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ARTICLE INFO ABSTRACT

Keywords: This work investigates optimal magnetic nanoparticle (MNP) injection strategies in three-dimensional (3D)
Magnetic hyperthermia treatment tumor models to enhance the magnetic hyperthermia efficacy. We consider three tumor models with increasing
Bioheat transfer geometric complexities: a spherical tumor, a simple irregular tumor (two connected spheres of different sizes),

Particle swarm optimization

: and a complex irregular tumor (three connected spheres of varying sizes). Centrosymmetric MNP distributions
Lattice Boltzmann method

are employed for the spherical model, whereas asymmetric distributions are applied for the irregular models.
The rapid convergence of the optimization demonstrates the efficiency and effectiveness of this 3D optimization
framework. For the spherical tumor model, multi-site injections significantly enhance therapeutic outcomes
under a 20-min waiting limit, whereas a single-site injection with a 114.9-min waiting time achieves 100%
tumor ablation without damaging adjacent healthy tissue. Two injection sites suffice for the simple irregular
tumor model, while a three-site strategy is optimal for the complex irregular model, indicating a relationship
between required injection number and tumor geometry. Furthermore, the optimal MNP injection strategies
correlate positively with the locations and sizes of the connected spheres. These findings produce more practical
optimal strategies and provide broader, clinically relevant guidance for magnetic hyperthermia treatment.

1. Introduction Iron oxide, particularly magnetite (Fe;0,), is the most commonly
used MNP material in magnetic hyperthermia owing to its low toxi-
city and favorable biocompatibility [12-14]. However, excessive iron
accumulation is not readily cleared by the human body, which may
pose genotoxic risks to healthy skin and lung tissue and potentially
reduce life expectancy [15,16]. In therapeutic applications, the particle
sizes typically reported for magnetite yield superparamagnetic behav-
ior, thereby establishing relaxation losses as the dominant heating
mechanism, primarily via Néel and Brownian relaxation processes [17-
22]. Néel relaxation corresponds to the reorientation of the magnetic
moment within the crystal lattice of the particle, while Brownian
relaxation arises from the physical rotation of the entire particle in
the supporting medium. The heat generated by these mechanisms is
commonly estimated using Rosensweig’s model, which accounts for

Magnetic hyperthermia is a localized thermal cancer therapy that
can ablate tumor cells while sparing adjacent healthy tissue [1-4]. This
characteristic effectively mitigates many side effects induced by tradi-
tional cancer treatments, and the efficacy of magnetic hyperthermia
has been demonstrated in a range of clinical studies [5-7]. Heating is
produced when injected magnetic nanoparticles (MNPs) are exposed
to an external high-frequency alternating magnetic field (AMF), raising
tumor temperature to approximately 43°C or higher and thereby in-
ducing cell membrane damage and protein denaturation [8-11]. These
mechanisms underscore the critical role of MNP properties and their
distribution in determining treatment efficacy.
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Nomenclature

Abbreviations

AMF
CT
LBM
MNP
PBHTE
PSO

Greek Letters

a

X0
Ho

oo
TR
Roman Letters

(kx’ ky’ kz)
(x,9,2)
(X0, Y0+ Z0)
m

c

D

d

Subscripts

Alternating magnetic field
Computerized tomography

Lattice Boltzmann method
Magnetic nanoparticle

Pennes’s bio-beat transfer equation
Particle swarm optimization

Thermal diffusivity, m?/s
Equilibrium susceptibility
Vacuum permeability, Tm/A
Weighting factors of requirement
Volume fraction with time variant
Volume fraction without time variant
Reference volume fraction
Density, kg/m>

Standard deviation, mm
Reference standard deviation, mm
Effective relaxation time, s

Coordinate ratio

Cartesian coordinate, mm

Reference Cartesian coordinate, mm

Mass flow rate, kg/m>-s

Specific heat capacity, J/(kg-K)

Mass diffusivity, m?/s

distance of injection site, mm

Reference distance, mm

Frequency of AMF, Hz

Intensity amplitude of AMF, A/m
Objection function

Thermal conductivity, W/m-K

Volume fraction ratio

Standard deviation ratio

Distance ratio of injection site

Length of healthy tissue block, mm
Length of cube for tumor dimensions, mm
Lewis number

Number of sampled points at the interface
Number of injection sites

Sphere center

Heat source density from MNPs, W/m?
Requirement of MNP dose

Temperature requirement in healthy tissue
Temperature requirement at interface
Temperature requirement in tumor tissue
Injection site

Temperature, ° C

Time, min

Volume, mm?

Amplitude
Blood

hea Healthy tissue

i Injection site index

max Maximum value

nf Nanofluid, the mixture of tissue and in-
jected MNPs

opt Optimal value

tum Tumor tissue

both relaxation losses and is influenced by the local volume fraction of
MNPs [23].

An appropriate distribution of MNPs should generate sufficient heat
to ablate tumor tissue while minimizing damage to surrounding healthy
tissue [24]. A relatively uniform MNP distribution is preferred generally
because it yields a milder thermal profile and is often modeled as a
Gaussian distribution with a large standard deviation [4,25]. Gaussian
concentration profiles naturally arise from diffusion and are supported
by theoretical analyses and experimental observations [26,27]. Ac-
cordingly, diffusion-derived MNP distributions are frequently combined
with multi-site injection strategies to enlarge the heated region and pro-
duce a gentler temperature profile that reduces the risk of overheating
and inflammation [24,28-30].

To achieve optimal MNP distribution and maximize treatment effi-
cacy, particularly for irregular tumor geometries, an optimization algo-
rithm integrated with the widely used Pennes bioheat transfer equation
(PBHTE) [31] provides an effective approach. While local optimization
algorithms (e.g., the Nelder-Mead simplex method and the epsilon-
constraint approach) are predominantly applied to this problem, they
suffer from significant limitations, primarily their sensitivity to ini-
tial parameter assumptions [32-34]. As a result, these methods can
produce suboptimal distributions constrained by the algorithmic limi-
tations [35]. Additionally, although global optimization algorithms can
remove over 90% of the tumor region in many simulations, earlier stud-
ies have not obtained completely satisfactory outcomes, possibly owing
to suboptimal settings or algorithmic defects, resulting in visibly incom-
plete tumor ablation or unintended damage of healthy tissue [36,37].
Comparatively, particle swarm optimization (PSO) demonstrates im-
proved performance due to its reduced dependence on initial conditions
and its broader search space [36]. Recent studies by Jiang et al. [38,39]
applied PSO to identify MNP injection strategies that ablate all tumor
cells while preserving surrounding healthy tissue, demonstrating the
effectiveness of PSO for optimizing MNP distributions in magnetic
hyperthermia. However, these studies are restricted to two-dimensional
(2D) configurations and, despite some reporting excellent optimization
outcomes, may not capture the geometric and transport complexities of
realistic three-dimensional (3D) treatment environments, particularly
for irregular tumor shapes. To date, studies addressing MNP distribu-
tion optimization in fully 3D configurations remain limited [32,40],
underscoring the need for dedicated 3D injection-optimization research
to better approximate clinical conditions.

To bridge this gap, a 3D simulation framework is developed based
on PBTHE, which incorporates the PSO algorithm to determine the
optimal spatial distribution of MNPs and maximize treatment efficacy.
To ensure the simulations closely approximate realistic 3D tumor ge-
ometries, various irregularities in tumor geometries are considered
by employing combinations of different spheres. Despite its simple
elements, the developed tumor model can theoretically represent any
possible shape. Both single-site and multi-site injections are considered
in our investigation to facilitate optimal 3D strategies. Additionally, the
independent parameter search is incorporated into the MNP injection
optimization to accommodate the irregular geometries. The effects of
the MNP injection number and waiting-time constraint are examined.
Furthermore, we explore geometry-dependent injections to provide a
general guideline for optimal strategies.
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Fig. 1. Schematics of three tumor models embedded within a healthy tissue block. (a) the spherical tumor model, (b) the simple irregular tumor model, and (c)
the complex irregular tumor model. The gray surface denotes the tumor boundary, while the red dashed cube defines the size of the tumors.

The remainder of this paper is organized as follows: Section 2
presents the physical and mathematical problems, along with the op-
timization model utilized in this work. Section 3 details the results
categorized by tumor model, including the spherical tumor model
in Section 3.1, the simple irregular tumor model in Section 3.2, the
complex irregular tumor model in Section 3.3, and a general discus-
sion of geometry-dependent injection strategies in Section 3.4. Finally,
Section 4 summarizes the key findings.

2. Problem description and methodology

This section introduces the physical problem and the mathemat-
ical methods employed in the present work. The problem descrip-
tion is given in Section 2.1, followed by the governing equations in
Section 2.2. The optimization settings are described in Section 2.3.

2.1. Problem description

As illustrated in Fig. 1, a spherical tumor and two irregular tumors
embedded at the center of the healthy tissue block are considered in this
study. The simple irregular tumor consists of two connected spheres
of different sizes, while the complex irregular tumor comprises three
connected spheres of different sizes. All three models are contained in
a red cube with a side length of / = 10 mm (a dimension frequently
observed in clinical contexts [41,42]) and are tangent to all six cubic
faces. Although these three models remain simplified compared to real-
istic tumors, they represent a way of introducing geometric complexity.
Accordingly, they are adopted to demonstrate the performance of the
current simulation framework and, more importantly, to derive general
guidelines for MNP optimization. To facilitate analysis, a Cartesian
coordinate system is defined, with the origin located at the center of
the red cube. In the simple irregular tumor model, the centers of the
two spheres are randomly designated at O,(-0.5, —0.5, —0.5) mm and
0,(2,2,2) mm, with the radii of 4.5 mm and 3 mm, respectively. In the
complex irregular tumor model, the centers of the three spheres are
0,(-1,0,1) mm, O,(1, -2, —2) mm, and 05(2.25,2.25,0.5) mm, with
radii of 4 mm, 3 mm, and 2.75 mm, respectively. The side length of
the tissue block is L = 50 mm, which is sufficiently large to ensure
negligible influence from the outer boundaries, as verified in Appendix
A. Continuity of temperature and of the normal heat flux is enforced
at the interface between the tumor and the surrounding healthy tissue.
The initial temperature is set as a constant 7, = 37°C to represent the
normal temperature of the human body, and this value is upheld at the
outer boundaries throughout the simulation.

2.2. Governing equations

The temperature T in both the tumor and healthy tissue is governed
by the 3D PBHTE, as

oT < 2T
nf

T
(pc)nf E =

— ()2—T+—>+mc(T—T)+Q (€D)]
0x2 92 9z2 bTHRTE ’

where p, ¢, and k denote the density, specific heat capacity, and thermal
conductivity, respectively. The subscript “b” specifies the properties
of blood, while “nf” represents the modified tissue, which can be
regarded as a nanofluid composed of the original tissue (tumor and
healthy tissue) and the embedded MNPs. The thermal properties of
nanofluids are influenced by the volume fraction ¢ of MNP in the
tissue [43-45], and the relevant equations along with their respective
properties can be found in our previous work [38].

The term rsiryc, (T, — T) in Eq. (1) denotes the heat sink induced by
blood perfusion, where i, represents the perfusion mass flow rate. In
practice, r, is temperature-dependent and differs between healthy and
tumor tissues [46]. The term Q refers to the heat source released from
MNPs when exposed to an external AMF. In this work, Q is evaluated
using Rosensweig’s model owing to the superparamagnetic property of
MNPs utilized and their low propensity for chain formation [17,18,47].
The Rosensweig’s model is given by [23]

2rfrg
14+ Qafrg)?’
where H, and f denote the amplitude and frequency of the external
AMF. In the present work, we assume a spatially uniform AMF across
the tissue block because the investigated tissue volume is extremely
small compared to the spatial variation scale of the AMF [48]. The field
parameters used are Hy = 8x 103 A/m? and f = 4x10° Hz [49]. uy, 1o
and 7y represent the vacuum permeability, equilibrium susceptibility,
and effective relaxation time, respectively. Detailed values and calcu-
lations for these parameters can be found in our previous work [38]. ¢
denotes the local volume fraction of the MNP.

The distribution of MNP can be analytically determined by the
diffusion equation [26]. Consequently, the volume fraction at a given
site (x, y, z) and a specific time ¢ caused by the ith injection is obtained
by

0 = zuyxobHy f 2

G =x)+ -y +(E-z)
4Dt ’

i

D;(x,y,2,1) = 3)

i
(47 Dt;)3/2
where (x;, y;, z;) denotes the coordinates and V; represents the MNP
volume of the ith injection. The parameter D specifies the diffusivity
of MNP in tissue. Eq. (3) describes the 3D Gaussian distribution of
the MNP at time ¢, with the variance 2Dz, which arises from a period
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of MNP diffusion before the application of the AMF. Given the large
value of the Lewis number, Le = a/D = 125 (where a denotes the
thermal diffusivity), MNP distribution during the treatment (after AMF
application) can be assumed to be time-frozen [50]. Therefore, for
a given waiting time before AMF application, the MNP distribution
resulting from ith injection can be re-expressed as

Vi oo | X+ 0=y + (- 2)?
Qro?)3/? 20?7

, (€3]

¢i(x,y,2) =

where ¢? = 2Dt,. For multi-site injections, the total volume fraction at
location (x, y, z) is obtained through superposition of the contributions
from each injection [34,51], as

n

B, 3,2) = ) $i(x. 3, 2), (5)
i=1

where n denotes the number of injections.

Eq. (1) is solved using the D3Q7 MRT-LBM scheme throughout the
domain, which ensures the temperature condition at the interface of
the tumor and healthy tissue. A detailed introduction to this scheme,
along with its validation is provided in Appendix A.

2.3. Optimization

The optimization in this work aims to identify the optimal MNP
distribution that maximizes treatment efficacy, with the resulting tem-
perature distribution serving as the primary performance metric [32,
36,51]. For each injection, the three spatial coordinates (x;, y;, z;), the
waiting time #; before AMF application, and the MNP injection dose
V; constitute five key physical variables. To facilitate the optimiza-
tion search, we use five derived parameters: the injection location
(x;,¥;»2;), the standard deviation of MNP distribution o; (related to
t;), and the peak volume fraction amplitude ¢,; (dependent on both
V; and o;). These parameters are normalized to the range [0,1] for
comparison during the optimization, as: k,; = 0;/0q, ky; = Pa;/Pos
and (ky;, ky k. ;) = (x;/2x0 + 0.5,9;/2yy + 0.5, 2;/22; + 0.5), where o,
¢g, and (x,, vy, z9) are the chosen reference values. Specifically, o is
derived from the limits of the maximum allowed waiting time before
AMF application, while the three reference coordinates (x, y,, z,) are
assumed to be identical in this work. In the spherical tumor model,
each injection shares the same ¢, and ¢ for simplification due to the
centrosymmetric characteristics of the model. Injection locations are
searched in centrosymmetric constraint based on their distance d from
the tumor center (the coordinate origin). Distance is normalized as
k, = d/dy, where d is the reference distance and k, the corresponding
normalized ratio. Note that the subscript “i”’ is omitted in the spherical
tumor model due to the identical parameters of each injection. Using
these parameters and ratios, Eq. (4) can be rewritten as

x=x)?+ -y +(z-z)

@i(x,y,2) = kg iy exp |- 2k§ ,-O'g > (6)
Therefore, the physical variables can be obtained by

k2 o2

%0

f = ‘;‘D , (7a)
V, = @n)¥ kg 00k . (7b)
12 2) = (20k ;= 0.5)x0, 20k, ; — 0.5)y0, 2(k; — 0.5)zp) . (70)
Specifically, for the spherical tumor case the distance is given by
d = kyd, ®

To obtain the optimal combination of these variables, we define a
set of optimization criteria that emphasize the temperature distribution
while accounting for MNP dose, thereby seeking the best overall treat-
ment performance. Two critical temperature thresholds are considered:
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43°C, the threshold for cell ablation [32], and 46°C, the upper limit
chosen to avoid inflammatory response [30]. Consequently, to achieve
optimal treatment efficacy, i.e., complete ablation of tumor tissue with
preservation of surrounding healthy tissue using a minimal MNP dose,
we define four performance indicators as

V43<T<46°C in tumor
Rum = ———— (92)

tumor

VI<43oC in healihy 1i
y tissue
Rhea = 5 (gb)

I/heﬂlthy tissue

(90)

(9d)

where V and N denote the volume and the number of sampled points
on the tumor boundary, respectively. R,,, defines the volume ratio
of the tumor where temperatures lie between 43°C and 46°C, while
R}, denotes the volume ratio of the healthy tissue where temperatures
remain below 43°C. R;,, specifies the degree of agreement between the
43°C isotherm and the tumor boundary. R,,,, represents the MNP dose,
since the dose of each injection is proportional to kd,,,-ki,,., as shown
in Eq. (7b). The theoretical maximum value for each indicator is 1,
indicating complete satisfaction of the corresponding criterion. This
ideal is achieved only when the entire tumor is lies within 43°C-46°C,
surrounding healthy tissue remains below 43°C, and the tumor-healthy
interface coincides with the 43°C isotherm, accomplished without MNP
intake. The combination of the these four requirements defines the
objective function J for optimization, which is formulated as

J = [ Rtum + wZRhea + w3Rim + a)4Rdose' (10)

where o, ~ w, represent the weighting factors for the four indicators,
assigned values of 0.5, 0.3, 0.1, and 0.1, respectively. These weights
were selected empirically through preliminary trials to balance the
contributions of the individual indicators, and to scale the objective
function J approximately vary within the range [0,1].

The objective function J is maximized using the PSO algorithm.
The PSO methodology is described in detail in Appendix B, and its
convergence and performance on multimodal problems have been well
validated in our previous work [38]. The optimal parameter set gener-
ated from the optimization is converted back into the corresponding
optimal physical variables via Egs. (7) and (8), thereby providing
actionable guidance for practical treatment applications. Obtaining
the global optimum requires evaluating a large number of candidates
within a single optimization run, which results in a time-consuming
simulation. Therefore, taking advantage of the suitability of the LBM
for GPU acceleration [52], we implement the simulations on NVIDIA
GeForce RTX 3090 GPUs to improve computational efficiency. With this
implementation, a single optimization run comprising 300 generations
with 20 particles per generation requires roughly six days of wall-clock
time on the specified hardware.

3. Results and discussions

The discussions are organized according to the three represen-
tative tumor models: a spherical tumor model (centrosymmetric) in
Section 3.1, a simple irregular tumor model (axisymmetric) in Sec-
tion 3.2, and a complex irregular tumor model (general) in Section 3.3.
Based on the optimal outcomes for these three tumor geometries,
geometry-dependent injection strategies are discussed in Section 3.4.
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3.1. Spherical tumor

3.1.1. Effect of injection number

The centrosymmetry of the spherical tumor model permits injec-
tions that are symmetrically arranged about the tumor center and
that share identical Gaussian distribution. The reference distance is
set to dy = 4.5 mm (90% of the tumor radius). The reference volume
fraction is ¢, = 0.05 to ensure the applicability of the employed
nanofluid model [38,43]. The reference Gaussian standard deviation for
the baseline scenario is 6, = 1.55 mm, corresponding to the maximum
allowed waiting time of 20 min. Accordingly, three normalized ratio
kg, ko, and k, are involved in the optimization search.

Four injection scenarios are considered in this section: one-, four-,
six-, and eight-site injections. In the one-site scenario, the centrosym-
metric configuration requires the injection to be placed at the tumor
center, naturally resulting in k; = 0. In the four-site scenario, one
injection is located on the z-axis at z = d, while the other three are
positioned equidistantly on the plane z = —d/3. The coordinates of
the four injection sites are therefore: (0, 0, d), (O, 2\/551/3, —-d/3),
(V6d /3, —\/2d /3, —d/3), and (—\/6d /3, —\/2d /3, —d/3). By analogy,
the coordinates for the six-site scenario are (+d, 0, 0), (0, +d, 0), and
(0, 0, +d). For the eight-site scenario, the sites are located at (+d /\/5,
+d/ \/5, +d/ \/5), with all eight sign combinations.

The optimization was run for 300 generations with a swarm of 20
particles per generation. For demonstration, Figs. 2(a) and (b) depict
the convergence behavior of the eight-site injection scenario, explicitly
showing the evolution of each particle throughout the optimization.
Initially, the normalized ratios (ky, k,, and k,) are randomly scattered,
resulting in 20 correspondingly random objective function values. Pro-
nounced adjustments in the three ratios occur in the second generation,
accompanied by a rapid increase in the maximum objective function
from J = 0.666 to 0.806. After several further iterations, the normal-
ized ratios converge toward their respective optimal values, and the
objective function values increase steadily until the global maximum
is attained, consistent with the typical search dynamics of PSO [53].
The final maximum objective value (J = 0.891) is achieved with the
optimized normalized ratios (kg = 0.081, k, = 0.982, and k,; = 0.888),
representing the optimal solution for the eight-site injection scenario.

Figs. 2(c) to (f) show the evolution of the maximum objective
function J and the corresponding normalized ratios kg kos and k, for
the different injection numbers. The one-site injection scenario, owning
to its smallest parameter space, converges most rapidly, with optimal
results obtained within approximately 50 generations. The remaining
scenarios, having larger parameter spaces, require more generations to
converge, but nonetheless reach their optima within 150 generations,
which reflects the effectiveness of the chosen optimization algorithm
and problem setup. Generally, increasing the number of injections
improves the converged optimal outcome, with the eight-site injection
strategy achieving the best performance among the cases considered,
consistent with trends reported for 2D configurations by Jiang et al.
[38]. Notably, both k, and k, decrease as the number of injections
increases, whereas k, remains close to 1 in each scenario.

Fig. 3 illustrates the optimization trajectories of the objective func-
tion J plotted against treatment efficacy indicators (R, and R,,,)
and MNP dose (V) for the different injection numbers. Over the full
optimization (300 generations) plus 20 additional randomly generated
initial candidates, a total of 6020 candidate solutions are evaluated
during the PSO iterations, using a color scale ranging from dark green
to red for visualization. Early generation points are broadly dispersed
across the parameter space for each scenario and progressively migrate
toward regions with higher J. The converged maximum objective value
increases monotonously across the four injection scenarios, from J =
0.714 for the one-site injection to J = 0.891 for the eight-site injection
(see Table 1), underscoring the superior performance of the eight-site
configuration and corroborating the trends in Fig. 2.
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Table 1
Optimal strategies for the one-site, four-site, six-site, and eight-site injection
scenarios applied to the spherical tumor model.

Injection strategy One-site Four-site Six-site Eight-site
R,,, 0.602 0.916 0.988 1.000
Ry, 1.000 0.999 0.999 1.000
R 0.992 0.457 0.706 0.800
Rose 0.140 0.098 0.107 0.116

J 0.714 0.813 0.875 0.891
Taxs °C 56.6 46.2 46.0 46.0

fop> MID 19.9 20.0 20.0 19.3

V> mm? 1.60 1.94 1.86 1.79

d,,, mm - 4.35 4.08 4.00

As shown in Figs. 3 (al) to (d1), the trajectories of R,,, versus J
exhibit approximately linear trends in each scenario. Increases in R,,,
produce substantial increases in J due to the strong positive contri-
bution of R,,, to J. A similar relationship persists when the number
of injection sites increases to four, and all four scenarios share a com-
mon intercept value. This intercept (=0.32) is primarily attributable
to Rj,.,, which arises either when the temperature throughout the
domain remains below 43°C (no damage to tumor or healthy tissue)
or when tumor temperatures exceed 46°C (causing an inflammatory
response). Variations in R;,, and R,,, introduce scatter around this
intercept. The slope (=0.56) is dominated by the contribution of R,,,,
with minor coupling effects from the other indicators. Specifically,
the one-site injection exhibits a different (lower) slope, which likely
reflects substantial overheating (volumes exceeds 46°C) induced by
the concentrated heat source, which impedes further increases in R,,,.
Overall, increasing the number of injections elevates the optimal R,,,,,
and the eight-site injection attains the maximum possible value R,,,, =
1. The optimal R, value shown in Figs. 3 (a2) to (d2) closely sat-
isfy the prescribed requirement, indicating minimal difference in their
contributions to the variation of the maximum J. Regarding the MNP
dose V, the absence of MNP results in no temperature elevation and,
consequently, no ablation, keeping all tissues below 43°C. Conversely,
excessive dosing readily drives tumor temperatures above 46°C. Both
extremes correspond to low objective values J, as illustrated in Figs.
3 (a3) to (d3). Even at the smallest optimal MNP doses among the
four scenarios, the poor R,,, performance indicates that the one-site
injection cannot achieve satisfactory results in J.

The details of the optimal injection strategies for the different
injection number are summarized in Table 1, and the corresponding
temperature fields and MNP injection sites are shown in Fig. 4. The
pronounced overheating region (where the temperature exceeds 46°C)
in the optimal one-site injection reduces R,,,, to 0.602 (39.8% of the
tumor volume overheated), which largely prevents this strategy from
achieving a satisfactory outcome. Despite this limitation, the one-site
injection strategy nearly meets the other requirements, including the
performance in healthy tissue R,,,,, interface R;,;, and MNP dose Ry,
as detailed in Table 1. Both the four-site and six-site injection strategies
are inferior in R;,, while the four-site strategy also exhibits a slight
deficit in R,,,,. Comparatively, high scores in R, and R,, drive the
eight-site injection strategy to achieve the largest value in J among
the four strategies. The maximum temperature decreases as the number
of injections increases, reaching exactly 46°C for both the six-site and
eight-site strategies. Additionally, the optimal injection sites tend to
move toward the tumor center as the number of injections rises, as
indicated by d,, shown in Table 1, although the change is subtle yet
visible in Figs. 4 (b1) to (d1). Notably, the optimal waiting time ¢,
for all four injection strategies approaches the 20-minute upper bound,
raising the question of how performance will change if the allowable
waiting time is extended. Consequently, the impact of the waiting time
constraint for the one-site and eight-site injection scenarios, the most
promising and highest-performing cases, is analyzed below.
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injection.

Table 2
Optimal strategies for the one-site injection scenario under different allowed
waiting times for the spherical tumor model.

Time limit Rim Rea R Tax> °C V> mm? Top> TN
20 min 0.602 1.000 0.992 56.6 1.60 19.9

60 min 0.851 1.000 0.996 48.4 1.76 59.2
120 min 1.000 1.000 0.997 46.0 2.19 114.9

3.1.2. Effect of maximum allowed waiting time

For the one-site injection scenario, two additional allowed waiting
times (60 min and 120 min) are considered alongside the baseline 20-
minute limit, yielding reference standard deviations ¢, = 1.55, 2.68,
and 3.80 mm, for the 20, 60, and 120-minute cases, respectively.
The obtained optimal waiting times (top,) for these three scenarios are
19.9, 59.2, and 114.9 min, respectively. The corresponding optimal
temperature fields (see Figs. 5(a) to (c)) indicate that the 114.9-minute
wait is sufficient to eliminate the overheated region. As summarized in
Table 2, the overheated tumor fraction is reduced from 39.8% (R,,, =
0.602) at t,, 19.9 min to 14.9% (R, = 0.851) at t,, 59.2

tum
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dose V, for the scenarios: (al)~(a3) one-site injection, (b1)~(b3) four-site injection, (c1)~(c3) six-site injection, and (d1)~(d3) eight-site injection. The dark red

point denotes the optimal choice.

min, and vanishes entirely (R,,, = 1.000) at #,, = 114.9 min. This
improvement in therapeutic efficacy is attributable to the enhanced
MNP diffusion [26,28]. Longer waiting times yield a more uniform
MNP volume fraction distribution. The MNP concentrations at the
tumor center for the three optimal waiting times are 2.75 x 1072, 5.91 x
1073, and 2.72 x 1073, respectively. The resulting more homogeneous
MNP distributions generate progressively more uniform temperature
fields, with tumor-center temperatures of 56.6, 48.4, and 46.0°C for
three strategies, respectively, while maintaining a constant temperature
of 43.0°C at the tumor boundary (see Fig. 5(d)). However, extending
the waiting time increases the required MNP dose V,, by 36.9% at
= 114.9 min, relative to the baseline one-site strategy.

In practice, increasing the waiting time and MNP dose may intro-
duce operational inefficiencies and elevate the risk of toxicity within
the human body [15,16]. Therefore, strategy selection should carefully

topt

Table 3
Optimal strategies for the eight-site injection case with varying waiting time
limits on the spherical tumor model.

Time limit R, Reu R, Tyars °C V,p mm® 7, min  d,,, mm
20 min 1.000 1.000 0.800 46.0 1.79 19.3 4.00
30 min 1.000 1.000 0.898 46.0 1.87 29.8 4.02
60 min 1.000 1.000 0.957 46.0 1.97 45.2 3.94

balance these practical constraints against therapeutic gains. Nonethe-
less, the substantial improvement in R,,, and the significant reduction
of the overheated region lead to the strategy with a waiting time of
ton = 1149 min a promising choice. Thus, this strategy is strongly
recommended for magnetic hyperthermia treatment provided that the
treatment duration and MNP-related toxicity remain acceptable.
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spherical tumor model, with highlighting on the mid-plane at y/L = 0. The optimal waiting times are (a) 19.9 min, (b) 59.2 min, and (c) 114.9 min, respectively,

where the small red spheres denote the optimal injection sites. Panel (d) presents

the radial temperature and MNP concentration profiles. The red vertical line

marks the tumor boundary, and the horizontal black dashed lines denote 43°C and 46°C isotherms.

For the eight-site injection scenario, two extended maximum wait-
ing times (30 and 60 min) are considered in addition to the baseline
20-minute limit. The optimal waiting times 7,, are 19.3, 29.8, and
45.2 min, respectively, for the three scenarios. The value 7,, = 452
min indicates that a 60-minute allowance is non-binding and therefore
sufficient for this scenario. As shown in Fig. 6, increasing t,, results
in a slight improvement in the temperature field (most notably at
the interface), despite substantial variation in the intratumoral MNP
distribution (see Figs. 6 (a2) to (c2) and (d)). This adjustment also

requires a significant increase in the optimal MNP dose V,,,, rising by
10.1% as 1, increases from 19.3 to 45.3 min (see Table 3). Given the
increased treatment duration and potential biotoxicity, along with the
limited improvement in overall temperature performance, the strategies
with 7,,, = 19.3 and ¢,,, = 45.2 min can be regarded as alternative
choices. By comparison, the one-site strategy at 7,,, = 114.9 min yields a
more favorable temperature field, albeit with slightly higher MNP dose
than the eight-site strategy at 7,, = 45.2 min. The one-site option may
also offer greater procedural convenience.
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site) with r = 4/x2 + 2 + z2. The red vertical line marks the tumor boundary, and the black dashed line indicates 43°C.

3.2. Simple irregular tumor

The simple irregular tumor consists of two connected spheres, as
presented in Fig. 1. This axisymmetric configuration indicates that the
previously assumed centrosymmetric MNP distribution is no longer
applicable. To enhance treatment efficacy, injection sites are allowed
anywhere within a prescribed cube domain, and the MNP distribution
from each injection is independent of the others. Accordingly, each
injection is characterized by five independent normalized ratios: k;,
ks and (ky; ky;. k. ;). This section examines one-, two-, and three-
site injection scenarios, requiring the determination of five, ten, and
fifteen normalized ratios, respectively. A 120-minute waiting-time limit
is adopted based on its demonstrated effectiveness for the spherical
tumor model (see Section 3.1.2). Consequently, the reference standard
derivation is o, = 0.378, and the reference volume fraction is reduced
to ¢y = 0.005, in accordance with the maximum value indicated in Fig.
5(d). The reference coordinate is set to (xq, ¥, z9) = (4.5,4.5,4.5) mm,
which defines a constrained injection cube that occupies 90% of the
side length of the red cube shown in Fig. 1.

Given the rapid convergence observed for the spherical tumor
model, the number of generations is reduced to 150 in this section.
As the expanded parameter space necessitates a broader exploration,
the swarm sizes per generation are set to 20 particles for the one-
site injection, 40 for the two-site injection, and 50 for the three-site

injection. Fig. 7 presents the searching trajectories for the three sce-
narios. In general, the completely independent search of normalized
ratios produces more possibilities than the symmetric search previously
employed for the spherical tumor model. For this simple irregular
tumor, the maximum objective values for the two-site and three-site
injections are both 0.899, exceeding that of the one-site injection
(0.849) by more than 5.9%. The linear-like relationships between the
satisfied tumor ratio R,,, and the objective function J across all three
scenarios are identical to those observed for the spherical tumor model.
In both the two-site and three-site injection scenarios, the optimal R,
and R,,, effectively meet their targets (1.000 each) with modest MNP
doses (2.40 and 2.46 mm?, respectively).

As shown in Fig. 8, all three scenarios exhibit quick convergence
despite the large number of independent optimization parameters,
each attaining its optimum within 75 generations, thereby confirm-
ing the suitability of the PSO settings. Notably, several parameters
converge to similar values between Figs. 8(b) and (c), while others
approach 0, which together indicate substantial similarity between the
two strategies. This resemblance is further illustrated in the optimal
spatial temperature fields plotted in Fig. 9. For the one-site strategy,
the 43°C isotherm is nearly spherical and deviates markedly from the
tumor boundary, resulting in an unsatisfactory intratumoral tempera-
ture distribution. Adding injections significantly improves temperature
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the evolution of optimal normalized ratios k,;, k,; and (k,,,k,;, k), where i represents the ith injection. Each scenario involves a total of 5n parameters.

performance in both the two-site and three-site strategies. The similar-
ity between these two strategies is evidenced by the shape of the 43°C
isotherm, the temperature distribution on the mid-plane y/L = 0, and
the locations of the two intratumoral injection sites.

Table 4 summarizes the three optimal strategies for the different in-
jection numbers. Compared to the one-site strategy, the gains achieved
by the two- and three-site strategies primarily arise from substantial

increases in R, and R;,. The close similarity between these two

10

strategies is also evident in their scores across the four performance in-
dicators and further extends to the optimal physical variables, namely,
maximum temperature 7,,,,, optimal waiting times 7,,,; (i = 1, 2), MNP
doses V,,, ;, and the coordinates (x;, y;, z;) of the first two injection sites.
Although the three-site strategy formally includes a third injection, its
contribution to the total MNP dose is negligible (7.60 x 1075%), so
that the three-site strategy effectively reduces to a practical two-site

strategy, mirroring the optimal injection number reported by Salloum
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red spheres indicate the optimal injection sites.

Table 4
Optimal strategies for the one-site, two-site, three-site injection scenarios applied to the simple irregular tumor
model.
Injection strategy one-site two-site three-site
J 0.849 0.899 0.899
Rium 0.947 0.999 1.000
Riea 0.999 1.000 1.000
R, 0.620 0.856 0.862
;9 0.144 0.135 0.131
Tpas °C 46.1 45.4 45.4
Topr,i> TIN 119.92 109.2 87.8 108.2 99.5 1.6 x 1072
Vps» MM? 2.31 1.63 0.77 1.62 0.84 1.87x 1077
v,,, mm’ 2.31 2.40 2.46

opt>
(x1. ¥y, 2;), mm (0.07, —0.07, 0.07)
(x2,¥,2,), mm -

(x3,3,23), mm - =

(-1.26, —1.24, —1.25)
(3.41, 3.28, 3.38)

(-1.25, -1.24, -1.24)
(3.55, 3.52, 3.55)
(-4.25, —4.16, 3.37)

et al. [32] and consistent with the axisymmetric geometry of the tumor
shape and the resulting two-site MNP distribution.

3.3. Complex irregular tumor

The complex irregular tumor consists of three connected spheres,
producing an asymmetric shape and representing a more general sce-
nario. Optimization settings are maintained as in the simple irregular
tumor model, and three injection scenarios are evaluated: one-site,
two-site, and three-site injections.

Fig. 10 shows the evolution of the normalized ratios kg, k,; and
(kyssky;.k, ), and the objective function J for the three injection
scenarios. As for the simple irregular tumor model, the optimization
employs 150 generations, with swarm sizes of 20, 40, and 50 particles
for the one-, two-, and three-site cases, respectively. Although the
increased parameter space requires more generations for convergence,
all three scenarios reach their optima within 100 generations.

The optimal temperature distributions for the three scenarios are
shown in Fig. 11. Evidently, temperature performance improves with
increasing injection number, with the three-site strategy achieving
the best outcome. In this complex, asymmetric tumor geometry, the
centrosymmetric and axisymmetric temperature fields produced by the
one-site and two-site injection strategies, respectively, are inherently
less effective. Accordingly, the objective function J increases sub-
stantially for the three-site strategy, from 0.850 (one-site) and 0.857
(two-site) to 0.891 (three-site). This improvement is driven principally
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by marked increases in R,,, and R;,, (see Table 5). Table 5 also lists
the optimal physical variables for the three-site strategy, including a
maximum temperature 7, = 45.4°C (within a clinically acceptable
range), an optimal total MNP dose V,,, = 2.19 mm? (the lowest among
the three strategies), and the optimal injection sites.

3.4. Geometry-dependent injection strategy

Across the three investigated tumor models, the optimal injection
number depends on tumor geometry and can be inferred from the
number of connected spheres. In practice, geometric decomposition of
tumor morphology using Computerized Tomography (CT) can deter-
mine the number and sizes of connected spheres that best approximate
the actual tumor shape. Incorporating this decomposition into the
optimization workflow can substantially improve the efficiency of the
optimization search.

The results in Table 6 indicate that the optimal injection sites .S; are
closely related to the sphere centers O; and their radii R;. Here, OO,
denotes the vector from the tumor center (O, the coordinate origin)
to the ith sphere center (O;), and O—S, represents the vector from O
to the ith optimal injection site (S;). Consequently, the ratios O -
O—Oi/ (|0_S; I TO{ |) and O—S,O—Ol/ IO—O,-I2 measures the relative direction
(1 and -1 correspond to identical and opposite direction, respectively)
and normalized projection length (1 indicates equal lengths) of O,
compared to O0;, respectively. The spherical tumor model is excluded



Q. Jiang et al.

(a)1.0

International Journal of Thermal Sciences 227 (2026) 110889

(b)

0.8

0.6

0.4

021 1

0.0 1 1
0 50 100 150 0

Generation

Generation

100

Generation

Fig. 10. PSO searching process for the complex irregular tumor model with (a) one-site injection, (b) two-site injection, and (c) three-site injection. Symbols

denote the evolution of optimal normalized ratios k,;, k,; and (k

X, ky.i’

z

(al) = (b)

k.;), where i denotes the ith injection. Each scenario involves a total of 5» parameters.

z z

b L.

Tumor boundary |

(Cz) L-Lx—v

Fig. 11. Optimal spatial temperature distribution for the complex irregular tumor model with (a) one-site, (b) two-site, and (c) three-site injections. The first
row shows the temperature field at the mid-plane y/L = 0, while the second row compares the 43°C isotherm with the tumor surface, which is depicted in silver.

The little red spheres indicate the optimal injection sites.

Table 5

Optimal strategies for the one-site, two-site, and three-site injection scenarios applied to the complex irregular

tumor model.

Injection strategy one-site two-site three-site

J 0.850 0.857 0.891

Ry 0.956 0.978 0.994

Ry, 0.999 0.999 0.999

Ry 0.586 0.557 0.779

Rypse 0.143 0.134 0.156

Taxs °C 46.1 46.0 45.4

Topri» TIN 119.8 119.6 55.4 79.1 73.2 21.6
Vppri» mm? 2.32 1.94 0.18 0.86 1.04 0.28
v, ., mm’ 2.32 2.42 2.19

opt>
(x1, ¥y, 2;), mm
(x2,¥,2,), mm
(x3,3,23), mm

(0.22, —0.11, 0.14)

(-0.69, —1.60, —0.40)
(1.70, -3.72, 1.67)

(-3.16, 1.08, 3.20)
(1.00, —2.19, —2.05)
(3.51, 3.63, 0.83)

from this comparison because, in that case, the sphere center and the
optimal injection site coincide.

As shown in Table 6, the direction ratio T& . TQ/(lTS; 1 O—O,-l) is
very close to 1 for each injection, indicating a strong alignment between
the directions of the optimal injection sites and the corresponding
sphere centers. The perfect (100%) correlation observed for the simple
irregular tumor model is primarily attributed to the axisymmetry of
both the tumor shape and the coaxial MNP distribution. In the complex
tumor model, each injection site achieves a direction ratio above 0.97,

12

demonstrating that pronounced directional alignment persists even in
more general, non-symmetric geometries. Fig. 12 further illustrates
this alignment. The length ratio OS, - 00,/|00;|* exceeds 1 in all
cases, indicating that O, > 0O;. In other words, optimal injection
sites are displaced radially outward relative to the sphere centers,
which likely serves to mitigate intratumoral overheating, consistent
with previous findings [24,54]. Furthermore, the length ratio generally
increases with sphere radius, suggesting that injections are placed
progressively farther from the tumor center as sphere size grows.
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Table 6
Comparison of the vectors to the sphere centers 00, and the injection sites
05;, where i denotes the injection index. The ratios OS, - 00, /(|0S;||00;|)

e —
and OS; - 00,/|00;| illustrate the relative direction and length, respectively.

Model & Strategy R,, mm 0S; - 00,/(10S;1100;)) 0s, - 00,/|00,"
Simple irregular 4.5 1.00 2.50
two-site 3 1.00 1.68
Complex irregular 45 0.97 3.18
threepsite ¢ 3 1.00 1.05
3.25 1.00 2.02

Fig. 12. Comparison of the optimal injection sites and the spherical centers for
both simple and complex irregular tumor shapes. The small black dots denote
the tumor center (O, coordinate origin) and sphere centers (O;, i = 1, 2 for
simple irregular tumor and i = 1, 2, 3 for complex irregular tumor). The small
red spheres denote injection sites (S;). The dashed lines connect the tumor
center and sphere centers.

Overall, the observed alignment in both direction and length provides
a useful guideline for selecting and evaluating candidate injection sites
in practical implementations.

4. Conclusions

This study investigates optimal MNP injection strategies in 3D
configurations to better approximate clinical conditions and thereby
maximize the efficacy of magnetic hyperthermia. The 3D PBHTE is
used for bio-heat simulations, and PSO is employed to identify optimal
MNP distributions. Optimization outcomes are evaluated primarily by
thermal performance while simultaneously accounting for total MNP
dose. Three tumor geometries are considered: spherical, simple irregu-
lar, and complex irregular, spanning a range from complete symmetry
to progressively increasingly generalized, non-symmetric shapes. Each
scenario converges rapidly and yields reasonably satisfactory results,
demonstrating the efficiency and effectiveness of this framework for
optimizing treatment efficacy.

For the spherical tumor model, waiting time significantly influences
the optimization outcomes. Although the one-site MNP distribution is
consistent with tumor symmetry, its short optimal time (#,,, = 19.9 min)
limits MNP diffusion and results in a large overheated intratumoral
volume (39.8%). Multi-site strategies improve temperature control,
with the eight-site strategy achieving the best performance under short
waiting times. However, when the optimal waiting time is extended
to t,, = 114.9 min, sufficient MNP diffusion prevents overheating and
highlights the benefits of the centrosymmetric configuration, making
the one-site strategy highly recommended, provided the prolonged
duration and MNP dose are acceptable. By contrast, extending the wait-
ing time for the eight-site strategy yields only marginal temperature
improvements while substantially increasing treatment duration and
risk of MNP-related toxicity.

Motivated by the improved performance associated with prolonged
waiting times and by the increased geometric complexity, the irregu-
lar tumor scenarios adopt an extended waiting time limit (120 min)
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and optimize each MNP injection independently to enhance thermal
control. The rapid convergence observed confirms the capability and
suitability of the framework in managing the enlarged parameter space.
For the simple irregular tumor, the two-site and three-site scenarios
produce nearly identical optimal outcomes, both in objective indicators
and in the optimal physical variable, owing to the degradation of the
third injection in the three-site strategy. These results indicate that the
two-site strategy is optimal for the simple irregular tumor. Similarly,
the three-site strategy is most suitable for the complex irregular tumor.

Therefore, the optimal number of injections correlates with the
number of connected spheres, a relationship driven primarily by tumor
geometry and the corresponding optimal MNP-induced temperature
distribution. This observation provides a practical guideline for select-
ing the injection number once the connected sphere decomposition
has been obtained from CT imaging. Moreover, the vectors from the
tumor center to the optimal injection sites closely align with those
to the centers of the connected spheres, and their length generally
increases with sphere radius. Hence, the center-to-site vectors provide
an effective reference for evaluating or predicting the optimal strategy,
especially when a full optimization routine is not available.

This work is valuable for optimizing treatment efficacy across a
range of tumor geometries. The observed trends and findings provide
deeper insights into the optimization presets and strategy evaluation,
thereby contributing to improved planning of magnetic hyperthermia
treatments. However, while the three tumor models serve as represen-
tative examples of the majority of tumors encountered, they cannot
fully replicate each real tumor due to its unique characteristics. In
future work, topology analysis could be integrated into the efficient
and effective determination of the most representative computational
model. Furthermore, although the treatment almost achieves the de-
sired efficacy, 0.4% of tumor cells remain undestroyed, and 0.1% of
healthy tissue is affected in the scenario with the complex irregular
tumor model. Therefore, allowing dynamic adjustment of the injection
number during the optimization process, such as increasing injections
in the unablated tumor regions and reducing injections in areas where
healthy tissue is impacted, could enhance the flexibility of the optimiza-
tion search and potentially improve treatment efficacy, especially for
complex clinical scenarios, such as tumors adjacent to blood vessels,
bone, or the skin surface. Additionally, the use of simplified tumor
geometries, constant thermal properties for tumor and healthy tissues,
and an empirical model for perfusing blood may limit the fidelity of our
approximation to clinical conditions. Refining these aspects represents
other directions for our future research.
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Fig. A.1. Lattice arrangement for D3Q7.

Appendix A. Solving PBHTE using LBM

The lattice Boltzmann method (LBM) is a mesoscopic computa-
tional fluid dynamics (CFD) approach, deriving from lattice gas au-
tomata (LGA). LBM has been effectively utilized in modeling fluid
flow and heat/mass transfer simulations [55-57]. Initially applied to
magnetic hyperthermia by Zhang [58], LBM has demonstrated signifi-
cant capability in addressing bioheat transfer issues, thereby promot-
ing its broader adoption in this field [28,59,60]. In this work, the
multiple-relaxation-time lattice Boltzmann method (MRT-LBM) is em-
ployed owing to its established numerical stability at low viscosity [61,
62].

The D3Q7 scheme is recommended for solving the 3D energy equa-
tion and other scalar equations [63]. In this scheme, there are seven
velocity vectors in the lattice, as shown in Fig. A.1. The discrete D3Q7
MRT-LBM equation for temperature field is given by [64-66]

g(x,+ed,, 1,+8,)—g(x,, 1,) = —N"Q[n—n(“’)]|<Xk,,n>+N‘15,(I—%)'I’, (A1)

where g(x,1,) = (8o(Xks ) &1 (X 1)s - - » 86 (X 1,))T is distribution func-
tion vectors at time f, and node x,. n and n®? represent the mo-
ment vectors and their corresponding equilibrium moment vectors,
respectively. e denotes unit velocities along seven discrete directions.

(0,0,0), i=0
e = (A.2)
(£1,0,0),(0,+1,0),(0,0,£1), i=1~6.
N is a 7 x 7 orthogonal transformation matrix
1 1 1 1 1 1 1
0 1 -1 0 0 0 0
0 0 0 1 -1 0 0
N=|0 O 0 0 1 -1], (A.3)
6 -1 -1 -1 -1 -1 -1
0o 2 2 -1 -1 -1 1
0 0 0 1 1 -1 -1
and
n=Ng, g=N"n (A.4)

The equilibrium distribution function gfe") (i=0,1,...,6) is defined
as [64,65]
€ -u

g =a,T(1+ ) (A.5)
csT
where ch = c2/4 is the sound speed. @; is the weight coefficient, which
is given by
1/4, i=0
g = M (A.6)
1/8, i=1~6.
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Fig. A.2. Schematic of natural convection in Liu et al. [64].

Table A.1
Sensitivity studies on the grid number and computational domain size in 3D
configuration.
Grid number NyXN, T,°C T,,°C Err,,% Err,,%
50 % 50 % 50 45.82 42.55 0.33 0.26
100 x 100 x 100 45.97 42.66 0.06 0.06
200 x 200 x 200 45.99 42.69 - -
L/l T.,°C T,,°C Err.,% Err.,%
Domain size 5 45.97 42.66 0.22 0.24
10 46.07 42.77 - -
O is a diagonal relaxation matrix, as
0 =diag(l,1/zp, 1 /7p, 1 /7p, 1.2,1,1), (A.7)

where 7; is linked to the effective thermal diffusivity in Chapman-
Enskog analysis, as

@, = 2 (tp — 0.5)5,. (A.8)
The macroscopic is obtained by
a1
T= ;gi +56,0 (A.9)

An investigation of natural convection in a cubic cavity is conducted
to validate the D3Q7 MRT-LBM framework for solving the temperature
field. Fig. A.2 presents the schematic, where all boundaries are fixed.
The left and right vertical walls are maintained at constant tempera-
tures of T, and T, respectively, while the remaining walls are adiabatic.
The flow within the cavity is incompressible and driven by buoyancy
forces, and it is solved using the D3Q19 scheme. The temperature
profile on the mid-plane (y/L = 0), shown in Fig. A.3, demonstrates
good agreement with previously reported data [64]. A comparison with
the experiment reported by Moroz et al. [67] is presented in Fig. A.4.
This study implemented magnetic hyperthermia in rabbit liver: each
rabbit received a 1 mm tumor implant, and four MNP dose groups (25,
50, 75, and 100 mg) were evaluated. A total of 20 rabbits were used,
equally distributed among the four groups. Fig. A.4(a) compares the
mean temporal temperature evolution at the tumor core. The numerical
results agree well with the experimental mean values, and the small de-
viations observed are likely attributable to uncontrollable experimental
uncertainties and operational errors in such small-scale measurements.
As illustrated in Fig. A.4(b), the numerical temperature increases at
t = 5 min lie within the experimental error range and are close to
the measured mean values, thereby demonstrating the reliability and
accuracy of the present framework.
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Fig. A.4. Validation against a magnetic hyperthermia experiment in rabbit liver [67].
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Fig. A.5. Temperature and MNP concentration profiles along the direction of the vector (1,1,1) for the various mesh resolutions, where r = 1/x2 + y? + z2. The

red vertical line marks the tumor boundary.

To evaluate the spatial resolution, the optimal eight-site strategy for
the spherical tumor model is employed as an example with three sets
of meshes: 50 x 50 x 50, 100 x 100 x 100, and 200 x 200 x 200.
Fig. A.5 presents a comparison of the three mesh resolutions along the
direction (1,1,1), where the most spatial variation in MNP distribution
is observed, as indicated in Fig. 6 (a2)~(c2). It is evident from Fig. A.5
that both temperature and MNP concentration exhibit only marginal
differences among the three mesh resolutions, particularly between the
100 x 100 x 100 mesh and 200 x 200 x 200 mesh. To quantify these
differences, the temperatures at two monitored points, including the
tumor center (7,) and the rightmost point of the tumor boundary (7,),
together with the corresponding errors (Err, and Err,), are detailed
in Table A.1. The comparison indicates that the 50 x 50 x 50 mesh
is adequate for capturing the temperature field; however, to achieve
better resolution, the 100 x 100 x 100 mesh is selected for this work.
In addition, we assess whether the tissue block is sufficiently large to
neglect the influence of boundary conditions by doubling its length. As
shown in Table A.1, the results for the original domain size (L/Il = 5)
exhibit almost no difference in temperature at monitored points (below
0.3%) compared to those for the doubled size (L/! = 10), indicating
that the domain size used in this work is adequate.

Appendix B. Particle swarm optimization

Particle swarm optimization (PSO) is a stochastic, population-based
heuristic optimization algorithm that makes few assumptions and can
efficiently handle multimodal problem together with the large search
spaces [53,68]. PSO is inspired by collective swarm behaviors, such
as insect colonies, bird flocking, fish schooling, and animal herding,
in which individuals search collaboratively by using both their own
experience and information shared by others [69]. The update of each
particle at a given iteration is governed by its accumulated knowledge,
social communication with other particles, and the inertia, which to-
gether drive the swarm toward the optimization objective [70]. Over
the years PSO has been extended into multiple variants and has been
successfully applied to a wide range of problems [68,71-76]

This work employs a scheme with a linearly decreasing inertia
weight [75], which promotes global search during the initial iterations
and gradually shifts toward local exploitation, thereby ensuring both
global optimality and rapid convergence. The position x of the ith
particle in parameter space at time 7 + 1, and its corresponding value
change (velocity) v, can be expressed as

A=y X (B.1a)

t+1

U = wv' +eir (P — X) + epra (g — x7) (B.1b)

where w denotes the inertia weight. ¢, and ¢, are acceleration constants
that scale the stochastic cognitive and social components, which pull
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each particle toward its personal best and the global best positions,
respectively. In this work, w decreases linearly from 0.8 to 0, while ¢,
and ¢, are fixed at 1.5. r| and r, are independent random variables
in [0,1]. p and g denote the personal best position of the present
particle and the global best position of the swarm, respectively. The
algorithm has been validated on multimodal benchmark functions,
and its efficiency and capability for optimizing MNP distributions to
maximize magnetic hyperthermia efficacy have been demonstrated (see
our previous work [38] for details).

Data availability

Data will be made available on request.
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