
current section. At �rst, the concept of deliberate deformation of concrete
after casting is described. Then, the most important conclusions gathered from
several researches on the development of the �exible mould are brie�y described.
Subsequently, the formwork members are presented in detail, in order to have
a clearer view of the production process of precast panels. This will provide us
with the necessary information when performing laboratory tests to investigate
the applicability of elements produced with the adjustable formwork.

2.1 Adjustable mould concept

The production process with an adjustable mould implies that one single open
mould can be re-used to manufacture several panels with di�erent curvature.
The concept of the design of the �exible mould is based on the notion of either
deforming the semi-hardened cast concrete on top of the mould or by placing
a thermoplastic material that can be softened when heated and hardened when
cooled [Schipper, 2015]. However, the �exible mould can also be used in an
alternative way, by �rst deforming it and then spraying concrete on top of it or
casting concrete with a high shear yield strength. The �rst case will be analyzed
in the current study, which refers to the deliberate deformation of concrete after
casting [Hughe and Schoofs, 2009]. In particular the concrete is �rstly placed
on top of the mould in a horizontal position, and after the required setting time
which depends on the concrete composition, the deformation of the concrete
element takes place (see �gure 2.1). It was proved that deforming after casting
is essential to provide a smooth surface and equal thickness along the elements'
lengths. Attention has to be paid on the correct time of deformation, so that the
concrete can still be deformed to the desired shape and has also gained adequate
strength and sti�ness so that it does not �ow out of the mould. Proper curing of
the freshly cast concrete is also of great importance in order to avoid shrinkage
strains that may result in cracking. Demoulding of the panels takes place after
one day of hardening and is done mechanically by a crane.
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Figure 2.1: Casting procedure with the �Flexible Formwork�

2.2 Flexible mould's development

It was in 1960 when Renzo Piano introduced the concept of the �Flexible Mould�
or � Stampo Deformabile�. His intention was to use a master mould which would
be re-con�gurable to produce double-curved glass-reinforced plastic facade pan-
els for the creation of free-form pavilions. He used a scale-up model to de�ne the
shell's geometry as input for a machine which determined the height of several
points along the shell surface. These points were digitally transferred with the
machine and de�ned the height of plungers, which were on their turn supporting
a �exible mat to form the �nal shell's surface. Due to lack of su�cient knowl-
edge in the structural analysis of shell elements in that period, the idea of the
adjustable mould as means of shell elements' production was not put in practice.
However, the concept of the �Stampo Deformabile� set the basis for the devel-
opment of the �Flexible Formwork� used for the production of double-curved
concrete elements.

Based on this innovative concept, a �Pin bed mould� was designed by Quack.
It is a closed mould consisted of two square grids of pins, the entitled pin beds,
placed above each other, in order to produce double curved elements with a
varying thickness and curvatures. It is suitable for casting elements of very �uid
concrete. The pin heights can be adjusted mechanically with the use of screw
driving systems and hence a minimum distance between the pins is required for
the placement of the lifting screw jacks. A �exible layer is placed on top of
the bottom pin bed and on bottom of the top pin bed series, in order to form a
smooth surface for the cast concrete. Roesbroeck [2006] conducted experimental
tests on load-bearing shells using the �Pin bed mould�, and concluded that the
shell's surface is disturbed at some positions over the pin heads. In addition,
the large number of pins resulted in a very expensive solution. Vulnerability
issues should also be taken into consideration, since it is mentioned that one
immobile pin would could cause blocking of the whole production process. Low
accessibility and maintenance-repair are additional disadvantages of the �Pin
bed mould�.

In order to reduce the number of pins, Janssen [2011] and Schipper [2015]
designed two di�erent alternatives for the �exible mould, the �Strip Mould�
and the �Plate Mould� (see 2.2, 2.3) for the production of double-glass �bre
reinforced plastic facade elements. Both are open single-sided moulds consisting
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of a rectangular grid of actuators positioned on a larger distance compared with
the �Pin bed Mould�. Above the actuators, two layers of wooden strips were
arranged perpendicular to each other in the �rst case and one wooden plate in
the second case. A sealed polyether mat was placed on top of the strips / plate,
forming the �nal shell element's surface. Janssen [2011] cited in his research that
since NURBS surfaces use a number of control points to represent the elements'
shape, the Strip Mould could be combined with a CAD program to obtain the
digital design of the shell's geometry in case the number of the support points
of the mould is equal to the number of control points of the NURBS surfaces.
It was concluded that the strips could follow the curvature of the deformed
mould better than using a single wooden plate. In addition buckling of the
shell's surface was limited .However, wriggling and ponding e�ects above the
actuators were still visible at some points of the shell surface. In addition,
sealing of the polyether mat to impregnate it, resulted in a rough surface of
the produced panels. The occurrence of tensile stresses at some locations above
the actuators is an issue that can be addressed by tightening the actuators via
strings with the bottom plate, hence introducing a counteracting compressive
force.

Hartog [2008] studied several aspects aiming to optimization of the design
and production of precast shell elements. Structural analysis, grid generation
techniques, panel segmentation, edge pro�ling and concrete composites were the
main topics in her master thesis. Among her most important conclusions was
that the application of Fiber Reinforced Concrete (FRC is a suitable material
for the precast technology ,due to its high performance.

Hughe and Schoofs [2009] focused on developing the production process of
double-curved concrete panels. Based on the principle of �rst casting the wet
concrete in a horizontal position and second deforming the mould after the
required setting time, it was stated that the optimum deformation time is highly
interlinked with the type of concrete used. Both Hartog [2008] and Hughe and
Schoofs [2009] in their research, found that the magnitude of concrete strains
developing during the mould deformation depends mostly on the thickness and
curvature of the shells elements.

Maten [2011] investigated the use of Ultra High Performance Concrete (UHPC)
in large span thin shell structures . He conducted a structural analysis on spher-
ical shells and concluded that it is an advantageous material for increasing the
compression and tensile strength as well the ductility of thin curved concrete
panels.

Schipper [2015] studied several aspects concerning the development of the
�exible mould. Di�erent prototypes for the production of single- and double-
curved elements were analyzed and compared, aiming at the optimization of
the production of precast concrete shells. A parametric research on the relation
between numerous concrete mixtures and the imposed forced deformation by the
�exible formwork is another topic analyzed in depth. In addition, he investigated
the application of di�erent reinforcement set-ups that could be e�ciently used
in the production of precast concrete shell panels.

Eigenraam [2013] constructed a new prototype of the �Strip� mould. An
improved version of the elastic surface and a more accurate actuator mechanism
was developed. In addition to the new experimental set-up of the �exible mould
namely the �Kine-Mould� a digital parametric design was conducted in order to
simulate the mechanical response of the elastic layer.
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Kok [2013] researched the application of textile glass reinforcement in double-
curved concrete cladding panels. After laboratory tests, It was concluded that
textile reinforced concrete showed an increase in both tensile and �exural strength
compared with unreinforced concrete shells. However, the use of textile rein-
forcement was found to be insu�cient to provide the elements with adequate
tensile strength and hence it should be combined with other types of reinforce-
ment.

Troian [2014] studied the relation between the deformation imposed by the
�exible mould and the response of concrete in a microscopic level. After testing
several concrete panels produced with the �exible mould, sizes and distribution
of cracks as a result of the deformation of the mould were quanti�ed.

Witterholt [2016]investigated the application of double-curved precast con-
crete elements using the �Flexible Formwork� as an alternative method for con-
structing an already built sphere-shaped shell structure. In his �ndings, it was
proved that the use of precast technology is feasible but more expensive than
the use of laminated wood beams and steel roof panels as in the already existing
construction.

2.3 �Flexible Formwork�

The mechanical behavior of the �Flexible mould� is governed by the follow-
ing three components, see �gures Strip mould components, Strip mould cross-
section.

1. the actuators

2. the elastic layer

3. mould or �interpolating� layer

Figure 2.2: Strip mould components Figure 2.3: Strip mould cross-
section

2.3.1 Actuators

The actuators refer to threaded studs bolted to hollow steel tubes. The threaded
studs are screwed to a wooden base plate and their �xity with the base plate
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is tight but not rigid so that jamming will not take place [Eigenraam, 2013] in
order to take the horizontal displacements that may occur after the concrete
deformation. The bolts guarantee a certain height for the hollow steel tubes,
speci�ed by the end-user of the adjustable formwork. The height of the actua-
tors can be determined manually or mechanically in an automated process using
Computer Aided Manufacturing (CAM) techniques. The hollow steel tubes are
connected to the elastic layer, and by their set height they function together
with the threaded studs as support points for the elastic layer. The connection
between the actuators and the elastic layer must allow rotation between them.
The rectangular grid-distance of the actuators is also de�ned by the user, in
accordance with the sti�ness of the elastic layer. A contradictory aspect accom-
panies the number of actuators and a balanced optimization process must be
determined prior to the production process so that e�ciency is guaranteed. A
larger number of actuators would limit the vertical de�ections of the elastic layer
and result in obtaining stronger curvatures and more complex shapes for the
produced elements. Doubling the actuators spacing would result in increasing
the de�ection due to the concrete load by a factor 24 [Schipper, 2015]. However,
it would increase the �nal cost of the end product, since the increased number
of steel supports implies more steel used and a more laborious task for the user
of the �exible mould. In addition, a higher risk of blocking the production pro-
cess in case one actuator is damaged, increases the vulnerability of the �exible
formwork and thus the �nal cost of the production process.

2.3.2 Elastic layer

The main function of the elastic layer is to approximate with the highest degree
of accuracy the deformed concrete surface. Di�erent materials, and shapes have
been investigated so that the �exible layer would describe best the deformed
concrete surface. Initially, Janssen [2011] and Schipper [2015] compared the
mechanical behavior of a wooden strip plate model and a single wooden plate
model with the �rst to approximate better the deformed shape of the surface.
In addition, Eigenraam [2013] developed and studied a digital parametric model
based on non-uniform rational basis spline (NURBS) surface to approximate the
mechanical response of the elastic layer of the �exible mould.

Several materials have been applied to form the elastic surface on top of
which the mould will be placed. Roesbroeck [2006] used a thermoplastic foil
and a thin rubber layer to create the elastic surface. A time consuming process
which required careful handling when heating the surface at high temperatures
was the main disadvantage of this option. Hughe and Schoofs [2009] used a
synthetic rubber as an intermediate layer. Aiming to a sti�er surface in order
to take up the buckling stresses occurring with the use rubber surface, thin
plywood panels single- or double-placed crossing each other, were also used by
Schipper [2015] and [Janssen, 2011]. These types of elastic surface con�gurations
are entitled as the �Plate� and �Strip� mould respectively. The �Plate� mould
was proved to be unreliable for the production of double-curved concrete surfaces
with small radii, since buckling occurred at the edges of the plate. In order to
facilitate the production of curved surfaces with non-zero Gaussian curvature,
the �Strip� mould was also investigated. Placing two layers of plywood strips
perpendicular to each other, proved to be e�cient for taking not only the out-
of-plane bending (B) but also the in-plane stretching (S) stresses, that occur in
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non-developable surfaces. Buckling e�ects were also minimized but inaccuracies
were still present, since the strips were leaving their footprint visible in the in
the surface of the �nal product. In addition, it is cited that sliding and tilting
of the strips may result in additional inaccuracies in the production process.

The elastic layer that is used for the current research is a steel wire mesh
diamond shaped, able to undertake the in-plane shear deformations that occur
after the concrete deformation of the non-developable double-curved concrete
surface. It is expected that a smoother �nal surface without the �strip footprint�
e�ect will be made possible. To avoid ponding and wriggling e�ects on the
concrete surface attention has to be paid on the bending sti�ness of the elastic
layer. Doubling the thickness of the elastic layer would result in a decrease
in de�ections by a factor 23[Schipper, 2015]. A balanced design for the elastic
layer, taking into account both the required low sti�ness for creating small radii
and buckling e�ects between the actuators must be done by the user prior to
the production [Schipper, 2015]. If it is too high, the actuators will not be in
contact with the elastic layer and additional weights must be added or pulling
and tightening the elastic layer to the supports, in order to compensate for the
occurring tensile forces. If the bending sti�ness is too low, then ponding and
waving e�ects will take place, creating an undesirable concrete surface of the
precast panels.

2.3.3 Mould

The mould refers to the components that will form the shape and size of the dou-
ble curved concrete elements [Kok, 2013]. Initially, the mould is supported by a
horizontally leveled wooden plate in order to carry the self-weight of the freshly
cast concrete. After the chosen waiting time (30-60 min for a self-compacting
concrete mixture according to experimental research of Kok [2013], the plate is
lowered and the mould together with the elastic layer beneath it, will rest on the
prede�ned actuator heights. Flexibility must govern the mechanical behavior of
the mould, so that the desired shape and size of the curved panels is achieved.
Adjustments in the edges must be possible after casting the concrete and hence
that the elements �t together. By doing so, the elements' segmentation is ben-
e�cially accommodated. Since, the �Flexible Mould� is an open formwork, �ve
components will be used to form the elements, namely the bottom horizontal
face and the four vertical edges. The bottom horizontal layer should follow the
curvature of the elastic layer and for that reason, a silicone sheet will be placed
on top of the elastic layer so that the concrete is cast without �lling-destroying
the diamond shape voids of the wire mesh. The edges will acquire their required
�exibility with the use of polyurethane foams [Janssen, 2011]. In order to pro-
tect the edges from the cast concrete to �ll in their pores after it is cast, the
foam edges will be impregnated with silicone.

18



3 Design parameters

3.1 Summary

In order to consider shells as load-bearing elements , their design must be done
in a clear distinct way than it would be done in case of architectural shells. This
section gives an overview of the design parameters necessary for the investiga-
tion on improvements in structural capacity of precast double-curved concrete
panels. At �rst, a a brief introduction to the �Theory of Shells� is presented in
order to obtain knowledge on their internal stress distribution due to applied
loads.Subsequently, important aspects highly correlated with the structural be-
havior of shells are analyzed. Selecting the appropriate concrete type for the
production of panels with the �exible mould is of prime importance for the cur-
rent structural design. High Performance Concrete (HPC) with high compres-
sive yield strength and self-consolidating properties was proved to be suitable
for shells produced with the adjustable formwork and thus will be used in this
case. The necessity to apply reinforcement in the shell elements is noted in pre-
vious studies, and as an alternative way of reinforcing them, prestressing will
be applied. Connections must be designed according to speci�c requirements
concerning strength and sti�ness, in order to guarantee structural integrity be-
tween the shell elements. Last, a panel segmentation type and the pro�le of
edges are determined in order to achieve minimum force �ow distribution along
the element edges and comply with functional requirements.

3.2 Introduction

Several shell projects are already designed and constructed using precast con-
crete panels. A distinction between load-bearing or �structural� shells and non-
load bearing or �architectural� shells must be made, since di�erent design consid-
erations must be applied in each case respectively. In particular, �architectural�
shells are mainly used as roof or cladding elements for structures, improving
not only their aesthetics but also their thermal and sound insulation properties.
These non-load bearing elements are designed to carry their self-weight only ,
see �gure 3.1. The temperature, wind or snow loads are transferred via a sup-
porting structure to the main load-bearing structure, which may be a steel truss
or frame. The second category of precast curved concrete panels comprises of
shell elements that their design is based not only on their self-weight but also
on the other load con�gurations aforementioned for the architectural shells, see
�gure 3.2. In order to be considered as structural elements, they should pro-
vide the structure with adequate strength and sti�ness while their connections
between them must cooperate structurally. The structural analysis of the dou-
ble curved concrete elements produced with the re-con�gurable mould can be
divided in two stages, namely the hardening and hardened stage respectively.
This research will focus on the design and applicability of load-bearing double
curved concrete panels produced with the �Flexible Formwork�.

19



Figure 3.1: Architectural shells,
Heydar Aliyev Center, Baku, Azer-
baijan

Figure 3.2: Structural shells, Millau
Tollgate, Aveyron, France

3.3 Mechanics

Free-form architecture has led to the completion of architectural masterpieces,
enabling the architect to integrate their personality with the structure. Inge-
nious architectural and engineering skills must be combined in order to material-
ize a complex shaped structure. Special attention must be paid in the design of
shell structures in order to avoid sub-optimal designs, modi�ed according �geo-
metrical disturbances�. A characteristic example is the Arnhem central station.
A column-free structural design on a small footprint was initially planned to be
built as a shell structure but was �nally modi�ed to a concrete structure hardly
approximating a shell's structural behavior. Edge disturbances may give rise to
bending moments which makes the design of a shell structure complicated.

Shells' behavior is characterized by their property to carry loads by develop-
ing in-plane membrane forces. Also called �form resistant structures� since they
obtain their strength through their shape, developing mostly in-plane stresses.
Their geometry is described by the curved shape of the middle surface and the
thickness of the shell. Shell surfaces can be classi�ed according to the Gaussian
curvature kg = k1 × k2, (with k1, k2 : principal curvatures) in:

1. synclastic (kg > 0) or undeveloped surface

2. single curved (kg = 0) or developed surface

3. anticlastic (kg < 0) or undeveloped surface

Discriminating the surfaces in developed and undeveloped implies their di�er-
ence in their structural behavior. Surfaces that cannot be developed, so they
cannot deform to plain form of their middle surface, without stretching or cut-
ting, require more external energy than the developed surfaces. Hence, undevel-
oped surfaces are in general more stronger and stable than the developed shells
[Hoefakker, 2014].

In case of an idealized behavior of a shell structure, no bending moments
occur, a situation which is described by the �membrane theory of shells�. How-
ever, in case of edge disturbances, bending moments develop in these regions
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to compensate for the shortcomings of the �membrane theory� in these zones.
Edge disturbances may considered the following cases [Hoefakker, 2014]:

1. A boundary condition where the occurring reaction force and bending
moment from the support in not aligned with the shell member in case of a
hinged support and a clamped support respectively.

2. At the position of concentrated loads acting on the shell structure
3. A change in geometry between the shell members.
The �bending theory of shells� describes the shell behavior in these disturbed

regions. The size of the edge disturbances is speci�ed by their �in�uence length�,
which is considered to be small in comparison with the �undisturbed length�,
where normal forces govern the shell's behavior.

The �exural capacity of double-curved concrete panels can be improved by
applying ribs on the meridional shell surface in order to transfer the occur-
ring transverse bending loads [Maten, 2011]. In regions where membrane forces
develop, and compression forces cause instability of the shell structure, a provi-
sional measure may be the use of ring sti�eners in the circumferential direction
of the shell in order to increase the linear critical buckling load in the plane
acting in the plane of the ring [Maten, 2011].

The shells that will be studied in this master thesis, will be consisted of
anticlastic surfaces and speci�cally hyperbolic paraboloids (hyppars), consisted
of curved edges. According to Hoefakker [2014],an analytical description of their
shell surface is given by the following formula z = 1

2×r1
× x2 − 1

2×r2
× y2, where

r1, r2: principal radii of curvature, see �gure 3.3. The stresses acting on a curved
shell are depicted in �gure 3.4.

Figure 3.3: Hyppar surface Figure 3.4: Hyppar stresses

3.3.1 Relations for hyppars with curved edges

The following formulas are based on the theory of shells (Hoefakker [2014]).

Kinematics: The relation between the strains (ε) and displacements (u) is:


εxx
εyy
γxy
kxx
kyy
ρxy

 =



∂
∂x 0 −kx
0 ∂

∂y
−ky

∂
∂y

∂
∂x

−2kxy

0 0 − ∂2

∂x2

0 0 − ∂2

∂y2

0 0 −2 ∂2

∂x∂y


=

 ux

uy

uz



with kxy = 0

21



Constitutive: The relation between the stresses (n) and the strains (ε) is:


nxx

nyy

nxy

mxx

myy

mxy

 =


Dm vDm 0 0 0 0
vDm Dm 0 0 0 0
0 0 Dm( 1−v

2 ) 0 0 0
0 0 0 Db vDb 0
0 0 0 vDb Db 0
0 0 0 0 0 Db(

1−v
2 )

 =


εxx
εyy
γxy
mxx

myy

ρxy


where, Dm = E×t

1−v2 :membrane rigidity and Db =
E×t3

12×(1−v2) : �exural rigidity

Equilibrium: The relation between the stresses (n) and forces (p) is:


nxx

nyy

nxy

mxx

myy

mxy

 =

 − ∂
∂x 0 − ∂

∂y 0 0 0

0 − ∂
∂y − ∂

∂x 0 0 0

−kx −ky −2kxy − ∂2

∂x2 − ∂2

∂y2 −2 ∂2

∂x∂y

 =

 px
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where, kx = ∂2z
∂x2 , ky = ∂2z

∂y2 and kxy = ∂2z
∂x∂y = 0

In-plane-state in case of one displacement: Introducing the Airy stress
function Φ so that:

nxx =
∂2Φ

∂y2
, nyy =

∂2Φ

∂x2
, nxy =

∂2Φ

∂x∂y

the fourth order di�erential equation describing the in-plane-state is derived:

∂4Φ

∂x4
+2× ∂4Φ

∂x2∂y2
+
∂4Φ

∂y4
+Dm×(1−v2)×(kx×

∂2uz

∂y2
−2×kxy×

∂2uz

∂x∂y
+ky×

∂2uz

∂x2
)

Out-of-plane state in case of one displacement: A second fourth order
di�erential equation describing the out-of-plane state is derived:

−kx×
∂2Φ

∂y2
+2×kxy ×

∂2Φ

∂x∂y
−ky ×

∂2Φ

∂x2
+Db× (

∂4uz

∂x4
+2

∂4uz

∂x2∂y2
+

∂4uz

∂y4
) = 0

Coupled state in case of one displacement: The two fourth order dif-
ferential equations describing the in-plane and out-of-plane state behavior of
the shell are coupled for the unknowns Φ and uz. Introducing the di�erential

operator Γ = kx × ∂2

∂y2 − 2× kxy × ∂2

∂x∂y + ky × ∂2

∂x2 and the Laplacian operator

∆ = ∂2

∂x2 + ∂2

∂y2 , an eight order di�erential equation is obtained:

Db ×4×4×4×4× uz +Dm × (1− v2)× Γ2 × uz = 4×4× pz

The inhomogenous solution to the above equation is equal to the membrane
solution. The homogeneous solution describes the edge disturbance-bending
behavior of the shell.

22



3.4 Concrete type

The type of concrete is an important parameter that is correlated not only with
the production of curved concrete elements with the �Flexible Formwork� but
also in�uences the force distribution and �nally the load bearing resistance of
the elements. Generally, a robust concrete mixture satisfying ease of casting
and good quality with regard to the �nal strength, sti�ness and durability is of
prime importance. In the case of producing concrete elements with the �exible
mould concept, certain factors have to be taken into consideration in the design
and composition of the concrete mixture. In particular, the applied concrete
must have the required workability to be plastic when cast on the mould. It
must also be characterized by a quick increase of strength so that it follows the
curvature of the deformed mould surface without being cast out or accompanied
with tensile cracks. In addition, mechanical compaction and vibration of the
concrete is better to be avoided when using the �exible mould method (Schipper
[2015], Hughe and Schoofs [2009]). It is noted that a self-compacting concrete
with thixotropic properties would be suitable for the adjustable formwork in
order to comply with the aforementioned requirements [Schipper, 2015]. The
�nal concrete elements must be characterized by homogeneous �lling of the
mould, a smooth and even top surface. No segregation is allowed to take place.
In case of using a concrete mixture that is not self-leveling, ease of �nishing
must be guaranteed.

Normal strength concrete (NSC) types are not considered a really good op-
tion for use in case of application of prestressing steel reinforcement. Normal
strength concrete is more prone to corrosion than high strength concrete. Since
creep and relaxation losses are considered to be larger in case of normal strength
concrete, it is mandatory to use high strength concrete in case of use of pre-
stressing steel reinforcement.

In this research, High Performance Concrete (HPC) with high self-compacting
properties will be used as the construction material of the double curved con-
crete panels. Ease of placement, compaction without segregation, early age
strength and improved durability are the most important advantages of this
type of concrete mixtures. HPC is mostly used in infrastructure projects, such
as tunnels, bridges and high-rise buildings. Due to lower water cement ratios
(0.2 − 0.45) HPC usually have higher compressive strength (> 40[MPa]) than
NSC. However, NSC can be considered as HPC when designed accordingly. In
this thesis, HPC with high compression strength will be used.

Several reasons lie in for this material choice as reinforcement in this re-
search . Roesbroeck [2006], Hartog [2008],Hughe and Schoofs [2009] note that
high performance �bre reinforced concrete is a suitable material for precast shell
elements. An extensive study based on the use of UHPC on large span spherical
shells was conducted by Maten [2011], and a high potential as a structural ma-
terial for precast concrete shells is proved. Its denser and less porous structure,
in combination with the increased ductility due to the use of �bers, can result
in more durable and slender structures in comparison with normally reinforced
concrete (NRC) structures. This would also diminish the total weight of the
structure, and the initial higher cost of UHPC may prove to be �nancially ben-
e�cial when compared to NRC. In addition, due to the short di�usion paths at
hydration, pozzolanic reactions and other physical-chemical reactions, UHPC
gains strength and high performance very rapidly [Maten, 2011]. Another ben-
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e�cial factor for using UHPC is its outstanding properties with respect to its
compressive as well as tensile strength and ductility when combined with �bers.
When UHPC is applied without the use of �bers, the material shows brittle
behavior and limited toughness and tensile capacity, so the addition of �bers is
required [Maten, 2011]. Additional aspects must be taken into account when de-
signing with HPC in comparison with a design in NSC. Except from the higher
initial cost, due to the low water cement ratio in HSC, autogenous shrinkage can
develop in the hardening stage, followed by cracking if not designed properly.
According to Hughe and Schoofs [2009] a lower water-cement ratio results in
larger crack widths, depths and number of cracks. Wetting the elements' con-
crete surface or covering it with a cellophane foil immediately after casting the
concrete, is expected to keep the concrete wet during the hardening process. A
clear disadvantage when using UHPC is the non or limited existence of speci�c
guidelines and design codes, which makes its use as structural material more
complicated than using NRC. Comparing pros and cons of HPC �bre-reinforced
(HPFRC), the advantages outmatch the disadvantages. Therefore, it is consid-
ered as a highly suitable material for the conducted research, and thus will be
used as the main material for the production of the precast concrete panels.
Schipper [2015]and Hughe and Schoofs [2009] investigated experimentally the
mechanical behavior of two di�erent mixtures made of HSC. It was was proved
that both mixtures can be successfully applied in order to create concrete shells
with the �exible mould method. Schipper [2015]'s concrete mixtures resulted in
shorter processing time due to a lower dosage of plasticizes in comparison with
Hughe and Schoofs [2009] concrete composition, achieving a better control of
the casting production. Therefore, the concrete mixture proposed by Schipper
[2015]with a 28-day compressive strength of 89.3[MPa] will be an independent
parameter to be used in the current thesis.

3.5 Reinforcement

The production of double-curved concrete shells with the adjustable mould,
may result in tensile forces during the deformation of the concrete panels. The
applied curvature will result in bending moments, and �exural tensile stresses
may cause cracking of the concrete if the design tensile concrete strength is
exceeded. In particular, deforming the elements from a horizontal shape to
single- or double-curved, implies a change in Gaussian curvature. Single-curved
surfaces such as cylindrical or spherical shapes are accompanied by out-of-plane
bending (B) e�ects, while double-curved surfaces show also in-plane stretching
(S) e�ects. According to Schipper [2015], tensile and compressive stresses may
occur due to the bending e�ects during the deformation of the mould. This
stage refers to the hardening stage, and is in�uenced by additional parameters
such as the rheological and self-healing properties of the concrete as well as the
time of deformation after casting the water. In the hardening stage, when the
concrete is cast, plastic shrinkage may result in tensile stresses at the edges of
the panels, which in their turn may result in cracking. In addition, several load
combinations coming from the self-weight of the panels, uniformly distributed
loads such as wind or snow may result in the development of tensile stresses in
the panels, which may cause cracking of the concrete.

Several studies have been carried out with regard to the load bearing ca-
pacity of double-curved concrete elements using di�erent reinforcement con�g-
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urations. Traditional steel reinforcement could be used up to a rather small
and limited diameter, thus a desired increase in the tensile capacity of the con-
crete panel is also limited. A bigger diameter that would result in a higher
�exural and tensile design strength for the concrete elements cannot be used
in the case of the double-curved concrete due to its higher bending sti�ness,
which would not allow steel bars to smoothly follow the curvature of the ad-
justable mould. Janssen [2011] studied the load bearing capacity concrete shells
by using small diameter galvanized steel rods as reinforcement, and a limited
increase in the load bearing capacity of the concrete elements was observed. It
is also reported that traditionally reinforcing elements of high concrete strength
results in a small rebar spacing, even in the case of using the minimum allowed
reinforcement ratio to avoid brittle failure of the structure. The application of a
very dense rebar spacing may result in improper �lling of the mould [Schipper,
2015]. Therefore, it was suggested that other reinforcement methods shall be
investigated. Kok [2013] researched and proved the feasibility of application of
textile reinforcement in concrete shell elements to be used for cladding purposes
in free-form buildings. Maten [2011] investigated the mechanical behavior of
shells with positive Gaussian curvature, applying UHPC combined with �bers
and proved that the buckling capacity is governing over compressive and tensile
strength for the shells' load bearing resistance. However, for the dome structure
that he analyzed, application of a prestressed ring at the structure's connec-
tion with the foundation was required, in order to take up the occurring thrust
forces. In another study, Witterholt [2016] recommends the need for applying
post-tension cables at the foundation of the shells structure in order to take up
the large thrust forces.

For the current project, the application of �bre or textile reinforcement in
combination with prestressing reinforcement will be used to reinforce the double-
curved concrete panels. A reason behind this choice is the low-bending sti�ness
of textiles and the discontinuity of �bers, that could easily follow the curvature
of the deformed mould. Single glass or polyvinyl-alcohol (PVA) �bres will be
placed autonomously or in a mesh structure by stitching.

The application of �bre or textile reinforcement will have impact on several
aspects related to the produced shell elements and an investigation must be car-
ried out in order to choose the best reinforcing in the current thesis. An e�cient
amount of �bres are expected to enhance the ductility and reduce the plastic
shrinkage of concrete. In addition, the production of Fiber Reinforced Concrete
(FRC) is easier than the production of Textile Reinforced Concrete (TRC).
However, their contribution to improving the tensile and �exural strength of
concrete depends on the �bre orientation Kok [2013]. In the �rst case, the �bers
are placed randomly in the elements whereas in the second case TRC is placed
in the direction of principal stresses, by either a lamination procedure or by
clamping the textile reinforcement at the mould edges. Hartog [2008] mentions
in her research that the use of �bers cannot provide the same tensile strength as
would the use of traditional steel reinforcement, but at least reduce the amount
of reinforcement needed. Furthermore, it is noted that TRC results in better
surface qualities, since the textile �bers are not visible at the concrete surface,
whereas the single ones are. Concerning cost e�ciency, the application of �bres
is considered cheaper than using textiles, since in the �rst case the placement
in the concrete mixture is easier. Attention has to be paid to the positioning of
the yarns in the cross-section. It is noted that deforming the panels may result
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in a change of yarns' initial position [Kok, 2013]. These inaccuracies may have
impact on the �exural strength of the shell elements. Furthermore, the addition
of �bres into a concrete mixture results in a decrease of its workability and a
maximum reinforcement ratio is allowed in order to comply with the selected
production technique using the �Flexible Formwork�.

3.5.1 Prestressing reinforcement

The application of prestressing reinforcement as an alternative way of reinforcing
the double curved concrete panels produced with the adjustable formwork will
be investigated in this research. Bendable shapes such are shell elements can be
reinforced via post-tensioning so that more slender structures are achieved. In
this way, large spans with a reduced height can be constructed, which causes a
reduction of the self-weight, the forces acting on the foundation and �nally the
total cost. The aim is to check the possibilities for improvement of the tensile
and �exural capacity of double-curved concrete elements during their service
life. �Prestressing the concrete panels, will introduce compressive forces in the
concrete and tensile ones in the applied prestressing steel reinforcement. By
superposition of the stresses caused by the prestressing loads, the self-weight and
static loads, tensile stresses at the top side of the elements are to be minimized.
In order to prevent the occurrence of cracks, the occurring tensile stresses should
not exceed the design tensile strength of the concrete. Compression stresses must
also be limited� [J.C. Walraven, 2015]. It is also expected that prestressing the
panels will introduce compression in the joints, adding the required strength
and sti�ness to ensure the structural integrity of the structure. In addition,
the segmental design of prestressing reinforcement of a concrete shell structure
requires special attention, and cannot be done in the same way as with usual
prestressing techniques of rather single elements monolithically connected. The
segmental connection of thin shells is done step wise.

Methods of prestressing

Methods of prestressing the elements can also be varied. Fully prestressing them
requires that no cracks are acceptable in the Serviceability Limit State (SLS).
If limited prestressing is applied, cracks are allowed to occur in SLS but then
must be limited. Thus, crack width limitations are needed to be estimated too.
In case of partially prestressed concrete, both reinforcing and prestressing steel
is used and this may lead to a more economical solution. Since �bers are going
to be used in combination with post-tension cables, the partially prestressing
method will be investigated in this research.

In relevance to the methods of prestressing the elements the following ones
are used nowadays:

1. Prestressing with post-tensioned steel, with bond

2. Prestressing with post-tensioned steel, without bond

3. Prestressing with pre-tensioned steel

Prestressing with pre-tensioned steel, implies the application of straight or
kinked strands or wires. In this master thesis, post-tensioned steel will be used.
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This is due to constructability requirements of the double curved concrete el-
ements, hence curved tendons-cables are applied. It is expected that bonded
elements will have a higher load bearing resistance than the unbonded tendons,
since the concrete fails in compression before yielding of the prestressing steel
(J.C. Walraven [2015]). However, in case of use of unbonded tendons, a limited
concrete cover is required due to their good protection against corrosion. The
advantageous result of using unbonded tendons would be a smaller thickness of
the double-curved concrete elements.

Taking into account the aforementioned, prestressing with unbonded post-
tensioning steel will be the method of prestressing in the current case study.

3.6 Panel segmentation

Panelization is the technique used to segment a surface into elements [Janssen,
2011]. The structural division of concrete's surface into segments is a critical
aspect for the precast concrete shells, since di�erent �elds are highly interwoven
with the selected panel segmentation. The dimensions of the curved concrete
elements are de�ned by production and transport limitations. In particular,
production and erection of precast concrete elements has to be done in the
least labor intensive and fastest way. This can be achieved by minimizing the
number of connections, which is obviously in�uenced by the chosen segmentation
method. Furthermore, optimizing the panel pattern so that form follows force
will improve the structural e�ciency of the connections of concrete shells.

There are two basic grid types, namely the structured and the unstructured
grid. In the �rst type, the grid nodes are determined based on a general math-
ematical rule. This type of grid is more suitable for simple geometries. In the
second type, the connections of the grids di�ers from point to point and no an-
alytical rule de�nes the position of the grid nodes. This type of grids is usually
preferred for complex shapes of structures. There are also other types of grids,
the entitled �hybrid� or �composite� grids, which combine both the structured
and unstructured grids, so that an irregular geometry of the structure can be
segmented in a more e�cient way.

Rippman and Block [2013] analyzed the in�uence of panel segmentation
on force-�ow distribution along the shell elements. Two cases were analyzed
(�gures: 3.5,3.6):

1. A horizontal hexagonal pattern,

2. A 90 degree rotation of an hexagonal pattern

In order to follow the aforementioned principle that form follows force and to
align the forces with the faces of a pattern an hexagonal pattern is rotated un-
der 90 degrees and compared with a horizontal hexagonal pattern. In particular
in the second case, a brick pattern is mapped over a shell surface after sev-
eral iterations of dynamic relaxation. Combined with Finite Element Modeling
(FEM), pattern lines related with a speci�c vector are rotated around an angle
of 90 degrees. Several geometrical alterations are repeated until the maximum
alignment of the elements with the force �ow is achieved. It was expected that
between a 90 degree rotation pattern and an hexagonal pattern, the distribu-
tion of force would be better when the hexagonal pattern is rotated under an
angle of 90 degrees, since in this case the faces of the brick would be aligned
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with the force �ow . However, it was proved after FEM analysis, that the force
distribution was far better in the �rst case of the horizontal hexagonal pattern.

Therefore, the horizontal hexagonal pattern will be used for the structural
division of the double curved surfaces in the current project aiming to minimize
the forces acting on the segmented shells. By doing so, the separation lines
are aligned perpendicular to the force �ow, hence preventing or minimizing the
development of shear forces in the connections [Luitse, 2016].

Figure 3.5: Force �ow - Horizontal
hexagonal pattern

Figure 3.6: Force �ow - Rotated
hexagonal pattern

3.7 Connections

In prefabricated concrete structures the strength, sti�ness and location of the
connections are of utmost important for the structural design. Joint locations
or areas close to joints are considered to be the weakest points within a prefab-
ricated concrete shell structure. Therefore, the place and type of connections
have to be know prior i in order to perform a sound structural analysis and
ensure the structural integrity of the designed shell.Several joint con�gurations
are used nowadays, the most important of which are the following:

1. the wet connection

2. the bolted connection

3. the post-tensioned connection

4. the welded connection

5. the glued connection

6. the �ber connection

The type of the connection to be used, di�ers for each individual shell struc-
ture. Not only the geometry of the structure but also the type of concrete are
crucial factors that must be considered for a proper joint design. When using
the precast technology the most suitable connection types are the wet connec-
tion, the bolted connection and the post-tensioned connection. Hartog [2008]
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investigated the in�uence of a wet, a bolted and a glued connection on the force
transfer in a shell structure . Witterholt [2016] studied the relation between the
sti�ness of a monolithic connection with the occurring buckling loads and dis-
placements of a shell structure. Maten [2011] also compared the di�erent types
of connections that can be used for precast concrete shells. In his research,
notes that the prestressing connection via local or continuous post-tensioning
seems to have high potential in combination with UHPC in case there are high
requirements for tensile strength. Janssen [2011]also refers to the need for pre-
stressing connections with post-tensioning cables and bolts in order to achieve
structural cooperation between the concrete panels. It is cited that the in�uence
of the connections to the load-bearing capacity of the concrete shells has to be
investigated.

In this thesis the post-tensioned connection with cables will be investigated.
The application of prestress in the connection, means applying tension in the
cables and compression in the joints. This type of con�guration is expected to
make the joints cooperate structurally with each other and also provide them
with the required liquid tightness. The joints will be modeled and designed in
FEM so that a structural analysis is to be performed, the results of which will
be evaluated in order to check the structural joint capacities. The connections
between the elements will be �xed and hence they will be subjected to nor-
mal, shear, bending and torsion. It is expected that the normal forces will be
governing for this type of connection.

There are two types of post-tensioned connections, the design of which was
researched by Maten [2011]. The �rst type is the continuous post-tensioned
connection, in which the tendons are put into continuous ducts passing through
di�erent hardened concrete elements and then �xed at the anchors. This type of
connection is characterized by its strength and durability however the elements
may need to be thickened so that the ducts �t. The second type of connection
is the local post-tensioned connection, in which the tendons are placed through
ducts that are close to the edges of the shell elements. The advantage of this
type is the easy and fast assembly procedure in comparison with the �rst type.
However, the element thickness must be increased near the edges where the
ducts pass through, resulting in a varying thickness of the shell elements. It is
also stated that in case of higher strength demands, the use of the continuous
post-tensioned connection is preferred than the local post-tensioned connection
[Maten, 2011].

Taking into account that the open �Flexible Formwork� production of double-
curved concrete elements with a varying thickness is more laborious, a modi�-
cation of the mould with a closed one, may be an option to tackle this issue.
However, this research will focus on production of concrete elements with the
open mould con�guration. Taking into account the aforementioned, the option
of continuous post-tensioning will be used in this research for connecting the
concrete shell elements together, see3.7.
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Figure 3.7: Continuous post-tensioning connection - Maten [2011]

3.8 Edge pro�ling

The angles between the elements are interlinked with the chosen segmenta-
tion method and the used formwork type. Hartog [2008] conducted a detailed
analysis of di�erent edge pro�les in concrete shells. Minimum and maximum
values of angles in- and out-of-plane of the elements are de�ned by transport
requirements. It is cited that sharper angles between the elements make them
more susceptible to damages during transportation and a minimum angle of 45
degrees must be guaranteed. A 90 degree angle in the element's cross-section
and between the elements in their plane is considered to be the best choice for
protecting the concrete shells from damage during transportation.

The formation of the in-plane angles is de�ned by the chosen hexagonal
pattern mentioned above. For the out of plane angles, so the angles in the cross-
section, di�erent ways are proposed. The perpendicular slicing method will be
used in this thesis, which implies that the cross-section edges are formed under
an angle of 90 degrees to the surface of the element. In this way, the produced
shell elements are less fragile and the least laborious way of production with the
adjustable formwork is achieved.

3.9 Other geometrical aspects

As already mentioned, the element size and shape are depending on several
parameters such as the chosen production method and and transportation re-
quirements. In this research, the maximum length and width of the segmented
panels is determined by the available �exible formwork. The 1.0×1.0m mould
surface will set a maximum surface for the produced shell elements of 0.8×0.8m,
taking into account the dimensions of the foam edges. It is noted that the size
of the elements in�uences the maximum slope of the �exible mould. The larger
the element the larger the curvature that can be achieved for each panel [Schip-
per, 2015]. Up till now, elements of 0.8×0.4m have been successfully produced
with the adjustable formwork. In this research, the produced panels will have
a prismatic square shape of 0.8×0.8m.

Regarding the radii of curvature, it is noted that they are inversely propor-
tional to the resulting bending moments. It was experimentally proved that an
increased curvature resulted in a bigger number of cracks for a certain element
thickness [Troian, 2014]. The maximum radius of curvature produced with the
�exible mould is 1.5m. Concerning the thickness of the elements, it is highly
interlinked with the reciprocal of the selected radius of curvature and both in-
�uence the crack pattern that may occur. Assuming a constant slope of the
strain across the panels' cross-section, it was proved that increasing the thick-
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ness of the panels resulted in a linear increase of strains for slopes smaller than
30 degrees (Schipper [2015],Hughe and Schoofs [2009]). In addition, an increase
in the elements' thickness will possibly result in an increase of the occurring
bending moments during the deformation of the mould. A higher reinforcement
percentage will also be needed in this case. Therefore, it is interesting to vary
the thickness of the panels according to the selected curvature of the mould,
and investigate its in�uence on the capacity of the produced elements. In this
research the shells' element thickness will be set to be equal to values ranging
between 50−55mm as a choice of the author.

A successful production of shells using the adjustable formwork implies that
the produced elements will have the initial intended shape and size. Deviations
must be kept to the smallest possible value. In order to check the accuracy of
the production method, Quack refers to laser measurement techniques.
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Part III

Experimental investigation on

double curved concrete elements

4 Summary

In order to check the constructability and applicability of post-tensioned double-
curved concrete elements via the �exible mould on the three ongoing projects
in India and Kuwait , an experimental investigation took place at the TU-Delft
laboratories in February 2017. Steel wire mesh was used as interpolating layer
between the concrete and the actuators. Four concrete shells prestressed with
post-tensioning steel were to be constructed using the �exible formwork. Sand
tests simulating the weight of a designed concrete shell, were performed aiming
at �nding the in�uence of the number of actuators as well as the sti�ness of the
newly applied �exible layer on its resulting de�ections.

4.1 Design of the shells geometry

The design of the shells' geometry was done in Rhinoceros 5. An initial surface
that would include the four concrete shells, was modeled by four non uniform ra-
tional B-splines (NURBS). In order to obtain a strong curvature of the elements
that could be created with the �exible mould, a minimum radius of curvature of
1m was prescribed for the designed surface, with the smallest radius of curvature
to be found 1.125m. The length of the edge curves should be restricted to the
maximum length allowed to be produced with the �exible mould. Hence, after
taking into account the dimensions of the �exible foam edges, the maximum
1.0×1.0m surface of the mould resulted in approximately 0.8×0.8m elements
with a thickness of 50mm. The shell thickness was selected based on previous
experimental data for double-curved concrete elements produced with the �exi-
ble formwork. Having de�ned the geometry of the surface, it was split vertically
and horizontally in 4 elements. Subsequently the 4 surfaces were used to cre-
ate the respective four shell elements. The edge curves that form the base of
the shell structure are horizontal, while the edge curves that are between the
top and bottom shells, are formed perpendicular to the shells' surface. The in-
plane angles between the surface edge curves and the out-of-plane angles of the
shells' cross section are approximately 90 degrees, ful�lling the angle limitation
between 45 and 135 degrees, see �gure 4.1.
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Figure 4.1: Double curved concrete elements geometry - RHINO

4.1.1 Shells' coordinates

Prior to casting the concrete elements on the �exible mould, the coordinates
of the surface to be cast on the mould, must be obtained. In order to do so,
using Grasshopper, a plug-in tool for RHINO, two di�erent models based on
the grid distance between the actuators were created. Hence, two rectangular
patterns were analyzed, with the spacings between the actuators set at 240mm
and at 120mm respectively. Firstly, the elements were rotated from vertical to
horizontal position, with the surface to be cast being the bottom surface of the
rotated shell. Secondly, bounding boxes with a minimum volume were created so
as to contain each of the four horizontally placed double-curved elements. The
four bounding boxes are used as an additional check of the maximum length
dimensions of the shells on the XY plane, as well as a way to symmetrically
place the shells in a horizontal position with regard to the grid pattern of the
actuators.

Initially, the distance between the actuators was set at 240mm. This choice
was made according to the available set up of the adjustable formwork at the
TU Delft laboratory. A rectangular grid pattern was created in Grasshopper,
simulating the 5x5 actuators of the physical model. The x,y coordinates of
the actuators were calculated based on a reference point in Rhino determined
by the user. Thereafter, the bottom surfaces of the double-curved elements
were extended to such a length, that the area of the rectangular pattern of the
actuators would be smaller than the area of the extended surfaces. Subsequently,
the z coordinates of the surface to be cast on the mould were de�ned as the
intersection of the projected lines from the grid pattern to the extended shell's
inner surface, see �gures, 4.2, 4.3, 4.4.
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Figure 4.2: Bottom surface coordinates calculation - Grasshopper

Figure 4.3: Bounding boxes and
surface coordinates, 240mm spacing
- Rhino & Grasshopper

Figure 4.4: Bounding boxes and
surface coordinates, 120mm spacing
- Rhino & Grasshopper

4.2 Laboratory tests

Having derived the coordinates of the surfaces to be cast on the mould, two dif-
ferent tests were realized at TU Delft laboratories. The aim of the experiments
was to investigate the de�ected shape of the interpolating �exible layer between
the shell elements and the actuators, under concrete's self weight. However, it
was decided that sand simulating concrete shells' weight, would be the main ma-
terial to be acting on the mould. The underlying reason behind this choice was
cost, as well as the lack of experience of the user with the adjustable formwork
and the casting process.

4.2.1 240mm grid test

Having calculated the amount of sand required to resemble the dead weight of
one of the designed concrete shells, the height of the actuators was set, based
on the calculated z-coordinates for a grid pattern of 240mm. The actuators'
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height was �xed to the calculated Grasshopper height, using nuts. It must be
noted that the actuators were set a �bit� loose at their connections with the
bottom wooden mould surface, so as to allow their rotation and hence being
able to take up the imposed shear deformation after applying the elements'
self-weight. A steel wire diamond shaped mesh acting as the elastic layer, was
placed and ��xed� on top of the actuators, also allowing rotation between the
wire mesh and the actuators in order to take up the imposed shear deformations
from the applied shell's self-weight. Thereafter, a silicone sheet forming the
bottom surface of the mould, was placed on top of the steel wire mesh, aiming at
producing a smooth bottom shell surface following the curvature of the elastic
layer beneath it. Two strips of polyurethane foams were stuck on top of the
silicone layer, in order to form the four edges of the double curved element.
Subsequently, the sand test was performed by pouring the required amount of
sand to simulate the concrete shell element that would be cast in another step,
see �gures 4.5,4.6.

Figure 4.5: Sand test on 240mm
grid distance

Figure 4.6: De�ection of the elastic
layer on 240mm grid distance

4.2.2 120mm grid test

The distance between the actuators decreased to half in comparison with the
previous experiment and a 120[mm]grid spacing was investigated. This was this
only parameter changed, see �gures 4.7, 4.8.

Figure 4.7: Sand test on 120mm
grid distance

Figure 4.8: De�ection of the elastic
layer on 120mm grid distance
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4.3 Results

Qualitative results were obtained from both experimental set ups.

4.3.1 240mm grid distance

1. The steel wire mesh did not follow the desired-designed shape of the ele-
ments but wriggling and ponding e�ects were observed along its surface.

2. Several actuators were not in contact with the elastic layer as they should,
while others were acting high compression forces on the elastic layer lead-
ing to punching shear e�ects on its surface.

4.3.2 120mm grid distance

1. The steel wire mesh did follow the desired curvature of the CAD designed
shell elements.The surface of the elastic layer seemed to comply and re-
semble with the CAD designed shell surface.

2. Wriggling and ponding e�ects were minimized.

3. All actuators were in contact with the steel wire mesh. A considerable
reduction in magnitude of the compressive forces acting from the actuators
to the elastic layer was observed in this case.
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4.4 Conclusions

4.4.1 240mm grid distance

1. The aim for �exibility based on a �large� actuator distance, resulted in
large deformations of the �exible layer.

2. The imposed strong curvature in combination with the material sti�ness
of the elastic layer and the available number of actuators, is considered to
be the underlying cause for the occurring high buckling forces.

4.4.2 120mm grid distance

1. Doubling the number of actuators and decreasing the grid distance, im-
plied higher costs and increased labour time in comparison with the �rst
experimental set up.

2. The increase of the number of actuators acting as support points for the
elastic layer, can be recognized as an e�ective way to reduce the vertical
de�ections of the steel wire mesh and achieve to a satisfying degree, the
required shape of the CAD designed shell surface.

4.5 Test limitations

Having obtained the x,y coordinates of the four shell elements from Grasshopper
and Rhino, they were printed on an A4 size paper. This paper would be used as
an image to be digitally magni�ed and projected from a beamer to the mould
surface, in order to de�ne the exact position of the four edges of the shell
elements. The positioning of the beamer at the required altitude above the
mould surface was not an easy task, but in the end, it was doable. However
the magni�ed digital image projected on the mould, was not as accurate as
intended. This aspect was very important for the process of casting concrete
as a next step for the laboratory tests. Having not managed to �nd the way to
overcome the problem of the exact position of the edges for the double curved
elements and taking into account lack of time and experience, it was decided
not to proceed with the creation of the four shell elements as planned.
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4.6 Recommendations

1. Instead of increasing the number of actuators, thus decreasing the grid
distance between them, a di�erent type of the steel wire mesh could be
used as the elastic layer for the adjustable formwork. Aiming for the
creation of strong radii of curvature of 1m for the shell elements, could
be also done with an increased sti�ness of the steel wire mesh. Therefore
the number of actuators required to achieve the desired shell surface could
be minimized. A cost and quality trade-o� between the new type of the
elastic layer and the minimum number of actuators required to form the
shells' surface, could result in the most e�ective choice for optimization of
the �exible layer.

2. A di�erent process to project the CAD designed elements on the mould
surface has to be found in order to produce accurately the intended shape
of the shell elements. A way to overcome this issue could be the use
of a di�erent beamer that could project without distortions the shells '
geometry on the horizontal surface of the mould.

38



Part IV

Modeling straight and curved

prestressed concrete beams in

DIANA10.1

5 Summary

This chapter presents an introduction to Finite Element Analysis (FEA) via
DIANA 10.1. Although the geometry of concrete shells is considered to be
rather complex, an initial Finite Element Modeling (FEM) of two dimensional
elements (2D) of simpler geometrical shapes, was considered to be the �rst
step in this stage. As a next step, taking into account aspects concerning 2D
elements, the models geometry will be expanded to three dimensional (3D). In
addition, the in�uence of a joint in between two elements as well as of the cross-
section shape on the de�ections and stress �eld, will also be analyzed under
linear structural analyses of single-curved geometrical shapes.

5.1 Physical problem

A simply supported concrete beam (�gure 5.1), the material and geometrical
properties of which are presented in tables 5.1, 5.2, is loaded by the concrete-
self weight qSW, a uniformly downward distributed qUDL = 1000N/m applied at
beam's top side and a downward point load PPoint = 1000N acting at midspan
of the elements' top side (or at quarter lengths of the beam), with the loading
sequence shown in table 5.5. One prestressing steel reinforcing bar (see table
5.3) fully bonded to the concrete, will be tensioned with a force P = 1000N
from the anchors located at both beam's ends. The values of the applied loads
are a random choice of the author. A linear static analysis was performed with
DIANA10.1 for all the investigated cases.

Figure 5.1: Loads and boundary conditions - Case 7 - DIANA 10.1
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Length [m] 5
Height h [m] 0.5
Width b [m] 0.5

Concrete cross-section area Ac [m
2] 0.25

Second moment of area Ic [m
4] 5.208e-3

Elastic section modulus Wc[m
3] 0.02083

Table 5.1: Concrete element geometrical properties - Simple shape models

Concrete type C45/55
Concrete Young's modulus of elasticity Ec[N/m2] 36e+09

Concrete speci�c weight ρc[KN/m3] 24
Concrete material factor γc 1.5

Poisson's ratio v 0.2

Table 5.2: Concrete material properties - Simple shape models

Prestressing steel type Y1860C
Prestressing steel modulus of elasticity EP[MPa] 205000

Prestressing steel material factor γs 1.1
Characteristic tensile strength fpk[MPa] 1860

Area of prestressing steel [m2] 10e-04

Table 5.3: Prestressing steel material and geometrical properties - Simple shape
models

Steel plate modulus of elasticity ES[MPa] 210000
Steel material factor γs 1.15

Characteristic tensile strength fyk [MPa] 500
Steel plate length lpl[m] 0.1
Steel plate height hpl [m] 0.02

Steel speci�c weight ρs [KN/m3] 7.85
Steel plate cross-section area As,pl[m

2] 2e-03
Poisson's ration v 0.3

Table 5.4: - Simple shape models

LC1 Concrete self weight SW
LC2 Uniformly distributed load qUDL
LC3 Point load PPoint

LC4 Prestressing steel forces P
LC5 Total SW+ qUDL+ PPoint+ P

Table 5.5: Load combinations - Simple shape models
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5.2 Model parameters

First, the geometry of the models was designed in DIANA10.1, see A. Two
dimensional rectangular models (Cases 1-6) were created. The in�uence of pre-
stressing steel reinforcement on the de�ection and stress �eld was analyzed and
compared with the case of an unreinforced concrete beam. The tendon pro�le
was an investigated parameter, therefore two cases of tendon pro�les were se-
lected. First, a straight tendon pro�le is anchored either at the centroidal axis
(c.a) of the beam or at a distance ep = 0.15m below the c.a. Subsequently,
a curved tendon pro�le anchored at c.a with a drape f = ep = 0.15m was
investigated. The way of modeling the prestressing loads was also a variable pa-
rameter. The prestressing loads were applied either by two compression forces
acting on the concrete elements' sides without including the physical and geo-
metrical properties of the tendon, or by applied stresses on the prestressing steel
de�ned by its material and geometrical data, when pre-processing the model in
DIANA10.1 For the aforementioned models (Cases 1-6), hand calculations were
performed with regard to the midspan element stresses at top and bottom �ber
level of the beam element in order to validate the FEA results.

As an additional model, Case 7 includes a re�ned way of modeling con-
centrated loads in a rectangular shaped concrete element. In this case, at the
positions of concentrated loading, i,e. at supports, anchors and downward forces
location at element's top side, steel plates were added in order to spread the
local loads over a certain area of the steel plates before acting on the concrete
element. Furthermore, an extra model was created in Case 14 analogous to Case
1, but with two downward point loads acting at quarter lengths l

4 = 1.25m on
the elements' top side, as a step towards modeling a 4-point bending test.

The in�uence of curvature of the concrete element's top and bottom side on
the de�ection and stress �eld was the new input parameter to be investigated
in the linear static analyses performed. Two types of concrete elements were
created for this purpose. As a �rst type, curved top and bottom sides with a
curvature of κ = 0.032m−1 were now forming the top and bottom faces of the
concrete elements (Cases 8-10), while the side edges were designed vertical as
in the previous models. The second type was similar to the �rst type, having
curved top and bottom sides, but the angles between the side edges with the top
and bottom ones were now set to be forming right angles. All these models were
set up to include the material and geometrical properties of the prestressing steel
reinforcement anchored either at beam's centroidal axis (c.a) or at an eccentric
position ep = 0.15m from the c.a. In all these cases (8-13), the prestressing
steel followed the same curvature with the concrete elements' top and bottom
sides.

For further analyses, Cases 15-20 were created in order to investigate the
in�uence of the number of concrete elements on the de�ection and stress �eld.
In particular, the previously single shaped concrete element geometries were
divided in two parts, each having a length equal to half of the single ones.
The tendon pro�les were not split as was done with the concrete elements, and
continuous prestressing was applied in these cases too. In the following models
(Cases 21-26), the initial models consisting of rectangular or curved element
shapes were split in two larger in length elements representing the concrete
elements, and in one smaller element, simulating a 1cm joint in between them.
The three elements are monolithically connected to each other and assumed to
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have the same material properties.
The next parameter investigated in the models (Case 27-37) was the inclu-

sion of a structural interface at the sides of the smaller element, the geometry
of which was created previously (Cases 21-26). In particular, the 1 cm joint
between the larger concrete elements was not connected rigidly to them, but
with an interface element, specifying the relation between the normal and tan-
gential tractions relative to normal and tangential relative displacements. This
relation is speci�ed by the elastic and the tangential sti�ness modulus. Two
types of interface sti�nesses were investigated. In Cases 27-32, a value of elastic
sti�ness kn = 36× 1011N/m3 and a decreased value of shear sti�ness modulus
kt = 18× 1011N/m3 were applied. In Cases 33-37, an increased value for both
normal kn = 36 × 1014N/m3 and shear sti�ness modulus kt = 36 × 1014N/m3

was applied. The interface sti�ness properties were de�ned by the prescribed-
suggested values in DIANA10.1 manual. Varying the sti�ness of the interface
is aiming at simulating a joint having di�erent sti�ness from its neighboring
concrete elements.

Having obtained the results from linear static analyses for these models
(Cases 1-37), a next step was the creation of the elements' geometry with a
CAD software - RHINOCEROS 5 and subsequently imported in DIANA10.1
environment (Cases 38 to 52). The aim for this investigation was to verify if the
imported CAD geometries in DIANA10.1 would produce the same structural
analysis results as with the cases that their geometry was set-up in DIANA10.1.
Three dimensional models (3D) were also created (Cases 41-52) for gaining
insight in the more complex solid elements and their occurring three spread of
internal loads.

5.3 Hand calculations

The de�ection of a beam element under a uniformly distributed load q and a
point load P applied in the middle of the top face of the beam, was calculated
via the following formulas:

δuni =
5

384
× q × l4

E × I
(5.1)

δpoint =
P × l3

48× E × I
(5.2)

The total midspan de�ection is calculated as the sum of the displacements
occurring from the applied loads according to:

δtot = δSW + δUDL + δPoint + δP (5.3)

The bending moments of a beam elements due to a uniformly distributed
load and a point load applied in the middle of its top face, were calculated via
the following formulas:

Muni =
q × l2

8
(5.4)

MPoint =
P × l

4
(5.5)
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The absolute values of the resulting stresses at top and bottom �ber of the
beam element are calculated as:

σload
c =

M

wc

Based on the engineering model J.C. Walraven [2015], in case of a curved
tendon pro�le, i.e assuming a constant curvature pressure qp along the tendon,
a bending moment occurs equal to:

Mqp =
qp × l2

8
(5.6)

Assuming a parabolic tendon pro�le, the curvature pressure is equal to:

qp =
P

R
=

8× P × f

l2
(5.7)

Where f: drape of tendon, R: radius of curvature
Hence, the resulting bending moment due to curvature pressure is:

MqP = P × f (5.8)

Eccentricity ep of the linear tendon pro�le was set to be equal to the drape
f of the curved tendon for ease of veri�cation: ep = f

Assuming a parabolic tendon pro�le, the curvature of the curved tendon is
calculated as:

k =
1

R
=

1
l2

8×f

(5.9)

The hand calculations are presented in Annex A.

5.4 Finite element modeling (FEM) - Initial models

The models were created by two dimensional (2D) plane stress elements, or lit-
erally speaking as (2+ 1

2 )D elements and three dimensional (3D) solid elements.
The 2D elements were modeled in a �at plane (here denoted as XY) including
their width of their cross section in their out-of-plane direction (Z).

5.4.1 Element type and mesh - 2D

Between a plane strain and a plane stress model, based on the �nite and limited
length of the investigated beam, a plane stress is chosen for the current modeling
of the concrete elements. According to DIANA10.1 manual, an eight node
quadrilateral isoparametric plane stress element, namely the CQ16M (�gures
5.2, 5.3) based on quadratic interpolation and Gauss integration scheme, will
be used in this type of analysis. A default 2 x 2 or alternatively a 3 x 3
integration scheme is the basis for this type of elements. Quadratic interpolation
was selected instead of linear, so that a more re�ned analysis will be performed
in terms of the de�ection and stress �eld components.

A regular plane stress element must ful�ll the following requirements:

1. the coordinates of the element nodes must be in one �at plane

43



2. the thickness - width must be small in relation to the dimensions in the
plane of the element

3. loading must act in the plane of the element

4. the stress components perpendicular to the face are zero; σzz = 0

5. no bending out-of-plane of the structure can be applied

The strain εxxvaries linearly in x direction and quadratically in y direction,
while εyyvaries linearly in y direction and quadratically in x direction. The
shear strain varies quadratically in both x and y directions.

Figure 5.2: Plane stress element Figure 5.3: Element CQ16M -
concrete element

According to Hendriks [2016] the mesh element size is limited to a maximum
value in order to obtain a smooth transition of stresses from one element to the
other and avoid �snap-back� behavior in the stress - strain relationship:

max(element; size) ≤ min(
l

50
,
b

6
) (5.10)

The minimum element size is determined by the increasing calculation time
and cost while decreasing the element size. For the current analysis, a mesh
element size of 0.05[m] was chosen, so that a series of 10 elements are formed
over the height of the elements.

5.4.2 Element type and mesh - 3D

Solid elements were used for modeling the three dimensional elements (3D). Ac-
cording to DIANA10.1 manual, these elements may produce inaccurate results
and should be applied only when other elements are unsuitable. With the aim at
analyzing the three dimensional spread of forces within a structure taking into
account the geometry of an arch structure consisted of shell elements as a next
step in this thesis, three dimensional modeling (3D) was the �nal choice. Two
types of solids were used for modeling the concrete, namely the CHX60 20-node
brick element (�gure 5.4) and the CTP45 15-node wedge element (�gure 5.5).
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� For the CHX60 brick element the strain εxxand stress σvxxvary linearly in x
direction and quadratically in y and z direction. The strain εyyand stress
σvyyvary linearly in y direction and quadratically in x and z direction. The
strain εzzand stress σvzzvary linearly in z direction and quadratically in y
and z direction. A 3× 3integration scheme was selected by default.

� For the CTP45 wedge element, the strains and stresses vary linearly in x,
y and z direction. A four-point integration scheme was selected in ξ and
η direction by default. A 2-point integration scheme was applied for the
ζ direction.

Figure 5.4: Solid element - Brick
CHX60

Figure 5.5: Solid element - Wedge
CTP45

5.4.3 Prestressing steel reinforcement

Embedded steel reinforcement fully bonded to the mother elements was used in
the models with inputted material and geometrical properties of the prestressing
steel. According to DIANA10.1 manual, embedding reinforcement in concrete,
implies perfect bond between steel and concrete and the steel strains in the
reinforcement in that case, are computed from the displacement �eld of the
mother concrete elements.

For the input of location of the reinforcing steel, DIANA10.1 divides the
total length of the reinforcement in particles and computes the resulting steel
stresses and strains along its length. The position of the particles in the model
are de�ned by location points, see �gures 5.6,5.7.
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Figure 5.6: Steel reinforcement lo-
cation input

Figure 5.7: Steel reinforcement in
plane stress element

5.4.4 Structural interface elements

According to DIANA 10.1 manual, �the structural interface elements describe
the interface behavior in terms of relation between the normal and shear trac-
tions and the normal and shear relative displacements across the interface. One
of the typical applications for structural interface elements are joints�. The fol-
lowing suggested rules from DIANA10.1 were applied for the interface sti�nesses
in Cases 27-32:

1. Normal sti�ness modulus: kn = E
lfr

= 36× 1011N/m2/m

2. Shear sti�ness modulus: ks = kt =
E

2×lfr
= 18× 1011N/m2/m

For Cases 33-37 with an increased sti�ness in both normal and shear direction,
the sti�ness moduli are calculated as:

1. Normal sti�ness modulus: kn = Ec×1000
lcont.element

= 36× 1014N/m2/m

2. Shear sti�ness modulus: ks = kt ≈ kn = 36× 1014N/m2/m

5.5 Linear static analysis

5.5.1 Introduction

In the subsections below some results will be highlighted as being representative
of the performed analyses. The in�uence of the model parameters de�ned in
5.2 on the de�ection ad stress �eld will be the main output of the current
investigation.

5.6 Conclusions

5.6.1 In�uence of tendon's position

Inputting the tendon at an eccentricity 0.15mbelow the centroidal axis results
in a decrease of the element's de�ections compared with the case of centrally
prestressed concrete model. Cases 3 and 5 are presented in �gures 5.8 and 5.9
respectively. The bene�cial in�uence of eccentric prestressing on the element's
de�ection is proved when comparing �gures 5.10 with 5.11 and 5.12 and 5.13.
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Figure 5.8: Loads and boundary
conditions - Case 3

Figure 5.9: Loads and boundary
conditions - Case 5

Figure 5.10: De�ection DtY - Case
3

Figure 5.11: De�ection DtY - Case
5

Figure 5.12: Element stresses SXX
- LC5 - Case 3

Figure 5.13: Element stresses SXX
- LC5 - Case 5

5.6.2 In�uence of steel plates

Stress concentrations at positions of concentrated loads, could be reduced by
inserting steel plates 0.02 × 0.1m, see �gures 5.14, 5.16 and A Case 4 and 7
respectively. In fact, introducing steel plates at the location of concentrated
loads, results in a smooth introduction of compressive stresses and a reduction
in the total stresses of at top �ber level at midspan, see tables A.8, A.14 and
�gures 5.15 and 5.17. Another solution, could be the substitution of the applied
concentrated loads with distributed ones over a distance (for example 0.1×0.1m)
near the load application.
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Figure 5.14: Element stresses SXX
- LC5 - Case 4

Figure 5.15: Element stresses - LC5
- Case 4

Figure 5.16: Element stresses SXX
- LC5 - Case 7

Figure 5.17: Element stresses - LC5
- Case 7

5.6.3 In�uence of curved geometry input 1

Applying a curvature at both top and bottom sides of the beam, resulted in an
increase of the element's de�ection at mid-span in comparison with the straight
elements. For instance, the curved geometrical model of Case 9 (�gures 5.20,
5.21) has a larger midspan de�ection compared with the de�ection of the straight
geometrical model of Case 3 (�gures 5.18, 5.19).

Figure 5.18: Loads and boundary
conditions - Case 3

Figure 5.19: De�ection DtY - Case
3
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Figure 5.20: Loads and boundary
conditions - Case 9 - input 1

Figure 5.21: De�ection DtY - Case
9 - input 1

Inputting a curvature at top and bottom sides of the models resulted in
approximately the same values or for some case in an increase of concrete stresses
at midspan, compared with the straight models (�gures 5.23 and 5.25).

Figure 5.22: Loads and boundary
conditions - Case 3

Figure 5.23: Element stresses SXX
- LC5 - Case 3

Figure 5.24: Loads and boundary
conditions - Case 9 - input 1

Figure 5.25: Element stresses SXX
- LC5 - Case 9 - input 1

5.6.4 In�uence of curved geometry input 2

Creating right angles between the element edges resulted in a decrease of midspan
de�ection relative to the curved models without the right angles (�gure 5.27,
�gure 5.21). However, it appeared that larger de�ections occurred for the input
2 models in comparison with the straight elements (�gures 5.27, 5.19).
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Figure 5.26: Loads and boundary
conditions - Case 12 - input 2

Figure 5.27: De�ection DtY - Case
12 - input 2

No improvement in the stress distribution was achieved by the right angles
(input 2) models in comparison with the straight geometrical models, see �gures
5.23 and 5.29.

Figure 5.28: Loads and boundary
conditions - Case 12 - input 2

Figure 5.29: Element stresses SXX
- LC5 - Case 12 - input 2

5.6.5 Division in two elements

Splitting the single geometrical shapes in two elements with a continuous tendon
over the elements length, resulted in the same values of de�ections and stresses,
compared with the values found for the single undivided geometrical shapes.
Cases 3 and 15 are representative of this result. The stress distribution of the
concrete cross-section under the total load combination is presented in �gures
5.31 and 5.33.

Figure 5.30: Loads and boundary
conditions - Case 3

Figure 5.31: Concrete stresses SXX
at midspan - Case 3
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Figure 5.32: Loads and boundary
conditions - Case 15

Figure 5.33: Concrete stresses SXX
at midspan - Case 15

5.6.6 Division in three elements

Having split the initial concrete elements in three parts, two of which were larger
in length than a middle element in order to simulate a joint, resulted is the same
values with regard to the de�ection �eld, compared to the undivided models.
Concerning the comparison of stresses between the initial single and the divided
in three elements models, as a general conclusion it can be said that the midspan
concrete stresses are found to be similar. Cases 15 and 21 are representative of
this result, see �gures 5.34, 5.35, 5.36, 5.37, 5.38, 5.39.

Figure 5.34: Loads and boundary
conditions - Case 15

Figure 5.35: De�ection DtY - Case
15

Figure 5.36: Loads and boundary
conditions - Case 21

Figure 5.37: De�ection DtY - Case
21
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Figure 5.38: Concrete stresses at
midspan - Case 15

Figure 5.39: Concrete stresses at
midspan - Case 21

5.6.7 Including a structural interface element

Inputting a structural interface with linear elastic material properties at the
connection of the joint with its surrounding concrete elements, de�ning its sti�-
ness moduli according to DIANA Guidelines, resulted in an increase of midspan
de�ections compared with the not including an interface. Cases 23 (rigid) and 29
(interface sti�ness) are presented below in �gures 5.40, 5.41 in order to illustrate
this result.

Figure 5.40: Element de�ection
DtY - LC5 - Case 23

Figure 5.41: Element de�ection
DtY - LC5 - Case 29

5.6.8 E�ect of the properties of the interface

Increasing the normal and shear sti�ness moduli of the interface at joint's loca-
tion resulted in a decrease of midspan de�ection, in comparison with the models
having lower normal and shear sti�ness moduli. This result is illustrated in
Cases 27 (lower sti�ness) and 33 (increased sti�ness) , see �gures 5.40, 5.41.

Figure 5.42: Element de�ection
DtY - LC5 - Case 27

Figure 5.43: Element de�ection
DtY - LC5 - Case 33
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5.6.9 Input from RHINO

It was proved that designing the element's geometry in RHINOCEROS5 and
using it as an input �le to DIANA for the creating of the elements geometry,
produced the same results with the model's whose geometry was pre-processed
exclusively in the DIANA environment.

5.6.10 Comparison between 2D and 3D models

The de�ections of the 2D models were found to be similar with the ones found
in 3D models in most cases of single elements, see �gures 5.44, 5.45, 5.46, 5.47.

Figure 5.44: Loads and boundary
conditions - Case 3

Figure 5.45: Element de�ection
DtXYZ - LC5 - Case 3

Figure 5.46: Loads and boundary
conditions - Case 42

Figure 5.47: Element de�ection
DtXYZ - LC5 - Case 42

The stress distribution depends on both the geometry and position of the
tendon and big variances occur between modeling in 2D and 3D. There are still
cases like 3 and 42 that verify the equal stress distribution between the 2D and
3Dmodels, see �gures 5.48, 5.49, 5.50, 5.51.
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Figure 5.48: Loads and boundary
conditions - Case 3

Figure 5.49: Element stresses SXX
- LC5 - Case 3

Figure 5.50: Loads and boundary
conditions - Case 42

Figure 5.51: Element stresses SXX
- LC5 - Case 42
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5.7 Conclusions

1. The tendon's position over the element's height was proved via F.E.A. to
be important for the resulted stress distribution. However, although the
eccentric tendon pro�le resulted in lower stresses compared with the cen-
trally prestressed elements, central tends will be used in the next chapters
due to the limited height of the investigated concrete elements.

2. The application of steel plates at the concentrated loads location resulted
in a reduction of concrete compressive stresses. It could be used if such a
case was found in the following part of this study.

3. Creating curved elements resulted in larger de�ections and stresses com-
pared with the straight models. The in�uence of the curved elements
cross-section on the de�ection ad stress �eld is to be considered in the
next parts. Creating right angles between the curved element edges had
a bene�cial impact and this concept will be used for the formation of the
precast arch structure.

4. Division of the initial geometry in two or three elements proved that has
no e�ect on the de�ection and stress distribution compared with the single
geometrical elements.

5. Increasing the interface sti�ness of an interface element resulted in a de-
crease of the elements de�ection at midspan. Modeling an interface ele-
ment with linear elastic properties can be used to simulate joints with dif-
ferent material properties from the surrounding concrete. This approach
will set the basis for the creation of a discrete cracking interface in a four
point bending test in the next chapter.

6. Inputting RHINO models in DIANA10.2 did not show considerable de-
viations in the results compared with the models having their geometry
exclusively de�ned in DIANA10.2. Therefore the more complex geometry
of the arch structure will be formed in RHINO.

7. Comparison between the 2D and 3D models showed similar values for the
elements de�ection at midspan. Stress deviations were found concerning
the stress distribution between the 2D and 3D models. However, same
stresses were found between the 2D and 3D model for the case of centrally
prestressed concrete element. This will be taken into account in modeling
the centrally prestressed concrete structure in the next part of this study.
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Part V

Four point bending test - Brittle

joint

6 Introduction

A four point bending test on two linear centrally prestressed concrete elements is
modeled via Finite Element Analysis (FEM). Considering joints as the �weakest�
spot in precast concrete structures, the in�uence of a brittle in strength joint
on the structural capacity of the two concrete elements under a displacement
control test is analyzed. Firstly, two linear static analyses are performed without
interface properties in order to get insight and veri�cation of the FEM results by
hand calculations. Subsequently, a new phased nonlinear analysis was carried
out including a discrete cracking interface element, assuming that the joint in
between the precast concrete elements is expected to fail �rst under the applied
loading.

6.1 Physical problem

Two concrete elements having a total length of ltot = 613mm will be subjected
to a four point bending test at the TU Delft laboratories. The cross section of the
elements is 200x55mm, see table 6.1. The elements are connected with a cement
mortar joint having a length lmj = 50mm, as well as with post-tensioning steel
reinforcement anchored at the outer edges of the elements' centroidal axis. First
the elements are cast and then prestressing steel forces are applied on the two
anchorages. No bond between concrete and steel is assumed in this experiment.
A plastic duct containing the continuous tendon, will be covered with grease
after the application of prestress. Two downward point loads will be applied at
quarter lengths a = 153.25mm on the elements top side. The joint in between
the elements will be modeled with brittle strength and cracking is assumed
to start at zero concrete tensile strength. The structural requirement to be
ful�lled when prestressing the two elements, is the occurrence of zero tensile
stresses in the bottom �ber of the concrete elements after the application of all
loads. Varying the tendon diameter and the prestressing steel forces, the main
task is to investigate the structure's response for the applied concentrated loads
on the top side of the elements. The test is simulated with FE analysis using
DIANA10.2, see �gure 6.1.
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Figure 6.1: Loads and boundary conditions

Concrete elements' geometrical properties
Total elements length ltot(mm) 613

Element height h (mm) 55
Element width b (mm) 200

Supports distance from outer ends a (mm) 55
Cross section area Ac(mm2) 11000

Elastic section modulus Wc(mm3) 100833.33
Moment of inertia Ic(mm4) 2772916.67
Mortar joint length lmj(mm) 50

Table 6.1: Concrete elements geometrical data

6.2 Concrete material properties

High strength concrete C80/95 was assigned to the two precast concrete mem-
bers, see table 6.2. The reason behind this choice lies in the previous experi-
mental results with regard to its suitability for use in the adjustable formwork.
Note that a zero mean concrete tensile strength is set for this experiment, in-
stead of fctm = 4.8MPa given by "Eurocode 2 - NEN-EN 1992", European
committees for standardization , assuming that the concrete elements will not
have concrete tensile strength. Cracking is expected to occur at positive tensile
stresses. Poisson's ratio was set to a constant value neglecting the in�uence of
cracking due to creep and shrinkage.

Concrete type C80/95
Concrete Young's modulus of elasticity Ec[MPa] 42000

Mean tensile concrete strength fctm[MPa] 0
Design compressive strength fcd[MPa] 53.33
Concrete speci�c weight ρc[KN/m3] 25

Concrete material factor γc 1.5
Poisson's ratio v 0.2

Table 6.2: Concrete material properties
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6.3 Prestressing steel material properties

Prestressing steel cables type Y1860 (S3,S7,S7G) constructed from 3 to 7 wires
were used in this model, see table 6.3. A single cable will be anchored at the
outer edges of the two concrete elements' centroidal axis. The applied value
of characteristic tensile strength fpk = 1860MPa for all the investigated post-
tensioning cables, is a choice of the author for ease of calculations, and based on
the fact that it is the maximum steel quality that can be used in such cases. Note
that some types of cables can or should have a di�erent characteristic tensile
strength, ranging from 700MPa to 2160MPa. The diameter of the prestressing
steel was a varying parameter to be investigated. No bond between steel and
concrete was assumed. Friction and wedge set losses that may occur during
tensioning were not considered. Unintended rotations during tensioning of the
prestressing steel are neglected, setting the wobble factor equal to zero. Time
dependent losses due to creep, shrinkage and relaxation are also disregarded in
the current study, resulting in constant prestressing steel force at time t0and
t∞:

Pm0 = Pm∞ (6.1)

Prestressing steel type Y1860C
Prestressing steel modulus of elasticity EP[MPa] 195000

Prestressing steel material factor γs 1.1
Characteristic tensile strength fpk[MPa] 1860

Table 6.3: Prestressing steel material properties

6.4 Loads and load combinations:

The loads that were applied in the following sequence - load combinations
(LCi=1,..,4) are presented in table 6.4. Note that although post-tensioning im-
plies that �rst concrete is cast and then prestressing is applied at the anchorages,
in this case the loads are applied vice versa. The reason for this choice lies in
the way the post-tensioning load is modeled in DIANA10.2. The point loads
were applied either as forces or as displacements for both the linear and the
phased nonlinear static analyses. Having assumed the values of the applied pre-
stressing steel forces, the values of the point loads that would cause cracking
of the concrete elements were calculated and set as a third load case for this
experiment. Note that concrete's self-weight could have been omitted in the
calculations due to the geometry of the current test set-up. However, it was
decided to be included in the model.

LC1 Prestressing steel forces P
LC2 Concrete self weight SW
LC3 Point loads F; u
LC4 Total P + SW + F ;u

Table 6.4: Load combinations - DIANA10.2
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6.5 Code requirements

The following equations are taken from EN992-1-1 cl. 5.10.2.2:
The maximum prestressing steel stress during tensioning is calculated as:

σp,max = min(0.8× fpk, 0.9× fp0.1k) = 1488MPa

The maximum prestressing steel stress after tensioning is calculated as:

σp,m0 = min(0.75× fpk, 0.85× fp0.1k) = 1395MPa

Where,
fp0.1k = 0.9× fpk = 1674MPa (6.2)

The design tensile strength of the prestressing steel is calculated as:

fpd =
0.9× fpk

γs
= 1522MPa (6.3)

The maximum prestressing steel stress is calculated as:

σp,max =
fpk
γs

= 1691MPa (6.4)

The concrete compressive stresses caused by prestressing should be limited
to:

σc,alwd ≤ 0.6× fck = 48MPa (6.5)

6.6 Hand calculations

6.6.1 Linear static analysis

Two cases with regard to the location of the supports were analyzed in this part.
In the �rst case it was assumed that the supports are located at the elements
outer edges, while in the second case the 55[mm] distance between the supports
and the edges was included.

Based on the maximum allowed prestressing steel stress after tensioning, and
the cross-section area of the selected prestressing steel type, the values of the
applied prestressing steel forces for the respective steel cable diameters di, are
calculated as:

Pi = σp,m0 × Sn,i (6.6)

The prestressing steel forces Pi for the chosen type of prestressing steel ca-
bles, were the values used to simulate the prestressing steel loads acting on
both anchorages in the DIANA10.2 model. Based on meeting the requirement
of zero concrete tensile stresses at bottom �ber, the maximum point loads Fi to
be applied on the elements top side were calculated. Assuming that the concrete
elements will have zero concrete tensile strength, the point loads Fi are actually
the cracking loads Fcrin this case.

σbot
c,tot = − Pi

Ac
+

( qSW×l2

8 + Fi×l
4 )

Wc
≤ 0 (6.7)
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Fi ≤
4×Wc

l
× (−

qSW×l2

8

Wc
+

P

Ac
) (6.8)

Fi = Fcr (6.9)

The values obtained from equation 6.8 are used to calculate the concentrated
loads F acting on the elements top side at the force control method in linear
static analysis. The displacement of the beam elements is calculated in relevance
to the applied loads according to equations 6.10, 6.13, 6.14, 6.15. Note that the
distance between the supports and the elements outer edges is neglected in the
linear static analysis. For the non linear analysis the 55mm distance of the
supports from the concrete specimens outer ends is included in the models, see
B.1.1 and B.1.2.

1. The midspan de�ection of concrete due to the centroidal prestressing loads
is:

δP = 0mm (6.10)

2. The midspan de�ection of concrete due to self-weight is:

δG =
5

384
× qSW × l4

Ec × Ic
(6.11)

where,
qG = Ac × γc (6.12)

3. The midspan de�ection of concrete due to point loads:

δFi;x=
l
4
=

Fi × l3

24× Ec × Ic
(6.13)

δFi;x=
l
2
=

11× Fi × l3

384× Ec × Ic
(6.14)

The vertical downward de�ections to be applied at quarter lengths a = l
4 on

top of the beam for the displacement control linear static analysis model, are
calculated as:

ui;x=a =
Fi × a2

6× Ec × Ic
× (3× l − 4× a) (6.15)

Note, that the equations describing the de�ections are based on single beam
elements loaded by uniformly distributed load and symmetrical concentrated
loads at quarter lengths. These equations were used assuming that the two
di�erent concrete elements are monolithically connected with each other, hence
neglecting the mortar joint in between them.

The values of the applied loads and load combinations relevant to the applied
prestressing steel type are presented in table B.1 for the model without the
supports-edge distance and in B.6 for the model with the supports-edge distance.
The occurring midspan concrete stresses at top and bottom �ber level due to the
applied cracking loads, are presented in tables B.4 and in B.7 for both models.

According to tables B.8 and B.9 no concrete crushing failure is expected and
no yielding of the prestressing steel reinforcement is expected for the applied
loads.
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6.6.2 Discrete cracking

The 55[mm] distance between the supports and the element edges was taken
into consideration in this part. For loads exceeding the cracking load it was
assumed that a single crack will occur at the location of the joint in-between
the elements at midspan, see �gure 6.2. As a result of the discrete cracking at
midspan, the two concrete elements next to the crack are rotated by an angle
θ, assuming that they are rigid bodies.

Figure 6.2: Rigid bodies rotation - single crack at midspan at displacements u

The embedded prestressing steel cable will follow the rotation of the sur-
rounding concrete elements by an angle θ as well. Tendon elongation ∆lp is
expected to occur at the location of the crack, resulting in an increase of the
prestressing steel ∆εpof the unbonded prestressing steel reinforcement. There-
fore, an increase of the prestressing steel stress ∆σpand force ∆P will take place
for loads exceeding the cracking load of the concrete elements. The left hand-
side rigid body rotation with the applied forces is shown in �gure 6.3. The
midspan concrete cross-section forces for loads exceeding the cracking load are
depicted in �gure 6.4.

Figure 6.3: Left hand-side rigid
body rotation

Figure 6.4: Midspan cross-section
forces at u

The relation between the angle of rotation θ and the applied displacements
u at is calculated as:

θ =
u

l
4 − a

=
u

98.25
rad (6.16)

Assuming that the concrete compressive force Nc is applied at top �ber level
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as presented in �gure 6.3, the lever arm z is getting its maximum value, i.e.

z =
h

2
= 27.5mm27.5 (6.17)

Note that the actual position of the concrete compressive force Nc is below
the top �ver level , compare with �gure 6.4. This simpli�cation will result in an
upper bound value for the applied loads F or u.

Based on the increase of the tendon length Δlpat the location of the crack,
the increase of the prestressing steel strain Δεp over the full tendon length lpis
calculated as:

∆εp =
∆lp
lp

=
2× θ × z

lp
=

2× u
98.25 × z

lp
= 9.132× 10−4 × u (6.18)

The total prestressing steel strain εp,tot,u under the applied displacements u
is calculated as:

εp,tot,u = εp,m∞ +∆εp (6.19)

The corresponding increase in the prestressing steel force ΔP per cable di-
ameter, can then be formulated as:

∆Pi = ∆σp × Sni (6.20)

where, Sni: Area of prestressing steel
The subscript i used in equation 6.20 refers to the investigated cable size.
The total prestressing steel force after cracking, per cable diameter, is cal-

culated as:
Pu,i = Pi +∆Pi (6.21)

Taking the horizontal equilibrium of forces of the left-hand side rigid body
presented in �gure 6.3, it is proved that the concrete compressive force is equal
to the total prestressing load:

Nc = Pu (6.22)

Taking the moment equilibrium of forces results in the following relation
between the applied loads:

F × (
l

4
− a) +

qSW × l2

8
− qSW × a× l

2
= Pu × h

2
(6.23)

Therefore the point load Fito be resisted per cable diameter after cracking,
under the applied displacements can be calculated as:

Fi =
1

( l
4 − a)

× {Pu,i ×
h

2
− (

qSW × l2

8
− qSW × a× l

2
)} (6.24)

Note that the concrete self-weight component could have been omitted in the
above calculation due to its small contribution to the bending moment. How-
ever, it is chosen to be included in the models as well as the hand-calculations.

The concrete compressive force Ncacting at hinge location is calculated as:

Nc =
1

2
× b× xu,i × fcd (6.25)
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Taking the horizontal equilibrium of forces in the cross-section (�gure 6.4), the
compression zone height for the applied u displacements, is then calculated as:

xu,i =
Pu,i

0.5× b× fcd
=

Pi +∆P

0.5× b× fcd
(6.26)

As an indicative result for the performed calculations for the applied loads,
the smallest prestressing steel cable diameter with nominal area of prestressing
steel Sn,5.2 = 13.6mm2 is presented in B.2. The performed calculations with
regard to the 5.2[mm] prestressing steel cable diameter are presented analytically
in the Appendix. Having run the nonlinear static analysis under u = 1mm
displacements, a load - de�ection (F - u) diagram was obtained. It is found that
a horizontal plateau occurs at approximately 0.6mm displacement.

In order to analyze this outcome, emphasis was given at the start of the
horizontal plateau, hence at u = 0.6mm and at the displacement values umax

where the prestressing steel reaches its maximum stress value σp,max. Hand
calculations concerning these points of attention can be found in the Appendix,
B.2.2 and B.2.1

6.7 Finite element modeling (FEM) - Four point bending
test

Between a one-dimensional (1D) element that would not describe accurately the
stress distribution for the current physical problem of the four point bending
test, and a three dimensional element (3D) that would result in more com-
plicated analysis and larger computation time, it was decided to model the
structure as two dimensional (2D), or literally speaking as (2+ 1

2 )D. Note that
the 55mm distance between the supports and the element edges was initially
neglected in the FE model as well as the in the calculations, forming a simpli�ed
geometrical model. However, as a next step towards a more re�ned morel, this
distance was included in both linear and nonlinear analyses. The physical 50mm
length of the joint in between the elements (�gure 6.1) was considered in the
model by applying a free length at the interface location when pre-processing
the FEM, although in �gure 6.9 it is shown that the concrete elements were
modeled to be in direct contact with each other.

6.7.1 Element type and mesh

Between a plane strain and a plane stress model, based on the �nite and limited
length of the test specimens, a plane stress is chosen for the current modeling
of the concrete elements. According to DIANA10.2 manual, an eight node
quadrilateral isoparametric plane stress element namely the CQ16M, based on
quadratic interpolation and Gauss integration scheme will be used in this type of
analysis. Quadratic interpolation was selected for the case considered for more
re�ned analysis results. A mesh element size of 5.5mm was chosen, so that a
series of ten elements are formed over the height of the elements. This value
complies with the maximum mesh element given by equation 5.10, according to
Hendriks [2016].
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Figure 6.5: Steel reinforcement lo-
cation input

Figure 6.6: Steel reinforcement in
plane stress element

6.7.2 Post-tensioning steel reinforcement

It was decided not to grout the duct after tensioning in this speci�c test set-up.
Therefore, embedded steel reinforcement not bonded to the mother elements
was used in this model. By modeling a no-bond interaction between concrete
and prestressing steel reinforcement, means that the the steel cables do not
contribute to the sti�ness of the concrete. The steel strains and stresses do not
change during concrete's deformation according to DIANA10.2 manual.

For the input of location of the reinforcing steel, DIANA divides the total
length of the reinforcement in particles and computes the resulting steel stresses
and strains along its length. The position of the particles in the model are de-
�ned by location points, see �gures 6.5,6.6. The post tensioning load is applied
as an external load in the model and is based on the Coulomb friction model,
according to DIANA10.2 manual. Although applied externally, the prestressing
load turns into internal, being fully embedded to the surrounding concrete ele-
ments and the not bonded internal tendon can be simulated. Immediate losses
due to anchor retention length, friction and local irregularities denoted by the
wobble factor can be set as parameters in this models. However, their values
are set to zero for ease of simplicity. Time dependent losses are not included in
this model too. The number of anchors can also be set by the user. One anchor
per element outer side was set for the current FEM.

6.7.3 Structural interface element

A structural 2D line interface was de�ned on the inner faces of the two ele-
ments, considered as connected, due to the fact that the interface is in between
two continuum elements, see DIANA10.2 manual. According to it, the struc-
tural interface elements describe the interface behavior in terms of a relation
between the normal and shear stresses, denoted as �tractions� t, and and the
displacements ue. For two dimensional line interface that was used in the cur-
rent research, the variables of tractions and relative displacements are de�ned
as:

ue =

{
ux

uy

}
4u =

{
4usx

4uny

}
t =

{
tsx
tny

}
(6.27)

The constitutive law that describes discrete cracking in DIANA, relates the
tractions as a nonlinear function of the total relative displacements, the crack
width Δunand the crack slip dt:
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{
tn = fn(4un)
tt = ft(dt)

(6.28)

where,
tn: traction normal to the interface
tt: traction tangential to the interface
Discrete cracking is speci�ed as initiation of a tension softening criterion

governing the normal traction tn, and a shear criterion governing the shear slip
tt. For the tension softening criterion (denoted as Mode I), brittle cracking was
chosen to simulate the physical problem of full reduction of the strength of the
mortar joint, after the strength criterion has been violated, see �gure 6.7.

Figure 6.7: Brittle softening criterion

In general, the shear traction tt is reduced after cracking (Mode II) according
to:

ft =

{
kt × dt , if 4un < ft

kn

β × kt × dt , if 4un > ft
kn

(6.29)

Zero shear traction was selected for the model according to Hendriks [2016].
Based on the assumption that the mortar joint in between the adjacent

concrete elements does not add sti�ness to them, and under the applied loads
cracking will occur at the joint location, a zero value for the tensile strength
should be applied. However, in order to avoid numerical errors in the structural
analysis, a value close to zero was set for the tensile strength:

ft = 0.01[N/m2] (6.30)

The normal and shear interface sti�ness were determined according to DI-
ANA10.2 Guidelines:

Kn =
E

le
(6.31)

Kt =
Kn

100
(6.32)

where E is the modulus of elasticity of the elements surrounding the interface
, hence taken equal to the modulus of elasticity of concrete Ec, and leis the
average element size in the mesh de�ned previously. An assumption was made
of zero shear traction and sti�ness after cracking used by default in DIANA10.2.
Note that no concrete crushing criterion was incorporated in the FEM.
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The following parameters 6.5 were used to set up the structural interface:

Structural interface type Discrete cracking
Normal sti�ness modulus-y Kn[N/m2/m] 7.636e12
Shear sti�ness modulus-x Kt[N/m2/m] 7.636e10

Tensile strength [N/m2] 0.01
Mode-I tension softening criterion Brittle

Mode II-shear criterion for crack development Zero shear traction

Table 6.5: Structural interface parameters

6.7.4 Types of analyses:

Two di�erent types of analyses were performed in this research, namely a linear
and a phased nonlinear static. The �rst type of analysis took place in order
to assess the response of the investigated elements under the 4-point bending
test in the linear elastic range. The second type was carried out in phases
in order to investigate the elements response for loads exceeding the cracking
load of concrete. Note that the term nonlinear analysis is used, although it is
not a �fully� nonlinear analysis. Including a discrete cracking interface element
was the only non-linearity in the physical properties of the model and the term
nonlinear analysis also refers to the set type of analysis in DIANA10.2. In
order to include the addition of vertical support reactions under the applied
concentrating loads at elements top face, the nonlinear analysis was done in
sequential stages, denoted as phased.

The phased analysis was set to consist of three stages. In the �rst phase, the
prestressing loads (P) were applied in one step. In the second phase the concrete
self-weight (S.W) was added to the applied prestressing loads. The self-weight
of concrete was also applied at once using one increment in the second phase.
The point loads (u) were set to be acting in a third phase and were added to
the previously set loads of prestressing and concrete's self-weight.

Displacement control method was chosen, considering it more suitable to
model the �snap-through� behavior of concrete while softening, compared with
the force control method. The applied vertical displacements acting on the
elements top side, were applied in 50 increments of a 0.0020 size, 40 increments of
0.005 size and 70 increments of 0.01 size. Using di�erent step sizes to model the
vertical displacements at the elements top side, a better insight of the analysis
results can be obtained at the instant of cracking and further on. The applied
displacement values at quarter lengths of the concrete elements top side were
set to be u = 1mm by initial choice of the author.

As an iterative procedure to reach equilibrium between the internal and ex-
ternal force vector, the regular Newton-Raphson method with 10 iterations per
increment was selected. Therefore, the sti�ness matrix relating the internal
forces to incremental displacements is updated in every iteration within an in-
crement, see �gure 6.8. A smaller number of iterations could be used, as was
proved by the results converging with regard to the speci�ed norms, after 0
iterations. This is due to the nearly linear behavior resulting in convergence at
the �rst prediction of the load increment. The convergence norms used for the
nonlinear analysis were force and displacement, both set at a value of 0.01.
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Figure 6.8: Loads and boundary conditions - DIANA manual

6.8 Linear static analysis

The two precast concrete elements are assumed to be monolithically connected
and the in�uence of joint sti�ness in between them is neglected in this stage of
analysis. Based on ful�lling the requirement of zero concrete stresses at bottom
�ber level, the cracking values of point loads F or u are calculated via equations
6.8 and 6.15, and their values are applied in the the �nite element (F.E.) linear
static analysis for a force and a displacement control test respectively. In order
to limit the range of calculations, it was decided to select one speci�c prestressing
steel cable, namely the Y1860S3 with characteristic diameter of 5.2[mm] and
area of prestressing steel 13.6mm2.

6.8.1 Force control (F.C.)

Two downward point loads with a value F == 1050.52N equal to the cracking
load of the concrete, calculated according to equation 6.8, are acting at quarter
lengths of the elements' top side (�gure Loads and boundary conditions).

Figure 6.9: Loads and boundary conditions

Note that equation (7) is based on the assumption of a zero concrete tensile
strength at the moment of cracking:

σcr = fctm = 0MPa

A pinned support on the left edge and a roller support on the right edge of
the element, form the boundary conditions, see �gure 6.9. Central prestressing
steel forces P5.2 = 18972N, calculated according to equation 6.6 (see table
B.1), are acting on both anchorages of the element. Self-weight of the concrete
elements is included. The following results with regard to concrete stresses
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SXX are obtained for the linear static analysis performed with DIANA10.2,
see �gures 68,68,68,68,68,68,69,69. A comparison between the FEA values of
midspan concrete stresses with the predicted values from hand calculations are
shown in Annex - four-point bending test, table B.4.

Figure 6.10: Prestressing load (P)
concrete stresses SXX - F.C.

Figure 6.11: Reinforcement stresses
SXX due to P- F.C.

Figure 6.12: Self weight (SW) con-
crete stresses SXX - F.C.

Figure 6.13: Reinforcement stresses
SXX due to SW - F.C.

Figure 6.14: Point load (F) concrete
stresses SXX - F.C.

Figure 6.15: Reinforcement stresses
SXX due to F- F.C.

68



Figure 6.16: Total concrete stresses
(P+SW+F) SXX - F.C.

Figure 6.17: Midspan element con-
crete stresses SXX due to P+SW+F
- F.C.

6.8.2 Displacement control (D.C.)

According to DIANA10.2 manual, in order to apply a vertical displacement
on an element, the corresponding degree of freedom (DOF) at loads' location,
hence the vertical, must be restrained. The vertical translations, is the only
load case for this displacement control model and cannot be combined with the
other loads of prestressing and self weight. However, superimposing the results
from the displacement control model to the ones from the force control method,
the total internal loads and displacements can be calculated. In particular,
when the displacement control model with the imposed vertical translations as
a single and only load, is combined with the force control model including the
prestressing and self-weight loads only, the total internal loads can be found.

Two downward vertical displacements u5.2 = 0.045mm are applied at quar-
ter lengths of the element's top side. This value is in the range found from the
hand calculations estimated de�ection u and the DIANA10.2 DtY de�ection,
and selected so that the reaction force at loads location would approximate the
calculated cracking load of the elements, see equations 6.8, 6.9. In particular,
by applying u5.2 = 0.045mm, the reaction forces at loads location after running
a linear static analysis in DIANA10.2, are equal to FbY5.2 = 1050.28N which is
almost the same with the hand-calculated cracking load. The hand-calculated
point loads, concrete stresses, prestressing steel stresses and de�ections are ver-
i�ed by the FEA results, see tables B.2, B.3. The concrete stresses SXX due to
the applied downward vertical displacements u (displacement control) are found
to be identical with the occurring ones due to the vertical concentrated loads F
(force control), and thus not presented again.
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6.8.3 Conclusions

1. The DIANA10.2 result values of the internal stresses SXX and de�ections
DtY are veri�ed by the hand calculations.

2. The predicted via hand calculations values of the concentrated forces (force
control) and the vertical displacements (displacement control) that would
cause cracking of the elements, are considered very small. The cause is
the assumed zero tensile strength of concrete at the moment of cracking.

3. The internal element stresses SXX are found to be zero at midspan bottom
�ber level for the total load combination, verifying the initial model as-
sumption for prestressing taking up the tensile loading. At top �ber level,
the requirement with regard to maximum concrete compressive stresses
due to prestressing is also ful�lled. In addition no concrete crushing fail-
ure is expected due to the applied loads.

4. At the locations of the anchorages and the applied point loads, concentra-
tion of compressive stresses occurs. These are the locations where highest
compressive stresses are found in the whole test set-up, the magnitude of
which is in the range of the allowed concrete compressive stresses during
and after tensioning.

5. The prestressing steel force is constant along the elements' length due to
the assumption of zero instantaneous and time dependent losses in the
prestressing steel.

6. The prestressing steel is proved to be in the linear elastic stage as expected.

7. The no bond interaction between concrete and the prestressing steel re-
inforcement is proved via the linear static analyses, since no increase in
the prestressing steel steel stress occurs after the application of concrete
self-weight and the applied concentrated loads at top side of the elements.

6.8.4 Test limitations

Constant prestressing steel forces were applied on the two anchorages of the
post-tensioning steel. Instantaneous dependent losses caused by wedge-set and
unintended rotations during tensioning, were input with zero values during pre-
processing the post-tensioning load in DIANA10.2. The reason that lies in this
choice is the fact that based on this way of modeling the prestressing loads
were set-up in DIANA10.2. Even when several non-zero values were applied
either for anchor retention lengths or for wobble factor, the results of the post-
tensioning steel forces applied were the same as if it were the case without any
losses considered. It seems that the non-zero values for the instantaneous losses
cannot be incorporated in DIANA10.2, assuming that the way of modeling the
physical problem is correct. It must be noted that the length of the specimen
is small and therefore, instantaneous time dependent losses are also expected to
be small.
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6.9 Phased nonlinear static analysis

The a = 55mm distance between the supports and the concrete elements outer
edges was included in the FEM and the hand calculations, see �gure 6.18.

Figure 6.18: Loads and boundary conditions - Supports at 55mm from elements
edges

In case two concentrated loads acting on the elements' top side are causing
tensile stresses in the element, cracking of concrete is expected to occur. The
mean concrete tensile strength is neglected and set to zero (fctm = 0MPa)
by choice of the author. Based on the assumption that the �weakest part� of
the structure is the mortar joint in-between the elements, this would also be
the location of a crack. Assuming that the formation of a crack in a joint is
localized at the spot where it was initiated and no other cracks are formed in the
elements, a discrete cracking interface of brittle strength was set up at joint's
connection with the surrounding concrete elements.

A phased nonlinear static analysis based on displacement control, was carried
out, in order to investigate the response of the concrete elements under the four
point bending test for loads larger than the cracking load. Note that the term
nonlinear refers to the input of nonlinear material properties for the discrete
cracking interface as well as the set type of analysis in DIANA10.2. In particular,
�rst u = 1mm displacements were set to be acting at quarter lengths on the
elements' top side. Based on the applied prestressing steel forces determined by
the cross-section area of the steel and the maximum allowed prestressing steel
stress after tensioning, a load - de�ection (F-u) diagram per cable diameter was
the main output of this analysis, see �gure 6.19. Note that the load F in the
F-u diagram corresponds to the vertical reaction force FBY set at the location
of the applied displacements u when pre-processing the FEM.
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Figure 6.19: Load de�ection diagram - Φi - u = 1mm

The minimum prestressing steel cable diameter ΦP = 5.2mm was analyzed.
The resulting F - u diagram of the investigated prestressing steel cable, shows
an increase of the force for increasing values of the applied displacements up to
a value 0.56mm, see �gure 6.20. This result would be expected in case of either
concrete or prestressing steel failure. However as it is proved in the Appendix
this is not the case for the current model (see B.2.2 and B.2.1).

In order to explain the horizontal plateau in the F-u diagram of �gure 6.20, a
new nonlinear static analysis was carried out with u = 0.6mm as applied loads
(�gure 6.21). The diagram was discretized in ten di�erent points, denoted by
the the number of load step set in the nonlinear analysis and the corresponding
value of the reaction force, i.e. Load Step (FBY). Note that point 0 refers to
Load step 2, where the concrete self-weight is added to the prestressing steel
loads. Hand calculations were performed in order to explain the FEA resulted
diagram (Appendix B.2) .

Figure 6.20: Load de�ection diagram - Φ5.2 - u = 1mm
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Figure 6.21: Load de�ection diagram - Φ5.2 - u = 0.6mm0.6

6.9.1 Point 0

The concrete self-weight (SW) is superimposed to the post-tensioning loads (P)
applied at both anchors of the elements outer edges. As it can be seen from
�gures 6.22 and 6.23 the concrete cross-section at midspan is under compres-
sion. The reinforcement strains (EXX) remain constant after the application of
concrete's self-weight due to the no bond-interaction between concrete and the
prestressing steel reinforcement. The interface normal tractions (STNy) show
that the two elements are in full contact with each other, see �gure 6.25. The
hand-calculated results are veri�ed with the FEA results, see Annex, B.2.3.

The de�ection of the reinforcement follows concrete's displacement, see �gure
6.24. The beam elements together with the reinforcement de�ect downwards due
to the concrete self weight and a slight curvature is present over the elements
length (�gure6.23).

Figure 6.22: Midspan concrete
stresses SXX - Point 0

Figure 6.23: Concrete stresses SXX
- Point 0
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Figure 6.24: Reinforcement strains
EXX - Point 0

Figure 6.25: Interface normal
stresses STNy; Point 0

6.9.2 Load step 7

In addition to the previously applied loads of prestressing (P) and self-weight
(SW), the displacements u are acting at the elements top side. The value of the
imposed de�ections for this step is:

u = 7.82E − 06m

Reaction forces (FBY) are now present at the locations of the applied dis-
placements :

FBY = 436N

The concrete cross-section is under compression over its full height, however the
stresses (SXX) decrease at bottom and increase at top �ber level due to the
applied u displacements, compared with the previous load step, see �gures 6.26
and 6.27. The di�erence in concrete stresses between the previous load step
and the current one is found to be 19%. As it can be seen from 6.29 the two
concrete elements are in full contact with each other. The prestressing steel
reinforcement (EXX) strains remain constant over the full tendon length after
the application of the additional displacement. The downward de�ection of the
tendon follows the de�ection of the surrounding concrete (�gure 6.28).

An increase of the elements' downward displacement occurs as a result of
the increase of the imposed u displacements at the elements top side. A smooth
upward curvature is present over the elements length (�gure 6.27).

Figure 6.26: Midspan concrete
stresses SXX - L.S. 14

Figure 6.27: Concrete stresses SXX
- L.S. 14
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Figure 6.28: Reinforcement strains
EXX - L.S. 14

Figure 6.29: Interface normal
stresses STNy; L.S. 14

6.9.3 Load step 14

The two downward displacements u at the elements top side increase in magni-
tude to a value:

u = 1.62E − 05m

The reaction forces (FBY) at the locations of the applied displacements are
increased to:

FBY = 946N

The concrete cross-section at midspan is under compression over its full height,
see �gure 6.30. Likewise with the previous load step, the concrete stresses
(SXX) increase at top (18%), and decrease at bottom �ber level (�gure 6.31).
In �gure 6.33 it is shown that the two concrete elements are in full contact with
each other. The prestressing steel reinforcement (EXX) strains remain constant
over the full tendon length after the application of the additional displacement.
The downward de�ection of the tendon follows the de�ection of the surrounding
concrete (�gure 6.32).

The elements' downward displacement increases as a result of the increased
values of displacements at the elements top side. An increased upward curvature
following a smooth shape is present over the elements length (�gure 6.31).

Figure 6.30: Midspan concrete
stresses SXX - L.S. 14

Figure 6.31: Concrete stresses SXX
- L.S. 14

75



Figure 6.32: Reinforcement strains
EXX - L.S. 14

Figure 6.33: Interface normal
stresses STNy; L.S. 14

6.9.4 Load step 24

This step refers to the load before cracking. The two downward displacements
u at the elements top side increase in magnitude to a value:

u = 2.82E − 05m

The reaction forces (FBY) at the locations of the applied displacements are
increased to:

FBY = 1673N

Analogous to the previous load step, the concrete cross-section at midspan is
under compression over its full height, see �gure 6.34. The concrete compression
zone height at midspan is:

xu = 55mm

The concrete stresses (SXX) linearly increased at top (21%), and decrease at
bottom �ber level, compared with the previous load step (�gure 6.35). In �gure
6.37 it is shown that the two concrete elements are in full contact with each
other. The prestressing steel reinforcement (EXX) strains remain constant over
the full tendon length after the application of the additional displacement. The
downward de�ection of the tendon follows the de�ection of the surrounding
concrete (�gure 6.36).

The elements' downward displacement increases as a result of the increased
applied loads at the elements top side. A smooth upward curvature is present
over the elements length (�gure 6.35).

The curvature of the midspan concrete cross-section can be related to the in-
crease in concrete strains over the compression zone height xuwith the following
relation:

k =
∆ε

xu
= 1.485E − 03m−1
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Figure 6.34: Midspan concrete
stresses SXX - L.S. 24

Figure 6.35: Concrete stresses SXX
- L.S. 24

Figure 6.36: Reinforcement strains
EXX - L.S. 24

Figure 6.37: Interface normal
stresses STNy; L.S. 24

6.9.5 Load step 25

This step refers to the load after cracking. The two downward displacements u
at the elements top side increase in magnitude to a value:

u = 2.94E − 05m

The reaction forces (FBY) at the locations of the applied displacements are
increased to:

FBY = 1746N

The concrete compression zone height at midspan is considered to be:

xu ' 55mm

Since tensile stresses resulting from the bending moment at the bottom
�ber, start to surpass the initially present compressive stresses caused by post-
tensioning, cracking initiates and the stresses drop to zero at the location of the
crack, see �gure 6.38. The concrete stresses increased at top by 1.7%, compared
with the previous load step (�gure 6.39). In �gure 6.41 it is shown that the two
concrete elements are starting to open at the joint's location bottom side. How-
ever the crack is still not visible due to the small value of the tensile stresses.
Although cracking occurs, the prestressing steel reinforcement (EXX) strains
appear to remain constant over the full tendon length after the application of
the additional displacement. The downward de�ection of the tendon follows the
de�ection of the surrounding concrete (�gure 6.40).
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The elements' downward displacement increases as a result of the increased
applied loads at the elements top side. A smooth upward curvature is present
over the elements length 6.39.

The curvature of the midspan concrete cross-section increases to:

k =
∆ε

xu
= 1.515E − 03m−1

Figure 6.38: Midspan concrete
stresses SXX - L.S. 25

Figure 6.39: Concrete stresses SXX
- L.S. 25

Figure 6.40: Reinforcement strains
EXX - L.S. 25

Figure 6.41: Interface normal
stresses STNy; L.S. 25

6.9.6 Load step 29

A further increase of the two downward displacements u takes place at the
elements top side to:

u = 3.42E − 05m

The reaction forces (FBY) at the locations of the applied displacements are
increased to:

FBY = 2032N

Due to the increased cracking loads, the tensile zone is increased and the
concrete compression zone height at midspan is found to be:

xu ' 50mm

The tensile strength is now exceeded over a larger height at the bottom,
leading to zero stresses for these �bers, see �gure 6.42. A larger increase in
concrete stresses (8%) occurs at top �ber level at this load step, compared
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with the previous load step (�gure 6.43). The crack at midspan is still not
visible for the current displacement loads (�gure 6.45). Although cracking took
place, no increase in the prestressing steel reinforcement (EXX) strains is found.
They remain constant over the full tendon length after the application of the
additional displacement load. The downward de�ection of the tendon follows
the de�ection of the surrounding concrete (�gure 6.44).

The elements' downward displacement increases as a result of the increased
applied loads at the elements top side. A smooth upward curvature is present
over the elements length, see �gure 6.43.

The curvature of the midspan concrete cross-section increases to:

k =
∆ε

xu
= 1.810E − 03m−1

Figure 6.42: Midspan concrete
stresses SXX - L.S. 29

Figure 6.43: Concrete stresses SXX
- L.S. 29

Figure 6.44: Reinforcement strains
EXX - L.S. 29

Figure 6.45: Interface normal
stresses STNy; L.S. 29

6.9.7 Load step 45

A further increase of the two downward displacements u takes place at the
elements top side to:

u = 5.34E − 05m

The reaction forces (FBY) at the locations of the applied displacements are
increased to:

FBY = 3038N
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Due to the increased cracking loads, the tensile zone is further increased and
the concrete compression zone height at midspan is found to be:

xu ' 33mm

Since the concrete tensile strength is exceeded, zero stresses are now visible
over an increased part of the cross-section. Concrete tensile stresses (SXX) are
present over the increased height of the tensile zone at midspan cross-section,
see �gure 6.46. An even larger increase in concrete stresses (30.9%) occurs at
top �ber level at this load step, compared with the previous load step (�gure
6.47). The crack at midspan is still not visible for the current displacement
loads (�gure 6.49). No increase in the prestressing steel reinforcement (EXX)
strains is found. They remain constant over the full tendon length after the
application of the additional displacement load. The downward de�ection of
the tendon follows the de�ection of the surrounding concrete (�gure 6.48).

As it can be seen from �gure 6.35, the curvature of the concrete elements
appears to be slightly decreased over their length.

The curvature of the midspan concrete cross-section increases to:

k =
∆ε

xu
= 3.968E − 03m−1

Figure 6.46: Midspan concrete
stresses SXX - L.S. 45

Figure 6.47: Concrete stresses SXX
- L.S. 45

Figure 6.48: Reinforcement strains
EXX - L.S. 45

Figure 6.49: Interface normal
stresses STNy; L.S. 45
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6.9.8 Load step 70

A further increase of the two downward displacements u takes place at the
elements top side to:

u = 1.18E − 04m

The reaction forces (FBY) at the locations of the applied displacements are
increased to:

FBY = 4508N

Due to the increased cracking loads, the tensile zone is further increased and
the concrete compression zone height at midspan is found to be:

xu ' 12mm

Zero stresses (SXX) are present over most of the midspan cross-section's
height as seen in �gure 6.50. An even larger increase in concrete stresses (68%)
occurs at top �ber level at this load step, compared with the previous load step
at top �ber level (�gure 6.51). The crack at midspan is clearly visible for the
current displacement loads (�gure 6.53). No increase in the prestressing steel
reinforcement (EXX) strains is found. They remain constant over the full tendon
length after the application of the additional displacement load. The downward
de�ection of the tendon follows the de�ection of the surrounding concrete (�gure
6.52).

The elements' downward displacement increases as a result of the increased
applied loads at the elements top side. It appears that the elements curvature
due to the applied loads has now substantially decreased over the elements
length.

An even larger increase in curvature of the midspan concrete cross-section
occurs:

k =
∆ε

xu
= 3.433E − 02m−1

Figure 6.50: Midspan concrete
stresses SXX - L.S. 70

Figure 6.51: Element displacements
SXX - L.S. 70
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Figure 6.52: Reinforcement strains
EXX - L.S. 70

Figure 6.53: Interface normal
stresses STNy; L.S. 70

6.9.9 Load step 116

A further increase of the two downward displacements u takes place at the
elements top side to:

u = 3.31E − 04m

The reaction forces (FBY) at the locations of the applied displacements are
increased to:

FBY = 5000N

Due to the increased cracking loads, the tensile zone is further increased and
the concrete compression zone height at midspan is found to be:

xu ' 5mm

The concrete stress distribution of the two concrete elements is shown in
6.54. An increase in concrete stresses (64%) occurs at top �ber level at this load
step, compared with the previous load step (�gure 6.55). The crack at midspan
is further increased (�gure 6.57). The prestressing steel reinforcement strains
(EXX) remain constant over the full tendon length after the application of the
additional displacement load. The downward de�ection of the tendon follows
the de�ection of the surrounding concrete (�gure 6.56).

The elements' downward displacement increases as a result of the increased
applied loads at the elements top side. However, the elements curvature has
decreased to such an extent that the elements appear to be straight.

The curvature of the midspan concrete cross-section largely increases to:

k =
∆ε

xu
= 2.319E − 01m−1

Figure 6.54: Midspan concrete
stresses SXX - L.S. 116

Figure 6.55: Concrete stresses SXX
- L.S. 116
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Figure 6.56: Reinforcement strains
EXX - L.S. 116

Figure 6.57: Interface normal
stresses STNy; L.S. 116

6.9.10 Load step 154

A further increase of the two downward displacements u takes place at the
elements top side to:

u = 5.59E − 04m

The reaction forces (FBY) at the locations of the applied displacements are
increased to:

FBY = 5223N

Due to the increased cracking loads, the tensile zone is further increased
and the concrete compression zone height at midspan has reached its minimum
value in the present calculation:

xu ' 4mm

The concrete stress distribution of the two concrete elements is shown in
�gure 6.58. An increase in concrete stresses 32.73% occurs at top �ber level
at this load step, compared with the previous load step (�gure 6.59). The
crack at midspan is further increased (�gure 6.61). No concrete compressive
failure is proved, see �gure6.62. Due to small integration issues (mesh element
size of 5.5mm), irregularities are visible in the stress (SXX) and strain (EXX)
diagrams. There were considered to be of minor importance and are expected
to disappear after re�nement of the mesh. The prestressing steel reinforcement
strains (EXX) remain constant over the full tendon length after the application
of the additional displacement load, although the beam is loaded by a large
cracking load. The downward de�ection of the tendon follows the de�ection of
the surrounding concrete (�gure 6.60).

The elements' downward displacement increases as a result of the increased
applied loads at the elements top side. However, the elements curvature has
decreased to such an extent that the elements appear to be straight.

The curvature of the midspan concrete cross-section largely increases to:

k =
∆ε

xu
= 4.310E − 01m−1
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Figure 6.58: Midspan concrete
stresses SXX - L.S. 154

Figure 6.59: Concrete stresses SXX
- L.S. 154

Figure 6.60: Reinforcement strains
EXX - L.S. 154

Figure 6.61: Interface normal
stresses STNy; L.S. 154

Figure 6.62: Midspan concrete strains EXX -L.S.154

6.9.11 Relation between curvature and load

Focusing on the start of horizontal plateau of �gure 6.20, an explanation that
can be given for the unexpected shape of diagram is based on the change of
sti�ness during the incremental loading. A load curvature (F-k) diagram was
obtained for the midspan concrete cross-section for six of the ten investigated
load steps (see �gure 6.63 and table B.13). It is found that the curvature of the
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midspan concrete cross-section increases linearly up to load step 24 and above,
to a value of approximately 2800N. After reaching that point, the curvature
increases non-linearly with increasing loads. The increase in curvature is still
limited with increasing loads up to 4000N. From that point, a huge increase
of curvature of the midspan cross-section occurs with the increasing loads, see
load step 70 and beyond, in �gure 6.63.

As it is shown in the images of the de�ected concrete elements, their cur-
vature changes di�erently during the imposed displacement loads along their
length (�gure 6.23, 6.35, 6.43, 6.46, 6.51, 6.55, 6.59). In particular, it was found
that the elements' curvature was increasing under the applied displacements up
to load step 70. A smooth upward curvature was present over the total length of
the concrete elements. However, increasing the displacements to load steps 116
and 154 resulted in a huge or complete decrease of the elements curvature. At
these points the elements shape is straight. It seems that the de�ection scheme
of the concrete elements resembles a kinematic mechanism with a �plastic� hinge
at midspan, although no concrete or reinforcement failure is found, see �gures
6.64, 6.65.

It seems that before reaching a 4000N force, the elements curvature increases
with an increase of curvature of the midspan cross-section. For loads larger than
this value, the curvature of the elements decreases substantially while the cur-
vature of the midspan cross-section increases dramatically, see table B.13 and
�gure 6.63. The combination of the decreasing curvature of the two elements
with the increasing curvature at joint's location can be considered as the cause
of the �change� in the beams de�ection scheme into a kinematic mechanism re-
ferring to plastic failure, although no concrete or reinforcement failure is proved
to occur.

Figure 6.63: Load curvature diagram - Φ5.2 - u = 0.6[mm]
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Figure 6.64: Element de�ection
scheme before 4000 [N]

Figure 6.65: Element de�ection
scheme after 4000 [N]
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6.10 Conclusions

1. For the investigated size of the prestressing steel reinforcement of Φ5.2, an
increase in the reaction forces at the vertical displacements' location was
observed, followed by a horizontal plateau occurring at quarter length
displacements u = 0.6mm in the load de�ection diagram presented in
�gure 6.20. This result was not expected since it was proved via hand-
calculations and FE analysis results that no failure of concrete or reinforce-
ment took place under this load. Note that no concrete crushing failure
criterion was set in the model and the only non-linearity that was input
in the model was the discrete cracking interface model at joint's location.
The reason that lies in the initiation of the horizontal plateau may be
explained by the relation between the change of curvature of the two con-
crete elements and the change of curvature of the joint element in-between
them, while increasing the applied displacement loads at the element's top
side. It was proved that after reaching a certain load (' 4KN), the sur-
rounding concrete elements appear as having an in�nite sti�ness compared
to the sti�ness of the the joint element in between them. From that load
and increasing its value further on, the de�ection scheme of the model
resembles a kinematic mechanism with a plastic hinge at midspan. This
mechanism can be considered as the cause of the horizontal plateau in the
load de�ection diagram in �gure 6.20.

2. Although the internal bending moment was veri�ed versus the externally
applied loads, the resulting displacements in DIANA cannot be trusted.
The rigid body motion with a �straightening� of the two concrete elements
under the applied loads of the FE model, resulted in large values of con-
crete compressive forces compared with the hand-calculated results.

3. The main function of the post-tensioning steel reinforcement was to con-
nect the concrete elements. It was proved that a certain decrease of �ex-
ural tensile stresses under the applied loads can be achieved taking into
account that anchors were set at the elements centroidal axis.

4. The de�ection of the reinforcement seems to follow the de�ection of the
surrounding concrete elements. After concrete cracking the tendon re-
mains horizontal in the crack and two kinks are formed on the prestress-
ing steel reinforcement. Although an increase in the prestressing steel
reinforcement is expected, the FEM does not show an increase in the pre-
stressing steel loads after cracking.

5. The structural interface input at the connection of the concrete elements
with the joint in-between, resulted in the expected localized cracking at
midspan after reaching the concrete cracking load. It was proved that an
increase in the crack width and a reduction of the compression zone height
occurs by further increasing the cracking load.

6.11 General conclusion

The connection of two concrete elements with unbonded post-tensioning steel
reinforcement in order to improve their �exural strength is indeed a measure that
can be taken. However, due to the slender height of the investigated concrete
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elements, the prestressing steel was anchored at the elements centroidal axis.
Therefore the additional value for the test specimens tensile capacity, is only
caused via compression and not through bending, as it would have been done in
cases of eccentric prestressing steel reinforcement. It must be noted that shell
structures are form-resistant and their structural response is not the same with
the investigated straight elements of this research.
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Part VI

Post-tensioned concrete arch

structure

7 Summary

As a step towards the implementation of structural double curved concrete ele-
ments in real life structures, a post-tensioned arch consisting of eleven precast
concrete elements, was investigated under a linear static analysis. Hand calcu-
lations were also performed in order to verify the FEM analysis results. The
main goals were �rst to combine CAD and FEM software for the more complex
curved geometry of an arch, and subsequently to analyze its structural response
under the applied loads.

7.1 Physical problem

A post-tensioned arch structure consisting of eleven curved precast concrete
elements is going to be produced via the �exible mould, the CAD and FEM
design of the arch had to be investigated. The arch structure is assumed to
have clamped connections with an assumed sti� soil. Similarly to the four point
bending test, high strength concrete C80/95 will be used in the current model,
see table 6.2. The connections between the elements are formed by cement
mortar joints and two continuous post-tensioned steel cables, anchored at the
two edges of the structure. The type of prestressing steel to be used is cables
consisting of 3-wire strands of type Y1860S3 and a diameter Φ = 6.8mm. The
prestressing steel cables are positioned at a distance from the element edge,
equal to one sixth of the element width (x = 166.67mm), table 7.1). No bond
between concrete and steel is taken into account in this model. Instantaneous
losses from wedge set, friction or unintended rotations during tensioning are set
to zero. Time dependent losses from shrinkage, creep and relaxation are not
taken into account in the current analysis, as was the case of the four-point
bending test. The prestressing steel cables are loaded by P = 10KN at the
position of the four anchorages. The loads applied at the structure are the
concrete self-weight and the prestressing steel forces. After having designed the
�nal shape and size of the arch structure in RHINO, a linear static analysis will
be performed in DIANA10.2 to analyze its response under the applied loads.
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Prestressing steel type Y1860S3

Number of cables n 2

Distance from edge x [mm] 166.67

Diameter Φ [mm] 6.8

Cross -section area Sn[mm2] 23.4

Prestressing steel modulus of elasticity EP[MPa] 195000

Prestressing steel material factor γs 1.1

Characteristic tensile strength fpk[MPa] 1860

Table 7.1: Prestressing steel - Arch structure

7.2 Initial CAD model

An initial RHINO model including the arch geometry was provided, as a guid-
ance for the creation of its �nal geometry, see �gure 7.1. The eleven con-
crete elements are double-curved with a decreasing arc width from bottom
to crown. The two bottom dark colored elements have a maximum width of
bmax = 712.38mm, while the two top green colored elements have the minimum
arc width of bmin = 421.94mm. The arc length of the di�erent elements is
de�ned by a radial segmentation technique, and has an approximately constant
value of lel = 620mm. This model denoted as the �Initial CAD Model� for the
shake of simplicity, has a drape f = 2378mm and a span L = 4031mm. The
arc surface constructed by NURBS curves, has a minimum radius of curvature
is in the range of [927.87mm, 1132.67mm]. The joints in between the elements
had still to designed, the thickness of which had to be de�ned by the author.
In the given the geometry of the �Initial CAD Model� the joint thickness was
t = 12mm.

Figure 7.1: Initial model�arch geometry- varying element size
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7.3 Final CAD model

For the design of the arc structure, it was required to determine the thickness
of the joints. The indicative value of joint thicknesst = 12mm given in the
�Initial CAD model� was considered small, and therefore an increased value
of tj = 55mm was incorporated in the model, taking into account minimum
concrete cover and construction requirements for placing the steel cables as
well as thet = 50mm joint thickness used for the previous model of the 4-
point bending test. Radial segmentation technique was also used for this model
resulting in an arc length per element of lel = 570mm, see �gure 7.2. Based on
the design of the �Initial model� a FEM was created. The DIANA10.2 model
was pre-processed, forming the clamped connections of the arc with the soil, see
�gure7.3. Having applied the self-weight of the concrete and the post- tensioning
loads, when running the linear static analysis, geometrical errors occurred while
meshing the elements. In particular, sharp angles between the element edges
less than 10 degrees of larger than 170 degrees were indicated as a warning from
DIANA10.2. Therefore, the analysis results could not be considered reliable
unless geometrical modi�cations were made.

Several options were investigated in RHINO, in order to solve the problem
of �sharp angles� between the element edges and are listed below:

1. The surfaces of the solids were rebuilt based on a degree of U = V =
3, generating a grid with higher density in comparison with the default
values. A small deviation from the geometry of the �nal model was to be
expected. However, after importing the new rebuilt mode in DIANA10.2,
the problem of the sharp edges was not solved.

2. Decreasing the curvature of the arch by using a smaller drape f did not
result in the desired outcome of �smooth edges� that can be meshed in
DIANA10.2.

3. Segmenting the arc structure in a small number of elements did not have
a positive result in the formation of the edges.

4. Creating the arc surface based on the geometrically de�ned curve of a
half circle, produced the desired outcome of �smooth edges� required for
meshing in DIANA10.2. The �nal surface of the arch was also rebuilt
and re-trimmed as described above with a degree of U=V=3. This case
is denoted as the �Final model�, However, a quite di�erent geometry was
obtained with comparison to the � Initial model�, since the arc structure
in the �Final model� was consisting of curved elements having constant
dimensions: lel = 593.6mm and bel = 700mm, see �gure 7.4, and table
7.2. Note that the dimensions shown in this �gure, correspond to the
center line of the arc surface.
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Figure 7.2: Arch structure geome-
try - RHINO

Figure 7.3: Arch structure geom-
etry and boundary conditions- DI-
ANA10.2

Figure 7.4: �Final model� arch geometry- constant element size
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Arch radius at center line RC[mm] 2015.56

Drape f [mm] 2360.74

Thickness t [mm] 55

Arch length at center line ltot[mm] 7079.62

Concrete cross-section area Ac [mm2] 348263.77

First moment of area IC [mm4] 7.07e11

Number of elements nel 11

Element length lel[mm] 593.60

Element width bel [mm] 700

Number of joints 10

Joint thickness tj[mm] 55

Table 7.2: Arch geometrical properties

7.4 Finite element modeling (FEM) - Arch structure

Three dimensional (3D) modeling was selected for the investigated arch struc-
ture. Although considered as a more complicated type of analysis, producing
large number of equations in comparison with two dimensional (2D), aiming at
a three dimensional spread of forces. This was the initial choice made by the
author.

7.4.1 Element types and mesh

Solid elements were used for modeling of the arch. According to DIANA10.2
manual, these elements may produce inaccurate results and should be applied
only when other elements are unsuitable. However, since the RHINO model
was imported as a solid structure in the DIANA10.2 interface and was the �rst
decision of the author to proceed with 3D modeling and solid elements, this was
also the �nal choice. Two types of solids were used for modeling the concrete,
namely the CHX60 20-node brick element (�gure 5.4) and the CTP45 15-node
wedge element (�gure 5.5).

An eight node quadrilateral isoparametric plane stress element namely the
CQ16M, based on quadratic interpolation and Gauss integration scheme were
used in this type of analysis. Quadratic interpolation was selected instead of
linear, so that a more re�ned analysis will be performed in terms of the de�ection
and the stress �eld components.The mesh element size was selected to be 50mm
creating 14 elements along the arc width, taking into account the maximum
allowed element size [Hendriks, 2016].

7.5 Linear static analysis

The FEM model of the arch structure depicting its boundary conditions, is
presented in �gure 7.5 and 7.6. As indicative of FEA results for the current
model, the concrete stresses due to self-weight are presented in �gures 7.7, 7.8.
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The hand calculations were based on the total strain energy approach in
order to calculate the internal loads, see �gure 7.9. Since there was poor agree-
ment between the DIANA results and the hand-calculations, and within the
available time, no clarity was obtained which of the two calculations was wrong.
This needs to be further investigated by future follow-up research.

Figure 7.5: Arch structure geom-
etry and boundary conditions- DI-
ANA10.2

Figure 7.6: Arch structure bottom
view- distance between anchors- DI-
ANA10.2

Figure 7.7: Concrete element stress
distribution SXX due to self-weight
SW - DIANA10.2

Figure 7.8: Concrete element stress
distribution SZZ due to due to self-
weight SW - DIANA10.2

Figure 7.9: Arch internal loads and boundary conditions - Hand calculations
scheme

7.5.1 Test limitations

1. The post-tensioning load could not be accompanied with a wedge set for
this Finite Element Model and hence chosen to be neglected in the consid-
ered analysis. The reason for this choice is that warnings occurred when
running the structural analysis, and a uniform stress reduction along the
prestressing steel would occur.

94



2. Concerning design limitations, the initial arch design could not be success-
fully meshed in DIANA10.2. Warnings occurred during the linear static
analysis, indicating sharp angles between the element edges being smaller
of 10º or larger than 170º.

7.6 Recommendations

Some recommendations that can be made for further research are:

1. Modeling the arch structure with a two dimensional elements may be an
alternative way in meshing the concrete elements that could provide more
insight in the structural response of the arch structure.

2. Using a di�erent FEA program that could incorporate every geometrical
three dimensional shape may be a way to address the problem of meshing
the initial double-curved arch geometry.

3. Improving the model with regard to the location of the anchors is essential
for the validity of the model. Figures 7.10, 7.11, 7.12 show a alternative
way to prestress the concrete arch structure.

Figure 7.10: Arch structure with abutment and anchor blocks at the foundation

Figure 7.11: Abutment side view Figure 7.12: Anchor block at soil
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Part VII

Discussion & Conclusions

8 Discussion

This chapter is a recapitulation of the research done in the previous parts,
by analyzing aspects and conclusions made, with regard to the main research
scope of the thesis. Critical viewpoints and observations that occurred during
the current study are included. The sequence followed in writing the previous
chapter is also used for developing the current one.

In the beginning, a literature review was done in order to gain knowledge
from previous researches related to the �Flexible Mould� concept. Insights re-
lated to the development of the adjustable formwork and its constituents were
considered to be essential for the experimental investigation on the applicability
of double-curved concrete produced with the adjustable formwork on real life
structures. The literature review also comprised of a number of studies rele-
vant to structural analyses of shell elements, setting the basis for the current
investigation on possible improvements in the tensile capacity of double-curved
concrete elements via post-tensioning steel reinforcement.

Having obtained the knowledge about the production of concrete shells with
the adjustable formwork, four double-curved concrete elements were CAD de-
signed in RHINO. Their shape and size complied with the limitations imposed
from the available test set-up of the �exible formwork at TU Delft. Thereafter,
laboratory tests did follow, �rst using sand as the main material to simulate
concrete's self-weight of the designed shell elements. The main reason behind
this choice was the lower cost of sand in comparison with casting concrete, as
well as the lack of experience of the author with the �exible mould. In addition
the complexity of edge pro�ling with the adjustable formwork, was still an issue
to be solved prior to casting the designed concrete shells on the �exible mould.
In particular, the method of projecting the designed concrete shells' coordinates
with a beamer on the horizontal surface of the mould, proved to be a di�cult
process which resulted in distortion of the element's coordinates. Therefore no
accurate formation of the edges was possible and concrete tests did not take
place. However, the sand tests resulted in certain qualitative conclusions with
regard to the relation of the de�ection of the used steel wire mesh and the
number of actuators used. In particular, it was proved that the increase of the
number of actuators acting as support points on the elastic layer, could produce
the desired-designed curvature of the elements surface without wriggling and
ponding e�ects.

The next parts of the thesis refer to the investigation on improvements in
the �exural tensile capacity of straight and curved concrete elements via post-
tensioning steel reinforcement. Computer Aided Design and Finite Element
Modeling were the main tools used in this part. Prior to modeling the more
complex geometry of an arch structure consisting, an intermediate step was
included in the research, where �simple� shaped two- and three-dimensional
concrete elements were analyzed under the applied loads in a linear static anal-
ysis. Several parameters were investigated, such as the way of modeling the
prestressing steel forces in the FE model , the division of single elements in
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two or three smaller in length parts, the use of a structural interface with lin-
ear elastic properties at a joint, as well as the in�uence of the formed element
edges on their de�ection and stress �eld. Concerning the way of modeling the
prestressing steel forces, it was proved that applying the prestressing loads as
two compressive point loads acting on the anchorages locations was not giving
the same analysis results with regard to the de�ection of the beam in compari-
son with a beam model where the tendon's geometrical and physical properties
were input. The choice for no bond or bond interaction between prestressing
steel and concrete could not be incorporated in this part. It was also concluded
that FEM modeling of the prestressing steel's geometry relative to the curved
pro�le of the surrounding concrete elements, may be considered an advanced
approach for a more detailed structural analysis. Therefore the second way of
modeling the prestressing load may be considered a more re�ned method for
the shell elements' geometries. Concerning the linear elastic material properties
of a structural interface set on a joint element, it was proved that an increase
in the sti�ness moduli resulted in a decrease of the midspan de�ections of the
concrete.

As a further step towards the development of the Flexible Mould, consider-
ing joints as the �weakest� spot in precast concrete structures, the in�uence of
joint sti�ness in brittle failure of the surrounding concrete elements was studied
in the next part of the thesis. In particular, a four point bending test on two
centrally prestressed concrete elements, being connected with a mortar joint
in-between them, was the next two-dimensional �nite element model to be in-
vestigated. First, linear static analysis were conducted in order to gain insight of
the occurring displacement and stress �elds due to the applied loads. The struc-
ture was expected to fail on zero concrete tensile strength and cracking loads
were applied on the elements' top side. The post-tensioning steel reinforcement
was designed in order to take up the occurring tensile stresses from the applied
loads. Having veri�ed the linear static analysis results with hand calculations,
a phased nonlinear static analysis was conducted in order to model the material
non-linearity of a joint in between the two precast concrete elements. Due to the
assumption that cracking would start and localize at the spot of zero concrete
tensile strength, a discrete cracking model was created. The nonlinear static
analysis results were veri�ed. However, they are not considered to be describing
the problem thoroughly. In particular, the resulted force de�ection (F-δ) dia-
gram at the concentrated loads' location from the 4-point bending test, showed
an increase of the forces even after cracking at midspan. A smeared cracking
model based on the change of material properties of the whole structure and not
only at the joint location could be a point of investigation for further research.

The �nal part of this thesis was focused on a linear static analysis of a post-
tensioned arch structure segmented in a series of single curved concrete elements
. The initial goal was to model a double-curved concrete arch under its self-
weight and applied post-tensioning loads. However, inputting the arch geometry
from RHINO to DIANA10.2 resulted in sharp edges between the concrete ele-
ments and warnings occurred. Therefore, simplifying the initial arch geometry
in single-curved was considered essential for the process of the research. The
�nal design of the arch was made according to the conclusions drawn in the
previous parts. Three dimensional solid elements were selected to describe the
the occurring stress distribution in the �nite element model. This choice was
made taking into account the free-form shape of concrete shell structures and
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their three dimensional spread of stresses caused by their shape. Di�erences in
the predicted values of hand-calculations and the calculated DIANA10.2 results
occurred. In addition, several points of attention are raised with regard to the
anchors location as well as the prestressing steel reinforcement stresses, which
seem to be opposing the basic notion that prestressing is pre-deforming. Further
research with regard to these aspects is recommended for this part.

9 Conclusions

From the whole research the following conclusions are drawn:

1. It is essential to understand the manufacturing method of precast shell
elements via the �exible mould process in order to perform correct calcu-
lations.

2. From the laboratory tests with sand loads it was concluded that increasing
the number of actuators is crucial for obtaining a smooth curvature in the
�exible mould surface. In addition, projection of the correct position of
the element edges using a beamer is very challenging, due to the distor-
tion of the CAD designed images when projected with a beamer on the
mould's surface. The method appeared to lack accuracy with the available
equipment in the present research.

3. It is possible to transfer 3D geometry from RHINO to DIANA, but ge-
ometrical limitations are imposed in DIANA and speci�c types of solid
elements can be chosen.

4. The �nite element modeling with DIANA of unbonded post-tensioning
steel in combination with discrete cracking interface elements between the
surrounding concrete elements is challenging and error-prone. The hand
calculations proved to be indispensable in making mistakes in the models
or produce unreliable analysis results.

5. Good agreement was found between hand calculations and DIANA results
with regard to the internal and external bending moment at midspan in
the 2D beam models. The calculation of the de�ections, showing a plateau
at an unexpectedly low load level, raises doubts around the way unbonded
tendons are taken into account in the interface element. This remains to
be investigated by future researchers.
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A DIANA10.1 simple shaped models

The geometry of the models was designed in DIANA10.1 and subsequently linear
static analyses were performed for all cases.

Case 1 - Unreinforced concrete beam

Loads: The beam will be subjected to its self-weight (SW), a uniformly
distributed load qUDL = 1000[N/m] and a point load Pmid = 1000[N ], both
acting on its top face. The middle of the top face will be the position of the
point load. A load combination of all the applied loads (LC4) will also be
included in this case (SW + qUDL + Pmid), see A.1.

Figure A.1: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY The de�ection of the beam under the total load com-
bination (LC4) is shown in A.2. In (A.1), the midspan de�ection values (DtY
- δ) based on FEM and hand-calculations (H.C) for each load, are shown. It
is proved that the total displacement is equal to the sum of the de�ections
caused by the individual components and that the maximum de�ection occurs
at midspan. The calculated de�ections are found approximately the same with
the ones calculated via DIANA 10.1, thus, it can be concluded that the de�ec-
tions are veri�ed.

Figure A.2: Element de�ection DtY - LC4
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δ [m] F.E.M.1 H.C.1
H.C.1

F.E.M.1
(%) H.C.1−FEM.1

H.C.1
(%)

δSW +2.714E-04 +2.713E-04 100 0.04
δUDL +4.604E-05 +4.340E-05 94 5.73
δPoint +1.473E-05 +1.389E-05 94 5.70
δtot +3.321E-04 +3.290E-04 99 0.93

Table A.1: Midspan element de�ection per load

Cauchy stresses SXX The bending stresses SXX of the beam under the
total load combination (LC4) are shown in (A.3). In table (A.2), the FEM and
H.C values of stresses at top and bottom �ber level according to the respective
load are shown. A linear stress distribution based on the Euler's Bernoulli beam
theory, over the height of beam's cross - section is proved, with the highest stress
occurring at midspan of the beam for all loads. At top �ber level, the total (LC5)
stresses di�er by 1.8% and by 4.5 % at bottom �ber level. Since the calculated
stresses are found approximately the same (< 5%) with the ones derived with
DIANA 10.1, it can be concluded that the stresses are veri�ed.

Figure A.3: Element stresses SXX - LC4

Top SXX [N/m2] F.E.M.1 H.C.1
H.C.1

F.E.M.1
(%) H.C.1−FEM.1

H.C.1
(%)

SXXSW -8.850E+05 -9.37E+05 106 5.9
SXXUDL -1.500E+05 -1.50E+05 100 0.00
SXXPoint -9.410E+04 -6.00E+04 64 36.2
SXXtot -1.130E+06 -1.15E+06 102 1.8

Bottom SXX [N/m2] F.E.M.1 H.C H.C.1
F.E.M.1

(%) H.C.1−FEM.1
H.C.1

(%)

SXXSW +8.850E+05 +9.37E+05 106 5.9
SXXUDL +1.500E+05 +1.50E+05 100 0.00
SXXPoint +5.900E+04 +6.00E+04 102 1.7
SXXtot +1.100E+06 +1.15E+06 104 4.5

Table A.2: Midspan element stresses SXX

Case 2 - Prestressed concrete beam - anchorages at the centroidal
axis

Loads: Central prestressing will be applied at both ends of a simply sup-
ported beam. A linear tendon will be anchored at the supports at the position of
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beam's centroidal axis. All loads from case one will be applied in addition to the
prestressing force P = 1000[N ], applied as concentrating concrete compressive
loads at both anchorages, see �gure (A.4).

Figure A.4: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY) As it was expected no de�ection due to central pre-
stressing (LC4) occurred δP = 3.193e − 7[m]. The total displacement (LC5)
at midspan of the beam is almost equal to the value resulted from Case 1
(δtot = 3.321e− 4) where no tendon was input see �gure (A.5). In table (A.3),
the resulted values of de�ection per load are shown.

Figure A.5: Element de�ection DtY - LC5

δ [m] F.E.M.2 F.E.M.1
δSW +2.714E-04 +2.714E-04
δUDL +4.604E-05 +4.604E-05
δPoint +1.473E-05 +1.473E-05
δP -3.193E-07 -
δtot +3.32E-04 +3.321E-04

Table A.3: Midspan element de�ection per load
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Cauchy stresses SXX The midspan stresses of the beam under the total
load combination (LC5) are shown in �gure (A.6). Table (A.4) shows the values
of midspan stresses for each applied load. Similar to Case 1, the highest stresses
appear at midspan of the beam for all loads. The prestressing force at both
ends of the centroidal axis of the concrete beam, introduces a compressive stress:
σP
c = − P

Ac
= −4e3[N/m2]. Thus, the total stresses according to case 1 will have

to be superimposed to the stress introduced by the prestressing loads. Therefore,
the hand calculated values from Case 2 are identical to the ones from Case 1,
with the additional term of concrete stress due to the two compressive forces at
both element edges. Comparing the predicted values of midspan stresses with
the F.E.M. ones found in Case 1, it was proved that the di�erences at top and
bottom �ber level are 1.47% and 4.76%, hence assumed as veri�ed. Comparing
the F.E.M. stress results found in Case 2, it was shown that at top �ber level
the stresses increased by 0.35%, while at bottom �ber level they decreased by
0.82% relative to the stresses found in case 1, see table A.4.

Figure A.6: Element stresses SXX - LC5

Top SXX H.C.2 FEM.2 [N/m
2] FEM.1 [N/m

2] FEM.2−FEM.1
FEM.2

(%)

SXXSW -9.37E+05 -8.852E+05 -8.850E+05 0.02
SXXUDL -1.50E+05 -1.504E+05 -1.500E+05 0.27
SXXPoint -6.00E+04 -9.411E+04 -9.410E+04 0.01
SXXP -4.00E+03 -4.00E+03 - 100
SXXtot -1.151E+06 -1.134E+06 -1.130E+06 0.35

Bottom SXX H.C.2 FEM.2 [N/m
2] FEM.1 [N/m

2] FEM.2−FEM.1
FEM.2

(%)

SXXSW +9.37E+05 +8.852E+05 +8.850E+05 0.02
SXXUDL +1.50E+05 +1.504E+05 +1.500E+05 0.27
SXXPoint +6.00E+04 +5.893E+04 +5.900E+04 0.12
SXXP -4.00E+03 -4.000E+03 - 100
SXXtot +1.143E+06 +1.091E+06 +1.100E+06 0.82

Table A.4: Midspan element stresses SXX

Case 3 - Prestressed concrete beam - tendon at centroidal axis

An alternative to the previous model, will be the input of prestressing steel
reinforcement at the centroidal axis. In this way, the interaction of concrete
and steel through bond will be taken into account, see �gure (A.7). Instead
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of applying concrete compressive forces at the element edges as in Case 2, a
prestressing steel stress was applied as a load to the linear tendon pro�le: σP =
P
AP

= 103

10−4 = 10e7
[
N/m2

]
.

Figure A.7: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY) The di�erence in midspan de�ections due to the total
load combination (LC5) between Case 2 and Case 3 is very small (0.91%) and
thus considered to be the same (see table A.5). Note that the di�erence in
midspan de�ection for the applied prestressing loads (LC4) is found to be large
(54.52%).

Figure A.8: Element de�ection DtY - LC4

Figure A.9: Element de�ection DtY - LC5

103



δ [m] F.E.M.3 F.E.M.2 (m) F.E.M.3
F.E.M.2

(%) FEM.3−FEM.2
FEM.3

(%)

δSW +2.68E-04 +2.714E-04 99 1.27
δUDL +4.54E-05 +4.604E-05 99 1.41
δPoint +1.46E-05 +1.473E-05 99 0.89
δP -7.02E-07 -3.193E-07 220 54.52
δtot +3.29E-04 +3.320E-04 99 0.91

Table A.5: Midspan element de�ection per load

Cauchy stresses SXX The stresses of the beam under the total load com-
bination (LC5) are shown in the �gure (A.10). The midspan concrete stresses
per applied load are shown in table (A.6). Similar to case one, the highest
stresses appear at midspan of the beam for all loads. Comparing this case with
the case without the tendon's physical and geometrical characteristics in the
model (Case 2), it appears that in Case 3, at top �ber level, the stresses in-
crease by 25.44%, while at bottom �ber level, the stresses decrease by 55.10%.
Note also, that although it would be expected that the midspan element stresses
due to prestressing loads (LC4) to be similar in values, this was not the case.
There is a large di�erence of 98.98% in element stresses SXX for LC4 between
Case 2 and Case 3. It seems that although the applied prestressing steel stress
(10e7 N

m2 ) is proved to occur in the reinforcement stress SXX results (�gure
A.11), the concrete element stresses SXX for LC4 at midspan are not validated,
see table A.6.

Figure A.10: Element stresses SXX
- LC5

Figure A.11: Prestressing steel
stresses SXX - LC5

Case 4 - Prestressed concrete beam - anchorages at a distance of
0.15[m] below the centroidal axis

Loads: Eccentric prestressing will be applied at both ends of a simply sup-
ported beam, at a distance of 0.15[m] from the centroidal axis. The tendon will
be of straight linear pro�le in this case. All loads from case one will be applied
in addition to concrete compressive prestressing forces P = 1000[N ] acting on
both anchorages, see �gure (A.12). In this case, the tendon will be omitted and
only the resultant compressive forces at both beam ends will be applied on the
concrete.
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Top SXX [N/m2] F.E.M.3 F.E.M.2
FEM.3−FEM.2

FEM.3
(%)

SXXSW -8.852E+05 -8.850E+05 0.00
SXXUDL -1.504E+05 -1.504E+05 0.00
SXXPoint -9.411E+04 -9.411E+04 0.00
SXXP -3.911E+05 -4.000E+03 98.98
SXXtot -1.521E+06 -1.130E+06 25.44

Bottom SXX [N/m2] F.E.M.3 F.E.M.2
FEM.3−FEM.2

FEM.3
(%)

SXXSW +8.852E+05 +8.850E+05 0.00
SXXUDL +1.504E+05 +1.500E+05 0.00
SXXPoint +5.893E+04 +5.900E+04 0.00
SXXP -3.911E+05 -4.000E+03 98.98
SXXtot +7.034E+05 +1.100E+06 55.10

Table A.6: Midspan element stresses SXX

Figure A.12: Boundary and loading conditions

Outputs:
The de�ection (DtY) and the Cauchy stresses (SXX) will be the investigated

results of this analysis.

De�ection (DtY) As it was expected the total de�ection of the beam
(LC5) is reduced in comparison with Case 1 by 2.59%, due to the in�uence of
prestressing force's resultant in the de�ection �eld, see �gures (A.13), (A.14).
A downward curvature of the de�ection line due to the total load combinations
is found. The midspan de�ection values per load are shown in table (A.7).

Figure A.13: Element de�ection
DtY - LC4

Figure A.14: Element de�ection
DtY - LC5
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δ [m] F.E.M.4 F.E.M.1
F.E.M.4
F.E.M.1

(%) FEM.4−FEM.1
FEM.4

(%)

δSW +2.66E-04 +2.71E-04 98 1.95
δUDL +4.52E-05 +4.60E-05 98 1.79
δPoint +1.44E-05 +1.47E-05 98 2.29
δP -2.49E-06 0 - -
δtot +3.24E-04 +3.32E-04 97 2.59

Table A.7: Midspan element de�ection per load

Cauchy stresses SXX The concrete stresses SXX at midspan are pre-
sented in �gure A.15. The prestressing stresses and the total stresses of the
beam are shown in �gures (A.16),(A.17) correspondingly. In table (A.8), the
values of midspan stresses according to the respective load are shown. Analo-
gous to Case 1, the highest stresses appear at midspan of the beam for all loads.
Due to the introduction of eccentric prestressing forces at the anchorages, the
resultant bending moment causes tension at the top part of the beam, and thus
the total element stress is reduced compared to Case 1 by 0.27% at top �ber
and by 1.57% at bottom �ber level with regard to the FEM results. Note that
due to the concentrated load introduction from prestressing at the two anchor-
ages, high compressive forces may arise which in case they exceed the concrete
compressive strength fcd, crushing of the concrete may occur. One provision
that could be taken in that case is to use steel plates at the interface between
concrete and the concentrated load that is applied on the structure. Hence, a
uniform distribution of the concentrated load would occur.

Concerning the predicted values of midspan stresses it must be noted that
due to the eccentricity of the prestressing loads at the supports relative to beam's
centroidal axis, bending moments occur, and the resulting stresses should be
superimposed to the stresses found in Case 2 (central prestressing). In par-
ticular, the bending stresses due to the eccentric loading will be calculated as:
σc,eccent =

P×ep
Wc,top = 7.2e3[N/m2]

According to hand calculations, the in�uence of eccentric prestressing results
in a decrease of stresses at both �bers of the beam, in comparison with case 1
(0.9%) at both �ber levels. Since the calculated results (H.C4) are similar to
the ones derived via DIANA10.1 in case 4 (F.E.M.4), it can be concluded that
the stresses are veri�ed, see table A.8.

Figure A.15: Midspan element stresses SXX - LC5
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Figure A.16: Element stresses SXX
- LC4

Figure A.17: Element stresses SXX
- LC5

Top SXX [N/m2] H.C.4 F.E.M.4 F.E.M.1
F.E.M.4
F.E.M.1

(%) FEM.4−FEM.1
FEM.4

(%)

SXXSW -9.37E+05 -8.852E+05 -8.850E+05 100 0.02
SXXUDL -1.50E+05 -1.504E+05 -1.500E+05 100 0.27
SXXPoint -6.00E+04 -9.411E+04 -9.410E+04 100 0.01
SXXP +3.20E+03 +3.200E+03 - - -
SXXtot -1.14E+06 -1.127E+06 -1.130e6 100 0.27

Bottom SXX [N/m2] H.C.4 F.E.M.4 F.E.M.1
F.E.M.4
F.E.M.1

(%) FEM.4−FEM.1
FEM.4

(%)

SXXSW +9.37E+05 +8.852E+05 +8.850E+05 100 0.02
SXXUDL +1.50E+05 +1.504E+05 +1.500E+05 100 0.27
SXXPoint +6.00E+04 +5.893E+04 +5.900E+04 100 0.12
SXXP -11.20E+03 -1.120E+04 - - -
SXXtot +1.14E+06 +1.083E+06 +1.100E+06 98 1.57

Table A.8: Midspan element stresses SXX

Case 5 - Prestressed concrete beam - anchorages at a distance of
0.15[m] below the centroidal axis, tendon model

Eccentric prestressing is applied at both ends of a simply supported beam, at
a distance of 0.15[m] below the centroidal axis. Tendon is of linear straight
pro�le in this case too. All loads from Case 1 will be applied in addition to the
prestressing force P = 1000[N ] at both anchorages, see �gure A.18.

Figure A.18: Boundary and loading conditions
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Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) As it was expected the total de�ection of the beam will
be smaller comparing with Case 1 (unreinforced single beam) by 0.803%, due
to the in�uence of prestressing force's resultant in de�ection �eld, see �gures
A.19,A.20 and table A.9. The beam shows an upward curvature at midspan
and a downward curvature at the supports with regard to its de�ection for the
total load combination (LC5). This results is not expected and seems like the
result that would be anticipated in case of a clamped beam at both ends. The
total de�ection at midspan is decreased by 74.36% when comparing with the
de�ection in Case 1. Comparing the de�ection under the total load combination
between Case 5 and Case 4 (eccentric tendon - no steel in), it is found that
the de�ection in the �rst model is reduced by 74.31%. It must be noted that
the shape of the element's de�ection due to the total load combination is not
expected and cannot be compared with the shape of the de�ection found in
Case 4. In particular, in Case 5, near the element edges a downward curvature
is observed, whereas at midspan an upward curvature is governing.

Figure A.19: Element de�ection
DtY - LC4

Figure A.20: Element de�ection
DtY - LC5

δ [m] F.E.M.5 F.E.M.4
F.E.M.5
F.E.M.4

(%)

δSW +2.62E-04 +2.66E-04 98
δUDL +4.44E-05 +4.52E-05 98
δPoint +1.42E-05 +1.44E-05 99
δP -2.38E-04 -2.49E-06 9546
δtot +8.31E-05 +3.24E-04 26

Table A.9: Midspan element de�ection per load

Cauchy stresses SXX The stresses of concrete and reinforcement under
the total load combination (LC5) are shown in �gures A.22, A.23. In table A.10
the values of concrete stresses at midspan per applied load are shown. Similar
to case 1, the highest stresses appear at midspan of the beam for all loads. Due
to eccentricity of the prestressing loads relative to the element's centroidal axis,
tensile stresses occur at the top �ber of the beam (LC4). A noticeable di�erence
between Case 4 and 5, is that in the last case the whole midspan cross-section
is governed by compressive stresses, contrary to Case 4, where tensile stresses
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appear at bottom �ber level for the total load combination (LC5), see �gure
A.21. It must also be noted that although the prestressing load causes di�erent
element stresses at top and bottom �ber level compared with case 4, where no
input of the tendon pro�le was set up in the model, see table A.7.

Figure A.21: Midspan element stresses SXX - LC5

Figure A.22: Prestressing steel
stresses SXX - LC5

Figure A.23: Element stresses SXX
- LC5

Top SXX [N/m2] F.E.M.5 F.E.M.4 F.E.M.3
F.E.M.5
F.E.M.4

(%) F.E.M.5
F.E.M.3

(%)

SXXSW -8.76E+05 -8.852E+05 -8.852E+05 99 99
SXXUDL -1.49E+05 -1.504E+05 -1.504E+05 99 99
SXXPoint -9.35E+04 -9.411E+04 -9.411E+04 99 99
SXXP +3.06E+05 +3.200E+03 -3.911E+05 9545 sign change
SXXtot -8.13E+05 -1.127E+06 -1.521E+06 72 53

Bottom SXX [N/m2] F.E.M.5 F.E.M.4 F.E.M.3
F.E.M.5
F.E.M.4

(%) F.E.M.5
F.E.M.3

(%)

SXXSW +8.53E+05 +8.852E+05 +8.852E+05 96 96
SXXUDL +1.45E+05 +1.504E+05 +1.504E+05 96 96
SXXPoint +5.68E+04 +5.893E+04 +5.893E+04 96 96
SXXP -1.07E+06 -1.120E+04 -3.911E+05 9545 273
SXXtot -1.45E+04 +1.083E+06 +7.034E+05 sign change sign change

Table A.10: Midspan element stresses SXX
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Case 6 - Prestressed concrete beam - anchorages at the centroidal
axis, curved tendon

A curved tendon pro�le will be modeled in this case. The tendon will have a
drape equal to 0.15[m] at mid-span and will be anchored at the centroidal axis
at the supports, see �g A.24. The drape [f] is equal in size with the tendon's
eccentricity (ep=0.15[m]) at the supports in Case 4.

Figure A.24: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) Although it would be expected that the de�ections due
to the total load combination (LC5) between Case 5 and 6 would be of the same
magnitude, it is found that they are larger by 30.18% in comparison with Case
5 of linear eccentric tendon, (�gures A.25, A.26, table A.11).

Figure A.25: Element de�ection
DtXYZ - LC4

Figure A.26: Element de�ection
DtXYZ - LC5

δ [m] F.E.M.6 F.E.M.5
F.E.M.6
F.E.M.5

(%) FEM.6−FEM.5
FEM.5

(%)

δSW +2.63E-04 +2.62E-04 100 0.42
δUDL +4.46E-05 +4.44E-05 100 0.43
δPoint +1.43E-05 +1.42E-05 100 0.35
δP -2.03E-04 -2.38E-04 85 17.05
δtot +1.19E-04 +8.31E-05 143 30.18

Table A.11: Midspan element de�ection per load
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Cauchy stresses SXX The prestressing steel as well as the concrete
stresses of the beam under the total load combination (LC5) are shown in �g-
ures A.27 and A.28 respectively. The values of midspan stresses according to the
respective load are shown in table A.12. The prestressing steel stresses appear
to be constant after a distance from the anchors. The midspan stress values per
load are found to be the same between Cases 5 and 6 as expected.

Figure A.27: Prestressing steel
stresses SXX - LC5

Figure A.28: Element stresses SXX
- LC5

Top SXX [N/m2] F.E.M.6 F.E.M.5
FEM.6
FEM.5

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -9.35E+04 -9.35E+04 100
SXXP +3.08E+05 +3.06E+05 101
SXXtot -8.11E+05 -8.13E+05 100

Top SXX [N/m2] F.E.M.6 F.E.M.5
FEM.6
FEM.5

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint 5.68E+04 +5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.58E+04 -1.45E+04 109

Table A.12: Midspan element stresses SXX

Case 7 - Prestressed concrete beam - linear eccentric tendon at ep =
0.15[m], steel plates

This case will be similar to Case 4 with an assumed linear tendon pro�le set at
a distance of 0.15m from the centroidal axis (without including the physical and
geometrical tendon's properties), creating a more re�ned model in the �rst case.
In particular, 5 steel plates of a0.02m × 0.1m cross-section, will be positioned
respectively at the location of concentrated forces, i.e at mid-span top face,
supports and anchors, see �g A.29. The interface between the steel plates and
the concrete will be modeled such that the initial deformation of a mesh element
(lelement = 0.05[m]) is negligible relative to the deformation of an adjacent mesh
element. This implies that the following rules should apply:

1. Elastic sti�ness modulus Kn = Es×1000
lelement = 4.1e15[N/m3]

2. Shear sti�ness modulus Ks =
Es

lelement×1000
= 4.1e9[N/m3]
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Figure A.29: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The de�ection due to the total load combination (LC5)
is found to be smaller than in Case 4 by 9.73%, see �gure A.30 and table A.13.

Figure A.30: Element de�ection DtY - LC5

δ [m] F.E.M.7 F.E.M.4
F.E.M.7
F.E.M.4

(%) FEM.7−FEM.4
FEM.7

(%)

δSW +2.43E-04 +2.66E-04 91 9.55
δUDL +4.11E-05 +4.52E-05 91 10.05
δPoint +1.35E-05 +1.44E-05 94 6.67
δP -2.40E-06 -2.49E-06 96 3.67
δtot +2.95E-04 +3.24E-04 91 9.73

Table A.13: Midspan element de�ection per load

Cauchy stresses SXX The resulting stresses in this case are found to be
a bit smaller at top �ber level by 5.33% and by 4.13% at bottom �ber level than
in Case 4 (�gure A.31, table A.14). No concentration of forces is introduced at
the anchors location in Case 5. Therefore, it can be concluded that the steel
plates application at the locations of concentrated loads can be considered as
an e�ective measure to reduce the compressive stresses at these locations.
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Figure A.31: Element stresses SXX - LC5

Top SXX [N/m2] F.E.M.7 F.E.M.4
FEM.7
FEM.4

(%)

SXXSW -8.54E+05 -8.85E+05 101
SXXUDL -1.45E+05 -1.50E+05 100
SXXPoint -7.99E+04 -9.41E+04 85
SXXP +3.24E+03 +3.20E+03 101
SXXtot -1.07E+06 -1.13E+06 95

Bottom SXX [N/m2] F.E.M.7 F.E.M.4
FEM.7
FEM.4

(%)

SXXSW +8.60E+05 +8.85E+05 97
SXXUDL +1.44E+05 +1.50E+05 96
SXXPoint +5.77E+04 +5.89E+04 98
SXXP -1.12E+04 -1.12E+04 100
SXXtot +1.04E+06 +1.08E+06 96

Table A.14: Midspan element stresses SXX

Case 8 - Unreinforced concrete beam - curved top and bottom sides

In this case, the geometry of the model's cross section is modi�ed, by introducing
a curvature of k = 1

R = 1
l2

8×f

= 0.032[m−1] at both top and bottom sides of the

element (f = 0.10). The element edges are set vertical, see �gure A.32.

Figure A.32: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.
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De�ection (DtY) The de�ection of the beam under the total load combi-
nation (LC4) is shown in �gure A.33. The values of de�ections according to the
respective load are shown in table A.15. The midspan de�ections in this case,
are found to be similar to those found in Case 1 ( linear geometry). However,
the de�ections in this speci�c model decrease by 1.25%.

Figure A.33: Element de�ection DtY - LC4

δ [m] F.E.M.8 F.E.M.1
F.E.M.8
F.E.M.1

(%)

δSW +2.68E-04 +2.71E-04 99
δUDL +4.55E-05 +4.60E-05 99
δPoint +1.46E-05 +1.47E-05 99
δtot +3.28E-04 +3.32E-04 99

Table A.15: Midspan element de�ection per load

Cauchy stresses SXX The bending stresses of the beam under the total
load combination (LC5) are shown in �gure A.34. In table A.16, the midspan
concrete stresses per load at top and bottom �ber level are depicted. It appears
that the stresses in this case are found similar to Case 1 (straight element). In
this case it is proved that the stresses decrease at top �ber level by 0.53% and
are the same at bottom �ber level. Since the di�erences are small, it may be
concluded that the curved geometry of the element does not have great impact
on the stress �eld.

Figure A.34: Element stresses SXX - LC4
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Top SXX [N/m2] F.E.M.8 F.E.M.1
FEM.8
FEM.1

(%)

SXXSW -8.81E+05 -8.85E+05 99
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.38E+04 -9.41E+04 100
SXXtot -1.12E+06 -1.13E+06 99

Bottom SXX [N/m2] F.E.M.8 F.E.M.1
FEM.8
FEM.1

(%)

SXXSW +8.90E+05 +8.85E+05 101
SXXUDL +1.51E+05 +1.50E+05 101
SXXPoint +5.92E+04 +5.90E+04 100
SXXtot +1.10E+06 +1.10E+06 100

Table A.16: Midspan element stresses SXX

Case 9 - Prestressed concrete beam - curved tendon at centroidal axis
- curved top and bottom sides

An alternative to the previous model, will be the input of prestressing steel
reinforcement at the centroidal axis. The curvature of the tendon will be equal
to the curvature of the beam, see �gure A.35.

Figure A.35: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total midspan displacement (LC5) at mid-span of
the beam is increased by 1.20% in comparison with the value resulted from Case
3 (linear geometry), see �gure A.36 and table A.17. Note that the de�ection
caused by the prestressing steel load (LC4) in Case 9 is increased by 79.53%
relative to the one found in Case 3.
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Figure A.36: Element de�ection DtY - LC5

δ [m] F.E.M.9 F.E.M.3
FEM.9−FEM.3

FEM.9
(%)

δSW +2.69E-04 +2.68E-04 0.37
δUDL +4.56E-05 +4.54E-05 0.44
δPoint +1.46E-05 +1.46E-05 0.00
δP -3.43E-06 -7.02E-07 79.53
δtot +3.33E-04 +3.29E-04 1.20

Table A.17: Midspan element de�ection per load

Cauchy stresses SXX The bending stresses of the beam under the total
load combination (LC5) are shown in �gure A.37. In table A.18, the values of
midspan concrete stresses according to the respective load are shown. Compar-
ing this case with the model of linear geometry (Case 3), it appears that the
curved geometry resulted in similar midspan stress values, see table A.14.

Figure A.37: Element total stresses SXX - LC5
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Top SXX [N/m2] F.E.M.9 F.E.M.3
FEM.7
FEM.4

(%)

SXXSW -8.80E+05 -8.85E+05 99
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.38E+04 -9.41E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot -1.52E+06 -1.52E+06 100

Bottom SXX [N/m2] F.E.M.9 F.E.M.3
FEM7

FEM.4
(%)

SXXSW +8.90E+05 +8.85E+05 101
SXXUDL +1.51E+05 +1.50E+05 100
SXXPoint +5.92E+04 +5.893E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot +7.10E+05 +7.03E+05 101

Table A.18: Midspan element stresses SXX

Case 10 - Prestressed concrete beam - curved tendon at eccentricity
ep=0.15[m] - curved top and bottom sides

Case's 8 geometry is modi�ed by introducing a curved tendon at an eccentricity
of 0.15[m] below the centroidal axis of the beam, see �gure A.38. The curvature
of the tendon is equal to the curvature of the beam.

Figure A.38: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total displacement (LC5) in this case is larger by
2.75% in comparison with Case 5 (straight linear element), see tableA.19. The
shape of the element de�ection is similar in both cases, i.e.the de�ection shows a
downward curvature near the supports and an upward curvature near the mid-
span, which is considered as an unexpected result, see �gures A.20 and A.39.
In particular, an upward curvature would be anticipated for the de�ection line
of the whole concrete element due to the total load combination (LC5).
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Figure A.39: Element de�ection DtY - LC5

δ [m] F.E.M.10 F.E.M.5
FEM.10−FEM.5

FEM.10
(%)

δSW +2.63E-04 +2.62E-04 0.38
δUDL 4.46E-05 +4.44E-05 0.45
δPoint +1.43E-05 +1.42E-05 0.28
δP -2.37E-04 -2.38E-04 0.42
δtot +8.54E-05 +8.31E-05 2.75

Table A.19: Midspan element de�ection per load

Cauchy stresses SXX
The total stresses of the beam (LC5) are shown in �gure A.40. In table

A.20, the values of midspan concrete stresses per load are shown. The total
element stresses resulted in Case 10, show that the mid-span cross section is
under compression at both top and bottom �ber level. Comparing this case
with the case of linear geometry (Case 5), it appears that the curved geometry
resulted in a decrease of stresses by 0.20% and 13.83% at top and bottom �ber
level correspondingly. It can be concluded that the curvature at top and bottom
sides of the beam, will have a positive in�uence on the stress �eld de�ections
at bottom �ber level, in comparison with the corresponding model of straight
linear geometry.
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Figure A.40: Element total stresses SXX - LC5

Top SXX [N/m2] F.E.M.10 F.E.M.5
FEM.10
FEM.5

(%)

SXXSW -8.72E+05 -8.76E+05 0.52
SXXUDL -1.48E+05 -1.49E+05 0.47
SXXPoint -9.32E+04 -9.35E+04 0.32
SXXP 3.02E+05 3.06E+05 1.29
SXXtot -8.11E+05 -8.13E+05 0.20

Bottom SXX [N/m2] F.E.M.10 F.E.M.5
FEM.10
FEM.5

(%)

SXXSW +8.58E+05 +8.53E+05 0.54
SXXUDL +1.46E+05 +1.45E+05 0.62
SXXPoint +5.71E+04 +5.68E+04 0.53
SXXP -1.07E+06 -1.07E+06 0.37
SXXtot -1.27E+04 -1.45E+04 13.83

Table A.20: Midspan element stresses SXX

Case 11- Unreinforced concrete beam - curved top and bottom sides
- right angles

The same model used in Case 8 will be used, modifying the vertical side edges to
inclined ones. Right angles will be formed between the horizontal and vertical
sides of the element, see �gure A.41.
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Figure A.41: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The maximum midspan defections found in this case,
are similar to those found in Case 8 (curved element - vertical side edges), see
�gure A.42 and table A.21. Since they are found smaller than in Case 8 it can
be also concluded that they are smaller than the midspan de�ections in Case 1
of straight element. Therefore, the addition of right angles between the element
edges is proved to have a bene�cial impact on the de�ection values at midspan.

Figure A.42: Element de�ection DtY - LC4

δ [m] F.E.M.11 F.E.M.8
FEM.11
FEM.8

(%)

δSW +2.67E-04 +2.68E-04 100
δUDL +4.53E-05 +4.55E-05 99
δPoint +1.44E-05 +1.46E-05 99
δtot +3.26E-04 +3.28E-04 99

Table A.21: Midspan element de�ection per load

Cauchy stresses SXX
The stresses of the beam under the total load combination (LC4) are shown

in �gure A.43. The values of midspan stresses according to the respective load
are shown in table A.22. Comparing the element stresses of this case with those
found in Case 8 (curved element - vertical side edges), it appears that the total
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stresses have similar values, see tableA.18. Since it was proved that Case 1 of
straight geometry has the same concrete stresses at midspan with Case 8, it
can be concluded that the addition of right angles does not improve the stress
distribution in this case.

Figure A.43: Element total stresses SXX - LC4

Top SXX [N/m2] F.E.M.11 F.E.M.8
FEM.11
FEM.8

(%)

SXXSW -8.81E+05 -8.81E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.39E+04 -9.38E+04 100
SXXtot -1.13E+06 -1.12E+06 100

Bottom SXX [N/m2] F.E.M.11 F.E.M.8
FEM11

FEM.8
(%)

SXXSW +8.90E+05 +8.90E+05 100
SXXUDL +1.51E+05 +1.51E+05 100
SXXPoint +5.92E+04 +5.92E+04 100
SXXtot +1.10E+06 +1.10E+06 100

Table A.22: Midspan element stresses SXX

Case 12 - Prestressed concrete beam - curved tendon at centroidal
axis - curved top and bottom sides, right angles

The position of the prestressing steel reinforcement is set at the centroidal axis.
The curvature of the tendon will be equal to the curvature of the beam, see
�gureA.44.

Figure A.44: Boundary and loading conditions
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Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total displacement (LC5) at mid-span of the beam
is similar with the de�ection value resulted from Case 11. Although they should
have been the same, a slight increase of 1.51% is shown in Case 12, see �gure
and table. Comparing Case 12 and 9 (vertical side edges), it is proved that the
total displacement (LC5) is similar in both cases since they di�er by 0.6%, with
Case 12 to have a reduced value, see �gure A.45 and table A.23.

Figure A.45: Element de�ection DtY - LC5

δ [m] F.E.M.12 F.E.M.11 F.E.M.9
FEM.12
FEM.11

(%) FEM.12
FEM.9

(%)

δSW +2.67E-04 +2.62E-04 +2.69E-04 100 99
δUDL +4.54E-05 +4.53E-05 +4.56E-05 100 99
δPoint +1.45E-05 +1.44E-05 +1.46E-05 101 100
δP -3.18E-06 � -3.43E-06 - 93
δtot +3.31E-04 +3.26E-04 +3.33E-04 101 99

Table A.23: Midspan element de�ection per load

Cauchy stresses SXX The maximummidspan stresses of the beam under
the total load combination (LC5) are shown in �gure A.46. In table A.24, the
values of stresses according to the respective load are shown. It is proved that
the total stresses at mid-span in this case, are smaller by 0.33% at top, and larger
by 0.93% at bottom �ber level, than those in Case3 (straight linear geometry).
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Figure A.46: Element total stresses SXX - LC5

Top SXX [N/m2] F.E.M.12 F.E.M.3
FEM.12
FEM.3

(%) FEM.12−FEM.3
FEM.3

(%)

SXXSW -8.81E+05 -8.85E+05 100 0.49
SXXUDL -1.50E+05 -1.50E+05 99 0.53
SXXPoint -9.39E+04 -9.41E+04 100 0.21
SXXP -3.91E+05 -3.91E+05 100 0.08
SXXtot -1.52E+06 -1.52E+06 100 0.33

Bottom SXX [N/m2] F.E.M.12 F.E.M.3
FEM.12
FEM.3

(%) FEM.12−FEM.3
FEM.3

(%)

SXXSW 8.90E+05 8.85E+05 101 0.57
SXXUDL 1.51E+05 1.50E+05 101 0.53
SXXPoint 5.92E+04 5.89E+04 101 0.52
SXXP -3.91E+05 -3.91E+05 100 0.08
SXXtot 7.10E+05 7.03E+05 101 0.93

Table A.24: Midspan element stresses SXX

Case 13 - Prestressed concrete beam - curved tendon at eccentricity
ep=0.15[m] - curved top and bottom sides, right angles

Figure A.47: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) Likewise with case 10 (vertical side edges), in Case 13,
the de�ection shows a downward curvature near the supports and an upward
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curvature near the mid-span, a result that was not anticipated. At midspan, the
total de�ection is found smaller by 0.68% compared with the de�ection found
in Case 10 with the vertical side edges, see �gure A.48 and table A.25.

Figure A.48: Element de�ection DtY - LC5

δ [m] F.E.M.13 F.E.M.10
FEM.13
FEM.10

(%) FEM.13−FEM.10
FEM.10

(%)

δSW +2.61E-04 +2.63E-04 100 0.46
δUDL +4.43E-05 +4.46E-05 99 0.52
δPoint +1.42E-05 +1.43E-05 100 0.35
δP -2.36E-04 -2.37E-04 100 0.42
δtot +8.49E-05 +8.54E-05 99 0.68

Table A.25: Midspan element de�ection per load

Cauchy stresses SXX The stresses of the beam under the total load com-
bination (LC5) are shown in �gure A.49. In table A.26, the values of midspan
stresses per load are shown. The total stresses (LC5) resulted in Case 13, show
that the midspan cross-section is under compression. The stresses in this case
are found to be approximately the same at top �ber level, while at bottom �ber
level they are decreased by 2.58% in comparison with Case 10. This result can
be considered bene�cial with regard to the element midspan element stresses.
Comparing this case with the case with the case of linear geometry case (Case
5), it appears that the total stresses are approximately the same at top �ber
level. However, the curved geometry combined with right angles between the
element sides (Case 13), resulted in a decrease of stresses by 16.76% at bot-
tom �ber level, considered as a bene�cial in�uence of the applied curvature in
Case13. Note though that the validity of FEM result in Case 13 may have to
be reconsidered.

124



Figure A.49: Element total stresses SXX - LC5

Top SXX [N/m2] F.E.M.13 F.E.M.10 F.E.M.5
FEM.13
FEM.10

(%) FEM.13
FEM.5

(%)

SXXSW -8.72E+05 -8.72E+05 -8.76E+05 100 100
SXXUDL -1.48E+05 -1.48E+05 -1.49E+05 99 100
SXXPoint -9.33E+04 -9.32E+04 -9.35E+04 100 100
SXXP 3.02E+05 3.02E+05 +3.06E+05 100 99
SXXtot -8.12E+05 -8.11E+05 -8.13E+05 100 100

Bottom SXX [N/m2] F.E.M.13 F.E.M.10 F.E.M.5
FEM13

FEM.10
(%) FEM.13

FEM.5
(%)

SXXSW 8.58E+05 8.58E+05 +8.53E+05 100 101
SXXUDL 1.46E+05 1.46E+05 +1.45E+05 100 101
SXXPoint 5.71E+04 5.71E+04 +5.68E+04 100 101
SXXP -1.07E+06 -1.07E+06 -1.07E+06 100 100
SXXtot -1.24E+04 -1.27E+04 -1.45E+04 97 86

Table A.26: Midspan element stresses SXX

Case 14 - Prestressed concrete beam - tendon at centroidal axis -
4-point bending test

Loads: Case's 3 geometry will be used in this case. Two point loads
Point = 1000[N ] at l

4 = 1.25[m] from the supports will be applied in Case
14 , instead of one point load at midspan (�gure A.50.

Figure A.50: Boundary and loading conditions

125



Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY) The total de�ection of the beam under the loads is
shown in (A.50). The values of de�ections at mid-span according to the respec-
tive load are shown in table (A.27). It is proved that the total displacement is
equal to the sum of the de�ections caused by the individual components and
that the maximum de�ection occurs at midspan. The total de�ection of the
beam is increased by 1.56% compared with Case 3 (3-point bending).

Figure A.51: Element de�ection DtY - LC5

δ [m] F.E.M.14 F.E.M.3
FEM.14
FEM.3

(%) FEM.13−FEM.10
FEM.10

(%)

δSW 2.68E-04 2.68E-04 100 0.11
δUDL 4.54E-05 4.54E-05 100 0.02
δPoint 1.99E-05 1.46E-05 136 26.63
δP 7.02E-07 7.02E-07 100 0.00
δtot 3.34E-04 3.29E-04 102 1.56

Table A.27: Midspan element de�ection per load

Cauchy stresses SXX The bending stresses of the beam under the load
combination are shown in (A.52). The element stresses (SXX) caused by the
total load combination at midspan are shown in �gure (A.53). In table (A.28),
the values of stresses at top and bottom �ber level according to the respective
load are shown. A linear stress distribution based on the Euler's Bernoulli beam
theory, over the height of beam's cross - section is proved. Comparing Cases 3
(3-point bending) and 14 (4-point bending), it is found that the total midspan
stresses decrease by 2% at top �ber level, while they di�er by 0.10% at bottom
�ber level.
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Figure A.52: Element total stresses SXX - LC5

Figure A.53: Element stresses SXX at midspan cross section - LC5

Top SXX [N/m2] F.E.M.14 F.E.M.3
FEM.14
FEM.3

(%)

SXXSW -8.85E+05 -8.85E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -6.00E+04 -9.41E+04 64
SXXP -3.91E+05 -3.91E+05 100
SXXtot -1.49E+06 -1.52E+06 100

Bottom SXX [N/m2] F.E.M.14 F.E.M.3
FEM.14
FEM.3

(%)

SXXSW 8.85E+05 8.85E+05 100
SXXUDL 1.50E+05 1.50E+05 100
SXXPoint 6.00E+04 5.89E+04 102
SXXP -3.91E+05 -3.91E+05 100
SXXtot 7.04E+05 7.03E+05 100

Table A.28: Midspan element stresses SXX

Case 15 - Prestressed concrete beam - tendon at centroidal axis -
rigid connection

An alternative to Case 3, will be the division of the beam element in half,
creating two beam elements with each length to be equal to l

2 , see �gure (A.54).
The connection between the two beam elements is considered to be rigid.
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Figure A.54: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY) The total de�ection in Case 15 is found to be the same
with the de�ection in Case 3 (central prestressing single beam), see �gure A.56
and table A.29. The vertical de�ection of the element due to central prestressing
(LC4) should be negligible (�gure A.55).

Figure A.55: Element de�ection DtY - LC4

Figure A.56: Element de�ection DtY - LC5
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δ [m] F.E.M.15 F.E.M.3
FEM.15
FEM.3

(%)

δSW 2.68E-04 2.68E-04 100
δUDL 4.54E-05 4.54E-05 100
δPoint 1.46E-05 1.46E-05 100
δP 7.02E-07 7.02E-07 100
δtot 3.29E-04 3.29E-04 100

Table A.29: Midspan element de�ection per load

Cauchy stresses SXX The prestressing steel stresses (LC4) of the beam
are shown in �gure A.57, while in �gure(A.58) the total stresses (LC5) are de-
picted. The midspan stress values according to the respective load are presented
in table A.30. Comparing the midspan stresses between Cases 15 and 3, it is
found that the stresses have identical values.

Figure A.57: Prestressing steel
stresses SXX - LC4

Figure A.58: Element total stresses
SXX - LC5

Top SXX [N/m2] F.E.M.15 F.E.M.3
FEM.15
FEM.3

(%)

SXXSW -8.85E+05 -8.85E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.41E+04 -9.41E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot -1.52E+06 -1.52E+06 100

Bottom SXX [N/m2] F.E.M.15 F.E.M.3
FEM.15
FEM.3

(%)

SXXSW 8.85E+05 8.85E+05 100
SXXUDL 1.50E+05 1.50E+05 100
SXXPoint 5.89E+04 5.89E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot 7.03E+05 7.03E+05 100

Table A.30: Midspan element stresses SXX

Case 16 - Prestressed concrete beam - anchorages at a distance ep=
0.15[m] from the centroidal axis - two elements

The geometry used in Case 5 is used in this model, having split the beam in
two equal in length beams, see �gure A.59.
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Figure A.59: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The de�ection due to the prestressing load (LC4) be-
comes maximum at midspan position (�gure A.60). Instead of an upward curved
element pro�le due to the total load combination (LC5), a downward curvature
of the beam is present near the midspan, while an upward curvature is present
near the supports of the beam (�gure A.61). As aforementioned this result
would be valid in a fully clamped and not a simply supported as in this model.
The de�ections at midspan position in Cases 16 and 5 (single beam) have the
same values. The midspan element de�ection values per load are shown in table
A.31.

Figure A.60: Element de�ection
DtY - LC4

Figure A.61: Element de�ection
DtY - LC5

δ [m] F.E.M.16 F.E.M.5
FEM.16
FEM.5

(%)

δSW 2.62E-04 2.62E-04 100
δUDL 4.44E-05 4.44E-05 100
δPoint 1.42E-05 1.42E-05 100
δP -2.38E-04 -2.38E-04 100
δtot 8.31E-05 8.31E-05 100

Table A.31: Midspan element de�ection per load

Cauchy stresses SXX The prestressing steel as well as the concrete
stresses under the total load combination (LC5) are shown in �gures A.62, A.63
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correspondingly. In table A.32 the values of midspan concrete stresses per load
are presented. It is proved that Cases 16 and 5 (single-eccentric tendon) have
the same midspan stress values.

Figure A.62: Prestressing steel
stresses SXX - LC4

Figure A.63: Element total stresses
SXX - LC5

Top SXX [N/m2] F.E.M.16 F.E.M.5
FEM.16
FEM.5

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -9.35E+04 -9.35E+04 100
SXXP +3.06E+05 +3.06E+05 100
SXXtot -8.13E+05 -8.13E+05 100

Bottom SXX [N/m2] F.E.M.16 F.E.M.5
FEM.16
FEM.5

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL 1.45E+05 1.45E+05 100
SXXPoint 5.68E+04 5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.45E+04 -1.45E+04 100

Table A.32: Midspan element stresses SXX

Case 17 - Prestressed concrete beam - tendon at centroidal axis - two
elements

An alternative to case 6, will be the division of the beam element in half, creating
two beam elements with each length to be equal to l

2 , see �gure (A.64).

Figure A.64: Boundary and loading conditions
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Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY) The midspan de�ection due to the total load combi-
nation (LC5) is found to be equal with the one found in Case 6 (single beam),
see table A.33.

Figure A.65: Element de�ection DtY - LC4

Figure A.66: Element de�ection DtY - LC5

δ [m] F.E.M.17 F.E.M.6
FEM.17
FEM.6

(%)

δSW 2.63E-04 2.63E-04 100
δUDL 4.46E-05 4.46E-05 100
δPoint 1.43E-05 1.43E-05 100
δP -2.03E-04 -2.03E-04 100
δtot 1.19E-04 1.19E-04 100

Table A.33: Midspan element de�ection per load - LC5

Cauchy stresses SXX The prestressing steel stresses of the beam due
to the total load combination (LC5) are shown in �gure A.67, while the total
concrete stresses (LC5) are depicted in �gure(A.68). The midspan concrete
stresses according to the respective load are presented in table A.34. Comparing
the maximum midspan stresses between Cases 17 and 6 (single element), it is
found that the stresses are the same for both cases.
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Figure A.67: Prestressing steel
stresses SXX - LC5

Figure A.68: Element total stresses
SXX - LC5

Top SXX [N/m2] F.E.M.17 F.E.M.6
FEM.17
FEM.6

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -9.35E+04 -9.35E+04 100
SXXP 3.08E+05 3.08E+05 100
SXXtot -8.11E+05 -8.11E+05 100

Bottom SXX [N/m2] F.E.M.17 F.E.M.6
FEM.17
FEM.6

(%)

SXXSW 8.53E+05 8.53E+05 100
SXXUDL 1.45E+05 1.45E+05 100
SXXPoint 5.68E+04 5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.58E+04 -1.58E+04 100

Table A.34: Midspan element stresses SXX

Case 18 - Prestressed concrete beam - curved tendon at centroidal
axis - curved top and bottom sides - two elements

The geometry used in Case 9, splitting the beam in two parts of equal length
rigidly connected, is incorporated in this model, see �gure A.69.

Figure A.69: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.
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De�ection (DtY) The de�ection due to central prestressing load (LC4)
is shown in �gure A.70. The total displacement at mid-span (LC5) of the beam
is found to be the same with the one found in Case 9 (single beam), see �gure
A.71 and table A.35.

Figure A.70: Element de�ection
DtY - LC4

Figure A.71: Element de�ection
DtY - LC5

δ [m] F.E.M.18 F.E.M.9
FEM.18
FEM.9

(%)

δSW 2.69E-04 2.69E-04 100
δUDL 4.56E-05 4.56E-05 100
δPoint 1.46E-05 1.46E-05 100
δP 3.43E-06 3.43E-06 100
δtot 3.33E-04 3.33E-04 100

Table A.35: Midspan element de�ection per load - LC5

Cauchy stresses SXX The prestressing steel stresses are shown in �gure
A.72. As expected the stresses between Case 18 and 9 (single beam) are found
to be the same, see �gureA.73 and table A.36.

Figure A.72: Prestressing steel
stresses SXX - LC4

Figure A.73: Element stresses SXX
- LC5
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Top SXX [N/m2] F.E.M.18 F.E.M.9
FEM.18
FEM.9

(%)

SXXSW -8.81E+05 -8.80E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.38E+04 -9.38E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot -1.52E+06 -1.52E+06 100

Bottom SXX [N/m2] F.E.M.18 F.E.M.9
FEM.18
FEM.9

(%)

SXXSW +8.90E+05 +8.90E+05 100
SXXUDL +1.51E+05 +1.51E+05 100
SXXPoint +5.92E+04 +5.92E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot +7.10E+05 +7.10E+05 100

Table A.36: Midspan element stresses SXX

Case 19 - Prestressed concrete beam - curved tendon at eccentricity
ep=0.15[m] - curved top and bottom sides - two elements

The geometry used in Case 10, splitting the beam in two equal in length elements
is incorporated in this model, see �gure A.74.

Figure A.74: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) As expected the total de�ection (LC5) of the connected
beams in Case 19, has the same shape and magnitude with the de�ection found
in Case 10 (single beam), see �gure A.75 and table A.37. As aforementioned
this de�ected shape would be expected for a model with clamped supports at
both ends.
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Figure A.75: Element de�ection DtY - LC5

δ [m] F.E.M.19 F.E.M.10
FEM.19
FEM.10

(%)

δSW +2.63E-04 +2.63E-04 100
δUDL +4.46E-05 +4.46E-05 100
δPoint +1.43E-05 +1.43E-05 100
δP -2.36E-04 -2.37E-04 100
δtot +8.65E-05 +8.54E-05 101

Table A.37: Midspan element de�ection per load - LC5

Cauchy stresses SXX
The total stresses of the beam (LC5) are shown in �gure A.76. In table A.38,

the values of midspan stresses per load are shown. As expected the stresses found
in Case 19 have the same values with the ones found in Case 10 (single beam).

Figure A.76: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.19 F.E.M.10
FEM.19
FEM.10

(%)

SXXSW -8.72E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -9.32E+04 -9.32E+04 100
SXXP +3.02E+05 +3.02E+05 100
SXXtot -8.11E+05 -8.11E+05 100

Bottom SXX [N/m2] F.E.M.19 F.E.M.10
FEM.19
FEM.10

(%)

SXXSW +8.58E+05 +8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.71E+04 +5.71E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.27E+04 -1.27E+04 100

Table A.38: Midspan element stresses SXX

Case 20 - Prestressed concrete beam - curved tendon at eccentric-
ity ep= 0.15[m] - curved top and bottom sides - right angles - two
elements

The geometry used in Case 13, splitting the beam in two parts of equal length,
is incorporated in this model, see �gure A.77.

Figure A.77: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) As expected the total de�ection (LC5) of the connected
beams in Case 20, has the same value with the de�ection found in Case 13 (single
beam), see �gure A.78 and table A.39.
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Figure A.78: Element de�ection DtY - LC5

δ [m] F.E.M.20 F.E.M.13
FEM.20
FEM.13

(%)

δSW +2.61E-04 +2.61E-04 100
δUDL +4.43E-05 +4.43E-05 100
δPoint +1.42E-05 +1.42E-05 100
δP -2.36E-04 -2.36E-04 100
δtot +8.49E-05 +8.49E-05 100

Table A.39: Midspan element de�ection per load - LC5

Cauchy stresses SXX
The total stresses of the beam (LC5) are shown in �gure A.79. In table

A.40, the values of concrete midspan stresses according to the respective load
are shown. As expected the stresses found in Case 20 have the values with the
ones found in Case 13 (single element).

Figure A.79: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.20 F.E.M.13
FEM.20
FEM.13

(%)

SXXSW -8.72E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -9.33E+04 -9.33E+04 100
SXXP 3.02E+05 3.02E+05 100
SXXtot -8.12E+05 -8.12E+05 100

Bottom SXX [N/m2] F.E.M.20 F.E.M.13
FEM.20
FEM.13

(%)

SXXSW +8.58E+05 +8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.71E+04 +5.71E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.25E+04 -1.25E+04 100

Table A.40: Midspan element stresses SXX

Case 21 - Prestressed concrete beam - straight linear tendon at c.a -
joint 0.05[m]

An alternative to cases 3 (single) and 15 (equally split elements) will be the
inclusion of a 0.05[m] joint at midspan assumed to be rigidly connected to the
two beam elements, see �gure (A.80).

Figure A.80: Boundary and loading conditions - Case 21

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY) The total de�ection at midspan (LC5) is found to be
the same with Case 3 ( single beam) and Case 15 (two equal beams - no joint),
see �gure A.82 and table A.41. The vertical de�ection of the element due to
central prestressing should be negligible (�gure A.81).
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Figure A.81: Element de�ection DtY - LC4

Figure A.82: Element de�ection DtY - LC5

δ [m] F.E.M.21 F.E.M.15
FEM.21
FEM.15

(%)

δSW +2.68E-04 +2.68E-04 100
δUDL +4.54E-05 +4.54E-05 100
δPoint +1.46E-05 +1.46E-05 100
δP -7.02E-07 -7.02E-07 100
δtot +3.29E-04 +3.29E-04 100

Table A.41: Midspan element de�ection per load - LC5

Cauchy stresses SXX The prestressing stresses of the beam (LC4) are
shown in �gure A.83, while the total stresses (LC5) are depicted in �gure(A.84).
The midspan concrete stress values according to the respective load are pre-
sented in table A.42. Comparing the concrete stresses due to the total load
combination (LC5) between Cases 21 and 15, it is found that they have the
same values at bottom �ber level, while they are larger by 1.62% at top �ber
in Case 21. Note that there is a 20.9% increase in midspan stresses due to the
point load (LC3) in the Case 21 relative to Case 15. This may be the result of
irregular meshing when pre-processing the FEM.
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Figure A.83: Prestressing steel
stresses SXX - LC4

Figure A.84: Element stresses SXX
- LC5

Top SXX [N/m2] F.E.M.21 F.E.M.15
FEM.21
FEM.15

(%)

SXXSW -8.85E+05 -8.85E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -1.19E+05 -9.41E+04 127
SXXP -3.91E+05 -3.91E+05 100
SXXtot -1.55E+06 -1.52E+06 102

Bottom SXX [N/m2] F.E.M.21 F.E.M.15
FEM.21
FEM.15

(%)

SXXSW +8.85E+05 + 8.85E+05 100
SXXUDL +1.50E+05 + 1.50E+05 100
SXXPoint +5.89E+04 +5.89E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot +7.03E+05 +7.03E+05 100

Table A.42: Midspan element stresses SXX

Case 22 - Prestressed concrete beam - eccentric tendon at ep = 0.15[m]
below c.a - joint 0.05[m]

The geometry used in Case 5 is used in this model, having split the initial beam
in two equal in length smaller beams and including a joint of 0.05[m], assumed
to be rigidly connected to the left and right elements, see �gure A.85.

Figure A.85: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.
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De�ection (DtY) The de�ected shape of the concrete element due to the
prestressing (LC4) and the total load combination (LC5) is presented in �gures
A.86 and A.87. The total midspan de�ection of the beam (LC5) is found to be
equal to the one found in Case 16. The maximum de�ection values per load are
shown in the following table A.43.

Figure A.86: Element de�ection
DtY - LC4

Figure A.87: Element de�ection
DtY - LC5

δ [m] F.E.M.22 F.E.M.16
FEM.22
FEM.16

(%)

δSW +2.62E-04 +2.62E-04 100
δUDL +4.44E-05 +4.44E-05 100
δPoint +1.43E-05 +1.42E-05 100
δP -2.38E-04 -2.38E-04 100
δtot +8.31E-05 +8.31E-05 100

Table A.43: Midspan element de�ection per load

Cauchy stresses SXX The total stresses of the concrete and the rein-
forcement under the load combination are shown in �gures A.88, A.89. Com-
paring the midspan stresses due to the total load combination (LC5) between
Cases 22 and 16, it is found that at they are increased by 3.01% at top and by
1.09% at bottom �ber level relative to Case 16.

Figure A.88: Prestressing steel
stresses SXX - LC5

Figure A.89: Element stresses SXX
- LC5
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Top SXX [N/m2] F.E.M.22 F.E.M.16
FEM.22
FEM.16

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -1.19E+05 -9.35E+04 127
SXXP +3.06E+05 +3.06E+05 100
SXXtot -8.38E+05 -8.13E+05 103

Bottom SXX [N/m2] F.E.M.22 F.E.M.16
FEM.22
FEM.16

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint +5.68E+04 +5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.47E+04 -1.45E+04 101

Table A.44: Midspan element stresses SXX

Case 23 - Prestressed concrete beam - curved tendon at centroidal
axis - joint 0.05[m]

An alternative to Case 6 (single beam), will be splitting the initial beam in two
equal in length elements and a smaller one of 0.05[m] in length, simulating a
joint in the middle. It is assumed to be rigidly connected to the beam elements,
see �gure (A.90).

Figure A.90: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY) The de�ected shape of the concrete element due to
the prestressing (LC4) and the total load combination (LC5) is presented in
�guresA.91 and A.92. The total de�ection at midspan (LC5) is equal in value
with Case 17, see table A.45.
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Figure A.91: Element de�ection DtY - LC4

Figure A.92: Element de�ection DtY - LC5

δ [m] F.E.M.23 F.E.M.17
FEM.23
FEM.17

(%)

δSW +2.63E-04 +2.63E-04 100
δUDL +4.46E-05 +4.46E-05 100
δPoint +1.43E-05 +1.43E-05 100
δP -2.03E-04 -2.03E-04 100
δtot +1.19E-04 +1.19E-04 100

Table A.45: Midspan element de�ection per load

Cauchy stresses SXX The prestressing steel stresses of the beam due to
the total load combination (LC5) are shown in �gure A.93, while in �gure(A.94)
the total concrete stresses are depicted. The midspan values of stresses according
per load are presented in table A.46. Comparing the stresses between Cases 23
and 17, it is found that the stresses of Case 23 are larger by 3.02% and by 0.57%
at top and bottom �ber level respectively in comparison with Case 17.

Figure A.93: Prestressing steel
stresses SXX - LC5

Figure A.94: Element stresses SXX
- LC5
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Top SXX [N/m2] F.E.M.23 F.E.M.17
FEM.23
FEM.17

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -1.19E+05 -9.35E+04 127
SXXP +3.08E+05 +3.08E+05 100
SXXtot -8.36E+05 -8.11E+05 103

Bottom SXX [N/m2] F.E.M.23 F.E.M.17
FEM.23
FEM.17

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint +5.68E+04 +5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.59E+04 -1.58E+04 101

Table A.46: Midspan element stresses SXX

Case 24 - Prestressed concrete beam - curved tendon at eccentricity
ep= 0.15[m] from c.a - curved top and bottom sides - joint 0.05[m]

Case 10 geometry will be used in this model having split the initial beam length
in three elements. The left and right element will simulate the beam elements,
while the middle element will model a joint having a length of 0.05[m], see �gure
A.95.

Figure A.95: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The de�ected shape of the concrete element due to the
total load combination (LC5) is presented in �gure A.96. The total de�ection
(LC5) at midspan of the beam is found to be equal to the de�ection found in
Case 19, see table A.47.
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Figure A.96: Element de�ection DtY - LC5

δ [m] F.E.M.30 F.E.M.24
FEM.30
FEM.24

(%)

δSW +2.63E-04 +2.63E-04 100
δUDL +4.46E-05 +4.46E-05 100
δPoint +1.43E-05 +1.43E-05 100
δP -2.36E-04 -2.36E-04 100
δtot +8.65E-05 +8.65E-05 100

Table A.47: Midspan element de�ection per load - LC5

Cauchy stresses SXX The stresses of the beam under the total load com-
bination (LC5) are shown in �gure A.97. In table A.48, the values of midspan
concrete stresses per load are shown. The stresses in this case are found to
be larger by 2.98% at top �ber level and by 1.24% at bottom �ber level, than
in Case 19. A reason for this result may be that creating three elements, two
of which have considerably bigger length than the joint-middle element, could
result in an increase of compression stresses at the smaller in length element.

Figure A.97: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.24 F.E.M.19
FEM.24
FEM.19

(%)

SXXSW -8.71E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -1.18E+05 -9.32E+04 127
SXXP +3.02E+05 +3.02E+05 100
SXXtot -8.36E+05 -8.11E+05 103

Bottom SXX [N/m2] F.E.M.24 F.E.M.19
FEM.24
FEM.19

(%)

SXXSW +8.58E+05 +8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.71E+04 +5.71E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.29E+04 -1.27E+04 101

Table A.48: Midspan element stresses SXX

Case 25 - Prestressed concrete beams - curved tendon at centroidal
axis - curved top and bottom sides - right angles - joint 0.05[m]

Case's 12 geometry will be used in this model having split the initial beam length
in three elements. The left and right element will simulate the beam elements,
while the middle element will simulate a joint having a length of 0.05[m], see
�gureA.98.

Figure A.98: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total displacement at mid-span of the beam (LC5)
has the same value with the de�ection found in Case 12, see �gure A.99 and
table A.49.

147



Figure A.99: Element de�ection DtY - LC5

δ [m] F.E.M.25 F.E.M.12
FEM.25
FEM.12

(%)

δSW +2.67E-04 +2.67e-4 100
δUDL +4.54E-05 +4.54e-5 100
δPoint +1.46E-05 +1.45e-5 100
δP -3.27E-06 -3.18e-6 103
δtot +3.31E-04 +3.31e-4 100

Table A.49: Midspan element de�ection per load - LC5

Cauchy stresses SXX The maximum midspan stresses of the beam un-
der the total load combination (LC5) are shown in �gure A.100. In table A.50,
the values of concrete stresses according to the respective load are shown. Com-
paring this case with Case 12 (single beam), it is found that the stresses are
similar. However, in this case, at top �ber level there is a 2.19% increase of total
stresses at midspan, while at bottom �ber level, the stresses are decreased by
0.74%. Note that an unexpected stress concentration (red color in the contour
plot) occurs at a concentrated location at midspan where the tendon pro�le
coincides with the element mesh.

Figure A.100: Element tresses SXX - LC5
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Top SXX [N/m2] F.E.M.25 F.E.M.12
FEM.25
FEM.12

(%)

SXXSW -8.81E+05 -8.81E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -1.19E+05 -9.39E+04 127
SXXP -4.01E+05 -3.91E+05 102
SXXtot -1.55E+06 -1.52E+06 102

Bottom SXX [N/m2] F.E.M.25 F.E.M.12
FEM.25
FEM.12

(%)

SXXSW +8.90E+05 +8.90E+05 100
SXXUDL +1.51E+05 +1.51E+05 100
SXXPoint +5.92E+04 +5.92E+04 100
SXXP -4.01E+05 -3.91E+05 103
SXXtot +7.05E+05 +7.10E+05 99

Table A.50: Midspan element stress values SXX

Case 26 - Prestressed concrete beam - curved tendon at eccentricity
ep=0.15[m] below c.a. - curved top and bottom sides - right angles -
joint 0.05[m]

Case 's13 geometry will be used in this model, having split the initial beam
length in three elements. The left and right element will simulate the beam
elements, while the middle element will model a joint having a length of 0.05[m],
see �gure A.101.

Figure A.101: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtXYZ) The total de�ection (LC5) at midspan of the beam
is found to be increased by 6.34% in comparison with the de�ection found in
Case 20, see �gure A.102 and table A.51.
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Figure A.102: Element de�ection DtXYZ - LC5

δ [m] F.E.M.26 F.E.M.20
FEM.26
FEM.20

(%)

δSW +2.61E-04 +2.67e-4 100
δUDL +4.44E-05 +4.43E-05 100
δPoint +1.43E-05 +1.42E-05 100
δP -2.30E-04 -2.36E-04 98
δtot +9.06E-05 +8.49E-05 107

Table A.51: Midspan element de�ection per load

Cauchy stresses SXX The midspan stresses of the beam under the total
load combination (LC5) are shown in �gure A.103. In table A.52, the values of
stresses per applied load are shown. The stresses in this case are found to be
larger by 8.7% at top �ber level, while they change sigh at bottom �ber level
and become tensile in comparison with Case 20. Note that an unexpected stress
concentration (red color in the element contour plot) occurs at a concentrated
location at midspan where the tendon pro�le coincides with the element mesh.

Figure A.103: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.26 F.E.M.20
FEM.26
FEM.20

(%)

SXXSW -8.73E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -1.18E+05 -9.33E+04 127
SXXP +2.52E+05 +3.02E+05 84
SXXtot -8.89E+05 -8.12E+05 110

Bottom SXX [N/m2] F.E.M.26 F.E.M.20
FEM26

FEM.20
(%)

SXXSW +8.59E+05 +8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.71E+04 +5.71E+04 100
SXXP -1.05E+06 -1.07E+06 98
SXXtot +1.41E+05 -1.25E+04 change of sign

Table A.52: Midspan element stresses SXX

Case 27 - Prestressed concrete beams - tendon at centroidal axis -
interface at joint

In order to simulate a 5cm joint with a di�erent sti�ness than its surround-
ing concrete elements, an addition of a structural interface at midspan will be
included in this model. According to DIANA 10.1 manual, �the structural in-
terface elements describe the interface behavior in terms of a relation between
the normal and shear tractions and the normal and shear relative displacements
across the interface. One of the typical applications for structural interface ele-
ments are joints�. The geometry of Case 1 split in two parts, including a 0.05[m]
joint in between them, will be used in this case, see �gure A.104. The joint was
set to be a structural 2D line interface with linear elastic material properties
and the following rules were applied for the interface sti�nesses of this model:

1. elastic sti�ness modulus: kn = E
lfr

= E
t = 36×109

0.01 = 36× 1011[
N
m2

m ]

2. shear sti�ness modulus: ks = kt =
E

2×lfr
= E

2×t =
36×109

2×0.01 = 18× 1011[
N
m2

m ]

Figure A.104: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.
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De�ection (DtXYZ) The total de�ection (LC5) at midspan, is increased
by 0.90% in comparison with Case 21 (rigid connection), see �gure A.106 and
table A.53. The vertical de�ection (DtY) of the element due to central pre-
stressing (LC4) should be negligible, see �gure A.105.

Figure A.105: Element de�ection DtY - LC4

Figure A.106: Element de�ection DtY - LC5

δ [m] F.E.M.27 F.E.M.21
FEM.27
FEM.21

(%)

δSW +2.70E-04 +2.68E-04 101
δUDL +4.58E-05 +4.54E-05 101
δPoint +1.48E-05 +1.46E-05 101
δP -7.87E-07 -7.02E-07 112
δtot +3.32E-04 +3.29E-04 101

Table A.53: Midspan element de�ection per load

Cauchy stresses SXX The prestressing steel stresses (SXX - LC4) of
the beam are shown in �gure A.107, while the total midspan concrete stresses
(SXX - LC5) are depicted in �gure(A.108). Note that there is a reduction of
prestressing steel stresses at midspan, a result that was not anticipated, see
discontinuity in the tendon contour. The midspan values of stresses according
to the respective load are presented in table (A.58). Comparing the stresses
between Cases 27 and 21 (rigid joint), it is found that the stresses in the �rst
case, are approximately the same at top (decreased by 0.26%) and at bottom
(increased by 0.73%) �ber level.
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Figure A.107: Prestressing steel
stresses SXX - LC4

Figure A.108: Element stresses
SXX - LC5

Top SXX [N/m2] F.E.M.27 F.E.M.21
FEM.27
FEM.21

(%)

SXXSW -8.85E+05 -8.85E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -1.19E+05 -1.19E+05 100
SXXP -3.87E+05 -3.91E+05 99
SXXtot -1.54E+06 -1.55E+06 100

Bottom SXX [N/m2] F.E.M.27 F.E.M.21
FEM.27
FEM.21

(%)

SXXSW 8.85E+05 8.85E+05 100
SXXUDL 1.50E+05 1.50E+05 100
SXXPoint 5.89E+04 5.89E+04 100
SXXP -3.85E+05 -3.91E+05 98
SXXtot 7.09E+05 7.03E+05 101

Table A.54: Midspan element stresses SXX

Case 28 - Prestressed concrete beams - eccentric tendon at distance
ep= 0.15[m] below the centroidal axis - interface at joint

The geometry used in Case 22 is used in this model, including the 0.05[m] joint
at midspan and a structural interface at both edges of the joint, see �gure A.109.
The sti�ness moduli of the joint are de�ned the same with case 27.

Figure A.109: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.
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De�ection (DtY) Likewise in cases of eccentric prestressing, a downward
curvature of the beam is present near the midspan, while an upward curvature is
present near the supports of the beam, considered as an unexpected result, see
�gure A.111. The de�ection due to the prestressing load (DtY - LC4) becomes
maximum at midspan position, see �gure A.110. The midspan total de�ection
(DtY - LC5) is increased by 2.23% in comparison with Case 22. The maximum
de�ection values are shown in table A.55.

Figure A.110: Element de�ection
DtY - LC4

Figure A.111: Element de�ection
DtY - LC5

δ [m] F.E.M.28 F.E.M.22
FEM.28
FEM.22

(%)

δSW 2.63E-04 2.62E-04 100
δUDL 4.46E-05 4.44E-05 100
δPoint 1.43E-05 1.43E-05 101
δP -2.37E-04 -2.38E-04 100
δtot 8.50E-05 8.31E-05 102

Table A.55: Midspan element de�ection per load

Cauchy stresses SXX The total stresses of the prestressing steel rein-
forcement and the concrete under the total load combination (LC5) are shown
in �gures A.112, A.113 respectively. In table A.60 the values of concrete stresses
according to the respective load are shown. At top �ber level, due to the eccen-
tric tendon input, tensile stresses occur. Comparing the midspan stresses due
to the load combination between Cases 28 and 22 (rigid joint), it is found that
in the �rst case they increase by 42.53% and by 63.33% at bottom �ber level.
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Figure A.112: Prestressing steel
stresses SXX - LC4

Figure A.113: Element stresses
SXX - LC5

Top SXX [N/m2] F.E.M.28 F.E.M.22
FEM.28
FEM.22

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -1.19E+05 -1.19E+05 100
SXXP +2.94E+05 +3.06E+05 96
SXXtot -8.50E+05 -8.38E+05 101

Bottom SXX [N/m2] F.E.M.28 F.E.M.22
FEM.28
FEM.22

(%)

SXXSW +8.55E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint +5.69E+04 +5.68E+04 100
SXXP -1.02E+06 -1.07E+06 95
SXXtot +3.87E+04 -1.47E+04 change of sign

Table A.56: Midspan element stresses SXX

Case 29 - Prestressed concrete beams - curved tendon at centroidal
axis - interface at joint

As an alternative to Case 23 (rigid joint), an interface at joint's connection
with the surrounding concrete elements will be included in this case, see �gure
(A.114). The sti�ness moduli of the joint are de�ned the same with case 27.

Figure A.114: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.
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De�ection (DtXYZ) The total de�ection (LC5) at midspan is increased
by 3.09% in comparison with case Case 23. An upward curvature is determining
the de�ected shape of the concrete element due to the total load combination
(LC5).

Figure A.115: Element de�ection DtY - LC4

Figure A.116: Element de�ection DtY - LC5

δ [m] F.E.M.29 F.E.M.23
FEM.29
FEM.23

(%)

δSW +2.65E-04 +2.63E-04 101
δUDL +4.50E-05 +4.46E-05 101
δPoint +1.45E-05 +1.43E-05 101
δP -2.02E-04 -2.03E-04 100
δtot +1.23E-04 +1.19E-04 103

Table A.57: Midspan element de�ection per load

Cauchy stresses SXX The prestressing steel stresses due to the total
load combination (LC5) are shown in �gure A.117, while the midspan concrete
stresses are depicted in �gure(A.118). The concrete stresses SXX at midspan
per applied load are presented in table (A.58). It is found that the stresses are
increased by 2.63% at top, while they change sign and turn into tensile ones at
bottom �ber level bottom in comparison with the stresses found in Case 23.
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Figure A.117: Prestressing steel
stresses SXX - LC5

Figure A.118: Element stresses
SXX - LC5

Top SXX [N/m2] F.E.M.29 F.E.M.23
FEM.29
FEM.23

(%)

SXXSW -8.77E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -1.19E+05 -1.19E+05 100
SXXP 2.86E+05 3.08E+05 93
SXXtot -8.58E+05 -8.36E+05 103

Bottom SXX [N/m2] F.E.M.29 F.E.M.23
FEM.29
FEM.23

(%)

SXXSW 8.56E+05 8.53E+05 100
SXXUDL 1.45E+05 1.45E+05 100
SXXPoint 5.70E+04 5.68E+04 100
SXXP -9.69E+05 -1.07E+06 90
SXXtot 8.92E+04 -1.59E+04 change of sign

Table A.58: Midspan element stresses SXX

Case 30 - Prestressed concrete beams - curved tendon at a distance
ep= 0.15[m] - curved top and bottom sides - right angles - interface
at joint

The geometry used in Case 24 is used in this model, including a 0.05[m] joint at
midspan and a structural interface at both edges of the joint, see �gure A.119.
The sti�ness moduli of the joint are de�ned the same with case 27.

Figure A.119: Boundary and loading conditions
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Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total displacement at mid-span (LC5) of the beam
is increased by 4.17% in comparison with the de�ection found in Case 24, see
�gure A.120 and table A.59.

Figure A.120: Element de�ection DtY - LC5

δ [m] F.E.M.30 F.E.M.24
FEM.30
FEM.24

(%)

δSW +2.65E-04 +2.63E-04 101
δUDL +4.50E-05 +4.46E-05 101
δPoint +1.45E-05 +1.43E-05 101
δP -2.35E-04 -2.36E-04 100
δtot +9.02E-05 +8.65E-05 104

Table A.59: Midspan element de�ection per load

Cauchy stresses SXX The concrete stresses under the total load com-
bination (LC5) are shown in �gure A.121. The midspan concrete stresses per
load are presented in table A.60. Comparing this case with Case 24, it is found
that the midspan stresses are increased by 2.65% at top �ber level in this case,
while they change sign and turn into tensile ones at bottom �ber level.

Figure A.121: Element total SXX - LC5
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Top SXX [N/m2] F.E.M.30 F.E.M.24
FEM.30
FEM.24

(%)

SXXSW -8.72E+05 -8.71E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -1.18E+05 -1.18E+05 100
SXXP +2.81E+05 +3.02E+05 93
SXXtot -8.59E+05 -8.36E+05 103

Bottom SXX [N/m2] F.E.M.30 F.E.M.24
FEM.30
FEM.24

(%)

SXXSW +8.60E+05 +8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.73E+04 +5.71E+04 100
SXXP -9.72E+05 -1.07E+06 91
SXXtot +9.19E+04 -1.29E+04 change of sign

Table A.60: Midspan element stresses SXX

Case 31 - Prestressed concrete beams - curved tendon at centroidal
axis - curved top and bottom sides - right angles - interface at joint

The geometry used in Case 25 is used in this model, including the 0.05[m] joint
at midspan and adding a structural interface at both edges of the joint, see
�gure A.122. The sti�ness moduli of the joint are de�ned the same with case
27.

Figure A.122: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total displacement at mid-span of the beam (LC5)
is increased by 0.24% in comparison with the de�ection in Case 25, hence con-
sidered as similar result, see �gure A.123 and table A.61.
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Figure A.123: Element de�ection DtY - LC5

δ [m] F.E.M.31 F.E.M.25
FEM.31
FEM.25

(%)

δSW +2.69E-04 +2.67E-04 100
δUDL +4.56E-05 +4.54E-05 100
δPoint +1.47E-05 +1.46E-05 101
δP -3.24E-06 -3.27E-06 99
δtot +3.32E-04 +3.31E-04 100

Table A.61: Midspan element de�ection per load

Cauchy stresses SXX The concrete stresses of the beam under the total
load combination (LC5) are shown in �gure A.124. The values of concrete
stresses at midspan according to the respective load are presented in table A.62.
Comparing this case with Case 25, it is found that the stresses are similar. In
particular, there is a 0.19% decrease and a 0.52% increase of total midspan
stresses at top and bottom �ber level respectively. Note that an unexpected
stress concentration (red color in the contour plot) occurs at a concentrated
location at midspan where the tendon pro�le coincides with the element mesh.

Figure A.124: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.31 F.E.M.25
FEM.31
FEM.25

(%)

SXXSW -8.81E+05 -8.81E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -1.19E+05 -1.19E+05 100
SXXP -3.98E+05 -4.01E+05 99
SXXtot -1.55E+06 -1.55E+06 100

Bottom SXX [N/m2] F.E.M.31 F.E.M.25
FEM.31
FEM.25

(%)

SXXSW +8.90E+05 +8.90E+05 100
SXXUDL +1.51E+05 +1.51E+05 100
SXXPoint +5.92E+04 +5.92E+04 100
SXXP -3.85E+05 -4.01E+05 96
SXXtot +7.09E+05 +7.05E+05 101

Table A.62: Midspan element stresses SXX

Case 32 - Prestressed concrete beams - curved tendon at eccentricity
ep= 0.15[m] - curved top and bottom sides - right angles - interface
at joint

The geometry used in Case 26 is used in this model, including the 0.05[m] joint
at midspan and a structural interface at both edges of the joint, see �gureA.125.
The sti�ness moduli of the joint are de�ned the same with case 27.

Figure A.125: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total de�ection (LC5) at midspan of the beam is
found to be increased by 3.4% compared with Case 26, see �gure A.126 and table
A.63. Note that this de�ection line of the concrete element due to the total load
combination was not expected and instead a constant upward curvature would
be the anticipated result.
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Figure A.126: Element de�ection DtY - LC5

δ [m] F.E.M.32 F.E.M.26
FEM.32
FEM.26

(%)

δSW +2.64E-04 +2.61E-04 101
δUDL +4.48E-05 +4.44E-05 101
δPoint +1.44E-05 +1.43E-05 101
δP -2.30E-04 -2.30E-04 100
δtot +9.38E-05 +9.06E-05 104

Table A.63: Midspan element de�ection per load

Cauchy stresses SXX The stresses of the beam under the total load
combination (LC5) are shown in �gure A.127. The values of stresses according
to the respective load are shown in table A.64. The midspan concrete stresses
in this case are found to be larger by 1.75% at top �ber level, while they are
considerably decreased by 70% at bottom �ber level, comparing with Case 26.

Figure A.127: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.32 F.E.M.26
FEM.32
FEM.26

(%)

SXXSW -8.74E+05 -8.73E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -1.18E+05 -1.18E+05 100
SXXP +2.38E+05 +2.52E+05 95
SXXtot -9.05E+05 -8.89E+05 102

Bottom SXX [N/m2] F.E.M.32 F.E.M.26
FEM.32
FEM.26

(%)

SXXSW +8.61E+05 +8.59E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.73E+04 +5.71E+04 100
SXXP -9.65E+05 -1.05E+06 92
SXXtot +9.88E+04 +1.41E+05 70

Table A.64: Midspan element stresses SXX

Case 33 - Prestressed concrete beam - tendon at centroidal axis -
increased sti�ness interface at joint

Likewise in Cases 21 and 27, in order to simulate a 5[cm] joint in-between the
two connected concrete element, an addition of a structural 2D line interface
with linear elastic material properties will be included in this model at midspan.
As aforementioned the geometry of Case 27 and will be used in this case, see
�gure A.128. However an increased sti�ness in both normal and shear direction
will be used for the interface applied at midspan for this case. The following
rules will apply for the interface sti�nesses in this model:

1. elastic sti�ness modulus: kn = Ec×1000
lcont.element

= 36×109×103

0.05 = 7.2× 1014[
N
m2

m ]

2. shear sti�ness modulus: ks = kt ≈ kn = 7.2× 1014[
N
m2

m ]

Figure A.128: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.

De�ection (DtY) The total de�ection (LC5) at midspan, is decreased by
0.91% in comparison with Case 27 (smaller interface sti�ness), see �gure A.130
and table (A.65). Comparing the total de�ection found between Cases 36 and
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21 (rigid connection), it is found that the midspan de�ection has the same value
for both cases. The vertical de�ection of the element due to central prestressing
(LC4) should be negligible, see �gure A.129.

Figure A.129: Element de�ection DtY - LC4

Figure A.130: Element de�ection DtY - LC5

δ [m] F.E.M.33 F.E.M.27
FEM.33
FEM.27

(%)

δSW +2.68E-04 +2.70E-04 99
δUDL +4.54E-05 +4.58E-05 99
δPoint +1.46E-05 +1.48E-05 99
δP -7.02E-07 -7.87E-07 89
δtot +3.29E-04 +3.32E-04 99

Table A.65: Midspan element de�ection per load

Cauchy stresses SXX The prestressing steel stresses due to the pre-
stressing load are shown in �gure A.131, while the total stresses are depicted
in �gure(A.132). The midspan concrete stresses per load are presented in table
(A.66). Comparing the stresses between Cases 33 and 27 (lower interface sti�-
ness), it is found that the stresses in the �rst case, are increased by 3.4% at top
�ber level, and they are decreased by 0.91% at bottom �ber level.
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Figure A.131: Prestressing steel
stresses SXX - LC4

Figure A.132: Element stresses
SXX - LC5

Top SXX [N/m2] F.E.M.33 F.E.M.27
FEM.33
FEM.27

(%)

SXXSW -8.85E+05 -8.85E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -1.19E+05 -1.19E+05 100
SXXP -3.91E+05 -3.87E+05 101
SXXtot -1.55E+06 -1.54E+06 100

Bottom SXX [N/m2] F.E.M.33 F.E.M.27
FEM.33
FEM.27

(%)

SXXSW +8.85E+05 +8.85E+05 100
SXXUDL +1.50E+05 +1.50E+05 100
SXXPoint +5.89E+04 +5.89E+04 100
SXXP -3.91E+05 -3.85E+05 102
SXXtot +7.03E+05 +7.09E+05 99

Table A.66: Midspan element stresses SXX

Case 34 - Prestressed concrete beam - curved tendon at centroidal
axis - increased sti�ness interface at joint

As an alternative to Case 29 (lower shear sti�ness interface), an increased nor-
mal and shear sti�ness 2D line structural interface with linear elastic material
properties will be included in this case, see �gure (A.133). The sti�ness moduli
of the joint are de�ned the same with case 33.

Figure A.133: Boundary and loading conditions

Outputs: The de�ection (DtY) and the Cauchy stresses (SXX) will be
the investigated results of this analysis.
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De�ection (DtXYZ) The total de�ection (LC5) at midspan is reduced
by 3.11% compared with Case 29 (lower sti�ness interface), see �gure A.135 and
table A.67. The defection of the concrete elements due to the prestressing load
(LC4) is depicted in �gure A.134.

Figure A.134: Element de�ection DtY - LC4

Figure A.135: Element de�ection DtY - LC5

δ [m] F.E.M.34 F.E.M.29
FEM.33
FEM.27

(%)

δSW +2.63E-04 +2.65E-04 99
δUDL +4.46E-05 +4.50E-05 99
δPoint +1.43E-05 +1.45E-05 99
δP -2.03E-04 -2.02E-04 100
δtot +1.19E-04 +1.23E-04 97

Table A.67: Midspan element de�ection per load

Cauchy stresses SXX The prestressing steel stresses due to the total load
combination (LC5) are shown in �gure A.136. The concrete element stresses
(LC5) are depicted in �gure(A.137). The midspan values of concrete stresses
according to the respective load are presented in table (A.68). The total stresses
(LC5) are found to be decreased by 2.7% at the top while they change sign and
turn into compressive in comparison with Case 29 (lower sti�ness interface).
It can be seen that the magnitude of element prestressing stresses di�ers in
both cases, since it shows an increase when the sti�ness moduli are increased
compared to Case 29.
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Figure A.136: Prestressing steel
stresses SXX - LC4

Figure A.137: Element stresses
SXX - LC5

Top SXX [N/m2] F.E.M.34 F.E.M.29
FEM.34
FEM.29

(%)

SXXSW -8.76E+05 -8.77E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -1.19E+05 -1.19E+05 100
SXXP +3.08E+05 +2.86E+05 108
SXXtot -8.36E+05 -8.58E+05 97

Bottom SXX [N/m2] F.E.M.34 F.E.M.29
FEM.34
FEM.29

(%)

SXXSW +8.53E+05 +8.56E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint +5.68E+04 +5.70E+04 100
SXXP -1.07E+06 -9.69E+05 110
SXXtot -1.57E+04 +8.92E+04 change of sign

Table A.68: Midspan element stresses SXX

Case 35 - Prestressed concrete beam - anchorages at a distance of
ep= 0.15[m] from the centroidal axis - increased sti�ness interface at
joint

The geometry used of Case 28 is used in this model, including an increased
normal and shear sti�ness structural interface at both edges of the joint, see
�gure A.138. The sti�ness moduli of the joint are de�ned the same with case
33.

Figure A.138: Boundary and loading conditions
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Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) An upward curvature of the beam is present near the
midspan, while a downward curvature is present near the supports of the beam,
hence a result not to be expected. The de�ection due to the prestressing load
(LC4) becomes maximum at midspan position, see �gure (A.139). The midspan
total de�ection (LC5) is decreased by 2.27% in comparison with Case 28 (smaller
interface sti�ness). The maximum de�ection values are shown in table (A.69).

Figure A.139: Element de�ection
DtY - LC4

Figure A.140: Element de�ection
DtY - LC5

δ [m] F.E.M.35 F.E.M.28
FEM.35
FEM.28

(%)

δSW +2.62E-04 +2.63E-04 100
δUDL +4.44E-05 +4.46E-05 100
δPoint +1.43E-05 +1.43E-05 99
δP -2.38E-04 -2.37E-04 100
δtot +8.32E-05 +8.50E-05 98

Table A.69: Midspan element de�ection per load

Cauchy stresses SXX The reinforcement and concrete stresses under
the prestressing load (LC4) and the total load combination (LC5) respectively
are shown in �gures (A.141) and (A.142). The values of midspan concrete
stresses per applied load are shown in table A.70. Due to the eccentric tendon
input, tensile stresses occur at top �ber level under the prestressing load (LC4).
Comparing the midspan concrete stresses due to the load combination (LC5)
between Cases 35 and 28 (smaller sti�ness), it is found that in the �rst case
they are decreased by 1.43% at top �ber level, while they change sign and turn
into compressive ones at bottom �ber level.
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Figure A.141: Prestressing steel
stresses SXX - LC4

Figure A.142: Element stresses
SXX - LC5

Top SXX [N/m2] F.E.M.35 F.E.M.28
FEM.35
FEM.28

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -1.19E+05 -1.19E+05 100
SXXP +3.06E+05 +2.94E+05 104
SXXtot -8.38E+05 -8.50E+05 99

Bottom SXX [N/m2] F.E.M.35 F.E.M.28
FEM.35
FEM.28

(%)

SXXSW +8.53E+05 +8.55E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint +5.68E+04 +5.69E+04 100
SXXP -1.07E+06 -1.02E+06 105
SXXtot -1.44E+04 +3.87E+04 change of sign

Table A.70: Midspan element stresses SXX

Case 36 - Prestressed concrete beams - curved tendon at centroidal
axis - curved top and bottom edges - right angles - increased sti�ness
interface at joint

The geometry of Case 31 is used in this model, including a 0.05[m] joint at
midspan and an increased sti�ness structural 2D line interface at both edges
of the joint, see �gure A.143. The sti�ness moduli of the joint are de�ned the
same with case 33.

Figure A.143: Boundary and loading conditions
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Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total displacement at mid-span of the beam is
decreased by 4.04% in comparison with the de�ection in Case 31 (smaller shear
interface sti�ness), see �gure A.144 and table A.71.

Figure A.144: Element de�ection DtY - LC5

δ [m] F.E.M.36 F.E.M.31
FEM.36
FEM.31

(%)

δSW +2.67E-04 +2.69E-04 100
δUDL +4.54E-05 +4.56E-05 100
δPoint +1.46E-05 +1.47E-05 99
δP -3.27E-06 -3.24E-06 101
δtot +3.31E-04 +3.32E-04 100

Table A.71: Midspan element de�ection per load

Cauchy stresses SXX The maximum midspan stresses of the beam un-
der the total load combination (LC5) are shown in �gure A.145. In table A.72,
the values of concrete stresses according to the respective load are shown. Com-
paring this case with Case 31 (smaller interface sti�ness), it is found that the
stresses are similar. However, in this case, at top �ber level there is a 1.51%
increase of total stresses at midspan, while at bottom �ber level, the stresses are
decreased by 0.26%. Note that an unexpected stress concentration (red color
in the contour plot) occurs at a concentrated location at midspan where the
tendon pro�le coincides with the element mesh.
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Figure A.145: Element stresses SXX - LC5

Top SXX [N/m2] F.E.M.36 F.E.M.31
FEM.36
FEM.31

(%)

SXXSW -8.81E+05 -8.81E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -1.19E+05 -1.19E+05 100
SXXP -4.01E+05 -3.98E+05 101
SXXtot -1.55E+06 -1.55E+06 100

Bottom SXX [N/m2] F.E.M.36 F.E.M.31
FEM.36
FEM.31

(%)

SXXSW +8.90E+05 +8.90E+05 100
SXXUDL +1.51E+05 +1.51E+05 100
SXXPoint +5.92E+04 +5.92E+04 100
SXXP -4.01E+05 -3.85E+05 104
SXXtot +7.05E+05 +7.09E+05 99

Table A.72: Midspan element stresses SXX

Case 37 - Prestressed concrete beams - curved tendon at eccentricity
ep = 0.15[m] - curved top and bottom edges - right angles - increased
sti�ness interface at joint

The geometry used in Case 32 (lower shear sti�ness interface) is used in this
model, including a structural interface with increased sti�ness at both edges of
the joint, see �gureA.146. The sti�ness moduli of the joint are de�ned the same
with case 33.

Figure A.146: Boundary and loading conditions
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Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtY) The total de�ection (LC5) at midspan of the beam is
decreased by 3.51% in comparison with the de�ection found in Case 32 (lower
interface sti�ness), see �gure A.147 and table A.73. As aforementioned the
de�ected shape of the concrete element due to the total load combination (LC5)
would be expected for a fully clamped beam and not a simply supported as in
this case.

Figure A.147: Element de�ection DtY - LC5

δ [m] F.E.M.37 F.E.M.32
FEM.37
FEM.32

(%)

δSW +2.61E-04 +2.64E-04 99
δUDL +4.44E-05 +4.48E-05 99
δPoint +1.43E-05 +1.44E-05 99
δP -2.30E-04 -2.30E-04 100
δtot +9.06E-05 +9.38E-05 97

Table A.73: Midspan element de�ection per load

Cauchy stresses SXX The stresses of the beam under the total load
combination (LC5) are shown in �gure A.148. In table A.74, the values of
stresses according to the respective load are shown. The stresses in this case
are found to be reduced by 1.70% at top �ber level, while they are increased
by 30.11% at bottom �ber level relative to Case 35 (smaller interface sti�ness).
Note that an unexpected stress concentration (red color in the contour plot)
occurs at a concentrated location at midspan where the tendon pro�le coincides
with the element mesh.
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Figure A.148: Element stresses SXX - LC5

Top SXX [N/m2] F.E.M.37 F.E.M.32
FEM.37
FEM.32

(%)

SXXSW -8.73E+05 -8.74E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -1.18E+05 -1.18E+05 100
SXXP +2.52E+05 +2.38E+05 106
SXXtot -8.90E+05 -9.05E+05 98

Bottom SXX [N/m2] F.E.M.37 F.E.M.32
FEM.37
FEM.32

(%)

SXXSW +8.59E+05 +8.61E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.71E+04 +5.73E+04 100
SXXP -1.05E+06 -9.65E+05 109
SXXtot +1.41E+05 +9.88E+04 143

Table A.74: Midspan element stresses SXX

RHINO models

In the following cases, the geometry of the models is de�ned in Rhinoceros
5, whereas in the previous cases, it was set in DIANA 10.1. The aim of this
investigation is to verify whether an imported geometry from a CAD software
such as Rhinoceros 5 will produce the same results in the structural analysis as
found in the previous cases. First, two dimensional models will be examined.
Hereafter, 3D geometry will be included. In order to avoid repetitive pictures,
except from showing the model's geometry pictures corresponding to de�ections
and stresses will not be included in this section.

Case 38 - Prestressed concrete beam - anchorages at a distance of
0.15m from the centroidal axis - rigid connection

The geometry used in Case 5 and Case 16 (DIANA10.1 pre-processing) is the
basis for this model, now designed in Rhinoceros 5, see �gure A.149.
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Figure A.149: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtXYZ) The de�ection values are found identical with Case
5 (DIANA 10.1 pre-processing) as shown in table A.75.

δ [m] F.E.M.38 F.E.M.5
F.E.M.38
F.E.M.5

(%)

δSW +2.62E-04 +2.62E-04 100

δUDL +4.44E-05 +4.44E-05 100

δPoint +1.42E-05 +1.42E-05 100

δP -2.38E-04 -2.38E-04 100

δtot +8.31E-05 +8.31E-05 100

Table A.75: Midspan element de�ection per load

Cauchy stresses SXX The element stresses are found identical with Case
5 (2D geometry) as shown in table A.76.
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Top SXX [N/m2] F.E.M.38 F.E.M.5
F.E.M.38
F.E.M.5

(%)

SXXSW -8.76E+05 -8.76E+05 100

SXXUDL -1.49E+05 -1.49E+05 99

SXXPoint -9.35E+04 -9.35E+04 100

SXXP +3.06E+05 +3.06E+05 100

SXXtot -8.13E+05 -8.13E+05 100

Bottom SXX [N/m2] F.E.M.38 F.E.M.5
F.E.M.38
F.E.M.5

(%)

SXXSW +8.53e5 +8.53e5 100

SXXUDL +1.45e5 +1.45e5 100

SXXPoint +5.68e4 +5.68e4 100

SXXP -1.07e6 -1.07e6 100

SXXtot -1.45e4 -1.45e4 100

Table A.76: Midspan element stresses SXX

Case 39 - Prestressed concrete beam - anchorages at the centroidal
axis, curved tendon

The geometry used in Case 6 (DIANA10.1 pre-processing) will be the basis for
the design in Rhinoceros5 for this model.

Figure A.150: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.

De�ection (DtXYZ) The de�ections found in this case are identical with
the ones in Case 6 (DIANA10.1 pre-processing), see table A.77.
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δ [m] F.E.M.39 F.E.M.6
F.E.M.39
F.E.M.6

(%)

δSW +2.63E-04 2.63E-04 100
δUDL +4.46E-05 +4.46E-05 100
δPoint +1.43E-05 +1.43E-05 100
δP -2.03E-04 -2.03E-04 100
δtot +1.19E-04 +1.19E-04 100

Table A.77: Midspan element de�ection per load

Cauchy stresses SXX The element stresses are identical with the ones
found in Case 6 (DIANA10.1 pre-processing), see table A.78.

Top SXX [N/m2] F.E.M.39 F.E.M.6
FEM.39
FEM.6

(%)

SXXSW -8.7E+05 -8.76E+05 100
SXXUDL -1.49+05 -1.49+05 100
SXXPoint -9.35E+04 -9.35E+04 100
SXXP +3.08E+05 +3.08E+05 101
SXXtot -8.11E+05 -8.11E+05 100

Bottom SXX [N/m2] F.E.M.39 F.E.M.6
FEM.39
FEM.6

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint 5.68E+04 5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.58E+04 -1.58E+04 100

Table A.78: Midspan element stresses SXX

Case 40 - Prestressed concrete beam - curved tendon at eccentricity
ep= 0.15[m] - curved top and bottom sides

The model of Case 10 (DIANA10.1 pre-processing), will be used in this case,
for the design in Rhinoceros5, see �gure A.151.

Figure A.151: Boundary and loading conditions

Outputs: De�ection (DtY) and Cauchy stresses (SXX) will be the inves-
tigated results of this analysis.
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De�ection (DtY) The element de�ections per load are found to be the
same with the ones found in Case 10 (DIANA10.1 pre-processing). The total
element de�ection is almost the same as with Case 10, with a di�erence of
0.011%, see table

δ [m] F.E.M.40 F.E.M.10
FEM.40
FEM.10

(%)

δSW +2.63E-04 +2.63E-04 100
δUDL +4.46E-05 +4.46E-05 100
δPoint +1.43E-05 +1.43E-05 100
δP -2.37E-04 -2.37E-04 100
δtot +8.55E-05 +8.54E-05 100

Table A.79: Midspan element de�ection per load

Cauchy stresses SXX The total element stresses are found to be almost
the same with the ones found in Case 10 (DIANA10.1 pre-processing), see table
A.80.

Top SXX [N/m2] F.E.M.40 F.E.M.10
FEM.40
FEM.10

(%)

SXXSW -8.72E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -9.32E+04 -9.32E+04 100
SXXP +3.02E+05 +3.02E+05 100
SXXtot -8.11E+05 -8.11E+05 100

Bottom SXX [N/m2] F.E.M.40 F.E.M.10
FEM.40
FEM.10

(%)

SXXSW +8.58E+05 +8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.71E+04 +5.71E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.27E+04 -1.27E+04 100

Table A.80: Midspan element stresses SXX

3D models

The geometry of the 3D models was created in RHINOCEROS5 and subse-
quently imported in DIANA10.1.

Case 41 - Unreinforced concrete beam - 3D

Loads: The beam will be subjected to its self-weight (SW), a uniformly
distributed load qUDL = 2000[N/m] and a line load Pline = 2000[N ], both
acting on its top face. The middle of the top face will be the position of the line
point load. A load combination of all the loads will also be investigated in this
case (SW + qUDL + Pline), see �gure A.152.
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Figure A.152: Boundary and loading conditions

Outputs: The de�ection (DtXYZ) and the element Cauchy stresses
(SXX) will be the investigated results of this analysis.

De�ection (DtXYZ) The de�ection of the beam under the loads is shown
in �gure A.153. The values of element de�ections at midspan per load are
shown in table A.81. It is proved that the total beam de�ections (DtZ) are
approximately the same with those in Case 1 (di�erence by 0.03%).

Figure A.153: Element de�ection DtXYZ - LC4

δ [m] F.E.M.41 F.E.M.1
F.E.M.41
F.E.M.1

(%)

δSW +2.71E-04 +2.71E-04 100
δUDL +4.60E-05 +4.60E-05 100
δPoint +1.47E-05 +1.47E-05 100
δtot +3.32E-04 +3.32E-04 100

Table A.81: Midspan element de�ection per load

Cauchy stresses SXX The total stresses of the beam under the total load
combination (LC5) are shown in �gure A.154. The midspan concrete stresses
(SXX) per load are shown in tableA.82. It is found that they are almost the
same at midspan top and bottom �ber level.
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Figure A.154: Element stresses SXX - LC5

Top SXX [N/m2] F.E.M.41 F.E.M.1
F.E.M.41
F.E.M.1

(%)

SXXSW -8.86E+05 -8.85E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.38E+04 -9.41E+04 100
SXXtot -1.13E+06 -1.13E+06 100

Bottom SXX [N/m2] F.E.M.41 F.E.M.1
F.E.M.41
F.E.M.1

(%)

SXXSW +8.86E+05 +8.85E+05 100
SXXUDL +1.50E+05 +1.50E+05 100
SXXPoint +5.90E+04 +5.90E+04 100
SXXtot +1.09E+06 +1.10E+06 99

Table A.82: Midspan element stresses SXX

Case 42 - Prestressed concrete beam - anchorages at the centroidal
axis - straight tendon - 3D

Loads: Central prestressing will be applied at both ends of a simply sup-
ported beam as in Case 3 (2D geometry). A straight linear tendon will be
anchored at the supports at the position of centroidal axis and the third dimen-
sion of width will be included in this model. (�gure A.155).

Figure A.155: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.
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De�ection (DtXYZ) The total displacement (LC5) at midspan of the
beam is approximately the same with the resulted displacement value of Case 3
(�gure A.157 and table A.83). As expected, almost negligible vertical de�ection
due to central prestressing (LC4) occurred in this case (�gure A.156).

Figure A.156: Element de�ection
DtXYZ - LC4

Figure A.157: Element de�ection
DtXYZ - LC5

δ [m] F.E.M.42 F.E.M.3
F.E.M.42
F.E.M.3

(%)

δSW +2.71E-04 +2.68E-04 101
δUDL +4.60E-05 +4.54E-05 101
δPoint +1.47E-05 +1.46E-05 101
δP +2.36E-07 +7.02E-07 33
δtot +3.30E-04 +3.29E-04 100

Table A.83: Midspan element de�ection per load

Cauchy stresses SXX The midspan stresses of the beam under the total
load combination (LC5) are shown in �gure A.158. The maximum values of
concrete stresses per load are shown in table A.84. Comparing the cases of 2D
and 3D geometry (case 3 - case 42), it appears that they have approximately
the same values.

Figure A.158: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.42 F.E.M.3
FEM.42
FEM.3

(%)

SXXSW -8.86E+05 -8.85E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.38E+04 -9.41E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot -1.52E+06 -1.52E+06 100

Bottom SXX [N/m2] F.E.M.42 F.E.M.3
FEM.42
FEM.3

(%)

SXXSW +8.86E+05 +8.85E+05 100
SXXUDL +1.50E+05 +1.50E+05 100
SXXPoint +5.90E+04 +5.89E+04 100
SXXP -3.91E+05 -3.91E+05 100
SXXtot +7.04E+05 +7.03E+05 100

Table A.84: Midspan element stresses SXX

Case 43 - Prestressed concrete beam - anchorages at a distance of
ep= 0.15[m] below the centroidal axis - straight tendon - 3D

Eccentric prestressing will be applied at both ends of a simply supported beam,
at a distance of 0.15[m] below the centroidal axis. The tendon is of linear
straight pro�le likewise with Case 5, while the third dimension is also included
in this model, see �gure A.159.

Figure A.159: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The total de�ection (DtZ - LC5) in this case is
larger by 2.8% compared with the de�ection from Case 5 (2D), see �gure A.161
and table A.85. The prestressing load (LC4) causes a larger upward displace-
ment in the 3D model compared with Case 5. The in�uence of eccentric pre-
stressing on beam's de�ection is shown in �gure A.160. The introduction of
eccentric prestressing results in an upward curvature at midspan and a down-
ward curvature near the supports, likewise with the two dimensional model.
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Figure A.160: Element de�ection
DtXYZ - LC4

Figure A.161: Element de�ection
DtXYZ - LC5

δ [m] F.E.M.43 F.E.M.5
F.E.M.43
F.E.M.5

(%)

δSW +2.64E-05 +2.62E-04 101
δUDL +4.48E-05 +4.44E-05 101
δPoint +1.44E-05 +1.42E-05 101
δP -2.47E-04 -2.38E-04 104
δtot +8.55E-05 +8.31E-05 103

Table A.85: Midspan element de�ection per load

Cauchy stresses SXX The total stresses SXX of concrete and prestress-
ing reinforcement under the total load combination, are shown in �gures A.162
and A.163. The maximum values of concrete stresses at midspan per load are
shown in table A.86. It appears that the stresses increase by 2.7% at bottom
�ber level , while they keep constant at top �ber level, compared with the case
5 (2D), see �gure A.163.

Figure A.162: Element stresses
SXX - LC5

Figure A.163: Prestressing steel
stresses SXX - LC4
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Top SXX [N/m2] F.E.M.43 F.E.M.5
F.E.M.43
F.E.M.5

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -9.32E+04 -9.35E+04 100
SXXP +3.06E+05 +3.06E+05 100
SXXtot -8.13E+05 -8.13E+05 100

Bottom SXX [N/m2] F.E.M.43 F.E.M.5
F.E.M.43
F.E.M.5

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint +5.67E+04 +5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.49E+04 -1.45E+04 103

Table A.86: Midspan element stresses SXX

Case 44 - Prestressed concrete beam - anchorages at the centroidal
axis - curved tendon - 3D

A curved tendon pro�le will be modeled in this case. A curved tendon will have
a drape equal to 0.15[m] at mid-span and will be anchored at the centroidal
axis at the supports as in Case 6 (2D geometry). The third dimension is also
included in this model, see �g A.164.

Figure A.164: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The total midspan de�ection DtZ (LC5) appears
to be similar to (di�erence by 4.2%) the midspan de�ection in Case 6 (2D
geometry), see (�gure A.165 and table A.87).
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Figure A.165: Element de�ection DtXYZ - LC5

δ [m] F.E.M.44 F.E.M.6
F.E.M.44
F.E.M.6

(%)

δSW +3.12E-04 +2.63E-04 119
δUDL +5.0E-05 +4.46E-05 112
δPoint +1.80E-05 +1.43E-05 126
δP -2.14E-04 -2.03E-04 105
δtot +1.24E-04 +1.19E-04 104

Table A.87: Midspan element de�ection per load

Cauchy stresses SXX The concrete stresses SXX under the total load
combination (LC5) are shown in �gure A.166. The prestressing steel stresses
(LC4) are shown in �gure A.167. The concrete element stresses at midspan top
and bottom �ber level per load are shown in table A.88. Comparing cases 6
(2D geometry) and 46 (3D geometry), it appears that the stresses due to the
total load combination (LC5) have similar values at top �ber level for both 2D
and 3D geometry (di�erence by 1.23%) , while in the last case they increase by
7.08% at the bottom.

Figure A.166: Element total
stresses SXX - LC5

Figure A.167: Prestressing steel
stresses SXX - LC 4
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Top SXX [N/m2] F.E.M.44 F.E.M.6
FEM.44
FEM.6

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -1.04E+05 -9.35E+04 111
SXXP +3.08E+05 +3.08E+05 100
SXXtot �8.21E+05 -8.11E+05 101

Bottom SXX [N/m2] F.E.M.44 F.E.M.6
FEM.44
FEM.6

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint +5.68E+04 5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.70e4 -1.58e4 108

Table A.88: Midspan element stresses SXX

Case 45 - Unreinforced concrete beam - curved top and bottom edges
- 3D

In this case, the geometry of the model in Case 8 is used, including the third
dimension in it.

Figure A.168: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The de�ection of the beam under the loads is shown
in �gure A.169. The values of midspan de�ections (DtZ) according to the re-
spective load are shown in table A.89. It is found that the midspan de�ection
due to the total load combination (LC4) are increased by 5.7% in the 3D model.
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Figure A.169: Element de�ection DtXYZ - LC5

δ [m] F.E.M.45 F.E.M.8
F.E.M.45
F.E.M.8

(%)

δSW +2.84E-04 +2.68E-04 106
δUDL +4.95E-05 +4.55E-05 109
δPoint +1.58E-05 +1.46E-05 108
δtot +3.48E-04 +3.28E-04 106

Table A.89: Midspan element de�ection per load

Cauchy stresses SXX The total stresses of the beam under the total
load combination (LC4) are shown in �gure A.170. The maximum values of
concrete stresses at midspan top and bottom �ber level per applied load are
shown in table A.90. It is found that the stresses have almost the same values
in both 2D and 3D geometry.

Figure A.170: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.45 F.E.M.8
FEM.45
FEM.8

(%)

SXXSW -8.81E+05 -8.81E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.34E+04 -9.38E+04 100
SXXtot -1.12E+06 -1.12E+06 100

Bottom SXX [N/m2] F.E.M.45 F.E.M.8
FEM.45
FEM.8

(%)

SXXSW +8.90E+05 +8.90E+05 100
SXXUDL +1.51E+05 +1.51E+05 100
SXXPoint +5.93E+04 +5.92E+04 100
SXXtot +1.10E+06 +1.10E+06 100

Table A.90: Midspan element stresses SXX

Case 46 - Prestressed concrete beam - curved tendon at eccentricity
ep=0.15[m] - curved top and bottom edges - 3D

The same geometry used in Case 10 will also be used in this case, including the
third dimension (�gure A.171).

Figure A.171: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) Likewise in the previous models of eccentric pre-
stressing, the de�ection (DtXYZ) in this case shows an upward curvature near
the supports and a downward curvature near the mid-span, see �gure A.172.
At mid-span, the total de�ection (DtZ) is increased by 2.8% in comparison with
the two dimensional model of Case 10 (table A.91).
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Figure A.172: Element de�ection DtXYZ - LC5

δ [m] F.E.M.46 F.E.M.10
FEM.46
FEM.10

(%)

δSW +2.74E-04 +2.63E -04 104
δUDL +4.65E-05 +4.46E-05 104
δPoint +1.45E-05 +1.43E-05 101
δP -2.63E-04 -2.37E-04 111
δtot +8.79E-05 +8.54E-05 103

Table A.91: Midspan element de�ection per load

Cauchy stresses SXX The midspan stresses of the beam under the total
load combination (LC5) are shown in �gure A.173. The maximum values of
stresses according to the respective load at midspan are shown in table A.92. It
appears that the total stresses (LC5) are decreased by 1.36% at top �ber level
while they are the same at bottom �ber level compares with the 2D model of
Case 10.

Figure A.173: Element stresses SXX - LC5

188



Top SXX [N/m2] F.E.M.46 F.E.M.10
FEM.46
FEM.10

(%)

SXXSW -8.72E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -8.16E+04 -9.32E+04 87
SXXP +3.01E+05 3.02E+05 100
SXXtot -8.00E+05 -8.11E+05 99

Bottom SXX [N/m2] F.E.M.46 F.E.M.10
FEM.46
FEM.10

(%)

SXXSW +8.58E+05 8.58E+05 100
SXXUDL +1.46E+05 1.46E+05 100
SXXPoint +5.72E+04 5.71E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.27E+04 -1.27E+04 100

Table A.92: Midspan element stresses SXX

Case 47 - Unreinforced concrete beam - curved top and bottom sides
- right angles - 3D

The same model with case 11 will be used in this case, including the third
dimension of the element, see �gure A.174.

Figure A.174: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The midspan defections (DtZ) due to the total load
combination (LC4) case are increased by 2.4% in the 3D model compared with
the two dimensional model of Case 11, see �gure A.175 and tableA.93.
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Figure A.175: Element de�ection DtXYZ - LC5

δ [m] F.E.M.47 F.E.M.11
FEM.47
FEM.11

(%)

δSW +2.72e-4 +2.67E-04 102
δUDL +4.63e-5 +4.53E-05 102
δPoint +1.48e-5 +1.44E-05 103
δtot +3.34e-4 +3.26E-04 102

Table A.93: Midspan element de�ection per load

Cauchy stresses SXX The midspan stresses of the beam under the total
load combination (LC4) are shown in �gure A.176. The midspan values of
stresses per load are shown in the table A.94. The stresses found in Case 47
(3D geometry) are almost the same at top �ber level (di�erence by 0.88%) and
are the same with the midspan stress values found in the two dimensional model
of Case 11.

Figure A.176: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.47 F.E.M.11
FEM.47
FEM.11

(%)

SXXSW -8.81E+05 -8.81E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.36E+04 -9.39E+04 100
SXXtot -1.12E+06 -1.13E+06 99

Bottom SXX [N/m2] F.E.M.47 F.E.M.11
FEM.47
FEM.11

(%)

SXXSW +8.91E+05 +8.90E+05 100
SXXUDL +1.51E+05 +1.51E+05 100
SXXPoint +5.93E+04 +5.92E+04 100
SXXtot +1.10E+06 +1.10E+06 100

Table A.94: Midspan element stresses SXX

Case 48 - Prestressed concrete beam - curved tendon at centroidal
axis - curved top and bottom sides - right angles - 3D

Case's 12 (2D geometry) including the third dimension, will be used to create
the current three dimensional model (�gure A.177).

Figure A.177: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The de�ection shows an upward curvature along
the beam's length. At midspan, the total de�ection is increased by 15.6% rel-
ative to Case 12 (2D geometry), see �gure A.178and table A.95. Thus, no
veri�cation with regard to it can be proved between the 2D model and the 3D
model.
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Figure A.178: Element de�ection DtXYZ - LC5

δ [m] F.E.M.48 F.E.M.12
FEM.48
FEM.12

(%)

δSW +2.73E-04 +2.67E-04 102
δUDL +5.47E-05 +4.54E-05 120
δPoint +1.48E-05 +1.45E-05 102
δP +9.96E-05 +3.18E-06 33
δtot +3.92E-04 +3.31E-04 118

Table A.95: Midspan element de�ection per load

Cauchy stresses SXX The stresses of the beam under the total load
combination (LC5) are shown in �gure A.179. The maximum values of stresses
per load at midspan are shown in table A.96. The total stresses found in Case 48
(3D geometry) are the same with the ones found in the two dimensional model
of Case 12.

Figure A.179: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.48 F.E.M.12
FEM.48
FEM.12

(%)

SXXSW -8.81E+05 -8.81E+05 100
SXXUDL -1.50E+05 -1.50E+05 100
SXXPoint -9.36E+04 -9.39E+04 100
SXXP -3.92E+05 -3.91E+05 100
SXXtot -1.52E+06 -1.52E+06 100

Bottom SXX [N/m2] F.E.M.48 F.E.M.12
FEM.48
FEM.12

(%)

SXXSW +8.91E+05 +8.90E+05 100
SXXUDL +1.51E+05 +1.51E+05 100
SXXPoint +5.93E+04 +5.92E+04 100
SXXP -3.90E+05 -3.91E+05 100
SXXtot +7.11E+05 +7.10E+05 100

Table A.96: Midspan element stresses SXX

Case 49 - Prestressed concrete beam - curved tendon at eccentricity
ep= 0.15[m] - curved top and bottom sides - right angles - 3D

Case's13 geometry including the third dimension will be used for the creating
of this model's geometry, see �gure A.180.

Figure A.180: Boundary and loading conditions

De�ection (DtXYZ) Likewise with cases 5 (linear), 10 (vertical side
edges), and Case 13 (orthogonal angles) with the application of prestressing
load at eccentric positions with relevance to the the beam centroidal axis, the
de�ection in this case, shows an upward curvature near the supports and a
downward curvature near the mid-span, considered as a not expected result.
Comparing the total midspan de�ection (LC5) of this model with Case 13 (2D
geometry), it is found that their values are increased by 0.70% in the 3D geome-
try, see �gure A.181 and table A.97. Therefore, the midspan de�ection between
the 2D and 3D model are proved to be similar.
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Figure A.181: Element de�ection DtXYZ - LC5

δ [m] F.E.M.49 F.E.M.13
FEM.49
FEM.13

(%)

δSW +2.67E-04 +2.61E-04 102
δUDL +4.64E-05 +4.43E-05 105
δPoint +1.45E-05 +1.42E-05 102
δP -2.50E-05 -2.36E-04 106
δtot +8.55E-05 +8.49E-05 101

Table A.97: Midspan element de�ection per load

Cauchy stresses SXX The midspan stresses of the beam under the load
combination (LC5) are shown in �gure A.182. The midspan concrete stresses
per load are shown in table A.98. The total stresses resulted in Cases 13 and
23 (2D), as well in case 49 (3D), show that the mid-span cross section is under
compression at both top and bottom �ber level. However, comparing the stresses
in this case with the ones found in Case 13 (2D), they are found to be the same
at top �ber level and larger by 8.1% at bottom �ber level. It must be noted that
the same stresses occur for the constituent load combinations (LC1,.., LC4) at
bottom �ber level for both the 2D and 3D model, hence considered to be veri�ed
with each other.

Figure A.182: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.49 F.E.M.13
FEM.49
FEM.13

(%)

SXXSW -8.72E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -9.30E+04 -9.33E+04 100
SXXP +3.01E+05 +3.02E+05 100
SXXtot -8.12E+05 -8.12E+05 100

Bottom SXX [N/m2] F.E.M.49 F.E.M.13
FEM.49
FEM.13

(%)

SXXSW +8.59E+05 8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.72E+04 +5.71E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -9.41E+03 -1.24E+04 109

Table A.98: Midspan element stresses SXX

Case 50 - Prestressed concrete beam - anchorages at the centroidal
axis - curved tendon - 3D

Case 6 geometry will be used in this model including the third dimension, see
�gure A.183.

Figure A.183: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The total midspan de�ections (�gures A.184, A.185,
table A.99) appear to be the same in comparison with Case 6 (2D geometry).
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Figure A.184: Element de�ection
DtXYZ - LC4

Figure A.185: Element de�ection
DtXYZ - LC5

δ [m] F.E.M.50 F.E.M.6
F.E.M.50
F.E.M.6

(%)

δSW +2.66E-04 +2.63E-04 101
δUDL +4.51E-05 +4.46E-05 101
δPoint +1.45E-05 +1.43E-05 101
δP -2.11E-04 -2.03E-04 104
δtot +1.19E-04 +1.19E-04 100

Table A.99: Midspan element de�ection per load

Cauchy stresses SXX The values of concrete stresses according to the
respective load are shown in table A.100. Comparing the midspan concrete
stresses due to the applied loads between the two and three dimensional model
it appears that they are the same at top �ber level. However, the total stresses
(LC5) in the 3D model are reduced by 8.8% in comparison with the ones found
in Case 6 (2D). Since the di�erences between the stresses for the applied loads
seem to be the same for the constituent load combinations (LC1 - LC4) it can
be assumed that the stresses found in the 3D model at bottom �ber level are
veri�ed with the 2D model.
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Top SXX [N/m2] F.E.M.50 F.E.M.6
FEM.50
FEM.6

(%)

SXXSW -8.76E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -9.32E+04 -9.35E+04 100
SXXP +3.08E+05 +3.08E+05 100
SXXtot -8.10E+05 -8.11E+05 100

Bottom SXX [N/m2] F.E.M.50 F.E.M.6
FEM.50
FEM.6

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint 5.66E+04 5.68E+04 100
SXXP -1.08E+06 -1.07E+06 101
SXXtot -1.44E+04 -1.58E+04 91

Table A.100: Midspan element stresses SXX

Case 51 - Prestressed concrete beam - curved tendon at eccentricity
ep= 0.15[m] - curved top and bottom sides - two elements - 3D

Case's 19 geometry will be used in this model including the third dimension,
see �gure A.186.

Figure A.186: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The midspan total de�ection (DtZ) is increased by
37% in comparison with Case 19 (2D geometry), see �gure A.187 and table
A.101.
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Figure A.187: Element de�ection DtXYZ - LC5

δ [m] F.E.M.51 F.E.M.19
FEM.51
FEM.19

(%)

δSW +2.74E-04 +2.63E-04 104
δUDL +4.58E-05 +4.46E-05 103
δPoint +1.65E-05 +1.43E-05 115
δP -2.52E-04 -2.36E-04 107
δtot +1.38E-04 +8.65E-05 159

Table A.101: Midspan element de�ection per load - LC5

Cauchy stresses SXX The total stresses of the beam are shown in �gure
A.188. The midspan concrete stresses per load are shown in table A.102. It
appears that the stresses are decreased at both top and bottom �ber level by
4.4% and by 18.9% respectively, relative to Case 19 (2D geometry).

Figure A.188: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.51 F.E.M.19
FEM.51
FEM.19

(%)

SXXSW -8.71E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -5.73E+04 -9.32E+04 61
SXXP +3.01E+05 +3.02E+05 100
SXXtot -7.75E+05 -8.11E+05 96

Bottom SXX [N/m2] F.E.M.51 F.E.M.19
FEM.51
FEM.19

(%)

SXXSW +8.58E+05 +8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +5.70E+04 +5.71E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -1.03E+04 -1.27E+04 81

Table A.102: Midspan element stresses SXX

Case 52 - Prestressed concrete beam - curved tendon at eccentricity
ep= 0.15[m] - curved top and bottom sides - two elements - 3D

Case's 20 geometry will be used in this model including the third dimension, see
�gure A.189. The curvature of the tendon follows the curvature of the beam.

Figure A.189: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The total midspan de�ection (DtZ) of the con-
nected beams in Case 52, is increased by 16% compared with Case 20 (2D),
see �gure A.190 and table A.103.
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Figure A.190: Element de�ection DtXYZ - LC5

δ [m] F.E.M.52 F.E.M.20
FEM.52
FEM.20

(%)

δSW +2.79E-04 +2.61E-04 107
δUDL +5.31E-05 +4.43E-05 120
δPoint +2.91E-05 +1.42E-05 204
δP -2.52E-04 -2.36E-04 107
δtot +1.01E-04 +8.49E-05 119

Table A.103: Midspan element de�ection per load - LC5

Cauchy stresses SXX The total stresses of the beam are shown in �gure
A.191. The values of midspan concrete stresses per load are shown in table
A.104. The total stresses (LC5) are increased by 10.27% at top �ber level while
they change sign and turn in tensile ones at bottom �ber level compared with
the 2D geometry in Case 20.

Figure A.191: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.52 F.E.M.20
FEM.52
FEM.20

(%)

SXXSW -8.72E+05 -8.72E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -1.86E+05 -9.33E+04 199
SXXP +3.01E+05 +3.02E+05 100
SXXtot -9.05E+05 -8.12E+05 111

Bottom SXX [N/m2] F.E.M.52 F.E.M.20
FEM.52
FEM.20

(%)

SXXSW +8.59E+05 +8.58E+05 100
SXXUDL +1.46E+05 +1.46E+05 100
SXXPoint +1.14E+05 +5.71E+04 20
SXXP -1.07E+06 -1.07E+06 100
SXXtot +5.10E+04 -1.25E+04 change of sign

Table A.104: Midspan element stresses SXX

Case 53 - Prestressed concrete beam - curved tendon at centroidal
axis - joint 0.05[m] - increased sti�ness interface at joint -3D

Case 34 geometry will be used in this model including the third dimension, see
�gure (A.192). The drape of the tendon at midspan is at 0.15[m] below the
centroidal axis of the beam.

Figure A.192: Boundary and loading conditions

Outputs: The de�ection (DtXYZ) and the Cauchy stresses (SXX) will
be the investigated results of this analysis.

De�ection (DtXYZ) The total de�ection (DtZ) at midspan has the same
value with the one found in Case 34 (2D geometry).
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Figure A.193: Element de�ection DtXYZ - LC5

δ [m] F.E.M.53 F.E.M.34
FEM.53
FEM.34

(%)

δSW +2.62E-04 +2.63E-04 100
δUDL +4.45E-05 +4.46E-05 100
δPoint +1.42E-05 +1.43E-05 100
δP -2.03E-04 -2.03E-04 100
δtot +1.18E-04 +1.19E-04 100

Table A.105: Midspan element de�ection per load

Cauchy stresses SXX The prestressing stresses of the beam (LC4) are
shown in �gure A.194, while the total stresses (LC5) are depicted in �gure(A.195).
The midspan values of stresses according to the respective load are presented
in table (A.106). In this case, the stresses due to the total load combinations
are found to be increased by 0.8% at top �ber level and decreased by 14% at
bottom �ber level in comparison with Case 34 (2D geometry).

Figure A.194: Element stresses
SXX - LC4

Figure A.195: Element stresses
SXX - LC5
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Top SXX [N/m2] F.E.M.53 F.E.M.34
FEM.53
FEM.34

(%)

SXXSW -8.77E+05 -8.76E+05 100
SXXUDL -1.49E+05 -1.49E+05 100
SXXPoint -1.25E+05 -1.19E+05 105
SXXP +3.08E+05 +3.08E+05 100
SXXtot -8.43E+05 -8.36E+05 101

Bottom SXX [N/m2] F.E.M.53 F.E.M.34
FEM.53
FEM.34

(%)

SXXSW +8.53E+05 +8.53E+05 100
SXXUDL +1.45E+05 +1.45E+05 100
SXXPoint +5.68E+04 +5.68E+04 100
SXXP -1.07E+06 -1.07E+06 100
SXXtot -9.09E+03 -1.57E+04 86

Table A.106: Midspan element stresses SXX

Case 54 - Prestressed concrete beams - curved tendon at eccentric-
ity ep= 0.15[m] - curved top and bottom sides - increased interface
sti�ness at joint - 3D

Case 37 geometry will be used in this model including the third dimension, see
�gureA.196.

Figure A.196: Boundary and loading conditions

Outputs: De�ection (DtXYZ) and Cauchy stresses (SXX) will be the
investigated results of this analysis.

De�ection (DtXYZ) The total de�ection at midspan (DtZ) of the beam
is decreased by 8% in comparison with the de�ection found in Case 37 (2D
geometry), see �gure A.197 and table A.107.
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Figure A.197: Element de�ection DtXYZ - LC5

δ [m] F.E.M.54 F.E.M.37
FEM.54
FEM.37

(%)

δSW +2.60E-04 2.61E-04 100
δUDL +4.41E-05 4.44E-05 99
δPoint 4.23E+05 1.43E-05 296
δP -2.65E-04 -2.30E-04 115
δtot 8.30E-05 9.06E-05 92

Table A.107: Midspan element de�ection per load

Cauchy stresses SXX The stresses of the beam under the total load
combination (LC5) are shown in �gure A.198. The values of stresses according
to the respective load are shown in table A.108. The stresses in this case are
found to be increased by 6% at top �ber level, and decreased by 10% at bottom
�ber level, in comparison with Case 37 (2D geometry).

Figure A.198: Element stresses SXX - LC5
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Top SXX [N/m2] F.E.M.54 F.E.M.37
FEM.54
FEM.37

(%)

SXXSW -8.68E+05 -8.73E+05 100
SXXUDL -1.48E+05 -1.48E+05 100
SXXPoint -2.17E+05 -1.18E+05 183
SXXP +5.42E+05 +2.52E+05 215
SXXtot -1.03e+06 -8.90E+05 116

Bottom SXX [N/m2] F.E.M.54 F.E.M.37
FEM.54
FEM.37

(%)

SXXSW +8.49E+05 +8.59E+05 100
SXXUDL +1.44E+05 +1.46E+05 99
SXXPoint +1.71E+05 +5.71E+04 30
SXXP -5.02E+06 -1.05E+06 478
SXXtot +1.28e+06 +1.41E+05 90

Table A.108: Midspan element stresses SXX
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B Four point bending test

B.1 Linear static analysis

B.1.1 Supports distance included

The applied loads from self-weight SW, concentrated loads F or displacements
ui,x=l/4applied at quarter lengths x = l

4 and prestressing steel forces Pi to be
applied on the test-specimens with regard to the requirement of zero concrete
tensile stresses at bottom �ber, are presented in table B.1.

Table B.1: Loads applied per cable diameter - Supports distance
not included

Y1860S3
Φp (mm) Sn(mm2) SW (N/mm) Pi(N) Fi(N) ui,x=l/4(mm)

5.2 13.6

0.275

18972 1051 0.043
6.5 21.1 29434 1676 0.069
6.8 23.4 32643 1868 0.077
7.5 29 40455 2336 0.096

Y1860S7

6.85 28.2

0.275

39339 2269 0.093
7.0 30 41850 2419 0.100
9.0 50 69750 4088 0.168
11.0 75 104625 6174 0.254
12.5 93 129735 7676 0.316
13.0 100 139500 8260 0.340
15.2 140 195300 11598 0.478
16.0 150 209250 12432 0.512
18.0 200 279000 16604 0.684

Y1860S7G

12.7 112
0.275

156240 9261 0.382
15.2 165 230175 13684 0.564
18.0 223 311085 18523 0.763

The concrete stress due to prestressing load P is calculated as::

σc,p = − Pi

Ac

The concrete stress due to its self-weight SW is calculated as::

σc,sw =
MSW

Wc
= ±

qc×l2

8

Wc
= 0.128[

N

mm2
]

Cracking load F based on zero tensile stresses requirement at service life
σbot
c ≤ 0 at bottom �ber level, and zero concrete tensile strength fctm = 0:

Fi ≤
4×Wc

l
× (−

qSW×l2

8

Wc
+

P

Ac
)
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The concrete stress due to point load F is calculated as:

σc,F =
MF

Wc
= ±

Fi×l
4

Wc

Comparison between the predicted hand-calculated values of the midspan
concrete stresses and DIANA10.2 results is shown in table B.2. Note that for
this part, the distance between the supports and the elements outer edges is
neglected in both the FEM and the hand calculations.

Force control
Midspan element stresses SXX (N/m²)

Y1860S3 (Φ5.2) Hand calculations DIANA10.2 results Percentage di�erence (%)

SXXP -1.725e+06 -1.72e+06 0.289
SXXSW,bot +1.281e+05 +1.26e+05 1.639
SXXSW,top -1.281e+05 -1.26e+05 1.639
SXXF;u;bot +1.59e+06 +1.60e+06 0.25
SXXF;u;top -1.59e+06 -1.60e+06 0.25
SXXtot;bot ≈0 ≈0 0
SXXtot;top -3.45e+06 -3.45e+06 0

Table B.2: Midspan predicted stresses & DIANA10.2 results - Linear static
analysis

A comparison of the hand-calculated midspan de�ections and DIANA10.2
results is presented in the table below:

Midspan element de�ections (m)
Y1860S3 (Φ5.2) Hand calculations DIANA10.2 results Percentage di�erence (%)

DtYP 0 �6.99e-04 ≈0
DtYG 4.341e-06 4.23e-06 2.56

DtYF;u 5.95e-02 6.14e-02 3.09

Table B.3: Midspan predicted vertical displacements & DIANA10.2 results -
Linear static analysis

The occurring midspan concrete stresses due to the applied loads and load
combinations, are shown in table B.4. Note that rounded values are used in the
tables.

Table B.4: Predicted values of concrete stresses SXX (N/mm2) -
Supports distance not included

Y1860S3
Φp (mm) Fiber level σvc,P (N/mm²) σvc,F (N/mm²) σvc,SW (N/mm²) σvc,tot(N/mm2)

5.2
Bottom

-1.7
1.6 0.1 0

Top -1.6 -0.1 -3.4

6.5
Bottom

-2.7
2.5 0.1 0
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Top -2.5 -0.1 -5.4

6.8
Bottom

-3.0
2.8 0.1 0

Top -2.8 -0.1 -5.9

7.5
Bottom

-3.7
3.5 0.1 0

Top -3.5 -0.1 -7.4

Y1860S7

Φp (mm) Fiber level σvc,P (N/mm²) σvc,F (N/mm²) σvc,SW (N/mm²) σvc,tot(N/mm2)

6.85
Bottom

-3.6
3.4 0.1 0

Top -3.4 -0.1 -7.2

7.0
Bottom

-3.8
3.7 0.1 0

Top -3.7 -0.1 -7.6

9.0
Bottom

-6.3
6.2 0.1 0

Top -6.2 -0.1 -12.7

11.0
Bottom

-9.5
9.4 0.1 0

Top -9.4 -0.1 -19.0

12.5
Bottom

-11.8
11.7 0.1 0

Top -11.7 -0.1 -23.6

13.0
Bottom

-12.7
12.6 0.1 0

Top -12.6 -0.1 -25.4

15.2
Bottom

-17.8
17.6 0.1 0

Top -17.6 -0.1 -35.5

16.0
Bottom

-19.0
18.9 0.1 0

Top -18.9 -0.1 -38.0

18.0
Bottom

-25.4
25.2 0.1 0

Top -25.2 -0.1 -50.7

Y1860S7G

Φp (mm) Fiber level σvc,P (N/mm²) σvc,F (N/mm²) σvc,SW (N/mm²) σvc,tot(N/mm2)

12.7
Bottom

-14.2
14.1 0.1 0

Top -14.075 -0.1 -28.4

15.2
Bottom

-20.9
20.8 0.1 0

Top -20.797 -0.1 -41.9

18.0
Bottom

-28.3
28.2 0.1 0

Top -28.152 -0.1 -56.6

Table B.5: Ratios of the applied prestressing concrete stress and
the allowed concrete stress during tensioning - Supports distance
not included

Y1860S3

Φp (mm) σvc,P (N/mm²) σvc,alwd (N/mm²) σ,cP
σc,alwd

(%)

5.2 -1.7

-48

3.6
6.5 -2.7 5.6
6.8 -3.0 6.2

7.5 -3.7 7.7
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Y1860S7

Φp (mm) σvc,P (N/mm²) σvc,alwd (N/mm²) σ,cP
σc,alwd

(%)

6.85 -3.6

-48

7.5
7.0 -3.8 7.9
9.0 -6.3 13.2
11.0 -9.5 19.8
12.5 -11.8 24.6
13.0 -12.7 26.4
15.2 -17.8 37.0
16.0 -19.0 39.6

18.0 -25.4 52.8

Y1860S7G

Φp (mm) σvc,P (N/mm²) σvc,alwd (N/mm²) σ,cP
σc,alwd

(%)

12.7 -14.2
-48

29.6
15.2 -20.9 43.6
18.0 -28.3 58.9

B.1.2 Supports distance included

The 55[mm] distance between the supports and the elements edges is included in
the geometry of the FEM and the hand calculations. Note that rounded values
are used in the tables.

The concrete stress due to its self-weight SW is calculated as:

σc,sw =
MSW

Wc
= ±

q
SW

×l2

8 − qSW×l
2

Wc
= 0.082[

N

mm2
] (B.1)

The concrete stress due to concentrated loads F is calculated as:

σc,F =
MF

Wc
= ±

Fi × ( l
4 − a)

Wc
(B.2)

a: distance between supports and element outer edges
The following checks were performed with regard to crushing of the concrete

and yielding of reinforcement:
The concrete strain at top �ber level due to the load combination is calcu-

lated as:
εc,tot =

σc,tot

Ec
(B.3)

The ultimate strain to be resisted by the concrete is:

εc,u3 = 2.6� (B.4)

The prestressing steel strain at yield load is:

εp,d =
fpd
Ep

= 7.81� (B.5)

209



Table B.6: Loads applied per cable diameter - Supports distance
included

Y1860S3

Φp (mm) Sn(mm2) SW (N/mm) Pi(N) Fi(N)

5.2 13.6

0.275

18972 1686
6.5 21.1 29434 2662
6.8 23.4 32643 2961
7.5 29 40455 3690

Y1860S7

6.85 28.2

0.275

39339 3586
7.0 30 41850 3820
9.0 50 69750 6423
11.0 75 104625 9677
12.5 93 129735 12020
13.0 100 139500 12931
15.2 140 195300 18137
16.0 150 209250 19439
18.0 200 279000 25946

Y1860S7G

12.7 112
0.275

156240 14493
15.2 165 230175 21391
18.0 223 311085 28940

Table B.7: Predicted values of concrete stresses SXX (N/mm2) -
Supports distance included

Y1860S3

Φp (mm) Fiber level σvc,P (N/mm²) σvc,F (N/mm²) σvc,SW (N/mm²) σvc,tot(N/mm2)

5.2
Bottom

-1.7
1.6 0.1 0

Top -1.6 -0.1 -3.4

6.5
Bottom

-2.7
2.6 0.1 0

Top -2.6 -0.1 -5.4

6.8
Bottom

-3.0
2.9 0.1 0

Top -2.9 -0.1 -5.9

7.5
Bottom

-3.7
3.6 0.1 0

Top -3.6 -0.1 -7.4

Y1860S7

Φp (mm) Fiber level σvc,P (N/mm²) σvc,F (N/mm²) σvc,SW (N/mm²) σvc,tot(N/mm2)

6.85
Bottom

-3.6
3.5 0.1 0

Top -3.5 -0.1 -7.2

7.0
Bottom

-3.8
3.7 0.1 0

Top -3.7 -0.1 -7.6

9.0
Bottom

-6.3
6.3 0.1 0
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Top -6.3 -0.1 -12.7

11.0
Bottom

-9.5
9.4 0.1 0

Top -9.4 -0.1 -19.0

12.5
Bottom

-11.8
11.7 0.1 0

Top -11.7 -0.1 -23.6

13.0
Bottom

-12.7
12.600 0.1 0

Top -12.600 -0.1 -25.4

15.2
Bottom

-17.8
17.7 0.1 0

Top -17.7 -0.1 -35.5

16.0
Bottom

-19.0
18.9 0.1 0

Top -18.9 -0.1 -38.0

18.0
Bottom

-25.4
25.3 0.1 0

Top -25.3 -0.1 -50.7

Y1860S7G

Φp (mm) Fiber level σvc,P (N/mm²) σvc,F (N/mm²) σvc,SW (N/mm²) σvc,tot(N/mm2)

12.7
Bottom

-14.204
14.1 0.1 0

Top -14.1 -0.1 -28.4

15.2
Bottom

-20.925
20.8 0.1 0

Top -20.8 -0.1 -41.9

18.0
Bottom

-28.280
28.2 0.1 0

Top -28.2 -0.1 -56.6

Table B.8: Total concrete strains at top �ber level εc- Supports
distance included

Y1860S3

Φp (mm) Fiber level εc,tot εc,u3
εc,tot
εc,u

(%)

5.2 Top -8.21E-05

-2.60E-03

3
6.5 Top -1.27E-04 5
6.8 Top -1.41E-04 5
7.5 Top -1.75E-04 7

Y1860S7

Φp (mm) Fiber level εc,tot εc,u3
εc,tot
εc,u

(%)

6.85 Top -1.70.E-04

-2.60E-03

7
7.0 Top -1.81.E-04 7
9.0 Top -3.02.E-04 12
11.0 Top -4.53.E-04 17
12.5 Top -5.62.E-04 22
13.0 Top -6.04.E-04 23
15.2 Top -8.45.E-04 33
16.0 Top -9.06.E-04 35
18.0 Top -1.21.E-03 46

Y1860S7G

Φp (mm) Fiber level εc,tot εc,u3
εc,tot
εc,u

(%)
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12.7 Top -6.76E-04
-2.60E-03

26
15.2 Top -9.96E-04 38
18.0 Top -1.35E-03 52

No concrete crushing failure is expected to occur according to B.8.

Table B.9: Prestressing steel strains - Supports distance included

Y1860S3

Φp (mm) Prestressing steel strain εp,m∞ Prestressing steel strain at yield εp,d
εp,m∞
εpd

(%)

5.2

7.15E-03 7.81E-0.3 91.5
6.5
6.8
7.5

Y1860S7

Φp (mm) Prestressing steel strain εp,m∞ εc,tot
εp,m∞
εpd

(%)

6.85

7.15E-03 7.81E-0.3 91.5

7.0
9.0
11.0
12.5
13.0
15.2
16.0
18.0

Y1860S7G

Φp (mm) Prestressing steel strain εp,m∞ εc,tot
εp,m∞
εpd

(%)

12.7
7.15E-03 7.81E-0.3 91.515.2

18.0

No yielding of the prestressing steel is expected according to B.9.

B.2 Cracking loads

The supports distance from the elements outer edges is included in this part.

B.2.1 Calculations with regard to the maximum displacements umax

Assuming that the the applied downward displacements u at l
4 −a = 98.25[mm]

from the supports will cause an increase of the prestressing steel stress from the
applied prestressing steel stress σp,m∞ = 1395[MPa] to σp,max = 1691[MPa],
so that the prestressing steel reaches its maximum value, the prestressing steel
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strain increase for the applied loading is calculated as:

∆εp =
∆σp

Ep
=

σp,max − σp,m0

Ep
= 1.517× 10−3 (B.6)

The increase of the prestressing steel length due to the rigid body rotation
results in an increase of the prestressing steel strain, which is calculated as:

∆εp =
∆lp
lp

=
2× θ × z

lp
=

2× u
98.25 × h

2

lp
= 9.132× 10−4 × u (B.7)

Combining equations B.6 and 6.18, the applied downward vertical displacements
u that would lead to maximum prestressing steel stresses after cracking, are
calculated to be:

umax = 1.66[mm] (B.8)

The increase in the prestressing steel stress per cable diameter, is calculated
according to the following equation:

∆σp = ∆εp × Ep = 296[MPa] (B.9)

The maximum increase of the prestressing steel force ∆Pmax for the 5.2[mm]
cable diameter, can then be formulated as:

∆P5.2,max = ∆σp,max × Sn5.2 = 4024[N ] (B.10)

The corresponding total maximum prestressing steel force Pu,max after cracking
is calculated as:

Pu,5.2,max = P5.2 +∆P5.2,max = 22996[N ] (B.11)

The concrete compressive forceNcat maximum prestressing load, acting at hinge
location is calculated as:

Nc,max = 0.5× b× xu,5.2 × fcd (B.12)

Taking the horizontal equilibrium of left-hand side rigid body, it follows that:

Nc = Pu,5.2,max (B.13)

The compression zone height xu,5.2 required to resist the maximum prestressing
force applied is calculated as:

xu,5.2,max =
Pu,5.2,max

0.5× b× fcd
=

22992

0.5× 200× 53.33
= 4.31[mm] (B.14)

The corresponding values of the point loads Fi,max under displacements umax,
are found via the following formula:

F5.2,max =
1

( l
4 − a)

×{Pu,5.2,max×
h

2
−(

qSW × l2

8
−qSW × a× l

2
)} =

1

98.25
×{22996× 27.5− 8281} = 6352[N ]

(B.15)
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B.2.2 Calculations with regard to the displacements at start of hor-
izontal plateau - u = 0.6[mm]

The increase of the prestressing steel strain under displacements u = 0.6[mm]
is calculated as:

∆εp,5.2 =
∆lp
lp

=
2× θ × z

lp
= 9.132× 10−4 × u = 5.479× 10−4 (B.16)

The corresponding total prestressing steel strain εp,uis calculated as:

εp,u,5.2 = εp,m∞+∆εp = 7.154× 10−4 + 5.479× 10−4 = 7.702× 10−3 (B.17)

It is proved that the prestressing steel does not yield under displacements u =
0.6[mm] according to the following equation:

εp,u,5.2 = 7.702× 10−3 < εp,d = 7.81× 10−3 (B.18)

The corresponding increase of the prestressing steel stress ∆σp, is calculated
according to the following equation:

∆σp,5.2 = ∆εp × Ep = 107[MPa] (B.19)

The increase of the prestressing steel force ∆P for the 5.2[mm] cable diameter,
is calculated as:

∆P5.2 = ∆σp × Sn5.2 = 1454[N ] (B.20)

The total prestressing steel force Pu after cracking is calculated as:

Pu,5.2, = P5.2 +∆P5.2 = 20425[N ] (B.21)

The compression zone height xu,5.2 required to resist the maximum prestressing
force applied is calculated as:

xu,5.2 =
Pu,5.2

0.5× b× fcd
=

20425

0.5× 200× 53.33
= 3.83[mm] (B.22)

The corresponding values of the point loads Fi under displacements u, are found
via the following formula:

Fu,5.2 =
1

( l
4 − a)

×{Pu,5.2×
h

2
−(

qSW × l2

8
−qSW × a× l

2
)} =

1

98.25
×{20425× 27.5− 8281} = 5633[N ]

(B.23)
The concrete stress due to the total prestressing steel load at u = 0.6[mm] is
calculated as:

σc,p,u,5.2 = −Pu,5.2

Ac
= − 20425

200× 55
= −1.86[MPa] (B.24)

The concrete stress due to its self-weight SW is calculated as:

σc,sw =
MSW

Wc
= ±

q
SW

×l2

8 − qSW×l
2

Wc
= 0.082[MPa] (B.25)
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L.S.0 Midspan concrete stresses (N/mm2)
Fiber σvc,p σvc,SW σvc,FBY σvc,tot SXX
Top -1.72 -0.08 0 -1.8 -1.805

Bottom 1.72 +0.08 0 -1.64 -1.644

Table B.10: Concrete stresses - L.S.0

The concrete stress due to concentrated loads Fi under u = 0.6[mm] displace-
ments is calculated as:

σc,F,5.2 =
MFu,5.2

Wc
= ±

Fu,5.2 × ( l
4 − a)

Wc
= ±5.49[MPa] (B.26)

The total concrete stress at top �ber level σc,totunder u = 0.6[mm] displace-
ments is calculated as:

σc,tot,u,5.2 = σc,p,u,5.2 + σc,sw + σc,F,5.2 = 7.43[MPa] (B.27)

The concrete strain at top �ber level due to the load combination under u =
0.6[mm] displacements is calculated as:

εc,tot,u,5.2 =
σc,tot,u,5.2

Ec
=

7.43

42000
= 1.768× 10−4 (B.28)

It is proved that the concrete does fail due to compression under at top �ber
level u = 0.6[mm] displacements, according to the equation:

εc,tot,u,5.2 = 1.768× 10−4 < εc,u3 = 2.60× 10−3 (B.29)

B.2.3 Point 0

Prestressing loads (P) and concrete self-weight (SW) are applied at this step.
Since the displacements u are not acting yet, the reaction forces (FBY) under
the applied u loads are zero:

FBY = 0[N ] (B.30)

The bending moment due to the concrete self-weight and the reaction force FBY
is calculated as:

Mext = MSW +MFBY = 8.281[Nm] (B.31)

A comparison between the hand-calculated values of midspan concrete stresses
and the DIANA10.2 results is shown in table B.10. The calculated concrete
stresses at midspan cross-section (SXX) are depicted in �gure B.1 . It is proved
that the results are veri�ed.
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L.S.7 Midspan concrete stresses (N/mm2)
Fiber σvc,p σvc,SW σvc,FBY σvc,tot SXX
Top -1.72 -0.08 -0.43 -2.23 -2.231

Bottom -1.72 +0.08 +0.43 -1.21 -1.218

Table B.11: Concrete stresses - L.S.7

Figure B.1: Midspan concrete stresses (SXX) - L.S.0 - DIANA10.2

B.2.4 Load step 7

Displacements u = 7.82E − 6[m] are added to the previously applied loads of
prestressing and concrete self-weight. The reaction forces at the locations of the
applied displacements are calculated with DIANA10.2:

FBY = 436[N ] (B.32)

The resulting concrete stress due to the reactions FBY, can be calculated as:

σc,FBY =
FBY × ( l

4 − a)

Wc
= ±0.43[MPa] (B.33)

The bending moment due to the concrete self-weight and the reaction force FBY
is calculated as:

Mext = MSW +MFBY = (8.281 + 42.837) = 51.20[Nm] (B.34)

A comparison between the hand-calculated values of midspan concrete stresses
and the DIANA10.2 results is shown in table B.11. The calculated concrete
stresses at midspan cross-section (SXX) are depicted in �gure B.2. It is proved
that the results are veri�ed.
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Figure B.2: Midspan concrete stresses (SXX) - L.S.7 - DIANA10.2

B.2.5 Load step 24

It is the step before concrete cracking. Displacements u = 2.82E − 5[m]
are added to the previously applied loads of prestressing and concrete self-
weight.The calculated concrete stresses at midspan cross-section (SXX) are de-
picted in �gure B.3. It is proved that the results are veri�ed.

The reaction forces at the locations of the applied displacements are calcu-
lated with DIANA10.2:

FBY = 1673[N ] (B.35)

The resulting concrete stress due to the reactions FBY, can be calculated as:

σc,FBY =
FBY × ( l

4 − a)

Wc
= ±1.63[MPa] (B.36)

The bending moment due to concrete the self-weight and the reaction force FBY
is calculated as:

Mext = MSW +MFBY = 172[Nm] (B.37)

A comparison between the hand-calculated values of midspan concrete stresses
and the DIANA10.2 results is shown in table B.12. The whole cross section is
under compression:

xu = 55[mm] (B.38)

The increase of strain ∆ε over the compression zone height is:

∆ε =
SXXtop

Ec
=

−3.43

42000
= 8.167× 10−5 (B.39)

Combining equations B.38 and B.39, the curvature at midspan cross-section is
calculated as:

k =
∆ε

xu
=

8.167× 10−5

55× 10−3
= 0.001485[m−1] (B.40)
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L.S.7 Midspan concrete stresses (N/mm2)
Fiber σvc,p σvc,SW σvc,FBY σvc,tot SXX
Top -1.72 -0.08 -1.63 -3.43 -3.436

Bottom -1.72 +0.08 +1.63 -0.01 -0.016

Table B.12: Concrete stresses - L.S.24

Figure B.3: Midspan concrete stresses (SXX) - L.S.24 - DIANA10.2

B.2.6 Load step 25

It is the step after concrete cracking. Displacements u = 2.94E − 5[m] are
added to the previously applied loads of prestressing and concrete self-weight.
The reaction forces at the locations of the applied displacements are calculated
with DIANA10.2:

FBY = 1746[N ] (B.41)

The hand-calculated value of the load that would lead to concrete cracking can
be found in B.6:

Fcr = 1686[N ] (B.42)

It is proved that it is in between the reaction forces FBY of load steps 24 and
25:

1673 < Fcr = 1686[N ] < 1746 (B.43)

Almost the whole cross section is under compression, see �gure B.4. Tensile
stresses occur at bottom �ber level.

Figure B.4: Midspan concrete stresses (SXX) - L.S.25 - DIANA10.2
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B.2.7 Load step 29

Displacements u = 3.42E − 5[m] are added to the previously applied loads of
prestressing and concrete self-weight. The reaction forces at the locations of the
applied displacements are calculated with DIANA10.2:

FBY = 2032[N ] (B.44)

The bending moment due to concrete self-weight (SW) is:

MSW = 8.281[Nm]

The bending moment due to the reaction forces (FBY) at loads location is:

MFBY = FBY × (
l

4
− a) = 199.644[Nm] (B.45)

The external bending moment due to the concrete self-weight (SW) and the
reaction forces (FBY) is:

Mext = MSW +MFBY = 207[Nm] (B.46)

As it can be seen from �gure B.5, the compression zone height is reduced to:

xu = 50[mm] (B.47)

The resulted DIANA10.2 stress SXX value at top �ber level is:

SXXtop = −3.8[MPa] (B.48)

The concrete compressive force Ncis calculated as:

Nc =
1

2
× b× xu × SXXtop =

1

2
× 200× 50× 3.8 = 19000[N ] (B.49)

The lever arm between the prestressing steel force P at the centroidal axis and
the concrete compressive force is:

z =
h

2
− xu

3
= 27.5− 16.67 = 10.83[mm] (B.50)

The internal bending moment due to the concrete compressive force is:

Mint = Nc × z = 19000× 10.83× 10−3 = 206[Nm] (B.51)

From equations B.46 and B.51 is proved that:

Mext ' Mint (B.52)

The increase of strain ∆ε over the compression zone height is:

∆ε =
SXXtop

Ec
=

−3.8

42000
= 9.047× 10−5 (B.53)

Combining equations B.38 and B.39, the curvature at midspan cross-section is
calculated as:

k =
∆ε

xu
=

9.047× 10−5

50× 10−3
= 0.00181[m−1] (B.54)
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Figure B.5: Midspan concrete stresses (SXX) - L.S.29 - DIANA10.2

B.2.8 Load step 45

Displacements u = 5.34E − 5[m] are added to the previously applied loads of
prestressing and concrete self-weight. The reaction forces at the locations of the
applied displacements are calculated with DIANA10.2:

FBY = 3038[N ] (B.55)

The bending moment due to concrete self-weight (SW) is:

MSW = 8.281[Nm]

The bending moment due to the reaction forces (FBY) at loads location is:

MFBY = FBY × (
l

4
− a) = 298[Nm] (B.56)

The external bending moment due to the concrete self-weight (SW) and the
reaction forces (FBY) is:

Mext = MSW +MFBY = 306[Nm] (B.57)

As it can be seen from �gure B.6, the compression zone height is getting further
reduced to approximately:

xu = 33[mm] (B.58)

The resulted DIANA10.2 stress SXX value at top �ber level is:

SXXtop = −5.5[MPa] (B.59)

The concrete compressive force Ncis calculated as:

Nc =
1

2
× b× xu × SXXtop =

1

2
× 200× 33× 5.5 = 18150[N ] (B.60)

The lever arm between the prestressing steel force P at the centroidal axis and
the concrete compressive force is:

z =
h

2
− xu

3
= 27.5− 11 = 16.5[mm] (B.61)
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The internal bending moment due to the concrete compressive force is:

Mint = Nc × z = 18150× 16.5× 10−3 = 299[Nm] (B.62)

From equations B.57 and B.62 is proved that:

Mext

Mint
(%) = 102% (B.63)

The increase of strain ∆ε over the compression zone height is:

∆ε =
SXXtop

Ec
=

−5.5

42000
= 1.309× 10−4 (B.64)

Combining equations B.38 and B.39, the curvature at midspan cross-section is
calculated as:

k =
∆ε

xu
=

1.309× 10−4

33× 10−3
= 0.0039[m−1] (B.65)

Figure B.6: Midspan concrete stresses (SXX) - L.S.45 - DIANA10.2

B.2.9 Load step 70

Displacements u = 1.18E − 4[m] are added to the previously applied loads of
prestressing and concrete self-weight. The reaction forces at the locations of the
applied displacements are calculated with DIANA10.2:

FBY = 4508[N ] (B.66)

The bending moment due to concrete self-weight (SW) is:

MSW = 8.281[Nm]

The bending moment due to the reaction forces (FBY) at loads location is:

MFBY = FBY × (
l

4
− a) = 443[Nm] (B.67)

The external bending moment due to the concrete self-weight (SW) and the
reaction forces (FBY) is:

Mext = MSW +MFBY = 450[Nm] (B.68)
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As it can be seen from �gure B.7, the compression zone height is getting further
reduced to approximately:

xu = 12[mm] (B.69)

The resulted DIANA10.2 stress SXX value at top �ber level is:

SXXtop = −17.3[MPa] (B.70)

The concrete compressive force Ncis calculated as:

Nc =
1

2
× b× xu × SXXtop =

1

2
× 200× 12× 17.3 = 20760[N ] (B.71)

The lever arm between the prestressing steel force P at the centroidal axis and
the concrete compressive force is:

z =
h

2
− xu

3
= 27.5− 4 = 23.5[mm] (B.72)

The internal bending moment due to the concrete compressive force is:

Mint = Nc × z = 20760× 23.5× 10−3 = 488[Nm] (B.73)

From equations B.68 and B.73 is proved that:

Mext

Mint
(%) = 92% (B.74)

The increase of strain ∆ε over the compression zone height is:

∆ε =
SXXtop

Ec
=

−17.3

42000
= 4.119× 10−4 (B.75)

Combining equations B.38 and B.39, the curvature at midspan cross-section is
calculated as:

k =
∆ε

xu
=

4.119× 10−5

12× 10−3
= 0.034[m−1] (B.76)

Figure B.7: Midspan concrete stresses (SXX) - L.S.70 - DIANA10.2
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B.2.10 Load step 116

Displacements u = 3.31E − 4[m] are added to the previously applied loads of
prestressing and concrete self-weight. The reaction forces at the locations of the
applied displacements are calculated with DIANA10.2:

FBY = 5000[N ] (B.77)

The bending moment due to concrete self-weight (SW) is:

MSW = 8.281[Nm]

The bending moment due to the reaction forces (FBY) at loads location is:

MFBY = FBY × (
l

4
− a) = 491[Nm] (B.78)

The external bending moment due to the concrete self-weight (SW) and the
reaction forces (FBY) is:

Mext = MSW +MFBY = 500[Nm] (B.79)

As it can be seen from �gure B.8, the compression zone height is getting further
reduced to approximately:

xu = 5[mm] (B.80)

The resulted DIANA10.2 stress SXX value at top �ber level is:

SXXtop = −48.7[MPa] (B.81)

The concrete compressive force Ncis calculated as:

Nc =
1

2
× b× xu × SXXtop =

1

2
× 200× 5× 48.7 = 24350[N ] (B.82)

The lever arm between the prestressing steel force P at the centroidal axis and
the concrete compressive force is:

z =
h

2
− xu

3
= 27.5− 1.67 = 25.83[mm] (B.83)

The internal bending moment due to the concrete compressive force is:

Mint = Nc × z = 24350× 25.83× 10−3 = 629[Nm] (B.84)

From equations B.79 and B.84 is proved that:

Mext

Mint
(%) = 79% (B.85)

The increase of strain ∆ε over the compression zone height is:

∆ε =
SXXtop

Ec
=

−48.7

42000
= 1.15× 10−3 (B.86)
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Combining equations B.38 and B.39, the curvature at midspan cross-section is
calculated as:

k =
∆ε

xu
=

1.15× 10−3

5× 10−3
= 0.232[m−1] (B.87)

Figure B.8: Midspan concrete stresses (SXX) - L.S.70 - DIANA10.2

B.2.11 Load step 154

Displacements u = 5.59E − 4[m] are added to the previously applied loads of
prestressing and concrete self-weight. The reaction forces at the locations of the
applied displacements are calculated with DIANA10.2:

FBY = 5223[N ] (B.88)

The bending moment due to concrete self-weight (SW) is:

MSW = 8.281[Nm]

The bending moment due to the reaction forces (FBY) at loads location is:

MFBY = FBY × (
l

4
− a) = 513[Nm] (B.89)

The external bending moment due to the concrete self-weight (SW) and the
reaction forces (FBY) is:

Mext = MSW +MFBY = 521[Nm] (B.90)

As it can be seen from �gure B.9, the compression zone height has reached a
value of approximately:

xu = 4[mm] (B.91)

The resulted DIANA10.2 stress SXX value at top �ber level is:

SXXtop = −72.4[MPa] (B.92)

The concrete compressive force Ncis calculated as:

Nc =
1

2
× b× xu × SXXtop =

1

2
× 200× 4× 72.4 = 28960[N ] (B.93)
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The lever arm between the prestressing steel force P at the centroidal axis and
the concrete compressive force is:

z =
h

2
− xu

3
= 27.5− 1.33 = 26.17[mm] (B.94)

The internal bending moment due to the concrete compressive force is:

Mint = Nc × z = 28960× 26.17× 10−3 = 758[Nm] (B.95)

From equations B.90 and B.95 is proved that:

Mext

Mint
(%) = 68.7% (B.96)

The increase of strain ∆ε over the compression zone height is:

∆ε =
SXXtop

Ec
=

−72.4

42000
= 1.724× 10−3 (B.97)

Combining equations B.38 and B.39, the curvature at midspan cross-section is
calculated as:

k =
∆ε

xu
=

1.724× 10−3

4× 10−3
= 0.431[m−1] (B.98)

Figure B.9: Midspan concrete stresses (SXX) - L.S.70 - DIANA10.2

B.2.12 Relation between curvature and load

The curvature calculated for load steps 24, 29, 45 , 70, 116, 154 is shown in
table B.13

Load step 24 29 45 70 116 154
FBY (N) 1673 2032 3038 4508 5000 5223
xu(mm) 55 50 33 12 5 4
Δε 8.167E-05 9.048E-05 1.310E-04 4.119E-04 1.160E-03 1.724E-03

k (m-1) 1.485E-03 1.810E-03 3.968E-03 3.433E-02 2.319E-01 4.310E-01

Table B.13: Compression zone height curvature and strains per load step

where,
FBY: reaction force at displacements location
xu: compression zone height
Δε: increase of concrete strain of compression zone height
k: curvature
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C Post-tensioned concrete arch structure

A hingeless arch is considered in this research, implying that two supports that
are clamped with an assumed sti� soil, form the boundary conditions. Although
the segmented arch is consisting of 11 elements and 10 joints, the hand calcula-
tions were performed based on a continuous arch approach. The degree of static
indeterminacy is three. Thus, the extra 3 unknowns required to calculate the
arc's internal loads due to is self weight can be calculated with the method of
strain energy. Prestressing steel forces are not considered in the hand calcula-
tions. Half of the arc is considered due to symmetry in loading and boundary
conditions, and therefore the angle θ varies between 0° and 90°,see �gure 7.9.

The two post-tensioning steel cables are set at b
6 = 166.67[mm] from the

element edges following the center-line ( t2 = 27.5[mm]) of the arch. The type
of prestressing steel cables (Y1860S3) as well as the magnitude of the applied
prestressing steel forces at the four anchorages (10[KN ]) is not based on a
structural requirement like with the case of the four-point bending test and it
was randomly chosen. All elements and joints have the same concrete material
properties and are of type C80/95. The eleven elements are monolithically
connected to the joints in between them. The joints are assumed to have the
same material properties with the surrounding concrete elements. A linear
static analysis was performed in combination with hand-calculations based on
the strain energy method of a hingeless arch.

The distance between the two prestressing steel cables is 467mm , see �gure
7.6. Two locations of the arch are taken into consideration, i.e at the crown
(element 1090) and at right hand-side of the arch structure (element 482), see
�gures C.5, C.6. These are the locations where the maximum tensile stresses
SXX due to the the combined loading of concrete self-weight and prestressing
steel forces, occur. The values of the maximum stresses for the selected elements
are presented in tables C.1 and C.2. Reinforcement stresses SXX and SZZ due
to the prestressing steel loads are shown in �gures C.7, C.8. The reinforcement
cross-section forces are presented in �gure C.9.

C.1 Hand calculations:

The moment of inertia IC and the cross-section area AC of the arch, were cal-
culated based on the approximation of a radial half arch, although it must be
noted that this is not exactly the case for the current structure since drape f is
14% larger than the radius of the arc RC.

Ac =
π × (R2

out −R2
in)

2
and IC =

π × (R4
out −R4

in)

8
(C.1)

The total strain energy of a linear elastic solid contains bending, axial, shear
and torsion components according to the following formula:

U =

∫ s

0

M2ds

2EI
+

∫ s

0

N2ds

2EA
+

∫ s

0

V 2ds

2GA
a

+

∫ s

0

T 2ds

2GJ
(C.2)

where, M, N, V, T are the bending moment, the axial, shear and torsion
developed in the arch. The arc length is denoted as s (= RC × dθ). Young's
modulus of elasticity is E, and shear modulus is G. A

a is the e�ective shear area
and I and J are the bending and torsional moment of inertia.
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Neglecting the shear and torsion components, equation C.2 results in:

U =

∫ s

0

M2ds

2EI
+

∫ s

0

N2ds

2EA
(C.3)

Support locations are denoted with letters �A� and �B� respectively and are
both clamped, restraining horizontal thrust HA,B, bending moment MA,B and
vertical forces VA,B. Therefore, at support �A� or �B� it holds:

∂U

∂MA,B
= 0, ∂U

∂VA,B
= 0,

∂U

∂HA,B
= 0 (C.4)

Crown location is denoted as �C�. The shear force at the crown is zero due
to the symmetry of the arc and of the applied loading. Therefore at the crown
also holds:

∂U

∂MC
= 0,

∂U

∂NC
= 0 (C.5)

Based on equations (31), equation (29) can be re-written in the form of C.6
and C.7, as:

U =

∫ s

0

M

EI

∂M

∂MC
ds+

∫ s

0

N

EA

∂N

∂MC
ds (C.6)

and ,

U =

∫ s

0

M

EI

∂M

∂NC
ds+

∫ s

0

N

EA

∂N

∂NC
ds (C.7)

Taking into account equation C.8,

∂M
∂MC

= 1, ∂N
∂MC

= 0, ∂M
∂NC

= y, ∂N
∂NC

= cosθ (C.8)

equations C.6 and C.7, result in C.9 and C.10:

U =

∫ s

0

M

EI
× 1ds+

∫ s

0

N

EA
× 0ds (C.9)

U =

∫ s

0

M

EI
× yds+

∫ s

0

N

EA
× cosθds (C.10)

Denoting the bending moment at the crown as MCand the bending moment
caused by a load in this case the self-weight as MG, the internal loads of axial
force and bending moment at any cross-section of the arch are calculated via
equations C.11 and C.12:

M = MC +NC × y +MG (C.11)

N = NC × cosθ +NG (C.12)

Combining C.9,C.10,C.11,C.12, the following two equations are obtained:
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∫ s

0

MC

EI
ds+

∫ s

0

NC × y

EI
ds = −

∫ s

0

MG

EI
ds (C.13)

∫ s

0

MC × y

EI
ds+

∫ s

0

NC × y2

EI
ds+

∫ s

0

NC × cos2θ

EA
ds = −

∫ s

0

MG × y

EI
ds−

∫ s

0

NG × cosθ

EA
ds

(C.14)
The horizontal reaction forces and bending moments at the supports are

calculated as:

HA = HB and MA = MB (C.15)

Where A and B are the left and right support respectively. Note that A is
not shown in �gure 7.9.

Using the elastic center method (�gure 7.9), the internal loads of compression
NC and bending moment MCat the arch crown, are calculated by �nding the
corresponding internal loads N0 and bending M0at the elastic center of the arch.
The distance �d� of the elastic center of the arch (denoted as �O�) to the crown
�C�, is found, by ful�lling the following requirement (C.16):

y1 + d = y to satisfy
∫ s

0
y1

EI ds = 0 (C.16)

Where, y is the vertical distance from the crown to the investigated location
and RCis the radius of the arch at its center-line:

y = RC × (1− cosθ) (C.17)

Thus, the distance �d� is calculated as:

d =

∫ s

0
yds∫ s

0
1ds

(C.18)

Rewriting equation C.13 results in:∫ s

0

MC

EI
ds+

∫ s

0

NC × (y1 + d)

EI
ds = −

∫ s

0

MG

EI
ds (C.19)

Combining equations C.18 and C.19 and taking into account of a constant
bending sti�ness EI, results in the bending moment M0 at the elastic arch center:

M
0
= MC +NC × d = −

∫ s

0
MG

EI ds∫ s

0
1
EI ds

= −
∫ s

0
MGds∫ s

0
1ds

(C.20)

The bending moment caused by the self-weight MG is calculated:

MG = qG ×RC − qG × x2

2
(C.21)

,where x is the horizontal distance from the crown �C� to the investigated loca-
tion:

x = RC × sinθ (C.22)

The axial force from self-weight NG, at a distance �x� from the arch crown
�C� is calculated as�
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NG = qG × (Rc − x)× cosθ (C.23)

Combining equations C.14 and C.16, results in the horizontal reaction force
at the elastic center H0 which is also equal to the axial force at the crown NC:

H0 = NC = −
∫ s

0
MG×y1

EI ds+
∫ s

0
NG×cosθ

EA ds∫ s

0

y2
1

EI ds+
∫ s

0
cos2θ
EA ds

(C.24)

Equations C.16to C.24, are solved for θ varying between
[
0, π

2

]
.

Ac =
π × (R2

out −R2
in)

2
= 348263.767[mm2]

IC =
π × (R4

out −R4
in)

8
= 7.07539E + 11[mm4]

The vertical distance y of the investigated point from the arch crown is
calculated as:

y = RC × (1− cosθ) = 2015.56× (1− cosθ)

The horizontal distance x of the investigated point from the arch crown is
calculated as:

x = R× sinθ = 2015.56× sinθ

where θ varies between [0,π/2] rad.
The arc length s measured at center line is calculated as:

ds = R× dθ = 2015.56× dθ

The vertical distance d between the elastic center and the arch crown is
calculated as:

d =

∫ s

0
yds∫ s

0
1ds

=

∫ π
2

0
yds∫ π

2

0
1ds

= 1150.47[mm]

The vertical distance y1 from the supports to the arch elastic center is cal-
culated as:

y1 = RC × (1− cosθ)− d = 865.09− 2015.56× cosθ

The concrete self-weight qGis calculated as:

qG = Ac × γc = 8.706[
N

mm
]

The bending moment caused by the self-weight MG is calculated:

MG = qG ×RC − qG × x2

2
= 17548.66− 17685191.55× sin2θ[Nmm]

The bending moment M0at the elastic center is calculated as:
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M0 = MC +NC × d = −
∫ s

0
MG

EI ds∫ s

0
1
EI ds

= −
∫ s

0
MGds∫ s

0
1ds

= +8829.55[Nmm]

The axial compressive force NGat a distance x from the elastic center is
calculated as:

The horizontal reaction force at the elastic center H0 which is also equal to
the axial force at the crown NC:

NG = qG × (Rc − x)× cosθ = 8.706× (2015.56− 2015.56× sinθ)× cosθ

H0 = NC = −
∫ s

0
MG×y1

EI ds+
∫ s

0
NG×cosθ

EA ds∫ s

0

y2
1

EI ds+
∫ s

0
cos2θ
EA ds

= −
−2.93661×1011

EI + 1.7684×107

EA
1.77155×109

EI + 1583.02
EA

= −7144.354[N ]

The bending moment at the crown is calculated as:

MC = M0−NC×d = 8829.55+7144.354×1150.47 = 8228194.496[Nmm] = 8228.194[Nm]

C.2 Linear static analysis

C.2.1 DIANA10.2 results

The internal loads of concrete and reinforcement under the loads of concrete
self-weight and the applied post-tensioning steel forces are presented in �gures
C.1 to C.9. The concrete stresses due to the considered loads are presented in
tables C.1 and C.2.

Figure C.1: Concrete elements
stress distribution SXX due to self-
weight SW - DIANA10.2

Figure C.2: Concrete element stress
distribution SZZ due to due to self-
weight SW - DIANA10.2
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Figure C.3: Concrete elements
stress distribution SXX due to pre-
stressing loads P - DIANA10.2

Figure C.4: Concrete element stress
distribution SW due to due to pre-
stressing loads P - DIANA10.2

Figure C.5: Concrete elements
stress distribution SXX due to com-
bined loading- DIANA10.2

Figure C.6: Concrete element stress
distribution SZZ due to combined
loading - DIANA10.2

Figure C.7: Reinforcement stress
distribution SXX due to prestress-
ing steel loads- DIANA10.2

Figure C.8: Reinforcement stress
distribution SZZ due to prestressing
steel loads - DIANA10.2

Figure C.9: Reinforcement cross section forces Nx- DIANA10.2
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Element 1090 stresses (N/m2) - DIANA10.2

Self weight (SW) Prestressing steel forces (P) Combined loading (P+SW)

SXX SYY SZZ SXX SYY SZZ SXX SYY SZZ

top -695000 -58600 2437.64 -348000 404000 -114.29 -1060000 346000 2709.16

bot 694000 62300 3213.79 -505000 -410000 -675.78 192000 -348000 2476.46

Table C.1: Element 1090 stresses - DIANA10.2

Element 482 stresses (N/m2) - DIANA10.2

Self weight (SW) Prestressing steel forces (P) Combined loading (P+SW)

SXX SYY SZZ SXX SYY SZZ SXX SYY SZZ

top 152000 68700 522000 -70500 413000 -254000 74700 482000 261000

bot -196000 -74600 -665000 -120000 -419000 -405000 -315000 -493000 -1070000

Table C.2: Element 482 stresses - DIANA10.2

C.2.2 Comparison of DIANA10.2 results with hand-calculations

1. The predicted values of the internal loads and reaction forces do not verify
the DIANA10.2 results. In particular, the horizontal reaction force due to
SW at the arch supports, was calculated at a value of 7144.354[N ] being
larger than the DIANA10.2 value of 982[N ] . Hand calculations may be
reconsidered in case the FEA results are correct or vice versa.

2. Although expected that the concrete arch structure under its self-weight
would be governed by compression stresses, there is still tension in this
structure not only at the disturbed zones of the clamped supports. In
particular, at the bottom �ber of the arch crown (element 1090) and at
the top �ber of the sides of the arc structure.

3. Based on the the assumption of zero instantaneous and time dependent
losses in the prestressing steel, the reinforcement cross-sectional forces Nx,
remain constant along the arc length. However, the reinforcement stresses
SXX are increased from a value of 9.85e + 03[ N

m2 ] at the anchors, to a

value of 4.27e+08[ N
m2 ]at the crown, while the reinforcement stresses SZZ

are decreased from a value of 4.27e+ 08[ N
m2 ] at the anchors to a value of

5.20e+ 04[ N
m2 ] at midspan of the arch.
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