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SUMMARY

Multivariate time series data comprises multiple variables measured simultaneously over
time, commonly found in many real-world domains such as traffic monitoring, energy
systems, and environmental sensing. A key challenge in effectively modeling such data
lies in capturing the complex but often hidden dependencies that exist both within indi-
vidual time series and across different variables in the system.

Existing modeling approaches often make restrictive assumptions about the nature
of these underlying relationships. Graph-based methods typically represent
inter-variable dependencies through relational graphs and combine these with tempo-
ral modeling components to model multivariate time series data. Some approaches take
this further by operating directly on a unified spatio-temporal product graph to jointly
learn space-time interactions. While these methods have proven successful, they are
fundamentally limited to modeling only pairwise interactions between variables, which
may be insufficient for real-world systems where groups of variables interact across space
and time. Some recent approaches have attempted to address this limitation by operat-
ing on product cell complexes, which extend product graphs by adding higher-dimensional
cells to represent group interactions in the product space. However, these methods as-
sume that all higher-order interactions are homogeneous and universally present, limit-
ing their ability to adapt to specific patterns in different datasets.

This thesis addresses these limitations by proposing the Simplicial Product Complex
(SPC), which constructs a simplicial complex in the product space to capture heteroge-
neous higher-order interactions across space and time. The SPC’s key innovation lies
in its ability to distinguish between different types of spatio-temporal relationships and
learn their relative importance from data, rather than assuming that all interactions exist
and are equally relevant. By generalizing from graph-based representations to topolog-
ical structures and enabling data-driven learning, the SPC provides enhanced flexibility
and avoids the restrictive assumptions that limit current approaches. We develop the
Simplicial Product Complex Convolutional Neural Network (SPCCNN) as a neural ar-
chitecture that leverages this framework to perform data-adaptive learning over higher-
order spatio-temporal structures.

Our experimental evaluation demonstrates that SPCCNN achieves competitive per-
formance with state-of-the-art methods while offering enhanced flexibility through its
parameterized structure. We show that the model can adapt to dataset-specific patterns
and maintain computational efficiency through sparsity regularization that prunes irrel-
evant relationships. Additionally, our spectral analysis reveals interesting properties of
signal propagation within the SPC structure. These findings support the effectiveness
of higher-order simplicial modeling for capturing complex spatio-temporal dynamics in
multivariate time series data.
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1
INTRODUCTION

1.1. MULTIVARIATE TIME SERIES
Multivariate time series arise naturally in a wide range of real-world domains where
measurements are collected simultaneously across multiple sensors or modalities over
time. In traffic networks [39, 75], for instance, sensors placed across different road seg-
ments continuously record vehicle speed. In energy systems [43, 83], solar farms and
power grids monitor consumption metrics across geographically distributed sites at reg-
ular intervals. Environmental sensing [20] offers another example, where monitoring
stations track pollutants like PM2.5 at various locations over time.

While each individual time series in such multivariate settings reflects the behavior
of a particular sensor or variable, these signals rarely evolve in isolation [14, 48]. Instead,
their dynamics are shaped by complex interactions, often governed by a latent relational
structure that induces dependencies between variables. For example, in traffic networks,
the flow of vehicles at a given intersection is not solely determined by its own historical
patterns but also by time-lagged congestion and movement at other intersections that
are connected to it. These dependencies between space and time give rise to rich spatio-
temporal patterns in multivariate time series data. Effectively modeling such data thus
requires capturing both the temporal dynamics within individual variables and the inter-
variable dependencies that emerge across space and time [47].

However, in most real-world scenarios, the structure underlying these inter-variable
dependencies is not directly observable and must be inferred or approximated from data
[16, 85]. As a result, various modeling frameworks have emerged, each making distinct
assumptions about the nature of these relationships, how they are learned, and how they
are integrated with temporal modeling [41]. These assumptions define the inductive
bias [49] employed during learning. While the inductive bias provides beneficial struc-
tural guidance, it may also constrain the model’s representational capacity. For instance,
graph-based models typically assume that dependencies are exclusively pairwise, limit-
ing them from capturing more complex, higher-order interactions. As we shall see, this
restriction plays a central role in shaping how different modeling paradigms approach

1



1.2. MODELING PARADIGMS 2

spatio-temporal learning.

1.2. MODELING PARADIGMS
Structure-unaware approaches [13, 50, 73] model each variable in multivariate time se-
ries data independently, capturing temporal dynamics without accounting for inter-variable
relationships. Although these methods can effectively learn local patterns in individual
sequences, they ignore the relational structure altogether, often resulting in spurious
correlations, reduced generalization, and high sample complexity [23].

Graph-aware approaches address this limitation by incorporating inter-variable re-
lationships into the modeling framework, using a relational graph as an inductive bias.
Collectively known as Spatio-Temporal Graph Neural Networks (STGNNs), these models
combine graph-based convolutions [29] with temporal modules to jointly learn spatial
and temporal dependencies. This inductive bias allows STGNNs to effectively model
multivariate time series data, often improving predictive performance and sample ef-
ficiency [23]. A particularly principled subclass of STGNNs is the class of Graph-Time
Convolutional Neural Networks (GTCNNs) [59], which construct a product graph by
combining the spatial and temporal graphs into a unified representation. Applying graph
convolutions in the product graph directly enables GTCNNs to learn spatio-temporal in-
teractions within a coherent spectral framework, offering both theoretical interpretabil-
ity and strong empirical performance.

While such models benefit from a strong inductive bias that captures spatial and
temporal dependencies, this comes at the cost of a restrictive structural assumption:
relationships between variables are treated as strictly pairwise. This limits their ability
to represent complex interactions among groups of variables, which often arise in real-
world spatio-temporal systems. For instance, simultaneous congestion at intersections
A and B in a traffic network may jointly influence traffic at intersection C, particularly
when C is accessible only through A and B. Capturing such group-level effects requires
modeling frameworks capable of explicitly representing higher-order relationships in
space and time.

Recent advances in topological signal processing [62] have sought to go beyond pair-
wise interactions by modeling multi-node dependencies using higher-order structures.
In the spatial domain, topological structures such as simplicial complexes [4] and cell
complexes [63] provide a natural way to algebraically represent such group-level rela-
tionships through higher-dimensional faces. Filters [81] and neural architectures [15,
34, 78] defined on these complexes have shown success in capturing higher-order inter-
actions inherently present in many real-world networks such as citation [65] and social
networks [18].

Building on these ideas, product cell complexes [57] introduced topologically-aware
spatio-temporal modeling, encoding higher-order relationships using a cellular complex
in the product space. While this inductive bias incorporates higher-order space-time
structure, it assumes that all such spatio-temporal relationships are present and uni-
form, leaving no room to adapt to the specific dependency patterns observed in a given
dataset. Their framework represents interactions as homogeneous cells, without dis-
tinguishing between different types of higher-order relationships that can exist in space
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and time. Moreover, their contributions remain theoretical and do not include a train-
able neural architecture for downstream spatio-temporal modeling.

To address these limitations, this thesis introduces the Simplicial Product Complex
(SPC), a novel modeling framework that captures higher-order spatio-temporal depen-
dencies using a structured simplicial representation in the product space. Unlike prod-
uct cell complexes, which encode all interactions as uniform, homogeneous cells, the
SPC leverages the simplicial structure to explicitly isolate different types of spatio-temporal
relationships. This separation enables flexible parameterization, allowing the model to
learn which interaction patterns are present and relevant from the data itself rather than
assuming them a priori. In doing so, the SPC avoids imposing fixed relational assump-
tions and supports higher-order inductive biases that are both more expressive and data-
adaptive.

1.3. RESEARCH QUESTIONS
This thesis is thus driven by the following overarching research question:

(RQ) How can we model multivariate time-series data by leveraging higher-order spatio-
temporal connections through a simplicial structure in the product space?

To address this central question, we propose the Simplicial Product Complex Convo-
lutional Neural Network (SPCCNN), a novel spatio-temporal learning architecture that
models higher-order spatio-temporal dynamics by operating on our constructed SPC
framework. Since the SPC retains a purely simplicial structure in space and time, topo-
logical filters present in the SPCCNN architecture allow for learning complex multi-variable
interactions. We explore the main question through the following sub-questions:

(RQ1) How can we effectively parameterize the simplicial product space to learn higher-
order spatio-temporal relationships from data?

To answer this research question, we identify and categorize the distinct types of higher-
order relationships encoded in the simplicial structure of the SPC. We then propose a
parameterized variant of the SPC that introduces learnable weights over different types
of spatio-temporal simplices. When the SPCCNN operates on this parameterized struc-
ture, its filters can modulate the influence of each relationship type based on the training
data, enabling more flexible and data-adaptive modeling.

(RQ2) To what extent does the parameterized SPCCNN improve predictive performance,
data-adaptability, and scalability in spatio-temporal learning?

To explore this research question, we empirically evaluate the parameterized SPCCNN
on multivariate forecasting and spatio-temporal imputation tasks. We benchmark its
predictive performance against a range of baselines on real-world datasets, including
METR-LA [39], Solar Energy [43], and a self-curated Delhi air pollution dataset [17]. To
assess data-adaptability, we analyze the flexibility that parameterization provides to adapt
to specific spatio-temporal patterns present in different datasets. Finally, we evaluate
scalability by applying sparsity constraints that prune unimportant higher-order rela-
tionships, potentially reducing computational overhead without sacrificing performance.
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(RQ3) What are the spectral properties of the SPC, and how do they inform our under-
standing of signal propagation across the spatio-temporal complex?

To investigate this research question, we conduct a spectral analysis of the 1-Hodge
Laplacian of the SPC to study how edge flows are distributed across its Hodge subspaces.
This analysis reveals how signals propagate through different types of spatio-temporal
interactions, offering insight into the behavior and utility of higher-order structures in
the SPC.

1.4. THESIS CONTRIBUTIONS
By addressing these research questions, this thesis makes the following contributions:

(C1) SPC Framework and SPCCNN Architecture: We introduce both the SPC frame-
work and the SPCCNN neural architecture that together perform parameterized,
simplicial filtering to capture the latent higher-order connections in multivariate
time series data.

(C2) Empirical Evaluation: We conduct a comprehensive empirical evaluation of SPC-
CNN against state-of-the-art baselines on real-world datasets to validate our hy-
pothesis that latent higher-order simplicial structures are valuable in modeling
multivariate time series data. Our analysis examines downstream predictive per-
formance as well as the flexibility and scalability advantages provided by parame-
terization.

(C3) Spectral Analysis: We provide a spectral analysis of the 1-Hodge Laplacian, re-
vealing how different simplex types influence signal propagation and validating
the structural expressivity of the SPC.

Thesis Structure. The remainder of this thesis is organized as follows. Chapter 2 presents
the background on graph signal processing, topological learning, and spatio-temporal
modeling. Chapter 3 surveys related literature in the multivariate time series modeling
paradigm in further detail. Chapter 4 presents our core methodology, describing the SPC
framework, our parameterisation mechanism and the SPCCNN architecture. Chapter
5 reports our empirical results across multiple datasets and tasks. Finally, Chapter 6
concludes the thesis and outlines future directions.



2
BACKGROUND

This chapter introduces the background that this work will build upon. We begin with
the foundations of Graph Signal Processing (GSP), introducing graph filters and Graph
Convolutional Neural Networks (GCNNs) in Section 2.1. We then introduce Topological
Signal Processing (TSP), the extension of GSP to topological domains such as simplicial
and cell complexes in Section 2.2. This is followed by a discussion of product graphs and,
more generally, product spaces and how they are used to model spatio-temporal data in
Section 2.3. We conclude this chapter in Section 2.4.

2.1. GRAPH SIGNAL PROCESSING
Graphs are mathematical tools that allow us to represent entities and encode relation-
ships between them. They are used to describe both physical and abstract structures.
For example, when expressing a road network as a graph, intersections serve as nodes
while roads represent the edges between them. In more abstract settings, such as social
networks, nodes can represent individuals and edges capture social interactions, which
do not correspond to physical connections but to intangible relationships. At their core,
graphs provide a framework for modeling such complex systems where relational struc-
ture plays a central role.

GSP extends classical signal processing concepts such as filtering and Fourier analy-
sis to graphs, which are irregular and non-Euclidean in nature since the underlying do-
main lacks a regular grid structure and exhibits varying local connectivity. In this section,
we begin by formally defining graphs and introducing the different algebraic representa-
tions of the graph structure in Section 2.1.1. We then describe graph signals and discuss
the extension of Fourier analysis to the graph domain in Section 2.1.2. This is followed by
an introduction to graph filters in Section 2.1.3, and finally, we outline how graph filters
are leveraged to build GCNNs in Section 2.1.4.

5



2.1. GRAPH SIGNAL PROCESSING 6

2.1.1. GRAPHS
Formally, a graph G = (V ,E ) is a mathematical structure that models relationships be-
tween entities. The entities are represented as a set of N nodes, V = {1,2, . . . , N }, and the
relationships between them are captured by the set of edges E ⊆ V × V . The number
of nodes and edges in the graph is denoted by |V | = N and |E |, respectively. If an edge
(i , j ) ∈ E , then nodes i and j are said to be connected or adjacent.

Graphs can be classified as either directed or undirected. In undirected graphs, (i , j ) ∈
E implies ( j , i ) ∈ E , meaning edges have no orientation. In directed graphs, the edge
(i , j ) ∈ E implies a directed relationship from node i to node j , and ( j , i ) may or may
not be present. The direction induces notions of incoming and outgoing nodes: for a
directed edge (i , j ) ∈ E , node i is the outgoing node and node j is the incoming node.

1

2

3

4

A =


0 1 1 1
1 0 0 0
1 0 0 1
1 0 1 0

 D =


3 0 0 0
0 1 0 0
0 0 2 0
0 0 0 2



L =


3 −1 −1 −1
−1 1 0 0
−1 0 2 −1
−1 0 −1 2

 B =


−1 −1 −1 0
1 0 0 0
0 1 0 −1
0 0 1 1


Figure 2.1: An example undirected graph with its corresponding adjacency (A),
incidence (B, arbitrary directions), degree (D) and graph Laplacian (L) matrices.

The structure of a graph can be represented using various algebraic representations:

• Incidence Matrix: The incidence matrix B ∈ RN×|E | encodes the relationship be-
tween nodes and edges. For an edge ek = (i , j ), the matrix entry Bi k = 1 if node i
is the outgoing node, B j k = −1 if node j is the incoming node, and Bl k = 0 for all
other nodes l ∉ {i , j }. In undirected graphs, which lack inherent edge directional-
ity, orientations are assigned arbitrarily but consistently to ensure a well-defined
representation. The rows in incidence matrices represent nodes and the columns
represent edges.

• Adjacency Matrix: The adjacency matrix A ∈RN×N represents pairwise connectiv-
ity between nodes. The entry Ai j is non-zero if (i , j ) ∈ E , and zero otherwise. In un-
weighted graphs, Ai j ∈ {0,1}, whereas in weighted graphs, Ai j reflects the strength
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of the connection between nodes i and j . The adjacency matrix is symmetric
(A⊤ = A) for undirected graphs, and asymmetric in general for directed graphs.

• Graph Laplacian: The direction agnostic graph Laplacian L ∈ RN×N is defined as
L = D−A, where D ∈ RN×N is the degree matrix with entries Di i = ∑N

j=1 Ai j , rep-
resenting the number of nodes connected to node i . The Laplacian can also be
expressed using the incidence matrix as L = BB⊤. The graph Laplacian is symmet-
ric and positive semi-definite, and plays a central role in spectral graph theory as
we will see in the next section. A normalized variant, the symmetric normalized
Laplacian, is given by Lnorm = D−1/2LD−1/2.

The matrices A, L, and Lnorm described above are all special cases of the Graph Shift
Operator (GSO), a more general representation denoted by S ∈ RN×N . A GSO is any ma-
trix whose non-zero entries correspond precisely to the edges of the graph: Si j ̸= 0 if
and only if (i , j ) ∈ E . Figure 2.1 illustrates a simple graph along with its corresponding
incidence matrix, adjacency matrix, degree matrix and graph Laplacian.

2.1.2. GRAPH SIGNALS AND FOURIER TRANSFORM
The previous section introduced algebraic representations of the graph structure. In
practice, graphs encode real-world systems, with measurable quantities associated with
the nodes and edges of the graph, known as graph signals.

Understanding how these signals vary in relation to the graph’s structure is crucial
for uncovering underlying patterns and designing predictive models for graphs. This is
achieved via the spectral graph theory [22], which provides a framework to analyze the
frequency content and smoothness of graph signals, revealing how the values change
across the structure of the graph.

GRAPH SIGNALS

Formally, a graph signal defined on the nodes is a function f v : V → RN , which assigns
a scalar value to each node, as illustrated by the signal bars defined on the nodes in
Figure 2.1. The signal forms a vector space and can be represented as a vector xv ∈ RN ,
where [xv ]i denotes the value at node i . In the multivariate case, where each node has
F features, the signal is stored as a matrix Xv ∈ RN×F , with each column representing a
feature across all nodes. A graph may also have signals defined on it’s edges, captured by
a function f e : E →R, represented as a vector xe ∈R|E |. For multivariate edge signals, the
data is similarly stored as a matrix Xe ∈R|E |×F . For the rest of the section, we will assume
that the signal are only present on the nodes, denoted by x.

GRAPH FOURIER TRANSFORM

Graph Fourier Transform (GFT) is the extension of the traditional Fourier Transform in
signal processing to signals defined on graphs. GFT is defined based on the eigendecom-
position of a diagonalizable GSO S, expressed as

S = VΛV−1 (2.1)
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where V = [v1, . . . ,vN] contains the eigenvectors of S, and Λ = diag(λ1, . . . ,λN ) is a
diagonal matrix containing the corresponding eigenvalues. The GFT of the node signal
is given by projecting x onto the eigen-space of S, such that:

x̃ = V−1x, (2.2)

where x̃ represents the graph signal in the spectral domain, indicating the contribu-
tion of each eigenvector in the representation of x. The inverse GFT reconstructs the
signal as:

x = Vx̃. (2.3)

The eigenvectors in V act as the basis functions for the GFT, analogous to the com-
plex exponentials in the classical Fourier Transform. When the GSO is the Graph Lapla-
cian, the eigenvalues Λ = [λ1, . . . ,λN ] represent the graph frequencies and quantify the
smoothness of each basis function relative to the graph structure. Specifically, eigenvec-
tors corresponding to smaller eigenvalues vary less across connected nodes, meaning
they are smoother over the graph. Conversely, eigenvectors associated with larger eigen-
values exhibit higher variability. This relationship between eigenvalues and smoothness
allows the GFT to analyze the signal’s variation in alignment with the graph’s topology.

2.1.3. GRAPH CONVOLUTIONAL FILTERS
The spectral analysis of graph signals enables their decomposition into components of
varying smoothness based on the underlying graph structure. In the context of predic-
tive modeling on graphs, it is often desirable to modulate these components to suppress
noise or amplify informative patterns. While one could manually design filters to en-
hance or suppress specific frequencies, like low pass filters or band pass filters, a more
principled approach is to learn such filters directly from graph-structured data [29]. This
is typically achieved in the vertex (spatial) domain by learning a weighted combination
of shifted signals through a Graph Convolutional Filter (GCF). GCFs also admit an inter-
pretation in the spectral domain.

GRAPH SIGNAL SHIFT

A graph signal shift propagates information across the graph based on its topology. Given
a GSO S and a signal x, the shifted signal is given by:

S(x) = Sx, (2.4)

which updates the signal at each node based on the values of its immediate neigh-
bors, making it a localized operation. For instance, when S = A, the adjacency matrix of
an unweighted graph, the shifted signal at node i is:

[Sx]i =
∑

j∈N (i )
x j , (2.5)

where N (i ) denotes the set of neighbors of node i . While applying the shift operator
once updates the node representation using the immediate neighbors, repeated appli-
cation of S k times enables signal propagation from a radius of k-neighbors, aggregating
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Figure 2.2: The graph convolution and underlying signal shifting operations in the GCF,
adapted from [38]

signals from the k-hop neighborhood. Figure 2.2 illustrates the shifting operation over
multiple steps. The k-shifted signal x(k) can be recursively defined as:

x(k) = Sk x(0) = S(Sk−1x(0)) = S(x(k−1)) (2.6)

GRAPH CONVOLUTIONAL FILTER

Graph Convolutional Filters (GCFs) extend the classical convolution operation to graphs
by performing a weighted combination of multiple shifted signals. A GCF of order K is
defined as:

y = H(S)x =
K∑

k=0
hk Sk x, (2.7)

where {hk }K
k=0 are the filter coefficients, and H(S) = ∑K

k=0 hk Sk is the filter matrix.
The filter coefficient hk indicates the importance of the k-hop neighborhood. This for-
mulation ensures that GCFs are linear, shift-invariant, and operate locally within K -hop
neighborhoods [38], making them both efficient and scalable. Figure 2.2 illustrates the
convolution operations in a GCF.

SPECTRAL DOMAIN INTERPRETATION

In the spectral domain, graph convolution corresponds to point-wise multiplication of
frequency components. If S admits an eigen-decomposition S = VΛV−1, and x̂ = V−1x is
the GFT of the signal x, then the filtered signal in the spectral domain is:

ŷ = h(Λ)x̂, (2.8)

where h(Λ) = diag(h(λ0),h(λ1), . . . ,h(λN−1)) encodes the filter’s frequency response, and

h(λ) =
K∑

k=0
hkλ

k (2.9)

is the polynomial spectral kernel. This operation modulates each frequency component
x̂i by scaling it with h(λi ), enabling selective enhancement or attenuation based on the
graph’s spectral structure.
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Hence, GCFs admit dual interpretations: in the spatial domain, they act as a weighted
combination of shifted signals and in the spectral domain, they correspond to point-
wise multiplication of the signal’s frequency components with the filter’s spectral re-
sponse. Importantly, the filter coefficients {hk } can be learned end-to-end from down-
stream data, allowing the model to automatically determine which graph frequencies to
emphasize or suppress.

To enhance the expressiveness of GCFs, they are extended into GCNNs. By stack-
ing multiple GCF layers and introducing non-linearities, GCNNs can extract complex,
hierarchical features from graph-structured data [38]. This allows them to learn repre-
sentations end-to-end for downstream tasks, making them highly effective across a wide
range of graph learning applications [74].

2.1.4. GRAPH CONVOLUTIONAL NEURAL NETWORKS
GCNNs are multi-layered architectures where each layer consists of a collection of GCFs
followed by point-wise non-linearities.

A single layer transforms a set of input features into a new set of output features. The
number of raw input channels is denoted by F0 and corresponds to the dimensionality
of the initial node features. The number of output features at each layer ℓ is a hyperpa-
rameter and is denoted as Fℓ.

Let the input to the ℓ-th layer (which is the output of the ℓ−1-th layer) be denoted
as:

X(ℓ−1) = [x(ℓ−1)
1 ,x(ℓ−1)

2 , . . . ,x(ℓ−1)
Fℓ−1

] ∈RN×Fℓ−1 , (2.10)

where Fℓ−1 is the number of input feature channels. Each column x(ℓ−1)
g ∈RN represents

the values of the g -th feature across all nodes.
The layer produces Fℓ output feature channels. For each output feature f = 1, . . . ,Fℓ,

the intermediate signal before applying the activation function is computed as:

z(ℓ)
f =

Fℓ−1∑
g=1

H(ℓ)
f g x(ℓ−1)

g , (2.11)

where H(ℓ)
f g is a learnable GCF that models the contribution of the g -th input feature

to the f -th output feature. Following Equation 2.7, each filter is written as:

H(ℓ)
f g =

K∑
k=0

h(ℓ)
f g k Sk , (2.12)

where h(ℓ)
f g k are learnable coefficients. Substituting Equation 2.12 into Equation 2.11

yields:

z(ℓ)
f =

Fℓ−1∑
g=1

K∑
k=0

h(ℓ)
f g k Sk x(ℓ−1)

g . (2.13)

The final output feature x(ℓ)
f is then obtained by applying a non-linear activation

function σ(·):

x(ℓ)
f =σ(z(ℓ)

f ), f = 1, . . . ,Fℓ, (2.14)
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and the complete output matrix is:

X(ℓ) = [x(ℓ)
1 ,x(ℓ)

2 , . . . ,x(ℓ)
Fℓ

] ∈RN×Fℓ . (2.15)

This layered structure allows the model to iteratively aggregate and transform infor-
mation from local neighborhoods, enabling the learning of increasingly abstract node
representations in deeper layers.

For a GCNN with L layers, the final output is given by:

x(L) =σ(
H (L) (x(L−1))) (2.16)

where H (L) represents the full set of GCFs applied at layer L. The output x(L) is typi-
cally passed to a readout or classification layer, depending on the downstream task.

Various modifications of GCNNs have been proposed, each altering the filter design,
aggregation function, or neighborhood definition to enhance expressiveness, scalability,
or domain adaptation. These include spectral methods like ChebNet [25], attention-
based mechanisms like GAT [69], and scalable convolutions like GraphSAGE [36], each
tailored to specific application contexts. However, despite these innovations, all such
models operate within the constraints of graph-based representations and inherit their
fundamental limitations.

In particular, GCNNs (and it’s variants) struggle to model long-range dependencies
due to the phenomenon of over-squashing [31] where information from distant nodes
is compressed as it propagates through layers, leading to diminished expressive power.
Moreover, conventional GCNNs rely primarily on pairwise interactions encoded in edges,
limiting their ability to capture higher-order relationships or group dynamics that are
central to many real-world systems [4]. These limitations have motivated the devel-
opment of more expressive frameworks that extend beyond graphs, leveraging higher-
order topologies capable of naturally representing multi-node interactions and richer
relational structures.

2.2. TOPOLOGICAL SIGNAL PROCESSING
TSP extends GSP to topological domains. While graphs are limited to modeling pair-
wise relationships through edges, higher-order topological domains can capture multi-
node connections and interactions [62]. We focus specifically on simplicial and cell com-
plexes, which have a rich algebraic representation.

We begin by introducing simplicial and cell complexes and discussing their repre-
sentations in Section 2.2.1. We then delve into Hodge Theory, highlighting how Fourier
transformations are applied within each topological subspace of Hodge Laplacians in
Section 2.2.2. This is followed by extensions of GCFs and GCNNs to the topological do-
main in Sections 2.2.3 and 2.2.4, respectively. Finally, we discuss approaches for translat-
ing graph representations into higher-order topologies using feature and topology lifting
in Section 2.2.5.
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2.2.1. TOPOLOGIES

SIMPLICIAL COMPLEXES

Given a finite vertex set V , a k-simplex sk is defined as a subset of V with cardinality k+1.
The faces of sk are the (k −1)-simplices contained within it, while its cofaces are the (k +
1)-simplices that include sk as a face. This requirement that all faces of a simplex must
also be included in the complex is known as the face inclusion property of simplicial
complexes. Geometrically, simplices follow a strict structure: 0-simplices are vertices,
1-simplices are edges, 2-simplices are triangles, 3-simplices are tetrahedra, and so on.

A simplicial complex X is a finite collection of simplices closed under the face inclu-
sion property: if sk ∈ X , then all its faces sk−1 ⊂ sk are also in X . All k-simplices in X

form the k-skeleton, denoted X k , defined as:

X k =
Nk⋃
i=1

sk
i , (2.17)

where sk
i denotes the i -th k-simplex and Nk = |X k | is the number of k-simplices in

the complex. The dimension of a simplicial complex is given by the largest order of any
simplex it contains.

Orientation: The orientation of a simplex refers to a choice of ordering of its vertices,
which determines the direction of traversal of the simplex. For example, a 2-simplex
{i , j ,k} can be oriented as [i , j ,k], and reversing the order (e.g., [ j , i ,k]) is considered to
change the orientation. For consistency in computations, it is common to assign a fixed
orientation to each simplex. A widely used convention is the lexicographic ordering,
where the vertices of a simplex are ordered in increasing numerical order. That is, for
a k-simplex sk = {v0, v1, . . . , vk }, the orientation is taken to be [v0, v1, . . . , vk ] such that
v0 < v1 < ·· · < vk .

Adjacencies and Neighborhoods: Unlike graphs, which define the adjacency of nodes
through edges, simplicial complexes support richer notions of adjacency for the higher-
order topology:

• Lower Adjacency: Two k-simplices are lower adjacent if they share a common (k−
1)-face. For instance, two edges will be lower adjacent, if they share a common
node.

• Upper Adjacency: Two k-simplices are upper adjacent if they both are faces of a
common (k + 1)-simplex. For instance, two edges will be upper adjacent, if they
are a part of the same triangle.

Accordingly, for a k-simplex sk
i , we define the lower neighborhood N k

i ,ℓ as the set of

simplices lower adjacent to sk
i , and the upper neighborhood N k

i ,u as the set of its upper
adjacent simplices. The red nodes and triangle in Figure 2.3 highlights the upper (red
triangle) and lower (red nodes) neighborhood of a specific 1-simplex (green edge) in a
simplicial complex of order 2.
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Simplicial Signals: Just as graph signals represent quantifiable measurements associ-
ated with the nodes, and possibly, edges of a graph, a k-simplicial signal generalizes this
notion by defining a real-valued function on the k-simplices of a simplicial complex.

f k : X k →RNk . (2.18)

It is typically represented as a vector xk = [xk
1 , . . . , xk

Nk
]⊤ ∈ RNk , where xk

i is the signal
value associated with the i -th k-simplex. If the signals are multivariate, they can be
represented by matrix Xk ∈ RNk×Fk , where Fk is the number of channels for the k−th
simplicial signals.

Since simplicial signals are defined with respect to a chosen reference orientation,
the signal value alternates sign when the orientation is flipped. If sk ′ = −sk denotes a
simplex with reversed orientation, then:

f k (sk ′
) =− f k (sk ). (2.19)

1 2

34

5

6 7

B1 =



−1 −1 0 0 0 0 0 0 0
1 0 −1 0 0 0 0 0 0
0 0 1 −1 −1 0 0 0 0
0 1 0 1 0 −1 0 0 0
0 0 0 0 1 1 −1 −1 0
0 0 0 0 0 0 1 0 −1
0 0 0 0 0 0 0 1 1


B2 =



0 0
0 0
0 0
1 0
1 0
−1 0
0 1
0 −1
0 1


Figure 2.3: An example simplicial complex of order 2 with its corresponding

node-to-edge (B1) and edge-to-face (B2) incidence matrices. The upper and lower
neighborhood of a specific edge (green) are marked in red. The signals on nodes, edges

and faces are omitted for clarity.

Algebraic Representation: Simplicial complexes admit an algebraic representation via
the incidence matrices, also known as boundary operators. The k-th boundary operator
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is the incidence matrix:
Bk ∈RNk−1×Nk , (2.20)

which maps each k-simplex to its constituent (k −1)-faces. In particular, B1 is the node-
to-edge incidence matrix, and B2 is the edge-to-triangle incidence matrix and so on.
Figure 2.3 illustrates the boundary operators of a rank-2 simplicial complex.

The boundary operators of a simplicial complex satisfy the key topological identity
that reflects the fact that the boundary of a boundary is empty:

Bk Bk+1 = 0. (2.21)

Hodge Laplacians: The Hodge Laplacian is a natural generalization of the graph Lapla-
cian to higher-order topologies. For a simplicial complex of order K , the k-th Hodge
Laplacian Lk ∈RNk×Nk is defined as:

Lk = B⊤
k Bk +Bk+1B⊤

k+1, (2.22)

where:

• Lk,d = B⊤
k Bk is the lower Laplacian, encoding relationships between k-simplices

via shared (k −1)-faces (lower adjacency),

• Lk,u = Bk+1B⊤
k+1 is the upper Laplacian, encoding relationships between

k-simplices via shared (k +1)-cofaces (upper adjacency).

The 0-th Hodge Laplacian reduces to the standard graph Laplacian capturing the
upper adjacency of nodes through edges:

L0 = B1B⊤
1 . (2.23)

When k = K , the order of the simplicial complex, only the lower Laplacian remains as
there are no co-faces of K -simplices. Therefore, the K -th Hodge Laplacian reduces to:

LK = B⊤
K BK . (2.24)

CELL COMPLEXES

While simplicial complexes provide a structured way to represent higher-order relation-
ships, they are restricted by the face inclusion property. This means that they are re-
stricted to structures such as triangles, tetrahedrons, etc. which can be overly rigid for
certain applications.

Cell complexes offer a more flexible alternative by allowing general shapes such as
polygons as cells, without requiring all lower-dimensional faces to be explicitly included.
Each cell represents a basic geometric region (e.g., a node, edge, face) and can be com-
bined with others to form a valid topological space.

In this work, our focus is on regular cell complexes, which satisfy properties like lo-
cal finiteness, structured intersection, and homeomorphism, ensuring a well-behaved
topological structure [62]. Like in simplicial complexes, we can define signals on k-
dimensional cells as in Equation 2.18, represent relationships between them using in-
cidence matrices using Equation 2.20, and construct the Hodge Laplacians using Equa-
tion 2.22 to analyze signal diffusion across the complex. Figure 2.4 illustrates a rank-2
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1 2

34

5

B1 =


−1 −1 0 0 0
1 0 −1 0 0
0 0 1 −1 0
0 1 0 1 −1
0 0 0 0 1

 B2 =


1
−1
1
1
0


Figure 2.4: An example cell complex of order 2 with its corresponding node-to-edge

(B1) and edge-to-face (B2) incidence matrices. The upper and lower neighborhood of a
specific edge (green) are marked in red. The signals on nodes, edges and faces are

omitted for clarity.

cell complex with the corresponding boundary operators and the upper and lower adja-
cencies of a specific (green) edge marked in red. Simplicial complexes are a special case
of cell complexes where all cells are simplices, and the face inclusion property holds
strictly.

2.2.2. HODGE DECOMPOSITION AND TOPOLOGICAL FOURIER TRANSFORM
Hodge Decomposition: The Hodge decomposition theorem provides a framework to
decompose signals defined on higher-order structures, such as simplicial and cell com-
plexes. For ease of explanation, we use the term complex to refer to both simplicial and
cell complexes in the notation below. The Hodge decomposition splits the signal space
of the k-dimensional complex signals RNk as:

RNk = im(B⊤
k )⊕ im(Bk+1)⊕ker(Lk ) (2.25)

where im(·) and ker(·) denote the image and kernel spaces of a matrix, respectively,
and ⊕ denotes the direct sum of vector spaces. The three orthogonal subspaces are in-
terpreted as follows:

• im(B⊤
k ): The gradient space, representing the component of the k-complex signal

induced by differences in (k −1)-signals of the (k −1)-dimensional faces.

• im(Bk+1): The curl space, representing the component of the k-complex signal
induced by the (k +1)-signals of circulating (k +1)-dimensional cofaces.

• ker(Lk ): The harmonic space, representing the component of the k-complex signal
that is neither in the gradient space nor in the curl space (in the kernel space of
both).
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1 2

34
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H

Figure 2.5: Hodge Decomposition of edge flow f into the gradient (f1
G), curl (f1

C) and

harmonic (f1
H) components with f(1) = f1

G + f1
C + f1

H
.

A k-complex signal fk can thus be decomposed as:

fk = fk
G + fk

C + fk
H (2.26)

where fk
G ∈ im(B⊤

k ), fk
C ∈ im(Bk+1), and fk

H ∈ ker(Lk ) are the gradient, curl, and harmonic
components, respectively.

When k = 1, the signals f1 represent edge flows, and the Hodge decomposition pro-
vides insights into the decomposition of these edge signals. The divergence operator
B1 maps an edge flow f1 to a node-level signal f0 = B1 f 1, representing the net inflow or
outflow at each node. A flow is considered divergence-free if B1f1 = 0. The gradient oper-
ator B⊤

1 induces edge flows by computing differences between node signals, forming the
gradient component as f1

G = B⊤
1 f0. Similarly, the curl operator B⊤

2 measures the circula-
tion of edge flows around faces (triangles for simplicial complexes and polygons for cell
complexes) and induces face signals as f2 = B⊤

2 f1. A flow is curl-free if B⊤
2 f1 = 0. The curl

component of the edge flow is given by f1
C = B2f2, representing local circulations. The

harmonic component fH ∈ ker(L1) satisfies L1fH = 0, indicating it is both divergence-
and curl-free. Figure 2.5 illustrates the decomposition of edge signals on a simplicial
complex into gradient, curl, and harmonic components.

Topological Fourier Transform: Hodge Laplacians, like graph Laplacians, are positive
semi-definite matrices and admit an eigendecomposition, enabling a spectral represen-
tation of signals defined on complexes. The k-th Hodge Laplacian Lk is decomposed
as:

Lk = UkΛk U⊤
k (2.27)

where Uk is an orthonormal matrix containing the eigenvectors of Lk , andΛk is a diago-
nal matrix of the eigenvalues. The Fourier Transform of a k-complex signal fk is defined
by projecting it onto the eigenspace of Lk :

f̃k = U⊤
k fk (2.28)

where f̃k ∈ RNk contains the spectral coefficients. The inverse Fourier Transform recon-
structs the signal as:

fk = Uk f̃k (2.29)
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An important property of the Hodge decomposition is it’s alignment with the
eigenspace structure of the Hodge Laplacian. That is, for Lk = UkΛk U⊤

k , we can decom-
pose the eigenspace as Uk = [UG UC UH ] andΛk = diag(ΛG ,ΛC ,ΛH ), where each group
of eigenvectors corresponds to a distinct subspace:

• The gradient space, im(B⊤
k ), is spanned by eigenvectors UG associated with the

positive eigenvaluesΛG of the lower Laplacian Lk,d .

• The curl space, im(Bk+1), is spanned by eigenvectors UC associated with the posi-
tive eigenvaluesΛC of the upper Laplacian Lk,u .

• The harmonic space, ker(Lk ), is spanned by eigenvectors UH corresponding to
zero eigenvaluesΛH of Lk .

Given these components, a k-complex signal fk can be mapped into its subspace
embeddings as:

f̃k
H = U⊤

H fk , f̃k
G = U⊤

G fk , f̃k
C = U⊤

C fk (2.30)

These embeddings provide a compact and interpretable representation of the signal
in the spectral domain. The Fourier transform after the Hodge decomposition can thus
be written as:

f̃k =
[

f̃k
⊤
H f̃k

⊤
G f̃k

⊤
C

]⊤
(2.31)

2.2.3. TOPOLOGICAL FILTERS
The section above described how Hodge decomposition and the Topological Fourier
Transform provide a spectral basis that decomposes the eigen-space of the Hodge Lapla-
cian into gradient, curl, and harmonic components. Topological filters leverage this de-
composition to selectively amplify or suppress these components, based on the down-
stream task.

Analogous to GCFs, topological filters generalize the notion of learning frequency
modulation to topological domains. They act on k-complex signals by applying a learn-
able transformation that modulates the gradient, curl, and harmonic subspaces differ-
ently. Given the k-th Hodge Laplacian Lk , topological filters for k-complex signals are
defined as:

Hk := H(Lk,d ,Lk,u) = h0I +
L1∑

l1=1
αl1 (B⊤

k Bk )l1 +
L2∑

l2=1
βl2 (Bk+1B⊤

k+1)l2 , (2.32)

The parameters include filter coefficients h0, α = [α1, . . . ,αL1 ]⊤, β = [β1, . . . ,βL2 ]⊤,
and filter orders L1, L2. Figure 2.6 illustrates the shift-and-sum lower and upper convo-
lution operations in topological filters described in the equation above for the 1-Hodge
Laplacian L1.

Similar to GCFs, topological filters are a weighted combination of shifted signals.
However, topological shifting incorporates signals from both the lower and upper neigh-
borhoods through the lower and upper Hodge Laplacians. By using separate filter coeffi-
cients and orders for the lower and upper Laplacians, the topological filter can modulate
the gradient and curl spaces independently, increasing it’s expressive capacity [81].



2.2. TOPOLOGICAL SIGNAL PROCESSING 18

Figure 2.6: The shift-and-sum upper and lower convolution operations in a topological
filter for the 1-Hodge Laplacian L1.

The filter in Equation 2.32 shifts the signal L1 times over the lower neighborhoods
and L2 times over the upper neighborhoods. The shifted signals are then summed ac-
cording to the corresponding filter coefficients. Similar to the localized graph signal
shifting, described in 2.5, topological shifting is localized in the immediate upper and
lower neighborhood. Moreover, topological shifts in filters can be recursively applied, as
in Equation 2.6 to obtain filter outputs localized in the L1-hop lower neighborhood and
L2-hop upper neighborhood. This makes topological filters localized operations that are
shift-invariant [62, 81].

Spectral Domain Interpretation: In the spectral domain, topological filters modu-
late the different frequency components of the Hodge decomposition using pointwise
multiplication. The filter frequency response is given by:

h(λi ) =


h0, for λi ∈ΛH ,

h0 +∑L1
l1=1αl1λ

l1
i , for λi ∈ΛG ,

h0 +∑L2
l2=1βl2λ

l2
i , for λi ∈ΛC ,

(2.33)

This general formulation of topological filters and the spectral interpretation applies
to both simplicial complexes and cell complexes.

2.2.4. TOPOLOGICAL NEURAL NETWORKS
Topological Neural Networks (TNNs) are multi-layered architectures where each layer
consists of a collection of topological filters followed by point-wise non-linearities. These
networks generalize GCNNs from graphs to higher-dimensional topological structures
by leveraging Hodge Laplacians and incorporating both lower and upper adjacencies.

A single TNN layer transforms a set of k-complex features into a new set of output
features. F k

0 corresponds to the dimensionality of the initial k-complex signal, and the

number of output channels at layer ℓ, denoted F k
ℓ

, is a hyperparameter representing the
number of topological filter banks.

Let the input to the ℓ-th layer for the k-complex be denoted as:

Xk,(ℓ−1) = [xk,(ℓ−1)
1 ,xk,(ℓ−1)

2 , . . . ,xk,(ℓ−1)

F k
ℓ−1

] ∈RNk×F k
ℓ−1 , (2.34)
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Each column xk,(ℓ−1)
g ∈RNk represents the values of the g -th feature across all k-cells.

The layer produces F k
ℓ

output feature channels. For each output feature f = 1, . . . ,F k
ℓ

,
the intermediate signal before applying the activation is:

zk,(ℓ)
f =

F k
ℓ−1∑

g=1
Hk,(ℓ)

f g xk,(ℓ−1)
g , (2.35)

where Hk,(ℓ)
f g is a learnable topological filter that models the contribution of the g -th in-

put feature to the f -th output feature. Following the definition in Equation 2.32, each
filter is written as:

Hk,(ℓ)
f g = h0I +

L1∑
l1=1

α(ℓ)
f g ,l1

(B⊤
k Bk )l1 +

L2∑
l2=1

β(ℓ)
f g ,l2

(Bk+1B⊤
k+1)l2 , (2.36)

The output feature is then obtained by applying a non-linear activation functionσ(·):

xk,(ℓ)
f =σ(zk,(ℓ)

f ), ∀ f = 1, . . . ,F k
ℓ , (2.37)

and the final output matrix is:

Xk,(ℓ) = [xk,(ℓ)
1 ,xk,(ℓ)

2 , . . . ,xk,(ℓ)

F k
ℓ

] ∈RNk×F k
ℓ . (2.38)

A TNN is formed by stacking multiple such layers for each k-complex. For a TNN
with L layers, the final output at level k is:

xk,(L) =σ
(
H (L)(Lk,d ,Lk,u)xk,(L−1)

)
, (2.39)

where H (L) denotes the topological filter bank at layer L. This formulation describes
the most general form of a TNN, where each k-complex is updated independently at
every layer. Variations that allow for coupling between different k-complexes have been
proposed to improve expressivity and are discussed in Section 3.1.

2.2.5. CONSTRUCTING TOPOLOGIES FROM GRAPHS
Although many physical systems inherently exhibit higher-order interactions, the com-
plexity of modeling these relationships and the limitations of current experimental
methodologies often restrict the availability of higher-order data. As a result, such data is
frequently constructed by transforming graph-based representations through a process
known as lifting [35]. The lifting procedure consists of two components: structure lifting,
which transforms the graph structure into a higher-order topological structure, and fea-
ture lifting, which maps graph signals onto signals defined over higher-order simplices
or cells.

STRUCTURE LIFTING

Structure lifting refers to the process of transforming a graph structure into a higher-
order topological space such as a simplicial or cell complex. Formally, structure lifting is
defined as a map

ψX : G →X , (2.40)

where G denotes the graph structure, and X denotes the lifted topological structure
(simplices or cells).
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(a) Lifting a graph to a simplicial complex using Clique Lifting.
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(b) Lifting a graph to a cell complex using Cycle Lifting.

Figure 2.7: Lifting a graph to a simplicial and cell complex using clique lifting and cycle
lifting respectively.

Graph to Simplicial Complex: One commonly used approach to lift graphs to simpli-
cial complexes is clique lifting, in which all the cliques in a graph are mapped to sim-
plices. A clique in a graph is a subset of nodes in which every pair of distinct nodes is
connected by an edge. That is, a clique forms a complete subgraph. In the lifting pro-
cedure, a clique of size k +1 gives rise to a k-dimensional simplex in the resulting sim-
plicial complex. This construction yields a clique complex, where nodes correspond to
0-simplices, edges (2-cliques) to 1-simplices, triangles (3-cliques) to 2-simplices, and so
on. Although alternative structure lifting strategies exist [35], this work focuses exclu-
sively on clique lifting.

Graph to Cell Complex: Graphs can also be lifted into cell complexes through cycle-
based lifting, which provides a more flexible representation of higher-order interactions
by incorporating general polygonal structures. In this approach, cycles (closed paths)
in the graph are interpreted as boundaries of higher-dimensional cells. Each identified
cycle is associated with a 2-cell whose boundary aligns exactly with the cycle, and the
nodes and edges of the original graph are retained as the 0- and 1-cells, respectively.

Both clique and cycle-based lifting procedures are skeleton-preserving [10], meaning
they retain the original node and edge structure of the graph while augmenting it with
higher-order relationships. Figure 2.7 illustrates structure lifting from a graph to a sim-
plicial complex via clique lifting, and to a cell complex via cycle-based lifting.
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FEATURE LIFTING

Feature lifting refers to the process of transforming or transferring features defined on a
graph G to the corresponding lifted topological space X , in a way that is consistent with
the structural lifting map ψX : G →X .

Let FG : G → RN define the signal space over the nodes or edges of the graph. For
the lifted topological space, let F k

X : X k → RNk denote the signal space defined on the
k-dimensional cells (simplices or cells) of X , for k ∈ {0,1, . . . ,K }.

Feature lifting is then defined as a transformation:

ψk
F : G ×FG → F k

X , (2.41)

such that for all g ∈G ,
F k

X (ψX (g )) =ψk
F (FG (g )). (2.42)

In other words, for each complex order k, the feature of a k-dimensional simplex or
cell is obtained by combining the features of the graph elements that constitute it. For
instance, the feature of a 1-simplex (edge) may be constructed from the features of the
two nodes it connects, while the feature of a 2-cell (triangle or polygon) may depend on
the features of the nodes or edges that form its boundary. This process ensures that the
lifted features meaningfully reflect the structure and attributes of the underlying graph
components.

In practice, feature lifting can be rule-based, such as averaging or concatenating
features of lower-dimensional elements or learned using neural networks that generate
higher-order features from constituent components [7].

2.3. SPATIO-TEMPORAL MODELING USING PRODUCT SPACES
The previous sections introduced signal representations and filtering operations on static
graphs and topological structures. However, multivariate time series data is dynamic, ex-
hibiting temporal variation in the signals defined over their underlying structure. That
is, the signals associated with the graph nodes, edges, or higher-dimensional entities
evolve over time. This motivates the need for frameworks like the product space that
can capture both spatial dependencies (through the graph or topological structure) and
temporal dependencies (through time series dynamics).

This section begins by formally introducing time-varying signals in Section 2.3.1 as
a framework for representing multivariate time series data where variables exhibit a re-
lational structure. We then define the spatio-temporal modeling problem and highlight
the need to jointly capture spatial and temporal dependencies in Section 2.3.2. This is
followed by a description of the product graph framework, a widely used approach for
modeling spatio-temporal data by constructing a graph in the product space in Section
2.3.3. Finally, we discuss the extension of product graphs to the higher-order product
spaces through the product cell complex framework in Section 2.3.4.

2.3.1. TIME-VARYING GRAPH SIGNALS
Multivariate time series data can be expressed as time-varying graph signals that extend
static graph signals by associating each node (or edge) with a sequence of values over
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time. Formally, let G = (V ,E ) denote a graph with N = |V | nodes and |E | edges. A time-
varying signal on the nodes is a function f v

t : V ×Z→ R, which assigns a scalar value
to each node at each discrete time step. The signal at time t is denoted by the vector
xv

t ∈RN , where [xv
t ]i represents the value at node i and time t .

Similarly, a time-varying signal on the edges is defined as a function f e
t : E ×Z→

R, assigning a scalar value to each edge at each time step. The edge signal at time t
is denoted by xe

t ∈ R|E |, where [xe
t ] j denotes the value at edge j and time t . Although

each node or edge can have multiple features at each time step, we assume scalar time-
varying signals for both nodes and edges for notational simplicity in the remainder of
this section.

The underlying graph structure itself may be either static or dynamic. In the dynamic
case, we have a sequence of graphs {Gt = (V ,Et )}, where the edge set Et and correspond-
ing adjacency matrix At may change over time. In this work, however, we focus on the
setting where the graph structure G remains static, and only the signals vary through
time.

This framework naturally generalizes to time-varying signals on higher-order topo-
logical structures, such as simplicial and cell complexes, where signals may be defined
on nodes, edges, faces, or higher-dimensional cells over time.

2.3.2. SPATIO-TEMPORAL MODELING
Spatio-temporal modeling of multivariate time series data takes advantage of the spatial,
temporal and spatio-temporal relationships present in the data. Figure 2.8 shows these
three types of dependencies in multivariate time series data.

Capturing temporal dependencies allows the model to learn patterns over time, such
as trends, periodicities, or delays. Spatial dependencies, on the other hand, capture how
different nodes influence each other through the graph structure through diffusion or
propagation dynamics. Since these two forms of correlation are often interdependent,
effective spatio-temporal modeling requires joint reasoning over both domains. This
gives rise to spatial, temporal and spatio-temporal dependencies in multivariate data

While a variety of methods for modeling spatio-temporal data are discussed in Sec-
tion 3.3, the following two sections focus on approaches that model joint spatio-temporal
dependencies by operating on the spatio-temporal product space, first through product
graphs and then through product cell complexes.

2.3.3. PRODUCT GRAPHS
The product graph framework provides a unified representation for spatio-temporal data
by combining spatial and temporal graphs through Kronecker products [46]. Let the
spatial graph be defined as GS = (VS ,ES ), where VS denotes the set of N = |VS | spatial
nodes and SS ∈ RN×N is the associated GSO encoding spatial connectivity between spa-
tial edges ES . At each discrete time step t ∈ {1, . . . ,T }, a node-level graph signal xv

t ∈ RN

is defined over VS , and the sequence {xv
t }T

t=1 forms a time-varying graph signal.
Temporal dependencies are captured by a temporal graph GT = (VT ,ET ), where VT =

{1, . . . ,T } indexes the time steps and ET ⊆ VT ×VT defines edges between them. An edge
(t , t ′) ∈ ET represents a dependency between time steps t and t ′, and the structure is
encoded by the temporal shift operator ST ∈ RT×T . In this work, we model ST as a line
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(a) Spatial dependencies between
variables at a fixed time slice.

(b) Temporal dependencies within
variables across time slices.

(c) Spatio-temporal dependencies
across variables and time slices.

Figure 2.8: Spatial, temporal, and spatio-temporal dependencies in multivariate time
series data.

graph, where each time step is connected to its immediate predecessor to capture first-
order temporal dependencies.

The resulting product graph is defined as G◦ =GT ◦GS = (V◦,E◦,S◦), where V◦ = VS×VT

denotes the set of spatio-temporal nodes and |V◦| = N T . Each node (i , t ) ∈ V◦ represents
spatial node i at time t . Edges in E◦ are induced by both spatial and temporal adja-
cencies, and the combined structure is encoded by the spatio-temporal shift operator
S◦ ∈ RN T×N T . Intuitively, product graphs represent the space-time relational structure
of multivariate time series data.

TYPES OF PRODUCT GRAPHS

Different formulations of S◦ correspond to different types of product graphs [61], visual-
ized in Figure 2.9:

• Kronecker Product: Connects nodes in a spatio-temporal manner only if both
their spatial and temporal components are adjacent. The GSO is given by Kro-
necker product S⊗ = ST ⊗SS and the product graph is represented as G⊗ = GT ⊗
GS = (V⊗,E⊗,S⊗)

• Cartesian Product: Captures both the spatial and temporal adjacencies. The GSO
is given by Kronecker product S× = ST ⊗ IN + IT ⊗SS and the product graph is rep-
resented as G× =GT ×GS = (V×,E×,S×)
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Figure 2.9: The different types of product graph for spatio-temporal modeling, adapted
from [59]

• Strong Product: Combines both Kronecker and Cartesian interactions. The GSO
is the sum S⊠ = S×+S⊗ and the product graph is represented as G⊠ = GT ⊠GS =
(V⊠,E⊠,S⊠).

• Parametric Product: Generalizes all the types above with learnable scalars {si j }
controlling the contributions of spatial and temporal interactions:

S♦ =
N∑

i=0

T∑
j=0

si j (Si
T ⊗S j

S ), (2.43)

where setting all si j = 1 recovers the strong product graph. When si j are learnable
parameters, the spatio-temporal coupling can be optimized end-to-end with the
downstream task. The allows parametric product graphs to learn the importance
of different types of pairwise relationships in multivariate time series data.

FILTERING ON PRODUCT GRAPHS

Once the product graph G◦ = GT ◦GS is defined, one can directly apply graph convolu-
tional filtering on this unified structure. Since these filters filter across space and time,
they are called Graph-Time Convolutional Filters (GTCF) [59] and are defined as:

H◦ =
K∑

k=0
hk Sk

◦ , (2.44)

where the shift-and-sum operation is performed over the spatio-temporal graph shift
operator S◦, and {hk } are learnable filter coefficients.

Analogous to GCNNs, which stack multiple GCFs with nonlinearities, GTCNNs [59]
build spatio-temporal convolutional architectures by stacking GTCFs. These models
learn expressive representations of space-time dynamics in time-varying graph signals



2.3. SPATIO-TEMPORAL MODELING USING PRODUCT SPACES 25

Figure 2.10: The product cell complex Z formed as a Cartesian product of spatial and
temporal simplicial complexes X and Y , respectively. Adapted from [59]

by applying localized, shared filters over the product graph domain. Furthermore, by
employing parametric product graphs as defined in Equation 2.43, GTCNNs can learn
the relative importance of different edge types, thereby enabling the model to learn
an appropriate inductive bias directly from the data, rather than relying on predefined
structural assumptions.

2.3.4. PRODUCT CELL COMPLEX
While product graphs effectively model time-varying signals on the nodes of a graph,
they only model time-varying signals on nodes and cannot represent temporal dynam-
ics on edges or higher-order structures. As a result, they cannot model higher-order re-
lationships in space and time. To address this limitation, [57] introduced a higher-order
topological space represented by a cell complex that jointly encodes spatial and tempo-
ral structures by taking the product of spatial and temporal simplicial complexes.

Let X and Y be spatial and temporal simplicial complexes, respectively. The product
cell complex is defined as:

Z = X⊠Y,

where each k-cell in Z arises from the product of a spatial ks -simplex and a temporal
kt -simplex, satisfying k = ks +kt .

For example, the product of two vertices yields another vertex (product of 0-simplex
and 0-simplex yields a 0-cell), and the product of a vertex and an edge yields an edge
(product of 0-simplex and 1-simplex yields a 1-cell). However, the product of two edges
does not produce a 2-simplex, but rather a 2-cell shaped like a filled rectangle (product
of 1-simplex and 1-simplex yields a 2-cell), as shown in Figure 2.10.

To perform signal processing on this product complex, the authors of [57] derive its
boundary operators by combining the spatial and temporal boundary matrices via Kro-
necker sums and products. This construction leads directly to Hodge Laplacians that
capture interactions across both space and time dimensions for the constructed cell
complex. However, they propose this as a theoretical framework and do not construct
a TNN on the product cell complex.

It is important to note that XP forms a regular cell complex in the product space
rather than a simplicial complex. Retaining a simplicial structure requires subdividing
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the constructed cells into triangles, which is not done in [57]. In contrast, our work en-
sures that the constructed product complex remains simplicial and construct a TNN on
the resulting simplicial product complex. We argue that constructing a simplicial prod-
uct complex rather than a cellular product complex has various benefits discussed in 4.7
that benefit higher order spatio-temporal modeling.

2.4. CONCLUSION
This chapter began with a review of classical graph signal processing, covering graph fil-
ters, their spectral properties, and GCNNs. We then motivated the move to higher-order
topological structures such as simplicial and cell complexes that capture multi-variable
relationships that graphs cannot. Within this setting, we introduced Hodge decompo-
sition and topological Fourier analysis as tools for decomposing signals on topological
domains, and defined both topological filters and TNNs, extending graph filters and GC-
NNs to the topological domain.

Next, we examined time-varying graph signals and showed how product graphs model
temporal dynamics for node-level data. To overcome their limitations in representing
higher-order interactions, we introduced product cell complexes, which enable spatio-
temporal modeling on higher-order topological structures. Finally, we emphasized a key
difference between product cell complexes and our proposed approach. While the prod-
uct cell complexes yields regular cell structures in the product space, our method explic-
itly enforces a simplicial structure, a design choice we hypothesize offers a richer and
more flexible representation of higher-order space-time relations.



3
RELATED WORK

This chapter reviews existing work relevant to our proposed framework that captures
higher-order relationships in multivariate time series data. We begin in Section 3.1 by re-
viewing existing works that use TNNs to model higher-order structure using simplicial or
cell complexes in the spatial domain. We then delve deeper into the various multivariate
time series modeling paradigms discussed in Chapter 1. Section 3.2 surveys structure-
unaware frameworks that do not incorporate any relational structure while modeling
multivariate time series data, reviewing both classical and deep learning-based meth-
ods. In Section 3.3, we review graph-aware spatio-temporal models that leverage rela-
tional priors to jointly capture spatial and temporal dependencies. Finally, in Section
3.4, we examine recent efforts that extend topological modeling to spatio-temporal do-
mains via product spaces, enabling topologically-aware spatio-temporal learning. We
conclude the chapter with a discussion in Section 3.5. Figure 3.1 provides a taxonomy of
the literature we survey in this chapter.

3.1. HIGHER-ORDER SPATIAL MODELING
This section reviews prior work on developing signal processing foundations and neural
network architectures for higher-order spatial modeling with simplicial and cell com-
plexes.

SIMPLICIAL COMPLEXES
Simplicial complexes were initially studied in the context of signal processing in [5, 9],
paving the way for the development of the spectral theory of simplicial signals [4] and
simplicial filtering techniques [80] using the Hodge Laplacian. Early applications in-
cluded edge flow denoising [64], interpolation [40], and topology inference [4]. Building
upon this foundation, HodgeNet [56] introduced the first integration of Hodge Theory
with deep learning by leveraging the lower Laplacian L1,ℓ for learning convolutions on
edge features.

Following this, several works extended simplicial processing to higher-dimensional

27
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Figure 3.1: A taxonomy of our literature review covering higher-order spatial modeling
and the three paradigms for multivariate time series modeling: structure-unaware,

graph-aware and topology-aware frameworks.

structures. Simplicial Neural Networks (SNN) [26] and SCCONV [15] generalized the
convolution framework of [56] to support signals on simplices of higher ranks, incor-
porating both upper and lower Laplacians. Compared to SNNs, SCCONVs incorporated
features from simplices of adjacent ranks by using boundary and co-boundary opera-
tors. [11] proposed Message Passing Simplicial Networks (MPSNs) that adapted the mes-
sage passing framework to simplicial complexes by aggregating upper and lower neigh-
borhoods as well as neighborhoods of adjacent ranks. They also introduced a Simplicial
Weisfeiler-Lehman (SWL) test to differentiate non-isomorphic graphs and demonstrated
that MPSNs are provably more powerful and expressive than GNNs. The MPSN frame-
work also unified and generalized previous approaches such as [15] and [54] with specific
aggregate and update functions in the message passing framework.

Building on these developments, SCNNs [79] introduced a framework for multi-hop
message passing, enabling separate processing of upper and lower neighborhoods to en-
hance model flexibility. This multi-hop convolution framework was further extended in
SCCNNs [78] through inter-simplicial coupling, which facilitates interactions by propa-
gating signals from lower and upper neighborhoods in each layer.

Recent works have also explored self-attention mechanisms for simplicial complexes,
allowing models to adaptively learn the importance of different neighborhoods. Various
works, such as SAN [8], SAT [33], and SGAT [45], extend traditional message passing by
incorporating attention-based weighting schemes that selectively amplify or suppress
information flow across simplicial structures. While SGAT applies attention mechanisms



3.2. STRUCTURE-UNAWARE FRAMEWORKS 29

using the upper Laplacian, SAT expands this approach by considering interactions be-
tween simplices of different orders. SAN further generalizes these ideas by introducing a
flexible attention framework that dynamically adjusts weights across multiple simplicial
neighborhoods.

CELL COMPLEXES
Similar to simplicial complexes, foundational work in signal processing has also been
established for cell complexes. Early research introduced linear filtering techniques for
cell complexes [55], leveraging the Hodge Laplacian as the shift operator and outlining
how these filters could be extended into neural network architectures. Building on this,
[63] proposed topological filters tailored for cell complexes, enabling independent pro-
cessing of the different Hodge subspaces, similar to previous work in simplicial signal
processing [80]. A more theoretical perspective on neural network design for cell com-
plexes was introduced in [34], establishing a general framework for learning on these
higher-order structures. The first practical implementation of such models was demon-
strated in [10], where the authors showed that TNNs on cell complexes exhibit superior
expressivity and classification performance compared to traditional graph-based mod-
els. More recently, [32] introduced Cell Attention Networks (CAN), extending the atten-
tion mechanisms originally developed for simplicial complexes [33] to the more general
cell complex setting, enabling flexible and adaptive weighting of multi-cell interactions.

While the works discussed above leverage higher-order interactions, they do so exclu-
sively in the spatial domain. Some recent works have explored the use of topologies
in the product space to model time-varying data defined on higher-order structures.
We discuss these works later in Section 3.4. We now discuss the different modeling
paradigms for multivariate time series data. Figure 3.2 provides a visual illustration of
the three paradigms: structure-unaware, graph-aware and topology-aware frameworks.

3.2. STRUCTURE-UNAWARE FRAMEWORKS
Structure-unaware approaches [13, 37, 84, 87] model each variable independently, cap-
turing temporal dynamics without accounting for inter-variable relationships. Although
these methods can effectively learn local patterns in individual sequences, they ignore
the relational structure altogether. We explore both traditional statistical models and
more recent deep learning models.

STATISTICAL MODELS

Traditional statistical models have been widely used for time series modeling and in-
clude methods like Autoregressive (AR) [84] and Moving Average (MA) [70], which form
the foundation for the combined Autoregressive Moving Average (ARMA) [58]. These
models are designed for univariate stationary time series, where AR models capture de-
pendencies on past values, and MA models focus on past random errors. They are usu-
ally applied independently for each variable in multivariate data. However, these models
assume stationarity in the data.

To address non-stationarity, Autoregressive Integrated Moving Average (ARIMA) [13]
introduces a differencing step to handle trends and seasonal components. Despite their
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(a) Structure-unaware frameworks that
ignore relational dependencies

altogether.

(b) Graph-aware frameworks that
model pairwise relational

dependencies using graphs.

(c) Topology-aware frameworks that
model higher-order relational

dependencies using topologies.

Figure 3.2: Multivariate time series modeling paradigms.

simplicity and interpretability, these models are limited in capturing complex, long-term
temporal dependencies and non-linear relationships. These limitations have motivated
the development of deep learning methods, which provide greater flexibility and scala-
bility for modeling complex temporal patterns in time series data.

DEEP LEARNING MODELS

Neural networks, supported by the Universal Approximation Theorem [66], are powerful
tools for modeling complex temporal data as they are capable of approximating any ar-
bitrary continuous function. Popular architectures such as Recurrent Neural Networks
(RNNs) [27], Convolutional Neural Networks (CNNs) [44], and Transformers [68] have
been extensively applied to time series modeling, each offering unique strengths for cap-
turing temporal dependencies.

RNNs were specifically designed to handle sequential data, such as time series and
natural language, by leveraging recurrent connections which pass information across
time steps. The hidden state acts as a memory unit, enabling the network to retain infor-
mation from previous inputs and capture temporal dependencies. However, traditional
RNNs struggle with modeling long-term dependencies due to vanishing and exploding
gradients [52], which hinder their ability to propagate information over extended se-
quences. To address these limitations, gated architectures like Long Short-Term Memory
(LSTM) networks [37] and Gated Recurrent Units (GRUs) [21] were developed. These ar-
chitectures introduce mechanisms to selectively retain or forget information, effectively
capturing both short- and long-term dependencies. GRUs, in particular, offer a com-
putationally efficient alternative to LSTMs by using fewer parameters while maintaining
comparable performance. Further advancements, such as Dilated RNNs [19], improve
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the modeling of long-range dependencies by introducing dilated connections that ex-
pand the receptive field. Temporal attention mechanisms [28] further enhance this ca-
pability by dynamically focusing on relevant time steps, while sequence-to-sequence
frameworks [72] provide flexible input-output mappings for tasks like multi-step fore-
casting, making these architectures versatile tools for time series prediction.

CNNs, originally designed for grid-like data structures like images, have been adapted
to time series tasks due to their efficient parallel computations and smaller number
of trainable parameters compared to RNNs. By employing causal convolutions [50],
CNN-based models ensure that temporal predictions are based solely on past observa-
tions, making them suitable for autoregressive tasks. Temporal Convolutional Networks
(TCNs) [3] extend this approach with dilated convolutions, exponentially expanding the
receptive field as layers are stacked. This enables the model to capture dependencies
across both short and long time scales effectively. Additionally, the WaveNet-CNN archi-
tecture [12], inspired by the WaveNet model [50], combines dilated convolutions with
parameterized skip connections to efficiently model temporal and inter-variable rela-
tionships, making it a highly effective choice for time series modeling.

More recently, Transformer architectures [68] have revolutionized temporal data mod-
eling by replacing recurrence with self-attention mechanisms. Unlike RNNs, Transform-
ers process entire sequences simultaneously, enabling them to capture both local and
global dependencies in a highly parallelized manner. This capability makes Transform-
ers particularly effective for handling long-term temporal dependencies, which tradi-
tional architectures often struggle with. Several variants have been proposed to enhance
performance. For instance, the Informer [87] introduces a sparse self-attention mech-
anism that reduces the quadratic complexity of traditional Transformers, making them
scalable to long sequences. The Autoformer [73] incorporates a decomposition block
that separates time series data into trend and seasonal components, improving inter-
pretability and forecasting accuracy.

Despite the success of these models in capturing temporal dependencies, they do
not explicitly account for the inter-variable spatial structure as an inductive bias which
is often inherent in multivariate time series data. Incorporating the relational prior can
prune spurious correlations, improve generalization, and enhance sample efficiency [23],
thus motivating the use of graph-aware temporal modeling frameworks.

3.3. GRAPH-AWARE FRAMEWORKS
Graph-aware temporal models, known collectively as Spatio-Temporal Graph Neural
Networks (STGNNs), are designed to capture spatial and temporal dependencies in mul-
tivariate data through distinctive spatial and temporal modules. The spatial module cap-
tures inter-variable relationships using graph convolutions, which may operate in the
node domain [47, 61, 76], the spectral domain [16, 82], or through hybrid approaches
that combines both [85]. The temporal module captures temporal relationships using
RNNs [47, 51], CNNs [76, 82, 85], attention mechanisms [86], or hybrid models either in
the time [47, 61, 82] or in the frequency domain [16]. The interaction between spatial
and temporal modules determines whether a model is factorized [51, 76, 82] or coupled
[47, 61, 86]. Factorized models treat spatial and temporal dependencies as separate pro-
cesses, learning and processing them independently and then combining the outputs of
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the two modules at a later fusion step. Coupled models, on the other hand, integrate
spatial and temporal dependencies into a unified process, enabling the two modules to
be learned jointly. This integrated approach often results in a more cohesive and expres-
sive representation of spatio-temporal interactions, allowing the model to better cap-
ture complex patterns across time and space in multivariate data. Figure 3.3 illustrates
the general composition of graph-aware frameworks, depicting the spatial and temporal
modules and the interactions between them.

Figure 3.3: An illustration of graph-aware frameworks, composed of distinct spatial and
temporal modules with their interaction giving rise to coupled and factorized models.

Building on this general structure, various previous works propose distinct designs
for spatial and temporal modules and explore different strategies for their integration.
STGCN [82] employs a modular design by stacking temporal convolutions followed by
Gated Linear Units (GLUs) [24] and spatial ChebConv layers [25]. These ChebConv layers
operate in the spectral domain to capture inter-variable relationships, and the alternat-
ing arrangement of spatial and temporal modules enables the model to separately learn
temporal and spatial dependencies. Similarly, StemGNN [16] operates in the spectral
domain for spatial modeling, but its temporal module takes a different approach by ap-
plying convolutions in the frequency domain. StemGNN first transforms the graph into
the spectral domain and then projects the time series data into the frequency domain,
enabling it to capture periodic patterns before applying temporal convolutions.

In contrast, DCRNN [47] and Graph WaveNet [76] operate in the node domain for
spatial modeling. DCRNN incorporates graph diffusion convolutions into Gated Recur-
rent Units (GRUs) to jointly learn spatial and temporal dependencies in a coupled frame-
work. This integration allows the spatial and temporal modules to influence each other
directly during the learning process. Graph WaveNet, on the other hand, separates these
dependencies into distinct modules, employing diffusion convolutions for spatial rela-
tionships and dilated causal convolutions for temporal dependencies. Graph Wavenet
also learns an adaptive adjacency matrix as part of training to learn hidden relationships
not captured by the given spatial graph.

GTCNNs [59], as discussed in Section 2.3.3, take a unique approach by construct-
ing a spatio-temporal product graph and performing graph convolutions directly in the
spatio-temporal space. Unlike other STGNNs that have distinct spatial and temporal
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modules, GTCNNs inherently capture spatio-temporal dynamics through graph convo-
lutions, resulting in well-defined spectral properties and provable stability to perturba-
tions in the spatial graph. These advantages make product graph-based approaches
particularly appealing for spatio-temporal modeling. However, all graph-aware mod-
els are inherently limited to capturing pairwise space-time relationships. We thus ex-
plore topologically-aware frameworks that model higher-order relationships in space
and time.

3.4. TOPOLOGY-AWARE FRAMEWORKS
The concept of product spaces was introduced in [57], which presented a signal process-
ing framework over product cell complexes, topological domains constructed through
the Cartesian product of spatial and temporal simplicial complexes, as described in Sec-
tion 2.3.4. This formulation enabled the modeling of multi-way spatio-temporal inter-
actions within a higher-order topological space and, importantly, introduced the repre-
sentation of time-varying signals on higher-order structures such as edges.

This line of work was extended in [53], which developed signal recovery methods for
product cell complexes. By leveraging the factorized structure, the study demonstrated
how edge and node signals on the product complex can be inferred from sub-sampled
observations on the individual factor complexes.

These works represent an important step toward extending topological modeling to
the spatio-temporal domain, as product spaces provide a principled framework for in-
tegrating higher-order structure with time-evolving data. However, existing approaches
operate within the product cell complex and do not maintain a simplicial structure in the
product space. Furthermore, they do not construct a TNN directly on the product com-
plex, nor do they train it end-to-end for the downstream task. In contrast, our work en-
sures that the constructed product complex remains simplicial and construct a TNN on
the resulting simplicial product complex. We argue that this leads to a more expressive
and flexible framework for capturing higher-order relationships in the product space.

3.5. DISCUSSION
This chapter surveyed four broad areas of research relevant to our work. We began with
studies that model purely spatial higher-order interactions. These lay the foundation
for the topology-aware modeling paradigm. We then discussed the different paradigms
for multivariate time series modeling starting with structure-unaware temporal models
that capture dependencies in time series data without incorporating relational struc-
ture. While statistical structure-unaware methods offer interpretability and are effective
for small-scale problems, they struggle with non-linear and long-range dependencies.
Deep learning models address these limitations through more complex architectures
that introduce non-linearities, but treat multivariate time series as flat inputs and do
not leverage inter-variable relationships as an inductive bias.

To address this, graph-aware temporal models incorporate spatial priors, enabling
improved generalization and more structured representations. However, they are fun-
damentally limited to pairwise interactions encoded by the graph structure, and thus
cannot capture higher-order dependencies among entities.
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To model time-varying signals on higher-order structures, recent works have pro-
posed the use of product spaces, particularly the product cell complex, which enables
the representation higher-order structures in the spatial and temporal domains. This
construction offer a principled foundation for topologically-aware spatio-temporal mod-
eling.

Building on these foundations, we now propose our framework that retains a simpli-
cial structure in the product space. Our central hypothesis is that the simplicial structure
in our framework offers a richer topological domain than the product cell complex by
supporting a broader class of parameterized higher-order interactions. The next chap-
ter formalizes this construction and introduces our proposed framework and neural net-
work architecture.



4
THE SIMPLICIAL PRODUCT

COMPLEX FRAMEWORK

This chapter presents a unified framework for spatio-temporal modeling of time-varying
signals using the Simplicial Product Complex (SPC). We begin by introducing the SPC
as a higher-order extension of the Strong Product Graph (SPG) in Section 4.1, demon-
strating how cliques in the SPG naturally lift to 2-simplices. We then formally define the
SPC, its algebraic structure, and associated signal spaces in Section 4.2. To enable data-
adaptive learning of higher-order relationships, we develop a parameterized variant of
the SPC by first cataloging the different simplex types that arise in Section 4.3, then con-
structing the parameterized SPC through separate incidence matrices for each simplex
type in Section 4.4. We subsequently derive the corresponding parameterized Hodge
Laplacians and define the convolutional filters used by our proposed Simplicial Prod-
uct Complex Convolutional Neural Network (SPCCNN) architecture in Sections 4.5-4.6.
The SPCCNN leverages these parameterized Hodge Laplacians to learn the importance
of different higher-order relationships in multivariate time series data in a data-adaptive
manner. Finally, we address scalability challenges and discuss the advantages of the SPC
over the product cell complex in Section 4.7.

4.1. FROM STRONG PRODUCT GRAPH TO SIMPLICIAL PROD-
UCT COMPLEX

Product graphs offer a principled framework for spatio-temporal modeling by enabling
convolutions over space-time graphs. Recall that the SPG contains spatial, temporal,
and Kronecker edges, and is represented as G⊠ = GT ⊠GS = (V⊠,E⊠,S⊠), where GS =
(VS ,ES ,SS ) and GT = (VT ,ET ,ST ) are the spatial and temporal graphs, respectively, as
defined in Section 2.3.3. Let B1S and B1T denote the node-to-edge incidence matrices
of GS and GT respectively. Figure 4.1 illustrates an example SPG, highlighting spatial
(red), temporal (green), and spatio-temporal (gray) edges.

While the SPG encodes rich pairwise connectivity, it is inherently limited to binary re-
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Figure 4.1: An example SPG with the different edge types highlighted and the signals
defined on the nodes.

lationships, capturing only spatial, temporal, or spatio-temporal edges between nodes.
As discussed earlier, many real-world systems involve coordinated inter-temporal inter-
actions among multiple nodes that cannot be represented through pairwise links alone.
Consider a traffic monitoring system where sensors at intersections record vehicle flow
over time. Traffic dynamics often involve joint influences over time: for example, si-
multaneous congestion at intersections A and B may collectively affect future flow at
intersection C, especially if C is only reachable via A and B. To explicitly capture such
multi-node dependencies, we lift the SPG into the SPC, which introduces higher-order
structures by forming triangles in the SPG. Intuitively, the SPC is a higher-order extension
of the SPG: in addition to vertices representing space-time locations and edges encod-
ing spatial and temporal connections, it incorporates filled triangles to form a spatio-
temporal simplicial complex. As illustrated in Figure 4.2, this results in simplicial com-
plex in space and time, enabling TNNs operating on the SPC to model spatio-temporal
interactions that go beyond pairwise relationships. Moreover, the simplicial structure in
the product space decomposes the homogeneous cells present in the product cell com-
plex into distinguishable, heterogeneous higher-order relationships, as we will demon-
strate later in this chapter.

4.2. SIMPLICIAL PRODUCT COMPLEX
In this section, we formally define the SPC by detailing the construction of each skeleton.
Let GS , GT and G⊠ be the spatial, temporal and strong product graphs as defined above.
We construct the SPC Z as the clique complex over G⊠. That is, the SPC Z of dimension
K contains all cliques in SPG G⊠ of size at most (K +1), closed under the face inclusion
property. Below, we describe its structure by explicitly defining its k-skeletons for k ≥ 0
in terms of the V⊠ and E⊠, the node and edge sets of SPG G⊠.

4.2.1. SIMPLICIAL STRUCTURE
0-skeleton: The 0-skeleton of Z consists of all nodes (1-node cliques) in the strong
product graph G⊠ defined as:
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Figure 4.2: The lifted SPC for the given SPG. For visual clarity, we mark the orientation
of only one triangle and show signals on a selected subset of edges and triangles.

Z 0 = {
v

∣∣ v ∈ V⊠
}

, (4.1)

All nodes in the SPG form 0-simplices in the SPC. Each 0-simplex v ∈ Z 0 can be
written as a tuple (vT , vS ), where vT ∈ VT is a temporal node and vS ∈ VS is a spatial node.
That is, a 0-simplex (vT , vS ) denotes the space-time location of node vS at time-step vT .
The total number of 0-simplices, represented by N 01, is given by:

N 0 = |V⊠| = N T. (4.2)

1-skeleton: The 1-skeleton of Z consists of all edges (2-node cliques) in the strong
product graph G⊠ defined as:

Z 1 = {
{v, v ′} ⊂Z 0 ∣∣ (v, v ′) ∈ E⊠

}
. (4.3)

All edges in the SPG form 1-simplices in the SPC. The total number of 1-simplices,
represented by N 11, is the same as the total number of edges in the SPG and is given by:

N 1 = |E⊠| = T · |ES |+N · (T −1)+2|ES | · (T −1), (4.4)

2-skeleton: The 2-simplices of Z are all triangles formed by 3-node cliques in G⊠.
That is, for any distinct nodes xi , x j , xk ∈ Z 0, the triplet {xi , x j , xk } forms a 2-simplex
if edges exist among each pair of 0-simplices:

Z 2 = {
{xi , x j , xk } ⊂Z 0 ∣∣ {xi , x j }, {x j , xk }, {xi , xk } ∈Z 1} . (4.5)

Each such triangle represents a higher-order spatio-temporal interaction between the
three involved nodes. The total number of 2-simplices, represented by N 21, is derived
later in Equation 4.24.

1The superscript on N denotes the order of the simplex and not the exponentiation of N .



4.2. SIMPLICIAL PRODUCT COMPLEX 38

k-skeleton: More generally, the k-skeleton of the SPC consists of all (k +1)-cliques in
G⊠, each lifted as a k-simplex. A set of 0-simplices σ = {x0, x1, . . . , xk } ⊂ Z 0 forms a k-
simplex if every pair of 0-simpices in the set forms a 1-simplex in Z 1, i.e., it forms a
complete subgraph in G⊠. The k-skeleton is defined as:

Z k = {
σ⊂Z 0 ∣∣ |σ| = k +1, ∀xi , x j ∈σ, i ̸= j ⇒ {xi , x j } ∈Z 1} . (4.6)

This construction ensures that every k-simplex corresponds to a (k + 1)-clique in G⊠,
and the resulting complex satisfies the face-inclusion property.

Full complex: The full Simplicial Product Complex of rank K is the union of all k-
skeletons up to dimension K :

Z =
K⋃

k=0
Z k . (4.7)

This defines Z as a clique complex over G⊠, where higher-order simplices are con-
structed by lifting cliques in the product graph and are guaranteed to include all of their
lower-dimensional faces.

In this work, we focus on a rank-2 SPC, i.e., we restrict to spatio-temporal simplices
of dimension at most 2. This means that we lift only up to 3-node cliques from G⊠, re-
sulting in a simplicial complex composed of vertices (0-simplices), edges (1-simplices),
and triangles (2-simplices).

4.2.2. SIGNAL SPACE
Above, we described how the SPG is topologically lifted to an SPC. We now describe
the signal space of the SPC from the signals defined on the SPG. We assume that time-
varying signals are only available on the nodes, as in most real-world applications. Since
the temporal edges, spatio-temporal edges and all triangles are abstract structures that
don’t exist in the original graph, signals for these structures have to be lifted. The signal
space of the SPC is thus extended from the nodes of the SPG to higher-order 1- and 2-
simplices. To facilitate this, we define lifting functions φ1 and φ2 that map the signals
present on a set of 0-simplices to real-valued signal features defined on the 1-simplices
and 2-simplices of the SPC, respectively. We define the signal space of each order as
follows:

0-simplices: The 0-simplicial signal space of the SPC directly inherits the node-level
signals from the SPG. Let X ∈ RN×T denote the input signal defined on the nodes of the
SPG, where each node is indexed by a tuple (vT , vS ) ∈ V⊠. The corresponding simplicial
signal on 0-simplices is defined as:

f 0 : Z 0 →R, f 0(vT , vS ) = X[vS , vT ]. (4.8)

Thus, each 0-simplex (vT , vS ) ∈Z 0 is associated with the same signal as the correspond-
ing node in the SPG by accessing the signal at the corresponding space-time location.
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1-simplices: The 1-simplicial signal space extends the node signals to the edges of the

SPC. Given a 1-simplex σ= {v i , v j } ∈Z 1 where v i = (v i
S , v i

T ) and v j = (v j
S , v j

T ), the signal

on the edge is derived by applying a lifting functionφ(1) :R2 →R to the node-level signals
at its endpoints:

f 1 : Z 1 →R, f 1({v i , v j }) =φ(1)
(

f 0(v i ), f 0(v j )
)

. (4.9)

2-simplices: For triangles in the SPC, the signal is computed by aggregating the node-
level signals at the triangle’s three vertices. Given a 2-simplex τ= {v i , v j , vk } ∈Z 2 where

v i = (v i
S , v i

T ), v j = (v j
S , v j

T ) and vk = (vk
S , vk

T ), we define:

f 2 : Z 2 →R, f 2({v i , v j , vk }) =φ(2)
(

f 0(v i ), f 0(v j ), f 0(vk )
)

. (4.10)

The lifting functions φ(1) and φ(2) follow the properties defined in 2.2.5. Note that
even though we assume edge and triangle level time-varying signals are not available,
they can be incorporated in the signal space simply by adding them as inputs to the
lifting functions whenever they are available.

4.2.3. ALGEBRAIC REPRESENTATION
Like any simplicial complex, the algebraic structure of the SPC is also captured by its
boundary operators, represented by incidence matrices. Since we restrict the SPC to
rank-2, the SPC is fully described by its node-to-edge and edge-to-triangle space-time
incidence matrices, denoted by:

B1⋄ ∈RN 0×N 1
and B2⋄ ∈RN 1×N 2

. (4.11)

B1⋄ encodes the incidence relationship between 0-simplices and 1-simplices, capturing
the incidence between all the space-time nodes and the spatial, temporal and spatio-
temporal edges in the SPC. Each column corresponds to a 1-simplex and contains +1
and −1 entries indicating the orientation of the 1-simplex with respect to its two end-
point 0-simplices. B2⋄ encodes the incidence relationship between 1-simplices and 2-
simplices, capturing the incidence between the edges and all the higher-order space-
time triangles formed in the SPC. Each column corresponds to a 2-simplex and con-
tains entries +1, −1, or 0, depending on the relative orientation of the participating 1-
simplices with respect to each 2-simplex.

It is important to understand that the B1⋄ and B2⋄ matrices aggregate all node-to-edge
and edge-to-triangle relationships respectively, without distinguishing between the dif-
ferent types of pairwise and three-way relationships that arise in the SPC. When con-
structing the Hodge Laplacian using Equation 2.24, this aggregation prevents us from
assigning distinct learnable parameters to each simplex type. To enable parameteriza-
tion, we must construct separate incidence matrices for each simplex type and associate
learnable parameters with each type of higher-order relationship. To accomplish this,
we first catalog all the different higher-order structures in the rank-2 SPC in the follow-
ing section, then move on to building the parameterized incidence matrices that allow
for selective modulation of each higher-order relationship through learnable weights.
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4.3. DISTINCT SIMPLEX TYPES
To construct these separate incidence matrices, we characterize the distinct types of 1-
and 2-simplices that arise in the SPC, describe how they are induced from the structure
of the SPG, and provide an intuition for the spatio-temporal relationships they encode.

4.3.1. 1-SIMPLICES
The 0- and 1-simplices of the SPC coincide with the node set V⊠ and edge set E⊠ of the
SPG. The nodes in the SPG are treated the same way in SPC and we differentiate between
the edges the same way as in SPG into three categoties: spatial 1-simplices, temporal 1-
simplices and spatio-temporal 1-simplices, corresponding to the different edge types in
SPG.

SPATIAL 1-SIMPLICES

A spatial 1-simplex eSpatial is formed between two spatially adjacent nodes at the same
time step. Formally:

eSpatial = {(t , vi ), (t , v j )} such that (vi , v j ) ∈ ES , t ∈ VT .

The full set of such 1-simplices is denoted by:

Z 1
Spatial =

{
eSpatial

n

}N 1
Spatial

n=1
; N 1

Spatial = T · |ES |, (4.12)

where eSpatial
n denotes the nth spatial 1-simplex in a fixed index set.

TEMPORAL 1-SIMPLICES

A temporal 1-simplex eTemporal connects the same spatial node across two consecutive
time steps. Formally:

eTemporal = {(t , vi ), (t +1, vi )} such that (t , t +1) ∈ ET , vi ∈ VS .

The full set of temporal 2-simplices is given by:

Z 1
Temporal =

{
eTemporal

n

}N 1
Temporal

n=1
; N 1

Temporal = N · (T −1). (4.13)

where eTemporal
n denotes the nth temporal 1-simplex in a fixed index set.

SPATIO-TEMPORAL 1-SIMPLICES

A spatio-temporal 1-simplex eST connects a node to a spatial neighbor in the next time
step via a spatio-temporal edge induced by the spatial graph. Formally:

eST = {(t , vi ), (t +1, v j )} such that (vi , v j ) ∈ ES , (t , t +1) ∈ ET .

We denote the full set of such edges as:

Z 1
ST = {

eST
n

}N 1
ST

n=1 ; N 1
ST = 2 · |ES | · (T −1). (4.14)
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Type Notation Cardinality

Spatial Z 1
Spatial N 1

Spatial = T · |ES |
Temporal Z 1

Temporal N 1
Temporal = N · (T −1)

Spatio-temporal Z 1
ST N 1

ST = 2 · |ES | · (T −1)

Table 4.1: The cardinalities of 1-Simplices in the SPC.
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Figure 4.3: The SPC with the Spatial 2-simplices highlighted.

where eST
n denotes the nth spatio-temporal 1-simplex in a fixed index set. It is trivial

to note that:

N 1 = N 1
Spatial +N 1

Temporal +N 1
ST = |E⊠| = T · |ES |+N · (T −1)|+2|ES | · (T −1) (4.15)

The total number for 1-simplices of each type are summarized in Table 4.1. These three
types of 1-simplices partition the set of all 1-simplices in the SPC (and the set of all
edges in the SPG). They are visualized as red (spatial), green (temporal), and gray (spatio-
temporal) 1-simplices of the SPC in Figure 4.2.

4.3.2. 2-SIMPLICES
We now turn our attention to the 2-simplices in the SPC, which correspond to filled tri-
angles formed from 3-node cliques in the SPG. Each 2-simplex encodes a distinct higher-
order interaction involving combinations of the different types of 1-simplices. In the re-
mainder of this section, we catalog all distinct 2-simplex types and describe the specific
relational structure they capture.

SPATIAL 2-SIMPLICES

A spatial 2-simplex △Spatial is a triangle composed entirely of spatial 1-simplices within
a single time step. It captures purely spatial, time-invariant higher-order interactions in
the SPC. Figure 4.3 illustrates an example of spatial 2-simplices in the SPC from before.



4.3. DISTINCT SIMPLEX TYPES 42

Formally, for any time step t ∈ VT , if three spatial nodes vi , v j , vk ∈ VS form a 3-clique
in the spatial graph GS , then their corresponding time-stamped copies (t , vi ), (t , v j ), (t , vk )
define the vertices of a spatial 2-simplex in the SPC.

Let Z 2
Spatial denote the set of all such simplices, with cardinality N 2

Spatial, indexed as:

Z 2
Spatial =

{
△Spatial

n

}N 2
Spatial

n=1
(4.16)

where △Spatial
n denotes the n-th spatial 2-simplex in a fixed ordering.

If TS denotes the set of all 3-cliques in GS , then each such clique induces one spatial
2-simplex per time step, yielding a total count of:

N 2
Spatial = T · |TS | (4.17)

SPATIO-TEMPORAL 2-SIMPLICES

Unlike purely spatial simplices defined above, a spatio-temporal 2-simplex captures in-
teractions between nodes that span multiple time steps and involve both spatial and
temporal dependencies. These triangles exist in the spaces between consecutive time
steps, analogous to the cells formed in the product cell complex. They have two nodes
in one time step and one node in the neighboring time step (past or future). In order to
intuitively understand the relationship they capture, we assume that the multi-node tri-
angles aggregate information at the time step where the single node is present. We now
describe the distinct configurations of spatio-temporal 2-simplices. Each configuration
corresponds to a specific multi-node space-time interaction pattern in the SPC.

Type 1. Figure 4.4 illustrates examples of Type 1 2-simplices in the SPC. As shown in the
figure, Type 1 triangles △Type 1 formed between two consecutive time steps capture how
the spatial influence between two neighboring nodes affects the future state of one of
them. Intuitively, these triangles represent how spatial interactions at time t propagate
forward through time in a causal fashion. Structurally, each Type 1 triangle consists of
one spatial edge, one temporal edge, and one spatio-temporal edge, where the spatio-
temporal edge connects the spatial edge to the isolated node in the next time step.

We denote the set of all Type 1 triangles by Z 2
Type 1, with cardinality N 2

Type 1, and index
it as:

Z 2
Type 1 =

{
△Type 1

n

}N 2
Type 1

n=1
(4.18)

where △Type 1
n refers to the n-th Type 1 2-simplex in a fixed ordering.

To compute the total number of Type 1 simplices, observe in Figure 4.4 that each
spatial edge induces two Type 1 triangles between consecutive time steps (t , t +1): one
where the temporal edge originates from one endpoint of the spatial edge (green trian-
gle), and another where it originates from the other endpoint (gray triangle). Since this
occurs for every spatial edge and across each of the T − 1 spaces between consecutive
time steps, the total number of Type 1 triangles is given by:

N 2
Type 1 = 2 · |ES | · (T −1) (4.19)

signifying that two Type 1 triangles are created for each spatial edge across all the
T −1 consecutive time step pairs.
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(a) The two Type 1 2-simplices created by
spatial edge 1 → 2
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(b) The two Type 1 2-simplices created by
spatial edge 2 → 3
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(c) The two Type 1 2-simplices created by
spatial edge 3 → 4
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(d) The two Type 1 2-simplices created by
spatial edge 4 → 2

Figure 4.4: Type 1 2-simplices created in the SPC formed using one spatial edge, one
temporal edge and one spatio-temporal edge with the spatial edge in the previous time

step.

Type 2. A Type 2 2-simplex △Type 2 is a spatio-temporal triangle formed between two
consecutive time steps and is structurally similar to a Type 1 triangle but with the isolated
node shifted to the previous time step. Intuitively, it is a non-causal version of the spatio-
temporal interaction in Type 1, where spatial structure at time t +1 influences one of the
nodes from the past. Figure 4.5 illustrates examples of a Type 2 triangles in the SPC
above.

We denote the set of all Type 2 triangles by Z 2
Type 2, with cardinality N 2

Type 2, and index
its elements as:

Z 2
Type 2 =

{
△Type 2

n

}N 2
Type 2

n=1
(4.20)

where △Type 2
n denotes the n-th Type 2 2-simplex in a fixed ordering.

As shown in Figure 4.5, each spatial edge induces two Type 2 triangles between every
consecutive time step pair, just like in the Type 1 case. Therefore, the total number of
Type 2 triangles is also given by:

N 2
Type 2 = 2 · |ES | · (T −1) (4.21)

It can be seen visually that the Type 1 and Type 2 triangles together capture the relation-
ship encoded by the spatio-temporal cell in the product cell complex. We discuss this in
detail in Section 4.7.2 where we compare the SPC to the product cell complex.

Type 3. Just as Type 1 and Type 2 2-simplices represent causal and non-causal versions
of the same relationship pattern, Type 3 and Type 4 2-simplices are also structurally simi-
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(a) The two Type 2 2-simplices created by
spatial edge 1 → 2
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(b) The two Type 2 2-simplices created by
spatial edge 2 → 3
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(c) The two Type 2 2-simplices created by
spatial edge 3 → 4
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(d) The two Type 2 2-simplices created by
spatial edge 4 → 2

Figure 4.5: Type 2 2-simplices created in the SPC formed using one spatial edge, one
temporal edge and one spatio-temporal edge with the spatial edge in the next time step.

lar, forming causal and non-causal variants of another distinct relationship pattern. Fig-
ure 4.6 illustrates examples of Type 3 triangles in the SPC. A Type 3 triangle △Type 3 forms
between two consecutive time steps and captures how two spatial neighbors jointly in-
fluence a common third node in the future through causal propagation. Unlike Type 1
and Type 2 triangles, which capture the influence on one of the two spatially connected
nodes, these triangles capture the joint effect of spatial neighbors on a third node. Struc-
turally, each Type 3 triangle consists of one spatial edge and two spatio-temporal edges,
where both spatio-temporal edges originate from the endpoints of the spatial edge and
connect to the shared neighbor at the next time step.

We denote the set of all such 2-simplices by Z 2
Type 3, with cardinality N 2

Type 3, and in-
dex them as:

Z 2
Type 3 =

{
△Type 3

n

}N 2
Type 3

n=1
(4.22)

where △Type 3
n is the n-th Type 3 triangle in a fixed index ordering.

To compute the total number of such triangles, note that Type 3 simplices are only
formed from spatial 3-cliques, as all three nodes must be pairwise connected for the nec-
essary spatial edge and the spatio-temporal edges to exist. Within each spatial 3-clique,
each of the three edges gives rise to one Type 3 triangle per time step, as illustrated in
Figure 4.6. Since this structure repeats across T −1 temporal intervals, the total number
of Type 3 triangles is given by:

N 2
Type 3 = 3 · |TS | · (T −1) (4.23)
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(a) The Type 3 2-simplex created by edge
2 → 3 of spatial triangle {2,3,4}

t = 1

1

2

3

4

t = 2

1

2

3

4

(b) The Type 3 2-simplex created by edge
3 → 4 of spatial triangle {2,3,4}
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(c) The Type 3 2-simplex created by edge 4 → 2 of
spatial triangle {2,3,4}

Figure 4.6: Type 3 2-simplices created in the SPC formed using one spatial edge and
two spatio-temporal edges with the spatial edge in the previous time step.

signifying that a Type 3 triangle is created for each of the three edges for every spatial
3-node clique across the T −1 consecutive time step pairs.

Type 4. A Type 4 2-simplex △Type 4 is a spatio-temporal triangle formed between two
consecutive time steps that is structurally analogous to a Type 3 triangle, but with the
isolated node shifted to the previous time step. Type 4 triangles capture a non-causal
interaction where two spatial neighbors jointly influence a common third node but in
the past instead of the future. Due to the shift in the spatial edge to the next time step,
the two spatio-temporal edges now terminate at the endpoints of the spatial edge, rather
than originating from them as they did in Type 3 triangles. Figure 4.7 illustrates examples
of such a triangle in the example SPC and demonstrates the structure described above.

The set of all such simplices is denoted Z 2
Type 4, with cardinality N 2

Type 4, and is in-
dexed as:

Z 2
Type 4 =

{
△Type 4

n

}N 2
Type 4

n=1

where △Type 4
n denotes the n-th Type 4 spatio-temporal 2-simplex.

As with Type 3 triangles, each edge in a spatial 3-clique gives rise to one Type 4 tri-
angle per time step as shown in 4.7. Since this structure repeats over T − 1 temporal
intervals, the total number of Type 4 triangles is given by:

N 2
Type 4 = 3 · |TS | · (T −1)
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(a) The Type 4 2-simplex created by edge
2 → 3 of spatial triangle {2,3,4}
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(b) The Type 4 2-simplex created by edge
3 → 4 of spatial triangle {2,3,4}
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(c) The Type 4 2-simplex created by edge 4 → 2 of
spatial triangle {2,3,4}

Figure 4.7: Type 4 2-simplices created in the SPC formed using one spatial edge and
two spatio-temporal edges with the spatial edge in the next time step.

Together, these five types of 2-simplices form a complete, mutually exclusive set of
filled triangles in the SPC. The cardinalities of each type of 2-simplex are summarised in
Table 4.2 The total number of 2 simplices is therefore given as:

N 2 = T · |TS |︸ ︷︷ ︸
Spatial

+2 · |ES | · (T −1)︸ ︷︷ ︸
Type 1

+2 · |ES | · (T −1)︸ ︷︷ ︸
Type 2

+3 · |TS | · (T −1)︸ ︷︷ ︸
Type 3

+3 · |TS | · (T −1)︸ ︷︷ ︸
Type 4

(4.24)

4.4. PARAMETERIZED SIMPLICIAL PRODUCT COMPLEX
Having identified the distinct simplex types, we now construct a representation of the
SPC that can parameterize these relationships. We follow an approach similar to the
parameterized product graph described in Section 2.3.3: we construct separate inci-
dence matrices for each higher-order relationship type and associate learnable parame-
ters with each to form the parameterized incidence matrix. This approach isolates each
of the higher-order relationships discussed above, enabling us to create a parameterized
Hodge Laplacian matrix in Section 4.5. We argue that parameterization provides the fol-
lowing benefits:

• Flexibility: Rather than assuming uniform presence of all higher-order relation-
ships across datasets, parameterization allows the model to adapt to dataset-specific
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Type Notation Cardinality

Spatial Z 2
Spatial N 2

Spatial = T · |TS |
Type 1 Z 2

Type 1 N 2
Type 1 = 2 · |ES | · (T −1)

Type 2 Z 2
Type 2 N 2

Type 2 = 2 · |ES | · (T −1)

Type 3 Z 2
Type 3 N 2

Type 3 = 3 · |TS | · (T −1)

Type 4 Z 2
Type 4 N 2

Type 4 = 3 · |TS | · (T −1)

Table 4.2: The cardinalities of 2-Simplices in the SPC.

structures by learning the relevance of each type of higher-order interaction from
the data.

• Improving downstream performance: Learning the spatio-temporal coupling
would allow finer control over the contribution of different higher-order relation-
ships in the SPC and is hypothesized to improve task-specific performance.

• Scalability: Incorporating regularization to induce sparsity in the learned param-
eters can allow the model to disregard unimportant relationship types entirely, re-
ducing computational overhead and improving scalability.

The rest of this section now provides a systematic procedure to construct the inci-

dence matrices for each simplex type: BSpatial
1⋄ , BTemporal

1⋄ , and BST
1⋄ for 1-simplices, and

BSpatial
2⋄ , BType1

2⋄ , BType2
2⋄ , BType3

2⋄ , and BType4
2⋄ for 2-simplices. We then define B̃1⋄ and B̃2⋄ as

the parameterized combinations of these matrices, forming the full parameterized rep-
resentation of the SPC. This formulation enables the filter introduced in Section 4.5 to
learn the relative influence of each simplex type during training.

4.4.1. PARAMETERIZING 1-SIMPLICES

Let IS ∈ RN×N and IT ∈ RT×T be the identity matrices over the spatial and temporal do-
mains, respectively. We define the incidence matrices of the different 1-simplex types
introduced in Section 4.3, following the construction principles outlined in [60], as fol-
lows:

CONSTRUCTING BSPATIAL
1⋄

The matrix BSpatial
1⋄ ∈ RN0×N Spatial

1 encodes the incidence between 0-simplices and spatial
1-simplices in the SPC. To construct it, we repeat the spatial incidence matrix B1S across
all time steps using the Kronecker product:

BSpatial
1⋄ = IT ⊗B1S (4.25)

The block matrix constructed by this Kronecker product is shown in Figure 4.8 where

each B1S block has shape R|VS|×|ES|. By construction, the rows of BSpatial
1⋄ (corresponding

to 0-simplices) are grouped by time: the first |VS | rows correspond to time t = 1, the next
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Figure 4.8: The block structure of BSpatial
1⋄ constructed as a Kronecker product of IT and

B1S .

|VS | to t = 2, and so forth. Similarly, the columns of BSpatial
2⋄ (corresponding to spatial

1-simplices) are also grouped by time: the first |ES | columns correspond to time t = 1,
the next |ES | to t = 2, and so on. Each diagonal block B1S therefore captures the spatial
graph at a specific time slice. Within each time slice, the ordering of simplices follows
the ordering of nodes and edges in the spatial incidence matrix B1S.

CONSTRUCTING BTEMPORAL
1⋄

The matrix BTemporal
1⋄ ∈RN0×N Temporal

1 encodes the incidence between 0-simplices and tem-
poral 1-simplices in the SPC. It is constructed by repeating the temporal incidence struc-
ture for each spatial node using the Kronecker product:

BTemporal
1⋄ = B1T ⊗ IS (4.26)

The block structure is shown in Figure 4.9. It can be observed that each pair of IS and
−IS blocks in a column defines directed edges from each node to itself in the next time
step, representing the temporal edges for a specific time slice. The ordering of the rows

of BTemporal
1 remains the same as BSpatial

1 and the columns are similarly grouped by time:
the first N temporal 1-simplices correspond to time t = 1, the next N to time t = 2, and
so on, up to t = T −1, Within each time step, the columns are ordered according to the
spatial node index in VS .

CONSTRUCTING BST
1⋄

The matrix BST
1⋄ ∈RN0×N ST

1 encodes the incidence between 0-simplices and
spatio-temporal 1-simplices in the SPC. We know that each directed spatial edge (vi , v j ) ∈
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Figure 4.9: The block structure of BTemporal
1⋄ constructed as a Kronecker product of B1T

and IS .

ES induces two spatio-temporal edges between consecutive time steps: ((t , vi ), (t+1, v j ))
and ((t , v j ), (t +1, vi )) ∈Z 1

ST. These are categorized as:

• Concordant: Spatio-temporal edges where the direction is preserved across time,
i.e., from (t , vi ) to (t +1, v j ), aligned with the original spatial edge direction from
vi to v j . Concordant spatio-temporal edges essentially go from the outgoing end-
point in t to the incoming endpoint in t+1, preserving the original direction of the
edge across space-time.

• Discordant: Spatio-temporal edges where the direction is reversed across time, i.e.,
from (t , v j ) to (t +1, vi ), opposite to the spatial edge direction. Discordant spatio-
temporal edges go from the incoming endpoint in t to the outgoing endpoint in
t +1, reversing the original direction of the edge across space-time.

To construct this incidence structure, we therefore isolate the incoming and outgoing
nodes of each spatial edge as follows:

BInc
1S = ReLU(B1S), BOut

1S = ReLU(−B1S), (4.27)

The ReLu operator removes the negatively signed outgoing nodes from each column in
B1S to create BInc

1S . Conversely, negating B1S and applying the ReLu operator retains only
the outgoing endpoints by suppressing the originally positive incoming entries.

We construct BST
1⋄ by stacking these block matrices, creating edges from outgoing

nodes in time t to incoming nodes in time t + 1 for concordant spatio-temporal edges
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Figure 4.10: The block structure of BST
1⋄ constructed by stacking BInc

1S and BOut
1S .

(blue blocks) and vice versa for discordant spatio-temporal edges (green blocks), as il-
lustrated in Figure 4.10.

Similar to the matrices we constructed above, the columns of BST
1⋄ are ordered by

time: the first 2|ES | columns correspond to spatio-temporal edges from t = 1 (|ES | con-
cordant and |ES | discordant), the next to t = 2, and so on, up to t = T − 1. The row

ordering is consistent with the time-indexed row ordering used in BSpatial
1⋄ and BTemporal

1⋄ .

CONSTRUCTING B1⋄
Having constructed the incidence matrices for each type of 1-simplex, we now define
the full parameterized node-to-edge incidence matrix of the SPC as:

B̃1⋄ =
[ p

e1 ·BSpatial
1⋄

∣∣∣ p
e2 ·BTemporal

1⋄
∣∣∣ p

e3 ·BST
1⋄

]
(4.28)

Here,
∣∣∣ represents a column-wise concatenation and e1, e2, and e3 are non-negative

scalars obtained by applying the SoftPlus function to the corresponding learnable pa-
rameters to enforce non-negativity. The SoftPlus function is defined as:

SoftPlus(x) = log(1+ex ) (4.29)

The gradient of the SoftPlus function is identical to the sigmoid function and is given
by:

d

d x
SoftPlus(x) = 1

1+e−x (4.30)
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(a) The SoftPlus function given by Equation
4.29

(b) The gradient of the SoftPlus function given
by Equation 4.30

Figure 4.11b shows the graph and the gradient of the SoftPlus function. We can see
that this function ensures that the learned weights remain strictly positive and is smooth
and differentiable, making it suitable for gradient-based optimization. The square roots
of the post-softmax value of e1, e2, and e3 are then used to scale the respective incidence
matrices, modulating the contribution of each 1-simplex type in the construction of the
parameterized Hodge Laplacians (Section 4.5).

The order of concatenation in Equation (4.28) implies that the first T · |ES | columns
correspond to spatial 1-simplices, the next N · (T −1) columns to temporal 1-simplices,
and the final 2·|ES |·(T −1) columns to spatio-temporal 1-simplices. The resulting matrix
B̃1⋄ ∈ RN0×N1 thus encodes the complete node-to-edge structure of the SPC and assigns
a learnable non-negative importance weight to each type of 1-simplex through its pa-
rameterization.

4.4.2. PARAMETERIZING 2-SIMPLICES
We now turn our attention to constructing the individual edge-to-triangle incidence ma-

trices for each 2-simplex type: BSpatial
2⋄ , BType 1

2⋄ , BType 2
2⋄ , BType 3

2⋄ , and BType 4
2⋄ . Let B2S ∈

R|ES |×|TS | denote the edge-to-triangle incidence matrix for the spatial graph GS .
To ensure compatibility across constructions, we fix the row ordering of all B2⋄ ma-

trices to match the column ordering of the corresponding B̃1⋄ matrices. This consistency
in the ordering of 1-simplices is essential for the validity of the Hodge Laplacians defined
in Section 4.5.

Initially, we construct each incidence matrix by encoding the presence of an edge
within a triangle without considering orientation, by taking the absolute values of the
incidence entries. We omit the absolute values in the figures and equations below for
ease of notation. The orientation is then assigned separately in a subsequent step, as we
discuss later in this section. The remainder of this section details the construction of the
edge-to-triangle incidence matrices for each 2-simplex type.

CONSTRUCTING BSPATIAL
2⋄

The matrix BSpatial
2⋄ ∈ RN1×N Spatial

2 encodes the incidence between 1-simplices and spatial
2-simplices in the SPC. Since spatial triangles are formed solely from spatial edges within
the same time step, only the first T · |ES | rows, corresponding to the spatial 1-simplices
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Figure 4.12: The block structure of the BSpatial
2⋄ matrix.

participate in their construction. All other rows associated with temporal and spatio-
temporal 1-simplices are filled with zeros.

As shown in Figure 4.12, we construct this matrix by repeating the spatial triangle in-
cidence matrix B2S ∈R|ES |×|TS | across all time steps and appending zeros below to match
the total number of 1-simplices. Formally, we define it as:

BSpatial
2⋄ =

 IT ⊗B2S

0
(N Temporal

1 +N ST
1 )×N Spatial

2

 (4.31)

Each diagonal block B2S captures the spatial triangular relationships at a specific
time slice between the edges and the triangles at that time. Within each time slice, the
ordering of simplices follows the ordering of edges and cliques in the spatial edge-to-
clique incidence matrix B2S.

GENERAL FRAMEWORK TO CONSTRUCT BTYPE K
2⋄

We now introduce a general framework we follow to construct the parameterized inci-

dence matrix BType k
2⋄ for each spatio-temporal triangle type k ∈ {1,2,3,4}. For each type,

we first define the per-time-step incidence matrix BType k
2⋄,t ∈ RN 1×N 2,t

Type k , where N 2,t
Type k

denotes the number of Type k triangles at time step t . Each such matrix encodes the
incidence between 1-simplices and 2-simplices of Type k formed at time t . We then
construct the complete incidence matrix by concatenating the per-time-step incidence
matrices column-wise.

Moreover, to facilitate the construction of the BType k
2⋄,t matrix, we further decompose

it into three blocks:
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Type Cardinality

Type 1 N 2,t
Type 1 = 2 · |ES |

Type 2 N 2,t
Type 2 = 2 · |ES |

Type 3 N 2,t
Type 3 = 3 · |TS |

Type 4 N 2,t
Type 4 = 3 · |TS |

Table 4.3: Per time step cardinalities of spatio-temporal 2-Simplices in the SPC.

• XType k
t ∈ RN 1

Spatial×N 2,t
Type k : isolates just the spatial edges (first T.|ES| rows) and cap-

tures their incidence with Type k triangles at time t ,

• YType k
t ∈ RN 1

Temporal×N 2,t
Type k : isolates just the temporal edges (second N (T −1) rows)

and captures their incidence with Type k triangles at time t ,

• ZType k
t ∈ RN 1

ST×N 2,t
Type k : isolates just the spatio-temporal edges (last 2|ES | · (T − 1)

rows) and captures their incidence with Type k triangles at time t .

These blocks are then vertically stacked to form the full incidence matrix for time
step t :

BType k
2,t =

XType k
t

YType k
t

ZType k
t

 ∈RN 1×N 2,t
Type k , (4.32)

and the complete incidence matrix BType k
2⋄ ∈ RN1×N

Type k
2 , is constructed by concate-

nating the per-time-step matrices column-wise where N Type k
2 =∑T−1

t=1 N 2,t
Type k :

BType k
2⋄ =

[
BType k

2⋄,1

∣∣∣ BType k
2⋄,2

∣∣∣ · · ·
∣∣∣ BType k

2⋄,T−1

]
. (4.33)

Figure 4.13 illustrates the structure of BType k
2⋄,t using its three constituent blocks and

Table 4.3 summarizes the per-time-step cardinality of each spatio-temporal 2-simplex.
In the remaining section, we follow this general framework to construct the
spatio-temporal edge-to-triangle incidence matrices for each type.

CONSTRUCTING BTYPE 1
2

Each of the blocks XType 1
t , YType 1

t , and ZType 1
t has 2|ES | columns, corresponding to the

per-time-step cardinality of Type 1 triangles.

XType 1
t : Figure 4.14a illustrates how the block matrix XType 1

t is constructed. In order
to account for the participation of the spatial edges in Type 1 triangles, we horizontally
stack two identity matrices of size IES ∈R|ES |×|ES |, resulting in a matrix of shapeR|ES |×2|ES |.
This captures the fact that each spatial edge contributes to two distinct Type 1 triangles
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Figure 4.13: The general structure for BType k
2,t as a concatenation of XType k

t , YType k
t and

ZType k
t

.

at time t as shown in Figure 4.4. For all other time steps, rows are filled with zeros. Addi-
tionally, note that there are no spatial edges contributing to Type 1 triangles at the final
time step t = T (shown as the red blocks in the figure), as these spatio-temporal triangles
don’t originate in the last time step.

YType 1
t : As showin in 4.4, a temporal edge originates from each of the two endpoints

of the spatial edge in the two Type 1 triangles created for the spatial edge. The incoming
and the outgoing endpoints can be isolated by BInc

1S and BOut
1S respectively. We horizon-

tally stack these two matrices, where the first block corresponds to the temporal edges
originating at the incoming nodes, and the second block corresponds to the temporal
edges originating at the outgoing nodes. For all other time steps, the rows are filled with

zeros. The block matrix for YType 1
t is shown in 4.14b.

ZType 1
t : Figure 4.4 illustrates how the concordant spatio-temporal edges connect the

outgoing endpoint of a spatial edge to the temporal edge originating at its incoming node
for every spatial edge. Conversely, the discordant edges connect the incoming endpoint
to the temporal edge originating at the outgoing node. To encode this structure, we con-
struct an identity matrix I2|ES | ∈ R2|ES |×2|ES |, where the first |ES | columns correspond to
the contribution of concordant spatio-temporal edges (used in the first triangle), and
the next |ES | columns correspond to discordant edges (used in the second triangle). Note
that using the identity matrix works here since the ordering of the spatio-temporal edges
is the same as that of the spatial edges within the concordant and discordant groups.
This identity structure is valid since the spatio-temporal edges retain the same ordering
as the spatial edges within each group. The constructed block matrix is shown in 4.14c.
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(a) Block structure of X
Type 1
t . (b) Block structure of Y

Type 1
t . (c) Block structure of Z

Type 1
t .

Not drawn to scale.

Figure 4.14: Construction of the BType 1
2⋄ matrix from its spatial, temporal, and

spatio-temporal blocks.

We obtain the full incidence matrix BType 1
2⋄,t by vertically stacking these blocks as de-

scribed in Equation 4.32 and the final matrix BType 1
2⋄ ∈ RN 1×N 2

Type 1 is constructed using

Equation 4.33 by stacking each BType 1
2⋄,t column-wise.

CONSTRUCTING BTYPE 2
2⋄

Figure 4.15 illustrates how the block matrices XType 2
t , YType 2

t , and ZType 2
t are constructed.

Type 2 triangles follow a similar configuration to Type 1 triangles but with the spatial
edge shifted to the next time step. Each block again has 2|ES | columns, corresponding to
the per-time-step cardinality of Type 2 triangles.

XType 2
t : In contrast to Type 1, the spatial edge in a Type 2 triangle lies at time step

t +1. To reflect this, we use the same IES ∈R|ES |×|ES | but in time t +1 instead of t , leaving
the corresponding entries for all other time steps. Also note that the rows for t = 1 are
will always be 0 for Type 2 triangles (unlike Type 1 where t = T was always 0), shown as
the red blocks in Figure 4.15a.

YType 2
t : As in Type 1, each of the two endpoints of the spatial edge has a temporal

edge from time t to t +1. However, the stacking order of B Inc
1S and B Out

1S is reversed. This
is because the temporal edge originating at the incoming node is now paired with the
discordant spatio-temporal edge instead of the concordant one as illustrated in Figure

4.5. Switching the order of the stacking allows us to keep ZType 2
t the same as ZType 1

t .

ZType 2
t : The spatio-temporal edge configuration remains identical to Type 1.

Putting these blocks together, we construct the full Type 2 incidence matrix at time as

described in Equation 4.32. Finally, the full matrix BType 2
2⋄ ∈RN 1×N 2

Type 2 is obtained using
Equation 4.33.
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(a) Block structure of X
Type 2
t (b) Block structure of Y

Type 2
t (c) Block structure of Z

Type 2
t .

Not drawn to scale.

Figure 4.15: Construction of the BType 2
2⋄ matrix from its spatial, temporal, and

spatio-temporal blocks.

CONSTRUCTING BTYPE 3
2

Type 3 triangles consist of one spatial edge and two spatio-temporal edges. Since tem-
poral edges do not participate in this configuration, the temporal block is zero:

YType 3
t = 0N 1

Temporal×N 2,t
Type 3

The spatial and spatio-temporal blocks, XType 3
t and ZType 3

t , cannot be constructed using
simple block structures as in previous cases, and must instead be generated algorithmi-
cally.

The pseudocode in Algorithm 1 constructs the spatial block XType 3
t . Since each edge

of a spatial triangle creates a Type 3 2-simplex as illustrated in Figure 4.6, we iterate over
all the spatial triangles present at time step t and add a binary column for each edge,
marking its presence in the corresponding triangle. These columns are collected and
stacked to form the full spatial block for time t . We assign this block to the rows repre-
senting the spatial edges for time step t , leaving all the other edges as 0.
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Algorithm 1: Constructing XType 3
t for Type 3 Triangles

Input: Time step t , number of spatial edges per time step |ES |, number of spatial
triangles per time step |TS |, spatial edge-to-triangle incidence matrix
B2S ∈R|ES |×|TS |

Output: Spatial block XType 3
t ∈RN 1

Spatial×N 2,t
Type 3

1 XType 3
t ← 0N 1

Spatial×N 2,t
Type 3

; // Zero matrix to hold final output

2 rstart ←|ES | · t , rend ← rstart +N 1,t
Spatial ; // Row range for spatial edges at

time t
3 all_columns = []
4 for j = 1 to TS do
5 v ← B2S [:, j ] ; // Get edges incident on triangle j
6 E j ← {i | v[i ] ̸= 0} ; // Indices for the 3 edges
7 foreach e ∈ E j do
8 c ← 0N 1,t

Spatial×1 ; // Column for triangle j with edge e

9 c[e] ← 1
10 all_columns.append(c)

// Each of the N 2,t
Type 3 columns marks the contribution of one

spatial edge in each spatial triangle
11 XType 3

t [rstart : rend, :] ← HorizontalStack(all_columns)

12 return XType 3
t

The pseudocode in Algorithm 2 outlines the construction of the spatio-temporal

block ZType 3
t . As visualized in Figure 4.6, the two spatio-temporal edges in a Type 3 trian-

gle originate from the endpoints of the spatial edge. Therefore, for each such triangle, we
identify the spatio-temporal edges that originate at the endpoints of the corresponding
spatial edge and mark their contribution as 1 in the incidence column. These columns
are collected and stacked to form the complete block, which is then inserted into the
rows corresponding to the spatio-temporal edges at time step t , while all other entries
are left as zero.

BType 3
2⋄,t can now be constructed as in Equation 4.32 and the full matrix with all time

steps BType 3
2⋄ ∈RN 1×N 2

Type 3 is obtained using Equation 4.33.

CONSTRUCTING BTYPE 4
2⋄

Type 4 triangles share the same structural components as Type 3 triangles consisting
of one spatial edge and two spatio-temporal edges. However, their configuration intro-
duces two key differences:

• The spatial edge appears at time step t +1 rather than t , as the spatial component
of the triangle is shifted forward. To account for this, we modify the row index
range in the spatial block construction (Algorithm 1). Specifically, we replace

rstart ←|ES | · t with rstart ←|ES | · (t +1).



4.4. PARAMETERIZED SIMPLICIAL PRODUCT COMPLEX 58

With this change, the spatial block XType 4
t is constructed using the same procedure

as for Type 3 but the spatial edges get shifted one step ahead.

Algorithm 2: Constructing ZType 3
t for Type 3 Triangles

Input: Time step t , number of spatial edges per time step |ES |, number of spatial
triangles per time step |TS |, spatial edge-to-triangle incidence matrix
B2S ∈R|ES |×|TS |

Output: Spatio-temporal block ZType 3
t ∈RN 1

Spatial×N 2,t
Type 3

1 Zt ← 0N ST
1 ×3|TS | ; // Zero matrix to hold final output

2 rstart ←|ES | · t , rend ← rstart +N 1,t
ST ; // Spatio-temporal edge range for

time t
3 all_columns = [] ; // Will store triangle columns
4 for j = 1 to TS do
5 v ← B2S [:, j ] ; // Get edges in triangle j
6 E j ← {i | v[i ] ̸= 0} ; // Get indices of 3 edges in the triangle
7 foreach es ∈ E j do
8 Eother ← E j \ {es } ; // Edges other than es

9 EST ← GETSPATIOTEMPORALEDGES(Eother) ; // ST edges induced by
Eother

10 c ← 0N 1,t
ST ×1 ; // Column for triangle j with spatial edge es

11 foreach est ∈ EST do
12 if ISORIGINATINGFROMENDPOINT; // If est originates from

nodes of es

13 ( est,es ) then
14 c[est] ← 1

15 all_columns.append(c)

// Each column marks ST edges that pair with spatial edge to
form a Type 3 triangle

16 Zt [rstart : rend, :] ← HorizontalStack(all_columns)
17 return Zt

• In the spatio-temporal block (Algorithm 2), we reverse the role of the matching
function. Figure 4.7 demonstrates that the spatio-temporal edges in Type 4 trian-
gles terminate at the endpoints of the spatial edge (that is shifted one step ahead).
Therefore, instead of checking whether the spatio-temporal edge originates from
a node in the spatial edge, we now check whether it terminates at one. This is
done by replacing the call to ISORIGINATINGFROMENDPOINT with ISTERMINATIN-

GATENDPOINT. With this change, the spatio-temporal block ZType 4
t is generated

analogously using Algorithm 2.

As with Type 3, the temporal block is zero:

YType 4
t = 0N 1

Temporal×N 2,t
Type 4
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Therefore, Algorithms 1 and 2 can be reused for Type 4 triangles with these two mod-

ifications. As before, once XType 4
t , YType 4

t and ZType 4
t are constructed, we use 4.32 to con-

struct BType 4
2⋄,t and use 4.33 to construct BType 4

2⋄ ∈RN 1×N 2
Type 4

ASSIGNING ORIENTATIONS

To ensure consistent orientation across simplices, we define the reference orientation of
the triangles using the lexicographic ordering of vertices, represented by the ascending
orientation set [i , j ,k] with i < j < k. We then assign signs to the entries in each inde-
pendently B2 matrix as follows: for each non-zero row in a given column, representing a
participating edge in a triangle, we assign a +1 if the local orientation of the edge within
the triangle is consistent with its global direction, and a −1 otherwise.

CONSTRUCTING B2⋄
Having constructed the incidence matrices for each type of 2-simplex, we now define
the full parameterized edge-to-triangle incidence matrix of the SPC as:

B̃2⋄ =
[ √

f0 ·BSpatial
2⋄

∣∣∣ √
f1 ·BType 1

2⋄
∣∣∣ √

f2 ·BType 2
2⋄

∣∣∣ √
f3 ·BType 3

2⋄
∣∣∣ √

f4 ·BType 4
2⋄

]
(4.34)

Here, { fi }4
i=0 are learnable non-negative scalar parameters associated with each of the 2-

simplices. As with B̃1⋄, we make these parameters non-negative by applying the SoftPlus
function (Equation 4.29) and the square roots ensure appropriate scaling when comput-
ing the parameterized Hodge Laplacians introduced in the next section.

The resulting matrix B̃2⋄ ∈RN1×N2 encodes the complete edge-to-triangle structure of
the SPC and enables the model to learn the relative importance of each type of 2-simplex
during training.

4.5. HODGE LAPLACIANS AND SIMPLICIAL PRODUCT COMPLEX

FILTERS
In Section 4.2, we introduced the non-parameterized incidence matrices B1⋄ and B2⋄,
and in the previous section we introduced their parameterized counterparts B̃1⋄ and
B̃2⋄. We now use these matrices to define the non-parameterized and parameterized
Hodge Laplacians of the SPC and the corresponding non-parameterized and parame-
terized Simplicial Product Complex Convolutional Filters (SPCCF)

4.5.1. HODGE LAPLACIANS OF THE SPC
NON-PARAMETERIZED

The non-parameterized Hodge Laplacians for the SPC capture spatio-temporal interac-
tions across the upper and lower simplex orders while treating all simplex types uni-
formly, without incorporating any type-specific weighting. We can define the 0th-, 1st-
and 2nd- order non-parameterized Hodge Laplacians of the rank-2 SPC, represented
as L0⋄, L1⋄, and L2⋄ respectively, by using the non-parameterized incidence matrices
B1⋄ and B2⋄ in Equation 2.22. In the context of the SPC, these Laplacians support the
modeling of structured spatio-temporal dynamics by enabling signal propagation using
higher-order spatio-temporal interactions.
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PARAMETERIZED

The parameterized forms of the Hodge Laplacians of the SPC allow learning the impor-
tance of each simplex type during training as they utilize the parameterized incidence
matrices B̃1⋄ and B̃2⋄. We define the 0th-, 1st- and 2nd- order parameterized Hodge Lapla-
cians of the rank-2 SPC, represented as L̃0⋄, L̃1⋄, and L̃2⋄ respectively, by using the param-
eterized incidence matrices B̃1⋄ and B̃2⋄ in Equation 2.22.

4.5.2. SIMPLICIAL PRODUCT COMPLEX CONVOLUTIONAL FILTER

Given the k th order Hodge Laplacian of the SPC Lk⋄, we define the non-parametric ver-
sion of the SPCCF, represented by Hk (Lk⋄,d ,Lk⋄,u) using the topological filter defined in
Equation 2.32. That is, the filter is the same as the topological filter but it operates on the
Hodge Laplacians of a spatio-temporal SPC instead of the Hodge Laplacian of a regular
spatial simplicial complex. Therefore, the locality, shift-invariance and permutation-
invariance properties of topological filters defined on purely spatial topologies also ex-
tend to the spatio-temporal domain in the SPC framework.

We can similarly define the parameterized version of the filter that weighs each sim-
plex type by replacing Lk⋄,d and Lk⋄,u with L̃k⋄,d and L̃k⋄,u in Equation 2.32 respectively.
We represent the parameterized filter on the SPC as H̃k (L̃k⋄,d , L̃k⋄,u). Since we restrict the
SPC to rank 2, we define both versions of the filters up to k = 2.

4.6. SIMPLICIAL PRODUCT COMPLEX CONVOLUTIONAL NEU-
RAL NETWORK

We introduce the Simplicial Product Complex Convolutional Neural Network (SPCCNN),
a multi-layered architecture where each layer comprises of an SPCCF followed by a non-
linearity and an inter-simplicial propagation mechanism for each simplex order. For-
mally, consider an L-layer SPCCNN and let H l

k (Lk⋄,d ,Lk⋄,u) denote the SPCCF for the

kth-order simplicial signals (k ∈ {0,1,2}) at layer l ∈ [1, . . . ,L]. Let σ be a pointwise non-
linearity.

The intermediate output (prior to cross-order propagation) for each k is computed
as:

s̃k
l =σ

(
H l

k (Lk⋄,d ,Lk⋄,u)sk
l−1

)
. (4.35)

We then incorporate inter-simplicial information sharing by propagating features
from higher-dimensional simplices to lower-dimensional ones. Specifically, for each
simplex order k ∈ {0,1}, the final updated signal at layer l is computed as:

sk
l = s̃k

l +
∑
r>k

Pr→k s̃r
l , (4.36)

where Pr→k is a learnable projection operator that aggregates higher-order contextual
information from order-r to order-k simplices. For example, node-level features s0

l are

updated using edge and face signals, and edge-level features s1
l incorporate signals from

faces. Since our SPC is restricted to rank-2, face-level features s2
l are not updated from

higher-order simplices. In this work, these operators are implemented by projecting sig-
nals via incidence matrices followed by a learnable linear layer.
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To increase expressivity, we extend this to a filter bank setting where each layer pro-
cesses multi-channel inputs and outputs per k, adapting Equations 2.34 to 2.38 by mod-
ifying Equation 2.37 to incorporate cross-order propagation. By recursively applying
these filters across layers, the final outputs Sk

L for each k ∈ {0,1,2} are obtained for down-
stream tasks.

In order to obtain the parameterized version of the SPCCNN, the convolutional fil-
ters H l

k can optionally be replaced by the parameterized versions H̃ l
k , to enable learn-

ing the importance of different simplex types. This results in two variants of the archi-
tecture: the parameterized SPCCNN (P-SPCCNN) and the non-parameterized SPCCNN
(NP-SPCCNN).

Together, this framework provides a general and extensible approach for construct-
ing spatio-temporal simplicial neural networks on the SPC. By leveraging higher-order
space-time Hodge Laplacians introduced in Section 4.5, existing simplicial neural net-
works [45, 78, 79] can also be extended to handle time-varying higher-order signals while
learning type-specific structure from data in an end-to-end fashion.

4.7. DISCUSSION
In this chapter, we introduced a framework to construct the SPC, which retains a strictly
simplicial structure in the product space. We then examined the various types of sim-
plices formed in the SPC and developed parameterized Hodge Laplacians and filters, en-
abling the design of SPCCNNs that can learn the relative importance of different higher-
order spatio-temporal relationships in a data-driven manner.

Before we evaluate the performance of our architecture in the next chapter, we dis-
cuss the scalability and complexity limitations of our model and also present a detailed
comparison between our approach and the product cell complex.

4.7.1. COMPLEXITY ANALYSIS AND SCALABILITY CHALLENGES
Parameter Complexity. The standard topological filter (Equation 2.32) defined on the
SPC contains (1+L1+L2) learnable parameters per feature map, where L1 and L2 denote
the filter orders over the lower and upper convolutions, respectively. For an SPCCNN
model with P layers and F input and output features per layer, the number of parameters
per simplex order (nodes, edges, or faces) is O (PF 2(L1+L2)). Assuming L1, L2, and F are
consistent across all simplicial orders, and denoting the rank of the SPC by R, the total
number of parameters in the SPCCNN is O (RPF 2(L1 +L2)).

In the case of the parameterized P-SPCCNN model, additional learnable parame-
ters are introduced through the simplex-type-specific coefficients in the parameterized
Hodge Laplacians:

• Each node filter incurs 3 additional parameters for the three edge types in the pa-
rameterized L̃0⋄.

• Each edge filter incurs 8 additional parameters: 3 from the parameterized lower
Laplacian L̃1⋄,d (edge types), and 5 from the parameterized upper Laplacian L̃1⋄,u

(face types).
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• Each face filter incurs 5 additional parameters, corresponding to the five face types
in L̃2⋄.

The number of model parameters of the SPCCNN does not scale with the number of
nodes, edges, or triangles in the SPC. This makes the SPCCNN architecture parameter-
efficient with larger graphs.

Computational Complexity. If D denotes the maximum number of neighboring sim-
plices in both upper and lower adjacencies, then the computational complexity of filter-
ing a single scalar-valued simplex on the SPC is O ((L1 +L2)D).

For an SPCCNN model with F input and output features and P layers, the per-simplex
filtering complexity scales as O ((L1+L2)DF 2P ). Considering the number of simplices in
the SPC, we analyze the complexity for each simplex order:

• Nodes: Since the number of nodes in the SPC grows by a factor of N T , where N is
the number of spatial nodes and T is the temporal window, the overall complexity
for node-level filtering in the SPCCNN becomes O ((L1 +L2)DF 2P N T ).

• Edges: As shown in Table 4.1, the number of edges in the SPC grows with O (T (N +
|ES |)), where |ES | is the number of edges in the spatial graph. Therefore, the edge-
level filtering complexity in the SPCCNN is O ((L1 +L2)DF 2PT (N +|ES |)).

• Faces: As shows in Table 4.2, the number of faces scales in the SPC with O (T (|ES |+
|TS |)), where |TS | is the number of triangles in the spatial graph. Hence, the filter-
ing complexity for faces in the SPCCNN becomes O ((L1 +L2)DF 2PT (|ES |+ |TS |))

Scalability Challenges. The computational complexity of SPCCNN scales linearly with
the number of spatial nodes, edges, and triangles, as well as the temporal observation
window T . While theoretically manageable, this becomes prohibitive in practice for
large graphs or long time horizons, as the size of the SPC and, thus the number of sim-
plices, increases rapidly.

In the parameterized variant, edge and face weights are embedded in the Hodge
Laplacians, making the shift operators parameter-dependent. This prevents precomput-
ing shifted signals and introduces significant overhead during training and inference.

To mitigate similar issues, GTCNN [59] exploits Kronecker product structure to de-
couple spatial and temporal shifts and shift parameterization to the filter coefficients,
enabling efficient recursive computation. However, this strategy is not applicable to
SPCCNN, as the higher-order simplicial structure of the SPC cannot be expressed via
Kronecker products. Consequently, we cannot decouple the parameters or derive a re-
cursive formulation. Due to these computational constraints, we restrict our experi-
ments to tractable SPC sizes and discuss potential scalability solutions as part of future
work in Chapter 6.

4.7.2. COMPARISON WITH THE PRODUCT CELL COMPLEX FRAMEWORK
As discussed in Section 2.3.4, the product cell complex framework constructs a cell com-
plex in the product space by defining spatio-temporal cells between consecutive time
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(a) The cell created by spatial edge 1 → 2
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(b) The cell created by spatial edge 2 → 3
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(c) The cell created by spatial edge 3 → 4
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(d) The cell created by spatial edge 4 → 2

Figure 4.16: Cells created in the product cell complex which are subsumed by Type 1
(Figure 4.4) and Type 2 (Figure 4.5) triangles in the SPC.

steps. In contrast, our work maintains a strictly simplicial structure by constructing and
operating on the SPC. We argue that our framework provides a richer topological repre-
sentation and more flexibility through parameterization.

Richer Topological Structure. Consider cells created in the product cell complex for
each edge shown in Figure 4.16. Each spatial edge induces a single spatio-temporal cell
between adjacent time steps. In the SPC, however, this interaction is captured through
Type 1 and two Type 2 triangles, each visualized in Figures 4.4 and 4.5. These triangles
effectively subdivide the corresponding spatio-temporal cell into finer simplicial com-
ponents. Thus, the structural information encoded by a product cell is fully subsumed
by these simplices in the SPC.

Beyond this equivalence, the SPC additionally captures multi-node spatio-temporal
interactions through Type 3 and Type 4 triangles. These encode the joint influence of two
spatial nodes on a third node across time, patterns that cannot be directly represented
within the cell complex framework. While the product cell complex may indirectly ap-
proximate such interactions through multi-hop paths between cells, the SPC captures
them natively and explicitly through its simplicial structure.

Since the interactions captured by spatio-temporal cells are fully represented by Type
1 and Type 2 triangles in the SPC, and the SPC further incorporates more complex rela-
tionships through Type 3 and Type 4 triangles, we argue that the SPC constitutes a more
expressive topological space for modeling higher-order spatio-temporal dynamics.

Parameterization. As discussed in previous sections, retaining a simplicial structure
also enables parameterization. Unlike the product cell complex, where each cell en-
codes a uniform type of spatio-temporal interaction, the SPC yields a diverse and well-
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defined set of simplex types, each associated with a specific higher-order relationship
across space and time. This structural differentiation makes it possible to assign type-
specific parameters within the Hodge Laplacians, as done in Section 4.5, allowing the
model to learn the relative importance of distinct spatio-temporal patterns directly from
the data. The SPC therefore provides the flexibility to adapt to higher-order inductive
biases without assuming them in advance.

In summary, the SPC serves as a more expressive and adaptable framework com-
pared to the product cell complex framework. Moreover, SPCCNNs defined on the SPC
capture a wide range of higher-order spatio-temporal interactions while supporting pa-
rameterized learning over structurally distinct simplex types.



5
EMPIRICAL EVALUATION

In this chapter, we present the numerical experiments conducted to evaluate the pro-
posed SPCCNN model on multivariate time series modeling. We begin by outlining the
experimental setup and the design of our evaluation procedure in Section 5.1. We then
provide the results of our framework on downstream tasks across various datasets in Sec-
tion 5.2. We conclude with a discussion of the results and key observations in Section 5.3.

5.1. EXPERIMENTAL SETUP
This section outlines the experimental setup for the empirical evaluation of our frame-
work. We first introduce the downstream node-level forecasting task in Section 5.1.1. We
then describe the datasets used in our experiments and the baseline models we bench-
mark against in Sections 5.1.2 and 5.1.3 respectively. Finally, we discuss the training and
evaluation settings for our experiments in Section 5.1.4.

5.1.1. NODE TIME SERIES FORECASTING
Forecasting is one of the foundational tasks in multivariate data modeling and involves
predicting future values based on historical observations. In our setup, a multivariate
time series consists of N correlated and regularly sampled time sequences, each asso-
ciated with a distinct spatial node. Each individual time series is a time-varying signal
[xv

t ]i ∈ RF on a node, where i ∈ {1, . . . , N } denotes the node index, t represents the time
index and F is the number of raw features. The collection of signals at time t can be
represented as a matrix Xt ∈ RN×F , and the sequence of signals over a window [t , t +T ]
is denoted as Xt :t+T ∈RT×N×F .

The forecasting task aims to predict future values over a given prediction horizon H ≥
1. Specifically, at each time step t , the objective is to predict the future values Xt+h for all
h ∈ {1, . . . , H }, based on the past T observations Xt−T :t . When the forecasting horizon H >
1, the predictions are generated in an autoregressive manner, where each subsequent
forecast is appended to the input sequence and used recursively to predict further into
the future. In addition, we assume access to a static spatial graph structure G = (V ,E ),

65
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which encodes the relational structure among the nodes.
Our objective is then to train a predictive model F (· ;θ), parameterized by θ, that es-

timates the future signal at time t +H based on historical inputs from time t −T to t and
the graph structure G . Since the predictions are autoregressive, we can formalize the
predictive model as:

Ŷt+h = F (G , [Xt−T+h:t , Ŷt :t+h]; θ), ∀h ∈ {1, . . . , H }. (5.1)

We organize our dataset D = {(X (i ),Y (i ))}|D|
i=1 as a collection of input-output pairs,

where X (i ) ∈ RT×N×F represents the input signals in the observation window and Y (i ) ∈
RH×N×F contains the corresponding future ground-truth values. For each sample
(X (i ),Y (i )), the model generates a sequence of predictions Ŷ (i ) ∈ RH×N×F representing
predictions for time steps [t +1, · · · , t +H ]. We compute the loss using the prediction and
ground truth at the final time step t+H , denoted as Ŷ (i )

H and Y (i )
H respectively. The model

parameters are therefore optimized by minimizing the average loss over all samples in
our dataset as:

θ̂ = argmin
θ

1

|D|
|D|∑
i=1

ℓ
(
Ŷ (i )

H , Y (i )
H

)
, (5.2)

While the proposed SPC framework is capable of modeling time-varying signals on
higher-order simplices, we focus our evaluation on node-level forecasting due to the
availability of publicly accessible datasets for time-varying node-level signals. Further-
more, many baseline methods considered in our comparison are limited to processing
node-level data, making this setting the most appropriate for fair and comprehensive
evaluation.

5.1.2. DATASETS
We evaluate our framework on the forecasting task on datasets from two domains: en-
ergy demand and traffic monitoring. Both datasets provide different variable and sample
sizes.

SOLAR ENERGY DATASET

The Solar Energy dataset [43], collated by the National Renewable Energy Laboratory,
records the solar power output (in megawatts) for 137 photovoltaic stations in Alabama,
USA. The data is sampled every 5 minutes throughout 2006, resulting in a total of 105,120
measurements per station.

METR-LA DATASET

The METR-LA dataset [39] consists of traffic speed readings from 207 sensors installed
on highways in the Los Angeles County. The dataset spans a period of four months,
with readings sampled every 5 minutes, resulting in a total of 34,272 measurements per
sensor. Each reading represents the average vehicle speed (in miles per hour) at a sensor
location. We use the processed data provided by [47].
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DATA PREPARATION

Splitting and normalization: We split the datasets into training, validation, and test
sets using an 80/10/10 chronological split, ensuring that there is no data leakage be-
tween the splits. Following the approach in [16], we apply Z-score normalization to both
datasets. Specifically, we use our training split of the dataset to compute the node and
feature-wise mean and standard deviation vectors µ ∈ RN×F and σ ∈ RN×F respectively,
and normalize each split as

X̃ = X−µ
σ

, Ỹ = Y−µ
σ

. (5.3)

Note that the division here is element-wise. The loss is computed on the normalized
data for all models. During evaluation, we rescale the predictions back to the original
scale and calculate the evaluation metrics described in Section 5.1.4 on the rescaled data.
The rescaling is done as follows:

Ŷ = ˆ̃Y ·σ+µ. (5.4)

where Ŷ is the final re-scaled prediction and ˆ̃Y is the normalized prediction.

Constructing the spatial graph: We construct the spatial graph for each dataset using
a k-nearest neighbor (k-NN) approach based on geographic distance, computed from
the latitude and longitude coordinates of the nodes. We set k = 3 across both datasets to
keep the number of higher-order simplices in the SPC computationally tractable, given
the scalability constraints discussed in Section 4.7.1. Notably, the 3-nearest neighbor
graph is not fully connected for SOLAR and METR-LA.

The temporal observation window T is fixed at 3 for both datasets. Table 5.1 summarizes
the number of spatial nodes, edges and triangles, as well as the number of nodes, edges,
and triangles in the corresponding SPC. Visualizations of the constructed spatial graphs
for both datasets are provided in Appendix B.

5.1.3. BASELINES
We consider a diverse set of baselines for comparison, spanning both classical and deep
learning-based approaches. These include simple statistical forecasting models, feed-
forward models, and several variants of spatio-temporal models. The baselines are de-
scribed below:

STRUCTURE-UNAWARE STATISTICAL BASELINE

• ARIMA [13] The Auto-Regressive Integrated Moving Average model implemented
using a Kalman filter. Each node’s time series is modeled independently, without
incorporating spatial structure.

NON-SPATIO-TEMPORAL DEEP LEARNING BASELINES

• FFNN: A fully connected feedforward neural network that concatenates raw fea-
tures from all timesteps in the observation window to form a flat input vector. This
model lacks both spatial and temporal inductive biases.
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Statistic SOLAR METR-LA
Spatial Graph

Nodes 137 207
Edges 258 384
Triangles 132 227

SPC
0-Simplices 411 621

1-Simplices
Spatial 774 1152
Temporal 274 414
ST 1032 1563
Total 2080 3129

2-Simplices
Spatial 396 681
Type 1 1032 1536
Type 2 1032 1536
Type 3 792 1362
Type 4 792 1362
Total 4044 6477

Table 5.1: Spatial graph and SPC statistics for the SOLAR and METR-LA datasets.

• LSTM [67] A fully connected LSTM that models each node’s time series indepen-
dently. While LSTM parameters are shared across nodes, there is no interaction
between nodes during training. We use a sequence-to-sequence encoder-decoder
architecture with peephole LSTM cells. This baseline captures only temporal de-
pendencies.

• GCNN [42] A graph convolutional neural network that models spatial relationships
using graph convolutions. For each node, input features across the observation
window are concatenated and passed through multiple GCN layers. This baseline
captures only spatial dependencies.

STRUCTURE-AWARE SPATIO-TEMPORAL BASELINES

• GNN-RNN: A spatio-temporal model that processes spatial and temporal depen-
dencies in a decoupled manner. First, a GCN layer models spatial relationships,
followed by an LSTM that captures temporal dynamics. This baseline incorporates
both inductive biases, but disjointly.

• GTCNN [59] A graph temporal convolutional neural network based on parametric
product graphs as described in Section 3.3. It models both spatial and temporal
dependencies jointly through convolutional filters on the product graph.

• STGCN [82] The Spatial-Temporal Graph Convolutional Network as described in
Section 3.3 that integrates graph convolutions with gated temporal convolutions
in a unified architecture.
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• GW (Graph WaveNet) [76] A dynamic spatio-temporal model as described in Sec-
tion 3.3 that combines graph convolutions with adaptive adjacency matrices and
dilated causal convolutions for temporal modeling.

TOPOLOGY-AWARE SPATIO-TEMPORAL BASELINE

• CELL[57] We construct the product cell complex of rank-2. To make it compara-
ble to our work, we use the same TNN as our framework but using the edge-to-face
incidence matrix of the cell complex rather than our edge-to-triangle incidences
of the SPC. We use the non-parameterized Hodge Laplacians in order to keep it
similar to the original product cell complex which did not propose any parameter-
ization.

PROPOSED BASELINE

• SNN-RNN: We introduce a novel baseline architecture to model spatio-temporal
data. SNN-RNN lifts the spatial graph to a rank-2 Simplicial Complex using clique
lifting and then applies the SCCNN [78] on the lifted spatial topology to capture
spatial dependencies, followed by an LSTM for temporal modeling. Like GNN-
RNN, spatial and temporal processing are decoupled, but this baseline addition-
ally encodes higher-order topological information.

Further details about the architectures used for each baseline are provided in Ap-
pendix A.2.

5.1.4. TRAINING AND EVALUATION SETTINGS
We now describe the training and evaluation settings used for our experiments. We begin
by discussing the encoder-process-readout architectural design used to train all models.
We then describe our hyperparameter tuning and training strategy.

ENCODER-PROCESS-READOUT ARCHITECTURE

Figure 5.1: The encoder-processor-readout architecture used to train all the models.

We adopt an encoder-processor-readout architecture [6] to train all the deep-learning
models, illustrated in Figure 5.1. The Encoder block takes the raw input signals and maps
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them to a higher-dimensional abstract feature space. The Processor block implements
the core model logic and serves as the backbone of the architecture. Each model re-
ceives the encoded feature representations and processes them according to its spatio-
temporal inductive biases. Finally, the Readout block transforms the processed features
back to the prediction space for the downstream forecasting task. Further details about
the encoder-processor-readout configurations used for each model are provided in Ap-
pendix A.1.

HYPERPARAMETER TUNING AND TRAINING STRATEGY

We use the Optuna framework [2] to perform hyperparameter tuning for each model’s
processor block. For forecasting, we optimize for 1-step validation loss during hyperpa-
rameter tuning and the best-performing configuration from the 1-step forecasting task
is used across all prediction horizons. For each model–dataset combination, we run 100
trials using the Tree-structured Parzen Estimator (TPE) [71] provided by Optuna and ap-
ply median-based pruning to prune off under-performing trials early. Details of the tun-
ing procedure and the search space for all baselines are provided in Appendix A.2.

All models are trained using the Mean Squared Error (MSE) loss on normalized sig-
nals with early stopping and a learning rate scheduler. We add a weight decay (L2 reg-
ularization) on all the model parameters as a regularizer (including on the edge and
face parameters in the parameterized SPCCNN). We use the Adam optimizer and Xavier
weight initialization for all experiments. We train all our models on the DelftBlue [1]
High-Performance Computing (HPC) cluster at TU Delft, utilizing NVIDIA A100 and V100
GPUs with 5 GB RAM. All models are trained on 10 random seeds and we report the av-
erage across the seeds in the results below. Further details about the training settings are
provided in the appendix in Table A.2.

The SPCCNN architecture uses averaging for the node-to-edge lifting where the edge
features are created by averaging the node features at the endpoints for every edge. We
use a rank-1 SPC for both datasets (signals are not lifted to faces) in order to reduce
memory and computational load. The final SPCCNN configuration and its search space
are summarized in Appendix A.2.

EVALUATION METRICS

We evaluate our framework using two widely used regression metrics: Mean Absolute Er-
ror (MAE) and Root Mean Squared Error (RMSE). MAE measures the average magnitude
of the prediction errors without considering their direction, making it easy to interpret
and robust to outliers. RMSE, on the other hand, squares the errors before averaging,
thereby penalizing larger errors more heavily, making it more sensitive to outliers than
MAE.

Each metric is computed on the rescaled predictions ŶH and the corresponding
ground-truth values Y (i )

H , as defined in Equation 5.4. All metrics are computed for the
final step H of the prediction horizon, averaged over all samples in the evaluation set.
More details on the metrics are available in Appendix A.3.
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5.2. RESULTS
We structure this section as follows. We begin by benchmarking the proposed SPCCNN
architecture against all baseline models on the downstream forecasting task in Section
5.2.1. This is followed by experiments that measure the impact of parameterization on
the performance and flexibility of the SPCCNN. We then investigate the effect of L1 reg-
ularization on the edge and face parameters and determine its impact on the scalability
of the SPCCNN model in Section 5.2.2. Following the empirical evaluation of the pa-
rameterized SPCCNN in terms of performance, flexibility, and scalability, we conduct a
spectral analysis of the SPC framework to understand the spectral properties of L1⋄, the
1-Hodge Laplacian of the SPC, in Section 5.2.3. Finally, we present a brief case study
applying our framework to a spatio-temporal imputation task on a self-curated air pol-
lution monitoring dataset in Section 5.2.4.

5.2.1. FORECASTING RESULTS
We organize the discussion around three key aspects: forecasting performance, data ef-
ficiency, and parameter efficiency.

PERFORMANCE ANALYSIS

Table 5.2 reports the forecasting performance of all models for 1-step, 2-step, and 3-
step horizons on the METR-LA and Solar datasets. The results represent the average
performance across 10 random seeds on the test set, with standard deviation shown on
the right. As expected, model performance generally degrades with increasing predic-
tion horizon. This degradation is particularly pronounced among non-spatio-temporal
baselines such as FFNN, LSTM, and GCNN, which lack mechanisms to jointly model
spatial and temporal dependencies. Their consistently poor performance across both
datasets underscores the importance of explicitly incorporating spatio-temporal struc-
ture in time series forecasting. ARIMA performs comparably to the non-spatio-temporal
deep learning baselines. This is likely because ARIMA is trained independently for each
node, allowing it to better capture localized temporal patterns. In contrast, the deep
learning baselines are global models that process all nodes jointly without explicitly
modeling the spatio-temporal relationships among them.

Among the spatio-temporal baselines, Graph WaveNet (GW) achieves the best over-
all performance across both datasets and all forecasting horizons. Its ability to learn
the graph structure adaptively, combined with dilated causal convolutions for modeling
long-range dependencies, provides a strong advantage in forecasting tasks. The STGCN
model also performs well and consistently ranks as the second-best model on the Solar
dataset, likely due to its use of spatial graph convolutions combined with gated temporal
modules, which are well suited for the strong periodicity present in solar energy signals.

The proposed SPCCNN model consistently ranks as the second best model on the
METR-LA dataset, outperforming STGCN, GTCNN and CELL. Compared to GTCNN,
which operates on a strong product graph, SPCCNN benefits from modeling higher-
order spatio-temporal relationships through its simplicial representation. Additionally,
the improved performance over CELL supports our claims about the benefits of main-
taining a simplicial structure in the product space, as discussed in 4.7.2.

On the Solar dataset, however, SPCCNN performs comparably to GTCNN and STGCN
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Data Models 1-Step 2-Step 3-Step

MAE RMSE MAE RMSE MAE RMSE

M
E

T
R

-L
A

ARIMA 5.21 9.21 6.27 11.70 6.58 14.15
FFNN 4.59 ±0.19 7.90 ±0.20 5.23 ±0.20 9.05 ±0.15 5.62 ±0.23 9.81 ±0.18

LSTM 5.18 ±0.17 8.62 ±0.09 5.82 ±0.16 9.75 ±0.14 6.01 ±0.21 10.29 ±0.25

GCNN 6.41 ±0.14 10.42 ±0.27 6.73 ±0.09 10.87 ±0.16 7.00 ±0.11 11.25 ±0.19

GNN-RNN 4.51 ±0.09 9.02 ±0.20 4.79 ±0.16 9.30 ±0.16 5.22 ±0.17 9.93 ±0.23

GTCNN 3.01 ±0.11 5.73 ±0.05 3.53 ±0.20 6.52* ±0.10 3.77 ±0.17 7.06 ±0.09

STGCN 3.12 ±0.21 5.77 ±0.17 3.68 ±0.24 6.60 ±0.18 4.11 ±0.18 7.34 ±0.12

GW 2.77 ±0.14 5.41 ±0.09 3.27 ±0.10 6.21 ±0.06 3.69 ±0.08 6.89 ±0.08

CELL 2.99* ±0.09 5.65* ±0.05 3.41* ±0.08 6.46 ±0.02 3.87 ±0.13 7.16 ±0.08

SNN-RNN (ours) 3.05 ±0.11 5.69 ±0.08 3.52 ±0.08 6.54 ±0.08 3.92 ±0.12 7.21 ±0.05

P-SPCCNN (ours) 2.96 ±0.08 5.64 ±0.04 3.39 ±0.08 6.46 ±0.04 3.86* ±0.13 7.16 ±0.08

SO
L

A
R

ARIMA 0.48 2.04 0.63 2.82 0.85 3.30
FFNN 0.55 ±0.05 0.91 ±0.05 0.79 ±0.06 1.38 ±0.06 1.07 ±0.04 1.74 ±0.05

LSTM 0.68 ±0.02 1.07 ±0.02 0.88 ±0.03 1.47 ±0.03 1.06 ±0.03 1.71 ±0.03

GCNN 1.41 ±0.00 2.23 ±0.01 1.51 ±0.01 2.53 ±0.01 1.56 ±0.01 2.60 ±0.01

GNN-RNN 1.35 ±0.03 2.12 ±0.05 1.45 ±0.02 2.41 ±0.05 1.50 ±0.03 2.50 ±0.06

GTCNN 0.38 ±0.01 0.79 ±0.00 0.56 ±0.01 1.23 ±0.01 0.70 ±0.01 1.46 ±0.01

STGCN 0.37 ±0.01 0.75 ±0.01 0.52 ±0.01 1.14 ±0.01 0.63 ±0.01 1.33 ±0.01

GW 0.35 ±0.01 0.74 ±0.01 0.50 ±0.01 1.12 ±0.02 0.61 ±0.01 1.30 ±0.02

CELL 0.37 ±0.00 0.78 ±0.00 0.56 ±0.01 1.21 ±0.01 0.70 ±0.01 1.44 ±0.01

SNN-RNN (ours) 0.37 ±0.01 0.77* ±0.01 0.54* ±0.01 1.17* ±0.01 0.66* ±0.01 1.36* ±0.02

P-SPCCNN (ours) 0.38 ±0.00 0.78 ±0.00 0.55 ±0.01 1.20 ±0.01 0.70 ±0.01 1.44 ±0.02

Table 5.2: Downstream node-level forecasting performance for all models on the Solar
and METR-LA datasets. Best values are bolded, second-best underlined, and third-best

marked with *.

and does not consistently outperform them. This suggests that higher-order simplicial
structures may be less relevant for this dataset. We provide evidence supporting this
observation below by analyzing the learned parameter values for both datasets.

Finally, our proposed SNN-RNN model also performs competitively, often surpass-
ing GTCNN and STGCN despite its simpler architecture. It also consistently outperforms
GNN-RNN, another disjoint spatio-temporal model that does not capture higher-order
spatial dependencies. These results further demonstrates the value of incorporating
higher-order structures in spatio-temporal modeling, even within simple architectural
designs.
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PARAMETER AND DATA EFFICIENCY

While Graph WaveNet achieves the best performance in our experiments, it does so with
a significantly larger number of parameters than other models. As shown in Figure 5.2a,
GW has the highest parameter count, followed by GTCNN and STGCN. SPCCNN has the
lowest number of parameters across all top-performing models, suggesting that SPC-
CNN provides a favorable balance between performance and parameter efficiency.

Figure 5.2b explores data efficiency by plotting RMSE against the fraction of training
data used for METR-LA 1-step prediction. In low-data regimes, SPCCNN consistently
outperforms GW and is consistently among the best performing models, indicating that
it is more data-efficient. This makes SPCCNN a strong candidate for real-world applica-
tions where data may be limited.

(a) Parameter counts for METR. (b) RMSE vs. training data proportion on
METR-LA 1-step forecasting.

Figure 5.2: Model complexity (parameter counts) and performance (RMSE) in
data-scarce settings.

EFFECT OF PARAMETERIZATION

We now discuss the impact of parameterization on the performance and flexibility of
the SPCCNN model. Table 5.3 presents the test set performance of the parameterized
(P-SPCCNN) and non-parameterized (NP-SPCCNN) variants across 1-step, 2-step, and
3-step forecasting tasks on the METR-LA and Solar datasets. P-SPCCNN consistently
outperforms NP-SPCCNN in most settings, indicating that learning to modulate the con-
tributions of different edge and face types improves predictive accuracy. Notably, this
improvement is achieved with only a few additional learnable parameters (as discussed
in Section 4.7.1), suggesting that even lightweight parameterization of the Hodge Lapla-
cians can substantially improve performance by allowing the model to better adapt to
the structural characteristics of each dataset.

To understand the impact of parameterization on flexibility and data-adaptability,
we analyze the scalar weights that the model learns for each type of edge and face for the
two datasets. We begin by studying the training evolution of these parameters to assess
whether they stably converge. Recall that we apply the softplus function (see Equation
4.29) to the raw parameter values in order to ensure non-negativity. Figure 5.3 shows the
convergence behavior of the post-softplus values of the spatial edge parameter (e1) and
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Data Variant 1-Step 2-Step 3-Step

MAE RMSE MAE RMSE MAE RMSE

METR-LA
P-SPCCNN 2.96 ±0.08 5.64 ±0.04 3.39 ±0.08 6.46 ±0.04 3.86 ±0.13 7.16 ±0.08

NP-SPCCNN 3.04 ±0.11 5.69 ±0.05 3.41 ±0.08 6.46 ±0.06 3.79 ±0.07 7.13 ±0.07

SOLAR
P-SPCCNN 0.38 ±0.00 0.78 ±0.00 0.55 ±0.01 1.20 ±0.01 0.70 ±0.01 1.44 ±0.02

NP-SPCCNN 0.43 ±0.04 0.82 ±0.03 0.70 ±0.01 1.33 ±0.02 0.84 ±0.03 1.56 ±0.03

Table 5.3: Comparison of parametric (P-SPCCNN) and non-parametric (NP-SPCCNN)
variants across forecasting steps on the METR-LA and Solar datasets. Best values are

bolded.

the spatial triangle parameter ( f0) across multiple random seeds on the METR dataset.
Both parameters drift steadily from their initial values and converge to consistent val-
ues, demonstrating stable and reliable learning behavior across all seeds. Similar con-
vergence patterns are observed for the remaining edge and face parameters (e2, e3, f1,
f2, f3, f4) across both datasets.

(a) Edge parameter (e1) from multiple
random seeds converging stably for METR

1-step forecasting.

(b) Face parameter ( f0) from multiple
random seeds converging stably for METR

1-step forecasting.

Figure 5.3: Training evolution of edge and face parameters on METR.

Next, we compare the final learned parameter values across datasets. Figure 5.4 plots
the post-softplus values of edge and face parameters for all SPCCNN layers, averaged
across random seeds, for the 1-step forecasting task. The reported values are from the
epoch with the lowest validation loss.

For the METR dataset, SPCCNN learns distinct parameter values for different edge
and face types, indicating that it can differentiate the relevance of various higher-order
relationships. Most face parameters cluster around a post-softplus value of approxi-
mately 1, suggesting that all higher-order structures are actively utilized by the model.

In contrast, on the Solar dataset, all face-level parameters converge to the same post-
softplus value of approximately 0.69, corresponding to a raw value of approximately zero
(see Figure 4.11a). This lack of variation across face types, along with their uniformly low
values, indicates that the model finds little benefit in modeling higher-order structures
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(a) Learned parameters on METR 1-step
forecasting.

(b) Learned parameters on Solar 1-step
forecasting.

Figure 5.4: Final learned SPCCNN parameters across all layers.

for this dataset. These findings help explain why SPCCNN performs well on METR but
not on Solar and highlight the flexibility of the parameterized variant in aligning with the
structural properties of a given dataset.

Moreover, since the gradient of the softplus function diminishes near zero (see Fig-
ure 4.11b), parameters in this range experience weaker gradient signals and thus have
limited incentive to decrease further without explicit regularization. We hypothesize that
these suppressed face parameters on Solar could likely be pruned entirely if sparsity was
enforced, a hypothesis we explore in the next section.

5.2.2. L1 REGULARIZATION OF EDGE AND FACE PARAMETERS
In our previous experiments, we applied L2 regularization to all model parameters, in-
cluding the edge and face parameters in SPCCNN, as described in Section 5.1.4. Al-
though this encourages smaller parameter magnitudes, it does not explicitly promote
sparsity. We hypothesize that incorporating an L1 regularization term for the edge and
face parameters will induce sparsity, effectively pruning unnecessary higher-order com-
ponents from the model and improving the scalability of the SPCCNN model. In partic-
ular, based on the findings from the previous section, we expect the face parameters for
the Solar dataset to be pruned entirely. Pruning irrelevant types of simplices (parameters
that converged to extremely low values) will reduce the number of computations in the
convolution operation and hence improve the computational runtime of the SPCCNN
during inference.

Figure 5.5 plots the post-softplus values of the edge and face parameters for the SPC-
CNN model trained with explicit L1 regularization applied to these parameters. For the
Solar dataset, we observe that all face parameters are driven to zero, effectively pruning
the corresponding higher-order connections during training. This confirms our hypoth-
esis that higher-order relationships offer little to no utility for this dataset and explains
why SPCCNN’s performance is comparable to GTCNN for the Solar dataset. In contrast,
the METR dataset retains nearly all higher-order relationships, with only the f0 parame-
ter, associated with purely spatial faces, being pruned. This indicates that higher-order
structures add value in modeling the spatio-temporal relationships present in the METR
dataset despite explicit regularization.
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(a) Learned parameters on METR 1-step
forecasting with explicit L1 regularization.

(b) Learned parameters on Solar 1-step
forecasting with explicit L1 regularization.

Figure 5.5: Final learned SPCCNN parameters across all layers with explicit L1

regularization on edge and face parameters.

Dataset Model MAE RMSE Time (ms)

METR-LA
NR 2.96 ±0.08 5.64 ±0.04 6.00 ±1.16

R 3.00 ±0.09 5.66 ±0.05 4.34 ±1.58

Solar
NR 0.38 ±0.01 0.78 ±0.00 6.8 ±1.38

R 0.37 ±0.00 0.78 ±0.00 3.9 ±1.13

Table 5.4: Comparison of non-regularized (NR) and regularized (R) SPCCNN variants
for 1-step forecasting on the METR-LA and Solar datasets. ’Time’ reports average clock

time (in milliseconds) for a forward pass during testing. Best values are bolded.

Table 5.4 compares the 1-step forecasting performance and average computation
time for a single forward pass on the test set, averaged across all random seeds, for
both the regularized (R) and non-regularized (NR) versions of SPCCNN. We observe that
pruning has a negligible impact on forecasting accuracy, as the performance remains
comparable to that of the non-regularized model. However, the computation time is
nearly halved across both datasets. Pruning off unnecessary higher-order connections
increases the sparsity of the Hodge Laplacians and thereby reduces the number of com-
putations in the higher-order filtering layers in the SPCCNN. This demonstrates that ex-
plicit L1 regularization can significantly enhance the scalability of SPCCNN by eliminat-
ing unnecessary higher-order connections during inference, resulting in notable com-
putational savings without compromising predictive performance.

5.2.3. SPECTRAL ANALYSIS OF HODGE LAPLACIANS OF THE SPC
Having presented a detailed empirical evaluation of the SPCCNN model on the down-
stream forecasting task, we now examine the spectral properties of the 1-dimensional
Hodge Laplacian L1⋄ of the SPC for both the datasets. We first obtain the Hodge de-
composition of the SPC by computing the eigendecomposition of L1⋄ and its lower and
upper components. The gradient subspace of the SPC is spanned by the eigenvectors of
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the lower Laplacian L1⋄,d associated with positive eigenvalues. Similarly, the curl sub-
space of the SPC is spanned by eigenvectors of the upper Laplacian L1⋄,u associated with
positive eigenvalues. The harmonic subspace of the SPC corresponds to the null space
of L1⋄. We denote the eigenvectors of the gradient, curl, and harmonic subspaces by UG ,
UC , and UH , with corresponding eigenvaluesΛG ,ΛC , andΛH .

We begin by examining the spectral properties and eigenvalue distributions of each
Hodge subspace. We then analyze the smoothest and most oscillatory gradient and curl
basis vectors to understand the structural characteristics they capture. Next, we inves-
tigate spectral behavior by edge type, highlighting differences across spatial, temporal,
and spatio-temporal edge flows. Finally, we project edge signals onto each Hodge sub-
space and quantify the proportion of total energy captured by each subspace.

SPECTRAL PROPERTIES

Analyzing the spectral properties provides a high-level overview of the behavior of edge
signals in the spectrum. Table 5.5 summarizes the dimension, spectral entropy, and
spectral gap of each Hodge subspace of L1⋄. The spectral entropy quantifies the energy
dispersion across the spectrum of a subspace, where higher values indicate larger spread
in the distribution of eigenvalues, while lower values suggest concentration in a fewer
modes. The spectral gap refers to the value of the smallest non-zero eigenvalue, captur-
ing how well-separated the subspace is from the null space. These metrics help us assess
the richness and stability of the topological signals in each Hodge component.

Metric Gradient Curl Harmonic

Solar

Dimension 404 1670 13

Spectral Entropy 5.90 7.31 –

Spectral Gap 0.0597 0.5858 –

METR

Dimension 613 2488 1

Spectral Entropy 6.31 7.73 –

Spectral Gap 0.0078 0.6342 –

Table 5.5: Spectral properties of the L1⋄ Hodge Laplacian for METR and Solar datasets.

The L1⋄ Laplacian for Solar and METR exhibit significantly larger curl subspaces (1670
and 2488 dimensions respectively) compared to their gradient subspaces (404 and 613
dimensions respectively). Since each triangle introduces a local circulation that could
potentially be captured by its own eigenmode, the abundance of triangles in the SPC
naturally results in a higher-dimensional curl subspace.

The Curl subspaces also exhibit higher spectral entropy and larger spectral gaps, in-
dicating more diverse and localized circulation patterns. In contrast, the gradient sub-
spaces have low spectral gaps, suggesting the presence of smooth, slowly-varying global
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(a) Eigenvalue distribution of the gradient (left) and curl (right) subspaces for the METR dataset.

(b) Eigenvalue distribution of the gradient (left) and curl (right) subspaces for the Solar dataset.

Figure 5.6: Histogram of eigenvalues of the L1⋄ Hodge Laplacian.

flows. The full eigenvalue distribution, shown in Figure 5.6, visually confirms that curl
modes are more widely spread than gradient modes.

Finally, the harmonic component is negligible for both datasets due to the lack of
topological holes in the SPC. Topological holes correspond to cycles that are not bounded
by filled triangles and most cycles in the SPC are filled in by 2-simplices. Since harmonic
modes are negligible, we omit their analysis in the remaining section.

ANALYZING EXTREME MODES OF HODGE SUBSPACES

We now analyze the extreme modes of the gradient and curl subspaces - the eigenvectors
associated with the lowest and highest eigenvalues. This will provide insights into the
smoothest and most oscillatory patterns captured by the L1⋄ Hodge Laplacian. Figures
5.7 and 5.8 visualizes the eigenvectors corresponding to the lowest and highest eigenval-
ues in the gradient and curl subspaces for the METR and Solar datasets.

As seen in the top rows (green) of Figures of both the gradient and curl subspaces for
both datasets, the low-eigenvalue eigenvectors exhibit globally smooth structure, with
values distributed across many edges. In contrast, the high-eigenvalue modes in the
bottom rows (orange) are sharp and localized, with energy concentrated on a small sub-
set of edges, appearing as spiky patterns. This behavior is consistent with the expected
characteristics of low- and high-eigenvalue spectral components.

Across both datasets, the curl eigenvectors appear consistently sparser and exhibit
larger magnitudes than their gradient counterparts, reflecting the inherently localized
nature of curl flows which are often associated with localized circulations. In contrast,
gradient modes display smoother variations with less pronounced localization, even at
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(a) Lowest (top) and highest (bottom) gradient modes for METR.

(b) Lowest (top) and highest (bottom) curl modes for METR.

Figure 5.7: Lowest and highest eigenvalue gradient and curl modes for the METR
dataset.

(a) Lowest (top) and highest (bottom) gradient modes for Solar.

(b) Lowest (top) and highest (bottom) curl modes for Solar.

Figure 5.8: Lowest and highest eigenvalue gradient and curl modes for the Solar dataset.
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the higher eigenvalue. These visual patterns align with earlier spectral statistics, where
the curl subspace showed higher entropy and a wider spectral spread.

Notably, we observe a large gap in the low-eigenvalue (green) portions of both gradi-
ent and curl spectra (between Edge Index 1200 and 1600 in the top rows of 5.7 and Edge
Index 750 to 1100 in the top rows of 5.8). These edge indices actually correspond to the
temporal edges and seem to exhibit near-zero coefficients in the low eigenvalue modes.
This suggests that temporal edges are weakly represented in the smoothest modes of
both subspaces.

EDGE-TYPE SPECIFIC ANALYSIS

The analysis in the previous section suggested that temporal edges contribute minimally
to the smoothest frequency modes of both the gradient and curl subspaces. To investi-
gate this further, we visualize the energy distribution across individual eigenmodes, or-
dered from low to high frequency, for each edge type within both subspaces. Since the
eigenvectors have dimensionality equal to the number of edges, we can extract specific
components of the eigenvectors that correspond to the different edge types using their
edge indices and compute their energy using the ℓ2 norm. The plots are presented in
Figure 5.9 for the METR-LA dataset and the Solar dataset is omitted due to exhibiting
similar trends.

In both gradient and curl subspaces, temporal edges contribute negligible energy to
the lowest-frequency modes. Since these modes typically encode smooth, global pat-
terns, this indicates that temporal edges are misaligned with global flows and more rep-
resentative of abrupt transitions. This reflects their structural role in the SPC: unlike
spatial and spatio-temporal edges that link distinct nodes and encode geometric rela-
tionships, temporal edges connect a node to itself across time, acting as stitching links
that preserve temporal continuity rather than directional flow.

Across the full gradient spectrum, temporal edges contribute substantially less en-
ergy compared to other edge types. However, in the curl subspace, their energy is more
evenly distributed and relatively higher. This suggests that while temporal edges are
weakly aligned with smooth gradients, they participate more actively in localized, triangle-
induced circulations. Thus, in the SPC, temporal edges primarily serve as anchors for
forming spatio-temporal triangles rather than as carriers of smooth signal propagation.

Overall, the analysis suggests that temporal edges are structurally less aligned with
smooth, global signal propagation and play a greater role in supporting localized, cir-
culatory flows. In contrast, spatial and spatio-temporal edges contribute more promi-
nently to the smoothest modes, highlighting their structural alignment with coherent,
global interactions across the SPC.

ENERGY-BASED SIGNAL ANALYSIS

In the final section, we now shift from a purely structural analysis, based on the proper-
ties of the Hodge Laplacian and its eigenspaces, to a functional perspective by analyzing
the energy of edge signals projected onto the gradient, curl, and harmonic subspaces.

Recall that our datasets do not inherently contain edge or higher-order signals, and
edge features are instead constructed by lifting node-level signals. In this analysis, we
focus on the encoded edge signals produced by a trained SPCCNN’s edge encoder that
take the averaged (lifted) node signals and pass them through the encoder to produce a
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(a) Gradient energy by edge type (b) Curl energy by edge type

Figure 5.9: Energy distribution across edge types within the eigenbasis of the gradient
and curl subspaces.

multi-channel representation (16 channels in our experiments) for each edge. We com-
pute the mean across the channel dimension to obtain a single scalar value per edge.

To ensure consistency with the model inputs, we use normalized raw signals pro-
vided to the encoder, applying the exact normalization procedure used during training
(see Section 5.1.2). For statistical robustness, we randomly sample 1000 signal snap-
shots from the dataset. Each snapshot corresponds to an edge-level signal on the SPC.
We then project these signals onto the gradient, curl, and harmonic subspaces of the L1⋄
Hodge Laplacian and calculate the average projection energy across these samples for
each Hodge subspace.

Formally, let X ∈RN 1×M represent the matrix of sampled (and encoded) edge signals
where M = 1000 and N 1 is the number of edges in the SPC. The projected components
are then given by:

XG = UG U⊤
G X, XC = UC U⊤

C X, XH = UH U⊤
H X

and the corresponding average energies are given by

EG = 1

M
∥XG∥2

F , EC = 1

M
∥XC∥2

F , EH = 1

M
∥XH∥2

F

Figure 5.10 shows the average distribution of signal energy across the gradient, curl,
and harmonic subspaces for both datasets. The majority of energy in both METR and
Solar is concentrated in the gradient subspace, indicating that the encoded edge signals
primarily follow node-induced flows. This is expected, as the edge features are derived
from node-level signals and thus naturally inherit gradient-like structure.

Notably, approximately one-third of the energy resides in the curl subspace in both
datasets. Although raw lifted edge signals would lie entirely in the gradient subspace,
the encoded signals used here are produced by a learnable edge encoder. This encoder,
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being a multi-layer MLP, can project the initially smooth edge signals into more complex
representations that include local circulatory patterns captured by the curl space. More-
over, the use of normalization prior to encoding may also redistribute energy across the
spectral domain, further explaining this shift.

(a) METR (b) Solar

Figure 5.10: Fraction of total encoded signal energy projected onto each Hodge
subspace.

Finally, the harmonic component holds negligible energy in both datasets due to
its small dimensionality and the absence of strong topological holes in the underlying
structures.

In summary, through this spectral analysis, we conclude that the SPC induces a rich
spectral structure with a dominant curl subspace arising from abundant triangle-based
interactions. Temporal edges contribute minimally to smooth modes yet play a greater
role in localized curl patterns, and encoded signals align strongly with gradient modes
but also carry notable energy in the curl subspace. Overall, the spectral analysis demon-
strates that the SPC provides a mathematically principled and expressive framework for
modeling complex spatio-temporal dynamics.

5.2.4. CASE STUDY: SPATIO-TEMPORAL IMPUTATION OF THE NEW DELHI

AIR POLLUTION MONITORING NETWORK
Urban air pollution poses significant environmental and health challenges in densely
populated cities like New Delhi, where vehicle emissions and industrial activities con-
tribute to elevated levels of harmful pollutants such as Particulate Matter (PM2.5). Effec-
tive air quality monitoring systems are thus crucial for public health protection, yet they
face significant challenges due to sensor failures and incomplete measurements.

Real-world air quality data often exhibits substantial missing values which makes re-
liable pollution assessment extremely difficult [77]. For instance, the raw dataset used in
this study, as detailed later in this section, contains over 60% missing data. To address
this challenge, robust imputation strategies are essential for recovering missing obser-
vations and maintaining the integrity of environmental monitoring systems. In this fi-
nal section, we present a case study applying our proposed SPCCNN model to spatio-
temporal imputation of air pollution data. We first describe the imputation task and
problem formulation, then detail our dataset construction methodology, and finally dis-
cuss the experimental results of this case study.
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SPATIO-TEMPORAL IMPUTATION

Spatio-temporal imputation involves recovering missing values in multivariate time se-
ries by leveraging both temporal dynamics and spatial correlations. Unlike traditional
time series imputation that treats each variable independently, spatio-temporal imputa-
tion exploits the underlying relational structure among variables to improve reconstruc-
tion accuracy. The spatial correlations help infer missing values based on measurements
from neighboring sensors, while temporal dynamics can guide prediction of missing ob-
servations using the past observations of a particular variable.

Similar to the forecasting setting, we construct a dataset D = {(X (i ), M (i ))}|D|
i=1, where

each X (i ) ∈ RT×N×F is a sample extracted from the full time series using a sliding win-
dow of length T . Additionally, we create a binary mask M (i ) ∈ {0,1}T×N×F that randomly
hides a fixed percentage of entries in X (i ). To create the model input, masked entries are
replaced with their last observed values using forward-fill imputation, resulting in X̃ (i ),
which serves as the input to the model. The objective is to reconstruct the complete
original observations X (i ) from this partially corrupted data X̃ (i ). The model prediction
is denoted by X̂ (i ) ∈ RT×N×F , and the loss is computed only over the originally missing
entries:

θ̂ = argmin
θ

1

|D|
|D|∑
i=1

ℓ
(

X̂ (i ) ⊙ (1−M (i )), X (i ) ⊙ (1−M (i ))
)

, (5.5)

where ⊙ denotes element-wise multiplication.

DELHI AIR POLLUTION DATASET

We construct the air pollution imputation dataset for this case study using the raw data
provided by the Central Pollution Control Board (CPCB) of India [17]. The original dataset
comprises hourly measurements of 34 air quality related metrics recorded at sensors
across 453 cities in India between 2010 and 2023. For our experiments, we focus ex-
clusively on the PM2.5 variable, measured in µg/m3, due to its critical relevance to air
quality monitoring. Moreover, we use the sensor data for the 38 monitoring stations lo-
cated within New Delhi and further discard two stations that exhibit inconsistent PM2.5
measurements, resulting in a final set of 36 sensors. The locations of these sensors are
detailed in the appendix in Table B.1. The spatial graph is built using a 3-nearest neigh-
bors (3-NN), which results in a fully-connected graph, illustrated in Figure B.1 in the
appendix.

We filter the time series data for the selected sensors to keep measurements from
January 2021 to March 2023, yielding 37,224 hourly PM2.5 measurements per station. As
discussed above, the raw dataset contains substantial missing values that are irregularly
distributed across time and sensors, with some periods having much more missing data
than others. To create a controlled imputation dataset, we create segments of data using
a sliding window approach with windows of size 5, and only keep complete windows
that have no missing values. In each of the temporal windows, we then create artificial
missing data by randomly removing exactly 20% of the PM2.5 readings.

We use this approach for two important reasons. First, we need ground truth val-
ues to train and evaluate our model and we cannot use the original missing values as
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the imputed observations because we do not have access to the ground truth for val-
ues. Second, the original missing data patterns are highly irregular, which would make
it difficult to train models consistently. Through our approach, we create a standard-
ized dataset where we know the true values for all observations, allowing us to properly
train and evaluate our imputation method while simulating a hypothetical missing data
scenario.

Once we create the final imputed dataset using the process described above, we pre-
process it using the same procedure used for the METR and Solar datasets, as discussed
in Section 5.1.2.

RESULTS

For the experiments in the case study, we follow a similar training and evaluation set-
ting as our forecasting experiments, as described in Section 5.1.4. Table 5.6 presents the
imputation results for the SPCCNN model and selected spatio-temporal baselines. The
final architectures after hyperparameter tuning for each of the models are provided in
A.2.1.

Model MAE RMSE

STGCN 14.5 ±1.45 22.05 ±2.21

GW 14.59 ±1.69 21.87 ±2.33

GTCNN 16.67 ±4.66 24.61 ±6.0

SNN-RNN (ours) 17.48 ±1.12 25.31 ±1.27

SPCCNN (ours) 19.23 ±1.42 27.88 ±2.21

Table 5.6: Imputation results on the Delhi air pollution dataset. Best values are bolded.

We observe that Graph WaveNet (GW) and STGCN achieve the best performance
with very similar results, while GTCNN shows moderate performance but with much
higher variance across runs. Notably, both proposed models that operate on higher-
dimensional topological spaces, SPCCNN and SNN-RNN, perform significantly worse
than all baseline methods, ranking as the two worst-performing approaches on the im-
putation task.

We hypothesize that the poor performance of our proposed models may be attributed
to fundamental challenges that likely arise when applying signal lifting to incomplete
data. When node signals contain forward-filled values that may be stale or inaccurate,
the lifting process could compound these errors by deriving edge signals from already
corrupted inputs. This noise may then propagate through the higher-order structures
during simplicial convolutions, potentially amplifying uncertainty rather than extracting
useful topological relationships. Moreover, the multi-node dependencies that SPCCNN
relies on could become unreliable when multiple nodes within the same triangular rela-
tionship contain imputed values, possibly further degrading the quality of higher-order
representations and hindering effective reconstruction of missing observations.

Therefore, applying SPCCNN for imputation tasks reveals a critical limitation of our
framework: its effectiveness is fundamentally constrained when operating on incom-



5.3. DISCUSSION 85

plete data. While the SPCCNN architecture excelled at capturing complex multi-node
relationships in the forecasting task where data was complete, its dependency on signal
lifting makes it inherently fragile to the noisy or missing data encountered in imputation
settings. We hypothesize that SPCCNN’s accuracy would improve on imputation tasks
if the dataset contained genuine edge flows that didn’t require lifting from potentially
corrupted node signals.

5.3. DISCUSSION
Effectively modeling multivariate time series data requires capturing not only individual
temporal trends but also the complex, often latent, interactions between variables across
space and time. These relationships frequently extend beyond simple pairwise depen-
dencies, and often involve higher-order spatio-temporal relationships among groups of
variables. In this work, we hypothesized that such multi-way interactions could be mod-
eled effectively using a simplicial structure in the product space. To this end, we pro-
posed the parameterized SPCCNN architecture that learns to weigh different topological
relationships, making the model more adaptive and flexible to the underlying data.

Our evaluation of SPCCNN on multivariate node-level forecasting across two real-
world datasets demonstrated that the proposed architecture performed comparably to
state-of-the-art baselines and outperformed approaches that lacked relational structure.
Notably, SPCCNN exhibited greater parameter and data efficiency, making it promising
for limited-data settings. The architecture performed particularly well on the METR-LA
dataset but showed weaker performance on the Solar dataset.

To understand this performance discrepancy, we conducted an analysis of the learned
parameter values. Parameterization consistently improved downstream results across
both datasets and all forecasting horizons, indicating the SPCCNN model’s successful
adaptation to the relationships present in each dataset. Interestingly, the Solar dataset
exhibited convergence to low, nearly uniform parameter values, while the METR-LA
dataset showed higher and more diverse parameter magnitudes. This observation sug-
gested that topological structures were less relevant for the Solar dataset, leading us to
hypothesize that sparsity constraints would prune these connections.

To test this hypothesis, we applied L1-regularization to the edge and face parame-
ters. The results confirmed our assumption: all face parameters were eliminated for the
Solar dataset, while only spatial face parameters were removed for the METR-LA dataset.
Importantly, predictive accuracy remained largely unaffected, and inference speed im-
proved due to increased sparsity. This finding highlighted how explicit regularization
promoted scalability by pruning redundant topological structures.

Following the empirical evaluation, we conducted a spectral analysis of edge flow
signals on the SPC. Our findings revealed that the SPC induced a rich spectral structure
dominated by curl subspaces. Temporal edges contributed minimally to smooth eigen-
modes yet participated more actively in localized circulation patterns. Additionally, en-
coded signals aligned primarily with gradient subspaces while retaining significant en-
ergy in curl components. This analysis confirmed that the SPC provided an expressive
framework for capturing complex temporal dynamics.

Finally, we extended our evaluation to a case study applying the SPCCNN model for
spatio-temporal imputation on the New Delhi air pollution monitoring network. This
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case study revealed a fundamental limitation of our framework: the challenge of lifting
signals from noisy or corrupted data in imputation tasks. Our findings indicated that
SPCCNN is unsuitable for imputation settings where input data quality is compromised.

In conclusion, our empirical evaluation demonstrated that the SPCCNN framework
provided an effective approach for modeling multivariate time series by capturing multi-
node dependencies in the product space, particularly for tasks where data is complete
and not noisy. The parameterization mechanism improved predictive accuracy while
enhancing model flexibility and scalability through data-adaptive learning. Our analy-
sis showed that our core assumption underlying SPCCNN, that multivarite time series
data exhibits simplicial structure in product spaces, served as a powerful inductive bias
enabling more effective spatio-temporal modeling.



6
CONCLUSION AND FUTURE WORK

In this chapter, we conclude this thesis and discuss directions for future research. We
begin by revisiting the research questions discussed in Chapter 1 and providing answers
to them based on the results we obtained. We then discuss limitations of this work and
propose future research directions that address these limitations.

6.1. ANSWERS TO RESEARCH QUESTIONS
(RQ) How can we model multivariate time-series data by leveraging higher-order spatio-

temporal connections through a simplicial structure in the product space?

We addressed this central research question by proposing the SPC as a general frame-
work for modeling multivariate time-series data using a simplicial structure in the prod-
uct space. We showed that this approach enabled the modeling of higher-order spatio-
temporal relationships beyond pairwise interactions, while retaining a well-defined sim-
plicial structure. The SPCCNN architecture, built on this framework, enabled flexible
adaptation to different datasets and effectively captured complex, multi-node spatio-
temporal dependencies in a data-driven manner.

(RQ1) How can we effectively parameterize the simplicial product space to learn higher-
order spatio-temporal relationships from data?

This question was addressed in Chapter 4 through our construction of the parameter-
ized SPC. Our analysis revealed three distinct edge types (spatial, temporal, and spatio-
temporal) and five face types (one spatial and four spatio-temporal), each representing
unique higher-order relationships in the product space. We demonstrated a systematic
procedure for building the SPC with parameterized incidence matrices, assigning a ded-
icated learnable weight to each simplex type. This parameterization enabled the SPC-
CNN to flexibly and explicitly modulate the influence of different higher-order spatio-
temporal interactions during learning, confirming the viability and effectiveness of our
parameterization approach.

87
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(RQ2) To what extent does the parameterized SPCCNN improve predictive performance,
data-adaptability, and scalability in spatio-temporal learning?

We addressed this question in Section 5.2 through a comprehensive empirical evalua-
tion. Our results demonstrated that the parameterized SPCCNN achieved comparable
predictive performance to state-of-the-art spatio-temporal models in forecasting tasks,
while showing limited effectiveness in the imputation setting where the data is incom-
plete. For forecasting, SPCCNN consistently outperformed other product space mod-
els such as GTCNN and CELL. The parameterized variant significantly outperformed its
non-parameterized counterpart, confirming that parameterization improved predictive
performance. Furthermore, analyses on the Solar and METR-LA datasets revealed that
parameterization enabled the model to adaptively tune the influence of different higher-
order relationships based on dataset-specific characteristics, demonstrating
data-adaptability. Finally, inducing sparsity on the parameters allowed the model to
prune irrelevant connections, leading to faster inference while maintaining accuracy,
thus demonstrating improved scalability. We therefore concluded that parameterization
enhanced the performance, flexibility, and scalability of the SPCCNN, particularly when
the input data is complete and not noisy.

(RQ3) What are the spectral properties of the SPC, and how do they inform our under-
standing of signal propagation across the spatio-temporal complex?

We explored this question in Section 5.2.3 through a spectral analysis of edge flows on the
1-Hodge Laplacian L1⋄ of the SPC. The spectral properties revealed that temporal edges
functioned primarily as structural anchors rather than signal pathways, evidenced by
their sparse representation in smooth frequency modes and under-representation in the
gradient subspace. Despite the SPC’s large curl subspace arising from its triangle-rich
structure, signal energy concentrated predominantly in the gradient subspace. This in-
dicated that while the SPC contained abundant triangular structures creating curl com-
ponents, actual signal propagation occurred primarily through gradient flows, with tem-
poral edges serving as structural backbone for spatio-temporal connectivity. Our spec-
tral analysis thus provided valuable insights into the fundamental signal propagation
mechanisms within the spatio-temporal complex.

6.2. FUTURE WORK
To conclude this thesis, we identify the limitations of our work and outline several promis-
ing directions for future research that address these limitations.

EXPERIMENTING ON EDGE FLOW DATA

Our current approach does not leverage genuine edge flow data, despite simplicial com-
plexes being naturally designed to operate on higher-order structures such as edges and
faces. To address this limitation, future work could focus on introducing genuine edge
flow signals. Since our spectral analysis showed that the curl subspace structurally domi-
nates the SPC, genuine edge flow signals, which can contain curl components that node-
lifted signals cannot directly capture, could potentially better utilize this dominant sub-
space and improve model performance. Furthermore, considering the limitations of lift-
ing noisy node features onto edges discussed in Section 5.2.4, genuine edge flows might
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mitigate noise propagation from corrupted data, thereby improving SPCCNN’s impu-
tation performance. One promising domain is water distribution networks, where real
edge flow time-series data is available [30]. It is worth noting, however, that while such
datasets provide genuine edge flow signals for spatial edges, signals on temporal and
spatio-temporal edges would still need to be lifted.

VECTOR-BASED PARAMETERIZATION

Our current parameterization scheme is overly restrictive, assigning only a single scalar
weight to each simplex type rather than allowing individual control over specific sim-
plices within each type. A more expressive alternative would be to assign a vector of
learnable parameters to each simplex type, where each element in the vector modulates
the contribution of an individual higher-order simplex within that type. This would allow
the model to differentially weigh specific spatial or spatio-temporal interactions, rather
than treating all simplices of a given type uniformly. The advantage of maintaining sep-
arate vectors for each simplex type is that it enables distinct regularization schemes for
different types of higher-order relationships while still allowing individual control within
each type. This could provide greater modeling flexibility and facilitate the integration
of domain-informed structural priors.
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Figure 6.1: An example of a time-lagged SPC where spatio-temporal triangles (in green
and gray) are formed with a time-lag of two time steps instead of consecutive steps. Red

triangles represent spatial triangles as before. Signals and orientations are omitted for
clarity, and not all possible triangles are shown.

SCALABLE TRAINING STRATEGIES

The current training procedure does not scale effectively to large graphs due to sub-
stantial memory and computational overhead from constructing the full set of simplices
and the inability to precompute parameterized Hodge Laplacians. To mitigate this, fu-
ture work could explore progressive construction strategies, wherein the SPC is built in-
crementally during training by selectively including only the most informative simplex
types based on intermediate model feedback or gradient signals. The large size of the
B2⋄ matrix, particularly for large graphs or long temporal windows, could be reduced
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through such selective construction approaches. Another promising direction is to de-
couple the simplex-type parameter update frequency from that of the rest of the net-
work. For instance, updating the Hodge Laplacian parameters once per epoch or every
few epochs would allow pre-computing the shifted Laplacians for a fixed period during
training, significantly reducing the overhead of repeated simplicial shifting computa-
tions and improving training efficiency.

TIME-LAGGED TRIANGLE FORMATION IN THE SPC
The current SPC framework does not scale effectively to longer temporal windows due
to the rapid growth in the number of triangles formed between consecutive time steps.
A promising solution is the construction of a time-lagged SPC where triangles span mul-
tiple time steps rather than consecutive ones, as illustrated in Figure 6.1. While tem-
poral and spatio-temporal edges can still be maintained between adjacent time steps
to preserve local relationships, triangles would be formed between time steps that are
two or more steps apart. This approach maintains the same number of triangles while
distributing them across a longer temporal window, effectively enabling extended time
horizons without the computational burden of exponentially increasing triangle counts.
Such time-lagged connections would capture longer-range higher-order dependencies
while keeping structural complexity manageable.
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A
ADDITIONAL EXPERIMENTAL

SETTINGS

A.1. ENCODER–PROCESSOR–DECODER SETTINGS
Table A.1 summarizes the encoder, processor, and decoder components used across
all deep learning models. For models operating on higher-order topologies (such as
SNN-RNN, SPCCNN, and CELL), we employ an independent MLPEncoder for each sim-
plex type (nodes, edges, and faces). In contrast, for external baselines like STGCN and
GraphWaveNet, we use an IdentityEncoder, which passes the raw input features di-
rectly to the processor, preserving the original architecture. The Processor block im-
plements the core model logic and serves as the backbone of each architecture. As with
the encoders, external baselines use an IdentityReadout to maintain architectural in-
tegrity. For all other models, we apply an MLPReadout to transform the output. In higher-
order models, this readout operates only on the processed node-level features, as inter-
simplicial interactions are handled within the processor.

The MLPEncoder and MLPReadout components are implemented as multi-layer per-
ceptrons, with multiple hidden layers, each followed by an activation function and a
normalization layer. The architectural hyperparameters for these components are listed
in Table A.2.

A.2. HYPERPARAMETER TUNING
In order to limit the search space, we conduct hyperparameter tuning only for the hy-
perparameters of the processor block for each model. The hyperparameters fixed across
all models are shown in Table A.2.

The Optuna framework [2] is used for efficient hyperparameter optimization via Bayesian
methods. It builds surrogate models of the objective function to guide the search toward
promising regions while discarding suboptimal configurations early. We use the Tree-
structured Parzen Estimator (TPE) sampler [71], a sequential model-based approach

98



A.2. HYPERPARAMETER TUNING 99

Model Encoder Processor Readout
FFNN IdentityEncoder FFNN IdentityReadout

FC-LSTM IdentityEncoder FC-LSTM IdentityReadout
GCNN MLPncoder GCNN MLPReadout

GNN-LSTM MLPEncoder GNN-LSTM MLPReadout
GTCNN MLPEncoder GTCNN MLPReadout
STGCN IdentityEncoder STGCN IdentityReadout

GW IdentityEncoder GW IdentityReadout
CELL MLPEncoder (independent) CELL MLPReadout (nodes)

SNN-LSTM MLPEncoder (independent) SNN-LSTM MLPReadout (nodes)
SPCCNN MLPEncoder (independent) SPCCNN MLPReadout (nodes)

Table A.1: Encoder-process-readout components for each deep learning model.

Architecture

Component Hyperparameters

MLPEncoder

Activation Function: ReLU

Normalization: LayerNorm

Hidden Dims: [8, 16, 16]

MLPReadout

Activation Function: ReLU

Normalization: LayerNorm

Hidden Dims: [16, 8]

Training Settings

Parameter Value

Batch Size 32

Epochs 200

Optimizer Adam

Weight Initialization Xavier

Early Stopping Patience 10

Early Stopping Delta 1e-4

LR Scheduler Patience 5

LR Scheduler Factor 0.5

LR Scheduler Minimum 1e-5

Table A.2: Model training settings that are fixed across all models. These are not in the
search space for hyperparameter tuning.
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that selects new trials likely to outperform existing ones. To accelerate tuning, under-
performing trials are pruned using the MedianPruner, which stops trials whose inter-
mediate performance falls below the median of completed trials at the same step. Each
trial is allowed to run for at least 10 epochs before being eligible for pruning, and the
first 10 trials are run without pruning to gather sufficient data for robust sampling and
pruning decisions.

A.2.1. HYPERPARAMETER CONFIGURATIONS FOR ALL MODELS AND DATASETS

Hyperparameter Range METR-LA Solar Air Pollution

SPCCNN

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 1e−2 3e−4 1e−3

Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 3e−5 1e−5 1e−4

Number of Layers (L) {2, . . . ,5} 3 3 4
Output Channels (F ) {16,32,64,128} 64 64 128
Lower Order (L1) {2, . . . ,5} 2 5 3
Upper Order (L2) {2, . . . ,5} 2 2 3

SNN-LSTM

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 3e−4 1e−3 1e−3

Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 1e−5 1e−5 1e−4

SNN Layers {2, . . . ,4} 3 2 2
SNN Hidden Dim {16,32,64} 64 64 64
SNN Lower Order {2, · · · ,4} 3 3 4
SNN Upper Order {2, · · · ,4} 2 2 2
LSTM Layers {2, . . . ,4} 4 2 3
LSTM Hidden Dim {32,64,128} 128 128 128

STGCN

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 1e−3 1e−3 3e−3

Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 1e−5 1e−5 1e−3

Activation Function {GLU, GTU, ReLU} ReLU GTU GLU
Graph Conv Type {Spectral, Spatial} Spectral Spectral Spatial
Temporal Features {16,32,64,128,256} 128 64 32
Spatial Features {16,32,64,128} 32 64 64
Output Hidden Dim {16,32,64,128,256} 32 64 256

Graph WaveNet

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 3e−4 3e−4 1e−2

Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 1e−5 1e−5 1e−3

Adaptive Adjacency { True, False } True True False
Residual Channels {16,32,64} 64 64 16
Dilation Channels {16,32,64} 32 32 64

Continued on the next page
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Hyperparameter Range METR-LA Solar Air Pollution

Skip Channels {64,128,256} 256 128 256
End Channels {128,256,512} 256 128 512
Kernel Size {2, · · · ,4} 2 4 3
Number of Blocks {2, · · · ,4} 4 4 3
Layers Per Block {2,3} 2 3 2

GTCNN

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 3e−3 1e−3 3e−3

Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 3e−4 1e−5 1e−5

Number of Layers {3, · · · ,6} 3 4 4
Output Channels {32,64,128} 128 128 128
Filter Taps {3, · · · ,6} 3 6 6

FFNN

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 3e−4 3e−4 –
Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 1e−5 3e−5 –
Number of Layers {3, . . . ,6} 3 3 –
Hidden Dimension {32,64,128,256} 256 256 –

LSTM

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 3e−4 3e−4 –
Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 3e−5 1e−5 –
Number of Layers {2, . . . ,5} 2 2 –
Hidden Dimension {32,64,128,256} 128 128 –

GNN-LSTM

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 1e−3 1e−3 –
Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 1e−5 1e−5 –
GNN Layers {3, . . . ,5} 3 3 –
GNN Hidden Dim {32,64,128} 64 64 –
LSTM Layers {2, . . . ,4} 2 4 –
LSTM Hidden Dim {32,64,128} 128 64 –

GCNN

Learning Rate {1e−4,3e−4,1e−3,3e−3,1e−2} 3e−4 1e−5 –
Weight Decay {1e−5,3e−5,1e−4,3e−4,1e−3} 1e−5 1e−5 –
Layers {3, . . . ,6} 4 3 –
Hidden Dimension {64,128,256} 128 128 –

Table A.3: Hyperparameter search space and selected configurations for all models
across datasets. METR-LA and Solar configurations are for the forecasting task while Air

Pollution configurations are for the imputation task.
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A.3. EVALUATION METRICS
• MAE measures the average magnitude of the absolute errors:

MAE = 1

|D|
|D|∑
i=1

∥∥∥Ŷ(i )
H −Y(i )

H

∥∥∥
1

. (A.1)

• RMSE provides an interpretable error in the same units as the original data:

RMSE =
√√√√ 1

|D|
|D|∑
i=1

∥∥∥Ŷ(i )
H −Y(i )

H

∥∥∥2

2
. (A.2)

Lower values indicate better predictive performance across all metrics. The next sec-
tion now provides additional experimental settings for training and hyperparameter tun-
ing.



B
ADDITIONAL DETAILS ABOUT

DATASETS

In this section, we provide additional details and visualisations for the datasets used in
our evaluation framework.

B.1. DELHI AIR POLLUTION DATASET
We construct an air pollution forecasting dataset for New Delhi using raw data from the
Central Pollution Control Board (CPCB) of India [17]. The selected sensor locations are
listed in Table B.1, and the spatial graph constructed over these sensors is shown in Fig-
ure B.1.

Figure B.1: Spatial graph created using 3-nearest neighbor for the Delhi Air Quality
dataset.
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Location Latitude Longitude

ITO 28.627541 77.243793
Shadipur 28.651027 77.156220
Sirifort 28.550583 77.214799
NSIT Dwarka 28.610273 77.037882
IHBAS Dilshad Garden 28.681169 77.304712
DTU 28.749987 77.118314
North Campus DU 28.688944 77.214125
Pusa 28.634055 77.167847
CRRI Mathura Road 28.611254 77.240116
Aya Nagar 28.472044 77.132942
Mandir Marg 28.634175 77.200475
R K Puram 28.550350 77.185149
Punjabi Bagh 28.661975 77.124156
Anand Vihar 28.650218 77.302706
IGI Airport (T3) 28.555084 77.084401
Lodhi Road 28.591063 77.228079
Okhla Phase 2 28.549291 77.267814
Wazirpur 28.697544 77.160440
Najafgarh 28.609013 76.985453
Narela 28.854882 77.089215
Sonia Vihar 28.733247 77.249589
Rohini 28.738268 77.082215
Nehru Nagar 28.563867 77.260810
Vivek Vihar 28.671246 77.317654
Patparganj 28.634731 77.304571
Dr. Karni Singh Shooting Range 28.499727 77.267095
Major Dhyan Chand Stadium 28.612547 77.237335
Dwarka Sector 8 28.572038 77.572038
Ashok Vihar 28.690979 77.176524
Jawaharlal Nehru Stadium 28.582846 77.234366
Jahangirpuri 28.729617 77.166631
Sri Aurobindo Marg 28.556310 77.206338
Bawana 28.793229 77.048335
Mundka 28.682314 77.034937
Pusa (DPCC) 28.637672 77.157144
Alipur 28.797226 77.133136

Table B.1: Sensor locations and coordinates in the Delhi Air Quality dataset.
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B.2. SOLAR ENERGY DATASET
The Solar Energy dataset [43], collated by the National Renewable Energy Laboratory,
records the solar power output (in megawatts) for 137 photovoltaic stations in Alabama,
USA. The spatial graph, created using 3-nearest neighbor, remains disconnected as seen
in Figure B.2.

Figure B.2: Spatial graph created using 3-nearest neighbor for the Solar Energy dataset.

B.3. METR-LA DATASET
The METR-LA dataset [39] consists of traffic speed readings from 207 sensors installed
on highways in the Los Angeles County. The spatial graph is created using 3-nearest
neighbor and is provided in Figure B.3.

Figure B.3: Spatial graph created using 3-nearest neighbor for the METR-LA dataset.
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