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Abstract

Single-photon counting MKIDs (microwave kinetic inductance detectors) are light detectors that use
the change in the electric properties of a superconductor due to electron excitations to detect individual
photons. Novel MKIDs are limited by an uncertainty in the down-conversion process from a photon to
a number of excited electrons, called the Fano factor. These Fano-limited MKIDs could be improved if
a method is found to lower the Fano factor, further increasing the resolving power of MKIDs, and pos-
sibly other detectors that rely on pair-breaking. In this report, a Monte Carlo simulation is constructed
to simulate a large number of individual photons incident on a superconductor. The data from the sim-
ulation is then used to calculate the Fano factor. Simulations are performed to test the dependence of
the Fano factor on both the choice of superconducting material (Sn, Nb and Al), and the energy of the
photon incident on the superconductor. F = 0.208± 0.003 is found independent of material and photon
energy. The dependency of the Fano factor on the phonon spectrum of the superconductor is tested
and the possible implementation of phonon spectrum tuning in order to improve the Fano factor are
discussed. We find that F can be reduced to F = 0.151 ± 0.003 by implementing a phonon band gap
from 0-2∆. The resolving power of an MKID then improves with up to 24%. To realise this band gap,
holes could be introduced in the superconductor, creating a pattern with a period of approximately 80
nm. The smallest feature size in this pattern would be approximately 40 nm, which is achievable with
current technology. It is unlikely that a perfect 0-2∆ band gap can be created and the real improvement
of F by implementation of a phonon band gap would probably be lower than 24%. We conclude that
improvement of the resolving power of an MKID via the Fano factor is possible in theory, but further
research is required to test the viability of such a band gap and calculate the specific shape and size
of these holes.
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1
Introduction

Astronomy is a discipline as old as mankind itself. Our ancestors used their eyes to peer into the night
sky to discover constellations, along with the planets in our solar system. Later on, instruments like the
telescope made it easier to study the stars. Nowadays, scientists are pushing technology to perform
more accurate measurements over longer and longer distances. An example of recent advancements
is NASA’s James Webb Space Telescope, the 10 billion USD space telescope that launched in 2021
[2]. One discipline in astronomy is exoplanet spectroscopy [3], used for the identification of molecules
present in the atmospheres of distant planets. Because the light coming from an exoplanet is 1010 times
less intense than the light from the star it orbits, very sensitive photon detectors with wide bandwidths
are required [4]. The sensitivity of optical instruments can be measured with the resolving power of the
instrument. The resolving power is a dimensionless quantity that characterizes the extent to which a
detector can distinguish different wavelengths of light from each other. For exoplanet spectroscopy, a
detector with zero noise and a resolving power of 100 to 150 is needed [4].
A single-photon counting MKID (microwave kinetic inductance detector) is a microscopic detector that
uses the properties of superconducting metals to detect individual photons in the visible to near-infrared
wavelength range [5]. A photon that is absorbed by the detector causes electron excitations, temporar-
ily shifting the electrical properties of a superconducting inductor. This temporary shift can bemeasured
via the readout line of the chip. A big advantage of this type of detector, compared to other supercon-
ducting detectors, is that it can be used in large arrays [6]. The resolving power of novel MKIDs is
limited by an uncertainty in the number of electrons that are excited by an incoming photon [4]. The
quantity that describes the spread in the number of excited electrons is called the Fano factor, which is
generally considered a fundamental limit in the resolving power of MKIDs. But how fundamental is this
Fano limit really? Can MKID detectors be engineered in a way that circumvents this limiting factor and
improve Fano-limited MKIDs? The results found in this study may not only be applied to single-photon
counting MKIDs, but also to other detectors that rely on Cooper pair breaking.
In this report, after providing some theoretical background on phonons, superconductivity and MKID
detectors (chapter 2), a Monte Carlo simulation is created to simulate the processes that take place in
an MKID (chapter 3). The data from the simulation is used to calculate the Fano factor. After this has
been accomplished, different experiments are performed to find factors that may influence the Fano
factor and the results are discussed (chapter 4). The main research question of this report is:

To what extent can the Fano factor be improved to enhance the resolving power of single-photon count-
ing MKIDs?

This question can be answered by either proving that the Fano factor depends on certain factors like
material properties, or by proving that the Fano factor can not be influenced by the input parameters
of the simulation. In the first case the resolving power of MKIDs may be improved further by the
implementation of the found solutions. In the latter case, the resolving power of MKIDs should be
improved in other ways rather than improving the Fano factor.

1



2
Theoretical background

Before we can construct a simulation to calculate the Fano factor, we need to understand some things
about MKIDs. This chapter will introduce the necessary concepts that need to be understood to set up
the simulation and calculate the Fano factor in an MKID. Phonons (2.1), superconductivity (2.2) and
a more detailed explanation of MKIDs (2.3) are discussed, which enables us to understand what the
Fano factor is and why it is important in MKID measurements (2.5).

2.1. Phonons
Solid state physics includes the study of the crystal structures of materials. These crystal structures,
or lattices, consist of a network of atoms which can carry vibrations and may consist of more than
one type of atom (e.g. salts). To effectively describe them, crystal structures are often interpreted as
point masses connected by springs. As mentioned before, these systems allow a range of oscillations,
called lattice vibrations. To conveniently describe these vibrations, the concept of phonons is used. The
energy of a phonon is, analogous to the energy of photons, quantified into a packet of energy Ω = ℏω,
where ω is the angular frequency of the lattice vibration mode and ℏ the reduced Planck constant. It is
important to note that the maximum energy of a phonon is capped by the maximum phonon frequency
ℏωmax. This maximum frequency exists because the shortest wavelength a lattice vibration can have
is half the distance between atoms in the lattice. At this wavelength, neighbouring atoms have a phase
difference of π and since ω = 2πλ/v, the maximum frequency ωmax is reached. Therefore themaximum
energy of a photon is given by ℏωmax. ℏωmax is often approximated with the Debye energy ℏωD, with
ωD the Debye frequency, or the approximated maximum angular frequency at which a crystal lattice
can vibrate [7]. Because different materials allow different phonon modes, the phonon spectrum F (Ω),
containing the allowed phonon frequencies, varies per solid [8]. In real solids, these phonon spectra do
not resemble analytical functions. According to Kaplan et al. [9], a useful approximation for the phonon
spectrum of a material is the Debye approximation, where α2(Ω)F (Ω) ≈ bΩ2, with b some constant
(see figure 2.1) and α2(Ω) the effective electron-phonon coupling constant. This density of states is
derived as follows: the Debye approximation uses a cutoff frequency ωD to calculate the density of
states and we have 3N vibrational modes in a crystal lattice. Thus

3N =

∫
dk⃗ = 4π

∫
k2dk =

4π

v3

∫
ω2dω = 9N

∫ ωD

0

ω2

ω3
D

dω =

∫ ωD

0

g(ω)dω, (2.1)

with ωD the Debye frequency. We can see that g(ω) ∝ ω2 [10]. Since the frequency of a phonon is
directly related to its energy via Ω = ℏω, α2(Ω)F (Ω) ≈ bΩ2 is a good approximation to use at low
energies.

This description of lattice vibrations and the phonon spectrumwill later be useful in describing processes
in a superconducting solid.

2



2.2. Superconductivity 3

Figure 2.1: An experimentally measured phonon density of states of niobium (Nb, dashed line) along with its Debye
approximation (black line). The Debye phonon spectrum stops abruptly at the Debye energy ℏωD and note that the

approximation is less accurate for higher phonon frequencies. Figure from Ref. [11].

2.2. Superconductivity
First discovered by H. Kamerlingh Onnes in 1911, superconductivity is a phenomenon where the resis-
tivities of certain solids vanish below a certain critical temperature Tc (see figure 2.2). A very successful
theory of superconductivity is BCS theory, named after its inventors: Bardeen, Cooper and Schrieffer.
This theory predicts that below Tc an energy gap ∆(T ) exists between normal electrons and electrons
in a superconducting state. ∆(T ) is temperature dependent, has a maximum∆(0) = 1.76kbTc (at T = 0
K, with kb the Boltzmann constant) and vanishes at T = Tc (see figure 2.3). This energy gap allows
two electrons to form a Cooper pair with a binding energy of 2∆.

It seems counter intuitive that two electrons should be bound into pairs. One would expect to see the
electrons repel each other because of the repulsive electromagnetic force between them, instead of the
binding that is observed in Cooper pairs. However, this would only be the case for electrons that are
completely free. Below Tc, electrons in a solid can exhibit an attractive interaction. When an electron
moves through the crystal lattice, it slightly moves positively charged ions towards its position, leaving
a higher positive charge density in its wake. This higher positive charge can attract another electron
that drags behind the first electron (see figure 2.4). This pair of electrons is the Cooper pair described
by BCS theory [12].

These Cooper pairs all share the same wave function to minimize their energies. This is possible
because Cooper pairs consist of two electrons with opposing spins, totaling to zero combined spin.
The Cooper pair thus behaves as a boson, which is allowed to share the same state with other bosons.
Normally an electron behaves like a fermion, which can not occupy the same state as another fermion.
In the bound state, the Cooper pairs no longer experience collision effects that cause resistivity in
normal solids, resulting in the vanishing of the resistivity for a DC current seen in figure 2.2 [12].

Cooper pairs can be broken by photons or phonons with energies Q, Ω > 2∆ respectively. When a
Cooper pair is broken, two electrons, from here on referred to as quasiparticles, are “created” (see
figure 2.5). The temporary change in the number of quasiparticles can be measured using an MKID.
This will be explained in the next section.
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Figure 2.2: Vanishing resistance at critical temperature Tc of mercury (left, Tc = 4.2 K) and the high temperature
superconductor Y Ba2Cu2O7−x (right, Tc ≈ 90 K). Figure from Ref.[13]

Figure 2.3: Temperature dependence of the
superconducting gap value ∆ in Sn. Note that the
maximum value is at ∆(0) and the gap vanishes at

Tc (3.7 K in this case). Note that ∆ is given in
units of temperature. Figure from Ref.[14].

Figure 2.4: Schematic view of attractive
interaction. When an electron moves through the
crystal lattice, it slightly moves positively charged
ions towards its position, leaving a higher positive
charge density in its wake. This higher positive
charge can attract another electron that drags

behind the first electron.
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Figure 2.5: Photons with energy hv > 2∆ are
absorbed by the superconductor, breaking Cooper
pairs and creating a number of quasiparticles. In
this figure, Cooper pairs (C) are shown at the
Fermi level, and the density of states for

quasiparticles, Ns(E), is plotted as the shaded
area as a function of quasiparticle energy E.

Figure and caption from Ref. [6].

Figure 2.6: Microscope image of a Nb-Ti-N/β-Ta
hybrid KID. One MKID has dimensions 150x150
µm. Here the Nb-Ti-N serves as a capacitor

(center/left, goldish pattern) and β-Ta serves as
the superconducting inductor (right, gray pattern).

The inductor absorbs the photons that are
measured by the MKID. The circuit is connected to

a readout line at the top (see figure 2.7 for a
schematic view). Figure from Ref. [5].

2.3. MKID detectors
2.3.1. Working principle
MKID detectors allow for the detection of single photons. Figure 2.6 shows a microscopic image of
an MKID. Using a superconducting strip as an inductor, along with a capacitor, a resonant circuit with
resonant frequency f0 = 1

LCR
is created (see figure 2.7). Here L = LG +LK , with LG and LK the geo-

metric and kinetic inductances respectively. An incoming photon can excite a number of quasiparticles
in the superconductor, causing a change in LK . This, in turn, causes as shift in the resonant frequency
of the circuit. The system returns to its equilibrium state after a short time (≈ 50 us [5]). Very small
changes in the resonant frequency can be detected by measuring the phase shift θ of an AC readout
signal. The magnitude of this phase shift can then be used to derive the wavelength of the incoming
photon, because higher energy (shorter wavelength) photons cause a larger phase shift. Figure 2.8
shows the average phase shift of the readout signal of an MKID for different wavelengths of light as
a function of time. For the scope of this report, the physical processes that allow for the detection of
photons is most important. This will be elaborated in the following sections.

2.3.2. Response
In order to explain the response seen in figure 2.8, we investigate how changes in the number of
quasiparticles Nqp in the superconductor impact the superconductors electrical properties. A photon
absorbed by the superconductor causes excitations in the material in the form of quasiparticles and
phonons. As mentioned before, phonons with energy Ω > 2∆ can break Cooper pairs to create quasi-
particles. Quasiparticles with E > ∆ can emit phonons, which in turn can create more quasiparticles
(given the emitted phonon’s energy satisfies Ω > 2∆). When the number of quasiparticles changes
through this down-conversion process, the conductivity of the superconductor is affected. Gao et al
[15] show that a change in the complex conductivity σ = σ1 − iσ2 of a superconductor is related to a
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Figure 2.7: Schematic view of an MKID detector.
A superconducting inductor L = LG + LK and
capacitor CR act as a resonant circuit with

resonant frequency f0 = 1
LCR

, which is monitored
by a readout line. A photon with energy hv > 2∆
can excite quasiparticles in the superconducting

inductor, changing its inductance and changing the
resonant frequency of the circuit. This translates
into the response seen in figure 2.8. Figure from

Ref. [6].

Figure 2.8: Average MKID detector response due
to photon excitation for different wavelengths

(average of about 1000 photons). The phase shift
of the resonant frequency of the circuit is

measured in order to detect individual photons and
to calculate their energies. Figure from Ref. [5].

change in the quasiparticle density nqp via

dσ1

dnqp
= σn

1

N0ℏω

√
2∆0

πkBT
sinh(ζ)K0(ζ) (2.2)

for the real part of the complex conductivity and

dσ2

dnqp
= −σn

π

2N0ℏω

[
1 +

√
2∆0

πkBT
e−ζI0(ζ)

]
(2.3)

for the imaginary part, with ω the angular frequency of the signal, ζ = ℏω
2kBT , N0 the density of states at

the Fermi level for electrons of one spin orientation and does not include electron-phonon renormaliza-
tion effects and I0 and K0 the modified Bessel functions of the first and second kind.

The change in the number of quasiparticles Nqp due to an incoming phonon can be observed through
the amplitude A and phase of the readout signal of an MKID through [16]

dA

dNqp
= −αkβQ

|σ|V
dσ1

dnqp
(2.4)

and
dθ

dNqp
= −αkβQ

|σ|V
dσ2

dnqp
, (2.5)

with αk the fraction of kinetic inductance Lk over the total inductance L, β = 1 + 2d/λ
sinh(2d/λ) (with d the

thickness of the superconducting film and λ the penetration depth of the magnetic field according to
the London equation [12]), Q = ωEstored

Ploss
the quality factor of the resonant circuit (the amount of energy

stored in the system divided by the energy loss per cycle), V the volume and |σ| ≈ σ2 for T << Tc.
A change in the number of quasiparticles causes a shift in the resonant frequency, which causes the
phase shift θ seen in figure 2.8.
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2.3.3. Resolving power
The sensitivity of a single-photon counting MKID is in part given by its resolving power R. It is a
dimensionless quantity that describes the MKIDs ability to distinguish two different wavelengths of
light. In figure 2.9 one can see that different photons of the same wavelength can trigger varying
responses from the MKID. If the response curves of two different wavelengths of light overlap because
the wavelengths are close to each other, no distinction can be made between the two wavelengths.
Higher resolving power means wavelengths closer to each other can be distinguished from each other.
The most basic definition for resolving power is R = λ/∆λ, where ∆λ is the smallest wavelength
difference that can be distinguished, shows how a high resolving power is beneficial for the functioning
of an MKID. According to [5], the resolving power of an MKID is given by

R =
1

2
√
2 ln 2

√
ηpbQ

∆(F + J)
, (2.6)

with Q the incoming energy and F the Fano factor (see section 2.5). There are a number of other
variables in this equation that can limit the resolving power of an MKID. These will now be discussed.

Phonon loss
The phonon loss factor J represents the amount of hot phonons (ω > 2∆) that are lost to the substrate
around the superconducting film in the MKID. Research has suggested that it is possible to improve
R by means of phonon trapping [17]. De Visser et al. [4] shows experimentally that the phonon loss
factor can now be improved to J = 0.11. This is assuming F = 0.2, since F and J cannot be measured
separately, but need to be derived from resolving power measurements. Figure 2.10 shows that the
measured resolving power of an MKID is restricted more by the contribution of the Fano factor than
the contribution of the phonon loss factor. Thus the term (F + J) in the resolving power is restricted
mainly by the Fano factor. In the simulation that will be performed, we take J = 0, because we will be
modeling for Fano-limited MKIDs.

Pair breaking efficiency
The pair breaking efficiency ηpb is the amount of energy of the incoming photon that is efficiently used
to break Cooper pairs. So for each Cooper pair that is broken, 2∆ energy is used effectively. ηpb = 1
means that all photon energy is used to make quasiparticles with energy level ∆, so that Nqp = Q/∆.
Previous studies have shown that ηpb ≈ 0.60 [11][18]. This again means that 60% of the photon energy
is used to create quasiparticles at energy ∆.

Gap energy
The gap energy∆, as mentioned before, is the amount of energy needed to create one quasiparticle, so
that 2∆ is needed to break one Cooper pair. Materials with a lower gap energy allowmore quasiparticles
to be created from the same photon energy Q. However, since ∆(0) = 1.76kbTc, we need a lower
working temperature for an MKID if we choose a detector material with a lower gap energy. Since
current detectors already operate in the range of 100 mK, lowering the working temperature even
further is impractical and efforts should be made to improve other MKID properties, like the Fano factor,
first.

Signal to noise power
Another quality property in MKIDs is the signal to noise ratio, or the noise equivalent power (NEP ). This
quality tells us how much power a signal must have to be distinguishable from noise in the detector.
According to De Visser [16], the noise equivalent power is defined as the power which can be detected
with a signal-to-noise ratio of one with a bandwidth of 1 Hz. A lower NEP means a more sensitive
detector. Figure 2.10 shows that the signal to noise contribution to the resolving power (R - Signal-to-
noise in the figure) is not the limiting factor in the resolving power of an MKID. We can clearly see that
the Fano-limited contribution of the resolving power (black line) has the biggest contribution towards
limiting the resolving power of an MKID.
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Figure 2.9: Histogram of pulses of two MKIDs C
and D at 120 mK, illuminated with the 673-nm
laser and with P = -83 dBm and P = -85 dBm,

respectively. The spread seen in the filtered pulse
height illustrates the resolving power of the MKID.

Figure from Ref.[17]

Figure 2.10: Different contributions to the
resolving power of an MKID as a function of the
photon energy with different values of F and J .

The contributions add following 1
R2 = 1

R2
1
+ 1

R2
2
....

Note that the measured resolving power is closest
to the line where only the Fano factor limits the
resolving power of the MKID, and thus the chip is

limited mostly by F . Figure from Ref. [4].

2.4. Interactions
To eventually model the behaviour of the superconductor, we need to understand the mechanism be-
hind the creation of excess quasiparticles. The down-conversion process from a photon to a number
of quasiparticles is illustrated by figure 2.11. A photon with energy Q > 2∆ interacts with the detector,
breaking a single Cooper pair and transferring most of its energy to one quasiparticle (E0). This high
energy particle quickly shares its energy with a number of quasiparticles. The quasiparticles that are
created (E1) then send out phonons that, in turn, can break more Cooper pairs [9][19]. This reaction
continues until no more Cooper pairs can be broken. The resulting net change in the number of quasi-
particlesNqp influences the kinetic inductance of the superconducting material, which can be measured
as described in section 2.3.2. The excess quasiparticles eventually recombine into Cooper pairs while
emitting phonons [9], and the response curve in figure 2.8 returns to its equilibrium state.

Kaplan et al. [9] shows that the rate of Cooper pair breaking by a phonon of energy Ω is given by

τ−1
B (Ω) =

4πN0α
2(Ω)

ℏI

∫ Ω−∆

∆

dE

(E2 −∆2)1/2
× E(Ω− E) + ∆2

[(Ω− E)2 −∆2]1/2
, (2.7)

where I denotes the ion number density.

The phonon emission rate by a quasiparticle with energy E is given by

τ−1
s (E) =

2π

ℏZ1(0)

∫ E−∆

0

dΩα2(Ω)F (Ω)× E − Ω

[(Ω− E)2 −∆2]1/2
×
(
1− ∆2

E(E − Ω)

)
, (2.8)

where Z1(E) is the real part of the renormalization parameter which appears in determining the poles
of the single-particle Green’s function in the superconducting state and is assumed to be energy inde-
pendent by setting E = 0. [18]

In section 3.3, equations 2.7 and 2.8 are used to derive the probability distributions for pair breaking
and phonon emission.

Other interactions that occur are phonon absorption by a quasiparticle, recombination of quasiparticles
with phonon emission and phonon/electron scattering. However, these processes are either irrelevant
for the calculations that will be done, or have lifetimes that are very large compared to equations 2.7
and 2.8, where a long lifetime means the interaction is unlikely to happen compared to an interaction
with a short lifetime. These interactions can be neglected. This will be shown in section 3.2.
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Figure 2.11: Schematic view of the downconversion process. A photon with energy Q > 2∆ interacts with the detector,
breaking a single Cooper pair and transferring most of its energy to one quasiparticle (E0). This high energy particle quickly

shares its energy with a number of quasiparticles. The quasiparticles that are created (E1) then send out phonons that, in turn,
can break more Cooper pairs [9][19]. Figure from Ref. [19].

2.5. The Fano Factor
Interactions on molecular level are subject to uncertainties in outcomes of processes due to the statis-
tical properties of the physics governing these systems. A measure for such uncertainties is the Fano
factor. First defined by Ugo Fano [20] to measure noise in ion detectors, the Fano factor is given by

F =
⟨(n− ⟨n⟩)2⟩

⟨n⟩
, (2.9)

where n is the number of events and ⟨n⟩ the average number of events. As seen in equation 2.6,
the Fano factor F plays a role in the maximum resolving power that can be achieved in an MKID
detector. The Fano factor in this case represents the statistical uncertainty in the downconversion of
an incoming photon into a number of quasiparticles. Now equation 2.9 can be written in terms of the
number of excess particles Nqp:

F =
σ2
Nqp

⟨Nqp⟩
, (2.10)

where σ2
Nqp

= ⟨(Nqp − ⟨Nqp⟩)2⟩ is the standard deviation in the number of excess quasiparticles Nqp in
the material. Previous research has found values of F = 0.195±0.01 for Sn and F = 0.22±0.01 for Nb
[18][11]. F ≈ 0.2 is often used in calculations of resolving power for MKIDs [5][17][21]. As mentioned
before, the central question in this report is whether and how this Fano factor may be improved.

From equation 2.10 is apparent how the Fano factor might, in theory, improve. Either by decreasing
σNqp

and/or increasing ⟨Nqp⟩ the Fano factor becomes smaller, improving the resolving power in equa-
tion 2.6. As mentioned in section 2.3.3, the resolving power of an MKID is now limited by F . Finding a
way to improve F could result in an improvement in the resolving power of MKIDs.



3
Simulation

This chapter will describe how the simulation used to calculate the Fano factor was constructed. The
calculation methods (3.1 and 3.3) and assumptions about the simulation (3.2) are discussed and the
simulation is validated (3.7). The simulation was written in python. The files containing the code have
been made available on Github1.

3.1. Simulation method
In order to accurately calculate the Fano factor from equation 2.10, we must collect a lot of datapoints
for Nqp. In order to collect this data, a Monte Carlo simulation simulating a photon interacting with a
superconductor was created. The equations from Kaplan et al. [9] are used to describe the phonon-
quasiparticle interactions, which is elaborated is sections 3.2 and 3.3.

Because we are simulating a large number of particles (in the order of 103), an appropriate method of
calculation is required to minimize computation times. While most of the script is fairly straightforward,
the method for deciding the outcomes of interactions (i.e. what energies created quasiparticles have
after a phonon breaks a Cooper pair) was a challenge. A brute force method, where from the density
of states the cumulative distribution function was repeatedly calculated for each particle that interacted,
proved too slow for a Monte Carlo simulation (minutes per simulated photon). This was due to the
integration function that was called thousands of times per cycle. Another method that was tried was
by means of a rejection envelope, where samples are randomly drawn and discarded or kept based
on some threshold [22]. This method proved inaccurate and thus was unsatisfactory as well. Finally a
similar method to Kurakado [18] was used. With this method, a group of phonons with energy equal
to the photon energy is initialised at the start of each simulation. This method gives an upper and
lower bound for the phonon (0 < Ω < ℏωmax) and quasiparticle (∆ < E < ℏωmax − ∆) energies, the
latter since two quasiparticles which both need to have a minimum of E = ∆ energy are created by a
phonon, giving E = ℏωmax − ∆ for the maximum quasiparticle energy. In reality, quasiparticles may
have energies above the Debye energy [19].

The energy bounds are discretized into energy bins with bin width equal to a chosen stepsize, with the
bin energy given by the energy at the middle of the bin (see the green and black lines in figure 3.3). This
method also allows for both phonon en quasiparticle energies to be defined along one energy array
that ranges from half a stepsize to the Debye energy in steps equal to the stepsize.

This definition of the energy raises an issue however, because when a pair breaking or emission in-
teraction takes place, the energy of the interaction is not conserved. For example (at a stepsize of
1/10∆, a phonon with energy 2.05∆ can create two quasiparticles at energy 1.05∆. The total quasi-
particle energy appears to be 1.05∆ + 1.05∆ = 2.1∆ and thus energy would not be conserved. This
apparent issue can be resolved when we realize that the ”real” energy of a particle can fall anywhere
within its bin. A quasiparticle assigned to the 1.05∆ bin can have energies from 1∆ ≤ E ≤ 1.1∆. So

1https://github.com/Aaron3335/BEP_Fano_factor.git
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a 2.05∆ phonon (which can have 2∆ ≤ Ω ≤ 2.1∆) can always make two quasiparticles that fall into
the 1∆ ≤ E ≤ 1.1∆ quasiparticle bin. This solves our conservation issue. The end of this chapter will
show that the unconserved energy is only about 0.02% of the total energy at the stepsize we choose.

Prior to running the simulation, all probabilities and outcomes for all possible quasiparticle and phonon
interactions are calculated, and these probabilites are used during the simulation to randomly decide
the outcomes of interactions. This discretization process is further elaborated in section 3.3.

These discretization calculations typically take a couple seconds, depending on stepsize chosen for
the energy bins (see figure 3.14). All calculations were performed in units of ∆ for simplicity.

3.2. Assumptions
To model the quasiparticle-phonon-photon interactions in the superconductorns, a number of assump-
tions must be made. Firstly, we assume ∆ to be independent of temperature. For low fractions T/Tc

this is a fair assumption (see figure 2.3) and since MKIDs typically operate at T/Tc ≈ 0.1 we can use
this approximation. We use the value of ∆ at T = 0 K.

Secondly, we assume that there is no phonon loss to the environment and thus all phonons interact
within the superconducting material. In reality this loss is accounted for by the phonon loss factor J in
equation 2.6, but since we are modeling for the Fano limit we assume J = 0.

Thirdly, we assume Cooper pair breaking by a phonon and phonon emission by a quasiparticle are the
only interactions that take place within our system. We do not take in account the following processes:

Quasiparticle recombination
In a real solid, quasiparticles that are created eventually recombine into Cooper pairs while emitting a
phonon. Figure 3.1 shows that, at the working temperature of an MKID ( 0.1T/Tc), the quasiparticle
recombination lifetimes τr are very long compared to the lifetime of phonon emission by a quasiparticle
τs. This means the rate of quasiparticle recombination is very small compared to the rate of phonon
emission, which means the first process is way less likely to take place compared to the latter.

Phonon scattering
Another process that takes place in a real material is phonon scattering. Figure 3.2 shows that, for the
working temperature of an MKID, the phonon scattering rates τ−1

phs are very small compared to the rate
τ−1
B at which phonons break Cooper pairs. Note that the scattering rate is the inverse of the scattering
lifetime and a low rate means the same as a long lifetime. We can ignore the phonon scattering process
on the same basis as the quasiparticle recombination process.

Phonon absorption
The last process we ignore is the absorption of a phonon by a quasiparticle. Absorption of a phonon by
a quasiparticle is neglected because this quasiparticle would then eventually emit this phonon again
through equation 2.8, essentially undoing the interaction. This process would have no effect on the
outcome of the simulation.

Lastly we use the Debye approximation α2(Ω)F (Ω) ≈ bΩ2. Values for α2(Ω)F (Ω) are typically fitted to
this function for energies below 1.6 meV (≈ 6∆ for Sn) [23]. Because the outcome of the simulation
only depends on the spectrum at low energies (all high energy phonons and quasiparticles eventually
scatter into low energy states 0 < E < 3∆, which is in this low energy limit), we use the approximation
instead of experimental data. Earlier research has shown that this assumption has negligible effect on
the outcome of the simulation [11] and section 3.7 will show this also holds for this simulation.
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Figure 3.1: Lifetime of photon emission by a
quasiparticle τs and the quasiparticle recombination time
τr as a function of T/Tc for Pb. Note that for our regime
(T/Tc < 0.5), the recombination time for quasiparticles
with E > 2∆ is very long compared to the emission time.
Thus we neglect recombination effects. Lifetimes of

quasiparticles with E < 2∆ do not fall in this negligible
regime. However, these quasiparticles cannot emit pair

breaking phonons (Ω > 2∆). Since we are only
interested in the behaviour of quasiparticles with E > 3∆
that can emit pair breaking phonons, we can still neglect

the recombination effects. Figure from Ref. [9].

Figure 3.2: The Cooper pair breaking rate by a
phonon τ−1

b and the phonon scattering rate τ−1
phs

as a function of T/Tc. Note that in our regime
(T/Tc < 0.5) the rate of phonon scattering is very
small compared to the Cooper pair breaking rate.
Thus we neglect phonon scattering effects. Figure

from Ref. [9].
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3.3. Distributions
We need to describe the probabilities of all interactions relevant to the production of excess quasipar-
ticles. In this section three distributions will be derived. One for the initial phonon group used to start
the simulation, one for the pair breaking interaction and one for the phonon interaction.

For our simulation we do not model the first part of the down-conversion process. Instead we initialize
a group of phonons which total energy equals the photon energy Q. The distribution is based on the
Debye approximation α2(Ω)F (Ω) ≈ bΩ2. The probability distribution of the initial phonon group is then
given by:

PΩ(Ω) = α2(Ω)F (Ω)× 1

A
≈ bΩ2 × 1

A
, (3.1)

with PΩ(Ω) the chance of a phonon with energy Ω being created in the initial phonon group where the
values of Ω are based on the chosen step size. A is the normalisation factor with A =

∑Ωmax

Ω=0 PΩ(Ω). A
for the real phonon spectrum probability distribution can also be obtained by taking experimental data
of phonon spectra, fitting the approximation to the data at low energies and normalising it in a similar
fashion as described above.
The second and third distributions are obtained by taking the integrands from equations 2.7 and 2.8,
resulting in the probability densities for the pair breaking interaction Ω → E + E′

Ω−E and the phonon
emission interaction E → E′

E−Ω +Ω.

The second distribution gives the chance a phonon with energy Ω creates a quasiparticle with energy
E.

PΩ→E(Ω, E) =
1

(E2 −∆2)1/2
× E(Ω− E) + ∆2

[(Ω− E)2 −∆2]1/2
× 1

B
, (3.2)

Where PΩ→E(Ω) is the probability of a phonon with energy Ω producing a quasiparticle with energy
E. Note that a phonon always produces two quasiparticles, one with energy E as described above
and one with energy E′ = Ω − E, as energy is conserved. Normalisation factor B is given by B =∑Ω−∆

E=∆ PΩ→E(Ω, E).

The third distribution gives the chance that a quasiparticle with energy E emits a phonon with energy
Ω:

PE→Ω(E,Ω) = α2(Ω)F (Ω)× E − Ω

[(Ω− E)2 −∆2]1/2
×
(
1− ∆2

E(E − Ω)

)
× 1

C
, (3.3)

with PE→Ω(Ω) probability of a quasiparticle with energy E emitting a phonon with energy Ω.
C =

∑E−∆
Ω=0 PE→Ω(E,Ω), similar to B.

This method causes an issue when calculating the last bin probabilies of equation 3.2,
where lim

Ω→E−∆

1
((Ω−E)2−∆2)1/2

= ∞ and in equation 3.3, where lim
E→Ω−∆

1
((Ω−E)2−∆2)1/2

= ∞. This occurs
because the last bin energy is exactly on the infinite probablity density at E = Ω − ∆. To prevent
throwing away this bin, which does contain valid states, we simply take the energy of the last bin to be
at a quarter step size from the bin edge instead of half a step size (see figure 3.3). This also means
we need to account for the fact that this bin is half as wide compared to the other bins. This can be
accounted for by dividing the last bins probability by two.

The resulting distributions, along with samples drawn from these distributions are shown in figures 3.4
to 3.7. A large number of these distrutions will be calculated for all allowed energies Ω and E. The
results of these calculations provide all the information needed to perform the simulation.
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Figure 3.3: Right hand side of the pair breaking probability distribution for a phonon with bin energy Ω = 4.05∆ (stepsize =
∆/10). The y-axis indicates the chance that a phonon with energy Ω = 4.05∆ creates a quasiparticle at energy E.

Quasiparticles are always created in pairs, so this process also creates another quasiparticle at E′ = Ω− E. The full
distribution is shown in figure 3.6. The figure shows that the last bins energy is moved a quarter stepsize to the left. The right
edge is moved half a stepsize to the left. This causes the width of the last bin to be half the normal stepsize. This is accounted

for in the calculation of probabilities by dividing the last probability by 2.

Figure 3.4: The phonon distribution given by the
Debye approximation in equation 3.1 (red), along
with random samples drawn from the distribution

(blue). Note that because the distribution is
normalised, the value of b in equation 3.1 does not

matter.

Figure 3.5: The phonon distribution of tin (Sn,
red), along with random samples drawn from the

distribution (blue).



3.4. Simulation parameters 15

Figure 3.6: The pair breaking distribution for a
phonon with Ω = 5∆ (red), along with random
samples drawn from the distribution (blue). Note
that the distribution of the samples is perfectly

symmetrical, because for each created
quasiparticle with energy E, another with energy
E′ = Ω− E is created. The right hand side of the
distribution is lower than the left, because of the
division by 2 of the last bin to account for its

reduced width (see figure 3.3).

Figure 3.7: The phonon emission distribution for a
quasiparticle with energy E = 5∆ (red), along with
random samples drawn from the distribution (blue).
Note that this distribution was calculated with the
Debye approximation for the phonon spectrum:

α2(Ω)F (Ω) ≈ bΩ2. Using experimentally
determined phonon spectra like in figure 2.1
produces different results for this distribution.

3.4. Simulation parameters
There are three parameters that are important for the simulation. The first is the energy of the incoming
photon Q, which determines the amount of initial phonons created via equation 3.1 (see figure 3.4), or
an experimentally determined phonon distribution as seen in figure 3.5. Larger Q negatively influences
the computation time needed for the simulation, since more quasiparticles will be created, which takes
longer to compute. Another free variable is the choice of superconducting material, which determines
the phonon spectrum (when not using the Debye approximation) and determines the maximum phonon
energy via the Debye temperature ℏωD. The Debye temperature also determines the maximum quasi-
particle energy in this case, as we start our simulation with a initial phonon group with Ωmax = ℏωD,
and thus Emax = Ωmax−∆ (keep in mind that in reality, quasiparticles may have higher energies). The
choice of material also determines the magnitude of ∆. Table 3.1 gives some material properties of
different metals. The last parameter that we can modify are band gaps in the phonon spectrum. This
will be elaborated in section 4.1.5.

Table 3.1: The gap energy at 0 K, Debye temperature and critical temperature of the metals used in this report. Data from Ref.
[24] and Ref. [25].

Material ∆(0) [meV] ωD [K] Tc [K]
Al 0.17 433 1.2
Sn 0.575 200 3.7
Nb 1.525 276 9.3

3.5. Procedure
Figure 3.8 shows how different parts of the simulation fit together. Firstly, all the outcomes and prob-
abilities corresponding to the pair breaking and phonon emission interactions are calculated. Then a
group of initial phonons is created according to equation 3.1, with their combined energies equal to the
photon energy Q.

After this initialisation, phonons with Ω > 2∆ break Cooper pairs according to equation 3.2, creating
quasiparticles. Quasiparticles with energy E > 3∆ then emit a phonon according to equation 3.3.
These pair breaking and emission steps are repeated until there are no more pair breaking phonons
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Figure 3.8: Overview of the different parts of the simulation. Based on the simulation parameters and distributions the
discretization is calculated, after which the simulation is performed. Here the interactions and outcomes are used to calculate
how many quasiparticles are generated, along with what energies the quasiparticles and phonons that are generated have.
The simulation process is repeated the desired amount of times to simulate a large number of photons. The results are then

saved for analysis.

(Ωmax < 2∆) and there are no quasiparticles left that can emit pair breaking electrons (Emax < 3∆).
This process is repeated a set amount of times to form a dataset with excess quasiparticles Nqp, from
which F can be calculated. The results will be shown in the next chapter.

3.6. Time evolution
To study the quasiparticle and phonon populations as a function of time, a separate simulation was
set up that calculates the time it takes for pair breaking and phonon emission to take place based on
the lifetimes of each phonon and quasiparicle energy according to equations 2.7 and 2.8. This version
of the simulation calculates the interactions of the quasiparticles and phonons through discrete time
steps. The constants used for the calculations are listed in table 3.2. Note that we use the mean value
for α2(Ω). The results are shown in the section 4.1.1.

Table 3.2: Values for the variables that appear in equations 2.7 and 2.8, for the metals used in this report. Data from Ref. [9].

N0 [1021 states/eV] I [1022 ions/cm3] ⟨α2(Ω)⟩ [meV] Z1(0) [-] b [103 meV−2]
Al 12.2 6.02 1.93 1.43 0.317
Sn 8.14 3.70 1.14 1.72 2.32
Nb 31.7 5.57 4.6 2.84 4.0
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Figure 3.9: Mean values of Nqp for 3000
simulated photons as a function of the inverted

stepsize. Note that Nqp converges.
Figure 3.10: Mean values of E for 3000 simulated
photons as a function of the inverted stepsize.

Note that E converges.

3.7. Validation of the simulation method
To check whether or not our simulation provides useful results, some validation checks were performed.
These checks use the same parameters as Kurakado [18] (material parameters for tin, Q = 104∆).
Figure 3.9 shows the mean number of generated quasiparticles ⟨Nqp⟩ as a function of the inverted
stepsize. Figure 3.10 shows the same for the mean quasiparticle energy ⟨E⟩. Both ⟨Nqp⟩ and ⟨E⟩
converge for smaller stepsizes. This is a sign that our simulation is valid. Figure 3.11 shows that the
value of the Fano factor has has no significant dependency on the chosen step size.

The usage of the Debye approximation or the real phonon spectrum (with the Debye approximation
fitted to the spectrum for low energies) proved to have little effect on the outcome of the simulation
(≈ 0.2% with a stepsize of 1/200∆). Therefore we will use the Debye approximation for the rest of our
simulations. This indifference is in agreement with earlier research [11].

Figures 3.13 and 3.14 the computation time of a single photon and the time it takes for the discretization
process to complete as a function of the inverted stepsize. Smaller stepsizes logically mean longer
computation times. For the rest of this report, we will use a stepsize of 1/200∆, to balance accuracy
with simulation speed. This allows for many data points to be collected without losing much accuracy
and without taking too much time. The energy deficiency due to the issue that a phonon can create
two quasiparticles which have a combined energy that is higher than the phonon energy (see section
3.1) is plotted in figure 3.12 and is sufficiently low (≈ 0.02% ) to be neglected.

The value of ⟨Nqp⟩ seem to converge to ⟨Nqp⟩ ≈ 5900 as the stepsize approaches zero, which is a 0.5%
difference compared to the result of Kurakado [18]. While efforts were made to completely reproduce
the results of Kurakado and Rando et al. [11], their descriptions of their simulations in their respective
articles are rather short, and thus it is difficult to pinpoint the cause of the discrepancy between the
results. We consider the difference acceptable given the likely different numerical implementations
and continue with this model.
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Figure 3.11: The value of F for 3000 simulated
photons as a function of the inverted step size.

The uncertainties in F are derived in section 4.1.2.
A smaller stepsize has no significant effect on the

value of F . Note that we will perform more
simulate more photons for each data point chapter

4, resulting in smaller uncertainties on F .

Figure 3.12: The mean difference between the
starting energy (104∆ in this case) and the energy
stored in phonons and quasiparticles at the end of
a simulation as a function of the inverse stepsize.
This energy deficiency is due to the fact that in this
simulation, a phonon can create two quasiparticles
with a combined energy higher than the phonon

energy, as described in section 3.1.

Figure 3.13: The time it takes for the simulation of
one photon hitting superconducting Sn as a

function of the inverted step size. Multiplication of
the y-axis with the number of simulated photons
gives the approximate simulation time (i.e. 3000
photon simulations and a stepsize of 1/200 would
take approximately 35 minutes). Note that the
stepsizes on the x-axis are inverted, so the right

side represents a smaller stepsize.

Figure 3.14: The time it takes to discretize the
outcomes and probabilities of the interactions that
take place in the simulation as a function of the
inverted stepsize. The material properties used

are those of tin. Smaller stepsizes take
significantly longer to discretize.



4
Results and discussion

This section presents the results of varying experiments performed with the simulation, including testing
different material inputs, different photon energies and different phonon spectra. The errors on the
results are derived. The simulation results, possible improvements for the simulation and real world
applications are discussed.

4.1. Results
4.1.1. Time evolution
Figure 4.1 shows the population of the number of quasiparticles Nqp and the number of phonons NΩ in
superconducting niobium as a function of time. We can see that the number of pair-breaking phonons
(Ω ≥ 2∆) quickly reaches a maximum and then completely depletes within 2 ns. The number of quasi-
particles reaches its maximum in the same time interval. This figure provides a useful insight in how
the down-conversion process from a photon to a number of quasiparticles behaves. Keep in mind that
for the rest of the results the calculations were performed without taking in account time steps, but by
assuming that every quasiparticle and phonon that can interact eventually interacts. This has no impact
on the results.

Figure 4.1: The excess quasiparticle and phonon populations after photon absorption in superconducting niobium as a
function of time. The populations are shown as the percentage of the total amount of generated quasiparticles or phonons in

the entire process.

19
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4.1.2. Errors
Before the rest of the results are shown, the derivation of the errors in the experimental results will be
presented. The calculation of the uncertainty in the experimentally determined Fano factors are not
trivial. Because the Fano factor is defined as F =

σ2
Nqp

⟨Nqp⟩ , we need to calculate the uncertainty of σNqp
in

order to calculate the uncertainty of F . We use the central limit theorem and base our uncertainties off
the confidence intervals of the standard deviation and the mean, which according to Krishnamoorthy
[26], is defined as:

δ⟨x⟩ = |zα/2|
σx√

Nphoton

(4.1)

with Nphoton the number of simulated photons. Also

δσ2
Nqp

= |zα/2|
√
2σ2

Nqp√
Nphoton

(4.2)

with |zα/2| = 1.96 the standard normal quantity for a 95% confidence interval.

Using F =
σ2
Nqp

⟨Nqp⟩ and quadratically summing the uncertainties we obtain:

δF = δ

(
σ2
qp

⟨Nqp⟩

)
=

√(
δσ2

⟨Nqp⟩

)2

+

(
σ2

⟨Nqp⟩2
δ⟨Nqp⟩2

)2

(4.3)

Which simplifies to:

δF = |zα/2|

√
2 +

σ2
qp

⟨Nqp⟩2
F√

Nphoton

≈ |zα/2|
√
2

F√
Nphoton

(4.4)

since
σ2
Nqp

⟨Nqp⟩2 << 2. The result in equation 4.4 gives the uncertainty in the determined Fano factors.
Equation 4.1 is used for the uncertainties on all mean quantities: ⟨Nqp⟩, η and ⟨E⟩. To check if this
uncertainty is satisfactory, we investigate the variance in the Fano factor at around 104 photons. Figure
4.2 shows the Fano factor as a function of the number of simulated photons, along with upper and
lower bounds of the uncertainty given by equation 4.4. We see that the oscillation in F due to statistical
fluctuations stays well within the bounds set by the uncertainties.

Other sources of error
The error due to the chosen stepsize is considered smaller than the derived uncertainty, as figure
3.11 shows that the Fano factor does not converge for smaller stepsizes. The error due to numerical
uncertainties in the values in table 3.1 is also neglected, as we will show that these values have no
effect on the Fano factor (section 4.1.3). Therefore, we conclude that equations 4.1 and 4.4 describe
the uncertainties in the simulation results well.
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Figure 4.2: The Fano factor as a function of the number of simulated photons used to calculate the Fano factor (black), along
with the upper and lower bound of the uncertainty in F calculated from equation 4.4 (red). The bounds are added/subtracted
to/from the value of F after 10000 photon simulations. This figure illustrates that the uncertainties calculated the Fano factor

suffice.

4.1.3. Materials
To test the dependency of the Fano factor on material properties, simulations were performed for 3
different metals. Figures 4.3, 4.4 and 4.5 show the number of excess quasiparticles Nqp due to a
photon with energy Q, using the material parameters for tin, niobium and aluminium respectively (see
table 3.1). These materials were chosen because the first two appear in similar research performed
by Kurakado [18] and by Rando et al. [11] and are used in their simulations. The latter, aluminium, is
used because this metal is used in MKIDs that are Fano-limited.

Each simulation consisted of 104 individual photon simulations. A photon energy of Q = 5.75 eV (=
104∆Sn) was used for the Sn and Nb simulations. To save calculation time, the incident photon energy
for aluminium was reduced by a factor 10, leading to the creation of less quasiparticles per simulated
photon. The gap energy ∆ of aluminium is lower than the gap energies of tin and niobium. Because
the calculations are performed in units of∆, metals with lower gap energies and higher Debye energies
take more time to simulate since there are more bins needed to descretize these materials. Section
4.1.4 will show that the incident photon energy Q holds no relation to the Fano factor, so this decision
has no effect on F .

The Fano factors found for these parameters are F = 0.206±0.006, F = 0.208±0.006 and F = 0.210±
0.006 for tin, niobium and aluminium respectively. The values for tin and niobium are in agreement with
the values found in earlier research, F = 0.195 ± 0.01 and F = 0.22 ± 0.01 for tin [18] and niobium
respectively [11]. The found values have overlap with their uncertainties, we therefore conclude that
the Fano factor is independent of material and has a value of F = 0.208± 0.003.
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Figure 4.3: Results of the simulation using Sn as a superconductor. The figure shows the spread in the number of generated
quasiparticles Nqp due to a single photon (Q = 5.75 eV). 104 photons were simulated. Bin size of 5 quasiparticles. Left upper
corner, from top to bottom: Simulated material, Fano factor, mean number of generated quasiparticles, pair breaking efficiency,

mean quasiparticle energy.

Figure 4.4: Results of the simulation using Nb as a superconductor. The figure shows the spread in the number of generated
quasiparticles Nqp due to a single photon (Q = 5.75 eV). 104 photons were simulated. Bin size of 5 quasiparticles.Left upper
corner, from top to bottom: Simulated material, Fano factor, mean number of generated quasiparticles, pair breaking efficiency,

mean quasiparticle energy.

4.1.4. Photon energy
To test if the Fano factor is influenced by the energy of the photon that hits the detector, photons were
simulated at different photon energies Q (ranging from 103∆ to 104∆, with 104 photons simulated per
energy level). The results are shown in figures 4.6 and 4.7. The relation between ⟨Nqp⟩ and Q shown
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Figure 4.5: Results of the simulation using Al as a superconductor. The figure shows the spread in the number of generated
quasiparticles Nqp due to a single photon (Q = 0.575 eV). Note that the photon energy is a factor 10 lower compared to figures

4.3 and 4.4. 104 photons were simulated. Bin size of 5 quasiparticles. Left upper corner, from top to bottom: Simulated
material, Fano factor, mean number of generated quasiparticles, pair breaking efficiency, mean quasiparticle energy.

in figure 4.6 is linear. This is expected, as higher Q allows for the creation of more quasiparticles, but
does not change the distributions describing the interactions between the quasiparticles and phonons.
Figure 4.7 shows the Fano factor as a function of the photon energy. The Fano factor remains constant
for increasing Q. We conclude that the photon energy has no effect on the Fano factor. We keep our
earlier result that F = 0.208±0.003. Keep in mind that higher photon energies do improve the resolution
of an MKID according to equation 2.6.

Figure 4.6: Number of quasiparticles ⟨Nqp⟩ as a
function of the energy Q of the incoming photon.
The error bars in the Fano factor were calculated
according to equation 4.4. As one expects, the

relation is linear as a higher energy photon means
there is more energy available for the creation of

quasiparticles (Sn, 200 ∆−1 stepsize).

Figure 4.7: F as a function of the energy Q of the
incoming photons with 10000 simulated photons
per photon energy (Sn, 200 ∆−1 stepsize). The
error bars were calculated according to equation

4.4.
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Figure 4.8: Example of a phonon spectrum with a
band gap (blue), along with the normal Debye

spectrum (red). In this case, phonon energies from
5 to 5.5∆ are prohibited in the Debye phonon

spectrum.

Figure 4.9: Number of quasiparticles ⟨Nqp⟩ and F
as a function of the phonon energies blocked by
the simulated phonon bandgap. Each data point
has 103 simulated photons. Each filter has a width
of 0.5∆ (from 0-0.5∆, 0.5-1∆, 1.0-1.5∆ etc.).

4.1.5. Tuning the phonon spectrum
Because the choice of materials and the photon energy have no effect on the Fano factor, the only
variable left to test is the phonon spectrum. Whether or not tuning the phonon spectrum is realistically
achievable will be discussed in section 4.2.4, but for this section we will assumewe can alter the allowed
phonon energies in any material at will.

In a fictional ideal pair breaking detector, the only available phonon energy should be Ω = 2∆. In that
case, phonons only create quasiparticles with E = ∆ (since it is the only allowed outcome when a
phonon with Ω = 2∆ breaks a pair), achieving ηpb = 1 and F = 0. The reasoning behind this is that
a photon with a certain energy Q now always produces the same Nqp, meaning σqp in equation 2.10
becomes 0, resulting in F = 0.This example of an ideal MKID is not physically accurate, as it initialises
all phonons at energy 2∆ in the simulation and skips the entire down-conversion process. It does serve
as a useful thought experiment to better understand the effects of band gaps in the phonon spectrum.

If we want to increase ηpb to produce more quasiparticles per incoming photon, the amount of “wasted”
energy needs to be decreased. Here wasted energy means energy that is not directly used to create
quasiparticles. This is the energy stored in unproductive phonons (0 < Ω < 2∆) and the energy above
∆ stored in quasiparticles (∆ < E < 3∆), meaning a E = 2∆ quasiparticle “wastes” ∆ energy. The
total energy that is “wasted” in this way accounts for the 41% energy missing from ηpb in the results
shown above.

The amount of wasted energy can be reduced by introducing band gaps in α2(Ω)F (Ω) (see figure
4.8). These band gaps prohibit phonons of certain energies from being created. This concerns the
initially created phonons at the start of a simulation (see equation 3.1 and figure 3.4), as well as the
phonons emitted by a quasiparticle (see equation 3.3 and figure 3.7). To test how the Fano factor
reacts on phonon band gaps, we block out different energy levels at different energy levels and perform
simulations with these customised phonon spectrum to observe the effect.

Figure 4.9 show the results from introducing band gaps of width ∆ in α2(Ω)F (Ω) at different energies.
104 photons were simulated per band gap and the band gaps range from 0-0.5∆ to 10-10.5∆. We can
see that around 6∆ the band gaps no longer influence the Fano factor. We can also see that blocking
low energy phonons from 0-2∆ has the most positive impact on the Fano factor. A phonon band gap
from 0-2∆ should yield a lower Fano factor. Therefore, a 0-2∆ band gap is simulated.

Figure 4.10 shows the results from simulating a 0-2∆ phonon band gap. Using this band gap, the Fano
factor improves from F = 0.208 ± 0.003 to F = 0.151 ± 0.004, which is an improvement of 27%. The
pair breaking efficiency also improves from ηpb = 0.5887 ± 0.0001 to ηpb = 0.6648 ± 0.0001, which is
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Figure 4.10: Results when using a 0-2∆ phonon
band gap in Sn for 104 photons. The Fano factor
is reduced by 27% compared to the results without

a phonon band gap.

Figure 4.11: σ2
qp as a function of Q. We can see

that σ2
qp scales linearly like ⟨Nqp⟩ in figure 4.6,

explaining why the Fano factor remains constant
with increasing Q.

an improvement of 13%. If we take J = 0 for the phonon loss factor, using equation 2.6 we obtain
Rfilt/Rnorm = 1.24, with Rfilt the resolving power with the 0-2∆ band gap and Rnorm is the resolving
power of an unaltered MKID. This means that with the 0-2∆ band gap, the resolving power of an
MKID would improve with 24%. The contributions of the improvements of F and ηpb are 17% and 6%
respectively. Section 4.1.5 discusses the possibility of band gap in a real metal.

4.2. Discussion
4.2.1. Simulation improvements
There are some ways the accuracy of the simulation could be improved. By taking an even smaller
step sizes the accuracy of the simulation improves, although computation times would get longer. This
latter issue could be resolved by running parallel calculations on multiple computers, or even on the
same computer with multiple cores. This is possible because all photon simulations are independent.
The fano factor would not be influenced as we can see in figure 3.11, but other constants like ηpb could
be determined even more accurately.

A second improvement could be to model phonon loss to the environment, although as mentioned
before, we do not do this because we are modeling for Fano-limited MKIDs (J = 0).

Thirdly, the first steps of the down-conversion process shown in figure 2.11 could be modeled. In this
simulation, we initialize a group of phonons in a range of energies according to equation 3.1, the sum of
which equals the photon energyQ. In reality, the incident photon breaks a single Cooper pair that starts
to send out phonons that break more Cooper pairs, which can in turn send out more phonons. This
continues until the down-conversion process is complete [19]. Although it probably would have little
effect on the outcome, modeling these first steps would make the simulation more physically accurate.

Lastly, one could opt to model other interactions in the simulation. We would then need to take into
account multiple interactions for the same particle. Instead of assuming that a quasiparticle, for exam-
ple, emits a phonon no matter what, we would also need to randomly choose between whether the
quasiparticle emits a phonon or recombines into a cooper pair. This extra step would be required for all
interactions, increasing the computing times. As shown in section 3.2, these other interactions would
not have big impacts on the outcomes of the simulation. Therefore, the only relevant improvement that
could be made would be smaller stepsize of the simulation while using parallel computing. This would
not have an impact on our result for F .
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4.2.2. The Fano factor as a constant
The results from sections 4.1.3 and 4.1.4 show that the Fano factor neither depends on the choice of
superconductor material or the energy of the incoming photons.

The independence of F on the radiation energy Q can be explained if we realize that a higher mean
number of generated quasiparticles also means that more paths are available for the down-conversion
process. This increase means σ2

Nqp
increases, as we get a wider spread inNqp. Apparently σ2

Nqp
scales

relative to Nqp. Figure 4.11 shows that this is indeed the case. The same concept can be applied
to the choice of material. Lower ∆ essentially means more quasiparticles can be created with the
same photon energy, but the spread in the possible outcomes also increases. Therefore, the choice of
material does not influence F . Lower∆ would still improve the sensitivity of the MKID through equation
2.6.

4.2.3. Pair breaking efficiency and the Fano factor
The Fano factor seems to share a relation with the pair breaking efficiency ηpb when altering the phonon
spectrum. Higher pair breaking efficiency seems to go hand in hand with a lower Fano factor. This
seems logical as a higher mean pair breaking efficiency means higher meanNqp, reducing the Fano fac-
tor. Higher ηpb also positively impacts the resolving power as seen in equation 2.6, adding an additional
gain of 6% to the sensitivity of the MKID.

4.2.4. Tuning the phonon spectrum of real materials
The improvement in the Fano factor shown in figures 4.9 and 4.10 is the only improvement of the
Fano factor that was found with this research. The question remains if we can create a band gap in
the phonon density of states from 0-2∆, similar to the one shown in figure 4.8. This would improve
the Fano factor and the pair breaking efficiency, resulting in an increase in the resolving power of the
MKID.

The engineering of phonon spectra in materials is a practice that is known within the scientific commu-
nity [4][27][28][29] and has even been used to improve phonon trapping in MKIDs [4]. A band gap can
be created by altering the geometry of a material, like in figure 4.12. By introducing holes with a specific
spacing and shape, a range of phonon energies can be blocked. The specific geometry of these holes
needs to be calculated [27][28][29]. By introducing the holes, the the lattice constant a of the material
is altered. The appearance of a band gap can be explained if we view the phonons as particles [30]
and their “size” defined by their wavelength λ. If we want to block phonons with λ size, we need holes
with approximately the same size, so the phonons can not pass in between the holes. Larger (lower
energy) phonons are large enough to ignore the holes completely and smaller (higher energy) phonons
can pass in between the holes. This produces a band gap around λ with a certain width [28]. Because
we want to block phonons from 0-2∆, we will approximate the lattice constant for a band gap around a
central energy Ω = ∆.

A rough estimate of the lattice constant for a 0-2 ∆ band gap can then be made with

a ≈ λphonon =
⟨vAl⟩

fphonon
, (4.5)

with ⟨vAl⟩ the average speed of sound in aluminium and fc the frequency of the band gap [31]. If we
take fc =

∆Al

h = 41 GHz, with ∆Al = 0.17meV (see table 3.1) and h = 4.1361015 eV·s. We obtain

a ≈ ⟨vAl⟩h
∆Al

. (4.6)

⟨vAl⟩ is given by [32]:
1

⟨v3Al⟩
=

1

3

[
1

v3L
+

2

v3T

]
, (4.7)

with v3L = 6650 m/s and v3T = 3260 m/s the longitudinal and transverse mode speeds in aluminium
respectively [33]. Using equations 4.6 and 4.7 we get ⟨vAl⟩ = 3360 m/s and aBG ≈ 80 nm. The feature
sizes of the inductor on MKIDs are about 1-10 um [17], so holes around the size of aBG could, in theory,



4.2. Discussion 27

be implemented to create a phonon band gap. The smallest feature size would be around 40 nm, since
the holes are smaller than the lattice constant (see figure 4.12). This feature size is achievable with
current lithography technologies [27]. Further research is needed to calculate the exact size and shape
of the holes needed to create such a band gap. This research should take into account all possible
phonon modes.

Figure 4.12: Holes in the SiN surrounding the inductor of an MKID to prevent phonon escape. The smalles feature is the short
side of the rectangular holes, which is about half the total length of a cell. Figure from Ref. [4].

Creating a perfect band gap between 0-2∆ (0 - 82 GHz) would improve the resolving power of the MKID
with 24%, with a 13% improvement in ηpb and a 27% improvement in F . This is assuming the band gap
is perfect and all other specifications of the MKID remain the same. In reality the improvement would
probably be a lot lower, because the band width of these band gaps is typically 10-20% around the
energy it is designed for [27][29]. A 0-2∆ gap would need a 200% band width around∆. Acknowledging
this restriction, blocking phonons close to 2∆ should be prioritised over blocking low energy phonons,
as the first group has more effect on the Fano factor than the latter (see figure 4.9). It is also important
that our real band gap is very exact, as blocking phonons just above 2∆ would result in a decrease in
both ⟨Nqp⟩ and ηpb, as well as an increase in F (see figure 4.9). This would reduce the resolving power.

Further research is needed to prove whether or not creating a phonon band gap in the inductor of an
MKID is beneficial or not, starting by making calculations for the band gaps that are required. Another
way of improving the resolving power of an MKID would be to use a superconductor with a lower
Tc as these materials have lower ∆. To get the same maximum increase in the resolving power as
from the introduction of a band gap, a superconductor with critical temperature at least 35% lower
than aluminium (Tc = 1.2 K) would be needed. This would be impractical as these types of MKIDs
would require even lower working temperatures, while current MKIDs already operate at T ≈ 100 mK.
Therefore, efforts should be made to test the viability of a phonon band gap in an MKID to improve its
resolving power.



5
Conclusion

The aim of this report was to investigate if and how the Fano factor for single-photon absorption in the
superconductor of an MKID could realistically be improved. To answer this question, a Monte Carlo sim-
ulation simulating incoming photons on a superconducting piece of metal was created. The simulation
uses discretized energies to efficiently calculate the outcomes of phonon and quasiparticle interactions
based on their probability distributions. The only interactions that were modeled are Cooper pair break-
ing by phonons and the emission of phonons by quasiparticles. The rest of the interactions, such as
phonon scattering and quasiparticle recombination, could be neglected due to their long lifetimes. The
simulation was validated by showing that the mean number of generated quasiparticles ⟨Nqp⟩ and the
mean quasiparticle energy ⟨E⟩ converge for decreasing stepsize, and that F is not influenced by the
stepsize used in the simulation. A series of tests was performed to show that the Fano factor does not
depend on the superconducting material used in the MKID. The Fano factor is also independent of the
energy of the incident photon and has value of F = 0.208± 0.003, which agrees with previous results.
The Fano factor F can be improved with up to 27%, to F = 0.151 ± 0.004, by introducing a band gap
from 0-2 ∆ in the phonon spectrum. The pair breaking efficiency ηpb, the measure for the amount of
photon energy that is efficiently used to create Cooper pairs, also improves from ηpb = 0.5887± 0.0001
to ηpb = 0.6648 ± 0.0001 when using this band gap. This is an improvement of 13%. This results in
a total improvement of 24% for the resolving power R of an MKID, assuming no phonons are lost to
the environment (J = 0). Using a superconductor with lower ∆ to improve R with the same amount
be impractical, because it requires a 35% lower working temperature for the MKID, while the current
working temperature is already about 100 mK. We conclude that it would be beneficial to implement a
phonon band gap from 0-2∆ to improve the resolving power of an MKID.

Phonon band gaps are a known phenomenon within science. Periodic holes in a crystal lattice can block
certain phonon energies. A band gap in the phonon spectrum of aluminium from 0-2∆ would require a
lattice constant a of approximately 80 nm, which would be possible because the aluminium inductor in
MKIDs has features of in the order of 1 um. The smallest feature size would then be approximately 40
nm, which is achievable with current technology. The real improvement by implementation of a band
gap would probably be a lot less than 24%, due to the limitations of these band gaps. Further research
is needed to determine whether or not it is possible to create a viable band gap without sacrificing other
properties of the MKID.
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