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Abstract

Among error estimation methods, adjoint-based approaches are considered the most accurate but
have the highest computational cost. For unsteady non-linear problems such as the Navier-Stokes
equations, substantial storage requirements arise, as the full primal solution must be stored to solve
the adjoint problem. As a result, careful management of storage resources is essential. The purpose
of this research was twofold: to develop a surrogate model for the primal solution and to compute an
accurate adjoint-based error estimate with the developed surrogate primal.

This study compared threemethodologies to create a surrogatemodel of the primal solution while reduc-
ing the storage requirements of unsteady adjoint-based error estimation: a Convolutional AutoEncoder
(CAE), an Echo State Network (ESN) and a combination of the first two, referred to as CAE-ESN. A
benchmark Proper Orthogonal Decomposition (POD) served as a baseline for comparison with the
deep learning techniques. Three numerical test cases were analyzed, where the finite element method
was used for spatial discretization and implemented with the FEniCS computational framework. The
first test case involved a manufactured solution to verify the implemented solver and methodologies.
The remaining test cases used a turbulent channel flow dataset to force the unsteady viscous Burgers’
equations in 1D (wall-normal component) and 2D (spanwise and wall-normal components).

For the manufactured solution, the ESN and POD outperformed the remaining approaches for the low-
est and highest spatial resolutions, respectively. The success of the ESN was linked to its training
being a linear regression problem. As established in previous studies, the smooth nature of the solu-
tion rendered the POD optimal. For the 1D case, the CAE was optimal, particularly for lower spatial
resolutions. This method offered equivalent compression ratios to the POD while being more efficient
in terms of computational cost and accuracy. In contrast, the ESN-based methods failed to accurately
capture the error estimate, as they were not able to accurately compute the primal residual. However,
these methods offered a higher compression than other approaches, along with a decrease in accuracy.
Moreover, the error indicators produced by the ESN-based methods continued to effectively pinpoint
the elements required for mesh adaptation. In the 2D case, only the POD and CAE were investigated.
The ESN was excluded due to the high-dimensional nature of the test case. The CAE-ESN was not ap-
plied because of the limited time interval, which provided insufficient data for training. The CAE again
proved optimal due to its efficiency and higher compression capabilities than the POD. While both
methods provided accurate error estimates and indicator fields, the CAE outperformed the POD due to
its superior compression. The CAE was also able to compute the adjoint solution and primal residual
more accurately than the POD for most spatial resolutions. This research highlighted the potential for
the CAE to outperform more conventional methods, such as POD.
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1
Introduction

Over the past fifteen years, the use of Computational Fluid Dynamics (CFD) has been limited as the use
of Reynolds-Averaged Navier-Stokes (RANS) simulations has been prevalent. This limitation is largely
attributed to the incapacity of current-generation methodologies to accurately predict the dynamics
of unsteady turbulent flows [1]. Substantial computational advancements are necessary to transition
towards Large Eddy Simulation (LES) or Direct Numerical Simulation (DNS), which require significant
increases in computational and memory resources. The computational cost associated with LES of
wall-bounded flows is understood to scale approximately with Re2.4 when wall models are not used [2].
The Reynolds number is defined as the ratio of inertial forces to viscous forces:

Re =
uL

ν
(1.1)

where u represents a characteristic velocity, L is a characteristic length scale and ν is the fluid’s kine-
matic viscosity. Conversely, the computational cost of DNS scales with Re3 since all turbulent scales
have to be resolved. The scaling with the Reynolds number poses a significant challenge to accurately
compute unsteady high-Reynolds flows with these methodologies.

The efficacy of CFD in aerospace system design and analysis relies heavily on the potency and acces-
sibility of contemporary High-Performance Computing (HPC) systems [3]. In recent years, this domain
has witnessed a shift towards increasing levels of parallelism, as low-cored supercomputers are being
replaced by highly-parallelized clusters constituted by commodity hardware [1]. Although computer
capability has experienced exponential growth in alignment with Moore’s law in the past, it is reaching
physical constraints, leading to escalating costs and diminishing returns on investment [4]. Alongside
this trend, a growing gap has emerged between the computational capabilities of processors and the
bandwidth available for data exchange to and from main memory [5]. Furthermore, memory capacity
enhancement has progressed at a much slower rate over the past decades [1]. Therefore, the limita-
tions of current HPC systems require innovative techniques to address the demanding computational
demands of LES and DNS, particularly for unsteady turbulent flows. Given the stagnant performance
of current processors, improvements should be focused on the optimal management of computational
resources.

Proposedmethodologies tomake unsteady aerodynamic simulationsmore accessible include Adaptive
Mesh Refinement (AMR). This method reduces computational costs for a fixed accuracy by the dynamic
generation of a computational mesh with an appropriate refinement level [6]. Error estimation and
mesh adaptation are key steps of AMR: the first involves estimating the solution’s error whereas the
latter involves the refinement or coarsening of the computational mesh based on the computed error
estimate. Within the context of error estimation, adjoint-based error estimation is considered the most
accurate technique [7] as it focuses on evaluating the numerical error concerning a chosen Quantity of
Interest (QoI), such as lift or drag. This framework leverages both solutions of the primal and adjoint
problems. However, one drawback of this approach is the significant computational resources needed

1
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to solve the adjoint problem as a refined adjoint solution is required. Moreover, for unsteady non-linear
problems like the Navier-Stokes equations, substantial storage requirements arise from the necessity
to store the entire primal solution to solve the adjoint problem. The local linearization of the adjoint
problem requires the primal state at every time step to obtain the adjoint solution. The high-dimensional
datasets produced by LES and DNS require a trade-off between data storage, computational cost and
solution accuracy for an unsteady adjoint-based error estimation framework to be implemented [6].
The methods proposed within this research aimed to address the storage challenges posed by adjoint-
based error estimation when applied to unsteady non-linear problems with the use of Machine Learning
(ML). These were compared to conventional modal decomposition techniques.

The introductory chapter of this report offers an overview of AMR, emphasizing error estimation and
providing the necessary background to understand the research questions and objectives. In chap-
ter 2, the pertinent literature surrounding adjoint-based error estimation is delineated, highlighting its
description and limitations. A higher focus is given to its application to unsteady non-linear problems
such as the Navier-Stokes equations. In chapter 3, a description and applications of surrogate mod-
elling methods are presented, focusing on techniques relevant to data compression and computational
efficiency. In chapter 4, the computational framework implemented is described along with the method-
ologies proposed to answer the research questions. In chapter 5, the first numerical test case in the
unsteady one-dimensional (1D) viscous Burgers’ equation is presented, where the implemented solver
and methodologies were verified with a manufactured solution. In chapter 6, a more complex case in
the framework of adjoint-based error estimation is explored: a solution driven by DNS data to produce
the wall-normal velocity from Turbulent Channel Flow (TCF) with the unsteady 1D viscous Burgers’
equation. The investigation is then conducted to a higher-dimensional test case in chapter 7, where
the same DNS dataset was used to force the unsteady two-dimensional (2D) viscous Burgers’ to pro-
duce the spanwise and wall-normal velocity components from TCF. Finally, chapter 8 encapsulates the
conclusions drawn from the obtained results and recommendations for future work to further evaluate
the methodologies proposed and the framework implemented.

1.1. Adaptive Mesh Refinement
Given an initial mesh with an appropriate base level of refinement, AMR offers a way to minimize the
computational cost of numerical solutions for a fixed accuracy. By dynamically generating meshes with
appropriate refinement levels, the accuracy of calculations is increased automatically, thus not requiring
manual intervention [8].

The procedural framework of AMR is presented in Figure 1.1. It is assumed that an element-based
method is employed in the spatial discretization, such as the Finite Element Method (FEM) or the Finite
Volume Method (FVM). The process is initiated by constructing an initial mesh while defining a pre-
determined error tolerance, which dictates the desired level of accuracy for the simulation. Following
this initial step, an iterative process unfolds, starting with the computation of the primal solution with
a suitable numerical method, along with error estimation to assess solution accuracy. If the error tol-
erance criterion is not satisfied, a step for error localization is activated to evaluate the contribution of
local elements in the computational grid to the overall error estimation. Based on this evaluation, mesh
adaptation is executed, involving mesh refinement or coarsening in specific grid areas, followed by a
new iteration. This iterative cycle continues until the error tolerance criterion is met, culminating in a
final adapted mesh with the desired solution accuracy and a minimized computational cost.

Error estimation and mesh adaptation are critical stages in this procedure, and various methods have
been investigated in prior literature [9–11]. However, this research focused exclusively on error estima-
tion, thereby excluding mesh adaptation from its scope.

1.2. Error Estimation
Error estimation methods in numerical simulations can be classified into a priori and a posteriori. The
former estimates the error without relying on the numerical primal solution, drawing upon user experi-
ence, mesh topology and mesh positioning. An example of a viable a priori approach was presented
by Léonard [12], where a multi-grid algorithm was used to mitigate modelling errors introduced by LES.
However, grids generated solely based on a priori estimates are sub-optimal in terms of computational
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Figure 1.1: Adaptive Mesh Refinement Flowchart

cost, as they treat all local flow features with equal importance. Conversely, a posteriori error estimation
approaches are based on the computed numerical solution. Within this framework, various methods
can be delineated based on the chosen indicator to drive the mesh adaptation procedure. The most
prevalent a posteriori approaches in the literature are metric-based, residual-based and adjoint-based
error estimation.

1.2.1. Metric-Based Error Estimation
Metric-based methods for error estimation utilize a selected metric, operating on the premise that re-
gions containing diverse flow features harbour a higher proportion of numerical errors. Two primary
approaches are discernible within this framework: feature-based and criterion-based error estimation.
Feature-based error estimation relies on solution gradients, solution curvature or identified solution fea-
tures to guide the mesh adaptation process. Advanced feature-based estimators may incorporate more
intricate flow variables, such as the percentage of the local resolved Turbulent Kinetic Energy (TKE)
[13]. In contrast, criterion-based error estimation establishes a criterion that may lack direct physical
significance but aims to encapsulate more intricate phenomena within the numerical simulation, thereby
providing a higher degree of interpretability in the metric formulation. Examples of criterion-based error
estimation were provided by Benard et al. [14] in an LES context, where two different criteria were used
to either ensure a correct discretization of the mean solution field or to ensure sufficient resolution of
the turbulent scales of motion.

These techniques boast lower computational overhead compared to residual-based and adjoint-based
error estimation methods as they only require the computation of one feature-based or criterion-based
metric. Nevertheless, they can occasionally result in over-refinement of certain features while inad-
equately addressing others, which leads to worse results than those provided by adjoint-based error
estimation [15]. Furthermore, their efficacy is contingent upon the specific case and may prove unsuit-
able for more complex scenarios [16]. Another drawback stems from the substantial reliance on the
selected metric. Typically, numerous indicators are available, which necessitate a prior understanding
of the problem to select the most appropriate error indicator.

1.2.2. Residual-Based Error Estimation
Truncation error, defined as the difference between the exact solution and its discrete approximation,
is a measure of the contribution of a local element discretization to the discretization error. Thus,
residual-based indicators pinpoint regions of the flowfield where the discrete solution fails to represent
the continuous governing Partial Differential Equation (PDE) within a specified tolerance. The residual
is defined as a function that is zero when the PDE is satisfied. Residual-based error estimation meth-
ods exhibit a higher computational cost than metric-based techniques as they require the computation
of the residual of the primal PDE. Richardson extrapolation methods serve as an example of residual-
based error estimation, offering accurate estimations when grids are sufficiently fine [17]. For coarser
meshes, adaptation processes can be guided by the leading truncation error terms of a Taylor series
expansion of the solution’s variables [11].

In his investigations, Roy [11] explored four distinct strategies to steer mesh adaptation: solution gra-
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dients, solution curvature, Richardson extrapolation and leading truncation errors. Ultimately, mesh
adaptation based on leading truncation errors yielded the smallest discretization errors compared to
the remaining methods. Nonetheless, error estimates derived solely from residual or discretization er-
rors may fail to account for propagation effects inherent in convection-dominated problems [10]. In such
scenarios, residual-based error estimates might not detect the significant influence of critical regions
upstream of the considered location.

1.2.3. Adjoint-Based Error Estimation
Adjoint-based error estimation, referred to as output or goal-oriented error estimation, evaluates the
local error contribution of each element with respect to a designated QoI. Consequently, it facilitates
tailored mesh adaptation based on the specific objective of the simulation. In this paradigm, the adjoint
solution computation addresses propagation effects when quantifying the sensitivity of local residual
errors to the selected QoI. Adjoint-based error estimation is generally regarded as the most accurate
error estimation method however, it entails the highest computational cost [7]. The computational
overhead is due to the additional computation of the adjoint solution when compared to residual-based
error estimation.

Adjoint-based error estimation has demonstrated successful application in the context of steady flows
for a variety of test cases. Venditti and Darmofal [18–20] employed adjoint-based error estimation
in a variety of inviscid and viscous aerodynamic scenarios in 1D and 2D, using a FVM formulation.
Similarly, Park [21] applied this method to the three-dimensional (3D) transonic flow over the ONERA
M6 wing, while also employing an FVM discretization. Furthermore, adjoint-based error estimation
has been effectively coupled with a continuous Galerkin FEM in steady-state test cases. For instance,
Becker et al. [22] investigated low-Reynolds flow over a 2D cylinder, while Bhatia and Beran [23]
explored transonic flow over a 2D airfoil. In the latter case, it was observed that residual-based error
estimators tended to identify all flow features around the airfoil, while adjoint-based indicators focused
solely on regions crucial for enhancing the quality of the QoI, rendering them more efficient. Also,
adjoint-based error estimation has been applied within a discontinuous Galerkin formulation to study the
steady flow over an airfoil at different Mach numbers, employing a hybridized scheme [24]. Furthermore,
an unsteady procedure of the mesh adaptation process has been applied in the context of RANS
simulations for a 2D multi-element airfoil flow [25]. This procedure estimated the error and adapted
the mesh at every time step, aiming to eliminate the need to obtain converged steady-state solutions
before performing error estimation.

In the context of unsteady problems, adjoint-based error estimation represents an active area of re-
search. Nevertheless, its efficacy has been demonstrated across various test cases. For instance,
Kast [26] employed this method in Navier-Stokes simulations on deformable 2D domains, employing an
arbitrary Lagrangian-Eulerian mapping technique. Moreover, adjoint-based error estimation has been
applied to 3D unsteady scenarios using a continuous Galerkin FEM discretization, as demonstrated
in studies concerning high-Reynolds wing-body flow [27] and high-lift model [28]. Adjoint-based error
estimation has also been integrated into a discontinuous Galerkin framework for transient problems, as
evidenced by studies focusing on the flow over a cylinder in 2D and 3D [6, 29]. Lastly, adjoint-based
error estimation has been combined with Artificial Neural Networks (ANNs) for determining the optimal
anisotropy in a computational 2D mesh for a multi-element airfoil flow [30].

Several challenges exist regarding adjoint-based error estimation. In unsteady non-linear problems
such as the Navier-Stokes equations, the local linearization of the adjoint PDE requires the primal
solution at each time step to compute the adjoint solution. LES and DNS produce high-dimensional data
which incur significant storage requirements to solve the adjoint problem in unsteady turbulent flows [6].
One solution is to store the primal solution on disk but it leads to increased storage requirements and
computational time [31]. Therefore, careful management of computational storage, computational cost
and primal solution accuracy is required for unsteady adjoint-based error estimation to be implemented
in these methodologies.

1.3. Research Questions and Objectives
The research problem was articulated within the domain of error estimation, therefore excluding mesh
adaptation from this research. The focus was on addressing the substantial storage demands inher-
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ent in unsteady adjoint-based error estimation for aerodynamic problems. One potential approach to
alleviate these requirements involves compressing the primal solution after its computation and sub-
sequently reconstructing it as necessary for solving the adjoint problem. One important concept in
compression methods is the Compression Ratio (CR), defined as the ratio of the original data size to
the compressed size:

CR =
Original Data Size

Compressed Data Size
(1.2)

Compression techniques can be classified into two main categories: lossless and lossy techniques.
Lossless methods ensure that no information is lost during the data reduction process, albeit they may
require significant memory resources. For instance, a switched prediction lossless coding scheme
demonstrated a modest increase in compression time to achieve better compression capabilities [32].
In contrast, lossy compression techniques involve the loss of some information during the data reduction
process. However, these techniques have the potential to provide higher compression capabilities while
losing the ability to retrieve the entirety of the original data [33].

Within lossy compression techniques, surrogate models, more specifically Reduced-Order Models
(ROMs), have been widely used to create lower-order and computationally inexpensive representa-
tions of higher-order systems [34]. Conventional modal decomposition techniques accomplish this
representation with a linear decomposition of data, such as Proper Orthogonal Decomposition (POD)
which uses orthogonal modes. On the other hand, deep learning techniques, a subset of ML, can pro-
vide a non-linear decomposition of datasets with the use of non-linear activation functions [35]. For
non-linear problems, such as turbulent flows, modal decomposition techniques inefficiently represent
the flowfield due to their inherent linear nature, thus requiring a large number of modes for an accurate
representation [36]. On the other hand, deep learning methods have shown promising results in re-
ducing the number of modes to accurately describe turbulent flows [37–39]. Recent advancements in
deep learning applied to CFD have showcased the capability of creating a surrogate model of the pri-
mal solution, such as Convolutional Neural Networks (CNNs) and Recurrent Neural Networks (RNNs).
More specifically, a Convolutional AutoEncoder (CAE) has shown promise in accurately representing
turbulent flows [36], while an Echo State Network (ESN) offers the advantage of significantly reduced
training times compared to other RNN architectures [40]. Moreover, a hybrid approach, known as the
CAE-ESN, holds the potential to enhance compression capabilities further [39].

By leveraging recent advancements in deep learning techniques within the framework of adjoint-based
error estimation, it is feasible to develop methodologies for mitigating the demanding storage require-
ments associated with unsteady aerodynamic problems. The CAE, ESN and CAE-ESN were inves-
tigated in this research to create a surrogate model of the primal solution in the context of unsteady
adjoint-based error estimation. POD served as a baseline comparison with the deep learning tech-
niques. Therefore, the research question was formulated as follows:

Research Question

How can deep learning techniques be employed to efficiently compress the primal solution
while ensuring an accurate adjoint-based error estimate for unsteady simulations?

Additionally, secondary research questions were formulated:

1. What is the compression rate achieved in the primal solution compression?
2. What is the computational cost involved in the primal solution compression?
3. How accurate is the surrogate primal solution representation?
4. How efficient is the surrogate model of the primal solution?
5. How accurate is the surrogate error estimate computed?

The first four items aimed to evaluate the performance of the deep learning technique in creating a
surrogate model for the primal solution. The first three metrics focused on individual aspects of per-
formance, while the fourth provided a global evaluation. The final item was designed to assess the
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surrogate model’s effectiveness in adjoint-based error estimation. These research questions were for-
mulated for the deep learning techniques proposed whereas the POD served as a baseline method for
comparison.

Furthermore, the following research objective was formulated:

Research Objective

Implement and evaluate the use of convolutional and recurrent artificial neural networks in
inexpensive, compact and accurate adjoint-based error estimation for unsteady simulations.

The proposed research objective hinged on the capability to address the identified need by solving the
adjoint problem with a surrogate model of the primal solution, facilitated by convolutional and recurrent
ANNs. This approach held the promise of significantly reducing the storage requirements associated
with adjoint-based error estimation in unsteady simulations while upholding the accuracy of the error
estimate.

Based on the primary research objective, the following secondary research objectives were formulated
to serve as guidelines for the research:

1. Evaluate the applications and limitations of state-of-the-art adjoint-based error estimation in CFD.
2. Evaluate the applications and limitations of state-of-the-art convolutional and recurrent ANNs in

CFD.
3. Evaluate the applications and limitations of state-of-the-art convolutional and recurrent ANNs in

adjoint-based error estimation.
4. Evaluate the use of convolutional and recurrent ANNs to create a surrogate model of the primal

solution.
5. Evaluate the error introduced in adjoint-based error estimation by predicting the primal solution

with convolutional and recurrent ANNs.

The first item is assessed in this introductory chapter and chapter 2, whereas the second and third
items are evaluated in chapter 3. The last two items are assessed in the remaining chapters across
the methodologies proposed and the test cases considered, which involved implementing, validating
and evaluating the proposed framework.



2
Adjoint-Based Error Estimation:

Description and Limitations

In this chapter, a description and limitations of the utilization of adjoint-based error estimation are ex-
plored along with the presentation of literature examples. Particular focus is placed on unsteady non-
linear problems. The aim is to elucidate the concepts necessary to understand the research problem.

First, the primal problem is presented along with the definition of the user-defined Quantity of interest
(QoI). Additionally, the continuous technique is derived to obtain the adjoint or dual problem for a chosen
QoI from the primal problem. The discussion is further extended to non-linear problems where a local
linearization of the adjoint problem is necessary. Furthermore, the primal and adjoint solutions are
presented in the unsteady context of linear and non-linear problems. Error estimation and localization
are then described within the framework of adjoint-based error estimation when employing an element-
based numerical method for spatial discretization. The chapter concludes by examining the different
limitations of adjoint-based error estimation, supplemented by examples from the literature.

2.1. Primal Problem
As a starting point, a primal continuous Partial Differential Equation (PDE) is considered with given
Boundary Conditions (BCs) in a space domain Ω:

{
Lu = f, x ∈ Ω

Primal BCs, x ∈ ∂Ω
(2.1)

where x is the spatial coordinate, L is a differential operator, u is the continuous primal solution and f
is a source term. Additionally, a continuous residual R(u) can be defined from the primal PDE:

R(u) = Lu− f (2.2)

It is described as a function that is zero when the strong form of the primal PDE is satisfied. Furthermore,
let J be a QoI of the following form for any desired choice of the function g(x):

J =

∫
Ω

g(x)u(x) dΩ (2.3)

Instead of being focused on the accurate computation of the entire primal solution, the focus is the
accurate computation of the QoI. For many combinations of differential operators and BCs, solving the
primal PDE analytically is impractical, necessitating the use of numerical methods to approximate the
solution. Consequently, these problems must be discretized using an appropriate spatial discretization

7
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scheme. Examples of spatial discretization schemes are the Finite Element Method (FEM) or the Finite
Volume Method (FVM). If the primal PDE is unsteady, an Initial Condition (IC) has to be imposed and
an appropriate temporal scheme must also be applied.

2.2. Adjoint Problem
Discrete and continuous techniques can be used to derive the adjoint solution from the primal problem
for a specific scalar output J . The discrete method is developed directly from a set of discrete residuals
defined from the discretized primal problem. Conversely, the continuous technique is derived from the
continuous primal equation and discretized afterwards. In adjoint-based error estimation and also in
design optimization, both the discrete approach [18–20] and the continuous method [7, 41, 42] have
been successfully applied. It has been demonstrated that the discrete technique leads to more accu-
rate error estimation for finer grids, while the continuous technique yields better results when the primal
and adjoint solutions are well resolved [16]. Nonetheless, the discrete method involves the computa-
tion of a Jacobian matrix, thus requiring automatic code differentiation or analytical differentiation [26].
Also, within this framework. adjoint consistency imposes additional difficulties [43]. As a result, the
continuous technique is adopted in this research. A more detailed derivation of the continuous and
discrete techniques is given in [26].

The adjoint differential operator L∗ can be defined from the adjoint identity as the relation between the
primal differential operator L and the continuous adjoint solution ψ:

∫
Ω

(Lu)ψ dΩ =

∫
Ω

u (L∗ψ) dΩ, ∀ u, ψ ∈ V (2.4)

where V is a function space where the L2 inner product is defined. The adjoint solution represents the
sensitivity of the chosen QoI concerning an infinitesimal perturbation in the residual, thus the following
equation has to be satisfied:

J ′(δu) =

∫
Ω

ψR′(δu) dΩ, ∀ permissible δu (2.5)

Equation 2.5 is the generalized form of the continuous adjoint equation, where δu is an infinitesimal
variation of the primal solution and a prime indicates the sensitivity of a quantity with respect to the
solution, also denoted as Fréchet linearization. The infinitesimal variation of the primal solution must
satisfy any BC imposed on the primal problem. For instance, if a Dirichlet BC is imposed on the primal
problem, then the value of the primal solution is fixed, implying no variation (δu = 0) is allowed in that
specific boundary.

In the context of non-linear problems, the adjoint equation arises from a local linearization about a
specific primal state u0 which is treated as fixed. Consequently, the continuous adjoint equation is
expressed as follows:

J ′[u0](δu) =

∫
Ω

ψR′[u0](δu) dΩ, ∀ permissible δu (2.6)

The residual sensitivity R′ can be defined based on the definition of the residual given in Equation 2.2
and the QoI sensitivity J ′ based on the chosen QoI used in Equation 2.3. By employing integration by
parts on the right-hand side of the continuous adjoint equation and juxtaposing it with the QoI sensitivity,
one can derive the adjoint operator. The adjoint BCs are determined by associating the primal BCs to
the terms obtained through integration by parts. The resulting adjoint PDE is given by:

{
L∗ψ = g, x ∈ Ω

Adjoint BCs, x ∈ ∂Ω
(2.7)

Similar to the primal problem, this PDE is then discretized with an appropriate numerical method to
obtain the adjoint solution. It is important to note that the adjoint PDE is always linear, regardless of
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whether the primal problem is linear or non-linear. Also, the adjoint problem is defined based on the
selected QoI as the adjoint forcing term is given by the user-defined function g(x).

2.3. Primal and Adjoint Solutions in Unsteady Problems
Research on adjoint-based error estimation for unsteady problems has been relatively constrained,
primarily owing to implementation hurdles and computational costs [6, 44]. In unsteady problems, as the
primal solution marches forward in time, the adjoint equation marches backwards in time, functioning
as a sensitivity problem. As a demonstration of the backwards time marching, a linear advection primal
PDE in a one-dimensional (1D) space-time domain Ω : [xL, xR]× I : [0, T ] with a Dirichlet BC imposed
on the left boundary and a homogeneous IC is considered:


∂u

∂t
+
∂u

∂x
= f, (x, t) ∈ Ω× I

u(xL, t) = 0, t ∈ I

u(x, 0) = 0, x ∈ Ω

(2.8)

where t is the temporal coordinate. In many problems, a time-averaged QoI J̄ is considered as steady-
state QoIs can fail to accurately capture statistically-steady transient solutions [7, 45]:

J̄ =
1

T

∫
I

∫
Ω

g(x, t)u(x, t) dΩdI (2.9)

Selecting g(x, t) = 1 results in a QoI representing the mean solution over space and time. The contin-
uous technique, given in Equation 2.5 for linear problems, is employed to derive the adjoint PDE. First,
the continuous residual can be defined from the primal problem:

R(u) =
∂u

∂t
+
∂u

∂x
− f (2.10)

The residual sensitivity is defined given an infinitesimal variation of the primal solution δu:

R′(δu) =
∂(δu)

∂t
+
∂(δu)

∂x
(2.11)

The adjoint operator L∗ can then be derived using integration by parts:

∫
I

∫
Ω

δu dΩdI =

∫
I

∫
Ω

ψ

(
∂(δu)

∂t
+
∂(δu)

∂x

)
dΩdI

=

∫
I

∫
Ω

(
−∂ψ
∂t

− ∂ψ

∂x

)
(δu) dΩdI +

[∫
Ω

ψ(δu) dΩ

]
∂I

+

[∫
I

ψ(δu) dI

]
∂Ω

=

∫
I

∫
Ω

(
−∂ψ
∂t

− ∂ψ

∂x

)
(δu) dΩdI +

∫
Ω

ψ(δu) dΩ

∣∣∣∣
t=T

+

∫
I

ψ(δu) dI

∣∣∣∣
x=xR

(2.12)

The resulting adjoint PDE is given by the following equation, where the BCs have been determined
through the additional terms from integration by parts:


−∂ψ
∂t

− ∂ψ

∂x
= 1, (x, t) ∈ Ω× I

ψ(xR, t) = 0, t ∈ I

ψ(x, T ) = 0, x ∈ Ω

(2.13)

The negative sign of the partial time derivative in the adjoint PDE and the adjoint IC set at t = T
indicates that the adjoint solution marches backwards in time. Also, it is noteworthy that the Dirichlet
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Figure 2.1: Primal and Adjoint Solution Procedure for Unsteady Problems (Dashed Arrows for Non-Linear Problems)

BC in the adjoint PDE is set at the opposing boundary of the primal PDE. Furthermore, the adjoint
forcing term is dictated by the QoI selection as g(x, t) = 1.

The process for acquiring both the primal and adjoint solutions in unsteady problems is depicted in Fig-
ure 2.1, where the dashed arrows are utilized solely for non-linear problems. The latter results from the
local linearization of the adjoint problem. The procedure commences with the numerical computation
of the primal solution at each time step, marching in time using an appropriate temporal scheme. In
linear problems, the adjoint solution is independent of the primal solution at each time step, allowing
for backwards time marching with a suitable temporal scheme to obtain the adjoint solution. However,
for non-linear problems, the adjoint local linearization necessitates the primal state at each adjoint time
step, which, if stored on disk, leads to increased storage requirements and computational time [31].

2.4. Adjoint-Based Error Estimation and Localization
Following the numerical computation of the adjoint solution, the next step is the estimation of numerical
errors. Adjoint-based error estimation can also be defined in a continuous or discrete context. Since
the adjoint solution obtained through the continuous technique is ultimately discrete, the discrete ap-
proach to compute the error estimate is preferred [7, 18, 26]. A more detailed derivation of the discrete
technique is given in [26].

The discrete context framework assumes the primal PDE is discretized in a spatial mesh H, providing
an approximated discrete solution uH . Ideally, the true output error δJ is computed:

δJ = J(u)− JH(uH) (2.14)

However, the exact solution u may be unknown. Thus, as a surrogate for the exact solution, a solution
computed on a finer spatial mesh h is used. The fine-space mesh can be obtained through different
refinement methods, where h− and p−refinement are the most popular choices [11]. h−refinement
involves adding points within the computational domain whereas p−refinement is associated with in-
creasing the order of accuracy of the discretization method. As an approximation of the true output
error, the error estimate δJest can be defined from a fine-space solution uh:

δJest = Jh(uh)− JH(uH) (2.15)

Let uHh = IHh uH be an injection of the coarse-space solution into the fine space h, given a lossless
injection operator IHh from the coarse space to the fine space. Taylor expansions of the fine-space
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QoI Jh(uh) and the fine-space residual Rh(uh) about the injected coarse-space solution uHh can be
formulated. An approximation for the error estimate can be defined by neglecting higher-order terms:

δJest ≈ −ψThRh(u
H
h ) (2.16)

Equation 2.16 is normally referred to as the adjoint-weighted residual expression where ψh is the fine-
space adjoint solution andRh(u

H
h ) is the fine-space residual evaluated with the injected primal solution.

For non-linear problems, there is a linearization error O(δu2) associated with the error estimate due to
higher-order terms from the Taylor expansions:

δJest ≈ −ψThRh(u
H
h ) +O(δu2) (2.17)

As a result, if the adjoint solution was computed on an infinitely refined mesh, associated with the error
estimate there would still exist an O(δu2) error. This is due to the adjoint problem resulting from a
linearization of the injected coarse-space primal state. Therefore, for non-linear problems, the error
estimate can be more sensitive to underresolved solutions of the primal problem.

If an element-basedmethod is employed in the spatial discretization, the error estimate can be localized
to individual element contributions in the mesh. Thus, the error estimate can be rewritten:

δJest ≈ −
Nh∑
i=1

ψh,iRh,i(u
H
h ) (2.18)

whereNh is the number of elements in the fine space. For unsteady problems, this can be reformulated
as a time-averaged error estimate if a time-averaged QoI is considered:

δJ̄est ≈ − 1

T

Nt∑
j=1

Nh∑
i=1

ψh,i,jRh,i,j(u
H
h ) (2.19)

Furthermore, a local error indicator can be defined as the absolute value of the local error estimate:

εh,i =
∣∣ψh,iRh,i(uHh )

∣∣ (2.20)

If the contribution of numerical errors stemming from the temporal discretization scheme is neglected,
the following expression defines a time-averaged local error indicator:

ε̄h,i =
1

T

Nt∑
j=1

∣∣ψh,i,jRh,i,j(uHh )
∣∣ (2.21)

Based on the error indicator distribution, it is possible to formulate adaptation methods to modify the
mesh. The objective is to minimize the error estimate with reduced computational cost. When uniform
h-refinement is used, the fine-space error indicators can be aggregated across all fine-space elements
contained within a particular coarse-space element to derive the final coarse-space indicator [26]. Con-
versely, if p-refinement is employed to construct the fine space, the error indicator directly quantifies
the amount of error contributed by a specific coarse-space element to the QoI.

2.5. Limitations of Adjoint-Based Error Estimation
While adjoint-based error estimation offers remarkable accuracy by computing the sensitivity of the
primal solution to a predefined QoI, its application is subject to three primary limitations. Firstly, adjoint-
based error estimation necessitates the computation of the adjoint solution on a fine space, which can
incur significant computational expense [7]. Secondly, managing storage requirements for unsteady
non-linear problems poses an additional challenge. As the primal solution can be stored on disk [31]
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or reconstructed by checkpoint techniques [46], an intricate balance between data storage, computa-
tional cost and solution accuracy is necessary. Lastly, the adjoint solution stability represents a critical
consideration, particularly in unsteady turbulent flows [47].

Fine-Space Adjoint Solution Computational Cost

Various techniques have been employed in the literature to address the computational cost of the fine-
space adjoint solution. One approach involves reconstructing higher-order adjoint solutions based
on coarse-space adjoint solutions using an embedded finer mesh [21]. Additionally, temporal recon-
struction of the adjoint solution has been applied to avoid solving the adjoint problem on a temporally
enriched space [44]. However, in the cited cases it was observed that the adjoint solution remained
more computationally expensive than the primal solution. As an alternative, hybridized discontinuous
Galerkin methods have been utilized to compute both primal and adjoint solutions, resulting in faster
solutions with iterative solvers and reduced storage requirements [24, 26]. The key advantage of hy-
bridization is that the resulting set of algebraic equations has globally coupled degrees of freedom only
on the skeleton of the computational mesh, leading to the solution of a much smaller system.

Moreover, Machine Learning (ML) has been applied to mitigate the computational cost associated with
the fine-space adjoint computation. A super-resolution Artificial Neural Network (ANN) has been im-
plemented to reconstruct fine-space adjoint solutions from coarse ones [7]. This approach has the
advantage of generalizing to a new QoI for which it was untrained. Additionally, a Convolutional Au-
toEncoder (CAE) with feed-forward layers has been used to directly predict the error estimate and
error indicator field from the primal solution on a coarse mesh [48]. ANNs have also been employed to
establish mappings between the primal and adjoint solutions in aerodynamic design optimization [49].

Unsteady Non-Linear Problems Storage Requirements

Unsteady non-linear problems require the primal solution at each time step to obtain the adjoint solution,
resulting in substantial storage requirements. This is true for large-scale turbulence problems like Large-
Eddy Simulation (LES) [6]. To address storage demands, several techniques have been proposed in
the literature. A simple solution is to store the primal solution on an external hard disk which can be
then used when computing the adjoint solution [50]. However, the cost of data communication between
the external disk and the solver is significant. Also, the slow development of memory capacity over the
past decades [1] is an important limitation to the use of an external hard disk to store the primal solution.

Compression and reconstruction methods have also been applied to the primal solution to reduce stor-
age requirements. One example is the checkpoint technique [46], which saves the primal solution at a
relatively small number of states in time. When solving the adjoint solution which marches backwards
in time, the primal solution is solved once again between the saved states. This procedure alleviates
memory requirements but results in additional computational costs. A Reduced-Order Model (ROM)
of the primal solution also shows great potential for reducing storage requirements. Modal decompo-
sition techniques have been successfully applied in the compression and reconstruction of the primal
solution, such as an enhanced online Proper Orthogonal Decomposition (POD) [6]. While offline vari-
ants require access to the entire flowfield solution, online POD techniques are computed on the fly,
making it suitable for realistic large-scale problems. Also, ML has been applied to construct ROMs
of the primal solution, such as a CAE with feed-forward layers applied to a lid-driven cavity flow [51].
Nonetheless, the implementation of more complex ML techniques in adjoint-based error estimation for
unsteady problems is an area of research that is yet to be explored.

For statistically-steady turbulent problems, approximation methods have been proposed to derive a
single-solve adjoint system while still performing LES [52]. One of these methods relied on the time-
averaged residual and time-averaged QoI, whereas the other involved the conversion of the unsteady
flow solution to a steady flow solution. It was shown that the first approximation yielded a better com-
putational grid for better capture of flow features as well as a better prediction of the QoI. While the
approximation methods were able to effectively reduce the computational cost and storage demands,
the loss in accuracy of the error estimate is significant by considering steady-state quantities.

Unstable Unsteady Adjoint Solution

Turbulence is inherently chaotic, meaning that small variations in design parameters can lead to sub-
stantial changes in the flowfield. This poses a challenge in obtaining a stable adjoint solution for un-
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steady problems. Coherent turbulent structures are convicted in the flowfield and get smaller until
they are dissipated. As the adjoint problem marches backwards in time, the adjoint solution has to
be constructed from lost information, which can result in divergence. To circumvent this issue, the
least-squares shadowing method has been employed in chaotic flows to mitigate the divergence of the
adjoint solution [47]. This method aims to obtain adjoint solutions that do not demonstrate unbounded
exponential growth. While this technique has been demonstrated to be accurate, its implementation
comes with a high computational cost, especially for large-scale simulations. To address this limitation,
Shimizu and Fidkowski [53] combined the method with a ROM to approximate QoIs more accurately
and economically compared to previous approaches. On the other hand, Fidkowski [54] introduced a
field-inversion ML framework that only required unsteady primal solutions without the need for full stor-
age. The ML model produced an adjoint solution for the averaged solution, which helped to address
the instability issue.

In conclusion, addressing the storage requirements for unsteady non-linear problems in adjoint-based
error estimation remains an active research area, with various methods applied in the literature. Sur-
rogate modelling techniques, ranging from modal decomposition to deep learning, hold the potential to
effectively compress the primal solution. Due to their inherent non-linear nature, deep learning methods
can accurately represent turbulent flows [37–39]. In this study, the utilization of deep learning to create
a surrogate model of the primal solution was investigated to alleviate storage constraints in unsteady
adjoint-based error estimation.





3
Surrogate Modelling Techniques:

Description and Applications

In this chapter, the use of surrogate modelling within the areas of Computational Fluid Dynamics (CFD)
and adjoint-based error estimation is explored. Particular emphasis is given to modal decomposition
techniques and Machine Learning (ML). The elucidation of these concepts aims to provide reasoning
for the methodologies proposed.

First, a theoretical background of modal decomposition techniques is provided, highlighting its appli-
cations in the compression and reconstruction of CFD data. Furthermore, the fundamental principles
of ML are presented, where the underlying concepts of Artificial Neural Networks (ANNs) and their dif-
ferent types are elucidated. A more thorough examination of these fundamental concepts is provided
in [35, 55]. Subsequently, the applications of ML in CFD surrogate modelling are expounded upon
and supplemented with examples sourced from the available literature. Lastly, specific applications
of modal decomposition methods and ML in adjoint-based error estimation are provided together with
research directions yet to be explored.

3.1. Modal Decomposition Techniques
Modal decomposition techniques have emerged as effective tools for data compression and reconstruc-
tion in CFD. Among these techniques, Proper Orthogonal Decomposition (POD) and Dynamic Mode
Decomposition (DMD) stand out as the most popular methods for Reduced-Order Models (ROMs).
Both of these extract low-dimensional modes from flowfield snapshots [56]. While POD identifies an
optimal set of orthonormal modes to represent data based on their energy content [57], DMD captures
modes associated with growth rates and frequencies [58]. The POD modes have multiple temporal
frequencies whereas DMD uses temporally-varying modes.

The DMD approach extracts dynamic information from the flowfield, where the resulting modes are not
necessarily orthogonal. These dynamic modes can be used to represent the physical mechanisms
present in the flowfield, as they are associated with frequency information and spatial structures. This
method has been effectively applied to cavity flow and the wake behind a flexible membrane [58].
On the other hand, POD involves the eigendecomposition of the snapshot matrix, providing a set of
orthonormal modes and their corresponding temporal coefficients to express the approximated flowfield.
DMD and POD have been applied to investigate a jet in channel cross-flow [59]. While POD was able
to reconstruct the flow with a low number of modes, DMD necessitated more modes to capture an
equivalent amount of energy. This difference stems from the orthonormal property of POD modes,
which renders them optimal in the L2-norm [60]. Thus, POD can capture the largest possible amount
of kinetic energy for any given number of modes [61].

Various variants of POD have been developed for the compression and reconstruction of CFD data.
The original offline variant requires access to the entire set of flow solution snapshots. It has been
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applied to lid-driven cavity flows obtained with Direct Numerical Solution (DNS) [61] as well as turbulent
flowfields obtained with particle image velocimetry [62]. Common offline POD methodologies include
eigenvalue decomposition, the method of snapshots and Singular Value Decomposition (SVD). Given a
snapshot matrixU ∈ RNx×Nt with the temporal mean removed, the first method involves the eigenvalue
decomposition of the correlation matrix UUT ∈ RNx×Nx . This procedure, introduced by Lumley [57],
is preferred when the number of snapshots is much larger than the number of degrees of freedom. On
the contrary, if the number of degrees of freedom is much larger than the number of snapshots, the
method of snapshots [63] can be employed to solve the eigenvalue decomposition of the correlation
matrix UTU ∈ RNt×Nt . Lastly, SVD [62] can be applied directly to the snapshot matrix to compute the
POD modes as it generalizes the decomposition to non-square matrices. The SVD technique is known
to be more robust in the presence of round-off errors [64]. On the other hand, online variants consider
each snapshot solution individually and are constructed on the fly, making them suitable for large-scale
problems. A randomized single-pass SVD was applied to various canonical turbulent flows [65]. Also,
an incremental SVD was applied to a three-dimensional (3D) cylinder flow [6].

In this research, POD was selected as a baseline method over DMD due to its ability to capture the
largest possible amount of kinetic energy, making it more efficient for data compression [61]. The
use of an online variant, such as incremental SVD [6], was deemed unnecessary, as it involves many
parameters which went beyond the scope of this study. Within the offline techniques, the SVD-based
variant was chosen since it is more robust in the presence of round-off errors [64].

3.2. Deep Learning Techniques
Recent advancements in ML have been propelled by the evolution of novel learning algorithms and
theoretical frameworks, coupled with the exponential proliferation of data availability and cost-effective
computational resources [66]. While early efforts primarily focused on computer-human interactions
such as image processing and speech parsing, there has been a growing interest in exploring the
application of ML to scientific research. Among ML, deep learning models have attracted significant
interest due to their capability to capture complex interactions and achieve remarkable performance
across various domains, including information technology, healthcare and engineering [33].

Within the subset of deep learning methodologies, ANNs employ data-manipulation techniques to
model non-linear functions. An example of an ANN architecture is presented in Figure 3.1. In con-
trast to other deep learning methods that rely on algorithms for pattern recognition, ANNs distinguish
themselves through the utilization of a set of neurons, organized in layers and interconnected accord-
ing to principles loosely inspired by physiological neural networks in biological brains [67]. The layers
allow the network to process input data through successive transformations to obtain the output data.
An ANN includes an input layer, one or more hidden layers and an output layer. The input layer re-
ceives the initial data, where each neuron represents a feature of the input data. The hidden layers
process the input data through weighted connections to produce an output. This output serves as the
input to the next layer. Like the hidden layers, the output layer processes the inputs received from the
preceding layers to produce an output. Additionally, the architecture includes the arrangement, con-
nection and dimension of the layers. Typically, the transformations are expressed as a composition of
non-linear and affine functions, which govern the passage from one layer to the next:

ŷ = f
(
W Ty + b

)
(3.1)

where y ∈ RN1 and ŷ ∈ RN2 are the values of the neurons in the preceding and subsequent layers
respectively, f is an activation function,W ∈ RN1×N2 are the weights and b ∈ RN2 is the bias term. The
activation function is the one responsible for introducing non-linearities into the network. The network’s
architecture governs the adaptation of weights and biases to enable the network to approximate the
training data. This adaptation process constitutes a regression task, which is concerned with predicting
a numerical value, as opposed to classification, that refers to which category the value belongs to [35].

The training phase of an ANN is a crucial process wherein the network learns from the training data.
Throughout this iterative procedure, the network iteratively refines its weights and biases by evaluating
the predicted output against the desired output. Conceptually, training an ANN amounts to solving an
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Figure 3.1: Artificial Neural Network Architecture

optimization problem, where the objective is to minimize a predefined loss function, also known as
a cost function. Forward propagation is the process by which input data is passed through the ANN
to generate an output prediction whereas backward propagation computes the gradient of the loss
function with respect to the network’s weights and biases to update these parameters in the direction
that minimizes the loss function.

Regarding their architecture, ANNs can adopt three primary configurations: feed-forward, convolutional
or recurrent. In feed-forward neural networks, data flows in a unidirectional manner from input nodes
through hidden layers to output nodes with the use of weighted connections given in Equation 3.1.
These are commonly used for tasks such as computer vision and speech recognition [68]. Convolu-
tional Neural Networks (CNNs) are designed to effectively capture spatial patterns in data through the
use of convolutional layers using filter kernels. These networks can efficiently extract specific features
from multidimensional input data, making them successful in many practical applications [35]. Lastly,
Recurrent Neural Networks (RNNs) employ an internal time-evolving state which allows them to exhibit
dynamic temporal behaviour. By saving the output layer and feeding it back to the input layer, the
time-advanced state can be predicted. This architecture is particularly well-suited for sequential data
processing tasks [55].

3.2.1. Applications in Computational Fluid Dynamics
Surrogate models based on deep learning methods have gained widespread popularity in CFD for
their robust capability to account for non-linearity in complex datasets [36]. Within deep learning meth-
ods, CNNs have emerged as powerful tools for super-resolution reconstruction of flowfields from low-
resolution data [7, 69]. Liu et al. [70] conducted a comparative study between a static CNN and an inno-
vative multi-temporal paths CNN in Turbulent Channel Flow (TCF). Both methods demonstrated high
accuracy in reconstructing flowfields, but the latter, which incorporated spatial and temporal information
simultaneously, provided more detailed information about under-resolved flow features. Furthermore,
an online data compression technique using CNNs was developed for application to large-scale prob-
lems [65]. It significantly outperformed an online POD method with similar compression capabilities.
Hierarchical Convolutional AutoEncoders (CAEs) have also been applied to the compression and re-
construction of a cylinder wake [38]. The hierarchical property organizes the non-linear modes by their
contributions to the reconstructed field while achieving efficient order reduction, which enables more
efficient data compression than conventional CAEs.

Moreover, modal decomposition techniques have been integrated with ML methods to achieve a non-
linear mode decomposition. Murata et al. [36] fused POD with a CAE to visualize decomposed flow-
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fields. The findings suggested considerable potential for this non-linear approach, necessitating fewer
dimensions than the original POD. Additionally, a fusion of POD with a recurrent long short-term mem-
ory network has been explored for modelling transient fluid simulations [71]. Numerical experiments
demonstrated that these POD coefficients were more effectively modelled compared to the inclusion
of traditional POD modes. Furthermore, a combination of POD with a recurrent Echo State Network
(ESN) has been proposed to mitigate the substantial number of states required by the ESN [72]. In
gesture recognition, it has been demonstrated that ESNs achieve relatively good performance when
compared to long short-term memory networks but have significantly lower training times [73].

Combinations of CNNs and RNNs have been developed to perform simultaneously spatial and temporal
prediction. For example, a CAE combined with a long short-term memory network has been used [74,
75] for more accurate reproduction of the large and inertial scale statistics, making it attractive for many
engineering applications. Furthermore, Racca et al. [39] successfully combined a CAE with an ESN in
the prediction of turbulent dynamics, which accurately predicts the flow in terms of temporal dynamics
and statistical properties at different Reynolds numbers.

Physics-informed deep learning techniques have recently been applied in data compression and recon-
struction methods by incorporating physical constraints directly into the ANN’s loss function. Mohan et
al. [76] introduced a CAE while enforcing the concept of incompressible fluid flow in 3D fully developed
turbulence. This approach significantly enhanced local mass conservation without compromising per-
formance according to other metrics. Furthermore, the implementation of enforced incompressibility
and preserved enstrophy has been explored in data compression [37], resulting in an improvement of
the compression model. Additionally, Momenifar et al. [33] investigated the incorporation of physical
constraints such as incompressibility and global statistical characteristics of velocity gradients into a
CNN. They employed vector quantization to capture spatially correlated features of the flow that also
existed across different scales.

3.3. Applications and Research in Adjoint-Based Error Estimation
Although modal decomposition techniques and deep learning methods have been widely utilized in the
compression and reconstruction of CFD data, their application in adjoint-based error estimation has
been limited. This section aims to elucidate this research gap through the presentation of literature
examples relevant to the research thesis, followed by a potential avenue for future research and the
methodologies proposed.

To address the computational overhead linked with the refined adjoint solution computation, super-
resolution ANNs have been deployed to reconstruct fine adjoint solutions from coarse ones [7]. This
research involved the use of a CNN, which significantly decreases the number of trainable parame-
ters compared to feed-forward ANNs. Additionally, a CAE incorporating feed-forward layers has been
employed to directly forecast the error estimate and error indicator field from the primal solution on a
coarse mesh [48]. On the other hand, a limited number of deep learning applications for adjoint-based
error estimation aim to mitigate the storage demands inherent in unsteady non-linear problems. For in-
stance, an online POD with an incremental SVD has been successfully applied to create a ROM of the
primal solution in the context of LES [6]. Also, a surrogate model of the primal solution was constructed
with a CAE containing feed-forward layers and compared against POD, in the context of a lid-driven
cavity flow [51]. However, POD managed to reconstruct the solution with a minimal number of modes
owing to the smoothness of the primal solution, thereby not fully exploiting the capabilities of the CAE.

This research aimed to further exploit the capabilities of deep learning techniques to reduce storage
requirements associated with unsteady adjoint-based error estimation. Building upon literature exam-
ples, three different methodologies were proposed to create a surrogate model of the primal solution:
a CAE, an ESN and a CAE-ESN. An offline SVD-based POD is used as a baseline for comparison
with the deep learning techniques. For the CAE, an architecture containing CNNs and feed-forward
ANNs was proposed [48]. However, for higher-dimensional test cases, feed-forward layers were disre-
garded due to the substantial number of trainable parameters presented [7]. The ESN was proposed
as it presents significantly lower training times than other RNNs [73]. Lastly, the CAE-ESN was pro-
posed as a hybrid method as it offers the potential to enhance compression efficiency while minimizing
additional computational costs [39].



4
Framework and Methodology

In this chapter, the computational framework and the theoretical foundation of the methodologies pro-
posed are presented. These methodologies are introduced to create a surrogate model of the primal
solution to be implemented in the framework of unsteady adjoint-based error estimation.

Initially, the implemented Finite Element Method (FEM) solver is described along with the adjoint-based
error estimation framework used in this research. An offline variant of Proper Orthogonal Decompo-
sition (POD) based on Singular Value Decomposition (SVD) is then outlined to serve as a baseline
method. Additionally, the basic methodology behind Convolutional Neural Networks (CNNs) is ex-
plained, followed by the introduction of a Convolutional AutoEncoder (CAE). Furthermore, the theory
of Echo State Networks (ESNs) is expounded, highlighting the optimization procedure of its hyperpa-
rameters. Moreover, a combination of a CAE and an ESN is also presented, referred to as a CAE-ESN.
The Compression Ratio (CR) was defined for the different methods based on their structure, thus serv-
ing as a performance metric.

For the one-dimensional (1D) test cases, the CAE training was conducted on a single NVIDIA GeForce
GTX 1070 GPU, while the ESN optimization and training were carried out on a 4-cored Intel Xeon E5-
1620 CPU. For the two-dimensional (2D) test case, the CAE training used a single NVIDIA Tesla P40
GPU with the ESN optimization and training performed on an 18-cored Intel Xeon E5-2696 V3 CPU.

4.1. Computational Framework
This research investigated three test cases: a manufactured solution of the unsteady 1D viscous Burg-
ers’ equation; a Direct Numerical Solution (DNS) data-driven solution for the unsteady 1D viscous
Burgers’ equation to produce the wall-normal velocity in turbulent channel flow (TCF); and a DNS
data-driven solution for the unsteady 2D viscous Burgers’ equations to produce the spanwise and wall-
normal velocity components in TCF.

The FEM was utilized as the numerical approach for spatial discretization of the primal and adjoint prob-
lems. Within the FEM framework, the solution is approximated as a linear combination of predefined
local basis functions ϕ(x):

u(x, t) ≈
N∑
i=1

ϕi(x)ai(t) (4.1)

where u is the solution, N represents the number of basis functions and a(t) denotes the basis func-
tions amplitudes, commonly referred to as degrees of freedom. These degrees of freedom serve as the
discrete unknowns, which were determined using the method of weighted residuals. This approach re-
quired reformulating the governing equations into a weak or variational formulation. In this formulation,
the weighted integrals of the residual of the strong form of the Partial Differential Equation (PDE) must
vanish for all admissible weighting functions q ∈ V . The function space V is identical for the primal and
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Figure 4.1: Computational Framework Flowchart

weighting functions. The variational problem was solved using the legacy FEniCS1 package, employ-
ing the Bubnov-Galerkin method [77]. This method assumes the weighting functions are identical to
the basis functions. Within the non-linear problem defined in FEniCS, the non-linear iterator SNES was
employed, with MUMPS chosen as the solver and BT as the preconditioner [7].

Additionally, the second-order Crank-Nicholson method was selected for temporal discretization, rep-
resented by the following expression:

un+1 − un

∆t
+

1

2
R(un) +

1

2
R(un+1) = 0 (4.2)

where un ∈ RN and un+1 ∈ RN are the primal discrete solutions at times tn and tn+1 respectively, ∆t
is the time step interval andR ∈ RN is the primal discrete residual obtained by the spatial discretization
of the variational formulation.

The computational framework flowchart for this research is presented in Figure 4.1, where the surrogate
modelling techniques were integrated into the adjoint-based error estimation structure. Initially, the
implemented primal solver was utilized to generate discrete primal solutions u in the coarse space H
and fine space h. Uniform h−refinement with a factor of two was used to obtain the fine space from
the coarse space. Surrogate primal solutions ũ in both spaces were then constructed using one of
the methodologies proposed. The refined adjoint solution was computed with the fine-space surrogate
primal solution ũh. On the other hand, an injection of the coarse-space solution ũH into the fine space
was conducted to evaluate the fine-space strong residual. With these quantities computed, a surrogate
error estimate was computed along with local error indicator fields in the fine space. The error estimate
quantifies the numerical errors of the coarse-space primal solution concerning a case-specific Quantity
of Interest (QoI). Since h−refinement was used to obtain the fine space, the error indicators were
summed across all fine-space elements contained within a specific coarse-space element to obtain a
final coarse-space indicator.

Regarding the surrogate modelling stage, three methods were proposed in this research to create a
surrogate primal solution: a CAE, an ESN and a CAE-ESN. An offline POD method was employed as
a baseline for comparison against the deep learning techniques.

4.2. Benchmark: Proper Orthogonal Decomposition
An offline POD was used as a standard reference method to create a Reduced-Order Model (ROM) of
the primal solution. An online variant, such as an incremental SVD [6], was deemed unnecessary due
to the dependence on many parameters which go beyond the scope of this research. The advantage
of compression with POD lies in the ordered arrangement of computed modes according to the con-
tained amount of kinetic energy. The SVD technique was employed due to its higher robustness when
compared to other offline POD techniques [64].

Assuming a statically-stationary flow, a snapshot matrix U ∈ RNx×Nt is assembled by the horizontal
1https://fenicsproject.org

https://fenicsproject.org
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concatenation of all solution vectors u ∈ RNx with the temporal mean u ∈ RNx removed. SVD is
directly applied to factorize the snapshot matrix U = LΣR, where L and R are the left and right
singular vector matrix respectively and Σ is the diagonal singular value matrix [56]. The columns of L
contain the spatial PODmodes and the temporal coefficients are determined by the product ofΣ andR.
Reconstruction using this method is based on a specified percentage of kinetic energy to be contained
within the predicted solution. This energy is determined through the cumulative energy contribution of
the singular values of the matrix U , which are the diagonal entries of the matrix Σ. A specific threshold
of 99% cumulative energy was selected as it is effective in accurately representing flowfields [6, 36, 59].
From this criterion, the optimal rankM was defined from which the obtained matrices from SVD were
truncated. As a result, a ROM of the primal solution was computed from the following relationship:

ũ(x, t) = u(x) +LMΣMRM (4.3)

where LM , ΣM and RM are the truncated SVD matrices based on the user-selected rank M . Addi-
tionally, the CR was defined based on the mean flowfield and SVD truncated matrices size:

CR =
Space Resolution× Time Resolution

Size(u) + Size(LM ) + Size(ΣM ) + Size(RM )
(4.4)

The matrices LM and RM had the highest impact on the CR as they are dense matrices. Contrarily,
the matrix ΣM is a diagonal matrix.

4.3. Convolutional Autoencoder
In CNNs, a kernel filter with a certain size slides across the input layer with a specified stride [36]. The
following equation describes the transition from one layer to the next:

ŷ = f (y ⊗W + b) (4.5)

where y ∈ RN1 and ŷ ∈ RN2 are the values of the neurons in the preceding and subsequent layers
respectively, f is an activation function, ⊗ is a convolution operator, W are the learnable weights of
the kernel filter and b ∈ RN2 is the learnable bias term. The Rectified Linear Unit (ReLU) was chosen
as the activation function and it is defined as:

f(y) = max(0, y) (4.6)

The ReLU was selected as it is non-saturated for positive values. Typically, additional artificial values
are inserted around the input layer in a process known as padding. In this research, solely zero-padding
was used, which involves the addition of elements with a value of zero in the boundaries. Depending
on the defined values for the kernel filter size, stride and padding, the size of the output layer is given
by the following relationship when using the convolution operator:

N2 =
N1 + 2× Padding− Kernel Size

Stride
+ 1 (4.7)

If the convolution operator was used, the CNN parameters were selected in order to reduce the size of
the output. On the other hand, the size of the output was increased by using the transpose convolution
operator [78]. In this case, the size of the output layer is given by the following expression:

N2 = (N1 − 1)× Stride− 2× Padding+ Kernel Size (4.8)

Within unsupervised learning algorithms, autoencoders are a set of neural networks trained to compress
their inputs and then reconstruct them as the outputs. Unsupervised learning involves training the
algorithm on an unlabeled dataset, where data instances are provided without explicit output targets
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Figure 4.2: Autoencoder Architecture

[35]. An example of an autoencoder architecture is presented in Figure 4.2. The encoder stores the
representational information needed to convert the data from its original high-dimensional state y ∈ RN
to a low-dimensional latent space z ∈ RM withM << N . The decoder learns how to rebuild the data
from the latent space to the original reconstructed state ŷ ∈ RN . It is a robust data-driven method
that computes a low-dimensional representation of the data [38]. Instead of using pooling and up-
sampling layers in the CAE architecture [36], convolution layers were used in the encoder architecture
and transpose convolution layers were employed in the decoder architecture. As a result, the CAE can
capture spatial phenomena of different sizes due to the use of different kernel filter sizes [39].

For the 1D test cases, CAEs were composed of CNNs and feed-forward layers to and from the latent
space. Besides controlling the latent space dimension [36, 51], the inclusion of feed-forward layers
enabled the CAE to capture more features from the system’s dynamics, which might be beyond the
capability of CNNs alone. For the higher-dimensional test case, only CNNs were used due to the high
number of trainable parameters presented by feed-forward layers [7]. The CAEs developed in this
research were implemented using the PyTorch2 (2.5.0) package with CUDA (11.5).

The Adam algorithm, also known as adaptive moments, is opted as the optimization algorithm [7, 51]
with an adaptive learning rate as it is more robust regarding the choice of hyperparameters [35]. The
learning rate γ is one of the most important hyperparameters since it has the highest influence on the
model’s capacity and its optimization process [55]. Generally, a high value of γ allows the model to
learn faster, at the cost of arriving at a sub-optimal final set of parameters. On the other hand, a lower
learning rate may allow the model to learn a more optimal set of parameters but may take significantly
longer to train. Therefore, the selection of the value γ can be cumbersome. To circumvent this issue, a
decaying learning rate was chosen which decreases with a linear factor until reaching a fixed minimum:

γ(Epoch) = γ0

(
1 +

Epoch
Total Number of Epochs

(γr − 1)

)
(4.9)

where γ0 is the initial learning rate and γr is the learning rate factor. These factors were user-defined
based on trial and error. In the optimization procedure, a batch refers to a subset of the training dataset
used to train the model in one optimization iteration. A smaller batch size implies a slower optimization
process but can lead to better generalization performance to unseen data. An epoch refers to one
complete pass through the entire training dataset. The selection of the batch size and total number of
epochs were also user-defined and dependent on the test case investigated. The Mean Square Error
(MSE) was selected as the loss function during the optimization process:

MSE(ŷ) = 1

N

N∑
i=1

(ŷi − yi)
2 (4.10)

2https://pytorch.org

https://pytorch.org
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For the optimization, the training data was normalized to have a zeromean and a unit standard deviation.
Furthermore, Gaussian noiseN (0, σ) was added to generate more training data which was statistically
representative of the considered system. Within the entire training dataset, 80% of the data was used for
training, whereas 20% was used for validation. Across all test cases, the dataset selected for validation
corresponded to a portion of the original primal solution.

Taking into account the CAE architecture, the CRwas defined when using a CAE to produce a surrogate
model of the primal solution as:

CR =
Space Resolution× Time Resolution

Size(z)× Time Resolution+ Decoder Parameters+ Normalization Parameters
(4.11)

Solely the decoder’s trainable parameters were taken into account, since the latent space was stored
at every time step instead of the original high-dimensional space. The mean and standard deviation of
the primal solution also had to be stored due to the normalization process.

4.4. Echo State Network
One of the main issues of Recurrent Neural Networks (RNNs) is the inherent difficulty in backward prop-
agation through time using gradient descent algorithms, which have a relatively high computational cost
[79]. Contrarily, in ESNs, the inputs are expanded to a higher-dimensional hidden layer, referred to as
the reservoir. The reservoir acts as the system’s memory and as a non-linear expansion of the inputs
[39]. The connections between the input layer and the reservoir are pseudo-randomly generated, while
the training is restricted to a linear regression problem of the connections between the reservoir and
the output layer. Consequently, ESNs eliminate the need for backward propagation. This training pro-
cedure results in significantly reduced computational time compared to other RNNs. Nevertheless, the
choice of hyperparameters has a significant impact on ESN performance [40]. In terms of architecture,
the evolution of an ESN is governed by the following discrete-time dynamics equations:

r
n+1 = (1− α)rn + αf

(
W T

r r
n +W T

in [y
n, b1]

)
ŷn+1 =W T

out

[
rn+1, b2

] (4.12)

where y ∈ RN and ŷ ∈ RN are the values of the neurons in the input and output layers respectively,
r ∈ RNr is the reservoir state with Nr >> N , α is the leaking rate, W in ∈ R(N+1)×Nr is the input
weight matrix,W r ∈ RNr×Nr is the reservoir state matrix andW out ∈ R(Nr+1)×N is the output matrix.
Normally, a larger reservoir implies a better performance, as long as measures are taken against over-
fitting [79]. Within the ESN architecture, the reservoir should possess the Echo-State Property (ESP),
signifying that the reservoir state should be uniquely defined by the fading history of the input state [80].
The ESP implies that the influence of past input states on the reservoir states vanishes with time. This
property is guaranteed if the activation function is the hyperbolic tangent defined as:

f(y) = tanh(y) (4.13)

Also, the eigenvalues of the matrixW r have to be smaller than unity for the ESP to be satisfied [72].
Nevertheless, this latter condition limits the richness of the reservoir, thus discouraging its use.

The leaking rate α can be regarded as the speed of the input and targeted output dynamics [79]. Since
the ESN was used to construct a surrogate model of an already time-discretized primal solution, the
need to introduce a higher temporal correlation was disregarded. Therefore, the ESN was simplified as
a fully-leaked network with α = 1. Taking these considerations into account, the discrete-time dynamics
equations of the ESN were simplified:

r
n+1 = tanh

(
W T

r r
n +W T

in [y
n, b1]

)
ŷn+1 =W T

out

[
rn+1, b2

] (4.14)
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Figure 4.3: Echo State Network Architecture

The input state is mapped with a bias term b1 into the reservoir state byW in, followed by an update
of the reservoir state at the next time step with W r. The output state is computed with the updated
reservoir state coupled with a bias term b2 andW out. The input bias was selected to be the average ab-
solute value of the normalized inputs whereas the output bias was determined through training. These
terms are added to break the ESN inherent symmetry [81].

The ESN can be run in two configurations: closed-loop, where the output layer is fed back to the in-
put layer to advance in time, or open-loop, where there is no output feedback. The simplified ESN
open-loop architecture is depicted in Figure 4.3, where the dashed and solid arrows represent the
pseudo-randomized and trainable parameters respectively. Initially, the pseudo-randomized matrices
W in and W r are generated. The matrix W in has one element different from zero per row sampled
from a uniform distribution U [−σin, σin]. This implies that each neuron in the input layer is pseudo-
randomly connected to one neuron in the reservoir. A uniform distribution is preferred due to its conti-
nuity and bounded values [79]. The hyperparameter σin is defined as the input scaling and determines
the reservoir responses’ non-linearity. On the other hand,W r is an Erdős-Renyi matrix with average
connectivity of three [39], which is obtained by sampling from U [−1, 1]. This indicates that each neuron
is connected on average to three other neurons within the reservoir. The spectral radius ρ is the max-
imum absolute eigenvalue ofW r and is one of the most crucial hyperparameters [79]. It determines
how fast the influence of an input vanishes in the reservoir as time progresses. In most situations, a
spectral radius smaller than unity guarantees the ESP. However, the optimal value can be greater than
unity for non-zero input states [79]. Ultimately, it should be selected to maximize the ESN performance.

Regarding its learning paradigm, an ESN presents a supervised learning algorithm, where each in-
stance is paired with a corresponding target. While the training of traditional RNNs is performed with
gradient descent, the training of ESNs is restricted to the matrix W out [72]. Training the network on
Nt + 1 snapshots consists of solving a linear regression problem, known as the Ridge regression:

(
RRT + βI

)
W out = RY

T
target (4.15)

whereR ∈ R(Nr+1)×Nt is the vertical concatenation of reservoir states, β is the Tikhonov regularization
parameter which regulates over-fitting [79], I ∈ R(Nr+1)×(Nr+1) is the identity matrix and Y target ∈
RN×Nt is the horizontal concatenation of targeted output states. The training is performed in open-
loop configuration, where first a washout state is conducted. The washout is an initial transient period,
where the output layer is not computed. The washout allows for the reservoir to be updated with the
current state of the system [39]. The training data was normalized by its range. In chaotic scenarios,
Gaussian noise N (0, σ) with a standard deviation σ = 10−3 was added to the training data to improve
the forecasting of chaotic dynamics [39, 79].

Following the training process, validation is carried out in closed-loop configuration. After an washout
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Figure 4.4: Echo State Network Validation Strategies [40]

period, σin, ρ and β are selected in validation. Since training is open-loop and validation is closed-
loop, different strategies can be employed. The validation strategies are represented in Figure 4.4.
In all strategies except the single shot validation strategy, bar 1 shows the first validation fold over
the training set. Bars 2 and 2c represent the second validation fold in non-chaotic and chaotic cases
respectively. In chaotic cases, the fold is shifted by 1 Lyapunov Time (LT). The LT is a fundamental
timescale in chaotic dynamical systems, defined as the inverse of the Highest Lyapunov Exponent
(HLE). This exponent quantifies the exponential rate at which infinitesimally close trajectories diverge
[40]. Nikitin [82] determined the values of the HLE for TCFs at different Reynolds numbers, from which
the required LTs were computed for the chaotic test cases investigated.

The recycle validation technique was employed as it has performed better than other validation strate-
gies, particularly in predicting chaotic flows [39]. The network was first trained only once per set of
hyperparameters using the entire dataset in open-loop configuration. Subsequently, the network was
validated on splits of the dataset in closed-loop configuration, which was already used for training. For
the non-chaotic case, the MSE was used as the loss function, defined in Equation 4.10, and the aver-
aged MSE over the different validation splits determined the optimal hyperparameters. For the chaotic
case, the Prediction Horizon (PH) served as the loss function. The PH is defined as the time interval
during which the Normalized Root Mean Square Error (NRMSE) of the ESN prediction remains below
a user-defined threshold k:

PH = argmax
t

(t|NRMSE(ŷ) < k) (4.16)

For each time step, the NRMSE is defined as follows:

NRMSE(ŷ) =
√√√√√√

MSE(ŷ)

1

N

N∑
i=1

σ2(yi)

(4.17)

where σ2 is the mean variance of the observed data. The normalization of the error enhances ro-
bustness, particularly in chaotic scenarios. The averaged PH, computed over different starting points
selected from the training dataset, was used to determine the optimal hyperparameters.

A Bayesian Optimization (BO) procedure was performed to identify the optimal hyperparameters σin
and ρ due to the high computational cost associated with the objective function [40]. In this optimization
procedure, the objective function is modelled as a black box using a Gaussian Process (GP) regression,
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thus not requiring gradient information. A Mátern kernel was selected as the GP model [39]. Following
the GP evaluation in an initial grid search of 5×5 points, the objective function was evaluated at 5
more additional points which maximized the expected improvement acquisition function [83]. Finally,
the hyperparameter β was selected by evaluating the objective function in a grid search space.

Following the hyperparameters selection, the solution prediction was performed in closed-loop configu-
ration. As the ESN approximation of the primal solution would be used to solve the adjoint problem, the
ESN temporal prediction was performed backwards in time. A checkpoint technique was introduced
in the primal solution prediction to prevent the accumulation of errors as time progresses. In the non-
chaotic scenario, the number of checkpoints was equal to the number of validation splits used during
the optimization procedure. Conversely, in the chaotic case, the checkpoint length was set to match
the optimized mean PH.

Taking into account the discrete-time dynamics equations of the simplified ESN given in Equation 4.14,
the CR was defined when using the network to create a surrogate model of the primal solution:

CR =
Space Resolution× Time Resolution

Checkpoint Parameters+ Size(W out) + Hyperparameters
(4.18)

With the introduction of the checkpoint technique, it became necessary to store both the input and
reservoir states at each checkpoint interval. Additionally, since the surrogate primal solution was used
to compute the adjoint-based error estimate, the residual was also stored at every checkpoint interval.
The matrix W out had the most significant impact on the CR, as it is a dense matrix. In contrast, the
matricesW in andW r can be fully determined by the hyperparameters σin and ρ, provided a specific
random seed is selected.

4.5. Convolutional Autoencoder - Echo State Network
The use of RNNs becomes prohibitive when accurately predicting high-dimensional systems [84]. Even
though ESNs require significantly less computational time than other types of RNNs, their training re-
mains excessively time-consuming for higher-dimensional systems. As an alternative, a CAE is em-
ployed to compress the original high-dimensional space into a low-dimensional latent space. The ESN
is then directly applied to this latent space to advance it in time. Subsequently, the decoder is applied
to each latent space sample to reconstruct the original high-dimensional space. This combination,
designated here as CAE-ESN, circumvents the challenges associated with high-dimensional data with
reduced computational cost [39].

An example of a CAE-ESN architecture is presented in Figure 4.5. The CAE developed was repurposed
in combination with a new ESN applied to the latent space. As in the CAE method itself, the high-
dimensional data was normalized to have zero mean and unit standard deviation. However, a new
ESN was required since it was not applied directly to the original high-dimensional space. The same
BO procedure highlighted for the ESN alone was applied for the ESN applied to the latent space. A
checkpoint technique was also introduced for the ESN when applied to the latent space to improve
forecasting accuracy. Furthermore, the time prediction was performed backwards as the surrogate
primal solution produced by the CAE-ESN was used to solve the adjoint problem.

Considering the various components of the CAE-ESN system, the CR was defined when this method
was used to produce a surrogate model of the primal solution:

CR =
Space Resolution× Time Resolution

Normalization and Checkpoint Parameters+ Decoder Parameters+ ESN Parameters
(4.19)

As with the ESN, the residual in the high-dimensional space was stored at every checkpoint interval
due to its use in adjoint-based error estimation. The number of ESN parameters depended on the new
ESN trained for the latent space. In contrast, the number of decoder parameters remained consistent
with those produced for the method using only the CAE.
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Figure 4.5: Convolutional Autoencoder - Echo State Network Architecture





5
Framework Verification:
Manufactured Solution

In this chapter, a manufactured solution for the unsteady one-dimensional (1D) viscous Burgers’ equa-
tion was used as a verification tool for the solver, methodologies and adjoint-based error estimation
framework.

Firstly, the primal governing equations are introduced along with the solution obtained using the Finite
Element Method (FEM), implemented with the FEniCS1 package. Furthermore, surrogate models of
the primal solution were computed with the methodologies proposed, where their performance was as-
sessed for different metrics. Subsequently, the adjoint Partial Differential Equation (PDE) was derived
with the continuous technique outlined in section 2.1, followed by the presentation of the numerical
adjoint solution. The adjoint-based error estimates were then calculated based on the numerical solu-
tions obtained with the implemented solver and with the methodologies proposed. Finally, local error
indicator fields were generated which could be used to develop mesh adaptation methods.

5.1. Primal Problem Formulation and Solution
The unsteady 1D viscous Burgers’ equation is a non-linear second-order PDE. This equation is fre-
quently employed as a simplifiedmodel for turbulence, boundary layer behaviour, shock wave formation
and mass transport [85]. The Method of Manufactured Solution (MMS) was employed as the verifica-
tion technique, which is capable of generating exact reference solutions for PDEs given its domain [86].
Within this test case, the primal problem was considered in a space-time domain Ω : [0, L] × I : [0, T ]
with L = 1.0 and T = 20. The following manufactured solution was considered [7, 45]:

uMMS(x, t) = sin2(πt) sin(πx) (5.1)

Thus, homogeneous Dirichlet Boundary Conditions (BCs) and a homogeneous Initial Condition (IC)
were imposed, resulting in the following primal PDE:


∂u

∂t
+ u

∂u

∂x
− 1

Re

∂2u

∂x2
= fMMS, (x, t) ∈ Ω× I

u(x, t) = 0, (x, t) ∈ ∂Ω× I

u(x, 0) = 0, x ∈ Ω

(5.2)

where x and t are the space and time coordinates, u is the primal solution, Re = 100 is the Reynolds
number and fMMS is the manufactured forcing term. The term fMMS was obtained from evaluating the
PDE with the considered manufactured solution.

1https://fenicsproject.org
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Figure 5.1: Primal Solution and Relative Error of Manufactured Solution for Nx = 32 Spatial Elements

As the FEM was employed as the numerical method for spatial discretization, it was imperative to
derive the primal weak formulation. This formulation is established by calculating the inner product of
the strong primal residual with weighting functions q ∈ Vu, where the function space Vu(Ω) remains the
same for the primal and weighting functions. Integration by parts was applied to the resulting equation.
The Dirichlet BCs were then applied strongly, leading to the following weak formulation:

∫
Ω

(
∂u

∂t
q + u

∂u

∂x
q +

1

Re

∂u

∂x

∂q

∂x
− fMMSq

)
dΩ = 0 (5.3)

Continuous piece-wise linear elements, also known as continuous Galerkin linear elements, were used
as the finite elements for spatial discretization. In these elements, the first derivative is discontinuous
while the second derivative is zero. Integration by parts eliminated the presence of second-order deriva-
tives in the weak formulation, thus the use of continuous piece-wise linear finite elements was suitable.
Regarding the Crank-Nicholson method, a time step interval ∆t = 1× 10−3 was chosen which was suf-
ficient to ensure stability without the need for additional stabilization techniques. This time step interval
minimized errors stemming from the temporal discretization scheme [45]. Thus, it was assumed that
the output error was only due to the spatial discretization.

The spatial resolutions Nx = {8, 16, 32, 64, 128} were investigated with particular emphasis on Nx = 32
spatial elements. For this spatial resolution, the primal discrete solution u computed and its relative
error to the manufactured solution is shown in Figure 5.1. The relative error was defined as the absolute
error normalized by the maximum value of the true solution. The primal solution presented a smooth
and periodic behaviour centred around the spatial midpoint, effectively reflecting the imposed BCs and
IC. Concerning its error, a non-periodic region was observed during the initial time steps, with a higher
error observed near the spatial endpoint. This characteristic was expected from the imposed IC, which
was not equal to the long-time periodic solution. For later time steps, the error demonstrated a periodic
behaviour centred around the spatial midpoint of approximately O(10−3). As a result, the domain
I : [T/2, T ], where the primal solution error was statistically-steady, was considered as the temporal
domain for the remaining analysis. For simplicity, this domain is now referred to as I : [t0, t0 + T ] with
t0 = 10 and T = 10.

A time-averaged Quantity of Interest (QoI) J̄ was chosen for analysis and was defined as follows:



5.2. Primal Solution Surrogate Models 31

Figure 5.2: Quantity of Interest, Output Error and Root Mean Square Error of Manufactured Solution for Different Spatial
Resolutions

J̄ =
1

T

∫
I

∫
Ω

sin(πx)u(x, t) dΩdI (5.4)

TheQoI selected had the advantage of weighting the solution near the centre of the spatial domain. This
approach effectively diminishes the influence of errors stemming from elements near the boundaries in
the computation of the adjoint solution and in the error estimation process [7]. The manufactured value
of the QoI J̄MMS = 2.5× 10−1 was computed while using the manufactured solution selected.

A grid convergence study was performed to verify the implemented solver. This study was based on
the computed QoI and the Root Mean Square Error (RMSE) of the computed primal solution u. The
following expression was used to calculate the RMSE:

RMSE(u) =

√√√√ 1

NtNx

Nt∑
j=1

Nx∑
i=1

[u(xi, tj)− uMMS(xi, tj)]
2 (5.5)

where Nt is the number of time steps. The computed time-averaged QoIs as well as the output error
δJ̄ = J̄MMS − J̄ for different spatial resolutions and the RMSE for different element sizes are shown in
Figure 5.2. The manufactured value of the QoI is shown for comparison. The QoI computed presented
a convergent behaviour towards the manufactured value as the spatial grid was refined. As a result,
the output error monotonically decreased with an increasing number of spatial elements. Thus, it was
valid to assume that the output error was only due to spatial discretization. Furthermore, the RMSE
exhibited a monotonically decreasing behaviour for all spatial resolutions. The slope exhibited by the
RMSE aligned with the expected convergence rate ofO(∆x2) for linear elements in theL2-norm. Based
on these observations, the implemented solver was verified.

5.2. Primal Solution Surrogate Models
This section explores the methodologies proposed to produce a surrogate model of the primal solution
obtained with the implemented solver. A surrogate primal solution was developed to minimize the
storage demands associated with unsteady adjoint-based error estimation.

First, results from the offline Proper Orthogonal Decomposition (POD) method are shown, where an
analysis was conducted of the user-defined rank influence on the retained kinetic energy. Subsequently,
results from the Convolutional AutoEncoder (CAE) are shown. Its training time and accuracy were com-
pared across the spatial resolutions considered. Furthermore, a study was conducted on the influence
of the Echo State Network (ESN) reservoir size to construct a surrogate primal solution. After determin-
ing the optimal reservoir size, the optimization procedure for tuning the ESN was evaluated in terms of
computational time and performance across the spatial resolutions considered. For the CAE-ESN ap-
proach, a study was also conducted on the impact of the reservoir size when the ESNwas applied to the
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Figure 5.3: Proper Orthogonal Decomposition Modes Cumulative Energy Contribution for Nx = 32 Spatial Elements and
Number of Modes Retained of Manufactured Solution for Different Spatial Resolutions

latent space. The total computational time, encompassing the CAE’s training and the new ESN’s train-
ing, and the performance of the combined model were analyzed for the spatial resolutions considered.
Lastly, the performance of all methodologies was quantitatively assessed and compared. Performance
criteria included the Compression Ratio (CR), computational time and the Mean Square Error (MSE)
relative to the FEM primal solution, defined as follows:

MSE(ũ) = 1

NtNx

Nt∑
j=1

Nx∑
i=1

[ũ(xi, tj)− u(xi, tj)]
2 (5.6)

where ũ is the surrogate primal solution obtained with each of the methods proposed. Achieving an
accurate surrogate solution was crucial, but it must be balanced with an effective CR and moderate
computational time.

5.2.1. Proper Orthogonal Decomposition
The benchmark offline POD was first used to construct a Reduced-Order Model (ROM) of the primal
solution as a baseline method. The temporal mean ū ∈ RNx was removed from the solution to obtain
the fluctuation vectors u′(t) ∈ RNx . The snapshot matrix U ∈ RNx×Nt was assembled by the hori-
zontal concatenation of the fluctuation vectors. Singular Value Decomposition (SVD) was then applied
to factorize the matrix U . As a reconstruction criterion, the number of POD modes retained by the
reconstructed primal solution should conserve 99% of the kinetic energy [6, 36, 59].

For a spatial resolution of Nx = 32 elements, the cumulative energy contribution of the first ten POD
modes and the optimal rank for each spatial resolution are represented in Figure 5.3. One single POD
mode retained the established amount of overall kinetic energy for Nx = 32 spatial elements and the
remaining spatial resolutions considered. This characteristic was due to the smoothness and single
spatial wavenumber of the primal solution.

5.2.2. Convolutional Autoencoder
The first method proposed to construct a surrogate model of the primal solution was the CAE. Regard-
less of the spatial resolution, the latent space dimension remained constant with a size of eight neurons.
The latent space dimension was selected for this method to present compression capabilities similar
to the other deep learning methods.

A different CAE architecture was designed for each spatial resolution considered due to the different
sizes of the input layer. For every resolution, the encoder comprised Convolutional Neural Network
(CNN) layers until the spatial signal was compressed to a single neuron with a defined number of chan-
nels. Feed-forward layers were then used to compress the flattened signal to the defined latent space
size. The decoder architecture mirrored the encoder one but with transpose convolution operators [78].
The CAE architecture used for a spatial resolution of Nx = 32 elements is given in Table 5.1.
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Table 5.1: Convolutional Autoencoder Architecture of Manufactured Solution for Nx = 32 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 11,472 Number of Trainable Parameters: 11,465

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (8, 31) Linear (In,Out) = (8, 16)

ReLU Activation Function (16)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 16) Linear (In,Out) = (16, 32)

ReLU Activation Function (32)

Convolution (Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (32, 9)

Transpose
Convolution

(Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 3)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 5)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 5)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 3)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 9)

Convolution (Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 1)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 16)

Linear (In,Out) = (32, 16)
ReLU Activation Function (16)

Transpose
Convolution

(Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (8, 31)

Linear (In,Out) = (16, 8) (8)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (1, 32)

Figure 5.4: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Manufactured Solution for Nx = 32
Spatial Elements

Additional training data was generated by introducing Gaussian noise N (0, σ) with zero mean and a
standard deviation of σ = 10−4. As a result, a dataset of 40,000 samples was used for training and
validation. This relatively low standard deviation was selected to preserve the periodicity of the solution
in space and time. For the optimization procedure, a batch size of 50 samples was selected and the
training was conducted over 500 epochs. The adaptive learning rate decreased over the first 400
epochs following the expression provided in Equation 4.9. An initial value γ0 = 1 × 10−4 and a decay
factor γr = 1× 10−2 were selected based on trial and error. After the adaptive phase, the learning rate
was maintained at a constant value for the remaining epochs.

The MSE loss for the training and validation sets along with the evolution of the adaptive learning rate
are shown in Figure 5.4 for a spatial resolution of Nx = 32 elements. The training and validation MSE
reached approximately O(10−7) at the end of the optimization procedure, highlighting the CAE’s perfor-
mance. The observed overshoots suggested instances where the local learning rate might have been
excessively high. However, using an adaptive learning rate facilitated the exploration of a broader area
around potential local minima. When the learning rate was fixed, the MSE stabilized, indicating con-
vergence to a minimum for this learning rate. Despite this, it was observed that the MSE convergence
for the training set was not smooth at the end of the adaptive learning rate stage. A higher reduction
of the loss function could be achieved by extending the total number of epochs.

The optimization procedure was repeated for the remaining spatial resolutions since a different CAE
architecture was implemented. The training time andMSE of the normalized CAE solution for the spatial



5.2. Primal Solution Surrogate Models 34

Figure 5.5: Training Time and Mean Square Error for Convolutional Autoencoder of Manufactured Solution for Different Spatial
Resolutions

resolutions considered are presented in Figure 5.5. The training time increased marginally with higher
spatial resolutions, exhibiting a low growth rate. Meanwhile, the MSE of the predicted primal solution
decreased for lower spatial resolutions while reaching a plateau for finer spatial grids. The plateau
observed was due to the insufficient total number of epochs selected, which prevented convergence
to a more optimal local minimum for higher spatial resolutions.

After training, the CAE was used to generate a surrogate primal solution. As a final step, the Dirichlet
BCs were reapplied to ensure consistency with the physical constraints of the problem. The remaining
spatial resolutions’ architectures and training performance are detailed in section A.1.

5.2.3. Echo State Network
The second method proposed was the ESN to construct a surrogate model of the primal solution. Its
architecture consisted of a single hidden layer, known as the reservoir. The reservoir was pseudo-
randomly generated, and the ESN was then trained with a linear regression problem to determine the
connections between the reservoir and the output layer. To account for its inherent pseudo-randomness,
an ensemble of 10 ESN samples was considered, each with a different random seed.

The training data comprised 10,000 time steps, corresponding to the entire primal solution, whereas the
validation data consisted of 50 non-overlapping intervals of 200 samples. The washout period consisted
of 1,000 time steps. The Bayesian Optimization (BO) procedure aimed to minimize the averaged MSE
over the validation splits. The hyperparameter space ρ × σin : [0.7, 1.1] × [10−4, 1.0] for the spectral
radius and input scaling was explored, where the latter was evaluated in logarithmic scale. The optimal
Tikhonov parameter β was selected from the grid space [10−3, 10−6, 10−9].

The number of neurons in the reservoir, denoted as Nr, was also one of the hyperparameters that
must be selected. A larger size of the reservoir implies a better performance but it also leads to a
higher computational cost of the training procedure and network’s deployment [79]. The reservoir size
was selected to be equal for all spatial resolutions considered. As the reservoir acts as a non-linear
expansion of the inputs, its size must meet a lower bound determined by the highest spatial resolution
considered. Thus, the number of neurons Nr = {256, 512, 1024, 2048, 4096} were explored for a spatial
resolution of Nx = 32 elements. The training was repeated for all samples considered. For Nr = 1024
neurons, the mean and standard deviation of the Gaussian Process (GP) reconstruction are shown in
Figure 5.6 along with the optimal ρ and σin. The averaged MSE in the validation splits was approxi-
mately O(10−11) for the samples considered. On the other hand, the GP reconstruction considerably
depended on the chosen random seed for the generation of the pseudo-randomized matrices. This
was due to the significant standard deviation observed in the search space. As a result, it was neces-
sary to repeat the training for the different ESNs. Regarding the hyperparameters, the optimal ρ was
in the range [0.7, 1.0] whereas the optimal σin lied between [10−2, 10−1] for the majority of the samples.

For the reservoir sizes considered, the CR, training time and averaged MSE over the validation splits
for the 10 ESNs ensemble considered are shown in Figure 5.7 for Nx = 32 spatial elements. The CR
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Figure 5.6: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyperparameters for Echo State
Networks of Manufactured Solution for Nx = 32 Spatial Elements and Nr = 1024 Reservoir Neurons

Figure 5.7: Compression Ratio, Training Time and Mean Square Error for Echo State Networks of Manufactured Solution for
Nx = 32 Spatial Elements and Different Number of Reservoir Neurons

decreased exponentially as the reservoir size increased. Thus, larger reservoirs were less effective at
compressing the solution. For the largest reservoir considered, the CR was inferior to unity, meaning
that storing the surrogate model was more demanding than the original primal solution. Also, the
training time increased substantially with larger reservoir sizes due to the increased count of trainable
parameters. The MSE decreased as the reservoir size increased, resulting in improved performance of
the ESN. Based on the observed results, a reservoir of Nr = 1024 neurons was selected as it provided
effective compression capabilities and moderate training time.

After determining the optimal reservoir size, the BO procedure was repeated for the spatial resolutions
considered. The training time and averaged MSE over the validation splits for the 10 ESNs ensem-
ble are depicted in Figure 5.8 for each spatial resolution. The training time remained approximately
constant across spatial resolutions, as the reservoir size was constant and predominantly determined
the matrices’ dimensions. The averaged MSE was approximately constant for the spatial resolutions
considered. This was also attributed to the constant reservoir size used.

The ESNs were then deployed to predict the primal solution for the spatial resolutions considered. The
primal solution was predicted with the use of a checkpoint technique, where the number of checkpoints
was identical to the number of validation intervals in the BO procedure. The Dirichlet BCs were then
reapplied to ensure consistency with the physical constraints of the primal solution. The BO results for
the remaining spatial resolutions are detailed in section B.1.
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Figure 5.8: Training Time and Mean Square Error for Echo State Networks of Manufactured Solution for Different Spatial
Resolutions

Figure 5.9: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks Applied to Latent Space of Manufactured Solution for Nx = 32 Spatial Elements and Nr = 1024 Reservoir Neurons

5.2.4. Convolutional Autoencoder - Echo State Network
The third method proposed was the CAE-ESN to construct a surrogate primal solution. Although the
developed CAE was reused for this method, the ESN required new training. As with the ESN alone,
an ensemble of 10 samples was considered to account for the pseudo-randomness of the reservoir.

The same parameters were employed for the BO procedure as in the method using the ESN alone.
The only difference lied in the hyper-parameter space explored for the spectral radius and input scaling,
which was set to the range ρ× σin : [0.7, 1.1]× [10−3, 101].

For a spatial resolution of Nx = 32 elements, a reservoir size study was also conducted in the same
search space investigated for the ESN alone. ForNr = 1024 neurons, the mean and standard deviation
of the GP reconstruction are shown in Figure 5.9 along with the optimal hyperparameters ρ and σin. The
averaged MSE over the validation splits was approximately O(10−5) for the mean GP reconstruction.
The standard deviation near the optimal hyperparameters location was higher than when using the
ESN alone, which indicated a higher sensitivity to the chosen random seed. The lower averaged MSE
value and the higher standard deviation were attributed to the increased complexity introduced in the
latent space compared to the high-dimensional space. The encoder introduces non-linearities in the
latent space, which makes it more challenging for the ESN prediction. On the other hand, the optimal
ρ was in the range [0.9, 1.1] while the optimal σin lied between [10−3, 1.0].

For the reservoir sizes considered, the CR, training time and averaged MSE over the validation splits
for the 10 ESNs ensemble applied to the latent space are shown in Figure 5.10 for Nx = 32 spatial
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Figure 5.10: Compression Ratio, Training Time and Mean Square Error for Echo State Networks Applied to Latent Space of
Manufactured Solution for Nx = 32 Spatial Elements and Different Number of Reservoir Neurons

Figure 5.11: Computational Time and Mean Square Error for Echo State Networks Applied to Latent Space of Manufactured
Solution for Different Spatial Resolutions

elements. The CR of using the CAE independently as well as the ESN’s CR and training time are shown
for comparison. Compared to using the ESN independently, a higher number of reservoir neurons
did not reduce the CR as significantly in the current method. This was due to the lower count of
trainable parameters resulting from the reduced size of the latent space. The ESN was applied directly
to the latent space produced by the decoder to enhance the compression capabilities achieved by the
CAE. This improvement was observed only when the number of neurons was in the range Nr ≤ 1024.
Additionally, the training time was approximately equal to the one presented by the ESN alone. As
expected, theMSE of the latent space decreasedwith an increase in reservoir size, leading to enhanced
ESN performance. Based on the observed results, a reservoir size ofNr = 1024 neurons was selected
as it provided a higher CR than the CAE and a moderate training time.

Following the optimal reservoir size selection, the latent space was predicted with the ESNs for the
spatial resolutions considered. The training time and averaged MSE of the reconstructed latent space
are shown in Figure 5.11 for the spatial resolutions considered. The training time includes the CAE and
the ESN training times. As observed with the ESN alone, the training time remained nearly constant,
primarily influenced by the constant reservoir size across the spatial resolutions considered. The in-
tegration of the ESN into the CAE framework had a negligible impact on the overall training time, as
the increase due to the new ESN training was minimal when compared to the training time required for
the CAE. The averaged MSE over validation splits was between O(10−5) and O(10−4) for the spatial
resolutions considered. The variations observed could be due to the different latent space complexity
across spatial resolutions. The complexity of the latent space could not be controlled by the user with
the methodology proposed.

The primal latent space was then predicted in the time domain with the ESNs implemented. A check-
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Figure 5.12: Mean Relative Error of Surrogate Primal Solutions of Manufactured Solution for Nx = 32 Spatial Elements

Figure 5.13: Evaluation Metrics of Surrogate Primal Solutions of Manufactured Solution for Different Spatial Resolutions

point technique was also introduced and identical to the validation dataset split. Following the latent
space prediction, the decoder of the CAE was deployed to reconstruct the data back to the original
high-dimensional space. Once the solution was predicted using the CAE-ESN, the Dirichlet BCs were
reapplied. More details on the optimization of the ESNs applied to the latent space for the different
spatial resolutions considered are presented in section C.1.

5.2.5. Performance Assessment
The performance of the different surrogate models for the primal solution is now evaluated. Given the
primal solution’s periodicity, the relative error was averaged over different time periods. The mean
relative error of the surrogate primal solutions is illustrated in Figure 5.12 for Nx = 32 spatial elements,
where for the ESN and CAE-ESN only one of the samples is presented. The POD primal solution
exhibited a relative error of O(10−4). This error arose from high-wave number phenomena that the
POD did not fully capture when selecting the optimal rank. In contrast, the CAE displayed a mean
relative error of O(10−3). However, this error was much more localized than the POD. Furthermore,
the ESN demonstrated the lowest relative error of O(10−6). The influence of the checkpoint technique
was observed, which effectively prevented the accumulation of errors as the backward prediction in
time progressed. Lastly, the CAE-ESN model presented a mean relative error of O(10−2). Similar to
the CAE, the error remained localized and, like the ESN, the use of the checkpoint technique mitigated
error accumulation as time progressed backwards. The CAE-ESN was constructed from the CAE
implemented, thus the accuracy of the CAE-ESN was bounded by the accuracy of the CAE. This
characteristic was observed in the errors of the CAE and CAE-ESN.

The evaluation parameters considered, including the CR, computational time and MSE are presented
in Figure 5.13 for the spatial resolutions considered. The training time was not included in the compu-
tational time of the deep learning techniques, as these were heavily influenced by user-defined factors.
Also, the training time could be potentially done once for the cases considered. In terms of CR, all
methods demonstrated a monotonically increasing trend as the number of spatial elements increased.
However, the ESN reached a plateau in CR at the highest spatial resolutions. The primal solution’s
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sinusoidal nature allowed the POD to achieve the highest CR due to its unit optimal rank. Addition-
ally, the CR of the CAE-ESN consistently exceeded that of the standalone CAE, as it was required
for efficient compression. Regarding computational time, the POD outperformed the other methods
at lower spatial resolutions. For higher resolutions, the CAE achieved the lowest computational time.
The ESN-based methods required additional computational cost due to dense matrix multiplications.
In contrast to the ESN alone, the CAE-ESN computational time was approximately constant due to
the ESN being applied to the low-dimensional latent space. When considering the MSE, only the POD
exhibited a strictly monotonic decrease as the number of spatial elements increased. The CAE showed
a decreasing MSE at low spatial resolutions but reached a plateau at higher resolutions, attributed to
the total number of epochs imposed. In contrast, the MSE for the ESN and CAE-ESN was largely
independent of the number of spatial elements due to the use of a constant reservoir size. The ESN
was the most accurate method at the lowest spatial resolutions, with errors of five orders of magnitude
lower. However, the POD presented an accuracy similar to the ESN for finer spatial grids.

Ultimately, in constructing a surrogate primal solution, the ESN excelled at the lowest spatial resolutions
while maintaining a reasonable CR. For a higher number of spatial elements, the POD was the most
suitable method, offering a higher CR and a similar MSE with a reduced computational time.

5.3. Adjoint Problem Formulation and Solution
The adjoint problem was derived using the continuous technique elaborated in section 2.1. Given the
non-linearity of the Burgers’ equation, a local linearization centred around a specific primal state u was
necessary. Starting from the residual of the considered primal PDE, the residual sensitivity was defined
as follows:

R′[u](δu) =
∂(δu)

∂t
+ (δu)

∂u

∂x
+ u

∂(δu)

∂x
− 1

Re

∂2(δu)

∂x2
(5.7)

where R is the primal residual and δu is an infinitesimal variation of the primal solution. Based on the
generalized form of the continuous adjoint equation, defined in Equation 2.6, integration by parts was
applied to derive the adjoint operator:
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(5.8)

This process yielded the adjoint PDE along with the corresponding BCs and IC:


−∂ψ
∂t

− u
∂ψ

∂x
− 1

Re

∂2ψ

∂x2
= sin(πx), (x, t) ∈ Ω× I

ψ(x, t) = 0, (x, t) ∈ ∂Ω× I

ψ(x, T ) = 0, x ∈ Ω

(5.9)

As expected, the negative sign preceding the partial time derivative and the IC set at t = T signified
that the adjoint problem marched backwards in time. Additionally, despite the non-linearity of the primal
problem, the adjoint PDE was linear. The adjoint problem was solved using the implemented solver.
Similar to the primal problem, the adjoint weak formulation needed to be derived. By considering
weighting functions q ∈ Vψ, the following weak formulation was derived after integration by parts:

∫
Ω

(
−∂ψ
∂t
q − u

∂ψ

∂x
q +

1

Re

∂ψ

∂x

∂q

∂x
− sin(πx)q

)
dΩ = 0 (5.10)

Continuous piece-wise linear elements were again chosen for spatial discretization of the adjoint prob-
lem. The solving environment using FEniCS was the same as for the primal problem.
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Figure 5.14: Adjoint Solution of Manufactured Solution for Nx = 32 Spatial Elements

Figure 5.15: Mean Relative Error of Surrogate Adjoint Solutions of Manufactured Solution for Nx = 32 Spatial Elements

The adjoint discrete solution ψ computed with the FEM primal solution is shown in Figure 5.14 for
Nx = 32 spatial elements. After an initial transient phase due to the homogeneous IC at t = T , the
adjoint solution exhibited a periodic behaviour over the period t ∈ [0, T/2]. The maximum value of the
adjoint solution was observed near the starting point of the spatial domain. The adjoint solution was
statistically-steady because the primal solution and the adjoint forcing term were sinusoidal functions.
Furthermore, the adjoint time period was consistent with the one presented by the primal solution.

Surrogate adjoint solutions were computed using the surrogate primal solution. To assess the error
introduced by the surrogate primal solutions, the relative error of the surrogate adjoint solutions was
averaged over the time periods where the adjoint solution was observed to be statistically-steady. The
mean relative error of the surrogate adjoint solutions is illustrated in Figure 5.15 for Nx = 32 spatial
elements, with only one sample presented for the ESN and CAE-ESN. The ESN demonstrated superior
accuracy with a mean relative error of O(10−7), while the CAE-ESN displayed the highest error of
approximately O(10−3). Even though the POD produced a more accurate primal solution than the
CAE, the mean relative error of both methods in the adjoint solution computation was almost identical.
This is attributed to the CAE’s primal solution error being more localized than the POD one. Ultimately,
all surrogate models were capable of delivering an accurate adjoint solution. Additionally, the pattern
of the mean relative error was similar across the methods used. This was attributed to the greater
sensitivity of the adjoint solution to its forcing term rather than to the primal solution.

The MSE of the surrogate adjoint solutions with respect to the FEM adjoint solution is presented in
Figure 5.16 for the spatial resolutions considered. For coarser grids, the ESN outperformed the other
methods, achieving a MSE of approximately O(10−12). At higher spatial resolutions, the POD and CAE
demonstrated performance similar to the ESN. The performance of these methods in solving the adjoint
problem mirrored their accuracy in constructing a surrogate model of the primal solution, as shown in
Figure 5.13. This correlation was expected due to the linear nature of the adjoint PDE.
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Figure 5.16: Mean Square Error of Surrogate Adjoint Solutions of Manufactured Solution for Different Spatial Resolutions

Figure 5.17: Primal Injected Residual of Manufactured Solution for Nx = 32 Spatial Elements

5.4. Adjoint-Based Error Estimation
Adjoint-based error estimation requires the computation of the primal and adjoint solutions within coarse
and fine spaces. The injection of the coarse primal solution into the fine space is conducted with a
linear interpolation of the coarse primal solution, defined within the coarse function space VH , into the
fine function space Vh. The Dirichlet BCs were reinforced in the injected primal solution to mitigate
interpolation errors at the boundaries. Subsequently, the strong fine-space residual was evaluated in a
discontinuous Galerkin function space due to its discontinuous nature. The same function space was
used for the error estimate and error indicator computations. The computation of the strong residual
necessitates the evaluation of the first and second spatial derivatives of the primal solution. These
were acquired by projecting the corresponding derivatives of the primal solution into quadratic function
spaces. This approach aimed to avoid zero second spatial derivatives due to the use of linear elements
in the implemented solver. Also, the derivative of piece-wise continuous functions is discontinuous.
This was not consistent in the evaluation of the derivatives, thus a L2 projection was employed which
conserves the energy in the element.

The fine-space discrete residualRh computed using the injected primal discrete solution uHh withNx =
32 coarse-space elements is illustrated in Figure 5.17. Similar to the primal solution, the strong fine-
space residual displayed a periodic behaviour centred around the spatial midpoint. Additionally, a
higher value of the residual was observed near the spatial endpoint, which might be attributable to the
injection of the coarse-space primal solution into the fine space followed by the BCs reinforcement.
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Figure 5.18: Mean Relative Error of Surrogate Primal Injected Residuals of Manufactured Solution for Nx = 32 Spatial
Elements

Figure 5.19: Mean Square Error of Surrogate Primal Injected Residuals of Manufactured Solution for Different Spatial
Resolutions

As with the primal and adjoint solutions, the error introduced in the surrogate injected residuals was
evaluated by calculating the average relative error in regions where the injected residual was periodic.
The mean relative error of the surrogate injected residuals is shown in Figure 5.18 for Nx = 32 spatial
elements, with one sample shown for the ESN and CAE-ESN. Only the relative errors presented by the
POD and ESN indicated a reasonable prediction of the injected residual with an error of approximately
O(10−1) and O(10−2) respectively. In contrast, the mean relative errors presented by the CAE and
CAE-ESN were approximately O(102). These higher errors were highly localized but the residual was
inaccurate in these regions.

The MSE of the surrogate injected residuals with respect to the FEM injected residual is presented in
Figure 5.19 for the coarse-space resolutions considered. All of the methods considered displayed a
monotonic decrease in MSE as the number of spatial elements increased, where the POD presented
the steepest rate. However, the ESN standed out as the most accurate method to produce an accurate
injected residual due to providing the most accurate surrogate primal solution.

Following the computation of the refined adjoint solution and fine-space primal injected residual, the
time-averaged adjoint-based error estimates δJ̄est were computed for the FEM and surrogate solutions.
The time-averaged QoIs J̄+δJ̄est, the adjoint-based error estimates δJ̄est and the absolute error in true
output error

∣∣δJ̄est − δJ̄
∣∣ are shown in Figure 5.20 for the methods proposed and spatial resolutions

considered. As the number of spatial elements increased, the FEM adjoint-corrected QoI converged
towards the true value, indicating improved accuracy. The FEM adjoint-corrected QoI was more accu-
rate than the coarse-space QoI for the spatial resolutions considered. Additionally, the adjoint-based
error estimate decreased with an increasing number of spatial elements. This behaviour resulted from
the refinement of the coarse space, leading to a more accurate QoI estimation. Furthermore, the
difference between the true error estimate J̄h − J̄H and the computed error estimate approximations
stemmed from the linearization errorO(δu2) inherent in non-linear problems [26]. These results aligned
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Figure 5.20: Quantity of Interest and Error Estimates of Surrogate Solutions of Manufactured Solution for Different Spatial
Resolutions

Figure 5.21: Error Indicator Field and Time-Averaged Error Indicators of Manufactured Solution for Nx = 32 Spatial Elements

with expectations, confirming the validity of the adjoint-based error estimation framework. Regarding
the methodologies proposed, the majority of the surrogate error estimates computed were accurate,
as they closely matched those computed with the FEM solution. Only the CAE-ESN error estimates
deviated for finer spatial grids but with an appropriate QoI estimate for lower spatial resolutions.

Local error indicators were computed which could be used to evaluate their suitability for mesh adap-
tation methods. Time-averaged local error indicators were computed as the errors from the temporal
discretization scheme were negligible. The coarse-space error indicator field and its time-averaged
counterpart are presented in Figure 5.21 for Nx = 32 spatial elements. The time average was calcu-
lated only during the time periods where the adjoint solution was periodic. By definition, the adjoint
solution and the injected residual directly influenced the local error indicator field. In this case, the
shape of the local error indicator field closely resembled the shape of the injected residual field. Also,
the maximum value of the local error was observed near the starting point of the spatial domain, simi-
lar to what was observed for the adjoint solution. By considering a time-averaged error indicator, the
spatial regions that require mesh refinement or coarsening can be identified to enhance the QoI pre-
diction. Based on the results presented, greater refinement in the first half of the spatial domain would
be necessary than in the last half.

Themean relative error of the surrogate local error indicator field computed using themethods proposed
is shown in Figure 5.23 forNx = 32 spatial elements, with one sample shown for the ESN andCAE-ESN.
Similar to the observations made for surrogate injected residuals, only the POD and ESN exhibited an
accurate prediction of the error indicator field. Nonetheless, the mean relative error presented by the
CAE and CAE-ESN was highly localized. This behaviour was attributed to the error present in the
injected residual.
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Figure 5.22: Mean Relative Error of Surrogate Error Indicator Fields of Manufactured Solution for Nx = 32 Spatial Elements

Figure 5.23: Time-Averaged Error Indicators of Surrogate Solutions of Manufactured Solution for Nx = 32 Spatial Elements
(Finite Element Method Results in Grey)

The surrogate time-averaged error indicators are shown in Figure 5.23 for Nx = 32 spatial elements.
For reference, the FEM error indicator is also displayed in grey. The ESN was the most accurate
method for representing the shape and magnitude of the time-averaged error indicator. The POD
also accurately captured its shape but with errors in magnitude. The CAE and CAE-ESN struggled to
represent the magnitude accurately due to the errors present in the injected residual. However, their
shapes still resembled the FEM field, making them viable options for use in mesh adaptation, as greater
refinement in the first half of the spatial domain would still be necessary compared to the last half.

All the methods considered were able to accurately compute the error estimates, with larger deviations
observed for the CAE-ESN at higher spatial resolutions. However, Adaptive Mesh Refinement (AMR)
is relevant for coarser meshes, where minimizing computational cost is crucial. When it comes to local
error indicators, only the POD and ESN accurately captured both the magnitude and shape, making
these two methods the most suitable for application to the manufactured solution. Although the error
in magnitude of the time-averaged error indicators was pronounced for the CAE and CAE-ESN, its
impact on the overall error estimates was not as significant. These methods were able to accurately
capture the adjoint solution but not the injected residual, where the local error in the latter was localized.
The magnitude of the adjoint solution was higher than the magnitude of the injected residual by five
orders of magnitude. As a result, the CAE and CAE-ESN were able to accurately compute the adjoint-
corrected QoI as the adjoint solution had a higher influence on its computation. Also, the adjoint error
estimate provides a global evaluation as it is the sum of the error indicators, thus being less sensitive
to outliers. On the contrary, the error indicators are more sensitive to outliers as they indicate the local
contribution of an element to the numerical error. As a result, the residual error in the CAE and CAE-
ESN had a significant impact on the time-averaged error indicator fields. In general, an accurate QoI
correction is expected as long as the adjoint solution is accurately computed and the injected residual
error is within manageable bounds. Accurate time-averaged error indicators require also an accurate
computation of the injected residual. Within the context of unsteady adjoint-based error estimation to
reduce storage requirements, the ESN was the preferred method for lower spatial resolutions due to
its superior accuracy and moderate CR. The POD was the best method for finer spatial grids since it
demonstrated a much higher CR with better accuracy than the ESN.



6
Results: Unsteady 1D Viscous

Burgers' Equation

In this chapter, the test case is the unsteady one-dimensional (1D) viscous Burgers’ equation, with a
solution driven by a Turbulent Channel Flow (TCF) dataset to produce the wall-normal velocity compo-
nent. The methodologies proposed to construct a surrogate model of the primal solution were applied
to mitigate the storage requirements associated with unsteady adjoint-based error estimation.

Firstly, the primal Partial Differential Equation (PDE) is introduced along with the primal velocity ob-
tained using the Finite Element Method (FEM), implemented with the FEniCS1 package. Furthermore,
surrogate models of the primal velocity were computed using the methodologies proposed and their
performance was evaluated for different evaluation metrics. Subsequently, the adjoint governing equa-
tion is presented, followed by the adjoint velocity obtained with the implemented solver. Finally, error
estimates were calculated based on the numerical solutions obtained with the implemented solver and
the methodologies proposed. Local error indicator fields were then generated which could be used for
mesh adaptation.

6.1. Primal Problem Formulation and Solution
A Direct Numerical Simulation (DNS) dataset of a TCF at a friction Reynolds number Reτ = 180 was
used to force the unsteady 1D viscous Burgers’ equation, producing thewall-normal velocity component.
The friction Reynolds number is the key control parameter in wall-based turbulent flows [87] and it is
defined as:

Reτ =
uτδ

ν
(6.1)

where uτ is the friction velocity, δ is the channel half-height and ν is the fluid’s kinematic viscosity.
A spectral-element DNS solver was employed for the TCF simulation from which the required data
was extracted. The DNS dataset was evaluated at a specific streamwise coordinate x and spanwise
coordinate z to force the 1D Burgers’ equation. As a result, the 1D Burgers’ equation was equivalent
to the wall-normal momentum equation of the Navier-Stokes equations at the selected streamwise and
spanwise location. The resulting DNS dataset was down-sampled to a constant time step of ∆t =
1× 10−4 and a uniform spatial resolution of Ny = 256 elements.

For the 1D Burgers’ equation, the space-time domain considered was Ω : [−δ, δ] × I : [0, T ] with
δ = 1.0 and T = 5.0. In alignment with the wall-normal velocity conditions from the DNS simulation,
homogeneous Dirichlet Boundary Conditions (BCs) were imposed along with an Initial Condition (IC)
to match the DNS initial velocity. As a result, the following primal PDE was formulated:

1https://fenicsproject.org
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Figure 6.1: Mean Primal Velocity and Reynolds Stress of Unsteady 1D Viscous Burgers’ Equation with Ny = 64 Spatial
Elements


∂v

∂t
+ v

∂v

∂y
− 1

Reτ

∂2v

∂y2
= fDNS, (y, t) ∈ Ω× I

v(y, t) = 0, (y, t) ∈ ∂Ω× I

v(y, 0) = vDNS(y, 0), y ∈ Ω

(6.2)

where y and t are the wall-normal and time coordinates, v is the wall-normal velocity and fDNS is the
forcing term computed from the DNS dataset. The term fDNS was given by the following expression:

fDNS =

[
−u∂v

∂x
− w

∂v

∂z
− 1

ρ

∂p

∂y
+

1

Reτ

(
∂2v

∂x2
+
∂2v

∂z2

)]
DNS

(6.3)

where u and w are the streamwise and spanwise velocity components, ρ is the density and p is the
pressure. The derivatives necessary to evaluate the term fDNS were computed using second-order
finite difference schemes, except at the boundaries where first-order schemes were applied.

Since the FEMwas used for the spatial discretization of the primal problem, the primal weak formulation
must be derived. Given weighting functions q ∈ Vv, where the function space Vv(Ω) was equal for the
primal and weighting functions, the following weak formulation was obtained after integration by parts
and strong imposition of the Dirichlet BCs:

∫
Ω

(
∂v

∂t
q + v

∂v

∂y
q +

1

Reτ

∂v

∂y

∂q

∂y
− fDNSq

)
dΩ = 0 (6.4)

Continuous piece-wise linear elements were selected as the finite elements for spatial discretization.
The non-linear variational problem was solved using the FEniCS environment employed for the manu-
factured solution. Additionally, a time step interval ∆t = 1× 10−4 was selected to match the one from
the DNS dataset. This time step interval was sufficient to ensure stability without the need for additional
stabilization techniques. Also, errors from the temporal discretization scheme were minimized. Thus,
it was assumed that the output error was solely due to spatial discretization.

The spatial resolutions Ny = {16, 32, 64, 128, 256} were examined with particular emphasis on Ny = 64
spatial elements. The Reynolds decomposition was applied to the computed wall-normal velocity v =
v + v′, dividing it into a statistically-averaged component v and a fluctuating component v′. The wall-
normal Reynolds stress, a term of the Reynolds-averaged momentum equation, was used to evaluate
the fluctuating part. The wall-based mean component and the Reynolds stress computed are shown
in Figure 6.1 for Ny = 64 spatial elements, with DNS results included for comparison. A superscript
+ denotes quantities normalized by viscous scales. In TCF, the mean streamwise velocity u depends
solely on the coordinate y, while the mean spanwise velocity w is zero throughout the channel [88].
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Figure 6.2: Mean Wall-Based Energy Spectrum of Unsteady 1D Viscous Burgers’ Equation for Different Spatial Resolutions

Consequently, considering the Dirichlet BCs applied to v, the Reynolds-averaged continuity equation
implies v = 0. This conclusion was supported by the mean results presented by the DNS dataset
and the implemented solver, where v+ ≈ 0 across the space domain. The Reynolds stress reached
a maximum at an approximate distance of y/δ = 0.25 from the walls. This distance corresponds to a
wall-based distance of y+ = 45, thus being within the log-law region as expected for the imposed Reτ
value [89]. The results presented by the DNS dataset and the implemented solver were similar in terms
of mean velocity and Reynolds stress. Extending the temporal domain would lead to a mean velocity
closer to zero and a more symmetrical distribution of the Reynolds stress about the channel centerline.

The energy cascade of the Burgers’ equation relies on different mechanisms than those present in the
Navier–Stokes equations [90]. Nonetheless, the former remains useful for testing Large Eddy Simu-
lation (LES) algorithms due to its clear interpretation. The energy cascade of the Burgers’ equation
presents a rate k−2 in the inertial range [90]. The inertial range corresponds to the intermediate tur-
bulent scales and k is the wavenumber. A Fourier representation of the fluctuating components was
necessary to obtain the energy spectra at a given time step. Given the discrete characteristic of the ve-
locity, a Fast Fourier Transform (FFT) was applied to convert the fluctuating components from physical
space to the frequency domain at a given time step:

v′(y) =
∑
k

v̂(k)eiky (6.5)

where v̂ are the complex Fourier coefficients and i is the imaginary unit such that i2 = −1. The spectral
energy density in the wall-normal direction Evv is defined as the energy per wavenumber:

Evv(k) =
1

2
v̂(k)v̂∗(k) (6.6)

where a ∗ denotes the complex conjugate. After the spectral energy density computation for each time
step, a time average of this quantity was computed. The time-averaged wall-based energy spectrum
with respect to the wall-based wavenumber is shown in Figure 6.2 for the spatial resolutions considered.
The theoretical rate of the Burgers’ equation is shown for comparison. The spectral energy density
distribution revealed the range of resolved scales for each spatial resolution. Larger scales, associated
with lower wavenumbers, exhibit higher energy content, while smaller scales, corresponding to higher
wavenumbers, contain lower energy content. As anticipated, increasing the number of spatial elements
allowed for the resolution of more turbulent scales. Moreover, the most energetic turbulent scales in the
considered TCF were effectively resolved for the higher spatial resolutions examined. The rate of the
inertial range computed was approximately higher than the theoretical value. This was due to forcing
the Burgers’ equation with a TCF dataset over all wavenumbers. However, it was hard to determine
the wavenumbers corresponding to the inertial range due to the low value imposed for Reτ .
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Figure 6.3: Quantity of Interest, Output Error and Root Mean Square Error of Unsteady 1D Viscous Burgers’ Equation for
Different Spatial Resolutions

A time-averaged Quantity of Interest (QoI), denoted as J̄ , was selected for analysis and was defined
as follows:

J̄ =
1

T

∫
I

∫
Ω

e−50y2v4(y, t) dΩdI (6.7)

The chosen QoI serves as an indicator of the non-normalized kurtosis [91] near the channel center-
line. A Gaussian distribution with zero mean and a standard deviation of σ = 0.1 was introduced to
emphasize the center of the channel. The QoI was then normalized using the fourth-powered standard
deviation evaluated with the DNS dataset and with the same Gaussian distribution employed in the QoI
definition. Kurtosis, or the fourth standardized moment, reflects the heaviness of the tails in a probabil-
ity distribution and primarily indicates the presence of outliers. For a Gaussian distribution, the kurtosis
value is three, typically used as a reference for comparing other distributions [91]. The DNS-based
value of the QoI JDNS = 3.597 was computed from the DNS dataset and assumed to be the true QoI
value. Therefore, the tails of the DNS wall-normal velocity probability distribution were heavier than a
Gaussian distribution near the channel centerline.

A grid convergence study was conducted using the selected QoI and the Root Mean Square Error
(RMSE) to evaluate the computed primal velocity v relative to the DNS dataset. The RMSE was calcu-
lated using the following expression:

RMSE(v) =

√√√√ 1

NtNy

Nt∑
j=1

Ny∑
i=1

[v(yi, tj)− vDNS(yi, tj)]
2 (6.8)

whereNt represents the number of time steps. The computed time-averaged QoI as well as the output
error δJ̄ = J̄DNS− J̄ for the spatial resolutions considered and the RMSE of the FEM primal velocity for
different element sizes are shown in Figure 6.3. For reference, the DNS value of the QoI is also shown
for comparison. The computed QoI demonstrated a convergent behaviour towards the DNS value as
the spatial grid was refined. For the spatial resolutions considered, the tails of the wall-normal velocity
probability distribution were heavier than a Gaussian distribution. These tails became heavier as the
spatial grid was refined. The output error displayed a monotonically decreasing trend with an increase
in the number of spatial elements. As a result, the assumption that the output error was solely due to
spatial discretization was valid. Additionally, the RMSE displayed a decreasing trend with a decreasing
grid step size, reaching O(10−2) for the higher spatial resolutions considered. The RMSE slope in the
asymptotic region was consistent with the convergence rate O(∆x2) of linear elements for the L2-norm,
starting to plateau for higher spatial resolutions. The minimal deviation observed in the slope could be
due to the DNS dataset interpolation and derivatives computation. The plateau observed could be due
to the time interval step selected, for which the errors stemming from the temporal discretization were
more significant than for coarser spatial grids.
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Figure 6.4: Proper Orthogonal Decomposition Modes Cumulative Energy Contribution for Ny = 64 Spatial Elements and
Number of Modes Retained of Unsteady 1D Viscous Burgers’ Equation for Different Spatial Resolutions

6.2. Primal Solution Surrogate Models
This section explores the methodologies proposed to develop a surrogate model for the primal velocity
to be used in the context of unsteady adjoint-based error estimation.

First, a study was conducted of the user-defined rank influence on the retained kinetic energy of the of-
fline Proper Orthogonal Decomposition (POD). This was followed by the evaluation of the performance
of the Convolutional AutoEncoder (CAE) during its training. The analysis compared training time and
accuracy for the spatial resolutions considered. Additionally, a study was conducted to evaluate the
influence of the Echo State Network (ESN) reservoir size in constructing a surrogate model of the pri-
mal velocity. After identifying the optimal reservoir size, the optimization process for tuning the ESN
was evaluated in terms of computational efficiency and performance. Unlike the approach used for the
manufactured solution, the reservoir study results obtained with the standalone ESN were also applied
to the CAE-ESN methodology. The total computational time and performance were analyzed for the
spatial resolutions considered. Finally, the methodologies’ performance was quantitatively compared
using the following evaluation metrics: Compression Ratio (CR), computational time and Mean Square
Error (MSE) defined as follows:

MSE(ṽ) = 1

NtNy

Nt∑
j=1

Ny∑
i=1

[ṽ(yi, tj)− v(yi, tj)]
2 (6.9)

where ṽ is the primal velocity obtained from each of the methodologies proposed. The evaluation
parameters considered were fundamental to evaluate the efficiency of the surrogate models. The
results of the methodologies proposed are shown in this section.

6.2.1. Proper Orthogonal Decomposition
The offline POD was first considered to construct a Reduced-Order Model (ROM) of the primal velocity
as a baseline method. Singular Value Decomposition (SVD) was applied to factorize the snapshot
matrix U ∈ RNy×Nt . This matrix was assembled by the horizontal concatenation of the fluctuating
components. To reconstruct the primal velocity, a 99% kinetic energy retention criterion was employed.

The cumulative energy contribution of the first sixty POD modes for Ny = 64 spatial elements and
the optimal rank for each spatial resolution considered are shown in Figure 6.4. For Ny = 64 spatial
elements, 43 POD modes were required to satisfy the established reconstruction criterion. Compared
to the previous test case, a higher number of modes was necessary. This higher value of the optimal
rank was attributed to the multiscale nature of turbulence, which involves a wide range of spatial and
temporal scales from larger structures with high-energy content to smaller ones with lower energy. As
the spatial grid was refined, the number of required POD modes increased, eventually reaching a
plateau at higher spatial resolutions. Ultimately, this behaviour was attributed to the resolution of finer
scales with grid refinement, after which the contribution to the overall energy is less significant.
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Table 6.1: Convolutional Autoencoder Architecture of Unsteady 1D Viscous Burger’s Equation for Ny = 64 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 24,611 Number of Trainable Parameters: 24,825

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (8, 63) Linear (In,Out) = (43, 320)

ReLU Activation Function (320)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 32)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 9)

Convolution (Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (32, 17)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 17)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 9)

Transpose
Convolution

(Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (16, 32)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (64, 5)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (8, 63)

Linear (In,Out) = (320, 43) (43)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (1, 64)

Figure 6.5: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 1D Viscous Burgers’
Equation for Ny = 64 Spatial Elements

6.2.2. Convolutional Autoencoder
The first deep learning method used to construct a surrogate model of the primal velocity was a CAE.
The low-rank POD decomposition is optimal according to the Eckart-Young theorem [60]. Specifically,
this theorem asserts that the rank-based approximation of a matrix derived from a truncated SVD mini-
mizes the L2-norm error. Consequently, the CAE latent space sizes were set to the optimal POD rank
required to meet the 99% energy retention criterion.

A different CAE architecture was designed for each spatial resolution as the latent space dimension
varied. The kernel filter sizes and the compressed spatial signal dimension after the use of the Convolu-
tional Neural Networks (CNNs) were thus different for each spatial resolution. The decoder architecture
mirrored the encoder architecture but with transpose convolution operators [78]. The CAE architecture
used for a spatial resolution of Ny = 64 elements is given in Table 6.1.

Additional training data was generated by introducing Gaussian noiseN (0, σ) with a standard deviation
of σ = 10−3. Compared to the previous test case, a higher value of the standard deviation was selected
to enhance the robustness of the model. This augmentation resulted in a dataset containing 62,500
samples. A batch size of 75 samples was selected and the optimization procedure was performed over
600 epochs. For the first 500 epochs, the learning rate started at an initial value γ0 = 5 × 10−3 and
decreased with a decay factor γr = 2× 10−2 based on trial and error. The learning rate was then held
constant.

The evolution of the MSE loss for the training and validation sets along with the evolution of the adaptive
learning rate is shown in Figure 6.5 for a spatial resolution of Ny = 64 elements. After the optimization
process, the training and validation MSE stabilized at approximately O(10−4). The use of an adaptive
learning rate enabled the model to explore a wider region around potential local minima due to the
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Figure 6.6: Training Time and Mean Square Error for Convolutional Autoencoder of Unsteady 1D Viscous Burgers’ Equation
for Different Spatial Resolutions

observed MSE overshoots. At the end of the adaptive stage, the MSE convergence for the training set
was smoother than in the previous test case but it could still be improved. Thus, a higher reduction of
the loss function could be achieved by increasing the total number of epochs.

The training time and the optimal MSE are presented in Figure 6.6 for the spatial resolutions considered.
Similar to the manufactured solution, the training time increased slightly with higher spatial resolutions.
The MSE of the predicted primal velocity decreased for lower spatial resolutions and stabilized for finer
spatial grids. As in the previous test case, the plateau was attributed to the insufficient total number of
epochs selected during the adaptive learning rate stage.

Once training was complete, the CAE was employed to generate a surrogate primal velocity. The
Dirichlet BCs were reapplied to ensure consistency with the physical constraints of the problem. The ar-
chitectures and training performance for the remaining spatial resolutions can be found in section A.2.

6.2.3. Echo State Network
The second deep learning method investigated used an ESN to construct a surrogate primal velocity.
The ESN contained a single hidden layer, known as the reservoir, which was pseudo-randomly gener-
ated and serves as a non-linear expansion of the input layer and as the memory of the system [79]. To
address the inherent pseudo-randomness of the ESN, an ensemble of 10 samples was considered.

The training dataset included 50,000 samples, covering the complete primal velocity, while the valida-
tion set consisted of 19 overlapping intervals, each containing 5,000 samples. The validation fold was
shifted by 2,500 time steps, which corresponded to approximately 1 Lyapunov Time (LT). For a TCF
at Reτ = 180, the wall-based Highest Lyapunov Exponent (HLE) is given by HLE+ = 0.021 [82]. The
LT was computed as the inverse of the HLE. Furthermore, the washout period was set to 1,000 time
steps. For the BO process, the hyperparameter space ρ × σin : [0.6, 1.2] × [10−3, 5.0] was explored
for the spectral radius and the input scaling to minimize the averaged Prediction Horizon (PH) over
the validation splits. The threshold k = 1 × 10−1 was selected in the definition of the PH. The optimal
Tikhonov parameter β was chosen from the grid space [10−3, 10−6, 10−9].

The number of neurons in the reservoir, denoted asNr, is a key hyperparameter that had to be selected
and set constant for the spatial resolutions considered. Since the reservoir acts as a non-linear expan-
sion of the inputs, a lower bound for its size was determined based on the highest spatial resolution
considered. Thus, the values Nr = {512, 1024, 2048, 4096, 8192} were investigated for a spatial resolu-
tion of Ny = 64. The Bayesian Optimization (BO) process was repeated for the samples considered.
For Nr = 512 neurons, the mean and standard deviation of the Gaussian Process (GP) reconstruc-
tion are shown in Figure 6.7 along with the corresponding optimal hyperparameters ρ and σin. The
averaged PH in the validation splits was measured in LTs and it was approximately O(10−2) LTs for
the samples considered. The GP reconstruction displayed significant sensitivity to the random seed
selection, as evidenced by the substantial standard deviation observed in the locations of the optimal
hyperparameters. As a result, repeating the BO process for different samples was needed. The optimal
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Figure 6.7: Averaged Prediction Horizon (k = 2× 10−1) Gaussian Process Reconstruction and Optimal Hyperparameters for
Echo State Networks of Unsteady 1D Viscous Burgers’ Equation for Ny = 64 Spatial Elements and Nr = 512 Reservoir

Neurons

Figure 6.8: Compression Ratio, Training Time and Prediction Horizon for Echo State Networks of Unsteady 1D Viscous
Burgers’ Equation for Ny = 64 Spatial Elements and Different Number of Reservoir Neurons

ρ was within the range [0.9, 1.0] while the optimal σin was in the range [10−3, 10−2] for most samples.

The CR, training time and averaged PH measured in LTs for the 10 ESNs ensemble are shown in
Figure 6.8 for a spatial resolution of Ny = 64 elements and the reservoir sizes considered. The CR
decreased exponentially and approached unity with increasing reservoir size. This behaviour was not
necessarily anticipated as the averaged PH also directly influenced the number of checkpoint parame-
ters stored. The training time was higher than in the previous test case, primarily due to the availability
of more training data. The averaged PH increased as the reservoir size increased, which indicated
improved ESN performance. The accuracy of the surrogate velocity was constant across the reservoir
sizes considered due to the established threshold k for the PH. Consequently, a reservoir of Nr = 512
neurons was selected as it provided the highest CR.

The user-defined threshold was reduced to k = 1 × 10−1 to increase the accuracy of the predicted
velocity. However, this reduction also implied a decrease in CR. For Nr = 512 and the new threshold
k = 1 × 10−1, the GP reconstruction is depicted in Figure 6.9 along with the optimal ρ and σin. As ex-
pected, a decrease of the averaged PH was observed, which remained approximately O(10−2) LT for
the different samples. This behaviour was attributed to the higher accuracy imposed in the ESN predic-
tion. Also, most of the optimal hyperparameters converged to the same location (ρ, σin) = (0.9, 10−2)
of the search space explored. As a result, the need to repeat the BO process for different random
seeds was significantly reduced.
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Figure 6.9: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyperparameters for
Echo State Networks of Unsteady 1D Viscous Burgers’ Equation for Ny = 64 Spatial Elements and Nr = 512 Reservoir

Neurons

Figure 6.10: Training Time and Prediction Horizon for Echo State Networks of Unsteady 1D Viscous Burgers’ Equation for
Different Spatial Resolutions

With the optimal reservoir size and threshold determined, the BO procedure was repeated for the spatial
resolutions considered. The training time and averaged PH over the validation splits for the ensemble
of 10 ESNs are presented in Figure 6.10 for each spatial resolution. The training time was nearly
constant for the spatial resolutions considered, as the reservoir size was constant and primarily dictated
the matrices’ dimensions. However, the training time increased slightly for higher spatial resolutions
as the number of spatial elements was of the same order as the reservoir size. The averaged PH
decreased with increasing spatial resolution. This decrease was attributed to the increased complexity
of the primal velocity for higher spatial resolutions as more turbulent scales were resolved.

The optimised ESN samples were then used to predict the primal velocity. A checkpoint technique was
introduced, where the checkpoint length was set to match the averaged PH. As a final step, the Dirichlet
BCs were reinforced. The BO results for the remaining spatial resolutions can be found in section B.2.

6.2.4. Convolutional Autoencoder - Echo State Network
The third deep learning method developed was a CAE-ESN to construct a surrogate primal velocity.
The CAE was reused for this approach, but the ESN required a new training procedure. An ensemble
of 10 ESN samples was used to account for the ESN inherent pseudo-randomness.

The same parameters used for the standalone ESN were applied for the BO procedure of the ESN
applied to the latent space. The only exception was the search space explored for the spectral radius
and input scaling which was set to ρ× σin : [0.4, 1.2]× [10−3, 5.0].



6.2. Primal Solution Surrogate Models 54

Figure 6.11: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyperparameters for
Echo State Networks Applied to Latent Space of Unsteady 1D Viscous Burgers’ Equation for Ny = 64 Spatial Elements and

Nr = 256 Reservoir Neurons

Figure 6.12: Computational Time and Prediction Horizon for Echo State Networks Applied to Latent Space of Unsteady 1D
Viscous Burgers’ Equation for Different Spatial Resolutions

In the reservoir study conducted for the ESN alone, the CR was maximized at the smallest viable
reservoir size, as the accuracy remained constant due to the use of a constant threshold k. Thus, a
reservoir size of Nr = 256 neurons was selected for the CAE-ESN, as it exceeded the latent space
dimensions. For this reservoir size and Ny = 64 spatial elements, the mean and standard deviation
of the GP reconstruction are presented in Figure 6.11 along with the optimal ρ and σin. The averaged
PH decreased compared to the ESN alone but remained approximately O(10−2) LTs for the samples
considered. This decrease could be due to the increased latent space complexity, due to the intro-
duction of non-linearities by the encoder, and the smaller reservoir size. Reduced sensitivity to the
random seed choice was also observed as most hyperparameters converged to the same locations
with decreased standard deviation. The optimal values for ρ were within the range [0.4, 0.8] while the
σin lied near 10−2.

The latent space was then predicted for the remaining spatial resolutions considered. The training time
and the averaged PH in LTs are illustrated in Figure 6.12 for the spatial resolutions considered. The
training time included the CAE and the ESN training times. The ESN training time remained nearly
constant as it was primarily dictated by the size of the reservoir. The integration of the ESN into the
CAE framework had only a slight impact on the overall training time, as the CAE time remained the
dominant factor. As observed with the ESN alone, the averaged PH decreased as the spatial grid was
refined, due to the increased complexity of the high-dimensional space and consequently of the latent
space. However, it reached a plateau for higher spatial resolutions.
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Figure 6.13: Mean Surrogate Primal Velocities and Reynolds Stresses of Unsteady 1D Viscous Burgers’ Equation with
Ny = 64 Spatial Elements (Finite Element Method Results in Grey)

Figure 6.14: Mean Wall-Based Energy Spectrum for Surrogate Primal Solutions of Unsteady 1D Viscous Burgers’ Equation for
Different Spatial Resolutions (Finite Element Method Results Transparent)

The primal latent space was then predicted with the use of a checkpoint technique where the checkpoint
length was set equal to the averaged PH. After the latent space prediction in time, the CAE’s decoder
was employed to reconstruct the high-dimensional data and the Dirichlet BCs were reapplied. Further
details on the BO procedure of the ESN applied to the latent space for the spatial resolutions considered
are found in section C.2.

6.2.5. Performance Assessment
The performance of the surrogate primal velocities is now evaluated. The Reynolds decomposition was
applied to the surrogate wall-normal velocity. The mean component and Reynolds stresses produced
with the surrogate velocities are shown in Figure 6.13 for Ny = 64 spatial elements along with the
FEM results in grey for comparison. All methods captured the statistically-averaged component, as
the surrogate results aligned with the FEM results. For the Reynolds stress, deviations were observed
only for the CAE-ESN, where errors were observed at the quarter channel height. Despite this localized
error, the overall shape of the Reynolds stress was preserved. Consequently, all surrogatemodels were
able to accurately represent the mean and fluctuating components of the wall-normal velocity.

A FFT was applied to the surrogate fluctuating components. The time-averaged wall-based energy
spectrum computed using the surrogate Fourier coefficients is shown in Figure 6.14 for the spatial
resolutions considered with the FEM results displayed for comparison. The POD exhibited the lowest
cut-off wave number, with its results deviating from the FEM prediction at higher wavenumbers. This
deviation was observed as a sudden dip in a specific inertial wavenumber and was due to the snap-
shot matrix truncation, which resulted in the neglect of lower-energy scales. The CAE preserved the
shape of the energy spectrum, with deviations observed at the highest wavenumbers only for the finest
spatial resolution. The ESN demonstrated the closest agreement with the FEM results. The CAE-ESN
inherited the limitations of the CAE at higher wavenumbers.

The evaluation parameters, including the CR, computational time and MSE, are shown in Figure 6.15
for the spatial resolutions considered. For the computational time, only the time required for the primal
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Figure 6.15: Evaluation Metrics of Surrogate Primal Solutions of Unsteady 1D Viscous Burgers’ Equation for Different Spatial
Resolutions

velocity prediction was considered. In terms of CR, only the ESN and CAE-ESN exhibited a monoton-
ically increasing trend as the number of spatial elements increased. For the lower spatial resolutions,
the CR of the POD and CAE was constant due to the retention of a number of modes similar to the num-
ber of spatial elements. Regarding computational time, only the POD demonstrated a monotonically
increasing trend, which was attributed to the application of SVD on larger snapshot matrices. The CAE
achieved the lowest computational time for all spatial resolutions, except for the first where it was com-
parable to the POD. For higher spatial resolutions, the ESN-based methods outperformed the POD
by exhibiting lower computational times. In terms of MSE, the CAE was the most accurate method
for most spatial resolutions. The POD matched the CAE for finer spatial grids, presenting a similar
MSE. Conversely, the ESN showed the highest MSE, due to significant errors in the predicted solution
near the end of the checkpoints. The CAE-ESN approach also suffered from this limitation. Neverthe-
less, since the ESN operated on the latent space rather than the high-dimensional space, the MSE of
the CAE-ESN was reduced compared to the standalone ESN. The reduced accuracy exhibited by the
ESN-based methods was attributed to two primary factors: the absence of backward propagation in
their methodology and the insufficient temporal information available to extract meaningful statistical
data during the training process of the ESN.

Ultimately, the CAE was the best method to construct a surrogate model of the primal velocity for the
spatial resolutions considered. This was attributed to its superior ability to preserve the energy spec-
trum and achieve the lowest MSE with a lower computational cost. However, the CAE-ESN approach
remained an alternative, offering a higher CR at the cost of an increase in MSE. Despite this trade-
off, the CAE-ESN approach successfully preserved the Reynolds decomposition components and the
energy spectrum, making it a viable option for applications prioritizing compression efficiency.

6.3. Adjoint Problem Formulation and Solution
The adjoint problem of the unsteady 1D viscous Burgers’ equation was derived in the previous test case
for identical primal BCs and IC. In this test case, the only difference was the selected QoI which resulted
in a different adjoint forcing term. As a result, the adjoint PDE is given by the following expression:


−∂ψ
∂t

− v
∂ψ

∂y
− 1

Reτ

∂2ψ

∂y2
= 4e−50y2v3, (y, t) ∈ Ω× I

ψ(y, t) = 0, (y, t) ∈ ∂Ω× I

ψ(y, T ) = 0, y ∈ Ω

(6.10)

The adjoint weak formulation must be derived. By considering weighting functions q ∈ Vψ, the following
weak formulation was obtained after integration by parts:
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Figure 6.16: Mean Adjoint Velocity and Reynolds Stress of Unsteady 1D Viscous Burgers’ Equation with Ny = 64 Spatial
Elements

Figure 6.17: Surrogate Mean Adjoint Velocities and Reynolds Stresses of Unsteady 1D Viscous Burgers’ Equation with
Ny = 64 Spatial Elements (Finite Element Method Results in Grey)

∫
Ω

(
−∂ψ
∂t
q − v

∂ψ

∂y
q +

1

Reτ

∂ψ

∂y

∂q

∂y
− 4e−50y2v3q

)
dΩ = 0 (6.11)

Continuous piece-wise linear elements were again selected for spatial discretization of the adjoint prob-
lem. The solving environment using FEniCS was employed as for the primal problem.

The Reynolds decomposition was used to decompose the adjoint velocity ψ = ψ+ψ′ into a statistically-
averaged component ψ and a fluctuating component ψ′. The latter component was evaluated in
Reynolds stress form. The wall-based component ψ+ and adjoint Reynolds stress are shown in Fig-
ure 6.16 for Ny = 64 spatial elements. Both the mean adjoint velocity and Reynolds stress were
concentrated around the channel’s centerline. This behaviour was attributed to the Gaussian distribu-
tion present in the adjoint forcing term, which was also centered around the channel’s centerline. Unlike
the primal velocity, the adjoint statistically-averaged component was not approximately zero and the
adjoint Reynolds stress magnitude was significantly lower. The former arises from the adjoint forcing
term characteristics. The latter was attributed to the higher smoothness and stability of the adjoint
velocity, which arose from the linearity of the adjoint problem. Due to the characteristics of the primal
velocity, a larger temporal domain would lead to a more symmetrical distribution of the mean adjoint
velocity and Reynolds stress about the channel centerline.

Adjoint velocities were computed with the surrogate primal velocities. The Reynolds decomposition
was then applied to the surrogate adjoint velocities. The surrogate mean adjoint velocity and Reynolds
stress are presented in Figure 6.17 for Ny = 64 spatial elements, with only one sample shown for
the ESN and CAE-ESN. The FEM results are shown in grey. Only the CAE-ESN failed to capture the
magnitude of the component ψ, though it accurately represented its shape. In the case of the adjoint



6.4. Adjoint-Based Error Estimation 58

Figure 6.18: Mean Square Error of Surrogate Adjoint Velocities of Unsteady 1D Viscous Burgers’ Equation for Different Spatial
Resolutions

Reynolds stress, the ESN and CAE-ESN failed to capture its magnitude, but they accurately captured
the shape. These discrepancies were due to the adjoint problem’s sensitivity to errors in the predicted
primal velocity. Contrarily, the POD and CAE accurately capture the component ψ and Reynolds stress.

The MSE of the surrogate adjoint velocities relative to the FEM adjoint velocity is presented in Fig-
ure 6.18 for the spatial resolutions considered. All methods demonstrated a decreasing trend in error
with an increasing number of spatial elements, except for the CAE-ESN. The POD showed the steepest
error rate while reaching a plateau at the highest spatial resolutions. The CAE and ESN steep rates
were minimal. At lower spatial resolutions, the CAE demonstrated superior performance, achieving a
MSE of O(10−5). At higher spatial resolutions, the POD was the best method with a MSE of O(10−7).
While the CAE-ESN achieved a lower MSE than the standalone ESN for the surrogate primal velocity,
the ESN proved to be more accurate in reconstructing the adjoint velocity. Unlike the behaviour ob-
served with the manufactured solution, the performance of these methods for the adjoint velocity did
not align with their accuracy in building a surrogate primal velocity. This discrepancy arose from the
adjoint forcing term imposed, which was dependent on the cubed primal velocity.

6.4. Adjoint-Based Error Estimation
Adjoint-based error estimation requires the primal and adjoint solutions in coarse and fine spaces. The
coarse-space primal solution defined in the coarse function space VH was linearly interpolated into the
fine function space Vh. Subsequently, the strong fine-space residual was evaluated using the injected
primal solution. As in the previous test case, the Dirichlet BCs were enforced on the injected primal
solution and the necessary derivatives to evaluate the residual were projected into quadratic function
spaces.

The temporal mean and standard deviation of the fine-space residual calculated using the injected
primal solution are shown in Figure 6.19 for the coarse-space resolutions considered. Increasing the
number of spatial elements resulted in a reduction in the injected residual magnitude. It also caused a
decrease in the standard deviation along the channel’s centerline while exhibiting higher values near
the walls. This behaviour arose from the need for higher refinement near the walls to accurately capture
large velocity gradients.

The temporal mean and standard deviation of the surrogate injected residuals are presented in Fig-
ure 6.20 for Ny = 64 spatial elements, with one sample shown for the ESN and CAE-ESN. The FEM
results are shown in grey. Both the POD and CAE effectively captured the temporal mean of the in-
jected residual. Regarding the standard deviation, the POD resembled the FEM result, with identical
values near the wall. While the CAE reproduced the shape of the standard deviation of the injected
residual, it struggled with its magnitude. On the contrary, the ESN-based methods failed to capture the
injected residual altogether. Once again, this was attributed to errors in the predicted primal velocity.
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Figure 6.19: Primal Injected Residual Temporal Mean and Standard Deviation of Unsteady 1D Viscous Burgers’ Equation for
Different Spatial Resolutions

Figure 6.20: Primal Injected Surrogate Residual Temporal Mean and Standard Deviation of Unsteady 1D Viscous Burgers’
Equation for Different Spatial Resolutions (Finite Element Method Results in Grey)

Figure 6.21: Mean Square Error of Primal Injected Surrogate Residuals of Unsteady 1D Viscous Burgers’ Equation for
Different Spatial Resolutions

The MSE of the surrogate injected residuals is shown in Figure 6.21 for the spatial resolutions con-
sidered. All the methods demonstrated a monotonically decrease in MSE as the number of spatial
elements increased. The POD was the best method across the spatial resolutions considered. The
injected residual produced by the CAE had a similar accuracy to POD for the lowest spatial resolution.
In contrast, the ESN-based methods were unable to generate an appropriate injected residual for the
spatial resolutions considered.

Following the computation of the refined adjoint velocity and fine-space primal injected residual, the



6.4. Adjoint-Based Error Estimation 60

Figure 6.22: Quantity of Interest and Error Estimates of Surrogate Solutions of Unsteady 1D Viscous Burgers’ Equation for
Different Spatial Resolutions

Figure 6.23: Time-Averaged Error Indicators of Unsteady 1D Viscous Burgers’ Equation for Different Spatial Resolutions

time-averaged adjoint-based error estimates δJ̄est were calculated for the FEM and surrogate veloci-
ties. The time-averaged adjoint-corrected QoIs J̄ + δJ̄est, the adjoint-based error estimates δJ̄est and
the absolute error in true output error

∣∣δJ̄est − δJ̄
∣∣ are presented in Figure 6.22 for the methods pro-

posed and spatial resolutions considered. The FEM adjoint-corrected QoI was overestimated for the
spatial resolutions considered, approaching the true QoI value as the spatial grid was refined. This was
attributed to the linearization error O(δu2) present in non-linear problems [26]. As the selected QoI in-
volved the fourth-powered primal velocity, it had a higher sensibility to outliers, especially for coarser
spatial grids. Only the POD and CAE provided accurate adjoint-corrected QoI predictions. At lower
spatial resolutions, the CAE emerged as the best method, with its QoI aligning closely with the FEM
reference. For higher spatial resolutions, the POD and CAE had a similar performance in predicting
the adjoint-corrected QoI. A similar trend was observed in the error estimates, where the POD demon-
strated a slight advantage over the CAE at higher spatial resolutions. Consequently, only the POD and
CAE were suitable for adjoint-based error estimation, as they provided reliable approximations. The
ESN and CAE-ESN were unsuitable due to their inability to produce accurate injected residuals.

Local error indicators were computed which could be used to to evaluate their suitability for mesh adap-
tation. Time-averaged local error indicators were considered as the errors introduced by the temporal
discretization scheme were negligible. The time-averaged error indicator field is shown in Figure 6.23
for the spatial resolutions considered. The time-averaged error indicator fields were concentrated along
the channel’s centerline, reflecting the characteristics of the adjoint solution. At lower spatial resolu-
tions, the error indicator field was primarily shaped by the Gaussian distribution present in the adjoint
forcing term. As the spatial grid was refined, a gap emerged at y/δ ≈ 0.5. This phenomenon arose from
the properties of the adjoint solution, as this region corresponded to where the mean adjoint velocity
was zero.

The surrogate time-averaged error indicators are presented in Figure 6.24 forNy = 64 spatial elements.
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Figure 6.24: Time-Averaged Error Indicators of Surrogate Solutions of Unsteady 1D Viscous Burgers’ Equation with Ny = 64
Spatial Elements (Finite Element Method Results in Grey)

For comparison, the FEM error indicator is also shown in grey. Only the POD and CAE achieved a
magnitude comparable to the FEM results. Consequently, the POD and CAE were the most suitable
approaches. In the ESN-basedmethods, despite failing to capture themagnitude, the shape resembled
the FEM result. While these methods accurately captured the adjoint solution, they failed to predict the
injected residual. As it was concluded for the manufactured solution, the shape was preserved since
the ESN and CAE-ESN accurately capture the adjoint velocity.

Only the POD and CAE were capable of accurately computing the adjoint-based error estimates. Adap-
tive Mesh Refinement (AMR) is particularly relevant for coarser spatial meshes, where accurately rep-
resenting the physics of the problem is difficult but much of the computational cost can be saved. In
this context, the CAE emerged as the preferred method due to its efficiency. For local error indicators,
while only the POD and CAE accurately captured the magnitude, all methods successfully reproduced
the overall shape. The ESN-based methods provided an acceptable shape of the error indicator dis-
tribution due to their accurate prediction of the adjoint velocity. However, for these methods to be
effectively applied in adjoint-based error estimation, a different strategy would be required to improve
the injected residual prediction. The prediction of the ESN-based methods of the adjoint-based error
estimate and error indicators was dominated by the error in the predicted injected residual. Ultimately,
the CAE was the best method for lower spatial resolutions in the context of adjoint-based error esti-
mation, especially for reducing storage requirements. For higher spatial resolutions, the POD was the
most suitable method, as it offered greater accuracy with equal compression capabilities to the CAE.





7
Results: Unsteady 2D Viscous

Burgers' Equation

In this chapter, the test case is the unsteady two-dimensional (2D) viscous Burgers’ equations, with
a solution forced by the same Turbulent Channel Flow (TCF) dataset to produce the spanwise and
wall-normal velocity components.

Firstly, the primal Partial Differential Equation (PDE) is introduced along with the primal velocity compo-
nents obtained using the Finite Element Method (FEM), implemented with the FEniCS1 package. Sur-
rogate primal solutions were then computed with the methodologies proposed and their performance
was evaluated for different evaluation parameters. Next, the adjoint governing equations were derived,
followed by the presentation of the adjoint velocity components. Finally, error estimates were calcu-
lated from the solutions generated by the implemented solver and the methodologies proposed. Local
error indicator fields were then calculated which could be used for mesh adaptation.

7.1. Primal Problem Formulation and Solution
A Direct Numerical Simulation (DNS) dataset of a TCF at a friction Reynolds number Reτ = 180 was
used to force the unsteady 2D viscous Burgers’ equations, producing the spanwise and wall-normal
velocity components. The same DNS dataset as in the previous test case was used. The DNS dataset
was evaluated at a specific streamwise coordinate x to force the 2D Burgers’ equations. Consequently,
the 2D Burgers’ equations were equivalent to the spanwise and wall-normal momentum equations at
the specified location. The DNS dataset was down-sampled to a constant time step of ∆t = 1 × 10−4

and a uniform spatial resolution of Nz ×Ny = 512× 256 quadrilateral elements.

For the 2D Burgers’ equation, a spatial rectangular domain Ω : [0, Lz] × [−δ, δ] was considered in
the spanwise and wall-normal directions with Lz = π and δ = 1.0. The temporal domain I : [0, T ]
was considered with T = 1.0 and it was relatively limited due to the higher dimensionality of the test
case. Periodic and Dirichlet Boundary Conditions (BCs) were applied in the spanwise and wall-normal
directions respectively to ensure consistency with the DNS velocity conditions. The Initial Condition
(IC) was set to the DNS initial velocity field. Thus, the following primal PDE was formulated:


∂u

∂t
+ u · ∇u− 1

Reτ
∇2u = fDNS, (x, t) ∈ Ω× I

u(x, t) = 0, (x, t) ∈ ∂ΩWall × I

u(x, 0) = uDNS(x, 0), x ∈ Ω

(7.1)

where x = (z, y) and t are the space and time coordinates, u = (w, v) is the primal velocity with
spanwise and wall-normal components and fDNS = (fz, fy) is the DNS forcing term computed from the

1https://fenicsproject.org
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Figure 7.1: Primal Velocity Magnitude and Relative Error Snapshot of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 64 Spatial Elements

DNS dataset. The term fDNS = (fz, fy) was defined as follows:

fDNS =

[
−u∂u

∂x
− 1

ρ
∇p+ 1

Reτ

∂2u

∂x2

]
DNS

(7.2)

where u is the streamwise velocity component, ρ is the density and p is the pressure. The derivatives
required were calculated using second-order finite difference schemes, except at the boundaries where
first-order schemes were employed. For simplicity, the variable u is now the primal velocity magnitude.

The derivation of the primal weak formulation was needed as the FEM was employed for spatial dis-
cretization of the primal problem. Given weighting functions q ∈ Vu, where the vector function space
Vu(Ω) was equal for the primal and weighting functions, the resulting weak formulation was obtained
after integration by parts:

∫
Ω

(
∂u

∂t
⊙ q + (u · ∇u)⊙ q + 1

Reτ
(∇u⊙∇q)− fDNS ⊙ q

)
dΩ = 0 (7.3)

where ⊙ is the element-wise product and the Dirichlet BCs at the wall were applied strongly. Continu-
ous piece-wise linear triangular elements were chosen as the finite elements for spatial discretization.
In these elements, the first derivatives are discontinuous while the second derivatives are zero. Inte-
gration by parts eliminated the Laplacian operator in the weak formulation, thus the use of the elements
selected was suitable. The non-linear variational problem was solved using the FEniCS environment
employed previously but adapted for a 2D configuration. A time step interval∆t = 1×10−4 was selected
to match the one from the DNS dataset and it ensured stability without the need for additional stabi-
lization techniques. Also, the selected value for ∆t minimized errors from the temporal discretization
scheme. Therefore, it was assumed that the output error was only due to spatial discretization.

The spatial resolutions Nz = {32, 64, 128, 256, 512} with Ny = Nz/2 were examined with particular
emphasis on Nz ×Ny = 128× 64 spatial elements. The triangular grids generated were uniform, with
the diagonals of the triangles oriented in the right direction. However, the spatial resolutions mentioned
were defined in terms of quadrilateral elements. A snapshot of the wall-based velocity magnitude
u+ computed along with its relative error with respect to the DNS velocity is shown in Figure 7.1 for
Nz × Ny = 128 × 64 spatial elements and a time step t = T . The relative error was defined as the
absolute error normalized by the maximum value of the true solution. As expected, the primal velocity
magnitude exhibited chaotic behaviour due to the turbulent nature of the flow. Also, the imposed BCs
were effectively observed. The relative error was approximately O(10−1) and it was concentrated near
the walls. This distribution was anticipated, as higher spatial refinement was required near the walls to
accurately capture steep velocity gradients.

Mathematically, the vorticity is defined as the curl of the velocity field:

ω = ∇× u (7.4)
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Figure 7.2: Vorticity Magnitude Snapshot of Unsteady 2D Viscous Burgers’ Equations with Nz ×Ny = 128× 64 Spatial
Elements

Figure 7.3: Mean Primal Velocities and Reynolds Stresses of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 64 Spatial Elements

The vorticity field serves as a tool to identify vortex structures within the flowfield. More advanced
techniques, such as the Q-criterion [92], were not applied due to the 2D nature of the test case. Con-
sequently, only the streamwise vorticity component was considered. The required velocity derivatives
were computed using second-order central difference schemes. A snapshot of the vorticity magnitude
ω for Nz × Ny = 128 × 64 spatial elements and a time step t = T is presented in Figure 7.2, with the
DNS results included for comparison. The magnitude of the vorticity computed was higher than the
one presented by the DNS dataset. This discrepancy arose from the coarser spatial grid used in the
solver. The underresolution of small-scale velocity fluctuations resulted in larger truncation errors in the
numerical computation of the derivatives. However, the shape of the FEM vorticity field still resembled
the DNS results. Vortex structures were more prominent near the walls, which was also attributed to
larger velocity gradients.

The Reynolds decomposition was applied to the velocity profiles uj = uj + u′j , separating them into
statistically-averaged components uj and fluctuating components u′j at a spanwise coordinate z =
π/2. The Reynolds stress form was used to assess the fluctuating components. The mean velocity
components and the Reynolds stresses computed are presented in Figure 7.3 for Nz ×Ny = 128× 64
spatial elements. A superscript + indicates quantities normalized by viscous scales and DNS results
are included for comparison. As derived in the previous test case, w and v are zero in a TCF. However,
due to the time interval considered, the plotted averages did not correspond to long-time statistics.
The Reynolds stresses in the spanwise and wall-normal directions exhibited a peak at a distance of
0.25 < y/δ < 0.50 from the walls, corresponding to a wall-based distance of 45 < y+ < 90. This location
was within the log-law region and was expected for the imposed Reτ value [89]. Also, it was expected
for the spanwise component of the Reynolds stress to be more significant than the wall-normal one [89].
The results from the implemented solver and DNS dataset were similar in terms of mean velocities and
Reynolds stresses. Extending the temporal domain would lead to zero mean velocities and a more
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Figure 7.4: Mean Wall-Based 1D Energy Spectra of the Unsteady 2D Viscous Burgers’ Equations with Nz ×Ny = 128× 64
Spatial Elements

symmetric distribution of the Reynolds stresses about the channel centerline.

The energy spectra provide insight into the range of turbulent scales resolved and the energy content
associated with each velocity component [89]. A Fourier representation of the fluctuating components
was required to compute the energy spectra. Given the periodicity in the z−direction, a 1D Fast Fourier
Transform (FFT) was applied at each time step and wall-normal coordinate:

u′j(z) =
∑
k

ûj(k)e
ikz (7.5)

where k are the wavenumbers in the z−direction, ûj are the complex Fourier coefficients for each j
velocity component and i is the imaginary unit such that i2 = −1. The spectral energy density in the
spanwise and wall-normal components, denoted as Eww and Evv, was computed using the resulting
coefficients ûj . For a spatial resolution of Nz ×Ny = 128× 64 elements, the time-averaged wall-based
1D energy spectra with respect to the wall-based spanwise wavelength are shown in Figure 7.4. The
wavelength is defined as the inverse of the wavenumber with a 2π factor. The spanwise component of
the energy spectrum was more energetic than the wall-normal component, with higher values observed
near the wall. These observations aligned with the observations made for the Reynolds stresses. The
higher energy density observed near the wall was associated with near-wall coherent structures, such
as ejections, sweeps and bursts of streaks [93]. Low-speed streaks tend to raise where ejection occurs,
accompanied by a sweep of high-speed streaks towards the wall. After their ejection, there is a burst
of the streaks into finer scales. Additionally, the range of resolved turbulent scales was wider near the
walls, which was consistent with the presence of small-scale turbulent structures.

A time-averaged Quantity of Interest (QoI), denoted by J̄ , was selected and it was defined as follows:

J̄ =
1

T

∫
I

∫
Ω

(
e−50(y−δ/2)2 + e−50(y+δ/2)2

)
u · u dΩdI (7.6)

The selected QoI was associated with the Turbulent Kinetic Energy (TKE) [13] near the log-law regions,
calculated using only the spanwise and wall-normal velocity components. Gaussian distributions with
zero mean and a standard deviation of σ = 0.1 were applied at a quarter channel distance from the
walls to highlight the log-law regions. The DNS-derived value of the QoI JDNS = 2.343 was computed
from the DNS dataset and considered the true QoI value.
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Figure 7.5: Quantity of Interest, Output Error and Root Mean Square Error of Unsteady 2D Viscous Burgers’ Equations for
Different Spatial Resolutions

A grid convergence study was performed to assess the selected QoI and the accuracy of the computed
primal velocity with respect to the DNS velocity. The accuracy was based on the Root Mean Square
Error (RMSE), which was computed using the following expression:

RMSE(u) =

√√√√ 1

2NtNyNz

2∑
l=1

Nt∑
k=1

Ny∑
j=1

Nz∑
i=1

(ul(xij , tk)− ul,DNS(xij , tk))2 (7.7)

where Nt is the number of time steps. The computed time-averaged QoI and the output error δJ̄ =
J̄DNS − J̄ for the spatial resolutions considered along with the RMSE of the FEM primal velocity for
different element sizes are shown in Figure 7.5. The DNS value of the QoI is included for comparison.
The computed QoI exhibited a convergent behaviour towards the DNS value as the spatial grid was
refined. The output error showed a monotonically decreasing trend with an increase in the number of
spatial elements. As a result, the assumption that the output error was solely due to spatial discretiza-
tion was valid. The RMSE showed a decreasing trend with smaller grid step sizes, achieving O(10−2)
for the higher spatial resolutions considered. The RMSE slope in the asymptotic region was reasonably
consistent with the theoretical convergence rate ofO(∆x2) for linear triangular elements in the L2-norm.
The deviation in the observed slope was attributed to the DNS data interpolation and derivatives com-
putation. For the remainder of this investigation, the spatial resolution ofNz×Ny = 512×256 elements
was excluded due to the prohibitive computational cost involved in assessing the adjoint-based error
estimate at this level of refinement.

7.2. Primal Solution Surrogate Models
This section explores themethodologies proposed to develop a surrogate model of the primal velocity to
be used in the context of unsteady adjoint-based error estimation. The methods considered included
the benchmark Proper Orthogonal Decomposition (POD) and the Convolutional Autoencoder (CAE).
The Echo State Network (ESN) was not suitable due to the high dimensionality of the test case, as
its training would be prohibitively time-intensive. The CAE-ESN was proposed as it circumvents the
challenges associated with training ESNs for higher-dimensional systems [39]. However, the ESN-
based methods yielded sub-optimal results in the previous test case. Furthermore, the limited time
interval considered in this test case failed to provide sufficient temporal data for training. As a result,
the CAE-ESN was also not considered. In the case the CAE-ESN was applied, it was expected that
the accuracy of the surrogate primal solution predicted to be bounded by the accuracy of the CAE with
higher compression capabilities. It was also expected for the predicted adjoint-based error estimate to
be inaccurate as it was observed in the previous test case.

First, two offline POD techniques were explored to address the high-dimensionality of the test case.
This was followed by an evaluation of the performance of the CAE during its training. The analysis
focused on training times and accuracy for the spatial resolutions considered. Finally, the performance
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Figure 7.6: Full Snapshot Matrix Proper Orthogonal Decomposition Modes Cumulative Energy Contribution for
Nz ×Ny = 128× 64 Spatial Elements and Number of Modes Retained of Unsteady 2D Viscous Burgers’ Equations for

Different Spatial Resolutions

of the methodologies was quantitatively assessed and compared using the following evaluation metrics:
Compression Ratio (CR), computational time and Mean Square Error (MSE) defined as follows:

MSE(ũ) = 1

2NtNyNz

2∑
l=1

Nt∑
k=1

Ny∑
j=1

Nz∑
i=1

(ũl(xij , tk)− ul(xij , tk))2 (7.8)

where ũ is the primal velocity obtained using each of the methodologies proposed. The evaluation
metrics were crucial to assess the efficiency of the surrogate models to generate an approximate primal
velocity. The results of the methodologies proposed are shown in this section.

7.2.1. Proper Orthogonal Decomposition
The offline POD method was first explored to construct a Reduced-Order Model (ROM) of the primal
solution as a baseline method. Two methodologies were investigated due to the limitations of the
classical approach when applied to high-dimensional datasets. For both methods, a 99% kinetic energy
retention criterion was employed to reconstruct the primal velocity.

The first technique, based on the classical approach outlined in [62], started by assembling each fluc-
tuating component u′

j(t) ∈ RNz×Ny into datasets U j ∈ RNt×NzNy . The two resulting matrices were
horizontally concatenated to form a single snapshot matrix U ∈ R2Nt×NzNy . Singular Value Decompo-
sition (SVD) was then applied to factorize the matrix U .

The cumulative energy contribution of the first six hundred POD modes for a spatial resolution of Nz ×
Ny = 128× 64 elements and the optimal rank for each spatial resolution are shown in Figure 7.6. For
a spatial resolution of Nz × Ny = 128 × 64 elements, approximately 500 POD modes were required
to meet the reconstruction criterion. The optimal rank increased as the number of spatial elements
increased, reaching a plateau at moderate spatial resolutions. This behaviour was due to the limited
time interval. The optimal rank of the snapshot matrix was determined by its smallest dimension. At
moderate and higher spatial resolutions, the number of snapshots was inferior to the number of degrees
of freedom, thus the number of retained POD modes was constrained by the number of time steps. As
the number of time steps was equal for the spatial resolutions considered, an increase in the number
of spatial elements did not lead to a higher number of retained POD modes.

An alternative POD method was investigated to address the limitations of the first method. Instead of
applying SVD to a single high-dimensional snapshot matrix, multiple snapshot matrices were assem-
bled. The velocity fluctuation vectors u′

j(t) ∈ RNz×Ny were first assembled into Ny snapshot matrices
Uk ∈ R2Nt×Nz . SVD was then applied to each snapshot matrix resulting in Ny different optimal ranks.
The CR was defined for this method as follows:
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Figure 7.7: 2D Snapshot Matrix Proper Orthogonal Decomposition Modes Cumulative Energy Contribution for
Nz ×Ny = 128× 64 Spatial Elements and Number of Modes Retained of Unsteady 2D Viscous Burgers’ Equations for

Different Spatial Resolutions

Figure 7.8: Compression Ratio, Computational Time and Mean Square Error for Proper Orthogonal Decomposition Methods of
Unsteady 2D Viscous Burgers’ Equations for Different Spatial Resolutions

CR =
Space Resolution× Time Resolution

Size(u) +
Ny∑
k=1

(Size(LM,k) + Size(ΣM,k) + Size(RM,k))

(7.9)

For a spatial resolution of Nz ×Ny = 128× 64, the mean and standard deviation of cumulative energy
contribution of the first hundred PODmodes and the optimal rank for each spatial resolution considered
is presented in Figure 7.7. The mean and standard deviation are computed for the Ny different SVD
results. For a spatial resolution of Nz × Ny = 128 × 64 elements, an average of approximately 60
POD modes was required to satisfy the reconstruction criterion. The number of averaged POD modes
increased as the spatial resolution increased, reaching a plateau for finer spatial grids. The plateau was
attributed to the resolution of finer scales with lower energy as the spatial grid was refined. Also, the
standard deviation of the number of POD modes retained increased as the spatial resolution increased.
This behaviour was due to more turbulent scales being resolved as the spatial grid was refined. As
regions near the wall contain more energetic scales than in the channel’s centerline, the difference in
energy was more relevant as the spatial resolution increased.

The CR, computational time and MSE relative to the FEM solution are presented in Figure 7.8 for
the spatial resolutions considered to compare the two POD methods proposed. The first technique
is referred to as the full snapshot matrix while the second method is labelled as the 2D snapshot
matrix. The full snapshot matrix method presented a higher CR than the 2D method for the spatial
resolutions considered. This was attributed to the retention of fewer modes in the classical approach.
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Table 7.1: Convolutional Autoencoder Architecture of Unsteady 2D Viscous Burger’s Equation

Encoder Decoder
Number of Trainable Parameters: 53,756 Number of Trainable Parameters: 53,746

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (16,Ny − 1)

Transpose
Convolution

(Size,Stride,Padding) = (3, 1, 1)
ReLU Activation Function (64,Ny/4 + 1)

Convolution (Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (32,Ny/2)

Transpose
Convolution

(Size,Stride,Padding) = (4, 2, 2)
ReLU Activation Function (32,Ny/2)

Convolution (Size,Stride,Padding) = (4, 2, 2)
ReLU Activation Function (64,Ny/4 + 1)

Transpose
Convolution

(Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (16,Ny − 1)

Convolution (Size,Stride,Padding) = (3, 1, 1) (10,Ny/4 + 1)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (2,Ny)

Figure 7.9: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 2D Viscous Burgers’
Equations for Nz ×Ny = 128× 64 Spatial Elements

The 2D method presented a lower computational time for the spatial resolutions considered. This was
due to the higher efficiency of applying SVD to multiple smaller snapshot matrices than to a single
larger matrix. In terms of accuracy, the full snapshot matrix method maintained a nearly constant value
of the MSE for most of the spatial resolutions considered. The 2D method exhibited a convergent
trend as the spatial grid was refined and outperformed the full method at higher spatial resolutions.
Based on the results obtained, the 2D snapshot matrix method was preferred as it boasted a lower
computational overhead and the MSE presented a convergent behaviour. The latter was due to the
rank of the truncated matrices being consistently determined by the spatial dimension.

7.2.2. Convolutional Autoencoder
The second method proposed was a CAE to construct a surrogate model of the primal solution. Feed-
forward layers were excluded from its architecture to avoid a large number of trainable parameters [7].
Thus, the architecture is only composed of Convolutional Neural Networks (CNNs).

A single CAE architecture was designed for the spatial resolutions considered. As a result, a different
latent space dimension was imposed for each spatial resolution. The input layer consisted of two
channels, each corresponding to a different velocity component. A window technique was introduced,
which divided the spatial domain at z = π/2 into two subdomains Ny × Ny of equal width and height.
Thus, kernel filters with equal size in the spanwise and wall-normal directions were used and the amount
of original training data was doubled. The decoder architecture mirrored the encoder architecture but
with transpose convolutional operators [78]. The CAE architecture used for the spatial resolutions
considered is given in Table 7.1.

Additional training data was generated by adding Gaussian noise N (0, σ) with a standard deviation of
σ = 10−3 to improve the robustness of the model. This augmentation yielded a dataset with a total
of 50,000 samples. A batch size of 75 samples was selected and the optimization procedure was
performed over 800 epochs. Based on trial and error, the learning rate was started at γ0 = 1 × 10−4

and decreased with a decay factor of γr = 1 × 10−2 for the first 700 epochs. Following the adaptive
stage, the learning rate remained constant.
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Figure 7.10: Training Time and Mean Square Error for Convolutional Autoencoder of Unsteady 2D Viscous Burgers’ Equations
for Different Spatial Resolutions

Figure 7.11: Relative Error of Surrogate Primal Velocity Magnitude Snapshot of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 64 Spatial Elements

The MSE loss for the training and validation sets and the learning rate evolution is shown in Figure 7.9
for a spatial resolution of Nz×Ny = 128×64 elements. After the optimization process, the training and
validation MSE stabilize at approximately O(10−6). The use of the adaptive learning rate enabled the
exploration of a broader region around potential local minima. The MSE convergence for the training
set at the end of the adaptive stage was much smoother than in the previous test cases. Thus, a higher
number of epochs was unnecessary as the loss function was fully converged for the total number of
epochs selected.

The training time and optimal MSE are shown in Figure 7.10 for the spatial resolutions considered. The
training time remained constant for coarse spatial grids but increased exponentially for higher spatial
resolutions. This behaviour arose from the increasing GPU memory and computational requirements
needed as the spatial resolution increased. The MSE decreased for lower spatial resolutions while
reaching a plateau at moderate spatial refinement levels. This trend could be attributed to the latent
space selection for the spatial resolutions considered. A lower MSE value could be achieved for finer
grids if a higher latent space dimension was selected.

Once training was complete, the CAE was used to construct a surrogate primal velocity. As a final step,
the periodic and Dirichlet BCs were reapplied in the spanwise and wall-normal directions respectively.
The training performance for the other spatial resolutions is provided in section A.3.

7.2.3. Performance Assessment
The performance of the surrogate primal velocities is now assessed. The relative error of the surrogate
velocity magnitudes is shown in Figure 7.11 for a spatial resolution of Nz × Ny = 128 × 64 elements
and a time step t = T . The POD relative error was approximately O(10−2) while the CAE achieved a
lower relative error of O(10−3). Additionally, the CAE error field was more localized than the POD one.
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Figure 7.12: Relative Error of Surrogate Vorticity Magnitude Snapshot of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 64 Spatial Elements

Figure 7.13: Surrogate Mean Primal Velocities and Reynolds Stresses of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 64 Spatial Elements

A similar analysis was conducted for the vorticity magnitude. The relative error of the surrogate vorticity
magnitudes is evaluated in Figure 7.12 for a spatial resolution of Nz ×Ny = 128× 64 elements and a
time step t = T . The POD achieved a relative error of approximately O(10−2), while the CAE attained
a lower relative error of O(10−3). However, the relative error field of both methods was similar in terms
of sparseness.

The Reynolds decomposition was applied to the surrogate velocities. The resulting mean components
and Reynolds stresses computed from the surrogate solutions are shown in Figure 7.13 for a spatial
resolution of Nz × Ny = 128 × 64 elements at a spanwise coordinate z = π/2. For reference, the
FEM components computed are included for comparison. All methods effectively captured the mean
components and Reynolds stresses. Deviations were not observed for either method.

A FFT was applied to the surrogate fluctuating components in the spanwise direction. The spectral
energy density was then computed from the surrogate Fourier coefficients. For a spatial resolution
of Nz × Ny = 128 × 64 elements, the relative error of the mean wall-based energy spectra is shown
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Figure 7.14: Relative Error of Mean Wall-Based 1D Energy Spectrum for Surrogate Primal Solutions of Unsteady 2D Viscous
Burgers’ Equations with Nz ×Ny = 128× 64 Spatial Elements (Spanwise Component on Top and Wall-Normal on Bottom)

Figure 7.15: Evaluation Metrics of Surrogate Primal Solutions of Unsteady 2D Viscous Burgers’ Equations for Different Spatial
Resolutions

in Figure 7.14. Both the spanwise and wall-normal components are displayed. The POD exhibited
errors of approximately O(10−5) for the lowest wavelengths, corresponding to higher wavenumbers.
As in the previous test case, this was attributed to the snapshot matrix truncation. On the contrary, the
CAE presented errors of the same order but for the highest wavelengths. However, the equal order
of magnitude observed was due to the definition of the relative error employed: since the error was
normalized by the maximum value of the true solution, regions with a higher absolute value were more
pronounced than regions with an absolute value closer to zero. Thus, even though the POD provided
slightly more accurate energy spectra for larger wavelengths, the CAE prediction for lower wavelengths
was much more accurate.

The evaluation parameters, including CR, computational time, and MSE, are shown in Figure 7.15 for
the spatial resolutions considered. The computational time only included the time required for the primal
velocity prediction. The POD exhibited a constant value of the CR at lower spatial resolutions, with an
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increase observed for more refined spatial grids. For coarser spatial grids, the CR remained constant
due to the optimal rank being of the same order as the spatial resolution. The CAE demonstrated an
increase in CR for coarser grids, followed by a plateau at higher spatial resolutions. This behaviour
was due to the use of a single CAE architecture for the spatial resolutions considered, which resulted
in a proportional latent space size. The POD presented a higher computational cost for the spatial
resolutions considered, with a steeper growth rate compared to the CAE. This was due to the application
of SVD being more computationally demanding than the application of convolution filters. In terms of
accuracy, the CAE consistently outperformed the POD, achieving an MSE of approximately O(10−7)
for most spatial resolutions considered.

Ultimately, the CAE was the best method to construct a surrogate model of the primal velocity for the
spatial resolutions considered. This superiority was attributed to the ability of the CAE to accurately
reconstruct velocity and vorticity snapshots, preserve the energy spectrum and achieve the lowest
MSE compared to the POD. Additionally, the CAE exhibited higher compression capacities with a lower
computational overhead.

7.3. Adjoint Problem Formulation and Solution
The adjoint PDE was derived using the continuous technique. A local linearization around a specific
primal state uwas required due to the non-linearity of the Burgers’ equations. Starting from the residual
of the primal PDE, the residual sensitivity was defined as follows:

R′[u](δu) =
∂(δu)

∂t
+ (δu) · ∇u+ u · ∇(δu)− 1

Reτ
∇2(δu) (7.10)

where R is the primal residual, and δu is an infinitesimal variation of the primal velocity. Based on
the generalized form of the continuous adjoint equation, integration by parts was applied to derive the
corresponding adjoint operator:

J ′[u](δu) =

∫
I

∫
Ω

ψ ·
(
∂(δu)

∂t
+ (δu) · ∇u+ u · ∇(δu)− 1

Reτ
∇2(δu)

)
dΩdI

=

∫
I

∫
Ω

(
−∂ψ
∂t

− u · ∇ψ − 1

Reτ
∇2ψ

)
· (δu) dΩdI +

[∫
Ω

ψ · (δu) dΩ
]
∂I

+
1

Reτ

[∫
I

ψ · ∇(δu) dI

]
∂Ω

(7.11)

This process yielded the adjoint PDE along with the associated BCs and IC:


−∂ψ
∂t

− u · ∇ψ − 1

Reτ
∇2ψ = g, (x, t) ∈ Ω× I

ψ(x, t) = 0, (x, t) ∈ ∂ΩWall × I

ψ(x, T ) = 0, x ∈ Ω

(7.12)

where g = dJ/du = 2(e−50(y−δ/2)2 + e−50(y+δ/2)2)u is the adjoint forcing term and the periodic BCs
were preserved in the spanwise direction. As expected, the backwards marching of the adjoint velocity
was concluded from the negative sign preceding the partial time derivative and the IC at t = T . Also,
the linearity of the adjoint PDE was observed. The adjoint problem was solved using the implemented
solver. As for the primal problem, the adjoint weak formulation must be derived. By considering weight-
ing functions q ∈ Vψ, the following variational formulation was obtained after integration by parts:

∫
Ω

(
−∂ψ
∂t

⊙ q − (u · ∇ψ)⊙ q + 1

Reτ
(∇ψ ⊙∇q)− g ⊙ q

)
dΩ = 0 (7.13)
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Figure 7.16: Adjoint Velocity Magnitude Snapshot of Unsteady 2D Viscous Burgers’ Equations with Nz ×Ny = 128× 64
Spatial Elements

Figure 7.17: Mean Adjoint Velocities and Reynolds Stresses of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 64 Spatial Elements

Piece-wise continuous linear triangular elements were selected as the finite elements for the spatial
discretization of the adjoint problem. The solving environment using FEniCS was the same as for the
primal problem.

A snapshot of the FEM adjoint velocity magnitude ψ is shown in Figure 7.16 for Nz × Ny = 128 × 64
spatial elements and a time step t = 0. The adjoint velocity was concentrated in the log-law regions,
due to the imposed adjoint forcing term.

The Reynolds decomposition was used to decompose each adjoint velocity component ψj = ψj + ψ′
j

into a statistically-averaged componentψj and a fluctuating componentψ′
j . The latter components were

evaluated in Reynolds stress form. The wall-based components ψ+

j and adjoint Reynolds stresses are
presented in Figure 7.3 for Nz × Ny = 128 × 64 spatial elements at a spanwise coordinate z = π/2.
Both the mean components and adjoint Reynolds stresses were concentrated in the log-law regions,
influenced by the adjoint forcing term. The magnitude of the adjoint Reynolds stress was lower than
the one presented by the primal components. This was attributed to the linearity of the adjoint prob-
lem. Moreover, the wall-normal adjoint velocity component ψy exhibited a higher magnitude than the
spanwise component ψz, both in terms of the mean components and Reynolds stresses. This was due
to the presence of sweeps, ejection and burst events associated with turbulent streaks in the flowfield.
Sweeps, ejections and bursts contribute to the production of TKE and are linked to the streamwise and
wall-normal primal velocity fluctuations [94]. As the adjoint velocity reflects the sensitivity of the chosen
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Figure 7.18: Relative Error of Surrogate Adjoint Velocity Magnitude Snapshot of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 64 Spatial Elements

Figure 7.19: Surrogate Mean Adjoint Velocities and Reynolds Stresses of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 64 Spatial Elements

QoI, it was expected for the component ψy to be more significant than the component ψz. It was antic-
ipated that a larger temporal domain would result in a more symmetric distribution of the adjoint mean
velocities and Reynolds stresses about the channel centerline.

Adjoint velocities were computed with the surrogate primal velocities. The relative error in the surrogate
adjoint velocity magnitudes is presented in Figure 7.11 for a spatial resolution of Nz × Ny = 128 × 64
elements and a time step t = 0. The relative error of the POD was approximately O(10−3), whereas
the CAE achieved a lower relative error of O(10−4). The POD error field was more localized compared
to the CAE field. The superior accuracy of the CAE was due to a more accurate prediction of the primal
velocity. Despite these observations, both methods were capable of providing an accurate adjoint
velocity snapshot.

The Reynolds decomposition was applied to the surrogate adjoint velocities. The surrogate mean
adjoint velocity components and Reynolds stresses are shown in Figure 7.13 for a spatial resolution
of Nz × Ny = 128 × 64 elements at a spanwise coordinate z = π/2. For reference, the components
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Figure 7.20: Mean Square Error of Surrogate Adjoint Velocities of Unsteady 2D Viscous Burgers’ Equations for Different
Spatial Resolutions

Figure 7.21: Primal Injected Residual Temporal Mean and Standard Deviation of Unsteady 2D Viscous Burgers’ Equations
with Nz ×Ny = 128× 64 Spatial Elements

obtained from the FEM velocity are included. All methods accurately captured the mean components
and Reynolds stresses, with the surrogate velocities matching the FEM results.

The MSE of the surrogate adjoint velocities relative to the FEM adjoint velocity is presented in Fig-
ure 7.20 for the spatial resolutions considered. Both methods exhibited a decreasing trend in error
with an increasing number of spatial elements, reaching a plateau at the highest spatial resolutions.
However, the CAE consistently outperformed the POD for the spatial resolutions considered. The per-
formance of the methods proposed for the adjoint velocity resembled their accuracy in constructing
surrogate primal velocities. This was attributed to the linear nature of the adjoint PDE and the linearity
of the adjoint forcing term to the primal velocity.

7.4. Adjoint-Based Error Estimation
Adjoint-based error estimation requires the primal and adjoint solutions in coarse and fine spaces. A lin-
ear interpolation of the coarse primal solution, defined in the coarse function space VH , was performed
into the fine function space Vh to obtain an injected primal solution. The fine-space strong residual
was then evaluated with the injected primal solution. The strong residual and error estimates were
evaluated within a Discontinuous Galerkin (DG) function space, with basis functions defined indepen-
dently within each finite element. As in the previous test cases, the primal BCs were reinforced and
the required derivatives to compute the residual were projected into quadratic function spaces.

The temporal mean and standard deviation of the fine-space residual magnitude computed with the
injected primal solution are shown in Figure 7.21 for Nz ×Ny = 128× 64 coarse-space elements. The
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Figure 7.22: Relative Error of Surrogate Primal Injected Residual Temporal Mean and Standard Deviation of Unsteady 2D
Viscous Burgers’ Equations with Nz ×Ny = 128× 64 Spatial Elements (Spanwise Component on Top and Wall-Normal on

Bottom)

Figure 7.23: Mean Square Error of Surrogate Primal Injected Residuals of Unsteady 2D Viscous Burgers’ Equations for
Different Spatial Resolutions

temporal mean of the injected residual presented a magnitude of approximately O(10−2), with peaks
observed near the walls. This behaviour was attributed to the need for higher refinement near the walls
to accurately resolve large velocity gradients. The standard deviation of the residual was comparable
to the temporal mean, highlighting the unsteadiness of the flowfield.

The relative error in terms of temporal mean and standard deviation of the surrogate injected residuals
are presented in Figure 7.22 for Nz × Ny = 128 × 64 spatial elements. The relative error of the POD
was approximately O(10−3), whereas the CAE achieved a lower relative error of O(10−4). Additionally,
the POD error field was more sparse than the CAE field.

The MSE of the surrogate injected residuals is presented in Figure 7.23 for the spatial resolutions
considered. Both methods exhibited a monotonic decrease in MSE as the number of spatial elements
increased. For the lowest spatial resolutions, the POD was the most accurate method, while the CAE
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Figure 7.24: Quantity of Interest and Error Estimates of Surrogate Solutions of Unsteady 2D Viscous Burgers’ Equations for
Different Spatial Resolutions

Figure 7.25: Time-Averaged Error Indicators of Unsteady 2D Viscous Burgers’ Equations with Nz ×Ny = 128× 64 Spatial
Elements

proved to be more accurate for finer spatial grids.

Following the computation of the refined adjoint velocity and fine-space primal injected residual, the
time-averaged adjoint-based error estimates δJ̄est were calculated for the FEM and surrogate veloci-
ties. The time-averaged adjoint-corrected QoIs J̄ + δJ̄est, the adjoint-based error estimates δJ̄est and
the absolute error in the true output error

∣∣δJ̄est − δJ̄
∣∣ are presented in Figure 7.24 for the methods pro-

posed and spatial resolutions considered. Both methods successfully predicted the adjoint-corrected
QoI and the adjoint-based error estimates for the spatial resolutions considered. At lower spatial reso-
lutions, the linearization error O(δu2) inherent in non-linear problems was evident in the error between
the true error estimate J̄h − J̄H and the computed error estimates. This discrepancy was attributed to
the primal velocity being underresolved. However, the influence of the linearization error was negligible
for the finest spatial grid.

Local error indicators were computed which could be used to evaluate their suitability for mesh adapta-
tion strategies. A time-averaged local error indicator was considered as the introduced by the temporal
discretization scheme were negligible. The time-averaged error indicator field is shown in Figure 7.25
for a spatial resolution of Nz × Ny = 128 × 64 elements. The error field was concentrated in the log-
law regions, reflecting the characteristics of the adjoint velocity. The influence of the injected residual
was evident as well, as areas where the injected residual was significant exhibited a significant error
indicator.



7.4. Adjoint-Based Error Estimation 80

Figure 7.26: Time-Averaged Error Indicators of Surrogate Solutions of Unsteady 2D Viscous Burgers’ Equations with
Nz ×Ny = 128× 128 Spatial Elements

The relative error of the surrogate time-averaged error indicators with respect to the FEM result is
presented in Figure 7.26 for Nz ×Ny = 128× 64 spatial elements. The POD exhibited a relative error
of approximately O(10−3) while the CAE achieved a relative error of O(10−4). The relative error field
of both methods was similar in terms of sparseness.

Both the POD and CAE were able to accurately compute the adjoint-based error estimates for the
spatial resolutions considered. Regarding the local error indicator field, the CAE was the most accurate.
The CAE consistently demonstrated a higher CR for the spatial resolutions considered, except for the
most refined spatial grid. AdaptiveMeshRefinement (AMR) is particularly important for coarser meshes.
In this context, the CAEwas the best method due to its superior accuracy and higher CR for lower spatial
resolutions. For higher spatial resolutions, the PODwas the most suitable method, offering comparable
accuracy to the CAE with a higher CR. As it was mentioned in the previous test case, the CR of the
CAE could be easily adjusted by modifying the latent space size.



8
Conclusions and Future Work

In this chapter, the conclusions drawn from the obtained results are summarized and the research
questions and objectives presented in the introductory chapter are addressed. The chapter closes with
a section on future work and recommendations highlighting potential avenues for further development
and improvement of the research presented.

Within error estimation methods, adjoint-based error estimation is considered the most accurate with
respect to a user-defined Quantity of Interest (QoI) but it incurs the highest computational cost [7]. For
unsteady non-linear problems such as the Navier-Stokes equations, the entire primal solution must be
stored on disk to solve the adjoint problem. As a result, careful management of storage requirements
is necessary. This research aimed to mitigate the substantial storage requirements associated with
unsteady adjoint-based error estimation by the creation of a surrogate model of the primal solution.
Three methodologies were proposed: a Convolutional AutoEncoder (CAE), an Echo State Network
(ESN) and a hybrid approach of the first two, referred to as CAE-ESN. An offline variant of Proper
Orthogonal Decomposition (POD) served as a baseline for comparison with the deep learning tech-
niques. These methods were evaluated for their ability to construct a surrogate primal solution and for
their effectiveness in accurately capturing the adjoint-based error estimate.

8.1. Conclusions
Firstly, a manufactured solution of the unsteady one-dimensional (1D) viscous Burgers’ equation was
employed as a verification tool for the computational framework. The POD presented the highest com-
pression capabilities due to the retention of a unit optimal rank, as established in previous studies [6,
51]. Also, the POD provided the lowest computational overhead due to the low dimensionality of the
problem. The training time was not included in the computational time of the deep learning techniques.
All methodologies proposed were able to provide an accurate representation of the primal solution.
Nonetheless, the ESN was the most accurate due to its training being a linear regression problem.
However, the POD presented an accuracy similar to the ESN for higher spatial resolutions. Globally,
the ESN was the best method for coarser spatial grids as it was the most accurate method with a rea-
sonable compression rate. For finer spatial grids, the PODwas the most suitable method, as it provided
higher compression capabilities and an accuracy similar to that of the ESN. In the adjoint-based error
estimation framework, the ESN and POD were the preferred methods for the lowest and highest spatial
resolutions, respectively. Additionally, the CAE-based approaches were able to accurately capture the
adjoint-based error estimate, with minor deviations observed for the CAE-ESN for finer spatial grids.
These methods accurately predicted the adjoint solution but struggled to accurately capture the primal
injected residual. The inaccuracy present in the injected residual predicted by the CAE-based methods
led to errors in the magnitude of the time-averaged error indicator fields. This error was attributed to
the error indicators being more sensitive to outliers than the adjoint-based error estimate. Despite this,
all methods proposed provided an error indicator field which effectively identified areas in the spatial
grid for refinement or coarsening.
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Secondly, the unsteady 1D viscous Burgers’ equation was forced by a Turbulent Channel Flow (TCF)
dataset at a friction Reynolds number of Reτ = 180 to produce the wall-normal velocity component.
For this problem, the ESN-based methods demonstrated the highest compression capabilities. The
latent space size of the CAE was selected to be equal to the POD optimal rank, thus their compression
rates were equivalent. The CAE presented the lowest computational cost while the POD displayed the
steepest growth rate in computational cost as the number of spatial elements increased. The CAE was
the most accurate method, while the POD had a similar accuracy for finer spatial grids. Regarding the
energy spectrum, the POD exhibited the lowest cut-off wave number due to the snapshot matrix trunca-
tion. Nonetheless, the ESN was the best method to accurately predict the energy spectrum. Globally,
the CAE was the best method to construct a surrogate primal solution as it was the most accurate and
presented the lowest computational cost. Within the framework of adjoint-based error estimation, the
CAE and POD were the preferred methods for coarser and finer spatial grids, respectively. Conversely,
the ESN-based approaches struggled to provide an accurate error estimate due to their difficulty in cap-
turing the primal injected residual. This difficulty was attributed to the lack of backward propagation in
the ESN methodology and the insufficient temporal information to retrieve meaningful statistics from
the flowfield. Despite these limitations, the error indicators produced by the ESN-based methods were
effective in identifying the elements necessary for mesh adaptation. This behaviour was due to the
characteristics of the primal injected residual of this test case.

Thirdly, the unsteady 2D viscous Burgers’ equation was forced by the TCF dataset used in the previous
test case to produce the spanwise and wall-normal velocity components. The high dimensionality of
this test case rendered the ESN unsuitable, while the limited time interval considered also the CAE-
ESN unsuitable. Furthermore, a POD method was developed that incurred lower computational costs
compared to the application of SVD to one single snapshot matrix. In the developed approach, SVD
was applied individually to snapshot matrices defined at each wall-normal coordinate. In terms of
compression capabilities, the CAE was the best method for lower spatial resolutions while the POD
had a better performance for the most refined spatial grid. Despite the development of a new POD
method, the CAE still presented a lower computational overhead. The CAE also demonstrated superior
accuracy in representing the primal solution. In terms of energy spectra, the CAE provided a higher
cut-off wavenumber than the POD. Globally, the CAE was the most efficient method, as it was the most
accurate with the lowest computational overhead and higher compression capabilities for coarser and
moderate spatial grids. Regarding adjoint-based error estimation, bothmethods were able to accurately
predict the error estimate and the error indicator fields. This was due to the less complex nature of the
selected QoI compared to the previous test case. However, the CAE was still able to provide a more
accurate representation of the adjoint solution and primal injected residual.

Ultimately, this investigation highlighted the potential of the CAE to outperformmore traditional methods,
such as the POD, in the context of unsteady adjoint-based error estimation. When the compression
rates of the CAE and PODwere equivalent, the CAE was able to provide a more accurate adjoint-based
error estimate for coarser spatial grids. AMR is particularly important for coarser spatial meshes, where
accurately representing the physics of the problem is difficult but much of the computational cost can
be saved. As a result, the CAE was found to be the best method due to its efficiency. Even when
the compression rate of the CAE was superior to the POD, the CAE outperformed the POD with a
more accurate representation of the primal solution and the error estimate with lower computational
overhead. Additionally, ESN-based methods failed to produce accurate adjoint-based error estimates.
This deficiency was attributed to the absence of backward propagation in their methodology and the
limited time intervals considered in the test cases, which restricted the retrieval of meaningful statistical
information.

8.2. Future Work and Recommendations
This research explored different methodologies to construct a surrogate primal solution within the frame-
work of unsteady adjoint-based error estimation. Based on the results of this research, the following
recommendations are proposed to enhance and extend the presented work.

In the context of unsteady adjoint-based error estimation, the results of this research highlighted the
potential of the CAE to outperform more traditional methods, such as the POD. An offline variant of the
POD was considered. However, further investigation is necessary to evaluate the performance of the
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CAE in comparison to optimized POD methodologies, such as an enhanced online POD [6].

The variational problems derived were solved using the legacy FEniCS1 package. However, this frame-
work was not optimal for the high-dimensional problem considered as it demanded high computational
resources. Additionally, the implementation was challenging due to the limited availability of documen-
tation. An alternative is the newer version, FEniCSx, which offers significant improvements in paralleliza-
tion. These improvements could alleviate the computational overhead required for high-dimensional
problems. However, the lack of documentation is still an issue. Another potential option is the OpenFOAM
2 environment. A more efficient solver could enable the consideration of larger temporal domains in the
test cases. As a result, the ESN-based approaches may exhibit an improvement in their performance
as more statistically-representative data would be available.

Although the CAE was the best method for the chaotic test cases investigated, there was room for
improvement in its architecture and optimization process. A simple architecture was employed, which
sufficed for the test cases considered. However, the use of more complex architectures could yield even
better results. For instance, a mode-decomposing autoencoder [36] could improve the interpretability
of the CAE’s output modes by employing different decoders for the same latent space. Additionally,
hierarchical autoencoders [38] extend the mode-decomposing approach by incorporating multiple en-
coders. This extension allows for the ordering of latent space modes based on their contribution to
the reconstructed field. This not only improves the interpretability of the latent space modes but could
also improve the compression capabilities of the CAE. In terms of the optimization procedure, alterna-
tive schedulers could be employed for the adaptive learning rate. In this research, a decaying linear
learning rate was used which was sensitive to its parameters. These were selected based on trial
and error. An alternative approach could be the use of a scheduler which automatically reduces the
learning rate when a specified metric, like the loss function, plateaus. This type of scheduler is im-
plemented in PyTorch and would circumvent the trial and error approach used in this research for the
adaptive learning rate. Furthermore, the loss function could be reformulated as a metric with a physi-
cal meaning. One possibility is embedding physical constraints directly into the loss function [33, 37].
In the context of adjoint-based error estimation, the primal residual could be used as a loss function.
While this approach could yield a more accurate primal solution and primal residual, it would increase
the computational cost of the optimization process due to the need to evaluate derivatives of the input
layer of the CAE.

The ESN-based approaches were found to be sub-optimal for the chaotic test cases, due to their inabil-
ity to accurately capture the primal injected residual. This was attributed to the limited temporal domain
considered. One potential solution could be the implementation of a new ESN to predict the primal
injected residual. However, this would have an impact on the compression capabilities of the ESN. As
the ESN-based methods demonstrated higher compression rates and lower computational overhead
compared to other approaches, this approach could still be viable. For higher-dimensional cases, this
approach might not be viable due to the inherent challenges posed by the high-dimensionality con-
straints of the ESN. Another alternative could be the use of a more robust Recurrent Neural Network
(RNN) architecture. One example is the long short-term memory network, which uses backward prop-
agation during the optimization procedure. Such networks could also be integrated with the CAE to
develop a hybrid approach [74, 75]. This combined methodology has the potential to achieve higher
compression capabilities with improved performance. However, an increase in the computational cost
is anticipated which must be balanced against the increase in performance.

Lastly, another significant limitation in adjoint-based error estimation is the high computational cost
due to the need for a refined adjoint solution. While this investigation focused solely on the storage
requirements, the computational cost of the fine adjoint solution remains an important challenge. One
potential solution to address both limitations is the incorporation of super-resolution Artificial Neural
Networks (ANNs) [7] into the CAE architecture. This integration could enable the approximation of the
fine-space primal solution without the need to directly run the primal solver. As a result, the computa-
tional cost associated with the fine-space adjoint solution could be reduced, while also alleviating the
storage requirements for unsteady non-linear problems.

1https://fenicsproject.org
2https://www.openfoam.com

https://fenicsproject.org
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A
Convolutional Autoencoder
Architectures and Training

A.1. Manufactured Solution
Table A.1: Convolutional Autoencoder Architecture of Manufactured Solution for Nx = 8 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 5,264 Number of Trainable Parameters: 5,257

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (8, 7) Linear (In,Out) = (8, 16)

ReLU Activation Function (16)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 4) Linear (In,Out) = (16, 32)

ReLU Activation Function (32)

Convolution (Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (32, 3)

Transpose
Convolution

(Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 3)

Convolution (Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 1)

Transpose
Convolution

(Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (16, 4)

Linear (In,Out) = (32, 16)
ReLU Activation Function (16)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (8, 7)

Linear (In,Out) = (16, 8) (8)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (1, 8)

Table A.2: Convolutional Autoencoder Architecture of Manufactured Solution for Nx = 16 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 8,368 Number of Trainable Parameters: 8,361

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (8, 15) Linear (In,Out) = (8, 16)

ReLU Activation Function (16)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 8) Linear (In,Out) = (16, 32)

ReLU Activation Function (32)

Convolution (Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (32, 5)

Transpose
Convolution

(Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 3)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 3)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 5)

Convolution (Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 1)

Transpose
Convolution

(Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (16, 8)

Linear (In,Out) = (32, 16)
ReLU Activation Function (16)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (8, 15)

Linear (In,Out) = (16, 8) (8)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (1, 16)
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Table A.3: Convolutional Autoencoder Architecture of Manufactured Solution for Nx = 64 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 14,576 Number of Trainable Parameters: 14,569

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (8, 63) Linear (In,Out) = (8, 16)

ReLU Activation Function (16)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 32) Linear (In,Out) = (16, 32)

ReLU Activation Function (32)

Convolution (Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (32, 17)

Transpose
Convolution

(Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 3)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 9)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 5)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 5)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 9)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 3)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 17)

Convolution (Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 1)

Transpose
Convolution

(Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (16, 32)

Linear (In,Out) = (32, 16)
ReLU Activation Function (16)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (8, 63)

Linear (In,Out) = (16, 8) (8)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (1, 64)

Table A.4: Convolutional Autoencoder Architecture of Manufactured Solution for Nx = 128 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 17,680 Number of Trainable Parameters: 17,673

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (8, 127) Linear (In,Out) = (8, 16)

ReLU Activation Function (16)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 64) Linear (In,Out) = (16, 32)

ReLU Activation Function (32)

Convolution (Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (32, 33)

Transpose
Convolution

(Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 3)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 17)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 5)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 9)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 9)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 5)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 17)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 3)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 33)

Convolution (Size,Stride,Padding) = (3, 0, 0)
ReLU Activation Function (32, 1)

Transpose
Convolution

(Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (16, 64)

Linear (In,Out) = (32, 16)
ReLU Activation Function (16)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (8, 127)

Linear (In,Out) = (16, 8) (8)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (1, 128)

Figure A.1: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Manufactured Solution for Nx = 8
Spatial Elements
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Figure A.2: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Manufactured Solution for Nx = 16
Spatial Elements

Figure A.3: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Manufactured Solution for Nx = 64
Spatial Elements

Figure A.4: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Manufactured Solution for Nx = 128
Spatial Elements
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A.2. Unsteady 1D Viscous Burgers' Equation
Table A.5: Convolutional Autoencoder Architecture of Unsteady 1D Viscous Burger’s Equation for Ny = 16 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 3,750 Number of Trainable Parameters: 3,865

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (8, 15) Linear (In,Out) = (14, 160)

ReLU Activation Function (160)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 8)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 8)

Convolution (Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (32, 5)

Transpose
Convolution

(Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (8, 15)

Linear (In,Out) = (160, 14) (14)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (1, 16)

Table A.6: Convolutional Autoencoder Architecture of Unsteady 1D Viscous Burger’s Equation for Ny = 32 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 16,692 Number of Trainable Parameters: 16,921

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (4, 1, 1)
ReLU Activation Function (8, 31) Linear (In,Out) = (28, 320)

ReLU Activation Function (320)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (16, 16)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 9)

Convolution (Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (32, 9)

Transpose
Convolution

(Size,Stride,Padding) = (2, 2, 1)
ReLU Activation Function (16, 16)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (64, 5)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (8, 31)

Linear (In,Out) = (320, 28) (28)
Transpose
Convolution (Size,Stride,Padding) = (4, 1, 1) (1, 32)

Table A.7: Convolutional Autoencoder Architecture of Unsteady 1D Viscous Burger’s Equation for Ny = 128 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 32,951 Number of Trainable Parameters: 33,289

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (6, 1, 2)
ReLU Activation Function (8, 127) Linear (In,Out) = (47, 432)

ReLU Activation Function (432)

Convolution (Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (16, 64)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 17)

Convolution (Size,Stride,Padding) = (4, 2, 2)
ReLU Activation Function (32, 33)

Transpose
Convolution

(Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (32, 33)

Convolution (Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (32, 17)

Transpose
Convolution

(Size,Stride,Padding) = (4, 2, 2)
ReLU Activation Function (16, 64)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (48, 9)

Transpose
Convolution

(Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (8, 127)

Linear (In,Out) = (432, 47) (47)
Transpose
Convolution (Size,Stride,Padding) = (6, 1, 2) (1, 128)
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Table A.8: Convolutional Autoencoder Architecture of Unsteady 1D Viscous Burger’s Equation for Ny = 256 Spatial Elements

Encoder Decoder
Number of Trainable Parameters: 36,055 Number of Trainable Parameters: 36,393

Layer Parameters Output Layer Parameters Output

Convolution (Size,Stride,Padding) = (6, 1, 2)
ReLU Activation Function (8, 255) Linear (In,Out) = (47, 432)

ReLU Activation Function (432)

Convolution (Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (16, 128)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 17)

Convolution (Size,Stride,Padding) = (4, 2, 2)
ReLU Activation Function (32, 65)

Transpose
Convolution

(Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 33)

Convolution (Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (32, 33)

Transpose
Convolution

(Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (32, 65)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (32, 17)

Transpose
Convolution

(Size,Stride,Padding) = (4, 2, 2)
ReLU Activation Function (16, 128)

Convolution (Size,Stride,Padding) = (3, 2, 1)
ReLU Activation Function (48, 9)

Transpose
Convolution

(Size,Stride,Padding) = (5, 2, 2)
ReLU Activation Function (8, 255)

Linear (In,Out) = (432, 47) (47)
Transpose
Convolution (Size,Stride,Padding) = (6, 1, 2) (1, 256)

Figure A.5: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 1D Viscous Burgers’
Equation for Ny = 16 Spatial Elements

Figure A.6: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 1D Viscous Burgers’
Equation for Ny = 32 Spatial Elements
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Figure A.7: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 1D Viscous Burgers’
Equation for Ny = 128 Spatial Elements

Figure A.8: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 1D Viscous Burgers’
Equation for Ny = 256 Spatial Elements

A.3. Unsteady 2D Viscous Burgers' Equation

Figure A.9: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 2D Viscous Burgers’
Equation for Nz ×Ny = 32× 16 Spatial Elements
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Figure A.10: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 2D Viscous Burgers’
Equation for Nz ×Ny = 64× 32 Spatial Elements

Figure A.11: Mean Square Error Loss and Learning Rate for Convolutional Autoencoder of Unsteady 2D Viscous Burgers’
Equation for Nz ×Ny = 256× 128 Spatial Elements





B
Echo State Network Optimization

B.1. Manufactured Solution

Figure B.1: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks of Manufactured Solution for Nx = 8 Spatial Elements and Nr = 1024 Reservoir Neurons

Figure B.2: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks of Manufactured Solution for Nx = 16 Spatial Elements and Nr = 1024 Reservoir Neurons
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Figure B.3: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks of Manufactured Solution for Nx = 64 Spatial Elements and Nr = 1024 Reservoir Neurons

Figure B.4: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks of Manufactured Solution for Nx = 128 Spatial Elements and Nr = 1024 Reservoir Neurons

B.2. Unsteady 1D Viscous Burgers' Equation

Figure B.5: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyper-Parameters for
Echo State Networks of Unsteady 1D Viscous Burgers’ Equation for Ny = 16 Spatial Elements and Nr = 512 Reservoir

Neurons
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Figure B.6: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyper-Parameters for
Echo State Networks of Unsteady 1D Viscous Burgers’ Equation for Ny = 32 Spatial Elements and Nr = 512 Reservoir

Neurons

Figure B.7: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyper-Parameters for
Echo State Networks of Unsteady 1D Viscous Burgers’ Equation for Ny = 128 Spatial Elements and Nr = 512 Reservoir

Neurons

Figure B.8: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyper-Parameters for
Echo State Networks of Unsteady 1D Viscous Burgers’ Equation for Ny = 256 Spatial Elements and Nr = 512 Reservoir

Neurons





C
Convolutional Autoencoder - Echo

State Network Optimization

C.1. Manufactured Solution

Figure C.1: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks Applied to Latent Space of Manufactured Solution for Nx = 8 Spatial Elements and Nr = 1024 Reservoir Neurons

Figure C.2: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks Applied to Latent Space of Manufactured Solution for Nx = 16 Spatial Elements and Nr = 1024 Reservoir Neurons
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Figure C.3: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks Applied to Latent Space of Manufactured Solution for Nx = 64 Spatial Elements and Nr = 1024 Reservoir Neurons

Figure C.4: Averaged Mean Square Error Gaussian Process Reconstruction and Optimal Hyper-Parameters for Echo State
Networks Applied to Latent Space of Manufactured Solution for Nx = 8 Spatial Elements and Nr = 128 Reservoir Neurons

C.2. Unsteady 1D Viscous Burgers' Equation

Figure C.5: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyper-Parameters for
Echo State Networks Applied to Latent Space of Unsteady 1D Viscous Burgers’ Equation for Ny = 16 Spatial Elements and

Nr = 512 Reservoir Neurons
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Figure C.6: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyper-Parameters for
Echo State Networks Applied to Latent Space of Unsteady 1D Viscous Burgers’ Equation for Ny = 32 Spatial Elements and

Nr = 512 Reservoir Neurons

Figure C.7: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyper-Parameters for
Echo State Networks Applied to Latent Space of Unsteady 1D Viscous Burgers’ Equation for Ny = 128 Spatial Elements and

Nr = 512 Reservoir Neurons

Figure C.8: Averaged Prediction Horizon (k = 1× 10−1) Gaussian Process Reconstruction and Optimal Hyper-Parameters for
Echo State Networks Applied to Latent Space of Unsteady 1D Viscous Burgers’ Equation for Ny = 256 Spatial Elements and

Nr = 512 Reservoir Neurons


	Preface
	Abstract
	List of Figures
	List of Tables
	List of Symbols
	List of Abbreviations
	Introduction
	Adaptive Mesh Refinement
	Error Estimation
	Metric-Based Error Estimation
	Residual-Based Error Estimation
	Adjoint-Based Error Estimation

	Research Questions and Objectives

	Adjoint-Based Error Estimation: Description and Limitations
	Primal Problem
	Adjoint Problem
	Primal and Adjoint Solutions in Unsteady Problems
	Adjoint-Based Error Estimation and Localization
	Limitations of Adjoint-Based Error Estimation

	Surrogate Modelling Techniques: Description and Applications
	Modal Decomposition Techniques
	Deep Learning Techniques
	Applications in Computational Fluid Dynamics

	Applications and Research in Adjoint-Based Error Estimation

	Framework and Methodology
	Computational Framework
	Benchmark: Proper Orthogonal Decomposition
	Convolutional Autoencoder
	Echo State Network
	Convolutional Autoencoder - Echo State Network

	Framework Verification: Manufactured Solution
	Primal Problem Formulation and Solution
	Primal Solution Surrogate Models
	Proper Orthogonal Decomposition
	Convolutional Autoencoder
	Echo State Network
	Convolutional Autoencoder - Echo State Network
	Performance Assessment

	Adjoint Problem Formulation and Solution
	Adjoint-Based Error Estimation

	Results: Unsteady 1D Viscous Burgers' Equation
	Primal Problem Formulation and Solution
	Primal Solution Surrogate Models
	Proper Orthogonal Decomposition
	Convolutional Autoencoder
	Echo State Network
	Convolutional Autoencoder - Echo State Network
	Performance Assessment

	Adjoint Problem Formulation and Solution
	Adjoint-Based Error Estimation

	Results: Unsteady 2D Viscous Burgers' Equation
	Primal Problem Formulation and Solution
	Primal Solution Surrogate Models
	Proper Orthogonal Decomposition
	Convolutional Autoencoder
	Performance Assessment

	Adjoint Problem Formulation and Solution
	Adjoint-Based Error Estimation

	Conclusions and Future Work
	Conclusions
	Future Work and Recommendations

	References
	Convolutional Autoencoder Architectures and Training
	Manufactured Solution
	Unsteady 1D Viscous Burgers' Equation
	Unsteady 2D Viscous Burgers' Equation

	Echo State Network Optimization
	Manufactured Solution
	Unsteady 1D Viscous Burgers' Equation

	Convolutional Autoencoder - Echo State Network Optimization
	Manufactured Solution
	Unsteady 1D Viscous Burgers' Equation


