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ABSTRACT

Graph convolutional neural networks (GCNNs) learn compositional
representations from network data by nesting linear graph convolutions
into nonlinearities. In this work, we approach GCNNs from a state-
space perspective revealing that the graph convolutional module is a
minimalistic linear state-space model, in which the state update matrix
is the graph shift operator. We show that this state update may be
problematic because it is nonparametric, and depending on the graph
spectrum it may explode or vanish. Therefore, the GCNN has to trade
its degrees of freedom between extracting features from data and han-
dling these instabilities. To improve such trade-off, we propose a novel
family of nodal aggregation rules that aggregate node features within a
layer in a nonlinear state-space parametric fashion allowing for a better
trade-off. We develop two architectures within this family inspired by
the recurrence with and without nodal gating mechanisms. The pro-
posed solutions generalize the GCNN and provide an additional handle
to control the state update and learn from the data. Numerical results
on source localization and authorship attribution show the superiority
of the nonlinear state-space generalization models over the baseline
GCNN.

Index Terms— graph neural networks, state-space models, nonlin-
ear systems, graph signal processing

1. INTRODUCTION

Graph convolutional neural networks (GCNN5s) learn a parametric map
from high-dimensional data whose dependencies can be represented by
a graph, e.g., biological data, financial data, and social network data
[1H3]]. The GCNN map is a compositional layered function of simpler
functions, where each layer is composed of a linear graph convolutional
filter nested into a nonlinearity [4]]. The graph serves as the prior about
the data structure and restricts the space of functions to those exploiting
this prior so to ease learning.

GCNNs have been developed from different yet equivalent view-
points either in the graph spectral domain or in the vertex domain.
The work in [5] leveraged spectral graph theory to convolve the data
with a learnable filter as a pointwise multiplication in the Laplacian
eigenspace. Subsequently, 69| built upon the shift-and-sum structure
to perform convolutions directly in the vertex domain; an operation also
known as finite impulse response (FIR) graph filtering [[10}/11]. Chang-
ing the filter type to an autoregressive moving average (ARMA) form
[[12], the works in [[13H15]] implemented GCNNs with a rational spec-
tral response in the convolutional layer. Differently, the work in [16]
followed the attention idea [[17]] to aggregate nodal features, which, as
it turns out, is also a FIR graph convolutional filter of order one on a
graph whose edge weights are learned from data [[15].

Since the graph filter is the tool that exploits the graph-data cou-
pling within GCNNs, most of the contributions proposed filters oper-
ating with different graph representation matrices or with different im-
plementations. While beneficial in specific applications, this strategy
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focuses only on linear nodal feature aggregation, and, as such, it over-
shadows the implicit state-space model present in graph convolutions.
Unveiling and analyzing this state-space model can bring new insight
into how graph convolutions operate and allows coming up with more
general nodal aggregation schemes. In fact, state-space models have
been fundamental in advancing Markov chains, Kalman filtering [18]],
and recurrent neural networks [[19].

Inspired by the coupling between state-space models and sequential
statistical learning, we put forth a similar interplay for graph convolu-
tional filters. The state-space model considers the graph representation
matrix (e.g., adjacency, Laplacian) as the state transition matrix while
the intermediate nodal aggregations as system outputs (Section [2). We
then show that the GCNN state-space convolutional module is rather
limiting and propose appropriate generalizations towards a full-fledged
non-linear state-space propagation rule (Section [3). Concretely, the
contributions of this paper are twofold. First, it proposes a state-space
analysis of graph convolutions, revealing that the GCNN is limited to
linear nodal aggregations where the input signal of a specific layer van-
ishes/explodes with the filter order. Consequently, the filter coefficients
have to mitigate such effect. Second, it develops a new family of graph
neural networks (GNNs), which considers non-linear nodal aggrega-
tions within a layer and have intra-layer residual bridges to account
for the layer input signal in the higher-order aggregations. By making
parallelisms with nonlinear state-space models and with conventional
RNNs, we further introduce a gating mechanism to increase the non-
linear filter order but still account for multi-resolution information in a
data-driven manner. These contributions have been corroborated with
numerical results in source localization and authorship attribution (Sec-
tion[d). Conclusions are drawn in Section 3]

2. GRAPH CONVOLUTIONAL NEURAL NETWORKS

Consider a graph G = (V,£) with node set V = {1,..., N}, edge
set £ C V x V, and shift operator matrix S € R™*" such that entry
(4,7) satisfies S;; # 01if (§,4) € £ or ¢ = j. Common choices for S
include the graph adjacency matrix A or the graph Laplacian matrix L.
Along with the graph, we are interested in learning from signals x =
[z1,...x N}T residing on the vertices V), in which entry x; corresponds
to the signal at node 7. The GSO S plays a role into learning from this
signal because the graph encodes pairwise relationships between signal
components, which in turn serves as an inductive prior. In particular, if
we consider a vector of coefficients h = [ho, ..., hx]”, we can use S
to define graph convolutional filters as [11]

K
y:h*sx:thSkx:: H(S)x (1
k=0

where y is the filter output and H(S) := Z)i(:o hxS* is the filter ma-
trix representation. The convolutional filter in (I} leverages the graph-
data coupling locally. To see this, consider operation w; = Sx, which
diffuses the input to neighboring vertices to produce another graph sig-
nal whose value wi; at node ¢ is a linear combination of signal val-
ues at the 1-hop neighbors. Likewise, operation wi = S*x shifts



the input k times to produce a graph signal whose value wy; at node
¢ is a linear combination of the input signal on neighbors that are at
most k£ hops away. But since wy, can also be obtained from wy_; as
wr = S¥x = Swy_1, it can be seen as the result of an aggregation
from one-hop neighbor values of the former shifted signal w_.

Leveraging the graph convolutional filter in (I)), we can define graph
convolutional neural networks (GCNNs) as a compositional architec-
ture of L convolutional filters and nonlinearities. At layer [, the GCNN
takes as input a collection of F' signal features {x{_, }5_, from the pre-
vious layer, processes them in parallel with a bank of F' graph convolu-
tional filters { H; }$—1. and passes these outputs through a nonlinearity
to obtain the propagation rule

F F K
x{ :U(ZH[Q(S)XLgfl) :G<Zzhlfkgskxlgfl> @
g=1

g=1k=0

for f = 1,...,F. The F outputs of layer I, {x]};, are inputs to
the subsequent layer [ + 1, and this process repeats itself until the last
layer, | = L, is reached. If we consider for simplicity only one input
feature xo := x € R and one output feature xy := xi € RV,
this GCNN can be written succinctly as the map x;, = ®(S;x; H).
This notation emphasizes the dependence of the parametrization on the
GSO S and on the filter coefficients H = {hlf 9} s for all layers ! and
filter pairs f,g. Graph convolutional neural networks exhibit several
desirable properties. Namely, they are local and distributed information
processing architectures, making them perfectly suited for distributed
learning [20}/21]. They are also permutation equivariant [22}|23]] and
stable to changes in the underlying graph support [22]]. Finally, they
have isomorphic properties [9}[24,]25] and are found to be more dis-
criminable than graph filters [26].

2.1. The State-Space Model of Graph Convolutions

A discrete linear system with inputs u, € RY and outputs yr € RN
can be expressed through its state-space representation

— Aw, 1 +B
WE=AWe B g 3)
yi = Cwy, + Duy

where wy, € RY is the system state and A, B, C,D € RY*Y are the
state-to-state, input-to-state, state-to-output, and input-to-output transi-
tion matrices, respectively. Comparing the recursive implementation of
(@ with (@), we see that the convolutional module of the GCNN layer
can be represented as a discrete linear system where the steps k corre-
spond to graph shifts. Explicitly, the filter output y = H(S)x can be
formulated as

Wi = SWi_1

k=1,....K (4a)
Yi = hxwg
K
Y= vk (4b)
k=0

where uy, = 0, A = S and C = hil. The state is initialized as
Ww( = X, and the instantaneous output as yo = howyg. The overall filter
output y is calculated as the sum of the K + 1 instantaneous outputs
{y&}x. Equation (@) makes for an interesting parallel between linear
systems and graph convolutions. At the same time, it shows that the
linear components of the layers of a GCNN are rather simple dynamical
systems. While this is not necessarily a disadvantage, it reveals the
opportunity of increasing the expressive power of GCNNs by modifying
the linear system in (@).

Moreover, we can see that if S has eigenvalues greater than one
in magnitude, the instantaneous state wj explodes. This implies that
the instantaneous outputs y will see little of the input signal for larger
k. On the one hand, this will force the network coefficients h to learn
convolutional representations of the input, and, on the other, to mitigate
the explosive states for larger order states. Likewise, a similar trade-off

is present if S has eigenvalues with magnitude less than one. In that
case, we have to face with vanishing states, meaning that higher-order
shifts from multi-hop neighbors will play a small role in the final out-
put. While normalization would prevent large powers of the graph shift
operator from exploding, it does not stop them from vanishing when the
graph signal is aligned with eigenvectors associated with eigenvalues of
magnitude less than one (i.e., any eigenvalue that is not the largest in ab-
solute value). These trade-offs implicitly limit the degrees of freedom
of the GCNN. Consequently, the model can only partially capture the
coupling between the signal and the topology. This translates into lim-
ited expressive power. In the sequel, our goal is to generalize the con-
volutional state-space model (@) to architectures closer to a full-flagged
non-linear state-space representation that still captures the coupling be-
tween the signal and the underlying topology.

3. NONLINEAR STATE-SPACE EXTENSIONS OF GCNNS

In this paper, we work towards extending the graph convolutional neu-
ral network layer to a propagation rule that, within a layer, can be rep-
resented as the N-state discrete nonlinear system

Wk = Oy (AWk—l + Bxk)
Yi = Oy (ka + ka) '

Contrasting (3) with the state space GCNN model (@), we note three
key differences.

First, system (@) is linear in all of its components. The GCNN only
applies the nonlinearity to the filter output y, but not to the shifted sig-
nals wy, nor to the instantaneous outputs y. Thus, graph convolutions
limit nodal feature aggregations to the linear space.

Second, in (IZ_I]) both the state wj and the instantaneous output y
are disconnected from the input x. In fact, the input is only considered
when initializing the state as wo = x. Therefore, its contribution to
high-order shifts w and instantaneous outputs y, is small and affected
by the shift operator spectra. Additionally, nodes only learn weights
to scale the influence of the values of the shifted signals S*x in their
immediate neighborhood but leave any direct relationship with the input
signal components of their k-hop neighbors unexploited.

Third, while in (@) the state w1 is diffused through the graph to
produce the next state wy, there is no parametric relationship between
state updates; i.e., wi—1 and wy. In turn, this leads to the aforemen-
tioned instabilities related to the state-transition matrix S. Making wy,
a graph parametric update of w_1 improves our control over the sta-
bility of the state-transition matrix as a whole.

In the GNN architectures we develop next, the nodal aggregation
schemes emulate a nonlinear state-space model [cf. (E])] that accounts
for the graph structure in a similar fashion to graph convolutions [cf.
@)]. Approaching GNNs from this state-space perspective allows
changing the family of propagation rules, which are generalized from
the linear form in () to nonlinear node updates. As we will illus-
trate with the numerical experiments in Section ] these modifications
significantly improve GNN performance in a variety of application
scenarios.

(&)

3.1. RSNs: Recursive Shift Networks

In the so-called recursive shift networks (RSNs), we enhance the capac-
ity of the filter @) by making both the state wy, and the instantaneous
output y, nonlinear on the state w—; and input x. Explicitly, the non-
linear state-space model of a RSN has the form

Wi = Ow <hkwwswk71 + hszx>
(62)
Vi = Oy (hkywwk-i-hkyIX) k= 1,...7K

K
y=o0y ( Zm) (6b)

k=0



where hiww, hrwe are scalar weights encoding the dependency of state
W, on state w1 and the input x, respectively, while hxyw, Ay are
scalar weights encoding the dependency of the instantaneous output y
on the state wy, and the input x, respectively. On the one hand, (6)
retains the simplicity and efficiency of the convolutional graph filter (@);
on the other, it improves the expressive power of the graph convolution
by including nonlinearities. These additional parameters as well as the
nonlinearities endow the RSN with minimal degrees of freedom that are
enough to control the explosion/vanishing of the state wj, with a better
trade-off.

Despite looking similar to the conventional recurrent neural net-
work (RNN) propagation rule, RSNs and RNNs are very different.
RNNs have N x N parameter matrices, whereas in (6)) the parameters
of the nonlinear graph filters are independent of the graph dimen-
sions. The nonlinear graph filters we consider share parameters across
nodes—not shifts. This property is inherited from the graph convolu-
tional filter [cf. ], in which the parameters hj, are distinct for different
y&. These differences notwithstanding, we leverage the analogy with
RNNss to consider gating mechanisms in Section[3.2]

3.2. LSSMs: Long Short Shift Memories

In both @) and (6)), the filter order K controls the information locality
in the vertex and spectral domains. In the vertex domain, the order im-
plies that state [wk]; at node 7 receives information from nodes up to
K hops away; i.e., it defines a “local window” around the nodes. In
the spectral domain, it controls the sharpness of the filter frequency re-
sponse [[10L|11]]. When the information at a particular layer is localized
around a few graph frequencies (eigenvalues of S), higher filter orders
are needed; i.e., the filter order imposes a “local window” around the
graph frequencies. This is in agreement with the uncertainty principle
of signal localization [2729], which states that low values of K corre-
spond to localized windows in the vertex domain, but not in the spectral
domain (and vice-versa).

Increasing the filter order is thus necessary to capture more infor-
mation in the vertex domain while retaining localized responses in the
spectral domain. However, large K usually leads to numerical instabili-
ties associated with large powers S¥ and, depending on the eigenvalues
of S, we also have to cope with vanishing or exploding gradients. These
challenges are similar to those encountered in RNNs. There, they are
typically addressed by gating mechanisms that introduce an additional
set of parameters to control how the information propagates in different
state updates [30]]. Here, we will use gates within the GNN layer to cap-
ture long-range dependencies over the graph because of the high order
of (6.

In analogy with long-short term memories (LSTMs), we call our ar-
chitecture long-short shift memory (LSSM). LSSMs comprise learnable
gating parameters taking values in the interval [0, 1]. These parameters
control the information passed to state w;, and instantaneous output y
in (6). An LSSM filter comprises:

* Updating the N x 1 internal memory variable €[k] as
¢ = tanh (hkchWk—l + hkcmx) @)

to track the state update.

 Updating the N x 1 forget gate ~,[k], update gate ~,[k], and
state gate ~,,[k] respectively as

Y = sigmoid (hrfwSWi—1 + hifeX) (8a)
Yor = $igmoid (hruwSWr—1 + hikuzX) (8b)
Ve = $igmoid (Rkww SWi—1 + RkwaX) 8c)

which are internal variables that track the system evolution with
their own set of parameters. The sigmoid nonlinearity ensures
that the values are in the interval [0, 1].

¢ Updating the N x 1 global memory variable cj, and state w,

Ck = Yk © Ck—1 +Yu, © Ck (9a)
Wk = Yy © tanh(cg) (9b)

where “ o ” denotes the element-wise Hadamard product. The

forget gate -, and update gate =y, control which entries of the
former global memory ci_; to propagate and which entries to
update through the internal memory & [cf. (7)]. The global
memory variable is then used to update the state wj, whose
value is in turn controlled by the state update gate ,;.

* Setting the instantaneous output y, to
Y = 0y (hkywwk + hkyzx) . (10)

¢ Setting the overall LSSM output to

K
y=0y(D_ ) (1n
k=0

In summary, the LSSM filter is defined by steps (7)—(11). Note that
this nonlinear graph filter updates the state wy, as a nonlinear, shifted
version of the former state while prioritizing information coming from
certain nodes and, thus, only learning state updates on nodes that are
relevant for the task at hand. The update is controlled by the gating
mechanisms [cf. ()], which are graph-based state-space models them-
selves. The additional parameters further increase the LSSM degrees of
freedom compared with RSNs, allowing to control the state updates and
also to learn where a higher vertex-spectra locality is needed. Substi-
tuting H?(S) for the LSSM filter in () leads to an LSSM-GNN layer
update rule. Because of gating, the LSSM-GNN can be parametrized
with higher values of K. This longer memory over the graph endows
the LSSM-GNN with a better accuracy-robustness trade-off than the
GCNN and the RSN.

Remark 1. Regarding the number of parameters of the proposed state-
space extensions, they indeed have more parameters per layer than the
GCNN, but the difference is not expressive — the RSN has 4K F? [cf.
equation (6)] and the LSSM 10(K + 1)F? parameters per layer [cf.
equations [7)—(TT)], versus K F for the GCNN.

4. NUMERICAL EXPERIMENTS

In the following, we describe the scenarios and respective experimental
setups used to corroborate the proposed solutions. The baseline setups
are those of [[15]], which compares the GCNN with different state-of-
the-art approaches. The models we evaluate are: () the conventional
GCNN with linear filters [cf. @)]; (i7) the RSN [cf. (@)]; (i7%) the
LSSM [cf. @)-([d)]. All models have ReLU nonlinearities between
layers and are trained using the ADAM optimizer with parameters 31 =
0.9 and B2 = 0.999 [31].

Source localization. The goal of this experiment is to identify the
source community of a signal diffused over the graph given a snap-
shot of the signal at an arbitrary time step. The graph is an undi-
rected stochastic block model (SBM) with N = 50 nodes divided into
C = 5 blocks, each representing a community {c1, . .., cs}. The intra-
community probability is p = 0.8 and the inter-community probability
is ¢ = 0.2. The source signal x[0] is a Kronecker delta centered at one
source node and diffused at time ¢ € [0,50] as x[t] = S*x[0], where
S is the graph adjacency matrix normalized by the maximum eigen-
value. The training set comprises 10, 240 tuples of the form (x[¢], ¢;)
for a random ¢ and ¢ € {1,2,3,4,5}. The validation and the test sets
are both composed of 2, 560 tuples. The models are trained with batch
sizes of 100 samples for 40 epochs and a learning rate 10™2, which is
tuned for the GNN but not for the proposed models. The performances
are averaged over ten different graph realizations and ten data splits, for
a total of 100 realizations.
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Fig. 1. Source localization accuracy for K = 4, 16 and 32. Error bars
have been scaled by 0.5.

Table 1: Source localization accuracy for multiple layers (%).

L=2 L=4
GCNN | 49+£5 40+17
RSN 625 53£12
LSSM | 62+3 60+16

We vary the filter order K in the set {4, 16,32} to compare the
accuracy-robustness trade-off of the GCNN, RSN, and LSSM in the
source localization scenario. All architectures have L = 1 layer and
F' = 4 features. The nonlinearities 0., and o, are the ReLU in @; and
oy is the ReLU in (I0) and (TT). At the output of each architecture, a
readout layer maps the output signal to a one-hot vector of dimension
C, which is then fed to a softmax.

The average test accuracies are shown in Figure[T} Both the RSN
and the LSSM outperform the GCNN by a significant margin for all
values of K. While the RSN achieves the best accuracy when K is
fixed at K = 4, the LSSM exhibits a better performance for larger
values of K, which indicates its better robustness-accuracy trade-off for
high-order filters. This is further validated by the fact that they present
the smallest standard deviation for K = 16 and K = 32.

In a second experiment, we aimed at verifying if increasing the
number of layers of the GCNN (which results in adding more nonlin-
earities to the architecture) would yield similar gains in performance to
those observed for the RSN and LSSM in Figure [T} We set K = 4 and
F' = 4 and train all architectures for L = 2 and L = 4. Average results
are shown in Table |I|for 5 graph realizations and 5 dataset realizations
each. Once again, we observe that the LSSM achieves the best accuracy
and that both state-space extensions outperform the GCNN.
Authorship attribution. In authorship attribution, the learning task
is to decide whether a 1, 000-word text excerpt has been authored by a
specific author or by any of the other 20 contemporary authors in the au-
thor pool, given their word adjacency network (WAN) [32]. WANSs are
author-specific directed graphs whose nodes are function words with-
out semantic meaning (e.g., prepositions, pronouns, conjunctions) and
whose directed edges capture the transition probabilities between pairs
of function words. An example of WAN is shown in Figure 2] and the
graph signal is the word frequency count.

Like in [15], we classify texts for: Jane Austen, Emily Bronte, and
Edgar Alan Poe. The WANSs of these authors have from N = 190
to N = 210 function word nodes. We consider a train-test split of
95% — 5% of the available texts per author and around 8.7% of the
train samples are used for validation. This leads to around 1, 000 train-
ing samples and 100 validation and test samples. For each author, we

Fig. 2. Example of word adjacency network for the author Robert Louis
Stevenson.

Table 2: Authorship attribution accuracy (%).

Austen Bronte Poe
GCNN | 6420 71+£16 64+18
RSN 80+£19 68+16 T72+19
LSSM 87+14 T73+15 83+14

extend the training, validation, and test sets by the same number of text
samples taken at random from the author pool. All models are trained
with batches of 100 samples for 25 epochs, and the learning rate is
5 x 1073, The loss function is the cross-entropy and we report average
test accuracies for 30 data splits.

In this experiment, we fix the parameters to those of the 1-layer
GCNN which achieved the best performance in the source localization
experiment—F' = 4 and K = 32—to make for a fair comparison. The
results are presented in Table 2] We observe that the RSN outperforms
the GCNN for all authors except Bronte, and that the LSSM exhibits
the best performance by a large margin.

5. CONCLUSIONS

Implicitly, graph convolutional neural networks carry a state-space
model in their convolutional update rule. In this paper, we make this
relationship explicit and analyze its behavior from an internal state
perspective. By noting that the internal state may explode or vanish de-
pending on the spectrum of the shift operator, we argued that this places
a burden on the GCNN parameters because they need to be learned to
control such phenomena, leading to a stability-performance trade-off.
We then built further links with discrete state-space models to develop
a new family of graph neural networks, in which nodal aggregations
are performed in a nonlinear and parametric manner. The latter leads to
higher degrees of freedom to control the stability-performance trade-off
and allows developing new solutions to improve the expressive power
of GCNNs. We proposed two such solutions, namely, ¢) a recursive
shift network that includes the input signal in every state update; ii) a
long-short term shift memory that allows further increasing the filter
order within a layer through the introduction of gating mechanisms
akin to the gates in conventional LSTMs. Numerical results on source
localization and authorship attribution validate both models. In the fu-
ture, we plan on investigating the theoretical benefits of these nonlinear
aggregation rules.
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