ON ASPECTS OF VIBRATIONS OF
AXTALLY MOVING CONTINUA

Svetlana HAGERAATS-PONOMAREVA






On aspects of vibrations of

axially moving continua

Proefschrift

ter verkrijging van de graad van doctor
aan de Technische Universtiteit Delft,
op gezag van de Rector Magnificus prof.dr.ir. J.T. Fokkema,
voorzitter van het College voor Promoties,
in het openbaar te verdedigen op donderdag 11 juni 2009 om 14:00 uur

door
Svetlana Viktorovna HAGERAATS-PONOMAREVA

Master of Science in Mechanica
Polytechnische Staatsuniversiteit Sint-Petersburg, Rusland

geboren te Leningrad, Sovjet Unie



Dit proefschrift is goedgekeurd door de promotor:

Prof.dr.ir. A.W. Heemink

Copromotor:

Dr.ir. W.T. van Horssen

Samenstelling promotiecommissie:

Rector Magnificus
Prof.dr.ir. A.W. Heemink,
Dr.ir. W.T. van Horssen,
Prof.dr. A.K. Abramyan,

Prof.dr. I.V. Andrianov,
Prof.dr.ir. P.G. Bakker,

Prof.dr.ir. G. Lodewijks,
Prof.dr. A.V. Metrikine,

ISBN 978-90-8570-288-7

Copyright (© 2009 by S.V.

voorzitter

Technische Universiteit Delft, promotor
Technische Universiteit Delft, copromotor
Russian Academy of Sciences,

Institut for Problems of Mechanical Engeneering
Rheinisch-Westfilische Technische

Hochschule Aachen

Technische Universiteit Delft

Technische Universiteit Delft

Technische Universiteit Delft

Hageraats-Ponomareva

This research was carried out in the section of Mathematical Physics at
the Department of Applied Mathematics, Delft Institute of Applied Mathe-
matics, Faculty of Electrical Engineering, Mathematics and Computer Science,
Delft University of Technology, the Netherlands.

All rights reserved. No part of the material protected by this copyright
notice may be reproduced or utilized in any form or by any means, electronic
or mechanical, including photocopying, recording, or by any information
storage and retrieval system, without written permission from the author.

On the cover: Eva, by D. Potapov
Printed in the Netherlands by: Woéhrmann Print Service



To my parents






Contents

1 Introduction 1
1.1 Background . . . . . .. .o 1
1.2 Motivation. . . . . . ... 3
1.3 Mathematical model . . . . . . . ... ... . 4
1.4 Methods . . . . . . . . . L 6
1.5 Outline of the thesis . . . . . .. .. .. ... ... ... ..., 6

2 On the construction of the solution of an equation describing
an axially moving string 9
2.1 Formulation of the problem . . . .. ... ... ... ...... 9
2.2 Application of the Laplace transform method . . .. . ... .. 11

22.1 Thecase: g(z,t)=0 ... .. .. ... ... . ...... 13

2.2.2 The case: g(x,t) = p(x)sin(wt), the resonant case . .. 14

2.2.3 The case: g(z,t) = p(z)sin(wt), the non-resonant case . 16

2.3 An eigenfunction approach . . . . .. ... 17
2.3.1 The case: w = m*n(l — v?) for a fixed m* € Z, the

resonant case . . . .. .. ... 21

2.3.2 The case: g(x,t) = p(x)sin(wt), the non-resonant case . 21

2.4 Conclusions and remarks . . . . . .. ... oL 21

3 On the transversal vibrations of a conveyor belt with time-
varying velocity. The string-like case 23
3.1 Formulation of the problem . . . .. ... ... ... ...... 23
3.2 Application of the two time-scales perturbation

method . . . . .. L 25

vil



viii CONTENTS
3.2.1 The case: w is not in a neighbourhood of any €2, the
non-resonant Case . . . . . ... ... ..o 27
(Vg = &)
3.2.2 The case: w = e the first resonance case . . . 29
c
Analysis of the infinite dimensional system (3.25). . . . 33
2A(VE - )
3.2.3 The case: w = — e the second resonance case . 35
c
* V2 2
3.24 The case: w = M, a general resonance case . 36
c
3.3 Conclusions and remarks . . . . . . ... ... oL 38
4 On the transversal vibrations of an axially moving continuum

with a time-varying velocity: transient from string to beam

behaviour 39
4.1 Introduction . . . . . . . . . . ... ..o 40
4.2 Formulation of the problem . . . . .. ... ... ... ... .. 44
4.3 Application of the two time-scales perturbation

method . . . . . . .. . 48
4.4 Application of the method with a relative error of 5% . . . . . . 51
4.4.1 The non-resonant case . . . . . . . .. ... ... .... ol
4.4.2 Some resonant cases . . . . ... e e e e 53

The resonant case w = m*, where m* is equal to 1, 3, 5
OF 7 o o o e 54

The resonant case w = Qg(f) — Qg): a difference type of
TESONANCE . . . v v v e o v e e e e e 95

The resonant case w = le) — Qg): an additional differ-
ence type of resonance . . . . . ... .. .. .. 56

The resonant case w = Qg) —i—QéQ): a sum type of resonance 57

The resonant case w = le) + Qg): an additional sum

type of resonance . . . . ... ... ... .. .. o7
The resonant case w = le) — Qg): an additional differ-
ence type of resonance . . . . . ... .. .. .. 58
The resonant case w = le) + Qg): an additional sum
type of resonance . . . . . ... ... oL L. 29
The resonant case w = 295(;2): a principal parametric
TESONANCE . . .+ © v v v e v e e e e e 61
4.5 Application of the method and with a relative error of 3% . . . 61
4.5.1 The non-resonant case . . . . . . . . . . ... ... ... 62
4.5.2 Some resonant cases . . . . . .. .. .0 62

The resonant case w = m*, where m* is equal to 1, 3, 5
OF 7 v v o e e e e 62



CONTENTS ix
The resonant case w = Qg) — Qg): a difference type of

TESONANCE . . . . « v v e e e 63
The resonant case w = le) — Qg): an additional differ-

ence type of resonance . . . . .. .. ... ... 64

The resonant case w = Qg) +Qé2): a sum type of resonance 64

The resonant case w = le) + Qg): an additional sum

type of resonance . . . . . . . ... ... L. 65
The resonant case w = le) — Qg): an additional differ-
ence type of resonance . . . . . ... ... ... 66
The resonant case w = 9(71) + Qg): an additional sum
type of resonance . . . . . .. ... ... . ... 66
The resonant case w = 2(23(32): a principal parametric
TESONANCE . .+ v v v v e e e e e e 67
4.6 Application of the method with a relative error of 1% . . . . . . 67
4.6.1 The non-resonant case . . . . . . . . . . . .. ... ... 67
4.6.2 Some resonant Cases . . . . . .o oe v e e e 68
The resonant case w = m*, where m* is equal to 1, 3, 5
Or T . . . o 68
The resonant case w = Qg) — Qg): a difference type of
TESONANCE . . . . .« v o e e e e 69
The resonant case w = le) — Qg): an additional differ-
ence type of resonance . . . . . ... ... ... 69
The resonant case w = Qg) —I—Qg): a sum type of resonance 70
The resonant case w = le) + Qg): an additional sum
type of resonance . . . . . . ... ... L. 70
The resonant case w = le) — Qg): an additional differ-
ence type of resonance . . . . . . .. ... ... 71
The resonant case w = 9(71) + Qg): an additional sum
type of resonance . . . . . . ... ... L. 71
The resonant case w = 2(23(32): a principal parametric
TESONANCE . .+ v v v v e e e e e e 72
4.7 Application of the method with a relative error of 0.1% . . . . . 72
4.7.1 The non-resonant case . . . . . . . . . . . .. ... ... 73
4.7.2 Some resonant Cases . . . . . . ... 73
The resonant case w = m*, where m* is equal to 1, 3, 5
Or T . . . o o 73
The resonant case w = Qg) — Qg): a difference type of
TESONANCE . . . . « v ot 74

The resonant case w = le) - Qg): an additional differ-
ence type of resonance . . . . . . .. ... ... 74



X CONTENTS

The resonant case w = Qg(f) —i—QéQ): a sum type of resonance 75

The resonant case w = le) + Qg): an additional sum

type of resonance . . . . .. .. ... L. 75
The resonant case w = le) — Qg): an additional differ-
ence type of resonance . . . . . ... ... ... 76
The resonant case w = le) + Qg): an additional sum
type of resonance . . . . . ... ... ... 76
The resonant case w = 295(;2): a principal parametric
TESONANCE . . . . . v v v e e e e 77
4.8 Stability properties of the system . . . . .. .. ... ... ... 7
4.9 Conclusions and remarks . . . . . . ... ... ... ... .. 78

5 On the transversal vibrations of a conveyor belt system in-

duced by a stoppage of the system 81
5.1 Introduction . . . . . . .. .. ... 81
5.2 Formulation of the problem . . . . . .. ... ... ... ... .. 85
5.2.1 Three different ordering cases . . . . . . .. ... .. .. 86
The case u(z,t) = O(e) and damping in the problem . . 90
5.3 Application of the two time-scales perturbation

method . . . . . .. 92
5.3.1 The non-resonant case . . . . .. ... . ... ...... 95
5.3.2 Some resonant cases . . . . . .. ... ..o 95

The resonance condition +w!, = +w! + wh ym, for n =
L,2,...andm=1,2,... . ........... 96

The resonance condition +w! = +w! +w!  forn =
1,2,....m—landm=1,2,... . ....... 97

The resonance condition +w!, = Fw! + wam, for n =
1,2,...andm=1,2,... . ... ... ..... 99

The resonance condition +w!, = +w! +w! . for n =
L,2,....om—landm=1,2,... ........ 101
5.3.3 Examples of resonance . . . . . . .. ... ... ... .. 104

Example of resonance for a lower, odd longitudinal mode 104
Example of resonance for a lower, even longitudinal and
lower, odd transversal modes . . . . .. .. .. 105
Example of resonance for a lower, even transversal mode 105
Example of resonance for a lower, odd transversal mode 107
5.4 Discussion on the equations of motion (5.1) . . ... ... ... 108
5.5 Conclusions and remarks . . . . . . ... ..o 110

6 Conclusions 113



CONTENTS

xi

Bibliography
Summary
Samenvatting
Résumé (in Russian)
Acknowledgements

Curriculum Vitae

117

123

125

127

129

131



xil

CONTENTS




CHAPTER 1

Introduction

1.1 Background

Vibrations are everywhere around us, many occur in nature, and many in
man-made devices, structures and machines. Very often vibrations are not a
desirable state of a structure, and the main goal of engineers is to avoid or to
reduce these vibrations. Mathematicians, mechanical engineers, and physicists
studied vibrations for many years by means of numerical and analytical meth-
ods, and these phenomena are still of interest today. A wide range of scientific
journal papers and books are devoted to this problem. In order to solve the
challenging problems for vibrations, a number of techniques and methods has
been developed (see, for instance [1], [2]). Mathematical models of vibrating
systems are usually divided into two classes: discrete, or lumped-parameter
models, and continuous, or distributed-parameter models. In reality, how-
ever, systems can contain both discrete and continuous parts. Because exact
solutions are possible to find only for a limited number of problems, formal ap-
proximations of the solution are usually constructed by means of asymptotic
or numerical methods. Many books have been written about asymptotic and
numerical methods. An introduction to asymptotic methods with the basic
principles of asymptotics and its applications, and an overview of traditional
and modern approaches can be found in [3], [4], [5], and [6].

The goal of the present thesis is to study vibrations of axially moving
continua, which are described by distributed-parameter or continuous math-
ematical models. Objects like, for instance, conveyor belts, magnetic tapes,
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tramways, power transmission belts, band saw blades, oil piplines, etc, are of-
ten referred to as axially moving materials or axially moving continua. Axially
moving continua can be mathematically modelled as strings, rods or beams,
depending on the bending stiffness. But they all have something in common,
namely, the dimension in so-called “axial” direction is much larger than the
dimensions in the other two directions. Studying the dynamical behaviour of
axially moving materials as well as problems of interaction of structures with
flows are both of great practical and theoretical interest (see, for instance [7]
and [8]). In Figure 1.1 an example of a moving cable system is given.

Figure 1.1: An example of a moving cable system.

A schematic model of a conveyor belt system which moves with velocity V4
is shown in Figure 1.2.

Moving conveyer belt systems can be divided into two kinds: belt systems
which move with constant velocity and belt systems which move with time-
varying velocities. A constant belt speed case was studied in [9], [10], and [11].
It was found that the natural frequencies of the moving belt system depend on
the axial speed V, and decrease with increasing belt speed. It was also found
that instabilities may occur for certain critical velocity values.

In reality, however, a moving conveyer belt system has some imperfections
such as pulley eccentricities and so on, and correspondingly experiences ac-
celerating and decelerating motions. More realistic models with the low and
time-dependent belt velocity Vj were recently studied in [12], [13], and [14].
The two time-scales perturbation method was used for a beam-like equation
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U(X,T)

Figure 1.2: Schematic model of a moving conveyor belt system with velocity V4,
length L, transversal displacement U (X, 7). The coordinate in axial direction
is X, and 7 represents the time.

(in [12]), for a string-like equation (in [13]), and for a nonlinear beam-like
equation (in [14]). Transversal vibrations of a moving string with a high and
time-dependent velocity were studied in [15]. To find approximate solutions
of these four problems a truncation to just one vibration mode was applied
in [12]-[15]. On the other hand, the solution of a partial differential equation
consists of infinitely many modes and application of the truncation method
(without justification) may lead to inaccurate results. Transversal vibrations
of an axially moving string with a low and time-varying velocity were studied
in [16], [17]. It was found that there are infinitely many interaction between
vibration modes, and that the truncation method can not be applied to obtain
asymptotic results on long-time scales in this case. An associated beam-like
equation was studied in [18]. It was shown that there are less problems in ap-
plying of the truncation method in this case. Transversal vibration of a moving
beam with viscous damping were also studied recently in [19]. A number of
papers was also devoted to (weakly) nonlinear transversal vibrations of axially
moving belts (see, for instance, [20]). The effect of an end mass on stability
properties of a translating string and beam with variable length was studied
in [21]. More studies of string and beam equations in application to deep mine
hoisting and elevators cabels can be found in [22], [23]. A coupled belt-pulley
vibration was studied in [24].

1.2 Motivation

It has already been indicated that the truncation method can not be applied
to a moving string-like equation for the case of a low and time-dependent belt
velocity. The purpose of the present work is to study the applicability of the
truncation method in case of a relatively high and time-dependent belt velocity
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(that is, of the same order of magnitude as the wave speed in the string).

On the other hand, in [18] it has been shown that the truncation method
can be applied to the beam-string-like equations when the belt velocity is low.
From experiments and from theoretical investigations (see, for example [25])
it is known that the real dynamic behaviour of conveyer belt systems with
relatively small bending stiffness is some sort of combination of both string-
like and beam-string-like models. The first low vibration modes look more
like string modes and the higher order modes (when the bending stiffness
becomes more important) look more like beam-string or beam modes. It is
not only interesting but also important from the applicational point of view
to investigate such phenomena of transient “from string to beam-string (or
beam)” behaviour.

It is also of great practical interest to study the case of a sudden stop of
a moving belt system. A corresponding system of coupled nonlinear partial
differential equations (in transversal and in longitudinal directions) will be
studied in this thesis.

1.3 Mathematical model

In the classical analysis of axially moving continua the vibrations are usually
classified into two types, i.e. whether it is of a string-like type or of a beam-like
type, depending on the bending stiffness of the belt. If the bending stiffness
can be neglected then the system is classified as string (wave)-like, otherwise
it is classified as beam-like. The belt under consideration is assumed to be
rather elastic. Equations of motions for a moving conveyer belt system can be
derived by using Hamilton’s principle. (see, for instance [26]). The transverse
vibrations of a belt system (with time-varying velocity V(7)) can be modelled
mathematically as:

e string-like by
Upr +2VUxr + ViUx 4+ (V2 = *)Uxx =0, and (1.1)

e beam-like (with a string effect) by

EI
Urr +2VUxr + V;Ux + (V2 = A Uxx + p—AUXXXX =0, (1.2
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where

Is
2

the displacement of the string in vertical direction,
the time-varying belt speed,

the wave speed due to a pretension of the belt,
the coordinate in horizontal direction,

the modulus of elasticity,

the second moment of inertia with respect to the belt
middle plane,

the mass density of the belt,

the area of the cross section of the belt,

the time, and

the distance between the pulleys,

~mxl SS
O\j/

N R

1
and where ¢ = A_O’ in which Tp is assumed to be the constant non zero

tension of the belt. B[‘he time-varying belt velocity V' (7) is given by V(7) =
Wo + easin(wr) or by V(1) = e(Vp + asin(wr)), where Vj, w, and « are some
positive constants with 1;; > 0, and where ¢ is a small parameter with 0 < ¢ <
1. The small parameter ¢ indicates that there are perturbations of the main
belt speed Vp, due to different kinds of imperfections of the belt system. When
V(1) = e(Vh + asin(wr)), it is assumed that the belt always moves forward in
one direction (the condition V > |o| is applied). Equations (1.1) and (1.2) are
linearized equations of motion, derived from the more complicated nonlinear
equations of motion. Although nonlinear equations are more accurate, it is
not meaningless to study first weakly perturbed linear equations. Nonlinear
equations of motion for the moving belt system will be studied in Chapter 5.

It is assumed that the belt is simply supported, and that the boundary and
initial conditions are given by

U, 7;e) =U(L,1;¢) =0, 7 >0,
U(X,0;e) = f(X), and Uy (X,0;¢) =r(X), 0< X <L,  (L3)

for the string-like equation (1.1), and

U, 7;e) =U(L,7;¢) =Uxx(0,7;¢) =Uxx(L,7;¢) =0, 7 >0,
U(X,0;¢e) = f(X), and U,(X,0;¢e) =r(X), 0< X < L, (1.4)

for the beam-like equation (1.2). In (1.3) and (1.4) f(X) represents the initial
displacement and r(X) is the initial velocity of the belt.
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1.4 Methods

In mathematics analytical solutions can be found only for a limited number
of differential equations. Real physical problems are subjected to an essen-
tial influence of variable parameters, nonlinearities, and complicated bound-
ary conditions. To find an analytical solution in these cases is usually not
possible. In order to obtain information about behaviour of such physical sys-
tems, approximated solutions can sometimes be constructed. In this thesis
formal approximation of the solution of the initial-boundary value problems
(1.1),(1.3) and (1.2),(1.4) will be constructed. These formal approximations
satisfy the differential equations and the boundary conditions up to some order
in €. Since a straight-forward expansion in ¢ may have secular terms (terms
which are unbounded in 7) in the approximations of the solution, the two
time-scales perturbation method will be used in this thesis to avoid these un-
bounded terms. To apply this method two time-scales are introduced: 79 = 7
and 71 = e7, so that U(X,7;¢) = V(X,79,71;¢). The introduction of these
two time-scales defines the following transformations for the time derivatives:
o) o), o¢)

or 019 +€8ﬁ7

1.5
0°() _ () )

9%(-) 9(-)
2 2 .
or? 873 + 6870871 te or?

Assuming that V(X,719,m;¢) = W(X,70,71) + eVi(X,70,71) + ..., a set of
differential equations for each order in € will be obtained, which can be solved
one by one. Secular terms should be eliminated in each step while solving.
For a more complete overview of this perturbation method (i.e. the method of
multiple time-scales) the reader is referred to [4] or [5].

1.5 Outline of the thesis

The thesis is organized as follows. In this Chapter 1 a brief introduction to
the subject has been given.

In Chapter 2 an initial-boundary value problem for a linear, non-
homogeneous axially moving string equation will be considered. The velocity of
the string is assumed to be constant (i.e. V;, = Vp, and Vj is of the same order of
magnitude as the wave speed c), and the non-homogeneous terms in the string
equation are due to external forces acting on the string. The Laplace transform
method will be used to construct the solution of the problem. It will turn out
that the method has considerable, computational advantages compared to the
usually applied method of modal analysis based on eigenfunction expansions.
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In Chapter 3 an initial-boundary value problem for a linear equation de-
scribing an axially moving string will be considered for which the bending
stiffness will be neglected. The velocity of the string is assumed to be time-
varying and to be of the same order of magnitude as the wave speed. A two
time-scales perturbation method and the Laplace transform method will be
used to construct formal asymptotic approximations of the solutions. It will
be shown that the linear axially moving string model already has complicated
dynamical behaviour and that the truncation method can not be applied to this
problem in order to obtain approximations which are valid on long time-scales.

In Chapter 4 a new model approach describing the transient “from string to
beam-string (or beam)” behaviour, based on the computations of the natural
frequencies will be proposed. The influence of the bending stiffness on the
time behaviour of an approximate solution of the problem will be studied.
The regions of applicability of the simplified models will be found for different
values of the bending stiffness parameter and different values of the relative
error. It turns out that there are infinitely many values of w that give rise to
internal resonances in the axially moving belt system. In fact, this happens
when w is equal to any sum or difference combination of the natural frequencies
of the string model and (or) the stretched beam model. It will also turn out
that the two-time scales perturbation method defines a correction in the string
model frequency which represents the effect of the small bending stiffness for
the lower oscillation modes. Formal approximations of the solution will be
constructed, and the stability analysis in some resonant cases will be studied
for four different values of the relative errors: 5%, 3%, 1% and 0.1%. It will
turn out that the properties of the solutions remain more or less the same, and
correspond to the properties of the exact solution of the problem.

In Chapter 5 the energy transfer between the longitudinal motion and the
transversal motion of a conveyor belt system after stoppage will be studied.
Nonlinear equations of motion for the moving belt system will be studied.
It will turn out that complicated internal resonances can occur leading to
interesting energy transfers between longitudinal and transversal motions. For
certain parameter values it will turn out that relatively high mode longitudinal
vibrations can induce low mode transversal vibrations with relatively large
amplitudes.

In Chapter 6 some conclusions will be given and some possibilities for future
research related to this thesis will be discussed.

Most of the chapters have been submitted to different journals and therefore
they are self-contained.
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CHAPTER 2

On the construction of the solution of an equation describing an
axially moving string

Abstract: In this chapter an initial-boundary value problem for a linear,
non-homogeneous axially moving string equation will be considered. The
velocity of the string is assumed to be constant, and the non-homogeneous
terms in the string equation are due to external force acting on the string.
The Laplace transform method will be used to construct the solution of the
problem. It will turn out that the method has considerable, computational
advantages compared to the usually applied method of modal analysis based
on eigenfunction expansions.

2.1 Formulation of the problem

The dynamics of axially moving materials have been studied by many re-
searchers due to their technological importance. Transversal vibrations of belt
systems have been investigated for many years. A lot of literature is devoted to
this problem (see the reference lists in [12]-[28]). The main goal of this chapter
is to investigate a linear, non-homogeneous equation for a moving string which

This chapter is a slightly revised version of [27]: W.T. van Horssen and S.V. Ponomareva:
On the construction of the solution of an equation describing an axially moving string,
Journal of Sound and Vibration, 287, (2005), 359-366.
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is a starting point to study later weakly perturbed or weakly nonlinear prob-
lems for moving string equations. First the the displacement of the string in
vertical direction will be determined by using the Laplace transform method.
In the second part of this chapter the solution will be constructed by using the
method of eigenfunction expansions. This last method was developed for this
problems by Meirovitch in [29], [30] and by Wickert and Mote in [31]. Both
methods will be compared. The conditions under which bounded solutions
exist will be derived, and it will be shown for what kind of external forces
internal resonances in the system will occur.

u

Vo

%P - — ) -

g(z,t)

Figure 2.1: An axially moving string.

The following linear equation of motion for the string with initial tension
(moving in one direction with a constant velocity Vj) will be considered in this
chapter:

ug + 2Vougs + (V@ — A uge = g(x,1), 0 < 2 <1, t > 0, (2.1)
where

u(x,t) : the displacement of the string in the vertical direction,

Vo : the string speed,

¢ >0 :the wave speed,

T : the coordinate in horizontal direction,
g(x,t) :the external force,

t : the time, and

l : the distance between the pulleys.

In this chapter the case V < ¢ is considered. At the pulleys it is assumed
that there is no displacement of the string in vertical direction. Equation (2.1)
can also be found in [16], but now it is assumed that V; is not necessarily small.
The boundary and initial conditions for u(x,t) are given by

u(0,t) = u(l,t) =0,t >0,
u(x,0) = f(z), and u(x,0) = r(x),0 <z <, (2.2)



2.2. Application of the Laplace transform method 11

where f(z) and r(z) represent the initial displacement and the initial velocity
of the string, respectively. It is assumed that the functions f(x) and r(z) are
sufficiently smooth such that a two times continuously differentiable solution
for the initial-boundary value problem (2.1)-(2.2) exists.

2.2 Application of the Laplace transform method

The initial-boundary value problem (2.1)-(2.2) for u(zx,t) can readily be solved
by applying the Laplace transform method (with respect to time t) to (2.1)-
(2.2), yielding

§2U (x, 8)—su(x,0) — us(z,0) + 2Vo(sUy(z, 8) — uz(z,0))

+ Ups(z, s)(V02 — 62) = G(x,s), (23)

U(0,s) =U(l,s) =0, (2.4)

where U(z,s) and Gi(z,s) are the Laplace transforms of u(z,t) and g(x,t)
respectively.
By dividing (2.3) by (V@ — ¢?) and by rearranging terms in (2.3) it follows
that
2Vis 52

0

where
Gi(z,s) +sf(z) +r(x) +2Vo fa(z)

G(l‘v 8) = V2 _ 2
0

. (2.6)

The general solution of the homogeneous equation (that is, (2.5) with G =
0) is given by

Uz, s) = Ci(s) exp (v?i) + Oy(s) exp (vﬁi) , (2.7)

where C1(s) and Cy(s) are still arbitrary functions. The method of variation of
parameters can be used to find the particular solution of the non-homogeneous
equation (2.5). To apply this method the solution is written in the form

Uz, s) = Ci(, s) exp (V;f"c) + Oy(z, 8) exp <Vgs_xc> . (2.8)
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The functions Ci(z, s) and Ca(z, s) then follow from

ST

Ci(z,s)exp (Vg—l— c> + C4(x, s) exp <V;S_$c> =0,

Cl(z, s) (vo_j c) exp <V;fc> (2.9)
+ C(z, 5) <v0_—8 C) exp (Vg“"_xc) = G(z, 5),

or, equivalently, from

(2(?6—02) Yot e (2.10)
O, s) = Gl ) 0 ep(o_c),

where the prime ’ denotes differentiation with respect to z. By integrating
(2.10) with respect to z it follows that

*

Cl(a:,s):(VT/ G(z* s)exp(vf >da: + K (s),

U S #5 N
Cy(z,s) = 5o ; G(z*,s)exp 7 dz* + Ks(s),

0o—C

(2.11)

where K(s) and Ks(s) are still arbitrary functions. The solution of the non-
homogeneous equation (2.3) or (2.5) is given by

U(z,s) = K1(s) exp ( i ) + K3 (s) exp <V_S$ >

Vo+c 0o—¢

U i o (A52) o (D)

(2.12)

where K1(s) and Ks(s) can be determined from the boundary conditions (2.4).
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So, finally, the following expression for U(z, s) is found:
U(x,s)

2 _ 2 /Gx s <exp<_8‘§é_i__i)>—exp<7_s‘g:f*)>>d9§*
2 exp (Vo_j—ZC> —exp (VO—ilc>
N (_ exp (%) texp (v?i))
/ G(a*, s <exp< ‘(/:;: )> —exp (%)) da:*>. (2.13)

The inverse Laplace transform of U(z, s) is given by

v+100
u(z,t) = L/ Ul(x,s)eds = Z Res(sp,x,t), for some v > 0, (2.14)
2mi V—100 n
and where Res stands for the residue at s = s,,. To evaluate the inverse
Laplace transform (2.14) the poles of U(x, s) and the order of these poles have
to be determined in the complex s-plane. As long as g(z,t) is not specified
the poles due to G(z,s) will be unknown. For that reason three cases will be
considered: the case 2.2.1: g(x,t) = 0, the case 2.2.2: g(x,t) = ¢(x)sin(wt)

with w = (VE — ¢?) for some fixed n* € Z, and the case 2.2.3: g(w,t) =
c

(z) sin(wt) with w is not in the neighbourhood of 7;_71(‘/02 —c?) for all n € Z.
c

2.2.1 The case: g(z,t) =0
In this case the poles of U(z, s) follow from (see (2.13))

5 <exp <V0_frlc> —exp <v0_ilc>> = 0. (2.15)

Now it should be observed that s = 0 is not a pole of U(x, s) since hm U(x,s)

,S—)

exists. All other poles of U(x, s) now follow from

—sl —sl
eXp<V0+c>_eXp<Vo—c> =0 (2.16)

Vi — )i, (2.17)

and are given by
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with n € Z\ {0}. It should be observed that these poles are all simple. The
solution of the initial-boundary value problem (2.1)-(2.2) with g(z,¢) = 0 now
easily follows from (2.14), yielding

+ by (cos M) (sin (W) i (W))

- sin( (Volc_c )i ) <COS <7m(V(l)C—|— c)x) . (Wn(V(;C— c)x)))}

where

Gn = Voc_c <21c/f <COS< lcc)mx*) C°S<VO+C7W » (2.19)
1 [Lr(®) +2Vofi(z™®) (Vo — ¢)mnz” . (Vo + c)mnz”
v | e (on (B ) i (B ) Jar),
(V¢ =¢? (Vo — ¢)mnz”* . Vo+ c)mnx
Lo (Bg) (2
(2.20)
dx

—%Alﬁﬁﬁ?@ﬁ)G%C%‘ﬁmx)—W%”“*””)) )

2.2.2 The case: g(x,t) = p(z)sin(wt), the resonant case

(2.18)

In this case it is assumed that w is equal to a frequency of the axially mov-
mn*

ing string, that is, w = To (V02 — 02) for some fixed n* € Z. The Laplace
c

transform of g(z,t) in this case is
w

mg@(m) (2.21)

Gi(z,s) =
n (2.13) G(z,s) is now given by G(z*,s) = #&?762) + h(z*,s), where
h(z*,s) = si Hr({ﬁ J+2Vofer (@) - Anq so, U(z,s) can be written as U(z,s) =

—c2

A(z,s) + B(z,s) + D(z,s) + E(z, s), where

; 2sc (s* +w?) (V5 = ) (exp (Vo_ilc) — exp (VO_ilc)) (2.22)

—sx —sx
(e (wre) e (w))
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e —
2sc (e Xp <V_ilc) —exp (Vo_ilc)) (2.23)
<(-ow (m30) v (725)):
D(z,s) = m/o o(z7) (exp( Vf;f )) ~ exp <%)) do*, (2.24)
Bz, s) = %/jh(x*,s) (exp <%) ~ exp (%)) do*. (2.25)

The inverse Laplace transform of U(z, s) is given by
L™ (U(x,s)) =L (A(x, s)) + L™ (B(x, s))
+ LMDz, s)) + L™ (E(x, 5)).

In (2.26) L™ (B(x,s)) and L™ (E(z, s)) only depend on the initial values f(x)
and r(z) and already have been determined in the case 2.2.1 with g(z,¢) = 0.
So, only L™ (A(z,s)) and L™ (D(x,s)) have to be calculated. It should be
observed that these inverse Laplace transforms only depend on g(z,t). Fur-

thermore, it should be observed that A(z,s) is the product of % and

st +w
another term (following from (2.22)), and so the inverse Laplace transform of
A(z, s) can be determined by using the convolution integral, that is

B(z,s) = (

(2.26)

4 t
L™ (A(z,s)) = / sin(w(t — 7)) Z Res(sp,x,T)dr, (2.27)
0 n
where s, is given by (2.17). Finally, if w = 772 (Vg — %) for a fixed n* € Z
it follows that L™ (A(z,s)) is
Fin-(2)
2

. Fi, 1
+ ,12# ) { 12(1’) (wn* m— (cos(wnt) — cos(wn=t))

L™ (A(z,s)) = =22 tsin(wn+t) +

Fan- (z) (sin(wn*t)

2 Wn*

- tcos(wn*t))

(2.28)
T o o (cos(wnt) — cos(wn*t)))
4 Pulz) ( L (6n(ent) +sinn 1)+~ (sin(nt) — sin (wn*t))) }
where
Fiy () =wy <cos (W) ~eos (W)) »
2.29

. (Sin <7rn(V(;c—|— c)x) e <7m(v36— c)x>> |
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Fy(x) =wy, <sin <W> — sin (W))
< <7m(Vo+c)x> ( o—c )>
— pn | cos — e ) cos
1 [P (. (Vo —c)mna* . [V —|— c)rnz* y
wnzz—c/()?(&n(oT)—&n( 0 )dx, (2.31)

Pn=— % /Ol % (cos (W) — cos (W» do*.  (2.32)

It can be seen from (2.22) that if n = n* then there are two poles of order two

(one in § = iwy,+ and one in s = —iwy,+). To calculate L™ (D(x,s)) it should

be observed that s = 0 is not a pole as liH(l] D(xz,s) exists. So the inverse
S—>

(2.30)

Laplace transform for D(z, s) is

L™ (D(z,s))

et [0 (0 (25520 (=20 ).

It can be seen that only L™ (A(x,s)) contributes to unbounded terms in the
solution.

(2.33)

2.2.3 The case: g(z,t) = ¢(x)sin(wt), the non-resonant case

™m
Let w, = — (V& — ¢?), n € Z be the natural frequencies of an axially moving

string and let w be not in a neighbourhood of any of these frequencies w;,.
For L' (A(x,s)) it then follows that

L™ (A(x, 5))
i(F ( L (cos(wnt) — cos(wt)) + — (cos(wnt)—cos(wt))>

W — Wn w4+ wp,

N Fop () (w _:wn (sin(wnt) + sin(wt)) + 5 _1wn (sin(wnt) — sin(wt)))) , (2.34)

where Fi,(z) and Fi,(z) are given by (2.29) and (2.30), respectively.
L™ (D(z,s)) is again given by (2.33). In this case there are no unbounded
terms in the solution wu(z,t). Obviously, unbounded solutions will occur when
g(z,t) contains terms ¢1(x)sin(wt) and (or) terms () cos(wt) for which w
is equal to an eigenfrequency w,,.
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2.3 An eigenfunction approach

Following Wickert and Mote [31] equation (2.1) can be rewritten in the follow-
ing dimensionless form:

g 4+ 20y — (1 — v uge = g(x,t), 0 <z <1, t >0, (2.35)
Vo . .

where v = — other parameters can be found in [31]. Introducing the opera-
c

tors M =1,G = 2”8% and K = —(1 — u2)88—;2 in (2.35) it follows that

Muy + Guy + Ku = g(z, t). (2.36)

Now the following vectors and matrices are defined:

Wz, 1) = < @3((;7:;; ) gt = < g(f)’ 2 ) (2.37)

A:(Ag IO() and B:(_GK 10() (2.38)

Equation (2.36) then becomes

Aw, +Bw =q. (2.39)

The solution of equation (2.39) has to satisfy the initial and the boundary
conditions

WI(T = WolI) = r(ac) an WI(ZT = a xr = an Xr =
(z,0) o(z) <f($) > d w(z,t)=0 at 0 and 1.
(2.40)

The inner product of two vectors wi and wy is defined to be

1
(W1, w2) :/ wi whdz, (2.41)
0

where the * means the complex conjugate, and where the superscript 7" means
the transpose. With respect to this inner product the operators A and B have
the following properties:

<AW1, W2> = <W1, AW2> s <BW1, W2> = — <W1, BW2> s (242)
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where both wi(z,t) and wo(x,t) satisfy the Dirichlet boundary conditions
(2.40) at = 0 and = = 1. The general solution of the equation (2.39) will be
found in an expansion of eigenfunctions. First the homogeneous equation (2.39)
with q = 0 is solved by using the method of separation of variables, that is, it
is assumed that (2.39) with q = 0 admits solution of the form ¢(z)exp(At),
where ¢(x) is a complex vector function and where A is a complex-valued
number. This leads to the eigenvalue problem

A +Bg =0, (2.43)

where the eigenvalues \,, are equal to iw, as has been shown by Meirovitch
in [29]. The complex-valued eigenfunctions ¢, have the structure ¢, (z) =
d2(x) + il (x), where

ot ={ TG ) e ={ ) e

In (2.44) 9, (z) is the complex normalized scalar eigenfunction and v, (z) =
Y2 (z) + il (x). After solving the eigenvalue problem (2.43) and after normal-
ization the following expressions can be found:

wp = nr(l —v?), (2.45)
VE(z) = 1 2 sin(nmx) cos(nmvz)
[P VA TV ’
1 2

V() = AT sin(nmz) sin(nrvx). (2.46)
The normalization requirements can be found in [31]. The ¢, (z) satisfy the
orthonormality relations

<A¢,’,}§7 ¢71§7,> = 5nM7 <A¢,{” ¢7In> = 5nma <A¢7]§7 ¢7In> =0,
(2.47)

(Bl f) =0,  (Boh.dh) =0,  (Bof b)) = wnbum,
where &, is the Kronecker delta symbol, that is, d,,, = 1 for n = m and

zero otherwise. It was shown by Meirovitch in [30] that the solution of the
non-homogeneous equation (2.39) can be found in the following form:

w(x,t) => )i x) + &)l (), (2.48)
n=1
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where ¢! (¢) and ¢£(t) are the components of the so-called generalized coordi-
nates. Substituting this expansion into equation (2.39) it follows that

o)

;Z[m Nef(x) + €41 +BZ RN () + El(Sh ()] =

(2.49)
By multiplying (2.49) consecutively first with ¢% and then with ¢% and by
integrating the so-obtained equations with respect to z from z = 0 to x =
1 in the sense of the defined inner product (2.41) and with the help of the
orthonormality relations (2.47) the following system is obtained:

déﬁ I _ 1.1 d
W —wmém = —wm fo %bmg(%t) xz, (2'50)
dfl:l + wméE = Wy, fol VEg(z,t)d.
Solving this system with respect to the initial values ££(0 <AW0, ¢R>
and &, (0) = (Awy, ¢m> it follows that
t
€(0) = [ (0lh(s) coston(t = ) 4 gl sinCon(t = s
+£5(0) cos(wimt) + &1,(0) sin(wint),
t
1) = [ (h(s)costiont = ) — gl @) sinCon(t = s
+&L,(0) cos(wmt) — EX(0) sin(wmt),
where
—+/2(1 —1?) / x,t) sin(mmx) sin(mmva)dr and
(2.53)

=4/2(1 —1?) / x,t) sin(mmx) cos(mmvz)dr

are defined to be the generalized forces. And ££(0), ¢1(0) are given by

1
e&(0) =mm/2(1 - VZ)/O f(@) (1 + v?) sin(mz) cos(mmvz)

+ 2v cos(mmz) sin(mnve)) dr (2.54)

—2(1 —1?) / ) sin(mmz) sin(mnavz)de,
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1
¢l (0) =mm/2(1 - VQ)/O f(@) (1 + v?) sin(mrz) sin(mrvz)

— 2v cos(mmz) cos(mnvx)) dx (2.55)
++/2(1 —v?) / ) sin(mmz) cos(mmvx)dx.

Using the definition (2.37) the expansion for u(z,t) can be written in the form

Z RO () + &L (9], (), (2.56)

or, equivalently,

<4 )
u(x,t) :mz:l %\/: (fm( ) sin(mmz) cos(mmvz) (2.57)

+ &L (t) sin(mma) sin(mrvz)) .

And, finally, the solution of the problem has the form

=1
xt:Z% 1—V2

1

] t T{n_ VA= 7) / 'g(z. ) sin(mra) (o) ) cos(ent - 5)
(

1
V20 =12) | g(x,s)sin(mmrz) cos(m7wa:)dm> sin(wy, (t — s))} ds
0

€2(0) cos(wmt) + €L, (0 )sm(wmt)] sin(mmz) cos(mmv) (2.58)
+ { /0 t { (—m /0 ' (@, ) sin(mme) cos(mm/x)dx) cos(wm(t — 5))
+ (m /0 1 g(z, s)sin(mrz) sin(mm/x)dx) sin(wp (t — s))} ds
+ £1(0) cos(wmt) — €E(0) sin(wmt)] sin(mma) sin(mm/x)} .

From the structure of the solution as given by (2.58) it can be seen that
if g(x,t) = ¢(x)sin(wt) with w = wy,» for a fixed m* € Z resonance will
occur (that is, unbounded solutions will occur). To show this two cases will
be studied: the case 2.3.1 w = m*r(1 — v?) and the case 2.3.2 w is not in a
neighbourhood of w = mm(1 — v?) for all m € Z.
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2.3.1 The case: w = m*n(1—1?) for a fixed m* € Z, the resonant
case

The solution of the problem in this case is given by

1

u(e,t) = ——

{tsin(wm*t) (— /O Hie (x)da sin(m* 7z) cos(m*rvz)

sin(w™ 1)

Wm*

+ /Olem* (z)dz sin(m” ) sin(m*m/x)) + < —tcos(wm*t)>

x ( /O Hape (z)da sin(m*rz) cos(m*mva) + /O Hie (z)da sin(m*z) sin(m*m/x))}

+ i {i {/lHlm* (z)dz (w(cos(th) - C‘;S(wmt)))

m=1,m#|m*|

+ /Ongm* (z)dz (w sin(wmt) = wm sin(wt)) +£5(0) cos(wmt) + £1.(0) sin(wmt)]

w? — w2,

x sin(mmz) sin(mrvz) + [/OIHQW (z)da <w(cos(wmt) - cos(wt)))

w? — w2,

+ /O Hi (2)da (“’ sin(wmt) = wm Sin(“’t)) +€1(0) cos(wmt) — £5(0) sin(wmt)]

X sin(mmzx) sin(mm/x)} ,
(2.59)
where
Hyp(x) = (x) sin(mmx) sin(mrvex),
Hop (z) = ¢(x) sin(mnzx) cos(mnvzx), (2.60)
and £7(0), &L.(0) are given by (2.54) and (2.55).

2.3.2 The case: g(x,t) = ¢(x)sin(wt), the non-resonant case

It can easily be seen from (2.58) that if w is not in a neighbourhood of a natural
frequency wy, for all m € Z then there are no unbounded in time terms in the
solution. Finally it should be observed (by using trigonometric relations) that
the solution as obtained in Section 2.2 of this chapter and in Section 2.3 are
identical.

2.4 Conclusions and remarks

In this chapter an initial-boundary value problem for a linear, non-
homogeneous axially moving string equation has been studied. The velocity
of the string is assumed to be constant, and the non-homogeneous terms in
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the string equation are due to external forces acting on the string. To solve
the initial-boundary value problem two methods are presented. One of these
methods is the method of modal analysis based on eigenfunction expansions.
This method has been introduced in [29], [30] and in [31], and is used nowadays
frequently for these types of problems (see for instance [12], [15]). To apply this
method an operator notation has to be introduced, an inner product has to be
defined, an eigenvalue problem has to be solved, and orthonormality relations
have to be determined. Altogether this method is rather complicated to apply
to these types of problems. For that reason in this chapter it is proposed to
apply the Laplace transform method to these types of problems. When this
method is applied poles (and the order of the poles) have to be determined,
residues have to be calculated, and Cauchy’s theorem has to be used (that
is, integrals have to be evaluated by using the theory of complex variables).
To construct the solution by using the Laplace transform method is rather
straightforward and more easy than the use of the method of modal analysis
based on eigenfunction expansions. Moreover, the Laplace transform method is
nowadays well-described in elementary textbooks on partial differential equa-
tions (see for instance [32]). In the following chapters it will be shown that
the Laplace transform method can efficiently and easily be applied to weakly
perturbed or weakly nonlinear (axially moving) string equations.



CHAPTER 3

On the transversal vibrations of a conveyor belt with
time-varying velocity. The string-like case

Abstract: In this chapter an initial-boundary value problem for a linear
equation describing an axially moving string will be considered for which the
bending stiffness will be neglected. The velocity of the string is assumed to
be time-varying and to be of the same order of magnitude as the wave speed.
A two time-scales perturbation method and the Laplace transform method
will be used to construct formal asymptotic approximations of the solutions.
It will be shown that the linear axially moving string model already has
complicated dynamical behaviour and that the truncation method can not be
applied to this problem in order to obtain approximations which are valid on
long time-scales.

3.1 Formulation of the problem

In this section the dynamic behaviour of a conveyor belt which is modelled by
a moving string will be studied (see Figure 3.1).

The following linear equation of motion for a string will be considered in
this chapter:

This chapter is a slightly revised version of [33]: S.V. Ponomareva and W.T. van Horssen:
On the transversal vibrations of an axially moving string with a time-varying velocity, Non-
linear Dynamics, 50, (2007), 315-323.

23
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V(t)

- -

Figure 3.1: Conveyor belt system.

gy = U + 2V g + VUgy + Viug, 0 <z <1, t >0, (3.1)
where

u(x,t) : the displacement of the string in the vertical direction,
V(t)  :the string speed,

c : the wave speed,

T : the coordinate in horizontal direction,

t : the time, and

l : the distance between the pulleys,

[T,
where ¢ = —0, in which Ty and p are assumed to be the constant tension

and the constant mass density of the string, respectively.

In this chapter the case V < c is considered and it is assumed that V(¢) =
Vo +easin(wt), where Vj, w, and « are some positive constants, and where ¢ is
a small parameter with 0 < ¢ < 1. The term easin(wt) can be seen as a small
perturbation of the main belt speed Vj due to different kinds of imperfections
of the belt system. At the pulleys it is assumed that there is no displacement
of the string in vertical direction. Equation (3.1) can also be found in [16], but
now it is assumed that V[ is not necessarily small. This belt velocity should be
interpreted as the value of the same order as the wave speed c. Consequently
(3.1) becomes

Uy + 2Vougs + (Vi — ¢ )tign
= e(—2asin(wt)uys — 2Vparsin(wt)ug, — aw cos(wt)uy )
—e2(a?sin?(wt)uge), (3.2)
where the boundary and initial conditions are giving by
u(0,t;e) = u(l,t;e) =0, t >0,
u(x,0;¢) = f(x), and w(x,0;¢) =r(z), 0 <z <, (3.3)
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where f(z) and r(z) represent the initial displacement and the initial velocity
of the string, respectively. It is assumed that the functions f(x) and r(z) are
sufficiently smooth such that a two times continuously differentiable solution
for the initial-boundary value problem (3.2)-(3.3) exists. Moreover, it is as-
sumed that all series representations for the solution w (and its derivatives),
and for the functions f and r are convergent. In the following section the
asymptotic approximations of the solution of the initial-boundary value prob-
lem (3.2)-(3.3) will be constructed using two time-scales perturbation method.
To study nonlinear, transversal vibrations of conveyor belt problems the solu-
tion of related linear problems always play an important role. In this chapter
not only approximations of these linear problems will be constructed, but also
the (non-) applicability of the truncation method will be discussed. For a re-
cent overview of the literature on axially moving linear and nonlinear strings
the reader is referred to [34], [35], [36], and [31].

3.2 Application of the two time-scales perturbation
method

The approximations of the solution of the initial-boundary value problem (3.2)-
(3.3) which are constructed by means of a straight-forward expansion method
become unbounded on long time-scales due to the occurrence of so-called sec-
ular terms. To avoid these terms two time-scales are introduced tg = ¢ and
t1 = et, so that u(z,t;¢) = v(x,tg,t1;€). The introduction of these two time-
scales defines the following transformations for the time derivatives:

Ou(z,t;e)  Ov ov

o ot om
(3.4)
?u(z,t;e) v 0%v 9 0%v
Qa0 = YD) =+ 257 + € Yk
ot otg Otpty ot?
Considering transformations (3.4), equation (3.2) becomes
v 0*v 0% 0% v
s+ 2WVo——+ (Vg — )5 = -2 -2V,
o2 " onon EACR E( dtodt; ' ot10x (35)
2 2 :
— 2asin(wt) Bic0n 2Vh sin(wt)% — aw cos(wt)%) + 0O(e%)
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Assuming that v(z,tg,t1;5¢) = vo(x,to,t1) + evi(x,to,t1) + ..., the following
problems have to be solved in order to remove secular terms up to O(e):

62’00 o2 V0 62'00
1): 2 Pt — =
O Gz + 25, 70— =0
0%y 0% 0%v 0% 0%vy  (3.6)
0l): p +2%8t081$ + (V5 =) 83321 :_Qatoazl - 081518(.)9:
sino) 2 avasinet 2™ qurcon(ony 2
OéSln w 8t06x oG s (w ax2 oW COS(w .

The solution of the O(1)-problem can be found by means of the Laplace
transform method. For more detailed analyses of that equation the readers are
referred to [27] or [37]. The solution is given by

(z,t0,t1) Z {Flun(z) (Ano(t1) cos(Quto) — Bro(tr) sin(Qnto)) (3.7)
+ F[Q]n( ) (Ano(tl) Sin(Qnto) + Bno(tl) COS(Qnto))} s
where
Vi Vo —
Fiupn(e) = cos (Vo +co)z\ o ™m(Vo — o)z ’
le le (3.8)
Fign() = sin (Vo + o)z sin ™m(Vo — )z ’
lc lc
2 _ 2
and ), = M, n € Z* are the natural frequencies of the conveyor belt

c
system. In equation (3.7) Apo(t1) and Byo(t1) are still arbitrary functions that
can be used in order to avoid secular terms in the solution of the O(g)-problem.

By substituting (3.7) into O(e)-problem it follows that

821/1 62’01 2 621)1
2
OF): ato *Wogas T 0 -G

= Z {sin(Qnt0)en(x, t1) + cos(Qpto)Pn(z, t1)}
1 (3.9)

+ Z {sin(Qnto) sin(wpto)Yn(z,t1) + sin(Qy,to) cos(wt)i/;n(x, t1)

n=1

+ c08(Qnto) sin(wnto)fn (, t1) + cos(Quto) cos(wt)fn (z, tl)} )
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where
on(z,t1) = 2 <8£T0 <F[1}n(:v)Qn - %%ﬂrz(@)
+ aaBtTO <F o () + %aF[g;(x)» ,
puea = 2 (20 (g0, v )
+ 20 (@0, 22,
2
Un(,t1) = 20 (Ano (‘W%;(x)gn N %32[27;(95)
B d [g;(i)ﬁn—l—%%) | (3.10)
Un(z,t) = aw <_An08F[gn($) Bnan[gn(ﬂc)> ’

Z T
IR 82 Fiiin
bu(e.t1) = 20 <An0 <_Mgn B vo+(”“")>

Ox Or2
+ BnO O n— Vb 52 ’
iy oF OF

Following the method which has been presented in the previous chapter for
the equations of the type (3.9), it follows that four cases have to be considered
to eliminate the secular terms in the solution of the equation (3.9) : the case
3.2.1 when w is not in a neighbourhood of any ,, (the non-resonant case), the
case 3.2.2 for w = )y, the case 3.2.3 for w = {9, and the case 3.2.4 w = Oy~
where m* € Z* and fixed.

3.2.1 The case: w is not in a neighbourhood of any (),, the
non-resonant case

In this case it is assumed that the frequency of the velocity-fluctuations of
the axially moving string is not equal to any of its natural frequencies. In
that case only terms under first sum in the right part of the (3.9) will lead
to unbounded behaviour in the solution of the O(e)-problem. After applying
the Laplace transform method to (3.9), calculating the poles, and then the
residues, and then after applying the convolution integral theorem to find the
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inverse Laplace transform, one obtains

[e.o]

1 i ~
(oo t) = 5 3 {5028 fup 1) + Fo (1)
N (3.11)
+ tcos(Qnt) (= fign(, 1) + fl]n x,t1) }
+ "terms with non-secular behaviour",
where
f[l]n(xatl) = wn(wvtl)F[l}n(x) +pn(x7t1)F[2}n(x)7
f[2]n($7t1) = wn(xutl)F[Z}n($) - pn(xatl)F[l}n(I)u
. (3.12)
f[l]n(xatl) = wn(wvtl)F[l}n(x) +ﬁn(x7t1)F[2}n(x)v
f[Q]n(xatl) = wn(wvtl)F[Q]n(x) - ﬁn(xvtl)F[l}n(x)v
and . ( )
- 1 Pn :L‘vtl
wn(z,t1) = 2_0/0 ZT(—an(ﬂC))dx,
1 (T, t
polet) =~ [ PRy @),
) ¢ 0@ (;? ) (3.13)
n L, bl
wn(xatl) = 2_C l m (_F[Q}n(x))dxv
_ 1 Sa’n(xatl)
o) = =5 | PRy (@) o

In (3.12) and (3.13) Fjyjn(7) and Fgj,(x) are given by (3.8). To eliminate
the secular terms in the solution (3.11) it is necessary to put (fjn(w,t1) +
fl[g}n(.’f,tl)) and (= figjn(7,t1) + f[l]n(ac,tl)) equal to zero, or, equivalently,

dAo (7mmV0> . /Tnx dBno . (mnxVy\ . /7nx
— cos sin ( ) — sin ( ) =0,

dt, Ic l dat, "\ e z
dAno . (mnxVy\ . /mnx dBno mnxVy\ . /mnx
sin sin ( ) — cos sin (—) =0.
dt1 le l dtl lc
(3.14)
dA dB
System (3.14) can be seen as a system for the two unknowns dtno and dtno'
1 1
The determinant of this system is non-zero for all x € (0,l). So the only
Ano dB
solution is the trivial one that is, o =0a dtno = 0. It then follows
t 1

that A,o(t1) and Bpo(t1) are constants. A similar result has been obtained in
[15] for a non-resonant case.
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7(VE -
3.2.2 The case: w= (Oli), the first resonance case
c
In this section it is assumed that w is equal to the first natural frequency of
m(Vi — %)

the traveling string, that is, w = . It this case terms in both sums

c
in the right hand side of (3.9) will lead to unbounded behaviour in the solution
(V5 =)

] into (3.9), equation
c

of the O(e)-problem. After introducing w =
(3.9) becomes
827)1 827)1

OtoOx Ox?
= Z {sm (Qnto)en(z,t1) + cos(Qnto)dn (2, tl)}

Ofe) : atQ LoV — 4 (V2 -3

-|-§ nz_:l {cos(anto)(%bn(% t1) + én($7 t1))

+ c08(Qus1to) (—n(z, 1) + B2, 11))
+ sin(Qy_1t0) (Vn (@, t1) — On (2, 1)) + sin(Qpy1t0) (Un (2, t1) + Hn(a:,tl))} ,
(3.15)

where functions @ (z,t1), (@, t1), Yn(2,11), ¥n (2, 1), On (2, 11), On(z,t1) are
given by (3.10). Following the same procedure as in the non-resonant case

(3.2.1) one finally obtains for vy:
Ul(l‘, to, tl)

= {% (fm (z,t1) + fion (2, t1)> i
+ {1 <f[1}1(x>t1) = fon(z, tl)) i
+Z [{ (f[1 z,t1) +f2]n Tt >
+3 (fmn(x,tl) + fi (@ t) + S () + f[[f]]n(x,tl)> } to sin(Qnto)

+ {% (f[un(%tl) - f[2]n($7t1)>
+ i ( Fiat) = £5 o t) + £, (1) = Fi (2, t1)> } to cos(Qnto)]

+ "terms with non-secular behaviour",

(f[g}}1 (z,t1) + f[[lg]]l(% t1)> } to sin(24tp)
<f[[11}}1 (l‘, tl) - f[[23]]1 (.'L', tl)) } t() COS(QltO)

(3.16)
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where the functions f},(z, tl) fp]n(ac t1), f[l (a:,tl) and fT[Q}n(.’E,tl) are given
by (3.12), and the functions fl]n(:v t1) and f2]n(m, t1) are given by the follow-
ing formulas:

fﬁ]n(x>t1) = wwli(xvtl)F[l}n(x) +p£€z(xvt1)F[2}n(x)a
(3.17)
fﬁ]n(m¢t1) = wﬁ(xatl)F[Q}n(x) - pﬁ(watl)F[l}n(x)a

with the index k = 1,2, 3,4, respectively, where Fjy}, () and Flg), () are given
by (3.8) and where wit! (t1), p,[f](tl) are given by

nt1 (2, —i—@n x,t
- /w“ U bunl®h) gy (a))a.

_ / Ypy1(x t1 +9n+1(33 t1)
2

(= Flyjn(z))dz,

n— t Qn t
20/ ~Yootlz:t) + 1z 1)(—F[2}n(l‘))dl’,
pg}(t / Yl tli: On-1(2 tl)(—F[l]n(x))da:,
3] Whpii(a, 1) — Oppa(a,t) (3.18)

3] ¢n+1 x,t1) — Opg1(z, t1)
i) = - / — (—~ Fiya(@))de.
/¢n 1(z,t1) +9n 1(z,t1)
20

(= Flgn(2))dz,

[‘“( o[t ) o)

Pn
™

where ¢, (x,t1), Un(2,t1), On(z,t1), On(x,t1) are given by (3.10). It follows
from (3.16) that the solution of the O(e)-problem does not contain secular
terms if and only if

(f[[gl]]l(ma tl) + f[[%}l (.1‘, tl)) =0,

~ 1
fup (@, t1) + frap (@, t1) + 5

(3.19)
- 1
f[1}1($7t1) — f[Q]l(x,tl) + 5 (f[[ll]]l(J:’tl) — f[[%}l(x’tl)> = 0,
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and for n > 2:

frgn(@,t1) + fgn(@,tr)

5 (S ) + £ @) + S5 ) + i o)) =0,
(3.20)
T, t1) = figm(, 1)
+5 (£ t0) = 15, (o t) + A oo tr) = £ (1)) =0,
Defining Agy(t1) = 0 and Byg(t1) = 0 it follows that for all n = 1,2, ...
{ Fypn(@)opyn(t1) + Fgpn(@)ogs (t1) = 0,
(3.21)
Fjn (7)o, (t1) — Flon(z)opn(t1) =0,
where
1
otun(tr) = waltr) = pulta) + 5 (wh (t2) = pi (1) + w0l (0) — (1) ).
(3.22)

(wh (1) + pi ) + wl00) +pi20) ).

N~

Ofgjn(t1) = W (t1) + pults) +

System (3.21) can be seen as a system for two unknown o1y}, (1) and o7g, (t1).
For z € (0,1) the determinant of this system is equal to (Fiy),,)* + (Fl)* # 0.
From this it follows that oy}, (t1) = 0 and oy}, (t1) = 0, or, equivalently,

wn(t) = pults) + 5 (wi0) = Pl +wi0) =il (1) = 0,

DN | =

(3.23)

~ 1
(1) +patr) + 5 (w0l () + () + 0l (1) + 61 (1)) =0
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dAnO dBnO

System (3.23) involves the functions , Ano(t1) and Bpo(t1). Solving

dA dB dh " dh
this system for dtno’ dtno finally yields for n =1,2,3...:
1 1
JA a sin <7T—ZO> (cos (WTVO) + 1) «
n0
=t D Ao - 57 (n+1)Bnt1yo
asin (WTVO) <cos <7T—ZO> + 1) «
— T(n — ]-)A(n—l)() — 2 (n - ]-)B(n—l)()a
IB (cos <7T—ZO> + 1) « asin (WTVO)
n0
R = 57 (n+ ]-)A(n-l—l)() + T(n + 1)B(n+1)0

(cos (WTVO) + 1) « o sin <7T_1/0>
+ (n—=1DAp-10 — ——7—(n—=1)B_1)0-

21 2l
(3.24)

This system is an infinite dimensional system of ordinary differential equations.
It can clearly be seen that for w = €2y all vibration modes are interacting, and
it will be difficult to solve the system analytically. It can also be seen that in
the limit case Vj = 0 system (3.24) coincides with the system as studied in
[16]. System (3.24) can be rewritten in the following way:

( d:;TO = Y(n+1)Apr0 —o(n+1)Buio
—y(n = 1)Ap-1)0 — o(n — 1) B -1)0,
(3.25)
ddB;—TO = o(n+1)Api0 +7(n+1)Baio
{ +o(n—1)Ap_10 —7(n — 1) Br_1)0,
where t; = %tl, v = sin <7TTVO) and 0 = 1 + cos <7TTVO> If the truncation

method is applied to system (3.25), so only some first modes are taken into
account and higher order modes are being neglected, the following system has
to be solved:

X = AX, (3.26)

where vector X represents the derivatives of 4,, and B,, with respect to ¢; and
the dimension of the square matrix A is two times the number of modes which
are considered. Table 3.1 represents the eigenvalues of the truncated system
(3.25) up to 10 modes, which have been calculated by using the computer
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software package Maple. From this table it can be seen that the eigenvalues
of the truncated system are always purely imaginary or zero. It is well known
in mathematics that in this case no conclusions can be drawn for the infinite
dimensional system.

No. of | Eigenvalues of matrix A Dimensi-
modes | (all multiplicity 2) on eigen-
space of A
1 0 2
2 | £/2(2 + 02)i 4
3 0, £24/2(y% + 02)i 6
4 +1.131/ (72 + 02)i, +4.331/ (72 + 02)i 8
5 0,£2.30+/ (72 + 02)i, £5.89/ (% + 02)i 10
6 +7.501/ (72 + 02)i, £1.004/ (72 + 0?)i, 12
+3.561/ (72 + 02)i
7 0, £9.151/ (7% + 02)i,£2.051/ (v% + 02)1, 14
+4.901/ (72 + 02)i
8 +10.834/ (72 + 02)i, £0.93/(7% + 02)1, 16
+3.18+/(y2 + 02)i, £6.30/ (72 + 02)i
9 0, £12.54+/ (7% + 02)i, £1.89+/ (72 + 02?)i, 18
+4.38+/ (V2 + 02)i,£7.74/ (v + 2)i
10 +14.261/ (72 + 02)i, £0.87/ (7% + 02)1, 20
+5.651/ (72 + 02)1,£9.231/ (7% + 02?)1,
+2.93/(7? + 02)i

Table 3.1: Approximations of the eigenvalues of the truncated system (3.25).

Analysis of the infinite dimensional system (3.25).

By introducing Xn()({l) = nAno(I?l) and Yno(ﬁ) = TLBn()(Ii) system (3.25)
becomes

dXno
dty

=n (’YX(nJrl)o - UY(nH)o - ’YX(nfl)O - UY’(nfl)O) )
(3.27)
dYnO

" (0 X(n1)0 + VY10 + 0 X (n-10 = YY(n-1)0) -
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forn=1,2,..., and Xgy = Yyo = 0. Then it can be deduced that
{ XnOXnO =n (IYX(n-l—l)OXnO - O'Yr(n-l—l)OXnO - ’YX(n—l)OXnO - O'Yr(n—l)OXnO) )

YnOYnO =n (JX(n,+1)OYnO + ’)/Yv(n,—i-l)OYnO + UX(n—l)OYnO - ’y}/(n—l)OYnO) .
(3.28)
By adding both equations in (3.28) and by taking the sum from n =1 to oo
it follows that

I X d )
5 E dt_l (XnO + YnO)
n=1

oo 00
=0 Z {Yv(n-i—l)OXnO - X(n+1)0Yn0} - 'YZ {X(n—f—l)OXnO + Yv(n-i—l)OYnO} .
n=1 n=1

(3.29)

By differentiating (3.29) with respect to ¢; one gets (for details readers are
referred to [16])

133 2 00
3 > W(X?zo +Y0) =200 +97)) (X2 + V), (3.30)
n=1 1 n=1

and then by putting > 00 | (X2, + Y,2) = W (#1) it follows that

d2W (¢ _
# —4(o* + )W (f) = 0. (3.31)

1
The solution of (3.31) is W (f1) = K2V (@0 L e 2V (@490 o equiv-
alently,

Vi 2 Vi
Wi = Ko (9 (s () 1) e (25
2
+ K5 exp —%\/<cos <7T—VO> + 1> + sin? <7T—V0>t1 ,
C C

where K and K> are both constants of integration. Now it should be observed
that for K7 # 0 W (1) increases if ¢ increases. As it has been shown before
the application of the truncation method to system (3.25) (that is, by con-
sidering only a finite number of vibration modes) that only purely imaginary
eigenvalues or zero eigenvalues will be found. This implies that only oscil-
latory behaviour will be found by applying the truncation method, whereas
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(3.32) clearly indicates that also exponential behaviour should be included.
Because of that the approximations obtained by the truncation method are
not accurate on time-scales of order e~!. For example, the approximation of

the solution that was obtained in [15] is not valid on long time-scales of order
-1
e

T2V = &)

3.2.3 The case: w = ;
C

, the second resonance case

In this section it is assumed that w is equal to the second natural frequency of

T2V — &)

the traveling string, that is w = . In this case, as in the case 3.2.2

c
both sums in the right hand side of (3.9) will lead to unbounded behaviour
(V2 - )

into
le

in the solution of the O(g)-problem. After introducing w =
(3.9), equation (3.9) becomes

62’01
ato Y 5t00s

§m9m%um+mmmmmmﬁ

62’01

+ (V2 02)W

F18:

-|-§ nz_; {cos(anzto)(%bn(% t1) + én($7 t1))

o+ c03(Cn 3to) (—n (@, 11) + O, 1))
+ Sin(Qn,Qto)(@;n(i, tl) — Qn($, tl)) + Sin(QnJero)(l/}n(J? tl) +6 ($ tl)) 5

still given by (3.10). In (3.33) it should be observed that Q_, = €, and
Qo =0.

Following the same procedure, as in the case 3.2.2 to avoid secular terms
in the solution of the O(e)-problem, one obtains after some lengthy, but ele-
mentary calculations the following systems for A, (t1) and Bpo(t1):

dA 3a . (Vi Vi 3a Ve ’
o () () 3o () ) e

dB 3a Vi ? 3 . (7Vi Vi
—di)o = - <cos (T(]) — 1) A(g)o T Sin (T(]) Ccos ( CO) B(3)07

(3.34)
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for n =1, and

( dAno s an
dt? = —g(n + 2)A(n+2)0 + E(n + 2)B(n-i-2)0
o (6%
=+ 2—‘;(’0 — 2)A(n72)0 + 2—7(77, - 2)-8(1172)07
(3.35)
dBno an ap
iy = —E(n + 2)A(n+2)0 - g(” + 2)B(n+2)o
an ap
\ - 2_l(n —2)Apn-2)0 + 2_l(n = 2)B(n—2)0,
forn =2,3,... where

(M) s () e (e () 1) o

In system (3.34)-(3.35) Agp and Bpg = 0 are defined to be identically equal to
zero. The system (3.34)-(3.35) is an infinite dimensional system of coupled,
ordinary differential equations. From the structure of the equations it can
easily be seen that there are infinitely many interactions between the vibration
modes, namely between n — 2, n and n + 2 modes. So, to apply the truncation
method to system (3.34)-(3.35) (to find approximations of the solution which
are valid on long time-scales of order e~!) can be a wrong procedure as has
been shown for the case m* = 1. How to obtain more information out of system
(3.34)-(3.35) for arbitrary m* is still an open subject for future research.

Tm* (%2 . 62

3.2.4 The case: w= ;
c

, a general resonance case

By considering the cases 3.2.1, 3.2.2, and 3.2.3, and by taking into account the
results that have been obtained in [27] it follows, that if an external frequency
is equal to a natural frequency of the moving string or equal to the sum or

difference of those natural frequencies it will cause resonance in the conveyor
o . mm* (V@ — c?)
belt system. Now it will be assumed that w = §2,,,+, that is, v = ——————=,
c

where m* € Z" and fixed. In this section the system of ordinary differential
equations will be derived, which describes the interactions between the different
oscillation modes.

am*(V@ — %)

e into (3.9) yields

Substituting w =
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821}1 82’1)1 82Ul
T — +2Vp—— 22—
0(5) at(g) + Vbatoax + (‘/0 c ) 8132

— Z {sin(Qnto)gon(:c,tl) + cos(Qnto)QJn(fL‘,tl)}

+= {cos(Qn—m*to)Wn(l“a t1) + én(l“v t1))

+ COS(Qn—I—m*tO)(_wn(wa tl) + én(l‘, tl))
+ 8in(Qp—meto) (Vn (2, t1) — On(2, 1)) + SIn(Qppmeto) (Y (2, t1) + On(z, tl))} )
) ) (3.37)
where functions ¢, (z,t1), §n (@, t1), ¥n(@, 1), Yu(®, t1), 00 (2, t1), Op(z, 1) are
given again by (3.10). In (3.37) it should be observed that Q_, = €, and
Qo =0.
Following the same procedure, as in the previous cases to avoid secular
terms in the solution of the O(¢)-problem, one obtains after some lengthy, but
elementary calculations the following systems for A,(t1) and Bjo(t1):

dAny Qi N QT * *
dt? = - (n—l—m )A(n+m*)0 + mzll (n+m )B(n+m*)07
(3.38)
dBn() QN * % Ol *
dt =TT (n+m )A(ner*)O + m*l (n+m )B(n+m*)0’
forn=1,2,...,m" — 1, and
( dAno _ apip * Al)m* *
dty = o™l (n+m )A(ner*)O + W(n +m )B(ner*)O
Al > * XM *
— D (7’], -m )A(n,m*)o + W(n -m )B(nfm*)07
(3.39)
dBno Oy % O fbp* *
= S04 ) Ao+ G ) B
ANy N O fhp* *
L ©2ml (n—m*)Am_m=)o — 2m*l (n = m")B(n—m=0,
for n =m*,m*+1,..., where
= () e (T )
c c
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In system (3.38)-(3.39) Ago and By are defined to be identically equal to zero.
The system (3.38)-(3.39) is an infinite dimensional system of coupled, ordinary
differential equations. From the structure of the equations it can easily be
seen that there are infinitely many interactions between the vibration modes,
namely between n — m*, n and n + m* modes. So, to apply the truncation
method to system (3.38)-(3.39) (to find approximations of the solution which
are valid on long time-scales of order e~!) can be a wrong procedure as it has
been shown for the case m* = 1 and for the case m* = 2. How to obtain more
information out of system (3.38)-(3.39) for arbitrary m* is still an open subject
for the future research.

3.3 Conclusions and remarks

In this chapter an initial-boundary value problem for a linear equation, de-
scribing an axially moving string has been studied. This equation can be used
as a model for the lower frequency, transversal vibrations of a conveyor belt
system. The axially moving string is assumed to move in one direction with a
non-constant speed V' (t), that is, V(¢) = Vp +easin(wt), where 0 < ¢ < 1 and
where Vp,a and w are positive constants. For 1 it is assumed that V < c,
where ¢ is the wave speed. Formal asymptotic approximations of the solution
of the initial-boundary value problem have been constructed by using a com-
bination of a two time-scales perturbation method and a Laplace transform
method (see also [27] and [37]). It turns out that there are infinitely many
values of w that give rise to internal resonances in the axially moving string

system. In fact, that happens when w is equal to any natural frequency of the

) ) ) an(VE — c?
moving string, that is, w = Q,, = %, where n = 1,2,.... It turned
c
out for w = 1 that only a one-mode approximation, as for instance has been

used in [15] is not accurate on time-scales of order e~!, as the solution of
the boundary-value problem (3.2)-(3.3) consists of infinitely many, interacting
vibration modes. Moreover in [15] due to the application of the truncation
method, the odd numbered resonance frequencies §2,, were not found.

Four cases have been studied in this chapter: w is not in a neighbourhood of
any Q,, w = Q1, w = Qs and w = Q,,,+, where m* € Z" and fixed. For the
second case (that is when w is equal to the lowest natural frequency of the
moving string) a first integral has been found and it has been shown that the
truncation method does not give accurate results on long time-scales. All ap-
proximations which are obtained by the method as introduced in this chapter
are valid on long time-scales, that is, on time-scales of order e~'. Moreover,
the results as obtained in [16] are a special case of the results as obtained in
this chapter.



CHAPTER 4

On the transversal vibrations of an axially moving continuum
with a time-varying velocity: transient from string to beam
behaviour

Abstract: In this chapter an initial boundary value problem for a linear
equation describing an axially moving stretched beam will be considered.
The velocity of the beam is assumed to be time-varying. Since the order of
magnitude of the bending stiffness terms depends on the vibration modes
and the frequencies involved a combination of two simplified models (that
is, a string equation for the lower frequencies, and a beam with string effect
equation for the higher frequencies) will be used to describe the transversal
vibrations of the system accurately. Based on the calculations of the natural
frequencies the regions of applicability of these sub-models will be determined.
A two time-scales perturbation method will be used to construct formal
asymptotic approximations of the solutions. Non-resonant and some resonant
cases will be studied for four different values of the relative errors. An
important implication of the earlier results in the literature is that for these
types of axially moving continua problems the use of only string-like models
is not appropriate. To describe the dynamics of these types of axially moving
continua problems correctly one has to include (small) bending stiffness in
the model. In this paper it is explicitly shown how to work with a combined
model that is a string model at the low frequencies and a tensioned beam
model at the higher frequencies.
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4.1 Introduction

Axially moving systems are present in a vast class of engineering problems
which arise in industrial, civil, aerospatial, mechanical, electronic, medical,
and automotive applications. Serpentine belts, aerial cables, tram and train
ways, oil pipelines, magnetic tapes, power transmission belts, band saw blades,
chair lifts in skiing resorts, and even models of human DNA are examples of
real objects where axial transport of mass can be associated with transverse
vibrations. Investigating transverse vibrations of a belt system is a challenging
subject which has been studied for many years by many researches and still
is of interest today (see the references for a recent overview). In the classical
analysis of axially moving continua the vibrations are usually classified into two
types, i.e. whether it is of a string-like type or of a beam-like type, depending
on the bending stiffness of the belt. If the bending stiffness can be neglected
then the system is classified as string (wave)-like, otherwise it is classified
as beam-like. The transverse vibrations of a belt system (with time-varying
velocity V(7)) can be modelled mathematically as:

e string-like by

Urr +2VUx, + V,Ux + (V2 = A)Uxx =0, and (4.1)

e beam-like (with a string effect) by

EI
Urr +2VUxs + V,Ux + (V2 = AUxx + p—AUXXXX =0, (42

This chapter is a slightly revised version of [38]: S.V. Ponomareva and W.T. van Horssen:
On the transversal vibrations of an axially moving continuum with time-varying velocity:
transient from string to beam behaviour, Journal of Sound and Vibration, accepted for
publication, (2009).
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where
A the area of the cross section of the belt,
X : the coordinate in horizontal direction,
U(X,7) : the displacement of the belt in vertical direction,
L . the distance between the pulleys,
P . the mass density of the belt,
E : the modulus of elasticity,
1 . the moment of inertia with respect to the belt
middle plane,
T : the time,
V(T) : the time-varying belt speed, and
c>0 : the wave speed, due to a pretension of the belt.

The time-varying belt velocity V(7) is given by V(1) = (Vo + @sin(@T)),
where Vg, @, and @ are some positive constants with Vo > 0 and Vo > [a],
and where ¢ is a small parameter with 0 < ¢ < 1. The term @ sin(w7) can be
seen as a small perturbation of the main belt speed eV, due to different kinds
of imperfections of the belt system. The small parameter € indicates that the
belt speed V(1) is small compared to the wave speed c. The condition V > |@|
guarantees that the belt always moves forward in one direction.

Due to different kinds of imperfections of the belt system such as roll eccen-
tricities and varying belt speed, severe transversal vibrations (due to internal
resonances) can occur. The occurrence of resonances should be prevented since
they can cause operational and maintenance problems including excessive wear
of the belt and the support components, and an increase of energy consumption
of the belt system. By knowing the natural frequencies of the belt, so called
resonance-free belt system can be designed. Although the nonlinear models
can be more informative, and describe the real conveyer belt systems usually
better, it is not meaningless to investigate the linear equations. (4.1) and (4.2)
first.

Equation (4.1) with V(7) = &(V + @sin(wr)) was studied in [16]. It
was found that there are infinitely many values of @ giving rise to internal
resonances in the belt system. It was also shown that the truncation method
can not be applied in order to obtain asymptotic results on long time-scales
(that is, on time-scales of order ¢!). Equation (4.1) with V() = Vg +
easin(wr) was studied in [33]. It was shown that in this case for a high
velocity the truncation method also can not be applied. On the other hand it
was also shown in [18] that for the beam equation (4.2) the truncation method
can be applied, but the dynamic behaviour of the belt system is still very
complicated. The stability conditions for the belt system were also derived
in [18]. From experiments and from the theoretical investigations (see, for
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example [25]) it is known that the real dynamic behaviour of conveyer belt
systems with relatively small bending stiffness is some sort of combination of
both models (4.1)-(4.2). The low frequency vibration modes look more like
string modes and the higher order modes (when the bending stiffness becomes
more important) look more like beam modes. It is not only interesting but also
important from the applicational point of view to investigate such phenomena
of transient “from string to beam” behaviour. In [25] the effect of bending
stiffness on higher order modes was discussed. In recent papers [39] and [40]
the following attempts to describe these phenomena can be found. When the
belt speed is high and has the same order of magnitude as the wave speed ¢
(that is, V(1) = Vi + easin(@wr)) a case has been studied in [39] for which
the bending stiffness is of order €, and an approximate analytical expression
for the natural frequency and stability regions has been presented. In [41]
the same assumptions have been used and boundary layer solutions have been
constructed. Approximations of the eigenvalues of the belt system with a small
bending stiffness were also presented in [40]. In [42] it has been found that
small bending stiffness term becomes very important near the boundaries. All
the authors of the aforementioned papers found that the natural frequencies
change due to the presence of a small bending stiffness, but did not include
the fact that for the higher order modes the bending stiffness terms are not
of order ¢ anymore, and actually should be included in the O(1)-problem.
Namely, the assumption that most axially moving belt systems have small
bending stiffness relative to their tension and can be modelled as an axially
moving beam with small dimensionless bending stiffness (as it was done in
[40]) is only valid for lower order vibration modes. Moreover, the natural
frequencies of the beam model (4.2) with V(1) = V¢ + easin(@r) can not
be found exactly (see for instance [31] and [8]). In this chapter it will be
assumed that V(7) = &(V + @sin(@r)). The idea how and when in this case
different simplified models may be applied to construct a more realistic model
of the travelling belt system was proposed in [36]. Usually it is not possible
to calculate the natural frequencies of a real belt system exactly. The bending
stiffness, however, is not important for the lower modes of vibrations. And
for the higher modes of vibration the bending stiffness terms become more
important than the string terms.

Let us assume that @ is given, and that initially at 7" = 0 the first N modes
are present. If NV is not too large the bending stiffness terms in the problem
equation are small, and can be neglected. A string equation (see equation
(4.1)) is then obtained. The problem for the string equation, however, has
a serious drawback: the truncation method can not be applied due to the
presence of internal resonances for which all modes are interacting. And as
a consequence, no good approximations of the exact solution on a long time-
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scale can be found. Moreover, the resonance frequencies (which are found in
this way) might not correspond to the exact resonance frequencies. Now, there
are at least three simplified models depending on the vibration modes and the
corresponding frequencies: a string model for the lower frequencies, a beam-
string model (that is, the exact model) for the intermediate frequencies, and
a pure beam model for the higher frequencies. A combination of these models
can improve the results of the existing models and methods. The proposed
method is based on calculating the natural frequencies of each sub-model, and
determining the relative errors in it. In this way one can define intervals of
applicability of these simplified models with a predefined, desired accuracy. It
should be observed that a pure beam equation can not be truncated either (see
[43]), whereas for a beam-string model there is no problem with truncation. In
this paper a combination of two simplified models will be proposed: a string
model for the lower frequencies, and a beam-string model for the intermediate
and the higher frequencies. It will turn out that this combination model has
the following advantages:

1. The model allows to truncate a string equation correctly.

2. The natural frequencies of the lower vibration modes can be found more
accurately, as the small bending stiffness effect has to be included as a
small perturbation into the problem.

When a string-like model is used it has been shown in [16] and [33] that
the infinite series representation for the solution can not be truncated from the
mathematical point of view (else one can obtain wrong internal resonances,
and incorrect modal interactions). So, using only a string-like model for which
the number of modes is truncated to a finite number can or will lead to wrong
mathematical results. On the other hand an infinite mode representation for
the solution of a string-like model is physically irrelevant since for the higher
order modes the bending stiffness becomes important, and so the beam-string-
like equation has to be studied. In this chapter it will be demonstrated how to
work with the combined model that is a string model at the low frequencies and
a tensioned beam model at the higher frequencies, such that mathematically
and physically correct results are obtained.

The chapter is organized as follows. In Section 4.2 the formulation of the
problem will be given. The regions of applicability of the simplified models
will be determined. In Section 4.3 the two time-scales perturbation method
will be applied to construct approximate solutions of the problems. Values of
w that give rise to internal resonances will be presented. The non-resonant
case and some resonant cases will be studied for four different values of the
relative error in the Sections 4.4, 4.5, 4.6, and 4.7. Stability properties of the
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solution for all cases will be given in Section 4.8. Finally, in Section 4.9 some
conclusions will be drawn and some remarks will be made.

4.2 Formulation of the problem

In this section a new approach will be proposed to construct a model for an
axially moving continuum, which includes both string type and beam type
dynamic behaviour. The simplest mechanical model for a travelling belt is
a simply supported tensioned Euler-Bernoulli beam (see Figure 4.1). The
equation for this model is given by (see also (4.2))

EI
Upr +2VUx, + ViUx + (V2 = A)Uxx + p—AUXXXX =0. (43)

The speed of the belt is assumed to be time-varying and to be given by V(7) =
e(Vo+asin(wr)). The boundary conditions and the initial conditions for (4.3)
are given by

U(0,7;e) =U(wL,1;¢) =Uxx(0,T;¢) = Uxx(nL,7;¢) =0, 7 > 0,

U(X,0;¢) = f(X), and U;(X,0;¢) =7(X), 0< X <nL,  (4.4)

where f(X) represents the initial displacement of the belt, 7(X) is the initial
velocity of the belt, and where wL is the distance between the pulleys. For

simplicity it is assumed that the cross section of the belt has a rectangular
3

shape, so that A =hband I = %, where h is the thickness and b is the width

of the belt cross-section, respectively (see Figure 4.2). Following the 3D theory
of elasticity additional conditions have to be imposed to the stretched beam

L
equation (4.3), that is: % > h and b > h, where k is the mode number.
Equation (4.3) in non-dimensional form becomes
U — Ugz + Wlgzza

= e(—aw cos(wt)uy — 2(Vo + asin(wt))ug) — 2 (Vg + asin(wt)) g,

(4.5)
vV U L a EI
Wherex:37‘/0:707t:%7'7uzf7w:;w,a:%andu:m:
Eh?
————. The boundary conditions and the initial conditions for (4.5) are
12pc? L?
given by

w(0,t;8) = u(m, t;€) = uge(0,t;6) = ugy(mw,t;6) =0, t >0, (4.6)
u(z,0;e) = f(x), and u(z,0;¢) =r(z), 0 <z < T,
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f(X T(X
where f(z) = f(L ) and r(z) = o )
c
Iouxn
V(r)
(L — @
— O X
1 L =1 1
Figure 4.1: The travelling belt system.

L h

Figure 4.2: The travelling belt configuration.

As it was explained in the Section 4.1, the natural frequencies can usually
not be calculated exactly for real problems of travelling belts due to the pres-
ence of complicated boundary conditions, different sorts of (non-)linearities,
variable stiffness, and so on. It is not meaningless to consider only string
behaviour for the lower vibration modes of the belt (when the influence of
bending stiffness is very small and can be neglected in the O(1)-problem), and
the following approach shows how one can define the regions of applicability.
Let us first consider the equation

Ut — Ugy + PUzgrr = Ou (48)

subjected to the boundary conditions (4.6). The parameter p (as defined in
(4.5)) is usually a small parameter for belt systems. To determine the natural
frequencies of this problem the method of separation of variables can be used,
giving as non-trivial solutions for £k =1,2,3,...

¢St sin(ka), (4.9)
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where ¢ = v/—1, and

Q= k/1 + pk2. (4.10)

Equation (4.10) gives us exact natural frequencies for equation (4.8) subjected
to the boundary conditions (4.6). For the string model (i.e. equation (4.8)
without bending stiffness) and for the beam model (i.e. equation (4.8) without
string effect) the natural frequencies also can be found, so that,

Q](Cl) =k for the string model,
O — k\/T+ k2 for the stretched beam model, and (4.11)
Q,E:S) = k1 for the beam model.

It is possible now to find intervals of applicability of these simplified models
(for k), based on the natural frequencies (4.11), with a desired or required
accuracy. In Table 4.1 these regions for k are given (where the simplified
models, i.e. the string model and the beam model, can be used) for p equal
to 0.0001, 0.002, 0.01, 0.1, 1, and 10, and with relative errors of at most 0.1
%, 1 %, 3 %, and 5 % in the frequencies respectively.

Let us consider a real moving belt, fabricated from material, with the
following mechanical properties: E—1.8 GPa, p—1.5 g cm™3, h = 0.8 cm,
[=100 m, To—5 N mm~!, and b <3000 mm. This implies that ¢ = 0.002. From
Table 4.1 it can be seen, that with a relative error of 5 % in the frequencies the
following model can be derived (the original initial-boundary value problem
for (4.5) can now be split up by assuming that u(z,t) = X2 uk(t) sin(kx)).

For 1 < k < 7 - the string model:

Ut — Ugy =€(—aw cos(wt)u, — 2(Vo + acsin(wt))ugr — 1 Uzzzr) (4.12)
—&2(Vo + asin(wt))?uga, '
where it is assumed in (4.12) that pugze, = O(€), so that puzerr = €C1Uzrre-

For 8 < k < 68 - the beam with string effect model:

U — Ugz + Wlgzza :5(—aw COS(Wt)u:B - 2(VO + OéSiD(wt))uwt)

4.13
—&2(Vo + asin(wt))?uga, (4.13)

where it should be observed that the terms in the left hand side of (4.13) are
of leading order, and are of the same order of magnitude.
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1 0.0001 0.002 0.01

rel error; model
string 1<k<4 k=1 —

0,1%; beam-string | 5< k < 2234 2< k < 691 1< k <223
beam 2230 <k <0 | 692 <k<o |24 <k <
string 1<k<14 1<k<3 k=1

1%; beam-string 15<k<T02 | 4< k<161 2< k<70
beam 03 <k<o |162<k<x0 | "I<k<x
string 1<k<25 1<k<5b 1<k<2

3%; beam-string 26 < k <399 6 <k<R89 3< k<39
beam 400 < k < 9 <k < 40 <k <o
string 1< k<32 1<k<7 1<k<3

5%; beam-string 33 < k<304 8 <k <68 4<k<30
beam 300 <k < 69 <k <o 3l<k <

1 0.1 1 10

rel error; model
string — — —

0,1%; beam-string 1<k <70 1<k<22 1<k<7
beam 1 <k<ox 23 <k <> 8 <k <o
string — — —

1%; beam-string 1<k<23 1<k<7 1<k<2
beam 24 < k<o 8<k < 3<k<
string — — —

3%; beam-string 1<k<12 1<k<3 k=
beam 13<k <> 4 <k<oo 2<k <
string k=1 — —

5%; beam-string 2<k<9 1<k<3 —
beam 100 <k < 4 <k<o0 1<k<>

Table 4.1: Applicability regions for the simplified models: string, beam with
string effect, and beam equations.

For 69 < k < oo - the beam model:

Ut + PUggpe =€(—aw cos(wt)u, — 2(Vo + asin(wt) )ugy + EUM) (4.14)

— e2(Vy + asin(wt)) gy,

where it should be observed that the terms in the left-hand side of (4.14) are
at least an order of magnitude larger than those terms in the right-hand side
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of (4.14).

As it was shown in [16] the truncation method can not be applied to the
string equation (4.12), but for the beam with string effect equation (4.13)
the method can be applied (see [18]) when the internal resonances are taken
into account. In [43| it was shown that the truncation method also can not
be applied to the beam equation (4.14) when one wants to obtain accurate
approximations of the solution on long time-scale. Based on these observations
it is assumed now for simplicity, that the original problem (4.5) is split up into
2 models: for 1 < k < 7 - the string model (4.12), and for 8 < k < oo - the
beam with string effect model (4.13). It was shown in [18] that by substituting
u(z,t) = 307 uy(t; ) sin(nz) into (4.5), by multiplying both sides of the so-
obtained equation with sin(kx), and then by integrating with respect to  from
x =0 to x = 7 it follows that

i + (k™ + Ky,

=c Zl (71267”]{:2)% <4aw cos(wt)u, + 8(Vp + asin(wt))un) + 0(£?),
. (4.15)

where the *

2 K
n =+ k is odd. For ¢ = 0 ug(t) satisfies: ug(0;¢) = L_/ f(z)sin(kz)dz, and
TJo

in > >°7 indicates that the summation is only carried out for

2 ™
ur(0;e) = —/ r(x)sin(kz)dx. In the next Section 4.3 a two time-scales
CT Jo

perturbation method will be applied to approximate the solution of (4.15).

4.3 Application of the two time-scales perturbation
method

To avoid secular terms in the approximate solution of (4.5) and (4.15) a two
time-scales perturbation method is used. The two new time scales are tg = ¢
and t; = et, implying that ug(t;¢) = vi(to,t1;¢). The following transforma-
tions are needed for the time derivatives:

dug _ Do Ok
dt Oty oty’

(4.16)
d2uk 82Uk 82Uk

= 2
dt? ot2 * E@toﬁtl
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It is assumed that vy = vgg + evp1 + ..., and vg(to, t1;¢) = v,(gl)(to,tl;s) for
1 < k<7 (ie. the time behaviour is mainly determined by the string model),

and vg(to,t1;¢) = U](C )(to,tl7 ) for 8 < k < oo (i.e. the time behaviour is
mainly determined by the beam with string effect model). So that, in fact
there are two sets of O(1) problems, two sets of O(e) problems, and so on. By
substituting (4.16) into (4.15), by substituting the expansion for vy into (4.15),

and by taking together terms of equal powers in ¢ for v,(gl) and v,(f) it follows

that for 1 <k <K T7:

8211( )
kO 4 k:2v,(€0) =0,

JNRE

8211( ) 62’0( )
. 2% g2, ()_ 9P k0 _ o gy
Ofe) 8t2 + Dtoot, M Uk

1)

kn (1) : 87)nO
+ Z <(n2 — k2)ﬂ4wa cos(wt)v,y + 8(Vo + asin(wt)) oty

kn (2) : a1)(20)
4 Z (mélwa cos(wt)v,y + 8(Vo + asin(wt)) =2 |,

Oto
(4.17)
and for 8 < k < oc:
8211(2)
o1& : atléo + (k2 + pkty? =0,
92v (2) 5202
2) . 2 1,3 — 97 ko
O(e)# - aﬂ + (k% + pk)v ] St
L kn ) PWC
+ Z ﬁélwa cos(wt)v,g +8(Vo + Sin(wt))Wno
o 0
) ou’?)
+ Z 4wa cos(wt)v,g + 8(Vo + ozsm(wt))W"O )
0
(4.18)

Equation (4.17) represents the time behaviour of the main equation (4.5) for
the first seven modes with small bending stiffness terms. The second sum in
equation (4.17) represents the influence of the beam with string effect model
(i.e. the influence of the higher order modes (k > 8) on the lower order modes
(k < 8)). In the first sum in (4.18) there still is the influence of the string
modes on the higher order modes. So, there is an interaction between the two
models. In (4.18) the bending stiffness terms are now of leading order. The
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solution of the O(1)(M-problem is given by
o) = Ago(t) sin(QVt0) + Bro(t1) cos(QVt0), k=1,2,...,7.  (4.19)
The solution of the O(1)®)-problem is given by
@ _ A in(Q”t0) + B 0Ptg), k= 4.2
Vo kO(tl) sm( P t()) + kO(tl) COS( P to), 8,9,.... ( . 0)

In (4.19) and (4.20) Q,(:) and Q,(f) are given by (4.11). Ago(t1) and Byo(t1) are
still arbitrary functions and can be used to avoid secular terms in the solutions
of the O(e)M-problem and the O(g)®-problem. The O(e)(M) equation (for
k=1,2,...,7) now becomes

1
0 Ul(c 1)
ot3

0 Ao
oty

~ ek (Ako(tl) sin(Q"t0) + Bro(t1) cos(sz,(j)to))

cos(Q,gl)to) - 851;0 sin(Q,(cl)to)>

+ @l = 20" (

T
+2 o cos(wt) Ano(t1) sin(Q5t0) + Bno(t1) cos(2M o)
ot (n? — k%)
+8(Vo + arsin(wt)) 2 (Ano(tl) cos(Q2WVtg) — Bpo(t1) sin(Qg)to)>}
oO* k‘n .
+ ; {7(# — k2)7r4wa cos(wt) Ano(t1) s1n(§2512)t0) + Bnol(t1) cos(ng)to)

+8(Vo + arsin(wn) QP (Ano(tr) cos(@Pto) — Buo(t) sin(@P10) ) }
(4.21)
and the O(g)?) equation (for k = 8,9,...) is given by

2
0 Ul(c 1)
ot3

0A 0By .
+ (Q](€2))2vl(€21) — _291(5) ( 815];0 cos(Q,(f)to) _ atl;o s1n(Q,(€2)t0)>

T*
! Z {(niinkg)ﬂ%a cos(wt) Ano(t1) sin(Q4t0) + Bno(t1) cos(2 o)
n=1
+8(7 +asin(w)) ) (A”O(tl) cos(Qto) — Bro(t1) sin(Qg)to)>}
+ Z {(71257”]{:2)%%;0( cos(wt) Apo (t1) sin(QPtg) + Buo(tr) cos(QP )
n=8

+8(Vp + arsin(wt)) Q2 (Ano(tl) cos (@) — Buo(t1) sin(mf)to))} .
(4.22)
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From the equations (4.21) and (4.22) it can readily be seen that there are
infinitely many values of w that can give rise to internal resonances. It fact
these values are (in an O(e) neighbourhood of):

) W formk=1,2,... .7,
i) wtOP =20 fork=1,2,... ,7,andn=38,9,..., (4.23)
i) w0 =+0P forn=1,2,... ,7,and k=38,9,... '

)

) w+OP =+0P forn=89,. .. ,and k=38,9,....

For all resonant cases (i)-(iv) the additional condition that k& +n is an odd
number, still holds due to summation in (4.15). By interchanging n and k, the
resonant case (i) (derived out of the O(g)(M-problem) becomes the resonant
case (iii) (derived out of the O(g)®-problem). The resonant case (i) is a
resonance condition for the string equation, and has been investigated in [16].
The resonant case (iv) is a resonance condition for the beam with string effect
equation. The solutions and stability conditions for this case can be found in
[18]. Due to the interactions of these two models the model as proposed here
has additional resonance conditions (i7) and (7i7), where w might be the sum
or difference of one natural frequency of the string and one natural frequency
of the beam with string effect. It is also necessary to investigate additionally if
w in the resonant case (i) also satisfies the cases (ii), (iii), and (iv), and vice
versa. In the following sections p and € will be taken equal to 0.002 and 0.01
respectively, and the initial value problem for (4.15) will be studied for values
of the relative error (in the frequencies) and for different values of w.

4.4 Application of the method with a relative error
of 5%

In this section the non-resonant and some resonant cases will be studied when
the relative error in the frequencies is at most 5%.

4.4.1 The non-resonant case

In this case it is assumed that the frequency w of the velocity-fluctuations of
the axially moving continuum is not equal to any combination of the resonance
frequencies as listed in (4.23). To eliminate the secular terms in the solution
of the O(e)M-problem and the O(e)@-problem it follows that Ay and By
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have to satisfy

dAko Clk3

di = - 9 BkO’

B _ k| (4.24)
dtl - 2 k0>

for 1 <k <7, and where ¢; is given by u = cj¢€, and

dAgy 0
dty 7 { o) Z e 4.25
dBro _ 0 Bio(t1) = Bro(0), (4.25)
dt; ’

for 8 < k < oo. In this case system (4.24) can be seen as some sort of correction
on the slow time (¢1) behaviour of the solution in the first seven vibration modes
due to presence of the small bending stiffness term in the O(g)()-problem. In
fact it can be seen as a correction on the frequencies of the oscillation modes
for 1 < k < 7 since the solution of (4.24) is given by

3 3
cik c1k
Ako(tl) = Klk COS 1—t1 — ng sin 1—t1 5
2 2
3 3 (4.26)
. Clk Clk
Bko(tl) = Klk S18148 Ttl + ng COS Ttl s

for 1 < k < 7, and where Ky, and Koy are all constant of integration. From
the initial conditions (4.7) it follows that

flx Zuk (0;e)sin(kx) <= uk(0;¢) / f(x)sin(kx)d

k=1
7( ;uk (0;¢e)sin(kxr) <= uk(0;e) = 7T/0 r(z)sin(kx)dx.
Moreover, since ug(0;e) = vi(0,0;6) = wvko(0,0;8) + evg1(0,0;¢)

+
e2up2(0,05¢) + ..., and ux(0;¢) = x(0,0;8) = Upo(0,0;¢) + €01 (0,0;€) +
£2032(0,0;€) + ... it follows that

vp(0;¢) = 2 /OW f(x)sin(kz)dx and (4.27)

™

U (0;¢) = 2 /O7r r(x)sin(kx)dx.

™



4.4. Application of the method with a relative error of 5% 53

From (4.19), (4.20) and (4.28) the following condition for Ao(0) and Byo(0)
can be obtained:

Apo(0) = % /07r r(z)sin(kx)dx, (4.28)

Byo(0) = %/Oﬂ f(x)sin(kx)dx

All constants of integration in (4.26) can now be found using (4.28). The
(1)

solution v, can now be obtained for 1 <k < 7, that is,
o) = Ago(0) sin(k(to + 0.1k%1)) + Bro(0) cos(k(to + 0.1k31)).  (4.29)

The solution v,(j)) for k = 8,9,... can now also be found, using (4.20) and
(4.25):

vl = Ako(0) sin(kv/T + 0.002k2t0) + Byo(0) cos(ky/T + 0.002k%tg).  (4.30)

From (4.29) it follows that k(to + 0.1k3¢;) = (k + 0.001k3)t, so the frequencies
for the first seven modes are approximated by k + 0.001k3. Observing (4.30)
the frequency of the higher modes is kv/1 4 0.002k2. The exact frequencies for
k=1,...,7are also given by kv/1 + 0.002k2. The difference between the exact
and the approximated frequencies are |k + 0.001k% — k+/1 + 0.002k2| < 0.008
for 1 < k < 7. This means that due to the application of the two time-scales
perturbation method there is a slow time #; correction in the string model
frequency which represents the effect of the small bending stiffness for the
lower oscillation modes with 1 < k < 7.

4.4.2 Some resonant cases
The following resonant cases will be investigated:

w = m*, where m* is equal to1, 3, 5 or 7,

w= Qg(f) ng), a difference type of resonance,
w= le Qéz), an additional difference type of resonance,

W= ng + Q( ,a sum type of resonance, (4.31)

w—le

w= Q(l + Q( ) ,an additional sum type of resonance, and

)
) )
w= le) + Q( ) ,an additional sum type of resonance,
) ng), an additional difference type of resonance,
)

w = QQé ), usually referred to as a principal parametric resonance.
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The resonant case w = m*, where m* is equal to 1, 3, 5 or 7

First, the case w = m* = 1 (the first “string” resonance frequency ) will be
studied. It was shown in [16] that the case (i) in (4.23),i.e. w+ o) = :I:Q,(Cl),
with n,k = 1,2,... ,7, and w = 1 has solutions: k =n+1and k =n — 1.
Additionally it has to be checked whether the resonance conditions (ii) — (iv)
in (4.23) also have solutions if w = 1 or not. It can readily be verified that
there are no such k£ and n. Therefore, in order to eliminate secular terms in
the solution of the @(e)(V-problem (see (4.21)) Ay and By for 1 < k < 7
have to satisfy

dAko (&) ]{53 (0%

dty 2
dBk() (&) ]{53 (0%

dt; 2

(4.32)

and the other Apy and Bjo functions with 8 < k < o0, derived from the
O(e)@-problem (4.22), satisfy the same equations as for the non-resonant
case (see (4.25)). It is clear from system (4.32), and from system (4.25), that
there are interactions between the first eight modes. For the higher order
vibration modes (i.e. for the 9th vibration mode and higher) there are no
such interactions. Therefore there is no problem with applying the truncation
method as it was in [16] for a string model (without bending stiffhess). For
the case w = m* it is assumed that m* is equal to 3, 5, or 7 (w = m™* is a
resonance frequency from the string model). Following the same procedure as
for the case w = 1, the following equations for Agy and Bjg can be found:

dAo _clk‘3B _g(k—m*)(Qk—%n*—l—l)B
dt, 2m* k0 T m*(2k — m*) (k—m*)0
a(k+m*)(2k +2m* — 1)
By _ ak® , ok m")(2k—2m* +1) (4.33)
dtq T om k0 T m* (2]{: _ m*) (k—m*)0
Lo lkem)(k+2mt —1)
@ m*(2k + m*) (k+m*)0)

for 1 < k < 7 (where Ay and By are assumed to be zero for k < 0). For the
higher order modes (8 < k < 00) system (4.25) still holds. It can be seen from
(4.33) and (4.25) that there are interactions between the first (7 +m*) modes.
For the higher order modes there are no interactions.

To check the stability of the solution the following approach can be used.
From (4.32) and (4.33) it follows that, in general, the equation X = M X has
to be solved, where the vector X contains the unknown functions Ago(t1) and
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Byo(t1), and where M is a corresponding square matrix of the size (7-+m™)
with constant elements. The eigenvalues of the matrix M define the stability
properties of the system. It turns out that for all m* (that is, for m* =
1,3,5,and 7) all eigenvalues of matrix M are purely imaginary or zeros, and
that all solutions are bounded and stable in this case.

The resonant case w = Qg(f) — Qg): a difference type of resonance
One of the difference type of resonances of the stretched beam model (see case
(tv) of (4.23)) will be studied in this subsection. The frequency of the belt
velocity fluctuations w is assumed to be equal to Qg(f) — Qg). The equation
w+ Qg) = :l:Q](f) forn =8,9,... and kK = 8,9,... has only trivial solutions for
n=8and k=9ifw+ Q7 =0 andn =9 and k = 8 if w + Q) = O
(detailed calculations to prove this can be found in [18]). Additionally it has
to be checked whether the resonance conditions (i) — (7i7) in (4.23) also have
solutions if w = Qg) — Qg) or not. It can be verified that there are no such
k and n. Therefore, in order to eliminate secular terms in the solution of the
O(e)@-problem (see (4.22)) Ao and By have to satisfy

ddsy T2 <Qg2> + Qé2)>
= By,
and

dtl 177 9(2)
2 | 0@

dBso _ 120 (0F + O

| dh C 17w Qg) 0
(4.34)

((dAgy 720 (OF +0f

dty, 17« Qg) 0

dByy _ 720 (0F + QP

dy,  17r Qg(f) 50

It can be seen from (4.34) that there are interactions between the 8th and the

9th Vibration modes. In order to avoid secular terms in the solutions of the
O(e)M and O()® -problems if w = Qg) - Qg) the following results were
found. For vibration modes with 1 < k < 7 Aypg and Byg are still given by
(4.24). This can be seen as an influence of the small bending stiffness term

in the O(e)M-problem. For the 8t1 and the 9B vibration modes Agy and
By have to satisfy (4.34). And for the higher order vibration modes with
10 < k < o0 Ago and By have to satisfy (4.25). To check the stability the
eigenvalues of the corresponding matrix M have to be calculated. It turns out
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that all eigenvalues are purely imaginary or zeros, and that all solutions in this
case are bounded and stable.

The resonant case w = le) — Qg): an additional difference type of
resonance

One of the additional difference type of resonances of the beam-string model
(see case (it) of (4.23)) will be studied in this subsection. The frequency of the
(1

belt velocity fluctuations w is assumed to be equal to €23 ) Qg). The equation
w =+ Qg) = :l:Q](cl) forn=28,9,... and k =1,2,...7 has only a trivial solution
for n = 8 and k = 1. Additionally it has to be checked whether the resonance
conditions (7), (4i7) and (4v) in (4.23) also have solutions if w = le) — Qg)
or not. It turns out that there is one solution in case (iii) (see (4.23)): the
equation w + 97(11) = iQ,(f) for k =8,9,... and n = 1,2,...7 has a solution
n=1and k =8if w— QS) = —Q,(f). Therefore, in order to eliminate secular

terms in the solution of the O(e)) and O(¢)® -problems (see (4.21) and
(4.22)) Apo and By have to satisfy

(dAlvOZ_ ‘L p +8_a M B
dtl 29(1) 1,0 637T Q(l) 8,05
' M, o »and
dB1 c1 8a (O + Qg
=—=A o | —F— 8,05
dtq 2le) 637 le)
(4.35)
dAsg _ sa (Y +f)
dtq 637 Qg(;2) 1.0,
dBso __8a (Y 4+l
dty 63 0® b0

It can be seen from (4.35) that there are interactions between the 15! and the
8th vibration modes. In order to avoid secular terms in the solutions of the
O(e)™ and O()® -problems if w = le) — Qg) the following results were
found. For the 15! vibration mode (with k£ = 1) Ago and By are given by the
first system of (4.35). For the vibration modes with 2 < k < 7 Ago and By

are still given by (4.24). For the 8th vibration mode (with k = 8) Ako and Byg
are given by the second system of (4.35). And for the higher order vibration
modes with 9 < k < oo Ago and By have to satisfy (4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solutions in this case are bounded and stable.
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The resonant case w = Qg(f) + Qg): a sum type of resonance

One of the sum type of resonances of the stretched beam model (see case
(iv) of (4.23)) will be studied in this subsection. The frequency of the belt
velocity fluctuations w is equal to Qg(f) + Qg). The equation w £ Qg) = iQ](f)
for n = 8,9,... and k = §8,9,... has only trivial solutions for n = 8 and
k =9, and symmetrically n = 9 and k = 8 if w — Qg) = Q,(f) (detailed
calculations to prove this can be found in [18]). Additionally it has to be
checked whether the resonance conditions (7)—(4i7) in (4.23) also have solutions
or not if w = Qg) + Qg). It can be verified that there are no such k and n.
Therefore, in order to eliminate secular terms in the solution of the O(g)®-
problem (see (4.22)) Ay and By have to satisfy

dAgo  T2a (0 -l 5
dty 17« Qg) 20
dBsy 720 () —Qf

= A
dty 177 Qé(f) 0

\

(4.36)

dAoy 720 [P — )
= 5 Bs o,
dtl 177 Qg() )
dByy 720 () —

= Agp.
dty 177 95(;2) 50

It can be seen from (4.36) that there are interactions between the 8th and the

9t vibration modes. In order to avoid secular terms in the solutions of the
O(e)M and O(e)@ -problems if w = Qg(f) + Qg) the following results were
found. For the vibration modes with 1 < k < 7 Ay and Byg still have to
satisfy (4.24). This can be seen as an influence of the small bending stiffness

term in the O(g)(-problem. For the 8th and the 90 vibration modes Ay
and By have to satisfy (4.36). And for the higher order vibration modes with
10 < k < 0o Ago and Byo have to satisfy (4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some of the solutions in this case are unstable.

)

The resonant case w = le) +Qé2 : an additional sum type of resonance

One of the additional sum type of resonances of the beam-string model (see
case (i1) of (4.23)) will be studied in this subsection. The frequency of the belt
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velocity fluctuations w is assumed to be equal to le) + Qg). The equation
w =+ Qg) = :l:Q,(Cl) forn=28,9,... and k =1,2,...7 has only a trivial solution
forn =8 and k = 1if w — Q) = Q. Additionally it has to be checked
whether the resonance conditions (7), (#47) and (iv) in (4.23) also have solutions
ifw= le) —i—QéQ) or not. It turns out that there is one solution in case (7i7) case
(see (4.23))) : the equation w+ 08 = 0 for k=8,9,... andn =1,2,...7
has a solution n = 1 and &k = 8 if w — lel) = Q,(f). Therefore, in order to

eliminate secular terms in the solution of the O()(") and O(e)® -problems
(see (4.21) and (4.22)) Ayg and By have to satisfy

( dAdip ~  «a B +8_04 le) _Qg) B
dtl - 2951) 1,0 637T le) 8,05
B 8a (o) — @ »and
17026—11410_’__& i St - A8O
dty oo 63w ol w
(4.37)
dAgo  8a (o) —al) 5
dt; 637 Qg(;2) 1.0,
dBsg _ 8a [0V -0 s
— s 1,0-

dt; 631 Qg)

It can be seen from the equations in (4.37) that there are interactions between

the 15t and the 8th vibration modes. In order to avoid secular terms in the
solutions of the O()M) and O(£)?® -problems if w = le) + Qg) the following
results were found. For the 15t vibration mode (with k = 1) Ago and By are

given by the first system of (4.37). For the vibration modes with 2 < k < 7

Apo and By still have to satisfy (4.24). For the 8th Vibration mode (with
k = 8) Ao and By have to satisfy the second system of (4.37). And for the
higher order vibration modes with 9 < k < oo Ay and By have to satisfy
(4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some of the solutions in this case are unstable.

The resonant case w = le) — Qg): an additional difference type of

resonamnce

One of the additional difference type of resonances of the beam-string model
(see case (ii) of (4.23)) will be studied in this subsection. The frequency of the
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belt velocity fluctuations w is assumed to be equal to 9(71) — Qg). The equation

w =+ Qg) = :l:Q,(Cl) forn=28,9,... and k =1,2,...7 has only a trivial solution
n=8and k="Tifw+ QY =Y. Additionally it has to be checked whether
the resonance conditions (), (#4¢) and (7v) in (4.23) also have solutions or not
ifw= Q;l) - Qg). It turns out that there is one solution in case (iii) (see
(4.23)) : the equation w+ Q) = +0 for k =8,9,...andn =1,2,... Thas a
solution n =7 and k = 8 if w — Qg) = —Q,(f). Therefore, in order to eliminate

secular terms in the solution of the O(¢)) and O(g)® -problems (see (4.21)
and (4.22)) Ago and By have to satisfy

((dA7y 12401 560 [ QY + )
i - g DT @ | Pso
1 20 o Q; and
dBry 12401 560 (Q?) + Qg)) ’
= o A70 — T 8,0

dtq QQ; ) 157 Q; ) s
dA&O o 56 le) + Qg) B

dt, 15w 0® oo
dBso  56a (O +af

dty 157 Qé(f) 0

It can be seen from (4.38) that there are interactions between the 7th and the

8th vibration modes. In order to avoid secular terms in the solutions of the
O(e)M and O(e)® -problems if w = le) - Qg) the following results were
found. For the vibration modes with 1 < k < 6 Ayg and By still have to
satisfy (4.24). For the 7th and 8P vibration modes (with k = 7 and k = 8)
Apo and By have to satisfy (4.38). And for the higher order vibration modes
with 9 < k < 0o Ao and By have to satisfy (4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solutions in this case are bounded and stable.

)

The resonant case w = Q;l) +Qé2 : an additional sum type of resonance

One of the additional sum type of resonances of the beam-string model (see
case (i1) of (4.23)) will be studied in this subsection. The frequency of the belt

velocity fluctuations w is assumed to be equal to le) + Qg). The equation

w+t Qg) = iQ,(cl) forn =38,9,... and kK =1,2,...7 has only a trivial solution
n=8and k=T7if w— Qg) = Q,(Cl). Additionally it has to be checked whether
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the resonance conditions (i), (#4¢) and (iv) in (4.23) also have any solutions if
w = le) + Qg) or not. It turns out that there is one solution in case (ii7)
(see (4.23)) : the equation w + ol = :l:Q](f) fork=8,9,...andn=1,2,...7
has a solution n = 7 and k = 8 if w — 97(11) = Q,(f). It was also found for the
case (iv) of (4.23) that n = 20 and k = 27 if w + Q) = O*) and n = 27 and
k=20ifw—QF = - then [w+ QP +0®| =0.0012 < £. This can be
seen as a detuning case if w = le) + Qg). Therefore, in order to eliminate

secular terms in the solution of the O(¢)() and O(e)® -problems (see (4.21)
and (4.22)) Ago and By have to satisfy

(dA7y 12401 560 [ Q) — )
== - B+ 8,05
dty 299) w0 16m le) ’ 4
,an
dBrg _ 12401, 6o A
| dtl - 29;1) 7,0 157 Q,(?]‘) 8,05
4.39
( (1) _ o® 439
dAg 0 56« Q7 — QS
— = B7 0
dty 157 Qg) ’
dBsy 560 (W —
= A7.0,
dty 15m Qz(;Q) ’
and, additionally,
dAwo _ 5400 (QF + gl
dty 3297 0 0
dBypo  5d0a (0P +0f) and
200 _ 540a ( o7 +Q2o> ’o
2 Uy
| dh 3297 ng)
' o (4.40)
dA2770 _ _540a 957) + ng) B
dt, 3297 02 200,
dByry _ 5400 (0 +OF
dt, 3297 0@ 20,0
\ 27

It can be seen from (4.39) and (4.40) that there are interactions between the

70 and the 8th, and the 200 and the 271 vibration modes, respectively.

In order to avoid secular terms in the solutions of the O(e)®) and O(e)® -

problems if w = le) + Qg) the following results were found. For the vibration
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modes with 1 < k < 6 Agp and By are still given by (4.24). For the 7th and

8th vibration modes (with k =7 and k = 8) Ao and By are given by (4.39).
For the vibration modes with 9 < k < 19 and 21 < k < 26 Agg and Byg still
have to satisfy (4.25). For the 20t and 278 vibration modes (with k& = 20
and k = 27) Aio and By have to satisfy (4.40). And for the higher order
vibration modes with 28 < k < 0o Ay and By have to satisfy (4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some of the solutions in this case are unstable.

)

2 .. .
The resonant case w = 2Qg : a principal parametric resonance

One of the principal parametric resonances of the stretched beam model will
be studied in this subsection. The frequency of the belt velocity fluctuations w

is assumed to be equal to 295(;2). The equation w:l:QT(f) = :l:Q](f) forn =38,9,...

and k = 8,9, ... has no solutions. Additionally it has to be checked whether the
)

resonance conditions () — (4i7) in (4.23) also have solutions or not if w = QQéZ .
It can be verified that there are no such k& and n. Therefore, in order to
eliminate secular terms in the solution of the O(e)") and O(g)(M-problems
(see (4.21) and (4.22)) Ayo and By have to satisfy (the same as for the non-
resonant case): (4.24) for 1 < k < 7 and (4.25) for 8 < k < oo. It has already
been shown in [18] that in case of principal parametric resonance the possibility
to have solutions (interactions between vibration modes) for the case (iv) of
(4.23) depends on the value of p. It turns out here that in the particular case

@ = 0.002 (as it was fixed in the beginning) w = 2(21(32) is not a resonance
frequency.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solutions in this case are bounded and stable.

4.5 Application of the method and with a relative
error of 3%

In this section the non-resonant and some resonant cases will be studied when
the relative error in the frequencies is at most 3%. From Table 4.1 it can be
seen that the original problem (4.5) can now be split up into two models. The
'string’ model (see (4.12)) for 1 < k < 5 and the ’stretched beam’ model (see
(4.13)) for 6 < k < co. From (4.21) and (4.22) it can readily be seen that there
are infinitely many values of w that can give rise to internal resonances. If the
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relative error is 3% these values are (in an O(e) neighbourhood of):

(4.41)

4.5.1 The non-resonant case

In this case it is assumed that the frequency w of the velocity-fluctuations of
the axially moving continuum is not equal to any combination of the resonance
frequencies as listed in (4.41). To eliminate the secular terms in the solution of
the O(e)M-problem and the O(g)®-problem it follows that Ay and Bjg have
to satisfy equations (4.24) for 1 < k < 5 and equations (4.25) for 6 < k < oo.
In this case system (4.24) can again be seen as some sort of slow time (t1)
correction in the string model frequency for the first five vibration modes due
to presence of the small bending stiffness term in the O(g)()-problem.

4.5.2 Some resonant cases

The same resonant cases (see (4.31)) as in Section 4.4 will be investigated in
this subsection.

The resonant case w = m*, where m”* is equal to 1, 3, 5 or 7

First, the case w = m* = 1 (the first “string” resonance frequency ) will be

studied. It was shown in [16] that the case () in (4.23), i.e. w+ o) = iQ,(:),
with n,k = 1,2,...,5, and w = 1 has solution: k. =n+1land k=n—1.
Additionally it has to be checked whether the resonance conditions (ii) — (iv)
in (4.41) also have solutions if w = 1 or not. It can readily be verified that
there are no such k£ and n. Therefore, in order to eliminate secular terms in the
solution of the O(g)(M-problem (see (4.21)) Ago and By have to satisfy (4.32)
for 1 < k <5 and (4.25) for 6 < k < oo . It is clear from system (4.32) and
from system (4.25) that there are interactions between the first six modes. For

the higher order vibration modes (i.e. for the 7th vibration mode and higher)
there are no such interactions. Therefore there is no problem with applying
the truncation method as it was in [16]. For the case w = m* it is assumed
that m* is equal to 3, 5 or 7 ( w = m* is a resonance frequency for the string
model). Following the same procedure as for the case w = 1, it was found that
Ago and By have to satisfy (4.33) for 1 < k < 5 and (4.25) for the higher
order modes (6 < k < 00). It can be seen from (4.33) and (4.25) that there are
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interactions between first (5 + m*) modes. For the higher order modes there
are no such interactions.

To check the stability of the solution the following approach can be used.
From (4.33) it follows that, in general, the equation X = MX has to be
solved, where vector X contains unknown Ayo(t1) and Byo(t1), vector X con-
tains Ago(t1) and Byo(t1), and M is a corresponding square matrix of the size
(5+m*). The eigenvalues of the matrix M define the stability properties of the
system. It was found that for all m* (that is, for m* = 1,3,5,and 7) all eigen-
values of the matrix M are purely imaginary or zeros, and that all solutions
are bounded and stable in this case.

The resonant case w = Qg(f) — Qg): a difference type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
Qg(f) — Qg). The equation w =+ Qg) = :I:Q](f) forn =16,7,... and k =6,7,...
has only trivial solutions n = 8 and k =9 if w + Q,(f) = Q,(f) and n = 9 and
k=8if w+ 9 = QP Therefore Apy and Byg for the 81 and the 9th

vibration modes (k = 8 and k = 9) still have to satisfy (4.34). Additionally
it has to be checked whether the resonance conditions (i) — (¢i7) in (4.41) also

have solutions if w = Qg(f) — Qg) or not. It was found for the cases (i) and
(7i1) of (4.41) that if n = 6 and k = 5 if w — P = —Q,(gl), and n = 5 and

k=6if w0l =0 then |w+ 0P + 0| = 0.0071 < e. This can be seen

as a detuning case if w = Qg) — Qg). To avoid secular terms in the solution
of the O()M) and O(e)@-problems Ay and By have to satisfy
dA570 _ 6154 _ 30« Qém + Qél)
dtl 29(1) 5,0 117 Q(l) 6,05
’ (2) , o and
dB570 o 6154 A 4 30 Q6 + Q5 A
dtl - 2le) 5,0 117 le) 6,0,
(4.42)
((dAso _ 300 (o 0V
dty 117 Q((;Q) o0
dBso  30a [ + 0l
{ dt; 11w Qg) 50

It can be seen from (4.34) and (4.42) that there are interactions between the

8th and the 9th, and between the 58 and the 61 vibration modes. Finally,
in order to avoid secular terms in the solutions of the O(¢)M) and O(¢)? -

problems if w = Qg) — Qg) the following results were found. For vibration
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modes with 1 < k <4 Ay and By are still given by (4.24). This can be seen
as an influence of the small bending stiffness term in the O(g)()-problem. For
the 5t and the 6t vibration modes Ago and By have to satisfy (4.42). For
the 81 and the 91 vibration modes Apo and By have to satisfy (4.34). And
for the vibration modes with £k = 7 and 10 < k < oo Apg and By have to
satisfy (4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

The resonant case w = le) — Qg): an additional difference type of

resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
ol — . The equation w + Q) = 0 for n=6,7,... and k =1,2,...5
has only a trivial solution n =8 and k =1 if w + Qg) = Q,(:). Additionally it
has to be checked whether the resonance conditions (4), (¢7) and (iv) in (4.41)
also have solutions if w = le) — Qg) or not. It turns out that there is one
solution in case (iii) (see (4.23)) : n =1 and k = 8 if w — ol = —Q](f).
Therefore, in order to avoid secular terms in the solutions of the O()(®) and
O(e)? -problems if w = le) — Qg) the following results were found. For the
15 vibration mode (with k = 1) Agg and By are given by the first system of
(4.35). For the vibration modes with 2 < k < 5 Ay and By are still given
by (4.24). For the 8th vibration mode (with k = 8) Ao and By are given by
(4.35). And, finally, for the vibration modes with & = 6,7 and for the higher
order vibration modes with 9 < k < oo Ao and By have to satisfy (4.25).
It can be seen from (4.35) that there are interactions between the 15! and the
8th vibration modes in this case.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

)

The resonant case w = Qg(f) + Qg : a sum type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
Qg(f) + Qg). The equation w + Qg) = :I:Q](f) forn =6,7,... and k =6,7,...
has only trivial solutions: n = 8 and k = 9, and symmetrically n = 9 and k = 8
if w— Qg) = Q,(f). Additionally it has to be checked whether the resonance

conditions (i) — (i4¢) in (4.41) also have any solutions if w = Qg(f) —I—Qg) or not.



4.5. Application of the method and with a relative error of 3% 65

It can readily be verified that there are no such k£ and n. Therefore, in order to
eliminate secular terms in the solution of the @(¢)() and O(g)?-problems (see
(4.21) and (4.22)) Axo and By have to satisfy the following. For the vibration
modes with 1 < k < 5 Agg and By are still given by (4.24). For the 8th and
the 91 vibration modes (with £ = 8 and k = 9) Ay and By are given by
(4.36). And, finally, for the vibration modes with & = 6,7 and for the higher
order vibration modes with 10 < k < oo App and By have to satisfy (4.25).
It can be seen from (4.36) that there are interactions between the 85 and the
gth

vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some of the solutions in this case are unstable.

The resonant case w = le) —|—Qg2): an additional sum type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
le) + Qg). The equation w =+ Qg) = :I:Q,(:) forn=6,7,...and k =1,2,...5
has only a trivial solution n = 8 and k = 1 if w — Q) = V). Additionally it
has to be checked whether the resonance conditions (4), (ii7) and (iv) in (4.41)
also have any solutions if w = le) + Qg) or not. It turns out that there is one
solution in case (i77) (see (4.23)) : the equation wtQ) = iQ,(f) fork=6,7,...
andn =1,2,...5hasasolutionn=1and k =8 ifw—lel) = Q,(f). Therefore,
in order to eliminate secular terms in the solution of the O()") and O(g)®
-problems (see (4.21) and (4.22)) Axo and By have to satisfy the following.
For the 15% vibration mode (with k = 1) Ayo and By are given by the first
system of (4.37). For the vibration modes with 2 < k < 5 Ay and Byg are

still given by (4.24). For the 8th vibration mode (with & = 8) Ayg and By
are given by the second system of (4.37). And, finally for the vibration modes
with & = 6,7 and for the higher order vibration modes with 9 < k < oo Agg
and By have to satisfy (4.25). It can be seen from equations (4.37) that there

are interactions between the 15t and the Sth vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some the solutions in this case are unstable.
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The resonant case w = 9(71) — Qg): an additional difference type of

resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
9(71) — Qg). The equation w £ Qg) = :I:Q,(:) forn=6,7,...and k=1,2,...5
has no solution for k£ and n if w + Qg) = Q](Cl). Additionally it has to be
checked whether the resonance conditions (7), (#i7) and (iv) in (4.41) also have

solutions if w = le) — Qg) or not. It turns out that there are no such k£ and
n. Therefore, in order to eliminate secular terms in the solution of the O (&)™)
and O()® -problems (see (4.21) and (4.22)) Ao and By have to satisfy the
following. For the vibration modes with 1 < k < 5 Ay and By are still given
by (4.24). And for the higher order vibration modes with 6 < k < oo Ao and
By have to satisfy (4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

) 1L 0@

The resonant case w = le +€g’: an additional sum type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
9(71) + Qg). The equation w £ Qg) = :I:Q,(:) forn=6,7,...and k=1,2,...5
has no solution for n and k. Additionally it has to be checked whether the
resonance conditions (7),(7i7) and (iv) in (4.41) also have solutions if w =
le) + Qg) or not. It turns out that there are solutions in case (iv) (see
(441)): n =20 and k = 27 if w + QF) = QP and n = 27 and k = 20 if
w— P = —Q](f) (then |w + 0P + Q,(€2)| = 0.0012 < ). This can be seen as a
detuning case if w = 9(71) —I—Qg). Therefore, in order to eliminate secular terms
in the solution of the O(e)") and O(g)® -problems (see (4.21) and (4.22)) Axg
and By have to satisfy the following. For the vibration modes with 1 < k < 5
Apo and By are still given by (4.24). For the vibration modes with 6 < k£ < 19
and 21 < k < 26 Ayg and By are still given by (4.25). For the 200 and the
27th Vibration modes (with & = 20 and k = 27) Ay and By are given by
(4.40). And for the higher order vibration modes with 28 < k < oo Ay and
By have to satisfy (4.25). It can be seen from equations (4.40) that there are
interactions between the 20! and the 278 vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.
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)

2 .. .
The resonant case w = 2Qg : a principal parametric resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
299. The equation w + Qg) = :l:Q](f) forn=6,7,... and k =6,7,... has no
solutions. Additionally it has to be checked whether the resonance conditions
(1) — (i4i) in (4.41) also have solutions if w = 29%2) or not. It can be verified
that there are no such k£ and n. Therefore, in order to eliminate secular terms
in the solution of the O(¢)M) and O(e)M-problems (see (4.21) and (4.22)) Ago
and Byo have to satisfy (the same as for the non-resonant case): (4.24) for
1 < k <5 and (4.25) for 6 < k < oo. It has been already shown in [18]
that in case of principal parametric resonance the possibility to have solutions
(interactions between vibration modes) for the case (iv) of (4.41) depends on
value of p. It was shown here that in particular case p = 0.002 and relative
error of 3% (as it was fixed in the beginning) w = 2Qg2) is not a resonance
frequency in that case as it also was not in Section 4.4.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

4.6 Application of the method with a relative error
of 1%

In this section the non-resonant and some resonant cases will be studied when
the relative error in the frequencies is at most 1%. From Table 4.1 it can
be seen that the original problem (4.5) can now be split up (with an error of
1%) into two models. The ’string’ model (see (4.12)) for 1 < k < 3 and the
'stretched beam’ model (see (4.13)) for 4 < k < co. From (4.21) and (4.22)
it can readily be seen that there are infinitely many values of w that can give
rise to internal resonances. If the relative error is 1% these values are (in an
O(e) neighbourhood of):

(4.43)

4.6.1 The non-resonant case

In this case it is assumed that the frequency w of the velocity-fluctuations of
the axially moving continuum is not equal to any combination of the resonance
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frequencies as listed in (4.43). To eliminate the secular terms in the solution
of the O(e)M-problem and the O(e)®-problem it follows that Ay and By
have to satisfy (4.24) for 1 < k < 3 and (4.25) for 4 < k < 0.

In this case system (4.24) can again be seen as some sort of slow time (¢1)
correction in the string model frequency for the first three vibration modes due
to presence of the small bending stiffness term in the O(¢)M)-problem.

4.6.2 Some resonant cases

The same resonant cases (see (4.31)) as in Section 4.4 will be investigated in
this subsection.

The resonant case w = m*, where m”* is equal to 1, 3, 5 or 7

First, the case w = m* = 1 (the first “string” resonance frequency ) will be

studied. It was shown in [16] that the case () in (4.23), i.e. w+ o) = iQ,(:),
with n,k = 1,2,3 and w = 1 has solution: k = n+1and k =n—1 .
Additionally it has to be checked whether the resonance conditions (ii) — (iv)
in (4.43) also have solutions if w = 1 or not. It can readily be verified that
there are no such k£ and n. Therefore, in order to eliminate secular terms in
the solution of the O()M-problem (see (4.21)) Ago and Byg have to satisfy
(4.32) for 1 < k < 3 and (4.25) for 4 < k < oo . It is clear from system
(4.32) and from system (4.25) that there are interactions between the first four

modes. For the higher order vibration modes (i.e. for the 5t0 vibration mode
and higher) there are no such interactions. Therefore there is no problem with
applying the truncation method as it was in [16]. For the case w = m* it is
assumed that m™* is equal to 3, 5 or 7 (w = m* is a resonance frequency for the
string model). Following the same procedure as for the case w = 1, Ayo and
By for m* = 3,5 have to satisfy (4.33) for 1 < k < 3 and (4.25) for the higher
order modes (4 < k < 00). It can be seen from (4.33) and (4.25) that there are
interactions between first (3 + m*) modes. For the higher order modes there
are no such interactions. For m* =7 w = m™ is not a resonance frequency in
this case.

To check the stability of the solution the following approach can be used.
From (4.33) it follows that, in general, the equation X = MX has to be
solved, where vector X contains unknown Agg(¢1) and Bgo(t1), vector X con-
tains Ago(t1) and Byo(t1), and M is a corresponding square matrix of the size
(3+m*). The eigenvalues of the matrix M define the stability properties of
the system. It was found that for all m* (that is, for m* = 1,3,5,and 7) all
eigenvalues of the matrix M are purely imaginary or zeros. That means that
the solution is bounded and uniformally stable.
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The resonant case w = Qg(f) — Qg): a difference type of resonance
The frequency of the belt velocity fluctuations w is assumed to be equal to
0P — P Bquation w+ Q) = 40 for n = 4,5,... and k = 4,5,... has
only trivial solutions n = 8 and k = 9 if w + Qg) = Q,(f) and n = 9 and
k=8if w+ QP = QP Therefore Apy and By for the 80 and the 9th
vibration modes (k = 8 and k£ = 9) still have to satisfy (4.34). Additionally
it has to be checked whether the resonance conditions (i) — (7i7) in (4.43) also
have solutions if w = Qg(f) — Qg) or not. It can be verified that there are no
such k£ and n. Therefore, in order to avoid secular terms in the solutions of
the O(e)) and O(e)@ -problems if w = Qg) - Qg) the following results were
found. For vibration modes with 1 < k < 3 Ayg and Byg are still given by
(4.24). This can be seen as an influence of the small bending stiffness term
in the O(¢)(M-problem. For the 8th and the 9N vibration modes Agy and
By have to satisfy (4.34). And for the vibration modes with 4 < k < 7 and
10 < k < 0o Agp and By have to satisfy (4.25). It can be seen from (4.34)
that there are interactions between the 8t and the 9! vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

The resonant case w = le) — Qg): an additional difference type of

resonamnce

The frequency of the belt velocity fluctuations w is assumed to be equal to
oV — 0. The equation w + Q) = 0 for n = 4,6,... and k = 1,2,3
has only a trivial solution for n = 8 and k = 1. Additionally it has to be
checked whether the resonance conditions (i), (i74) and (iv) in (4.43) also have
any solutions if w = le) —Qg) or not. It turns out that there is one solution in
case (i77) (see (4.23)): n=1and k =8 if w—Qf) = —Q,(f). Therefore, in order
to avoid secular terms in the solutions of the O(g)") and O(g)® -problems if
w = le) — Qg) the following results were found. For the 15¢ vibration mode
(with & = 1) Agp and Byg are given by the first system of (4.35). For the
vibration modes with 2 < k < 3 Ay and By are still given by (4.24). For the

8th vibration mode (with k = 8) Ao and Byg are given by (4.35). And, finally,
for 4 < k < 7 and for the higher order vibration modes with 9 < k < 0o Agg
and By have to satisfy (4.25). It can be seen from equations (4.35) that there
are interactions between the 150 and the 8t vibration modes in this case.

To check the stability the eigenvalues of the corresponding matrix M have
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to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

)

The resonant case w = Qg) + Qg : a sum type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
(ng) n Qﬁf)). The equation w0 = £0®) forn = 4,5, and k = 4,5, ...
has only trivial solutions: n = 8 and k = 9, and symmetrically n = 9 and k = 8
if w— Q,(f) = Q](f). Additionally it has to be checked whether the resonance
conditions (i) — (4i7) in (4.43) also have solutions if w = Qg) + Qg) or not. It
can be verified that there are no such k and n. Therefore, in order to eliminate
secular terms in the solution of the O()M) and O(e)?-problems (see (4.21)
and (4.22)) Ay and By have to satisfy the following. For the vibration modes
with 1 < k < 3 Ago and By are still given by (4.24). For the 8t1' and the
9th yibration mode (with k = 8 and k = 9) Ago and By are given by (4.36).
And, finally, for 4 < k < 7 and for the higher order vibration modes with
10 < k < 0o Agp and By have to satisfy (4.25). It can be seen from (4.36)
that there are interactions between the 85 and the 9t vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some of the solutions in this case are unstable.

The resonant case w = le)—i-Qg): an additional sum type of resonance
The frequency of the belt velocity fluctuations w is assumed to be equal to
oV + 0P The equation w + QF) = 0 for n = 4,5,... and k = 1,2,3
has only a trivial solution n =8 and k =1 if w — Qg) = Q,(:). Additionally it
has to be checked whether the resonance conditions (7), (¢i7) and (iv) in (4.43)

also have any solutions if w = le) + Qg) or not. It cam be verified that there

is one solution for (iii) case : the equation w =+ ol = iQ,(f) for k =4,5,...
and n = 1,2,3 has a solution n =1 and k = 8 if w — Qg) = Q](f). Therefore,
in order to eliminate secular terms in the solution of the @(¢)(!) and O(g)?
-problems (see (4.21) and (4.22)) Ago and By have to satisfy the following.
For the 15% vibration mode (with & = 1) Ayo and By are given by the first
system of (4.37). For the vibration modes with 2 < k < 3 Ay and Byg are

still given by (4.24). For the 8t vibration mode (with k = 8) Ay and Bio
are given by the second system of (4.37). And, finally for the vibration modes
with 4 < k < 7 and for the higher order vibration modes with 9 < k < oo
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Ao and By have to satisfy (4.25). It can be seen from (4.37) that there are

interactions between the 150 and the 8t® vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some of the solutions in this case are unstable.

The resonant case w = 9(71) — Qg): an additional difference type of

resonamnce

The frequency of the belt velocity fluctuations w is assumed to be equal to
Ol — . The equation w+ Q) =+ for n =4,5,... and k = 1,2,3 has
no solution for k£ and n. Additionally it has to be checked whether the resonance
conditions (i), (i74) and (iv) in (4.43) also have solutions if w = 9(71) - Qg) or
not. It can be verified that there is no such k& and n. Therefore, in order to
eliminate secular terms in the solution of the O()") and O(¢)® -problems
(see (4.21) and (4.22)) Ao and By have to satisfy the following. For the
vibration modes with 1 < k < 3 Agp and By are still given by (4.24). And for
the higher order vibration modes with 4 < k& < 0o Ay and Bjg have to satisfy
(4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

)

The resonant case w = le) —|—Qg2 : an additional sum type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
9(71) + Qg). The equation w+ Qg) = :I:Q](Cl) forn =4,5,... and k =1,2,3 has
no solution for n and k. Additionally it has to be checked whether the resonance
conditions (¢), (47) and (iv) in (4.43) also have solutions if w = le) + Qg) or
not. It turns out that for the case (iv) in (4.43) there are solutions: n = 20
and k=27 if w+ QP = 0P and n = 27 and k = 20 if w — QY = -0,
In this case |w + Qg) + Q,(f)\ = 0.0012 < e. This can be seen as a detuning
case if w = 9(71) + Qg). Therefore, in order to eliminate secular terms in the
solution of the O()™ and O(e)® -problems (see (4.21) and (4.22)) Ago and

Bio have to satisfy the following. For the vibration modes with 1 < k < 3 Axg
and By are still given by (4.24). For the vibration modes with 4 < k& < 19

and 21 < k < 26 Ayg and By are still given by (4.25). For the 200 and the

27th Vibration modes (with & = 20 and k = 27) Ay and By are given by
(4.40). And for the higher order vibration modes with 28 < k < oo Ao and
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By have to satisfy (4.25). It can be seen from equations (4.40) that there are
interactions between the 20th and the 27th vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

2 .. .
The resonant case w = QQé ): a principal parametric resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
2Qg2). The equation w £ Qg) = :I:Q](f) forn=4,5,... and k =4,5,... has no
solutions. Additionally it has to be checked whether the resonance conditions
(7) — (4i7) in (4.43) also have any solutions if w = 2Qé2) or not. It turns out
that there are no such k£ and n. Therefore, in order to eliminate secular terms
in the solution of the O()™ and O(e)M-problems (see (4.21) and (4.22)) Ago
and By have to satisfy (the same as for the non-resonant case): (4.24) for
1 <k < 3 and (4.25) for 4 < k < oo. It has been already shown in [18]
that in case of principal parametric resonance the possibility to have solutions
(interactions between vibration modes) for the case (iv) of (4.41) depends on
value of p. It was shown here that in particular case p = 0.002 and relative
error of 1% (as it was fixed in the beginning) w = 2Qg2) is not a resonance
frequency in this case as it was also not in Sections 4.4 and 4.5.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

4.7 Application of the method with a relative error
of 0.1%

In this section the non-resonant and some resonant cases will be studied when
the relative error in the frequencies is at most 0.1%. From Table 4.1 it can
be seen that the original problem (4.5) can now be split up (with an error
of 0.1%) into two models. The ’string’ model (see (4.12)) for k£ = 1 and the
'stretched beam’ model (see (4.13)) for 2 < k < co. From (4.21) and (4.22)
it can readily be seen that there are infinitely many values of w that can give
rise to internal resonances. If the relative error is 0.1% these values are (in an
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O(e) neighbourhood of):

i) wx0P =20W forn k=1,

(i) wx0?P =20W fork=1andn=2,3,..., o
(@) w0V =40 forn=1and k=2,3,..., (4.44)
(iv) w:l:Qg) ::tﬂl(f), forn=2,3,... ,and k =2,3,....

4.7.1 The non-resonant case

In this case it is assumed that the frequency w of the velocity-fluctuations of
the axially moving continuum is not equal to any combination of the resonance
frequencies as listed in (4.44). To eliminate the secular terms in the solution of
the O(e)-problem and the O(g)®-problem it follows that Ay and By have
to satisfy (4.24) for £k = 1 and (4.25) for 2 < k < oco. In this case system (4.24)
can again be seen as some sort of slow time (¢1) correction in the string model
frequency for the first vibration mode due to presence of the small bending
stiffness term in the O(g)(M-problem.

4.7.2 Some resonant cases

The same resonant cases (see (4.31)) as in Section 4.4 will be investigated in
this subsection.

The resonant case w = m*, where m* is equal to 1, 3, 5 or 7

First, the case w = m* = 1 (the first “string” resonance frequency ) has to be

studied. Equation w + Q,Sll) = :I:Q,(Cl), with n,k =1 and w = 1 has no solution
solution for n and k . Additionally it has to be checked whether the resonance
conditions (ii) — (iv) in (4.44) also have solutions if w = 1 or not. It can be
verified that there are no such k and n. Therefore, in order to eliminate secular
terms in the solution of the O(¢)™-problem (see (4.21)) Ay and By have to
satisfy (4.24) for k = 1 and (4.25) for 2 < k < oo . For the case w = m* it is
assumed that m* is equal to 3, 5 or 7 (w = m* is a resonance frequency from
the string model). Following the same procedure as for the case w = 1, Ay
and By have to satisfy (4.24) for k = 1 and (4.25) for the higher order modes
(2 < k < 00). There are no interactions in that case.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.
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)

The resonant case w = Qg) — Qg : a difference type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
Qg(f) — Qg). Equation w + Qg) = :I:Q](f) forn=23,... and k = 2,3,... has

only trivial solutions n = 8 and k =9 if w + Qg) = Q,(f), andn=9and k=8

if w+Q§12) = Q,(f). Therefore Agg and Byg for the the 8th and the 90 vibration
modes (k = 8 and k = 9) still have to satisfy equations (4.34). Additionally
it has to be checked whether the resonance conditions (i) — (¢i7) in (4.44) also
have any solutions if w = Qg) — Qg) or not. It turns out that there are no
such k£ and n. Therefore, in order to avoid secular terms in the solutions of
the O(e)™) and O(¢)? -problems if w = Qg) — Qg) the following results were
found. For the first vibration mode with £k =1 Ay and By are still given by
(4.24). This can be seen as an influence of the small bending stiffness term
in the O(e)-problem. For the 8th and the 9B vibration modes Ay and
By have to satisfy (4.34). And for the vibration modes with 2 < k& < 7 and
10 < k < 0o Ak and By have to satisfy (4.25). It can be seen from equations
(4.34) that there are interactions between the 8th and the 9t1 vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

The resonant case w = le) — Qg): an additional difference type of

resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
oV — 0. The equation w + QP = £ for n = 2,3,... and k = 1 has
only a trivial solution n = 8 and & = 1 if w + Qg) = Q,(Cl). Additionally it
has to be checked whether the resonance conditions (7), (7i¢) and (iv) in (4.44)
also have solutions if w = le) — Qg) or not. It turns out that there is one
solution in case (iii) (see (4.23)) : n =1 and k = 8 if w — ol = —Q](f).
Therefore, in order to avoid secular terms in the solutions of the O()(®) and

O()® -problems if w = le) — Qg) the following results were found. For the

15 vibration mode (with k = 1) Agg and By are given by the first system of

(4.35). For the 8th vibration mode (with & = 8) Ago and By are given by
(4.35). And, finally, for the vibration modes with 2 < k& < 7 and for the higher
order vibration modes with 9 < k < oo Ago and By have to satisfy (4.25).
It can be seen from (4.35) that there are interactions between the 15t and the
8th vibration modes in this case.

To check the stability the eigenvalues of the corresponding matrix M have
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to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

The resonant case w = Qg) + Qg): a sum type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
Qg(f) + Qg). The equation w =+ Qg) = :I:Q](f) forn=23,...and k =2,3,...
has only trivial solutions: n = 8 and k = 9, and symmetrically n = 9 and k = 8
if w— Qg) = Q,(f). Additionally it has to be checked whether the resonance
conditions (i) — (i4i) in (4.44) also have solutions if w = ng) + Qg) or not. It
can be verified that there are no such k and n. Therefore, in order to eliminate
secular terms in the solution of the O()(") and O(e)?-problems (see (4.21)
and (4.22)) Ayo and By have to satisfy the following. For the first vibration
mode with k = 1 Ago and By are still given by (4.24). For the 8th and the
9th vibration modes (with k =8 and k = 9) Ao and By are given by (4.36).
And, finally, for the vibration modes with 2 < k < 7 and for the higher order
vibration modes with 10 < k < oo Ayg and By have to satisfy (4.25). It can
be seen from (4.36) that there are interactions between the 85 and the gth
vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some of the solutions in this case are unstable.

The resonant case w = le) —|—Qg2): an additional sum type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
le) —i—QéQ). The equation wiQ,(f) = iQ,(cl) forn=2,3,... and k£ = 1 has only
a trivial solution n = 8 and k = 1 if w — Qg) = Q,(cl). Additionally it has to
be checked whether the resonance conditions (7), (¢i¢) and (iv) in (4.44) also
have solutions if w = le) + QE(;Q) or not. It turns out that there is one solution
in case (7ii) (see (4.23)) : the equation w £ o) = iQf) for k =2,3,... and
n = 1 has a solution n =1 and k = 8 if w — QS) = Q,(f). Therefore, in order
to eliminate secular terms in the solution of the O(¢)™) and O(¢)® -problems
(see (4.21) and (4.22)) Ago and By have to satisfy the following. For the 150
vibration mode (with & = 1) Ao and By are given by the first system of
(4.37). For the 8th vibration mode (with k = 8) Ay and Byg are given by the
second system of (4.37). And, finally for the vibration modes with 2 < k <7
and for the higher order vibration modes with 9 < k < oo Agg and By have to
satisfy (4.25). It can be seen from (4.37) that there are interactions between
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the 150 and the 81 vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that some of the eigenvalues have positive real
parts, and that some of the solutions in this case are unstable.

The resonant case w = 9(71) — Qg): an additional difference type of

resonamnce

The frequency of the belt velocity fluctuations w is assumed to be equal to
(99) _ Qﬁf)). The equation w £ Q2 = £0") for n =23 ... and k = 1 has
no solution for k£ and n. Additionally it has to be checked whether the resonance
conditions (i), (i44) and (iv) in (4.44) also have solutions if w = le) - Qg) or
not. It can be verified that there is no such k& and n. Therefore, in order to
eliminate secular terms in the solution of the O(¢)) and O(¢)® -problems
(see (4.21) and (4.22)) Ago and By have to satisfy the following. For the 15
vibration mode (with &k = 1) Agp and By are still given by (4.24). And for
the higher order vibration modes with 2 < k < 0o Ay and By have to satisfy
(4.25).

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

) 1L 0@

The resonant case w = le +€g’: an additional sum type of resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
9(71) + Qg). The equation w + Q,(f) = iQ](Cl) forn=2,3,... and k =1 has no
solution for n and k. Additionally it has to be checked whether the resonance
conditions (i), (i74) and (iv) in (4.43) also have solutions if w = 9(71) + Qg) or
not. That was found that the case (iv) in (4.43) have two solutions: n = 20
and k=27 if w+ QY = QP and n = 27 and k = 20 if w — QY = -0
In this case |w + Qg) + Q](f)\ = 0.0012 < e. This can be seen as a detuning
case if w = le) + Qg). Therefore, in order to eliminate secular terms in the
solution of the O(e)) and O(e)? -problems (see (4.21) and (4.22)) Ay and
By have to satisfy the following. For the 18 vibration mode (with k = 1) Axo
and By are still given by (4.24). For the vibration modes with 2 < k£ < 19 and
21 < k < 26 Ay and By are still given by (4.25). For the 200 and the 27th
vibration modes (with £ = 20 and k = 27) Ayo and By are given by (4.40).
And for the higher order vibration modes with 28 < k < 0o Ayg and By have
to satisfy (4.25). It can be seen from (4.40) that there are interactions between



4.8. Stability properties of the system 7

the 202 and the 278 vibration modes.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

)

2 o . .
The resonant case w = QQé : a principal parametric resonance

The frequency of the belt velocity fluctuations w is assumed to be equal to
2Qg2). The equation w =+ Qg) = :I:Q,(f) forn=2,3,... and k =2,3,... has no
solutions. Additionally it has to be checked whether the resonance conditions
(1) — (i4i) in (4.44) also have solutions if w = 2Qé2) or not. It turns out that
there are no such k£ and n. Therefore, in order to eliminate secular terms in the
solution of the O()M) and O(e)(M-problems (see (4.21) and (4.22)) Ao and
By have to satisfy (the same as for the non-resonant case): (4.24) for k = 1
and (4.25) for 2 < k < oo. It has been already shown in [18] that in case of
principal parametric resonance the possibility to have solutions (interactions
between vibration modes) for the case (iv) of (4.44) depends on value of u. It
was shown here that in particular case p = 0.002 and relative error of 0.1% (as

it was fixed in the beginning) w = 295(;2) is not a resonance frequency in that
case as it was not in sections 4.4, 4.5, and 4.6.

To check the stability the eigenvalues of the corresponding matrix M have
to be calculated. It turns out that all eigenvalues are purely imaginary or
zeros, and that all solution in this case are bounded and stable.

4.8 Stability properties of the system

To verify the method which was proposed in this chapter the following approach
will be used. Stability properties of the solutions which were derived in Sections
4.4, 4.5, 4.6, and 4.7 will be compared with the stability properties of the exact
solution of the problem (4.5) (the exact solution can be found in [18]). The
exact solution can readily be found for the same resonance frequencies (4.31)
and stability properties can also be checked. Table 4.2 represents stability
properties for the cases with the relative errors in frequencies at most of 5%,
3%, 1%, 0.1%, and 0.0% (the exact solution of the problem (4.5)). It can be
seen that the stability properties remain the same for almost all these cases
and correspond to the stability properties of the exact solution of the problem.
For the case w = le) + Qg) (see Table 4.2) and relative error of at most 5%
the solution is unstable. On the other hand, for the same frequency but with
better accuracy (relative error of 3%, 1%, and 0.1%) the solution is stable. That
corresponds also the exact solution of the problem. This happend because the
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resonance frequencyw = 9(71) + Qg) was derived from the combination of the

string and the stretched beam models. For the case of the relative error of 5%
(Section 4.4) value le) is still in the region of the string model. For the other
cases the region of the string model is smaller, so that this combination is not a
resonance frequency anymore. It can also be seen from Table 4.2 that difference
type of resonances are stable and sum type or resonances are unstable. That

behaviour corresponds the stability properties of the exact solution which was
found in [18].

exact
relative error 5% 3% 1% 0.1% 0.0%
frequency w (see(18])

w=m*,

m*=1,35and 7| stable stable stable stable stable

w = Qg) - Qg) stable stable stable stable stable

w= le) - Qg) stable stable stable stable stable

w:ng) —I—Qg) unstable | unstable | unstable | unstable | unstable

w:le) —I—Qg) unstable | unstable | unstable | unstable | unstable

w = le) - Qg) stable stable stable stable stable

w = le) + Qg) unstable stable stable stable stable

w = 29%2) stable stable stable stable stable

Table 4.2: Stability properties of the solutions.

4.9 Conclusions and remarks

In this chapter an initial-boundary value problem for a linear equation, de-
scribing an axially moving stretched beam has been studied. This equation
can be used as a model for the transversal vibrations of a conveyor belt sys-
tem. The axially moving belt is assumed to move in one direction with a
non-constant speed V (1), that is, V(7) = e(Vy + asin(w)), where 0 < ¢ < 1,
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and where Vj, @ and w are positive constants. For Vj it is assumed that Vy > 0
and Vp > |a|. A new model approach describing the transient “from string to
beam” behaviour, based on the calculations of the natural frequencies has been
proposed. The influence of the bending stiffness on the stability properties of
the solution of the problem has been studied.

Depending on the natural frequencies the original problem is split up into
two submodels: a string model for the lower frequencies and a stretched beam
model for the higher frequencies. Each submodel has its own physical and
mathematical properties. For the string model, for instance, the discussion
on the applicability of the truncation method is not (mathematically) rele-
vant anymore (see also [16]). In this combination model the submodels are
interacting due to internal resonances, and the model equations depend on
the frequencies and on the vibration mode numbers. The proposed model is
a more realistic approach to describe the dynamical behaviour of a travelling
continuum as the bending stiffness becomes more important for the higher or-
der vibration modes. For the lower frequencies the bending stiffness can be
neglected and the string equation can be used. The regions of applicability of
the simplified models were found for different values of the bending stiffness
parameter and for different values of the relative errors in the frequencies. It
turns out that there are infinitely many values of w that give rise to internal
resonances in the axially moving belt system. In fact, that happens when w
is equal to any sum or difference combination of the natural frequencies of
the string and (or) the stretched beam equations. In the non-resonant case
it can clearly be seen that for the lower frequencies (when the string model
is used) the perturbation approach leads to improvements in the frequencies
taking into account the small bending stiffness. The formal approximations
of the solution and the stability properties in some resonant cases have been
determined for four different values of the relative error in the frequencies: 5%,
3%, 1% and 0.1%. It can be concluded that the properties of the studied prob-
lem remain the same and correspond to the properties of the exact solution of
the problem (4.5) when the relative errors in the frequencies are less than 5 %.
An important implication of the results as presented in Chapter 4 is that for
these type of problems the use of only string-like models is not appropriate.
To describe the dynamics of these type of conveyor belt problems correctly one
has to include bending stiffness in the model (also when the bending stiffness
is assumed to be small).

It has also to be noticed that the introduction of a damping term does not
solve the truncation problem for the string-like equation (4.1), at least if the
damping is assumed to be small and of order €. The viscous damping or the
structural damping can be taken into account for the partial differential equa-
tions (4.1) or (4.2), leading to the appearance of extra terms in these equations:
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up+ Vg, Ugr + Vigey OF Utggre + VUgrass, respectively (for the moving frame
of reference). If the damping in the problem is assumed to be small, that is
of order ¢, then after applying the two time-scales perturbation method to the
equations, terms u; + Vg, Utze + VUger O Utzzee + VUgzzee Will appear. At
high frequencies the structural damping terms can not be considered to be
small. The solutions of the O(1)-problems still can not be truncated in these
cases and still has to be written in an infinite series representation from the
mathematical point of view.

Regarding the future research, it will be interesting to study more com-
plicated cases for the transversal and longitudinal motions of axially moving
beams, including those cases for which the boundary conditions are such that
energy inflow or outflow is possible through these boundaries. Numerical re-
sults (based on spectral element methods) for these type of problems can al-
ready be found in [44] and [45].



CHAPTER b

On the transversal vibrations of a conveyor belt system induced
by a stoppage of the system

Abstract: In this chapter the energy transfer between the longitudinal
motion and the transversal motion of a conveyor belt system after stoppage
will be studied. It will turn out that complicated internal resonances can occur
leading to interesting energy transfers between longitudinal and transversal
motions. For certain parameter values it will turn out that relatively high
mode longitudinal vibrations can induce low mode transversal vibrations with
relatively large amplitudes.

5.1 Introduction

Axially moving systems are present in a vast class of engineering problems
which arise in industrial, civil, aerospatial, mechanical, electronic, medical, and
automotive applications. Serpentine belts, aerial cables, tram and train ways,
oil pipelines, magnetic tapes, power transmission belts, band saw blades, chair
lifts in skiing resorts, and even models of human DNA are examples of objects
where axial transport of mass can be associated with transversal vibrations.
Investigating transverse vibrations of moving materials is a challenging sub-
ject which has been studied for many years by many researchers and still is
of interest today. Transversal vibrations of a moving belt system were studied
in [10] and [46] for the case with a constant belt velocity. It was found that

81
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the natural frequencies depend on the axial velocity of the belt, and decrease
with increasing belt velocity. It was also found that there are instabilities at
certain critical belt velocities. In reality, however, the systems are exposed to
accelerating and decelerating motions due to different sorts of imperfections
of the moving belt systems such as roll eccentricities. This observation im-
plies that the constant belt speed has approximately a harmonic perturbation.
Transversal vibrations of a belt system moving with a time-varying velocity
were studied first in [47] and later in [12]. A similar problem (with additional
nonlinear terms) was considered in [14]. The weakly nonlinear transversal vi-
brations of a conveyor belt with a low and time-varying velocity were studied
in [20], and [26]. Additionally, in [20] and [26] not only transversal vibrations
but also longitudinal vibrations were taken into account. Even if the operating
speed is normally maintained constant, the axial speed does vary considerably
during the starting and stopping phases. In [48] the nonlinear vibrations of a
traveling beam with a constant axial acceleration were considered. Lyapunov’s
method was used to determine a sufficient condition for asymptotic stability
of a beam having a constant acceleration.

In Figure 5.1 a schematic model of a conveyor belt system that moves with
a time-varying velocity is given. Also in Figure 5.1 the velocity components in
transversal and longitudinal directions of a point P are shown. The equation of

U(X,T)

W

Vo + Wr + VW,

Figure 5.1: A traveling conveyor belt system with the velocity components at
a point P.

motion of a conveyor belt system for the case of a constant belt velocity was for
instance presented in [9] using Hamilton’s principle. For the case of a low and
time-varying velocity, namely, the following equations of motion describing the
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transversal and longitudinal vibrations of a belt system were derived in [26]
using Hamilton’s principle:

pAW 7 + 2pAV,Wxr + pAVy (1 4+ W) + (pAV2 — EA)Wxx =
1+ Wx)UxUxx —U2W.
(EA—RO)( +Wx)UxUxx ! xWx
(14 Wx)2 4+ U%)3/2
pAU. + 2pAV,Uxr + pAVy, Ux + (pAV? — EA)Uxx + EIUxxxx =
(14+Wx)*Uxx — (1 + Wx)UxWxx

(Ro — EA) (1 W )2 0237 :
(5.1)
where
U(X,7) : the transversal displacement of the belt,
W(X,7) : the longitudinal displacement of the belt,
Vi (7) : the time-varying belt speed,
p : the mass density of the belt,
A the area of the cross section of the belt,
E the modulus of elasticity,
1 the second moment of inertia with respect to the belt
middle plane,
X the position along the horizontal axis,

Ry : the constant tension in a dynamic equilibrium,
the time, and
the distance between the pulleys.

~

In some cases, when it can be assumed that the displacements in the lon-
gitudinal direction are much smaller than the displacements in the transversal
directions, namely if W = O(U?), the Kirchhoff approach can be applied, and
the coupled system of nonlinear differential equations may be decoupled. This
case has been studied in [20], assuming that the belt speed is low and time-
varying, and is given by V;(7) = e(Vp+asin(w)), where € is a small parameter
with 0 < € < 1, and where a,w are some positive constants. The following or-
dering principle for the transversal and longitudinal displacements and for the
belt velocity was assumed in that case : U(X,7) = O(e), W(X,7) = O(£?),
and V;(7) = O(e). Using these assumptions and Kirchhoff’s approach the cou-
pled system of partial differential equations (5.1) can be reduced to a single
fourth order, weakly nonlinear beam equation for the transversal displacement
U(X, 7). The dynamical behaviour of the conveyor belt system was studied in
[20] for different values of the frequency w in the harmonic perturbation of the
belt velocity.

The main goal of this chapter is to study the dynamical behaviour of a
conveyor belt system if the belt suddenly stops and (possible) “shock-waves”
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occur, that is, an energy transfer from longitudinal motion to transversal mo-
tion occurs. A “shock-wave” is not a desirable state of a conveyor belt system
after braking or stopping as it can lead to dropping off and (or) damaging the
cargo a belt is transporting. To study and to predict these energy transfers
from longitudinal to transversal motion is an important and challenging sub-
ject for engineers. This energy transfer will be studied in this chapter. Another
interesting and challenging problem to study is the dynamic behaviour of the
belt near the pulleys at 7. This so-called boundary layer problem, however,
will not be studied in this thesis. In Figure 5.2 the velocity of the conveyer
belt system before and after the braking moment 7y is given. The belt speed

4
Vio(7) e(Vo + asin(wr)), for 7 < 79,

Vo(7) = { 0, for T > 7.

’W

Py
&

0 T

Figure 5.2: Velocity of a conveyor belt system before and after the braking
moment 7.

before the braking moment is assumed to be of order . After the moment
when the belt stops, the velocity of the belt point P in longitudinal direction
is now of order € due to the inertia of the belt. The velocity of the belt point P
in transversal direction is still of order € as it was before the braking moment.
In Figure 5.3 the velocity components of the belt point P in both directions
are given. If the belt under consideration is long and rather elastic, the dis-
placement of the belt in longitudinal direction is also of order € for some time
after time 7g.

Figure 5.3: The velocity components of a conveyor belt point P after the
braking moment 7.
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5.2 Formulation of the problem

To study the behaviour of the conveyer belt system after the braking mo-
ment and to study the (possible) occurrence of “shock wave(s)” the following
assumptions are made:

1. Initially, before the braking moment, the conveyor belt system (see Figure
5.1) is moving with a low and time-varying velocity V,(7): V4(7) = O(e).

2. The belt stops simultaneously and instantly at both pulleys at the time
T0-

3. The belt is sufficiently long and elastic, so that after the braking moment
70 the velocity of most of the belt points in longitudinal direction, and
the velocity of most of the belt points in transversal direction are of order
g, that is Wr|,—r, = O(¢), and U, = O(e).

4. Displacements of the belt in longitudinal and transversal directions are
of the same order for some interval of time after the braking moment 7y,
that is, W = O(U), and U = O(W).

5. The conveyer belt system is simply supported at the pulleys.

The 5th assumption was made only from the point of view to simplify the
computations. If the conveyer belt system is simply supported at the edges,
the boundary conditions allow to write the solution nicely in sine-series in x.

The equations of motion of the conveyer belt system after the braking
moment 7y are given by

14+ Wx)UxUxx —UZW
pAW,, — EAWxx = (EA — Ry)" [(1X+)W)';)§i U)Q(];(/Q 2=
pAUr — EAUxx + ElUxxxx (5.2)
(1+ Wx)QUXX —(1+Wx)UxWxx
(14 Wx)? +Ux]3/?

= (Ry — EA)
Using a Taylor series, the denominators in (5.2) can be approximated by

(14 Wx)?+U%) /2

3 15 (5.3)
§U)2( —10W3 + EWXU)Q( +O(4).

=1-3Wx +6W% —
In approximation (5.3) O(4) stands for terms of degree 4 or higher. Assuming
that the displacement in the transversal direction is of the same order as the
displacement in the longitudinal direction it follows from (5.3) that [(1+Wx )2+
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U)Q(]_?’/Q ~1-3Wx+ 6W)2( — %U)Q( Correspondingly, the equation of motions
(5.2) can now be written approximately as

pAW,, — EAWxx = (EA — Ro)(UxUxx — 2UxUxxWx — U3 Wxx),

pAU., — EAUx x -g ElUxxxx = (Ro— FA)(Uxx — UxxWx
+UxxW% — §UXXU)2( —UxWxx +2UxWxxWx).

(5.4)
The following transformations are applied in order to rewrite the equations
W(X
of motion (5.4) into a non-dimensional form: w(z,t) = %, u(z,t) =
€

U(X,T) X To cT EI EA
’ = = = 2 t+=2 p2=_""__ p2 =" Ry =T
EL y & ch pA7 L7 0 TOL27 1 T07 0 0

where ¢ is a small parameter with 0 < ¢ < 1. The equations of motion in a
non-dimensional form are given by

2 _ (P2 2 2.2
Wy — P{wgy = (P — 1)(eugUgy — 267 UpllgpWy — E°US W),
_ + P2 _ (P2 _ 1)( + 22 2
Utt — Ugy 0 Uzzzx = 477 EUggz Wy T EULWyy — E Uga Wy, (55)
2 2 2
—1—55 UgppUs — 287Uy Wyz Wy ),

t>0, 0<zx <l
The boundary conditions are given by
w(0,t) =w(1,t) =0, and wu(x,t) =ug(x,t) =0 for x=0,1. (5.6)
The initial displacements and initial velocities satisfy the following:

w(z,0) = wo(z), wi(x,0) =wi(x),

u(a:) 0) = UO(Q?), and ut(x, 0) = ul(gj) (57)

It has to be noticed that after the braking moment 7y almost all points of the
belt still have velocities close to V3 in longitudinal direction w for some period
of time, that effect is included in the initial conditions (5.7). Before studying
the initial-boundary value problem (5.5)-(5.7) something has to be said about
the orders of magnitude of the parameters P§ and P? in (5.5). This will be
done in the next subsection.

5.2.1 Three different ordering cases

To make the research more tractable the parameters e, PO2 and P? will be
estimated in orders of magnitude. Two different rubber sorts will be consid-
ered: EP 250/2 with E = 340.914 MPa, and EP 500/2 with E = 250 MPa.
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The following characteristic values for the other parameters are chosen (other
parameter values for belt systems can be found in [49]): b = 0.6 m, h = 7.3
mm, p = 1197.2 kg m™!, and T' = 3500 N. After calculating the values of P
and P} it will follow that P2 > Pg. Taking this fact into account the order of
all terms in equations (5.5) and the value of € have to be defined now.
From the transformation for the transversal displacement of the belt
U(X,T)
u(z,t) = ——=

5
e and the belt length L. By assuming that u(z,t) = O(1), for instance, and
assuming that the original displacement U (X, 7) is about 10 cm the following
table can be derived:

it follows that there is an approximate relationship between

L(in m) 1 10 30 50 80 100 300 500

e 107! | 1072 | 3.3.107% | 2.107% | 1.3.107% | 1072 | 3.3.107* | 2.10%

Table 5.1: The approximate relationship between the belt length L and the
small parameter ¢ (assuming that u(x,t) is maximal 1 in absolute value).

ET

EA
2
T0L27 Pl = TO It fOHOWS

that PO2 depends also on the belt length L, and, accordingly, on the order of
the small parameter € (that is, the displacement in transversal direction, see
Table 5.1). The values of the parameters P and P? can now be calculated.

The parameters P§ and P} are given by P =

P} Py

e~ L,(inm) | EP 250/2 | EP 500/2 | EP 250/2 | EP 500/2

1 L=0.1 4.3-10? 3.1-10? 21071 1.2.1071
107! L=1 4.3-10? 3.1-10° 2.1073 1.2-1073
1072 L =10 4.3-10? 3.1-10° 2.107° 1.2-107°
1072 L =30 4.3-10? 3.1-10° 2.1-107°% | 1.5-10°°
1073 L =50 4.3-102 3.1-10° | 7.56-1077 | 5.56- 10"
1073 L =280 4.3-10? 3.1-102 | 2.95-1077 | 2.17-10~ 7
1073 L =100 4.3-10? 3.1-102 | 1.89-10~7 | 1.39-10~ "
10~* L =300 4.3-10? 3.1-10? 2.1-107% | 1.54-10°8
10~* L =500 4.3-10° 3.1-10° | 7.56-107° | 5.56- 10"
10~* L =800 4.3-10? 3.1-102 | 2.95-1079 | 2.17-107
10-% L =1000 | 4.3-102 3.1-10° | 1.89-1079 | 1.39-107*

Table 5.2: The approximate relationship between the order of the small pa-

rameter ¢ and the parameters PJ and P} for two different sorts of rubber.
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In Table 5.2 the values of the parameters PZ and P? are presented, de-
pending on the order of the small parameter € and the length of the belt for
two different rubber sorts - EP 250/2 and EP 500/2. With the help of Table
5.2 the order of all terms in the equations (5.5) can now be found. If & ~ 1072,
1

L ~ 10m, P ~ 1075, P} ~ 10? (% O <—>), it follows that the terms in the
€

equations (5.5) satisfy the following:

1
@ (E are : Wy, wam
. 2 2 2 2
0(1) are : Pl EUgUgy, WUtt, Ugx, P() Ugzzr, P1 EUgy Wy, P1 EUL Wy
(5.8)
2

Ofe) are :  eupyy, PR2e%upuz,wy, PRe*uwy,; PPe’uz,w?,

3
29 2 2 p29.2
P; 56 Ugg Uy, PP2e*Uupwazwy

From the transformation for the transversal displacement of the belt,
U(X,7)
u(z,t) = ——=

¢ and the be{i:t length L. By assuming that u(x,t) = O(1) and the original dis-
placement U (X, 7) is about 10 cm Table 5.1 and Table 5.2 were derived. But
this assumption can be chosen differently, for instance the choice can be (ac-
cording to certain belt vibrations) that u(z,t) = O(e) or u(z,t) = O(g?), and
the original displacement U (X, 7) is about 10 cm. The following relationship
between the belt length L and the small parameter € can be derived for these
two cases. For the case that u(x,t) = O(e) and the original displacement
U(X, ) is about 10 cm. the relationship is given in Table 5.3.

, it follows that there is an approximate relationship between

L(in m) 1 10 30 50 80 100 300 500

e 3.10~1 10~1 5.8 1072 | 4.4.-1072 | 3.5.1072 | 3.1.10—2 1.8-10~2 1.4-1072

Table 5.3: The approximate relationship between the belt length L and the
small parameter ¢ for the case that u(z,t) is assumed to be maximal ¢ in
absolute value.

In Table 5.4 the values of the parameters P02 and P} are presented for the
case that u(z,t) = O(e).

For the case u(z,t) = O(¢?) and the original displacement U (X, 7) is about
10 cm the approximate relationship between the belt length L and ¢ is given
in Table 5.5, and the corresponding values of P¢ and P} are given in Table
5.6.
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P? P}

e~ L(inm) | EP 250/2 | EP 500/2 | EP 250/2 | EP 500/2

1 L=0.1 4.3-10? 3.1- 102 2.-1071 1.2.1071
1007 L=1 4.3-10? 3.1-10? 2.1073 1.2.1073
1071 L=10 4.3-10? 3.1-10? 2-107° 1.2.107°
1072 L =30 4.3-10? 3.1-10? 2.1-107% | 1.5-107°
1072 L=50 4.3-10? 3.1-10° | 7.56-10~7 | 5.56- 10"
1072 L =280 4.3-10? 3.1-102 [ 2951077 | 2.17-107
1072 L =100 4.3-10? 3.1-102 | 1.89-10~7 | 1.39-10 7
1072 L =300 4.3-10? 3.1-10° 2.1-107% | 1.54-1078
1072 L =500 4.3-10? 3.1-102 | 7.56-107Y | 5.56- 107
1072 L =800 4.3-10? 3.1-102 | 2.95-107Y | 2.17-107
1072 L =1000 | 4.3-10° 3.1-102 | 1.89-107Y | 1.39-107

Table 5.4: The relationship between the order of the small parameter € and the
parameters P37 and P2 for two different sorts of rubber for the case u(z,t) =

O(e).

L, (in m) 1 10 30 50 80 100 300 500

€ 0.5-10"1 2.1.-1071 1.5-107 1 1.3-10 1 1.1-10 1 1071 7.1072 | 5.9-1072

Table 5.5: The approximate relationship between the belt length L and the
small parameter ¢ for the case that u(z,t) is maximal €2 in absolute value.

It follows from Tables 5.1-5.6, that the order of the terms in the equa-
tions (5.5) and the order of the parameter ¢ can vary depending on the initial
assumption on the order of the transversal displacement wu(z,t).

It also has to be noticed that the orders of the terms s, Ugr, Urrrz, and Wyy
depend on the mode number, namely uy = O(PZk?), upe = O(K?), Upppe =
O(k*), and wy, = O(n?), wy = O(P2n?), where k and n are the vibrations
mode numbers in transversal and in longitudinal direction, respectively.

From the equations (5.5) and (5.8) it follows that if u(x,t) = O(1) and
w(z,t) = O(1) the quadratic and the cubic terms in equation (5.5) should
be studied simultaneously. If u(x,t) = O(e), and w(x,t) = O(e) then only
quadratic terms can be considered because the cubic terms are much smaller.
For simplicity this case with only quadratic nonlinearities will be studied fur-
ther in this chapter.
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P? P}

e~ L(inm)m | EP 250/2 | EP 500/2 | EP 250/2 | EP 500/2

1 L=0.1 4.3-10? 3.1- 102 21071 1.2.1071
1007 L=1 4.3-10? 3.1-10? 2.1073 1.2.1073
1071 L=10 4.3-10? 3.1-10? 2-107° 1.2.107°
1071 L =30 4.3-10? 3.1-10? 2.1-107% | 1.5-107°
1071 L =50 4.3-10? 3.1-10° | 7.56-10~7 | 5.56- 10
107! L =280 4.3-10? 3.1-102 [ 2951077 | 2.17-10°7
10-! L =100 4.3-10? 3.1-102 | 1.89-10~7 | 1.39-10 7
1072 L =300 4.3-10? 3.1-10° 2.1-107% | 1.54-1078
1072 L =500 4.3-10? 3.1-102 | 7.56-107Y | 5.56- 107
1072 L =800 4.3-10? 3.1-102 | 2.95-1079 | 2.17-107
1072 L = 1000 4.3-10? 3.1-102 | 1.89-1079 | 1.39-107

Table 5.6: The approximate relationship between the order of the small pa-
rameter € and the parameters P¢ and P} for two different sorts of rubber for
the case u(z,t) = O(c?).

The case u(z,t) = O(¢) and damping in the problem

It follows from Table 5.3 and Table 5.4 that if ¢ ~ 1072 and L ~ 30 then
P2 ~107%(=~ O(&%)), and P? ~ 10? ~ (O(¢7!)). The terms in equation (5.5)
have the following order now: wy = O(n?), Piwy, = O(n?), uy = O(1),
Uz = O(1), and Pugz., = O(e*k*). From the applicational point of view
the lower transversal modes are the most important ones because these modes
usually lead to large amplitudes. With these assumptions the cubic terms
in equation (5.5) can be neglected. But it has to be noticed here that if
there is an interaction with the higher order modes, the equations have to be
reconsidered accordingly. It can be also assumed that PZug... = O(1) (that
is, if Pugzee = O(3k*) then P2ugyrr = O(1)). This assumption will help us
to truncate the equation for the transversal vibrations (the second equation in
(5.5)). Accordingly the following equations can be derived (with all terms of
order smaller than 2 being neglected):

2 _ 2
Wit — P1 Wry = €P1 Uz Uzy,
2 _ 2 2
Ut — Ugy + P() Ugpxer = 5P1 Ugr Wy + 6P1 U Wy,
t>0, 0<x<l.

(5.9)

Conservative systems like the equations in (5.9) represent mathematical
idealizations, and in practice all systems have some degree of damping, so that
free vibrations die out eventually. Nowadays two kinds of damping are nor-
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mally used to describe the energy loss in distributed damped systems: viscous
damping and structural damping. For a closer study of these types of damping
the readers are referred to, for instance, [2] or [50].

To make the system (as it has been given by the equations (5.5)) noncon-
servative, small viscous damping is introduced in both directions: edyu; is the
damping in transversal direction, and edow; is the damping in longitudinal di-
rection, where §; is the coefficient of viscous damping in transversal direction,
02 is the coefficient of viscous damping in longitudinal direction, and ¢ is still
a small parameter. The damping terms in both equations in (5.5) are assumed
to be of order €. Neglecting terms of order smaller than O(e) in (5.5) leads to
the following model for the problem:

Wit — P12wa:a: = 5P12u$u$$ — edowy,
Ut — Ugpg + P()Qumm = e Plugw, + e PPugwy, — edyuy, (5.10)
t>0, 0<x <.

The boundary and the initial conditions for (5.10) are still given by
(5.6) and (5.7), respectively. To satisfy the boundary conditions all func-
tions in (5.10) should be expanded in Fourier-sine-series. Therefore, the so-
lutions can be written as u(z,t;e) = > oo uk(t; ) sin(krz) and w(x,t;e) =
Y oo2  wy(t;e) sin(nra). As all terms in the equations (5.10) are already odd in
z, u(z,t;e) = > oo ug(t;e) sin(kra) and w(x, t;e) = > o7 wy(t;€) sin(nmx)
can be substituted into (5.10), yielding

WE

(@ + Pf(nm)?w,) sin(nrz)

S
Il
—

o (e e} [ee]
=¢c | P} Z Z —upunm’j? cos(nmwa) sin(jrz) — o Z Wy sin(nrz) |,

n=1

NE

(i, + (1 + P (km)?)(km)?uy) sin(krz)

3

1

o0 o0
=¢c | P} Z Z(_ijn — upw;)nm®j? cos(nmz) sin(jrx)
j=1n=1

— & Zuk sin(km:)) . (5.11)

k=1
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The transformation of (5.11) into a system of ordinary differential equations
in ¢ can be done by taking into account the following identities:

1 0, for m #n,
/ sin(nmz) sin(mnz)de = ¢ 1 and
0 ok for m=n,
0, for j# +tn+tm, and
1 . .
7 for j=m+n, j>1, and

1
/ cos(nmx) sin(jmx) sin(mmrx)dr =
0 —i, for j=n-m, j>1
(5.12)
By multiplying (5.11) with sin(mmz), and by integrating the so-obtained equa-
tions with respect to = from x = 0 to x = 1 (see also (5.12)), and some the
simplifications the following equations can be obtained:

Wy + PE(mm)%wy,

P27T3 00 m—1
= ¢ (Z UnUmtn (M 4 n)mn + Z UpUpp—n (M — n)2n>

2

n=1 n=1

- 552wm>

tin 4 ((mm)? + PE(mm)Yupm,

wa3 >
= —¢ 5 Z(unwn+m + UnpmWy ) (M + n)mn

n=1

m—1
+ Z U Wyy—n (M — n)nm) — €010y, (5.13)
n=1

1
where for t = 0, wpy(t) satisfies: w,(0) = 2/ wo(z) sin(mmx)dz,
0
1
W (0) = 2/ wy(x) sin(mmz)dr, and u,(t) satisfies for t = 0: u,(0) =
0
1 1
2/ up(x) sin(mmz)dz, Uy, (0) :2/ ui(x) sin(mnrx)dz.
0 0

5.3 Application of the two time-scales perturbation
method

To avoid secular terms in the approximate solution of (5.13) a two time-scales
perturbation method is used. The two new time scales are tp = ¢ and t; = &t,
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implying that wp,(t;e) = W (to, t1;¢) and um(t;e) = wm(to, t1;¢). The fol-
lowing transformations are needed for the time derivatives for the longitudinal
displacement:

= —|— £ s
dt oto oty
(5.14)
d*w,, _ 82vsgm e ?w,y, L2 82“;,71’
dt? 8150 OtoOtq 61&1
and for the transversal displacement:
du,,  Ouy, ou,,
= +e€ ,
dt Oto oty
(5.15)
d?u,, _ 82u2m 49 9%u,, L2 82u2m'
dt? ot Aoty ot
It is assumed that w,, = Wy, 0+ W1 + ..., and wy,(to,t1;€) = Wmo +

EUyy,1 + . ... By substituting (5.14) and (5.15) into (5.13), and by substituting
the expansions for w,, and for u,, into (5.13), and then by taking together
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terms of equal powers in € in the so-obtained equations it follows that

i 82Wm,0 2 2 _
0@1): 5— + Pf(mm)*wp0 =0, and
ot ’
a2um,O 2 2 2
—5— + (m7m)*(1 + Fy(mm)*)um,o = 0,
82Wm 1 82W 0
O ) P2 2 — m,
(¢) oz 1 ()" W1 Dtodty
P m—1
(Z Uy, 0Upgn,0(m + n)nm + Z Uy, 0Up—n,0(M n)Zn)
8 n=1 n=1
Wm0
-0 , d
2 8t0 , all
0?1 9 & up 0
i 1 P2 2 = _9 m,
S+ (mm)(1 B = 250t
P23 [ &
- 9 Z(uern,OWn,O + un,OWern,O)(m + n)nm
m—1 =1
+ Z Uy 0Win—n,0(m — n)nm>
n=1
_(51 8um70
Oto
(5.16)
Solutions of the O(1)-problems are given by
Wm70 (to, tl) = Am70 (tl) COS(winto) + Bm70 (tl) sin(wfﬂto), (5 17)

W, 0(to, t1) = Cho(t1) cos(wl, to) + Dimo(t1) sin(wh,to),

where Ay, 0(t1), Bm,o(t1), Cm,0(t1), and Dy, o(t1) are still arbitrary functions
that can be used to eliminate secular terms in the solutions of the O(e)-
problem. In (5.17) w!, and w!, are given by

(wh,)? = (Pymm)? s wl is the longitudinal frequency, 518
(wt)? = (mm)? + P}(mm)* :w! is the transversal frequency, (5.18)
and
1 2 1
2/ wo(z) sin(mrz)dr, Bpo(0) = —l/ wy () sin(mmz)de,
0 m JO (5.19)

! 2
2/ uo(z) sin(mmzx)dr, Dpmo(0)= w_t/ up () sin(mmx)de.
0

m JO
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From the equations (5.13) it can be seen that possible internal resonance
frequencies are (in an O(e) neighbourhood of):

(1) Fwl =dw! :l:wner, for n=1,2,... and m=1,2,...,
(ii) Fwl =4w! +wl ., for n=1,2,....m—1 and m=1,2,...,
(i) Fw! = Fwl :l:wn+m, for n=1,2,.. and m=1,2,...,
(iv) :l:wﬁn—:lzw :l:wn+m, for n=1,2,... and m=1,2,...,
(v) Fwl =4wi +w! | for n=1,2,....m—1 and m=1,2,....

(5.20)
It can be seen from (5.20) that the resonance condition (i) (by interchanging n
and m) corresponds to the resonance condition (#ii), so that there are actually
four different resonance conditions for (5.13). From these resonance conditions
(5.20) and the formulas (5.18) it can be seen that the possibility of having an
internal resonance depends entirely on the values of P and P2, that is, on the
mechanical properties and configuration of the belt system (see Figure 5.1).

5.3.1 The non-resonant case

It was found in the previous section that possible internal resonances can occur
if at least one of the following conditions is fulfilled:

w,, = w w or n = . an m = ,
1) +uw! =40t + e f 1,2, d 1,2,..

Wy, = w w , for n=1,2,...,m— an m=1,2, ,
2) fwl =40l +wl . f 1,2 1 and 1,2,.
(3) +wt, = twt :l:wn+m, for n=1,2,... and m =1, 2, ,
(4) :I:w;‘n—:lzw +wl, ., for n=12,....m—-1 and m=1,2,..

(5.21)

where w!, and w!, are still given by (5.18). In the non-resonant case it is
assumed that non of the resonance combinations of longitudinal and transversal
frequencies as listed in (5.21) occur (also not in an order e-neighbourhood). To

eliminate the secular terms in the solution of the O(e)-problems (see equations
(5.16)) it follows that Ay, 0(t1), Bm,o(t1), Cm,o(t1) and Dy, o(t1) have to satisfy

1 1
Apmo(t1) = Am,0(0) exp (—552t1> , Bm,o(t1) = Bm,(0) exp (—552t1) ;
(5.22)

1
Cimo(t1) = Cim0(0) exp (——51t1) Dy 0(t1) = Dy, 0(0) exp (—551t1> ,
where A, 0(0), Bpo(0), Cnmo(0), and Dy, o(0) are given by (5.19).

5.3.2 Some resonant cases

In this section the resonance conditions (1) — (4) in the formulas (5.21) will be
studied. The following values of parameters are chosen: ¢ = 1072 and L = 30
then P§ = 107%(~ O(&%)), and P} = 10? ~ (O(e71)).
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The resonance condition tw! = fw! +w!, , for n = 1,2,... and
m=1,2,...

In this subsection the resonance case (1) in the formulas (5.21) is considered.

The condition +w!, = tw! £ w! . forn=1,2,...and m=1,2,..., has the
following sub-cases:

(a) win l: wfz j_ w’fl—l;m?

(b) Wy, = Wy + Whtmo

( ) Pt it

C wm l— wn wn+m,

(6) wml: —Wn + Whtms

(f) _lwm = _wfl + wfwrma

(g) wml: _wfz - wfz-i—m’

(h) Wy, = _wfl - warm-

For the case (a) in (5.23) Figure 5.4 represents solutions for m and n. After

600 | o
.|/

300 1/

1500 ,, 3000

Figure 5.4: Solutions for m and n for the case (a) in (5.23).

calculations (case (a) was solved numerically in Maple), some of the possi-
ble solutions for n = 1,2,... and m = 1,2,... can found: (m = 1,n = 5);
(m=2n=29),; (m=4n=18); (m = 12,n = 53); (m = 3137,n = 15);
(m = 3154,n = 7). It can be seen from these solutions, that there are (possible)
interactions between: the 15¢ longitudinal and the 5t and the 6t transversal
modes; the ond longitudinal and the 9th and the 11® transversal modes; the
4th longitudinal and the 180 and the 2224 transversal modes; the 12th longi-
tudinal and the 534 and the 651 transversal modes; the 3137th longitudinal
and the 158 and the 315284 transversal modes; and the 3154th longitudinal
and the 78 and the 31615¢ transversal modes.
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Case (b) in (5.23) has obviously no solutions for positive m and n.

Case (c) in (5.23) has no solutions for positive m and n as the right-hand
side of (c) is always negative, whereas the left-hand side of (¢) is always positive.

For the case (d) in (5.23) Figure 5.5 represents solutions for m and n.

After calculations, some of the possible solutions for n = 1,2,... and m =
n
20001
0 - E—
m 3000

Figure 5.5: Solutions for m and n for the case (d) in (5.23).

1,2,... have been found: (m = 3142,n = 14); (m = 3163,n = 3). It can
be seen from these solutions, that there are (possible) interactions between:

the 31420d longitudinal and the 1480 and the 31560 transversal modes; the

3163"d longitudinal and the 3'¢ and the 31661 transversal modes.

Case (e) in (5.23) corresponds to the case (d) in (5.23) and, consequently
has the same solutions as (d).

Case (f) in (5.23) has no solutions for positive m and n as the right-hand
side is always positive, whereas the left-hand side of (f) is always negative.

Case (g) in (5.23) has obviously no solutions for positive m and n.

Case (h) in (5.23) corresponds to the case (a) in (5.23) and, consequently
has the same solutions as (a).

t

o . l o t
The resonance condition ftw,, = *w;, tw;, .,

m=1,2,...

forn=1,2,...,m—1 and

In this subsection the resonance case (2) as given in (5.21) is considered. The
condition iwfn =+wl +wt ., forn=1,2....,m—1and m = 1,2,..., has
the following sub-cases:

(@) wh = wh +wh_,
(b) _wvlﬂ = w?t’l + wfn—'m
(©) why =kl
N A A"
(D) o =t~ W (524
(6) W = —Wp + Wim—n>
(f) _wvlﬂ = _wfz + w’fn—n?
(g) wfn = _wfl - wfnfna
(h) _wvln = _wfz - wvtn—n'
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For the case (a) in (5.24) Figure 5.6 represents solutions for m and n. After cal-

n o N
" /
2000 | 7
o
/,/
O T T T T T T
m. 3000 6000

Figure 5.6: Solutions for m and n for the case (a) in (5.24).

culations, some of the possible solutions forn =1,2,...,m—land m=1,2,...
have been found: (m = 3184,n = 8,n = 3176); (m = 3203, n = 18, n = 3185).
It can be seen from these solutions, that there are (possible) interactions be-
tween: the 3184th longitudinal and the 8th and the 31760 transversal modes;
the 3203'd longitudinal and the 180 and the 31851 transversal modes.

Case (b) in (5.24) has obviously no solutions for positive m and n, and
n=12...,m—1.

For the case (c) in (5.24) Figure 5.7 represents possible solutions for m and
n. It can be seen from this figure that there are infinitely many solutions for
m and n but for only very large values of m and n (m > 5000).

6000 -

2000 |/

5000 10000 m
Figure 5.7: Solutions for m and n for the case (c) in (5.24).

For the case (d) in (5.24) Figure 5.8 represents possible solutions for m and
n. After calculations, some of the possible solutions for n = 1,2,...,m — 1
and m = 1,2,... have been found: (m = 3173,n = 2). It can be seen from

these solutions, that there are (possible) interactions between: the 3173td
longitudinal and the 21d and the 31715Y transversal modes. It also can be
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0 L ‘
4000 8000 m

Figure 5.8: Solutions for m and n for the case (d) in (5.24).

seen from Figure 5.8 that there are infinitely many possible solutions for for m
and n, but only for very large values of m (m > 3170).

Case (e) in (5.24) corresponds to the case (d) in (5.24) and, consequently
has the same solutions as (d).

Case (f) in (5.24) corresponds to the case (c¢) in (5.24) and, consequently
has the same solutions as (c).

Case (g) in (5.24) has obviously no solutions for positive m and n, and
n=12,...,m—1.

Case (h) in (5.24) corresponds to the case (a) in (5.24) and, consequently
has the same solutions as (a).

l

o . t _ t
The resonance condition +w;, = tw;, * w,,,

m=1,2,...

for n = 1,2,... and

In this subsection the resonant case (3) as given in (5.21) is considered. The

condition +w! = 4wt :wawm, forn =1,2,... and m = 1,2,..., has the
following sub-cases:

(CL) wfn = wfl + wil—’im7

(b) _twfn = :uf’l, +lwn+m7

(C) W t: Wn t_ wn—?m?

o m T S (5.25)
m — ~ %n n+m>

(f) _wfn = _wfl +lwfl+m?

(g) wfnt: _wfz t_ wn-izmv

(h) Wy, = Wy T Whym

For the case (a) in (5.25) Figure 5.9 represents solutions for m and n. After
calculations, some of the possible solutions for n = 1,2,... and m = 1,2, ...
have been found: (m = 3171,n = 2); (m = 3182,n = 12). It can be seen
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4000+

2000+

0 T t t t t t
32004000 6000 4,
Figure 5.9: Solutions for m and n for the case (a) in (5.25).

from these solutions, that there are (possible) interactions between: the 31715t
transversal and the 214 transversal and the 3173'd longitudinal modes; the
31824 transversal and the 12t1 transversal and the 3194th longitudinal modes
It can be seen from the Figure 5.9 that there are infinitely many solutions for
m and n but for only very large values of m (m > 3170).

Case (b) in (5.25) has obviously no solutions for positive m and n.

Case (¢) in (5.25) corresponds to the case (a), if m interchanges with n. Ac-
cordingly, the following possible solutions have been found: (m = 2,n = 3171);
(m = 12,n = 3182). It can be seen from these solutions, that there are (possi-
ble) interactions between: the o1d transversal and the 31715t transversal and
the 317314 longitudinal modes; the 1280 transversal and the 318224 transver-
sal and the 3194th longitudinal modes It can be seen from the Figure 5.10 that

there are infinitely many solutions for m and n but for only very large values
of n (n > 3170).

6000 |

4000 |
3200 |

m 2000 4000
Figure 5.10: Solutions for m and n for the case (c) in (5.25).

For the case (d) in (5.25) Figure 5.11 represents solutions for m and n.
After calculations, some of the possible solutions for n = 1,2,... and m =
1,2,... have been found: (m = 8,n = 3176); (m = 18,n = 3185), and,
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3500
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Figure 5.11: Solutions for m and n for the case (d) in (5.25).

symmetrically, (m = 3176,n = 8); (m = 3185,n = 18). It can be seen
from these solutions, that there are (possible) interactions between: the gth
transversal and the 3176%0 transversal and the 3184th longitudinal modes;
the 18t} transversal and the 31851 transversal and the 32034 longitudinal
modes; and, symmetrically, the 3176t transversal and the 8t transversal and
the 3184tH longitudinal modes; the 31851 transversal and the 181 transversal
and the 3203'd longitudinal modes.

Case (e) in (5.25) corresponds to the case (d) in (5.25) and, consequently
has the same solutions as (d).

Case (f) in (5.25) corresponds to the case (¢) in (5.25) and, consequently
has the same solutions as (c).

Case (g) in (5.25) has obviously no solutions for positive m and n.

Case (h) in (5.25) corresponds to the case (a) in (5.25) and, consequently
has the same solutions as (a).

l

The resonance condition +w!, = +w! +w!  forn=1,2,...,m—1 and

m=1,2,...

In this subsection the resonant case (4) as given in (5.21) is considered. The

condition +w!, = +w! +w!, . forn=1,2,...,m—1and m =1,2,..., has
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the following sub-cases:

(a) wfn =Wy + Wy
(b) _wfn = w% + wfnfrw
(C) wfn = wfz - wvlﬂ—m
ot ot
D T e (5.26)
(6) Wy = —Wn + Wim—ns
(f) _wfn = _wfl + wfnfna
(g) wfn = w’lt’l - win—'m
(h) —wh = —wh — Wiy

For the case (a) in (5.26) Figure 5.12 represents solutions for m and n.

After calculations, some of the possible solutions for n = 1,2,...,m — 1 and
8000+
mo~n
4000
n
0 ~
m 4000 8000

Figure 5.12: Solution for m and n for the case (a) in (5.26).

m = 1,2,... have been found: (m = 3166,n = 3); (m = 3167,n = 2). It can
be seen from these solutions, that there are (possible) interactions between: the
3166t transversal and the 3'4 transversal and the 3163th longitudinal modes;
the 31670 transversal and the 2°¢ transversal and the 3165th longitudinal
modes.

Case (b) in (5.26) has obviously no solutions for positive m and n, and for
n=12,...,m—1.

For the case (c) in (5.26) Figure 5.13 represents solutions for m and n. It

can be seen that forn =1,2,...,m —1 and m = 1,2, ... there is no solutions
for (c).
For the case (d) in (5.26) Figure 5.14 represents solutions for m and n.
After calculations, some of the possible solutions for n = 1,2,...,m — 1

and m = 1,2,... have been found: (m = 6,n = 5); (m = 11,n = 9);
(m=17,n = 14); (m = 22,n = 18); (m = 3152,n = 15); (m = 3161,n = 7).
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Figure 5.13: Solutions for m and n for the case (¢) in (5.26).
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Figure 5.14: Solutions for m and n for the case (d) in (5.26).

It can be seen from these solutions, that there are (possible) interactions be-
tween: the 61! transversal and the 5! transversal and the 15¢ longitudinal
modes; the 11%0 transversal and the 91 transversal and the 284 longitudinal
modes; the 170 transversal and the 14t transversal and the 3'4 longitudinal
modes; the 2204 ransversal and the 18 transversal and the 4th longitudinal
modes; the 315204 transversal and the 152 transversal and the 3137R longi-
tudinal modes; the 31615 transversal and the 78 transversal and the 3154th
longitudinal modes.

Case (e) in (5.26) corresponds to the case (d) in (5.26) and, consequently
has the same solutions as (d).

Case (f) in (5.26) corresponds to the case (¢) in (5.26) and, consequently
has the same solutions as (c).

Case (g) in (5.26) has obviously no solutions for positive m and n, and for
n=12,...,m—1.

Case (h) in (5.26) corresponds to the case (a) in (5.26) and, consequently
has the same solutions as (a).
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5.3.3 Examples of resonance

In this section four different kind of resonance will be studied: for a lower,
odd longitudinal mode, for a lower, even longitudinal mode, for a lower, odd
transversal mode, and for a lower, even transversal mode. Solutions for func-
tions Ay, 0(t1), Bm,o(t1), Cm,o0(t1), and Dy, o(t1) will be found for each resonant
case.

Example of resonance for a lower, odd longitudinal mode

Let us consider the resonance conditions (a) in (5.23) and (d) in (5.26). As-
suming that —w) = wf — i, it follows that w! = wi + w§, and wf = —wf +wi.
To eliminate the secular terms in the solutions of the O(ge)-problems in (5.16)
(after the substitution into (5.16) of the solutions (5.17) of the O(1)-problems
for w(tg, t1,) and for u(tg, t1)) the following differential equations are obtained.

t_ ot .
For —wg = wg — wi:

dC(;o (51 P127T330
042 L (D5 oALg — Cs0Big) =
i + 206,04- St (Ds0A10—Cs0B1p) =0,
(5.27)
dD60 (51 P127T330
’ — ————(C50A D5 0B =0.
by 5 6.0 Swé (Cs50A1,0+ Ds0Bi1))
For w! = wt + wi:
dA 1) P27330
ﬁ-i-—QALo— L — (D50C6,0 + C50D60) = 0,
(5.28)
dB1g 09 P2r330
’ —B C50C60 — D5 oD =0.
dt, 5 P10 8wll (C5,0C6,0 5,0D6,0)
For wf = w! — wi:
dC50 (51 P127T330
—— + —C50— Cs0B1.0 — DeoA10) =0
dt + 5 5.0 8l (Cs,0B1,0 6,041,0) )
(5.29)
dD50 (51 P127T33O
’ —D —_ A D¢ oB =0.
dis + 5 50 + 8 (Co0A1,0+ D oB1p) =0

It follows from (5.16) that all other A, o(t1), Bmo(t1), Cmo(t1) and
Dy,0(t1) have to satisfy the non-resonance solutions (5.22), where A, (0),
B o(0), Cpo(0), and Dy, o(0) are still given by (5.19). It can be seen from
these differential equations that there is an energy transfer from the 560 and
the 61 transversal modes to the 15t longitudinal mode and vice versa.
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Example of resonance for a lower, even longitudinal and lower, odd
transversal modes

Let us consider resonance conditions (a) in (5.23) and (d) in (5.26). Assuming,
that —w!; = wf — wh, it follows that w) = wi + wl|, and wf = —wl; + wb.
Where W) = wh + wt; is the case (i) in (5.20) and w) = —w!; + wb is the case
(i41) in (5.20).

To eliminate the secular terms in the solutions of the O(e)-problems in
(5.16) the following differential equations are obtained.

to_ ot L.
For —wi; = wg — wy:

dCipo |, 01 P2r3198
d — — (D9 A9 — Cgoo9Bag) =0
diy + 5 11,0 T 8wy 11 (DgnA2, 9,0B2,0) )
(5.30)
dDy1p 61 P2r3198
’ —D ———(Cg90A Dg B =0.
s + 5 11,0 + 8ol (Cy,0A2,0+ D9 9B2)
For wh = w§ + wi;:
dAsy 09 P2r3198
d —Asg— ——(DgoC CyoD =0
diy 5 12,0 8wl2 (D9,0C11,0 + Cy,0D11,0) )
(5.31)
dB ) P273198
20 4 —232,0 + 171(09,0011,0 — Dy oD11,0) = 0.
dtl 2 8(.02
For wh = wh — wi;:
dCoo 61 P2r3198
: —C9g— ———(C11.0B2.g — D1194209) =0
dt, 5 £9.0 8] (Cr1,0B2y0 11,042,0) ;
(5.32)
dDggo & PEn3198
—+ =D ————(C1104 D1 0B =0.
by + 2 9,0 T 8ul (C11,042,0 + D11,0Ba2y)

It follows from (5.16) that all other A,,o(¢t1), Bmo(t1), Cmo(t1) and
D, 0(t1) have to satisfy the non-resonance solutions (5.22), where A, ¢(0),
B 0(0), Cpno(0), and Dy, ¢(0) are still given by (5.19). It can be seen from

these differential equations that there is an energy transfer from the 9th and
the 112 transversal modes to the 20d longitudinal mode and vice versa.

Example of resonance for a lower, even transversal mode

Let us consider the resonance conditions (d) in (5.24) (this resonance condition
also corresponds to the resonance conditions (a) and (¢) in (5.25)) and the
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resonance condition (a) in (5.26). Assuming, that —w} ;3 = wh — w7y, it
follows that wh = —wh,-3 + whj7y, and wh -, = wh; -3 + wh. From the resonant
case (a) in (5.26) it follows that the o1d transversal mode also interacts with the

3165th longitudinal and the 31670 transversal modes, namely, Wl 5; = wh +

whies. It follows that also the following resonance conditions are possible: wh =

whi g — Whies and whies = whigr — wh. Consequently, for the second transversal

mode there is the following resonance condition: wh = —w -5 +wh -1 = wWhgr—
wél?5. It hats to be riotlced tlhat if wg = _Wé173 + wélln = wgtlm — wé%&r), then
—Wwsy7g T W3171 = Wi1e7 — Waig5 and consequently wg = —wgy7; — wiie7, but

this is not a resonant case, as it does not fit to the resonance conditions (5.20).
To eliminate the secular terms in the solutions of the O(g)-problems in (5.16)
(after the substitution into (5.16) of the solutions (5.17) of the O(1)-problems
for w(tp,t1,) and for u(tp, ¢1)) the following differential equations are obtained.

For wh = —wh73 + whi7) = whier — whies:
dCao & P2r32. 107
’ —Cyg————+((D A - C B
a + 5 C20 S ((D3171,0A43173,0 3171,0B3173,0
+ Dsi167,043165,0 — C3167,0B3165,0)) = 0,
(5.33)
dDsgy 6 P?m32-107
4+ —1D2,0+17t((03171,0143173,0 + D3171,0B3173,0
dtl 2 8w2
+ C3167,0A43165,0 + D3167,0B3165,0)) = 0.
For W§3165 = wit’>167 — wh:
dA ) P32 -107
810 _2A3165,0 - 117(02,0173167,0 — Dy 0C3167,0) = 0,
(5.34)
dB ) P32 -107
—31650 —233165,0 + 117(02,003167,0 + D3 0D3167,0) = 0.
For whygr = whygs + wh:
dCs167,0 | 01 P2r32-107
Cnero | 01, o Prm2-100 0 Ch.0B3165.0) = 0,
dty + 5 31670 Sl o (D2,0A3165,0 + C2,0B3165,0)
(5.35)
dD31670 | 01 PEr32-107
—= 4+ =D ————(CypA — Dy oB =0.
b + 5 131670 + 8w§167 (C2,0A3165,0 2,083165,0)
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£ ‘.
For wg7; = w73 + wy:

dCsi710 0 P2732.107
y + 5103171,0 — (D0 As1730 + C2,0B3173,0) = 0,
t1 8wsy7y (5.36)
Dsino  dip oy BT2010T 0y DaoBsir30) = 0
——= + —D317110 + —55——(C2,0A3173,0 — D20 B3173,0) = 0.
For whyzg = whyy — wh:
dAsi7 ) P2732.107
% + §A3173,0 - 117(02,0173171,0 — Dy 0C31710) = 0,
1 8wsi73 (5.37)
dB31730 0 P2732.107
—a + 5233173,0 + 117(02,003171,0 + D29 Ds171,0) = 0.
1 8wsi7g

It follows from (5.16) that all other A,,o(t1), Bmo(t1), Cmo(t1) and
D,y,0(t1) have to satisfy the non-resonance solutions (5.22), where A, ¢(0),
Bn0(0), Cpno(0), and Dy, ¢(0) are still given by (5.19). It can be seen from

these differential equations that there is an energy transfer from the 2nd7 the

31671 and the 31715 transversal modes to the 31652 and the 31734 longi-
tudinal mode and vice versa.

Example of resonance for a lower, odd transversal mode

Let us consider the resonance conditions (d) in (5.23) (this resonance condition
also corresponds to the resonance conditions (e) in (5.23)) and the resonance
condition (a) in (5.26). Assuming, that —w} g3 = wh — W a6, it follows that
wh = —wh 65+ whigs, and whgs = whg3 +wh. To eliminate the secular terms in
the solutions of the O(e)-problems in (5.16) (after the substitution into (5.16)
the solutions (5.17) of the O(1)-problems for w(tg,t1,) and for u(tp,t1)) the
following differential equations are obtained.
For wh = w5 — whiey:

dCso & P2r33-107
=+ —(O30— ————+—(D31660A4 — C3166,0B =0
i, 5 3,0 8w§ ( 3166,0/13163,0 3166,0 3163,0) )
(5.38)
dD3go = 0 P2r33-107

+ C A +D B =0.
dt, 5 3, 8wt (C3166,0A3163,0 3166,0 83163,0)
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£ ‘.
For w66 = w3163 + w3t

dC31660 | O1 PEr33-107
——— + —C3166,0 — —5—5—(D3,043163,0 + C3,0B83163,0) = 0,
dtl 2 8w§166 (5 39)
dDs1630 01 P2r33 107
——— + —D3166,0 + ————(C3,043163,0 — D3,0B3163,0) = 0.
dtl 2 8w§166
For ‘*%163 = wit’>166 - W:t)ﬁ
dA ) P33 -107
% + 52143163,0 - 1l7(03,0D3166,0 — D30C3166,0) = 0,
t1 8w3163 (5.40)
dB ) P33 -107 '
% + 5233163,0 + 117(03,003166,0 + D3.0D3166,0) = 0.
1 8w3163

It follows from (5.16) that all other A,,o(t1), Bm,o(t1), Cmo(t1) and
D,,0(t1) have to satisfy the non-resonance solutions (5.22), where A, ¢(0),
B 0(0), Cr0(0), and Dy, o(0) are still given by (5.19). It can be seen from

these differential equations that there is an energy transfer from the 3td and
the 31661 transversal modes to the 3163th longitudinal mode and vice versa.

5.4 Discussion on the equations of motion (5.1)

The equations (5.1) were derived from Hamilton’s principle, assuming that the
torsional force and the bending moment are given by

F=EAQ+Wx)2+0%]"* -

1),
and
M = FEIUxx,

respectively, where for the bending moment it is assumed that dX = ds, where
ds is the belt curvature. This assumption is valid only for sufficiently small
deflections. With increasing amplitudes, the influence of nonlinear factors
becomes more important (see also [51] and [7]), and nonlinearities have to be
taken into account. For example, the bending moment has to be written (by
taking into account the actual curvature of the belt) in the following form:

EI
M = Uxx (5.41)

[(1 + WX)2 + U)Q(] 1/2°
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Using the same procedure as in [26] the following equations of motion can be
obtained:

pAW - + 2pAVyWix - + PAVbr(l + WX) + (pAVb2 - EA)WXX
_ (1+Wx)UxUxx — UxWxx (1+Wx)UxUxxx
= (EA - Ro) 3 — F] 5
(14 Wx)2+ U%)3/2 (14 Wx)2+UZ)3/2
_|_EIU)2(X (Wxx (2(Wx +1)* = Ug)) + 3UxxUx(Wx +1))
2[(1 4+ Wx)? + U%]5/? ’

pAU., + 2pAV,Ux, + pAVy,, Ux + (pAV? — EA)Ux x
Uxxxx
ET
" 2[(1 + Wx)? + Ux]Y/?
1 2 —(1
(R EA)( + Wx)"Uxx —(1+ VQVX)UXWXX
[(1+Wx)2+ UZ P2
EIUXXX(UXXUX + QWX)((WX + 1)) + WxxxUX)((WX + 1)
2((1+Wx)? 4+ U332
IUXXWXX(WXX ((Q(WX + 1)2 — UX)) + 3UX)(Ux(WX + 1))
2((1+Wx)2 + U3 ]>/? '

+

+E

(5.42)
The equations of motion after the braking moment 7y are given by

pAWTT — FAWxx
_(BA- RO)(l + Wx)UxUxx —UgxWxx oy (L Wx)UxUxxx
[(14+ Wx)2 4+ U%)3/2 (14 Wx)2+UZ)3/2
_|_EIU)2(X (Wxx (2(Wx +1)* = Ug)) + 3UxxUx(Wx +1))
2[(1 4+ Wx)? + U%]5/? ’

Uxxxx
AU, — FAU + ET
g T W)+ UR

— (Ry— EA) (1+Wx)*Uxx — (1 +Wx)UxWxx
[(1+ Wx)? + U3/
EIUXXX(UXXUX + QWX)((WX + 1)) + WxxxUX)((WX + 1)
2[(1 + Wx)? + U]3/2
IUXXWXX(WXX ((Q(WX + 1)2 — UX)) +3UxxUx(Wx + 1))
2[(1+ Wx)? + U]/ '

_|_

+EB

5.43
Using a Taylor series, the denominators in (5.43) can be approximatgd b))f
[(1+Wx)24+ U3 V2 =1-Wx + W32 - 103 +0(3), [(1+Wx)?+ U3 /% =
1—3Wx + 6W2% — 3U% + O(3), and [(1 + Wx)? + U2]™2 = 1 - 5Wx +
15W% — 5U% + O(3), where O(3) stands for terms of degree 3 or higher.
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Assuming that the displacement in the transversal direction is of the same order
as the displacement in the longitudinal direction it follows that the equations
of motion (5.43) can now be written (approximately) as

pAW,, — EAWyx = (EA — Ro)(UxUxx — 2UxUxxWy — U2Wxx)
—BEI(UxxxUxx —2UxxxUxxWx — U%xWxx),

2pAU, —2EAUxx + ElUxxxx = 2(R0 — EA)(UXX —UxxWx
3
+UX)(W)2( — 5UXXU)2( —UxWxx +2UxWxxWx)

1
+EI(UxxxxWx —UxxxxWs + §UXXXXU)2( +UxxxUxxUx

F2UxxxWxx —4UxxxWxxWx + WxxxUxx
2WxxxUxxWx — 2UXXW§(X).
(5.44)
In order to get more accurate results the equations (5.44) have to be studied
and cubic nonlinear terms (probably) have to be included in some cases.

5.5 Conclusions and remarks

The dynamical behaviour of a conveyor belt system after a sudden stoppage
was studied in this chapter. The equations of motion for the belt system un-
der consideration included longitudinal and transversal displacements. It was
assumed that displacements of the belt in longitudinal and transversal direc-
tions are of the same order for some interval of time after the braking moment
7o , that is, W = O(U), and U = O(W). Depending on the order of the
initial displacements u(x,t) and the order of w(z,t), (namely u(z,t) = O(1),
u(x,t) = O(e), or u(z,t) = O(e?)) the orders of all terms in the equations of
motion were found for different values of the parameters P, P?, L, and the
(small) parameter €. For the case u(x,t) = O(¢e) small damping terms (of order
g) in both directions were introduced into the system. To avoid the secular
terms in the solution of the problem, a two time-scales perturbation method
was used. Resonant longitudinal and transversal frequency-combinations were
found. It turns out that there are infinitely many complicated, resonance
frequency-combinations. A possible energy transfer from the longitudinal di-
rection to the transversal direction after the braking moment was studied.
Four different resonance cases were studied for the lowest longitudinal modes
(odd end even kind of resonances) and for the lowest transversal modes (odd
end even kind of resonances). It turns out that if there is a small amount of
energy in the higher order longitudinal mode then large vibrations in the lower
transversal vibration modes can be induced. Because of that energy transfer
between the longitudinal and transversal directions it may cause problems for
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the normal maintenance process of the conveyor belt system. In order to get
more accurate results, nonlinear moments have to be studied, consequently the
equations of motion become (5.44). The influence of the belt velocity Vj, after
the braking moment 7y also have to be studied more closely. These are the
subjects for the future research.
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CHAPTER 0

Conclusions

In this chapter some conclusions will be given and some possibilities for future
research will be discussed. The goal of this thesis was the investigation of dif-
ferent aspects (such as applicability of methods, internal resonances, stability,
energy transfer between modes, etc.) related to axially moving continua, which
are mathematically modelled as moving string or beam equations.

In Chapter 2 an initial-boundary value problem for a linear, non-
homogeneous axially moving string equation has been studied. The velocity of
the string is assumed to be constant, and the non-homogeneous terms in the
string equation are due to external forces acting on the string. To solve the
initial-boundary value problem two methods are presented. One of these meth-
ods is the method of modal analysis based on eigenfunction expansions. To
apply this method an operator notation has to be introduced, an inner product
has to be defined, an eigenvalue problem has to be solved, and orthonormality
relations have to be determined. Altogether this method is rather compli-
cated to apply to these types of problems. For that reason in chapter 2 it was
proposed to apply the Laplace transform method to these types of problems.
When this method is applied poles (and the order of the poles) have to be
determined, residues have to be calculated, and Cauchy’s theorem has to be
used (that is, integrals have to be evaluated by using the theory of complex
variables). To construct the solution by using the Laplace transform method
is rather straightforward and more easy than the use of the method of modal
analysis based on eigenfunction expansions.

In Chapter 3 an initial-boundary value problem for a linear equation, de-
scribing an axially moving string has been studied. This equation can be used

113
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as a model for the transversal vibrations of a conveyor belt system. The con-
veyor belt is assumed to move in one direction with non-constant speed V' (t),
that is, V() = Vp + easin(wt), where 0 < € < 1 and Vj, o, w are positive con-
stants. For Vj it is assumed that Vy < ¢, where c is the wave speed, and for the
belt speed V() it is assumed that its value is of the same order as the wave
speed. Formal approximations of the solution of the initial-boundary value
problem have been constructed. In this chapter it was proposed to apply the
two time-scales perturbation method directly to the partial differential equa-
tion for the moving string. The solutions of the following O(e™)-problems were
constructed with the help of the Laplace transform method, in order to find
formal approximations of the solution. It turns out that there are infinitely
many values of w that cause internal resonances in the conveyor belt system.

In fact, that happens when w is equal to any natural frequency of the moving

an(VZ — c?
M, where n =1,2,..., or when w is equal to a

string, that is, ,, =
sum or difference of those gatural frequencies. It also turned out that only a
one-mode approximation (that was used in some other papers on this subject)
is not accurate, as the explicit solution of the boundary-value problem consists
of infinitely many modes. Four cases were studied in this chapter: w is not in
a neighbourhood of any Q,, w = Q, w = Q9, and w = Q,,,«, where m* € Z*
and fixed. For the second case, that is, when w is equal to the lowest natural
frequency of the moving string, a first integral was found and it was proved,
that the truncation method does not give accurate results on long time-scales.
All approximations obtained by the method as introduced in this chapter are
valid on long time-scales, that is, on time-scales of order e~!. Moreover, the
results as obtained in [16] were proved again.

In Chapter 4 an initial-boundary value problem for a linear equation, de-
scribing an axially moving stretched beam has been studied. This equation
can be used as a model for the transversal vibrations of a conveyor belt sys-
tem. The axially moving belt is assumed to move in one direction with a
non-constant speed V' (t), that is, V(t) = e(Vj + asin(wt)), where 0 < ¢ < 1,
and where Vj, @ and w are positive constants. For Vj it is assumed that V > 0
and Vp > |a|. A new model approach describing the transient “from string to
beam” behaviour, based on the calculations of the natural frequencies has been
proposed. The influence of the bending stiffness on the stability properties of
the solution of the problem has been studied.

Depending on the natural frequencies the original problem is split up into
two submodels: a string model for the lower frequencies and a stretched beam
model for the higher frequencies. Fach submodel has its own physical and
mathematical properties. For the string model, for instance, the discussion
on the applicability of the truncation method is not (mathematically) rele-
vant anymore (see also [16]). In this combination model the submodels are
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interacting due to internal resonances, and the model equations depend on
the frequencies and on the vibration mode numbers. The proposed model is
a more realistic approach to describe the dynamical behaviour of a traveling
continuum as the bending stiffness becomes more important for the higher or-
der vibration modes. For the lower frequencies the bending stiffness can be
neglected and the string equation can be used. The regions of applicability of
the simplified models were found for different values of the bending stiffness
parameter and for different values of the relative errors in the frequencies. It
turns out that there are infinitely many values of w that give rise to internal
resonances in the axially moving belt system. In fact, that happens when w is
equal to any sum or difference combination of the natural frequencies of the
string and (or) the stretched beam equations. In the non-resonant case it can
clearly be seen that for the lower frequencies (when the string model is used)
the perturbation approach leads to improvements in the frequencies taking into
account the small bending stiffness. The formal approximations of the solution
and the stability properties in some resonant cases have been determined for
four different values of the relative error in the frequencies: 5%, 3%, 1% and
0.1%. It can be concluded that the properties of the studied problem remain
the same and correspond to the properties of the exact solution of the problem
when the relative errors in the frequencies are less than 5 %. An important
implication of the results as presented in Chapter 4 is that for these type of
problems the use of only string-like models is not appropriate. To describe the
dynamics of these type of conveyor belt problems correctly one has to include
bending stiffness in the model (also when the bending stiffness is assumed to
be small).

It has also to be noticed that the introduction of a damping term does not
solve the truncation problem for the string-like equation, at least if the damping
is assumed to be small and of order €. The viscous damping or the structural
damping can be taken into account for the partial differential equations, leading
to the appearance of extra terms in these equations: u; + Vg, Utze + Vges
Or Utyzar + VUgrgrs, respectively (for the moving frame of reference). If the
damping in the problem is assumed to be small, that is of order €, then after
applying the two time-scales perturbation method to the equations, terms u; +
Vg, g + Vger OF Utggrr + VUgprer Will appear. At high frequencies the
structural damping terms can not be considered to be small. The solutions of
the O(1)-problems still can not be truncated in these cases and still has to be
written in an infinite series representation from the mathematical point of view.
For future research it will be interesting to study more complicated cases for
the transversal and longitudinal motions of axially moving beams, including
those cases for which the boundary conditions are such that energy inflow
or outflow is possible through these boundaries. Numerical results (based on
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spectral element methods) for these type of problems can already be found in
[44], and [45].

The dynamical behaviour of a conveyor belt system after a sudden stoppage
was studied in Chapter 5. The nonlinear equations of motion for the belt sys-
tem under consideration included longitudinal and transversal displacements.
It was assumed that displacements of the belt in longitudinal and transversal
directions are of the same order for some interval of time after the braking mo-
ment 79 , that is, W = O(U), and U = O(W). Depending on the order of the
initial displacements u(x,t) and the order of w(z,t), (namely u(z,t) = O(1),
u(x,t) = O(e), or u(x,t) = O(e?)) the orders of all terms in the equations
of motion were found for different values of the parameters P, P?, L, and
the (small) parameter €. For the case u(z,t) = O(e) small damping terms
(of order €) in both directions were introduced into the system. To avoid
the secular terms in the solution of the problem, a two time-scales pertur-
bation method was used. Resonant longitudinal and transversal frequency-
combinations were found. It turns out that there are infinitely many compli-
cated, resonant frequency-combinations. A possible energy transfer from the
longitudinal direction to the transversal direction after the braking moment
was studied. Four different resonance cases were studied for the lowest longi-
tudinal modes (odd end even kind of resonances) and for the lowest transversal
modes (odd end even kind of resonances). It turns out that if there is a small
amount of energy in the higher order longitudinal mode then large vibrations
in the lower transversal vibration modes can be induced. Because of that en-
ergy transfer between the longitudinal and transversal directions it may cause
problems for the normal maintenance process of the conveyor belt system. For
future resesrch it will be interesting to study equations of motion (5.44). These
equations were derived by taking into account the actual curvature of the belt
for the bending moment. Another interesting and challenging problem to study
is the dynamic behaviour of the belt near the pulleys at the braking moment
79- This so-called boundary layer problem is also a subject for future research.
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Summary

In axially moving structures like conveyor belt systems, magnetic tapes, and
so on, vibrations occur due to the presence of different kinds of imperfections
in the systems. For these structures internal resonances can lead to severe
vibrations. Resonance free conveyor belt systems can be constructed if the
frequencies of the system are known.

In this thesis two models for an axially moving continuum have been stud-
ied: a string-like model (mathematically modelled by a wave equation) and a
beam-string-like model (mathematically modelled by the Euler-Bernoulli beam
equation with an additional tension term). The corresponding initial-boundary
value problems have been solved approximately or exactly by using the multi-
ple timescales perturbation method or the Laplace transform method. Exact
solutions and formal approximations of the solutions for some string-like prob-
lems have been found in the form of Fourier series. It has been shown that the
truncation method for the string-like problem can not be applied in order to
obtain an accurate solution or approximation on a long time-scale.

A new model approach describing the transient “from string to beam” be-
haviour, based on the calculations of the natural frequencies of the system has
been proposed. The influence of the bending stiffness on the stability proper-
ties of the solution of the problem has been studied. An important implication
of the results as presented in this thesis is that for these types of axially mov-
ing continua problems the use of only string-like models is not appropriate.
To describe the dynamics of these types of problems correctly one has to in-
clude (small) bending stiffness in the model. It has also been shown that the
introduction of a damping term does not solve the truncation problem for the
string-like equation, at least if the damping is assumed to be small.

A possible energy transfer between transversal and longitudinal vibration-
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directions has been studied in case of a sudden stoppage of the conveyor belt
system. It has been shown that this energy transfer can occur depending on
the existing internal resonances in the system which are determined by the
belt system parameters.



Samenvatting

In axiaal bewegende systemen zoals transportbanden, magnetische tapes, enz.
treden trillingen op die worden veroorzaakt door de aanwezigheid van ver-
schillende imperfecties. Voor deze systemen kan interne resonantie leiden tot
extreme trillingen. Indien de natuurlijke frequenties bekend zijn, kunnen reso-
nantie "vrije" systemen worden ontworpen.

In dit proefschrift worden twee modellen voor een axiaal bewegend con-
tinuum bestudeerd: een snaarmodel (wiskundig gemodelleerd d.m.v. de golf-
vergelijking) en een balkmodel (wiskundig gemodelleerd d.m.v. de Euler-
Bernoulli vergelijking voor een balk met een additionele voorspanningsterm).
Voor de corresponderende begin-randwaarde problemen zijn of exacte oplossin-
gen bepaald met behulp van de Laplace transformatie methode of zijn benade-
ringen van deze oplossingen geconstrueerd met behulp van de meer-tijdschalen
storingsmethode. Voor enkele snaarmodellen zijn exacte oplossingen en formele
benaderingen gevonden in de vorm van Fourier reeksen. Ook is voor het snaar-
model bewezen dat de "truncation" methode niet kan worden gebruikt om een
oplossing of benadaring te vinden welke geldig is op een lange tijdschaal.

Gebaseerd op de berekeningen van de natuurlijke frequenties wordt een
nieuw model aanbevolen om de overgang van snaar naar balk gedrag van het
systeem te beschrijven. Hierbij is ook gekeken naar de invloed van de buigstijf-
heid op de stabiliteitseigenschappen van de oplossing. Een belangrijke gevolg-
trekking is dat voor dit soort axiaal bewegende systemen het gebruik van een
snaarmodel niet correct is. Om de dynamica van dit soort systemen te be-
schrijven, is het noodzakelijk om de (kleine) buigstijtheid van het system te
implementeren. Ook is aangetoond dat de introductie van een extra kleine
dempingsterm het "truncation" probleem voor een snaarmodel niet oplost.

Voor het geval van een discontinue stop van een transportbandsysteem is
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een mogelijke energieoverdracht tussen de laterale en axiale trillingsrichtin-
gen bestudeerd. Deze energieoverdracht kan voorkomen afhankelijk van de
natuurlijke frequenties van het systeem, die worden bepaald door de systeem-
variabelen.



Résumé (in Russian)

Annoranms

HexkoTopbie Bompochkl KoJjiebaHuili NpogoJIbHO ABUXKYIIIAXCS
KOHTHUHYAJbHBIX CACTEM
Csernana Xarepaarc-ITonomapesa

Pa3znoro posa morpemiHoCTH B U3rOTOBJIEHWH IIPOJIOJBHO JIBUKYIIUXCS
KOHTUHYAJbHBIX CHCTEeM, TaKHX KaK KOHBeiilepHble JIEHTBI M T.H., MOTYT
IIPUBOJIUTH K BO3HUKHOBEHWIO BHYTPEHHUX PE30HAHCOB, KOTODBIE, B CBOIO
odepejib, BBI3BIBAIOT OIACHBIE KOJeOaHWs 3STUX KOHCTPYyKIwmii. 3HaHUE
COOCTBEHHBIX YACTOT MO3BOJIIET M30€XKATH HEXKETATEIbHBIX PEXKUMOB PAOOTHI
KOHBENEPHBIX JIEHT yKe Ha, CTaJIM¥ KOHCTPYUPOBAHUS.

B swmccepramum paccMOTDPEHBI JBE MOJIENIH, TO3BOJIAIONIAE KAIECTBEHHO
omucaTh KoJieDAHWS JBUKYIIAXCSI KOHBEHEPHBIX JIEHT: KoJieDaHUs CTPYHBI
u Ganku Beprysuiu-Disiepa ¢ y4eToM NpPOJOIbHBIX ycuimii. s perneHus
COOTBETCTBYIOIINX HAYAJIHHO-KPAEBBIX 33139 MIPUMEHIMChL MeTo bl Jlamiaca
M TEOpWH BO3MYIIEHUH, B UYACTHOCTA METOJ, MHOruX MaciTaboB. Jlis
IPOJOJILHBIX KOJIEOAHUN NBUKYEHC CTPYHbI ObLIM HAlIEHBI PEIITEHUS B BUIE
panoB @ypee. JlokazaHo, YTO METOJ yCEUEHUS PIAIOB HE MOXKET IIPUMEHATHCS
JIJIS TIOCTPOEHUS TPUOIMXKEHUN pelienns, JAeHCTBUTENbHBIX Ha OOJIbIIAX
BpEMEHAX.

B jwmccepramuu mpejioxkeH HOBBIA METO, MMO3BOJIAIONINN Ka9IeCTBEHHO
OIMCHIBATEL IIE€PEX0J, OT YPABHEHHS IOMEPEYHBIX KOJeDAHUN JBUKYIIEHcs
CTPYHBI K YPaBHEHWIO MOMEPEYHbIX KoJyiebaHuit JaBUXKYyIeica OaJiku,
OCHOBAHHBIN HA BHIYUC/ICHUN COOCTBEHHBIX YaCTOT PACCMATPUBAEMON MOJIEJIN.
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OTnenbHO HCCAEAOBAH BOIPOC O BIHSHAA H3THOHOH »KECTKOCTH OAJIKH Ha
ycToiiunBOCTh permierus. [JIaBHBIN BBIBOJ, PEJACTABIEHHOTO WCCJICIOBAHUS
3aKJII0YAETCS B TOM, YTO /JijIsi KA9ECTBEHHO BEPHOTO ONWCAHUS ITOTEPEIHBIX
KOJIEOAHUU TPOMOJIBHO JIBUKYIMUXCA KOHTUHYAJIBHBIX CHCTEM HEOOXOIMO
JOIOJITHUTEJIbHO YYUTBIBATh B yPaBHECHUU H3FH6HyIO 2KEeCTKOCTb. BBIJIO
TaKXKe JIOKA3aHO, UYTO y4YeT BHYTPEHHEro JeMI(pUpPOBAHUS HE BIIUIET HA
IIPUMEHUMOCTb METO/Aa YCeUEeHU PAJ0B K BOJTHOBOMY YPaBHEHUIO, IO KpaiHenl
Mepe B CJIydae MaJioro BHYTPEHHEro JAeMIi(pupoBaHus.

[Ipu wuccmemoBannm KoJeOaHMil, BBI3BAHHLIX BHE3AMHOH OCTAHOBKOM
KOHBeWepHOI JIEHThI, 0c000e BHUMaHue ObLIO ye/ieH0 0OMeHy SHeprueilt Mex 1y
IPOJOJIbHBIMU W TIOIEPEYHBIMU MOJaMu Kojebanwii. Bbura wcciemoBana
3aBUCUMOCTH HEPTETUIECKOT0 0OMEHA MEXK/Ty IPOJIOIbHBIMY U TOEPEIHBIMEI
MOJaMH KOJIe6a,HI/II71 JICHTBI OT €€ MEeXaHUWIEeCKUX ¢" TeOMETPUYCCKHUX
mapamMeTpos.
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