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CHAPTER 1
Introdu
tion

1.1 Ba
kgroundVibrations are everywhere around us, many o

ur in nature, and many inman-made devi
es, stru
tures and ma
hines. Very often vibrations are not adesirable state of a stru
ture, and the main goal of engineers is to avoid or toredu
e these vibrations. Mathemati
ians, me
hani
al engineers, and physi
istsstudied vibrations for many years by means of numeri
al and analyti
al meth-ods, and these phenomena are still of interest today. A wide range of s
ienti�
journal papers and books are devoted to this problem. In order to solve the
hallenging problems for vibrations, a number of te
hniques and methods hasbeen developed (see, for instan
e [1℄, [2℄). Mathemati
al models of vibratingsystems are usually divided into two 
lasses: dis
rete, or lumped-parametermodels, and 
ontinuous, or distributed-parameter models. In reality, how-ever, systems 
an 
ontain both dis
rete and 
ontinuous parts. Be
ause exa
tsolutions are possible to �nd only for a limited number of problems, formal ap-proximations of the solution are usually 
onstru
ted by means of asymptoti
or numeri
al methods. Many books have been written about asymptoti
 andnumeri
al methods. An introdu
tion to asymptoti
 methods with the basi
prin
iples of asymptoti
s and its appli
ations, and an overview of traditionaland modern approa
hes 
an be found in [3℄, [4℄, [5℄, and [6℄.The goal of the present thesis is to study vibrations of axially moving
ontinua, whi
h are des
ribed by distributed-parameter or 
ontinuous math-emati
al models. Obje
ts like, for instan
e, 
onveyor belts, magneti
 tapes,1



2 Chapter 1. Introdu
tiontramways, power transmission belts, band saw blades, oil piplines, et
, are of-ten referred to as axially moving materials or axially moving 
ontinua. Axiallymoving 
ontinua 
an be mathemati
ally modelled as strings, rods or beams,depending on the bending sti�ness. But they all have something in 
ommon,namely, the dimension in so-
alled �axial� dire
tion is mu
h larger than thedimensions in the other two dire
tions. Studying the dynami
al behaviour ofaxially moving materials as well as problems of intera
tion of stru
tures with�ows are both of great pra
ti
al and theoreti
al interest (see, for instan
e [7℄and [8℄). In Figure 1.1 an example of a moving 
able system is given.

Figure 1.1: An example of a moving 
able system.A s
hemati
 model of a 
onveyor belt system whi
h moves with velo
ity Vbis shown in Figure 1.2.Moving 
onveyer belt systems 
an be divided into two kinds: belt systemswhi
h move with 
onstant velo
ity and belt systems whi
h move with time-varying velo
ities. A 
onstant belt speed 
ase was studied in [9℄, [10℄, and [11℄.It was found that the natural frequen
ies of the moving belt system depend onthe axial speed Vb and de
rease with in
reasing belt speed. It was also foundthat instabilities may o

ur for 
ertain 
riti
al velo
ity values.In reality, however, a moving 
onveyer belt system has some imperfe
tionssu
h as pulley e

entri
ities and so on, and 
orrespondingly experien
es a
-
elerating and de
elerating motions. More realisti
 models with the low andtime-dependent belt velo
ity Vb were re
ently studied in [12℄, [13℄, and [14℄.The two time-s
ales perturbation method was used for a beam-like equation
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PSfrag repla
ementsU(X, τ)

X

Vb

LFigure 1.2: S
hemati
 model of a moving 
onveyor belt system with velo
ity Vb,length L, transversal displa
ement U(X, τ). The 
oordinate in axial dire
tionis X, and τ represents the time.(in [12℄), for a string-like equation (in [13℄), and for a nonlinear beam-likeequation (in [14℄). Transversal vibrations of a moving string with a high andtime-dependent velo
ity were studied in [15℄. To �nd approximate solutionsof these four problems a trun
ation to just one vibration mode was appliedin [12℄-[15℄. On the other hand, the solution of a partial di�erential equation
onsists of in�nitely many modes and appli
ation of the trun
ation method(without justi�
ation) may lead to ina

urate results. Transversal vibrationsof an axially moving string with a low and time-varying velo
ity were studiedin [16℄, [17℄. It was found that there are in�nitely many intera
tion betweenvibration modes, and that the trun
ation method 
an not be applied to obtainasymptoti
 results on long-time s
ales in this 
ase. An asso
iated beam-likeequation was studied in [18℄. It was shown that there are less problems in ap-plying of the trun
ation method in this 
ase. Transversal vibration of a movingbeam with vis
ous damping were also studied re
ently in [19℄. A number ofpapers was also devoted to (weakly) nonlinear transversal vibrations of axiallymoving belts (see, for instan
e, [20℄). The e�e
t of an end mass on stabilityproperties of a translating string and beam with variable length was studiedin [21℄. More studies of string and beam equations in appli
ation to deep minehoisting and elevators 
abels 
an be found in [22℄, [23℄. A 
oupled belt-pulleyvibration was studied in [24℄.1.2 MotivationIt has already been indi
ated that the trun
ation method 
an not be appliedto a moving string-like equation for the 
ase of a low and time-dependent beltvelo
ity. The purpose of the present work is to study the appli
ability of thetrun
ation method in 
ase of a relatively high and time-dependent belt velo
ity



4 Chapter 1. Introdu
tion(that is, of the same order of magnitude as the wave speed in the string).On the other hand, in [18℄ it has been shown that the trun
ation method
an be applied to the beam-string-like equations when the belt velo
ity is low.From experiments and from theoreti
al investigations (see, for example [25℄)it is known that the real dynami
 behaviour of 
onveyer belt systems withrelatively small bending sti�ness is some sort of 
ombination of both string-like and beam-string-like models. The �rst low vibration modes look morelike string modes and the higher order modes (when the bending sti�nessbe
omes more important) look more like beam-string or beam modes. It isnot only interesting but also important from the appli
ational point of viewto investigate su
h phenomena of transient �from string to beam-string (orbeam)� behaviour.It is also of great pra
ti
al interest to study the 
ase of a sudden stop ofa moving belt system. A 
orresponding system of 
oupled nonlinear partialdi�erential equations (in transversal and in longitudinal dire
tions) will bestudied in this thesis.1.3 Mathemati
al modelIn the 
lassi
al analysis of axially moving 
ontinua the vibrations are usually
lassi�ed into two types, i.e. whether it is of a string-like type or of a beam-liketype, depending on the bending sti�ness of the belt. If the bending sti�ness
an be negle
ted then the system is 
lassi�ed as string (wave)-like, otherwiseit is 
lassi�ed as beam-like. The belt under 
onsideration is assumed to berather elasti
. Equations of motions for a moving 
onveyer belt system 
an bederived by using Hamilton's prin
iple. (see, for instan
e [26℄). The transversevibrations of a belt system (with time-varying velo
ity V (τ)) 
an be modelledmathemati
ally as:
• string-like by

Uττ + 2V UXτ + VτUX + (V 2 − c2)UXX = 0, and (1.1)
• beam-like (with a string e�e
t) by

Uττ + 2V UXτ + VτUX + (V 2 − c2)UXX +
EI

ρA
UXXXX = 0, (1.2)



1.3. Mathemati
al model 5where
U(X, τ) : the displa
ement of the string in verti
al dire
tion,
V (τ) : the time-varying belt speed,
c > 0 : the wave speed due to a pretension of the belt,
X : the 
oordinate in horizontal dire
tion,
E : the modulus of elasti
ity,
I : the se
ond moment of inertia with respe
t to the beltmiddle plane,
ρ : the mass density of the belt,
A : the area of the 
ross se
tion of the belt,
τ : the time, and
L : the distan
e between the pulleys,and where c =

√

T0

Aρ
, in whi
h T0 is assumed to be the 
onstant non zerotension of the belt. The time-varying belt velo
ity V (τ) is given by V (τ) =

V0 + εα sin(ωτ) or by V (τ) = ε(V0 + α sin(ωτ)), where V0, ω, and α are somepositive 
onstants with V0 > 0, and where ε is a small parameter with 0 < ε≪
1. The small parameter ε indi
ates that there are perturbations of the mainbelt speed V0, due to di�erent kinds of imperfe
tions of the belt system. When
V (τ) = ε(V0 +α sin(ωτ)), it is assumed that the belt always moves forward inone dire
tion (the 
ondition V0 > |α| is applied). Equations (1.1) and (1.2) arelinearized equations of motion, derived from the more 
ompli
ated nonlinearequations of motion. Although nonlinear equations are more a

urate, it isnot meaningless to study �rst weakly perturbed linear equations. Nonlinearequations of motion for the moving belt system will be studied in Chapter 5.It is assumed that the belt is simply supported, and that the boundary andinitial 
onditions are given by

U(0, τ ; ε) = U(L, τ ; ε) = 0, τ > 0,

U(X, 0; ε) = f(X), and Uτ (X, 0; ε) = r(X), 0 < X < L, (1.3)for the string-like equation (1.1), and
U(0, τ ; ε) = U(L, τ ; ε) = UXX(0, τ ; ε) = UXX(L, τ ; ε) = 0, τ > 0,

U(X, 0; ε) = f(X), and Uτ (X, 0; ε) = r(X), 0 < X < L, (1.4)for the beam-like equation (1.2). In (1.3) and (1.4) f(X) represents the initialdispla
ement and r(X) is the initial velo
ity of the belt.



6 Chapter 1. Introdu
tion1.4 MethodsIn mathemati
s analyti
al solutions 
an be found only for a limited numberof di�erential equations. Real physi
al problems are subje
ted to an essen-tial in�uen
e of variable parameters, nonlinearities, and 
ompli
ated bound-ary 
onditions. To �nd an analyti
al solution in these 
ases is usually notpossible. In order to obtain information about behaviour of su
h physi
al sys-tems, approximated solutions 
an sometimes be 
onstru
ted. In this thesisformal approximation of the solution of the initial-boundary value problems(1.1),(1.3) and (1.2),(1.4) will be 
onstru
ted. These formal approximationssatisfy the di�erential equations and the boundary 
onditions up to some orderin ε. Sin
e a straight-forward expansion in ε may have se
ular terms (termswhi
h are unbounded in τ) in the approximations of the solution, the twotime-s
ales perturbation method will be used in this thesis to avoid these un-bounded terms. To apply this method two time-s
ales are introdu
ed: τ0 = τand τ1 = ετ , so that U(X, τ ; ε) = V (X, τ0, τ1; ε). The introdu
tion of thesetwo time-s
ales de�nes the following transformations for the time derivatives:
∂(· )
∂τ

=
∂(· )
∂τ0

+ ε
∂(· )
∂τ1

,

∂2(· )
∂τ2

=
∂2(· )
∂τ2

0

+ 2ε
∂2(· )
∂τ0∂τ1

+ ε2
∂2(· )
∂τ2

1

.

(1.5)Assuming that V (X, τ0, τ1; ε) = V0(X, τ0, τ1) + εV1(X, τ0, τ1) + . . ., a set ofdi�erential equations for ea
h order in ε will be obtained, whi
h 
an be solvedone by one. Se
ular terms should be eliminated in ea
h step while solving.For a more 
omplete overview of this perturbation method (i.e. the method ofmultiple time-s
ales) the reader is referred to [4℄ or [5℄.1.5 Outline of the thesisThe thesis is organized as follows. In this Chapter 1 a brief introdu
tion tothe subje
t has been given.In Chapter 2 an initial-boundary value problem for a linear, non-homogeneous axially moving string equation will be 
onsidered. The velo
ity ofthe string is assumed to be 
onstant (i.e. Vb = V0, and V0 is of the same order ofmagnitude as the wave speed c), and the non-homogeneous terms in the stringequation are due to external for
es a
ting on the string. The Lapla
e transformmethod will be used to 
onstru
t the solution of the problem. It will turn outthat the method has 
onsiderable, 
omputational advantages 
ompared to theusually applied method of modal analysis based on eigenfun
tion expansions.



1.5. Outline of the thesis 7In Chapter 3 an initial-boundary value problem for a linear equation de-s
ribing an axially moving string will be 
onsidered for whi
h the bendingsti�ness will be negle
ted. The velo
ity of the string is assumed to be time-varying and to be of the same order of magnitude as the wave speed. A twotime-s
ales perturbation method and the Lapla
e transform method will beused to 
onstru
t formal asymptoti
 approximations of the solutions. It willbe shown that the linear axially moving string model already has 
ompli
ateddynami
al behaviour and that the trun
ation method 
an not be applied to thisproblem in order to obtain approximations whi
h are valid on long time-s
ales.In Chapter 4 a new model approa
h des
ribing the transient �from string tobeam-string (or beam)� behaviour, based on the 
omputations of the naturalfrequen
ies will be proposed. The in�uen
e of the bending sti�ness on thetime behaviour of an approximate solution of the problem will be studied.The regions of appli
ability of the simpli�ed models will be found for di�erentvalues of the bending sti�ness parameter and di�erent values of the relativeerror. It turns out that there are in�nitely many values of ω that give rise tointernal resonan
es in the axially moving belt system. In fa
t, this happenswhen ω is equal to any sum or di�eren
e 
ombination of the natural frequen
iesof the string model and (or) the stret
hed beam model. It will also turn outthat the two-time s
ales perturbation method de�nes a 
orre
tion in the stringmodel frequen
y whi
h represents the e�e
t of the small bending sti�ness forthe lower os
illation modes. Formal approximations of the solution will be
onstru
ted, and the stability analysis in some resonant 
ases will be studiedfor four di�erent values of the relative errors: 5%, 3%, 1% and 0.1%. It willturn out that the properties of the solutions remain more or less the same, and
orrespond to the properties of the exa
t solution of the problem.In Chapter 5 the energy transfer between the longitudinal motion and thetransversal motion of a 
onveyor belt system after stoppage will be studied.Nonlinear equations of motion for the moving belt system will be studied.It will turn out that 
ompli
ated internal resonan
es 
an o

ur leading tointeresting energy transfers between longitudinal and transversal motions. For
ertain parameter values it will turn out that relatively high mode longitudinalvibrations 
an indu
e low mode transversal vibrations with relatively largeamplitudes.In Chapter 6 some 
on
lusions will be given and some possibilities for futureresear
h related to this thesis will be dis
ussed.Most of the 
hapters have been submitted to di�erent journals and thereforethey are self-
ontained.



8 Chapter 1. Introdu
tion



CHAPTER 2
On the 
onstru
tion of the solution of an equation des
ribing anaxially moving string
Abstra
t: In this 
hapter an initial-boundary value problem for a linear,non-homogeneous axially moving string equation will be 
onsidered. Thevelo
ity of the string is assumed to be 
onstant, and the non-homogeneousterms in the string equation are due to external for
e a
ting on the string.The Lapla
e transform method will be used to 
onstru
t the solution of theproblem. It will turn out that the method has 
onsiderable, 
omputationaladvantages 
ompared to the usually applied method of modal analysis basedon eigenfun
tion expansions.
2.1 Formulation of the problemThe dynami
s of axially moving materials have been studied by many re-sear
hers due to their te
hnologi
al importan
e. Transversal vibrations of beltsystems have been investigated for many years. A lot of literature is devoted tothis problem (see the referen
e lists in [12℄-[28℄). The main goal of this 
hapteris to investigate a linear, non-homogeneous equation for a moving string whi
hThis 
hapter is a slightly revised version of [27℄: W.T. van Horssen and S.V. Ponomareva:On the 
onstru
tion of the solution of an equation des
ribing an axially moving string,Journal of Sound and Vibration, 287, (2005), 359-366.9



10Chapter 2. On the 
onstru
tion of the solution of an equation des
ribing anaxially moving stringis a starting point to study later weakly perturbed or weakly nonlinear prob-lems for moving string equations. First the the displa
ement of the string inverti
al dire
tion will be determined by using the Lapla
e transform method.In the se
ond part of this 
hapter the solution will be 
onstru
ted by using themethod of eigenfun
tion expansions. This last method was developed for thisproblems by Meirovit
h in [29℄, [30℄ and by Wi
kert and Mote in [31℄. Bothmethods will be 
ompared. The 
onditions under whi
h bounded solutionsexist will be derived, and it will be shown for what kind of external for
esinternal resonan
es in the system will o

ur.PSfrag repla
ements u

x

V0

g(x, t)Figure 2.1: An axially moving string.The following linear equation of motion for the string with initial tension(moving in one dire
tion with a 
onstant velo
ity V0) will be 
onsidered in this
hapter:
utt + 2V0uxt + (V 2

0 − c2)uxx = g(x, t), 0 < x < l, t > 0, (2.1)where
u(x, t) : the displa
ement of the string in the verti
al dire
tion,
V0 : the string speed,
c > 0 : the wave speed,
x : the 
oordinate in horizontal dire
tion,
g(x, t) : the external for
e,
t : the time, and
l : the distan
e between the pulleys.In this 
hapter the 
ase V0 < c is 
onsidered. At the pulleys it is assumedthat there is no displa
ement of the string in verti
al dire
tion. Equation (2.1)
an also be found in [16℄, but now it is assumed that V0 is not ne
essarily small.The boundary and initial 
onditions for u(x, t) are given by

u(0, t) = u(l, t) = 0, t > 0,

u(x, 0) = f(x), and ut(x, 0) = r(x), 0 < x < l, (2.2)



2.2. Appli
ation of the Lapla
e transform method 11where f(x) and r(x) represent the initial displa
ement and the initial velo
ityof the string, respe
tively. It is assumed that the fun
tions f(x) and r(x) aresu�
iently smooth su
h that a two times 
ontinuously di�erentiable solutionfor the initial-boundary value problem (2.1)-(2.2) exists.2.2 Appli
ation of the Lapla
e transform methodThe initial-boundary value problem (2.1)-(2.2) for u(x, t) 
an readily be solvedby applying the Lapla
e transform method (with respe
t to time t) to (2.1)-(2.2), yielding
s2U(x, s)−su(x, 0) − ut(x, 0) + 2V0(sUx(x, s) − ux(x, 0))

+ Uxx(x, s)(V 2
0 − c2) = G1(x, s),

(2.3)
U(0, s) = U(l, s) = 0, (2.4)where U(x, s) and G1(x, s) are the Lapla
e transforms of u(x, t) and g(x, t)respe
tively.By dividing (2.3) by (V 2

0 − c2) and by rearranging terms in (2.3) it followsthat
Uxx +

2V0s

V 2
0 − c2

Ux +
s2

V 2
0 − c2

U = G(x, s), (2.5)where
G(x, s) =

G1(x, s) + sf(x) + r(x) + 2V0fx(x)

V 2
0 − c2

. (2.6)The general solution of the homogeneous equation (that is, (2.5) with G ≡
0) is given by

U(x, s) = C1(s) exp

( −sx
V0 + c

)

+ C2(s) exp

( −sx
V0 − c

)

, (2.7)where C1(s) and C2(s) are still arbitrary fun
tions. The method of variation ofparameters 
an be used to �nd the parti
ular solution of the non-homogeneousequation (2.5). To apply this method the solution is written in the form
U(x, s) = C1(x, s) exp

( −sx
V0 + c

)

+ C2(x, s) exp

( −sx
V0 − c

)

. (2.8)



12Chapter 2. On the 
onstru
tion of the solution of an equation des
ribing anaxially moving stringThe fun
tions C1(x, s) and C2(x, s) then follow from






























C ′

1(x, s) exp

( −sx
V0 + c

)

+ C ′

2(x, s) exp

( −sx
V0 − c

)

= 0,

C ′

1(x, s)

( −s
V0 + c

)

exp

( −sx
V0 + c

)

+ C ′

2(x, s)

( −s
V0 − c

)

exp

( −sx
V0 − c

)

= G(x, s),

(2.9)
or, equivalently, from















C ′

1(x, s) = G(x, s)
(V 2

0 − c2)

2sc
exp

(

sx

V0 + c

)

,

C ′

2(x, s) = −G(x, s)
(V 2

0 − c2)

2sc
exp

(

sx

V0 − c

)

,

(2.10)where the prime ′ denotes di�erentiation with respe
t to x. By integrating(2.10) with respe
t to x it follows that














C1(x, s) =
(V 2

0 − c2)

2sc

∫ x

0
G(x∗, s) exp

(

x∗s

V0 + c

)

dx∗ +K1(s),

C2(x, s) = − (V 2
0 − c2)

2sc

∫ x

0
G(x∗, s) exp

(

x∗s

V0 − c

)

dx∗ +K2(s),

(2.11)where K1(s) and K2(s) are still arbitrary fun
tions. The solution of the non-homogeneous equation (2.3) or (2.5) is given by
U(x, s) = K1(s) exp

( −sx
V0 + c

)

+K2(s) exp

( −sx
V0 − c

)

+
(V 2

0 − c2)

2sc

∫ x

0
G(x∗, s)

(

exp

(−s(x− x∗)

V0 + c

)

− exp

(−s(x− x∗)

V0 − c

))

dx∗,(2.12)where K1(s) and K2(s) 
an be determined from the boundary 
onditions (2.4).



2.2. Appli
ation of the Lapla
e transform method 13So, �nally, the following expression for U(x, s) is found:
U(x, s)

=
(V 2

0 − c2)

2sc











∫ l

0
G(x∗, s)

(

exp

(−s(l− x∗)

V0 + c

)

− exp

(−s(l − x∗)

V0 − c

))

dx∗

exp

( −sl
V0 + c

)

− exp

( −sl
V0 − c

)

×
(

− exp

( −sx
V0 + c

)

+ exp

( −sx
V0 − c

))

+

∫ x

0
G(x∗, s)

(

exp

(−s(x− x∗)

V0 + c

)

− exp

(−s(x− x∗)

V0 − c

))

dx∗
)

. (2.13)The inverse Lapla
e transform of U(x, s) is given by
u(x, t) =

1

2πi

∫ ν+i∞

ν−i∞
U(x, s)estds =

∑

n

Res(sn, x, t), for some ν > 0, (2.14)and where Res stands for the residue at s = sn. To evaluate the inverseLapla
e transform (2.14) the poles of U(x, s) and the order of these poles haveto be determined in the 
omplex s-plane. As long as g(x, t) is not spe
i�edthe poles due to G1(x, s) will be unknown. For that reason three 
ases will be
onsidered: the 
ase 2.2.1: g(x, t) = 0, the 
ase 2.2.2: g(x, t) = ϕ(x) sin(ωt)with ω =
πn∗

lc
(V 2

0 − c2) for some �xed n∗ ∈ Z, and the 
ase 2.2.3: g(x, t) =

ϕ(x) sin(ωt) with ω is not in the neighbourhood of πn
lc

(V 2
0 − c2) for all n ∈ Z.2.2.1 The 
ase: g(x, t) = 0In this 
ase the poles of U(x, s) follow from (see (2.13))

s

(

exp

( −sl
V0 + c

)

− exp

( −sl
V0 − c

))

= 0. (2.15)Now it should be observed that s = 0 is not a pole of U(x, s) sin
e lim
s→0

U(x, s)exists. All other poles of U(x, s) now follow from
exp

( −sl
V0 + c

)

− exp

( −sl
V0 − c

)

= 0 (2.16)and are given by
sn =

πn

lc

(

V 2
0 − c2

)

i, (2.17)



14Chapter 2. On the 
onstru
tion of the solution of an equation des
ribing anaxially moving stringwith n ∈ Z\ {0}. It should be observed that these poles are all simple. Thesolution of the initial-boundary value problem (2.1)-(2.2) with g(x, t) = 0 noweasily follows from (2.14), yielding
u(x, t) =

∞
X

n=1



an

„

cos

„

πn(V 2

0 − c2)t

lc

«„

cos

„

πn(V0 + c)x

lc

«

− cos

„

πn(V0 − c)x

lc

««

+ sin

„

πn(V 2

0 − c2)t

lc

«„

sin

„

πn(V0 + c)x

lc

«

− sin

„

πn(V0 − c)x

lc

«««

+ bn

„

cos

„

πn(V 2

0 − c2)t

lc

«„

sin

„

πn(V0 + c)x

lc

«

− sin

„

πn(V0 − c)x

lc

««

− sin

„

πn(V 2

0 − c2)t

lc

«„

cos

„

πn(V0 + c)x

lc

«

− cos

„

πn(V0 − c)x

lc

«««ff

, (2.18)where
an =

(V 2

0 − c2)

c

„

1

2lc

Z l

0

f(x∗)

„

cos

„

(V0 − c)πnx∗

lc

«

− cos

„

(V0 + c)πnx∗

lc

««

dx
∗

+
1

2

Z l

0

r(x∗) + 2V0f
′
x(x∗)

πn(V 2

0
− c2)

„

sin

„

(V0 − c)πnx∗

lc

«

− sin

„

(V0 + c)πnx∗

lc

««

dx
∗

«

,

(2.19)
bn =

(V 2

0 − c2)

c

„

1

2lc

Z l

0

f(x∗)

„

sin

„

(V0 − c)πnx∗

lc

«

− sin

„

(V0 + c)πnx∗

lc

««

dx
∗

−

1

2

Z l

0

r(x∗) + 2V0f
′
x(x∗)

πn(V 2

0
− c2)

„

cos

„

(V0 − c)πnx∗

lc

«

− cos

„

(V0 + c)πnx∗

lc

««

dx
∗

«

.

(2.20)2.2.2 The 
ase: g(x, t) = ϕ(x) sin(ωt), the resonant 
aseIn this 
ase it is assumed that ω is equal to a frequen
y of the axially mov-ing string, that is, ω =
πn∗

lc

(

V 2
0 − c2

) for some �xed n∗ ∈ Z. The Lapla
etransform of g(x, t) in this 
ase is
G1(x, s) =

ω

s2 + ω2
ϕ(x). (2.21)In (2.13) G(x, s) is now given by G(x∗, s) = ωϕ(x∗)
(s2+ω2)(V 2

0
−c2)

+ h(x∗, s), where
h(x∗, s) = sf(x∗)+r(x∗)+2V0fx∗(x∗)

V 2

0
−c2

. And so, U(x, s) 
an be written as U(x, s) =

A(x, s) +B(x, s) +D(x, s) + E(x, s), where
A(x, s) =

(V 2

0 − c2)

2sc

ω

Z l

0

ϕ(x∗)

„

exp

„

−s(l − x∗)

V0 + c

«

− exp

„

−s(l − x∗)

V0 − c

««

dx
∗

(s2 + ω2)(V 2

0
− c2)

„

exp

„

−sl

V0 + c

«

− exp

„

−sl

V0 − c

««

×

„

− exp

„

−sx

V0 + c

«

+ exp

„

−sx

V0 − c

««

,

(2.22)
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B(x, s) =

(V 2

0 − c2)

2sc

Z l

0

h(x∗
, s)

„

exp

„

−s(l − x∗)

V0 + c

«

− exp

„

−s(l − x∗)

V0 − c

««

dx
∗

„

exp

„

−sl

V0 + c

«

− exp

„

−sl

V0 − c

««

×

„

− exp

„

−sx

V0 + c

«

+ exp

„

−sx

V0 − c

««

,

(2.23)
D(x, s) =

ω

2sc(s2 + ω2)

Z x

0

ϕ(x∗)

„

exp

„

−s(x − x∗)

V0 + c

«

− exp

„

−s(x − x∗)

V0 − c

««

dx
∗
, (2.24)

E(x, s) =
(V 2

0 − c2)

2sc

Z x

0

h(x∗
, s)

„

exp

„

−s(x − x∗)

V0 + c

«

− exp

„

−s(x − x∗)

V0 − c

««

dx
∗
. (2.25)The inverse Lapla
e transform of U(x, s) is given by

Linv(U(x, s)) =Linv(A(x, s)) + Linv(B(x, s))

+ Linv(D(x, s)) + Linv(E(x, s)).
(2.26)In (2.26) Linv(B(x, s)) and Linv(E(x, s)) only depend on the initial values f(x)and r(x) and already have been determined in the 
ase 2.2.1 with g(x, t) = 0.So, only Linv(A(x, s)) and Linv(D(x, s)) have to be 
al
ulated. It should beobserved that these inverse Lapla
e transforms only depend on g(x, t). Fur-thermore, it should be observed that A(x, s) is the produ
t of ω

s2 + ω2
andanother term (following from (2.22)), and so the inverse Lapla
e transform of

A(x, s) 
an be determined by using the 
onvolution integral, that is
Linv(A(x, s)) =

∫ t

0
sin(ω(t− τ))

∑

n

Res(sn, x, τ)dτ, (2.27)where sn is given by (2.17). Finally, if ω =
πn∗

lc

(

V 2
0 − c2

) for a �xed n∗ ∈ Zit follows that Linv(A(x, s)) is
L

inv(A(x, s)) =
F1n∗(x)

2
t sin(ωn∗ t) +

F2n∗(x)

2

„

sin(ωn∗ t)

ωn∗

− t cos(ωn∗t)

«

+
∞
X

n=1,n6=|n∗|



F1n(x)

2

„

1

ωn∗ − ωn

(cos(ωnt) − cos(ωn∗ t))

+
1

ωn∗ + ωn

(cos(ωnt) − cos(ωn∗ t))

«

+
F2n(x)

2

„

1

ωn∗ + ωn

(sin(ωnt) + sin(ωn∗ t)) +
1

ωn∗ − ωn

(sin(ωnt) − sin(ωn∗ t))

«ff

,

(2.28)
where

F1n(x) =wn

(

cos

(

πn(V0 + c)x

lc

)

− cos

(

πn(V0 − c)x

lc

))

+ pn

(

sin

(

πn(V0 + c)x

lc

)

− sin

(

πn(V0 − c)x

lc

))

,

(2.29)
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tion of the solution of an equation des
ribing anaxially moving string
F2n(x) =wn

(

sin

(

πn(V0 + c)x

lc

)

− sin

(

πn(V0 − c)x

lc

))

− pn

(

cos

(

πn(V0 + c)x

lc

)

− cos

(

πn(V0 − c)x

lc

))

,

(2.30)
wn =

1

2c

∫ l

0

ϕ(x∗)

πn

(

sin

(

(V0 − c)πnx∗

lc

)

− sin

(

(V0 + c)πnx∗

lc

))

dx∗, (2.31)
pn = − 1

2c

∫ l

0

ϕ(x∗)

πn

(

cos

(

(V0 − c)πnx∗

lc

)

− cos

(

(V0 + c)πnx∗

lc

))

dx∗. (2.32)It 
an be seen from (2.22) that if n = n∗ then there are two poles of order two(one in s = iωn∗ and one in s = −iωn∗). To 
al
ulate Linv(D(x, s)) it shouldbe observed that s = 0 is not a pole as lim
s→0

D(x, s) exists. So the inverseLapla
e transform for D(x, s) is
Linv(D(x, s))

=
(V 2

0 − c2)

cω

(

1

2
cos(ωt)

∫ x

0

ϕ(x∗)

(

cos

(

ω(x− x∗)

V0 + c

)

− cos

(

ω(x− x∗)

V0 + c

))

dx∗

+
1

2
sin(ωt)

∫ x

0

ϕ(x∗)

(

sin

(

ω(x− x∗)

V0 + c

)

− sin

(

ω(x− x∗)

V0 + c

))

dx∗
)

. (2.33)It 
an be seen that only Linv(A(x, s)) 
ontributes to unbounded terms in thesolution.2.2.3 The 
ase: g(x, t) = ϕ(x) sin(ωt), the non-resonant 
aseLet ωn =
πn

lc
(V 2

0 − c2), n ∈ Z be the natural frequen
ies of an axially movingstring and let ω be not in a neighbourhood of any of these frequen
ies ωn.For Linv(A(x, s)) it then follows that
Linv(A(x, s))

=

∞
∑

n=1

(

F1n(x)

2

(

1

ω − ωn
(cos(ωnt) − cos(ωt)) +

1

ω + ωn
(cos(ωnt) − cos(ωt))

)

+
F2n(x)

2

(

1

ω + ωn
(sin(ωnt) + sin(ωt)) +

1

ω − ωn
(sin(ωnt) − sin(ωt))

))

, (2.34)where F1n(x) and F1n(x) are given by (2.29) and (2.30), respe
tively.
Linv(D(x, s)) is again given by (2.33). In this 
ase there are no unboundedterms in the solution u(x, t). Obviously, unbounded solutions will o

ur when
g(x, t) 
ontains terms ϕ1(x) sin(ωt) and (or) terms ϕ2(x) cos(ωt) for whi
h ωis equal to an eigenfrequen
y ωn.



2.3. An eigenfun
tion approa
h 172.3 An eigenfun
tion approa
hFollowing Wi
kert and Mote [31℄ equation (2.1) 
an be rewritten in the follow-ing dimensionless form:
utt + 2νuxt − (1 − ν2)uxx = g(x, t), 0 < x < 1, t > 0, (2.35)where ν =
V0

c
, other parameters 
an be found in [31℄. Introdu
ing the opera-tors M = 1, G = 2ν ∂

∂x and K = −(1 − ν2) ∂2

∂x2 in (2.35) it follows that
Mutt +Gut +Ku = g(x, t). (2.36)Now the following ve
tors and matri
es are de�ned:w(x, t) =

(

ut(x, t)
u(x, t)

)

, q(x, t) =

(

g(x, t)
0

)

, (2.37)A =

(

M 0
0 K

)

, and B =

(

G K

−K 0

)

. (2.38)Equation (2.36) then be
omesAwt +Bw = q. (2.39)The solution of equation (2.39) has to satisfy the initial and the boundary
onditionsw(x, 0) = w0(x) =

(

r(x)
f(x)

)

, and w(x, t) = 0 at x = 0 and x = 1.(2.40)The inner produ
t of two ve
tors w1 and w2 is de�ned to be
〈w1,w2〉 =

∫ 1

0
wT

1 w∗

2dx, (2.41)where the ∗ means the 
omplex 
onjugate, and where the supers
ript T meansthe transpose. With respe
t to this inner produ
t the operators A and B havethe following properties:
〈Aw1,w2〉 = 〈w1,Aw2〉 , 〈Bw1,w2〉 = −〈w1,Bw2〉 , (2.42)
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onstru
tion of the solution of an equation des
ribing anaxially moving stringwhere both w1(x, t) and w2(x, t) satisfy the Diri
hlet boundary 
onditions(2.40) at x = 0 and x = 1. The general solution of the equation (2.39) will befound in an expansion of eigenfun
tions. First the homogeneous equation (2.39)with q = 0 is solved by using the method of separation of variables, that is, itis assumed that (2.39) with q = 0 admits solution of the form φ(x) exp(λt),where φ(x) is a 
omplex ve
tor fun
tion and where λ is a 
omplex-valuednumber. This leads to the eigenvalue problem
λAφ +Bφ = 0, (2.43)where the eigenvalues λn are equal to iωn as has been shown by Meirovit
hin [29℄. The 
omplex-valued eigenfun
tions φn have the stru
ture φn(x) =

φR
n (x) + iφI

n(x), where
φR

n (x) =

{

−ωnψ
I
n(x)

ψR
n (x)

}

and φI
n(x) =

{

ωnψ
R
n (x)

ψI
n(x)

}

. (2.44)In (2.44) ψn(x) is the 
omplex normalized s
alar eigenfun
tion and ψn(x) =
ψR

n (x)+ iψI
n(x). After solving the eigenvalue problem (2.43) and after normal-ization the following expressions 
an be found:

ωn = nπ(1 − ν2), (2.45)
ψR

n (x) =
1

nπ

√

2

1 − ν2
sin(nπx) cos(nπνx),

ψI
n(x) =

1

nπ

√

2

1 − ν2
sin(nπx) sin(nπνx). (2.46)The normalization requirements 
an be found in [31℄. The φn(x) satisfy theorthonormality relations

〈AφR
n ,φ

R
m

〉

= δnm,
〈AφI

n,φ
I
m

〉

= δnm,
〈AφR

n ,φ
I
m

〉

= 0,

〈BφR
n ,φ

R
m

〉

= 0,
〈BφI

n,φ
I
m

〉

= 0,
〈BφR

n ,φ
I
m

〉

= ωnδnm,

(2.47)where δnm is the Krone
ker delta symbol, that is, δnm = 1 for n = m andzero otherwise. It was shown by Meirovit
h in [30℄ that the solution of thenon-homogeneous equation (2.39) 
an be found in the following form:w(x, t) =

∞
∑

n=1

ξR
n (t)φR

n (x) + ξI
n(t)φI

n(x), (2.48)
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tion approa
h 19where ξI
n(t) and ξR

n (t) are the 
omponents of the so-
alled generalized 
oordi-nates. Substituting this expansion into equation (2.39) it follows thatA ∂

∂t

∞
∑

n=1

[

ξR
n (t)φR

n (x) + ξI
n(t)φI

n(x)
]

+B ∞
∑

n=1

[

ξR
n (t)φR

n (x) + ξI
n(t)φI

n(x)
]

= q.(2.49)By multiplying (2.49) 
onse
utively �rst with φR
m and then with φI

m and byintegrating the so-obtained equations with respe
t to x from x = 0 to x =
1 in the sense of the de�ned inner produ
t (2.41) and with the help of theorthonormality relations (2.47) the following system is obtained:











dξR
m

dt
− ωmξ

I
m = −ωm

∫ 1
0 ψ

I
mg(x, t)dx,

dξI
m

dt
+ ωmξ

R
m = ωm

∫ 1
0 ψ

R
mg(x, t)dx.

(2.50)Solving this system with respe
t to the initial values ξR
m(0) =

〈Aw0,φ
R
m

〉and ξI
m(0) =

〈Aw0,φ
I
m

〉 it follows that
ξR
m(t) =

∫ t

0
(gR

m(s) cos(ωm(t− s)) + gI
m(s) sin(ωm(t− s)))ds

+ ξR
m(0) cos(ωmt) + ξI

m(0) sin(ωmt),

(2.51)
ξI
m(t) =

∫ t

0
(gI

m(s) cos(ωm(t− s)) − gR
m(s) sin(ωm(t− s)))ds

+ ξI
m(0) cos(ωmt) − ξR

m(0) sin(ωmt),

(2.52)where
gR
m(t) = −

√

2(1 − ν2)

∫ 1

0
g(x, t) sin(mπx) sin(mπνx)dx and

gI
m(t) =

√

2(1 − ν2)

∫ 1

0
g(x, t) sin(mπx) cos(mπνx)dx

(2.53)are de�ned to be the generalized for
es. And ξR
m(0), ξI

m(0) are given by
ξR
m(0) =mπ

√

2(1 − ν2)

∫ 1

0
f(x)

(

(1 + ν2) sin(mπx) cos(mπνx)

+ 2ν cos(mπx) sin(mπνx)) dx

−
√

2(1 − ν2)

∫ 1

0
r(x) sin(mπx) sin(mπνx)dx,

(2.54)
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ξI
m(0) =mπ

√

2(1 − ν2)

∫ 1

0
f(x)

(

(1 + ν2) sin(mπx) sin(mπνx)

− 2ν cos(mπx) cos(mπνx)) dx

+
√

2(1 − ν2)

∫ 1

0
r(x) sin(mπx) cos(mπνx)dx.

(2.55)Using the de�nition (2.37) the expansion for u(x, t) 
an be written in the form
u(x, t) =

∞
∑

m=1

ξR
m(t)ψR

m(x) + ξI
m(t)ψI

m(x), (2.56)or, equivalently,
u(x, t) =

∞
∑

m=1

1

mπ

√

2

1 − ν2

(

ξR
m(t) sin(mπx) cos(mπνx)

+ ξI
m(t) sin(mπx) sin(mπνx)

)

.

(2.57)And, �nally, the solution of the problem has the form
u(x, t) =

∞
∑

m=1

1

mπ

√

2

1 − ν2

×
{[∫ t

0

{(

−
√

2(1 − ν2)

∫ 1

0

g(x, s) sin(mπx) sin(mπνx)dx

)

cos(ωm(t− s))

+

(

√

2(1 − ν2)

∫ 1

0

g(x, s) sin(mπx) cos(mπνx)dx

)

sin(ωm(t− s))

}

ds

+ ξR
m(0) cos(ωmt) + ξI

m(0) sin(ωmt)

]

sin(mπx) cos(mπνx)

+

[∫ t

0

{(

−
√

2(1 − ν2)

∫ 1

0

g(x, s) sin(mπx) cos(mπνx)dx

)

cos(ωm(t− s))

+

(

√

2(1 − ν2)

∫ 1

0

g(x, s) sin(mπx) sin(mπνx)dx

)

sin(ωm(t− s))

}

ds

+ ξI
m(0) cos(ωmt) − ξR

m(0) sin(ωmt)

]

sin(mπx) sin(mπνx)

}

.

(2.58)
From the stru
ture of the solution as given by (2.58) it 
an be seen thatif g(x, t) = ϕ(x)sin(ωt) with ω = ωm∗ for a �xed m∗ ∈ Z resonan
e willo

ur (that is, unbounded solutions will o

ur). To show this two 
ases willbe studied: the 
ase 2.3.1 ω = m∗π(1 − ν2) and the 
ase 2.3.2 ω is not in aneighbourhood of ω = mπ(1 − ν2) for all m ∈ Z.



2.4. Con
lusions and remarks 212.3.1 The 
ase: ω = m∗π(1−ν2) for a �xed m∗ ∈ Z, the resonant
aseThe solution of the problem in this 
ase is given by
u(x, t) =

1

m∗π



t sin(ωm∗ t)

„

−

Z

1

0

H1m∗(x)dx sin(m∗
πx) cos(m∗

πνx)

+

Z

1

0

H2m∗(x)dx sin(m∗
πx) sin(m∗

πνx)

«

+

 

sin(ωm∗

t)

ωm∗

− t cos(ωm∗ t)

!

×

„
Z

1

0

H2m∗(x)dx sin(m∗
πx) cos(m∗

πνx) +

Z

1

0

H1m∗ (x)dx sin(m∗
πx) sin(m∗

πνx)

«ff

+

∞
X

m=1,m6=|m∗|



2

mπ

»Z

1

0

H1m∗(x)dx

„

ω(cos(ωt) − cos(ωmt))

ω2
− ω2

m

«

+

Z

1

0

H2m∗(x)dx

„

ω sin(ωmt) − ωm sin(ωt)

ω2
− ω2

m

«

+ ξ
R
m(0) cos(ωmt) + ξ

I
m(0) sin(ωmt)

–

× sin(mπx) sin(mπνx) +

»
Z

1

0

H2m∗(x)dx

„

ω(cos(ωmt) − cos(ωt))

ω2
− ω2

m

«

+

Z

1

0

H1m∗(x)dx

„

ω sin(ωmt) − ωm sin(ωt)

ω2
− ω2

m

«

+ ξ
I
m(0) cos(ωmt) − ξ

R
m(0) sin(ωmt)

–

× sin(mπx) sin(mπνx)

ff

, (2.59)where
H1m(x) = ϕ(x) sin(mπx) sin(mπνx),

H2m(x) = ϕ(x) sin(mπx) cos(mπνx), (2.60)and ξR
m(0), ξI

m(0) are given by (2.54) and (2.55).2.3.2 The 
ase: g(x, t) = ϕ(x) sin(ωt), the non-resonant 
aseIt 
an easily be seen from (2.58) that if ω is not in a neighbourhood of a naturalfrequen
y ωm for all m ∈ Z then there are no unbounded in time terms in thesolution. Finally it should be observed (by using trigonometri
 relations) thatthe solution as obtained in Se
tion 2.2 of this 
hapter and in Se
tion 2.3 areidenti
al.2.4 Con
lusions and remarksIn this 
hapter an initial-boundary value problem for a linear, non-homogeneous axially moving string equation has been studied. The velo
ityof the string is assumed to be 
onstant, and the non-homogeneous terms in



22Chapter 2. On the 
onstru
tion of the solution of an equation des
ribing anaxially moving stringthe string equation are due to external for
es a
ting on the string. To solvethe initial-boundary value problem two methods are presented. One of thesemethods is the method of modal analysis based on eigenfun
tion expansions.This method has been introdu
ed in [29℄, [30℄ and in [31℄, and is used nowadaysfrequently for these types of problems (see for instan
e [12℄, [15℄). To apply thismethod an operator notation has to be introdu
ed, an inner produ
t has to bede�ned, an eigenvalue problem has to be solved, and orthonormality relationshave to be determined. Altogether this method is rather 
ompli
ated to applyto these types of problems. For that reason in this 
hapter it is proposed toapply the Lapla
e transform method to these types of problems. When thismethod is applied poles (and the order of the poles) have to be determined,residues have to be 
al
ulated, and Cau
hy's theorem has to be used (thatis, integrals have to be evaluated by using the theory of 
omplex variables).To 
onstru
t the solution by using the Lapla
e transform method is ratherstraightforward and more easy than the use of the method of modal analysisbased on eigenfun
tion expansions. Moreover, the Lapla
e transform method isnowadays well-des
ribed in elementary textbooks on partial di�erential equa-tions (see for instan
e [32℄). In the following 
hapters it will be shown thatthe Lapla
e transform method 
an e�
iently and easily be applied to weaklyperturbed or weakly nonlinear (axially moving) string equations.



CHAPTER 3
On the transversal vibrations of a 
onveyor belt withtime-varying velo
ity. The string-like 
ase

Abstra
t: In this 
hapter an initial-boundary value problem for a linearequation des
ribing an axially moving string will be 
onsidered for whi
h thebending sti�ness will be negle
ted. The velo
ity of the string is assumed tobe time-varying and to be of the same order of magnitude as the wave speed.A two time-s
ales perturbation method and the Lapla
e transform methodwill be used to 
onstru
t formal asymptoti
 approximations of the solutions.It will be shown that the linear axially moving string model already has
ompli
ated dynami
al behaviour and that the trun
ation method 
an not beapplied to this problem in order to obtain approximations whi
h are valid onlong time-s
ales.3.1 Formulation of the problemIn this se
tion the dynami
 behaviour of a 
onveyor belt whi
h is modelled bya moving string will be studied (see Figure 3.1).The following linear equation of motion for a string will be 
onsidered inthis 
hapter:This 
hapter is a slightly revised version of [33℄: S.V. Ponomareva and W.T. van Horssen:On the transversal vibrations of an axially moving string with a time-varying velo
ity, Non-linear Dynami
s, 50, (2007), 315-323. 23



24Chapter 3. On the transversal vibrations of a 
onveyor belt with time-varyingvelo
ity. The string-like 
asePSfrag repla
ements u

x

V (t)

Figure 3.1: Conveyor belt system.
c2uxx = utt + 2V uxt + V 2uxx + Vtux, 0 < x < l, t > 0, (3.1)where

u(x, t) : the displa
ement of the string in the verti
al dire
tion,
V (t) : the string speed,
c : the wave speed,
x : the 
oordinate in horizontal dire
tion,
t : the time, and
l : the distan
e between the pulleys,where c =

√

T0

ρ
, in whi
h T0 and ρ are assumed to be the 
onstant tensionand the 
onstant mass density of the string, respe
tively.In this 
hapter the 
ase V0 < c is 
onsidered and it is assumed that V (t) =

V0 +εα sin(ωt), where V0, ω, and α are some positive 
onstants, and where ε isa small parameter with 0 < ε≪ 1. The term εα sin(ωt) 
an be seen as a smallperturbation of the main belt speed V0 due to di�erent kinds of imperfe
tionsof the belt system. At the pulleys it is assumed that there is no displa
ementof the string in verti
al dire
tion. Equation (3.1) 
an also be found in [16℄, butnow it is assumed that V0 is not ne
essarily small. This belt velo
ity should beinterpreted as the value of the same order as the wave speed c. Consequently(3.1) be
omes
utt + 2V0uxt + (V 2

0 − c2)uxx

= ε(−2α sin(ωt)uxt − 2V0α sin(ωt)uxx − αω cos(ωt)ux)

− ε2(α2 sin2(ωt)uxx), (3.2)where the boundary and initial 
onditions are giving by
u(0, t; ε) = u(l, t; ε) = 0, t > 0,

u(x, 0; ε) = f(x), and ut(x, 0; ε) = r(x), 0 < x < l, (3.3)



3.2. Appli
ation of the two time-s
ales perturbationmethod 25where f(x) and r(x) represent the initial displa
ement and the initial velo
ityof the string, respe
tively. It is assumed that the fun
tions f(x) and r(x) aresu�
iently smooth su
h that a two times 
ontinuously di�erentiable solutionfor the initial-boundary value problem (3.2)-(3.3) exists. Moreover, it is as-sumed that all series representations for the solution u (and its derivatives),and for the fun
tions f and r are 
onvergent. In the following se
tion theasymptoti
 approximations of the solution of the initial-boundary value prob-lem (3.2)-(3.3) will be 
onstru
ted using two time-s
ales perturbation method.To study nonlinear, transversal vibrations of 
onveyor belt problems the solu-tion of related linear problems always play an important role. In this 
hapternot only approximations of these linear problems will be 
onstru
ted, but alsothe (non-) appli
ability of the trun
ation method will be dis
ussed. For a re-
ent overview of the literature on axially moving linear and nonlinear stringsthe reader is referred to [34℄, [35℄, [36℄, and [31℄.3.2 Appli
ation of the two time-s
ales perturbationmethodThe approximations of the solution of the initial-boundary value problem (3.2)-(3.3) whi
h are 
onstru
ted by means of a straight-forward expansion methodbe
ome unbounded on long time-s
ales due to the o

urren
e of so-
alled se
-ular terms. To avoid these terms two time-s
ales are introdu
ed t0 = t and
t1 = εt, so that u(x, t; ε) = v(x, t0, t1; ε). The introdu
tion of these two time-s
ales de�nes the following transformations for the time derivatives:

∂u(x, t; ε)

∂t
=

∂v

∂t0
+ ε

∂v

∂t1
,

∂2u(x, t; ε)

∂t2
=
∂2v

∂t20
+ 2ε

∂2v

∂t0∂t1
+ ε2

∂2v

∂t21
.

(3.4)Considering transformations (3.4), equation (3.2) be
omes
∂2v

∂t20
+ 2V0

∂2v

∂t0∂x
+ (V 2

0 − c2)
∂2v

∂x2
= ε

(

−2
∂2v

∂t0∂t1
− 2V0

∂2v

∂t1∂x

− 2α sin(ωt)
∂2v

∂t0∂x
− 2V0α sin(ωt)

∂2v

∂x2
− αω cos(ωt)

∂v

∂x

)

+ O(ε2)

(3.5)



26Chapter 3. On the transversal vibrations of a 
onveyor belt with time-varyingvelo
ity. The string-like 
aseAssuming that v(x, t0, t1; ε) = v0(x, t0, t1) + εv1(x, t0, t1) + . . ., the followingproblems have to be solved in order to remove se
ular terms up to O(ε):
O(1) :

∂2v0

∂t20
+ 2V0

∂2v0

∂t0∂x
+ (V 2

0 − c2)
∂2v0

∂x2
= 0

O(ε) :
∂2v1

∂t20
+ 2V0

∂2v1

∂t0∂x
+ (V 2

0 − c2)
∂2v1

∂x2
= −2

∂2v0

∂t0∂t1
− 2V0

∂2v0

∂t1∂x

−2α sin(ωt)
∂2v0

∂t0∂x
− 2V0α sin(ωt)

∂2v0

∂x2
− αω cos(ωt)

∂v0

∂x

(3.6)
The solution of the O(1)-problem 
an be found by means of the Lapla
etransform method. For more detailed analyses of that equation the readers arereferred to [27℄ or [37℄. The solution is given by

v0(x, t0, t1) =

∞
∑

n=1

{

F[1]n(x) (An0(t1) cos(Ωnt0) −Bn0(t1) sin(Ωnt0))

+ F[2]n(x) (An0(t1) sin(Ωnt0) +Bn0(t1) cos(Ωnt0))
}

,

(3.7)where
F[1]n(x) = cos

(

πn(V0 + c)x

lc

)

− cos

(

πn(V0 − c)x

lc

)

,

F[2]n(x) = sin

(

πn(V0 + c)x

lc

)

− sin

(

πn(V0 − c)x

lc

)

,

(3.8)and Ωn =
πn(V 2

0 − c2)

lc
, n ∈ Z

+ are the natural frequen
ies of the 
onveyor beltsystem. In equation (3.7) An0(t1) and Bn0(t1) are still arbitrary fun
tions that
an be used in order to avoid se
ular terms in the solution of the O(ε)-problem.By substituting (3.7) into O(ε)-problem it follows that
O(ε) :

∂2v1

∂t20
+ 2V0

∂2v1

∂t0∂x
+ (V 2

0 − c2)
∂2v1

∂x2

=
∞
∑

n=1

{sin(Ωnt0)ϕn(x, t1) + cos(Ωnt0)ϕ̃n(x, t1)}

+

∞
∑

n=1

{

sin(Ωnt0) sin(ωnt0)ψn(x, t1) + sin(Ωnt0) cos(ωt)ψ̃n(x, t1)

+ cos(Ωnt0) sin(ωnt0)θn(x, t1) + cos(Ωnt0) cos(ωt)θ̃n(x, t1)
}

,

(3.9)
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ation of the two time-s
ales perturbationmethod 27where
ϕn(x, t1) = 2

(

∂An0

∂t1

(

F[1]n(x)Ωn − V0

∂F[2]n(x)

∂x

)

+
∂Bn0

∂t1

(

F[2]n(x)Ωn + V0

∂F[1]n(x)

∂x

))

,

ϕ̃n(x, t1) = 2

(

∂An0

∂t1

(

−F[2]n(x)Ωn − V0

∂F[1]n(x)

∂x

)

+
∂Bn0

∂t1

(

F[1]n(x)Ωn − V0

∂F[2]n(x)

∂x

))

,

ψn(x, t1) = 2α

(

An0

(

∂F[1]n(x)

∂x
Ωn − V0

∂2F[2]n(x)

∂x2

)

+ Bn0

(

∂F[2]n(x)

∂x
Ωn + V0

∂2F[1]n(x)

∂x2

))

,

ψ̃n(x, t1) = αω

(

−An0

∂F[2]n(x)

∂x
+Bn0

∂F[1]n(x)

∂x

)

,

θn(x, t1) = 2α

(

An0

(

−
∂F[2]n(x)

∂x
Ωn − V0

∂2F[1]n(x)

∂x2

)

+ Bn0

(

∂F[1]n(x)

∂x
Ωn − V0

∂2F[2]n(x)

∂x2

))

,

θ̃n(x, t1) = αω

(

−An0

∂F[1]n(x)

∂x
−Bn0

∂F[2]n(x)

∂x

)

.

(3.10)

Following the method whi
h has been presented in the previous 
hapter forthe equations of the type (3.9), it follows that four 
ases have to be 
onsideredto eliminate the se
ular terms in the solution of the equation (3.9) : the 
ase3.2.1 when ω is not in a neighbourhood of any Ωn (the non-resonant 
ase), the
ase 3.2.2 for ω = Ω1, the 
ase 3.2.3 for ω = Ω2, and the 
ase 3.2.4 ω = Ωm∗ ,where m∗ ∈ Z
+ and �xed.3.2.1 The 
ase: ω is not in a neighbourhood of any Ωn, thenon-resonant 
aseIn this 
ase it is assumed that the frequen
y of the velo
ity-�u
tuations ofthe axially moving string is not equal to any of its natural frequen
ies. Inthat 
ase only terms under �rst sum in the right part of the (3.9) will leadto unbounded behaviour in the solution of the O(ε)-problem. After applyingthe Lapla
e transform method to (3.9), 
al
ulating the poles, and then theresidues, and then after applying the 
onvolution integral theorem to �nd the



28Chapter 3. On the transversal vibrations of a 
onveyor belt with time-varyingvelo
ity. The string-like 
aseinverse Lapla
e transform, one obtains
v1(x,t0, t1) =

1

2

∞
∑

n=1

{

t sin(Ωnt)(f[1]n(x, t1) + f̃[2]n(x, t1))

+ t cos(Ωnt)(−f[2]n(x, t1) + f̃[1]n(x, t1))
}

+ "terms with non-se
ular behaviour", (3.11)where
f[1]n(x, t1) = wn(x, t1)F[1]n(x) + pn(x, t1)F[2]n(x),

f[2]n(x, t1) = wn(x, t1)F[2]n(x) − pn(x, t1)F[1]n(x),

f̃[1]n(x, t1) = w̃n(x, t1)F[1]n(x) + p̃n(x, t1)F[2]n(x),

f̃[2]n(x, t1) = w̃n(x, t1)F[2]n(x) − p̃n(x, t1)F[1]n(x),

(3.12)and
wn(x, t1) =

1

2c

∫ l

0

ϕn(x, t1)

πn
(−F[2]n(x))dx,

pn(x, t1) = − 1

2c

∫ l

0

ϕn(x, t1)

πn
(−F[1]n(x))dx,

w̃n(x, t1) =
1

2c

∫ l

0

ϕ̃n(x, t1)

πn
(−F[2]n(x))dx,

p̃n(x, t1) = − 1

2c

∫ l

0

ϕ̃n(x, t1)

πn
(−F[1]n(x))dx.

(3.13)
In (3.12) and (3.13) F[1]n(x) and F[2]n(x) are given by (3.8). To eliminatethe se
ular terms in the solution (3.11) it is ne
essary to put (f[1]n(x, t1) +

f̃[2]n(x, t1)) and (−f[2]n(x, t1) + f̃[1]n(x, t1)) equal to zero, or, equivalently,














−dAn0

dt1
cos

(

πnxV0

lc

)

sin
(πnx

l

)

− dBn0

dt1
sin

(

πnxV0

lc

)

sin
(πnx

l

)

= 0,

dAn0

dt1
sin

(

πnxV0

lc

)

sin
(πnx

l

)

− dBn0

dt1
cos

(

πnxV0

lc

)

sin
(πnx

l

)

= 0.(3.14)System (3.14) 
an be seen as a system for the two unknowns dAn0

dt1
and dBn0

dt1
.The determinant of this system is non-zero for all x ∈ (0, l). So the onlysolution is the trivial one that is, dAn0

dt1
= 0 and dBn0

dt1
= 0. It then followsthat An0(t1) and Bn0(t1) are 
onstants. A similar result has been obtained in[15℄ for a non-resonant 
ase.



3.2. Appli
ation of the two time-s
ales perturbationmethod 293.2.2 The 
ase: ω =
π(V 2

0 − c2)

lc
, the �rst resonan
e 
aseIn this se
tion it is assumed that ω is equal to the �rst natural frequen
y ofthe traveling string, that is, ω =

π(V 2
0 − c2)

lc
. It this 
ase terms in both sumsin the right hand side of (3.9) will lead to unbounded behaviour in the solutionof the O(ε)-problem. After introdu
ing ω =
π(V 2

0 − c2)

lc
into (3.9), equation(3.9) be
omes

O(ε) :
∂2v1

∂t20
+ 2V0

∂2v1

∂t0∂x
+ (V 2

0 − c2)
∂2v1

∂x2

=
∞
∑

n=1

{

sin(Ωnt0)ϕn(x, t1) + cos(Ωnt0)ϕ̃n(x, t1)

}

+
1

2

∞
∑

n=1

{

cos(Ωn−1t0)(ψn(x, t1) + θ̃n(x, t1))

+ cos(Ωn+1t0)(−ψn(x, t1) + θ̃n(x, t1))

+ sin(Ωn−1t0)(ψ̃n(x, t1) − θn(x, t1)) + sin(Ωn+1t0)(ψ̃n(x, t1) + θn(x, t1))
}

,(3.15)where fun
tions ϕn(x, t1), ϕ̃n(x, t1), ψn(x, t1), ψ̃n(x, t1), θn(x, t1), θ̃n(x, t1) aregiven by (3.10). Following the same pro
edure as in the non-resonant 
ase(3.2.1) one �nally obtains for v1:
v1(x, t0, t1)

=

{

1

2

(

f[1]1(x, t1) + f̃[2]1(x, t1)

)

+
1

4

(

f
[1]
[2]1(x, t1) + f

[3]
[1]1(x, t1)

)}

t0 sin(Ω1t0)

+

{

1

2

(

f̃[1]1(x, t1) − f[2]1(x, t1)

)

+
1

4

(

f
[1]
[1]1(x, t1) − f

[3]
[2]1(x, t1)

)}

t0 cos(Ω1t0)

+

∞
∑

n=2

[{

1

2

(

f[1]n(x, t1) + f̃[2]n(x, t1)

)

+
1

4

(

f
[1]
[2]n(x, t1) + f

[3]
[1]n(x, t1) + f

[2]
[2]n(x, t1) + f

[4]
[1]n(x, t1)

)}

t0 sin(Ωnt0)

+

{

1

2

(

f̃[1]n(x, t1) − f[2]n(x, t1)

)

+
1

4

(

f
[1]
[1]n(x, t1) − f

[3]
[2]n(x, t1) + f

[2]
[1]n(x, t1) − f

[4]
[2]n(x, t1)

)}

t0 cos(Ωnt0)

]

+ "terms with non-se
ular behaviour", (3.16)
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onveyor belt with time-varyingvelo
ity. The string-like 
asewhere the fun
tions f[1]n(x, t1),f[2]n(x, t1), f̃[1]n(x, t1) and f̃[2]n(x, t1) are givenby (3.12), and the fun
tions f [k]
[1]n(x, t1) and f [k]

[2]n(x, t1) are given by the follow-ing formulas:
fk
[1]n(x, t1) = wk

n(x, t1)F[1]n(x) + pk
n(x, t1)F[2]n(x),

fk
[2]n(x, t1) = wk

n(x, t1)F[2]n(x) − pk
n(x, t1)F[1]n(x),

(3.17)with the index k = 1, 2, 3, 4, respe
tively, where F[1]n(x) and F[2]n(x) are givenby (3.8) and where w[k]
n (t1), p[k]

n (t1) are given by
w

[1]
n (t1) =

1

2c

∫ l

0

ψn+1(x, t1) + θ̃n+1(x, t1)

πn
(−F[2]n(x))dx,

p
[1]
n (t1) = − 1

2c

∫ l

0

ψn+1(x, t1) + θ̃n+1(x, t1)

πn
(−F[1]n(x))dx,

w
[2]
n (t1) =

1

2c

∫ l

0

−ψn−1(x, t1) + θ̃n−1(x, t1)

πn
(−F[2]n(x))dx,

p
[2]
n (t1) = − 1

2c

∫ l

0

−ψn−1(x, t1) + θ̃n−1(x, t1)

πn
(−F[1]n(x))dx,

w
[3]
n (t1) =

1

2c

∫ l

0

ψ̃n+1(x, t1) − θn+1(x, t1)

πn
(−F[2]n(x))dx,

p
[3]
n (t1) = − 1

2c

∫ l

0

ψ̃n+1(x, t1) − θn+1(x, t1)

πn
(−F[1]n(x))dx,

w
[4]
n (t1) =

1

2c

∫ l

0

ψ̃n−1(x, t1) + θn−1(x, t1)

πn
(−F[2]n(x))dx,

p
[4]
n (t1) = − 1

2c

∫ l

0

ψ̃n−1(x, t1) + θn−1(x, t1)

πn
(−F[1]n(x))dx,

(3.18)
where ψn(x, t1), ψ̃n(x, t1), θ̃n(x, t1), θn(x, t1) are given by (3.10). It followsfrom (3.16) that the solution of the O(ε)-problem does not 
ontain se
ularterms if and only if















f[1]1(x, t1) + f̃[2]1(x, t1) +
1

2

(

f
[1]
[2]1(x, t1) + f

[3]
[1]1(x, t1)

)

= 0,

f̃[1]1(x, t1) − f[2]1(x, t1) +
1

2

(

f
[1]
[1]1(x, t1) − f

[3]
[2]1(x, t1)

)

= 0,

(3.19)
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ales perturbationmethod 31and for n > 2:






























f[1]n(x, t1) + f̃[2]n(x, t1)

+1
2

(

f
[1]
[2]n(x, t1) + f

[3]
[1]n(x, t1) + f

[2]
[2]n(x, t1) + f

[4]
[1]n(x, t1)

)

= 0,

f̃[1]n(x, t1) − f[2]n(x, t1)

+1
2

(

f
[1]
[1]n(x, t1) − f

[3]
[2]n(x, t1) + f

[2]
[1]n(x, t1) − f

[4]
[2]n(x, t1)

)

= 0.

(3.20)
De�ning A00(t1) ≡ 0 and B00(t1) ≡ 0 it follows that for all n = 1, 2, ...







F[1]n(x)σ[1]n(t1) + F[2]n(x)σ[2]n(t1) = 0,

F[1]n(x)σ[2]n(t1) − F[2]n(x)σ[1]n(t1) = 0,
(3.21)

where
σ[1]n(t1) = wn(t1) − p̃n(t1) +

1

2

(

w
[3]
n (t1) − p

[1]
n (t1) + w

[4]
n (t1) − p

[2]
n (t1)

)

,

σ[2]n(t1) = w̃n(t1) + pn(t1) +
1

2

(

w
[1]
n (t1) + p

[3]
n (t1) + w

[2]
n (t1) + p

[4]
n (t1)

)

.

(3.22)System (3.21) 
an be seen as a system for two unknown σ[1]n(t1) and σ[2]n(t1).For x ∈ (0, l) the determinant of this system is equal to (F[1]n)2 + (F[2]n)2 6= 0.From this it follows that σ[1]n(t1) = 0 and σ[2]n(t1) = 0, or, equivalently,














wn(t1) − p̃n(t1) +
1

2

(

w
[3]
n (t1) − p

[1]
n (t1) + w

[4]
n (t1) − p

[2]
n (t1)

)

= 0,

w̃n(t1) + pn(t1) +
1

2

(

w
[1]
n (t1) + p

[3]
n (t1) + w

[2]
n (t1) + p

[4]
n (t1)

)

= 0.

(3.23)
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onveyor belt with time-varyingvelo
ity. The string-like 
aseSystem (3.23) involves the fun
tions dAn0

dt1
,
dBn0

dt1
, An0(t1) and Bn0(t1). Solvingthis system for dAn0

dt1
,
dBn0

dt1
�nally yields for n = 1, 2, 3 . . .:























































































dAn0

dt1
=

α sin

(

πV0

c

)

2l
(n+ 1)A(n+1)0 −

(

cos

(

πV0

c

)

+ 1

)

α

2l
(n+ 1)B(n+1)0

−
α sin

(

πV0

c

)

2l
(n− 1)A(n−1)0 −

(

cos

(

πV0

c

)

+ 1

)

α

2l
(n− 1)B(n−1)0,

dBn0

dt1
=

(

cos

(

πV0

c

)

+ 1

)

α

2l
(n+ 1)A(n+1)0 +

α sin

(

πV0

c

)

2l
(n+ 1)B(n+1)0

+

(

cos

(

πV0

c

)

+ 1

)

α

2l
(n− 1)A(n−1)0 −

α sin

(

πV0

c

)

2l
(n− 1)B(n−1)0.(3.24)This system is an in�nite dimensional system of ordinary di�erential equations.It 
an 
learly be seen that for ω = Ω1 all vibration modes are intera
ting, andit will be di�
ult to solve the system analyti
ally. It 
an also be seen that inthe limit 
ase V0 = 0 system (3.24) 
oin
ides with the system as studied in[16℄. System (3.24) 
an be rewritten in the following way:



































dAn0

dt̄1
= γ(n + 1)A(n+1)0 − σ(n+ 1)B(n+1)0

−γ(n− 1)A(n−1)0 − σ(n− 1)B(n−1)0,

dBn0

dt̄1
= σ(n + 1)A(n+1)0 + γ(n+ 1)B(n+1)0

+σ(n− 1)A(n−1)0 − γ(n− 1)B(n−1)0,

(3.25)
where t̄1 =

α

2l
t1, γ = sin

(

πV0

c

) and σ = 1 + cos

(

πV0

c

). If the trun
ationmethod is applied to system (3.25), so only some �rst modes are taken intoa

ount and higher order modes are being negle
ted, the following system hasto be solved:
Ẋ = AX, (3.26)where ve
tor Ẋ represents the derivatives of An and Bn with respe
t to t̄1 andthe dimension of the square matrix A is two times the number of modes whi
hare 
onsidered. Table 3.1 represents the eigenvalues of the trun
ated system(3.25) up to 10 modes, whi
h have been 
al
ulated by using the 
omputer
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ales perturbationmethod 33software pa
kage Maple. From this table it 
an be seen that the eigenvaluesof the trun
ated system are always purely imaginary or zero. It is well knownin mathemati
s that in this 
ase no 
on
lusions 
an be drawn for the in�nitedimensional system.No. of Eigenvalues of matrix A Dimensi-modes (all multipli
ity 2) on eigen-spa
e of A1 0 22 ±
√

2(γ2 + σ2)i 43 0, ±2
√

2(γ2 + σ2)i 64 ±1.13
√

(γ2 + σ2)i, ±4.33
√

(γ2 + σ2)i 85 0,±2.30
√

(γ2 + σ2)i, ±5.89
√

(γ2 + σ2)i 106 ±7.50
√

(γ2 + σ2)i, ±1.00
√

(γ2 + σ2)i, 12
±3.56

√

(γ2 + σ2)i7 0, ±9.15
√

(γ2 + σ2)i,±2.05
√

(γ2 + σ2)i, 14
±4.90

√

(γ2 + σ2)i8 ±10.83
√

(γ2 + σ2)i, ±0.93
√

(γ2 + σ2)i, 16
±3.18

√

(γ2 + σ2)i, ±6.30
√

(γ2 + σ2)i9 0, ±12.54
√

(γ2 + σ2)i, ±1.89
√

(γ2 + σ2)i, 18
±4.38

√

(γ2 + σ2)i,±7.74
√

(γ2 + σ2)i10 ±14.26
√

(γ2 + σ2)i, ±0.87
√

(γ2 + σ2)i, 20
±5.65

√

(γ2 + σ2)i,±9.23
√

(γ2 + σ2)i,
±2.93

√

(γ2 + σ2)iTable 3.1: Approximations of the eigenvalues of the trun
ated system (3.25).
Analysis of the in�nite dimensional system (3.25).By introdu
ing Xn0(t̄1) = nAn0(t̄1) and Yn0(t̄1) = nBn0(t̄1) system (3.25)be
omes



















dXn0

dt̄1
= n

(

γX(n+1)0 − σY(n+1)0 − γX(n−1)0 − σY(n−1)0

)

,

dYn0

dt̄1
= n

(

σX(n+1)0 + γY(n+1)0 + σX(n−1)0 − γY(n−1)0

)

,

(3.27)
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onveyor belt with time-varyingvelo
ity. The string-like 
asefor n = 1, 2, . . ., and X00 = Y00 = 0. Then it 
an be dedu
ed that






Xn0Ẋn0 = n
(

γX(n+1)0Xn0 − σY(n+1)0Xn0 − γX(n−1)0Xn0 − σY(n−1)0Xn0

)

,

Yn0Ẏn0 = n
(

σX(n+1)0Yn0 + γY(n+1)0Yn0 + σX(n−1)0Yn0 − γY(n−1)0Yn0

)

. (3.28)By adding both equations in (3.28) and by taking the sum from n = 1 to ∞it follows that
1

2

∞
∑

n=1

d

dt̄1
(X2

n0 + Y 2
n0)

= σ

∞
∑

n=1

{

Y(n+1)0Xn0 −X(n+1)0Yn0

}

− γ

∞
∑

n=1

{

X(n+1)0Xn0 + Y(n+1)0Yn0

}

.(3.29)By di�erentiating (3.29) with respe
t to t̄1 one gets (for details readers arereferred to [16℄)
1

2

∞
∑

n=1

d2

dt̄21
(X2

n0 + Y 2
n0) = 2(σ2 + γ2)

∞
∑

n=1

(X2
n0 + Y 2

n0), (3.30)and then by putting ∑∞

n=1(X
2
n0 + Y 2

n0) = W (t̄1) it follows that
d2W (t̄1)

dt̄21
− 4(σ2 + γ2)W (t̄1) = 0. (3.31)The solution of (3.31) isW (t̄1) = K1e

2
√

(σ2+γ2)t̄1 +K2e
−2
√

(σ2+γ2)t̄1 , or, equiv-alently,
W (t1) = K1 exp





α

l

√

(

cos

(

πV0

c

)

+ 1

)2

+ sin2

(

πV0

c

)

t1





+K2 exp



−α
l

√

(

cos

(

πV0

c

)

+ 1

)2

+ sin2

(

πV0

c

)

t1



 ,

(3.32)where K1 and K2 are both 
onstants of integration. Now it should be observedthat for K1 6= 0 W (t1) in
reases if t1 in
reases. As it has been shown beforethe appli
ation of the trun
ation method to system (3.25) (that is, by 
on-sidering only a �nite number of vibration modes) that only purely imaginaryeigenvalues or zero eigenvalues will be found. This implies that only os
il-latory behaviour will be found by applying the trun
ation method, whereas
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learly indi
ates that also exponential behaviour should be in
luded.Be
ause of that the approximations obtained by the trun
ation method arenot a

urate on time-s
ales of order ε−1. For example, the approximation ofthe solution that was obtained in [15℄ is not valid on long time-s
ales of order
ε−1.3.2.3 The 
ase: ω =

π2(V 2
0 − c2)

lc
, the se
ond resonan
e 
aseIn this se
tion it is assumed that ω is equal to the se
ond natural frequen
y ofthe traveling string, that is ω =

π2(V 2
0 − c2)

lc
. In this 
ase, as in the 
ase 3.2.2both sums in the right hand side of (3.9) will lead to unbounded behaviourin the solution of the O(ε)-problem. After introdu
ing ω =

π2(V 2
0 − c2)

lc
into(3.9), equation (3.9) be
omes

O(ε) :
∂2v1

∂t20
+ 2V0

∂2v1

∂t0∂x
+ (V 2

0 − c2)
∂2v1

∂x2

=

∞
∑

n=1

{

sin(Ωnt0)ϕn(x, t1) + cos(Ωnt0)ϕ̃n(x, t1)

}

+
1

2

∞
∑

n=1

{

cos(Ωn−2t0)(ψn(x, t1) + θ̃n(x, t1))

+ cos(Ωn+2t0)(−ψn(x, t1) + θ̃n(x, t1))

+ sin(Ωn−2t0)(ψ̃n(x, t1) − θn(x, t1)) + sin(Ωn+2t0)(ψ̃n(x, t1) + θn(x, t1))
}

,(3.33)where fun
tions ϕn(x, t1), ϕ̃n(x, t1), ψn(x, t1), ψ̃n(x, t1), θn(x, t1), θ̃n(x, t1) arestill given by (3.10). In (3.33) it should be observed that Ω−n = Ωn and
Ω0 = 0.Following the same pro
edure, as in the 
ase 3.2.2 to avoid se
ular termsin the solution of the O(ε)-problem, one obtains after some lengthy, but ele-mentary 
al
ulations the following systems for An0(t1) and Bn0(t1):






















dA(1)0

dt1
= −3α

l
sin

(

πV0

c

)

cos

(

πV0

c

)

A(3)0 +
3α

l

(

cos

(

πV0

c

)

− 1

)2

B(3)0,

dB(1)0

dt1
= −3α

l

(

cos

(

πV0

c

)

− 1

)2

A(3)0 −
3α

l
sin

(

πV0

c

)

cos

(

πV0

c

)

B(3)0,(3.34)



36Chapter 3. On the transversal vibrations of a 
onveyor belt with time-varyingvelo
ity. The string-like 
asefor n = 1, and














































dAn0

dt1
= −αµ

2l
(n+ 2)A(n+2)0 +

αη

2l
(n+ 2)B(n+2)0

+
αµ

2l
(n− 2)A(n−2)0 +

αη

2l
(n− 2)B(n−2)0,

dBn0

dt1
= −αη

2l
(n+ 2)A(n+2)0 −

αµ

2l
(n+ 2)B(n+2)0

− αη

2l
(n− 2)A(n−2)0 +

αµ

2l
(n− 2)B(n−2)0,

(3.35)
for n = 2, 3, . . . where

µ = sin

(

πV0

c

)

cos

(

πV0

c

)

, η =

(

cos

(

πV0

c

)

− 1

)2

. (3.36)In system (3.34)-(3.35) A00 and B00 = 0 are de�ned to be identi
ally equal tozero. The system (3.34)-(3.35) is an in�nite dimensional system of 
oupled,ordinary di�erential equations. From the stru
ture of the equations it 
aneasily be seen that there are in�nitely many intera
tions between the vibrationmodes, namely between n− 2, n and n+2 modes. So, to apply the trun
ationmethod to system (3.34)-(3.35) (to �nd approximations of the solution whi
hare valid on long time-s
ales of order ε−1) 
an be a wrong pro
edure as hasbeen shown for the 
asem∗ = 1. How to obtain more information out of system(3.34)-(3.35) for arbitrary m∗ is still an open subje
t for future resear
h.3.2.4 The 
ase: ω =
πm∗(V 2

0 − c2)

lc
, a general resonan
e 
aseBy 
onsidering the 
ases 3.2.1, 3.2.2, and 3.2.3, and by taking into a

ount theresults that have been obtained in [27℄ it follows, that if an external frequen
yis equal to a natural frequen
y of the moving string or equal to the sum ordi�eren
e of those natural frequen
ies it will 
ause resonan
e in the 
onveyorbelt system. Now it will be assumed that ω = Ωm∗ , that is, ω =

πm∗(V 2
0 − c2)

lc
,where m∗ ∈ Z

+ and �xed. In this se
tion the system of ordinary di�erentialequations will be derived, whi
h des
ribes the intera
tions between the di�erentos
illation modes.Substituting ω =
πm∗(V 2

0 − c2)

lc
into (3.9) yields
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O(ε) :

∂2v1

∂t20
+ 2V0

∂2v1

∂t0∂x
+ (V 2

0 − c2)
∂2v1

∂x2

=

∞
∑

n=1

{

sin(Ωnt0)ϕn(x, t1) + cos(Ωnt0)ϕ̃n(x, t1)

}

+
1

2

∞
∑

n=1

{

cos(Ωn−m∗t0)(ψn(x, t1) + θ̃n(x, t1))

+ cos(Ωn+m∗t0)(−ψn(x, t1) + θ̃n(x, t1))

+ sin(Ωn−m∗t0)(ψ̃n(x, t1) − θn(x, t1)) + sin(Ωn+m∗t0)(ψ̃n(x, t1) + θn(x, t1))
}

,(3.37)where fun
tions ϕn(x, t1), ϕ̃n(x, t1), ψn(x, t1), ψ̃n(x, t1), θn(x, t1), θ̃n(x, t1) aregiven again by (3.10). In (3.37) it should be observed that Ω−n = Ωn and
Ω0 = 0.Following the same pro
edure, as in the previous 
ases to avoid se
ularterms in the solution of the O(ε)-problem, one obtains after some lengthy, butelementary 
al
ulations the following systems for An0(t1) and Bn0(t1):


















dAn0

dt1
=
αµm∗

m∗l
(n+m∗)A(n+m∗)0 +

αηm∗

m∗l
(n+m∗)B(n+m∗)0,

dBn0

dt1
= −αηm∗

m∗l
(n+m∗)A(n+m∗)0 +

αµm∗

m∗l
(n+m∗)B(n+m∗)0,

(3.38)for n = 1, 2, . . . ,m∗ − 1, and














































dAn0

dt1
=
αµm∗

2m∗l
(n+m∗)A(n+m∗)0 +

αηm∗

2m∗l
(n+m∗)B(n+m∗)0

− αµm∗

2m∗l
(n−m∗)A(n−m∗)0 +

αηm∗

2m∗l
(n −m∗)B(n−m∗)0,

dBn0

dt1
= −αηm∗

2m∗l
(n+m∗)A(n+m∗)0 +

αµm∗

2m∗l
(n+m∗)B(n+m∗)0

− αηm∗

2m∗l
(n−m∗)A(n−m∗)0 −

αµm∗

2m∗l
(n−m∗)B(n−m∗)0,

(3.39)
for n = m∗,m∗ + 1, . . ., where

µm∗ = (−1)1+m∗
sin

(

πm∗V0

c

)

, ηm∗ = (−1)m
∗

(

cos

(

πm∗V0

c

)

− 1

)

.(3.40)



38Chapter 3. On the transversal vibrations of a 
onveyor belt with time-varyingvelo
ity. The string-like 
aseIn system (3.38)-(3.39) A00 and B00 are de�ned to be identi
ally equal to zero.The system (3.38)-(3.39) is an in�nite dimensional system of 
oupled, ordinarydi�erential equations. From the stru
ture of the equations it 
an easily beseen that there are in�nitely many intera
tions between the vibration modes,namely between n − m∗, n and n + m∗ modes. So, to apply the trun
ationmethod to system (3.38)-(3.39) (to �nd approximations of the solution whi
hare valid on long time-s
ales of order ε−1) 
an be a wrong pro
edure as it hasbeen shown for the 
ase m∗ = 1 and for the 
ase m∗ = 2. How to obtain moreinformation out of system (3.38)-(3.39) for arbitrary m∗ is still an open subje
tfor the future resear
h.3.3 Con
lusions and remarksIn this 
hapter an initial-boundary value problem for a linear equation, de-s
ribing an axially moving string has been studied. This equation 
an be usedas a model for the lower frequen
y, transversal vibrations of a 
onveyor beltsystem. The axially moving string is assumed to move in one dire
tion with anon-
onstant speed V (t), that is, V (t) = V0 + εα sin(ωt), where 0 < ε≪ 1 andwhere V0, α and ω are positive 
onstants. For V0 it is assumed that V0 < c,where c is the wave speed. Formal asymptoti
 approximations of the solutionof the initial-boundary value problem have been 
onstru
ted by using a 
om-bination of a two time-s
ales perturbation method and a Lapla
e transformmethod (see also [27℄ and [37℄). It turns out that there are in�nitely manyvalues of ω that give rise to internal resonan
es in the axially moving stringsystem. In fa
t, that happens when ω is equal to any natural frequen
y of themoving string, that is, ω = Ωn =
πn(V 2

0 − c2)

lc
, where n = 1, 2, . . .. It turnedout for ω = Ω1 that only a one-mode approximation, as for instan
e has beenused in [15℄ is not a

urate on time-s
ales of order ε−1, as the solution ofthe boundary-value problem (3.2)-(3.3) 
onsists of in�nitely many, intera
tingvibration modes. Moreover in [15℄ due to the appli
ation of the trun
ationmethod, the odd numbered resonan
e frequen
ies Ωn were not found.Four 
ases have been studied in this 
hapter: ω is not in a neighbourhood ofany Ωn, ω = Ω1, ω = Ω2 and ω = Ωm∗ , where m∗ ∈ Z

+ and �xed. For these
ond 
ase (that is when ω is equal to the lowest natural frequen
y of themoving string) a �rst integral has been found and it has been shown that thetrun
ation method does not give a

urate results on long time-s
ales. All ap-proximations whi
h are obtained by the method as introdu
ed in this 
hapterare valid on long time-s
ales, that is, on time-s
ales of order ε−1. Moreover,the results as obtained in [16℄ are a spe
ial 
ase of the results as obtained inthis 
hapter.



CHAPTER 4
On the transversal vibrations of an axially moving 
ontinuumwith a time-varying velo
ity: transient from string to beambehaviour

Abstra
t: In this 
hapter an initial boundary value problem for a linearequation des
ribing an axially moving stret
hed beam will be 
onsidered.The velo
ity of the beam is assumed to be time-varying. Sin
e the order ofmagnitude of the bending sti�ness terms depends on the vibration modesand the frequen
ies involved a 
ombination of two simpli�ed models (thatis, a string equation for the lower frequen
ies, and a beam with string e�e
tequation for the higher frequen
ies) will be used to des
ribe the transversalvibrations of the system a

urately. Based on the 
al
ulations of the naturalfrequen
ies the regions of appli
ability of these sub-models will be determined.A two time-s
ales perturbation method will be used to 
onstru
t formalasymptoti
 approximations of the solutions. Non-resonant and some resonant
ases will be studied for four di�erent values of the relative errors. Animportant impli
ation of the earlier results in the literature is that for thesetypes of axially moving 
ontinua problems the use of only string-like modelsis not appropriate. To des
ribe the dynami
s of these types of axially moving
ontinua problems 
orre
tly one has to in
lude (small) bending sti�ness inthe model. In this paper it is expli
itly shown how to work with a 
ombinedmodel that is a string model at the low frequen
ies and a tensioned beammodel at the higher frequen
ies. 39



40Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviour
4.1 Introdu
tionAxially moving systems are present in a vast 
lass of engineering problemswhi
h arise in industrial, 
ivil, aerospatial, me
hani
al, ele
troni
, medi
al,and automotive appli
ations. Serpentine belts, aerial 
ables, tram and trainways, oil pipelines, magneti
 tapes, power transmission belts, band saw blades,
hair lifts in skiing resorts, and even models of human DNA are examples ofreal obje
ts where axial transport of mass 
an be asso
iated with transversevibrations. Investigating transverse vibrations of a belt system is a 
hallengingsubje
t whi
h has been studied for many years by many resear
hes and stillis of interest today (see the referen
es for a re
ent overview). In the 
lassi
alanalysis of axially moving 
ontinua the vibrations are usually 
lassi�ed into twotypes, i.e. whether it is of a string-like type or of a beam-like type, dependingon the bending sti�ness of the belt. If the bending sti�ness 
an be negle
tedthen the system is 
lassi�ed as string (wave)-like, otherwise it is 
lassi�edas beam-like. The transverse vibrations of a belt system (with time-varyingvelo
ity V (τ)) 
an be modelled mathemati
ally as:

• string-like by
Uττ + 2V UXτ + VτUX + (V 2 − c2)UXX = 0, and (4.1)

• beam-like (with a string e�e
t) by
Uττ + 2V UXτ + VτUX + (V 2 − c2)UXX +

EI

ρA
UXXXX = 0, (4.2)This 
hapter is a slightly revised version of [38℄: S.V. Ponomareva andW.T. van Horssen:On the transversal vibrations of an axially moving 
ontinuum with time-varying velo
ity:transient from string to beam behaviour, Journal of Sound and Vibration, a

epted forpubli
ation, (2009).



4.1. Introdu
tion 41where
A : the area of the 
ross se
tion of the belt,
X : the 
oordinate in horizontal dire
tion,
U(X, τ) : the displa
ement of the belt in verti
al dire
tion,
πL : the distan
e between the pulleys,
ρ : the mass density of the belt,
E : the modulus of elasti
ity,
I : the moment of inertia with respe
t to the beltmiddle plane,
τ : the time,
V (τ) : the time-varying belt speed, and
c > 0 : the wave speed, due to a pretension of the belt.The time-varying belt velo
ity V (τ) is given by V (τ) = ε(V 0 + α sin(ωτ)),where V 0, ω, and α are some positive 
onstants with V 0 > 0 and V 0 > |α|,and where ε is a small parameter with 0 < ε≪ 1. The term εα sin(ωτ) 
an beseen as a small perturbation of the main belt speed εV 0, due to di�erent kindsof imperfe
tions of the belt system. The small parameter ε indi
ates that thebelt speed V (τ) is small 
ompared to the wave speed c. The 
ondition V 0 > |α|guarantees that the belt always moves forward in one dire
tion.Due to di�erent kinds of imperfe
tions of the belt system su
h as roll e

en-tri
ities and varying belt speed, severe transversal vibrations (due to internalresonan
es) 
an o

ur. The o

urren
e of resonan
es should be prevented sin
ethey 
an 
ause operational and maintenan
e problems in
luding ex
essive wearof the belt and the support 
omponents, and an in
rease of energy 
onsumptionof the belt system. By knowing the natural frequen
ies of the belt, so 
alledresonan
e-free belt system 
an be designed. Although the nonlinear models
an be more informative, and des
ribe the real 
onveyer belt systems usuallybetter, it is not meaningless to investigate the linear equations. (4.1) and (4.2)�rst.Equation (4.1) with V (τ) = ε(V 0 + α sin(ωτ)) was studied in [16℄. Itwas found that there are in�nitely many values of ω giving rise to internalresonan
es in the belt system. It was also shown that the trun
ation method
an not be applied in order to obtain asymptoti
 results on long time-s
ales(that is, on time-s
ales of order ε−1). Equation (4.1) with V (τ) = V 0 +

εα sin(ωτ) was studied in [33℄. It was shown that in this 
ase for a highvelo
ity the trun
ation method also 
an not be applied. On the other hand itwas also shown in [18℄ that for the beam equation (4.2) the trun
ation method
an be applied, but the dynami
 behaviour of the belt system is still very
ompli
ated. The stability 
onditions for the belt system were also derivedin [18℄. From experiments and from the theoreti
al investigations (see, for



42Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourexample [25℄) it is known that the real dynami
 behaviour of 
onveyer beltsystems with relatively small bending sti�ness is some sort of 
ombination ofboth models (4.1)-(4.2). The low frequen
y vibration modes look more likestring modes and the higher order modes (when the bending sti�ness be
omesmore important) look more like beam modes. It is not only interesting but alsoimportant from the appli
ational point of view to investigate su
h phenomenaof transient �from string to beam� behaviour. In [25℄ the e�e
t of bendingsti�ness on higher order modes was dis
ussed. In re
ent papers [39℄ and [40℄the following attempts to des
ribe these phenomena 
an be found. When thebelt speed is high and has the same order of magnitude as the wave speed c(that is, V (τ) = V 0 + εα sin(ωτ)) a 
ase has been studied in [39℄ for whi
hthe bending sti�ness is of order ε, and an approximate analyti
al expressionfor the natural frequen
y and stability regions has been presented. In [41℄the same assumptions have been used and boundary layer solutions have been
onstru
ted. Approximations of the eigenvalues of the belt system with a smallbending sti�ness were also presented in [40℄. In [42℄ it has been found thatsmall bending sti�ness term be
omes very important near the boundaries. Allthe authors of the aforementioned papers found that the natural frequen
ies
hange due to the presen
e of a small bending sti�ness, but did not in
ludethe fa
t that for the higher order modes the bending sti�ness terms are notof order ε anymore, and a
tually should be in
luded in the O(1)-problem.Namely, the assumption that most axially moving belt systems have smallbending sti�ness relative to their tension and 
an be modelled as an axiallymoving beam with small dimensionless bending sti�ness (as it was done in[40℄) is only valid for lower order vibration modes. Moreover, the naturalfrequen
ies of the beam model (4.2) with V (τ) = V 0 + εα sin(ωτ) 
an notbe found exa
tly (see for instan
e [31℄ and [8℄). In this 
hapter it will beassumed that V (τ) = ε(V 0 + α sin(ωτ)). The idea how and when in this 
asedi�erent simpli�ed models may be applied to 
onstru
t a more realisti
 modelof the travelling belt system was proposed in [36℄. Usually it is not possibleto 
al
ulate the natural frequen
ies of a real belt system exa
tly. The bendingsti�ness, however, is not important for the lower modes of vibrations. Andfor the higher modes of vibration the bending sti�ness terms be
ome moreimportant than the string terms.Let us assume that ω is given, and that initially at T = 0 the �rst N modesare present. If N is not too large the bending sti�ness terms in the problemequation are small, and 
an be negle
ted. A string equation (see equation(4.1)) is then obtained. The problem for the string equation, however, hasa serious drawba
k: the trun
ation method 
an not be applied due to thepresen
e of internal resonan
es for whi
h all modes are intera
ting. And asa 
onsequen
e, no good approximations of the exa
t solution on a long time-
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tion 43s
ale 
an be found. Moreover, the resonan
e frequen
ies (whi
h are found inthis way) might not 
orrespond to the exa
t resonan
e frequen
ies. Now, thereare at least three simpli�ed models depending on the vibration modes and the
orresponding frequen
ies: a string model for the lower frequen
ies, a beam-string model (that is, the exa
t model) for the intermediate frequen
ies, anda pure beam model for the higher frequen
ies. A 
ombination of these models
an improve the results of the existing models and methods. The proposedmethod is based on 
al
ulating the natural frequen
ies of ea
h sub-model, anddetermining the relative errors in it. In this way one 
an de�ne intervals ofappli
ability of these simpli�ed models with a prede�ned, desired a

ura
y. Itshould be observed that a pure beam equation 
an not be trun
ated either (see[43℄), whereas for a beam-string model there is no problem with trun
ation. Inthis paper a 
ombination of two simpli�ed models will be proposed: a stringmodel for the lower frequen
ies, and a beam-string model for the intermediateand the higher frequen
ies. It will turn out that this 
ombination model hasthe following advantages:1. The model allows to trun
ate a string equation 
orre
tly.2. The natural frequen
ies of the lower vibration modes 
an be found morea

urately, as the small bending sti�ness e�e
t has to be in
luded as asmall perturbation into the problem.When a string-like model is used it has been shown in [16℄ and [33℄ thatthe in�nite series representation for the solution 
an not be trun
ated from themathemati
al point of view (else one 
an obtain wrong internal resonan
es,and in
orre
t modal intera
tions). So, using only a string-like model for whi
hthe number of modes is trun
ated to a �nite number 
an or will lead to wrongmathemati
al results. On the other hand an in�nite mode representation forthe solution of a string-like model is physi
ally irrelevant sin
e for the higherorder modes the bending sti�ness be
omes important, and so the beam-string-like equation has to be studied. In this 
hapter it will be demonstrated how towork with the 
ombined model that is a string model at the low frequen
ies anda tensioned beam model at the higher frequen
ies, su
h that mathemati
allyand physi
ally 
orre
t results are obtained.The 
hapter is organized as follows. In Se
tion 4.2 the formulation of theproblem will be given. The regions of appli
ability of the simpli�ed modelswill be determined. In Se
tion 4.3 the two time-s
ales perturbation methodwill be applied to 
onstru
t approximate solutions of the problems. Values of
ω that give rise to internal resonan
es will be presented. The non-resonant
ase and some resonant 
ases will be studied for four di�erent values of therelative error in the Se
tions 4.4, 4.5, 4.6, and 4.7. Stability properties of the



44Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behavioursolution for all 
ases will be given in Se
tion 4.8. Finally, in Se
tion 4.9 some
on
lusions will be drawn and some remarks will be made.4.2 Formulation of the problemIn this se
tion a new approa
h will be proposed to 
onstru
t a model for anaxially moving 
ontinuum, whi
h in
ludes both string type and beam typedynami
 behaviour. The simplest me
hani
al model for a travelling belt isa simply supported tensioned Euler-Bernoulli beam (see Figure 4.1). Theequation for this model is given by (see also (4.2))
Uττ + 2V UXτ + VτUX + (V 2 − c2)UXX +

EI

ρA
UXXXX = 0. (4.3)The speed of the belt is assumed to be time-varying and to be given by V (τ) =

ε(V 0+α sin(ωτ)). The boundary 
onditions and the initial 
onditions for (4.3)are given by
U(0, τ ; ε) = U(πL, τ ; ε) = UXX(0, T ; ε) = UXX(πL, τ ; ε) = 0, τ > 0,

U(X, 0; ε) = f(X), and Uτ (X, 0; ε) = r(X), 0 < X < πL, (4.4)where f(X) represents the initial displa
ement of the belt, r(X) is the initialvelo
ity of the belt, and where πL is the distan
e between the pulleys. Forsimpli
ity it is assumed that the 
ross se
tion of the belt has a re
tangularshape, so that A = hb and I =
bh3

12
, where h is the thi
kness and b is the widthof the belt 
ross-se
tion, respe
tively (see Figure 4.2). Following the 3D theoryof elasti
ity additional 
onditions have to be imposed to the stret
hed beamequation (4.3), that is: πL

k
≫ h and b≫ h, where k is the mode number.Equation (4.3) in non-dimensional form be
omes

utt − uxx + µuxxxx

= ε(−αω cos(ωt)ux − 2(V0 + α sin(ωt))uxt) − ε2(V0 + α sin(ωt))2uxx,(4.5)where x =
X

L
, V0 =

V 0

c
, t =

c

L
τ , u =

U

L
, ω =

L

c
ω, α =

α

c
and µ =

EI

ρAc2L2
=

Eh2

12ρc2L2
. The boundary 
onditions and the initial 
onditions for (4.5) aregiven by
u(0, t; ε) = u(π, t; ε) = uxx(0, t; ε) = uxx(π, t; ε) = 0, t > 0, (4.6)

u(x, 0; ε) = f(x), and ut(x, 0; ε) = r(x), 0 < x < π, (4.7)
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f(X)

L
and r(x) =

r(X)

c
.

PSfrag repla
ements U(X, τ)
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πL = lFigure 4.1: The travelling belt system.
PSfrag repla
ementsb

hπLFigure 4.2: The travelling belt 
on�guration.As it was explained in the Se
tion 4.1, the natural frequen
ies 
an usuallynot be 
al
ulated exa
tly for real problems of travelling belts due to the pres-en
e of 
ompli
ated boundary 
onditions, di�erent sorts of (non-)linearities,variable sti�ness, and so on. It is not meaningless to 
onsider only stringbehaviour for the lower vibration modes of the belt (when the in�uen
e ofbending sti�ness is very small and 
an be negle
ted in the O(1)-problem), andthe following approa
h shows how one 
an de�ne the regions of appli
ability.Let us �rst 
onsider the equation
utt − uxx + µuxxxx = 0, (4.8)subje
ted to the boundary 
onditions (4.6). The parameter µ (as de�ned in(4.5)) is usually a small parameter for belt systems. To determine the naturalfrequen
ies of this problem the method of separation of variables 
an be used,giving as non-trivial solutions for k = 1, 2, 3, . . .

eiΩkt sin(kx), (4.9)



46Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourwhere i =
√
−1, and

Ωk = k
√

1 + µk2. (4.10)Equation (4.10) gives us exa
t natural frequen
ies for equation (4.8) subje
tedto the boundary 
onditions (4.6). For the string model (i.e. equation (4.8)without bending sti�ness) and for the beam model (i.e. equation (4.8) withoutstring e�e
t) the natural frequen
ies also 
an be found, so that,
Ω

(1)
k = k for the string model,

Ω
(2)
k = k

√

1 + µk2 for the stret
hed beam model, and
Ω

(3)
k = k

√
µ for the beam model. (4.11)It is possible now to �nd intervals of appli
ability of these simpli�ed models(for k), based on the natural frequen
ies (4.11), with a desired or requireda

ura
y. In Table 4.1 these regions for k are given (where the simpli�edmodels, i.e. the string model and the beam model, 
an be used) for µ equalto 0.0001, 0.002, 0.01, 0.1, 1, and 10, and with relative errors of at most 0.1

%, 1 %, 3 %, and 5 % in the frequen
ies respe
tively.Let us 
onsider a real moving belt, fabri
ated from material, with thefollowing me
hani
al properties: E=1.8 GPa, ρ=1.5 g 
m−3, h = 0.8 
m,
l=100 m, T0=5 N mm−1, and b <3000 mm. This implies that µ = 0.002. FromTable 4.1 it 
an be seen, that with a relative error of 5 % in the frequen
ies thefollowing model 
an be derived (the original initial-boundary value problemfor (4.5) 
an now be split up by assuming that u(x, t) = Σ∞

k=1uk(t) sin(kx)).For 1 6 k 6 7 - the string model:
utt − uxx =ε(−αω cos(ωt)ux − 2(V0 + α sin(ωt))uxt − c1uxxxx)

− ε2(V0 + α sin(ωt))2uxx,
(4.12)where it is assumed in (4.12) that µuxxxx = O(ε), so that µuxxxx = εc1uxxxx.For 8 6 k 6 68 - the beam with string e�e
t model:

utt − uxx + µuxxxx =ε(−αω cos(ωt)ux − 2(V0 + α sin(ωt))uxt)

− ε2(V0 + α sin(ωt))2uxx,
(4.13)where it should be observed that the terms in the left hand side of (4.13) areof leading order, and are of the same order of magnitude.
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µ 0.0001 0.002 0.01rel error; modelstring 1 6 k 6 4 k = 1 �0,1%; beam-string 56 k 6 2234 26 k 6 691 16 k 6 223beam 2235 6 k < ∞ 692 6 k < ∞ 224 6 k <∞string 1 6 k 6 14 1 6 k 6 3 k = 11%; beam-string 15 6 k 6 702 4 6 k 6 161 2 6 k 6 70beam 703 6 k <∞ 162 6 k <∞ 71 6 k <∞string 1 6 k 6 25 1 6 k 6 5 1 6 k 6 23%; beam-string 26 6 k 6 399 6 6 k 6 89 3 6 k 6 39beam 400 6 k <∞ 90 6 k <∞ 40 6 k <∞string 1 6 k 6 32 1 6 k 6 7 1 6 k 6 35%; beam-string 33 6 k 6 304 8 6 k 6 68 4 6 k 6 30beam 305 6 k <∞ 69 6 k <∞ 31 6 k <∞
µ 0.1 1 10rel error; modelstring � � �0,1%; beam-string 16 k 6 70 1 6 k 6 22 1 6 k 6 7beam 71 6 k <∞ 23 6 k <∞ 8 6 k <∞string � � �1%; beam-string 1 6 k 6 23 1 6 k 6 7 1 6 k 6 2beam 24 6 k <∞ 8 6 k <∞ 3 6 k <∞string � � �3%; beam-string 1 6 k 6 12 1 6 k 6 3 k = 1beam 13 6 k <∞ 4 6 k <∞ 2 6 k <∞string k = 1 � �5%; beam-string 2 6 k 6 9 1 6 k 6 3 �beam 10 6 k <∞ 4 6 k <∞ 1 6 k <∞Table 4.1: Appli
ability regions for the simpli�ed models: string, beam withstring e�e
t, and beam equations.For 69 6 k < ∞ - the beam model:

utt + µuxxxx =ε(−αω cos(ωt)ux − 2(V0 + α sin(ωt))uxt +
1

ε
uxx)

− ε2(V0 + α sin(ωt))2uxx,

(4.14)where it should be observed that the terms in the left-hand side of (4.14) areat least an order of magnitude larger than those terms in the right-hand side



48Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourof (4.14).As it was shown in [16℄ the trun
ation method 
an not be applied to thestring equation (4.12), but for the beam with string e�e
t equation (4.13)the method 
an be applied (see [18℄) when the internal resonan
es are takeninto a

ount. In [43℄ it was shown that the trun
ation method also 
an notbe applied to the beam equation (4.14) when one wants to obtain a

urateapproximations of the solution on long time-s
ale. Based on these observationsit is assumed now for simpli
ity, that the original problem (4.5) is split up into2 models: for 1 6 k 6 7 - the string model (4.12), and for 8 6 k < ∞ - thebeam with string e�e
t model (4.13). It was shown in [18℄ that by substituting
u(x, t) =

∑

∞

n=1 un(t; ε) sin(nx) into (4.5), by multiplying both sides of the so-obtained equation with sin(kx), and then by integrating with respe
t to x from
x = 0 to x = π it follows that

ük + (µk4 + k2)uk

= ε

∞ ∗
∑

n=1

kn

(n2 − k2)π

(

4αω cos(ωt)un + 8(V0 + α sin(ωt))u̇n

)

+ O(ε2),(4.15)where the ∗ in ∑

∞ ∗

n=1 indi
ates that the summation is only 
arried out for
n ± k is odd. For t = 0 uk(t) satis�es: uk(0; ε) =

2

Lπ

∫ π

0
f(x) sin(kx)dx, and

u̇k(0; ε) =
2

cπ

∫ π

0
r(x) sin(kx)dx. In the next Se
tion 4.3 a two time-s
alesperturbation method will be applied to approximate the solution of (4.15).4.3 Appli
ation of the two time-s
ales perturbationmethodTo avoid se
ular terms in the approximate solution of (4.5) and (4.15) a twotime-s
ales perturbation method is used. The two new time s
ales are t0 = tand t1 = εt, implying that uk(t; ε) = vk(t0, t1; ε). The following transforma-tions are needed for the time derivatives:

duk

dt
=
∂vk

∂t0
+ ε

∂vk

∂t1
,

d2uk

dt2
=
∂2vk

∂t20
+ 2ε

∂2vk

∂t0∂t1
+ ε2

∂2vk

∂t21
.

(4.16)



4.3. Appli
ation of the two time-s
ales perturbationmethod 49It is assumed that vk = vk0 + εvk1 + . . ., and vk(t0, t1; ε) = v
(1)
k (t0, t1; ε) for

1 6 k 6 7 (i.e. the time behaviour is mainly determined by the string model),and vk(t0, t1; ε) = v
(2)
k (t0, t1; ε) for 8 6 k < ∞ (i.e. the time behaviour ismainly determined by the beam with string e�e
t model). So that, in fa
tthere are two sets of O(1) problems, two sets of O(ε) problems, and so on. Bysubstituting (4.16) into (4.15), by substituting the expansion for vk into (4.15),and by taking together terms of equal powers in ε for v(1)

k and v(2)
k it followsthat for 1 6 k 6 7:

O(1)(1) :
∂2v

(1)
k0

∂t20
+ k2v

(1)
k0 = 0,

O(ε)(1) :
∂2v

(1)
k1

∂t20
+ k2v

(1)
k1 = −2

∂2v
(1)
k0

∂t0∂t1
− c1k

4v
(1)
k0

+

7∗
∑

n=1

(

kn

(n2 − k2)π
4ωα cos(ωt)v

(1)
n0 + 8(V0 + α sin(ωt))

∂v
(1)
n0

∂t0

)

+

∞∗
∑

n=8

(

kn

(n2 − k2)π
4ωα cos(ωt)v

(2)
n0 + 8(V0 + α sin(ωt))

∂v
(2)
n0

∂t0

)

,(4.17)and for 8 6 k <∞:
O(1)(2) :

∂2v
(2)
k0

∂t20
+ (k2 + µk4)v

(2)
k0 = 0,

O(ε)(2) :
∂2v

(2)
k1

∂t20
+ (k2 + µk4)v

(2)
k1 = −2

∂2v
(2)
k0

∂t0∂t1

+
7∗
∑

n=1

(

kn

(n2 − k2)π
4ωα cos(ωt)v

(1)
n0 + 8(V0 + α sin(ωt))

∂v
(1)
n0

∂t0

)

+

∞∗
∑

n=8

(

kn

(n2 − k2)π
4ωα cos(ωt)v

(2)
n0 + 8(V0 + α sin(ωt))

∂v
(2)
n0

∂t0

)

.(4.18)Equation (4.17) represents the time behaviour of the main equation (4.5) forthe �rst seven modes with small bending sti�ness terms. The se
ond sum inequation (4.17) represents the in�uen
e of the beam with string e�e
t model(i.e. the in�uen
e of the higher order modes (k > 8) on the lower order modes(k < 8)). In the �rst sum in (4.18) there still is the in�uen
e of the stringmodes on the higher order modes. So, there is an intera
tion between the twomodels. In (4.18) the bending sti�ness terms are now of leading order. The



50Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behavioursolution of the O(1)(1)-problem is given by
v
(1)
k0 = Ak0(t1) sin(Ω

(1)
k t0) +Bk0(t1) cos(Ω

(1)
k t0), k = 1, 2, . . . , 7. (4.19)The solution of the O(1)(2)-problem is given by

v
(2)
k0 = Ak0(t1) sin(Ω

(2)
k t0) +Bk0(t1) cos(Ω

(2)
k t0), k = 8, 9, . . . . (4.20)In (4.19) and (4.20) Ω

(1)
k and Ω

(2)
k are given by (4.11). Ak0(t1) and Bk0(t1) arestill arbitrary fun
tions and 
an be used to avoid se
ular terms in the solutionsof the O(ε)(1)-problem and the O(ε)(2)-problem. The O(ε)(1) equation (for

k = 1, 2, . . . , 7) now be
omes
∂2v

(1)
k1

∂t20
+ (Ω

(1)
k )2v

(1)
k1 = −2Ω

(1)
k

(

∂Ak0

∂t1
cos(Ω

(1)
k t0) −

∂Bk0

∂t1
sin(Ω

(1)
k t0)

)

− c1k
4
(

Ak0(t1) sin(Ω
(1)
k t0) +Bk0(t1) cos(Ω

(1)
k t0)

)

+
7∗
∑

n=1

{

kn

(n2 − k2)π
4ωα cos(ωt)An0(t1) sin(Ω(1)

n t0) +Bn0(t1) cos(Ω(1)
n t0)

+8(V0 + α sin(ωt))Ω(1)
n

(

An0(t1) cos(Ω(1)
n t0) −Bn0(t1) sin(Ω(1)

n t0)
)}

+
∞∗
∑

n=8

{

kn

(n2 − k2)π
4ωα cos(ωt)An0(t1) sin(Ω(2)

n t0) +Bn0(t1) cos(Ω(2)
n t0)

+8(V0 + α sin(ωt))Ω(2)
n

(

An0(t1) cos(Ω(2)
n t0) −Bn0(t1) sin(Ω(2)

n t0)
)}

,(4.21)and the O(ε)(2) equation (for k = 8, 9, . . .) is given by
∂2v

(2)
k1

∂t20
+ (Ω

(2)
k )2v

(2)
k1 = −2Ω

(2)
k

(

∂Ak0

∂t1
cos(Ω

(2)
k t0) −

∂Bk0

∂t1
sin(Ω

(2)
k t0)

)

+

7∗
∑

n=1

{

kn

(n2 − k2)π
4ωα cos(ωt)An0(t1) sin(Ω(1)

n t0) +Bn0(t1) cos(Ω(1)
n t0)

+8(V0 + α sin(ωt))Ω(1)
n

(

An0(t1) cos(Ω(1)
n t0) −Bn0(t1) sin(Ω(1)

n t0)
)}

+

∞∗
∑

n=8

{

kn

(n2 − k2)π
4ωα cos(ωt)An0(t1) sin(Ω(2)

n t0) +Bn0(t1) cos(Ω(2)
n t0)

+8(V0 + α sin(ωt))Ω(2)
n

(

An0(t1) cos(Ω(2)
n t0) −Bn0(t1) sin(Ω(2)

n t0)
)}

.(4.22)



4.4. Appli
ation of the method with a relative error of 5% 51From the equations (4.21) and (4.22) it 
an readily be seen that there arein�nitely many values of ω that 
an give rise to internal resonan
es. It fa
tthese values are (in an O(ε) neighbourhood of):
(i) ω ± Ω

(1)
n = ±Ω

(1)
k , for n, k = 1, 2, . . . , 7,

(ii) ω ± Ω
(2)
n = ±Ω

(1)
k , for k = 1, 2, . . . , 7, and n = 8, 9, . . . ,

(iii) ω ± Ω
(1)
n = ±Ω

(2)
k , for n = 1, 2, . . . , 7, and k = 8, 9, . . . ,

(iv) ω ± Ω
(2)
n = ±Ω

(2)
k , for n = 8, 9, . . . , and k = 8, 9, . . . .

(4.23)For all resonant 
ases (i)-(iv) the additional 
ondition that k±n is an oddnumber, still holds due to summation in (4.15). By inter
hanging n and k, theresonant 
ase (ii) (derived out of the O(ε)(1)-problem) be
omes the resonant
ase (iii) (derived out of the O(ε)(2)-problem). The resonant 
ase (i) is aresonan
e 
ondition for the string equation, and has been investigated in [16℄.The resonant 
ase (iv) is a resonan
e 
ondition for the beam with string e�e
tequation. The solutions and stability 
onditions for this 
ase 
an be found in[18℄. Due to the intera
tions of these two models the model as proposed herehas additional resonan
e 
onditions (ii) and (iii), where ω might be the sumor di�eren
e of one natural frequen
y of the string and one natural frequen
yof the beam with string e�e
t. It is also ne
essary to investigate additionally if
ω in the resonant 
ase (i) also satis�es the 
ases (ii), (iii), and (iv), and vi
eversa. In the following se
tions µ and ε will be taken equal to 0.002 and 0.01respe
tively, and the initial value problem for (4.15) will be studied for valuesof the relative error (in the frequen
ies) and for di�erent values of ω.4.4 Appli
ation of the method with a relative errorof 5%In this se
tion the non-resonant and some resonant 
ases will be studied whenthe relative error in the frequen
ies is at most 5%.4.4.1 The non-resonant 
aseIn this 
ase it is assumed that the frequen
y ω of the velo
ity-�u
tuations ofthe axially moving 
ontinuum is not equal to any 
ombination of the resonan
efrequen
ies as listed in (4.23). To eliminate the se
ular terms in the solutionof the O(ε)(1)-problem and the O(ε)(2)-problem it follows that Ak0 and Bk0



52Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourhave to satisfy














dAk0

dt1
= −c1k

3

2
Bk0,

dBk0

dt1
=
c1k

3

2
Ak0,

(4.24)for 1 6 k 6 7, and where c1 is given by µ = c1ε, and










dAk0

dt1
= 0,

dBk0

dt1
= 0,

⇐⇒
{

Ak0(t1) = Ak0(0),
Bk0(t1) = Bk0(0),

(4.25)for 8 6 k <∞. In this 
ase system (4.24) 
an be seen as some sort of 
orre
tionon the slow time (t1) behaviour of the solution in the �rst seven vibration modesdue to presen
e of the small bending sti�ness term in the O(ε)(1)-problem. Infa
t it 
an be seen as a 
orre
tion on the frequen
ies of the os
illation modesfor 1 6 k 6 7 sin
e the solution of (4.24) is given by














Ak0(t1) = K1k cos

(

c1k
3

2
t1

)

−K2k sin

(

c1k
3

2
t1

)

,

Bk0(t1) = K1k sin

(

c1k
3

2
t1

)

+K2k cos

(

c1k
3

2
t1

)

,

(4.26)for 1 6 k 6 7, and where K1k and K2k are all 
onstant of integration. Fromthe initial 
onditions (4.7) it follows that
f(x) =

∞
∑

k=1

uk(0; ε) sin(kx) ⇐⇒ uk(0; ε) =
2

π

∫ π

0
f(x) sin(kx)dx,

r(x) =

∞
∑

k=1

u̇k(0; ε) sin(kx) ⇐⇒ u̇k(0; ε) =
2

π

∫ π

0
r(x) sin(kx)dx.Moreover, sin
e uk(0; ε) = vk(0, 0; ε) = vk0(0, 0; ε) + εvk1(0, 0; ε) +

ε2vk2(0, 0; ε) + . . ., and u̇k(0; ε) = v̇k(0, 0; ε) = v̇k0(0, 0; ε) + εv̇k1(0, 0; ε) +
ε2v̇k2(0, 0; ε) + . . . it follows that

vk(0; ε) =
2

π

∫ π

0
f(x) sin(kx)dx and (4.27)

v̇k(0; ε) =
2

π

∫ π

0
r(x) sin(kx)dx.



4.4. Appli
ation of the method with a relative error of 5% 53From (4.19), (4.20) and (4.28) the following 
ondition for Ak0(0) and Bk0(0)
an be obtained:
Ak0(0) =

2k

π

∫ π

0
r(x) sin(kx)dx, (4.28)

Bk0(0) =
2

π

∫ π

0
f(x) sin(kx)dx.All 
onstants of integration in (4.26) 
an now be found using (4.28). Thesolution v(1)

k0 
an now be obtained for 1 6 k 6 7, that is,
v
(1)
k0 = Ak0(0) sin(k(t0 + 0.1k3t1)) +Bk0(0) cos(k(t0 + 0.1k3t1)). (4.29)The solution v

(2)
k0 for k = 8, 9, . . . 
an now also be found, using (4.20) and(4.25):

v
(2)
k0 = Ak0(0) sin(k

√

1 + 0.002k2t0) +Bk0(0) cos(k
√

1 + 0.002k2t0). (4.30)From (4.29) it follows that k(t0 + 0.1k3t1) = (k+ 0.001k3)t, so the frequen
iesfor the �rst seven modes are approximated by k + 0.001k3. Observing (4.30)the frequen
y of the higher modes is k√1 + 0.002k2. The exa
t frequen
ies for
k = 1, . . . , 7 are also given by k√1 + 0.002k2. The di�eren
e between the exa
tand the approximated frequen
ies are |k + 0.001k3 − k

√
1 + 0.002k2| ≤ 0.008for 1 6 k 6 7. This means that due to the appli
ation of the two time-s
alesperturbation method there is a slow time t1 
orre
tion in the string modelfrequen
y whi
h represents the e�e
t of the small bending sti�ness for thelower os
illation modes with 1 6 k 6 7.4.4.2 Some resonant 
asesThe following resonant 
ases will be investigated:

ω = m∗,where m∗ is equal to 1, 3, 5 or 7,
ω = Ω

(2)
9 − Ω

(2)
8 , a di�eren
e type of resonan
e,

ω = Ω
(1)
1 − Ω

(2)
8 , an additional di�eren
e type of resonan
e,

ω = Ω
(2)
9 + Ω

(2)
8 , a sum type of resonan
e,

ω = Ω
(1)
1 + Ω

(2)
8 , an additional sum type of resonan
e,

ω = Ω
(1)
7 − Ω

(2)
8 , an additional di�eren
e type of resonan
e,

ω = Ω
(1)
7 + Ω

(2)
8 , an additional sum type of resonan
e, and

ω = 2Ω
(2)
8 ,usually referred to as a prin
ipal parametri
 resonan
e. (4.31)



54Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourThe resonant 
ase ω = m∗, where m∗ is equal to 1, 3, 5 or 7First, the 
ase ω = m∗ = 1 (the �rst �string� resonan
e frequen
y ) will bestudied. It was shown in [16℄ that the 
ase (i) in (4.23), i.e. ω±Ω
(1)
n = ±Ω

(1)
k ,with n, k = 1, 2, . . . , 7, and ω = 1 has solutions: k = n + 1 and k = n − 1.Additionally it has to be 
he
ked whether the resonan
e 
onditions (ii) − (iv)in (4.23) also have solutions if ω = 1 or not. It 
an readily be veri�ed thatthere are no su
h k and n. Therefore, in order to eliminate se
ular terms inthe solution of the O(ε)(1)-problem (see (4.21)) Ak0 and Bk0 for 1 6 k 6 7have to satisfy















dAk0

dt1
= −c1k

3

2
Bk0 −

α

π
(k − 1)B(k−1)0 −

α

π
(k + 1)B(k+1)0,

dBk0

dt1
=
c1k

3

2
Ak0 +

α

π
(k − 1)A(k−1)0 +

α

π
(k + 1)A(k+1)0,

(4.32)and the other Ak0 and Bk0 fun
tions with 8 6 k < ∞, derived from the
O(ε)(2)-problem (4.22), satisfy the same equations as for the non-resonant
ase (see (4.25)). It is 
lear from system (4.32), and from system (4.25), thatthere are intera
tions between the �rst eight modes. For the higher ordervibration modes (i.e. for the 9th vibration mode and higher) there are nosu
h intera
tions. Therefore there is no problem with applying the trun
ationmethod as it was in [16℄ for a string model (without bending sti�hess). Forthe 
ase ω = m∗ it is assumed that m∗ is equal to 3, 5, or 7 (ω = m∗ is aresonan
e frequen
y from the string model). Following the same pro
edure asfor the 
ase ω = 1, the following equations for Ak0 and Bk0 
an be found:















































dAk0

dt1
= −c1k

3

2m∗
Bk0 −

α

π

(k −m∗)(2k − 2m∗ + 1)

m∗(2k −m∗)
B(k−m∗)0

−α
π

(k +m∗)(2k + 2m∗ − 1)

m∗(2k +m∗)
B(k+m∗)0,

dBk0

dt1
=

c1k
3

2m∗
Ak0 +

α

π

(k −m∗)(2k − 2m∗ + 1)

m∗(2k −m∗)
A(k−m∗)0

+
α

π

(k +m∗)(2k + 2m∗ − 1)

m∗(2k +m∗)
A(k+m∗)0,

(4.33)
for 1 6 k 6 7 (where Ak0 and Bk0 are assumed to be zero for k ≤ 0). For thehigher order modes (8 6 k <∞) system (4.25) still holds. It 
an be seen from(4.33) and (4.25) that there are intera
tions between the �rst (7 +m∗) modes.For the higher order modes there are no intera
tions.To 
he
k the stability of the solution the following approa
h 
an be used.From (4.32) and (4.33) it follows that, in general, the equation Ẋ = MX hasto be solved, where the ve
tor X 
ontains the unknown fun
tions Ak0(t1) and
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Bk0(t1), and where M is a 
orresponding square matrix of the size (7+m∗)with 
onstant elements. The eigenvalues of the matrix M de�ne the stabilityproperties of the system. It turns out that for all m∗ (that is, for m∗ =
1, 3, 5, and 7) all eigenvalues of matrix M are purely imaginary or zeros, andthat all solutions are bounded and stable in this 
ase.The resonant 
ase ω = Ω

(2)
9 − Ω

(2)
8 : a di�eren
e type of resonan
eOne of the di�eren
e type of resonan
es of the stret
hed beam model (see 
ase

(iv) of (4.23)) will be studied in this subse
tion. The frequen
y of the beltvelo
ity �u
tuations ω is assumed to be equal to Ω
(2)
9 − Ω

(2)
8 . The equation

ω±Ω
(2)
n = ±Ω

(2)
k for n = 8, 9, . . . and k = 8, 9, . . . has only trivial solutions for

n = 8 and k = 9 if ω + Ω
(2)
n = Ω

(2)
k , and n = 9 and k = 8 if ω + Ω

(2)
n = Ω

(2)
k(detailed 
al
ulations to prove this 
an be found in [18℄). Additionally it hasto be 
he
ked whether the resonan
e 
onditions (i) − (iii) in (4.23) also havesolutions if ω = Ω

(2)
9 − Ω

(2)
8 or not. It 
an be veri�ed that there are no su
h

k and n. Therefore, in order to eliminate se
ular terms in the solution of the
O(ε)(2)-problem (see (4.22)) Ak0 and Bk0 have to satisfy























dA8,0

dt1
= −72α

17π

(

Ω
(2)
9 + Ω

(2)
8

Ω
(2)
8

)

B9,0,

dB8,0

dt1
=

72α

17π

(

Ω
(2)
9 + Ω

(2)
8

Ω
(2)
8

)

A9,0,

, and






















dA9,0

dt1
= −72α

17π

(

Ω
(2)
9 + Ω

(2)
8

Ω
(2)
9

)

B8,0,

dB9,0

dt1
=

72α

17π

(

Ω
(2)
9 + Ω

(2)
8

Ω
(2)
9

)

A8,0.

(4.34)
It 
an be seen from (4.34) that there are intera
tions between the 8th and the
9th vibration modes. In order to avoid se
ular terms in the solutions of the
O(ε)(1) and O(ε)(2) -problems if ω = Ω

(2)
9 − Ω

(2)
8 the following results werefound. For vibration modes with 1 6 k 6 7 Ak0 and Bk0 are still given by(4.24). This 
an be seen as an in�uen
e of the small bending sti�ness termin the O(ε)(1)-problem. For the 8th and the 9th vibration modes Ak0 and

Bk0 have to satisfy (4.34). And for the higher order vibration modes with
10 6 k < ∞ Ak0 and Bk0 have to satisfy (4.25). To 
he
k the stability theeigenvalues of the 
orresponding matrix M have to be 
al
ulated. It turns out
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ontinuum witha time-varying velo
ity: transient from string to beam behaviourthat all eigenvalues are purely imaginary or zeros, and that all solutions in this
ase are bounded and stable.The resonant 
ase ω = Ω
(1)
1 − Ω

(2)
8 : an additional di�eren
e type ofresonan
eOne of the additional di�eren
e type of resonan
es of the beam-string model(see 
ase (ii) of (4.23)) will be studied in this subse
tion. The frequen
y of thebelt velo
ity �u
tuations ω is assumed to be equal to Ω

(1)
1 −Ω

(2)
8 . The equation

ω ± Ω
(2)
n = ±Ω

(1)
k for n = 8, 9, . . . and k = 1, 2, . . . 7 has only a trivial solutionfor n = 8 and k = 1. Additionally it has to be 
he
ked whether the resonan
e
onditions (i), (iii) and (iv) in (4.23) also have solutions if ω = Ω

(1)
1 − Ω

(2)
8or not. It turns out that there is one solution in 
ase (iii) (see (4.23)): theequation ω ± Ω

(1)
n = ±Ω

(2)
k for k = 8, 9, . . . and n = 1, 2, . . . 7 has a solution

n = 1 and k = 8 if ω − Ω
(1)
n = −Ω

(2)
k . Therefore, in order to eliminate se
ularterms in the solution of the O(ε)(1) and O(ε)(2) -problems (see (4.21) and(4.22)) Ak0 and Bk0 have to satisfy























dA1,0

dt1
= − c1

2Ω
(1)
1

B1,0 +
8α

63π

(

Ω
(1)
1 + Ω

(2)
8

Ω
(1)
1

)

B8,0,

dB1,0

dt1
=

c1

2Ω
(1)
1

A1,0 −
8α

63π

(

Ω
(1)
1 + Ω

(2)
8

Ω
(1)
1

)

A8,0,

, and






















dA8,0

dt1
=

8α

63π

(

Ω
(1)
1 + Ω

(2)
8

Ω
(2)
8

)

B1,0,

dB8,0

dt1
= − 8α

63π

(

Ω
(1)
1 + Ω

(2)
8

Ω
(2)
8

)

A1,0.

(4.35)
It 
an be seen from (4.35) that there are intera
tions between the 1st and the
8th vibration modes. In order to avoid se
ular terms in the solutions of the
O(ε)(1) and O(ε)(2) -problems if ω = Ω

(1)
1 − Ω

(2)
8 the following results werefound. For the 1st vibration mode (with k = 1) Ak0 and Bk0 are given by the�rst system of (4.35). For the vibration modes with 2 6 k 6 7 Ak0 and Bk0are still given by (4.24). For the 8th vibration mode (with k = 8) Ak0 and Bk0are given by the se
ond system of (4.35). And for the higher order vibrationmodes with 9 6 k <∞ Ak0 and Bk0 have to satisfy (4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solutions in this 
ase are bounded and stable.



4.4. Appli
ation of the method with a relative error of 5% 57The resonant 
ase ω = Ω
(2)
9 + Ω

(2)
8 : a sum type of resonan
eOne of the sum type of resonan
es of the stret
hed beam model (see 
ase

(iv) of (4.23)) will be studied in this subse
tion. The frequen
y of the beltvelo
ity �u
tuations ω is equal to Ω
(2)
9 + Ω

(2)
8 . The equation ω ±Ω

(2)
n = ±Ω

(2)
kfor n = 8, 9, . . . and k = 8, 9, . . . has only trivial solutions for n = 8 and

k = 9, and symmetri
ally n = 9 and k = 8 if ω − Ω
(2)
n = Ω

(2)
k (detailed
al
ulations to prove this 
an be found in [18℄). Additionally it has to be
he
ked whether the resonan
e 
onditions (i)−(iii) in (4.23) also have solutionsor not if ω = Ω

(2)
9 + Ω

(2)
8 . It 
an be veri�ed that there are no su
h k and n.Therefore, in order to eliminate se
ular terms in the solution of the O(ε)(2)-problem (see (4.22)) Ak0 and Bk0 have to satisfy























dA8,0

dt1
=

72α

17π

(

Ω
(2)
8 − Ω

(2)
9

Ω
(2)
8

)

B9,0,

dB8,0

dt1
=

72α

17π

(

Ω
(2)
8 − Ω

(2)
9

Ω
(2)
8

)

A9,0,

, and






















dA9,0

dt1
=

72α

17π

(

Ω
(2)
8 − Ω

(2)
9

Ω
(2)
9

)

B8,0,

dB9,0

dt1
=

72α

17π

(

Ω
(2)
8 − Ω

(2)
9

Ω
(2)
9

)

A8,0.

(4.36)
It 
an be seen from (4.36) that there are intera
tions between the 8th and the
9th vibration modes. In order to avoid se
ular terms in the solutions of the
O(ε)(1) and O(ε)(2) -problems if ω = Ω

(2)
9 + Ω

(2)
8 the following results werefound. For the vibration modes with 1 6 k 6 7 Ak0 and Bk0 still have tosatisfy (4.24). This 
an be seen as an in�uen
e of the small bending sti�nessterm in the O(ε)(1)-problem. For the 8th and the 9th vibration modes Ak0and Bk0 have to satisfy (4.36). And for the higher order vibration modes with

10 6 k <∞ Ak0 and Bk0 have to satisfy (4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some of the solutions in this 
ase are unstable.The resonant 
ase ω = Ω
(1)
1 +Ω

(2)
8 : an additional sum type of resonan
eOne of the additional sum type of resonan
es of the beam-string model (see
ase (ii) of (4.23)) will be studied in this subse
tion. The frequen
y of the belt



58Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourvelo
ity �u
tuations ω is assumed to be equal to Ω
(1)
1 + Ω

(2)
8 . The equation

ω ± Ω
(2)
n = ±Ω

(1)
k for n = 8, 9, . . . and k = 1, 2, . . . 7 has only a trivial solutionfor n = 8 and k = 1 if ω − Ω

(2)
n = Ω

(1)
k . Additionally it has to be 
he
kedwhether the resonan
e 
onditions (i), (iii) and (iv) in (4.23) also have solutionsif ω = Ω

(1)
1 +Ω

(2)
8 or not. It turns out that there is one solution in 
ase (iii) 
ase(see (4.23))) : the equation ω±Ω

(1)
n = ±Ω

(2)
k for k = 8, 9, . . . and n = 1, 2, . . . 7has a solution n = 1 and k = 8 if ω − Ω
(1)
n = Ω

(2)
k . Therefore, in order toeliminate se
ular terms in the solution of the O(ε)(1) and O(ε)(2) -problems(see (4.21) and (4.22)) Ak0 and Bk0 have to satisfy























dA1,0

dt1
= − c1

2Ω
(1)
1

B1,0 +
8α

63π

(

Ω
(1)
1 − Ω

(2)
8

Ω
(1)
1

)

B8,0,

dB1,0

dt1
=

c1

2Ω
(1)
1

A1,0 +
8α

63π

(

Ω
(1)
1 − Ω

(2)
8

Ω
(1)
1

)

A8,0,

, and






















dA8,0

dt1
=

8α

63π

(

Ω
(1)
1 − Ω

(2)
8

Ω
(2)
8

)

B1,0,

dB8,0

dt1
=

8α

63π

(

Ω
(1)
1 − Ω

(2)
8

Ω
(2)
8

)

A1,0.

(4.37)
It 
an be seen from the equations in (4.37) that there are intera
tions betweenthe 1st and the 8th vibration modes. In order to avoid se
ular terms in thesolutions of the O(ε)(1) and O(ε)(2) -problems if ω = Ω

(1)
1 + Ω

(2)
8 the followingresults were found. For the 1st vibration mode (with k = 1) Ak0 and Bk0 aregiven by the �rst system of (4.37). For the vibration modes with 2 6 k 6 7

Ak0 and Bk0 still have to satisfy (4.24). For the 8th vibration mode (with
k = 8) Ak0 and Bk0 have to satisfy the se
ond system of (4.37). And for thehigher order vibration modes with 9 6 k < ∞ Ak0 and Bk0 have to satisfy(4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some of the solutions in this 
ase are unstable.The resonant 
ase ω = Ω

(1)
7 − Ω

(2)
8 : an additional di�eren
e type ofresonan
eOne of the additional di�eren
e type of resonan
es of the beam-string model(see 
ase (ii) of (4.23)) will be studied in this subse
tion. The frequen
y of the
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ity �u
tuations ω is assumed to be equal to Ω
(1)
7 −Ω

(2)
8 . The equation

ω ± Ω
(2)
n = ±Ω

(1)
k for n = 8, 9, . . . and k = 1, 2, . . . 7 has only a trivial solution

n = 8 and k = 7 if ω+ Ω
(2)
n = Ω

(1)
k . Additionally it has to be 
he
ked whetherthe resonan
e 
onditions (i), (iii) and (iv) in (4.23) also have solutions or notif ω = Ω

(1)
7 − Ω

(2)
8 . It turns out that there is one solution in 
ase (iii) (see(4.23)) : the equation ω±Ω

(1)
n = ±Ω

(2)
k for k = 8, 9, . . . and n = 1, 2, . . . 7 has asolution n = 7 and k = 8 if ω−Ω

(1)
n = −Ω

(2)
k . Therefore, in order to eliminatese
ular terms in the solution of the O(ε)(1) and O(ε)(2) -problems (see (4.21)and (4.22)) Ak0 and Bk0 have to satisfy























dA7,0

dt1
= −c12401

2Ω
(1)
7

B7,0 +
56α

15π

(

Ω
(1)
7 + Ω

(2)
8

Ω
(1)
7

)

B8,0,

dB7,0

dt1
=
c12401

2Ω
(1)
7

A7,0 −
56α

15π

(

Ω
(1)
7 + Ω

(2)
8

Ω
(1)
7

)

A8,0,

, and






















dA8,0

dt1
=

56α

15π

(

Ω
(1)
7 + Ω

(2)
8

Ω
(2)
8

)

B7,0,

dB8,0

dt1
= −56α

15π

(

Ω
(1)
7 + Ω

(2)
8

Ω
(2)
8

)

A7,0.

(4.38)
It 
an be seen from (4.38) that there are intera
tions between the 7th and the
8th vibration modes. In order to avoid se
ular terms in the solutions of the
O(ε)(1) and O(ε)(2) -problems if ω = Ω

(1)
7 − Ω

(2)
8 the following results werefound. For the vibration modes with 1 6 k 6 6 Ak0 and Bk0 still have tosatisfy (4.24). For the 7th and 8th vibration modes (with k = 7 and k = 8)

Ak0 and Bk0 have to satisfy (4.38). And for the higher order vibration modeswith 9 6 k <∞ Ak0 and Bk0 have to satisfy (4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solutions in this 
ase are bounded and stable.The resonant 
ase ω = Ω
(1)
7 +Ω

(2)
8 : an additional sum type of resonan
eOne of the additional sum type of resonan
es of the beam-string model (see
ase (ii) of (4.23)) will be studied in this subse
tion. The frequen
y of the beltvelo
ity �u
tuations ω is assumed to be equal to Ω

(1)
7 + Ω

(2)
8 . The equation

ω ± Ω
(2)
n = ±Ω

(1)
k for n = 8, 9, . . . and k = 1, 2, . . . 7 has only a trivial solution

n = 8 and k = 7 if ω−Ω
(2)
n = Ω

(1)
k . Additionally it has to be 
he
ked whether
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ontinuum witha time-varying velo
ity: transient from string to beam behaviourthe resonan
e 
onditions (i), (iii) and (iv) in (4.23) also have any solutions if
ω = Ω

(1)
7 + Ω

(2)
8 or not. It turns out that there is one solution in 
ase (iii)(see (4.23)) : the equation ω ±Ω

(1)
n = ±Ω

(2)
k for k = 8, 9, . . . and n = 1, 2, . . . 7has a solution n = 7 and k = 8 if ω − Ω
(1)
n = Ω

(2)
k . It was also found for the
ase (iv) of (4.23) that n = 20 and k = 27 if ω + Ω

(2)
n = Ω

(2)
k and n = 27 and

k = 20 if ω − Ω
(2)
n = −Ω

(2)
k then |ω ± Ω

(2)
n ± Ω

(2)
k | = 0.0012 < ε. This 
an beseen as a detuning 
ase if ω = Ω

(1)
7 + Ω

(2)
8 . Therefore, in order to eliminatese
ular terms in the solution of the O(ε)(1) and O(ε)(2) -problems (see (4.21)and (4.22)) Ak0 and Bk0 have to satisfy
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








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7 − Ω
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7 − Ω
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




















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dt1
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7 − Ω

(2)
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8
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dt1
=
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(
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7 − Ω
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A7,0,

(4.39)
and, additionally,






















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=
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





















dA27,0

dt1
= −540α

329π

(

Ω
(2)
27 + Ω

(2)
20

Ω
(2)
27

)

B20,0,

dB27,0

dt1
=

540α

329π

(

Ω
(2)
27 + Ω

(2)
20

Ω
(2)
27

)

A20,0.

(4.40)
It 
an be seen from (4.39) and (4.40) that there are intera
tions between the
7th and the 8th, and the 20th and the 27th vibration modes, respe
tively.In order to avoid se
ular terms in the solutions of the O(ε)(1) and O(ε)(2) -problems if ω = Ω

(1)
7 +Ω

(2)
8 the following results were found. For the vibration



4.5. Appli
ation of the method and with a relative error of 3% 61modes with 1 6 k 6 6 Ak0 and Bk0 are still given by (4.24). For the 7th and
8th vibration modes (with k = 7 and k = 8) Ak0 and Bk0 are given by (4.39).For the vibration modes with 9 6 k 6 19 and 21 6 k 6 26 Ak0 and Bk0 stillhave to satisfy (4.25). For the 20th and 27th vibration modes (with k = 20and k = 27) Ak0 and Bk0 have to satisfy (4.40). And for the higher ordervibration modes with 28 6 k <∞ Ak0 and Bk0 have to satisfy (4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some of the solutions in this 
ase are unstable.The resonant 
ase ω = 2Ω

(2)
8 : a prin
ipal parametri
 resonan
eOne of the prin
ipal parametri
 resonan
es of the stret
hed beam model willbe studied in this subse
tion. The frequen
y of the belt velo
ity �u
tuations ωis assumed to be equal to 2Ω

(2)
8 . The equation ω±Ω

(2)
n = ±Ω

(2)
k for n = 8, 9, . . .and k = 8, 9, . . . has no solutions. Additionally it has to be 
he
ked whether theresonan
e 
onditions (i)−(iii) in (4.23) also have solutions or not if ω = 2Ω

(2)
8 .It 
an be veri�ed that there are no su
h k and n. Therefore, in order toeliminate se
ular terms in the solution of the O(ε)(1) and O(ε)(1)-problems(see (4.21) and (4.22)) Ak0 and Bk0 have to satisfy (the same as for the non-resonant 
ase): (4.24) for 1 6 k 6 7 and (4.25) for 8 6 k < ∞. It has alreadybeen shown in [18℄ that in 
ase of prin
ipal parametri
 resonan
e the possibilityto have solutions (intera
tions between vibration modes) for the 
ase (iv) of(4.23) depends on the value of µ. It turns out here that in the parti
ular 
ase

µ = 0.002 (as it was �xed in the beginning) ω = 2Ω
(2)
8 is not a resonan
efrequen
y.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solutions in this 
ase are bounded and stable.4.5 Appli
ation of the method and with a relativeerror of 3%In this se
tion the non-resonant and some resonant 
ases will be studied whenthe relative error in the frequen
ies is at most 3%. From Table 4.1 it 
an beseen that the original problem (4.5) 
an now be split up into two models. The'string' model (see (4.12)) for 1 6 k 6 5 and the 'stret
hed beam' model (see(4.13)) for 6 6 k <∞. From (4.21) and (4.22) it 
an readily be seen that thereare in�nitely many values of ω that 
an give rise to internal resonan
es. If the



62Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourrelative error is 3% these values are (in an O(ε) neighbourhood of):
(i) ω ± Ω

(1)
n = ±Ω

(1)
k , for n, k = 1, 2, . . . , 5,

(ii) ω ± Ω
(2)
n = ±Ω

(1)
k , for k = 1, 2, . . . , 5, and n = 6, 7, . . . ,

(iii) ω ± Ω
(1)
n = ±Ω

(2)
k , for n = 1, 2, . . . , 5, and k = 6, 7, . . . ,

(iv) ω ± Ω
(2)
n = ±Ω

(2)
k , for n = 6, 7, . . . , and k = 6, 7, . . . .

(4.41)4.5.1 The non-resonant 
aseIn this 
ase it is assumed that the frequen
y ω of the velo
ity-�u
tuations ofthe axially moving 
ontinuum is not equal to any 
ombination of the resonan
efrequen
ies as listed in (4.41). To eliminate the se
ular terms in the solution ofthe O(ε)(1)-problem and the O(ε)(2)-problem it follows that Ak0 and Bk0 haveto satisfy equations (4.24) for 1 6 k 6 5 and equations (4.25) for 6 6 k < ∞.In this 
ase system (4.24) 
an again be seen as some sort of slow time (t1)
orre
tion in the string model frequen
y for the �rst �ve vibration modes dueto presen
e of the small bending sti�ness term in the O(ε)(1)-problem.4.5.2 Some resonant 
asesThe same resonant 
ases (see (4.31)) as in Se
tion 4.4 will be investigated inthis subse
tion.The resonant 
ase ω = m∗, where m∗ is equal to 1, 3, 5 or 7First, the 
ase ω = m∗ = 1 (the �rst �string� resonan
e frequen
y ) will bestudied. It was shown in [16℄ that the 
ase (i) in (4.23), i.e. ω±Ω
(1)
n = ±Ω

(1)
k ,with n, k = 1, 2, . . . , 5, and ω = 1 has solution: k = n + 1 and k = n − 1 .Additionally it has to be 
he
ked whether the resonan
e 
onditions (ii) − (iv)in (4.41) also have solutions if ω = 1 or not. It 
an readily be veri�ed thatthere are no su
h k and n. Therefore, in order to eliminate se
ular terms in thesolution of the O(ε)(1)-problem (see (4.21)) Ak0 and Bk0 have to satisfy (4.32)for 1 6 k 6 5 and (4.25) for 6 6 k < ∞ . It is 
lear from system (4.32) andfrom system (4.25) that there are intera
tions between the �rst six modes. Forthe higher order vibration modes (i.e. for the 7th vibration mode and higher)there are no su
h intera
tions. Therefore there is no problem with applyingthe trun
ation method as it was in [16℄. For the 
ase ω = m∗ it is assumedthat m∗ is equal to 3, 5 or 7 ( ω = m∗ is a resonan
e frequen
y for the stringmodel). Following the same pro
edure as for the 
ase ω = 1, it was found that

Ak0 and Bk0 have to satisfy (4.33) for 1 6 k 6 5 and (4.25) for the higherorder modes (6 6 k <∞). It 
an be seen from (4.33) and (4.25) that there are



4.5. Appli
ation of the method and with a relative error of 3% 63intera
tions between �rst (5 +m∗) modes. For the higher order modes thereare no su
h intera
tions.To 
he
k the stability of the solution the following approa
h 
an be used.From (4.33) it follows that, in general, the equation Ẋ = MX has to besolved, where ve
tor Ẋ 
ontains unknown Ȧk0(t1) and Ḃk0(t1), ve
tor X 
on-tains Ak0(t1) and Bk0(t1), and M is a 
orresponding square matrix of the size(5+m∗). The eigenvalues of the matrixM de�ne the stability properties of thesystem. It was found that for all m∗ (that is, for m∗ = 1, 3, 5, and 7) all eigen-values of the matrix M are purely imaginary or zeros, and that all solutionsare bounded and stable in this 
ase.The resonant 
ase ω = Ω
(2)
9 − Ω

(2)
8 : a di�eren
e type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(2)
9 − Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(2)
k for n = 6, 7, . . . and k = 6, 7, . . .has only trivial solutions n = 8 and k = 9 if ω + Ω

(2)
n = Ω

(2)
k and n = 9 and

k = 8 if ω + Ω
(2)
n = Ω

(2)
k . Therefore Ak0 and Bk0 for the 8th and the 9thvibration modes (k = 8 and k = 9) still have to satisfy (4.34). Additionallyit has to be 
he
ked whether the resonan
e 
onditions (i)− (iii) in (4.41) alsohave solutions if ω = Ω
(2)
9 − Ω

(2)
8 or not. It was found for the 
ases (ii) and

(iii) of (4.41) that if n = 6 and k = 5 if ω − Ω
(2)
n = −Ω

(1)
k , and n = 5 and

k = 6 if ω+ Ω
(1)
n = Ω

(2)
k , then |ω±Ω

(2)
n ±Ω

(1)
k | = 0.0071 < ε. This 
an be seenas a detuning 
ase if ω = Ω

(2)
9 − Ω

(2)
8 . To avoid se
ular terms in the solutionof the O(ε)(1) and O(ε)(2)-problems Ak0 and Bk0 have to satisfy























dA5,0

dt1
= − c15

4

2Ω
(1)
5

B5,0 −
30α

11π

(

Ω
(2)
6 + Ω

(1)
5

Ω
(1)
5

)

B6,0,

dB5,0

dt1
=

c15
4

2Ω
(1)
5

A5,0 +
30α

11π

(

Ω
(2)
6 + Ω

(1)
5

Ω
(1)
5

)

A6,0,

and






















dA6,0

dt1
= −30α

11π

(

Ω
(2)
6 + Ω

(1)
5

Ω
(2)
6

)

B5,0,

dB6,0

dt1
=

30α

11π

(

Ω
(2)
6 + Ω

(1)
5

Ω
(2)
6

)

A5,0.

(4.42)
It 
an be seen from (4.34) and (4.42) that there are intera
tions between the
8th and the 9th, and between the 5th and the 6th vibration modes. Finally,in order to avoid se
ular terms in the solutions of the O(ε)(1) and O(ε)(2) -problems if ω = Ω

(2)
9 − Ω

(2)
8 the following results were found. For vibration



64Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourmodes with 1 6 k 6 4 Ak0 and Bk0 are still given by (4.24). This 
an be seenas an in�uen
e of the small bending sti�ness term in the O(ε)(1)-problem. Forthe 5th and the 6th vibration modes Ak0 and Bk0 have to satisfy (4.42). Forthe 8th and the 9th vibration modes Ak0 and Bk0 have to satisfy (4.34). Andfor the vibration modes with k = 7 and 10 6 k < ∞ Ak0 and Bk0 have tosatisfy (4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω
(1)
1 − Ω

(2)
8 : an additional di�eren
e type ofresonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
1 − Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(1)
k for n = 6, 7, . . . and k = 1, 2, . . . 5has only a trivial solution n = 8 and k = 1 if ω + Ω

(2)
n = Ω

(1)
k . Additionally ithas to be 
he
ked whether the resonan
e 
onditions (i), (iii) and (iv) in (4.41)also have solutions if ω = Ω

(1)
1 − Ω

(2)
8 or not. It turns out that there is onesolution in 
ase (iii) (see (4.23)) : n = 1 and k = 8 if ω − Ω

(1)
n = −Ω

(2)
k .Therefore, in order to avoid se
ular terms in the solutions of the O(ε)(1) and

O(ε)(2) -problems if ω = Ω
(1)
1 − Ω

(2)
8 the following results were found. For the

1st vibration mode (with k = 1) Ak0 and Bk0 are given by the �rst system of(4.35). For the vibration modes with 2 6 k 6 5 Ak0 and Bk0 are still givenby (4.24). For the 8th vibration mode (with k = 8) Ak0 and Bk0 are given by(4.35). And, �nally, for the vibration modes with k = 6, 7 and for the higherorder vibration modes with 9 6 k < ∞ Ak0 and Bk0 have to satisfy (4.25).It 
an be seen from (4.35) that there are intera
tions between the 1st and the
8th vibration modes in this 
ase.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω

(2)
9 + Ω

(2)
8 : a sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(2)
9 + Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(2)
k for n = 6, 7, . . . and k = 6, 7, . . .has only trivial solutions: n = 8 and k = 9, and symmetri
ally n = 9 and k = 8if ω − Ω

(2)
n = Ω

(2)
k . Additionally it has to be 
he
ked whether the resonan
e
onditions (i)− (iii) in (4.41) also have any solutions if ω = Ω

(2)
9 +Ω

(2)
8 or not.



4.5. Appli
ation of the method and with a relative error of 3% 65It 
an readily be veri�ed that there are no su
h k and n. Therefore, in order toeliminate se
ular terms in the solution of the O(ε)(1) and O(ε)(2)-problems (see(4.21) and (4.22)) Ak0 and Bk0 have to satisfy the following. For the vibrationmodes with 1 6 k 6 5 Ak0 and Bk0 are still given by (4.24). For the 8th andthe 9th vibration modes (with k = 8 and k = 9) Ak0 and Bk0 are given by(4.36). And, �nally, for the vibration modes with k = 6, 7 and for the higherorder vibration modes with 10 6 k < ∞ Ak0 and Bk0 have to satisfy (4.25).It 
an be seen from (4.36) that there are intera
tions between the 8st and the
9th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some of the solutions in this 
ase are unstable.
The resonant 
ase ω = Ω

(1)
1 +Ω

(2)
8 : an additional sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
1 + Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(1)
k for n = 6, 7, . . . and k = 1, 2, . . . 5has only a trivial solution n = 8 and k = 1 if ω − Ω

(2)
n = Ω

(1)
k . Additionally ithas to be 
he
ked whether the resonan
e 
onditions (i), (iii) and (iv) in (4.41)also have any solutions if ω = Ω

(1)
1 + Ω

(2)
8 or not. It turns out that there is onesolution in 
ase (iii) (see (4.23)) : the equation ω±Ω

(1)
n = ±Ω

(2)
k for k = 6, 7, . . .and n = 1, 2, . . . 5 has a solution n = 1 and k = 8 if ω−Ω

(1)
n = Ω

(2)
k . Therefore,in order to eliminate se
ular terms in the solution of the O(ε)(1) and O(ε)(2)-problems (see (4.21) and (4.22)) Ak0 and Bk0 have to satisfy the following.For the 1st vibration mode (with k = 1) Ak0 and Bk0 are given by the �rstsystem of (4.37). For the vibration modes with 2 6 k 6 5 Ak0 and Bk0 arestill given by (4.24). For the 8th vibration mode (with k = 8) Ak0 and Bk0are given by the se
ond system of (4.37). And, �nally for the vibration modeswith k = 6, 7 and for the higher order vibration modes with 9 6 k < ∞ Ak0and Bk0 have to satisfy (4.25). It 
an be seen from equations (4.37) that thereare intera
tions between the 1st and the 8th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some the solutions in this 
ase are unstable.



66Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourThe resonant 
ase ω = Ω
(1)
7 − Ω

(2)
8 : an additional di�eren
e type ofresonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
7 − Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(1)
k for n = 6, 7, . . . and k = 1, 2, . . . 5has no solution for k and n if ω + Ω

(2)
n = Ω

(1)
k . Additionally it has to be
he
ked whether the resonan
e 
onditions (i), (iii) and (iv) in (4.41) also havesolutions if ω = Ω

(1)
7 − Ω

(2)
8 or not. It turns out that there are no su
h k and

n. Therefore, in order to eliminate se
ular terms in the solution of the O(ε)(1)and O(ε)(2) -problems (see (4.21) and (4.22)) Ak0 and Bk0 have to satisfy thefollowing. For the vibration modes with 1 6 k 6 5 Ak0 and Bk0 are still givenby (4.24). And for the higher order vibration modes with 6 6 k <∞ Ak0 and
Bk0 have to satisfy (4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω

(1)
7 +Ω

(2)
8 : an additional sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
7 + Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(1)
k for n = 6, 7, . . . and k = 1, 2, . . . 5has no solution for n and k. Additionally it has to be 
he
ked whether theresonan
e 
onditions (i), (iii) and (iv) in (4.41) also have solutions if ω =

Ω
(1)
7 + Ω

(2)
8 or not. It turns out that there are solutions in 
ase (iv) (see(4.41)): n = 20 and k = 27 if ω + Ω

(2)
n = Ω

(2)
k and n = 27 and k = 20 if

ω −Ω
(2)
n = −Ω

(2)
k (then |ω ±Ω

(2)
n ±Ω

(2)
k | = 0.0012 < ε). This 
an be seen as adetuning 
ase if ω = Ω

(1)
7 +Ω

(2)
8 . Therefore, in order to eliminate se
ular termsin the solution of the O(ε)(1) and O(ε)(2) -problems (see (4.21) and (4.22)) Ak0and Bk0 have to satisfy the following. For the vibration modes with 1 6 k 6 5

Ak0 and Bk0 are still given by (4.24). For the vibration modes with 6 6 k 6 19and 21 6 k 6 26 Ak0 and Bk0 are still given by (4.25). For the 20th and the
27th vibration modes (with k = 20 and k = 27) Ak0 and Bk0 are given by(4.40). And for the higher order vibration modes with 28 6 k < ∞ Ak0 and
Bk0 have to satisfy (4.25). It 
an be seen from equations (4.40) that there areintera
tions between the 20th and the 27th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.



4.6. Appli
ation of the method with a relative error of 1% 67The resonant 
ase ω = 2Ω
(2)
8 : a prin
ipal parametri
 resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

2Ω
(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(2)
k for n = 6, 7, . . . and k = 6, 7, . . . has nosolutions. Additionally it has to be 
he
ked whether the resonan
e 
onditions

(i) − (iii) in (4.41) also have solutions if ω = 2Ω
(2)
8 or not. It 
an be veri�edthat there are no su
h k and n. Therefore, in order to eliminate se
ular termsin the solution of the O(ε)(1) and O(ε)(1)-problems (see (4.21) and (4.22)) Ak0and Bk0 have to satisfy (the same as for the non-resonant 
ase): (4.24) for

1 6 k 6 5 and (4.25) for 6 6 k < ∞. It has been already shown in [18℄that in 
ase of prin
ipal parametri
 resonan
e the possibility to have solutions(intera
tions between vibration modes) for the 
ase (iv) of (4.41) depends onvalue of µ. It was shown here that in parti
ular 
ase µ = 0.002 and relativeerror of 3% (as it was �xed in the beginning) ω = 2Ω
(2)
8 is not a resonan
efrequen
y in that 
ase as it also was not in Se
tion 4.4.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.4.6 Appli
ation of the method with a relative errorof 1%In this se
tion the non-resonant and some resonant 
ases will be studied whenthe relative error in the frequen
ies is at most 1%. From Table 4.1 it 
anbe seen that the original problem (4.5) 
an now be split up (with an error of1%) into two models. The 'string' model (see (4.12)) for 1 6 k 6 3 and the'stret
hed beam' model (see (4.13)) for 4 6 k < ∞. From (4.21) and (4.22)it 
an readily be seen that there are in�nitely many values of ω that 
an giverise to internal resonan
es. If the relative error is 1% these values are (in an

O(ε) neighbourhood of):
(i) ω ± Ω

(1)
n = ±Ω

(1)
k , for n, k = 1, 2, 3,

(ii) ω ± Ω
(2)
n = ±Ω

(1)
k , for k = 1, 2, 3, and n = 4, 5, . . . ,

(iii) ω ± Ω
(1)
n = ±Ω

(2)
k , for n = 1, 2, 3, and k = 4, 5, . . . ,

(iv) ω ± Ω
(2)
n = ±Ω

(2)
k , for n = 4, 5, . . . , and k = 4, 5, . . . .

(4.43)4.6.1 The non-resonant 
aseIn this 
ase it is assumed that the frequen
y ω of the velo
ity-�u
tuations ofthe axially moving 
ontinuum is not equal to any 
ombination of the resonan
e



68Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourfrequen
ies as listed in (4.43). To eliminate the se
ular terms in the solutionof the O(ε)(1)-problem and the O(ε)(2)-problem it follows that Ak0 and Bk0have to satisfy (4.24) for 1 6 k 6 3 and (4.25) for 4 6 k <∞.In this 
ase system (4.24) 
an again be seen as some sort of slow time (t1)
orre
tion in the string model frequen
y for the �rst three vibration modes dueto presen
e of the small bending sti�ness term in the O(ε)(1)-problem.4.6.2 Some resonant 
asesThe same resonant 
ases (see (4.31)) as in Se
tion 4.4 will be investigated inthis subse
tion.The resonant 
ase ω = m∗, where m∗ is equal to 1, 3, 5 or 7First, the 
ase ω = m∗ = 1 (the �rst �string� resonan
e frequen
y ) will bestudied. It was shown in [16℄ that the 
ase (i) in (4.23), i.e. ω±Ω
(1)
n = ±Ω

(1)
k ,with n, k = 1, 2, 3 and ω = 1 has solution: k = n + 1 and k = n − 1 .Additionally it has to be 
he
ked whether the resonan
e 
onditions (ii) − (iv)in (4.43) also have solutions if ω = 1 or not. It 
an readily be veri�ed thatthere are no su
h k and n. Therefore, in order to eliminate se
ular terms inthe solution of the O(ε)(1)-problem (see (4.21)) Ak0 and Bk0 have to satisfy(4.32) for 1 6 k 6 3 and (4.25) for 4 6 k < ∞ . It is 
lear from system(4.32) and from system (4.25) that there are intera
tions between the �rst fourmodes. For the higher order vibration modes (i.e. for the 5th vibration modeand higher) there are no su
h intera
tions. Therefore there is no problem withapplying the trun
ation method as it was in [16℄. For the 
ase ω = m∗ it isassumed that m∗ is equal to 3, 5 or 7 ( ω = m∗ is a resonan
e frequen
y for thestring model). Following the same pro
edure as for the 
ase ω = 1, Ak0 and

Bk0 for m∗ = 3, 5 have to satisfy (4.33) for 1 6 k 6 3 and (4.25) for the higherorder modes (4 6 k <∞). It 
an be seen from (4.33) and (4.25) that there areintera
tions between �rst (3 + m∗) modes. For the higher order modes thereare no su
h intera
tions. For m∗ = 7 ω = m∗ is not a resonan
e frequen
y inthis 
ase.To 
he
k the stability of the solution the following approa
h 
an be used.From (4.33) it follows that, in general, the equation Ẋ = MX has to besolved, where ve
tor Ẋ 
ontains unknown Ȧk0(t1) and Ḃk0(t1), ve
tor X 
on-tains Ak0(t1) and Bk0(t1), and M is a 
orresponding square matrix of the size(3+m∗). The eigenvalues of the matrix M de�ne the stability properties ofthe system. It was found that for all m∗ (that is, for m∗ = 1, 3, 5, and 7) alleigenvalues of the matrix M are purely imaginary or zeros. That means thatthe solution is bounded and uniformally stable.



4.6. Appli
ation of the method with a relative error of 1% 69The resonant 
ase ω = Ω
(2)
9 − Ω

(2)
8 : a di�eren
e type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(2)
9 − Ω

(2)
8 . Equation ω ± Ω

(2)
n = ±Ω

(2)
k for n = 4, 5, . . . and k = 4, 5, . . . hasonly trivial solutions n = 8 and k = 9 if ω + Ω

(2)
n = Ω

(2)
k and n = 9 and

k = 8 if ω + Ω
(2)
n = Ω

(2)
k . Therefore Ak0 and Bk0 for the 8th and the 9thvibration modes (k = 8 and k = 9) still have to satisfy (4.34). Additionallyit has to be 
he
ked whether the resonan
e 
onditions (i)− (iii) in (4.43) alsohave solutions if ω = Ω
(2)
9 − Ω

(2)
8 or not. It 
an be veri�ed that there are nosu
h k and n. Therefore, in order to avoid se
ular terms in the solutions ofthe O(ε)(1) and O(ε)(2) -problems if ω = Ω

(2)
9 −Ω

(2)
8 the following results werefound. For vibration modes with 1 6 k 6 3 Ak0 and Bk0 are still given by(4.24). This 
an be seen as an in�uen
e of the small bending sti�ness termin the O(ε)(1)-problem. For the 8th and the 9th vibration modes Ak0 and

Bk0 have to satisfy (4.34). And for the vibration modes with 4 6 k 6 7 and
10 6 k < ∞ Ak0 and Bk0 have to satisfy (4.25). It 
an be seen from (4.34)that there are intera
tions between the 8th and the 9th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω

(1)
1 − Ω

(2)
8 : an additional di�eren
e type ofresonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
1 − Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(1)
k for n = 4, 6, . . . and k = 1, 2, 3has only a trivial solution for n = 8 and k = 1. Additionally it has to be
he
ked whether the resonan
e 
onditions (i), (iii) and (iv) in (4.43) also haveany solutions if ω = Ω

(1)
1 −Ω

(2)
8 or not. It turns out that there is one solution in
ase (iii) (see (4.23)) : n = 1 and k = 8 if ω−Ω

(1)
n = −Ω

(2)
k . Therefore, in orderto avoid se
ular terms in the solutions of the O(ε)(1) and O(ε)(2) -problems if

ω = Ω
(1)
1 − Ω

(2)
8 the following results were found. For the 1st vibration mode(with k = 1) Ak0 and Bk0 are given by the �rst system of (4.35). For thevibration modes with 2 6 k 6 3 Ak0 and Bk0 are still given by (4.24). For the

8th vibration mode (with k = 8) Ak0 and Bk0 are given by (4.35). And, �nally,for 4 6 k 6 7 and for the higher order vibration modes with 9 6 k < ∞ Ak0and Bk0 have to satisfy (4.25). It 
an be seen from equations (4.35) that thereare intera
tions between the 1st and the 8th vibration modes in this 
ase.To 
he
k the stability the eigenvalues of the 
orresponding matrix M have
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ontinuum witha time-varying velo
ity: transient from string to beam behaviourto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω
(2)
9 + Ω

(2)
8 : a sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

(

Ω
(2)
9 + Ω

(2)
8

). The equation ω±Ω
(2)
n = ±Ω

(2)
k for n = 4, 5, . . . and k = 4, 5, . . .has only trivial solutions: n = 8 and k = 9, and symmetri
ally n = 9 and k = 8if ω − Ω

(2)
n = Ω

(2)
k . Additionally it has to be 
he
ked whether the resonan
e
onditions (i) − (iii) in (4.43) also have solutions if ω = Ω

(2)
9 + Ω

(2)
8 or not. It
an be veri�ed that there are no su
h k and n. Therefore, in order to eliminatese
ular terms in the solution of the O(ε)(1) and O(ε)(2)-problems (see (4.21)and (4.22)) Ak0 and Bk0 have to satisfy the following. For the vibration modeswith 1 6 k 6 3 Ak0 and Bk0 are still given by (4.24). For the 8th and the

9th vibration mode (with k = 8 and k = 9) Ak0 and Bk0 are given by (4.36).And, �nally, for 4 6 k 6 7 and for the higher order vibration modes with
10 6 k < ∞ Ak0 and Bk0 have to satisfy (4.25). It 
an be seen from (4.36)that there are intera
tions between the 8st and the 9th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some of the solutions in this 
ase are unstable.The resonant 
ase ω = Ω

(1)
1 +Ω

(2)
8 : an additional sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
1 + Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(1)
k for n = 4, 5, . . . and k = 1, 2, 3has only a trivial solution n = 8 and k = 1 if ω − Ω

(2)
n = Ω

(1)
k . Additionally ithas to be 
he
ked whether the resonan
e 
onditions (i), (iii) and (iv) in (4.43)also have any solutions if ω = Ω

(1)
1 + Ω

(2)
8 or not. It 
am be veri�ed that thereis one solution for (iii) 
ase : the equation ω ± Ω

(1)
n = ±Ω

(2)
k for k = 4, 5, . . .and n = 1, 2, 3 has a solution n = 1 and k = 8 if ω − Ω

(1)
n = Ω

(2)
k . Therefore,in order to eliminate se
ular terms in the solution of the O(ε)(1) and O(ε)(2)-problems (see (4.21) and (4.22)) Ak0 and Bk0 have to satisfy the following.For the 1st vibration mode (with k = 1) Ak0 and Bk0 are given by the �rstsystem of (4.37). For the vibration modes with 2 6 k 6 3 Ak0 and Bk0 arestill given by (4.24). For the 8th vibration mode (with k = 8) Ak0 and Bk0are given by the se
ond system of (4.37). And, �nally for the vibration modeswith 4 6 k 6 7 and for the higher order vibration modes with 9 6 k < ∞
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Ak0 and Bk0 have to satisfy (4.25). It 
an be seen from (4.37) that there areintera
tions between the 1st and the 8th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some of the solutions in this 
ase are unstable.The resonant 
ase ω = Ω

(1)
7 − Ω

(2)
8 : an additional di�eren
e type ofresonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
7 −Ω

(2)
8 . The equation ω±Ω

(2)
n = ±Ω

(1)
k for n = 4, 5, . . . and k = 1, 2, 3 hasno solution for k and n. Additionally it has to be 
he
ked whether the resonan
e
onditions (i), (iii) and (iv) in (4.43) also have solutions if ω = Ω

(1)
7 − Ω

(2)
8 ornot. It 
an be veri�ed that there is no su
h k and n. Therefore, in order toeliminate se
ular terms in the solution of the O(ε)(1) and O(ε)(2) -problems(see (4.21) and (4.22)) Ak0 and Bk0 have to satisfy the following. For thevibration modes with 1 6 k 6 3 Ak0 and Bk0 are still given by (4.24). And forthe higher order vibration modes with 4 6 k <∞ Ak0 and Bk0 have to satisfy(4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω

(1)
7 +Ω

(2)
8 : an additional sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
7 + Ω

(2)
8 . The equation ω±Ω

(2)
n = ±Ω

(1)
k for n = 4, 5, . . . and k = 1, 2, 3 hasno solution for n and k. Additionally it has to be 
he
ked whether the resonan
e
onditions (i), (iii) and (iv) in (4.43) also have solutions if ω = Ω

(1)
7 + Ω

(2)
8 ornot. It turns out that for the 
ase (iv) in (4.43) there are solutions: n = 20and k = 27 if ω + Ω

(2)
n = Ω

(2)
k and n = 27 and k = 20 if ω − Ω

(2)
n = −Ω

(2)
k .In this 
ase |ω ± Ω

(2)
n ± Ω

(2)
k | = 0.0012 < ε. This 
an be seen as a detuning
ase if ω = Ω

(1)
7 + Ω

(2)
8 . Therefore, in order to eliminate se
ular terms in thesolution of the O(ε)(1) and O(ε)(2) -problems (see (4.21) and (4.22)) Ak0 and

Bk0 have to satisfy the following. For the vibration modes with 1 6 k 6 3 Ak0and Bk0 are still given by (4.24). For the vibration modes with 4 6 k 6 19and 21 6 k 6 26 Ak0 and Bk0 are still given by (4.25). For the 20th and the
27th vibration modes (with k = 20 and k = 27) Ak0 and Bk0 are given by(4.40). And for the higher order vibration modes with 28 6 k < ∞ Ak0 and
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Bk0 have to satisfy (4.25). It 
an be seen from equations (4.40) that there areintera
tions between the 20th and the 27th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = 2Ω

(2)
8 : a prin
ipal parametri
 resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

2Ω
(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(2)
k for n = 4, 5, . . . and k = 4, 5, . . . has nosolutions. Additionally it has to be 
he
ked whether the resonan
e 
onditions

(i) − (iii) in (4.43) also have any solutions if ω = 2Ω
(2)
8 or not. It turns outthat there are no su
h k and n. Therefore, in order to eliminate se
ular termsin the solution of the O(ε)(1) and O(ε)(1)-problems (see (4.21) and (4.22)) Ak0and Bk0 have to satisfy (the same as for the non-resonant 
ase): (4.24) for

1 6 k 6 3 and (4.25) for 4 6 k < ∞. It has been already shown in [18℄that in 
ase of prin
ipal parametri
 resonan
e the possibility to have solutions(intera
tions between vibration modes) for the 
ase (iv) of (4.41) depends onvalue of µ. It was shown here that in parti
ular 
ase µ = 0.002 and relativeerror of 1% (as it was �xed in the beginning) ω = 2Ω
(2)
8 is not a resonan
efrequen
y in this 
ase as it was also not in Se
tions 4.4 and 4.5.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.4.7 Appli
ation of the method with a relative errorof 0.1%In this se
tion the non-resonant and some resonant 
ases will be studied whenthe relative error in the frequen
ies is at most 0.1%. From Table 4.1 it 
anbe seen that the original problem (4.5) 
an now be split up (with an errorof 0.1%) into two models. The 'string' model (see (4.12)) for k = 1 and the'stret
hed beam' model (see (4.13)) for 2 6 k < ∞. From (4.21) and (4.22)it 
an readily be seen that there are in�nitely many values of ω that 
an giverise to internal resonan
es. If the relative error is 0.1% these values are (in an
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O(ε) neighbourhood of):

(i) ω ± Ω
(1)
n = ±Ω

(1)
k , for n, k = 1,

(ii) ω ± Ω
(2)
n = ±Ω

(1)
k , for k = 1, and n = 2, 3, . . . ,

(iii) ω ± Ω
(1)
n = ±Ω

(2)
k , for n = 1, and k = 2, 3, . . . ,

(iv) ω ± Ω
(2)
n = ±Ω

(2)
k , for n = 2, 3, . . . , and k = 2, 3, . . . .

(4.44)
4.7.1 The non-resonant 
aseIn this 
ase it is assumed that the frequen
y ω of the velo
ity-�u
tuations ofthe axially moving 
ontinuum is not equal to any 
ombination of the resonan
efrequen
ies as listed in (4.44). To eliminate the se
ular terms in the solution ofthe O(ε)(1)-problem and the O(ε)(2)-problem it follows that Ak0 and Bk0 haveto satisfy (4.24) for k = 1 and (4.25) for 2 6 k <∞. In this 
ase system (4.24)
an again be seen as some sort of slow time (t1) 
orre
tion in the string modelfrequen
y for the �rst vibration mode due to presen
e of the small bendingsti�ness term in the O(ε)(1)-problem.4.7.2 Some resonant 
asesThe same resonant 
ases (see (4.31)) as in Se
tion 4.4 will be investigated inthis subse
tion.The resonant 
ase ω = m∗, where m∗ is equal to 1, 3, 5 or 7First, the 
ase ω = m∗ = 1 (the �rst �string� resonan
e frequen
y ) has to bestudied. Equation ω ± Ω

(1)
n = ±Ω

(1)
k , with n, k = 1 and ω = 1 has no solutionsolution for n and k . Additionally it has to be 
he
ked whether the resonan
e
onditions (ii) − (iv) in (4.44) also have solutions if ω = 1 or not. It 
an beveri�ed that there are no su
h k and n. Therefore, in order to eliminate se
ularterms in the solution of the O(ε)(1)-problem (see (4.21)) Ak0 and Bk0 have tosatisfy (4.24) for k = 1 and (4.25) for 2 6 k < ∞ . For the 
ase ω = m∗ it isassumed that m∗ is equal to 3, 5 or 7 (ω = m∗ is a resonan
e frequen
y fromthe string model). Following the same pro
edure as for the 
ase ω = 1, Ak0and Bk0 have to satisfy (4.24) for k = 1 and (4.25) for the higher order modes(2 6 k <∞). There are no intera
tions in that 
ase.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.
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ontinuum witha time-varying velo
ity: transient from string to beam behaviourThe resonant 
ase ω = Ω
(2)
9 − Ω

(2)
8 : a di�eren
e type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(2)
9 − Ω

(2)
8 . Equation ω ± Ω

(2)
n = ±Ω

(2)
k for n = 2, 3, . . . and k = 2, 3, . . . hasonly trivial solutions n = 8 and k = 9 if ω + Ω

(2)
n = Ω

(2)
k , and n = 9 and k = 8if ω+Ω

(2)
n = Ω

(2)
k . Therefore Ak0 and Bk0 for the the 8th and the 9th vibrationmodes (k = 8 and k = 9) still have to satisfy equations (4.34). Additionallyit has to be 
he
ked whether the resonan
e 
onditions (i)− (iii) in (4.44) alsohave any solutions if ω = Ω

(2)
9 − Ω

(2)
8 or not. It turns out that there are nosu
h k and n. Therefore, in order to avoid se
ular terms in the solutions ofthe O(ε)(1) and O(ε)(2) -problems if ω = Ω

(2)
9 −Ω

(2)
8 the following results werefound. For the �rst vibration mode with k = 1 Ak0 and Bk0 are still given by(4.24). This 
an be seen as an in�uen
e of the small bending sti�ness termin the O(ε)(1)-problem. For the 8th and the 9th vibration modes Ak0 and

Bk0 have to satisfy (4.34). And for the vibration modes with 2 6 k 6 7 and
10 6 k <∞ Ak0 and Bk0 have to satisfy (4.25). It 
an be seen from equations(4.34) that there are intera
tions between the 8th and the 9th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω

(1)
1 − Ω

(2)
8 : an additional di�eren
e type ofresonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
1 − Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(1)
k for n = 2, 3, . . . and k = 1 hasonly a trivial solution n = 8 and k = 1 if ω + Ω

(2)
n = Ω

(1)
k . Additionally ithas to be 
he
ked whether the resonan
e 
onditions (i), (iii) and (iv) in (4.44)also have solutions if ω = Ω

(1)
1 − Ω

(2)
8 or not. It turns out that there is onesolution in 
ase (iii) (see (4.23)) : n = 1 and k = 8 if ω − Ω

(1)
n = −Ω

(2)
k .Therefore, in order to avoid se
ular terms in the solutions of the O(ε)(1) and

O(ε)(2) -problems if ω = Ω
(1)
1 − Ω

(2)
8 the following results were found. For the

1st vibration mode (with k = 1) Ak0 and Bk0 are given by the �rst system of(4.35). For the 8th vibration mode (with k = 8) Ak0 and Bk0 are given by(4.35). And, �nally, for the vibration modes with 2 6 k 6 7 and for the higherorder vibration modes with 9 6 k < ∞ Ak0 and Bk0 have to satisfy (4.25).It 
an be seen from (4.35) that there are intera
tions between the 1st and the
8th vibration modes in this 
ase.To 
he
k the stability the eigenvalues of the 
orresponding matrix M have
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ation of the method with a relative error of 0.1% 75to be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω
(2)
9 + Ω

(2)
8 : a sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(2)
9 + Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(2)
k for n = 2, 3, . . . and k = 2, 3, . . .has only trivial solutions: n = 8 and k = 9, and symmetri
ally n = 9 and k = 8if ω − Ω

(2)
n = Ω

(2)
k . Additionally it has to be 
he
ked whether the resonan
e
onditions (i) − (iii) in (4.44) also have solutions if ω = Ω

(2)
9 + Ω

(2)
8 or not. It
an be veri�ed that there are no su
h k and n. Therefore, in order to eliminatese
ular terms in the solution of the O(ε)(1) and O(ε)(2)-problems (see (4.21)and (4.22)) Ak0 and Bk0 have to satisfy the following. For the �rst vibrationmode with k = 1 Ak0 and Bk0 are still given by (4.24). For the 8th and the

9th vibration modes (with k = 8 and k = 9) Ak0 and Bk0 are given by (4.36).And, �nally, for the vibration modes with 2 6 k 6 7 and for the higher ordervibration modes with 10 6 k < ∞ Ak0 and Bk0 have to satisfy (4.25). It 
anbe seen from (4.36) that there are intera
tions between the 8st and the 9thvibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some of the solutions in this 
ase are unstable.The resonant 
ase ω = Ω
(1)
1 +Ω

(2)
8 : an additional sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
1 +Ω

(2)
8 . The equation ω±Ω

(2)
n = ±Ω

(1)
k for n = 2, 3, . . . and k = 1 has onlya trivial solution n = 8 and k = 1 if ω − Ω

(2)
n = Ω

(1)
k . Additionally it has tobe 
he
ked whether the resonan
e 
onditions (i), (iii) and (iv) in (4.44) alsohave solutions if ω = Ω

(1)
1 + Ω

(2)
8 or not. It turns out that there is one solutionin 
ase (iii) (see (4.23)) : the equation ω ± Ω

(1)
n = ±Ω

(2)
k for k = 2, 3, . . . and

n = 1 has a solution n = 1 and k = 8 if ω − Ω
(1)
n = Ω

(2)
k . Therefore, in orderto eliminate se
ular terms in the solution of the O(ε)(1) and O(ε)(2) -problems(see (4.21) and (4.22)) Ak0 and Bk0 have to satisfy the following. For the 1stvibration mode (with k = 1) Ak0 and Bk0 are given by the �rst system of(4.37). For the 8th vibration mode (with k = 8) Ak0 and Bk0 are given by these
ond system of (4.37). And, �nally for the vibration modes with 2 6 k 6 7and for the higher order vibration modes with 9 6 k <∞ Ak0 and Bk0 have tosatisfy (4.25). It 
an be seen from (4.37) that there are intera
tions between
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ontinuum witha time-varying velo
ity: transient from string to beam behaviourthe 1st and the 8th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that some of the eigenvalues have positive realparts, and that some of the solutions in this 
ase are unstable.The resonant 
ase ω = Ω
(1)
7 − Ω

(2)
8 : an additional di�eren
e type ofresonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

(

Ω
(1)
7 − Ω

(2)
8

). The equation ω ± Ω
(2)
n = ±Ω

(1)
k for n = 2, 3, . . . and k = 1 hasno solution for k and n. Additionally it has to be 
he
ked whether the resonan
e
onditions (i), (iii) and (iv) in (4.44) also have solutions if ω = Ω

(1)
7 − Ω

(2)
8 ornot. It 
an be veri�ed that there is no su
h k and n. Therefore, in order toeliminate se
ular terms in the solution of the O(ε)(1) and O(ε)(2) -problems(see (4.21) and (4.22)) Ak0 and Bk0 have to satisfy the following. For the 1stvibration mode (with k = 1) Ak0 and Bk0 are still given by (4.24). And forthe higher order vibration modes with 2 6 k <∞ Ak0 and Bk0 have to satisfy(4.25).To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = Ω

(1)
7 +Ω

(2)
8 : an additional sum type of resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

Ω
(1)
7 + Ω

(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(1)
k for n = 2, 3, . . . and k = 1 has nosolution for n and k. Additionally it has to be 
he
ked whether the resonan
e
onditions (i), (iii) and (iv) in (4.43) also have solutions if ω = Ω

(1)
7 + Ω

(2)
8 ornot. That was found that the 
ase (iv) in (4.43) have two solutions: n = 20and k = 27 if ω + Ω

(2)
n = Ω

(2)
k , and n = 27 and k = 20 if ω − Ω

(2)
n = −Ω

(2)
k .In this 
ase |ω ± Ω

(2)
n ± Ω

(2)
k | = 0.0012 < ε. This 
an be seen as a detuning
ase if ω = Ω

(1)
7 + Ω

(2)
8 . Therefore, in order to eliminate se
ular terms in thesolution of the O(ε)(1) and O(ε)(2) -problems (see (4.21) and (4.22)) Ak0 and

Bk0 have to satisfy the following. For the 1st vibration mode (with k = 1) Ak0and Bk0 are still given by (4.24). For the vibration modes with 2 6 k 6 19 and
21 6 k 6 26 Ak0 and Bk0 are still given by (4.25). For the 20th and the 27thvibration modes (with k = 20 and k = 27) Ak0 and Bk0 are given by (4.40).And for the higher order vibration modes with 28 6 k <∞ Ak0 and Bk0 haveto satisfy (4.25). It 
an be seen from (4.40) that there are intera
tions between



4.8. Stability properties of the system 77the 20th and the 27th vibration modes.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.The resonant 
ase ω = 2Ω
(2)
8 : a prin
ipal parametri
 resonan
eThe frequen
y of the belt velo
ity �u
tuations ω is assumed to be equal to

2Ω
(2)
8 . The equation ω ± Ω

(2)
n = ±Ω

(2)
k for n = 2, 3, . . . and k = 2, 3, . . . has nosolutions. Additionally it has to be 
he
ked whether the resonan
e 
onditions

(i) − (iii) in (4.44) also have solutions if ω = 2Ω
(2)
8 or not. It turns out thatthere are no su
h k and n. Therefore, in order to eliminate se
ular terms in thesolution of the O(ε)(1) and O(ε)(1)-problems (see (4.21) and (4.22)) Ak0 and

Bk0 have to satisfy (the same as for the non-resonant 
ase): (4.24) for k = 1and (4.25) for 2 6 k < ∞. It has been already shown in [18℄ that in 
ase ofprin
ipal parametri
 resonan
e the possibility to have solutions (intera
tionsbetween vibration modes) for the 
ase (iv) of (4.44) depends on value of µ. Itwas shown here that in parti
ular 
ase µ = 0.002 and relative error of 0.1% (asit was �xed in the beginning) ω = 2Ω
(2)
8 is not a resonan
e frequen
y in that
ase as it was not in se
tions 4.4, 4.5, and 4.6.To 
he
k the stability the eigenvalues of the 
orresponding matrix M haveto be 
al
ulated. It turns out that all eigenvalues are purely imaginary orzeros, and that all solution in this 
ase are bounded and stable.4.8 Stability properties of the systemTo verify the method whi
h was proposed in this 
hapter the following approa
hwill be used. Stability properties of the solutions whi
h were derived in Se
tions4.4, 4.5, 4.6, and 4.7 will be 
ompared with the stability properties of the exa
tsolution of the problem (4.5) (the exa
t solution 
an be found in [18℄). Theexa
t solution 
an readily be found for the same resonan
e frequen
ies (4.31)and stability properties 
an also be 
he
ked. Table 4.2 represents stabilityproperties for the 
ases with the relative errors in frequen
ies at most of 5%,3%, 1%, 0.1%, and 0.0% (the exa
t solution of the problem (4.5)). It 
an beseen that the stability properties remain the same for almost all these 
asesand 
orrespond to the stability properties of the exa
t solution of the problem.For the 
ase ω = Ω

(1)
7 + Ω

(2)
8 (see Table 4.2) and relative error of at most 5%the solution is unstable. On the other hand, for the same frequen
y but withbetter a

ura
y (relative error of 3%, 1%, and 0.1%) the solution is stable. That
orresponds also the exa
t solution of the problem. This happend be
ause the



78Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviourresonan
e frequen
yω = Ω
(1)
7 + Ω

(2)
8 was derived from the 
ombination of thestring and the stret
hed beam models. For the 
ase of the relative error of 5%(Se
tion 4.4) value Ω

(1)
7 is still in the region of the string model. For the other
ases the region of the string model is smaller, so that this 
ombination is not aresonan
e frequen
y anymore. It 
an also be seen from Table 4.2 that di�eren
etype of resonan
es are stable and sum type or resonan
es are unstable. Thatbehaviour 
orresponds the stability properties of the exa
t solution whi
h wasfound in [18℄. exa
trelative error 5% 3% 1% 0.1% 0.0%frequen
y ω (see[18℄)

ω = m∗,
m∗ =1,3,5 and 7 stable stable stable stable stable
ω = Ω

(2)
9 − Ω

(2)
8 stable stable stable stable stable

ω = Ω
(1)
1 − Ω

(2)
8 stable stable stable stable stable

ω = Ω
(2)
9 + Ω

(2)
8 unstable unstable unstable unstable unstable

ω = Ω
(1)
1 + Ω

(2)
8 unstable unstable unstable unstable unstable

ω = Ω
(1)
7 − Ω

(2)
8 stable stable stable stable stable

ω = Ω
(1)
7 + Ω

(2)
8 unstable stable stable stable stable

ω = 2Ω
(2)
8 stable stable stable stable stableTable 4.2: Stability properties of the solutions.4.9 Con
lusions and remarksIn this 
hapter an initial-boundary value problem for a linear equation, de-s
ribing an axially moving stret
hed beam has been studied. This equation
an be used as a model for the transversal vibrations of a 
onveyor belt sys-tem. The axially moving belt is assumed to move in one dire
tion with anon-
onstant speed V (τ), that is, V (τ) = ε(V0 +α sin(ωτ)), where 0 < ε≪ 1,



4.9. Con
lusions and remarks 79and where V0, α and ω are positive 
onstants. For V0 it is assumed that V0 > 0and V0 > |α|. A new model approa
h des
ribing the transient �from string tobeam� behaviour, based on the 
al
ulations of the natural frequen
ies has beenproposed. The in�uen
e of the bending sti�ness on the stability properties ofthe solution of the problem has been studied.Depending on the natural frequen
ies the original problem is split up intotwo submodels: a string model for the lower frequen
ies and a stret
hed beammodel for the higher frequen
ies. Ea
h submodel has its own physi
al andmathemati
al properties. For the string model, for instan
e, the dis
ussionon the appli
ability of the trun
ation method is not (mathemati
ally) rele-vant anymore (see also [16℄). In this 
ombination model the submodels areintera
ting due to internal resonan
es, and the model equations depend onthe frequen
ies and on the vibration mode numbers. The proposed model isa more realisti
 approa
h to des
ribe the dynami
al behaviour of a travelling
ontinuum as the bending sti�ness be
omes more important for the higher or-der vibration modes. For the lower frequen
ies the bending sti�ness 
an benegle
ted and the string equation 
an be used. The regions of appli
ability ofthe simpli�ed models were found for di�erent values of the bending sti�nessparameter and for di�erent values of the relative errors in the frequen
ies. Itturns out that there are in�nitely many values of ω that give rise to internalresonan
es in the axially moving belt system. In fa
t, that happens when ωis equal to any sum or di�eren
e 
ombination of the natural frequen
ies ofthe string and (or) the stret
hed beam equations. In the non-resonant 
aseit 
an 
learly be seen that for the lower frequen
ies (when the string modelis used) the perturbation approa
h leads to improvements in the frequen
iestaking into a

ount the small bending sti�ness. The formal approximationsof the solution and the stability properties in some resonant 
ases have beendetermined for four di�erent values of the relative error in the frequen
ies: 5%,3%, 1% and 0.1%. It 
an be 
on
luded that the properties of the studied prob-lem remain the same and 
orrespond to the properties of the exa
t solution ofthe problem (4.5) when the relative errors in the frequen
ies are less than 5 %.An important impli
ation of the results as presented in Chapter 4 is that forthese type of problems the use of only string-like models is not appropriate.To des
ribe the dynami
s of these type of 
onveyor belt problems 
orre
tly onehas to in
lude bending sti�ness in the model (also when the bending sti�nessis assumed to be small).It has also to be noti
ed that the introdu
tion of a damping term does notsolve the trun
ation problem for the string-like equation (4.1), at least if thedamping is assumed to be small and of order ε. The vis
ous damping or thestru
tural damping 
an be taken into a

ount for the partial di�erential equa-tions (4.1) or (4.2), leading to the appearan
e of extra terms in these equations:



80Chapter 4. On the transversal vibrations of an axially moving 
ontinuum witha time-varying velo
ity: transient from string to beam behaviour
ut +V ux, utxx +V uxxx or utxxxx +V uxxxxx, respe
tively (for the moving frameof referen
e). If the damping in the problem is assumed to be small, that isof order ε, then after applying the two time-s
ales perturbation method to theequations, terms ut + V ux, utxx + V uxxx or utxxxx + V uxxxxx will appear. Athigh frequen
ies the stru
tural damping terms 
an not be 
onsidered to besmall. The solutions of the O(1)-problems still 
an not be trun
ated in these
ases and still has to be written in an in�nite series representation from themathemati
al point of view.Regarding the future resear
h, it will be interesting to study more 
om-pli
ated 
ases for the transversal and longitudinal motions of axially movingbeams, in
luding those 
ases for whi
h the boundary 
onditions are su
h thatenergy in�ow or out�ow is possible through these boundaries. Numeri
al re-sults (based on spe
tral element methods) for these type of problems 
an al-ready be found in [44℄ and [45℄.



CHAPTER 5
On the transversal vibrations of a 
onveyor belt system indu
edby a stoppage of the system
Abstra
t: In this 
hapter the energy transfer between the longitudinalmotion and the transversal motion of a 
onveyor belt system after stoppagewill be studied. It will turn out that 
ompli
ated internal resonan
es 
an o

urleading to interesting energy transfers between longitudinal and transversalmotions. For 
ertain parameter values it will turn out that relatively highmode longitudinal vibrations 
an indu
e low mode transversal vibrations withrelatively large amplitudes.
5.1 Introdu
tionAxially moving systems are present in a vast 
lass of engineering problemswhi
h arise in industrial, 
ivil, aerospatial, me
hani
al, ele
troni
, medi
al, andautomotive appli
ations. Serpentine belts, aerial 
ables, tram and train ways,oil pipelines, magneti
 tapes, power transmission belts, band saw blades, 
hairlifts in skiing resorts, and even models of human DNA are examples of obje
tswhere axial transport of mass 
an be asso
iated with transversal vibrations.Investigating transverse vibrations of moving materials is a 
hallenging sub-je
t whi
h has been studied for many years by many resear
hers and still isof interest today. Transversal vibrations of a moving belt system were studiedin [10℄ and [46℄ for the 
ase with a 
onstant belt velo
ity. It was found that81



82Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the systemthe natural frequen
ies depend on the axial velo
ity of the belt, and de
reasewith in
reasing belt velo
ity. It was also found that there are instabilities at
ertain 
riti
al belt velo
ities. In reality, however, the systems are exposed toa

elerating and de
elerating motions due to di�erent sorts of imperfe
tionsof the moving belt systems su
h as roll e

entri
ities. This observation im-plies that the 
onstant belt speed has approximately a harmoni
 perturbation.Transversal vibrations of a belt system moving with a time-varying velo
itywere studied �rst in [47℄ and later in [12℄. A similar problem (with additionalnonlinear terms) was 
onsidered in [14℄. The weakly nonlinear transversal vi-brations of a 
onveyor belt with a low and time-varying velo
ity were studiedin [20℄, and [26℄. Additionally, in [20℄ and [26℄ not only transversal vibrationsbut also longitudinal vibrations were taken into a

ount. Even if the operatingspeed is normally maintained 
onstant, the axial speed does vary 
onsiderablyduring the starting and stopping phases. In [48℄ the nonlinear vibrations of atraveling beam with a 
onstant axial a

eleration were 
onsidered. Lyapunov'smethod was used to determine a su�
ient 
ondition for asymptoti
 stabilityof a beam having a 
onstant a

eleration.In Figure 5.1 a s
hemati
 model of a 
onveyor belt system that moves witha time-varying velo
ity is given. Also in Figure 5.1 the velo
ity 
omponents intransversal and longitudinal dire
tions of a point P are shown. The equation of
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ements
U(X, τ)
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Vb +Wτ + VbWx

Uτ + VbUxFigure 5.1: A traveling 
onveyor belt system with the velo
ity 
omponents ata point P.motion of a 
onveyor belt system for the 
ase of a 
onstant belt velo
ity was forinstan
e presented in [9℄ using Hamilton's prin
iple. For the 
ase of a low andtime-varying velo
ity, namely, the following equations of motion des
ribing the



5.1. Introdu
tion 83transversal and longitudinal vibrations of a belt system were derived in [26℄using Hamilton's prin
iple:
ρAWττ + 2ρAVbWXτ + ρAVbτ (1 +WX) + (ρAV 2

b − EA)WXX =

(EA−R0)
(1 +WX)UXUXX − U2

XWXX

[(1 +WX)2 + U2
X ]3/2

,

ρAUττ + 2ρAVbUXτ + ρAVbτUX + (ρAV 2
b − EA)UXX + EIUXXXX =

(R0 − EA)
(1 +WX)2UXX − (1 +WX)UXWXX

[(1 +WX)2 + U2
X ]3/2

, (5.1)where
U(X, τ) : the transversal displa
ement of the belt,
W (X, τ) : the longitudinal displa
ement of the belt,
Vb(τ) : the time-varying belt speed,
ρ : the mass density of the belt,
A : the area of the 
ross se
tion of the belt,
E : the modulus of elasti
ity,
I : the se
ond moment of inertia with respe
t to the beltmiddle plane,
X : the position along the horizontal axis,
R0 : the 
onstant tension in a dynami
 equilibrium,
τ : the time, and
L : the distan
e between the pulleys.In some 
ases, when it 
an be assumed that the displa
ements in the lon-gitudinal dire
tion are mu
h smaller than the displa
ements in the transversaldire
tions, namely if W = O(U2), the Kir
hho� approa
h 
an be applied, andthe 
oupled system of nonlinear di�erential equations may be de
oupled. This
ase has been studied in [20℄, assuming that the belt speed is low and time-varying, and is given by Vb(τ) = ε(V0+α sin(ωτ)), where ε is a small parameterwith 0 < ε≪ 1, and where α, ω are some positive 
onstants. The following or-dering prin
iple for the transversal and longitudinal displa
ements and for thebelt velo
ity was assumed in that 
ase : U(X, τ) = O(ε), W (X, τ) = O(ε2),and Vb(τ) = O(ε). Using these assumptions and Kir
hho�'s approa
h the 
ou-pled system of partial di�erential equations (5.1) 
an be redu
ed to a singlefourth order, weakly nonlinear beam equation for the transversal displa
ement

U(X, τ). The dynami
al behaviour of the 
onveyor belt system was studied in[20℄ for di�erent values of the frequen
y ω in the harmoni
 perturbation of thebelt velo
ity.The main goal of this 
hapter is to study the dynami
al behaviour of a
onveyor belt system if the belt suddenly stops and (possible) �sho
k-waves�



84Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the systemo

ur, that is, an energy transfer from longitudinal motion to transversal mo-tion o

urs. A �sho
k-wave� is not a desirable state of a 
onveyor belt systemafter braking or stopping as it 
an lead to dropping o� and (or) damaging the
argo a belt is transporting. To study and to predi
t these energy transfersfrom longitudinal to transversal motion is an important and 
hallenging sub-je
t for engineers. This energy transfer will be studied in this 
hapter. Anotherinteresting and 
hallenging problem to study is the dynami
 behaviour of thebelt near the pulleys at τ0. This so-
alled boundary layer problem, however,will not be studied in this thesis. In Figure 5.2 the velo
ity of the 
onveyerbelt system before and after the braking moment τ0 is given. The belt speed
PSfrag repla
ements Vb(τ)

ττ0

Vb(τ) =

{

ε(V0 + α sin(ωτ)), for τ < τ0,

0, for τ > τ0.

Figure 5.2: Velo
ity of a 
onveyor belt system before and after the brakingmoment τ0.before the braking moment is assumed to be of order ε. After the momentwhen the belt stops, the velo
ity of the belt point P in longitudinal dire
tionis now of order ε due to the inertia of the belt. The velo
ity of the belt point Pin transversal dire
tion is still of order ε as it was before the braking moment.In Figure 5.3 the velo
ity 
omponents of the belt point P in both dire
tionsare given. If the belt under 
onsideration is long and rather elasti
, the dis-pla
ement of the belt in longitudinal dire
tion is also of order ε for some timeafter time τ0.
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Figure 5.3: The velo
ity 
omponents of a 
onveyor belt point P after thebraking moment τ0.



5.2. Formulation of the problem 855.2 Formulation of the problemTo study the behaviour of the 
onveyer belt system after the braking mo-ment and to study the (possible) o

urren
e of �sho
k wave(s)� the followingassumptions are made:1. Initially, before the braking moment, the 
onveyor belt system (see Figure5.1) is moving with a low and time-varying velo
ity Vb(τ): Vb(τ) = O(ε).2. The belt stops simultaneously and instantly at both pulleys at the time
τ0.3. The belt is su�
iently long and elasti
, so that after the braking moment
τ0 the velo
ity of most of the belt points in longitudinal dire
tion, andthe velo
ity of most of the belt points in transversal dire
tion are of order
ε, that is Wτ |τ=τ0 = O(ε), and Uτ = O(ε).4. Displa
ements of the belt in longitudinal and transversal dire
tions areof the same order for some interval of time after the braking moment τ0,that is, W = O(U), and U = O(W ).5. The 
onveyer belt system is simply supported at the pulleys.The 5th assumption was made only from the point of view to simplify the
omputations. If the 
onveyer belt system is simply supported at the edges,the boundary 
onditions allow to write the solution ni
ely in sine-series in x.The equations of motion of the 
onveyer belt system after the brakingmoment τ0 are given by
ρAWττ − EAWXX = (EA −R0)

(1 +WX)UXUXX − U2
XWXX

[(1 +WX)2 + U2
X ]3/2

,

ρAUττ − EAUXX + EIUXXXX

= (R0 − EA)
(1 +WX)2UXX − (1 +WX)UXWXX

[(1 +WX)2 + U2
X ]3/2

.

(5.2)Using a Taylor series, the denominators in (5.2) 
an be approximated by
[(1 +WX)2 + U2

X ]−3/2

= 1 − 3WX + 6W 2
X − 3

2
U2

X − 10W 3
X +

15

2
WXU

2
X + O(4).

(5.3)In approximation (5.3) O(4) stands for terms of degree 4 or higher. Assumingthat the displa
ement in the transversal dire
tion is of the same order as thedispla
ement in the longitudinal dire
tion it follows from (5.3) that [(1+WX )2+



86Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the system
U2

X ]−3/2
≈ 1− 3WX + 6W 2

X − 3
2U

2
X . Correspondingly, the equation of motions(5.2) 
an now be written approximately as

ρAWττ − EAWXX = (EA −R0)(UXUXX − 2UXUXXWX − U2
XWXX),

ρAUττ −EAUXX + EIUXXXX = (R0 −EA)(UXX − UXXWX

+UXXW
2
X − 3

2
UXXU

2
X − UXWXX + 2UXWXXWX). (5.4)The following transformations are applied in order to rewrite the equationsof motion (5.4) into a non-dimensional form: w(x, t) =

W (X, τ)

εL
, u(x, t) =

U(X, τ)

εL
, x =

X

L
, c2 =

T0

ρA
, t =

cτ

L
, P 2

0 =
EI

T0L2
, P 2

1 =
EA

T0
, R0 = T0,where ε is a small parameter with 0 < ε ≪ 1. The equations of motion in anon-dimensional form are given by

wtt − P 2
1wxx = (P 2

1 − 1)(εuxuxx − 2ε2uxuxxwx − ε2u2
xwxx),

utt − uxx + P 2
0 uxxxx = (P 2

1 − 1)(εuxxwx + εuxwxx − ε2uxxw
2
x

+
3

2
ε2uxxu

2
x − 2ε2uxwxxwx),

t > 0, 0 < x < 1.

(5.5)The boundary 
onditions are given by
w(0, t) = w(1, t) = 0, and u(x, t) = uxx(x, t) = 0 for x = 0, 1. (5.6)The initial displa
ements and initial velo
ities satisfy the following:

w(x, 0) = w0(x), wt(x, 0) = w1(x),
u(x, 0) = u0(x), and ut(x, 0) = u1(x).

(5.7)It has to be noti
ed that after the braking moment τ0 almost all points of thebelt still have velo
ities 
lose to Vb in longitudinal dire
tion w for some periodof time, that e�e
t is in
luded in the initial 
onditions (5.7). Before studyingthe initial-boundary value problem (5.5)-(5.7) something has to be said aboutthe orders of magnitude of the parameters P 2
0 and P 2

1 in (5.5). This will bedone in the next subse
tion.5.2.1 Three di�erent ordering 
asesTo make the resear
h more tra
table the parameters ε, P 2
0 and P 2

1 will beestimated in orders of magnitude. Two di�erent rubber sorts will be 
onsid-ered: EP 250/2 with E = 340.914 MPa, and EP 500/2 with E = 250 MPa.



5.2. Formulation of the problem 87The following 
hara
teristi
 values for the other parameters are 
hosen (otherparameter values for belt systems 
an be found in [49℄): b = 0.6 m, h = 7.3mm, ρ = 1197.2 kg m−1, and T = 3500 N. After 
al
ulating the values of P 2
0and P 2

1 it will follow that P 2
1 ≫ P 2

0 . Taking this fa
t into a

ount the order ofall terms in equations (5.5) and the value of ε have to be de�ned now.From the transformation for the transversal displa
ement of the belt
u(x, t) =

U(X, τ)

εL
it follows that there is an approximate relationship between

ε and the belt length L. By assuming that u(x, t) = O(1), for instan
e, andassuming that the original displa
ement U(X, τ) is about 10 
m the followingtable 
an be derived:
L(in m) 1 10 30 50 80 100 300 500

ε 10
−1

10
−2

3.3· 10−3
2· 10−3

1.3· 10−3
10

−3
3.3· 10−4

2· 10−4Table 5.1: The approximate relationship between the belt length L and thesmall parameter ε (assuming that u(x, t) is maximal 1 in absolute value).The parameters P 2
0 and P 2

1 are given by P 2
0 =

EI

T0L2
, P 2

1 =
EA

T0
. It followsthat P 2

0 depends also on the belt length L, and, a

ordingly, on the order ofthe small parameter ε (that is, the displa
ement in transversal dire
tion, seeTable 5.1). The values of the parameters P 2
0 and P 2

1 
an now be 
al
ulated.
P 2

1 P 2
0

ε ≈ L, (in m) EP 250/2 EP 500/2 EP 250/2 EP 500/21 L = 0.1 4.3· 102 3.1· 102 2· 10−1 1.2· 10−1

10−1 L = 1 4.3· 102 3.1· 102 2· 10−3 1.2· 10−3

10−2 L = 10 4.3· 102 3.1· 102 2· 10−5 1.2· 10−5

10−3 L = 30 4.3· 102 3.1· 102 2.1· 10−6 1.5· 10−6

10−3 L = 50 4.3· 102 3.1· 102 7.56· 10−7 5.56· 10−7

10−3 L = 80 4.3· 102 3.1· 102 2.95· 10−7 2.17· 10−7

10−3 L = 100 4.3· 102 3.1· 102 1.89· 10−7 1.39· 10−7

10−4 L = 300 4.3· 102 3.1· 102 2.1· 10−8 1.54· 10−8

10−4 L = 500 4.3· 102 3.1· 102 7.56· 10−9 5.56· 10−9

10−4 L = 800 4.3· 102 3.1· 102 2.95· 10−9 2.17· 10−9

10−4 L = 1000 4.3· 102 3.1· 102 1.89· 10−9 1.39· 10−9Table 5.2: The approximate relationship between the order of the small pa-rameter ε and the parameters P 2
0 and P 2

1 for two di�erent sorts of rubber.



88Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the systemIn Table 5.2 the values of the parameters P 2
0 and P 2

1 are presented, de-pending on the order of the small parameter ε and the length of the belt fortwo di�erent rubber sorts - EP 250/2 and EP 500/2. With the help of Table5.2 the order of all terms in the equations (5.5) 
an now be found. If ε ≈ 10−2,
L ≈ 10m, P 2

0 ≈ 10−5, P 2
1 ≃ 102

(

≈ O
(

1

ε

)), it follows that the terms in theequations (5.5) satisfy the following:
O
(

1

ε

) are : wtt, P
2
1wxx

O(1) are : P 2
1 εuxuxx, utt, uxx, P

2
0 uxxxx, P

2
1 εuxxwx, P

2
1 εuxwxx

O(ε) are : εuxuxx, P
2
1 2ε2uxuxxwx, P

2
1 ε

2u2
xwxx; P 2

1 ε
2uxxw

2
x,

P 2
1

3

2
ε2uxxu

2
x, P

2
1 2ε2uxwxxwx

(5.8)
From the transformation for the transversal displa
ement of the belt,

u(x, t) =
U(X, τ)

εL
, it follows that there is an approximate relationship between

ε and the belt length L. By assuming that u(x, t) = O(1) and the original dis-pla
ement U(X, τ) is about 10 
m Table 5.1 and Table 5.2 were derived. Butthis assumption 
an be 
hosen di�erently, for instan
e the 
hoi
e 
an be (a
-
ording to 
ertain belt vibrations) that u(x, t) = O(ε) or u(x, t) = O(ε2), andthe original displa
ement U(X, τ) is about 10 
m. The following relationshipbetween the belt length L and the small parameter ε 
an be derived for thesetwo 
ases. For the 
ase that u(x, t) = O(ε) and the original displa
ement
U(X, τ) is about 10 
m. the relationship is given in Table 5.3.

L(in m) 1 10 30 50 80 100 300 500
ε 3· 10−1

10
−1

5.8· 10−2
4.4· 10−2

3.5· 10−2
3.1· 10−2

1.8· 10−2
1.4· 10−2Table 5.3: The approximate relationship between the belt length L and thesmall parameter ε for the 
ase that u(x, t) is assumed to be maximal ε inabsolute value.In Table 5.4 the values of the parameters P 2

0 and P 2
1 are presented for the
ase that u(x, t) = O(ε).For the 
ase u(x, t) = O(ε2) and the original displa
ement U(X, τ) is about

10 
m the approximate relationship between the belt length L and ε is givenin Table 5.5, and the 
orresponding values of P 2
0 and P 2

1 are given in Table5.6.
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P 2

1 P 2
0

ε ≈ L (in m) EP 250/2 EP 500/2 EP 250/2 EP 500/21 L = 0.1 4.3· 102 3.1· 102 2· 10−1 1.2· 10−1

10−1 L = 1 4.3· 102 3.1· 102 2· 10−3 1.2· 10−3

10−1 L = 10 4.3· 102 3.1· 102 2· 10−5 1.2· 10−5

10−2 L = 30 4.3· 102 3.1· 102 2.1· 10−6 1.5· 10−6

10−2 L = 50 4.3· 102 3.1· 102 7.56· 10−7 5.56· 10−7

10−2 L = 80 4.3· 102 3.1· 102 2.95· 10−7 2.17· 10−7

10−2 L = 100 4.3· 102 3.1· 102 1.89· 10−7 1.39· 10−7

10−2 L = 300 4.3· 102 3.1· 102 2.1· 10−8 1.54· 10−8

10−2 L = 500 4.3· 102 3.1· 102 7.56· 10−9 5.56· 10−9

10−2 L = 800 4.3· 102 3.1· 102 2.95· 10−9 2.17· 10−9

10−2 L = 1000 4.3· 102 3.1· 102 1.89· 10−9 1.39· 10−9Table 5.4: The relationship between the order of the small parameter ε and theparameters P 2
0 and P 2

1 for two di�erent sorts of rubber for the 
ase u(x, t) =
O(ε).

L, (in m) 1 10 30 50 80 100 300 500
ε 0.5· 10−1

2.1· 10−1
1.5· 10−1

1.3· 10−1
1.1· 10−1

10
−1

7· 10−2
5.9· 10−2Table 5.5: The approximate relationship between the belt length L and thesmall parameter ε for the 
ase that u(x, t) is maximal ε2 in absolute value.It follows from Tables 5.1-5.6, that the order of the terms in the equa-tions (5.5) and the order of the parameter ε 
an vary depending on the initialassumption on the order of the transversal displa
ement u(x, t).It also has to be noti
ed that the orders of the terms utt, uxx, uxxxx, and wxxdepend on the mode number, namely utt = O(P 2

0 k
4), uxx = O(k2), uxxxx =

O(k4), and wxx = O(n2), wtt = O(P 2
1 n

2), where k and n are the vibrationsmode numbers in transversal and in longitudinal dire
tion, respe
tively.From the equations (5.5) and (5.8) it follows that if u(x, t) = O(1) and
w(x, t) = O(1) the quadrati
 and the 
ubi
 terms in equation (5.5) shouldbe studied simultaneously. If u(x, t) = O(ε), and w(x, t) = O(ε) then onlyquadrati
 terms 
an be 
onsidered be
ause the 
ubi
 terms are mu
h smaller.For simpli
ity this 
ase with only quadrati
 nonlinearities will be studied fur-ther in this 
hapter.
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onveyor belt system indu
ed bya stoppage of the system
P 2

1 P 2
0

ε ≈ L (in m) m EP 250/2 EP 500/2 EP 250/2 EP 500/21 L = 0.1 4.3· 102 3.1· 102 2· 10−1 1.2· 10−1

10−1 L = 1 4.3· 102 3.1· 102 2· 10−3 1.2· 10−3

10−1 L = 10 4.3· 102 3.1· 102 2· 10−5 1.2· 10−5

10−1 L = 30 4.3· 102 3.1· 102 2.1· 10−6 1.5· 10−6

10−1 L = 50 4.3· 102 3.1· 102 7.56· 10−7 5.56· 10−7

10−1 L = 80 4.3· 102 3.1· 102 2.95· 10−7 2.17· 10−7

10−1 L = 100 4.3· 102 3.1· 102 1.89· 10−7 1.39· 10−7

10−2 L = 300 4.3· 102 3.1· 102 2.1· 10−8 1.54· 10−8

10−2 L = 500 4.3· 102 3.1· 102 7.56· 10−9 5.56· 10−9

10−2 L = 800 4.3· 102 3.1· 102 2.95· 10−9 2.17· 10−9

10−2 L = 1000 4.3· 102 3.1· 102 1.89· 10−9 1.39· 10−9Table 5.6: The approximate relationship between the order of the small pa-rameter ε and the parameters P 2
0 and P 2

1 for two di�erent sorts of rubber forthe 
ase u(x, t) = O(ε2).The 
ase u(x, t) = O(ε) and damping in the problemIt follows from Table 5.3 and Table 5.4 that if ε ≃ 10−2 and L ≈ 30 then
P 2

0 ≈ 10−6(≈ O(ε3)), and P 2
1 ≃ 102 ≈ (O(ε−1)). The terms in equation (5.5)have the following order now: wtt = O(n2), P 2

1wxx = O(n2), utt = O(1),
uxx = O(1), and P 2

0 uxxxx = O(ε3k4). From the appli
ational point of viewthe lower transversal modes are the most important ones be
ause these modesusually lead to large amplitudes. With these assumptions the 
ubi
 termsin equation (5.5) 
an be negle
ted. But it has to be noti
ed here that ifthere is an intera
tion with the higher order modes, the equations have to bere
onsidered a

ordingly. It 
an be also assumed that P 2
0 uxxxx = O(1) (thatis, if P 2

0 uxxxx = O(ε3k4) then P 2
0 uxxxx = O(1)). This assumption will help usto trun
ate the equation for the transversal vibrations (the se
ond equation in(5.5)). A

ordingly the following equations 
an be derived (with all terms oforder smaller than ε2 being negle
ted):

wtt − P 2
1wxx = εP 2

1 uxuxx,

utt − uxx + P 2
0 uxxxx = εP 2

1 uxxwx + εP 2
1 uxwxx,

t > 0, 0 < x < 1.
(5.9)Conservative systems like the equations in (5.9) represent mathemati
alidealizations, and in pra
ti
e all systems have some degree of damping, so thatfree vibrations die out eventually. Nowadays two kinds of damping are nor-



5.2. Formulation of the problem 91mally used to des
ribe the energy loss in distributed damped systems: vis
ousdamping and stru
tural damping. For a 
loser study of these types of dampingthe readers are referred to, for instan
e, [2℄ or [50℄.To make the system (as it has been given by the equations (5.5)) non
on-servative, small vis
ous damping is introdu
ed in both dire
tions: εδ1ut is thedamping in transversal dire
tion, and εδ2wt is the damping in longitudinal di-re
tion, where δ1 is the 
oe�
ient of vis
ous damping in transversal dire
tion,
δ2 is the 
oe�
ient of vis
ous damping in longitudinal dire
tion, and ε is stilla small parameter. The damping terms in both equations in (5.5) are assumedto be of order ε. Negle
ting terms of order smaller than O(ε) in (5.5) leads tothe following model for the problem:

wtt − P 2
1wxx = εP 2

1 uxuxx − εδ2wt,

utt − uxx + P 2
0 uxxxx = εP 2

1 uxxwx + εP 2
1 uxwxx − εδ1ut,

t > 0, 0 < x < 1.
(5.10)The boundary and the initial 
onditions for (5.10) are still given by(5.6) and (5.7), respe
tively. To satisfy the boundary 
onditions all fun
-tions in (5.10) should be expanded in Fourier-sine-series. Therefore, the so-lutions 
an be written as u(x, t; ε) =

∑

∞

k=1 uk(t; ε) sin(kπx) and w(x, t; ε) =
∑

∞

n=1wn(t; ε) sin(nπx). As all terms in the equations (5.10) are already odd in
x, u(x, t; ε) =

∑

∞

k=1 uk(t; ε) sin(kπx) and w(x, t; ε) =
∑

∞

n=1wn(t; ε) sin(nπx)
an be substituted into (5.10), yielding
∞
∑

n=1

(

ẅn + P 2
1 (nπ)2wn

)

sin(nπx)

= ε



P 2
1

∞
∑

n=1

∞
∑

j=1

−unujnπ
3j2 cos(nπx) sin(jπx) − δ2

∞
∑

n=1

ẇn sin(nπx)



 ,

∞
∑

k=1

(

ük + (1 + P 2
0 (kπ)2)(kπ)2uk

)

sin(kπx)

= ε



P 2
1

∞
∑

j=1

∞
∑

n=1

(−ujwn − unwj)nπ
3j2 cos(nπx) sin(jπx)

− δ1

∞
∑

k=1

u̇k sin(kπx)

)

. (5.11)



92Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the systemThe transformation of (5.11) into a system of ordinary di�erential equationsin t 
an be done by taking into a

ount the following identities:
∫ 1

0

sin(nπx) sin(mπx)dx =

{

0, for m 6= n,
1

2
, for m = n,

and
∫ 1

0

cos(nπx) sin(jπx) sin(mπx)dx =















0, for j 6= ±n±m, and
1

4
, for j = m± n, j > 1, and

−1

4
, for j = n−m, j > 1. (5.12)By multiplying (5.11) with sin(mπx), and by integrating the so-obtained equa-tions with respe
t to x from x = 0 to x = 1 (see also (5.12)), and some thesimpli�
ations the following equations 
an be obtained:

ẅm + P 2
1 (mπ)2wm

= −εP
2
1 π

3

2

(

∞
∑

n=1

unum+n(m+ n)mn+

m−1
∑

n=1

unum−n(m− n)2n

)

− εδ2ẇm,

üm + ((mπ)2 + P 2
0 (mπ)4)um

= −εP
2
1 π

3

2

(

∞
∑

n=1

(unwn+m + un+mwn)(m+ n)mn

+

m−1
∑

n=1

unwm−n(m− n)nm

)

− εδ1u̇m, (5.13)where for t = 0, wm(t) satis�es: wm(0) = 2

∫ 1

0
w0(x) sin(mπx)dx,

ẇm(0) = 2

∫ 1

0
w1(x) sin(mπx)dx, and um(t) satis�es for t = 0: um(0) =

2

∫ 1

0
u0(x) sin(mπx)dx, u̇m(0) = 2

∫ 1

0
u1(x) sin(mπx)dx.5.3 Appli
ation of the two time-s
ales perturbationmethodTo avoid se
ular terms in the approximate solution of (5.13) a two time-s
alesperturbation method is used. The two new time s
ales are t0 = t and t1 = εt,



5.3. Appli
ation of the two time-s
ales perturbationmethod 93implying that wm(t; ε) = wm(t0, t1; ε) and um(t; ε) = um(t0, t1; ε). The fol-lowing transformations are needed for the time derivatives for the longitudinaldispla
ement:
dwm

dt
=
∂wm

∂t0
+ ε

∂wm

∂t1
,

d2wm

dt2
=
∂2wm

∂t20
+ 2ε

∂2wm

∂t0∂t1
+ ε2

∂2wm

∂t21
,

(5.14)
and for the transversal displa
ement:

dum

dt
=
∂um

∂t0
+ ε

∂um

∂t1
,

d2um

dt2
=
∂2um

∂t20
+ 2ε

∂2um

∂t0∂t1
+ ε2

∂2um

∂t21
.

(5.15)
It is assumed that wm = wm,0 + εwm,1 + . . ., and um(t0, t1; ε) = um,0 +
εum,1 + . . .. By substituting (5.14) and (5.15) into (5.13), and by substitutingthe expansions for wm and for um into (5.13), and then by taking together
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onveyor belt system indu
ed bya stoppage of the systemterms of equal powers in ε in the so-obtained equations it follows that
O(1) :

∂2wm,0

∂t20
+ P 2

1 (mπ)2wm,0 = 0, and
∂2um,0

∂t20
+ (mπ)2(1 + P 2

0 (mπ)2)um,0 = 0,

O(ε) :
∂2wm,1

∂t20
+ P 2

1 (mπ)2wm,1 = −2
∂2wm,0

∂t0∂t1

−P
2
1 π

3

2

(

∞
∑

n=1

un,0um+n,0(m+ n)nm+

m−1
∑

n=1

un,0um−n,0(m− n)2n

)

−δ2
∂wm,0

∂t0
, and

∂2um,1

∂t20
+ (mπ)2(1 + P 2

0 (mπ)2)um,1 = −2
∂2um,0

∂t0∂t1

−P
2
1 π

3

2

(

∞
∑

n=1

(um+n,0wn,0 + un,0wm+n,0)(m+ n)nm

+
m−1
∑

n=1

un,0wm−n,0(m− n)nm

)

−δ1
∂um,0

∂t0
. (5.16)Solutions of the O(1)-problems are given bywm,0(t0, t1) = Am,0(t1) cos(ωl

mt0) +Bm,0(t1) sin(ωl
mt0),um,0(t0, t1) = Cm,0(t1) cos(ωt

mt0) +Dm,0(t1) sin(ωt
mt0),

(5.17)where Am,0(t1), Bm,0(t1), Cm,0(t1), and Dm,0(t1) are still arbitrary fun
tionsthat 
an be used to eliminate se
ular terms in the solutions of the O(ε)-problem. In (5.17) ωl
m and ωt

m are given by
(ωl

m)2 = (P1mπ)2 : ωl
m is the longitudinal frequen
y,

(ωt
m)2 = (mπ)2 + P 2

0 (mπ)4 : ωt
m is the transversal frequen
y, (5.18)and

Am,0(0) = 2

∫ 1

0

w0(x) sin(mπx)dx, Bm,0(0) =
2

ωl
m

∫ 1

0

w1(x) sin(mπx)dx,

Cm,0(0) = 2

∫ 1

0

u0(x) sin(mπx)dx, Dm,0(0) =
2

ωt
m

∫ 1

0

u1(x) sin(mπx)dx.

(5.19)



5.3. Appli
ation of the two time-s
ales perturbationmethod 95From the equations (5.13) it 
an be seen that possible internal resonan
efrequen
ies are (in an O(ε) neighbourhood of):
(i) ±ωl

m = ±ωt
n ± ωt

n+m, for n = 1, 2, . . . and m = 1, 2, . . . ,
(ii) ±ωl

m = ±ωt
n ± ωt

m−n, for n = 1, 2, . . . ,m− 1 and m = 1, 2, . . . ,
(iii) ±ωt

m = ±ωl
n ± ωt

n+m, for n = 1, 2, . . . and m = 1, 2, . . . ,
(iv) ±ωt

m = ±ωt
n ± ωl

n+m, for n = 1, 2, . . . and m = 1, 2, . . . ,
(v) ±ωt

m = ±ωt
n ± ωl

m−n, for n = 1, 2, . . . ,m− 1 and m = 1, 2, . . . .(5.20)It 
an be seen from (5.20) that the resonan
e 
ondition (i) (by inter
hanging nand m) 
orresponds to the resonan
e 
ondition (iii), so that there are a
tuallyfour di�erent resonan
e 
onditions for (5.13). From these resonan
e 
onditions(5.20) and the formulas (5.18) it 
an be seen that the possibility of having aninternal resonan
e depends entirely on the values of P 2
1 and P 2

0 , that is, on theme
hani
al properties and 
on�guration of the belt system (see Figure 5.1).5.3.1 The non-resonant 
aseIt was found in the previous se
tion that possible internal resonan
es 
an o

urif at least one of the following 
onditions is ful�lled:
(1) ±ωl

m = ±ωt
n ± ωt

n+m, for n = 1, 2, . . . and m = 1, 2, . . . ,
(2) ±ωl

m = ±ωt
n ± ωt

m−n, for n = 1, 2, . . . ,m− 1 and m = 1, 2, . . . ,
(3) ±ωt

m = ±ωt
n ± ωl

n+m, for n = 1, 2, . . . and m = 1, 2, . . . ,
(4) ±ωt

m = ±ωt
n ± ωl

m−n, for n = 1, 2, . . . ,m− 1 and m = 1, 2, . . . ,(5.21)where ωl
m and ωt

m are still given by (5.18). In the non-resonant 
ase it isassumed that non of the resonan
e 
ombinations of longitudinal and transversalfrequen
ies as listed in (5.21) o

ur (also not in an order ε-neighbourhood). Toeliminate the se
ular terms in the solution of the O(ε)-problems (see equations(5.16)) it follows that Am,0(t1), Bm,0(t1), Cm,0(t1) and Dm,0(t1) have to satisfy
Am,0(t1) = Am,0(0) exp

(

−1

2
δ2t1

)

, Bm,0(t1) = Bm,0(0) exp

(

−1

2
δ2t1

)

,

Cm,0(t1) = Cm,0(0) exp

(

−1

2
δ1t1

)

, Dm,0(t1) = Dm,0(0) exp

(

−1

2
δ1t1

)

,

(5.22)where Am,0(0), Bm,0(0), Cm,0(0), and Dm,0(0) are given by (5.19).5.3.2 Some resonant 
asesIn this se
tion the resonan
e 
onditions (1)− (4) in the formulas (5.21) will bestudied. The following values of parameters are 
hosen: ε = 10−2 and L = 30then P 2
0 = 10−6(≈ O(ε3)), and P 2

1 = 102 ≈ (O(ε−1)).



96Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the systemThe resonan
e 
ondition ±ωl
m = ±ωt

n ± ωt
n+m, for n = 1, 2, . . . and

m = 1, 2, . . .In this subse
tion the resonan
e 
ase (1) in the formulas (5.21) is 
onsidered.The 
ondition ±ωl
m = ±ωt

n ± ωt
n+m, for n = 1, 2, . . . and m = 1, 2, . . ., has thefollowing sub-
ases:

(a) ωl
m = ωt

n + ωt
n+m,

(b) −ωl
m = ωt

n + ωt
n+m,

(c) ωl
m = ωt

n − ωt
n+m,

(d) −ωl
m = ωt

n − ωt
n+m,

(e) ωl
m = −ωt

n + ωt
n+m,

(f) −ωl
m = −ωt

n + ωt
n+m,

(g) ωl
m = −ωt

n − ωt
n+m,

(h) −ωl
m = −ωt

n − ωt
n+m.

(5.23)
For the 
ase (a) in (5.23) Figure 5.4 represents solutions for m and n. After
PSfrag repla
ements

0
1500

600

300

m

n

3000Figure 5.4: Solutions for m and n for the 
ase (a) in (5.23).
al
ulations (
ase (a) was solved numeri
ally in Maple), some of the possi-ble solutions for n = 1, 2, . . . and m = 1, 2, . . . 
an found: (m = 1, n = 5);
(m = 2, n = 9); (m = 4, n = 18); (m = 12, n = 53); (m = 3137, n = 15);
(m = 3154, n = 7). It 
an be seen from these solutions, that there are (possible)intera
tions between: the 1st longitudinal and the 5th and the 6th transversalmodes; the 2nd longitudinal and the 9th and the 11th transversal modes; the
4th longitudinal and the 18th and the 22nd transversal modes; the 12th longi-tudinal and the 53rd and the 65th transversal modes; the 3137th longitudinaland the 15th and the 3152nd transversal modes; and the 3154th longitudinaland the 7th and the 3161st transversal modes.



5.3. Appli
ation of the two time-s
ales perturbationmethod 97Case (b) in (5.23) has obviously no solutions for positive m and n.Case (c) in (5.23) has no solutions for positive m and n as the right-handside of (c) is always negative, whereas the left-hand side of (c) is always positive.For the 
ase (d) in (5.23) Figure 5.5 represents solutions for m and n.After 
al
ulations, some of the possible solutions for n = 1, 2, . . . and m =PSfrag repla
ements
0

2000

3000m

n

Figure 5.5: Solutions for m and n for the 
ase (d) in (5.23).
1, 2, . . . have been found: (m = 3142, n = 14); (m = 3163, n = 3). It 
anbe seen from these solutions, that there are (possible) intera
tions between:the 3142nd longitudinal and the 14th and the 3156th transversal modes; the
3163rd longitudinal and the 3rd and the 3166th transversal modes.Case (e) in (5.23) 
orresponds to the 
ase (d) in (5.23) and, 
onsequentlyhas the same solutions as (d).Case (f) in (5.23) has no solutions for positive m and n as the right-handside is always positive, whereas the left-hand side of (f) is always negative.Case (g) in (5.23) has obviously no solutions for positive m and n.Case (h) in (5.23) 
orresponds to the 
ase (a) in (5.23) and, 
onsequentlyhas the same solutions as (a).The resonan
e 
ondition ±ωl

m = ±ωt
n±ωt

m−n, for n = 1, 2, . . . ,m−1 and
m = 1, 2, . . .In this subse
tion the resonan
e 
ase (2) as given in (5.21) is 
onsidered. The
ondition ±ωl

m = ±ωt
n ± ωt

m−n, for n = 1, 2, . . . ,m − 1 and m = 1, 2, . . ., hasthe following sub-
ases:
(a) ωl

m = ωt
n + ωt

m−n,

(b) −ωl
m = ωt

n + ωt
m−n,

(c) ωl
m = ωt

n − ωt
m−n,

(d) −ωl
m = ωt

n − ωt
m−n,

(e) ωl
m = −ωt

n + ωt
m−n,

(f) −ωl
m = −ωt

n + ωt
m−n,

(g) ωl
m = −ωt

n − ωt
m−n,

(h) −ωl
m = −ωt

n − ωt
m−n.

(5.24)
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ed bya stoppage of the systemFor the 
ase (a) in (5.24) Figure 5.6 represents solutions form and n. After 
al-PSfrag repla
ements
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Figure 5.6: Solutions for m and n for the 
ase (a) in (5.24).
ulations, some of the possible solutions for n = 1, 2, . . . ,m−1 andm = 1, 2, . . .have been found: (m = 3184, n = 8, n = 3176); (m = 3203, n = 18, n = 3185).It 
an be seen from these solutions, that there are (possible) intera
tions be-tween: the 3184th longitudinal and the 8th and the 3176th transversal modes;the 3203rd longitudinal and the 18th and the 3185th transversal modes.Case (b) in (5.24) has obviously no solutions for positive m and n, and
n = 1, 2, . . . ,m− 1.For the 
ase (c) in (5.24) Figure 5.7 represents possible solutions for m and
n. It 
an be seen from this �gure that there are in�nitely many solutions for
m and n but for only very large values of m and n (m > 5000).PSfrag repla
ements
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Figure 5.7: Solutions for m and n for the 
ase (c) in (5.24).For the 
ase (d) in (5.24) Figure 5.8 represents possible solutions for m and
n. After 
al
ulations, some of the possible solutions for n = 1, 2, . . . ,m − 1and m = 1, 2, . . . have been found: (m = 3173, n = 2). It 
an be seen fromthese solutions, that there are (possible) intera
tions between: the 3173rdlongitudinal and the 2nd and the 3171st transversal modes. It also 
an be
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Figure 5.8: Solutions for m and n for the 
ase (d) in (5.24).seen from Figure 5.8 that there are in�nitely many possible solutions for for mand n, but only for very large values of m (m > 3170).Case (e) in (5.24) 
orresponds to the 
ase (d) in (5.24) and, 
onsequentlyhas the same solutions as (d).Case (f) in (5.24) 
orresponds to the 
ase (c) in (5.24) and, 
onsequentlyhas the same solutions as (c).Case (g) in (5.24) has obviously no solutions for positive m and n, and
n = 1, 2, . . . ,m− 1.Case (h) in (5.24) 
orresponds to the 
ase (a) in (5.24) and, 
onsequentlyhas the same solutions as (a).The resonan
e 
ondition ±ωt

m = ±ωt
n ± ωl

n+m, for n = 1, 2, . . . and
m = 1, 2, . . .In this subse
tion the resonant 
ase (3) as given in (5.21) is 
onsidered. The
ondition ±ωt

m = ±ωt
n ± ωl

n+m, for n = 1, 2, . . . and m = 1, 2, . . . , has thefollowing sub-
ases:
(a) ωt

m = ωt
n + ωl

n+m,

(b) −ωt
m = ωt

n + ωl
n+m,

(c) ωt
m = ωt

n − ωl
n+m,

(d) −ωt
m = ωt

n − ωl
n+m,

(e) ωt
m = −ωt

n + ωl
n+m,

(f) −ωt
m = −ωt

n + ωl
n+m,

(g) ωt
m = −ωt

n − ωl
n+m,

(h) −ωt
m = −ωt

n − ωl
n+m.

(5.25)
For the 
ase (a) in (5.25) Figure 5.9 represents solutions for m and n. After
al
ulations, some of the possible solutions for n = 1, 2, . . . and m = 1, 2, . . .have been found: (m = 3171, n = 2); (m = 3182, n = 12). It 
an be seen



100Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the systemPSfrag repla
ements
0

2000

4000

4000

60003200 m

n

Figure 5.9: Solutions for m and n for the 
ase (a) in (5.25).from these solutions, that there are (possible) intera
tions between: the 3171sttransversal and the 2nd transversal and the 3173rd longitudinal modes; the
3182nd transversal and the 12th transversal and the 3194th longitudinal modesIt 
an be seen from the Figure 5.9 that there are in�nitely many solutions for
m and n but for only very large values of m (m > 3170).Case (b) in (5.25) has obviously no solutions for positive m and n.Case (c) in (5.25) 
orresponds to the 
ase (a), ifm inter
hanges with n. A
-
ordingly, the following possible solutions have been found: (m = 2, n = 3171);
(m = 12, n = 3182). It 
an be seen from these solutions, that there are (possi-ble) intera
tions between: the 2nd transversal and the 3171st transversal andthe 3173rd longitudinal modes; the 12th transversal and the 3182nd transver-sal and the 3194th longitudinal modes It 
an be seen from the Figure 5.10 thatthere are in�nitely many solutions for m and n but for only very large valuesof n (n > 3170).PSfrag repla
ements
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Figure 5.10: Solutions for m and n for the 
ase (c) in (5.25).For the 
ase (d) in (5.25) Figure 5.11 represents solutions for m and n.After 
al
ulations, some of the possible solutions for n = 1, 2, . . . and m =
1, 2, . . . have been found: (m = 8, n = 3176); (m = 18, n = 3185), and,
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Figure 5.11: Solutions for m and n for the 
ase (d) in (5.25).symmetri
ally, (m = 3176, n = 8); (m = 3185, n = 18). It 
an be seenfrom these solutions, that there are (possible) intera
tions between: the 8thtransversal and the 3176th transversal and the 3184th longitudinal modes;the 18th transversal and the 3185th transversal and the 3203rd longitudinalmodes; and, symmetri
ally, the 3176th transversal and the 8th transversal andthe 3184th longitudinal modes; the 3185th transversal and the 18th transversaland the 3203rd longitudinal modes.Case (e) in (5.25) 
orresponds to the 
ase (d) in (5.25) and, 
onsequentlyhas the same solutions as (d).Case (f) in (5.25) 
orresponds to the 
ase (c) in (5.25) and, 
onsequentlyhas the same solutions as (c).Case (g) in (5.25) has obviously no solutions for positive m and n.Case (h) in (5.25) 
orresponds to the 
ase (a) in (5.25) and, 
onsequentlyhas the same solutions as (a).
The resonan
e 
ondition ±ωt

m = ±ωt
n±ωl

m−n, for n = 1, 2, . . . ,m−1 and
m = 1, 2, . . .In this subse
tion the resonant 
ase (4) as given in (5.21) is 
onsidered. The
ondition ±ωt

m = ±ωt
n ± ωl

m−n, for n = 1, 2, . . . ,m− 1 and m = 1, 2, . . . , has
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onveyor belt system indu
ed bya stoppage of the systemthe following sub-
ases:
(a) ωt

m = ωt
n + ωl

m−n,

(b) −ωt
m = ωt

n + ωl
m−n,

(c) ωt
m = ωt

n − ωl
m−n,

(d) −ωt
m = ωt

n − ωl
m−n,

(e) ωt
m = −ωt

n + ωl
m−n,

(f) −ωt
m = −ωt

n + ωl
m−n,

(g) ωt
m = −ωt

n − ωl
m−n,

(h) −ωt
m = −ωt

n − ωl
m−n.

(5.26)
For the 
ase (a) in (5.26) Figure 5.12 represents solutions for m and n.After 
al
ulations, some of the possible solutions for n = 1, 2, . . . ,m − 1 andPSfrag repla
ements
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Figure 5.12: Solution for m and n for the 
ase (a) in (5.26).
m = 1, 2, . . . have been found: (m = 3166, n = 3); (m = 3167, n = 2). It 
anbe seen from these solutions, that there are (possible) intera
tions between: the
3166th transversal and the 3rd transversal and the 3163th longitudinal modes;the 3167th transversal and the 2nd transversal and the 3165th longitudinalmodes.Case (b) in (5.26) has obviously no solutions for positive m and n, and for
n = 1, 2, . . . ,m− 1.For the 
ase (c) in (5.26) Figure 5.13 represents solutions for m and n. It
an be seen that for n = 1, 2, . . . ,m− 1 and m = 1, 2, . . . there is no solutionsfor (c).For the 
ase (d) in (5.26) Figure 5.14 represents solutions for m and n.After 
al
ulations, some of the possible solutions for n = 1, 2, . . . ,m − 1and m = 1, 2, . . . have been found: (m = 6, n = 5); (m = 11, n = 9);
(m = 17, n = 14); (m = 22, n = 18); (m = 3152, n = 15); (m = 3161, n = 7).
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Figure 5.13: Solutions for m and n for the 
ase (c) in (5.26).PSfrag repla
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Figure 5.14: Solutions for m and n for the 
ase (d) in (5.26).It 
an be seen from these solutions, that there are (possible) intera
tions be-tween: the 6th transversal and the 5th transversal and the 1st longitudinalmodes; the 11th transversal and the 9th transversal and the 2nd longitudinalmodes; the 17th transversal and the 14th transversal and the 3rd longitudinalmodes; the 22nd transversal and the 18th transversal and the 4th longitudinalmodes; the 3152nd transversal and the 15th transversal and the 3137th longi-tudinal modes; the 3161st transversal and the 7th transversal and the 3154thlongitudinal modes.Case (e) in (5.26) 
orresponds to the 
ase (d) in (5.26) and, 
onsequentlyhas the same solutions as (d).Case (f) in (5.26) 
orresponds to the 
ase (c) in (5.26) and, 
onsequentlyhas the same solutions as (c).Case (g) in (5.26) has obviously no solutions for positive m and n, and for
n = 1, 2, . . . ,m− 1.Case (h) in (5.26) 
orresponds to the 
ase (a) in (5.26) and, 
onsequentlyhas the same solutions as (a).



104Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the system5.3.3 Examples of resonan
eIn this se
tion four di�erent kind of resonan
e will be studied: for a lower,odd longitudinal mode, for a lower, even longitudinal mode, for a lower, oddtransversal mode, and for a lower, even transversal mode. Solutions for fun
-tions Am,0(t1), Bm,0(t1), Cm,0(t1), and Dm,0(t1) will be found for ea
h resonant
ase.Example of resonan
e for a lower, odd longitudinal modeLet us 
onsider the resonan
e 
onditions (a) in (5.23) and (d) in (5.26). As-suming that −ωt
6 = ωt

5 −ωl
1, it follows that ωl

1 = ωt
5 +ωt

6, and ωt
5 = −ωt

6 +ωl
1.To eliminate the se
ular terms in the solutions of the O(ε)-problems in (5.16)(after the substitution into (5.16) of the solutions (5.17) of the O(1)-problemsfor w(t0, t1, ) and for u(t0, t1)) the following di�erential equations are obtained.For −ωt

6 = ωt
5 − ωl

1:
dC6,0

dt1
+
δ1

2
C6,0 +

P 2
1 π

330

8ωt
6

(D5,0A1,0 −C5,0B1,0) = 0,

dD6,0

dt1
+
δ1

2
D6,0 +

P 2
1 π

330

8ωt
6

(C5,0A1,0 +D5,0B1,0) = 0.

(5.27)For ωl
1 = ωt

5 + ωt
6:

dA1,0

dt1
+
δ2

2
A1,0 −

P 2
1 π

330

8ωl
1

(D5,0C6,0 + C5,0D6,0) = 0,

dB1,0

dt1
+
δ2

2
B1,0 +

P 2
1 π

330

8ωl
1

(C5,0C6,0 −D5,0D6,0) = 0.

(5.28)For ωt
5 = ωl

1 − ωt
6:

dC5,0

dt1
+
δ1

2
C5,0 −

P 2
1 π

330

8ωt
5

(C6,0B1,0 −D6,0A1,0) = 0,

dD5,0

dt1
+
δ1

2
D5,0 +

P 2
1 π

330

8ωt
5

(C6,0A1,0 +D6,0B1,0) = 0.

(5.29)It follows from (5.16) that all other Am,0(t1), Bm,0(t1), Cm,0(t1) and
Dm,0(t1) have to satisfy the non-resonan
e solutions (5.22), where Am,0(0),
Bm,0(0), Cm,0(0), and Dm,0(0) are still given by (5.19). It 
an be seen fromthese di�erential equations that there is an energy transfer from the 5th andthe 6th transversal modes to the 1st longitudinal mode and vi
e versa.
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ales perturbationmethod 105Example of resonan
e for a lower, even longitudinal and lower, oddtransversal modesLet us 
onsider resonan
e 
onditions (a) in (5.23) and (d) in (5.26). Assuming,that −ωt
11 = ωt

9 − ωl
2, it follows that ωl

2 = ωt
9 + ωt

11, and ωt
9 = −ωt

11 + ωl
2.Where ωl

2 = ωt
9 + ωt

11 is the 
ase (i) in (5.20) and ωt
9 = −ωt

11 + ωl
2 is the 
ase

(iii) in (5.20).To eliminate the se
ular terms in the solutions of the O(ε)-problems in(5.16) the following di�erential equations are obtained.For −ωt
11 = ωt

9 − ωl
2:

dC11,0

dt1
+
δ1

2
C11,0 +

P 2
1 π

3198

8ω11t
(D9,0A2,0 − C9,0B2,0) = 0,

dD11,0

dt1
+
δ1

2
D11,0 +

P 2
1 π

3198

8ωt
6

(C9,0A2,0 +D9,0B2,0) = 0.

(5.30)For ωl
2 = ωt

9 + ωt
11:

dA2,0

dt1
+
δ2

2
A2,0 −

P 2
1 π

3198

8ωl
2

(D9,0C11,0 + C9,0D11,0) = 0,

dB2,0

dt1
+
δ2

2
B2,0 +

P 2
1 π

3198

8ωl
2

(C9,0C11,0 −D9,0D11,0) = 0.

(5.31)For ωt
9 = ωl

2 − ωt
11:

dC9,0

dt1
+
δ1

2
C9,0 −

P 2
1 π

3198

8ωt
9

(C11,0B2,0 −D11,0A2,0) = 0,

dD9,0

dt1
+
δ1

2
D9,0 +

P 2
1 π

3198

8ωt
1

(C11,0A2,0 +D11,0B2,0) = 0.

(5.32)It follows from (5.16) that all other Am,0(t1), Bm,0(t1), Cm,0(t1) and
Dm,0(t1) have to satisfy the non-resonan
e solutions (5.22), where Am,0(0),
Bm,0(0), Cm,0(0), and Dm,0(0) are still given by (5.19). It 
an be seen fromthese di�erential equations that there is an energy transfer from the 9th andthe 11th transversal modes to the 2nd longitudinal mode and vi
e versa.Example of resonan
e for a lower, even transversal modeLet us 
onsider the resonan
e 
onditions (d) in (5.24) (this resonan
e 
onditionalso 
orresponds to the resonan
e 
onditions (a) and (c) in (5.25)) and the
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onveyor belt system indu
ed bya stoppage of the systemresonan
e 
ondition (a) in (5.26). Assuming, that −ωl
3173 = ωt

2 − ωt
3171, itfollows that ωt

2 = −ωl
3173 + ωt

3171, and ωt
3171 = ωl

3173 + ωt
2. From the resonant
ase (a) in (5.26) it follows that the 2nd transversal mode also intera
ts with the

3165th longitudinal and the 3167th transversal modes, namely, ωt
3167 = ωt

2 +
ωl

3165. It follows that also the following resonan
e 
onditions are possible: ωt
2 =

ωt
3167 −ωl

3165 and ωl
3165 = ωt

3167 −ωt
2. Consequently, for the se
ond transversalmode there is the following resonan
e 
ondition: ωt

2 = −ωl
3173+ωt

3171 = ωt
3167−

ωl
3165. It has to be noti
ed that if ωt

2 = −ωl
3173 + ωt

3171 = ωt
3167 − ωl

3165, then
−ωl

3173 + ωt
3171 = ωt

3167 − ωl
3165 and 
onsequently ωl

8 = −ωt
3171 − ωt

3167, butthis is not a resonant 
ase, as it does not �t to the resonan
e 
onditions (5.20).To eliminate the se
ular terms in the solutions of the O(ε)-problems in (5.16)(after the substitution into (5.16) of the solutions (5.17) of the O(1)-problemsfor w(t0, t1, ) and for u(t0, t1)) the following di�erential equations are obtained.For ωt
2 = −ωl

3173 + ωt
3171 = ωt

3167 − ωl
3165:

dC2,0

dt1
+
δ1

2
C2,0−

P 2
1 π

32 · 107

8ωt
2

((D3171,0A3173,0 −C3171,0B3173,0

+D3167,0A3165,0 − C3167,0B3165,0)) = 0,

dD2,0

dt1
+
δ1

2
D2,0+

P 2
1 π

32 · 107

8ωt
2

((C3171,0A3173,0 +D3171,0B3173,0

+ C3167,0A3165,0 +D3167,0B3165,0)) = 0.

(5.33)
For ωl

3165 = ωt
3167 − ωt

2:
dA3165,0

dt1
+
δ2

2
A3165,0 −

P 2
1 π

32 · 107

8ωl
3165

(C2,0D3167,0 −D2,0C3167,0) = 0,

dB3165,0

dt1
+
δ2

2
B3165,0 +

P 2
1 π

32 · 107

8ωl
3165

(C2,0C3167,0 +D2,0D3167,0) = 0.

(5.34)
For ωt

3167 = ωl
3165 + ωt

2:
dC3167,0

dt1
+
δ1

2
C3167,0 −

P 2
1 π

32 · 107

8ωt
3167

(D2,0A3165,0 + C2,0B3165,0) = 0,

dD3167,0

dt1
+
δ1

2
D3167,0 +

P 2
1 π

32 · 107

8ωt
3167

(C2,0A3165,0 −D2,0B3165,0) = 0.

(5.35)
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3171 = ωl

3173 + ωt
2:

dC3171,0

dt1
+
δ1

2
C3171,0 −

P 2
1 π

32 · 107

8ωt
3171

(D2,0A3173,0 + C2,0B3173,0) = 0,

dD3171,0

dt1
+
δ1

2
D3171,0 +

P 2
1 π

32 · 107

8ωt
3171

(C2,0A3173,0 −D2,0B3173,0) = 0.

(5.36)For ωl
3173 = ωt

3171 − ωt
2:

dA3173,0

dt1
+
δ2

2
A3173,0 −

P 2
1 π

32 · 107

8ωl
3173

(C2,0D3171,0 −D2,0C3171,0) = 0,

dB3173,0

dt1
+
δ2

2
B3173,0 +

P 2
1 π

32 · 107

8ωl
3173

(C2,0C3171,0 +D2,0D3171,0) = 0.

(5.37)It follows from (5.16) that all other Am,0(t1), Bm,0(t1), Cm,0(t1) and
Dm,0(t1) have to satisfy the non-resonan
e solutions (5.22), where Am,0(0),
Bm,0(0), Cm,0(0), and Dm,0(0) are still given by (5.19). It 
an be seen fromthese di�erential equations that there is an energy transfer from the 2nd, the
3167th and the 3171st transversal modes to the 3165th and the 3173rd longi-tudinal mode and vi
e versa.Example of resonan
e for a lower, odd transversal modeLet us 
onsider the resonan
e 
onditions (d) in (5.23) (this resonan
e 
onditionalso 
orresponds to the resonan
e 
onditions (e) in (5.23)) and the resonan
e
ondition (a) in (5.26). Assuming, that −ωl

3163 = ωt
3 − ωt

3166, it follows that
ωt

3 = −ωl
3163 +ωt

3166, and ωt
3166 = ωl

3163 +ωt
3. To eliminate the se
ular terms inthe solutions of the O(ε)-problems in (5.16) (after the substitution into (5.16)the solutions (5.17) of the O(1)-problems for w(t0, t1, ) and for u(t0, t1)) thefollowing di�erential equations are obtained.For ωt

3 = ωt
3166 − ωl

3163:
dC3,0

dt1
+
δ1

2
C3,0 −

P 2
1 π

33 · 107

8ωt
3

(D3166,0A3163,0 − C3166,0B3163,0) = 0,

dD3,0

dt1
+
δ1

2
D3,0 +

P 2
1 π

33 · 107

8ωt
3

(C3166,0A3163,0 +D3166,0B3163,0) = 0.

(5.38)
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ed bya stoppage of the systemFor ωt
3166 = ωl

3163 + ωt
3:

dC3166,0

dt1
+
δ1

2
C3166,0 −

P 2
1 π

33 · 107

8ωt
3166

(D3,0A3163,0 + C3,0B3163,0) = 0,

dD3163,0

dt1
+
δ1

2
D3166,0 +

P 2
1 π

33 · 107

8ωt
3166

(C3,0A3163,0 −D3,0B3163,0) = 0.

(5.39)For ωl
3163 = ωt

3166 − ωt
3:

dA3163,0

dt1
+
δ2

2
A3163,0 −

P 2
1 π

33 · 107

8ωl
3163

(C3,0D3166,0 −D3,0C3166,0) = 0,

dB3163,0

dt1
+
δ2

2
B3163,0 +

P 2
1 π

33 · 107

8ωl
3163

(C3,0C3166,0 +D3,0D3166,0) = 0.

(5.40)It follows from (5.16) that all other Am,0(t1), Bm,0(t1), Cm,0(t1) and
Dm,0(t1) have to satisfy the non-resonan
e solutions (5.22), where Am,0(0),
Bm,0(0), Cm,0(0), and Dm,0(0) are still given by (5.19). It 
an be seen fromthese di�erential equations that there is an energy transfer from the 3rd andthe 3166th transversal modes to the 3163th longitudinal mode and vi
e versa.5.4 Dis
ussion on the equations of motion (5.1)The equations (5.1) were derived from Hamilton's prin
iple, assuming that thetorsional for
e and the bending moment are given by

F = EA(
[

(1 +WX)2 + U2
X

]1/2 − 1),and
M = EIUXX ,respe
tively, where for the bending moment it is assumed that dX = ds, where

ds is the belt 
urvature. This assumption is valid only for su�
iently smallde�e
tions. With in
reasing amplitudes, the in�uen
e of nonlinear fa
torsbe
omes more important (see also [51℄ and [7℄), and nonlinearities have to betaken into a

ount. For example, the bending moment has to be written (bytaking into a

ount the a
tual 
urvature of the belt) in the following form:
M =

EIUXX
[

(1 +WX)2 + U2
X

]1/2
. (5.41)



5.4. Dis
ussion on the equations of motion (5.1) 109Using the same pro
edure as in [26℄ the following equations of motion 
an beobtained:
ρAWττ + 2ρAVbWXτ + ρAVbτ (1 +WX) + (ρAV 2

b − EA)WXX

= (EA−R0)
(1 +WX)UXUXX − U2

XWXX

[(1 +WX)2 + U2
X ]3/2

− EI
(1 +WX)UXUXXX

[(1 +WX)2 + U2
X ]3/2

+EI
U2

XX

(

(WXX(2(WX + 1)2 − U2
X)) + 3UXXUX(WX + 1)

)

2[(1 +WX)2 + U2
X ]5/2

,

ρAUττ + 2ρAVbUXτ + ρAVbτUX + (ρAV 2
b − EA)UXX

+EI
UXXXX

2[(1 +WX)2 + U2
X ]1/2

= (R0 −EA)
(1 +WX)2UXX − (1 +WX)UXWXX

[(1 +WX)2 + U2
X ]3/2

+EI
UXXX(UXXUX + 2WXX(WX + 1)) +WXXXUXX(WX + 1)

2[(1 +WX)2 + U2
X ]3/2

+EI
UXXWXX(WXX

(

(2(WX + 1)2 − U2
X)) + 3UXXUX(WX + 1)

)

2[(1 +WX)2 + U2
X ]5/2

. (5.42)The equations of motion after the braking moment τ0 are given by
ρAWττ − EAWXX

= (EA−R0)
(1 +WX)UXUXX − U2

XWXX

[(1 +WX)2 + U2
X ]3/2

− EI
(1 +WX)UXUXXX

[(1 +WX)2 + U2
X ]3/2

+EI
U2

XX

(

(WXX(2(WX + 1)2 − U2
X)) + 3UXXUX(WX + 1)

)

2[(1 +WX)2 + U2
X ]5/2

,

ρAUττ − EAUXX + EI
UXXXX

2[(1 +WX)2 + U2
X ]1/2

= (R0 −EA)
(1 +WX)2UXX − (1 +WX)UXWXX

[(1 +WX)2 + U2
X ]3/2

+EI
UXXX(UXXUX + 2WXX(WX + 1)) +WXXXUXX(WX + 1)

2[(1 +WX)2 + U2
X ]3/2

+EI
UXXWXX(WXX

(

(2(WX + 1)2 − U2
X)) + 3UXXUX(WX + 1)

)

2[(1 +WX)2 + U2
X ]5/2

. (5.43)Using a Taylor series, the denominators in (5.43) 
an be approximated by
[(1+WX)2 +U2

X ]−1/2 = 1−WX +W 2
X − 1

2U
2
X +O(3), [(1+WX)2 +U2

X ]−3/2 =

1 − 3WX + 6W 2
X − 3

2U
2
X + O(3), and [(1 + WX)2 + U2

X ]−5/2 = 1 − 5WX +

15W 2
X − 5

2U
2
X + O(3), where O(3) stands for terms of degree 3 or higher.



110Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the systemAssuming that the displa
ement in the transversal dire
tion is of the same orderas the displa
ement in the longitudinal dire
tion it follows that the equationsof motion (5.43) 
an now be written (approximately) as
ρAWττ − EAWXX = (EA−R0)(UXUXX − 2UXUXXWX − U2

XWXX)
−EI(UXXXUXX − 2UXXXUXXWX − U2

XXWXX),

2ρAUττ − 2EAUXX + EIUXXXX = 2(R0 −EA)(UXX − UXXWX

+UXXW
2
X − 3

2
UXXU

2
X − UXWXX + 2UXWXXWX)

+EI(UXXXXWX − UXXXXW
2
X +

1

2
UXXXXU

2
X + UXXXUXXUX

+2UXXXWXX − 4UXXXWXXWX +WXXXUXX

−2WXXXUXXWX − 2UXXW
2
XX). (5.44)In order to get more a

urate results the equations (5.44) have to be studiedand 
ubi
 nonlinear terms (probably) have to be in
luded in some 
ases.5.5 Con
lusions and remarksThe dynami
al behaviour of a 
onveyor belt system after a sudden stoppagewas studied in this 
hapter. The equations of motion for the belt system un-der 
onsideration in
luded longitudinal and transversal displa
ements. It wasassumed that displa
ements of the belt in longitudinal and transversal dire
-tions are of the same order for some interval of time after the braking moment

τ0 , that is, W = O(U), and U = O(W ). Depending on the order of theinitial displa
ements u(x, t) and the order of w(x, t), (namely u(x, t) = O(1),
u(x, t) = O(ε), or u(x, t) = O(ε2)) the orders of all terms in the equations ofmotion were found for di�erent values of the parameters P 2

0 , P 2
1 , L, and the(small) parameter ε. For the 
ase u(x, t) = O(ε) small damping terms (of order

ε) in both dire
tions were introdu
ed into the system. To avoid the se
ularterms in the solution of the problem, a two time-s
ales perturbation methodwas used. Resonant longitudinal and transversal frequen
y-
ombinations werefound. It turns out that there are in�nitely many 
ompli
ated, resonan
efrequen
y-
ombinations. A possible energy transfer from the longitudinal di-re
tion to the transversal dire
tion after the braking moment was studied.Four di�erent resonan
e 
ases were studied for the lowest longitudinal modes(odd end even kind of resonan
es) and for the lowest transversal modes (oddend even kind of resonan
es). It turns out that if there is a small amount ofenergy in the higher order longitudinal mode then large vibrations in the lowertransversal vibration modes 
an be indu
ed. Be
ause of that energy transferbetween the longitudinal and transversal dire
tions it may 
ause problems for



5.5. Con
lusions and remarks 111the normal maintenan
e pro
ess of the 
onveyor belt system. In order to getmore a

urate results, nonlinear moments have to be studied, 
onsequently theequations of motion be
ome (5.44). The in�uen
e of the belt velo
ity Vb afterthe braking moment τ0 also have to be studied more 
losely. These are thesubje
ts for the future resear
h.



112Chapter 5. On the transversal vibrations of a 
onveyor belt system indu
ed bya stoppage of the system



CHAPTER 6
Con
lusions

In this 
hapter some 
on
lusions will be given and some possibilities for futureresear
h will be dis
ussed. The goal of this thesis was the investigation of dif-ferent aspe
ts (su
h as appli
ability of methods, internal resonan
es, stability,energy transfer between modes, et
.) related to axially moving 
ontinua, whi
hare mathemati
ally modelled as moving string or beam equations.In Chapter 2 an initial-boundary value problem for a linear, non-homogeneous axially moving string equation has been studied. The velo
ity ofthe string is assumed to be 
onstant, and the non-homogeneous terms in thestring equation are due to external for
es a
ting on the string. To solve theinitial-boundary value problem two methods are presented. One of these meth-ods is the method of modal analysis based on eigenfun
tion expansions. Toapply this method an operator notation has to be introdu
ed, an inner produ
thas to be de�ned, an eigenvalue problem has to be solved, and orthonormalityrelations have to be determined. Altogether this method is rather 
ompli-
ated to apply to these types of problems. For that reason in 
hapter 2 it wasproposed to apply the Lapla
e transform method to these types of problems.When this method is applied poles (and the order of the poles) have to bedetermined, residues have to be 
al
ulated, and Cau
hy's theorem has to beused (that is, integrals have to be evaluated by using the theory of 
omplexvariables). To 
onstru
t the solution by using the Lapla
e transform methodis rather straightforward and more easy than the use of the method of modalanalysis based on eigenfun
tion expansions.In Chapter 3 an initial-boundary value problem for a linear equation, de-s
ribing an axially moving string has been studied. This equation 
an be used113



114 Chapter 6. Con
lusionsas a model for the transversal vibrations of a 
onveyor belt system. The 
on-veyor belt is assumed to move in one dire
tion with non-
onstant speed V (t),that is, V (t) = V0 + εα sin(ωt), where 0 < ε≪ 1 and V0, α, ω are positive 
on-stants. For V0 it is assumed that V0 < c, where c is the wave speed, and for thebelt speed V (t) it is assumed that its value is of the same order as the wavespeed. Formal approximations of the solution of the initial-boundary valueproblem have been 
onstru
ted. In this 
hapter it was proposed to apply thetwo time-s
ales perturbation method dire
tly to the partial di�erential equa-tion for the moving string. The solutions of the following O(εn)-problems were
onstru
ted with the help of the Lapla
e transform method, in order to �ndformal approximations of the solution. It turns out that there are in�nitelymany values of ω that 
ause internal resonan
es in the 
onveyor belt system.In fa
t, that happens when ω is equal to any natural frequen
y of the movingstring, that is, Ωn =
πn(V 2

0 − c2)

lc
, where n = 1, 2, . . ., or when ω is equal to asum or di�eren
e of those natural frequen
ies. It also turned out that only aone-mode approximation (that was used in some other papers on this subje
t)is not a

urate, as the expli
it solution of the boundary-value problem 
onsistsof in�nitely many modes. Four 
ases were studied in this 
hapter: ω is not ina neighbourhood of any Ωn, ω = Ω1, ω = Ω2, and ω = Ωm∗ , where m∗ ∈ Z

+and �xed. For the se
ond 
ase, that is, when ω is equal to the lowest naturalfrequen
y of the moving string, a �rst integral was found and it was proved,that the trun
ation method does not give a

urate results on long time-s
ales.All approximations obtained by the method as introdu
ed in this 
hapter arevalid on long time-s
ales, that is, on time-s
ales of order ε−1. Moreover, theresults as obtained in [16℄ were proved again.In Chapter 4 an initial-boundary value problem for a linear equation, de-s
ribing an axially moving stret
hed beam has been studied. This equation
an be used as a model for the transversal vibrations of a 
onveyor belt sys-tem. The axially moving belt is assumed to move in one dire
tion with anon-
onstant speed V (t), that is, V (t) = ε(V0 + α sin(ωt)), where 0 < ε ≪ 1,and where V0, α and ω are positive 
onstants. For V0 it is assumed that V0 > 0and V0 > |α|. A new model approa
h des
ribing the transient �from string tobeam� behaviour, based on the 
al
ulations of the natural frequen
ies has beenproposed. The in�uen
e of the bending sti�ness on the stability properties ofthe solution of the problem has been studied.Depending on the natural frequen
ies the original problem is split up intotwo submodels: a string model for the lower frequen
ies and a stret
hed beammodel for the higher frequen
ies. Ea
h submodel has its own physi
al andmathemati
al properties. For the string model, for instan
e, the dis
ussionon the appli
ability of the trun
ation method is not (mathemati
ally) rele-vant anymore (see also [16℄). In this 
ombination model the submodels are



115intera
ting due to internal resonan
es, and the model equations depend onthe frequen
ies and on the vibration mode numbers. The proposed model isa more realisti
 approa
h to des
ribe the dynami
al behaviour of a traveling
ontinuum as the bending sti�ness be
omes more important for the higher or-der vibration modes. For the lower frequen
ies the bending sti�ness 
an benegle
ted and the string equation 
an be used. The regions of appli
ability ofthe simpli�ed models were found for di�erent values of the bending sti�nessparameter and for di�erent values of the relative errors in the frequen
ies. Itturns out that there are in�nitely many values of ω that give rise to internalresonan
es in the axially moving belt system. In fa
t, that happens when ω isequal to any sum or di�eren
e 
ombination of the natural frequen
ies of thestring and (or) the stret
hed beam equations. In the non-resonant 
ase it 
an
learly be seen that for the lower frequen
ies (when the string model is used)the perturbation approa
h leads to improvements in the frequen
ies taking intoa

ount the small bending sti�ness. The formal approximations of the solutionand the stability properties in some resonant 
ases have been determined forfour di�erent values of the relative error in the frequen
ies: 5%, 3%, 1% and0.1%. It 
an be 
on
luded that the properties of the studied problem remainthe same and 
orrespond to the properties of the exa
t solution of the problemwhen the relative errors in the frequen
ies are less than 5 %. An importantimpli
ation of the results as presented in Chapter 4 is that for these type ofproblems the use of only string-like models is not appropriate. To des
ribe thedynami
s of these type of 
onveyor belt problems 
orre
tly one has to in
ludebending sti�ness in the model (also when the bending sti�ness is assumed tobe small).It has also to be noti
ed that the introdu
tion of a damping term does notsolve the trun
ation problem for the string-like equation, at least if the dampingis assumed to be small and of order ε. The vis
ous damping or the stru
turaldamping 
an be taken into a

ount for the partial di�erential equations, leadingto the appearan
e of extra terms in these equations: ut + V ux, utxx + V uxxxor utxxxx + V uxxxxx, respe
tively (for the moving frame of referen
e). If thedamping in the problem is assumed to be small, that is of order ε, then afterapplying the two time-s
ales perturbation method to the equations, terms ut +
V ux, utxx + V uxxx or utxxxx + V uxxxxx will appear. At high frequen
ies thestru
tural damping terms 
an not be 
onsidered to be small. The solutions ofthe O(1)-problems still 
an not be trun
ated in these 
ases and still has to bewritten in an in�nite series representation from the mathemati
al point of view.For future resear
h it will be interesting to study more 
ompli
ated 
ases forthe transversal and longitudinal motions of axially moving beams, in
ludingthose 
ases for whi
h the boundary 
onditions are su
h that energy in�owor out�ow is possible through these boundaries. Numeri
al results (based on



116 Chapter 6. Con
lusionsspe
tral element methods) for these type of problems 
an already be found in[44℄, and [45℄.The dynami
al behaviour of a 
onveyor belt system after a sudden stoppagewas studied in Chapter 5. The nonlinear equations of motion for the belt sys-tem under 
onsideration in
luded longitudinal and transversal displa
ements.It was assumed that displa
ements of the belt in longitudinal and transversaldire
tions are of the same order for some interval of time after the braking mo-ment τ0 , that is, W = O(U), and U = O(W ). Depending on the order of theinitial displa
ements u(x, t) and the order of w(x, t), (namely u(x, t) = O(1),
u(x, t) = O(ε), or u(x, t) = O(ε2)) the orders of all terms in the equationsof motion were found for di�erent values of the parameters P 2

0 , P 2
1 , L, andthe (small) parameter ε. For the 
ase u(x, t) = O(ε) small damping terms(of order ε) in both dire
tions were introdu
ed into the system. To avoidthe se
ular terms in the solution of the problem, a two time-s
ales pertur-bation method was used. Resonant longitudinal and transversal frequen
y-
ombinations were found. It turns out that there are in�nitely many 
ompli-
ated, resonant frequen
y-
ombinations. A possible energy transfer from thelongitudinal dire
tion to the transversal dire
tion after the braking momentwas studied. Four di�erent resonan
e 
ases were studied for the lowest longi-tudinal modes (odd end even kind of resonan
es) and for the lowest transversalmodes (odd end even kind of resonan
es). It turns out that if there is a smallamount of energy in the higher order longitudinal mode then large vibrationsin the lower transversal vibration modes 
an be indu
ed. Be
ause of that en-ergy transfer between the longitudinal and transversal dire
tions it may 
auseproblems for the normal maintenan
e pro
ess of the 
onveyor belt system. Forfuture resesr
h it will be interesting to study equations of motion (5.44). Theseequations were derived by taking into a

ount the a
tual 
urvature of the beltfor the bending moment. Another interesting and 
hallenging problem to studyis the dynami
 behaviour of the belt near the pulleys at the braking moment

τ0. This so-
alled boundary layer problem is also a subje
t for future resear
h.
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Summary
In axially moving stru
tures like 
onveyor belt systems, magneti
 tapes, andso on, vibrations o

ur due to the presen
e of di�erent kinds of imperfe
tionsin the systems. For these stru
tures internal resonan
es 
an lead to severevibrations. Resonan
e free 
onveyor belt systems 
an be 
onstru
ted if thefrequen
ies of the system are known.In this thesis two models for an axially moving 
ontinuum have been stud-ied: a string-like model (mathemati
ally modelled by a wave equation) and abeam-string-like model (mathemati
ally modelled by the Euler-Bernoulli beamequation with an additional tension term). The 
orresponding initial-boundaryvalue problems have been solved approximately or exa
tly by using the multi-ple times
ales perturbation method or the Lapla
e transform method. Exa
tsolutions and formal approximations of the solutions for some string-like prob-lems have been found in the form of Fourier series. It has been shown that thetrun
ation method for the string-like problem 
an not be applied in order toobtain an a

urate solution or approximation on a long time-s
ale.A new model approa
h des
ribing the transient �from string to beam� be-haviour, based on the 
al
ulations of the natural frequen
ies of the system hasbeen proposed. The in�uen
e of the bending sti�ness on the stability proper-ties of the solution of the problem has been studied. An important impli
ationof the results as presented in this thesis is that for these types of axially mov-ing 
ontinua problems the use of only string-like models is not appropriate.To des
ribe the dynami
s of these types of problems 
orre
tly one has to in-
lude (small) bending sti�ness in the model. It has also been shown that theintrodu
tion of a damping term does not solve the trun
ation problem for thestring-like equation, at least if the damping is assumed to be small.A possible energy transfer between transversal and longitudinal vibration-123



124 Summarydire
tions has been studied in 
ase of a sudden stoppage of the 
onveyor beltsystem. It has been shown that this energy transfer 
an o

ur depending onthe existing internal resonan
es in the system whi
h are determined by thebelt system parameters.



Samenvatting
In axiaal bewegende systemen zoals transportbanden, magnetis
he tapes, enz.treden trillingen op die worden veroorzaakt door de aanwezigheid van ver-s
hillende imperfe
ties. Voor deze systemen kan interne resonantie leiden totextreme trillingen. Indien de natuurlijke frequenties bekend zijn, kunnen reso-nantie "vrije" systemen worden ontworpen.In dit proefs
hrift worden twee modellen voor een axiaal bewegend 
on-tinuum bestudeerd: een snaarmodel (wiskundig gemodelleerd d.m.v. de golf-vergelijking) en een balkmodel (wiskundig gemodelleerd d.m.v. de Euler-Bernoulli vergelijking voor een balk met een additionele voorspanningsterm).Voor de 
orresponderende begin-randwaarde problemen zijn of exa
te oplossin-gen bepaald met behulp van de Lapla
e transformatie methode of zijn benade-ringen van deze oplossingen ge
onstrueerd met behulp van de meer-tijds
halenstoringsmethode. Voor enkele snaarmodellen zijn exa
te oplossingen en formelebenaderingen gevonden in de vorm van Fourier reeksen. Ook is voor het snaar-model bewezen dat de "trun
ation" methode niet kan worden gebruikt om eenoplossing of benadaring te vinden welke geldig is op een lange tijds
haal.Gebaseerd op de berekeningen van de natuurlijke frequenties wordt eennieuw model aanbevolen om de overgang van snaar naar balk gedrag van hetsysteem te bes
hrijven. Hierbij is ook gekeken naar de invloed van de buigstijf-heid op de stabiliteitseigens
happen van de oplossing. Een belangrijke gevolg-trekking is dat voor dit soort axiaal bewegende systemen het gebruik van eensnaarmodel niet 
orre
t is. Om de dynami
a van dit soort systemen te be-s
hrijven, is het noodzakelijk om de (kleine) buigstijfheid van het system teimplementeren. Ook is aangetoond dat de introdu
tie van een extra kleinedempingsterm het "trun
ation" probleem voor een snaarmodel niet oplost.Voor het geval van een dis
ontinue stop van een transportbandsysteem is125



126 Samenvattingeen mogelijke energieoverdra
ht tussen de laterale en axiale trillingsri
htin-gen bestudeerd. Deze energieoverdra
ht kan voorkomen afhankelijk van denatuurlijke frequenties van het systeem, die worden bepaald door de systeem-variabelen.



Résumé (in Russian)
Annota
i�Nekotorye voprosy kolebani� prodol~no dvi�uwihs�kontinual~nyh sistemSvetlana Hageraat
-PonomarevaRaznogo roda pogrexnosti v izgotovlenii prodol~no dvi�uwihs�kontinual~nyh sistem, takih kak konve�ernye lenty i t.p., mogutprivodit~ k vozniknoveni� vnutrennih rezonansov, kotorye, v svo�oqered~, vyzyva�t opasnye kolebani� �tih konstruk
i�. Znaniesobstvennyh qastot pozvol�et izbe�at~ ne�elatel~nyh re�imov rabotykonve�ernyh lent u�e na stadii konstruirovani�.V disserta
ii rassmotreny dve modeli, pozvol��wie kaqestvennoopisat~ kolebani� dvi�uwihs� konve�ernyh lent: kolebani� strunyi balki Bernulli-��lera s uqetom prodol~nyh usili�. Dl� rexeni�sootvet
tvu�wih naqal~no-kraevyh zadaq primen�lis~ metody Laplasai teorii vozmuweni�, v qastnosti metod mnogih masxtabov. Dl�prodol~nyh kolebani� dvi�uwe�s� struny byli na�deny rexeni� v vider�dov Fur~e. Dokazano, qto metod useqeni� r�dov ne mo�et primen�t~s�dl� postroeni� pribli�eni� rexeni�, de�stvitel~nyh na bol~xihvremenah.V disserta
ii predlo�en novy� metod, pozvol��wi� kaqestvennoopisyvat~ perehod ot uravneni� popereqnyh kolebani� dvi�uwe�s�struny k uravneni� popereqnyh kolebani� dvi�uwe�s� balki,osnovanny� na vyqislenii sobstvennyh qastot rassmatrivaemo� modeli.127



128 Résumé (in Russian)Otdel~no issledovan vopros o vli�nii izgibno� �estkosti balki nausto�qivost~ rexeni�. Glavny� vyvod predstavlennogo issledovani�zakl�qaets� v tom, qto dl� kaqestvenno vernogo opisani� popereqnyhkolebani� prodol~no dvi�uwihs� kontinual~nyh sistem neobhodimodopolnitel~no uqityvat~ v uravnenii izgibnu� �estkost~. Bylotak�e dokazano, qto uqet vnutrennego dempfirovani� ne vli�et naprimenimost~ metoda useqeni� r�dov k volnovomu uravneni�, po kra�ne�mere v sluqae malogo vnutrennego dempfirovani�.Pri issledovanii kolebani�, vyzvannyh vnezapno� ostanovko�konve�erno� lenty, osoboe vnimanie bylo udeleno obmenu �nergie� me�duprodol~nymi i popereqnymi modami kolebani�. Byla issledovanazavisimost~ �nergetiqeskogo obmena me�du prodol~nymi i popereqnymimodami kolebani� lenty ot ee mehaniqeskih i geometriqeskihparametrov.
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