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Abstract

Diffusion-like behavior of excitons within europium doped vanadate phosphors is studied, with em-
phasis on the trapping potential induced by Eu®t and VOi_ luminescence. We describe the hopping,
energy transfer, and decay of excitons by means of a continuous-time Markov chain distinguished by a
local and delocalized trapping potential. Our model compares luminescence from decay of excitons with
the trapping problem, where VOi_ traps are present everywhere, while Eu®T ions are placed randomly.
We distinguish two types of trapping potentials induced by europium traps. In the localized model,
simplify the lattice to Z¢ where the trapping potential of europium traps is only present at randomized
sites in the lattice. By applying the large deviation principle for the occupation times measure, as done

d
by Donsker and Varadhan previously, we find probability mass asymptotics of the form exp ( tda+z ) For

a simulation-like approach, we describe the delocalized model, where exciton movement and trapping in
crystal lattices of RbsLuV20s:Eu®t and YVO4:Eu®t and is modeled using parameters such as tempera-
ture, migration rates, emission lifetimes, and europium concentration to estimate luminescent properties
of the materials. Experimental data from vanadate lifetimes of Rb3LuV2Os:Eu* and VO3~ /Eu®t emis-
sion ratio’s of YVO4:Eu®" are compared to the model, which agree relatively well within the confidence of
the model. For YVO4:Eu®t, we have found an activation energy of E, = (101 +4) meV. We discuss how
our simplified model can be extended to incorporate thermal and concentration quenching, and how to
account for defects in the lattice. While we discuss our findings for europium doped vanadate phosphors,
the results we have found are applicable for a range of other luminescent materials.
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1 Introduction

Luminescent materials play a key role within our society, for example the colors of LEDs [Dan+20|, but
also luminescent solar concentrators (LSC) which are in summary glass panes coated such that some light
is reflected sideways to generate electricity [CB23|. Another application is the absorption of UV-light from
solar radiation and re-emitting this as photosynthetically active radiation (PAR) which benefits plant growth
[Miil+24]. In our case, we consider europium doped vanadate phosphors. We break down what we mean by
this term. First, phosphors describe a material which emit ‘long’-lasting light, which we call emission, when
excited with higher-intensity light. This phenomenon, where a material emits light, is called luminescence.
Now, we explain what the constituents are within these phosphors. Europium is an element belonging to the
lanthanides, classified as a rare earth element known for its use as a fluorescent materials, emitting a reddish
color. For example, the Eu®* ion we study is also found in the 5 euro note [SM02]. The other ion we discuss
is the vanadate group VOZ*7 which accommodates so called self-trapped excitons, which are localized around
the vanadium atom. This group can absorb ultraviolet light and can also emit light in the visible spectrum,
characterized by blue light. Our thesis will study the phosphors RbzLu;_,V2Og:Eud* and Y;_,VO4:Eudt,
where  denotes the europium concentration. This means that some lutetium (Lu) or yttrium (Y) atoms are
replaced by Eut ions, a process which is called doping. Throughout this thesis, we will use the notation
RbsLuV,O0g:Eu3t and YVO,:Eu3T to describe these materials for different europium concentrations.

The mechanism within these phosphors will be described by so-called excitons, which are pseudo particles
consisting of an electron and a hole (the absence of an electron). How this exciton interacts with its
surroundings on the unit-cell scale is generally very random, but we can measure and theoretically predict
at which rate some interactions occur. This is where we apply the continuous-time Markov chain, which is
in essence a sort of model for describing memory-less random processes. In other words, what a particle will
do as given by the Markov chain, will not depend on its state history. Markov chains, discrete or continuous,
are widely used in for instance population prediction (birth-death processes), financial models and queueing
theory (computer networking). A special case of a continuous-time Markov chain is so-called Brownian
motion, which is named after Robert Brown, which studied how small pollen particles randomly moved
when suspended in water. While Brownian motion is a theoretical concept and is continuous in nature, it
can be approximated using simulations and rescaling using Donsker’s theorem.

While on the topic of probability theory, we will study large deviation theory and apply this to Markov
chains. However, the large deviation principle is used in broad range of fields, such as statistics, statistical
physics and queueing theory [Toull|. Generally speaking, it studies how a general phenomenon in sample
means, which is essentially %(Xl +Xy+---+X,), are distributed in the form e~*/(*) (for continuous random
variables). A key mathematician in large deviation theory is Varadhan, which together with Donsker (of
which, Donsker’s Theorem is named after), published many articles on applying the large deviation principle
on Brownian motion, which we will study and apply throughout this thesis. In more recent years, Wolfgang
Konig published ‘The Parabolic Anderson Model,” which expands on the concept of a randomized potentials
and how this changes the total mass asymptotics. This area of research where this is applicable is statistical
physics, but is also connected to solving the Schrédinger equation for random potentials.

To assist in reading this thesis, we have provided an overview of the notation and symbols used in
appendix This comes in handy when reading certain sections of the thesis or when a certain notation
or abbreviation is not clear. While the topic of this thesis spans multiple fields (mathematics, physics and
chemistry), the goal is to combine the knowledge of these fields to further expand the knowledge on this
topic. And lastly, we note that a very similar model which we discuss, was given in a research article by C.
Hsu and R. C. Powell in 1975 [HP75].



2 Exciton theory

Our first actual chapter begins with the particles we will be modeling, which we call excitons. We will
give the physical foundation of these particles, and how these behave compared to the crystal structure they
interact with. The life of an exciton can be describes as follows. This is also illustrated in figure

1. (Creation) We create an exciton in the crystal by emitting light at a specific wavelength, usually in
the ultraviolet light spectrum. This wavelength is called the excitation wavelength, since we excite the
crystal with some energy which will be used to create the exciton. In our thesis, we assume the exciton
starts somewhere randomly, therefore we leave out how these excitons are spawned within the crystal.
While this is possible to model, this is not the goal of the thesis.

2. (Movement) We distinguish two types of excitons. The first type are mobile excitons, which are
free to move through the crystal structure. Another possibility is the self-trapped exciton, which is
‘trapped’ at some site in the crystal structure. Although this type of exciton is ‘trapped,’ it can move
to other sites within the crystal, called hopping or migration. We will describe what exactly this
self-trapped exciton is in the following section.

3. (Trapping) The excitons are present at, aside when moving, at so-called VO4-group sites (the sen-
sitizer ions). These groups host the exciton, but in this excited state of the VO4-group, the exciton
can be annihilated and create blue/white-like light. This is not the only method of emitting light, the
exciton can also transfer its energy to an europium ion, specifically Eu?*, more generally referred to as
the activator ion. This creates an excited state within the europium ion, emitting red-like light. These
phenomena are described in the last two sections of this chapter.

Emission

Excitation

Energy transfer

Hopping

Emission

Figure 1: Life of an exciton. The exciton is created when we shine light onto the crystal, so called excitation.
When created, the exciton can hop to other VOy-sites, also called migration. At any point in time, the
exciton can decay as VO43~ emission. When nearby an Eu®* ion, it can transfer its energy to the europium
atom, which then also emits light, but different compared to VO43~ emission.

2.1 Self-trapped exciton

Excitons are quasiparticles within crystals which are neutrally charged and may move through the lattice to
transfer energy. More generally, an exciton can be described as an excited electron in the conduction band
combined with the hole it left in the valence band, which are in relative close proximity of each other such
that they are bound by Coulomb forces. This exciton can, depending on the material, move to another atom
where the exchange of the hole in the valence band is equivalent to moving an electron from the valence band
from one atom to another. Since the exciton moves as a pair of an electron and hole, there is effectively no
net flow of charge.



We know by Coulomb’s law that negative and positive charges attract and hence there is an electric
potential between the electron and hole. However, due to the charges from the nuclei or other electrons in
the crystal, the effective charge of the electron and hole is ‘screened’, which reduces the electric potential
between the electron and hole. We describe this potential as follows

e2

V(r)=—

er

Here, r is the distance between the electron and hole, and ¢ is the dielectric constant depending on the
screening. For example, ¢ ~ 2 for ionic crystals , so that the potential is reduced. In this manner, we
consider two different excitons depending on the radius of the exciton. When the electron-hole pair is spread
out over multiple lattice sites, we have a ‘large’ exciton. This is also called the ‘Wannier-Mott’ exciton,
named after Gregory Wannier and Nevill Francis Mott. Due to the screening and thus higher dielectric
constant, Wannier-Mott excitons have a low binding energy. On the other hand, when the electron-hole pair
is localized to one site, in other words the distance between the electron and hole is smaller than the distance
between the atoms, we have a ‘small’ exciton. Similarly, this is a Frenkel exciton, named after Yakov Frenkel.
In this case, there is a small dielectric constant such that the potential of Frenkel excitons is typically greater
than Wannier-Mott excitons. See figure [2a] for an illustration of the aforementioned exciton types.

00000 00000 2® o @
QOOdO 00000 ® 3 Qe
PopoP o00goo ®e'e
G00Q0 00000 0@ a0

Q00 00000
WannierMott Frenkel @ @ @ @

(a) Simplified illustration of Wannier-Mott (left) and Frenkel (right) exci- (b) Overview of a polaron,

tons. (Source: |[OKal) distorting the nearby lattice.
(Source: [KEL09], CC BY-
SA 4.0)

Regarding the energy states of the exciton, since we consider the Coulomb electric potential, the exciton
has similar energy levels to the Bohr model for electrons around a nucleus. More specifically, the energy
levels can be described by

R
E,=FEx——

2
n

Here, R is the binding energy such that R energy is required to ionize the exciton (in the sense that we get

a free electron), and n = 1,2,... is the state of energy level FE,,. When ionized, we set the energy to E,

similar to n — co.

In this manner, the exciton disappears when it is ionized. The energy of the exciton can also be lost due
to collisions with other particles within the lattice. Another possibility is that the exciton is reduced to the
ground state, where the energy is transferred by emission of light called luminescence.

Let us consider a specific type of trapping of excitons, namely when the exciton-phonon is strong enough
to self-trap the exciton. By exciton-phonon interaction or exciton-phonon coupling we mean how the crystal
is distorted due to the charge of the excited electron and hole. For example, consider the excited electron
within the lattice. Then the electrons around atoms are repelled and the positive nuclei are attracted towards
the excited electron. Due to this deformation of atoms localized around the exciton, the exciton is trapped



within the deformation. For this self-trapped exciton (STE) to exist, we thus require strong exciton-phonon
coupling. Also, the exciton must have a radius similar to the lattice constant (‘small’ excitons), since local
charge neutrality increases the exciton-phonon coupling. An electron can distort its local crystal structure
due to the charge, but if a hole is far away (in the sense that is some atomic sites away from the electron),
then the hole does not influence the crystal structure localized around the electron as much due to screening
and distance. We note that if the exciton-phonon coupling is weak, then the movement of the exciton is
‘scattered,” similar to if excitons and phonons are particles. In this case, the electron-hole pair interacts
weakly with the surrounding crystal, which influences the trajectory of the exciton.

The case of self-trapping excitons is similar to polarons, which are, similar to excitons, quasiparticles
describing the distortion of the lattice caused by a charge carrier (electron or hole) [Fra+21]. For instance,
see figure Regarding polarons, we will refer to the electron which distorts the crystal structure. Since a
hole has the same properties as an electron beside the charge, we have similar properties for holes. Due to
this, we speak of electron-phonon coupling or interaction instead of exciton-phonon coupling for excitons.

Again, there exist two types of polarons which depend on the size of the polaron. The ‘large’ polaron is
described by the Frohlich model. This polaron encompasses multiple lattice sites, similar to the Wannier-
Mott exciton, relying on long-range electron-phonon coupling. In this case, we speak of a continuum polaron,
as the wave function of the large polaron is spread out over sites, and as such discrete lattice points are
not taken into account. Similarly, there exists a ‘small’ polar also called Holstein polarons, named after
the Holstein model. This model does take discrete lattice sites into account, and assumes a short-range
electron-phonon coupling takes place. Another distinction between Frohlich and Holstein polarons is the
method of mobility. For Holstein (small) polarons, we may model the movement of polarons as moving from
site to site, in a sense that the polaron is ‘hopping’ To model the rate of hopping, we consider the Marcus
theory of electron transfer reactions, as will be clear in the next section. As for Frohlich (large) polarons,
since the lattice is regarded as a continuum, the polaron can freely move, and can be modeled to an extent
as if it were a free particle.

2.2 Holstein model

Since the scope of the thesis is about modelling hopping of self-trapped excitons in a discrete space, we
consider ‘small” excitons which behave as so-called Holstein polarons. In this section, we examine the model
of small polarons as described by T. Holstein in 1959 [Hol59a]. The model of Holstein considers a lattice of
molecules. While we mathematically derive the Hamiltonian, the important aspect will be to consider which
approximations are made within the model. This derivation also is meant to built upon the derivation of
Holstein in the appendix of his aforementioned paper.

To suit our model, we replace molecules as stated in Holstein’s model by atoms since we expect hopping
of excitons to occur between atoms, which may exist within molecules. For simplicity, we consider a one-
dimensional chain of N atoms as a lattice living in a 3-dimensional space, see for example figure The
approach of solving for the wave function and energy of the bound electron will be by describing the wave
function of the electron by the tight-binding model. The position of the electron will be denoted by r, the
vector between nearest-neighbor is a (in other words, the lattice vector). The equilibrium position of the
n atom is na having a displacement x, along a. In our situation, we will describe the Hamiltonian of a
system with one electron and multiple atoms. The Hamiltonian can be described as the sum of the following
components.

H = H.+ Hyay + Hing (21)
We explain the following components below.

1. H, consists of the kinetic and potential energy of the electron. This potential U is due to the electric
force between the electron and atoms. This Hamiltonian can be written as

R, <
H, =— meV + Z U(r — na,x,) (2.2)

2

n=1



Figure 3: Illustration as example for N = 4 atoms. Every atom has an equilibrium position, as drawn by a
dotted circle, which is displaced by a length x,, below. The atoms are connected by a ‘spring’-model, such
that every atom has a harmonic oscillator vibrational energy levels, as illustrated by connecting the atoms
by ‘strings’ The distance between every equilibrium position is consistent, as given by the lattice vector
a = d. The equilibrium positions are equivalent to the lattice sites.

2. Hj, is the lattice contribution to the Hamiltonian. It consists of the kinetic energy of all N atoms
and the sum of all harmonic oscillator potentials of the N atoms. For an atom of mass M (or effective
mass of the molecule, as per the paper of Holstein), we have an individual potential of %M wdz?. This
is similar to the approach used in the Einstein model, so we have vibrational states for every atom,
having energy level FE,, = fiwg(n + %)

Lastly, the Hamiltonian is given as.

YR 1 L,
Hyt = Z oM 02 + 5Mwoq;n (2.3)

3. The contribution H;,; describes the interaction term between the electron and lattice. In the previous
section, this was referred to as the electron-phonon or exciton-phonon interaction. This term is usually
considered to be linear term, for example Az, where A is the electron-phonon coupling constant and
Ty, is the displacement from the lattice. For now, we ignore this component of the Hamiltonian and
introduce it later. It is important to note that, especially in self-trapped excitons, this term is usually
large compared to H, or Hi,g.

To this extent, we apply the tight-binding model with some peculiarities. First, let |¢,(r,2,)) be the
tight-binding wave function of the electron around atom n. Since we consider identical atoms, we can write
|pm (T, 20)) = |d(r — na, z,)). We note that |¢,) also depends on z,, since the potential is displaced by .
In Holstein’s model, the collection of wave functions ¢,, does not necessarily have to be pairwise orthogonal.
It is essential for the derivation of hopping to other sites that there exists some overlap between the integrals,
which will be discussed later in this section. In the fashion of the tight-binding model, we describe the wave
function of the electron as v, given by

N
) = 3 (@, 20)l6n(r, 7)) (2.4)
n=1

Here, an(x1,...,2,) represents the coefficient of the wave function |¢y,(r, z,)). Since we assume that every
coefficient depends on all displacements 1, ..., x,, we write a,(x) where x = (z1,...,2,)7

Now, our goal is to rewrite the tight-binding Hamiltonian Hy = H. + Hi.t, which will motivate some
assumptions of the model and definitions used throughout the section. For reference, we will rewrite Hyl|¢)) =
thoy|v), where we use 0, f = % Combining equations (2.2)) and (2.3 gives



U(ka, xk)

Potential (U)

U(ka +a, x¢)

—— Total potential ZU

—— Single potential U
1

ka (k+1)a

Position (r)

Figure 4: Example where the short-range approximation (U(a, z,) < U(0, z,)) is illustrated. At the position
r = ka we have an atom and we expect that the potential due to this atom is negligible at r = (k + 1)a,
which is the neighboring atom. In this drawing, we assume that the displacements xj and x4 are zero.

0 R AR A2
1) = -y +§U<r—na,xn>+;( ot + gt ) | (25)
H. Hat

The approximation used in the tight-binding model is that |¢,) represents an orbital of atom n. We may
do this because we make the assumption that U is short-range, this can be stated as

U(a,z,) < U(0,z,) (2.6)

This concept is illustrated in figure [

We do not completely neglect the potential at distances of the order of |a|, but we may ‘approximate’ that the
Schrodinger equation for |¢,) holds solely for the potential U(r — na, z,). In the Holstein model, there are
additional approximations made, which mostly consist of ignoring small terms between site wavefunctions
and the atomic potential.

After a long derivation, the Holstein Hamiltonian can be written in a simplified way. First, we introduce
the following notation.

= (@] Y_U(r —pa)|én) (2.7)
p#l

J (w1, xn) = (@|U(r — la)|dn) (2.8)

Here, W, represent the perturbation of other molecular orbitals and J is the overlap integral between its
neighbors. Using these definitions, Holstein found the Schrodinger equation as follows.

, h? 0?
[Zﬁ@t—E<xl)—Z <_2mc aZ%Jréngx%) Wl ] ZJ Tl Ti+1 a[( )il
p




At this point, the energy can be found by applying the ansatz a%k) = e'*" as is common for tight-binding

models. This provides a basis for further derivation of variables regarding excitons. For these derivations,
we refer to his paper |[Hol59a].

2.3 Hopping of excitons

One of the important results derived from Holstein’s model is the hopping rate between sites. The derivation
is done in Holstein’s second paper [Hol59b]. A similar result can be found in [BB85] and [AD09] E

While we spare the effort of reproducing the steps to derive the hopping rate, we do cover how this rate is
found. The derivation of the hopping rate is based on Fermi’s Golden Rule. In general, the rate between two
quantum states i and j with a perturbed Hamiltonian H' is 2% |(j|H'|i)|?p(E;). The term p(E;) represents
the density of states at the energy E; of state j. The energy (j|H’|¢) is similar to how we have defined J
with respect to the perturbation of atomic potentials.

We note that the temperature T" influences the vibrational states of the atoms. Implementing the partition
function and thermally averaging the hopping rate will eventually give a temperature dependence propor-

__B_
tional to e *57T | where kp is the Boltzmann constant and F the energy. Therefore, we expect Arrhenius-like
temperature behavior.

The hopping or migration rate that was found for excitons is given by

J? [ r E,
km(T) = ﬁ m exXp <— kBT) (29)

o 1/ﬂ A cosk)dk (2.10)
“ T r 0 4Mw,% o8 ’

In the above equation, k,, is the temperature-dependent migration rate for excitons. The factor J is the
function J(z;,x; £ 1) evaluated at the neighboring sites. It is assumed that this is the same for all points,
therefore J is assumed to be a constant. The term E, refers to the activation energy for the exciton,
of which the definition is also given. Physically, the activation energy FE, determines the difficulty for the
excitons to overcome the barrier to migrate to other sites. A higher activation energy will decrease the
migration rate. The activation energy is determined by the electron-phonon coupling constant A, mass of
site M and w,ﬁ which is related to vibration frequency wg. We note that stronger electron-phonon coupling
increases the activation energy and therefore decreases the mobility of excitons.

In the model, we do not calculate k,, directly using equation (2.9)), but we do want to take temperature
dependence into account. By defining a migration rate k,,(7T}) as a temperature 77, we find the migration
rate at a different temperature 715 as follows.

o (T) = ko (T1) - \/g Cexp <_fB (1{2 - 7{1)) (2.11)

We will explore this temperature dependence in chapter [6]

Note 2.1. (Marcus-Hush theory) Until now, we have derived the hopping rate from the tight-binding model
of excitons. An analogue of this migration rate can be found by examining diabatic (non-adiabatic) charge
transfer from donor to acceptor molecules [Ste+14; [Wan+24]. The theory describing this model is called
the Marcus-Hush theory named after Rudolph A. Marcus and Noel Hush. In this theory, we have two
distinguish two states: (1) the donor and acceptor in a neutral state and (2) the donor donates an electron
to the acceptor, creating a positively-charged donor and negatively-charged acceptor. In this diabatic case,
the hopping rate between the states (1) and (2) is given by

% T A
_ v _
k(1) = 3\ N T eXp( 4k;BT>

IFor Bottger: page 55, section 3.2. For Alexandrov: page 84, section 3.8.1.




Here, V;; is similar to the overlapping integral J. The reorganization energy A is similarly related to the
activation energy F,. The Marcus-Hush theory is very similar to the exciton theory of Holstein, due to the
similarity in how the energy of the transitioning state is defined. In both models, we have two parabolic
potentials of which have an energy difference of their respective minima. Therefore, Marcus-Hush theory is
also applicable to the world of excitons.

Note 2.2. (Migration between VOy-groups) While we have derived exciton migration between atom sites,
we will model exciton movement between VO,-groups and other atoms. This not only simplifies the model
for mathematical analysis and reduces computational cost, the tight binding model can also be applied to
groups of atoms, for example the VO4-group, rather than solely atoms as Holstein model originally describes.
We do model exciton hopping frm VOy-groups to europium atoms, due to the energy transfer mechanism
between VOg4ions and lanthanides, as discussed in the next section.

2.4 Enmergy transfer

In the crystals RbsLuV,0g:Eu?t and YVO,:Eu3t, luminescence occurs from both VOy-groups and from
europium emission. When the exciton is localized at a VOy-site, it can transfer energy to an europium
site using dipole-dipole interactions between the VOy-ion and the Eu3T ion. While other energy transfer
mechanisms exist, for example energy transfer by exchange interactionﬂ we assume this mechanism can be
modelled by the Forster (dipole-dipole) energy transfer mechanism. This is due to its relatively large range
and the fact we have charged groups and atoms. In summary, the underlying mechanism of Forster energy
transfer is the electrostatic interaction between the two ions, which we describe as dipoles. In essence, the
transfer can be characterized as follows.

VO; + Eu — VO, + Eu”
Where * denotes the excited state of an ion.

For this type of energy transfer, it is shown |[Ron07] that the rate is proportional to the inverse of the
distance to the power of 6. Therefore, we will use the following relation for our model.

1
(Rvo,—Eu)®

Here, Ryo,—pu is the distance between the (dipoles of the) VOy-ion and the europium ion.

kET X (212)

Why this relation is 1/r% can be explained as follows. It is known that the potential energy between
two dipoles has the relation V(r) o 1/r3. Since the transition rate depends on the related energy squared,
see the |(i|H’|j)|? term in Fermi’s Golden Rule, we obtain that the transition rate between the two dipoles
should be 1/79.

2.5 FEmission

At last, we also consider the emission of the VOy4-group and europium atoms. When either ion is in an
excited state, it can emit light at a certain wavelength depending on the possible states of the ion. In a
photoluminescence spectrum, the intensity of this light is given per wavelength. For now, we will review the
theoretical aspect of luminescence of VO,3~ and Eu?t ions.

Experimental results indicate a single broad photoluminescence peak from VO, in the region of 400 nm
to 700 nm, having a maximum intensity at 500 nm to 520 nm [Dan+20} |Zho+15]. This broad band emission
is attributed to the charge-transfer luminescence of the bond O~ — V°T in the VO4-group. In this type of
luminescence, emission occurs due to interaction between orbitals or electric states of different ions [Ron07|,
giving rise to broad emission spectra. Charge-transfer between oxygen and vanadium takes place since the
exciton is localized within the VOy4-group. Charge-transfer luminescence will generally have a broad photo-
luminescence spectrum. This light emitted by VO,-group emission in RbsLuV,0g:Eu?t andYVO4:Eudt is
described to have a white/blue color.

2Also called ‘Dexter’ energy transfer, named after D.L. Dexter, uses interactions due to wave function overlap. This energy
transfer mechanism has the relation e~ ® with R the distance between the two ions.
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We come back to the Eu?t ion, having an electronic configuration of ()
[Xe] 4f6. The last filled shell is then 4f, having exactly 6 electrons due
to the 3+ charge. Luminescence originating from Eu®t comes from elec-
tronic transitions within the excited states of the orbital. We use term
symbols, denoted by 2°*1L;, to describe the states of Eu3*. Here, S is
the total spin quantum number, L is the total orbital angular momen- 30 |
tum quantum number, and J is the total electronic angular momentum.

40

The symbol used for L is S, P, D, F, ... for L =0,1,2,3, ... respectively, “'g D, *Lg
similar to s,p,d, f used for ¢ in the electronic configuration. To under- m; 5D,

stand what these term symbols mean, we give two examples for the term :g) 20 - le

symbols “F; and °D g Do

Example 2.1. (Term symbols “Fj, ® Dy in Eu3T ) In the 4f-shell, we have =

£=3and so m; =—-3,—-2,—-1,0,1,2,3 are allowed. According to Hund’s 10 -

rules, we have the lowest energy when S is the largest (first rule) and have .

the lowest energy when L is the largest. So for the ground state, we will ’ e
have our 6 electrons in the 1 spin state, and have m; = 3,2,1,0, -1, -2 ol -

respectively. At this moment, we have a total spin of 6 x % = 3 and total
orbital angular momentum L =3+ 2+ 1+ 0—1— 2 = 3 represented by
the letter F. Therefore, the lowest energy states have the notation 7Fj.
According to Hund’s third rule, the lowest energy goes to J = |L — S|
since is not more than half full. So, the ground state will be "F having

Figure 5: Energy levels of Eu3™
denoted by term symbols. Unit
cm ™! represents the energy of a

excited states 7Fy, ...,” Fe. hoton with a 1 cm wavelength
But what if we do not care about the lowest possible energy state. Instead, 5 ual to approximately 1.9 8%5 ><7
if we move an electron from m; = —2 to m; = —3 and switch the spin 4 PP Y

1072 J. (Source: [SBC23], CC

state, we find L = 3 (denoted by D) and S = 2. This is then an example BY-NC-ND 4.0)

of a state D ;.

But what are the energy levels of Eu3*? If we only account for spin-

orbit coupling, and ignore other finer splitting phenomena, we obtain figure As stated in example
the level “Fy is the ground state, with nearby excited states "F; through “Fg. Since the energy difference
for the transitions between "F; are small (wavelengths greater than approximately 2000 nm), we ignore
these transitions. The luminescence primarily comes from transitions from °Dy and °D; to levels “F; for
J =0,...,6, having a red-like color [SBC23|. For example, the transition Dy —7 F( has wavelength 580
nm. The transitions from level Dy are the most dominant compared to other levels from ?D ;. Since the
electrons stay in the 4f orbital during this transition, these are also called 4f-4f transitions.

There is another difference which sets transitions from levels °Dg and °D; apart, aside from the emission
wavelength peaks. Namely, the lifetime of transitions from level °D; are relatively quick, being around 10 ps.
Meanwhile, the lifetime of transitions from level 5Dy are slow, being approximately 1.5 ms [Sev+17; (CRCO09).
To find the lifetime, we measure the intensity at a specific wavelength (the wavelength corresponding to the
energy difference for a certain transition) with respect to time. During the transition, spontaneous emission
occurs, resulting in a decaying curve for the intensity with respect to time El Let this intensity be given by
Aexp(—t/7) where A is some constant, then 7 is the lifetime, having units s. After 7 time has passed, the
intensity is reduced to 36.8% of its original intensity.

While the exciton may reach the VO4-group and europium atom, it does not have to necessarily decay
into light. This is called non-radiative decay, where the energy is transferred into heat or other forms of
energy except light. In general, the rate at which non-radiative decay occurs is given by (|[Ron07])

E
knr = Aexp | ——— 2.13
nr P\ =57 (2.13)
3Given that N(t) is the population size of a given excited state, we have algt(t) = —A21N(t), resulting in a function

N(t) x e~t/7. Since intensity is proportional to energy which is then proportional to the amount of photons emitted, this will
also decay similarly. As will become clear in the later chapters, this motivates the fact we can model (spontaneous) emission
by some decay rate using a Markov process.
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Where F is the energy difference between the two states of a transition. While we do not incorporate this
into our model, it is an interesting discussion point since this influences the efficiency of our luminescent
material.
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3 Background continuous-time Markov processes

Our approach to the exciton problem will be to model the movement using a continuous-time Markov chain
(CTMC). First, we will define what we mean by Markov chain and how we may calculate the transition
probability of different timesteps. We will also give theory about semigroups regarding Markov chains. Our
approach to analyze the model will require using semigroups and the Feynman-Kac formula. At the end of
this chapter, we explore Brownian motion. This is also a Markov process living in a region R?.

3.1 Markov chain
3.1.1 Definitions

Markov chains represent how certain random processes evolve given a time space 7' and a state space S. We
may think that a particle lives in the state space and may move (jump) to other states in the state space
after a given time. The time space T represents which points of time the model considers. Then for any
t €T, let X; € S be the path (or trajectory) of the particle in the state space. Since we describe random
processes, X; is a random variable for all t € T. So, we describe the Markov process as a family of X; for
which we use the notation (X;)ier = {Xy |t € T}.

In general, a Markov process can be divided into two types. We distinguish two possible time spaces for a
Markov chain below.

1. T is countable, for example T'= Ny = {0, 1,2,3, ...}, then we have a discrete-time Markov chain. The
set (Xt)ten, is then a discrete set.

2. T is uncountable, for instance 7= R+ U{0}. Then (X;);>0 is called a continuous-time Markov chain.
Whereas the countable state space describes jumps at fixed time steps, the continuous case must also
take into account when the jumps take place. As will become clear in this section, both the jumps and
the time are randomly distributed.

In this thesis, we will often encounter finite or countable state spaces such as Z¢, where d refers to the
dimension. Another important Markov process used throughout this thesis is Brownian motion, having an
uncountable state space R?, which we examine in the last section of this chapter.

We describe a stochastic process in the discrete time by assigning a probability p;; going to state j € S
given it is currently in state 4. This leads to an important assumption of Markov chains, which is the Markov
property: the probability p;; is independent of the history of a path X;. This property is what defines a
Markov process, as becomes clear when we give the definition of a discrete-time Markov chain.

Definition 3.1. (Discrete-time Markov chain) Let (X,),cn, describe a stochastic process on a countable
state space S. Let n € Ny be arbitrary. If for all 4,5 € S and for all z,...,z, € .S we have

P(Xnﬂ =J | Xn=06,Xn1=2Tp_1,..., X0 = fﬂo) = IED(Xn+1 =J \ X, = Z) = Dij (3.1)
Then we say (X, )nen, is a discrete-time Markov chain.

In equation the Markov property is described using conditional probabilities on the history of the
trajectory X;. We assign the transition probability from ¢ to j such that the history before arriving at ¢ does
not matter for this probability.

For continuous-time Markov chains, we similarly condition on the history of the trajectory. This time,
we use a more general notation by conditioning on a sub-o-algebra which will represent all possible histories
up to a time s. Given the history of a trajectory X; up until a time s, we will use the o-algebra generated
by the history {X; |t < s}, which we call Fs = o({X; : t < s}).

Definition 3.2. (Continuous-time Markov chain) Let (X;);>¢ be a stochastic process with a measurable
state space S. If for any s < ¢ such that t + s > 0, and for any measurable subset A of S we have

P(Xt+s S A|]:S) = P(Xt+s S A I XS) (32)

Then we say (X;)¢>o0 is a continuous-time Markov chain.
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Note 3.1. An equivalent requirement for equation [3.2[is if for any bounded measurable function f we have
E[f(Xt+s)|]:s] = E[f(Xt-l-s)IXs] (33)

3.1.2 Markov transition matrix

In the discrete-time case, the probabilities p;; can be seen as a probability matrix P for a finite state space
S. We call matrix P the (Markov) transition matrix, as it contains the probability of transition from ¢ to j
for a single time step. If we wish to know the transition probability for multiple time steps, we can apply
powers of matrix P. For example, P(X,,43 = j | X,, = 1) = P(X,,43 = j | X,, = 1)(P?);; due to the Markov
property. This we prove in the following proposition.

Proposition 3.3. For any discrete-time Markov chain (X,,)nen, with state space S and for any m € Ny,
the following holds

P(Xpim =J | Xn =1) = (P™); (3.4)
If (P™);; is given by

(P™)ez = Z Pyy(P™ 1)y (3.5)
yeS

(Po)a:z = 5mz (36)

Proof. We will prove the statement by induction. The base case m = 0 is trivial. Assume P(X,, 1,1 =
k| X, =1i) = (P™1)j, then by (P™),. = >, Py - (P™7"),. we have

P(Xpim =J| Xn =1) = ZP(Xn+m =j 1 Xntm—1 = 8)P(Xpym-1 = s X, =1)
ses
=D P (P
seS
= (P");ji

Note 3.2. Equation (3.5) is satisfied when S is finite and so P is a matrix.

In the continuous-time case we have a similar transition matrix P(t) describing the transition probabilities
going from state ¢ to state j in time ¢. The family of matrices (P(t)):>0 should also satisfy P(t+s) = P(t)P(s).
This means we expect that P(t) has to be of the form e'Z where L is called the generator matrix. We know
that this property has to hold due to the Markov property, and can prove the matrix P(t) has the form e'X
if we make this assumption. However, it is also possible to show P(t) has the form e*” if the Markov process
has a fixed transition rate. The rate is a given parameter for how often a transition jump is done, in essence
describing how fast a continuous-time Markov chain evolves in time. In the proposition below, we prove that
the time between jumps is exponentially distributed with a parameter A, describing the rate.

Proposition 3.4. (Jump rates are exponentially distributed) Let = € S be arbitrary. Define T, as
the time it takes to jump for the first time from x. Then T}, is exponentially distributed by some parameter
A € (0,00).

Proof. Applying the Markov property twice, we get the following result.
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PT,>t+s|Ty >s)=P(X,=2,Vr:s<r<t+s|X,,Vu:0<u<s)
=P(X,=xz,Vr:s<r<t+s|X,)
=P(T, > t)

In the last line, the Markov chain can be interpreted by shifting time —s. By conditional probabilities, we
have P(T, >t + s) = P(T, > t)P(T, > s). Hence P(T, > t) ~ e * or T, ~ Exp()), where E[T,] = 1 is the
average time between jumps so the parameter A\ represents the rate of jumps. O

The parameter ) is allowed to depend on z. In the continuous-time case, we now have two variables which
describe the process: the transition rate and the transition probability. We can combine these variables into
what we call the rate, which can be thought of as the transition probability per unit of time in the limit
of small time. For a countable state space S, we call ¢(z,y) > 0 the rate going from state = € S to state
y € S. We assume c¢(x,x) = 0. To describe the continuous-time Markov chain with a countable state space
and rates ¢, we define the components of the generator L to be

c(x,y ifx#y
Lyy = (z,9) ) 7 (3.7)
— D sesclzy), ifrx=y
Note that the sum each row of L is equals to zero.

The process with rates ¢ is then described as follows. When starting from x, the particle waits an
exponential time with parameter
Az = Z c(z, z)

zeS

This A, is called the total exit rate from z. After this waiting time, the particle jumps to y with probability
Py, given by
Y
> ses c@, 2)

One may think how we can find the transition rate and probability from only the rate ¢(z,y). The
probability of jumping from state x to state y is the ratio between the rate c(z,y) and the total rate
> .cs c(x, 2), in other words
Then, the transition rate is simply the sum of all outgoing rates from .

The rate c(z,y) can be intuitively understood as a ‘measure’ of how much a particle wants to travel from
state x to a state y. For a single particle, the rate describes the probability transition per time. For example,
if we consider a small time §¢ and assume the transition matrix has form e‘X, then P(X5; = y | Xo = z) =
(€L) 4y & (1 + 6tL) 4y, = Ste(z,y) if @ # y. As such, the unit of ¢(z,y) is per unit time, for example s~1. If
considering multiple particles, ¢(x,y) can be thought of as how many particles are being transferred from x
to y per unit time.

In the following example, we consider a fixed total exit rate A, which does not depend on x € S.

Example 3.1. (Constant rate case) If the total exit rate A, is constant (in other words, not depending on
2 and equal to ), then the number of jumps NV; within time interval [0,¢] is Poisson distributed with rate
A. This means that the probability that n jumps have been made in the interval [0,¢] equals

(AL)" Y
n!

P(Nt = n) =

This is due to the time between jumps T, being exponentially distributed. We now define P to be the
time-independent probability matrix, where Pj; is the probability going from ¢ € S to j € S. Connecting
this to the discrete case, we consider how many jumps are necessary to get from state ¢ to state j. Similar to
Proposition for n jumps we have the probability (P™);;. If we let the parameter A from Proposition
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be fixed, we can derive the transition matrix. We can then find the continuous-time transition probability
as follows.

P(X; =j| Xo=1) =Y P(N; =n)P(X; = j, Ny = n| Xo = i)
n=0

=3 %B_M(P”)ij

v | = (AtP)”
o [Z( )

n=0

ij

— AUP-T)

Where I is the identity matrix. The generator matrix is then L = A(P — I), such that P(X; = j| Xy =) =
(e'F);;. The matrix AP represents the rates to travel between states, so ¢(z,y) = APy,. Since the sum of a
row of P is 1, —AI will be a diagonal matrix having the value — > _¢ c(z, s) for row .

Example 3.2. (Random walk) An example of a continuous-time Markov chain with constant rates is the
continuous-time random walk on Z%, which jumps at rate one to each neighbor. For this process, the total
exit rate is then A = 2d. If the probability of jumping to each neighbor, we say this is a symmetric random
walk. As an example of a symmetric random walk, let S = Z and define the rates

1, ify=x+1,
y) = 3.8
<(z,9) {0, otherwise (38)

While S is countable and therefore L = \(P — I) = 2d(P — I) cannot be described as a matrix, we can still
model this process by exponentially distributed waiting times. Another option is to represent Z as a ‘chain’,
for example S = {1,..., N} where similarly

(2.9) 1, ify=(r+1) mod N,
c(x,y) = )
Y 0, otherwise

This can be represented as a matrix such that e’ can be computed numerically.

From now on, we only consider the rates c(z,y) and change the definition of P(t) to be the time-
dependent transition matrix of a continuous-time Markov chain with finite state space. In other words,
(P(t))a,y = P(X: = y| Xo = ). We get a family of probability matrices {P(t) |t > 0} instead of a single
matrix. We now state three properties which P(t) must satisfy:

1. P(0) = I, since at t = 0 there cannot have been a jump. Therefore P(0),, = d,, which is equivalent
to P(0) =1.

2. For any t > 0, we have that the rows of P(t) sum to 1. This requirement is due to normalization of
probabilities.

3. For any s,t > 0 we have P(t + s) = P(t)P(s) as defined by usual matrix multiplication. This is the
continuous-time equivalent of Proposition [3.3

From these properties, we will have e'* as is shown next. We will assume that P(t) is continuous and

differentiable for all ¢ > 0. It will appear that the derivative of P(t) at t = 0 will be the same as L., as

given in equation (3.7). We define L to be the derivative of P(t) at ¢ = 0.

L = 1im 20 =PO)
h—0 h

P(h)wy_P(O)zcy
h

(3.9)

This is done element-wise, therefore Lg, = limp_;0 . In the following proposition, we derive

P'(t) for t # 0 in general.

16



Proposition 3.5. (Derivative of P(t)) Define the generator matrix L as per equation (3.9). Then we
have

P'(t)=LP(t)=P(t)L (3.10)
Proof. Using property (3) we have
Pl(t) = }g% P(t+ h})L — P(t)
P(t)P(h) — P(t)

= 1.
hlg%) h

- (pm 55 ) P
_ (hm PWZP(O)) P(1) (3.11)

h—0

Last line of the above equation (equation (3.11)) gives P’(t) = LP(t), switching P(t) to the left will yield
the result P(t)L. O

Corollary 3.6. The transition matrix P(t) will have the following form
P(t) = 't (3.12)

Proof. Applying property %e“” = AeA for matrix A to Proposition yields the wanted result. O

To give a clear image on what has just been shown, we give an example which derives P(t) from some
matrix L.

Example 3.3. Consider the case where we have a continuous-time Markov chain with the generator

[ (21 12) (3.13)

One way to find P(t) is by Corollary and using the series of e!”’. The diagonalization of L is

1 /-1 1\ (=3 0\ (-1 1
_ -1 _ =
verort =3 (5 (50 ()

After using the series expansion of €%, we can take out P and P~! out the sum. Since D is a diagonal
matrix, we can find the D™ by simply applying the power to the diagonals. This gives the following result.

oo

Py=ct =3 UL

n!
n=0

B 1 2 + €—3t 1— €—3t
T 3\2-23 273 41

We can now see explicitly that all three properties are satisfied. For the first property,
1/24+1 1-1 1 0
P(O)_3(2—2 2+1> - <0 1>
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—3t)

For the second property, the first row sums to %(2 +e L1 —e = 1 and the second row has sum

£(2—2e73" +2¢73" 4+ 1) = 1. For the last property, we have

243 173 24735 1 —e3s
P(t)P(S) - § (2 _ 26—325 26—3t 11 92 _ 26—33 26—35 +1

L @2+e?)24+e )+ (1—e ) (2 - 2e7%) 2+e3)(1—e 3%+ (1 —e3)(2e73 + 1)
T9\(2—-2)(24e7) + (23 +1)(2—2e73%)  (2—2e73)(2+e73) + (2673 +1)(2 — 2e73)
1 (6+3e 30+ 3 3e730+s)
T 9 \6— 63+ 34 gemdtte)
1 24+ 673(t+s) 1— 673(t+s)
~ 3 22673049 1 4 2e73(4)
=P(t+s)

This then shows that we indeed satisfy property 3.

3.2 Semigroups and generators

In the previous section, we saw that the transition matrix P(t) has the form e'X, where L is the generator
matrix, due to the property P(t + s) = P(t)P(s). To recall, we have P(X; = y| Xo = 2) = (P(t))sy. Let us
continue with the finite state space, so we may represent P(t) as a matrix. Then if we wish to calculate the
expected value of some bounded function f : S — R given we start at Xg = =, we may express this as

E[f(X) | Xo=2] =Y f)PX; =y|Xo=2) =Y _(P(t)ayf(v) (3.14)
yeS yeSs
Let S = {x1,...,2,} be the state space. Let fdenote the vectorized form of the function f in the sense of

F=(f(x1),..., fzn))T where similarly P(X; = x; | Xo = ;) = (P())i; = pi(2i,2;). Then we can express
equation using f and P(t) as follows.
f(z1) Yimy pe(wy, i) f (w3) E[f(X:) [ Xo = 1]
P f=pPO)| : |= : = :
f@n) > i1 Pe(wn, i) f(:) E[f(X:) [ Xo = 2]
Component-wise we have (P(t)f); = E[f(X;) | Xo = z,].

In general, we will work on state spaces which are infinite. As such, we define the semigroup as an
operator working on bounded measurable functions which evaluate the expected value of f at the trajectory
X, given we start at some initial position x. We give the definition of the semigroup below.

Definition 3.7. (Semigroup S;) The semigroup S; works on a bounded measurable function f as follows.

(Sef) (@) =E[f(Xe) | Xo = 2] = Y f()P(Xs = y| Xo = 2) (3.15)
yeSs

In essence, S; can be thought of being P(¢) in matrix form. Similarly, we have the same properties
which P(t) has, most notably P(t + s) = P(t)P(s), for the semigroup S;. Most often we are interested
in the properties of S; instead of its actual definition, therefore we introduce a new definition of a Markov
semigroup with similar properties.

Definition 3.8. (Markov Semigroup) Let S; be an operator working on bounded measurable functions.
If the following properties are satisfied, we state that S; is a (Markov) semigroup.

(S1) Semigroup property: Vs,t > 0:
Sirsf = St(sz) = Ss(stf)
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S2) Identity at time zero: Sy = I.

S3) Right continuity: map t — S f is right continuous.

S5

(52)
(S3)
(S4) Positivity: f > 0 implies S¢f >0
(S5) Normalization: S;1 =1

(S6)

S6) Contraction: max, |(S¢f)(z)| < max, |f(z)]

Note 3.3. To show the connection between Definitions and we check that the properties (S1)-(S6)
are satisfied by the definition (S.f)(z) = E[f(X:) | Xo = z|. For property (S1), we remark that

(S:(S:)) () = E[(Ssf)(X¢) | Xo = 2] = E[E[f(Y,) [ Yo = Xi] | Xo = z]

By the Markov property, we may view Yy as a continuation of X; up to a time t+s, in other words Y, = X;,.
This makes clear that property (S1) is satisfied. For (S2), by definition Xy = z, so (Sof)(x) = E[f(Xo) | Xo =
x] = f(x), so we say Sy is the identity function. For (S3), we know by assumption that P(¢) is continuous.
Property (S4) is also satisfied, since if f > 0 then f(y)P(X; =y | Xo = z) > 0so (S;f)(z) > 0. For (S5), if
we choose f(x) =1 then we have

(Si)(x) =Y 1-P(Xy=y|Xg=1)=1
yeS

Since all probabilities here must add to 1. And for property (S6), let M = max, |f(x)| denote the upper
bound. Then we have

(Sef) (@) = D FW)P(Xe =y | Xo = 2)

yeS

<Z\f P(X; =y| Xo = 2)|
y€eS

< W) -P(X =y | Xo =)
yeS

< Y max|f(2)] - B(X, = y| Xo = )
yeS

< max |f(z)|

Therefore taking the maximum on |(S; f)(z)| also gives the upper bound max, |f(x)|. In conclusion, we have
that (S1)-(S6) are satisfied given the Definition

Again, due to these properties we expect the semigroup S; to have the form e*” where L is some operator
we will call the generator of the semigroup S;. The generator can be found by evaluating the series of
et to the first order, which is 1 + tL + %tsz + O(t?). If we subtract 1 and then divide by ¢, we have
L+ $tL? + O(t?). If we then take the limit ¢ — 0, we have found L as follows.

(Lf) (@) = lim ED@ = I (@) (3.16)

t—0 t

As an example, we will find the generator of the semigroup S;.

Example 3.4. (Generator of semigroup S;) If we assume to have a finite state space, we can rewrite the

probability to use (etl),,.
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yes
=S FWPX =y | Xo=2) = Y f(@)P(X, = y| Xo = )
yes yeS
= [f(y) = f(@)P(X; = y| Xo = )
yes
= [f(y) - f(x)](etL)xy
yes

Now, only e*” depends on t. Therefore if we divide by ¢ and take the limit ¢ — 0, we should obtain L. Since

(€ F)py =307, (tnnL!n)my =3, %, we obtain similarly Ly, for lim¢_,o §((S¢f)(x) — f(z)), so we

have

(L)) =Y [f@) = f@)]Lay = Y e, y)[f(y) — f(2)] (3.17)

yeS yeS

Where Ly, is ignored due to the f(y) — f(x) term.

Another method is by considering how many jumps the process takes. We know from Proposition that
the jump time is exponentially distributed and so the amount of jumps is Poisson distributed. Let A be the
total outgoing rate from z, so A = }_ g c(z,y). Let Ny denote the amount of jumps in the interval [0,].

The random variable N; then has parameter A\t. We evaluate P(N;, = 0) = e~ P(N; = 1) = Me ™ and

finally P(N; = 2) = %e_)‘t. Since we divide by t eventually, we denote the IN; > 2 case by a bound O(t?)
which will vanish. Also, we can write P(N; = 1) =1 — P(N; = 0) — P(N; > 2) = 1 — e~ + O(¢?) instead of
Mte~* as this simplifies the derivation. Conditioning on N; gives

(Sef)(@) = f(2) = E[f(X:) | Xo = @, Ny = OJP(N; = 0) + E[f(Xy) | Xo =z, Ny = 1JP(N, = 1) + O(t*) — f(x)
= f@)e ™+ (1 —e) Y fW) -play) - flz) + O

yeS

The probability of going from  to y in one jump is ¢(x, y)/\. Substituting this gives

(5:5)@) — 1) = (1= e S WDy (1 =) () + O(2)

yeSsS

= 1- e Y D) ) + o)

yeS

If we divide by ¢ and let t — 0, the term O(t?) vanishes. However, lim;_,o +(1—e~*") = lim;,0 + (At+O(t?)) =
A. Therefore, we have found the generator L as

@) =2 D ir) - @) = 3 ele)lf ) - fa)] (3.18)

yeS y€eS

Now that we have introduced semigroups, we will show that the Kolmogorov (forward and) backwards
equations hold. This statement will be useful when working with the Feynman-Kac formula as will be shown
later.

20



Theorem 3.9. (Kolmogorov’s backward equation) Let S; be a semigroup with L the generator as
defined by equation (3.15)). If f is a bounded measurable function, we then have the following property:

9 (5.1(2)) = LIS (@) = LS f(2) (3.19)

Proof. By the definition of the generator, S;f can be linearized with respect to t to obtain ¢tLf, such that
4 (Syf)|t=0 = Lf. If we shift the time by s (given that ¢t — s > 0), we get 4% (S,_,f)|i—s = Lf. Substituting
f = Ssg yields
4
dt

4

d
dt 7(559) - LSsg

(St—sSsg)‘t:s = ds

(Stg)‘t:s =
O

We remark that equation represents the ordinary differential equation y'(t) = Ly(t) which shares
the same solution y(t) = C - el similar to S; = e*X (C = 1 due to property (S2)). Also, from S; = et =
> %L”, we also have that the operators S; and L commute.

Depending on what is chosen for S;, we can intuitively view the semigroup as the operator that evolves
some function f. For instance, let g(t,x) = S;f(x), then g(0,2) = f(z) is the initial condition. Now, g(t, z)
evolves f(z) for t > 0 given a semigroup S; and its defining character governed by the generator L. We will
see in the upcoming section that Kolmogorov’s backward equation can used to write

%g(t,x) = Lg(t,x) (3.20)

3.3 Feynman-Kac formula

From Kolmogorov’s backward equation (Theorem , if we substitute g(t,z) = S; f(x) we get % g(t,z) =
Lg(t,x) as stated in equation . If a function f is given, then g is easily derived from g = S;f. However,
it is more interesting to solve for g given the equation . First, So = I thus f(z) = Sof(z) = ¢(0,x).
Then, by the definition of Sy, we get

g(t,z) = (Sef)(x) = E[f(X:) [ Xo = z] = E4[9(0, X)] (3.21)
Where E,[-] is the expectation for a path X; starting at z, in other words E,[-] = E[- | X; = «]

From this, we find that g can be found as the expectation of different paths given the initial conditions.
Now, we will derive a similar result but for a generalized semigroup with generator M = L+V, where L is the
generator of the semigroup S; and V : S — R is a multiplicative operator, in other words Vh = V (z)h(t, z).
This result is named the Feynman-Kac formula and is given below.

Theorem 3.10. (Feynman-Kac) Let V' : R — R be bounded and measurable. If we assume that g satisfies

the following partial differential equation

%g(t,x) = (L+V)g(t,x) = Lg(t,z) + V(z)g(t, ) (3.22)

Where L is the generator of a continuous-time Markov process, then g admits the following solution.
glt,x) =B, [9(0, Xy )els VX ] (3.23)

Proof. We will give a sketch of proof of this. Define f(x) = ¢(0,z) and let M = L+ V. Let g(t,z) = K¢ f(x)
be the time evolution of f where K; is a relaxed semigroup satisfying (S1)-(S3). We define K; as

(Kif)(@) =Eq [f(Xt)ef“t VX dS] (3.24)

We will prove that K satisfies (S1)-(S3) having the generator M. After this has been shown, we can apply
Kolmogorov’s backward equatiorﬁ to obtain

4Showing (S1)-(S3) is sufficient enough instead of (S1)-(S6) for Kolmogorov’s backward equation to hold.
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Sra(t,) = (L+V)g(t,2)

To fully prove the solution of equation (3.22)) is given by (3.23]), one may for instance show that g is unique.
(Generator) We use the definition of the generator, as given by

lim th f
11m

t—0

=Mf

First, we use the series expansion of efo V(X2)ds — 1 4 ["V(X,)ds + O(t?) where we assume [, V(X,)ds
has a term ¢ (otherwise it will be zero when divided by ). Substltutmg equation (3 into the generator
definition yields

}%M = }Lf%% <Ez |:f(Xt)(1 + /Ot V(X,)ds + o(t2))] _ f(x))
— i E [f(Xe)] — f(x) + lim B, [ (Xo) [V ds}
t—0 t ey n

The first part limy_o 1 (E,[f(X¢)] — f(z)) is by definition the semigroup S; since we defined L this way. For
the second part, we will first approximate the integral using a right Riemann sum and then by linearity
acquire the potential V. We approximate the integral fot V(Xs)ds =t-V(X;)+O(t?), note that the error is

O(t?) as the error of the right Riemann sum is given by ’ f: fdx — S‘ < M(b—a)?. This error will vanish due

to limy_,q % Thus, we have the term lim;_.q %Ew [t - V(X:)f(X:)]. Now assume that we may take the limit
into the integral. For example, if the potential is bounded then the dominated convergence theorem can be
applied: E, lim;_,o(V f)(X:) = (V f)(x). Finally, the limit simplifies to (Lf)(z)+(V f)(z) = (L+V)f = Mf,
thus we have shown that this does indeed have the correct generator.

(Property S1) We will show that K;ysf = KK, f using the Markov property. We can write K;;,f =

Ew[f(XHS)efHSV P)d”]. For K, K f, we get:

KK f = K,E[f(X,)elo VX dr| X = 4]
= B{B[f(Xp)eli VX0 | X = Y]l V0D Y = 2}
= E{f(Yiss o V(Yoqa)dr [ V(Yy) dr 1Yo = 2}

= E{f(Y;%Fs
= KtJrSf

Jels
Jelo VDY, = o)

We used the Markov property to combine the expected values and used a time shift to sum the integrals
together.
(Property S2) Fixing t = 0 gives

(Fof)(@) = B [[(Xo)eld VX9 | Xo = 2] = B[f(Xo) | Xo = 2] = [(2) (3.25)

So indeed K is the identity operator
(PropeTty S3) We know that h(t fo s) ds is continuous, and so lim; o h(t) = h(0) = 0. Therefore

exp fo (Xs)ds) = exp(h(t)) has limy o exp(h(t)) = exp(0) = 1 since exp is a continuous function. Let
m(t, X¢) = f(Xe) eXp(fOt V(Xs)ds). Since g is bounded, f must also be bounded, for example |f(z)| < C for
all x € R. Similarly, assuming that V is also a bounded function, we have ‘fot ds’ < fo [V(Xs)|ds <
Mt where |V (z)| < M for all x € R. By monotonicity of the function exp, we have

exp (/Ot V(Xs)ds> < exp (’ /Ot V(X,)ds
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We then have that m(t, X;) = f(Xt)exp(fot V(X;)ds) must also be bounded from above by Cexp(Mt).
Since f and Cexp(Mt) are measurable functions, so is m(t, X;). Also, Cexp(Mt) does not depend on X
and is finite, therefore it is integrable with respect to the probability measure of the Markov process. Then,
by the dominated convergence theorem, we have

lt%lEI[m(uXt)] =E, |:1tlf8m(t7Xt):|

We assume the limit lim; o f(X;) exists, then since lim; o exp(fot V(X,)ds) = 1, we can split the limit into
two parts.

. e, X)) = Ex [t 040 1] = (8.0

Since S; also satisfies (S3), then K; must also satisfy (S3). O

Note 3.4. The fact that we have an expected value in equation (3.23) can be understood from the case
V =0, which is

= 9(t,x) = Ly(t, x) (3.26)
g9(t,z) = E4[g(0, X¢) - exp(0)] = E4[g(0, X¢)] (3:27)

which is identical to equation (3.20]) where we stated g(¢, z) = S;g(0, ). An exponential term exp(fot V(Xs)ds)
is added to compensate for the potential.

Although Feynman-Kac formula describes the full solution of a partial differential equation with a random
potential, it is most often used for a theoretical approach for solving this type of differential equation. It
can however be used for numerical simulations, by taking a certain initial condition f(z) we may obtain
g(t,x) by simulating multiple random walks as described by L and taking the mean of f (x)efot V(Xp)dp gyer
an ensemble of random walks.

3.4 Brownian motion
3.4.1 Definition and generator

This section will discuss a continuous-time Markov process with a state space R%. Let us consider the random
walk given in Example which described a continuous-time Markov chain with state space Z? and rates
c(z,y) =1if y =2 + 1 and zero otherwise. As a result, the generator L of this process is

Lf(z) = (f(z+1) + f(z = 1)) = 2f(2) (3.28)

One might note that this is similar to the difference scheme for the second order derivative.

() — tim L@ =) = 20(@) 4 S h)

h—0 h?

Of course, since the state space is Z? we cannot take h — 0 since there are no points between z and z + 1.
However, this does suggest that there might be an equivalent to the random walk with the same behavior
having state space R?.

Let us assume for now that such a process exists, which we denote by (B;);>o taking values in R and
indexed by [0, 00) representing time. If we would construct such a process with discrete timesteps At and
discrete spatial steps Az and then taking the limits At, Az — 0, the distribution would converge to a normal
distribution as per the central limit theorem (see [Sch21]). This will motivate the fact that we will use the
normal distribution in the definition of Brownian motion. However, similarly to that of the random walker,
we expect the future of Brownian motion to be independent of its history, due to the Markov property.
So, we can describe the ‘jumps’ of Brownian motion to be normally distributed, such that we describe this
process only by certain time intervals s to t. We give its definition below.
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Definition 3.11. (Brownian motion, one dimensional) Let B = (B;);>¢ take values in R being indexed
by [0, 00) representing time. Then if the following requirements are satisfied, B is Brownian motion.

1. By = 0, in other words the process starts at position 0.

2. The increments of B between times 0 < s < t is normally distributed with mean 0 and variance t — s,
in other words

By — Bs ~ N(0,t — s) (3.29)
3. The increments B; — B, are independent for different time intervals. In other words, for 0 <ty < t; <
-+ < t, the following increments are independent of each other:

Bi, — B:,,Bt, — Bt,,...,B:, |, — By (3.30)

n

4. The function B; is continuous in time.

Definition 3.12. (Brownian motion, d dimensions) Let W} be one-dimensional Brownian motion and
let this be independent for ¢ = 1,...,d. Then d-dimensional Brownian motion is described by d individual
Brownian motion processes, in other words B, = (W}, ..., Wtd)T. We retain the same properties as given
by Definition , but property (2) now is given by

B; — B, ~ N(0,t — 5)¢ (3.31)
Where NV(0,t— s)¢ describes the normal distribution in d dimensions which are pairwise independent of each
other.
Given the definition of Brownian motion above, we are now interested in the generator as stated at the
beginning of the section. For this, we use equation ([3.16) from the previous section.
Proposition 3.13. (Generator Brownian motion) The generator for Brownian motion as described by

Definition [3.11} for functions f € CZ(R) is given by

1 1d?f(z)
L —— 1" ———
(L) = 57" = 5 7L
Proof. First, we note that S; f requires the expected value from a process X; where Xg = x. Then X; = By+x
where we shift the Brownian motion process by x, since By = 0. We keep in mind that B; = B;—Bgy ~ N (0,t).

Now, using equation (3.16]) and (3.15),

(3.32)

E[f(Xe) | Xo = 2] — f(z)

(Lf)(z) = lim

t—0 t
BB+ x) — (@)
t—0 t

Now, using a Taylor expansion on f around z gives

fla+ B = [(@) + Bof' (a) + 5 B2 () + O(B})
Using E[B;] = 0 and E[B?] = t, we have

(L) (@) = lim EY @)+ Bif (@) + 552 "(x) + O(BY) — /()]
t—0 t
o EBBR (@) + O(BY)]
t—0 t
1 " . E[O(B?)]
3/ (@) + lim ———=
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For O(B}), consider the nth moment of By, which we calculate using the integral

1 e 22 1
E[B}] = \/Tm‘/ x"e” 2t du, let w = ﬁx

1 o0
= \/ﬁ/ w2t e V2t du, du = dz
Tl J -0

1
V2t
n 1 o 2
=V - — u"e™™ du
VT )

does not depend on t

For n > 3, we have the following limit

n/2
im 20"
t—0 t

Since in the numerator we always have a greater power than in the denominator. Then, the remainder
term lim,;_,o E[O(B})]/t vanishes. As a consequence, we obtain that the action of the generator of Brownian
motion is given by (Lf)(z) = 3" (x). O

Note 3.5. We require f € CZ(R) since f we use a Taylor expansion to the second order and require that
E[f(x)] < co which holds if and only if f € Cyp(R) (f vanishes at infinity).

Note 3.6. (Higher dimensional) For d-dimensional Brownian motion, it can be shown (Example 7.9 of
[Sch21]) that the generator is
1 & &

L=—- —
2
2j:1 axj

(3.33)
For example, d = 3 gives L = %VQ.

3.4.2 Donsker’s theorem

It is clear that the random walk and Brownian motion are similar in terms of generator. We are interested
if we can ‘rescale’ the random walk such that we obtain Brownian motion. Let (e;)r>0 be a sequence of
i.id. Bernoulli random variables such that P(e, = —1) = P(e; = 1) = 1. Define the partial sum S, of the
sequence (ex)r>0 as follows.

Sn = en (3.34)
k=1

Let us now consider ¢ € [0,1] which will represent the scaling from 0 to n (such that the time is nt). To
acquire a continuous function of ¢, we interpolate between S|,,;| and S|,¢|11. Then, we scale by 1/y/n similar

to that of (X — u)/vo?2 — N(u,0?) in distribution. This yields

Xo) = = (S + (0t = [nt])e ) (3.35)

With this given, we now present Donsker’s theorem below.

Theorem 3.14. (Donsker’s Theorem) Let S,, be the partial sum, given by equation (3.34)), of a sequence
of i.i.d Bernoulli random variables as stated above. Define the rescaled version as X,,(t), given by equation
(3.35). Then we have

Xn(t) — By, in distribution, for ¢ € [0, 1] (3.36)

n—oo
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(a) X,(t) for n =25 compared to S,/vn (b) Xn(t) for n=100000 (c) Histogram of X,(t+ 100) — X(t) forn=1
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Figure 6: Illustration of Donsker’s theorem by means of a simulation of n Bernoulli random variables. Part
(a) on the left side illustrates the transformation of X, (t) as given by equation (3.35)). Part (b) in the middle
is a sample of X,,(¢) for n = 105. Part (c) on the right is a histogram of X, (¢ + 100) — X,,(¢) acquired from
part (b). As X,,(t) — B; per Donsker’s theorem, we expect part (c) to be similar to a normal distribution.
We refer to Example for details.

Proof. For proof of Donsker’s Theorem we refer to [Sch21]. We remark the discrepancy between the literature
and the definition of X,,(¢t) by £(nt — |nt]), the key requirement is that X, (¢) is a piecewise continuous
function equal to S;/\/n if t = j/n. O

Example 3.5. (Simulation example) To illustrate the concept of Donsker’s theorem, we can sample some n
Bernoulli random variables by means of simulation, and then calculate S,, and X, (¢) for different ¢ (and thus
nt). We will refer to the simulation results in Figure @ We can numerically understand the transformation
of equation by examining part (a) of said figure. We linearly interpolate between the points of S, /y/n.
If we then increase n to 10° as in part (b), the piecewise part becomes unobservable. As one of the properties
of Brownian motion, we expect that By — By ~ N(0,¢ — s). This is calculated for t — s = 100 for different
positions of part (b), given in part (c). As expected, we see a distribution somewhat similar to the normal
distribution.

26



4 Large deviation theory

The theory of large deviations deals with exponentially small probabilities, the parameters describing the
distribution are the so called rate and rate function. This theory is applicable to many fields, such as
statistics, statistical physics, and queuing theory |Toull]. In this section, we will work towards applying the
large deviation theory for continuous-time Markov processes, in particular the local and occupation time.
First, we give an introduction to large deviation theory for sums of i.i.d. random variables and give examples
for normally and exponentially distributed variables. In combination with the examples, we will state the
Cramér’s theorem. In the second section, we expand the notion of sums of i.i.d. random variables to families
of random variables. Similar to Cramér’s theorem, we end the second section with the Gartner-Ellis theorem.
This will be necessary since Markov processes are not independent of each other, as will be discussed in the
third section. In this last section, we apply a similar statement to Gértner-Ellis for the occupation times
measure of a continuous-time Markov process, which will be used in the delocalized model.

Most definitions and theorems regarding large deviation theory in this section are derived from |[DZ10] and
[Den0§|. Furthermore, we refer to these sources for proof of these theorems.

4.1 Sums of independent and identically distributed random variables

4.1.1 Introduction

A basic example of random variables with exponentially small probability densities are certain sums of i.i.d.
random variables. Let Xi,..., X, be n Li.d. random variables, then the sample mean of these random
variables, denoted X, is defined as

X, =

S|

Zn: e (4.1)
=1

We also define the partial sums S,, = Z?:l X; such that X,, = %

To find the probability density function (pdf) of X, defined as rx, (8), we first fix Xy + - + X,, = ns.
As an example, let n = 2 and let X7, X5 be discrete independent random variables, such that we have
X1 + X5 = ns. The probability of this event is P(X; + Xp = ns) = > P(X; = 2)P(Xy = ns — ). As
more variables are introduced, we have to sum over multiple variables, or integrate if we are dealing with
continuous random variables.

An easier way to calculate the sample mean X, from the samples Xi,...,X, is to use the moment
generating function (mgf) Mx (t) of the random variable X. The moment generating function has the prop-
erty that sums of independent random variables give a product of individual moment generating functions.
For example, Mx, +x,(t) = Mx, (t)Mx,(t) for X1, X5 independent. First we define the moment generating
function and then show this statement holds.

Definition 4.1. (Moment generating function) The moment generating function (abbreviated mgf)
Mx (t) for a random variable X is defined as

Mx(t) = E[e™], teR (4.2)
given that this expectation exists.

Theorem 4.2. Let Xq,...,X,, be independent random variables, then the moment generating function of
Sn = X1+ -+ X, is the product of the moment generating functions of Xi,..., X,. In other words

n
Mg, (t) = [ [ Mx, (t) (4.3)
i=1
Assuming that each moment generating function of all X;,..., X, exists for ¢.
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Proof. As X; and X are independent for ¢ # j, we may separate the expectation in the following way

E[etX1+tX2] _ E[etXl . etXQ] _ ]E[etXl]]E[eth]

As becomes clear by induction, we have

n n

Mis(t) = E[¢"r+-+50] = TT B[] = [ Mx, ()

i=1 i=1
O

A special property of the moment generating function is that it is unique for a given probability dis-
tribution and may be used to identify a probability distribution from its moment generating function. For
example, if a random variable has the moment generating function of a normal distribution, we may state
that the random variable is normally distributed.

With this knowledge in mind, we provide examples of X,, for X; ~ N (u,0?) and X; ~ Exp()). Also, we
compare these results to calculating sample means by means of simulations, as can be seen in Figure

Example 4.1. (Normal distribution) Let X1, ..., X, bei.i.d. normally distributed with mean p and variance

o?. Similarly, Xi,...,X, share the same moment generating function. For X, its probability density

function is

1
le (x) = W

Then, the moment generating function of X; is

e_ﬁ(x_“)z,x eER

° 1 1
Mx, (t) = E[e"X] = / e'” e mz(m" 4y

1
—Z(m — (21 + 20% )z + p )] dz

I
o
%
Q
[\v]
|
3
@
"
ol
l—|
w

T Ve {_2(172 (= (0%t +p))* = (02t+u)2+u2)} dz

:exp[_“Q_(;;_“)] W/ ep[ 22(%—(0t+u))}d

=1, since N (u+o2t,02)

_ enttzoit?

The mgf of X7 + -+ X, will be

ﬁetu+%a2t2 — et(nu)+%t2na2
i=1
As X1+ -+ X, has the mgf-form of a normal, we can state X; + -+ X, ~ N (np,no?). Since X, =
D X also scales by 1, we have E[X,] = 2E[X;+- -+ X,] = pand Var(X,) = 5 Var(X;+---+X,,)

"n”; = 0?/n. So, we may conclude X,, ~ N (u,0?/n) which has a pdf of the form

(5) = —mme e

\2mo?/n
(s—p)?

Its pdf is then exponentially small with the form exp(—nl(s)) where I(s) = 55~ if we ignore the normal-
ization constant. This general form is a reoccurring trend of which large deviation theory deals with.

bx

n
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Example 4.2. (Exponential distribution) Let Xi,..., X, be exponentially distributed with the parameter
A, such that X; has the probability density function
px,(2) = Xe ™, 2 € [0, 00)

We use the same strategy as outlined in the example above (normal distribution). Evaluating the mgf for
X gives

Tl

The mgf of the sum X + -+ X,, will be (1 — A\71¢)™" as it is a n times the product of (1 — A=1¢)~1. The
distribution associated with this mgf is the gamma distribution with parameters n and A\, we will denote
this by I'(n, A). This distribution has the following pdf:

o
pX1+"'+Xn('r) = F(TL) z" 16 A S [0700)

Here, I'(z) refers to the gamma function, defined as I'(z) = [ t* 'e~"dt. The gamma function can be
seen as an expansion of the factorial to the real numbers, similarly I'(x + 1) = 2T'(z) and for € N we have
I(z) = (x—1)L

Now, we only have to rescale X; +---+ X, by 1/n to find the mgf of X,,. Rescaling a gamma distribution
by a factor b changes the parameter A by A/b, this can be shown using the mgf of the gamma distribution.
Let Y ~ I'(n,\), then Myy (t) = E[e?¥?] = E[e¥?] = My (bt) = (1 — ct/A)™™ = (1 — t(\/c)™')™" which is
equivalent to I'(n, A/c). We can derive the rate function as follows

I(s) = - logpx, (s) = ~log ((m)n s"_le_)‘"s>

I'(n)

3
3
3

— As — log(As) — log(n) + %log(F(n)) + %log(s)

limit case for n— oo

The term ‘limit case’ will approach —1 for n — co. To show this roughly, let I'(n) = n! and use Stirling’s
approximation n! = nlog(n) — n + O(log(n)). Since s # 0 is a constant, +log(s) — 0. As for —log(n) +
Llog(I'(n)), we get
1 1
~log(n) + - log(I(n)) ~ ~log(n) +  (nlog(n) —n) = ~1

As such, for large n, X,, has the following rate function

I(s) = As—log(xs) —1
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Simulated sample means compared to rate functions

Normal distribution (u=0,0%2=1) Exponential distribution (A = 1)
1.6
B Simulated sample mean B Simulated sample mean
141 — I(s) =522 1.6 1 —— I(s)=s—log(s) — 1
’ —— I(s) =s—log(s) — 1 + log(s)/n
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Figure 7: Simulated distribution of sample means X,, of n = 15 random variables, either A/(0,1) or Exp(1),
compared to their rate functions as found in examples and The rate functions are scaled to the
maximum of the simulated distributions. We note that for the exponential distribution, the tail is also taken
into account by the rate function. This would not be the case if we were to approximate X, by the central
limit theorem, which states that it converges to a normal distribution. Also, the rate function is somewhat
shifted since we ignore the term X log(s).

4.1.2 Cramér’s theorem

As becomes apparent, the sample mean of i.i.d. continuous random variables will have a pdf of the form.

px, (s) = e (et (4.4)

We will make this statement more precise in the form of Cramér’s theorem below, which then holds in a
broader setting, including discrete random variables. We call n the rate and I(s) the rate function. We
remark the usage of o(n), by which we mean all sublinear terms. In other words, all functions f(n) such that
limy, 00 @ = 0, take for example log(n), /n and % Before we examine the properties of the rate function
I(s) in this case, we are interested when random variables show the phenomena of having exponentially
small sample means. As it turns out, we can find the rate function I(s) of the sample mean of any R-valued
random variable, up to sublinear terms of the rate function (hence we denote o(n)). This important result
in large deviation theory is named Cramér’s theorem.

Theorem 4.3. (Cramér’s Theorem) Let Xi,...,X,, be i.i.d. R-valued random variables which satisfy
the following

o(t) =E[e'*1] <00, VtER (4.5)
Then, for all a > E[X;],
o1 =
nhﬁn;() - logP(X,, > a) = —I(a) (4.6)
where
I(s) = sup{ts — log o(t)} (4.7)
teR
Proof. For proof of Cramér’s Theorem, we refer to Theorem 1.4 of [Den08|. O
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First, we recognize that ¢(t) is simply the moment generating function of X, as defined in Definition
which we require to exist. Then, Cramér’s Theorem states we may find I(s) of the sample mean
X, =13" X, for deviations greater than the mean E[X1] by the Legendre transform of log(t). Before
we derive the rate function using Cramér’s Theorem for examples and we go more in depth into
the Legendre transform. This transform is important when we extend Cramér’s Theorem to general vector
spaces and when we calculate the rate function for the occupation times. This we examine in greater detail
in the following sections. First, we give the definition of the Legendre transform below.

Definition 4.4. (Legendre Transform) For a given interval I C R, let f: I — R be a convex function.
Then f*(s) is defined as the Legendre transform and is given as follows

[*(s) = sup{ws — f(x)} (4.8)

zel
We restrict f* to only take values when the supremum is finite.

Intuitively, the Legendre transform is a mapping between I and a family of tangent values. For example,
let f be differentiable, then we find f*(s) when -L(zs — f(z)) = s — f'(z) = 0, hence s = f/(z). This
motivates the requirement that f must be convex, as otherwise multiple values of I may be associated with
a single tangent. Similarly, the bijective map property is used to show that the Legendre transformation is
an involution, in other words (f*)* = f.

For the Legendre transform to be well-defined, we require f to be a convex function. For I(s) to be
well-defined as well, we require log ¢(t) to be convex. We show this in the following statement.

Proposition 4.5. The moment generating function ¢(t) of a R-valued random variable X, as stated in
Cramér’s Theorem (Theorem [4.3), is log-convex. By this we mean for any ¢ € [0,1] and any ¢,t, € R, we
have

log (0t + (1 — 0)ta) < Olog p(t1) + (1 — ) log p(t2) (4.9)
Proof. As stated earlier, ¢(t) is the mgf of X; (see equation (4.5) of Theorem [4.3). We will show that
equation (4.9)) holds. For this proof, we will use Holder’s inequality, which states

E[|XY]] <E[X[7]V?-E[lY]]"/
where 1/p+ q/1 = 1 for p,q € [1,00]. Let p = % such that ¢ = ﬁ, choose X = e’ X1 and similarly
Y = e(1=9%X1 This yields:
E[e(6t1+(179)t2)xl] < E[et1X1]9 . E[ethg]lfe

Taking log on both sides gives

log E[e?t1T(1=0t2)X1] < glog E[e!1X1] 4 (1 — 0) log E[ef2™1]
log (611 + (1 — 0)t2) < flogp(t1) + (1 — 0)logp(tz)

We conclude that the Legendre transform in Cramér’s Theorem is well-defined. O

As stated earlier, Cramér’s theorem will only provide the rate function up to sublinear terms. To illustrate
this, let P(X,, > a) = e (&)™) where o(n) represents some sublinear function. Substituting this into

equation (4.6) gives:

1 — 1
lim —logP(X, >a) = lim = loge ™ (®)+e(n) (4.10)
n—oo N n—oo 1,
.1
= nILH;O g(—nl(a) +o(n)) (4.11)
_ . o(n)
=—I(a) + nl;rrgo — (4.12)
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The term lim,,_, @ then ignores all sublinear terms present in P(X,, > a). Similarly we define a,, ~ b,
if the share the same rate function, so

1
an ~ b, <= lim —(loga, —logb,) =0 (4.13)

n—oo N

For example, e t198(n) ~ en*+Vitl ag lim, L ([n? +1log(n)] — [n* + v/n]) = limy, 00 + (log(n) — v/n) =

We will now derive the results from examples [4.1] and [£.2] using Cramér’s Theorem.

Example 4.3. (Normal distribution, Cramér) Let Xi,..., X, be ii.d normally distributed with mean pu
and variance o2. As derived in example the mgf of X, is ¢(t) = E[e"*1] = e#t+27° To find I(s), we
calculate equation (4.7, which is the Legendre transform of log p(t) = ut+ %02152. As such, we are interested
in maximizing

1 1
g(t) =ts — put — 50%2 =(s—p)t+ 502152

- _ — — 2 — 2 —_ 2 .
The maximum of gis at t = £, so g(f) = (565) - (820‘3) = (520’2) . Since I(s) = sup,eg g(t), we get
I(s) = (52; 1)” as found in example We get the same result since I(s) does not contain sublinear terms.

Example 4.4. (Ezponential distribution, Cramér)
Let Xy, ..., X,, be exponentially distributed with parameter A. From example the mgf of X is Mx, (t) =
(1 —tA~1)~1 so we have

1
i

Let g(t) = ts — log (t) such that I(s) = sup,cp g(t). Our approach is to derive g(t) and find an optimizer ¢
which maximizes g, then finally I(s) = g(). First, we calculate ¢'(t) from g(t) = ts —log [(1 —tA™1) 7] =
ts + log(1 — tA™1) as follows.

gt = 4 (ts + log(1 — t)\_l))

dt
2!
—St oo
b
N A—t

Set ¢’(t) = 0 gives s = 15 sot = A — 1. Fix t = A — 1. To show that { maximizes g, we have shown
g'(t) = 0. Similarly, for the second derivative of g,

" 7d 1 . d 1 1
g (t)dt(s/\—t)dt(/\t) 1—fm<0

Since we assume ¢ # A, we have ¢g”(t) < 0 so this shows that g has a maximum at ¢. However, there
function might have an upper bound greater than g(¢) for asymptotes ¢t — +o0o. Considering g(¢), if t = —oco
then ts — log(1 — tA~1) will asymptotically approach ts since log(1 — tA~1) is sublinear at this scale. So, g
approaches to —oo if t — —o0. For t — ), the term log(1 — tA~1) will diverge to —oo. The function g(t)
does not exist for + > X since then 1 —tA~! < 0 and so log(1 — tA~!) does not have a value in R. With
this in mind, we have considered all asymptotes for g. Since g(t) is continuous except at ¢ = A, we expect
I(s) = g(t) as g does not diverge to +oo for ¢ — +o00. Therefore, we have the rate function
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I(s) = g(t)

=As—1+log(A\ts™1)
= As — 1 —log(\s)

This is the same rate function as found in example |4.2|for n — oo. This demonstrates that Cramér’s theorem
only provides I(s) up to o(n) and as such loses some information about the actual pdf.

4.1.3 Connection to Central Limit Theorem

In this subsection we demonstrate how the rate function /(s) is connected to the Central Limit Theorem
(CLT). For X,, = % Yo, X;and Xq,..., X, i.id. random variables, we have two key convergence properties
of the sample mean X ,,:

(1) Law of large numbers: o
X, — E[X}] in probability (4.14)

(2) Central Limit Theorem: for u = E[X;] and 02 = Var(X})

X, — N(pu,0%/n) in distribution (4.15)

If we assume that the probability density function has the form p% (s) = e ™) then s = p should yield
I() = 0 as this is where X,, converges to in probability. From this, if we use a Taylor series of I(s)
around s = p, we get I(s) = 0+ (s — p)I' () + 3(s — p)2I"(p) + O(s®) = (s — p)?I" () + O(s?). Since
O(s®) becomes a less dominant contributor due to the exponential scaling, we expect I(s) ~ %I "),
suggesting that X,, is similar to a normal distribution, as is expected from the central limit theorem. As
shown in Lemma 1.14 of [Den08], calculation of I”(u) gives I”(n) = 2. From this result, the distribution
takes the form exp (—n(s;;é)2 ), which states that Var(X,,) = 02/n. This is the same result from the Central

Limit Theorem.

4.2 General random variables

We now wish to generalize the idea of exponentially small probability distributions to other random variables
instead of sample means. We start by defining when a family of probability measures satisfies the large
deviation principle (LDP), which is equivalent to having the form e~"! (s)+o(n) from the previous section,
but now formalized.

Definition 4.6. (Large Deviation Principle) Let X be a topological space and let B be the Borel o-
algebra of X. Let (u,) be a sequence of probability measures on (X, B). This sequence satisfies the large
deviation principle (LDP) with a rate n and rate function I if

(L1) For all closed sets C' C X,

1
li —1 n(C) < —inf I 4.16
imsup - log (€C) < — inf I(z) (4.16)
(L2) For all open sets O C X,
1
o1 > .
hgl—ilip - log p, (O) > ;IGlg I(x) (4.17)
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Note 4.1. (Connection to previous section) The given definition above is a weaker variant of the following
statement:

.1 .
nh—>Holo - log pin(A) = — zuelg I(x) (4.18)
Which is similar to the statement of Cramér’s Theorem (Theorem |4.3) but for probability measures. We
note that —inf,c 4 I(x) is used since we now use sets for probability measures and recognize the minima of
I in the region of A since large terms in I contribute less due to the exponential scaling.

Note 4.2. (Weak convergence) Besides having a weaker definition, the requirements (L1) and (L2) are
similar to weak convergence in probability. For context, a definition of weak convergence of probability
measures (t,) to u is when

(L1) limsup P,(C) < P(C), VC closed (4.19)
n—oo

(L2’) liminf P,(O) > P(O), YO open (4.20)
n—oo

Another definition of weak convergence is as follows. Let (u,) be a sequence of measures, then u,, converges
weakly to a measure p if for any continuous bounded function f the following limit converges.

n—oo

i [ f(e)a(ds) = [ f@)n(do) (4.21)

Another connection is X,, — X weakly if and only if X,, — X in distribution. For related theorems regarding
weak convergence, we refer to chapter 18 of [JP04].

We now look to an analogue of Cramér’s Theorem but for general topological spaces. In the following
section, we will work towards the Gértner-Ellis Theorem, which does restrict the chosen topological space
to be a (real) Hausdorff vector space. To allow for more general spaces, the moment generating function
is redefined to depend on a functional A\ instead of ¢, as will be explained in a moment. A simple example
would be R? where X = (X1, X5) may depend on each other. Then a suitable mgf will be

Mx (t) = E[el1 X1 +12X2] — E[et" X] (4.22)

If X; and X5 are independent, the mgf of X will be the product of the moment generating functions of X3
and X5. To generalize the idea of the transpose of t used in equation (4.22)) for general vector spaces, we
define the concept of a dual space.

Definition 4.7. (Dual space) Let V be a vector space of some field F. We define a linear functional on
V to be a linear map from V to F. The dual space of V, denoted V*, is the set of all continuous linear
functionals of V.

To illustrate this concept, consider the vector space V = R3. Any linear map from V to R will be in the
form ¢(z,y,2) = ax + by + cz. Similarly, let u = (a,b,c)” and v = (z,y, 2)T be vectors in R3, then ¢ can
be written as p(v) = u?’v = (u,v). Hence the dual space of V = R? can be represented as all transposed
vectors of R3. More generally, ¢ € V* will be some function if V' is more complex, for example if we let V/
be some function space. We use the notation (p, ) = ¢(x) similar to the inner product in R%.

For V = R?, we have that any functional ¢ € V* can be written in the form

d
pe(x) = pe.x) = 3 €

For (P spaces, a similar representation holds (see chapter 4 of [Nee22]). As will be discussed in the next
section, we are interested when V' is a function space. Let Cy(X) be the space of all continuous functions
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f: X — F which vanish at infinity. Then let V = Cy(X) ﬂ Finally, functionals of the dual space of V' can
be represented by an integral for different measures of .

sou(f):/xfdu (4.23)

With this representation in mind, let us now define the moment generating function for general topological
spaces.

Definition 4.8. (Logarithmic moment generating function) For some Hausdorff topological vector
space X, let X* denote the dual space of X. Let (u,) be a family of probability measures associated
with random variables (X,,), in other words u,(-) = P(X,, € -). Then we define the logarithmic moment
generating function A, : X* — (—o00, 0] in the following way.

A, (A) =logE, [eMXn)] = log/ @y, (der) (4.24)
X

Dy={re X" : A()\) < 0} (4.25)

Note 4.3. As stated earlier, A is now a functional instead of the scalar constant ¢.

Since we consider general topological spaces, we also have to redefine the Legendre transformation to
suit X. Regarding Definition , we substitute I for X and change xs for (), z) similar to s”x, if s
and x are vectors in R%. If f is a linear map of X, for example f(z,y) = 2z + 3y for R?  note that f* is
simply the sum of two Legendre transforms, namely f; and f; given that fz(x) =2z and f, = 3y such that
f(z,y) = fo(z) + f,(y). For general f, the suprema cannot be separated per component as any maximum
can depend on multiple components. In this case, we define the modified Legendre transform as follows:

Definition 4.9. (Legendre-Fenchel transform) Let X be a locally convex Hausdorff topological vector
space. Let f: X — (—o00,00] be a convex function, then

TN = :gg{b\,w — f(@)} (4.26)

Finally, f*: X* — (=00, 00] is the Fenchel-Legendre transform of f.

We now provide the Gértner-Ellis theorem for general topological spaces. For X = R?, it is enough to
require 0 € int Dp to state that A is convex and A* is a rate function. In this situation, we substitute this
requirement for exponential tightness. We give its definition below.

Definition 4.10. (Exponentially tight) A family of probability measures {u,} on X is exponentially
tight if for all @ < oo, there exists a compact set K, C X such that

1
lim sup — log i, (X \ Ky) < —« (4.27)

n—oo N

Note 4.4. The concept of exponentially tightness is connected to (regular) tightness of measures. If a family
of measures (u,) is right, then for any p,, we can bound u, (X \ K,) by a. For exponential tightness, the
definition is similar.

Definition 4.11. (Exposed point) A point x € X is exposed for A* if there exists a A € X* such that

(A x)y —A"(x) > (N, 2) —A*(2), Ve # (4.28)

5Given how this is defined in functional analysis, X is a locally compact space. We state that a function vanishes at infinity
if for every € > 0 there exists a compact set K C X such that |f(z)| < e.
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Theorem 4.12. (Abstract Gértner-Ellis) Let (1,) be a family of exponentially-tight probability mea-
sures. Define A(X) = limsup,,_,o, A, (nA). Then the following statements hold.

1. For every closed set C' C X we have

lim sup % log i (C) < — inf A" (z) (4.29)

n—o00 zeC

2. Let F be the set of all exposed points of A for a given A, for which A(X\) = A()) (limit exists) and
A(vA) < oo for some v > 1. Then, for every open set O C X

1 —
lim inf — 1 >— inf A 4.
ity 1o n(0) 2 = Bl A @) (430
3. Let O C X be an open set, if
;cEHOliU-'A (x) = Q}IelgA (x) (4.31)

then (y,) satisfies the LDP with rate function A~

Proof. For the proof, we refer to Theorem 4.5.20 from [DZ10]. O

It is clear that if we may ‘ignore’ the exposed points holds from Theorem we have shown that LDP
properties (L1) and (L2) are satisfied by (1) and (2) from said theorem. To recover the rate function of the
family (y1n), we have to find A" If A(\) = limsup,,_, . L Ay, (n)) is finite, then we have

n

lim lAﬂn (nX) = A(N) = sup{(\,z) — I(z)} (4.32)

n—0oo 1 TEX

We can reverse the Legendre-Fenchel transform to acquire the rate function I(x) if I is a convex function.
Then we calculate I as follows:

I(z) = A*(x) = )\SEHAE)*{O\,QJ) - AN} (4.33)

For details, we refer to Theorem 5.4.10 of [DZ10].

To summarize, we can find I(z) using the Legendre transform using equation (4.33) if the following
requirements are satisfied:

1. The limit supremum of 1A, (nA) exists, referred to by A(A). The stronger requirement which we
also mention is that the limit of A, (n)), noted as A()), exists when the limit supremum is finite
(Theorem 5.4.10(a) of [DZ10]).

2. The family of {p,, } is exponentially tight as defined by Definition For X = R? having 0 € int Dy
as defined by equation (4.24)) also satisfies this requirement.
4.3 Large deviations for Markovian local times
4.3.1 Definitions

In this section, we will discuss how we can apply the knowledge of large deviation theory to Markov processes.
We will use a similar theorem to the Gértner-Ellis theorem (see Theorem [4.12)) for probability measures called
the local times and occupation times. We give their definitions as follows.
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Definition 4.13. (Local times) Consider a continuous-time Markov process (X;);>¢. Define the local time
l; as the time the process is contained within some set, in other words

00 = /0 1x.()ds (4.34)

The normalized local times, called the occupation time Ly, is given below.

t

The occupation time L;(A) represents the fraction of which the process X spends in the set A up to a time
t.

1 1/t
0

Note 4.5. For simplicity, we rnay also deﬁne Et and L; for blngleton sets, in other words as a function of
the state space. For example, £;(z fo =x)dsor Ly =+ fo = x)ds.

Note 4.6. We motivate by choosing L; for the large deviation principle as follows. We can represent L; by
discretizing time into steps n of §t such that t = ndt. In discrete form, we have

Li(-) = 1
() 6t—>0 nétz Xise

This is similar to the sample mean of a sequence of variables X, ..., X,5:. However, since the position of
X; will depend on its history, we cannot describe this Markov process as a sample mean of i.i.d. random
variables. Luckily, we do not have this restriction of independent variables for large deviation theory in
generalized topological spaces. With speaking of large deviation theory for occupation times L;, we speak
of the large deviation principle with rate ¢ instead of rate n.

We will consider L, as this normalized variant represents a probability measure on the state space S.
First, Li(S) = ¢ fot 1x.(S)ds = + -t = 1 since Xg € S always. Secondly, if A,B C S are disjoint, then
140 = 14 + 1. This also holds for countable families of subsets, thus L;(U,—, A,) = > .o, Li(A,) if all
A,, are pairwise disjoint. From this, we consider that L; is a probability measure.

We have to take into account that L; has two parameters: time ¢ and position x (see note . Let
us assume that S is a finite state space, then we may represent L; as a vector L; = (L;(z1), ..., Li(xn))T
where z1,...,z, are the elements of S. For infinite state spaces, we will represent L; as a function instead
of a vector, such that L;(x) lives in the function space of R? — [0, 00) or Z? — [0,00). Then, {L;(z)|x} is
a family of random variables (in a topological vector space). With this in mind, we now consider finding a
rate function I(g) for L:(z), which we discuss in the next subsection.

4.3.2 Rate function for local times of Brownian motion

Our goal is to derive the rate function I(g) of L;. Note that g is now a function also living in the same
space X of L;. In our approach to acquire I(g), let X be the space of all probability density functions. This
may not seem a problem, since L; is a probability measure. However, we assumed that X" is a topological
vector space, which the space of probability density functions unfortunately is not. For now, consider the
state space R. We will describe this set of probability density functions as the set Fy.

]-'o{feCl(R):f>0,/Rfdx1} (4.36)
F={reci@y:s>o. [ rae=1f (437)
) (4.38)
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In other words, all functions that are continuously differentiable on R for which f(y) > 0 for all y € R and
[ fle)de =1

It has been shown by Donsker and Varadhan ([DV75a] ED that if (X4);>0 is Brownian motion in one
dimension, we may apply a similar form of the Gértner-Ellis theorem. First, we consider the form of (®, L)
where @ : Fy — R is some functional of a dual space of Fy. If we assume that for measure p which describes
@, we let du = p(x) dz where @ is a bounded continuous function, then we may derive

(®, L) = / Lo dp (4.39)

/ / (z)ds dz (4.40)

;/ o(X)ds (4.41)

0

In the second line of the above equation (equation [4.40)), the term 1(X; = z)p(x) is simply ¢(x) accounted
for the fraction of which X is at . Since we integrate over R and thus all possibilities of z, we can write

©(Xs).

Now, we present the analogue of the Gértner-Ellis theorem stated by Donsker and Varadhan [DV75a].
We have the following statement.

o1 UL _ 1 [f' ()P }
Jim Liog Ble~t)] = flg;0{<<1>,f>+8 I (1.42)

If we let exchange @ for —® we may use that inf(— f) = —sup(f) in equation (4.42). This yields the following
equation

- L [f'(y)]?
lim — logE HEL)) = sup { D f)— 7/ dy 4.43
A g log BT = s (0N =5 | ) (443)
This is similar to the Gértner-Ellis theorem with the rate function I(f) = § L - L/ f((?;/))]z

4.3.3 Derivation of rate function

We now know the rate function of the occupation times for Brownian motion. However, we are interested
in how we may derive the found result from the left hand side of equation . Then we can derive the
function for R% which will be useful if we want to consider movement of particles in 3 dimensions. Our
approach is to compute the left hand side of equation using the Feynman-Kac formula. We first
rewrite t(®, L;) into an integral form.

E[e!(®:L0)] = E[e/o #(X:) ds] (4.44)

As was found via equation (4.39)). Then, by the Feynman-Kac (see Theorem [3.10), using f = 1 (henceforth
1 will denote the constant function f(z) = 1) and V = ¢, we obtain

g(t,x) = Ey[elo #(X)ds) (4.45)

Let L be the generator of Brownian motion. Since g(t,z) = K;1 = e!(“T%) 1 our result becomes E[e!(®11)] =

e!(L+9) 1. The left hand side of equation (4.43) becomes

1
lim flogE[ HELe)] = lim g1og(et<L+w>1) (4.46)

t—oo t t—o00

Let {v;} denote the set of all eigenvalues of the operator L + ¢. As it turns out, we can rewrite equation
(4.46)) using the maximal eigenvalue sup; v;, also called the principal eigenvalue.

SDonsker and Varadhan have published four papers with this title, we refer to the first paper they published in 1975.
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[e!{® L] = sup v (4.47)

%

We show this statement holds for finite state spaces in Theorem

. 1
Jim - log B

The supremum over all eigenvalues can be generalized to the set over all normalized (L?) functions.
Again, we do not directly show this for functions, but prove a simpler case for the finite state space, see
corollary In general, since L + ¢ will be a self-adjoint operator |Z|, we can state the following.

1
lim = logE[e!®L9] = sup  (h, (L + @)h) (4.48)
t—oo ¢ h:f h? dz=1
= sup  {{(n*,¥) + (h,Lh)} (4.49)
h:f B2 dz=1
We now apply the generator of 1-dimensional Brownian motion, which is L = %dd—;. If [hh/]°, = 0 we

obtain the equation

(h,Lh) = %/OC h(z)h" (z)dx = —% /oo (R (x))? dx (4.50)

— 00 — 00

This is reasonable since we expect f > h3(z )dx < 00, and as such h and A’ should vanish at infinity. Let

g =h?and g > 0 such that g € Fo. From [*_(F'(2))*dz =1 [7 [g m)] dz, we obtain the equation
1 1 [9’(96)]2
lim —logE eH® L] = sup { qg,p) — 7/ dz 4.51
Jim, 7 log Bl ™) = sup 1 (0.9 — g [ 8 (451)
Thus yielding the rate function I(g) = —% i % dx for occupation times measure L; with Brownian

motion, as was found by Donsker and Varadhan.

We can expand this notion to d-dimensional Brownian motion. As it turns out, this can be decomposed
as the sum of d rate functions of the different dimensions. This we show in the proposition below.

Proposition 4.14. (Rate function for occupation times) Given the d-dimensional Brownian motion
generator
d
1 9?
L=-A%= (4.52)

2 (‘330
7,1

We obtain the rate function for L; as

d 2
I(g) = ;;/}Rd 192917 4 (4.53)

Where g : R - R, g € F§ and x = (z1,...,24)7.

Proof. We start at equation (4.48) and use the generator L as given above. Substituting this into (h, Lh)
gives

T is real so it is self-adjoint. For L = 92, we know

(Lho) = [@f gdo=~ [ocf-0ugdo= [ 1 8gde = (f.Lg)
For finite state spaces, the self-adjoint requirement is equivalent to L + ¢ being a Hermitian matrix. Furthermore, since L + ¢

is a real matrix, it symmetric, which is a requirement for both Theorem and corollary For proving the statement for
self-adjoint operators in a more rigorous manner, one might find the min-max theorem useful, see theorem 2.19 of [Tes14).
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d
(h, Lh) = % / h(x)z%h(x) dx (4.54)

R4 =1
1 d

=_Z Dz, h)* dx 4.55
2g/< ) (4.55)

Where in the last line we used a result which we will prove later on in the proof of Lemma (see equation
(5-32), we similarly assume h and Oz, h vanish at x; — +oo for all i = 1,. d) Substitute h? = g so that

h V9. Then 0, h = 0y,\/9 = O g . Substitute this derivative into equatlon 4)) gives

a3 (32) 2

Assuming convexity of I(g) we can read the rate function by equation (4.48)) as —(h, Lh). We then change
h? for g, so we optimize over g € F¢. We then obtain the rate function

d 2
(9) —_;X;/Rd et

(4.56)

(4.57)

4.3.4 Largest eigenvalues and tools

In this section, show two statements used in the previous section hold regarding largest eigenvalues. Fur-
thermore, we show some properties of the eigenvalues of the operator L in the Z% and R? case, which will
be used later on.

First, we come back to the assumption made about the largest eigenvalue for a finite state space. For this
setting, both L and V are representable by a matrix where the canonical basis vectors represent elements
of the state space. We prove the statement below. Afterwards, we prove a corollary which generalizes the
maximum over all eigenvalues to an expression which uses the supremum over all normalized vectors.

Theorem 4.15. (Largest eigenvalue for finite state space) Assume (X;);>0 is a continuous time
Markov chain with a finite state space S and a real generator L. Let ¢ : § — R be an arbitrary function
which acts as a multiplicative operator. For the matrix L + ¢, let 1; be the eigenvector associated to
eigenvalue v;. If L is symmetric and 1; has positive entries for all eigenvectors, we have

1 -
lim n log (et(LJr‘/’)l) = maxv; (4.58)

t—o0 J [
Where 1 is the vector (1,...,1)7.

Proof. Let L and ¢ be representable by a n X n matrix. Since L is symmetric and therefore L + ¢ also,
we have real eigenvalues and, without loss of generality, let v1,... 1, orthogonal eigenvalue basis where
v >y > > 1,. We can rewrite e!(L+@)T using this orthogonal basis as follows.

AT = 40 3y, Ty
i=1

R ( L—i—go) 05

,lzbh

k=0

Vi <1r/)’t ’ T> ¢z

M: HM:

«
Il
-
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Define e1, . .., e, as the canonical basis vectors in R"™. Then we can rewrite the ith component by taking the
inner product.

(e, HIT) = 3 eley o )
i=1

tVl s s 1+ t(vi—v1) e]?¢><w
<e] w w < Z e]71/}1><1/}17

\")

)

hm 710g(<e et(L+q>)1>) = + hm log (1 + ;et(ul—ul)m>

0 — t(vi—v) (05, i) (Wi 1)

=v + lim D (ej 1) (¥1,1)
oo 0 t(vi—vy) (030 (i, T)
T+ Zl ¢ ' (ej,1)(1,1)

=1
~

Taking the log and applying lim;_, % yields

= 1/1
Where in the last limit, we used L’Hopital’s rule. O

Note 4.7. Matrix L is symmetric if for any two points z € S and y # x, we have c¢(x,y) = c(y,z). For
instance, the symmetric continuous-time random walk has this property.

Corollary 4.16. (Generalized largest eigenvalue) Assume the same requirements stated in Theorem
hold (the finite state space setting). We then have

maxv; = sup (v, (L +¢)v) (4.59)
‘ vER™ [Jv]|=1
Proof. Without loss of generality, assume the set of orthogonal eigenvectors 11, . . ., 1, is normalized, in other

words (1;,%;) =1 foralli=1,...,n. Let v € R"™ with ||v|| = 1 be arbitrary. Using spectral decomposition
and applying the operator L + ¢ yields

n

(L+@)o=(L+9) > (Wi 0)hi =Y vilthi, v)i;
i=1

i=1

Evaluating (v, (L 4 ¢)v) gives

(v, (L + ¢)v)

< (i, 0) i, Y Vi<¢i,v>¢i>

i i=1

Il
—

[
Mz

vi (Wi, v)? - (i, i) (orthogonality)
1

.
Il

|

vi (1hi, v)? (normalization)

i=1

<un Z<¢i»v>2
i=1

< (using [|v]| = 1)

From the above inequality, we obtain max; v; > sup,=1(v, (L + ®)v). Since ¥y is normalized, we find
(i, (L + <p)1p2> = VZ Therefore, sup, =1 (v, (L + ¢)v) > max; v;. From these inequalities, we have shown
that equation (4.59)) holds. O
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While we can find the largest eigenvalue using theorem in the finite state space setting, it is also
useful to consider what other properties the eigenvalues have. While ¢ is arbitrary and therefore we cannot
state much about its eigenvalues, we find that the eigenvalues of L for the symmetric continuous-time random
walk are negative or zero (nonpositive). This is shown for the 1-dimensional case below, we assume this holds
for d-dimensions.

Proposition 4.17. (Nonpositive eigenvalues, Z) Define the random walk as a continuous-time Markov
process with state space S = Z N [0, N] with the following generator.

(L)) = flz+ 1)+ flz—1) = 2f(x) (4.60)
Given Dirichlet boundary conditions due to a bounded state space, the eigenvalues of L are nonpositive.

Proof. Let us denote the solution by u,, where we have ug, ..., u,. By definition, we have
Lu=up_1 + Upt1 — 2uy

We try the ansatz u,, = sin(na), substituting gives:

Lu, = Aun,
Up—1 + Upt1 — 2Up = AqUp
sin((n — 1)a) + sin((n + 1)a) = (A, — 2) sin(na)
2cos(a) = Mg — 2
Ao = 2(cos(a) — 1)
Since we consider a € R, by cos(a) < 1 we have A\, = 2(cos(a) — 1) < 0. O

Proposition 4.18. (Nonpositive eigenvalues, R) Let (B;);>¢ be 1-dimensional Brownian motion, having
generator (see Proposition [3.13)

2
(LA)@) = 5 305 7(@) (4.61)

Assuming L is only defined on bounded measurable functions, all eigenvalues of L are nonpositive.

Proof. Let 1 be an eigenfunction of L, then

1
SV (@) = @)
P(z) = 2A(x)
Assume that A > 0, then the solution to the above equation is
P(x) = Ae™V2A | Be=V2A

Since we consider the space R, both solutions will be unbounded if A # 0 or B # 0. Since we do not
consider unbounded functions, eigenfunctions with eigenvalues A > 0 do not occur. As such, we can state
that A <0. O

Note 4.8. For d dimensions, we can extend Propositions and by splitting the d-dimensional
generator L up into d parts. For Z?, the generator is

d
LE=Y(f) = f@)=> (fl.comi— 1)+ f.mit 1) =2f(.. i) (4.62)

y~z =1
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Where we have f(z1,...,z4). For R?, the generator is
1
Lf= 5 — (4.63)

Then by solving Lu for one dimension, we may suggestable the eigenvalues of the d-dimensional case can be
described by the sum of the eigenvalues of the 1-dimensional cases, similar to method of separable variables.
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5 Localized model

The localized model will be the first model we develop with regards to describing movement and trapping
of excitons. In this thesis, we are interested in two methods of trapping:

1. (Constant trapping) We consider that an exciton may decay at any time and thus at any place. So,
for a ‘living’ exciton, the particle can be ‘killed’ by a trap denoted as A. This will simulate, as we
discuss in the delocalized model, the emission of vanadium.

2. (Randomly distributed traps) The lattice where the exciton lives in also contains traps which are
randomly distributed. We refer to this trap as B and this trap simulates the emission due to trapping
by europium atoms (again, we refer to chapter @

We first start with this simple model to understand the behavior of excitons within crystals. Our simplifi-
cation consists of the following.

1. The exciton, also called the particle, is governed by a continuous-time Markov chain (X;);>0. The
state space of the exciton will be Z¢ where d denotes the dimension, plus the cemetery states.

2. An exciton can be killed by either trap A or trap B. We let {A}, {B} denote the killed state of an
exciton of A and B respectively. The cemetery states are {4, B}.

3. The rate of migration between states within Z¢ is independent of the location. In other words, the
exciton will behave similar to a symmetric random walk if no traps are present.

4. Trap B is present at positions in Z? and will be randomly distributed by a Bernoulli distribution with
a probability p of a site having a B-trap. The trapping influence of a B-type trap is only experienced
by an exciton when the particle is present at the site of the trap. In other words, an exciton cannot
be trapped by a B-type trap is there is no B-type trap at its location. Hence, we have a localized
trapping potential.

5. We assume that the excitons do not interact with each other. Instead, we assume the behavior of each
exciton can be described independently.

This chapter is divided in the following sections. In the first section, named ‘Description of the model’,
we go further in detail how to mathematically describe this simplified model. For example, how ‘probability
mass flow’ is governed by the generator of a continuous symmetric simple walk. It will become clear after
the first section that most equations for the probability of (not) trapping depend on a ‘total mass’ In the
section ‘Hard traps’ we consider an extreme case where we derive asymptotics for the total mass at a simple
level. This serves as an introduction for the next section, ‘soft traps’, which covers the traps we have in
the localized model. In this section, the subsection ‘Approach’ describes how we solve asymptotics of the
total mass with every step a short explanation. The next two subsections, ‘Box expansion’ and ‘Potential
contribution’ are more rigorous, in the sense they contain more details and proofs about deriving the total
mass asymptotics. We also discuss the relation between this model and the parabolic Anderson model, which
provides an alternative method to acquire the results from the soft-trap approach. The final section ‘Many
particle setting’ studies how we can expand the one-particle case of probability mass into a more appropriate
case of multiple particles.

5.1 Description of model

Let (X¢)¢>0 be a continuous-time Markov chain which describes the trajectory of a single exciton. The state
space of this Markov chain is S = Z¢ U {A, B}, where A and B refer to the trapped states as given at the
beginning of this chapter. For every point z € Z¢ we have a random potential V' (x) which is independently
and identically distributed with respect to & which will represent the trapping potential. For simple cases,
we assume V' has taken some value according to its distribution and then calculate with V. At that point,
we know V(x) for all 2 € Z¢. This is what we call the quenched setting. Similarly, if we take into account
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that V' is randomly distributed, so we do not know V' (z), we describe the annealed setting. Tt is often easier
to analyze the quenched setting and later relaxing the condition that V is fixed.

Let L be the generator associated with this continuous-time Markov chain. For this instance, let a: denote
the rate of the exciton moving to a neighbor state (for example, = to « + 1). Similarly, 71 and 2 are the
trapping rates of traps A and B respectively. Define the function £(z) to be 1 if there is a B-type trap at
and 0 if there is no B-type trap at . Then as said earlier, £ is Bernoulli-distributed with P({(z) =0)=1—p
and P(¢(x) = 1) = p with p € [0,1] the probability of placing a B-trap at some site. Note that £(z) is
identically and independently distributed with respect to x. From equation we find that the generator
L equals

(Lf)(x) =D alf(y) = F@) +nlf(A) = f(@)] +726(@)[f(B) - f(2)] (5.1)
Yy~x

Define p(t,z) = u:(x) as the probability of the exciton being at the position x € S at a time ¢. We are
interested when the exciton is trapped, so we want to describe p;(x) when the particle enters the cemetery
states {A, B}. To find how p;(z) changes with respect to t and x, we can acquire partial differential equations
from Kolmogorov’s backwar equation (Theorem . By using u(t,z) = S;u(0,z) and 2 5;(Sef) = LS:f,
we find a“é‘it(z) = L(S;u(0,z)) for z € S. Let p(0,z) = 0 if « € {A, B} since we do not start at a killed state
at time zero. Then we have the following partial differential equations for w(t, ).

8“5,@ = (L ) (2) = apa(e) — 2o (@ (@) (v e 29 5.2

aﬂt Z ’Yl,ut (5.3)
reZd

alut Z 725 (5'4)
T€Z4

Here, L®W is the symmetric random walk on the lattice Z? with migration rate a, for simplicity we assume

1 as this will only scale time t. We define the potential V' as V(z) = —y; — 72&(x) as an multiplicative
operator. Also, we remark that the sum of 02, (z) (for all z € Z9), 82 114(A) and 02, (B) equals 0 since the
particle always remains in the state space S.

For now we consider only one particle, so let the initial condition be a peak at position z':

p(0,2) = 1(z = z')

Ope(z)
ot

If we return to equation (5.2)), we may write as the sum of two operators on p:(x), namely:

O] L ) 4 Vi)

It is clear that the solution for p(z) is described by the following Feynman-Kac formula (equation (3.23).

po(@) = e MR, [e2 Jo 6 sy (x, = x/)} — e MIE,, {e*vz Jo e dsy (x, = x)} (5.5)

Since the starting position does not matter, we choose ' = 0. Due to the indicator function 1(X; = 0), we
are interested in paths z — 0 since only these matter. By symmetry of the random walk, we may change x
for 0 and vice versa, by which we obtain the term to the right of equation (5.5)).

For our solution of ju(t,), we used a random walk on Z¢ instead of S, therefore we cannot directly
calculate u(t,A) or u(t, B) using the Feynman-Kac formula (equation (5.5)). However, we defined the

8We show these equations using Kolmogorov’s backward equation, this is equivalent to the forward equation since Sy and L
commute. However, when considering the approach taken, it is more logical to apply the forward equation (which is obtained
by switching the operators S; and L) since it evolves u(0,z) from time zero, and not backwards in time.
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transfer of Z% — A as v, u(t,x) and for Z¢ — B the transfer is v2&, (¢, z). So for the total mass we consider
all of z € Z.

S uat) = et S E, [e—w Jo e dsy (x, = x)} — MR, [e—w f(fs(XS)ds} (5.6)
TELL z€L4
ou(t, A _ o i
z€eZ4
(5.8)

Integrating over time t gives

t
u(t, A) = 71/0 e "MK, [6772 Joe(Xa)ds| gy (5.9)

To find u(t, B), use > oy pu(t, x) + p(t, A) + p(t, B) = 1 since the probability of remaining in S is constant.

As becomes clear, both p(t, A) and pu(t, B) will depend on the so called ‘total mass’ ;a4 u(t, ). In the
upcoming sections, we discuss how to find the total mass for different parameters of 71,72 and p. This name
can be attributed to the fact that we call u.(x) the probability mass flow. It is as if we split the mass of the
particle (with total mass 1) and distribute it over multiple positions. Then, the probability is essentially the
partial mass since the probability also sums to 1. For now, let U(¢) denote the total mass as given by the
equation below.

Ut)= > ult,z) =e "Eg [e—W Jo 8(Xs)ds (5.10)

€L

5.2 Hard-trap case

We will, before considering the general case, first consider when v; — 0 and 2 — oo, by which we mean the
hard-trap case. Instead of an exciton under influence of a potential, we can describe the exciton as being
‘killed” when stepping on a trap, hence the namesake. This can be seen when we rewrite the total mass U ()
in this situation.

U(t) = E, o0 Jo €(X:) ds (5.11)

This is abuse of notation, but does describe what happens in the limit 72 — oco. If the particle with trajectory
X; finds a trap, such that £(X;) = 1, we ‘kill’ the particle where the total mass becomes zero. This is due

to fot £(Xs)ds # 0 so

lim e 2 /s €Xds
Y2 —»00

Otherwise, if the particle has not ‘touched’ a trap until time ¢, we have f(f &(Xs)ds = 0, which gives

lim e 720 =1
Y2 —»00

There is a special technique applicable in this extreme scenario. In essence, since e~ 72 Jo &(x.)ds only

takes values 0 or 1 whether it has found a trap, we can think of this random variable having a Bernoulli
t
distribution. Again, using the abuse of notation earlier, we can intuitively understand e~>° Jo §(Xa)ds a9

P(e~® Jo €(Xs)ds 0)=1-¢q (X: hit trap)
P(e=°Jo §Xa)ds — 1) = (X; still alive)

Q
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Where ¢ is the probability of surviving and similarly 1 — ¢ is the probability of dying. This probability ¢ can
be described to depend on ¢, but in this case we will ignore ¢ and consider the spatial region of the particle.
Let us assume the particle is placed in some bounded region which is trap-free. Then for any time it spends
within this boundary, it will always survive for any time ¢. Since it is very unlikely that a particle will remain
in some bounded region for very large ¢, we will have to increase the size of the region as a function of time.
For a random walk and Brownian motion, the spread of the trajectory will roughly depend on v/t due to a
diffusion-like procesd?]

The first step is to define this boundary. Let this boundary be [~ R, R]¢ where R > 0 describes the size
of the boundary. The probability of not finding a trap within [~ R, R]? is

P(no trap in [-R, R]%) = (1 — p)(2R)d = (2R log(1-p) (5.12)
Recall that p is the probability of placing a trap at some site in Z.

With the region defined, we go to the second step. Some trajectory X; will survive when it is in the box
[~ R, R]¢ and the box is trap-free. So, we are interested in the probability of being within the box [ R, R]¢.
As will be shown in the next section ‘Box expansion’, this probability can be described as

P(X; stays in [~ R, R]?) ~ eme1tR™’ (5.13)
We remark by ~ we mean logarithmic equivalence, see section [4.1.2

Example 5.1. (Brownian motion) As stated earlier, the standard deviation of B; is v/£. So the boundary
where we will find the Brownian motion will be some scaled [—o(t),(t)]. If we then choose R(t) = v/t for
equation (|5.13)), we expect it to be constant. Since B; is normally distributed with variance ¢, we can state
that

P(B; € (—V't,V/t)) = const (= 0.68) (5.14)

Substituting R(t) = v/t gives exp(5%) = exp(—1), which indeed does not depend on ¢.

As the final step, we find that the probability of surviving will be

P(X, survives) ~ P(X; € [-R(t), R(t)]?) - P([—R(t), R(t)]? trap free) (5.15)
~ log(1-p)R(H)? | jertR(t) ™2 (5.16)
~ exp(caR(t)? + 1t R(t)~2) (5.17)

Where we applied equations (5.12)) and (5.13)).

To make an accurate guess for the survival probability, we need to make sure R(t) is chosen appropriately.
If R(t) increases to fast, we ‘generate’ a too large trap-free zone where most of the trajectories will not be
present. Otherwise, if R(t) increases too slowly, most trajectories will have escaped the trap-free box. So, we
require that both contributions by equations and have similar behavior for ¢. This is equivalent
to

caR(t)Y = 1t R(t) 2

We ignore constants ¢; and cp. The ansatz R(t) = t* gives

fhd _ 42k

hd _ p1-2k
kd=1-2k
1

9For Brownian motion, this is clear since we have B; — Bs ~ N(0,t—s). So the ‘spread’ of the Brownian motion is equivalent
to the standard deviation, which is v/t — s.
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Figure 8: Survival probability calculated for different times for 5000 to 37500 simulations (increasing with
t). This is done by simulating a random walk in 1 dimension until a time ¢ is approached. The survival
probability is found by calculating which simulations survived and which hit a trap (p = 0.05). Left figure
shows the averaged survival probability for different values of t. The right figure shows the expected behavior
of exp(t®) for some constant «, which is determined by the slope.

As such, we have found that R(t) = 72 and that the survival probability takes the form
P(X; survives) ~ exp (c;;th?) (5.19)

Where c3 is some constant originating from ¢; and cz. We remark that R(t) = #72 increases slower than
V= t%, while we expect Brownian motion and the random walk to act diffusely. This can be attributed to
the fact that the hard traps ‘slow down’ the overall mass spread. Every trap a trajectory comes into contact
with is annihilated, so the total mass loses some mass at certain points which would otherwise have spread
out further.

Example 5.2. (Simulation) We can simulate a 1-dimensional random walk, so it is possible numerically
calculate the survival probability equivalent to Eg {6_7 5 e(xs) db} . From equation ([5.19), we expect that the

survival probability, which we will denote by P, follows the law

P(t) ~ exp (703 ~t%)

Given that we know P(t), we check if the subexponential formula above holds by calculating

1
log(—1log[P(t)]) = log (03151/3) =3 logt+ ¢y

We can analyze log(— log P) by applying a least-squares fit for a linear function with respect to log¢. An
example of a simulation is visible in figure The obtained slope is approximately 0.4204. While the
calculated slope deviates somewhat from the expected value of %, it becomes clear that we do obtain a
relatively straight line. That the slope is not equal to % has multiple arguments.

1. We state that P(t) ~ exp(c3t'/?), so there can exist other smaller terms that are ignored.

2. We optimized R(t) for the same growth rate by ignoring any constants. It is possible that the ‘box
expansion’ contribution, which is exp(—tR(t)~?), provides more heavily than the ‘potential’ contribu-
tion.

In the next section, we will discuss the case for «, finite (the ‘soft’-trap case) where we give more detail
about how the probabilities given by equations (5.12)) and (5.13)) are derived.
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5.3 Soft-trap case
5.3.1 Approach

We now build upon the previous section ‘Hard traps’ to consider the more general case where v < co. We
can ignore 7y, for now, since this is simply an extra factor e =71, as becomes clear given the equation for the
total mass.

Ut)y= Y ult,z) = e MK [ew fots(Xs)ds} (5.20)

zE€Z?

This is the case when we consider the quenched setting, where the traps are fixed in place. We are
interested in averaging over all possible trap combinations. So in the annealed setting, we define the annealed
total mass (U(t)) = E¢[U(t)] where U(t) is given above (equation (5.19))).

The approach is similar as stated in the ‘hard traps’ section. In these sections, we define Z; = e™2 Jo €(X2)ds
which is a random variable depending on the process X;. We list the steps below.

1. (Approximation by bounded region) By our approach, we consider the spatial element extensively.
As such, for a ball of radius R, which is

Bz, R) ={y € 7', ||z — ylla < R} (for F =R, Z)

We distinguish between trajectories (Xs)se[o,4) Which leave the ball B(0, R(t)) and stay within the ball.
Conditioning between these cases gives the following expression.

Eo[Zi] = Eo[Z: | X, € B(0, R)|P(X, € B(0, R)) + Eo[Z, | X; ¢ B(0,R)|P(X; ¢ B(0O,R))  (5.21)

It depends on how R = R(t) is chosen, but we can assume P(X; ¢ B(0, R)) to be small if R is large.
This is due to the high cost for a trajectory to travel to the boundary in time ¢. For certain values of
R, we refer to Lemma [5.1] at the end of this section which gives an upper bound on the probability
of leaving the ball E As such, we ignore the second term P(X; ¢ B(0, R)). Then, there are two
remaining parts, which we label under the terms.

Eo[Zi] ~ EolZe1 0.5 (X1)] x P(X; € B(0, R)) (5.22)

Potential contribution Box expansion

The term Eo[Z;1p(0,r)(X¢)] is the part which contributes the potential to the total mass. In the hard
trap section, we simplified this to be the survival probability (1— p)(ZR)d, see equation ([5.19)). The other

term, P(X; € B(0, R)), represents the probability of remaining in the ball B(0, R). To be consistent
in naming, we call this the ‘box expansion’ term while we technically use a sphere.

2. (Box expansion) The approach to find the ‘box expansion’ term in equation will be to use the
large deviation principle. From the occupation time L;(-) = $ fot 1(X; € -)ds, defined by Definition
we can state that L;(B(0,R)) = 1 if and only if X; € B(0,R). Of course, if X; € B(0, R)
then 1p r)(Xs) = 1 and so Li(B(0,R)) = %f(flds = 1. For the converse, if L;(A) = 1 then
fot 14(X;)ds = t. Since we have a indicator function with height 1, we only obtain this equality if
X € A for s € [0,¢] (this can be shown by contradiction).

10Tn our results, we get R(t) = t1/4_ If we choose a large factor for R, then it will give a meaningful bound up to some certain
time ¢, as ¢ increases faster than t'/(4+2) for large t. If we assume that R(t) roughly moves with the total mass, we can choose
a large factor since we are only interested in the asymptotics (behavior of ¢1/(4+2)). Even for large R and large ¢, by our chosen
R, we can still assume the probability of escaping is negligible.
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We then continue with the rate function I(g) = § [ (gg(gc) dx as given by equation (4.51]) for Brownian

motion. Next, we will relate this rate functlon to the principal (largest) elgenvalue A of L = %%.

Then, we only consider functions which exist within B(0, R) since we ignore all trajectories outside
the ball. As it turns out, using this Dirichlet boundary condition gives the relation A\ o %, which we

c1tR(t) ™2

call the eigenvalue rescaling factor. This will give the result of P(X; € B(0,R)) ~ ¢ as found

in the hard-trap case (see equation (5.13)).

3. (Potential contribution) For the ‘potential contribution’ term in equation , we do not solve
this analytically. Instead, we first consider 7, in extreme cases, when v2 — oo (hard traps) and v — 0
(no traps). These cases give different solutions for R(t), so we are interested in when this happens
specifically. We use an approximation to find a transition equation, which we compare to simulations
of this contribution case.

Regarding the approximation of (1) given above, we substantiate this bound as follows.
Lemma 5.1. (Bound X;) Let (X;);>0 be a continuous symmetric random walk in Z¢ where Xy = 0. Then
we have the upper bound

Po(Xpo,q ¢ B(0,R)) < 2% exp{ Rlogﬁl + R} (5.23)

Proof. The proof is derived from Lemma 4.3 of [GM98|. An outline of the proof for a box (—R, R)? is as
follows (so this statement also holds for a ball B(0,R) C (—R,R)%). Let X; = (z(t),...,2%(t)) be the
vector of d components labelled z™(t). We have

Po(Xo ¢ (~B,R)%) = B(max X[ > ) (5.21)
= P(sg[gfg](|xl(8)| +o 4 [a?(s)]) = R) (5.25)
< 2d]P’(rr;zéx(9c1(s) + -+ 2%s)) > R), (symmetry)  (5.26)
< 2MHIP(2 (s) + ... 2%(s) > R), (reflection principle)  (5.27)
< 2d+1=BRE, {eﬁzl(t)}d, (Chebyshev’s exp. inequality)  (5.28)
< 9d+1,=BR 2td(cosh(8)~1) (5.29)

Assume R > td, if R < td then —Rlog + R > 0 so 2% exp(— Rlog + R) > 1, then the statement is
always true. Choose 8 = log 37 £ Then we have

R td td
— = _— = _— <
2td[cosh(B) — 1] = td (td + R 1) R+td ( 1) <R

This yields the inequality

R
Po(Xpo, & (=R, R)?) <2 exp ( Rlog — a " R)

5.3.2 Box expansion

This section is devoted to proving Theorem [5.4] This result relies heavily on the Lemma [5.2] and [5.3] which
do the heavy work for said theorem. While the theorem is proven for Brownian motion, we do motivate as
to how this statement will hold for Z<. For example, the eigenvalue rescaling in Z can be shown to be 1/R?
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by approximation, and for Lemma we motivate the argument for Z¢. Where possible, we give the proof
of the d-dimensional case.

First, we show how the principal eigenvalue scales when it support changes depending on a radius R from
radius 1.

Lemma 5.2. (Eigenvalue scaling, R?) Consider the operator

d

L=A%= (5.30)

ox?

i=1 g

Let Ay be its largest eigenvalue for eigenfunctions having support on the d-dimensional ball B(0,1), and
similarly Ag for eigenfunctions having support on B(0, R) where R > 0. Then we have

Ay
Proof. Let u : RY — R where x = (z1,...,24)7 denotes the d-dimensional real vector consisting of

components z1,...,24 € R. For clarity, if Lu = Au then [p, u(x) - (Lu)(x)dx = A [p, u*(x)dx, so if
Jra u?(x) dx = 1 we have [, u(x)- (Lu)(x)dx = A. By the condition [, u?dx =1, u (and «') must vanish
at infinity. Let us assume u is measurable and fRd u?dx = 1. Then we can use Fubini’s theorem to switch
individual components since we integrate over R Let dx = dzy--- dzg and d3* = --- dz;_1 dz;yr -+ (in
other words, we do not integrate over x;). We can rewrite this integral as follows.

d

82
/R ) u(x)(Lu)(x) dx = /R ) u(x) ; a—x%u(x) dx (5.32)
d 2
= Z /Rd u(x)%u(x) dx (finite sum)  (5.33)
d 0o 2
= Z/qu/, u(x)%u(x) da; dz’ (apply Fubini) (5.34)

d oo
= E / <[u8ﬁu]ij:iooo —/ (Op,u)? dxi) d#’  (integration by parts) (5.35)
=1 Rd=1

— 00

d
=> / — (8, u)? dx (vanishing limit)  (5.36)
i=1 /R?

d
- / (8, u)? dx (5.37)
RIS

So for Lu = Au we obtain [p, Zle(amu)Q dx = —A = Xif [, u?dx = 1. Let us the define A; and Ag.

d
A1 = inf {/ Z(amu)z dx / u? dx = 1,supp(u) C B(0, 1)}
ORI Re

d
AR = inf {/ Z(aLU)Q dx
Y RT 2y

First, we show that Ag > i‘—; Let v be some function with supp(v) C B(0, R). Define the rescaled version
of v as ‘

/ v? dx = 1,supp(v) C B(0, R)}

ur(z) = RY?v(Rx)

o1



Then supp(ur) € B(0,1). We will find d,,v and rewrite [, Z‘ii:l((“)gciv)2 dx as a function of [p,
which we can bound by Ag. From its definition, v(x) = R~%?ug(x/R), so from the chain rule

i

D,,0(x) = R—d/%am Jrur(x/R)

Now, we will integrate Y,(9;,v)? to find a bound using ;.

/]Rd Z O,v)* dx = /Rd Z Rz (0x,/rUR(x/R))* dx

= % /]Rd Z(ayluR(y))dy (let Yi = xz/R)

A1
Z R

Now, we show that \g < 1’\%2 using the same

Taking the infimum on both sides gives the equality A\g >
0,1), then the rescaled vg version has supp(vg) C

technique. Let u be some function with supp(u) C B(
B(0, R) as defined by

Ril
1), t

vr(x) = R~%u(x/R)
u(x) = RY?vp(Rx)

Then its derivative with respect to z; will be ,,u(x) = R¥2ROg,,vr(Rz). Integrating >, (9, u)? over R?
yields

Re
d
- ® / d Z<ayivR<y>> dy (et y; = Ra)
i=1
< Rz)\R
Again, taking the infimum on both sides gives A\; < RZAp or % < Ag. Since Agp = —Ag and Ay = —)\q, we

have shown Ap = ﬂ

O

Note 5.1. We use the operator L = A? instead of L = %Ad for Brownian motion. However, the factor %
only rescales the eigenvalues by %, so the statement still holds.

Secondly, we derive how we can find the probability of Brownian motion staying in a d-dimensional
sphere. We apply the large deviation principle and its results we found in the section to the occupation
times to find the wanted probability.

Lemma 5.3. (Brownian motion in sphere) Let (B;)s>0 be d-dimensional Brownian motion. Then for
R > 0 it holds

(B € BO.1) = exp (1 inf {1(0) [suppla) € B(0. 1) (59

Where I(g) is the rate function given by Proposition m
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Proof. We do not give a complete proof but give an outline of the proof. In equation (4 it has been

shown that Lt has a rate function I(g) = % [* gg(é) dz where g is a probability measure (m the sense
that [*_g(z)da = 1) and g(z) > 0 for all z € R as required by set Fy (equation (4.36))). Then for the

d- dlmensmnal case we have the sum of all individual rate functions as given by Proposition

:éiéfaﬁ

Let us assume that both L; and g are measures that take singleton sets, in other words L;(x) = g(x).
Now, we consider all possible g : R? — R under the family fg. Then in general we have

(5.39)

P(L;(x) = g(x),¥x € RY) ~ ¢t (9 (5.40)

Note that L;(B(0,R)) = 1 and Bjyy € B(0,R) are equivalent. Since we consider L;(B(0,R)) = 1, we
require that fB 0.R) g(x)dx =1 so supp(g) C B(0, R). The requirement L;(B(0, R)) = 1 can be satisfied by

many different g € f(ﬁl and supp(g) € B(0, R). We then postulate

P(L(BO0.1) = 1) = exp ( sup (~41(0) [supplo) < B0, )} ) (5.41)
gesfo

By Laplace’s principle, which we explain as follows. If we consider some function f : A — (0, 00) where A is
some arbitrary set, then if

T et < o

TEA

We expect that for large t, we get

@) n etubeca f(@)

A t large

That we assume by the same reasoning of Theorem which essentially proved this statement for A
countable (given that there was an element y € A where sup,¢ 4 f(z) = f(y)). However, the set F¢ can be
uncountable, so the theorem is not directly applicable. We remark that if we consider a continuous symmetric
random walk on Z (or similarly Z?), the set B(0, R) will be bounded, so a function g(z) : Z — R, with
supp(g) C B(0, R) will only exist on a finite amount of points. As such, if B(0, R) has n < oo points, we
can represent g as a vector of R”. It has been showrﬂ that Laplace’s principle does hold when integrating
over R™, so in the case of Z% the argument of applying Laplace’s method as described here is stronger than
for Brownian motion (however, we do assume it to be true).

By equation 7 taking —t out of the supremum (changing sup for inf) and substituting L;(B(0, R)) =1
for By € B(0, R) gives the wanted result. O

With the above lemmas shown, we now combine both results in the following final theorem. We remark
the distinction between A . and Apax used in the following theorem. By Proposition the eigenvalue
Anax should be nonpositive, hence Apax = —Amax > 0. This results in a negative coeflicient in the exponent.
Also, we define Apax and Apax in terms of B(0, 1) so that these values will be constants instead of being a
function of R.

Theorem 5.4. (Box expansion term) Let (B;);>o be d-dimensional (for now, let d = 1) Brownian motion
having generator

82
896

_] 1

—A‘i (5.42)

Define the principal eigenvalue Apax of L on B(0,1) as

118ee [DZ10|, section 4.3 about Varadhan’s lemma.
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Amax = sup {/}Rd u(x) - (Lu)(x) dx | y u”dx = 1,supp(u) C B(0, 1)} (5.43)

u
(oo}
—Amax = Amax = inf {—/ u(x) - (Lu)(x) dx| / u? dx = 1,supp(u) C B(0, 1)} (5.44)
u R4 -0
Then for R > 0 the following holds.
P(Bjo C B(0,R)) ~ ¢~F "Amax (5.45)
Proof. Our process will be as follows. First, we rewrite Apax to an intermediate form using the first derivatives
(in other words, sums of (9,,h)?) and then apply Lemma to scale the eigenvalue to the ball B(0, R). The
second step revolves around rewriting I(g) to the same intermediate form, then by Lemma we get the

wanted relation.
As has been shown using equation ([5.32)) in the proof of Lemma we can write

d
. 1 9
Amax = 117}f {2 /Rd 221(3%1;) dx

Then, applying Lemma t0 —Amax, We get a rescaled version of Anax, g Which we define below.

/ u? dx = 1,supp(u) C B(0, 1)} (5.46)
]Rd

d
wt {1 [ S 0,00
/\max,R = I?Lf {2 /Rd £ (31711) dx

)\max
Amax,R = i (Lemma

Now, we move to the second step. We know from Proposition and Lemma that the relevant rate
function I(g) is given by

/ u? dx = 1,supp(u) C B(O,R)}
R

d
1 [0, 9]2

= - —=d 5.47
8,;/[&(1 g (547

For some g € fg. Since g > 0 and fRd gdx =1, if welet 2 =gor h = \/g then fRd h?dx = 1. Using this
substitution in the above rate function (equation (5.47)) yields

_;Zd:/w[awf?dx (5.48)

Z/Rd LN (5.19)
zz/whza N (5.50)
% /}R ) ;(aﬁhﬁ dx (5.51)

Relating this result to Amax, r gives

Amax.R = i%f {I(h) | / h%dx = 1,supp(h) C B(0, R)}
]Rd
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This is the same infimum we have for Lemma so applying this lemma gives

(o) € B(0. 1) = exp (¢ inf {1(g) |supp(o) € B0 7)) ) = exp(~hmacr)
9&s0
Then, by equation (5.46) we find the wanted result

]P(B[Ovt] < B(O’ R)) = eXp(_tRiz)\max)

5.3.3 Potential contribution

With the box expansion term covered, we now analyze the ‘potential contribution’ term, which we define as

Eo [Zi1p(0,r)(X1)] (5.52)

In our situation, we must take into account the presence of traps, so for the total mass we consider the
annealed setting. The box expansion term is independent of the annealed or quenched setting (and so is the
~1-term), so we get

(UW) = (" xBolZl) ~ ¢ x (BolZilpo,r) (X)) x P(X; € B(0, R)) (5.53)

71 contribution

Potential contribution Box expansion

Let us consider the situation where ¢t and ~s are relatively large. Then the exponential part in Z; will
be drastically reduced to zero if the trajectory visits a trap. Given t — oo and/or 75 — 00, the value
Zi1p(o,r)(X¢) will be approximately zero if there exists a trap within B(0, R) since for such large time the
trajectory will eventually find the trap. So, the random variable Z;1p (o g)(X;) will take 0 if there is at least
one trap within B(0, R) and be 1 if there is no trap, approximately. This is equal to the hard trap case,

where we approximated the potential contribution to be of the form log(1 — p)(ZR)d. Similarly, we get

(Eo[Zi1p(0,r)(Xy)]) =~ exp(R%log(1 — p)), (large t approximation) (5.54)

Since the probability of finding a trap in a ball B(0, R) will be approximately (1 — p)VelBO:R) ~ ( )Rd.

In this approximation, we find the following solution.

1-p

Proposition 5.5. (Total mass asymptotics, large t) Assume that the approximation given by equation
(5.54)) is true, which is when ¢ — oo and 7, large. The we have the following total mass asymptotics in the
annealed setting for v; = 0 and a certain constant ¢; > 0.

(U(t)) ~ exp (—01 . tﬁ) (5.55)

Where ~ represents logarithmic equivalence with respect to the rate {7,

Proof. We will give an outline of the proof using the tools given to us so far, but this is not sufficient enough
to prove the statement completely. For a detailed proof, see refer to the article ‘Asymptotics for the Wiener
Sausage’ [DV75b| by M.D. Donsker and S.R.S. Varadhan.

By Theorem and equation (5.54), we obtain the following expression for the total mass (U (t)).

(U(t)) = exp(—a - R) x exp(—tR™*Anax)

We require both contributions to have the same speed. That is, we let R = R(t) and make sure the
exponentials have the same general form of exp(—cy f(¢)). Otherwise, the box expansion term will over- or
underestimate the actual probability mass, delivering unrealistic asymptotic results. Using this ansatz, we
find the following.



Let R(t) = t*, solving for k yields
fhd _ 41-2k

Thus k = thus R(t) = 77 . We then find (U(t)) ~ exp(—c; - R(t)?) = exp(—c; -tﬁg). O

d+2

Now, we consider the other scenario where ¢ is very small. In fact, we choose t < +2 —54> such that
the likelihood of jumping from x = 0 to another place is unlikely. At this point, we are always within
the ball B(0, R) so we ignore the term 1g(o,g)(X;). If there is a trap placed at x = 0, then the integral
fot —v2&(Xs)ds & —vat. If there is no trap, then the integral is simply zero. In short, the integral will be
small such that Z; ~ 1. For this scenario, we experience no actual ‘potential contribution’ due to the small
time scale. As such, we expect a diffusion-like process to occur. This is shown in the following statement.

Proposition 5.6. (Total mass asymptotics, small t) Assume for ¢ that

1

<
Yo +2d

(5.56)
Then we have diffusion-like behavior, in other words

R(t) =Vt (5.57)

Proof. Using the same procedure as in proposition but approximate the potential contribution as 1.
Then, the factor exp(—tR(t) "2 Amax) should decrease as fast as the constant, which in turn requires R(t)? = ¢,

yielding R(t) = v/t. O

Now, consider the general case. Let us assume b = (Eo[Z;15(0,r)(X¢)]). Since Z; = exp( ’)/2 fo X;)ds),
the range of b is [0, 1]. The particle will spends approximately pt time on a trap, so v, fo s)ds ~ —ngt
Then we can consider time regions t = :)Qg;b) for different values of b.

For large t we assumed that the potential part was (1 — p)Rd due to exponential decay from traps.
However, as small v, or ¢, we found that this approximation does not hold. As is visible in figure @, for
small amount of traps there is still some significant contribution. Let us consider an extreme example where
t < 1/(y2 + 2d) such there has not been a jump, then we have fg —72€(Xs)ds = —at if a trap is present
or 0 for no trap for the exponent. In short, we may simplify efo ~726(X2)ds a5 1 then the equating-powers
approach would give t° + ¢ - t—2P such that p = v/t which is similar to diffusion.

Similarly, we can approximate for small ¢ the time spent at traps as the fraction p (since the random

walk is not affected by traps). Then —vys fo s)ds &~ —vygpt. Since the expected value takes values [0, 1],
we may choose some t = %gp() where b € [07 1] to find where the regime of E [ Jo —mtx ] lies. We

visualize this using Monte-Carlo simulations as can be seen in figure [0}
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Monte-Carlo simulations of the expected value. y, = 0.005, p =0.01

(a) b=0.01 (b) b=0.2
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Figure 9: Distributions of efo —726(Xs)ds (denoted exp(— fot p(s)ds)) calculated from Monte-Carlo simula-
tions. The max time of a simulation is set by t = —log(b)/(y2p), where 2 = 0.005,p = 0.01. (a, b = 0.01)
This is the ¢ — oo case, where E[eJo ~726(X:)ds] ~ (1 — p)Ra which can be seen as the ratio of the distribu-
tion for the values 0 and 1. Since the values will become increasingly smaller, only the value 1 will remain,
hence we can make the approximation. This is the R(t) = t'/? time regime as derived earlier. (b, b = 0.2)
The value is now roughly distributed, and both approximations for small and large ¢t are not applicable.
This represents a “transition state” between R(t) = t'/2 and R(t) = t'/¢. (c, b = 0.7) Slowly, it becomes
more apparent that the value 1 is being taken, but still has a small spread-out distribution. Slowly as time
increases, we start at the distribution (d) and arrive at (a), as this distribution suggests. (d, b = 0.95) This
is the t < 1/~2-case as mentioned earlier where we approximated the expected value to be equal to 1. This
is the R(t) = v/t (regular diffusion) time regime.

5.4 Connection to parabolic Anderson model

While we do not use the parabolic Anderson model, we mention this concept as reference material for future
research. The parabolic Anderson model (PAM) describes a similar partial differential equation used in
our model, using a random potential V and on Z¢. In essence, it generalizes the concept of a random
walk within a random potential. For this section, we refer to the book ‘The Parabolic Anderson Model’ by
Wolfgang Kénig [Kon16], which contains many cases of this model applied and gives details about total mass
asymptotics. Let us define the parabolic Anderson model according Koénig’s book.

Definition 5.7. (Parabolic Anderson Model) Let u(t,x) : [0,00) x Z? — [0,00) be the solution to the
following problem:
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0
au(t, z) = A%u(t, ) + £(t, z)u(t, x) (5.58)

u(0,2) = 1(z = 0) (5.59)

The operator A? is used to denote the Laplacian in the discrete d-dimensional case, which we define as
follows:

Alfe)y= > [fly) - f(@)] (5.60)

YELt Y~z
We remark that A? coincides with the generator L for a symmetric random walk in Z¢.

In a similar procedure as we have done, we can find a solution for u using the Feynman-Kac formula
(Theorem . Konig provides a generalized result for total mass asymptotics when the potential is inde-
pendent of position, which we give below. Using the cumulant generating function H(t) = log(e®¢(®)), the
total mass can also be described using the following theorem.

Theorem 5.8. (Moment asymptotics, Konig) In the case of R(t) — oo, we have
(U®)) = exp (ROH(tR(t)" ")) x exp (—c- tR(t)"?) (5.61)
Where c is a constant.

Proof. This is an adapted case of theorem 3.13 of [K6n16]. O

Since H(t) = log(pe™ 2t + (1 — p)) = log(1 + p(e™ 72t — 1)), for large t we find H(t) ~ log(l — p).
Substituting this in the above theorem yields exp(R(t)log(1 — p)) x exp(—c - tR(t)~2), similar to what was
found in proposition

5.5 Many particle setting

Here we want to explain how to treat the setting of many indepen-

dent particles. It will turn out, that when the particles start with

a Poisson distribution, then at later times this Poisson distribution

will persist, and the associated parameters evolve according to the

Kolmogorov backward equation of a single particle. Therefore, for j
independent particles, our study of the single particle distribution
in is sufficient to understand the evolution in the multiparticle
setting.

Particles

Up until now, we have studied the behavior of a single particle 2 Q
as a probability density. As will be in the real case, we have multiple
particles moving along the lattice instead of one particle. In this 1 Q Q
section, we discuss how the distribution of particles at some site of
the lattice is found. We assume that the particles do not interact . )
with each other. Yy Xffj Xiyz’]

Positon ———

Assume that the amount of particles at a position x € Z is
Poisson distributed with parameter p,.(0) at time ¢ = 0. From point .
process theory, it is known that the distribution of particles always I igure 10: Visualization of X/, Some
remains Poisson distributed for any time ¢, hence we consider this Particle starts at place y and is indexed
distribution. We will show that this distribution holds for any as the jth particle. Then this particle

Y : _
t > 0, given we only consider the random walk in 1-dimension MOVeS to X;” at some time tr > to =
without traps. 0. After that, it moves to X7 at time

to > 1.
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Theorem 5.9. (Distribution of 7,(t)) Let the trajectory of each particle be described by a continuous
random walk in Z, being independent of each other. Define 7,(t) as the amount of particles at a position
x € Z at a time t. Assume that 7,(0) ~ Poisson(p,(0)) with parameter p,(¢). Then n,(t) is also Poisson
distributed, namely

ne(t) ~ Poisson(p,(t)) (5.62)

The parameter p,(t) is then given by the semigroup of the random walk,

pz(t) = Stpz(0) (5.63)

Proof. To show this is the correct distribution, we need more detail about the parameter p,(t) for different
times of ¢. For a Markov random walk, we use the notation X}*’ for the path of the j-th particle starting
at y (then at time zero), now at a time ¢. Furthermore, let p;(x,y) be the probability of x — y for a time ¢.
Our approach to prove Theorem is by evaluating the moments of 7, (t). Let us consider the first moment,
which is just the expected value of 7,.(t). We rewrite 7,.(¢) as the sum of all paths of other starting particles,
now currently at x.

1, (0) i
Ena(t) =E | > ) 1(X}7 =) (5.64)
yeZ j=1 ]
711/(0) i
=Y E|> 11X} =) (5.65)
YyEZ j=1 ]

Then use E(1(XY” = x)) = pi(z,y). Since we ultimately sum over 7, (0) independent trajectories, this gives
the expression for p,(t) as follows:

]E% Zpy pt<x y) = p:v(t) (5'66)

Proving 7, (t) ~ Poisson(p,(t)) can be done by showing that the moments of 7, (t) are powers of the
parameters. More specifically, if its moment generating function (see Definition is known. We can check
if it is the same as the moment generating function of a Poisson distribution, since the moment generating
function is unique. In this section, fix x € Z, t > 0 and let M (1) be the moment generating function of 7, (%)
as given by

M(l) = E[e!=()]

For X ~ Poisson()\), we get the moment generating function

> Aee=A

l) — Zelk

k=0

We will now show that 7,(t) ~ Poisson(p,(t)) by showing that M(l) = P+’ =) Rewrite M(l) in the
same way as for equation ((5.64) by considering the trajectory X/~.

k
= g7l = e D) (5.67)

M) = E [en 0] = [ Doe 1050 =) (5.68)
7y (0)

=IE| T &8 =2 X =2) (5.69)
yEZL j=1

.7

Let A; = ell(X?’j:m), then A; is independent of A; if ¢ # j since the paths are independent of each
other. So we have E[A; - Ay--- A, | = E[A;]---E[A,,]. Again, since the trajectories do not influence each
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other, the expected value of A; must be the same for any j = 1,...,n,. We take for example j = 1:
EH?i(lo) Aj =E(E(A;)™©) 2| which can be substituted in equation (5.68):

M@ =[E [E (et =x>)"y(°)} (5.70)

yez
=FEexp E 1y (0) log Ee!1(X"" =2) (5.71)
N —
Y m

Use 1, (0) ~ Poisson(p, (0)) and the moment generating function of 7,/ (0) to rewrite Ee"v ()™ = exp (p, (0)(e! — 1))
where m = log Eel (X" =) From independence of 7,(0) we can substitute this result into equation ([5.70)).

M(l) = exp (Z py(0)(e™ — 1)) = exp (Z Py (0)(Be X =) _ 1)) (5.72)

Take —1 into the expected value: E[e”(thl =) —1]. Since X¥'' can be described by a Bernoulli random
variable with probability p;(x,y), we get with probability p;(y, ) the value /! — 1 = ¢! — 1 and likewise
with probability 1 — p(z,y) the value e/’ — 1 = 0. In conclusion, I[‘E[e”(Xty'1 =) —1] = p(x,y)(e! —1). Using

this gives the final result as stated by the following equation.

M(l) = exp (Z py(0)pe(z, y) (' — 1)) = exp QZ py(O)pt(xvy)] (e — 1)> = exp (pu(t)(e' — 1)) (5.73)

v
By uniqueness of the moment generating function, we have shown 7, (t) ~ Poisson(ps(t)).

The parameter of the Poisson distribution of 7, (t) is given by p.(t) = >_, <7 pt(y,2)p2(0). From what
has been stated earlier regarding semigroups, we can rewrite p,(t) as the time evolution of p,(0) using the
semigroup S; (see Definition , in other words p,(t) = Sp.(0). By the first property of semigroups, we
have get the following partial differential equation for p,(t):

& (1) = Loe(t) ™= (ous (1) = pal0) + (prsa (1) — (1)
Here, RW 1D is given as an example for the 1-dimensional random walk. In a way this can be explained as
follows. Here, p.(t) represents the average of particles at position z and at a time ¢, while u(t, z) represents
the probability that a particle is at a position  at time ¢. Similar to quantum mechanics, u(t, z) can be seen
as the probability amplitude (meaning |t/|?). Scaling u(t,x) by the amount of particles roughly represents the
amount of particles at some position and time. However, the scale does not matter for the partial differential
equation of p (equation ) as both sides cancel out the amount of particles. Thus we expect that p, ()
has the same partial differential equation as p(z,t), as they describe the same mass/probability flow due to
the system. O

If we expand this to the model with traps, we notice that symmetry of p;(x,y) in space (in other words
pe(z,y) = pe(y, z)) is not required. From this, we can replace L for another generator which represents the
movement in this model. We can conclude that the multiple particle model behaves the same as the single
particle model, under the assumption that the particles do not interact with one another.

12We have double expectation values since both A; and 1y are random variables.
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6 Delocalized model

In this chapter, we take into consideration a trapping potential that is delocalized. In other words, trapping
may occur when the particle nearby the trap and not necessarily on the trap. This allows us to model more
realistic trapping potentials in real crystals. Within the delocalized model, we now consider two types of
lattices. First, we have a mobility lattice (denoted ML) where the excitons move. Secondly, there exists
a trapping lattice (denoted TL) which consists of atoms that may or may not trap the excitons. For
example, in the material YVO4:Eu®* the mobility lattice consists of solely vanadium (V) atoms, whereas the
trapping lattice consists of yttrium (Y) atoms and europium (Eu) atoms. We leave out the oxygen atoms
since the excitons are localized around VOy4-groups. The europium atoms are the dopant and replace some
of the yttrium atoms in the trapping lattice. In this model, we assume that only the europium atoms and
VOy-groups can trap excitons, while the yttrium atoms do not influence the excitons. The europium traps
are randomly distributed throughout the trapping lattice, having probability p of replacing an yttrium atom.
We call p the concentration of europium in the material. In contrast to the localized model, the europium
traps do not have to be placed on the mobility lattice. To determine the rate of trapping by europium traps,
we use some relation as a function of distance to the europium atom. The vanadate traps are placed on the
mobility lattice on every site with a fixed trapping rate.

In comparison with the localized model, this section will be less theoretical and contain more simulations
to describe a more complex structure with a spatially-dependent trapping potential. The model describes the
movement of excitons in a crystal by a continuous-time Markov chain. The state space will be the mobility
lattice as discussed above, and the trapped states. The crystals for which we perform the simulations will be
YVO4:Eu3t and RbsLuV,Og:Eu3t. These materials have similar vanadate emission since they both contain
VO, groups. Similarly, both materials will exhibit europium emission by choosing europium as dopant.

This chapter consists of the following sections. First, we describe the model and the lattice structure of
the crystals RbsLuV,Og:Eut and YVO4:Eu?t. In the following section, named ‘Numerical calculation of
the model,” we provide the mathematical tools required to perform the simulations. After applying these
numerical methods, we discuss what results we acquire from the simulations in the last section.

6.1 Model description
6.1.1 Lattice structure

To find the mobility and trapping lattice, we use the primitive unit cell of a crystal. For the material
YVOy,:Eu, we obtain the primitive unit cell by the cell parameters from The Materials Project |Jai+13],
using the material mp-19133. Using package ASE (Atomic Simulation Environment, |Lar+17]) we find the
lattice vectors of the unit cell and fractional coordinates of the atoms. However, since RbgLuV,0g:Eu is not
a material on The Materials Project, we use PDF-54+ [KDB24] to acquire a cif-file to calculate the lattice
vectors and fractional coordinates. In YVOy4:Eu, the primitive unit cell has 2 atoms of V and 2 atoms of
Y. For Rb3LuV50Og:Eu, the primitive unit cell contains only 1 Lu atom and 2 V atoms. The lattice lengths
of Rb3LuV,05:Eut are a = b = 5.944A and ¢ = 7.866 A. Those for YVO4:Eu®t are a = b = 7.13A
and ¢ = 6.30 A. We do not account for different lattice lengths for different concentrations of europium or
temperature.

We create a finite lattice by extending the lattice vectors aj, as, ag by an amount Ny, No, N3 respectively,
which we refer to as a Ny x Ny x N3 lattice. We use (n1,n2,n3,m) to denote a lattice sites of vanadium,
lutetium, yttrium or europium. The coordinates ni,ns and ng under conditions 0 < n; < N1,0 < ny <
N3, 0 < ng < N3 refer to the unit cell, while m refers to which fractional coordinate is used.

Example 6.1. (Lattice structure in RbzLuV;Og:Eu®t) In RbsLuV,0g:Eut, we are interested in the loca-
tion of a vanadium lattice site with coordinates (ny, ng, ng,m) = (2,0,3,1). For m = 1 we have the fractional
coordinates (0.3333,0.6667,0.2338) rounded to 4 digits. The location of this vanadium site will then be

0.3333
2a; + Oas + 3ag + (31 as a3) 0.6667
0.2338
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Figure 12: Histogram of the distances of the neighbors for the mobility lattice of a given crystal. Using
different m yields the same result since they have same neighborhood of vanadium atoms.

We now know the coordinates of the sites of the mobility and
trapping lattice. For the mobility lattice, we assume the exciton
can only hop to nearest neighbor lattice sites, which we define as
being within a certain radius of the host site. How this assumption
can be expanded to other lattice sites, we discuss in section [7.2.1]
We analyze the amount of neighbors compared to the distance for
these materials, as is shown in figure

For the crystal RbsLuV,Og:Eut, we find that the nearest
neighbors must have a distance smaller than at least 6m—19 as
is visible in figure In this region, the first bin is distance
5.03m ™10, the second is 5.41m~'° and the last bin is 5.94m~10.
While the first bin has 3 neighbors, which is enough to travel in all
directions x, y and z, choosing only these 3 neighbors will divide the
crystal into plates which do not interact with each other. To illus-
trate this, see figure We expect the exciton to move relatively
freely in all directions, so we also consider adding the second bin
for the nearest neighbors. Therefore we set the maximum distance
to be a nearest neighbor to 5.5m™'° for RbsLuV,Og:Eu3™.

For YVO4:Eu?*, the case is simpler compared to RbsLuV,Og:Eu3™.

We consider only the first bin of figure [I2b] to be the nearest neigh-
bors. The next largest bin is at distance 6.0 m~'% which represents
12 neighbors. Since we want to represent roughly equidistant neigh-
bors, we ignore this bin and all distances above it. Thus, we set

the maximum distance for nearest neighbors to 5.5 m™ ! to be the
same as for RbsLuV,Og:Eut.

Using the maximum distance 5.5m™!0 for nearest neighbors,
we have found the state space and which states to connect.
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Figure 11: Crystal structure of
RbsLuV,0g:Eu®t from given perspec-
tive where there ‘plate’ structure can be
seen. Solid lines are connections be-
tween vanadium atoms which have a
distance smaller than 5.1m~'% which
represent the first bin. The dashed
lines indicate the second bin (distances
smaller than 5.5m~1!%).  We remark
that without the dashed lines, the crys-
tal does not connect fully.
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6.1.2 Transfer rates and boundary conditions

To create the Markov chain of this model, we also need to know the

rates between states. Within this lattice, the rate between nearest

neighbor lattice sites will be k,,, which we define to be the migration rate. Throughout this chapter, we
assume the distance to the nearest neighbors to be roughly the same, so we let k., be a constant independent
of the distance. We do consider that migration rate is a function of temperature, as we discuss in the
upcoming sections.

Additionally, there is also a rate from every mobility lattice point to the trapped state A due to VOy4-
group emission. Let k., denote the VO, emission rate, as the rate c¢(z, A) for all « in the mobility lattice.
We assume k., is independent of temperature.

For trapping by europium, we use the trapped state B. We distinguish two trapped states which encap-
sulate the B trap.

o (Excited) Let Boy. denote the excited population of excitons trapped by europium sites. In this state,
the exciton can decay due to europium emission represented by the killed state.

o (Killed) In the state Biyijed, the exciton has emitted a photon due to the europium emission. The
rate from Beyc t0 Biilleq is given as kee, which is the europium emission rate.

The rate ¢(x, Bexe) from any x in the mobility lattice depends on the distance to europium sites. Using the
Forster energy transfer behavior per equation (2.12]), we can define it as follows.

o(2, Bexe) = ke Y W1(y is Eu) (6.1)
y€TL ’

In the above equation, k; is the europium energy
transfer rate, d(z,y) is the distance between points

states  and y, and TL represents the set of all trapping B
lattice points. In summary, this equation sums all dis-
tances from the host site to all other europium atoms by

the power of 6, multiplied by a scalar k;. We remark that
k. is a model parameter with unit m®s—! as this depends
on the distance between vanadium and europium sites.
For an overview of the model so far, we have illustrated @
the rates in figure
¢(X,Bexc)

V)
angstrom A = m~1° instead of converting to m. In this F o i o i i
example, we instead have c(x, B) = k(in A) x 1.0236 - - ‘ ' Key !
1073 A% m simulated examples, we often express k; @ @ @ ® @
as a function of another known variable, for example
ki = K - key. Then K implicitly obtains the unit AG.
As an example, let ke, = 10*s™". If we state k; = 10-key  Figure 13: Overview of the rates discussed so
we have k; = 10 A% 10%s71 = 105 A%s~1 which gives a  far. The V states represent the vanadium atoms,
rate c(z, B) = ky x 1.0236 x 1073 A% — 102,365 1. A refers to the vanadate emission trapped state,
B similarly is the europium trapped state. The
labels koo, ¢(x, Bexc), km,koy are the europium
emission rate, europium trapping rate, migra-
tion rate and vanadate emission rate respec-

tively. Transition V—A emits vanadate light,
while Bexe — Biilled €mits europium light.

For YVO4:Eu?t, the closest distance between a vana-
dium atom and europium atom is 3.15m~1°. For exam-
ple, if we have only one trap, then the closest vanadium
atom has a rate of approximately k; - 1.0235 - 1057 m~6.
Due to this extreme order, we can choose the unit R

Our model now depends on the rate parameters k,,,
ki, key and kee. While k,,, and k; are not yet known, we
can find ke, and kee by the lifetime from the photolumi-
nescence (PL) intensity decay. For this approximation,
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we refer to section in the appendix. In [Dan+20], the lifetime of broad band (420 nm to 700 nm)
VOy4-group emission at 500 nm from Rb3LuV,0g was measured at 7 = 23.75 us. Then, k., is calculated by

key = 1/7vo, = 4.211-10%s7! (6.2)

Since YVO, shares a similar crystal structure and the same vanadate luminescence as Rb3LuV,Og, we fix
key = 4.211 - 10*s™! for both crystals. We remark that this is the rate for undoped crystals. It will become
clear in the next section that the lifetime of the VO,4-group is a function of the europium concentration, due
to the higher trapping potential from europium atoms.

For the europium emission decay, there are multiple sharp peaks in the region of 400nm to 700 nm
[Dan+20]. In comparison to VO4-group decay, within said region there is only a broad single peak. Therefore,
when an exciton is trapped by europium, there are multiple ways for the energy to be transferred into light.
In the papers [Sev+17] and [CRC09), it becomes clear that there are two different intensity curves originating
from europium decay. For decay from level °D; we have fast decay where the lifetime lies in the 10 us region,
and there is slow decay from the ®Dy level having a lifetime in the region of 1500 us = 1.5 ms. Since transitions
from the Dy level have a higher intensity, we approximate all transitions from this level as having a lifetime
7 = 1.5ms [Sev+17; [CRC09] which yields the following europium emission rate

kee = 1/Tpy = 6.70 - 10?571 (6.3)

Since RbzLuV;0g:Eu?t and YVO4:Eu®t both share the same charge of Eu?T, we use the same rate for
both models. We remark how there is a considerable order difference between ko, and ke, however ke, does
not influence the transfer between the mobility lattice and the europium sites. Therefore, to expect some
europium luminescence, we expect the order of k; to be nearby the order of ke,. Then ke only prolongs
when a trapped exciton decays into a photon by an europium transition.

To simulate that the crystal is practically ‘infinite’, we apply periodic boundary conditions to the lattice
structures. For example, if an exciton leaves the lattice at the boundary on the right (from xy-perspective),
the exciton will reappear at the left side of the lattice. Using these conditions and the above nearest neighbor
distances, we have defined the Markov chain to simulate RbsLuV,0g:Eut and YVO,:Eu?t. We give the
mobility and trapping lattices in figure

6.2 Numerical calculation of the model

With the lattice structure given, we now continue to discuss how we simulate certain parameters of this
model. We divide these two methods into either the ‘spatial’ or ‘temporal’ methods. For the spatial method,
we discuss the situation when ¢t — oo. This is useful is we are interested in behavior which is not time-
dependent, for example the ratio between the total light intensity of vanadium and europium. We remark
that the light intensity is time-dependent, for which we essentially measure the ratio between the integrals
of light intensity until ¢ — co. When taking into account the temporal aspect, we can find the rise time of
the light intensity of vanadium or europium emission.

6.2.1 Spatial methods

To find how much europium emission we have compared to vanadium emission, we first have to define when
an exciton is trapped by either trap A or B. This is done by the hitting time T which denotes the first time
when the trajectory enters a certain set. If the exciton is trapped by A, we have 74 < co and 73 = co. For
trapping by B we similarly have 74 = co and 75 < oo, but then 74 > 75. So we can classify how the exciton
is trapped based on if 74 < 75. In conclusion, P(74 < 7p) is the probability of emission by vanadium and
P(ta >71) =1—P(ra < 7p) is |E| the probability of europium emission.

However, we remark that this probability should depend on the position where the exciton starts. For
example, if we have a low migration rate, then an exciton which is close to an europium atom should have a
lower probability of vanadium emission than an exciton without nearby europium atoms. As such, we refer

131t holds P(t4 = 7) = 0 since an exciton cannot be trapped by A and B at the same time.
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Lattice structure of RbsLuV,0g:Eu Lattice structure of YVO4:Eu
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(a) zy-plane of the lattice structure of RbsLuV20s:Eu’t. (b) xz-plane of lattice structure of YVO4:Eu?t.

Figure 14: Vanadium atoms (blue dots in figure) are connected to nearest neighbors which have at most
5.5m 10 from the center atom. In this case, p = 0.1 so on average 10% of the Y/Lu atoms (yttrium/lutetium
atoms indicated in orange) will be an europium atom (as indicated in red).

to the probability as P, (74 < 7p) where the exciton starts at Xo = x. In the next theorem, we prove a
condition this probability satisfies to solve our problem given a lattice structure.

First, we define the generator for our continuous-time Markov chain. Let LW denote the generator for
the random walk on the mobility lattice, in other words

(L) = > ka(fy) = f(2)
yEML
0<d(z,y)<5.5A

Then, combine the states Beye and Bijjeq into the general state B. We can do this since at t — oo the buffer
state Beyxc should be zero. As such, the excited population can be ignored in the context of spatial methods.

Using the above definition of LW we obtain the following generator for the delocalized model as

(Lf)(@) = (L™ f)(@) + c(@, A)(f(A) = f(2)) + c(@, B)(f(B) — f(x)) (6.4)
Note that ¢(x, A) = key which does not depend on z. In contrast, ¢(z, B) does depend on x.

Given this generator, we find the following condition for the probability P, (74 < 75).

Theorem 6.1. (Emission probability condition) Let (X;);>¢ be the continuous-time Markov chain
described by the delocalized model. The function f(x) =P, (74 < 7p) then satisfies the following condition.

(Lf)(z) =0, z € ML\ {A, B} (6.5)
fA4)=1, (6.6)
f(B)=0 (6.7)

When ke, > 0, c(x, B) > 0 and at least one trap type A or B is present, the converse also holds.
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Proof. We first prove the conditions stated by equation are true when f(z) =P, (7, < 7). fz = A
then we know P, (74 < 78) = 1 since 74 = 0. If x = B, then z is in a trapped state so X; will never enter
the set A. So we know 75 < 74 always, hence P, (74 < 75) = 0.

Now, we show the equality (Lf)(z) = 0 holds for z € ML \ {A, B}. Let us condition on the next step which
the process X; takes when starting at position x. Then we obtain the following.

Py (ra <7p) =Y Pz = y)Py(4 < 75) (6.8)
0= ; CSE;)/) Py(ta < 78) — Pa(ra < 78) (6.9)
0= ; Cf\gz;i) [Py(ra < 75) — Po(Ta < 7p)] (6.10)
0="> cl@ylf(y) — f(z)] (6.11)
0= l(jzj”)(x) (6.12)

Where we used A\(x) = >_, c(x,y). We conclude that (Lf)(z) =0 for f(z) =P,(14 < 75).

We now show the converse holds if L = LW — k., — c(x, B) is invertible, see note By conditions
f(A) =1 and f(B) =0, the operator (Lf)(x) can be written as

(L) = Y elz,y)lf(y) = f@)]+e(@, AL = f@)] + c(w, B)[0 — f(x)]
nyNI_?CI’

LRW ¢

Since (Lf)(x) = 0, we can rewrite the above equation as

(L™ ) () = [e(@, A) + ez, B)|f(z) = (Lf) (@) = —c(, A)

We can substitute ¢(z, A) = key. Given that L is invertible and can find a solution for f. By reversing the
steps of equation , we see that solving this system of equations is the same as of P, (74 < 75). Since
the model describes a finite state space, if L is invertible then we have a unique solution for f. We conclude
that f(z) = Py(T4 < 7B). O

Note 6.1. We remark that L has a zero eigenvalue if and only if c(z, A) + c(x, B) = 0 for all x € ML. By
Proposition (and extension to 3 dimensions), the eigenvalues of L®W are non-positive. Since c(z, A) > 0
and ¢(x, B) > 0, the operator L = LW — [¢(z, A) + ¢(z, B)] has strictly negative eigenvalues if ¢(z, A) +
c(x,B) > 0. If c(x, A) + c(z, B) = 0, the eigenvalues of L are those of LW . Since the rows of L™ sum
to zero by definition, (1,...,1)7 is the eigenvector for eigenvalue zero and thus also for LW, So, L is not
invertible if ¢(x, A) 4+ ¢(z, B) = 0. This requirement makes sense since if there is no trapping by A or B we
have f(z) = oo for all z € LT. In summary, L is invertible (and thus we can find P,(74 < 7g) through
equation (6.8)) if we have at least one A or B trap.

We can solve equation (6.5)) with the given boundary conditions numerically. To do this, substitute these
conditions into equation (6.4). We obtain the following equation.

0= (Lf)(x) = (L™ f)(@) + kee(1 = f()) = c(z, B) f(x)
—key = (L™ f)(2) = (kev + c(z, B)) f ()

Since ML is finite, LFW is a matrix. Rewriting L and f to some basis {x1,...,7,} = ML gives the following
vectorized form. Given we assign the probability for an exciton to start at some position p = (P(Xy =
r1),...,P(Xo = z,))T, the probability of vanadium emission is then
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P(vanadium emission) = p - f

Assuming an uniform distribution for p (in other words, an exciton is equally likely to appear on any
vanadium site), we just average over f. But in the case we create excitons on the unit-cell scale (smaller
than the finite lattice), we can also simulate the behavior by changing p. Using this vectorized form gives
the equation

_kev
£ = [L™W — (ke + diag(c))1] " | (6.13)
_kev

Where ¢ = (¢(z1, B), ..., c¢(xn, B))T. The vector f = (f(x1),..., f(zn))" contains the 1nf0rmation (Py, (14 <
78),- -, Py, (Ta < 7p))T. Note that LEW — (k., + diag(c)) = L as defined in Theorem

Similar to P, (74 < Tg), representing which emission the exciton will choose, we also can find 74 g which
represents the time it takes to be trapped. Intuitively, 74 p equals the lifetime of a certain exciton. Of
course, this depends on how the exciton travels, as such, we define E,[74 5] as the mean lifetime. We can
find a similar condition to that of Theorem [6.1] for E;[74 5]

Theorem 6.2. (Mean lifetime condition) Let (X;);>¢ be the finite continuous-time Markov chain de-
scribed by the delocalized model. If g(x) = E,[74, g] the following condition holds.

(Lg)(z) = -1, z € ML\ {4, B} (6.14)
g(z) =0, x € {A, B} (6.15)

When ke, > 0, c¢(x, B) > 0 and at least one trap type A or B is present, the converse also holds.

Proof. This proof is similar to that of Theorem [6.1] We first show that g(z) = E.[r,p] fulfills the condition
stated by equation . It is clear that g(z) =0 when x = A or x = B.

Assume we start at Xo = z. Let A\(x) represent the total rate outgoing from z. Then the exciton has to
wait E[Tx] = 1/\(x) time on average to jump to another site. When arrived at the other site, we add
>y~ BylTa,B]P(z — y) by conditioning on the first jump. This gives the following equation.

E.[7a,B] = A(lx +yN§;P x — y)Ey[7a,B] (6.16)
Eolra,5] = ﬁ + 2;: cif;;) E,[74,5] (6.17)
-t > D) (8,5~ Ealra.o]) (6.15)

—1=)» c(, y)[g(y) —g(7)] (6.19)
—1= ?z;;)(x) (6.20)

Clearly, g(x) = 0 when = € {A, B}, which proves the condition if g(z) = E.[74 g]. To show the converse
holds, assume L = LW — k., —c(z, B) is invertible (see note. By applying the condition g(A) = g(B) =
0, we obtain the following equation.

~1 = (Lg)(x) = (L™ g)(x) + e(z, A)[0 — g(x)] + c(z, B)[0 — g(2)]
Since ¢(x, A) = key, we have (Lg)(z) = (LFWg)(z) — (key + c(x, B))g(z). As such, if L is invertible,
g(z) = Ey[7a,g] by reversing the steps of equation (6.16)). O
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Calculating the mean lifetime numerically is done in the same way as with the emission ratio. We can
find g = (g(x1),...,9(z,))T by solving

-1
g=1'| : (6.21)
-1
We remark that this is the same as f per equation (6.13)) but rescaled by ke,. In other words,

g = f/kev (6.22)

This relation makes sense if we consider that f(z) = Py(74 < 7). If the exciton at z is near an europium
atom (B-type trap), the trapping potential is higher since this potential is the sum of vanadium (A-type)
trapping and europium trapping. Thus, the life expectancy of this exciton should be shorter than when
there are little europium atoms nearby. Similarly, the probability P,[r4 < 7p] is smaller since we expect
more emission by europium. Therefore f(x) decreases and similarly g(z) also decreases.

We can also consider the limit cases for ko, — 00 and ke, — 0. When ko, — 00, we essentially place a
hard trap everywhere on the lattice, thus the mean lifetime should reduce to zero, as expected by equation
6.22)). For the case ke, — 0, we ignore trapping by vanadium atoms. We can still solve for g by equation
6.21)), but the relation g = f/ke, suggests g approaches infinity. However, we remark that when ke, — 0,
the probability f(z) = P,(74 < 7p) becomes zero since there are no A-type traps, as is clear by substituting
kev = 0 into equation . In conclusion, the relation breaks down due to approaching the limit 0/0 but
g can still be calculated by equation ([6.21).

Finally, we note that the units of g = f/k., are correct, since g represents a time, f is unitless (represents a
probability) and ke, has units s=*.

6.2.2 Temporal methods

An important aspect of choosing a continuous-time Markov chain, compared to the discrete-time version,
is to be able to simulate excitons within a continuous time frame. While we model the entire state space
with a continuous-time Markov chain, it is difficult to directly measure the movement in excitons within
materials. Another method to compare our model to experimental data related to the light intensity emitted
by trapping. Therefore our goal will be to analyze exciton trapping in the finite time setting.

In section 5.5 we discussed how we may relate the behavior of one particle to that of multiple particles. In
summary, the average amount of excitons on a lattice site, denoted p,(t), follows the same law as P(X; = ),
which represents the probability of an exciton being at a position x at a time ¢. To recall, from Theorem [5.9
we have found

pa:(t> = Stpa:(o) (623)

We note that p,(0) simply represents the initial position of the excitons. Since we do not know how many
excitons are present at time zero, we cannot exactly determine p,(¢) and more importantly % pz(t) by some
scale E Therefore, we will use one exciton, which is equivalent to representing the average amount of
excitons by the probability of the exciton being at that location.

To numerically calculate this probability, we need to find e’ and thus first have to define L. As we work
with a finite state space and continuous-time Markov chain, the generator L will be a matrix defined using
equation . The matrix will be square with a length of #ML + 3, where the first elements of the matrix
are x1,...,x, which are the elements of the mobility lattice. Then we also have the elements A, Bey. and
Byillea-

1By Kolmogorov’s backward equation (theorem [3.9)), we have the relation

9
ap(u $) = LStp(O,CC) = Lp(t, $)
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Regarding the structure of L, we already found the nearest neighbors so Ly, o, = ky, if z; and x; are nearest
neighbors. For all x;, there exists VO, emission with rate key, 80 Lg; 4 = kev. Then for europium trapping,
we use equation . Finally, the transfer from Bey. t0 Biillea has a rate ¢(Bexe, Bkilled) = kee- Afterwards,
the diagonal of the matrix is calculated as

Lyw = Z _La:y

y#£T

Such that the sum of each row is zero.

With L given, we can find the transition matrix for any time ¢ > 0 with the formula P = e**. This can be
computed numerically by for example the SciPy function scipy.linalg.expm(t*L), which uses an advanced
algorithm. A simple algorithm would be by diagonalizing L as PDP~! with D = diag(Ds, ..., D,,), then
we find

P =¢c't = P diag(e'1, ... ePm) . P71

When calculating with linear timesteps 0, At,2At, ..., we can simplify calculation by using matrix powers
of elAt. For example, P(nAt) = P(At)" = (eLAt)n.

By calculating et” where L is given by and indexing this matrix, we obtain the probability of an exciton
getting trapped in some state. To find the probability of being trapped by trap A leading to vanadate
emission, we assume the probability of an exciton spawning on the mobility lattice is equal everywhere. The
probability of being in trapped state A conditioned on the starting position will be

P(X, = A) ﬁ XM:L(etL)M (6.24)

We expect an exponential decay curve for light intensity, which is explained in section[A.2]in the appendix.
This simple model discussed in the appendix can be expanded to the complete lattice instead of two states.
Since we distinguish the europium trapped state into the excited state Beyx. and killed state Byijeq, we obtain
a rise time in the light intensity. This rise time comes from the fact that the excitons get trapped can get
trapped sooner if they are closer to an europium trap. This property comes from the Forster 1/r%-relation
we use for europium trapping.

6.3 Simulation behavior of the model
6.3.1 Spatial distribution of vanadium and europium emission

To begin analyzing how the model behaves, we first look to numerically calculating P, (74 < 75) and E,[74 5]
as given section We will analyze and visualize these values for RbsLuV,0g:Eut. We then average
P, (T4 < 7p) over all points and try to describe how this average behaves for different parameters.

In figure we can examine per lattice site what the probability will be to decay via the VOg4-group or
via europium, and how the mean lifetime differs spatially. We first remark that both plots are essentially
the same but rescaled, as found by equation . In the case of k,;, = 10 - key, kt = 1 - koy and p = 0.1, the
probability is approximately 0.9 so the mean lifetime can be estimated as follows.

0.9
kev

Averaging over all points, we obtain a mean lifetime of (E,[74 p]) = 22.25 us. As is visible in the colorbar
in figure the mean lifetime ranges from approximately 19.5 us to 23.0 us. For figure we obtain
an average probability (P, (74 < 7)) of 0.937 if we weigh every lattice point equally. Intuitively, we can
understand this probability more as the ratio between vanadate and europium emission. This ratio relates
the amount of total photons emitted by the VO4-group and europium sites.

~09-025-1074~22-10"°s = 22 us

For the next results, we average over all mobility sites evenly. Since the mean lifetime is a rescaled version
of the emission probability, we consider now only the probability P, (74 < 7). At this moment, we can
configure the following parameters:
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Emission probability Py(Tey < Tee) Tor Rb3LuV,0g:Eu Mean litetime Ex(Tag) for RozLuV,0g:Eu
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(a) Probability of vanadium emission as opposed (b) Mean lifetime of excitons given per vanadium lattice
to europium emission per vanadium lattice site in site in RbgLuV20g:Eu®t for the zy-plane.

Rb3LuV20g:Eu®", illustrated on the zy-plane.

Figure 15: The vanadium decay probability and mean lifetime as calculated per equation and
respectively for RbzLuV,O0g:Eut, using a 20x20 x 1 lattice with parameters p = 0.1, k,;, = 10-key, bt = 1-kev.
Orange dots represent lutetium atoms, red dots represent europium atoms, and the colored triangles represent
the nearby regions of the vanadium atoms.

1. (Concentration p) If we increase the concentration p, we expect more europium emission and thus a
lower probability. At a certain point, the crystal is saturated with europium and expect the probability
to increase slower for higher concentrations, for example p = 0.2.

2. (Migration rate k,,) For a low migration rate, excitons have difficulty moving, which results in the
probability of VO4 or europium emission being determined by where the exciton is placed. Since the
trapping region of the europium trap is small compared to a large lattice, it will benefit europium
emission if the migration rate is higher. Excitons outside this region can also come into contact with
europium trapping sites, which increases the average exposure with all europium traps.

3. (Transfer rate k;) Increasing k; will increase the amount of europium emission and thus lower the
probability. Depending on how many traps are placed, we expect the probability to be around 0.5
when ke, is in the same order of ¢(z, Bexc) for high concentrations of p.

We will come back to the migration rate k,,, for now we set k,, = 10° - ko,. This is motivated by the
assumption that excitons can move relatively freely throughout the lattice. If we then vary the concentration
p and transfer rate k;, we obtain figure [16] for the material RbsLuV,Og:Eut. For YVO4:Eu3*, see figure
in the appendix. In this figure, we observe some key details about the behavior of trapping of excitons.
Firstly, a higher concentration p decreases the probability and since logically more europium increases the
amount of trapping by europium. We note that p is chosen logarithmically, therefore increasing p to obtain
a higher emission rate for europium becomes increasingly harder.

While k., is fixed, this does not have to be the case. Figure [28]in the appendix examines how the graph
changes for different values of k,,, this can be summarized as shifting the k;/k,, axis. We then discuss how
k; influences the probability, we note that the z-axis is a ratio of k; to k,, displayed logarithmically. It is
clear from the figure that k; changes the probability with asymptotic behavior. When k; — 0 we neglect
europium trapping and, as such, the probability approaches 1. For k; — oo the trapping potential from
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Averaged probability as function of p, kn,, k¢
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Figure 16: Averaged probability (P,(74 < 7p)) for parameters k;/k,, and for different concentrations p (e.g.
p = 0.1 equals 10% europium concentration) for a 12 x 12 x 12 crystal of Rb3LuV,0g:Eu®t. Migration rate
is ky, = 10° - key = 4 - 10°s7 1. For low p, there are low amounts of europium traps creating jitter.

europium becomes strong enough to win over VO,4-group emission, therefore we only find europium emission.
For values p = 0.02 to p = 0.05 we find that the transition between primarily VO,4-emission and europium
emission occurs at k;/k,, = 1072 and ends at k;/k,, = 10'. In the middle, when k;/k,, = 107!, we find
that k; = 10~ - k,,, = 10* - ke, therefore c(z, B) =~ 10°s™1, which is just higher than k., itself. Remarkable,
at k¢/k, = 107! we find extremely different values for the probability for different concentrations p. For
example, p = 0.5 gives probability 0.2 (80% is europium trapping), meanwhile p = 0.02 gives probability 0.9
(10% europium trapping).

6.3.2 Averaged europium emission as function of temperature

Previously, we considered k,, fixed and k¢, p as variables. Now, we let p = 0.1 and let k¢, k,,, be variables and
for now consider how much europium emission the crystal emits. So, by ‘probability’ we mean the probability
of europium emission, which is 1 — (P, (74 < 75)). Using the same method, we can find the probability of
europium emission will be given by the parameters k,, and k;. In figure we compute for every lattice
point this probability of europium emission in YVO,:Eu3*. Similarly to before, we show how the average
probability changes as a function of k,, and k;. We also show the standard deviation of the probability for
all lattice points. This then shows how uniform the probability is spread in the lattice.

As stated above, we calculate the average and standard deviation of the probability of europium emission
in YVO,:Eu?t for concentration p = 0.1. In the top figure, we observe that the emission of europium
increases as k,, increases for all k;. This can be explained since for small &, /key, we have a high standard
deviation. Thus, the probability of europium emission strongly depends on which lattice site the exciton
starts. If the excitons have greater mobility, they can move into regions with a higher region of influence by
europium trapping, which benefits europium emission.
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Probability of Eu emission for YVO4:Eu (p =0.1)
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Figure 17: Average and standard deviation of the probability of europium emission for all lattice sites in
YVO4:Eudt (10 x 10 x 10 lattice) with europium concentration p = 0.1. The top and bottom figure show
the average probability of europium emission and the standard deviation respectively. In both the top and
bottom figure, the z-axis represents the migration rate by k., /key. The level curves represent the parameter
k; as shown in the color bar to the right, represented by ki/key. In the color bar, the black line indicates
k¢ /key = 105 which is equivalent to k;/k,, = 1 where k,, = 10° - ke, as in figure

Also, we note that there exist two asymptotes with respect to k,, with a turning point around k,,, ~ 10-ke,
E The probability of europium emission in these asymptotes depends on the value of k; for fixed p. For
higher k;, it is clear that there will be more europium emission for any k,,, as is visible in the top figure of
This is as expected, since k; is proportional to the trapping potential /rate of europium. In contrast with
the average, in the bottom figure we see that the standard deviation will in most cases be higher with an
increasing k;, but not consistently. In general, for low k,,,, modifying k; will change how strong the europium
emission is compared to VOg-emission in the localized regions around europium atoms. Therefore, higher
values of k; increase the difference of europium emission between the outside and inside of localized sites
around europium atoms. For higher k,,, the excitons are able to move relatively freely and thus whether
an exciton decays by europium emission or vanadate emission will not depend on the starting position. In
conclusion, the standard deviation converges to zero for higher k,, regardless of k;.

Our next plan is to change k,,, for a temperature relation. As derived in the theory about exciton hopping,
the migration rate will follow the law per equation (2.11]), which states that the migration rate k,,(T%) at
temperature T3 is given by the migration rate k., (7} ) at temperature T} with activation energy F, as follows.

Fom () = Eon (T1) - \/Z - exp (—]i [T12 - éD (6.25)

Let us define k,;, o as the reference migration rate at temperature Ty = 300K s0 &y, 0 = kn, (300K). Plotting
the above equation for a given activation energy F, = 0.50€eV can be seen in figure

We expect the activation energy to be in the 0.1eV to 1.0eV range due to the strong effect from the
exponential function, see figure [30|in the appendix. For our simulations, we set F, = 0.50€V as a constant,
chosen such that this lies within the middle of the region we expect the activation energy to be.

We can now replace the parameter k,, with the reference migration rate k,, o and the activation energy
E,. Using equation , we obtain the results which can be seen in figure
From the figure, we see that the emission of europium increases as function of temperature T. As the
migration rate increases with higher temperatures, this characteristic is to be expected. Also, the terms

151n figure the transition region where the level curves broaden is also when k;, = 10 - key. While this is for different
crystals, parameter ky, is similar in both materials.
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Migsration rate as function of temperature (E; = 0.50 eV)
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Figure 18: The migration rate as calculated using equation divided by k,, 0 with activation energy
E, = 0.50eV. We denote the asymptote regions ky,/key < 1072 and ki, /key > 10? by the lower and upper
asymptote respectively if k,, o = key. If the migration rate is outside of these bounds, we europium emission
probability can be approximated to be constant, in other words, there will be no transition behavior.

Probability of Eu emission as function of T (E, =0.50 eV, p=0.1)
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Figure 19: Probability of europium emission as function of temperature 7" with activation energy FE, =
0.50 eV for different k., o and k¢ (color bar). This is simulated for a 10 x 10 x 10 lattice of YVO4:Eu®*. The
temperature axis is shortened for higher k,, o since higher values shift the transition region from 7"~ 500 K
for kyo = 1073 - key (left plot) to T a 250K for ky, o = 10% - key (right plot). We note that since the
migration rate is an increasing function for this activation energy and temperature range, the probability of
europium emission increases with higher temperatures with asymptotic limits.
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Probability of Eu emission in YVO4 (E; =0.50 eV, p =0.1, k0 = Key)
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Figure 20: Surface plot of the probability of europium emission in YVO4:Eu?* as function of temperature
T and europium transfer rate k;. Simulation uses 10 x 10 x 10 lattice with parameters E, = 0.50eV, p = 0.1
and kp,,0 = kev. We remark the transition region around 7' ~ 250 K which divides the two asymptotes. For
highter temperatures, the difference in asymptotes is increases compared to lower temperatures.

‘upper’ and ‘lower asymptote’ from when we defined k,, ¢ are now visible in the middle plot of the said

figure. For k,, = key, we see that the transition region lies between 200 K and 600 K, which are the
asymptote regions we mentioned for £, = 0.50€eV.

Another way to view the transition region is as a surface as function of temperature T and k;, see figure
In this figure, the transition region is clearly visible which is in between the two asymptotes with respect
to temperature. We remark how the difference between asymptotes for different k; is higher than for lower

temperatures. In other words, at higher temperatures the difference in europium emission probability is
greater for different k; than for lower temperatures.

6.3.3 Time-dependent intensity curve

To conclude this chapter, we analyze how trapping occurs for different points of time. Within this section,
we examine specifically how excitons are trapped by vanadate and europium trapping. From section [6.2.2
we can compute the intensity of vanadate and europium emission for certain time steps.

First, we begin with vanadate emission due to A trapping. We come back to the comment where we
define the vanadate emission rate ke,. This value is determined experimentally using the intensity curve
at a wavelength of vanadate emission, however this was measured without europium present. From the
delocalized model, we find that the lifetime of VOg4-group emission is a function of the concentration p,
the migration rate k,, and the europium transfer rate k;. We show this in figure for 3 different pairs
of parameters k,, and k; and a range of concentrations of europium. In this figure, we first remark that
for 0% europium, we obtain the lifetime 23.75 us as was experimentally defined. Then, when increasing the
europium concentration, the lifetime decreases. Introducing europium trapping reduces vanadate emission

E, but this occurs at a different rate than by A trapping. Therefore, the decay curve of vanadate emission
stops ‘earlier’ which decreases the lifetime.

Secondly, we consider how europium trapping is modelled for different time steps. In comparison to
vanadate emission, the europium intensity curve will also have a rise time. This occurs since we distinguish

16Metaphorically speaking, europium traps ‘steal’ excitons from VO4-groups.
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Lifetime of vanadate emission in Rb3LuV,0g:Eu
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Figure 21: Lifetime of vanadate emission in Rb3LuV,0g:Eu®t as a function of europium concentration
p. Increasing the strength of the europium traps by parameters k,, and k; decreases this lifetime. The
parameters k,, = 102 - kev,kr = 3 - 103 - key are specifically chosen to show linear behavior, while k,, =
102 - key, k¢ = 10° - key shows this is not always linear.

both the excited state Bex. and the killed state Byijeq. This is the case when c¢(x, Bexc) is larger than ke,
then the influx for state Bey. will be high for short times (on order of 1/¢(x, Bexc)). Since we have a finite
amount of excitons, the rise of influx will eventually stop. At this point, the excited excitons within the
state Bexe will slowly decay into photons presented as an exponential decay curve in the intensity E

For our purposes, we define the rise time as the time required for the intensity to increase from 10%
to 90% of its maximum. Using the same approach as before, we calculate can calculate the rise time
from the intensity curve of europium emission. See figure [22| for the rise times in YVO4:Eu* for different
concentrations. We remark that in this figure, k; was chosen such that the rise time would be concentration-
dependent. For values of k; lower than approximately 103 - ke, (in context of k,, = 10° - ke, ), the rise time
will be independent of the concentration p. We refer to figure |31 in the appendix for an example.

17 An analogue of this phenomenon is radioactive decay in certain isotopes. For example, uranium-235 will decay into thorium-
231 with a lifetime of 25.5 hours. Then, thorium-231 decays into protactinium-231 with a lifetime of approximately 32760 years.
If we then plot the amount of thorium-231 in the material, we obtain a rise and decay curve similar to the europium intensity
curve.
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Intensity europium emission in YVO4:Eu for different concentrations
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Figure 22: Analysis of the rise time of europium emission in YVO4:Eu3t. The top figure illustrates the
intensity curve for different concentrations, where the ‘maximum’ line shows how the rise time shrinks as
the concentration is increased. The bottom figure expresses the rise time (time it takes for 10% to 90% of
maximum intensity) as a function of the concentration. Simulation uses 7 x 7 x 7 lattice with parameters
Ky =10% - key and ky = 5103 - key
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7 Results and Discussion

7.1 Rate level curve for vanadium lifetime in Rb;LuV,0g:Eu?t

In the article , the lifetime of VO4-group in RbsLuV,0g:Eu®t was measured using the luminescence
intensity curve for europium concentrations p = 0%, 2%, 5%, 8%, 10%, 15%, 20%. We have simulated the
lifetime of VOy4-decay for a RbsLuV,O0g:Eut lattice of size 7 x 7 x 5 for different model parameters of k,y,
and k;. Since these parameters are in a way interchangeable, we cannot find an exact value of both k,, and
ki. We have found an optimal level curve for these parameters such that error between the model and the
experimental data is minimal. For a set of experimental lifetimes {7Texpp |p = 0%, ...,20%} and simulated
model lifetimes {Tmoderp | P = 0%, . ..,20%}, we define the root square error (RSE) as

RSE = \/Z(Tmodel,p - 7-exp,p)z
p

(7.1)

Using the above definition, the simulated root square error for parameters k,, = 1072 key to ky,, = 102 ke
and k; = 10% - key to k; = 10° - ke, are given as a contour plot in figure [23]
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Figure 23: Root squared error between VOg4-group Figure 24: Lifetime of VOy-group emission for

lifetimes in RbsLuV,0g:Eu®t measured experimen-
tally and acquired from simulations. The z-axis rep-
resents the migration rate k,, expressed in units of
the VO4emission rate ko, at zero europium concen-
tration. Likewise, the y-axis is the europium energy
transfer rate expressed in units of k.,. The orange
dotted line encloses the surface for which RSE < 2.

different europium concentrations, comparing ex-
perimental data (Measured) and simulated values
(Model) for smallest root square error (k,, =
9.237 - 1072 - key, by = 10° - koy) for a 7 x 7 x 5
Rb3LuV,0g:Eud™ lattice. Confidence interval rep-
resents 2 standard deviations of the simulated val-
ues, calculated for 200 simulations.

7.1.1 Discussion

The simulation uses a fixed random seed to generate consistent results for different parameters. While it can
be argued that having a consistent trap layout does not represent fully the randomness of the crystal, the size
is large enough that simulation results lie close enough to averaged values. In figure[24] the confidence interval
is given for the model acquired from 200 simulations which have different trap layouts. The parameters
chosen in said figure minimize the root square error in figure to the left. The model gives a relatively
large confidence interval for the 7 x 7 x 5 lattice, therefore the model has a low precision. Remarkably, the
model does have high accuracy, as the averaged simulation values lie close to the measured values. We note
that these experimentally obtained values also have some error. For example, this can be due to errors in the
europium concentration or in how the material is synthesized, but also from uncertainty of the equipment
used. While we do consider this error, we assume that on this scale we state the model is accurate enough.
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Our choice for a 7 x 7 x 5 lattice with 200 simulations is as follows. We observed that increasing the lattice
compared to 7 x 7 x 5, for example 10 x 10 x 8 did not improve the accuracy or precision (confidence) of the
model much. Since the time required for such a N lattice scales non-linearly due to matrix computations, we
have chosen for a 7 x 7 x 5 lattice. For the amount of simulations, in our case we found that in the range of
100 to 200 simulations would suffice for a consistent result. Within the time frame of minutes to hours, we
found that the confidence region does not improve much due to a bigger lattice or from more simulations. For
future research, it might be interesting to run these simulations on large lattices (for example 100 x 100 x 100,
which was limited due to memory and time issues) to find how the confidence region converges (or does not).

Aside from discussion on model assumptions, due to the randomness involved we do not expect a root
square error close to zero (for example < 0.1). Therefore it has been chosen that the most optimal parameters
which come close to simulating is a level curve, or rather a level surface, to represent which pairwise model
parameters (k,, k) are most suitable.

While this is a case of overfitting, another dataset of luminescence measurements on Rb3LuV,O0g:Eut is
necessary to find a region of parameters which intersects all regions of suitable parameters of different
measurement types. In other words, comparing other properties of the model and/or experimental data
obtained from Rb3zLuV,0g:Eut, can narrow the most suitable parameters (ky,,k;) down. For example,
measuring rise times of EuT emission and ratio between total light emitted by Eu?t and VOZ‘ can bridge
the problem of overfitting. A counterargument to the overfitting case is the decreasing linear trend found in
the experimental data, which is also found in the model as discussed in section [6.3.3

7.2 VO, /Eu®T-intensity ratio as function of temperature in YVO,:Eu®"

The material YVO4:Eu?t with 1% europium concentration is synthesized by daily supervisor Jeffrey Zom,
who also provided the PL spectrum dataset for temperatures T = 15K to T' = 300K with excitation
wavelength Aexe = 300nm. Those results are given in figure For low temperatures, the emission of the
V0,3~ is visible, as a broad spectrum around 450 nm. When the temperature is increased, this emission
decreases, while the light from Eut increases in comparison.

From this data, we calculate the total counts received by the sensor, corrected for background light
intensity, for emission from the VO,3~ and Eu?* ions. Since the total count is proportional to the amount
of photons emitted, the probability of europium emission can be calculated as

Counts Eu
Counts Eu + Counts VOu

Probability Eu emission = (7.2)
The amount of counts per ion is found by summing over the corrected count multiplied by its wavelength
interval. The two emission sources are distinguished by minimizing an Eu* template (wavelengths 520 nm <
A < 750nm at T' = 300 K) and using a moving average to remove the noise at the minimization region. These
total counts are given in the appendix (32]).

While there are more parameters in this model than datasets, we try to find suitable parameters due
to how these parameters shape the model. For example, the activation energy determines the slope at the
transition temperature 7. The parameter k,, o determines the shift compared to the transition temperature
T}, as was seen in figure [19| (previous chapter). Meanwhile, k; largely determines the the probability at the
asymptotic boundaries.

From the experimental data, the slope of the ratio is the steepest for T' = 109.86 K, therefore the transition
temperature is chosen as Ty = 109.86 K. To find for parameters E,, kn, 0 and k;, we use an iterative process
which minimizes the root square error in a certain region when one parameters is variable and the other two
parameters are fixed. For E, and ky, o, this is the transition region 0.4 < ratio < 0.95. For the transfer
rate k¢, the region T' < 100 K was chosen. The initial parameters for the iterative process are E, = 95meV,
kmo = 5 X 10! - key and k;, = 2.5 x 100 - ko,. After the process, we calculated the activation energy to
be E, = (101 £ 4)meV for a migration rate ky, o = (42 & 4) x 10*s7!. The transfer rate was found as
ki = (3.240.5) x 10° - key, where (3.2 & 0.5) x 10° has units A. This process yielded a mean square error
for the transition region of (74 3) x 107* and a mean square error of for the low temperature region. These
results are given in figure
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PL Spectrum of YVO4:Eu (1%) for temperatures 15 K - 300 K
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Figure 25: Photoluminescence spectrum (Aexc = 300nm) of YVO4:Eu?t with 1% europium concentration in
the temperature range of 15 K to 300 K. The y-axis represents is the counts per some interval wavelength
corrected for the background light intensity. The peaks in counts are given by an X, and have the corre-
sponding transition level of Eu?t.

These results acquired from the model are averaged over an ensemble of multiple simulations. For the
iterative process for Fg, k., 0, we calculated 15 simulations over 30 iterations, and 10 to 110 simulations
(depending on the iteration count) for 15 iterations. The uncertainty in the parameters E,, k,, o and k; are
given by the standard deviation over from the 2nd iteration.

7.2.1 Discussion

We first discuss the data analysis method, then we examine the results regarding the model. A point
of criticism is that the dataset used for finding the Eu/VOy-ratio does not incorporate uncertainty from
measurement. Secondly, since there is no measurement with VO4-only emission and Eu-only emission, we
have to acquire ‘templates’ to approximate roughly this ratio. And finally, during this analysis, sometimes
the minimization is too strong, which creates a negative value of counts for certain wavelengths. We correct
for this using a moving average to smooth out the noise, but also slightly underestimates the area of VOy.
This is partially negated by setting negative values at zero. We find that the counts of Eu®* is overestimated
meanwhile counts of VO,3~ is underestimated.

For the model, there is the issue of overfitting. In our results, we hand-picked the initial values k;, F,
and ko, which we then optimized from to find a set of parameters which suits best. Of course, we can
choose many other initial values to optimize, thus we cannot speak that these parameters describe the reality
completely. During the iteration process, we find that this process does not converge. Instead, we find a
range of values acceptable for F, and k,, . This can be helped by increasing the lattice size or increasing
the amount of simulations, which makes the confidence interval smaller. If this is done, we must also account
for the error of the experimental data. Also, we experimentally find an asymptote of 100% Eu emission at
high temperatures. In the model, this would mean extremely high values of k;. This is likely due to thermal
quenching and other phenomena unaccounted for in the model.

Another aspect of the model is the accuracy of the values given by the model. For high temperatures
T > 100K, we see in figure 25| that the confidence interval is relatively small, so the model yields predictable
results. While increasing the lattice size and amount of simulations should decrease the confidence, our expe-
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Europium emission ratio: model compared to experimental data for YVO,
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Figure 26: Europium (Eu®*t) emission ratio, as found experimentally (Measured) and computed using the
model with a given confidence interval. Parameters are E, = 101meV, kp, o = 42 x 10*s™! and k; =
3.2 x 10° - ke, lattice has size 5 x 5 x 5 and is ensemble is taken over 150 simulations. The transition
temperature Ty = 109.86 K is also given, this is where the ratio has the greatest slope.

rience finds that increasing these parameters marginally improves the confidence interval. Other parameters
are likely to dictate the confidence interval as well. For example, the concentration of 1% is relatively low,
increasing the concentration to 10% could improve the confidence level. Finally, for these high temperatures
where the model is ‘confident’, we do see that the model and experimental data almost agree.

The reason why the confidence interval is large for low temperatures, is likely due to high standard deviation
in emission probability as was given in figure [17] (right figure). For low temperatures, the migration rate is
relatively low (at 7' = 109.86 K: k,, o = 42 x 10*s™! is approximately 10 - k.,) creating isolated europium
centers which increases the standard deviation in the emission probability. Therefore, repeating the same
simulation for different trap layouts can yield different results, which gives a broad confidence interval (in
other words, the model is not confident). This confidence level can be improved by choosing a material which
has a lower transfer rate k;.

We try to compare the activation energy to those found in other literature and articles. In [HP75|, an
activation energy for YVO4:Eu?T was found of 48.0meV and 19.3meV by fitting the intensity and lifetime
curves respectively. We remark that the authors of [HP75] have chosen a different temperature dependence
for migration (of the form [exp(E,/kgT) + 1]71), so the results may not be directly comparable. An article
which does use the same temperature relation is by H. Nishimura and S. Nagata [NN88|, but was applied to
the material Nal instead of YVO4:Eu?t. They found an activation energy of 70 meV, which is in the same
range as we found. In conclusion, the model gives an activation energy in the same range as found by others,
but more research is required to sufficiently show the model is valid.

7.3 Further discussion about delocalized model

While the delocalized model converges to some emission ratio for high temperatures, depending on the pa-
rameters k¢, k0 and E,, and thus does not change. As discussed in the exciton theory chapter, if the
temperature is increased, the non-radiative transfer rate also increases. We expect that for higher temper-
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atures, the non-radiative transfer rate dominates over the radiative rate |§| , which reduces the efficiency
at which light is emitted by the VO, and Eu?*t ions, which we call thermal quenching. This can be
implemented into the model in a simple manner, for example we can expand the state space of B to (1) the
excited population Bey., (2) radiative killed state Byineq and (3) non-radiative killed state By,. The rate

would be ¢(Bexe, Billed) = kee and ¢(Bexc, Bnr) = Agy exp —kBLT> where E is the energy of the transition.

This would require us to define new parameters for the non-radiative transfer rate of VO4and Eu.

As was mentioned in the delocalized model chapter, increasing the concentration p marginally improved
the emission probability of europium, see figure As it turns out, for relatively high concentrations (for
example p = 0.2), the probability of europium emission will decrease |E| due to Eu?t-Eut interactions,
which is also called concentration quenching. If we know the mechanism for these Eu3*-Eu3" interactions,
it is possible to incorporate concentration quenching into the model. First, we increase the state space to
include an excited trapped state Bexc; for the jth europium atom in the lattice. As before, we have a
rate from Bexc j t0 Byilled (and By, for the non-radiative state due to thermal quenching), but also a rate
from Bexc,j to a certain non-radiative state By, for j # k depending on, for instance, the distances between
the jth europium atom and all other europium atoms in the lattice (or nearby ones). See figure [27| for an
illustration of the proposed trapped states.

If we wish to expand this model to other materials, one might find an activator ion which has transitions
which have similar but distinguishable lifetimes. In the case of Eu3*t, the life time has a relatively large
difference between the fast and slow transitions (ranges 10 us and 1ms), so this was not a problem in our
case. To account for other materials, we can expand the excited state to the energy levels for the activator or
sensitizer. By measuring the lifetime at specific wavelengths for these transitions, we obtain the transition
rate between the two levels which can be used in the model. In the case when two transitions of different
lifetimes have a similar transition energy, a curve fit of two exponential decaying curves can be used.

I
excited states !
:
:
I
1

_______

Byilled

ground states non-radiative

ground state

Figure 27: Example for suggested expanded trapped state for Eut emission. We simplify the 7Fj as the
ground states ground states, while the 5D; represent the possible excited states of the jth Eu3* ion. Here,
km,5p; denote energy transfer rate to excited state ®D;, in our model the sum of these is ¢(z, Bexc). Similarly,
ki ; represents the transfer rate from excited state 5D; to state 7Fj. Finally, kiq represents the thermal
quenching rate, and kcq is the concentration quenching rate (depends on location).

Another aspect of the model which could be improved is the lattice structure of the atoms. When we
change the temperature the lattice lengths can change slightly, which can impact results of the model where
the model is comparably confident. However, we expect this modification to not impact the results heavily.
Similarly, a high concentration of europium might change the lattice structure which we do not account for,

18This is the case if the radiative emission rate increases slower than the non-radiative emission rate. To motivate this, in
an article by F.L. Bregolin et al. [Bre414], it was found that the PL decay time of Eu nanoparticles (both Eu?* and Eu3*)
embedded in SiOz for the 618 nm wavelength (possibly Do —7 Fa transition in Eu3T) was relatively constant for temperatures
12 K to 300 K.

19For an example of concentration quenching in Rb3LuV2Og:Eu3t, see figure 8c of [Dan+-20].
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which likely does not change the results much. At the lattice level, the material in reality consists of grains
with boundaries and/or certain defects, such as holes or shifts within the lattice. To model this accurately,
sufficient experimental methods are required to estimate sizes of grains and how excitons migrate at grain
boundaries. But also on which defects are present and how they influence luminescent properties. Since
estimating these properties can be difficult, it can be difficult to implement these defects from experimental
data. Conversely, it might be possible to implement certain defects and derive from luminescence measures
certain defect concentrations.

While the model can be improved, it can be used for a plethora of settings. For example, we do not have

to assume hopping to nearest neighbors to be at a fixed rate. For instance, an anisotropic material can also
be used, where the migration rate can depend on the distance to the nearest neighbor, creating directional
hopping rates. Another example is as follows. If a crystal is small enough, for example within 100 nm to 100
nm (for lattice lengths of 10 A this is a lattice of 100 x 100 x h), we can adjust the boundary conditions to
model the complete nanocrystal. It might be of interest how the exciton moves when it is nearby a boundary
of the nanocrystal, and how luminescent properties are affected by this.
In addition to anisotropic hopping rates, we can also consider hopping rates between next nearest neighbors
or all other possible sites. Since k,, \V;J-P where Vj; represents the overlapping integral of the potential
between some atom i and j, it is possible to determine how the migration rate k,, changes over distance if
the wave functions of atoms ¢ and j are known m

On the topic of small lattices, we suggest that the model can be useful for narrow excitation laser beams.
For example, for an excitation wavelength of 300 nm, the diffraction limit for a numerical aperture of 1.4
would be approximately 107 nm. Assuming that the probability of exciton creation is proportional to its
light intensity, we can change the initial probability vector p (see section to change depending on the
intensity of the location, which can be described by the Airy disk for diffraction. Given enough computational
power, a lattice size of the order 100 x 100 x h to 200 x 200 x h should be possible.

From a computational standpoint, it might be interesting to implement how numerical calculation of
the model can be optimized. Currently, calculations are done at relatively large matrices, for example a
5 x 5 x 5 lattice has size 253, and solving tens or hundreds of 253 x 253 matrices can be computationally
expensive. The setting is similar for calculating e*”. Other interesting aspects are numerical convergence
rate and accuracy of the model.

At last, we also highlight our assumptions regarding the underlying theory used for this model. Our
assumptions made for the r~S-relation regarding the energy transfer or Markovian hopping rate (the as-
sumptions made in the Holstein model) can be flawed and different results compared to experimental data.
For future research, we suggest a comparison between Forster and Dexter energy transfer relations and
relating this to experimental data. We also mention that we only considered a hopping rate as described
by equation However, at low temperatureﬂ it has been shown that polaron hopping does approach
zero|Asa—+13|, which is important for modeling at these low temperatures.

7.4 Discussion about localized model

We discuss some possible future research about the localized model. For a more extendable localized model,
we suggest to make it ‘delocalized’ also, by implementing a r~6-type potential. Also, one might further
apply the parabolic Anderson model to find R(t) exactly, or in a simulated manner. Another possibility is
changing Z? to a more realistic crystal lattice by adapting the generator L.

20 As a suggestion, if the potential is approximated by delta peaks, one can find that |Vi]-|2 o exp(a - 7ij), where r;; is the
distance between the atoms and « is some constant. Similarly, [Lu+15| also presents an exponential relation.

21For example, less than 50 K for YVO4:Eu3t,
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8 Conclusions

We found that, in theory, exciton hopping, energy transfer, and decay can be described using a continuous-
time Markov chain since the transfer between these states is given by rates. In general, connecting math-
ematical concepts found in Markov chains, such as semigroups and Feynman-Kac, was very useful in both
the localized and delocalized models. While we discussed large deviation theory mainly due to Donsker and
Varadhan, it also lead to interesting properties for the generators, which we used in both models.

For the localized model, we have found interesting results which describe exciton diffusion in a neighbor-
hood of traps. Similarly, we can extend this model to one of many particles without many assumptions. It
is very theoretical in nature, but if asymptotics are found for a delocalized potential, one might apply these
results to real experimental data. Nonetheless, it presents an interesting case of soft traps of the trapping
problem, which connects a theoretical mathematical model to a real world example of physics and chemistry.

In the delocalized setting, we found that the model, when described by a Markov chain, can adequately
describe luminescence within its confidence level, compared to experimental data. We found that there
exist many mathematical methods to model certain kinds of random variables, such as mean lifetimes of
excitons or probability ratios. There is a lot of room for adjusting and expanding this model for evaluating
luminescence phenomena for not only europium doped vanadate phosphors. Not only is the model flexible for
the related parameters, such as migration rates, temperature or dopant concentration, but also can provide
smooth (but sometimes inconsistent) curves for many luminescent phenomena.

We hope that the insight gained within this thesis can be expanded to more settings, such as different
materials or different luminescence mechanisms. The results build a foundation as reference work for future
research on exciton movement and trapping, both in a theoretical and simulation fashion.
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A Appendix

A.1 Notation overview

Here we list an overview of symbols and notation, consisting of simple definitions not directly explained or
frequently used notation, used throughout the thesis.

Notation or symbol

Meaning

La(z)

1y =)

Oab

O f

oz f

A? (context Z%)

a~b

iid.

pdf

mgf

CLT

LDP

PAM

CTMT

X ~ N(u,0?)
X ~ Exp(\)

X ~ Poisson(\)
f* with f a function

X* with X a set
Co(X)

™ (X)
Fo, F§

(@u, f) with ¢ a functional
on Cy(X) with measure p

B(z, R)

indicator function of set A, 14(z) =1 if x € A, otherwise 14(x) = 0.
indicator for case y = x, i.e. 1(y =x) =1 if y = = and 0 otherwise.
Kronecker delta, equivalent to 1(a = b).

derivative of f with respect to x, i.e. 0, f = %

second derivative of f with respect to x, i.e. 8% = 68—;2]”

Laplacian operator in Z%, defined as (A9f)(z) = > yma(f(y) = f(2)) Where y ~
if y is a nearest neighbor to x (i.e. y =z £ 1 for Z).

E[- | X; = 2] for some given Markov process X;.

Logarithmic equivalence (see equation . We have a ~ b if and only if
lim,, e %(log(an) — log(by)) = 0.

independent and identically distributed

probability density function

moment generating function

Central Limit Theorem

Large Deviation Principle (Definition

Parabolic Anderson Model

continuous-time Markov chain

X is normally distributed with mean u and variance o2
X is exponentially distributed with rate A (pdf is Ae=*?).
X is Poisson distributed with parameter A (pdf is ;‘C—I;e_)‘)

f* is the Legendre/Legendre-Fenchel transformation, as given by Definitions
and of f.

X* is the dual space of X, as given by Definition

space of all continuous functions f : X — F (F being a field) which vanish at
infinity.

space of all n continuously differentiable functions f : X — F (F being a field).

set of probability density functions which are continuously differentiable, strictly
positive and are in L*(R) (see equation . Then F¢ extends the notion to R

(Pus ) = wu(f) = [ fdu

d-dimensional ball (depends on context) consisting of all points y such that ||z —
y|l2 < R. Can be used for R? or Z¢.
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Notation or symbol

Meaning

supp(f), f having support
on ...

Btv (Bt)teT

Zy  (section
model)

O(f(x))

ol f(x))

A, angstrom
ML

TL

A

B, Bexc Bkilled

Localized

root squared error, RSE

kp

supp(f) = {z € X[ f(z) # 0}

Brownian motion (dimensions depending on context) at time ¢ or time in set 7.

7y = exp (—’Vg fg E(Xs) ds)

Big-O notation, 3N > 0 such that |g(z)| = O(f(z)) > |f(z)| for all z > N.

Little-o notation

unit representing m—19

mobility lattice

trapping lattice

trapping state of vanadate emission

europium trapping state, where By is the excited population and Byjjjeq is the

killed population

migration rate, units s!

vanadate emission rate, units s

europium emission rate, units s~!

. . _ 6 _
europium energy transfer rate, units m%s=! or At

given two datasets x[i] and yli], the root squared error is /> ., (z[i] — y[i])?;
the mean square error MSE is RSE?/n.

Boltzmann’s constant, is 1.380649 x 10723 J . K~}

A.2 Rate in single-transfer state space

For decay curves, we describe the intensity with respect to time of a certain light source. In this work, we
refer to luminescence of excitons, which we describe by a Markov process. In this manner, assume we have a
continuous-time Markov chain with a state space {1, 2}, where we have the rate ¢(1,2) = k and ¢(2,1) = 0.
Here k is the decay rate in the sense of the Markov chain.

We know the transition matrix P is given by e**. For this approximation, assume every exciton decays into
one photon with a fixed energy. Then the intensity measured is proportional to how many photons are emitted
per unit of time. Therefore, I oc 2 P,(t) = Pj(t) where P,(t) denotes the probability P(X, = 2| X, = 1).

To solve for k, we may write P'(t) =

4 etl — Letl which gives
P\ [~k K\ (P )
Py(t) 0 0) \P()

From this we obtain the differential equation P|(t) = —kP;(¢t). Since we start at 1, we have P;(0) = 1 and
P5(0) = 0. So, the solution for P (t) is

P1 (t) = e_kt (A2)

Since the sum of the probability is 1, we find
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Py(t)=1-Py(t)=1—e* (A.3)

Differentiating gives Pjy(t) = ke **. We conclude that the intensity curve decays according to e *!. Often
the parameter for this decay is named the lifetime 7 where I o< e~ */7. So we find that k = 1/7.

A.3 Figures

Averaged probability as function for kp, = 10° - ke, Averaged probability as function for k, = 107 - ke,
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Figure 28: This is the same as figure [16| with different values of k,, but with the same crystal structure
(10 x 10 x 10 lattice). This figure therefore skips k,, = 10° - ke,. The above figures are shifted by the same
order k,, is shifted, hence the figures look the same. For extreme cases for k,, very small, we examine that
the distance between the level curves from p increases. This occurs roughly when k,, = 10 - key ~ 107571,
It is likely that due to the low migration rate, it is harder for the excitons to be trapped by europium atoms
it is more difficult to find these atoms. Therefore, especially for low concentrations, the probability will be
higher since we expect less europium emission.
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Averaged probability as function for kn,, = 10° - key
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Figure 29: Averaged probability (P,(7a < 78)) for k,, = 10° - ke, for the crystal YVO4:Eu?* (10 x 10 x 10
lattice). This is similar to the figure of but shifted a little bit to the right. A possible explanation is that
in YVO4:Eu®t, the vanadium atoms have less nearest neighbors and therefore the migration rate should be
higher (and k;/k,, lower) to compensate.
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Relative migration rate Km/Km o

Migration rate as function of temperature (E; = 0.01 eV)

103 A

=

o
-
!

-

[S)
L
L

,_.

15}
&
A

,_.

15}
&
A

,_.

o
4
.

—-= Upper asymptote
—-= Lower asymptote
—==- Transition region

,_.
15}
&

0 100 200 300 400 500 600 700 800
Temperature T (K)

(a) B, =0.01eV

Relative migration rate Km/Km o

Migra

tion rate as function of temperature (E; = 10.00 eV)

[y

o
©
vl
L

=

(=)
)
N}
1

=

o
o
©
1

=

o
o
o
1

=

o
S
)
1

=

o
W
S
1

=

o
e
~

=

o
S
!

—-= Upper asymptote
—-= Lower asymptote
—==- Transition region

,_.
15}
&

0 100 200 300 400 500 600 700 800
Temperature T (K)

(b) E, = 10.0eV

Figure 30: The migration rate as calculated using equation divided by ky, o for different activation
energy. For reference, see ﬁgure While a low activation energy is feasible (E, < 0.01¢V) if we choose ko
carefully, we will only change in behavior caused by the migration rate in low temperatures (7' < 100K). In
literature, we expect drastic change in intensity between 0 K to at least 300 K, which this does not reflect.
For high activation energies (E, > 10eV), the change is too drastic and focused on one specific temperature.
If we choose k, o = kev, then our asymptotic range would be in the range of tenths of kelvins if not less.
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Intensity europium emission in YVO4:Eu for different concentrations
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Figure 31: Rise time in YVO4:Eu3* (5 x 5 x 5 lattice) for ky, = 10° - key, kt = 1+ key. For reference, see figure
While for low k; we still experience a rise time (here 7 = 4.4295 - 1075 s), this value is independent of
the europium concentration. Changing k,, for higher or lower values (e.g. 108 - ko, or 107° - ke, ) does not
change this value.
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Estimated total counts of Eu/VO4-emission in YVO4:Eu (1%)
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Figure 32: Left figure: calculated total counts (or area) of the PL spectrum, separated for VOy-emission and
Eu-emission, given for temperatures 15 K to 300 K. Right figure: Counts expressed as a ratio of the total
counts, per temperature.
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