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Abstract

Apophis, an Aten-type asteroid, was considered a significant threat to Earth upon its discovery due
to its potential impact with Earth in 2029. Although the collision has now been ruled out, Apophis will
still perform an exceptionally close flyby of Earth that same year at a distance of 32,000 km from the
surface. This event presents a unique opportunity for the investigation of rotational changes due to tidal
forces and post-encounter ephemerides for planetary defence purposes. In fact, the upcoming OSIRIS-
APEX mission will enter orbit around Apophis shortly after the 2029 flyby. Even though orbits around
near-Earth asteroids like Apophis face challenges due to the asteroid’s low gravity and the strong
perturbations induced by solar radiation pressure, frozen orbits — a specialised orbit with constant
eccentricity and argument of periapsis on average — can achieve orbital stability in such a complex
dynamical environment.

Frozen orbits were successfully employed for some of the mission phases of the OSIRIS-REx mission,
and past research has greatly focused on the investigation of frozen orbits around Apophis and other
small bodies through the use of analytical and numerical methods. However, no prior research has
addressed the design of frozen orbits that can survive the close approach in 2029 without orbital cor-
rection manoeuvres. The aim of this research is thus to investigate the stability of control-free frozen
orbits around Apophis during the 2029 Earth flyby.

To fulfil this goal, both analytical and numerical methods are employed. The analytical analysis involves
averaging of Lagrange’s Planetary Equations including perturbations from solar radiation pressure and
Apophis’ zonal gravity up to degree four in combination with a Lyapunov stability analysis and a compari-
son to numerical simulations. Assuming an argument of periapsis and longitude of the ascending node
of +90°, the analytical method identifies two main solution families: near-equatorial heliotropic/anti-
heliotropic orbits and near-polar Sun-terminator orbits. However, the stability analysis predicts only
half of the sampled solutions to be stable. The comparison to numerical simulations shows that both
analytical techniques fail to identify stable, frozen orbits. The stability index correctly identifies stability
for 66.67% of the results that reach the end of a numerical propagation without surface impact or or-
bital escape. More significantly, 42% of the results are identified as false positives. The variations in
eccentricity and argument of periapsis for the solutions that reach the end of a 28-day simulation are
approximately 0.69 and 600° respectively for the near-equatorial solutions and, at best, 0.89 and 215°
for the near-polar solutions, which are too large to be considered frozen orbits.

In the numerical analysis, the frozen orbit problem is defined as a multi-objective optimisation problem
with two objectives: minimisation of the maximum variation in eccentricity and argument of periapsis.
Trajectories with different orbital injection parameters are simulated to find the optimal initial state lead-
ing to a frozen orbit. First, the results are focused exclusively on the pre-flyby period with no constraint
on surviving the flyby. The best solutions lead to a maximum variation in eccentricity and argument
of periapsis of approximately 0.047 and 66° respectively over a 28-day period. However, these orbits
all eventually collide with the asteroid at the time of the flyby. Imposing a constraint on survival in-
creases the maximum variation in eccentricity and argument of periapsis to ranges of 0.08-0.21 and
103°-110.5° in the pre-flyby period. The behaviour post-flyby is stable for some of these solutions but
no longer corresponds to the frozen configuration. In both cases, the solutions are categorised under
the near-circular, near-polar, Sun-terminator frozen orbit family, the same type of orbit employed for
the frozen orbit phases of the OSIRIS-REx mission. Despite the limitations of this work, the numerical
pre-flyby results exhibit robustness against uncertainties in modelling parameters and orbital injection
inaccuracies.
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Introduction

Upon its discovery on June 19, 2004, Aten-type asteroid Apophis was identified as one of the most
dangerous near-Earth asteroids due to its high likelihood of impact with Earth in 2029. Even though the
collision has now been ruled out with the help of additional optical and radar observations, it has been
determined that Apophis will perform an incredibly close flyby in 2029, coming as close as 32,000 km
from Earth [1]. This event presents a unique mission opportunity to investigate the asteroid’s rotational
changes due to the tidal forces present during the close encounter (CE), further ascertain the post-
encounter orbit solutions for planetary defence purposes and deepen our knowledge on the formation
and evolution of the Solar System [2, 3, 4].

Nevertheless, orbiter missions around near-Earth asteroids face a multitude of challenges. Due to the
strongly perturbed environment caused by solar radiation pressure (SRP) and the asteroid’s irregular
shape, control-free orbits will usually impact or escape in the period of hours to days [4]. Achieving
stable orbits in such an environment can be made possible using frozen orbits, which are designed
such that the eccentricity and argument of periapsis remain constant over time, and are thus inherently
stable [5, 6]. In fact, Sun-terminator frozen orbits were successfully applied for most of the proximity
operations of OSIRIS-REx — a sample return mission sent to explore asteroid Bennu [7]. The OSIRIS-
APEX mission, which will set out to enter orbit around Apophis shortly after the 2029 flyby, was approved
in April 2022 as an extension of the OSIRIS-REx mission [8]. For this reason, a research opportunity
arises to investigate frozen orbits for an orbiter mission around Apophis at the time of the CE.

Past research on the analysis of stable orbits around asteroids and other small bodies is extensive.
However, few studies have focused on the investigation of frozen orbits, and even fewer on their ap-
plication to Apophis specifically. Most proposed methods for finding frozen orbit solutions involve an-
alytical approaches such as averaging the Lagrange Planetary Equations. This is exemplified by the
work of Kikuchi, Oki, and Tsuda, which includes the effects of SRP and zonal gravity up to J, for the
analysis of frozen orbits around asteroid Ryugu [5]. Lang, Chen, and Guo applied a similar method to
find frozen orbits around Apophis, leading to two main orbit family solutions: near-equatorial heliotropic
orbits and near-terminator orbits [9]. Although analytical methods can provide useful insights into orbital
stability zones around small bodies, numerical methods are better suited for the modelling of complex
perturbation environments [10]. Additional studies aimed at the investigation of stable orbits around
Apophis include the work of Bellei, Cano, and Sanchez, who found terminator photo-gravitational sta-
ble orbits around Apophis for some of the possible spin-axis orientations, and of Ivashkin and Guo,
who found long-lifetime orbits prior to the 2029 flyby by modelling Apophis as a homogeneous triaxial
ellipsoid [10, 11]. Lang also investigated terminator orbits around Apophis, modelling the asteroid as
a triaxial ellipsoid to calculate its gravity potential [12]. Finally, Aljpaae et al. investigated spacecraft
behaviour around Apophis at the time of the 2029 Earth flyby by modelling the asteroid’s gravity using
a mascon-based method and implementing a control law for orbit maintenance [13].

Despite the significant contribution of these studies to the analysis of frozen orbits around Apophis, no
past research has focused on the design of control-free frozen orbits that can survive the close approach
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2 1. Introduction

in 2029. Another important consideration is that some of these studies were carried out before 2021,
and are thus missing the most recent observational data of Apophis which further constrained the
knowledge on its gravity and rotation state [14]. This thesis sets out to cover these research gaps by
pursuing the following objectives:

+ Using numerical optimisation to find frozen orbit solutions shortly before the 2029 close approach
in a high-fidelity dynamical environment, including the asteroid’s spherical harmonic gravity up to
degree and order 4, solar radiation pressure and third-body gravity effects.

» Assessing the spacecraft behaviour in the frozen orbit solutions at the time of the close encounter.
« Finding solutions for control-free frozen orbits that remain bounded after the 2029 flyby.

* Investigating the robustness of the solutions to modelling assumptions and uncertainties.

1.1. Research Question
Based on the aforementioned objectives, the following research question has been formulated:

What is the feasibility of designing and maintaining stable control-free frozen orbits around asteroid
Apophis before and during the 2029 Earth flyby?

In order to answer this question, the following sub-questions shall be answered:
* What is the solution space of initial orbital elements leading to frozen orbits around Apophis?

» Can a frozen orbit around Apophis survive the strong perturbations encountered during the 2029
flyby without orbital escape or surface impact?

» What is the sensitivity of the frozen orbit solutions around Apophis to practical elements like orbit
injection inaccuracies and physical modelling uncertainties?

1.2. Outline

The report is divided into four main parts. Part | deals with the problem definition and contains Chap-
ters 2 and 3. Chapter 2 summarises key background information on past missions and knowledge of
the physical and dynamical parameters of Apophis. The assumed mission scenario, which outlines
the requirements and spacecraft considerations, is also included in this chapter. Then, the orbital dy-
namics theory specific to the research problem is discussed in Chapter 3, where a first assessment of
the perturbations acting on an Apophis-orbiting spacecraft is provided. Part Il contains the analytical
methodology and results, which are presented in Chapters 4 and 5 respectively. The next chapters
comprise Part lll, which focuses on the numerical method. The tools used are explained in Chapter 6.
Following from this, the simulation and optimisation set-up is described in Chapters 7 and 8 respec-
tively. The main results of this work are presented in Part IV. The numerical frozen orbit results are
shown in Chapter 9. In Chapter 10, the sensitivity of the solutions to modelling uncertainties and orbital
injection inaccuracies is determined. The verification and validation procedures performed to check
the validity of the results are explained in Chapter 11. Finally, the conclusions and recommendations
for future research are provided in Chapters 12 and 13 respectively.
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Problem Definition

The first part of this work deals with the definition of the research problem. The relevant background,
comprising details of similar missions, Apophis’ dynamical and physical parameters, and the assumed

mission scenario is provided in Chapter 2. The orbital dynamics theory associated with the research
question is reviewed in Chapter 3.






Background

As an initial step in answering the research question, this chapter provides details of precedent mis-
sions, current knowledge of Apophis’ dynamical and physical parameters, and a hypothetical mission
proposal definition. First, the mission heritage is presented in Section 2.1. Here, past missions to other
asteroids and missions employing a frozen configuration are examined. In Section 2.2, the current
knowledge on asteroid Apophis is reviewed. Finally, the assumed mission scenario for the study case
in question is documented in Section 2.3.

2.1. Heritage

A multitude of missions have taken advantage of frozen orbits since their first application to the SeaSat
mission in 1978 [15]. Since then, frozen orbits have been exploited for remote sensing missions around
Earth, the Moon and even Mars [16, 17, 18]. Past missions to asteroids, on the other hand, have been
mostly limited to flybys which are incompatible with frozen orbit design [19]. The ongoing OSIRIS-REx
mission is the only example of the application of frozen orbits to small-body exploration [7].

2.1.1. Frozen orbit missions

SeaSat, a satellite launched in 1978 to observe Earth’s oceans, was the first mission to use the frozen
orbit concept. The objective of this mission was to collect data on the ocean’s topography, temperature
and winds. Despite its short lifespan of 110 days, the satellite collected a large amount of information
about the global oceans through its five sensors, including a synthetic aperture radar, a radar altimeter,
a scatterometer system, a radiometer, and a microwave radiometer [15]. The satellite was launched
into a nearly circular low Earth orbit at 775 x 799 km altitude with a 108° inclination, allowing it to cover
95% of the global oceans every 36 hours [15, 20]. Other Earth orbiters that have flown in a frozen orbit
include the European Remote Sensing satellites (ERS-1 and ERS-2), Envisat and TOPEX/Poseidon,
which all exceeded their nominal mission lifetime by several years [21].

The use of frozen orbits for observation missions extends beyond Earth satellites and has also been
successful for lunar missions. A notable example is the Lunar Reconnaissance Orbiter (LRO). LRO
is an active mission of the National Aeronautics and Space Administration (NASA) to map the Moon’s
surface, locate potential resources and landing sites, and measure radiation levels. Although the mis-
sion had a planned duration of just one year, it has been extended multiple times since its launch in
2009 [17]. In fact, the latest mission extension was approved in April 2022 with an additional three
years of operations [8]. LRO was placed in a frozen orbit for two months during commissioning, saving
propellant and allowing for instrument calibration [22, 21]. The frozen orbit design, with an eccentricity
of 0.043, argument of periapsis of 270° and inclination of 90°, leads to a resulting variation in altitude
and argument of periapsis of 30-45 km and 267-273° respectively [22]. The drift in argument of periap-
sis and eccentricity over a four-month period for this frozen orbit can be seen in Figure 2.1, with each
colour representing a consecutive month [22].



6 2. Background

9 006
120 _——T—__ 60
T 0.04 N
30
002
N \
L0
Yoy /
\_\ ) ___f
210 \ g /330
240 T " 300
270

Figure 2.1: Polar plot showing drift of argument of periapsis and eccentricity over a period of four months for the Lunar
Reconnaissance Orbiter frozen commissioning orbit [22].

Although the change in eccentricity and argument of periapsis seen in Figure 2.1 is not exactly zero, as
per the definition of a frozen orbit, their values are essentially librating around the true frozen solution. In
reality, true frozen orbits are impossible to achieve and thus these "quasi-frozen” orbits will be referred
to as frozen throughout this work [23].

A multitude of Martian orbiters have employed frozen orbits throughout their missions, such as the
Mars Global Surveyor, Mars Odyssey and Mars Reconnaissance Orbiter [18]. The two latter missions
are still active and were approved in April 2022 for an additional three-year mission extension [8].
The Mars Reconnaissance Orbiter (MRO), launched in 2005, had the primary objective to study the
history of water on Mars [24]. During its primary science phase, which had a duration of two years, the
spacecraft orbited in a near-polar, near-circular, Sun-synchronous frozen orbit. The frozen orbit offers a
few operational advantages. Firstly, it simplifies payload design as the instruments are not affected by
large changes in altitude and speed. Secondly, for the MRO mission scenario, the frozen configuration
allows the lowest altitude over the Martian surface compared to other orbits. Nevertheless, non-frozen
orbits are preferable for survey and mapping modes for faster access to diverse parts of the planet.
For this reason, a requirement was set such that at least part of the orbit would have an altitude higher
than 300 km [25]. The more recent ExoMars Trace Gas Orbiter, launched in 2016, used similar orbit
design principles which limited the altitude variation over a single orbit to around 70 km [26, 27].

Overall, past applications of frozen orbits to space missions have proven successful in reducing pro-
pellant consumption, simplifying operations and extending the duration of said missions. The latter is
also advantageous in increasing scientific output. For near-circular orbits, the near-constant altitude
resulting from the frozen orbit design is advantageous for carrying out instrument calibration [21]. Fur-
thermore, the near-constant altitude over a point on the central body’s surface characteristic of frozen
orbits is useful for reconnaissance and altimetry [28]. The stability of an orbit in the frozen configura-
tion is also beneficial to safely reach the extremely low orbital altitudes needed to obtain high-resolution
imaging with a reduced risk of surface collision [29]. In general, the frozen configuration is chosen in
combination with a Sun-synchronous, near-polar orbit, which offers additional advantages for science
operations. For example, the constant illumination is beneficial for power generation [21].
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2.1.2. Asteroid missions

Since the discovery of Ceres in 1801, optical observations carried out from Earth’s surface have been
the primary means of studying asteroids. Although these observations are important for a preliminary
assessment of the asteroid’s orbit and size, they have limitations when it comes to investigating the
shape and rotational state of most asteroids. Thus, space missions are key to obtaining precise models
for small bodies [30].

The first space-based observations of asteroids were made during incidental flybys of spacecraft en
route to other targets [30]. The 1991 NASA Galileo mission to Jupiter was the first to produce detailed
images of an asteroid, Gaspra, during a flyby at a distance of 1600 km. Two years later, it discovered
Ida had a moon, Dactyl, after a second pass through the asteroid belt [19].

Compared to remote observations and flybys, rendezvous missions bring a more complete understand-
ing of the asteroid’s parameters by allowing extended periods of proximity observations. The first orbiter
mission to an asteroid was the Near Earth Asteroid Rendezvous (NEAR) Shoemaker mission by NASA,
sent to study asteroid Eros in 1996 [30]. After a 4-year journey, the NEAR Shoemaker spacecraft en-
tered orbit around Eros and began its scientific operations. The orbital phase, which lasted a little over
a year, involved 25 orbital correction manoeuvres including two low-altitude flyovers at distances of 5.4
km and 2.7 km [31]. For reference, Eros is 33 km long [32].

JAXA's Hayabusa mission was the first sample return mission to an asteroid, with asteroid ltokawa
being the target [30]. The mission’s science phase involved positioning the spacecraft in a hovering
position, including a "gate position” at 20 km altitude and a "home position” at 7 km altitude [33]. A
second sample return mission, Hayabusa-2, was launched in 2014 to explore asteroid Ryugu. This
mission followed similar orbital operations — in this case a "home position” at 20 km altitude — due to
the asteroid’s weak gravity field and limited reaction control system accuracy [34].

In 2007, the Dawn mission set off to explore two of the largest bodies in the main asteroid belt — Vesta
and Ceres. At Vesta, four distinct orbital phases were included in the mission design, all involving near-
polar circular orbits: Survey, High Altitude Mapping Orbit, Low Altitude Mapping Orbit, and High Altitude
Mapping Orbit 2. The specific orbital parameters for each phase were chosen to meet coverage and
resolution requirements [35]. The orbital phases at Ceres followed a similar structure [36].

As previously mentioned, OSIRIS-REX is the only asteroid mission to date to have incorporated frozen
orbits into its orbital design [7]. OSIRIS-REXx is a sample return mission to near-Earth asteroid Bennu
launched in 2016 [37]. All orbital phases at Bennu, except one, used a Sun-terminator frozen orbit
configuration to balance perturbations from the Sun and minimise variations in eccentricity and angular
deviation. The use of frozen terminator orbits for the OSIRIS-REx mission proved beneficial from an
operational standpoint but made it more difficult to estimate physical parameters such as gravity and
solar radiation pressure. Improving the characterisation of these forces and the environment around
Bennu could be achieved by incorporating additional orbital phases with non-frozen configurations [38].
Figure 2.2 shows the initial frozen orbit design for Orbital Phase A from two different views [7].
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Figure 2.2: Target orbit for Orbital Phase A of the OSIRIS-REX mission with semi-major axis 1.75 km. Adapted from Wibben
etal. [7].
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2.2. Apophis

Upon its discovery in 2004, asteroid 99942 Apophis made headlines due to its statistically high chance
of collision with Earth in 2029 [39]. Although a small impact probability was also estimated for 2036
and 2068, a series of recent optical and radar observations have confirmed that Apophis does not pose
any risk to Earth for at least the next 100 years. Nevertheless, it is now known that during Apophis’
2029 flyby, the asteroid will come as close as 32,000 km from Earth’s surface — closer than satellites
in geosynchronous equatorial orbit (GEO) — thus providing a unique opportunity to study Apophis up
close through a combination of space-based and ground-based measurements [1]. Apophis’ trajectory
around the time of the close encounter is visualised in Figure 2.3 [40].

WAPOPHIS

Figure 2.3: Trajectory and position of Apophis shortly before and after the close approach on April 13, 2029. GEO satellites are
represented by cyan dots [40].

The design of a frozen orbit around a small asteroid requires a priori knowledge of the body’s physical
parameters, some of which are still largely unknown for Apophis. Since there have been no past
missions to this asteroid, current knowledge is limited to that obtained via ground-based observations.
The first optical measurements of Apophis were obtained during its discovery in June 2004, although the
observations only lasted two nights. With the addition of a series of measurements obtained throughout
December 2004, the 2029 impact probability increased up to 2.7%. Thankfully, pre-discovery data from
March of the same year completely eliminated said possibility shortly after.

Additional observations and tracking throughout 2005 further improved the estimates on Apophis’ orbit
[41]. New polarimetric and photometric observations from 2006 were used to improve the estimates of
Apophis’ diameter and albedo, leading to updated values of 270 + 60 m and 0.33 + 0.08 respectively
[42]. During a period of visibility in 2012/2013, the European Space Agency’s (ESA) Gaia mission
performed astrometric measurements to further reduce Apophis’ orbit uncertainty [43]. During this
same period, the Herschel Space Observatory obtained the first thermal measurements of the asteroid.
This new data lead to improved predictions on the asteroid’s shape, albedo, thermal inertia and mass
[44]. Finally, astronomers used radar observations during a flyby of Apophis on March 5, 2021, to
refine its orbit around the Sun with high precision, resulting in the elimination of any impact risk in 2068
and beyond. These measurements were taken by the Goldstone observatory in Goldstone, California
when the asteroid was 17 million km away from Earth [1]. Images obtained during this observation
campaign are displayed in Figure 2.4 [14].



2.2. Apophis 9

Figure 2.4: Radio images of Apophis with a resolution of 38.75 m/pixel captured in March 2021 [14].

2.2.1. Orbit

Apophis is an asteroid belonging to the Aten category, meaning its orbit crosses that of Earth with a
semi-major axis smaller than 1 Astronomical Unit (AU) [1]. The close encounter with Earth in 2029 will
cause Apophis’ semi-major axis to increase from around 0.9 to 1.1 AU [3]. With this change, Apophis
will be reclassified as an Apollo-type asteroid - its orbit will still cross Earth’s orbit but with a semi-major
axis larger than 1 AU [1]. Due to the nature of Apophis’ orbit, there are repeated chances of close flybys
with Earth and the Moon. Table 2.1 displays the Apophis-Earth distance for five of the closest future
encounters, showing the 2029 flyby is by far the closest in the next ~100 years. The date is displayed
using Barycentric Dynamical Time (TDB) [23].

Table 2.1: Minimal distance between Apophis and Earth for the five closest future encounters [45].

Date/Time [TDB] Minimal Distance [AU]

2029-Apr-13 21:46 0.00025
2051-Apr-20 01:55 0.04146
2066-Sep-16 02:10 0.06956
2102-Sep-11 20:32 0.02343
2116-Apr-12 17:50 0.01946

The current osculating orbital elements of Apophis and their 1 uncertainty are presented in Table 2.2.
The data were obtained from a total of 7300 observations gathered between 2004 and 2021, including
radar delay and Doppler measurements [45].

Table 2.2: Osculating orbital elements of Apophis at epoch 2460000.5 (2023-Feb-25.0) TDB [45].

Element Value Uncertainty (1)  Unit
a 0.922716 2.0453E-9 AU
e 0.191417 1.1454E-9 -
i 3.339273 1.1041E-7 deg
QO 203.957515 3.7763E-6  deg
W 126.605861 4.1783E-6 deg
tp 2460072.030429 7.4583E-7 TDB

Figure 2.5 shows a visualisation of Apophis’ orbit as of 13" January 2023 [46]. UTC is the Universal
Time Coordinated standard of time [23].
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Figure 2.5: Orbit of Apophis as of 13" January 2023 00:00 UTC [46]. White vertical bars are perpendicular to the ecliptic plane.

2.2.2. Mass

The most recent estimate of Apophis’ mass is that obtained by Miiller et al. using Herschel Space
Observatory measurements from 2014, leading to a value of 5.3 &+ 0.9 x 1019 kg. The calculation was
carried out using the bulk density of asteroid Itokawa or an average rock density of 3.2 g/cm3 with
30-50% porosity [44].

2.2.3. Shape

The most recent study on the shape of Apophis is that of Aljbaae et al. [13]. This work improved past
shape models by applying corrections to match the mass and diameter estimate from Miiller et al. —
5.3 +£ 0.9 x 101% kg and 0.387 km respectively [47, 48, 44]. This new shape model has dimensions of
(—0.280,0.259) x (—0.184,0.191) x (—0.156,0.169) km. The volume of the polyhedron shape, based
on an assumed constant density of 1.75 g/cm?3, is 0.03034285 km3. This corresponds to a spherical
diameter equivalent of 0.387 km [13]. Figure 2.6 shows the shape derived from the work of Brozovi¢
et al. [48, 13].
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Figure 2.6: Polyhedral shape of Apophis using 2000 vertices and 3996 faces and rescaling using volume equivalent [48, 13]
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Although Aljbaae et al. use an equivalent spherical diameter of 387 m for the derivation of their shape
model, other values have been obtained by alternative studies. Muller et al. found a diameter range of
365-389 m [44]. Most recently, Reddy et al. found the diameter of Apophis to be between 290-390 m
using radar observations from 2020 [49].

2.2.4. Rotational state

The first estimations of Apophis’ rotational parameters were carried out by Pravec et al. using pho-
tometric observations from 2012-2013. They discovered that Apophis is a non-principal axis (NPA)
rotator in the short-axis mode (SAM), which means the short axis is the one that circulates around
the angular momentum vector [47, 50]. Furthermore, the orientation of the angular momentum vector
indicates a retrograde rotation [47]. Radar observations obtained during the same observation period
in 2012-2013 were used by Brozovi¢ et al. to update the values of Apophis’ spin state parameters [48].
The latest study to characterise the asteroid’s rotation was carried out by Lee et al. using the latest data
obtained during the 2020-2021 flyby [51]. The spin state solutions obtained from these three studies
are summarised in Table 2.3. The relatively large flyby distance during the 2012-2013 observation pe-
riod meant that Brozovi¢ et al. were unable to reduce the uncertainties of the photometric solution from
Pravec et al. The values from Brozovic et al. are thus subject to similar uncertainties [52].

Table 2.3: Pre-flyby spin state solutions for Apophis with 3o uncertainties [47, 48, 51, 52].

Model Py [N] Py, [n] Pylh] A [deg] B [deg] I/ I/
Pravec et al. (2014) 27.3800 +0.0700 30.56 +0.01 263.00 +6.00 250 +27 -75 +14 0.61 *_-(0)(1); 0.965 tgg?g
Brozovi¢ et al. (2018) 27.4500 30.62 265.70 247 -59 0.73 0.950

+9 +5 +0.02 +0.023
Lee et al. (2022) 27.3855 +0.0003 30.56 264.18 10.03 278 8 -86 4 0.64 -0.09 0.962 0.002

In Table 2.3, Py_and Py, represent the average precession period of the short and long axis respectively
around the angular momentum vector H. The short axis is the one with the maximum inertia, such that
I, £ 1; < I, with I, I; and I representing the moment of inertia around the long, intermediate and short
axes. It can be more instinctual to use the long axis convention due to Apophis’ elongated shape [52].
Then, Py, is the rotation period about the chosen rotation axis by convention. The orientation of the
angular momentum vector H is defined in the J2000 ecliptic coordinate system by the longitude 4 and
latitude g [52]. In Figure 2.7, a visual representation of Py, Py, H and © is provided. The nutation
angle 0 is defined between the long axis and the angular momentum vector and is a function of time
[52].

Figure 2.7: Definition of spin state parameters [52].
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It is expected that the proximity of the 2029 flyby will lead to large changes in the spin state of Apophis
[53, 54]. Even though the large uncertainty in the pre-flyby state hinders the assessment of the post-
encounter parameters, Benson et al. have investigated the post-flyby direction of the angular momen-
tum vector based on the pre-flyby solutions obtained by Pravec et al. and Brozovic et al. [52, 47, 48].
Figure 2.8 shows the distribution of possible solutions for the post-flyby ecliptic longitude A and latitude
B of the angular momentum vector compared to the pre-flyby solutions [52].
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Figure 2.8: Post-flyby angular momentum orientation solution space shown in black dots. The red diamond and bounded red
area represent the pre-flyby nominal solution and 3¢ area from Pravec et al. respectively, while the red square denotes the
nominal solution from Brozovi¢ et al. [52].

2.2.5. Gravity field
Methods to model the gravity field of irregular bodies such as asteroids have been extensively studied
in literature, including but not limited to spherical harmonics and the polyhedron method [55].

The simplest way of representing the gravity field of a body is the point mass assumption, which only
requires the total mass of the asteroid to be known [23]. The point mass assumption is generally
only applicable between bodies positioned at large distances from each other, which is not the case for
spacecraft orbiting a small body [44, 23]. An alternative approach demonstrated by Lang is to model the
body as a triaxial ellipsoid to calculate the gravitational potential. For this method, only the gravitational
parameter and the length of the three ellipsoid axes are required [12].

Spherical harmonics coefficients of Apophis up to degree and order 4 have been derived by Aljbaae
et al. and Lang, Chen, and Guo [13, 9]. In both studies, the coefficients were computed from polyhedral
shape models. However, these models differ largely in the assumed density, polyhedron volume, and
number of vertices and faces, leading to different coefficients. The spherical harmonics coefficients
from Aljbaae et al. are derived from the shape model previously shown in Figure 2.6, a non-convex
shape model with a higher number of vertices and faces than the one from Lang, Chen, and Guo. It
is thus assumed that the spherical harmonics coefficients from Aljbaae et al. have higher accuracy.
The unnormalised spherical harmonics cosine and sine coefficients, C, ., and S, ,, respectively, are
presented in Table 2.4. The reference plane is the asteroid’s equator, defined by the x-y plane shown
in Figure 2.6 and perpendicular to the angular momentum vector H from Figure 2.7.
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Table 2.4: Unnormalised spherical harmonics coefficients of Apophis up to degree and order 4 [13].

Degree Order Chm Snm
0 0 1.0000000000 -
1 0 0.0000000000 -
1 1 0.0000000000 0.0000000000
2 0 -0.0783221323 -
2 1 0.0000000000 0.0000000000
2 2 0.0263789204 -0.0000000000
3 0 0.0448720700 -
3 1 0.0071441362 -0.0022479382
3 2 -0.0086800988 -0.0031712753
3 3 -0.0045154950 0.0001852096
4 0 0.0063633515 -
4 1 -0.0036166896 -0.0009014188
4 2 -0.0004122196  0.0002392422
4 3 0.0001533535  0.0002872799
4 4 0.0000804961  0.0000311549

In numerical applications, the spherical harmonics series is often truncated to reduce computational
effort [56]. The resulting expression is then only an approximation of the exact gravitational potential,
but it can often be assumed that the contribution of higher-order terms is negligible. Since convergence
is not guaranteed within the circumscribing sphere, also called Brillouin sphere, extremely low-altitude
orbits should be avoided when using this expression, especially for bodies with a highly irregular mass
distribution such as asteroids [57]. However, since landing and ascent trajectories are not a part of this
work, a constraint can be set on the minimum altitude of the spacecraft to avoid convergence issues.
Furthermore, the C,, ,,, and S,, ,,, coefficients are often normalised to avoid numerical arithmetic involving
a combination of very large and small numbers [23]. The normalised coefficients are represented by
Cnm and S, ,, respectively.

As opposed to the spherical harmonics model, the polyhedron model is valid on and close to the surface
of the body, which is useful for the assessment of surface impact probability [57]. The polyhedron model
requires the availability of a shape model and generally assumes a constant density when the asteroid’s
mass distribution is unknown. The accuracy of this method increases with the number of faces used
at the cost of higher computational effort [55].

Finally, as seen in Subsection 2.2.2, the current knowledge on Apophis’ mass has an uncertainty of
+17%. Since all gravity models require knowledge of the asteroid’s mass or the gravitational parameter,
the sensitivity of the results to the mass uncertainty is analysed in Subsection 10.2.1.

2.3. Mission Scenario

A hypothetical mission scenario is defined based on similar asteroid mission proposals for the refine-
ment of the study case of frozen orbits around Apophis at the time of the 2029 flyby. At this point
in time, the only approved mission to Apophis is NASA's OSIRIS-APEX mission, an extension of the
OSIRIS-REx mission [3]. The OSIRIS-REx spacecraft is currently on the last leg of its journey back
to Earth with an expected return date of the sample capsule in September 2023 [58]. Following this
Earth flyby, OSIRIS-REXx will remain in a heliocentric orbit with a leftover AV capacity of 600 m/s and a
fully operational payload compatible with the investigation of a similar-sized asteroid [59]. Sutter et al.
investigated the trajectory design for this extended mission within the spacecraft’'s propellant limitations
and found the spacecraft could reach Apophis by April 21, 2029 — just eight days after the CE — with a
AV consumption of only 271 m/s [59]. However, since insertion prior to the CE would greatly improve
scientific output, in this research a fictive mission scenario is proposed whereby an OSIRIS-REx-like
spacecraft enters orbit around Apophis shortly prior to the 2029 flyby. Apart from this, the mission’s
requirements and spacecraft definition are heavily inspired by NASA's OSIRIS-APEX mission.
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2.3.1. Requirements
The following fictive mission requirements are assumed to refine the mission scenario:

1. The spacecraft’s orbital altitude shall not be lower than 100 m at any point in time.
2. The spacecraft’s orbital altitude shall not be higher than 6 km at any point in time.
3. The spacecraft shall enter orbit around Apophis four weeks before the CE.

4. The spacecraft shall remain in orbit for at least four weeks.

The minimum orbital altitude requirement is necessary for several reasons. Firstly, it reduces the risk
of surface impact. Secondly, it helps ensure convergence if one uses the spherical harmonics gravity
model. Finally, although low altitudes are beneficial for high-resolution imaging, one must also consider
that higher altitudes provide more coverage in less time. The maximum orbital altitude is set semi-
arbitrarily to 6 km. This follows from the fact that below an orbital altitude of ~6 km, the accelerations
from Apophis’ gravity should always be larger than those of Earth during the flyby, which is expected to
help with orbital stability [13]. Finally, although the orbital insertion date is assumed to be four weeks
before the CE in this study to limit the computational effort, for practical reasons the spacecraft can be
placed into orbit around Apophis prior to this date with the equivalent initial orbital elements leading to
the same frozen orbit solution. The details of the orbital insertion strategy are assumed to be beyond
the scope of this study.

2.3.2. Spacecraft

In order to model the perturbations acting on the spacecraft, its mass, dimensions and surface optical
properties need to be known. These data are assumed equal to that of the OSIRIS-REx spacecraft
and are shown in Table 2.5 [13].

Table 2.5: Assumed spacecraft physical properties [13].

Mass [kg] Reflectance [] Reference area [m?]
1500 0.4 25

The dry and wet mass of OSIRIS-REXx is 880 kg and 2110 kg respectively [60]. Thus, taking the mass
to be equal to 1500 kg is an accurate representation of the spacecraft's mass upon completion of
the OSIRIS-REXx mission, indicating a remaining propellant mass of 620 kg. Finally, the spacecraft is
equipped with a suite of instruments, ranging from the OSIRIS-REx Laser Altimeter to the OSIRIS-REx
Thermal Emission Spectrometer, which are assumed to be able to provide valuable scientific output
when orbiting Apophis [60].
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This chapter deals with the orbital dynamics in the vicinity of an asteroid and the mathematical ex-
pressions that are used to model the spacecraft behaviour. First, the relevant reference frames and
coordinate systems are described in Sections 3.1 and 3.2. Subsequently, the equations of motion for
the problem are introduced in Section 3.3. Finally, the main perturbations to be considered for the case
of an asteroid-orbiting spacecraft are defined in Section 3.4.

3.1. Reference Frames

Reference frames are required to know the position and velocity of the spacecraft at any point in time
[23]. Inertial reference frames are a special type of non-rotating frame which have a non-accelerating
origin. The Solar System Barycentre (SSB) is considered to be the only inertial origin at the Solar
System scale [61]. When analysing spacecraft orbits, usually a non-rotating reference frame is used
with its point of origin located at the centre of the celestial body being orbited. For the case of an
asteroid orbiter mission, there are several applicable reference frames ' [23, 61]:

» ECLIPJ2000 reference frame: inertial reference frame defined as shown in Figure 3.1.

Celestial
North Pole

Ecliptic
North Pole

ZECLI PJ2000
Ecliptic
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Figure 3.1: Definition of ECLIPJ2000 reference frame. Adapted from Wakker [23].
The X-axis points towards the position of the vernal equinox T at the J2000 epoch. The J2000

epoch refers to the 1st of January 2000 at 00:00 hours UTC and is generally used as a time
reference. The J2000 vernal equinox 759 is thus defined as the intersection point between the

T All reference frames are orthogonal, right-handed frames.

15
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ecliptic — the plane formed by the Earth’s orbit around the Sun — and the celestial equator — the
plane aligned with the Earth’s equator — at this point in time. The Z-axis is perpendicular to the
ecliptic plane at the J2000 epoch and is also referred to as the celestial north pole. The Y-axis
completes the orthogonal, right-handed frame. The origin of the reference frame is the SSB.

+ Asteroid-centred, ECLIPJ2000 reference frame: non-inertial, non-rotating reference frame. All
axis orientations are parallel to the ECLIPJ2000 reference frame, but the reference frame origin
is translated to the centre of mass of the asteroid. Note that, unless the obliquity of the asteroid
is 0°, the reference frame axes are not aligned with the asteroid’s rotation axis or equator. This
is the reference frame used for numerical propagation, as explained in Section 7.1.

» Asteroid-centred, polar-equatorial reference frame: non-inertial, non-rotating reference frame
centred at the centre of mass of the asteroid. The Z-axis is aligned with the asteroid’s rotation
axis, which is assumed to have a constant orientation. The remaining axes are parallel with the
asteroid’s equatorial plane. All orbital element time evolution results shown in this work are given
with respect to this reference frame unless otherwise specified.

The implementation of the transformation between the asteroid-centred, ECLIPJ2000 reference frame
and the asteroid-centred, polar-equatorial reference frame is described in further detail in Section 7.1.
Furthermore, verification of this transformation is presented in Subsection 11.1.4.

3.2. Coordinate Systems

Different coordinate systems can be used to represent the location or motion of a satellite with respect
to a reference frame [23]. The coordinate systems used in this work are rectangular coordinates,
spherical coordinates and orbital elements.

3.2.1. Rectangular coordinates

Rectangular coordinates, also called Cartesian coordinates, describe the state of a satellite in terms of
its position and velocity with respect to the origin of the chosen reference frame. The Cartesian state
is thus defined by six parameters in three-dimensional space: the positions x,y, z, also denoted by
the vector r, and the velocities %,y,z or vy, vy, v,, denoted by the vectors 7 and v respectively. The
Cartesian state vector is then defined by Equation 3.1.

X=[x,y2%xy72" (3.1)

The rectangular coordinate representation is useful for numerical integration procedures and can also
be used, for example, to compute the energy of the orbit at any point in time [21].

3.2.2. Spherical coordinates

The spherical coordinates are made up of six parameters: the magnitude of the radial position vector r,
right ascension a, declination §, velocity V, flight path angle y and flight path azimuth . The spherical
state vector is defined by Equation 3.2.

s=[r,adV,y " (3.2)

The radial position, right ascension and declination, which make up the spherical position, are illustrated
in Figure 3.2. If the spherical coordinates are calculated with respect to a reference frame whose XY
plane is aligned with the equator of the asteroid, the right ascension and declination are similar to the
longitude and latitude respectively. These can be useful for analysing the altitude over a given point on
the asteroid’s surface over consecutive passes.

3.2.3. Orbital elements

Orbital elements are essential for the design of frozen orbits, which involves analysing the variation of
the eccentricity and argument of periapsis [21]. The Keplerian orbital elements are comprised of six
parameters: the semi-major axis a, eccentricity e, inclination i, argument of periapsis w, longitude of the
ascending node Q and true anomaly 6 [23]. The Keplerian state vector is defined by Equation 3.3.

K=[aeiwQ~0] (3.3)
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When units are not provided, one can assume the orbital elements are given in metres and degrees.
The semi-major axis and eccentricity define the size and shape of the orbit, while the inclination, longi-
tude of the ascending node, and argument of periapsis are used to define the orientation of the orbital
plane with respect to a non-rotating reference frame. Finally, the true anomaly describes the position
of the orbiting body in this orbit. A number of these elements are shown in Figure 3.2.

‘Z

Asteroid Y

X (V)

Figure 3.2: Definition of orbital elements: inclination i, argument of periapsis w, longitude of the ascending node Q and true
anomaly 6; and spherical coordinates: radial position r, right ascension @ and declination &, with respect to an
asteroid-centred, non-rotating reference frame. Adapted from Wakker [23].

3.3. Equations of Motion

The two-body problem is taken as the starting point for the derivation of the equations of motion for a
spacecraft orbiting Apophis around the time of the 2029 Earth flyby. The two-body problem describes
the motion of two point masses in free space, where the only acceleration present is the mutual gravi-
tational pull between the two bodies. Under this assumption, the motion of a satellite A with respect to
a non-rotating reference frame with body B at its origin is described by Equation 3.4 [23].

. mp +my
Tpa = —GTTBA (34)
BA

The vector rg, is the position vector of spacecraft A with respect to asteroid B, while iz, represents
its second time derivative. The gravitational constant, with a value of 6.67384 x 101! m3kg=1s72, is
denoted by the parameter G. Finally, m, and my are the masses of bodies A and B respectively.

For the case of a spacecraft orbiting an asteroid, it can be further assumed that mzp >> m,. Defining
the central body mass as M = mg, the gravitational parameter u = GM is introduced. Further omitting
the BA subscript from this point forward for simplification purposes leads to Equation 3.5.

. H
Tpa = _r_3r (35)

The usefulness of this equation comes from the fact that it can be solved analytically in closed form.
Thus, an expression that mathematically describes the orbit as a conic section can be derived using
the conservation laws of orbital energy and angular momentum, as shown in Equation 3.6.

a(l—e?)

"= 1+ecosé (3.6)
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This equation is also referred to as the orbital equation. The type of conic section that describes the
orbit is dependent on the eccentricity value. For e = 0, the orbit is represented by a circle and for
0 < e <1 by an ellipse. Parabolic and hyperbolic orbits, represented by e = 1 and e > 1 respectively,
are not of interest for an orbiter mission [23].

3.4. Perturbations

Under the two-body assumption, which is only valid when the primary body’s mass distribution is ax-
ially symmetric around its rotation axis, the motion of the orbiting body is said to be Keplerian and is
described by Equation 3.6 [23]. Any additional forces, called perturbations, lead to deviations from
this Keplerian orbit and can be added to Equation 3.5 to obtain Equation 3.7, where a,, represents the
perturbing accelerations vector [62].

. I

t=-3r +a, (3.7)
The gravitational acceleration for a given perturbing potential U can generally be formulated using
Equation 3.8 [56]. In this equation, V = d/dr is the gradient with respect to the inertial position.

a, = —-VU(r) (3.8)

The largest perturbations acting on an asteroid-orbiting spacecraft originate from the asteroid’s mass
irregularities, the effect of SRP and the gravitational pull of nearby bodies [13]. A first analysis of the
magnitude of the accelerations acting on an Apophis-orbiting spacecraft is carried out by propagating
the state of OSIRIS-REXx for 42 days, starting 28 days before the Earth flyby. The accelerations included
are the spherical harmonics (SH) gravity of Apophis up to degree and order (D/O) four, SH of Earth up
to D/O 50, SH of the Moon up to D/O 50, cannonball SRP, and the point mass (PM) gravity of the Sun
and the remaining Solar System planets. Further details on the set-up of the simulation environment,
such as the employed integrator and propagator, are provided in Chapter 7. Thus, the acceleration
norms in Figure 3.3 are obtained. An initial Keplerian state vector k, = [1206,0.32, 76,220,134, 0]”
defined with respect to the Apophis-centred, polar-equatorial reference frame is used for all plots in this
chapter as it is known to survive the Earth flyby without impact or escape.

1075 'xW—V\AAMJMWM —— SH Apophis 4/4
; SH Earth 50/50
—— 5H Moon 50/50
—— Cannonball SRP
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Figure 3.3: Acceleration norms of different perturbation sources for an initial Keplerian state vector
K, = [1206,0.32,76,220,134,0]T with a simulation start date of March 16, 2029.

It is confirmed that the main perturbations arise from the gravity of Apophis, SRP and the gravity from
the Sun, Earth and Moon. The inverse square relation between acceleration and distance defined by
Equation 3.5 is visible in the time evolution of the acceleration norms of the Earth and Moon due to
the decreasing distance between the spacecraft and these bodies leading up to the close encounters.
As expected, the acceleration norm corresponding to the Earth’s PM gravity reaches its maximum
value at the time of the Earth CE. For this initial Keplerian state and combination of accelerations, the
propagation terminates upon reaching the end of the user-specified simulation time of 42 days.
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It is also useful to look at the variation of some of the perturbations at different orbital altitudes. Fig-
ure 3.4 shows the acceleration norms for the zonal gravity of Apophis and SRP at different radial
distances, obtained by varying the initial semi-major axis value. The acceleration norms are retrieved
at the first time step of the simulation. The radial distance is measured from the centre of mass of the
asteroid and the Brillouin sphere is defined at a radius of 280 m, following from the asteroid’s maximum
radius from the shape model of Aljbaae et al. presented in Subsection 2.2.3 [13].

Apophis gravity (o)
Apophis ]2
Apophis |3
Apophis Ja
Cannonball SRP
Brillouin sphere

10-11 1

Acceleration Norm [m/s?]

=
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|

T T T T
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Figure 3.4: Acceleration norms of different perturbation sources at different radial distances, calculated for a Keplerian state
vector Kk, = [a,0.32,76,220,134,0]” on March 16, 2029.

The zonal coefficients are defined by J,, = —C,, . As expected, the magnitudes of the accelerations from
Apophis’ gravity decrease quadratically with increasing radial distance since the distance is computed
from the asteroid’s centre of mass, whereas the magnitude of SRP increases slightly with increasing
radial distance. The latter can be attributed to the chosen initial Keplerian state vector, which represents
an orbit slightly inclined towards the Sun at periapsis. Thus, increasing the radial distance by increasing
the semi-major axis reduces the spacecraft-Sun distance. Furthermore, the order of magnitude of the
accelerations due to zonal spherical harmonics coefficients matches the relative magnitudes of the
coefficients shown in Table 2.4. Finally, it is noted that the SRP acceleration is lower than the shown
zonal gravity terms for radial distances below 1200 m, suggesting that maintaining the spacecraft’'s
altitude below 1000 m may help avoid orbital escape.

Apart from the accelerations shown in Figure 3.3, there are other accelerations acting on the spacecraft.
For example, the Poynting-Robertson effect describes a phenomenon associated with SRP whereby
a body is subjected to a drag-type force which causes it to lose angular momentum and slowly spiral
towards the Sun. Nevertheless, even for small particles this process takes thousands to millions of
years, so it can be assumed negligible for an asteroid-orbiting spacecraft with a limited mission duration
in the order of months to years [23]. More relevant perturbations for this scenario are the spacecraft’s
thermal re-radiation and antenna pressure as well as the asteroid’s thermal re-radiation. This was
exemplified by the OSIRIS-REx mission around Bennu, where these perturbations had a magnitude of
1078 and 10719 m/s? respectively [63]. However, the modelling of these parameters is assumed to be
beyond the scope of this study.

3.4.1. Spherical harmonics gravity

For a small body such as Apophis, where the irregularity of the shape and mass distribution is known
to have a considerable effect on the spacecraft’s orbital motion, the spherical harmonics model can be
used to formulate the gravity potential. The gravitational potential expressed as a spherical harmonics
series expansion is shown in Equation 3.9 [23].

U= é Z Z (g) Pym(sing) {C, m cosmA + S, sinmA} (3.9)

n=0m=0

In this equation, the subscripts n and m represent the degree and order respectively. The reference
radius of the central body — typically the equatorial radius —is given by R, while the B, ,, (sin ¢) terms are



20 3. Orbital Dynamics

normalised Legendre functions of the first kind. C,,, and S,, ,,, are the normalised spherical harmonics
coefficients. Finally, , ¢ and A are the radial distance, latitude and longitude respectively [23].

If Equation 3.9 is truncated at n = m = 0, the expression simplifies to that of the point mass gravitational
potential. Other combinations of n and m represent the variations in both north-south and east-west
directions, as illustrated in Figure 3.5 [64].

a b
=

c
V\/ b
Figure 3.5: lllustration of spherical harmonics for a) zonal harmonics (n # 0, m = 0), b) tesseral harmonics (m # n # 0) and ¢)

sectorial harmonics (m = n = 0) [64].

The effect on the orbital element evolution of the addition of Apophis’ spherical harmonics gravity to
the two-body, point mass solution is visible in Figure 3.6.
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Figure 3.6: Orbital element evolution upon addition of Apophis’ spherical harmonics gravity truncated at D/O 2/0, 4/0 and 4/4
for an initial Keplerian state vector k, = [1206,0.32,76,220, 134, 0]T with a simulation start date of March 16, 2029.
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It is first noted looking at Figure 3.6 that the orbital elements for the 'PM Apophis’ solution are constant
over time, which is in accordance with the two-body theory described in Section 3.3. The true anomaly
has been omitted as it is known to vary periodically. For a semi-major axis of 1206 m, the orbital period
is of approximately 1.6 days. The short-period effects in the order of one orbital period for the zonal
gravity perturbations can be attributed to the fact that this is the time it takes for the spacecraft to go
over the same latitude, a parameter associated with the definition of the SH gravitational potential as
shown in Equation 3.9.

Furthermore, a secular effect is observed for the argument of periapsis and longitude of the ascending
node. The secular variation in the longitude of the ascending node is a well-known effect referred to
as nodal precession and is induced by the oblateness of the central body, as is the precession of the
argument of periapsis [21]. The direction of the nodal precession depends on the inclination of the orbit.
For an oblate body, the effect of the equatorial bulge on a prograde orbit will lead the longitude of the
ascending node to drift westwards, i.e. the precession is negative [23]. This matches the behaviour
observed in Figure 3.6 for the drift in the longitude of the ascending node, since the orbital inclination
of ~ 76° corresponds to a prograde orbit.

The behaviour upon the addition of higher zonals and tesserals is harder to predict because the coef-
ficients can have different signs, leading some periodic effects to cancel each other out. In fact, this is
why the ’+ SH 2/0’ solution and the '+ SH 4/0’ solution are almost the same although Apophis’ J; and J,
coefficients are only 1.75 and 12 times smaller than J, respectively. For reference, Earth’s higher-order
zonals are in the order of 1000 times smaller than J, [65]. Furthermore, Figure 3.6 suggests that the
inclusion of the tesseral gravity terms is important as the full gravity model up to degree and order 4
leads to the largest orbital element variations. This is expected since, for example, the C, , coefficient
is only three times smaller than J, [13].

In terms of the magnitude of the periodic and secular variations induced by the degree and order 4
gravity field of Apophis, a maximum variation of approximately 74 m is observed for the semi-major
axis, 0.05 for the eccentricity, 0.9° for the inclination, 16° for the argument of periapsis and 10° for the
longitude of the ascending node. lItis clear that the variation in the orbital elements upon the addition of
the tesseral harmonics terms cannot be assumed to be negligible. Itis thus concluded that the inclusion
of the tesseral harmonics terms is required for the modelling of Apophis’ gravity field.

3.4.2. Gravitational perturbation by other bodies

In reality, the presence of other celestial bodies, such as the Sun or nearby planets, can also cause large
changes in the spacecraft’s orbit. Although the spherical harmonics formulation can be used to define
the accelerations induced by these bodies, the point mass assumption can be an accurate simplification
for faraway bodies. The gravitational potential is then expressed as shown in Equation 3.10 [56].

b H

V=g =

(3.10)
As expected, combining Equations 3.8 and 3.10 leads to the equation of motion of the two-body problem
previously shown in Equation 3.5. For bodies in closer proximity, such as the Earth during the 2029
flyby, the spherical harmonics expansion can be used as defined in Equation 3.9.

In numerical simulations, the gravitational potential is defined in the same way for all bodies, regardless
of them being central or third bodies. The software handles the computation of the perturbation as a
third-body acceleration or central gravitational acceleration based on the definition by the user of the
propagation origin, which is usually assigned to the central body. In this work, the propagation origin is
assigned to the asteroid as described in Section 7.1. The acceleration due to a third-body perturbation
is computed from Equation 3.11 when the central body is non-inertial, where A is the spacecraft, B is
the third body, and C is the central body [56].

f=VUB(TA)—VUB(TC) (311)

For a preliminary analysis of the effect of third-body perturbations, the effect on the orbital element time
evolution upon the addition of the point mass gravity of different third bodies compared to the two-body,
point mass solution is assessed. Considering the acceleration magnitudes seen in Figure 3.3, only the
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effects of the Sun, Moon and Earth are investigated here. In Figure 3.7, the effects of the perturbations
from the Sun and Moon on the orbital elements are shown.
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Figure 3.7: Orbital element evolution upon addition of the point mass gravity of the Sun and Moon for an initial Keplerian state
vector Kk, = [1206,0.32,76,220,134,0]7 with a simulation start date of March 16, 2029.

Looking at the effect of including the perturbations due to the Moon’s gravity, a negligible effect is
observed until the time of the Moon flyby. The drift behaviour during this time is simply explained by
Equation 3.10. The acceleration induced by the Moon increases as the spacecraft gets closer to it i.e.,
as r becomes smaller, leading the orbital elements to change at the time of the flyby. Even then, the
effect is still small, being in the order of 6.5 m for the semi-major axis, 0.003 for the eccentricity, and 1° or
less for the inclination, argument of periapsis and longitude of the ascending node. The relatively small
drift in the orbital elements is logical since the closest encounter with the Moon happens at a larger
distance than that of the Earth, at around 96,000 and 37,000 km respectively, and the mass of the
Moon is ~ 100 times smaller than that of the Earth [23, 45]. Furthermore, the orbital elements stabilise
right after the Moon flyby, which can be attributed to the fact that the asteroid passes the Moon at very
high speed and thus the Moon’s gravitational perturbation is only at its peak for a short time.

For the Sun’s contribution a more stable effect can be observed on the orbital element drift as the
distance to the Sun is approximately constant. The short-term periodic effects, which can be linked to
the small changes in the spacecraft-Sun distance over one orbital period, are especially small because,
for the orbit shown, the orientation of the orbital plane is almost perpendicular to the Sun-asteroid
position vector. This means the spacecraft’s distance to the Sun is almost constant over one orbit and
there are no eclipses from the asteroid itself. For an equatorial orbit, a much larger short-term periodic
variation would be seen.
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Similarly, the effect of the addition of the point mass gravity and spherical harmonics gravity up to D/O
2/0 of the Earth is presented in Figure 3.8.
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Figure 3.8: Orbital element evolution upon addition of the point mass gravity of the Earth and the spherical harmonics gravity up
to D/O 2/0 for an initial Keplerian state vector x, = [1206,0.32, 76,220, 134,0]T with a simulation start date of March 16, 2029.

Including the effect of Earth’s gravity seems to have a negligible effect up until the time of the Earth
flyby. In fact, the magnitude of the accelerations induced by the flyby leads to orbital escape, which is
why the simulation ends at this time. This illustrates the importance of balancing the perturbations to
obtain a stable orbit, since the chosen initial Keplerian state is known to survive the Earth flyby when all
accelerations in Figure 3.3 are included. Although the addition of Earth’s oblateness defined by the J,
term seems to have a negligible effect in Figure 3.8, a more in-depth assessment of the contributions
of different accelerations based on the difference in position when adding or removing accelerations is
provided in Section 7.4.

3.4.3. Solar radiation pressure

As seen in Figure 3.3, SRP is the second-largest perturbation prior to the CE. One way of formulating
the effect of SRP involves assuming the radiation stems from a source located at an infinite distance
and the illuminated body is a perfect sphere, i.e. the cannonball model. Under these assumptions, the
acceleration due to SRP is obtained from Equation 3.12 [56].

. (P CrSref \ T
= (e ) () (3.12)



24 3. Orbital Dynamics

Here, P is the total power or luminosity of the Sun, c is the speed of light, C, is the reflection coefficient,
Srer is the reference area of the spacecraft and m,, is the spacecraft mass. Thus, the SRP effect
is dependent on the chosen spacecraft and the position vector. The effect of (partial) eclipses can
be modelled by multiplying Equation 3.12 by a shadow function, which returns a value of 0 when the
spacecraft is in umbra, a value between 0 and 1 when in penumbra, and a value of 1 when fully in
sunlight [21].

The effect of the addition of SRP using the cannonball model is shown in Figure 3.9.
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Figure 3.9: Orbital element evolution upon addition of the cannonball solar radiation pressure for an initial Keplerian state
vector K, = [1206,0.32,76, 220, 134, 0]T with a simulation start date of March 16, 2029.

Compared to the other perturbations, SRP has the largest effect on the drift of the orbital elements,
as expected by looking at the acceleration norms in Figure 3.3. The drift induced on the semi-major
axis leads to variations of up to 100 m. The maximum change in eccentricity is around 0.54 and for the
inclination it is around 37°, leading the orbit to switch between prograde and retrograde rotation. The
secular variation of w leads to it going through all possible values, while ( varies by up to 65°.

In this chapter, the effects of the main perturbations have been analysed on an individual basis. The
design of the frozen orbits will involve the balancing of these perturbations such that they cancel out to
provide a stable orbit with quasi-constant eccentricity and argument of periapsis. Although all perturba-
tions evaluated in this chapter have an effect on the orbital element evolution, an in-depth assessment
of which perturbing accelerations are to be included in numerical simulations is provided in Section 7.4.
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Analytical Analysis

An analytical analysis is carried out to investigate the solution space of frozen orbits around Apophis
during the time of the flyby. The methodology is described in Chapter 4, while the analytical results and
the comparison to numerical simulations are presented in Chapter 5.
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Methodology

An analytical assessment of the frozen orbit solutions for an Apophis-orbiting spacecraft is carried out
to gain initial insights into the solution space and, later on, have a point of reference for the numerical
analysis and its results. As discussed in Chapter 1, several authors have undertaken the endeavour of
deriving analytical equations for the analysis of frozen orbits around Apophis and other small bodies.
For this work, the analytical solutions are obtained by following the method of Kikuchi, Oki, and Tsuda
[5]. Due to the inclusion of the central body’s zonal terms up to degree four and the effect of SRP, this
formulation of Lagrange’s Planetary Equations is considered to be the best approximation for this work
available in literature. The frozen orbit definition of Kikuchi et al. involves setting the e, w and Q drift to
zero, as the focus is on finding Sun-synchronous frozen orbits. In this work, the classical definition is
assumed, which means the frozen orbit condition is defined by Equation 4.1.

dw de 0 41

dt  dt (4.1)
Under this condition, the altitude of the spacecraft above a given point on the asteroid’s surface will be
constant across consecutive passes [23]. Note that the frozen orbit definition is based on the long-term
time derivative of the orbital element evolution rather than the instantaneous derivative. Thus, short-
period variations, typically in the order of one orbital period, may still be present in a frozen orbit.

This chapter describes the methodology used for the analytical analysis, starting with the definition of
the problem and its main assumptions in Section 4.1. Then, the derivation of the averaged potential
functions is shown in Section 4.2. Lagrange’s Planetary Equations are introduced in Section 4.3 to
describe the time evolution of the orbital elements, while analytical formulations of the collision and
escape conditions are given in Section 4.4. The method used to assess orbital stability is described in
Section 4.5.

4.1. Problem Definition and Assumptions

The derivation of the time derivatives of the orbital elements is based on the averaging of Lagrange’s
Planetary Equations. The following assumptions and considerations are made:

* Perpendicular-rotation assumption: the asteroid orbital and equatorial planes are co-planar,
with the consequence that the obliquity with respect to the ecliptic satisfies either e = 0° or € =
180°. Equivalently, this means the asteroid’s spin axis is assumed to be perpendicular to its orbital
plane. The obliquity of Apophis’ spin axis with respect to the ecliptic is 176°, so the assumption
does not match the reality but is quite reasonable.

» Acceleration assumption: the only perturbations included are those due to the asteroid’s J,,
J3 and J, gravity and solar radiation pressure. Thus, tesseral terms and higher-order zonals
are assumed to be negligible, as well as any other contribution such as third-body gravitational
perturbations.
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+ Full illumination assumption: shadowing effects are not included in the formulation of solar
radiation pressure. Thus, the spacecraft is assumed to be continuously in sunlight.

The Hill coordinate frame, which is the reference frame used to derive the analytical equations, is a
rotating reference frame with its origin at the asteroid centre. In this frame, the x-axis points towards
the anti-Sun direction and the z-axis is parallel to the angular velocity vector, i.e. perpendicular to
the asteroid’s orbital plane. The y-axis simply completes the right-handed orthogonal frame. The
perpendicular-rotation assumption is necessary for this frame to be orthogonal. The definition of the
frame and the orbital elements with respect to the asteroid’s orbital and equatorial planes is shown in
Figure 4.1.

»  Spacecraft

Asteroid
orbital plane

Spacecraft
orbital plane

Figure 4.1: Reference frame and orbital element definition. Adapted from [5].

Here, i and w are defined as the inclination and argument of periapsis with respect to the asteroid’s
orbital plane, while i and @ are measured with respect to the asteroid’s equatorial plane. The gravita-
tional perturbations from the central body are typically measured with respect to the asteroid’s equatorial
plane while the SRP perturbation is more easily formulated with respect to the asteroid’s orbital plane,
as shown in Section 4.2.

4.2. Perturbation Functions

The perturbation potential functions for the zonal gravity up to degree four and SRP as a function of
the orbital elements are given by Equation 4.2. For the full derivation, the reader is referred to the work
of Kikuchi, Oki, and Tsuda [5].
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For the definition of the SRP potential, the constant p is introduced as defined by Equation 4.3, where

d is the asteroid-Sun distance [5].
_ CrPSyer
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(4.3)



4.3. Lagrange’s Planetary Equations 29

Formulating the perturbation potentials as a function of the orbital elements allows straight-forward
averaging over one orbital period by integrating over the true anomaly 6 as shown in Equation 4.4 [5].
In this way, short-period variations are removed.

_ % 21
g=0=D f ve) (4.4)
0

2m (1 + ecos6)?

In order to write all perturbation functions using the same orbital elements, the parameter 6, = cos ¢ is
introduced, noting that for ¢ = 0,180°, §. = +1. Thus, the perpendicular-rotation assumption leads to
the mathematical simplifications shown in Equation 4.5 [5].

sini = sini cosi = 6,cosi 45)
sin®@ = 6;sinw cos®@ = 6.cosw '

Substituting Equation 4.5 into Equation 4.2 and performing the integral over one orbital period as shown
in Equation 4.4 leads to the averaged perturbation potentials in Equation 4.6 [5].
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It is noted that &, is only present in the averaged potential function for the J; zonal harmonics term.
While the even zonal harmonics terms, i.e. J, and J,, are symmetric about the equatorial plane, the
odd zonals are not. Thus, the perturbation due to /5 is dependent on the obliquity, and thus on §;.

4.3. Lagrange’s Planetary Equations

Lagrange’s Planetary Equations (LPEs) are a set of six equations that mathematically define the evolu-
tion of the six orbital elements for a given perturbation potential U [21]. Using Lagrange’s formulation,
the time derivatives of e and w can be estimated from Equation 4.7, where the averaged perturbation
potential U is obtained from the summation of the potential functions in Equation 4.6 [5]. Because of
the frozen orbit definition used in this work, the derivation of the time derivatives of the remaining orbital
elements has been omitted.

de 1—e290 V1-—e290

dt ~ na’e dc  na’e dw @.7)
do V1-—e? au coti a0 '

dt  na’e de ng2vl—e? 0i

Here, o is equal to —Nt,, with N the mean motion of the asteroid around the Sun and t, the time of
pericentre passage. The mean motion of the spacecraft around the asteroid is defined by n = \/u/a3,
with u being the gravitational parameter of the asteroid. Partial derivation of the averaged potentials
presented in Equation 4.7 with respect to o, w, e and i leads to the final expressions for de/dt and
dw/dt in Equation 4.8 [5].
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The parameters Kszp, Kj,, K, and X, are introduced to simplify the equations and are defined by
Equation 4.9 [5]. For a given semi-major axis, these parameters are constants.
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Assuming w, Q = +90° in Equation 4.8 means de/dt = 0 for all a, e, i. Thus, the frozen orbit so-
lutions can be obtained directly by finding the combinations of a, e and i that satisfy dw/dt = 0. In
Equation 4.10, the simplified expression under this assumption is shown' [5].
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The verification for the implementation of this method can be found in Subsection 11.1.1.

1AIthough all equations in this section are taken from Kikuchi, Oki, and Tsuda, a typo is present in their version of Equation 4.10
[5]. The sign of the X, term in their work is positive when it should be negative. The corrected version is shown in this work.
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4.4. Collision and Escape

Finding the solutions to de/dt = dw/dt = 0 from Equation 4.8 may lead to solutions which are invalid in
real life. Collision and escape are two undesirable conditions for an orbiter spacecraft. Thus, analytical
expressions are derived to identify the orbital element combinations at which they happen.

The derivation of the collision or impact condition follows straight-forwardly from the orbital equation
in Equation 3.6. It is known that the smallest radial distance over one orbit occurs at periapsis 7,
which happens at & = 0°. This simplifies Equation 3.6 to , = a(1 — e), which is the equation for
the pericentre distance. Thus, for a given a and e, surface impact with the asteroid occurs when
Ty = Riax, With Ry, being the maximum radius of the asteroid. This essentially places a constraint on
the maximum eccentricity for a given semi-major axis, leading to the final expression for the collision
condition expressed by Equation 4.11.

R
emax =1 — ";“" 4.11)

This expression can equivalently be used to place a lower limit on the minimum altitude h,,;,, above
the spacecraft's surface by substituting R4 fOr Ripnax + Amin. The impact condition is implemented
in this way for the analytical results by placing a constraint by assuming R, = 280 m. Furthermore,
hmin = 100 m from the mission requirements presented in Subsection 2.3.1.

For the identification of the orbital escape condition, use is made of the vis-viva equation, which relates
the specific orbital energy & to the orbit's semi-major axis a, position r and velocity V for any Keplerian
orbit [23]. Note that V is the velocity with respect to a non-rotating reference frame. The relation is
displayed in Equation 4.12.

et _YV_H (4.12)

The specific orbital energy should be constant over time due to the energy conservation law for a
Keplerian orbit. Orbital escape happens when & = 0, which with some rearranging leads to Equa-
tion 4.13.

Vese = |— (4.13)

Then, the escape condition is identified by Equation 4.14.

V>V (4.14)

Rearranging Equation 4.12 to make v the subject of the formula, substituting it into Equation 4.14, and
simplifying leads to Equation 4.15.
a<0 (4.15)

According to the LPEs, even when including the perturbations from the central body’s zonal gravity and
SRP, da/dt = 0 after removing short-period variations in the order of one orbital period [5]. This means
that as long as the semi-major axis input for the generation of the analytical results has a positive value,
the escape condition will not be reached. Information on the implementation of the collision-escape
conditions for the numerical analysis is provided in Section 7.2.

4.5. Lyapunov Stability

Characterising the stability of the found frozen orbit solutions is a critical aspect of this analysis, as
the averaging of the perturbations over an orbital period and the approximation of including only zonal
gravity terms can lead to unstable behaviour for a spacecraft in a real space environment. Analysis of
the orbital stability can be carried out analytically via linearisation of the LPEs.

Defining X = [a,e,1,Q, w]T, the LPEs can be rewritten as X = f(X). Since frozen orbits are equilibrium
points where the derivatives of the orbital elements are zero, X can be linearised around the equilibrium
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state. For a frozen orbit solution X*, f(X) = 0 and §X = X—X* is a small deviation from the equilibrium.
Then, the variational equation is given by Equation 4.16 [5].

_

56X =
oxX|,.

5X (4.16)

The Jacobian matrix g—; contains the partial derivatives with respect to the orbital elements of the time

derivatives of the orbital elements. With the previous assumption that w, Q = +90°, the Jacobian matrix
simplifies to Equation 4.17 [5]:

0 0 0 0 0

af 0 0 0 JA JB
2l =0 0 0 0 a 4.17)

x |\Jp Jdg dr 0 O

Jde dun I 0 O

where J4, J5, Je» Ip» Jgs Ik Je» Ju, Jp are given in Appendix A. The eigenvalues A, of the linearised
system, where k € {1, .., 5}, determine the stability characteristics of the equilibrium point. The eigen-
values follow the form 1 = Re(1) + Im(A)i, where Re(1) represents the real part, Im(4) the imaginary
part and i is the imaginary number. Thus, the solution of the linearised equations of motion can be
written as Equation 4.18. Note here that e is Euler’s number and not the orbital eccentricity.

5
cretk = Z creRet (cos Im(A)t + i sin Im(A,)t) (4.18)
=1

6X =

=
Il w1
ey

From Equation 4.18, it is apparent that the real parts of the eigenvalues dictate the overall stability
of the system while the imaginary parts only affect the oscillatory behaviour. The values of ¢, are
simply constants determined by the initial conditions. If all the eigenvalues have negative real parts, the
equilibrium is said to be asymptotically stable, indicating that any small perturbation from the equilibrium
will decay over time. On the other hand, if just one of the eigenvalues has a real positive part, even
a small initial perturbation can lead to an exponential deviation from the equilibrium. Thus, Lyapunov
stability is achieved when all the real parts of the eigenvalues are < 0 [5]. Following from this definition,
the stability index ¢ in Equation 4.19 is introduced.

¢ = max(Re(Ay)) (4.19)

Thus, stable orbits are characterised by ¢ < 0.



Results

With the methodology covered, the analytical frozen orbit results and their stability are presented in
Section 5.1. The analytical results are then compared to numerical simulations in Section 5.2. Final
conclusions on the strengths and limitations of the analytical method are provided in Section 5.3.

5.1. Analytical Results

The initial results are obtained by calculating dw/dt over a grid of e and i values for a given a, for all
combinations of w and Q. Then, the values of e and i at which dw/dt = 0 are found by locating the
points at which the output of the dw/dt function changes sign. This means the accuracy of the results
is dependent on the e — i grid resolution used in the numerical implementation to obtain the analytical
solutions. The results for different values of a are displayed in Figure 5.1, with the impact condition
implemented as defined in Section 4.4.
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Figure 5.1: Frozen orbit solutions, corresponding to dw/dt = de/dt = 0, for different combinations of a,w and Q.
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It is first noted that the solutions for lower a reach a lower maximum e than the ones with higher values
of a. This follows from the constraint on surface impact with the additional requirement of having a
minimum altitude above the surface of at least 100 m. For example, for a = 400 m, the maximum
allowable eccentricity considering the minimum altitude requirement and the maximum radius of the
asteroid of 280 m would be 0.05, as seen in the plots. Thus, this observation is independent from the
frozen orbit condition.

The solutions can be divided into two main families: near-polar and near-equatorial orbits. The former
group contains solutions ranging in inclination from 75° to 105°, while the latter ranges between 175°
and 5°. This means in both groups there are both prograde and retrograde solutions. Furthermore,
when Q = 90° the near-equatorial solutions are all prograde orbits, whereas, for Q = -90°, all orbits are
retrograde.

For the near-polar solutions, symmetry in the inclination is observed for solutions with conjugate values
of Q and equal w. Namely, for a given a, e and w, if a frozen orbit solution exists for @ =90° at, e.g. i =
80°, the solution for the conjugate value of Q = -90° will also be the conjugate of the inclination at 180 -
80 =100°. Orbits with conjugate Q and i have the same orientation but with the spacecraft orbiting in the
reverse direction. Since only zonal gravity terms have been included, which are axially symmetric, and
the orientation of these orbits with respect to the Sun is identical, meaning the perturbations from SRP
are equal for either orbit, it is logical that this symmetry in the solution space is observed. It is expected
that the inclusion of tesseral gravity terms would lead to non-symmetric solutions for conjugate pairs of
Q. Furthermore, a pattern is seen whereby orbits with lower semi-major axis exhibit frozen behaviour
for inclinations deviating from 90°. At these inclinations, the effects of SRP and zonal gravity cancel
out. For higher a, the zonal gravity terms are too weak to counteract the effects of SRP and thus the
only solution is at exactly 90°, as it is at this inclination that the orbital plane is exactly perpendicular to
the Sun-asteroid line and the SRP magnitude is constant over time. These orbits are generally referred
to as Sun-terminator frozen orbits [5].

For near-equatorial orbits the latitude of the spacecraft is almost constant over time, meaning that the
perturbations due to the central body’s zonal gravity perturbations are also almost constant over time.
The effect of SRP on this type of orbit in combination with zonal gravity perturbations is such that the
precession of the orbit's argument of periapsis occurs at the same rate as the mean motion of the
asteroid around the Sun. That is, the argument of periapsis is fixed with respect to the Sun-asteroid
line, which stabilises the effects of SRP on the orbit. This type of orbit is referred to as a heliotropic or
anti-heliotropic orbit depending on the location of the argument of periapsis. For w = 90°, it is pointing
towards the Sun and the orbit is anti-heliotropic, and vice versa for w =-90°. This family of orbits is one
of the typical solutions for frozen orbits around small bodies [5, 9].

At the time of writing, no previous studies have evaluated the Lyapunov stability of frozen orbits around
Apophis. Here, the stability of the analytical frozen orbit solutions is assessed using the method de-
scribed in Section 4.5 for all the discrete solutions shown in Figure 5.1. Since the analytical method is
implemented numerically to obtain the results, a numerical rounding error is introduced in the process.
The numerical precision for this work is 16 digits, so values of the stability index that are lower than
10716 are rounded to zero to circumvent this issue. Furthermore, it is noted that for all cases, at least
one of the eigenvalues has a real part that is greater than or equal to zero. This means there are no
stable solutions with a negative stability index and all stable solutions correspond to a stability index of
exactly zero after rounding.

First, the stability of the near-equatorial solutions with respect to the initial eccentricity and semi-major
axis is shown in Figures 5.2 and 5.3.
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Figure 5.2: Stability index against initial eccentricity for near-equatorial analytical frozen orbit solutions.
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Figure 5.3: Stability index against initial semi-major axis for near-equatorial analytical frozen orbit solutions.

For Q = 90°, there are no stable solutions for e > 0.75; for e < 0.75, ¢ = 0 for all e when a = 400,
600, 800 and 1000 m and for e ~ 0.73 when a = 1500 m, indicating stable solutions. For Q =-90°, all
solutions have ¢ = 0. It is also apparent that there are no stable solutions for a > 1500 m, indicating
higher altitudes are inherently unstable for this case. There are seemingly only three solutions for Q =
-90° because, looking back at Figure 5.1, the near-equatorial solutions correspond to only three values
of a. These results imply that a has a larger influence on the stability of the orbit than e.
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The stability results for the near-polar solutions are given in Figures 5.4 and 5.5.
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Figure 5.4: Stability index against initial eccentricity for near-polar analytical frozen orbit solutions.
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Figure 5.5: Stability index against initial semi-major axis for near-polar analytical frozen orbit solutions.

Stable orbits in the near-polar family are found at almost all values of eccentricity, showcasing the
existence of both near-circular and high-eccentricity near-polar frozen orbits. With respect to the semi-
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major axis, stable orbits are also found at almost all sampled values of a, depending slightly on the
combination of w and Q.

In conclusion, out of the 3476 discrete solutions shown in Figure 5.1, only 1503 have a stability index
of 0. This means that more than half (56.8%) of the solutions found with the analytical method are
unstable according to this parameter. Therefore, the frozen orbit solutions obtained from the derivation
of the LPEs with SRP and zonal gravity up to degree four should be looked at critically.

5.2. Comparison with Numerical Simulations

To assess the quality of the analytical results, and look ahead at the numerical behaviour of frozen
orbits presented in detail in Chapter 9, a comparison is made to the results obtained with numerical
simulations. Since in the analytical method it has been assumed that the only perturbations are SRP
and the zonal gravity perturbations of Apophis up to J,, the same accelerations have been assumed in
the numerical simulations. Furthermore, the rotation model of Apophis is defined such that the obliquity
of the asteroid is 180° and the orbit of Apophis is assumed circular with a semi-major axis of 1 AU. Oth-
erwise, the inputs described in Section 7.1 and the integrator selected in Section 7.3 have been used.
Furthermore, the same termination conditions as described in Section 7.2 have been implemented,
which include constraints on minimum altitude, maximum altitude and orbital escape.

5.2.1. Stability and termination time

The first part of the comparison with numerical results involves comparing the stability index to the
termination time of the simulation. The 3476 discrete analytical frozen orbit solutions from Figure 5.1 are
used as initial states for the simulation. Then, the state of the spacecraft is propagated for 28 days and
the termination time is saved. If the simulation reaches one of the termination conditions, the simulation
ends prematurely and the termination time is thus lower. If the stability index is a good indicator of
stability, there should be a correlation between ¢ and the termination time of the simulation.

Once again, the results have been divided into the near-polar and near-equatorial families. First, the
stability index against termination time for the near-equatorial solutions is shown in Figure 5.6 with
respect to the initial eccentricity, and in Figure 5.7 with respect to the initial semi-major axis.
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Figure 5.6: Stability index against propagation end time eccentricity for near-equatorial orbit solutions.
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Figure 5.7: Stability index against propagation end time semi-major axis for near-equatorial orbit solutions.

For the near-equatorial solutions, the stability index does not seem to be a good indicator of stability.
Most of the solutions from Figure 5.1 only remain in orbit for up to five days when used as initial state
to the simulation, even when ¢ = 0. There are only two solutions that reach the end of the propagation,
with ag = 3000 m and e, = 0.8, but with { > 0. Thus, there seems to be no correlation between the
stability index and the termination time of the simulations for the near-equatorial solutions.

For the near-polar analytical frozen orbit solutions, the stability index against termination time with
respect to the initial eccentricity and initial semi-major axis is shown in Figures 5.6 and 5.7.
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Figure 5.8: Stability index against propagation end time eccentricity for near-polar orbit solutions.
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Figure 5.9: Stability index against propagation end time semi-major axis for near-polar orbit solutions.

For the near-polar family, there are slightly more solutions reaching longer termination times. It is
interesting to see that all the solutions lasting longer than ~7 days have a, = 2000 m while still varying
greatly in initial eccentricity. However, many solutions with ¢ = 0 still terminate within the first seven
days, showing the stability index is not a good measure for the assessment of orbital stability around
Apophis.

The results of the comparison of the analytical stability index to the termination time of the numerical
simulations are summarised in Table 5.1.

Table 5.1: Number of analytical frozen orbit solutions with { = 0 and that reach the end of the simulation.

Termination time > 28 days Termination time < 28 days \ Total

7=0 58 1445 1503
>0 29 1944 1973
Total 87 3389 3476

The stability index only correctly predicts stability for 1.7% of all solutions, an incredibly low proportion.
However, it must be noted in the first place that out of the 3476 solutions, only 87 reach the end of
the propagation. If the performance of the stability index is measured accounting only for these 87
solutions, it correctly predicts stability for 66.67% of solutions. On the other hand, there are many
results that are identified as stable that do not reach the end of the propagation — 1445 solutions out of
3476 — so there is a large proportion of false positives. Thus, it is concluded that the stability index is
not a reliable metric of long-duration frozen orbits around Apophis.

5.2.2. Orbital element drift

The second part of the comparison to numerical results involves checking whether the analytical frozen
orbit solutions actually exhibit frozen behaviour. In order to assess this, the analytical frozen orbit
solutions are again used as initial states to the simulation. In this case, only the solutions that reach
the end of the 28-day simulation are included, i.e. 87 initial states. The quality of the frozen orbit
solutions is then measured by computing the maximum difference in e and w over the entire simulation
period. For the computation of the maximum difference in w the values are unwrapped such that, if w
oscillates around 0° or 360°, the calculation of the maximum difference is accurate.
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The results for the near-equatorial orbits are shown first in Figure 5.10, noting it was already seen in
Figure 5.7 that there are only two solutions for this case that reach the end of the propagation, both
with a; = 3000 m, w, = 90° and Q4 = 90°.
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Figure 5.10: Maximum difference in e and w for near-equatorial analytical frozen orbit solutions.

From Figure 5.10, it is apparent that both solutions lead to a similar maximum difference in e and w.
The maximum difference in w is more than 360° for both solutions, showing that the drift in w is secular
for these cases instead of oscillating around a mean value. The maximum difference in e is around 0.7
for both solutions, which is large.

For the near-polar solutions, it was already seen in Figure 5.9 that all solutions with a termination
time > 28 days correspond to a, = 2000 m, but exist for all combinations of w,, Qy, = £90°. The
maximum difference in e and w obtained from the numerical simulations for these cases is shown in
Figure 5.11.
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Figure 5.11: Maximum difference in e and w for near-polar analytical frozen orbit solutions.

Here, the maximum difference in e is even higher than for the near-equatorial solutions, at around 0.9
on average. On the other hand, there are some solutions where the drift in w is below 360°, but the
variation in w for these cases is still as high as 200°.
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One of the near-polar analytical frozen orbit solutions with ¢ = 0 and termination time > 28 days is
analysed in more detail to see the behaviour of e and w over time. The initial Keplerian state vector
K, = [2000,0.148,90.001, 90,90, 0] is used, which results in a maximum difference in e of 0.87 and
maximum difference in w of 215°. A visualisation of the resulting orbit is displayed in Figure 5.12,
where it is apparent that the rate of change of the orbital elements is nowhere near constant.
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Figure 5.12: Orbit visualisation for an initial Keplerian state vector x, = [2000, 0.148,90.001, 90, 90, 0], including only
accelerations due to SRP and Apophis’ spherical harmonics zonal gravity up to degree four.

The drift in e and w for this orbit is shown in Figure 5.13.
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Figure 5.13: Polar plot of e — w drift for an initial Keplerian state vector x, = [2000, 0.148,90.001, 90, 90, 0], including only
accelerations due to SRP and Apophis’ spherical harmonics zonal gravity up to degree four.

Although there is a somewhat periodic pattern, with the argument of periapsis switching by 180, there
is still a slow precession in the anti-clockwise direction, i.e. a secular component of the w drift. For a
frozen orbit, there can be short-period variations in w, but secular effects should not be present. For
this example, the secular variation over a 28-day period is approximately 25° and it can be seen from
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the e — w drift pattern that this value will keep increasing with time, which is not a characteristic of frozen
orbits. Furthermore, e oscillates from 0 to almost 0.9 but in a constant periodic fashion. This behaviour
is better explained by looking at the time evolution of the orbital elements separately.

The time evolution of all orbital elements for this solution is displayed in Figure 5.14.
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Figure 5.14: Orbital element time evolution for an initial Keplerian state vector x, = [2000, 0.148,90.001, 90, 90, 0], including
only accelerations due to SRP and Apophis’ spherical harmonics zonal gravity up to degree four.

The behaviour of w is more or less constant in periods of approximately 8 days, with drastic switches
to the conjugate value at the end of each period, i.e. the apoapsis and periapsis switch position. The
points in time at which w switches almost instantly coincide with the moments at which the osculating
eccentricity goes close to zero. This is explained by the fact that w is undefined for e = 0 [23]. Never-
theless, even if the switches in w are overlooked, a secular variation is still present which does not align
with the frozen orbit definition. From Figure 5.14, it is confirmed visually that the maximum e difference
of 0.87 matches the maximum difference observed in the plot. For the maximum difference in w, the
calculation is carried out with the unwrapped values, so although it seems from the plot that the maxi-
mum difference is approximately 315 - 0 = 315°, the real value is actually much lower at 215°. Although
it is not a necessary condition for a frozen orbit to have the drift of all orbital elements being zero on
average, certain combinations of elements can help with maintaining orbital stability. The longitude of
the ascending node for this example follows a clear periodic pattern which likely helps in balancing the
strong SRP perturbations.

The altitude over Apophis’ average radius is shown in Figure 5.15.
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Figure 5.15: Altitude over average radius over time for an initial Keplerian state vector x, = [2000, 0.148,90.001, 90, 90, 0],
including only accelerations due to SRP and Apophis’ spherical harmonics zonal gravity up to degree four.

The variations in altitude over the 28-day period are extreme. At some points, the spacecraft comes
as close as 66 m from the minimum altitude constraint, while reaching altitudes above 4000 m at other
points in its orbit. Furthermore, the altitude variation shows no periodic pattern. This is because of the
combination of osculating semi-major axis and eccentricity at a given point in time. For example, at
around day five the osculating altitude is at a minimum. Looking back at Figure 5.14, this corresponds
to a semi-maijor axis of around 1800 m, a large eccentricity of 0.8 and a true anomaly of 0°. The value
of 8 = 0° indicates the spacecraft is located at the periapsis, i.e. the point of the orbit closest to the
central body, leading to a low altitude at this point in time. Alternatively, at around day eight the altitude
reaches almost 3000 m. At this point in time, a = 2900 m, e = 0.05 and 6 = 0°. Although here the
semi-major axis is larger, the eccentricity is much lower, resulting in a higher altitude than that of day
five. For a frozen orbit, the altitude variation over one orbit is expected to be small and the altitude over
a given point on the central body’s surface should be more or less constant over time [21].

5.3. Conclusions

The analytical method based on Lagrange’s Planetary Equations to find frozen orbits around Apophis
identified two main families of orbits: heliotropic/anti-heliotropic near-equatorial orbits and near-polar
Sun-terminator orbits. The Lyapunov stability analysis showed that only half of the sampled solutions
were stable, marked by the stability index parameter { being equal to zero. Comparing these results
to numerical simulations showed, firstly, that the stability index is not an accurate measure for the
stability of orbits around Apophis even when the same assumptions on the accelerations, the spin-axis
orientation and the asteroid’s orbit are used. Secondly, the maximum difference in e and w for both
solution families is not characteristic of frozen behaviour, with variations of approximately 0.69 and 600°
for the near-equatorial solutions and, at best, 0.89 and 215° for the near-polar solutions.

Besides the fact that the analytical method displays poor performance in finding orbits with small vari-
ations in e and w, some of the assumptions used for the derivation of the equations have limitations
when applied to a real-world scenario. Firstly, the perpendicular-rotation assumption is not true for
Apophis, which has an ecliptic latitude of -86°, or equivalently, an obliquity with respect to the ecliptic
of 176°. Nevertheless, Kikuchi, Oki, and Tsuda assessed the validity of this assumption for asteroids
with similar obliquity and confirmed the assumption to be reasonable [5]. An assumption that is ex-
pected to have a larger influence on the case of Apophis is that of neglecting the perturbations due
to the tesseral harmonics of the central body. It was already seen in Subsection 3.4.1 that including
the perturbations from the spherical harmonics gravity of Apophis up to D/O 4/0 versus D/O 4/4 leads
to large differences in the orbital element evolution. Finally, the full illumination assumption does not
account for the fact that near-equatorial orbits will have abrupt changes in the accelerations induced
by SRP due to the shadowing from the asteroid. This explains why most of the near-equatorial orbit
solutions found analytically do not reach the end of the propagation.

Despite the limitations of the analytical method, some of the conclusions derived from this analysis,
such as the existence of frozen orbits being limited to inclinations close to 0° or 90°, are useful for
limiting the domain of the numerical simulations and verifying the numerical results.
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Numerical Analysis

The numerical analysis involves a combination of simulation and optimisation procedures. First, the
tools employed are outlined in Chapter 6. Then, the details of the simulation and optimisation set-up
are provided in Chapters 7 and 8 respectively.
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Tools

Assessing the behaviour of a spacecraft in the complex dynamical environment around Apophis at the
time of the 2029 Earth flyby requires the use of software capable of solving the equations of motion
for such a problem. A multitude of astrodynamics-oriented software packages have been developed
in the past. The TU Delft Astrodynamics Toolbox (TUDAT) has been chosen as the main tool for this
work due to its heritage in the field of space research and the availability of extensive documentation
and direct support of staff and students from Delft University of Technology. Furthermore, since a part
of this work involves the use of optimisation methods to find frozen orbit solutions, the use of TUDAT
is convenient as it is compatible with the use of the Python Global Multi-Objective Optimiser (PyGMO)
library, meaning the simulation and optimisation can be run within the same environment. The main
functionalities of TUDAT and PyGMO are presented in Sections 6.1 and 6.2 respectively.

Although TUDAT includes ephemeris data of the Solar System planets and a selected number of moons
and asteroids by default, data for smaller asteroids such as Apophis are notincluded. In Section 6.3, the
use of NASA's Horizons System to extract the ephemeris of Apophis is explained. The use of NASA's
SPICE Toolkit for auxiliary routines is described in Section 6.4. Additional information regarding the
development platform used is presented in Section 6.5.

6.1. TU Delft Astrodynamics Toolbox

TUDAT is a set of libraries implemented in C++ equipped to solve a wide array of astrodynamics prob-
lems, ranging from perturbed satellite motion to gravity assist transfer trajectories. Its Python interface,
called Tudatpy, offers the same functionality and is the selected tool for this work. The functionalities of
TUDAT include flexible modelling of the dynamical environment via aerodynamic, gravity, ephemeris,
shape, rotation and radiation pressure models, as well as the capability of creating and modifying
planetary and spacecraft bodies. Various integrators and propagators are also available. Since the
libraries are open-source, they can be modified wherever necessary to adapt to the problem at hand
[66, 21].

The following TUDAT functionalities are employed in this work and are assumed to be verified:
* Environment models: Spherical shape model
* Environment models: Simple rotation model
+ Environment models: Tabulated ephemeris
* Environment models: Radiation pressure interface
» Acceleration models: Spherical harmonics gravity acceleration
» Acceleration models: Point mass gravity acceleration

» Acceleration models: Cannonball solar radiation pressure acceleration
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* Numerical integrators: Runge-Kutta fixed step-size (RK4)

* Numerical integrators: Runge-Kutta variable step-size (RKF4(5), RKF5(6), RKF7(8), RKDP8(7),
RKF8(9))

* Numerical propagators: Cowell

* Numerical propagators: Unified State Model - Exponential Map

+ Element conversion: Conversion between Keplerian elements and Cartesian coordinates

+ Time conversion: Conversion between calendar date, Julian days, and seconds since epoch
* Frame conversion: Conversion between inertial and body-fixed frames

A number of standard kernels are automatically installed with TUDAT via SPICE, which include size,
shape, orientation, rotation, mass and ephemerides data for a number of Solar System bodies. When-
ever a default environment model is used, the data is extracted directly from SPICE as long as the
body is available in the system. For bodies or parameters not included in the standard kernels, the
additional required kernels can be loaded or even generated manually. The SPICE interface can also
be used to compute the rotation matrix between two frames.

6.2. Python Global Multi-Objective Optimiser

PyGMO is a software tool for solving multi-objective optimisation problems. It is derived from its C++
counterpart, the Parallel Global Multi-objective Optimisation (PaGMO) library, which was developed
by Biscani and Izzo for ESA [67]. Despite its name, PyGMO can be used to solve "constrained, un-
constrained, single objective, multiple objective, continuous and integer, stochastic and deterministic”
optimisation problems [67].

The PyGMO optimisation algorithm employed in this work are:
+ Single-objective algorithms: Differential Evolution Algorithm (DE)
» Multi-objective algorithms: Non-dominated Sorting Genetic Algorithm (NSGA-II)

6.3. Horizons System

The Horizons System is a Solar System data and ephemeris computation tool developed by NASA’s
Jet Propulsion Laboratory (JPL) [68]. The database includes more than a million asteroids, amongst
which Apophis can be found. To make use of the Horizons System data, the astroquery package
is used. This package contains a Horizons class which can be used to query the Horizons database
directly so the process is fully automated. The output is a table of state vectors table that can then be
easily input into TUDAT’s tabulated ephemeris function.

6.4. SPICE

As previously mentioned, a number of SPICE kernels and wrapper functions are already included in
TUDAT. However, external SPICE functionalities are also used in this work. Real flight data from the
OSIRIS-REx mission, stored in kernels available in the SPICE system, are used as part of the validation
process described in Section 11.2. The extraction and handling of this data is carried out with the help
of the spiceypy package [69]. This package contains functions that allow loading of the kernel files
containing the mission’s orbit determination solutions, and subsequently, computation of the position
and velocity of OSIRIS-REXx for a specified time range. Frame kernels can also be downloaded to
compute any necessary reference frame transformations.

The following spiceypy functions have been used in this work:
» furnsh: loads SPICE kernels
* tparse: converts time string to seconds past the J2000 epoch
» spkezr: computes the state of a target body relative to an observing body at a given epoch

* sxform: computes the state transformation matrix from one frame to another at a given epoch
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6.5. Development Platform

All developed code was written in Jupyter Notebooks using Python 3.9 within the PyCharm Integrated
Development Environment. The additional packages matplotlib and numpy were used for data
visualisation and mathematical computing respectively. Furthermore, a private GitHub repository was
used to safely back-up the work throughout the duration of the project. All simulations were carried out
using a standard laptop with the specifications summarised in Table 6.1.

Table 6.1: Device specifications.

Model HP ZBook Studio G4

oS Windows 10

Processor Intel(R) Core(TM) i7-7700HQ CPU @ 2.80GHz 2.81 GHz
RAM 8,00 GB (7,88 GB usable)







Simulation

The numerical simulation is used to predict the spacecraft behaviour in the vicinity of Apophis for a
given initial Keplerian state vector input and a given time interval. First, the environment models need
to be defined so that the dynamics are similar to that of physical reality. These include the shape, mass,
ephemeris, rotation and gravity field of the included bodies, as well as the definition of the spacecraft
body. The environment set-up is described in Section 7.1. Due to practical considerations, termination
conditions are added so the simulation ends prematurely if the spacecraft reaches either the minimum
altitude, maximum altitude or orbital escape conditions, as described in Section 7.2. The selection
of an appropriate propagator and integrator, considering both accuracy and speed, is discussed in
Section 7.3. Finally, tuning of the acceleration models to further alleviate the computational load in
preparation for the optimisation is performed in Section 7.4.

7.1. Environment Set-up

Setting up a simulation requires a multitude of inputs which define the bodies and environment. The
following simulation inputs are used to define the model:

» Simulation epoch and duration: input into the program following from the mission specification
presented in Subsection 2.3.1. The start date of the simulation is set to four weeks before the
CE, i.e. the 16" March 2029. For the assessment of the behaviour until right before the CE, the
simulation duration is set to 28 days, whereas for the assessment of the post-flyby behaviour, the
simulation duration is extended by two weeks and set to 42 days. It is expected that the control-
free orbit solutions that survive the strong dynamics involved around the time of the CE and
present a somewhat stable behaviour for at least two weeks after the CE will also survive for longer
time periods without requiring any correction manoeuvres. Limiting the simulation duration is
important for reducing the computational effort. The simulation ends after the specified simulation
duration unless another termination condition is activated before, as explained in Section 7.2.

+ Global frame origin and orientation: set to Apophis and ECLIPJ2000 respectively. Setting the
central body as the global frame origin reduces numerical noise [70].

* Propagation origin and propagated body: setto Apophis such that the spacecraft’s propagated
state is given with respect to the asteroid’s origin [70]. The propagated body is comparable to
OSIRIS-REX.

+ Ephemerides: loaded from Horizons System for Apophis using TUDAT’s tabulated ephemeris
function. The discrete state history data is extracted using a time step of one minute, which is
generally much smaller than the time step of the integration — the reader is directed to Figure 7.7.
When states between the provided time steps are required, the tabulated ephemeris is interpo-
lated using a 6M-order Lagrange interpolator. At the edges, a cubic spline interpolator is used to
reduce the effect of Runge’s phenomenon [71]. For all other bodies, TUDAT’s default is used.

* Rotation: defined for Apophis using TUDAT’s simple rotation model function which takes the
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pole declination, pole right ascension, meridian at epoch and rotation rate as inputs. Estimates of
the pole’s ecliptic longitude and latitude of 278 and -86 degrees respectively, taken from Lee et al.,
are transformed to the pole declination and right ascension using the NASA/IPAC Extragalactic
Database online coordinate transformation calculator [72]. This calculator is verified as described
in Subsection 11.1.3. Thus, for Apophis, the pole orientation is defined by a = 88.33° and § =
—70.51°. The meridian at epoch is assumed to be 0°. The rotation period P,; is also taken from
Lee et al. with a value of 30.56 hours [51]. For all other bodies, TUDAT’s default is used.

» Shape: modelled using TUDAT’s spherical shape model for Apophis with an average radius
of 193 m [13]. For all other bodies, TUDAT’s default is used. If the spacecraft altitude is retrieved
from the simulation, it is computed with respect to this average radius and is thus not an accurate
representation of the real altitude over the asteroid’s surface. This is taken into account by setting
a constraint on the minimum allowable spacecraft altitude as explained in Section 7.2.

» Gravity field: set to spherical harmonics gravity model up to D/O 4 for Apophis. The coefficients
are obtained from the work of Aljbaae et al. [13]. TUDAT’S spherical harmonics function
requires the spherical harmonics coefficients to be normalised. This is done using TUDAT'’s
normalize spherical harmonic coefficients function. The polyhedron model avail-
able on TUDAT is assumed to be too computationally intensive for this work, as the optimisation
will require computation of ~ 10* propagations with a duration of up to 42 days per run [73].
TUDAT’s default environment models include the gravity field definition up to a certain D/O for a
number of Solar System bodies [74]. For the accelerations included in this work, no additional
gravity field environments need to be defined other than the SH gravity model of Apophis.

» Gravitational parameters: input manually for Apophis based on its assumed mass. A value
of 5.31x10° kg is used [13]. For all other bodies, TUDAT’s default is used. The gravitational
parameters are needed for the transformation from Cartesian to Keplerian states and for the use
of the point mass gravity acceleration model.

+ Solar radiation pressure interface: defined for the cannonball radiation pressure model, which
takes the spacecraft’'s mass, area and reflection coefficient as inputs. The spacecraft parameters
for this model are taken from Table 2.5 [13]. The radiation pressure coefficient is set to 1.4
following from the spacecraft’s reflectance. The occulting bodies included are Apophis, Earth
and the Moon. Although the main shadows will be caused by Apophis itself, the Earth and Moon
are added as occulting bodies in case the relative positions of these bodies during their respective
flybys lead to eclipse periods for the spacecraft.

Currently, the only pre-defined inertial global frame orientations available in TUDAT are the J2000
and ECLIPJ2000 orientations, which are aligned with the celestial equator and ecliptic respectively
[75]. Since the propagation is performed with respect to the Apophis-centred, ECLIPJ2000 reference
frame, the initial Keplerian state input needs to be defined with respect to this reference frame. The
output of the simulation is also given with respect to this reference frame. However, it is of interest for
orbit analysis and design that both the initial Keplerian state input and the Keplerian element evolution
output are defined with respect to the Apophis-centred, polar-equatorial reference frame described in
Section 3.1. In this way, an orbit with a constant inclination of 90° defines a polar orbit and one with a
constant inclination of 0° is a purely equatorial orbit.

First, the initial Keplerian state vector with respect to the Apophis-centred, polar-equatorial reference
frame (as input by the user) is transformed to a Cartesian state vector. Then, the 3 x 3 rotation matrix
RU/B) from body-fixed (B) to inertial reference frame (1) is extracted from the rotation model previously
defined by the simple rotation model function. To extract this rotation matrix, the initial simulation
epoch is used. For the transformation of a Cartesian state vector x from frame B to frame I, Equation 7.1
is used [56].

RU/B) ¢
XU)Z(R(I/B) rs) | X 7.1

Since the Apophis-centred, polar-equatorial reference frame is defined as a non-rotating reference
frame, the rotation matrix time derivative RU/B) can simply be set to zero. After this transformation,
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the Cartesian state vector with respect to the Apophis-centred, ECLIPJ2000 reference frame is ready
to be input into the simulation. The reverse procedure is carried out on the output of the simulation to
obtain the Cartesian and Keplerian state vectors with respect to the Apophis-centred, polar-equatorial
reference frame. Because this frame is non-rotating, the transformation matrix only needs to be defined
once and can be applied equally at all time steps. Furthermore, although the orbital elements in the
Keplerian state change based on the used reference frame, the orbital element drift is assumed equal
in both reference frames. Verification of this transformation is provided in Subsection 11.1.4. Note that
for all results and figures presented in this work, the orbital elements are defined with respect to the
Apophis-centred, polar-equatorial reference frame unless otherwise specified.

7.2. Termination Conditions

By default, the propagation terminates after reaching the end of the user-defined simulation duration.
However, additional termination conditions can be included to directly remove undesirable results such
as orbits that lead to surface collision or escape. Including these termination conditions is also useful
for reduced computational effort during the optimisation phase.

Some of the termination conditions can be derived from the mission requirements presented in Sub-
section 2.3.1, such as the requirements on maximum and minimum orbital altitude. To meet the re-
quirement on minimum altitude, set at 100 m, two considerations are made. The first is that the orbital
altitude is defined numerically as the height above the radius of the spherically-modelled asteroid.
Thus, the difference between the known maximum radius (280 m) and the spherical-equivalent radius
(193 m) needs to be added to ensure the spacecraft is always at least 100 m above the surface in
the real environment no matter the asteroid’s orientation, i.e. 87 m [13]. The second consideration is
the numerical accuracy of the chosen integration method. It is assumed already here that the position
accuracy of the numerical results shall be in the order of at least 10 m, as will be confirmed in Sections
7.3 and 7.4. Thus, this position uncertainty is also added to the minimum altitude requirement of 100
m, leading to a total value of 100 + 87 + 10 = 197 m. This termination condition not only ensures
that there is no surface collision but also prevents convergence issues upon the computation of the
spherical harmonics gravity potential.

For the definition of the upper altitude termination, a similar argument is followed. In this case, the
difference between the known minimum radius (156 m) and the spherical-equivalent radius (193 m),
i.e. 37 m, and the numerical position uncertainty of 10 m both need to be subtracted from the mission
requirement value of 6000 m, leading to a total value of 5953 m.

Finally, a termination condition is added for the orbital escape condition defined in Section 4.4. Al-
though escape will eventually lead to an orbital altitude higher than that specified for the upper altitude
termination condition, identifying escape prior to this may further reduce the computational effort by
terminating the propagation earlier. Although the orbital escape condition is mathematically defined as
a < 0, the condition is implemented using the apoapsis altitude rather than the semi-major axis, as the
former parameter can be numerically extracted and used as a termination condition in a straightforward
manner. Although according to theory the apoapsis radius should go to infinity during escape, in the
numerical simulation the apoapsis altitude becomes negative for a < 0, so both parameters can be
assumed equal under this consideration. This assumption is verified in Subsection 11.1.5.

Thus, the following termination conditions are implemented:
» Time termination: the propagation is terminated after reaching the specified simulation duration.

» Lower altitude termination: the propagation is terminated if the (numerical) orbital altitude is
lower than 197 m.

+ Upper altitude termination: the propagation is terminated if the (numerical) orbital altitude is
higher than 5953 m.

» Orbital escape termination: the propagation is terminated if the orbit's apoapsis altitude be-
comes less than or equal to zero.

To limit the computational load, all termination conditions are set to not end on the exact condition.
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7.3. Propagator and Integrator Selection

The propagator and integrator selection has a direct influence on the simulation accuracy as well as the
computational effort. Since the optimisation will require a large number of simulations, it is important
to achieve a reasonable trade-off between accuracy and speed.

The Cowell propagator is a translational propagator in which the propagated state is simply formulated
as the Cartesian state [56]. Since TUDAT takes the Cartesian state with respect to the central body as
initial state input independently from the chosen propagator, this means no transformations are required
[76]. Another typical propagator used for astrodynamics problems uses Encke’s formulation. In this
method, the propagated state is the difference in Cartesian state with respect to a purely Keplerian
reference orbit generated using the initial state [77]. Therefore, Encke’s method is better suited for
nearly Keplerian orbits with small perturbations [78]. Since large perturbations are expected for small-
body orbiters, the Cowell propagator is chosen as the propagator for this work.

In terms of the integrator, a number of options are available in TUDAT which can be classified as
multi-stage, multi-step and extrapolation-based integrators. Runge-Kutta integrators are multi-stage
integrators, meaning several function evaluations are carried out for a single time step [56]. The Runge-
Kutta (RK) 4™-order integrator is a fixed step-size integrator, which has the disadvantage of being
computationally inefficient. For highly perturbed orbits, variable step-size multi-stage integrators are
a better option. The step size is selected by the integrator at each time step based on the defined
absolute and relative tolerance. Generally, a smaller step size is used for fast-changing dynamics, for
example, close to periapsis, and vice versa. Runge-Kutta variable step-size integrators are considered
the best choice for this work as they provide a good balance between accuracy and computational
efficiency. Other integrators, such as the extrapolation-based Burlisch-Stoer integrator or the multi-
step Adams-Bashforth-Moulton integrator, are considered to have too large and too small time steps
for this problem respectively [79].

The tuning of the variable step-size integrator tolerance, which specifies the step size, has the biggest
impact on the solution accuracy. Thus, the integrator selection is carried out by analysing the accuracy
and computational efficiency of several Runge-Kutta integrators with different tolerances. The compu-
tational efficiency is measured directly using the total number of function evaluations. For unperturbed
orbits, the true accuracy of an integrator can be assessed against analytical solutions. However, for
the highly perturbed orbits considered in this study there are no direct analytical solutions, so a bench-
mark solution needs to be generated. This benchmark solution is assumed to be the highest accuracy
solution against which the relative accuracy of the integrator can be measured.

In Section 7.2, a position accuracy of at least 10 m has been assumed. The asteroid has a radius of
193 m, so an accuracy of at least 10 m is considered a reasonable value for the size of the system.
For practical purposes, the integrator selection is only carried out for one initial state. Therefore, an
additional requirement is set such that the position accuracy of the selected integrator and accelerations
with respect to the benchmark shall be one order of magnitude lower, at 1 m. Finally, the accuracy of
the benchmark needs to be at least one order of magnitude lower than the integrator at 0.1 m.

7.3.1. Benchmark generation

In general, for the integrator selection, a high-fidelity model which includes the best approximation of
the dynamical environment the spacecraft will be in is desired. The purpose of the benchmark and
tuning cases is not to represent the spacecraft’s trajectory to the highest accuracy but to assess the er-
rors introduced by numerical methods in a similar dynamical environment. For practical purposes, the
functionalities already included in TUDAT are employed to set up this high-fidelity model. Unless oth-
erwise specified, the inputs described in Section 7.1 are used to define the environment. Furthermore,
the following accelerations are included for the benchmark generation:

» Apophis: spherical harmonics central gravity, up to degree and order 4/4.
» Earth, Moon: spherical harmonics third-body gravity, up to degree and order 50/50.
* Mercury, Venus, Mars, Jupiter, Saturn, Uranus, Neptune: point mass third-body gravity.

» Sun: point mass third-body gravity, cannonball SRP.
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The higher accuracy modelling of the Earth’s and Moon’s gravity is because of their proximity during
the flyby. For the other third bodies the point mass gravity is assumed to be of sufficient accuracy as
it has been shown in Section 3.4 that the magnitude of the accelerations induced by these bodies is
several orders of magnitude smaller.

The Runge-Kutta-Fehlberg (RKF) integrator of order 8 with an embedded 7t order is chosen to gener-
ate the benchmark solution as it does not require a priori knowledge of the problem for the definition of
the settings and it exhibits good performance for a large range of eccentricities [80]. The initial time step
is set arbitrarily to a small number, in this case, 1 s. A very low relative and absolute error tolerance
is selected as it leads to higher accuracy solutions. However, the tolerance value needs to be larger
than the numerical precision, which is 16 digits in TUDAT. Thus, the tolerances are set to 107> [81].
Since very low tolerances are defined, the minimum and maximum step sizes are set to very low and
high values respectively. The selected integrator settings are summarised in Table 7.1.

Table 7.1: Integrator settings used for the benchmark solution.

Parameter Value
Initial time step [s] 1
Minimum step size [s] 10~12
Maximum step size [s] 0

Relative error tolerance [[] 10~ 1°
Absolute error tolerance [[]  10~1°

Finally, the initial state and simulation time need to be defined. Since the integration truncation er-
ror is known to increase with time, the benchmark solution is generated for the longer simulation
duration of 42 days so that the accuracy requirements are assumed to be met directly also for the
cases with a shorter simulation duration of 28 days [56]. The chosen initial Keplerian state vector is
Ko = [1206,0.32,76,220,134, 0], as it is known to reach the end of the 42-day simulation without acti-
vating any of the other termination conditions defined in Section 7.2. The visualisation of the orbit per-
taining to the benchmark solution is shown in Figures 7.1 and 7.2 with respect to the Apophis-centred,
polar-equatorial frame and Apophis-centred, ECLIPJ2000 frame respectively.
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Figure 7.2: Benchmark solution orbit visualisation with respect to the Apophis-centred, ECLIPJ2000 reference frame.
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The time evolution of the Kepler elements for the benchmark solution is presented in Figure 7.3.
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Figure 7.3: Benchmark solution orbital element time evolution with respect to the Apophis-centred, polar-equatorial reference
frame.

A clear difference in the average orbital elements can be seen before and after the CE, especially for the
semi-major axis, eccentricity and argument of periapsis. The semi-major axis changes from an average
value of approximately 1200 m before the CE to around 900 m afterwards. The eccentricity value varies
greatly, reaching as low as 0 and as high as 0.55. The large changes in the argument of periapsis
correspond to the points in time at which the eccentricity goes very close to zero. This is expected
since the argument of periapsis is undefined for circular orbits. Itis interesting to see the inclination and
longitude of the ascending node remain mostly unchanged both before and after the CE. The longitude
of the ascending node of around 150° in the Apophis-centred, polar-equatorial frame corresponds to an
orbital plane which is oriented perpendicular to the asteroid-Sun vector. Furthermore, the inclination
oscillates around 90°. This combination of orbital elements defines a Sun-terminator orbit which is
inherently stable. Since the benchmark solution has a large variation in the orbital elements, especially
at the time of the CE, it is assumed that the accuracy of the chosen integrator and accelerations will be
equal or better for the more stable dynamics of the optimised frozen orbit solutions.

Before proceeding to the integrator selection, the benchmark accuracy itself needs to be assessed.
Since there is no analytical solution available, the accuracy is checked by generating two solutions that
are thought to have similar accuracy. Then, the difference between the two solutions is computed. This
difference is then assumed to be an estimate of the accuracy of the least accurate of the two [80].
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Thus, two different checks are performed: the first one involves changing the tolerances to 10~ and
the second one changing the propagator to the Unified State Model - Exponential Map (USM-EM) prop-
agator [78]. The results are shown in Figures 7.4a and 7.4b respectively. The position difference norm
has been computed using the Apophis-centred, ECLIPJ2000 Cartesian state output of the simulator,
as it is assumed that the position difference norm is equivalent in all frames. Furthermore, a 7!"-order
Lagrange interpolator has been used to compute the position difference as it is the highest accuracy
interpolator available [82]. However, Lagrange interpolation is liable to introducing large errors for the
first and last (k — 1)/2 interpolation intervals, where k is the order of the interpolator. Thus, the last
three time steps have been manually removed to avoid the interpolator error [56].
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Figure 7.4: Benchmark accuracy checks.

Itis first noted that the position difference norm in Figure 7.4 is well below the benchmark accuracy limit
of 0.1 m for both checks. Thus, the benchmark solution reaches the position accuracy requirement. For
the tolerance change, the maximum position difference norm is around 0.0003 m, while for the propa-
gator change the maximum position difference norm is around 0.0002 m. Furthermore, the behaviour
after day ~5 is relatively smooth, thus verifying that truncation error is dominant [80]. Looking back at
Figure 7.3, the benchmark solution has an average semi-major axis of approximately 1200 m before
the CE, corresponding to an orbital period of almost 39 hours. After the CE, the average semi-major
axis is around 900 m, corresponding to an orbital period of 25 hours. The maximum time step used in
the benchmark solution is approximately 0.55 hours, which is reasonably lower than the magnitude of
the smallest orbital period. It is thus confirmed that the Runge-Kutta variable-step integrator provides
a reasonable output density for the dynamics of this problem.

7.3.2. Results

A number of Runge-Kutta variable-step integrators are assessed by varying the absolute and relative
error tolerance. The absolute and relative error tolerances are always set to the same value for a given
run. All other integrator settings are kept the same as for the benchmark. Although the RK4 integrator
is known to not be the most computationally efficient and is likely to not be chosen, it is included for
reference. The following tolerances and step sizes are examined:

* RK4: step sizes of 10, 50, 100, 200 and 1000 s.

* RKF4(5), RKF5(6), RKF7(8), RKF8(9), RKDP8(7): absolute and relative error tolerances of
10714, 10713,10712, 10711, 1071% and 10~°.

The maximum position difference norm against the total number of function evaluations is shown in
Figure 7.5 for the different integrators and tolerances/step sizes described above.
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Figure 7.5: Total number of function evaluations against maximum position difference norm for different integrators and
tolerances/step sizes.

A general trend can be observed for all integrators whereby a lower tolerance or step size leads to a
lower maximum position difference norm at the expense of a larger number of function evaluations. For
some integrators, further decreasing the tolerance after a certain point does not yield improvements in
the maximum position error. This can be attributed to having dominant rounding error over truncation
error for very small step sizes or tolerances. As expected, the fixed-step RK4 integrator has the worst
performance of all, requiring a much higher number of function evaluations to reach a similar maximum
position difference norm than the variable-step integrators. Since, as long as the maximum position
error is below 1 m, there is greater importance given to speed than accuracy, the integrator with the
lowest number of function evaluations below the accuracy limit is selected. This corresponds to the
Runge-Kutta Dormand-Prince (RKDP) integrator of order 7 with an embedded 8" order, with an ab-
solute and relative error tolerance of 10~2, which has a total of 15732 function evaluations. Although
a known drawback of this integrator is that it can get stuck when very low tolerances are used, it is
assumed that for a tolerance of 10~ it should have no issues [81].

The position difference norm over the 42-day integration period for the selected integrator and absolute
and relative error tolerance is shown in Figure 7.6.
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The behaviour is generally smooth, demonstrating the error source is due to truncation and not round-
ing. The position difference norm is around 108 m at the first time step and then proceeds to grow
slowly over time. The maximum position difference norm corresponds to the last time step, as ex-
pected from the behaviour of truncation error, and is just below 102 m. Thus, the integrator accuracy
requirement of 1 m is clearly met.

Finally, the step size used by the integrator at each step of the integration is shown in Figure 7.7.
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Figure 7.7: Step sizes used by RKDP8(7) integrator with absolute and relative error tolerance of 10~° over time.

The periodic variations in the step size selected by the integrator correspond to the orbital motion of
the spacecraft: smaller step sizes are used when the spacecraft is close to periapsis and has a higher
velocity, whereas larger step sizes are employed for the slow dynamics around apoapsis. Since the
benchmark solution has a relatively high eccentricity, the variation in step size between apoapsis and
periapsis is relatively large. As previously stated for the benchmark solution, the used step size is
considerably below the orbital period both before and after the CE. The maximum step size is 2.71
hours pre-flyby and 1.79 hours post-flyby. Furthermore, the average step size used is lower in the
post-flyby section. This matches the fact that the orbit has a lower semi-major axis post-flyby and thus
faster dynamics. Thus, the selected integrator does a good job of capturing the motion of a spacecraft
in this environment.

7.4. Acceleration Tuning

Since the selected integrator has an accuracy well below 1 m, there is room for simplification of the
acceleration models included in the simulation. When it comes to the optimisation phase later on,
including fewer accelerations will reduce the required computational effort. However, the effect of re-
moving accelerations on the final position accuracy needs to be assessed.

The tuning of the acceleration models is carried out in a similar manner to the integrator selection. The
accelerations are changed, using the integrator and integrator settings specified in Section 7.3, and
the state of the spacecraft at each time step is saved. Then, the position difference norm with respect
to the benchmark is calculated. Note that by carrying out the acceleration tuning using the selected
integrator, one can ensure the accuracy limit of 1 m is met for the simplified integrator and acceleration
models combined.

Insights from Chapter 3 are used to simplify the acceleration tuning. It is expected that the point mass
gravity of all Solar System bodies except the Earth, Moon and Sun can be neglected with little effect on
the solution accuracy. Furthermore, the Moon’s gravity is modelled using the point mass formulation
instead of the SH up to D/O 50/50. Knowing the Earth’s J, coefficient is many orders of magnitude
larger than the higher order zonals, the Earth’s gravity modelling is simplified from D/O 50/50 to D/O
2/0. Although one might think that modelling the Earth’s gravity with the simple point mass formulation
would provide sufficient accuracy, the maximum position difference norm goes from only 0.07 m to 9.45
m with this change. With these changes, the position difference norm with respect to the benchmark
solution is as shown in Figure 7.8.
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Figure 7.8: Position difference norm with respect to benchmark solution when including accelerations: SH Apophis 4/4, Earth
SH 2/0, Sun and Moon PM gravity and cannonball SRP.

The maximum position difference norm is reached towards the end of the simulation and has a value of
approximately 0.07 m. Therefore, the accuracy is below the requirement of 1 m. The final acceleration
models to be included for the optimisation and results generation are as follows:

» Apophis: central body spherical harmonics gravity up to D/O 4/4.
 Earth: third-body spherical harmonics gravity up to D/O 2/0.
* Moon: third-body point mass gravity.

» Sun: third-body point mass gravity, cannonball SRP.



Optimisation

Optimisation is the method used for the numerical analysis of frozen orbits around Apophis. In PyGMO,
optimisation problems are formulated as displayed in Equation 8.1 [67].

find: Ib < x <ub to minimise:  f(x) € R™obJ (8.1)

Here, x is the decision vector, b and ub are the lower and upper bounds of x, f(x) is the fitness function
to be minimised and n,,; is the number of objectives [67]. In summary, an optimisation problem tries
to find optimal values of the decision vector x within the range defined by the upper and lower bounds
of each element in x which lead to the lowest output value of f(x). Problems with n,,; > 1 are referred
to as multi-objective optimisation (MOO) problems.

To find a frozen orbit, the mathematical condition is de/dt = dw/dt = 0. Thus, the optimisation problem
has n,p; = 2, and the fitness functions are defined as f; (x) = de/dt and f,(x) = dw/dt [23]. The fitness
function used in this work is defined in Section 8.1. The decision vector x, in this case, is the orbital
injection vector, consisting of the time of injection and the six osculating orbital elements at this time.
Thus, the problem has seven degrees of freedom. With insights into the dynamics of the problem, one
can reduce the problem by fixing one or more of the design variables. In this work, the injection time has
been directly assumed to be fixed and is set to the 16" March, 2029. The initial true anomaly 6, is also
assumed equal to 0°, as it is essentially just another measure of time, equivalent to the phasing within
the orbit. Further reduction of the problem is carried out by performing a design space exploration, as
shown in Section 8.2. Finally, the algorithm choice and its settings are evaluated in Section 8.3.

8.1. Fithess Function

The fitness or objective function formulation for finding frozen orbits typically involves minimising the
variation of the orbital elements averaged over one orbital period, since in this way short-period vari-
ations are removed and only secular effects remain. Semi-analytical methods for the averaging of
the orbital elements have been employed in the past for the analysis of frozen orbits around Earth
[83, 21]. However, these assume the central body’s J, to be the largest perturbation source. For an
Apophis-orbiting spacecraft, these methods fail to reconstruct the mean elements from osculating ele-
ments due to their exclusion of tesseral harmonics, SRP and third-body gravity. The reader is referred
to Section A.2 for the results of the transformation from osculating to mean elements. To address this
limitation, a straightforward approach is adopted: the objective function is defined as the maximum
difference observed in e and w over the entire simulation period.

The simulation method described in Chapter 7 is crucial for the definition of the fitness function. The
decision vector, which consists of the six osculating orbital elements at the time of injection, is used
as initial state to start the simulation. In this way, the time history of the osculating orbital elements is
obtained. Then, the maximum difference in e and w over the simulation duration is computed for that
given initial state. For the latter, the time array of w values is unwrapped before extracting the maximum
and minimum value, as previously described in Section 5.2.

61
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An important consideration concerning the fitness function definition is that for two orbits with similar
secular variation in w, if one orbit terminates before the other, the fithess function for w, f,, will be
smaller for the shorter orbit. For this reason, a penalty is introduced to ensure the optimiser converges
towards solutions that reach the end of the full propagation. For a given decision vector, the resulting
orbit is propagated and the termination time of the simulation is extracted. If the termination time is less
than the user-specified simulation time, a penalty — a very large value — is added to f, and f,,.

An additional penalty is included to aid the convergence of the optimiser. If f, is larger than 360°, it
means w is varying secularly, which is undesirable to obtain the frozen orbit solution. Therefore, a
similar penalty as for the termination time is included for decision vectors that lead to f,, > 360°.

8.2. Design Space Exploration

Design space exploration involves exploring the link between the design variable space and the objec-
tive space of an optimisation problem in an attempt to find patterns or regions with higher chances of
containing optima. Reducing the search space of an optimisation problem by performing a design space
exploration can greatly reduce the computational effort without removing the global optima.

A Monte Carlo analysis is chosen to perform the design space exploration due to its simplicity. This
method works by generating random samples of design variables within specified ranges. The resulting
fitness function(s) for the randomly generated design variables is calculated without optimisation. In this
way, a potential correlation between a given design variable and objective can be identified. The design
space exploration is initiated with 100,000 initial states within the ranges displayed in Table 8.1.

Table 8.1: Design variables before design space exploration.

Injection time a[m] e [] i[deg] w[deg] Q[deg] 6 [ded]
March 16,2029 390-6146 0-095 0-180 0-360 0-360 0

The range for a is derived directly from the minimum and maximum altitude constraints in Section 7.2
together with the average radius of Apophis of 193 m [13]. The eccentricity range could go all the way
up to 1, but an eccentricity higher than 0.95 is impractical for a real space mission in any case.

Out of 100,000 initial states, only 5615 (5.6%) reach the 28-day mark. The distribution of these solutions
over the orbital elements is illustrated in Figure 8.1.
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Figure 8.1: Histograms of initial orbital elements that reach the end of the propagation with 6, = 0°.
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It is first noted that a single histogram bin is seen for 6, located at 0°. This confirms that the generation
of random design variables to be used as input to the Monte Carlo simulation works correctly. For a,
a skewed normal distribution is seen, centred at a, ® 1900 m. With regards to e,, a lower number of
solutions is present for higher e,. A normal distribution is also observed for iy, centred at 90°. While
there are no clear patterns visible for w,, there are two clear optima for Q, at around 150° and 330°. At
the time of injection, these values of Q, correspond to an orbit that is perpendicular to the Sun-asteroid
line, which was already expected from the results of Section 5.2.

To investigate the link between the design variables and the fitness, the maximum difference in e and w
is plotted for the 5615 solutions that reach the end of the propagation. This is shown in Figure 8.2.
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Figure 8.2: Fitness against design variables for 6, = 0°.

For the sampled decision vectors, there are solutions that reach a maximum difference in e as low as
~0.1 and a maximum difference in w below 100°. Furthermore, the solutions with the lowest maximum
difference in e appear to coincide with the lowest maximum difference in w, showing the objectives are
not necessarily competing. In terms of the correlation with the design variables, certain patterns can be
observed. For a,, there is a general trend showing that a larger a,, leads to a larger maximum difference
in w. However, there are also a few solutions with a, < 500 m that lead to a secular variation of w.
The best solutions relative to a, appear to be located between 500 and 2000 m. For ey, the maximum
difference in w is generally lower in the region of 0 to 0.15. A V-shaped pattern is visible in the plots
of iy and Q,. The optimal solutions are centred at i, of 90°, as expected from the analytical results of
Section 5.1. A similar difference in w can be obtained moving away from 90° at the expense of a larger
variation in e. A similar pattern is seen for Q,, where there are two local optima, one at 150° and the
other at 330°. In the ECLIPJ2000 reference frame, these correspond to values of Q, = +90°, which
matches the analytical results from Section 5.1. Furthermore, the similarities to the observations from
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Figure 8.1 suggest that the design variables leading to lower maximum difference in e and w represent
orbits that are inherently more stable as there are more solutions that reach the end of the propagation
for these initial conditions.

As previously explained, the values of ), leading to optimum solutions correspond to the Sun-terminator
orbital family, which helps to stabilise the effects of SRP. Since the conjugate values of , represent
orbits of identical orientation, it is assumed that Q, can be fixed at one of the two values. Thus, Q, is
fixed at 330°.

To check the interdependency between design variables, another Monte Carlo simulation is run with
Q, fixed at 330° in addition to the previous settings. This time, the simulation is initialised with 10,000
randomly generated decision vectors within the specified bounds. Again, only the results that reach
the end of the propagation are displayed in Figure 8.3.
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Figure 8.3: Histograms of initial orbital elements that reach the end of the propagation with 6, = 0° and Q, = 330°.

This time, 1152 (11.52%) initial states reach the end of the simulation. Thus, the proportion of surviving
orbits has more than doubled compared to when only 6, is fixed. Comparing Figure 8.3 to Figure 8.1,
generally the same patterns are observed in the remaining design variables and there are no large
solution space areas lost from fixing , except from the solutions with e, > 0.87.

To further simplify the problem, i is fixed at 90°. Apart from seeing this value leads to the best solutions
looking at Figure 8.2, this inclination is also advantageous from a mission perspective as it allows
maximum coverage up to the poles for mapping purposes [21]. A new Monte Carlo simulation is run
with this additional constraint, using 10,000 randomly generated decision vectors. The results for the
solutions that reach the end of the propagation are displayed in Figure 8.4.

Count

- T T T ;
1000 2000 3000 4000 5000 6000 00 01 02 03 04 05 0.6 0.7 08 09 1.0 0 45 90 135 180 225 270 315 360
ao [m] e [-] tp [deg]

Figure 8.4: Histograms of initial orbital elements that reach the end of the propagation with 6, = 0°, Q, = 330° and i, = 90°.
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With these constraints on the design variables, 2110 (21.1%) solutions reach the end of the propagation.
Although the constraint on i, removes all solutions with a, > 2500 m, it was already clear from Figure 8.2
that those solutions do not lead to optimal solutions in the objective space. On the other hand, there
are still solutions that reach the end of the propagation for almost the entire range of e, and w,.

The correlation between the design space and objective space for the reduced problem is assessed
with Figure 8.5.
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Figure 8.5: Fitness against design variables for 6, = 0°, Q, = 330° and i, = 90°.

Looking at Figure 8.5, it is apparent that the optimal solutions correspond to a, values between ~600
and 1700 m. For reference, the OSIRIS-REx mission employed a semi-major axis of around 1850 and
1700 m respectively for the frozen orbits of the Orbital A and Orbital C phases [84, 85]. Since the char-
acteristics of the OSIRIS-REx spacecraft have been assumed in this work, orbiting at a similar altitude
above the surface of Apophis would mean the mapping instruments onboard the spacecraft would be
able to provide images of similar resolution. Thus, translating the semi-major axis values to an equiva-
lent orbital altitude for Apophis, a semi-major axis between 1800 and 1650 m respectively is obtained.
Closer imaging of Bennu was carried out during the Orbital B phase, where the spacecraft was around
680 m above the asteroid’s surface [86]. Translating this to Apophis would mean a semi-maijor axis of
around 873 m. Since this a, value seems to correspond better to the optimal solutions in Figure 8.5
and would be a good choice of a for imaging in a real-life scenario, this value is selected.

Thanks to the design space exploration, the optimisation has been reduced from seven degrees of
freedom to just two. By fixing all other design variables, the optimiser just needs to find the optimal
combination of e, and w, leading to the lowest f, and f,,. Even though these variables are left as free
variables to be found by the optimisation algorithm, the search space can be reduced further from the
results of Figure 8.5. Clearly, the optimal solutions in Figure 8.5 are distributed across an e, range
of 0 to 0.15, and a range of w, between 180° and 360°. The final design variables to be used in the
optimisation and their values or ranges are thus provided as shown in Table 8.2.

Table 8.2: Design variables after design space exploration.

Injection time  a [m] e [] i [deq] w [deg] Q[deg] 6 [ded]
16/03/2029 873 0-0.15 90 180 — 360 330 0

8.3. Algorithm Selection and Tuning

An optimisation algorithm is a numerical method designed to find the best possible solution to an opti-
misation problem. Different algorithms use different strategies to explore the search space. For prac-
tical purposes, the algorithm selection is limited to those available in PyGMO. The Non-dominated
Sorting Genetic Algorithm (NSGA-I1) and the Multi-Objective Evolutionary Algorithm by Decomposition
(MOEA/D) are typical choices for astrodynamics problems. Although MOEA/D can be faster for some
problems, NSGA-II generally obtains a better spread of solutions in the Pareto front [87, 88]. The
Pareto front is the collection of solutions for which, for every individual in the front, it is not possible
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to further improve one objective without sacrificing the remaining objectives. Since the search space
has already been greatly reduced, speed is not expected to be a limiting constraint. Thus, the NSGA-II
algorithm is selected.

Genetic algorithms work by evolving an initially random population using crossover and mutation, where
the most fit’ individuals — the ones leading to the lowest fitness function values — are more likely to
survive and reproduce [89]. The input parameters available for tuning the NSGA-II algorithm include
the crossover and mutation probability, the crossover and mutation distribution index and the seed [90].
In this work, all the default values are assumed and the tuning is carried out on the population size and
number of generations. A population size of 100 individuals with 100 generations is taken as a starting
point.

For single-objective optimisation, the convergence of the algorithm can be checked in a straight-forward
manner by confirming the fitness function value does not decrease further for an increased number of
generations [21]. However, this is not possible for MOO as there is more than one fithess function
and therefore there is not a single optimum but a Pareto front where all solutions can be considered
optima. As an algorithm converges, the Pareto front for a minimisation problem will advance towards
the lower left when considering two objectives. Therefore, tuning of the population size and number of
generations is carried out by plotting the Pareto front at different generations. Convergence is identified
when the Pareto front does not advance further with increased generations.

The progression of the Pareto front over different generations for a single run is shown in Figure 8.6.
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Figure 8.6: Pareto fronts at different generations for a population size of 100 individuals.

From generation 25 onwards, the Pareto front barely progresses further. Although the last generation
manages to extend the Pareto front by finding solutions with an even lower maximum difference in w, the
remaining individuals are practically the same as for generation 75. Since there are still some additional
solutions found for the last generation, the number of generations to be used for the generation of results
is kept at 100 with a population size of 100. For the results shown in Figure 8.6, which are generated
with a single run, the CPU time is approximately 40 minutes. Several runs are carried out with different
seed numbers to increase the robustness of the final solutions shown in Chapter 9. If the solutions are
robust, the Pareto front at the final generation should be more or less equal for any seed number, i.e.
the solutions are not dependent on using a ’lucky’ seed number. Since several runs are required for
a single case, having a reasonable CPU time for a single run is important. Finally, if the final Pareto
fronts for different seed numbers are similar, it can be confirmed that there is no need to tune the default
parameters of the NSGA-II algorithm or the population size and number of generations.



\%
Results

The main results of this work are presented in the following chapters. First, the results obtained from
the numerical analysis are presented in Chapter 9. Secondly, the results of the sensitivity analysis are
shown in Chapter 10. Finally, the verification and validation procedures carried out to test the validity
of the results are documented in Chapter 11.
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Numerical Results

The aim of the numerical results is to answer the research question: what is the feasibility of designing
and maintaining stable control-free frozen orbits around asteroid Apophis before and during the 2029
Earth flyby? Thus, the results are divided into two cases. In Section 9.1, the pre-flyby frozen orbit
solutions are presented. Then, the results obtained with the added constraint of surviving until at least
two weeks after the flyby — referred to as the post-flyby results — are shown in Section 9.2.

9.1. Pre-Flyby

The pre-flyby results are generated by setting up the simulation as described in Chapter 7. The simula-
tion duration is set to 28 days with a start date of 161 March, 2029. With these inputs, the propagation
terminates ~22 hours before the closest approach with Earth. When running the optimisation, there is
a component of luck involved due to the random generation of the initial population. To account for this
randomness, the optimisation is run three times with three different seeds. The Pareto front at the final
generation is saved for each run and shown in Figure 9.1. For the pre-flyby case, each run took around
40 minutes of CPU time. This showcases the importance of the integrator selection, acceleration tuning
and design space exploration carried out in Chapter 8 prior to the optimisation.
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Figure 9.1: Pareto front at final generation of pre-flyby case for three different runs.
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Figure 9.1 shows that a comparable Pareto front has been found by the optimiser for the three different
runs. The maximum difference between these Pareto fronts is approximately 0.001 in e and below 0.1°
in w, demonstrating the convergence of the solutions. It is thus confirmed that the number of individuals
and generations selected in Section 8.3 is appropriate for this problem.

In Figure 9.1, the final Pareto front obtained from combining the three runs is shown.
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Figure 9.2: Final Pareto front against design variables for pre-flyby case.

The optimal solutions correspond to ey = 0.06 and w, = 274°. Within the small range of near-circular e,
values, a smaller initial eccentricity increases the maximum difference in e and decreases the maximum
difference in w. On the other hand, a minimum-maximum-minimum pattern is observed for w, for
increasing e,. Although the search space for w, was constrained to values between 180° and 360°, it
was already expected from Figure 8.5 that the optimal solutions would be close to 270°.

The spread of the design variables leading to the final Pareto front is of ~0.008 in e, and 1.5° in wy.
Since the best orbit injection accuracy achieved during the OSIRIS-REx mission corresponded to 0.01
in e and 1.04° in w, all the solutions can essentially be assumed equal to one optimum solution [7]. The
small range in ¢, and w, leading to this Pareto front also explains why the maximum difference in e
and w is spread over a small range — approximately 0.0115 for e and 0.85° for w.

One of the solutions from the Pareto front is selected arbitrarily with the design variables e, = 0.06278
and w, = 273.66°, consistent with the solutions from Figure 9.2. The remaining design variables are
fixed to the values in Table 8.2. Although there are other solutions along the Pareto front, this solution is
henceforth referred to as the pre-flyby result. The resulting orbit is illustrated in Figure 9.3 with respect
to the Apophis-centred, polar-equatorial frame, and in Figure 9.4 with respect to the Apophis-centred,
ECLIPJ2000 frame.
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Figure 9.3: Orbit visualisation of pre-flyby result with respect to the Apophis-centred, polar-equatorial reference frame.
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Figure 9.4: Orbit visualisation of pre-flyby result with respect to the Apophis-centred, ECLIPJ2000 reference frame.

From the orbit visualisation, the stability of the orbital elements is apparent. The solution corresponds to
a near-circular, near-polar, Sun-terminator frozen orbit. This is the same type of frozen orbit employed

in th

The

al[m]

i [deg]

0 [deg]

e Orbital A and Orbital C phases of the OSIRIS-REx mission [7].
orbital element evolution for the pre-flyby case is then displayed in Figure 9.5.
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Figure 9.5: Orbital element time evolution for pre-flyby result.
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A stable evolution is observed for all orbital elements. The maximum variation in the semi-major axis
is ~35 m, the eccentricity varies between 0.06 and 0.1, and the inclination varies between 86° and 94°.
A long-term periodic variation in w is observed, leading to the maximum variation of approximately 66°.
Furthermore, a secular variation in Q is observed. The rate of change of Q is approximately 0.9°/day.
Knowing Apophis’ semi-major axis at the time of the flyby is essentially 1 AU, which corresponds to a
mean motion around the Sun of approximately 1°/day, it can be concluded that the secular variation of
Q leads to a Sun-synchronous orbit. Thus, the precession of Q is such that the orientation of the orbital
plane remains constant with respect to the Sun over time. Since the initial orientation of the orbit is
perpendicular to the Sun-asteroid line, this also means the spacecraft is constantly illuminated.

The combined drift of e and w can be visualised in Figure 9.6a, while the altitude at different sub-satellite
locations is shown in Figure 9.6b.
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Figure 9.6: Drift of e and w and altitude variation over sub-satellite locations for pre-flyby result.

Although the e — w drift appears to be somewhat chaotic, this is due to the fact that the osculating
elements are plotted rather than the orbital-averaged elements, so the short-period variations are still
present. Nevertheless, w oscillates around the mean value of 270° in a periodic manner and the eccen-
tricity oscillates between 0.06 and 0.10. From the definition of the frozen condition, the altitude over
a given point on the surface of the central body should be approximately constant over consecutive
passes [21]. Figure 9.6b shows the total altitude variation is around 180 m, reaching as low as 610 m
and as high as 790 m. However, this is simply due to the fact that the orbit is not circular. The altitude
at similar latitude and longitude appears to be somewhat constant, within ~ 40 m, as expected from
the frozen condition.

9.2. Post-Flyby

The post-flyby analysis focuses on finding frozen orbit solutions that survive the flyby and remain in orbit
around Apophis for at least two weeks after. First, the solutions from the final Pareto front of the pre-
flyby case are taken and the simulations are run with a simulation duration of 42 days rather than 28. All
77 unique design variable pairs obtained from Figure 9.2 terminate before day 42. In fact, all solutions
terminate due to the surface impact condition. This is expected since the orbital altitude before the flyby
is as low as 610 m and the minimum altitude condition is of 197 m and the perturbations during the flyby
can easily lead to differences in altitude of more than 400 m. Given the size of the system, with Apophis’
radius equal to 193 m, such drastic altitude changes signify a high risk of collision. Furthermore, the
accelerations leading to these altitude changes can exert large stresses on the spacecraft structure,
leading to partial or total failure.

Therefore, a new optimisation is carried out to find solutions that survive for at least two weeks post-
flyby. The optimisation set-up is the same as for the pre-flyby case with the design variable inputs from
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Table 8.2. The main difference is that the simulation duration is now set to 42 days and the maximum
difference in e and w is only calculated for the orbital elements up until the time of the flyby. Thus, the
objective of the post-flyby optimisation case is to find the best frozen condition pre-flyby that survives
the flyby and remains in orbit for two weeks after, even if the behaviour post-flyby does not correspond
to a frozen orbit. In this case, the optimisation is run five times with five different seeds. The final Pareto
front of each run is shown in Figure 9.7. Due to the longer propagation time, each run for the post-flyby
case takes around 50 minutes of CPU time.
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Figure 9.7: Pareto front at final generation of post-flyby case for five different runs.

For the post-flyby case, a larger difference between the three runs is observed than for the pre-flyby
case. This illustrates the importance of performing multiple runs with different seeds. For run 1, the
optimiser was ’lucky’ to find a combination of design variables leading to a much lower maximum dif-
ference in w than runs 1 and 2, at around 110° rather than 150° for the same maximum difference in e.
This suggests that better convergence could be obtained with further tuning of the algorithm parame-
ters or by performing a larger number of runs. However, these three runs are used for the final results
due to time constraints. Furthermore, it is expected for the optimiser to display worse convergence for
the post-flyby case as the dynamics involved are much more complex than for the pre-flyby scenario:
the minimum achieved difference in e is around 0.085 and for w it is 103°.

The final Pareto front of the post-flyby case, generated from the combination of the three runs in Fig-
ure 9.7, is displayed in Figure 9.8 together with the design variables e, and w,.
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Figure 9.8: Final Pareto front against design variables for post-flyby case.
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The range of e, leading to the final Pareto front is between 0.092 and 0.115. For the bundle of solutions
on the top left edge of the Pareto front, e, = 0.0994. For w, there are two main solutions, the solutions
on the top left edge of the Pareto front correspond to w, = 309.56°. The remaining solutions are obtained
for w, between 261.48° and 264°. The solutions with w, ~ 263° achieve a maximum difference in w as
low as 103° at the expense of more than doubling the maximum difference in e from 0.09 to 0.21.

For comparison, the Pareto fronts of the pre-flyby and post-flyby cases are shown in Figure 9.9.
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Figure 9.9: Final Pareto front against design variables for pre-flyby and post-flyby case.

As expected, the Pareto front for the post-flyby case is less optimal than for the pre-flyby case due to
the constraint on reaching the end of the 42-day propagation and the strong perturbations acting on
the spacecraft during the flyby. While the Pareto front for the pre-flyby case effectively represents just
one orbit, there is greater variation in the post-flyby solutions.

One of the solutions from the final Pareto front of the post-flyby case is arbitrarily selected to take a
closer look at the dynamic behaviour. The initial eccentricity for this result is 0.11473 and the initial ar-
gument of periapsis is 261.98°. This result is henceforth referred to as the post-flyby result, even though
it includes the behaviour both before and after the flyby. The resulting orbit is shown in Figure 9.10
in the Apophis-centred, polar-equatorial frame and in Figure 9.11 in the Apophis-centred, ECLIPJ2000
reference frame.
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Figure 9.10: Orbit visualisation of post-flyby result with respect to the Apophis-centred, polar-equatorial reference frame.
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Figure 9.11: Orbit visualisation of post-flyby result with respect to the Apophis-centred, ECLIPJ2000 reference frame.

The pre-flyby portion of the orbit is very similar to the pre-flyby solution, i.e. a near-circular, near-polar,
Sun-terminator frozen orbit. The destabilisation of the orbit induced by the flyby is apparent from the
higher eccentricity and the precession of the argument of periapsis. Nevertheless, the orbit seems to
maintain a constant orientation with respect to the Sun.

The orbital element evolution for the pre-flyby and post-flyby result is shown together in Figure 9.12.
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Figure 9.12: Orbital element time evolution for pre-flyby and post-flyby resuilt.
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Firstly, it is concluded that for the post-flyby result, the behaviour of e and w does not correspond
to a frozen orbit: the variations are too large. Nevertheless, the semi-major axis seems relatively
stable even after the flyby with an average value of 1000 m. Although the eccentricity and argument of
periapsis in the pre-flyby section do have a larger variation for the post-flyby result, the variation in a, i
and Q is almost identical for both results. The only orbital element that seems unchanged by the flyby
is the longitude of the ascending node, which continues varying secularly with a rate corresponding to
the Sun-synchronous condition. This result symbolises that the Sun-synchronous situation is the most
important condition for the stability of the orbit around Apophis. This is consistent with the perturbation
analysis carried out in Section 3.4, where it was seen that SRP leads to the largest variations in the
orbital elements.

The drift in e and w for both results is shown in Figure 9.13.
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Figure 9.13: Polar plot of e — w drift for pre-flyby and post-flyby result.

The drift in e and w perfectly illustrates the change from a quasi-frozen orbit before the flyby to a non-
frozen orbit after the flyby for the post-flyby result. In the close-up view of the e — w drift, it is seen that
both cases have a similar periodic variation in w, but the drift of e is larger for the post-flyby case. If
it were not for the disturbance of the flyby, the e — w drift pattern suggests the orbital elements would
continue to vary periodically.

Finally, the design variables and resulting fitness for the pre-flyby and post-flyby results are summarised
in Table 9.1.

Table 9.1: Design variables and fithess of pre-flyby and post-flyby results.

Case Design variable Fitness
eo [-] wo [deg] Max. difference ine [-] Max. difference in w [deg]
Pre-flyby  0.062785 273.66 0.04 66.21
Post-flypy 0.114734  261.98 0.18 109.15

It has been seen that e, and w, describe a very similar orbit for the pre-flyby period for both cases: a
near-circular, near-polar, Sun-terminator orbit. Nevertheless, the constraint set on surviving the flyby
requires some sacrifice in the variations of e and w in the pre-flyby part of the orbit. The similarity in
design variables between the two cases illustrates how a relatively small error in injection could lead to
vastly different behaviour during the flyby, since the pre-flyby case does not survive the flyby and the
post-flyby case does. From a practical standpoint, it is evidently better to have a less optimal frozen
orbit before the flyby with a longer mission duration, than an optimal frozen orbit pre-flyby that leads to
impact at the time of the flyby.
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Although this work focuses on control-free motion, performing an orbital correction manoeuvre shortly
after the flyby to restore the orbit to the original quasi-frozen orbit design could be done in practice. As
previously mentioned in Section 2.3, OSIRIS-REx will have a remaining AV capacity of 600 m/s after
mission completion [59]. This value is taken as a reference to assess the feasibility of the required
orbital correction.

Assuming the physical and dynamical parameters of Apophis are equal after the Earth flyby, a first-
order assessment of the required AV for orbital correction may be carried out. The result shown in Fig-
ure 9.12 corresponds to an initial Keplerian state vector x, = [873,0.11473,90,261.98,330,0]. Thus,
it is assumed that the corrected orbit shall bring the inclination back to 90°, the argument of periapsis
to approximately 270° and the eccentricity to around 0.115. From the design space exploration results
shown in Figure 8.5, changes in a are deemed acceptable as long as the new a is in the range of
600 to 1700 m. The true anomaly is also considered a free variable. For a preliminary calculation, only
purely tangential manoeuvres in the radial S, along-track N and cross-track W directions are considered
here.

Looking at Figure 9.12, it is observed that at around day 35 the osculating argument of periapsis is
around 270°. This point in time also corresponds to a relatively low eccentricity of 0.264. This is desir-
able since then the required change in eccentricity is smaller. Additionally, this pointin time corresponds
to 8 = 90°, which means a minimum-AV impulsive manoeuvre in the N-direction can be carried out to
change e without changing w. The AV for such a manoeuvre is obtained from Equation 9.1 [23].

1
= |he| |—L-

AV lmin = 2 a(l—e?)

(9.1)

Thus, to bring the eccentricity from 0.264 to 0.115, the required AVy, is 0.00457 m/s. Nevertheless, this
manoeuvre also causes a change in a, which can be calculated from Equation 9.2 [23].

a

Aa = 2AVy(1 4+ ecosB)a m

(9.2)

Noting that it is assumed that 8 = 90° for Equation 9.1, the corresponding Aa is 161 m, which brings
the semi-major axis from 1008 to 1169 m. This is a very large increase considering that this is sup-
posed to be an instantaneous manoeuvre, but for a preliminary calculation this is assumed reasonable.
Furthermore, the new a value is still within the semi-major axis range of optimal solutions shown in Fig-
ure 8.5.

Although e is back to its original value, w and i still need to be corrected, ideally without changing Q
as it is known this is the orbital element which represents the orientation of the orbit with respect to the
Sun, thus balancing the SRP perturbations. For a change in w and i an impulsive manoeuvre in the
cross-track direction is required. At day 35 and 6 = 90°, i = 125.7° and w = 286.26°. It is noted that i
and w are unchanged from the first manoeuvre in N-direction. The required AV for a given change in i

is given by Equation 9.3 [23].
. u 1+ecos@
AVy =A .
Yw ! / a(l—e?) cos(w +0) (©:3)

Using the corrected values of e = 0.115 and a = 1169 m, and Ai = 90 - 125.7 = -35.7°, a value of AV,
=-0.03597 m/s is obtained. The change in w is calculated using Equation 9.4 [23].

B a(l—e?) sin(w+09)
Aw = _AVW" p  tani(l+ecosh) (9-4)

Thus, Aw = -7.48° and the corrected argument of periapsis is 278.78°. Looking at Figure 8.5, this value
is assumed to also correspond to the frozen condition despite not being exactly equal to 270°.




78 9. Numerical Results

The change in Q for this manoeuvre is also important to consider and is calculated with Equation 9.5

[23].
B a(l—e?) sin(w+6)
AR = Ay I U sini(1+ ecosf) (9-9)

This leads to AQ) = —12.8° and a final value of Q = 264.83".

With only two impulsive manoeuvres and a total AV of 0.0405 m/s, the orbit is brought back to almost
the original frozen condition. Compared to the 600 m/s AV capacity, this value is considered more than
reasonable.

A preliminary calculation of the required propellant mass for these orbital corrections can be carried out
using Tsiolkovsky’s rocket equation, which is rearranged as shown in Equation 9.6 to find the propellant

mass [23].
AV

Mprop = Mo(1 — e_ISpgo) (9.6)

Here, m, is the initial mass, m,,,, is the propellant mass used to achieve a given AV, e is Euler’s
number, g, is the standard gravity and I, is the specific impulse of the rocket engine.

The calculation is carried out in two parts, first using AVy. The initial spacecraft mass is assumed equal
to 1500 kg and Iy, is taken to be 230 s, equal to that of the main thrusters of OSIRIS-REx[13, 91]. These
values lead to my,,, = 0.00304 kg. Although this mass is almost negligible, for the second manoeuvre
mgy = 1500 - 0.003 = 1499.997 kg is used. Using AV, this time and the new m,, the required propellant
mass for the second manoeuvre is 1 kg. Thus, a total propellant mass of 1.003 kg is required.

The validity of these preliminary calculations needs to be assessed further since the equations are
obtained from the linearisation of Gauss’ form of the LPEs and should only be used for small changes
in the orbital elements. Due to time constraints, such work is left as a recommendation for future
research.
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Sensitivity

In this chapter, a sensitivity analysis is carried out to test the robustness of the solution to uncertainties
in the modelling. Some of the parameters that are considered to be of biggest influence are examined.
Before conducting the sensitivity analysis, the nominal result is generated with the high-fidelity model
used to generate the benchmark solution in Subsection 7.3.1. This nominal result is presented in
Section 10.1. Then, the sensitivity of this solution to the uncertainties in the physical parameters of
Apophis, specifically its mass and spin-axis orientation, is analysed in Section 10.2. Following this, the
sensitivity to different magnitudes of SRP is discussed in Section 10.3. Finally, the influence of orbit
injection inaccuracies on the solution is analysed in Section 10.4.

10.1. Nominal Solution

The nominal solution is essentially the benchmark solution against which the sensitivity analysis is
performed. The focus of the sensitivity analysis is only on the pre-flyby result since the uncertainty in
the post-flyby parameters is unknown.

The initial state associated with the pre-flyby result presented in Section 9.1 is used in combination
with the integration settings and acceleration models used for the benchmark generation in Subsec-
tion 7.3.1. This simulation includes more accelerations and a smaller integration time step and is thus
assumed to be a high-fidelity solution.

—— Pre-flyby result
0.11 - With benchmark settings
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Figure 10.1: Drift in e and w for pre-flyby result and that generated with benchmark settings.
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The e — w evolution is essentially the same. The result using benchmark settings appears to be
smoother due to the smaller time step used. The final values for both cases are shown in Table 10.1.

Table 10.1: Final values of e and w for pre-flyby result versus that generated with benchmark settings.

Case €final [‘] Wrinal [deg]
Pre-flyby result 0.079334 253.000
With benchmark settings 0.078912 252.943
Difference 0.000422 0.057

Since both results employ variable-step integrators, the difference in the final e and w can be attributed
in part to the last time step used, since the propagation does not end exactly at the specified simu-
lation time and an interpolator is not used. In any case, the difference between the two solutions is
small enough to be considered negligible. Thus, it can be concluded and confirmed again that the
assumptions made when simplifying the acceleration models and selecting a less accurate integrator
were valid.

10.2. Apophis Parameters

As discussed in Section 2.2, many of the modelling parameters used to define the physical and dynami-
cal properties of Apophis are not known to high accuracy. The asteroid’s mass and spin-axis orientation
uncertainty are expected to have the largest influence on the dynamics of an asteroid-orbiting space-
craft, so the sensitivity to these parameters is assessed.

10.2.1. Mass

It was seen in Subsection 2.2.2 that Apophis’ mass has a value of 5.3 + 0.9 x 1010 kg [44]. The effect
of this uncertainty on the nominal results is displayed in Figure 10.2.
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Figure 10.2: Drift in e and w for uncertainty in the mass of Apophis compared to the nominal result.

Even though the uncertainty in the mass seems very large at ~17%, the pre-flyby result appears to be
quite robust to variations in the mass. In fact, the e — w drift improves for the case with higher mass.
This is consistent with theory as a larger mass means the central body exerts a larger gravitational pull
on the spacecraft, which provides greater stability against SRP.

10.2.2. Spin-axis orientation

The inaccuracy in the spin-axis orientation is taken directly from the work of Lee et al. [51]. The un-
certainty in the ecliptic latitude and longitude is translated to the J2000 equatorial right ascension and
declination, used as inputs to the simulation, using the NASA/IPAC Extragalactic Database online co-
ordinate transformation calculator [72].
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Table 10.2: Nominal values and 3sigma uncertainties for the spin-axis orientation definition [51].

Parameter

Nominal value

A [deg]
B [deg]

Uncertainty
278 +9/-8
-86 +5/-4

The effect of the uncertainty in ecliptic latitude A and ecliptic longitude g is shown in Figure 10.3.
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(a) Uncertainty in ecliptic latitude.
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(b) Uncertainty in ecliptic longitude.

Figure 10.3: Drift in e and w for uncertainty in spin-axis orientation parameters compared to the nominal result.

Although the uncertainty in 2 and g leads to slightly larger variations in e and w, the drift behaviour still
presents the same periodic pattern. This suggests that the optimiser could converge towards equally
optimal solutions for these different values of 2 and . In real life, the uncertainty in the spin-axis
orientation can be reduced when approaching the asteroid prior to insertion into the frozen orbit. Thus,
the optimal injection state can be recalculated during the mission based on updated data.

10.3. Solar Radiation Pressure

Since SRP is one of the perturbations with the largest magnitude, the sensitivity of the solution to this
parameter is assessed by varying the spacecraft reference area by +10% and +50% of the nominal
area. Although the spacecraft area is known to reasonable accuracy, this is established as a straight-
forward way of varying the magnitude of SRP, thus accounting for uncertainties in the spacecraft mass
or reflection coefficient. The results are shown in Figure 10.4.
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Figure 10.4: Drift in e and w for different spacecraft reference areas compared to the nominal result.
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When varying the spacecraft reference area by only +10%, it is seen that a lower area leads to a slight
improvement with respect to the nominal solution, while the opposite is seen for a larger area. This
observation is consistent with the fact that SRP is one of the largest perturbations, and having a lower
area leads to a lower SRP magnitude. However, when the area is decreased even further, looking at
Figure 10.4b, the orbit is no longer frozen as the eccentricity is increasing secularly. This illustrates the

importance of SRP in balancing the perturbations from the central body’s irregularity.

10.4. Orbit Injection Accuracy

The orbit injection accuracy is taken from the difference between the target and achieved initial orbital

elements achieved during the OSIRIS-REx mission. The data is shown in Table 10.3 [7].
Table 10.3: Target and final achieved initial orbital elements for OSIRIS-REx [7] .

Phase ao[m] eo[[] ip[deg] wo[deg] Qo [deg] 6, [deg]

Target 928.67 0.09 90.09  274.15 82.06 180.23

Orbital B Achieved 921.17 0.10 89.94 273.11 81.64 180.32
Inaccuracy 250 0.01 0.15 1.04 0.42 0.09

Target 884.82 0.18 90.05 9444  269.51 207.41

Pre-TAG Trim  Achieved 905.33 0.16 89.82 89.98 269.80 213.67
Inaccuracy  20.51 0.02 0.23 4.46 0.29 6.26

Since the magnitude of the initial orbital elements for the Orbital B and Pre-TAG Trim phases is similar
to that of the pre-flyby initial state shown in Table 10.4, it is assumed that these inaccuracies can be
taken as-is. For a worst-case sensitivity analysis, the inaccuracies of the Pre-TAG Trim Phase are used

for all elements except for Q,, where the higher value from Orbital B Phase is used.

The nominal value and the inaccuracy assumed for each orbital element are displayed in Table 10.4.

Table 10.4: Nominal values and inaccuracies assumed for the sensitivity analysis of the orbit injection parameters [7].

Parameter Nominal value Inaccuracy
ag [m] 873 20.51
eo [] 0.062785 0.02
iy [deg] 90 0.23
wo [deg] 273.66 4.46
Q, [deg] 330 0.42
6, [deg] 0 6.26

First, the results for the injection inaccuracy in a, and e, are shown in Figures 10.5a and 10.5b.
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Figure 10.5: Drift in e and w for orbit injection inaccuracy in a, and e, compared to the nominal result.
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The variation in e and w from the inaccuracy in a, is observed to be negligible. For the inaccuracy
in ey the drift in w remains similar but the drift in e increases by +0.03. This is expected from Fig-
ure 8.5.

The sensitivity to inaccuracies in iy and w, is illustrated in Figures 10.6a and 10.6b respectively.
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Figure 10.6: Driftin e and w for orbit injection inaccuracy in i, and w, compared to the nominal result.
Again, the sensitivity to these parameters is negligible within these uncertainties.
Finally, the e—w drifts for injection inaccuracies in , and 6, are shown in Figures 10.7a and 10.7b.
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Figure 10.7: Drift in e and w for orbit injection inaccuracy in Q, and 6, compared to the nominal result.

From this figure, it is concluded that the pre-flyby solution is also robust to the expected inaccuracies
in Q, and §,. Nevertheless, the change in e — w drift is considerable for such a small uncertainty in Q.
It has been seen repeatedly in this work that the orientation of the orbit with respect to the Sun, which
is mostly dependent on (, is one of the key parameters in maintaining a stable, frozen orbit.

Overall, most expected uncertainties lead to slightly larger e — w drift but the orbit remains frozen.
Improvements are observed for a larger central body mass and lower SRP magnitude, as expected from
the theory explained in Chapter 3. SRP is the largest perturbation, so reducing it while having a stronger
central body gravity can help stabilise the orbit. On the other hand, a too-small SRP magnitude can
also lead to a deviation from the frozen condition, demonstrating SRP is still necessary to counteract
the perturbations from the central body. The solution is also robust to the expected orbit injection
inaccuracies of a real asteroid orbiter mission.
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Verification and Validation

Verification deals with testing if the model is behaving as expected, whereas validation involves testing
against the physical reality. The verification and validation procedures conducted for this work are
presented in Sections 11.1 and 11.2 respectively.

11.1. Verification

When a functionality of TUDAT or PyGMO has been used without modifications, such as the envi-
ronment and acceleration models, integrators, and propagators, the method is directly assumed to be
verified as these functions have been extensively tested by students and staff of the Delft University of
Technology [21]. Therefore, only the self-developed algorithms and scripts have to be verified.

11.1.1. Lagrange’s planetary equations

The correct implementation of Lagrange’s planetary equations including perturbations due to J,, J3, /4
and SRP, which are used for the analytical analysis described in Chapter 4, is confirmed using the work
of Kikuchi, Oki, and Tsuda [5]. The first part of the verification involves the recreation of Figure 6 from
Kikuchi, Oki, and Tsuda [5]. Figures 11.1 and 11.2 correspond to the calculation of dQ1/dt and dw/dt
respectively, fora = 1.4 km, Q = —90° and w = +90°.
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Figure 11.1: Verification of dQ/dt plot shown in Figure 6 of Kikuchi, Oki, and Tsuda [5].
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Figure 11.2: Verification of dw/dt plot shown in Figure 6 of Kikuchi, Oki, and Tsuda [5].

A logarithmic scale has been used for the colour bar in the recreated plots to highlight the locations
at which dQ/dt and dw/dt equal zero. It is confirmed that the solutions for dQ1/dt and dw/dt in the
recreated plots match the original plots from Kikuchi, Oki, and Tsuda [5].

For additional verification, the frozen orbit solutions for different a, w, ) as presented in Table 6 of
Kikuchi, Oki, and Tsuda are recreated [5]. The reader is reminded that these frozen orbit solutions
are obtained from setting de/dt = dw/dt = dQ/dt = 0 and that for w, Q = +90°, de/dt is always zero.
In order to find these solutions, use is made of the DE (single-objective) optimisation algorithm with a
fithess function definition that minimises the sum of the absolute values of dw/dt and dQ/dt, which is
equivalent to finding the closest solution to dw/dt = dQ/dt = 0. Although this method is still sensitive
to rounding errors introduced by numerical arithmetic, it removes the issue of finding the minimum so-
lution from a pre-defined mesh of e and i, which is quite computationally inefficient. However, since the
DE algorithm is a global optimisation algorithm, it can miss local optima that happen to have a worse
fitness value due to rounding. In fact, when using the algorithm to find the prograde ecliptic solutions,
the optimiser always converged towards the optimum at i = 90°. For this reason, the search space
was reduced from the full spectrum of i values to a range between 0 and 50° for these cases. In this
way, all solutions were recreated and agreed to the resolution of the reference values. The verification
results are shown in Table 11.1 [5].

Table 11.1: Verification of frozen orbit solutions with respect to Table 6 of Kikuchi, Oki, and Tsuda [5].

. e [] i [deg]
Orbit type a [km] Reference Verification Reference Verification
0.72 0.248 0.24830 88.05 88.04885
Northern terminator 0.71 0.162 0.16207 90.57 90.56326
®=-90° QO =+090° 1.00 0.090 0.08950 92.07 92.63960
’ 1.35 0.122 0.12185 91.68 91.67782
3.00 0.093 0.09319 90.07 90.06886
Prograde edliptic 1.00 0.260 0.25980 0.255 0.25510
=+90° O=-90° 1.35 0.508 0.50795 0.545 0.54488
’ 1.80 0.682 0.68158 1.190 1.19060

11.1.2. Apophis ephemeris
As explained in Chapter 6, the ephemerides of a number of Solar System bodies are automatically

loaded onto TUDAT from the SPICE database, but the ephemerides for Apophis have to be loaded

" Additional parameters: seed = 171015, population size = 100, number of generations = 100.
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manually. The verification process for this part of the work is carried out in two parts. First, the trajec-
tories of the terrestrial Solar System planets and of Apophis are extracted and plotted over a period
of one year, starting on the 13" April, 2028 such that the end of the trajectory matches the day of the
Earth flyby in 2029. All positions are retrieved with respect to the SSB with a time step of 20 minutes.
The results are verified using NASA’s Orbit Viewer tool and are presented in Figure 11.3 [46], where
the yellow lines represent the ECLIPJ2000 reference frame axes.
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Figure 11.3: Verification of trajectories and positions of terrestrial Solar System planets and asteroid Apophis on the day of the
Earth flyby (April 13", 2029 at 00:00 UTC), viewed from above the ecliptic plane [46]. Sun, planets and asteroid not to scale.

Similarly, the trajectories and positions are compared when viewed from an angle to check the correct
inclination of the orbit, as shown in Figure 11.4.
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Figure 11.4: Verification of trajectories and positions of terrestrial Solar System planets and asteroid Apophis on the day of the
Earth flyby (April 13", 2029 at 00:00 UTC), viewed at an angle above the ecliptic plane [46]. Sun, planets and asteroid not to
scale.
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Figures 11.3 and 11.4 show that, generally, the correct data has been loaded. Nevertheless, since this
is only a visual check, additional verification is carried out by computing the distance between the centre
of mass of the Earth and Apophis from 13" April, 2029 at 00:00 UTC to 14" April, 2029 at 00:00 UTC,
as it is known that the closest encounter should happen at 21:46 UTC [45]. In this case, a time step of
1 minute is used, which matches the time step used in the simulation and optimisation to generate the
results in Chapter 9. The results are shown in Figure 11.5.
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Figure 11.5: Earth-Apophis position difference norm during the time of the 2029 Earth flyby.

From Figure 11.5, it is confirmed that the smallest distance between the two bodies happens at the
expected time of closest approach. The minimum distance has a value of 38,017 km at 21:46 UTC on
13t April, 2029. This is equivalent to 31,646 km above Earth’s surface, which matches the value of
~32,000 km reported by NASA [1].

11.1.3. Spin-axis orientation transformation

The inputs to TUDAT’s simple rotation model function are the pole declination § and pole right as-
cension a, which are measured with respect to the J2000 Earth equatorial reference frame, whereas
the spin-axis orientation obtained from Lee et al. is given in terms of the ecliptic longitude 4 and eclip-
tic latitude B in the J2000 ecliptic reference frame [51]. Therefore, § and a are obtained using the
NASA/IPAC Extragalactic Database coordinate transformation calculator [72].

Verification of this calculator is performed using the work of Davies et al., where the pole orientation of
asteroid Gaspra is given in terms of the ecliptic longitude and latitude with respect to the B1950 ecliptic
frame and in terms of the right ascension and declination in J2000 Earth equatorial coordinates [92].
The verification results are presented in Table 11.2.

Table 11.2: Verification of the NASA/IPAC Extragalactic Database coordinate transformation calculator using data from Davies

etal. [72, 92].
A B a [deg] 6 [deg]
[deg] [deg] Reference Verification Reference Verification
Case 1 20 22 9.9 9.91 28.3 28.30
Case 2 15 24 4.2 4.22 28.1 28.13

From Table 11.2, it is confirmed that the calculator functions correctly, as the values match at least to
the level of accuracy provided by Davies et al. [92].
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11.1.4. Reference frame transformation

As explained in Section 7.1, a fundamental reference frame transformation is used on the simulation
output to obtain the orbital element time evolution with respect to the Apophis-centred, polar-equatorial
(non-rotating) reference frame. The correct implementation of this transformation is verified by propa-
gating OSIRIS-REX’s orbit around Apophis including only the point mass gravity of Apophis as accel-
eration. If the transformation is performed correctly, the latitude should remain constant at 0° when the
initial Keplerian state input has an inclination of 0°. The time evolution of the latitude for this case is
provided in Figure 11.6.
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Figure 11.6: Spacecraft latitude time evolution with central point-mass gravity acceleration and x, = [500,0.01, 0,90, 90, 0]7.

Although there is some degree of numerical error introduced by rounding, the latitude is essentially zero,
which confirms the correct implementation of the reference frame transformation. The error increases
slightly over time due to the accumulation of rounding errors at different time steps. Since the error is
in the order of 10~1* degrees after 42 days, it is assumed to be negligible.

The orbit visualisation in both frames is shown in Figures 11.7 and 11.8 respectively. Here, the spin
axis is represented by the red dotted line, while the dark and light grey circles represent the average
and maximum asteroid radius respectively.
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Figure 11.7: Orbit visualisation with central point-mass gravity acceleration and k, = [500, 0.01, 0,90, 90, 0]T with respect to the
Apophis-centred, ECLIPJ2000 reference frame.
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Figure 11.8: Orbit visualisation with central point-mass gravity acceleration and k, = [500, 0.01, 0,90, 90, 0]T with respect to the
Apophis-centred, polar-equatorial reference frame.
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From Figure 11.7, the orientation of the asteroid’s spin axis with respect to the ecliptic is apparent.
Knowing the ecliptic latitude and longitude are defined equal to —86° and 278° respectively, one can
visually confirm the orientation of the spin axis is as expected, pointing ‘downwards’ and almost per-
pendicular to the ecliptic XY-plane. Looking at Figure 11.8, one can confirm that the orbit is purely
equatorial, as the plots from left to right essentially show the front, side and top view of the orbit.

The time evolution of the orbital elements with respect to their initial value is checked in both frames to
assess whether the orbital element drift is equivalent. The results are presented in Figure 11.9.
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Figure 11.9: Orbital element time evolution with respect to initial value, with central point-mass gravity acceleration and
K, = [500,0.01,0,90,90,0]” and with respect to Apophis-centred, ECLIPJ2000 reference frame and Apophis-centred,
polar-equatorial reference frame.

Since only the central point-mass gravity acceleration is included, the orbital element drift should be
zero. However, Figure 11.9 shows the errors introduced by the numerical method. For the semi-major
axis and eccentricity, the drift appears to be equal and is non-secular. The rounding errors in the order of
10~1* and 10~13 respectively for the inclination and longitude of the ascending node, apparent from the
erratic behaviour, are assumed to be negligible. Itis concluded that the reference frame transformation
does not add any considerable errors to the Keplerian state solutions.

The same verification steps are carried out for an initial Keplerian state with an inclination of 90°. First,
the latitude time evolution is shown in Figure 11.10.
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Figure 11.10: Spacecraft latitude time evolution with central point-mass gravity acceleration and k, = [500,0.01, 90, 90,90, 0].

From Figure 11.10, it seems like the latitude reaches +90° once per orbit as expected. Considering the
orbital period for a = 500 m is 10.36 hours, that means a total of 11 peaks can be counted before day
5. Upon closer inspection, a maximum latitude of ~ 88.0° is seen for some orbits. This is likely due to
the use of large integration time steps which happen to skip the point at which the latitude is exactly
90°. Upon running the same script with a smaller maximum integration time step, the maximum latitude
across most orbits is seen to increase, confirming this is the source of the difference.

The orbit visualisation for the polar inclination in both frames is shown in Figures 11.11 and 11.12. Here,
the spin axis is represented by the red dotted line, while the dark and light grey circles represent the
average and maximum asteroid radius respectively.

600 600 600
400 400 400 -
200 - 200 - 200
£ 0 E 0 E 0
N N >
-200 - -200 - : —200 4
—400 - —400 - ' —400 1
—600 . . —600 . . —600 . .
—500 0 500 —500 0 500 ~500 0 500
Y [m] X [m] X [m]

Figure 11.11: Orbit visualisation with central point-mass gravity acceleration and k, = [500, 0.01,90, 90, 90, 0]7 with respect to
the Apophis-centred, ECLIPJ2000 reference frame.
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Figure 11.12: Orbit visualisation with central point-mass gravity acceleration and k, = [500, 0.01, 90, 90, 90, 0]7 with respect to
the Apophis-centred, polar-equatorial reference frame.

Here, the orientation of the orbit with respect to the spin axis is seen to match in both frames. As
expected, the orbit is seen as a straight line when seen from the side (XZ) and top (XY) views in the
Apophis-centred, polar-equatorial reference frame in Figure 11.12.

The time evolution of the orbital elements with respect to their initial value is shown in Figure 11.13,
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where the differences between the frames can be attributed to rounding errors due to the erratic pattern
and magnitude in the order of 10712 seen for i and Q.
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Figure 11.13: Orbital element time evolution with respect to initial value, with central point-mass gravity acceleration and
K, = [500,0.01,90,90,90,0]” and with respect to Apophis-centred, ECLIPJ2000 reference frame and Apophis-centred,
polar-equatorial reference frame.

A final case is assessed for i # 0,90°. This is done to check that for i = [0 : 90]° the orbit is prograde,
i.e. the spacecraft is orbiting the asteroid in the same direction as the asteroid’s rotation, and vice versa
for i = [90 : 180]°. This can be assessed by looking at the time evolution of the longitude, shown in
Figure 11.14 for an inclination of 45° and Figure 11.15 for an inclination of 135°.
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Figure 11.14: Spacecraft longitude time evolution with central point-mass gravity acceleration and
Ko = [500,0.01,45,90,90,0]T (prograde orbit).
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Figure 11.15: Spacecraft longitude time evolution with central point-mass gravity acceleration and
K, = [500,0.01,135,90,90, 0] (retrograde orbit).

The expected behaviour is confirmed by the figures: for a prograde orbit, the longitude should be
increasing over time, whereas for a retrograde orbit, it should be decreasing [23]. It is also expected
to see that the evolution of the longitude is faster for the prograde orbit, as the asteroid is moving
backwards with respect to the forward motion of the spacecraft in its orbit. Although the longitude
should go fully from —180° to +180°, it is once again noted that the large integration time step leads to
the behaviour shown in the figures. With this, the verification of the reference frame transformation is
completed.

11.1.5. Orbital escape termination condition

Since the orbital escape termination condition implemented for the numerical simulations uses the
apoapsis altitude instead of the semi-major axis value, it is verified that for a given orbit, both parameters
result lead to termination at the same time step. Figure 11.16 shows the apoapsis altitude and semi-
major axis in both frames for the last five times-steps of the simulation. The initial Keplerian state
vector k, = [1750,0.228,72,274,327,0]" is used for this verification procedure as it is known to reach
the orbital escape condition.
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Figure 11.16: Semi-major axis and apoapsis altitude time evolution for an initial Keplerian state vector
Ko = [1750,0.228,72,274,327,0]7 with a simulation start date of 16/03/2029.

As explained previously in Section 7.2, it is known that the termination condition does not become
active exactly on the final condition. This leads to the behaviour shown in Figure 11.16, where there is
one time step with a semi-major axis lower than 0 m and that is where the propagation is terminated.
For plots outside this section that terminate with the orbital escape condition, the last time step is
removed for visualisation purposes. The semi-major axis is shown in both reference frames to show
it is equivalent, since the apoapsis altitude extracted from the simulator is calculated with respect to
the Apophis-centred, ECLIPJ2000 reference frame. Since the semi-major axis and eccentricity are the
same in both frames, it can be assumed consequently that so is the apoapsis altitude.
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11.2. Validation with OSIRIS-REx

Even when all models have been verified, it is important to check that they are actually representing
the real physical situation under consideration. The OSIRIS-REXx real flight data is used for this pur-
pose, since it is considered to be the closest available representation of the real physical environment
around Apophis and is the only mission around an asteroid to have employed frozen orbits for some of
its mission phases [7]. Since there have been no missions to Apophis yet, it is assumed that the envi-
ronments are similar enough for a first-order validation of the results. The spacecraft assumed in this
work is OSIRIS-REX, so it is assumed the spacecraft parameters are equal and the differences stem
from the physical dissimilarities between Apophis and Bennu. The main parameters of both asteroids
are presented in Table 11.3 [93, 94, 95].

Table 11.3: Main physical parameters of Apophis and Bennu [93, 94, 95].

Parameters Symbol  Apophis Bennu Unit
u 3.54 489256 m?3/s?
Mass and size M 5.31 7.33 1010 kg
Riean 193 244.89 m
Riax 280 282.5 m
Cy0 0.07832 0.01751 -
. . - Cyo 0.02638 0.00582 -
Spherical harmonics coefficients T 0.04487 -0.00561 -
[ -0.00636 -0.01025 -
A 278 69.77 deg
Rotational properties B -86 -83.49 deg
Pyt 30.56 4.297 hr

Despite having a similar size, Bennu has a higher mass than Apophis, which helps in keeping the
spacecraft in orbit. Furthermore, the J, term for Bennu is more than four times lower than that of
Apophis, showing Bennu’s shape is quite regular compared to Apophis’ elongated shape. The tesseral
term C,, is also much lower for Bennu. Nevertheless, the spherical harmonics coefficients are all
similar in magnitude compared to those of larger bodies like Earth. In terms of the rotational properties,
they both have similar retrograde rotation around the Sun with an ecliptic latitude of almost -90°, but
the sidereal orbital period of Bennu is much lower than that of Apophis. These differences lead to the
conclusion that it might be easier to achieve frozen orbits around Bennu than Apophis, but the solutions
are still expected to resemble each other due to the similarities in size.

The orbit of each asteroid around the Sun is also of importance, as it has a direct influence on the mag-
nitude and variation of SRP. The osculating orbital elements for each asteroid are given in Table 11.4.
The elements of Apophis are from 25" February, 2023, while the ones for Bennu are from 30" March,
2019 [45, 95].

Table 11.4: Osculating orbital elements of Apophis and Bennu [45, 95].

Element Apophis Bennu  Unit

a 0.922716  1.1259 AU
e 0.191417 0.20372 -

i 3.339273 6.034 deg
Q 203.957515 2.017 deg
® 126.605861 66.304 deg

Both asteroids have similar orbits with semi-major axes close to 1 AU and eccentricities around 0.2.
Overall, Bennu is at a larger distance from the Sun and thus the effect of SRP on a Bennu-orbiting
spacecraft will be lower. However, this depends on the position of the asteroid along its orbit at the
time of the mission, and around the time of the 2029 Earth flyby, Apophis’ distance to the Sun is closer
to 1 AU.
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The OSIRIS-REX flight data that is used for the validation is extracted from SPICE kernels. To verify
the method used to extract the flight data, Figure 4 from Wibben et al. is recreated [7]. The original
figure is shown in Figure 11.17.
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Figure 11.17: Orbital element time evolution during OSIRIS-REXx Orbital B Phase. Figure 4 from Wibben et al. [7].

A number of orbit determination solutions for the OSIRIS-REx are available on SPICE 2. The states for
different orbital phases are simply extracted using knowledge on the approximate start and end date
of each orbital phase. The dates displayed in Table 11.5 are used for each phase.

Table 11.5: Start and end date of different OSIRIS-REXx orbital phases [7, 96].

Phase Start date End date
Orbital A January 1, 2019  February 28, 2019
Orbital B June 13, 2019 August 8, 2019
Orbital C  August 9, 2019  September 17, 2019

The spiceypy package previously described in Chapter 6 is used to load this data into TUDAT. The
Cartesian state vectors are extracted using the spkezr function and then transformed to Keplerian
elements using the gravitational parameter of Bennu of 4.89256 m3/s2 [93]. An additional step is car-
ried out for the recreation of Figure 11.17. In the work of Wibben et al., the osculating orbital elements
are defined with respect to the Sun Anti-Momentum (SAM) Frame, whereas the Cartesian states ob-
tained using the spkezr function are defined with respect to the Bennu-centred, ECLIPJ2000 reference
frame. Thus, the transformation between frames is carried out by loading the SPICE kernel which de-
fines the SAM frame 3 and using the sxform_c function to get the state transformation matrix from the
ECLIPJ2000 to the SAM frame. The final recreated plot is shown in Figure 11.18.

2https://naif.jpl.nasa.gov/pub/naif/pds/pds4/orex/orex_spice/spice_kernels/spk/
Shttps://naif.jpl.nasa.gov/pub/naif/pds/pds4/orex/orex_spice/spice_kernels/fk/orx_v14.tf


https://naif.jpl.nasa.gov/pub/naif/pds/pds4/orex/orex_spice/spice_kernels/spk/
https://naif.jpl.nasa.gov/pub/naif/pds/pds4/orex/orex_spice/spice_kernels/fk/orx_v14.tf
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Figure 11.18: Orbital element time evolution during OSIRIS-REXx Orbital B Phase. Recreation of Figure 4 from Wibben et al. [7].

From Figure 11.18, it is verified that the OSIRIS-REXx data has been loaded correctly.

The validation is performed only on the pre-flyby result shown in Section 9.1 to ensure the dynamic
environment of the two cases is similar since the OSIRIS-REx mission did not involve any flyby similar
to Apophis’ 2029 Earth flyby. Since Orbital A and Orbital C were the OSIRIS-REx phases employing
frozen orbits, the comparison is made to these phases. The flight data for Orbital A and Orbital C is
extracted using the start and end dates presented in Table 11.5. In this way, the initial osculating orbital
elements are obtained. These are shown in Table 11.6 together with the initial Keplerian state vector
corresponding to the pre-flyby result of Section 9.1. Note that these states are provided with respect
to the asteroid-centred, ECLIPJ2000 reference frame.

Table 11.6: Orbital insertion parameters with respect to asteroid-centred, ECLIPJ2000 reference frame.

Case Date apg[m] ey [[] ip[deg] wgo[deg] Q,[deg] 6, [deg]
OSIRIS-REx Orbital A January 1,2019 1827 0.1557 97.52 84.60 326.87 7.87
OSIRIS-REx Orbital C  August 9, 2019 1751 0.1139  83.46 92.75 153.54  342.89
Pre-flyby result March 16,2029 873  0.0628 90.02 89.71 88.65 0.00

Both the OSIRIS-REx and the Apophis pre-flyby result correspond to the near-polar Sun-terminator
family: the inclination is close to 90° and the value of Q is such that the spacecraft’s orbital plane is
perpendicular to the Sun-asteroid line. The values do not necessarily match between cases because
the value of Q leading to this condition depends on the position of the asteroid in its orbit around the
Sun when measured in the ECLIPJ2000 frame. For example, the values of Q for both OSIRIS-REXx
phases are almost conjugate because approximately half a year passes between the start of each
phase. Since the semi-major axis of Bennu’s orbit is close to 1 AU, it takes approximately one year to
orbit the Sun. This means the orientation to the Sun is the same for Orbital A and Orbital C.

Although a value of a = 873 m was chosen to generate the pre-flyby result, it was seen in Figure 8.5
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that optimal solutions could be found for semi-major axis values ranging from 600 m to 1700 m, which
is closer to the semi-major axis used for the OSIRIS-REX frozen orbits.

Finally, from frozen orbit theory, typical values of w for frozen orbits are 90° or 270° depending on the
sign of J, and J; [97, 25]. The argument of periapsis should be 270°, i.e. above the central body’s
south pole, if the signs of J, and J; are different. This is the case for Apophis and Bennu, looking at
Table 11.3. For the cases in Table 11.6, w is close to 90° for all. However, since this is measured using
the ECLIPJ2000 orientation, and both Apophis and Bennu have an ecliptic latitude close to -90°, this
means the argument of periapsis is located above the south pole for both asteroids.

The variation in e and w for OSIRIS-REXx Orbital A and C is shown in a polar plot in Figure 11.19 together
with the e — w drift of the Apophis pre-flyby result. Again, the orbital elements are shown with respect
to the asteroid-centred, ECLIPJ2000 frame.

20°

—— OSIRIS-REx Orbital A
OSIRIS-REx Orbital C
—— Apophis pre-flyby result

180° 0®

270"

Figure 11.19: Polar plot of e — w drift with respect to asteroid-centred, ECLIPJ2000 reference frame.

Although the frozen orbits of the OSIRIS-REx mission exhibit a smaller drift in e and w than the solution
for Apophis, the solutions are quite similar with w varying within the 45°-135° quadrant.

The maximum difference in e and w for all three cases is presented in Table 11.7.

Table 11.7: Maximum difference in e and w for OSIRIS-REXx Orbital A and C, and Apophis pre-flyby result.

Case Maximum difference in e [[] Maximum difference in w [deg]
OSIRIS-REx Orbital A 0.05860 26.12
OSIRIS-REXx Orbital C 0.01749 6.03
Apophis pre-flyby result 0.04155 66.21

Orbital C clearly achieves the smallest drift in e and w, and both OSIRIS-REXx cases attain a smaller
maximum difference in w than the Apophis pre-flyby result. Nevertheless, the drift in e for the Apophis
result is lower than that of Orbital A. Although the pre-flyby result does not reach the flyby itself, the
perturbations from the Earth and Moon in close proximity are still present. For the OSIRIS-REx mission,
this was not an issue. Thus, it is expected that a frozen orbit with smaller drift in e and w could be
achieved around Apophis for a mission carried out further away from the time of the 2029 Earth flyby.
Considering this key difference in the dynamic environments of each case, the frozen orbit result for
Apophis is assumed to be validated.
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Conclusions

This work focuses on the investigation of spacecraft dynamics in the vicinity of asteroid Apophis around
the time of the 2029 Earth flyby. The research objectives sub-questions first presented in Chapter 1
are repeated here:

» What is the solution space of initial orbital elements leading to frozen orbits around Apophis?

» Can a frozen orbit around Apophis survive the strong perturbations encountered during the 2029
flyby without orbital escape or surface impact?

* What is the sensitivity of the frozen orbit solutions around Apophis to practical elements like orbit
injection inaccuracies and physical modelling uncertainties?

With regards to the solution space, initial insights are obtained from the analytical analysis. Two main
solution families are identified: near-equatorial heliotropic/anti-heliotropic orbits and near-polar Sun-
terminator orbits. However, from the comparison with numerical simulations, the assumptions em-
ployed in the analytical method are found to be too limiting for this problem. The resulting orbits are
not frozen and mostly escape or impact after only five days. On the other hand, the numerical method
identifies several quasi-frozen orbit solutions in the near-polar Sun-terminator family that remain in orbit
for at least 28 days before the flyby. It is thus concluded that the near-equatorial heliotropic family is
not part of the solution space of frozen orbits around Apophis. This is attributed to the weak gravita-
tional field of the asteroid and the large perturbations due to both the zonal and tesseral terms of the
spherical harmonics gravity field since the analytical method omits the effects of tesseral harmonics
gravity. An additional conclusion is made that numerical methods are necessary for the investigation
of frozen orbits around highly irregular asteroids such as Apophis, especially with the addition of the
perturbations induced by the flyby which are not captured by the analytical formulation.

The second sub-question has also been answered. Since all the optimal pre-flyby frozen orbit solutions
lead to surface impact at the time of the flyby, it is concluded that the frozen orbit condition needs to be
relaxed in order to achieve an orbit that can survive the flyby with no orbital correction manoeuvres. If
an additional variation in e and w of approximately 0.04 and 40° respectively is considered acceptable,
some solutions are found that survive the flyby without escape or impact. Although the post-flyby
portion of the orbit diverges from the frozen configuration for all solutions, it remains stable for at least
two weeks after the flyby. The main conclusion of this work is that pursuing an optimal frozen orbit
is not recommended during the time of the flyby, since slightly alleviating the frozen constraint allows
survival during the flyby for a long-duration mission with larger scientific output.

The sensitivity to modelling uncertainties and orbit injection inaccuracies has been assessed for the
frozen orbit solution referred to as the pre-flyby result. Even for a mass uncertainty for Apophis of 17%,
the solution remains stable, with only a slight increase in the e and w variation for a lower central body
mass. The uncertainty in the spin-axis orientation has a larger influence on the e — w drift, the argument
of periapsis still oscillates within the same quadrant and the orbit remains bounded. Variations in the
SRP magnitude only lead to non-frozen behaviour when the reference spacecraft area is assumed to

99



100 12. Conclusions

be 50% lower than the nominal value. When it is 50% larger, the variations in e and w increase but the
behaviour is still periodic. When assuming the orbit injection inaccuracies of the OSIRIS-REx mission,
most parameters can be assumed to have a negligible effect except the inaccuracy in initial eccentricity,
which leads to an increase in the maximum variation in eccentricity of around 0.03.

Finally, the main research question is answered:

What is the feasibility of designing and maintaining stable control-free frozen orbits around asteroid
Apophis before and during the 2029 Earth flyby?

From the pre-flyby results, it is concluded that it is feasible to design a stable control-free frozen or-
bit around Apophis before the 2029 flyby. Although a small variation in eccentricity around 0.047 is
achieved, the optimal solutions still present a variation in the osculating argument of periapsis of up
to 66° due to the Earth’s third-body gravity perturbations leading up to the flyby. All the solutions that
survive the flyby are less frozen in the pre-flyby period and fully non-frozen post-flyby. For both cases,
the optimal solutions correspond to a Sun-terminator frozen orbit.
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Recommendations

Several recommendations for future research are proposed which can help address the limitations of
this work and further enhance the understanding of spacecraft dynamics around Apophis. Although
some limitations are inherent due to factors beyond the scope of this work, such as limited data on the
asteroid’s physical parameters, there are still areas of improvement worth pursuing.

Gravity modelling: For improved fidelity, it is suggested to investigate the polyhedron-mascon
gravitational model formulation to describe the gravity field of Apophis [13]. Although this method
generally requires higher computational effort, it is expected to yield higher accuracy results.

Rotation modelling: To capture the asteroid’s true dynamics accurately, it is important to account
for its tumbling spin state [47]. The tumbling behaviour may quickly destabilise the frozen orbit
solutions due to the high irregularity of Apophis.

Solar Radiation Pressure modelling: It is recommended to explore the use of the boxes-and-
wings panelled spacecraft model, with a focus on the orientation of the spacecraft and its variation
over time [98].

Empirical accelerations: While this study has primarily focused on SRP and the asteroid’s irreg-
ularity as the major perturbations, it is known from the OSIRIS-REx mission that other accelera-
tions are present. These include the asteroid thermal radiation pressure and the spacecraft ther-
mal radiation pressure, as well as stochastic accelerations specific to the real environment [99].
Similar accelerations could be modelled for the investigation of orbital motion around Apophis.

Sensitivity analysis: While some sensitivity analysis has been performed in this study, the un-
certainties in the parameters have only been evaluated individually. It is recommended to conduct
additional sensitivity analysis to also evaluate the combined effects. Furthermore, the sensitivity
of the post-flyby solution has not been assessed in this work.

Rotational changes during the flyby: For the generation of post-flyby results in this work, it has
been assumed that the asteroid’s rotational parameters after the flyby are equivalent to those
before the flyby. However, the flyby is expected to cause large changes in the orientation of
Apophis’ spin axis [53]. The sensitivity of the solutions to these rotational changes could be
assessed as part of a future study.

Orbital maintenance manoeuvres: While the current study focuses on uncontrolled motion, it
would be interesting to explore optimal solutions that bring the spacecraft’'s post-flyby orbit back
to the pre-flyby optimal solution with minimal AV.
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Appendix

In this appendix, additional equations and results are provided for completeness. In Section A.1, the
equations for the computation of the elements in the Jacobian matrix for the stability analysis described
in Section 4.5 are provided. Section A.2 presents the equations and results of the mean-osculating
element transformation using the method of Spiridonova, Kirschner, and Hugentobler [83].

A.1. Jacobian Matrix Elements
The equations for J4, Jg, dc» Ip» Je» Irs Jg, Iy @nd J;, taken from the work of Kikuchi, Oki, and Tsuda,
are provided here [5].
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A.2. Mean-Osculating Element Transformation

The computation of mean elements from osculating orbital elements has been successfully carried out
for Earth orbiters as exemplified by the work of Spiridonova, Kirschner, and Hugentobler [83]. Here, the
equations and main outline of this method are presented. First, the change in the orbital elements is
formulated based on Lagrange’s Planetary Equations including first and second-order J, perturbations.
However, Eckstein-Ustinov theory is used to redefine the orbital elements into a set of non-singular
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elements a, h,1,i,Q, 4, called Eckstein-Ustinov elements. This removes the eccentricity from the de-
nominator of the equations to avoid singularities at e = 0. The new elements h, [ and A are defined as
shown in Equation A.10 , where M is the mean anomaly [83].

h=esinw
l=ecosw (A.10)
A=w+M

The final formulation for the change in Eckstein-Ustinov elements is presented in Equation A.11 [83].
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Here, a, is the central body’s equatorial radius and the Eckstein-Ustinov elements with subscript 0 on
the right-hand side of the equations represent the J,-mean elements at a given point in time.



112 A. Appendix

With Equation A.11, the osculating elements can be calculated from a set of mean elements in a straight-
forward manner using Equation A.12, where d represents the mean semi-major axis and likewise for
the remaining elements [83].

a=a+ Aa
e=+12+h?> where l=[+Al and h=~h+Ah
i=1+Ai
( l ) (A.12)
w = atan?2 ,
Vh2 +12 Vh? + 12
Q=0+AQ
M=1+M-w

However, the transformation from osculating to mean elements, which is the desired transformation for
finding frozen orbits, requires an iterative procedure. In a numerical simulation, the starting point is an
osculating Cartesian state vector. This state vector is transformed into an osculating Keplerian state
vector. The method involves an initial assumption whereby the osculating elements at a given point in
time are assumed to be the mean elements. The osculating elements associated with these 'mean’
elements are computed with Equations A.11 and A.12 and then transformed back into a Cartesian state
vector. Then, the difference between the two Cartesian state vectors is calculated and the difference
is added to the initial osculating Cartesian state vector such that it is updated as an input for the next
iteration. The number of iterations depends on the user-specified convergence, which can be defined
by the difference between Cartesian state vectors being smaller than a given value.

Verification of the method is carried out prior to implementation for the transformation of elements for
an Apophis orbiter. The original plots showing the osculating and mean elements of TOPEX/Poseidon
from Spiridonova, Kirschner, and Hugentobler are shown in Figure A.1 [83].
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Figure A.1: Original plots of osculating and mean elements from Spiridonova, Kirschner, and Hugentobler [83]. The black lines
represent the osculating elements while the blue lines are the reconstructed mean elements.
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The recreation of these plots is shown in Figure A.2.
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Figure A.2: Recreated plots of osculating and mean elements from Spiridonova, Kirschner, and Hugentobler [83].

The plots have been recreated to a reasonable level of accuracy and thus the implementation of the
method is assumed to be correct. With the method verified, the same methodology is applied to an
arbitrary orbit around Apophis by simply replacing the constants associated with the central body —
mass, gravitational parameter and spherical harmonics coefficients.

The reconstructed mean elements from the osculating elements can be seen in Figure A.3. Here, it
can be seen that the method is insufficient for the averaging of the osculating orbital elements for an
Apophis-orbiting spacecraft. Even with different definitions of convergence, the results do not improve
further. This is expected since, although the implementation is correct, it has been seen in Chapter 3
that there are other major perturbations in this system acting on this system. Thus, assuming pertur-
bations due to J, only means the variation in the elements from all other perturbations, such as SRP
and higher degree and order spherical harmonics terms, is neglected.
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Figure A.3: Reconstruction of mean elements from osculating elements for an Apophis orbiter using the Eckstein-Ustinov

method described in Spiridonova, Kirschner, and Hugentobler [83].

From these results, it is concluded that the method is inapplicable to the study case of an Apophis-
orbiting spacecraft. Therefore, the alternative definition of the fithess function in Section 8.1 is used in
this work.
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