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ABSTRACT

Traditional least-squares full-waveform inversion (FWI) suffers from severe local minima9

problems in case of the presence of strongly dispersive surface waves. Additionally, recorded10

wavefields are often characterized by amplitude errors due to varying source coupling and11

incorrect 3D-to-2D geometrical-spreading correction. Thus, least-squares FWI is considered12

less than suitable for near-surface applications. In this paper, we introduce an amplitude-13

unbiased coherency measure as a misfit function that can be incorporated into FWI. Such14

coherency was earlier used in phase-weighted stacking (PWS) to enhance weak but coherent15

signals. The benefit of this amplitude-unbiased misfit function is that it can extract infor-16

mation uniformly for all seismic signals (surface waves, reflections, and scattered waves).17

Using the adjoint-state method, we show how to calculate the gradient of this new misfit18

function. We validate the robustness of the new approach using checkerboard tests and19
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synthetic data contaminated by random noise. We then apply the new FWI approach to a20

field dataset acquired at an archaeological site located in Ostia, Italy. The goal of this sur-21

vey was to map the unexcavated archaeological remains with high-resolution. We identify22

a known tumulus in the FWI results. The instantaneous-phase coherency FWI results also23

establish that the shallow subsurface under the survey lines is quite heterogeneous. The24

instantaneous-phase coherency FWI of near-surface data can be a promising tool to image25

shallow small-scale objects buried under shallow soil covers, as found at archaeological sites.26

2
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INTRODUCTION

In recent years, 2D elastic full-waveform inversion (FWI) has evolved into a promising27

tool for various near-surface investigations. Tran et al. (2013) developed a 2D time-domain28

Gauss-Newton-based FWI and applied it for the detection of a sinkhole. The same approach29

has also been used in the investigation of roadway subsidence by Tran and Sperry (2018).30

Dokter et al. (2017) and Pan et al. (2019) applied 2D time-domain FWI to estimate a near-31

surface S-wave velocity structure by inverting recorded Love waves. Groos et al. (2017)32

applied 2D time-domain FWI to recorded shallow seismic wavefields. They successfully33

inverted Rayleigh waves and demonstrated the potential of 2D FWI in the reconstruction34

of shallow small-scale structures.35

Apart from the above-mentioned examples, the field-data application of 2D FWI for36

near-surface prospecting is still not very common. As pointed out by Virieux and Operto37

(2009), one principal challenge that limits the potential application of seismic FWI to38

near-surface characterization is how to define the proper minimization criteria in order to39

reduce the sensitivity of FWI to amplitude errors. Amplitude errors might be caused by40

inconsistent coupling effects at different source and receiver positions (Maurer et al., 2012;41

Kamei et al., 2015), non-uniform source amplitudes excited at different shot locations, noise,42

and inaccurate 3D-to-2D correction of the geometrical-spreading effects (Forbriger et al.,43

2014). If the amplitude information of the recorded wavefields is not reliable, the inverted44

results from FWI would be questionable. Therefore, geophysicists are trying to use phase45

information to constrain the subsurface structures in a more stable way (Bozdağ et al.,46

2011; Luo et al., 2018; Mao et al., 2019; Yuan et al., 2020).47

Phase information (instantaneous phase, φ(t)) contains the kinematic properties of the48

3
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wavefields and has a great potential to tackle the above-mentioned challenge. Fichtner49

et al. (2008) proposed an FWI approach based on the separation of phase and amplitude50

information in the time-frequency domain. By reducing the interaction between phase and51

amplitude, their method reduces non-linearities in FWI. Bozdağ et al. (2011) developed52

a similar concept but in the time domain, which avoids additional processing when com-53

pared with the time-frequency domain approach of Fichtner et al. (2008). However, the54

instantaneous-phase measurements involved in these approaches suffer from phase wrap-55

ping. Phase unwrapping is a challenging task, especially for noisy data (Yuan et al., 2020).56

To avoid the phase-wrapping problem, an alternative way is to implicitly measure the phase57

in the complex seismic traces. Luo et al. (2018) defined a misfit function based on the expo-58

nential phase difference (eiφ(t)) between observed and synthetic data. Subsequently, Yuan59

et al. (2020) analysed advantages and disadvantages of a misfit function based on the ex-60

ponential phase difference.61

In this paper, we propose a new misfit function based on the exponential phase in62

order to measure the coherency between measured and synthetic data. Using the theory63

of complex trace analysis, we show how to construct such a coherency measure from the64

exponential phase of the data, which is explicitly independent of the amplitude. This makes65

it possible to extract information uniformly for all components of seismic signals (surface66

waves, reflections, and scattered waves). Such a coherency measure is inspired by the67

concept of phase-weighted stacking (PWS) as proposed by Schimmel and Paulssen (1997)68

for weak but coherent signal detection. In the PWS, an amplitude-unbiased coherency is69

estimated from the exponential phase, which is then used to enhance the stacking of signals70

with similar instantaneous phase.71

In the following sections, we first present the theory of FWI based on instantaneous-72

4
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phase coherency. Through numerical examples, we validate the effectiveness of the new73

approach using checkerboard tests and synthetic data with random noise. Finally, we test74

our new approach on field data recorded at an archaeological site located in Ostia, Italy.75

METHODOLOGY

We first describe the basic theory of the instantaneous-phase coherence, which is used to76

measure the similarity between two signals. After reviewing the basic theory of FWI,77

we present the details on how to calculate the gradient of the misfit function based on78

instantaneous-phase coherency using the adjoint-state method (Tarantola, 1984; Tromp79

et al., 2004; Plessix, 2006).80

Instantaneous-phase coherence81

The PWS method is an efficient technique, first proposed by Schimmel and Paulssen (1997),82

to reduce incoherent noise from the data. This method permits the detection of weak83

but coherent signals. An amplitude-unbiased coherency measure is employed to enhance84

components of stacked signals that share the same instantaneous phase. We extended85

the use of such instantaneous-phase coherency measure in a misfit function, which can be86

incorporated in FWI. Following the notation of Schimmel and Paulssen (1997), a complex87

trace S(t) can be constructed by ascribing a seismic trace s(t) to the real part of S(t) and88

the Hilbert transform of s(t) to the imaginary part of S(t):89

S(t) = s(t) + iH{s(t)}. (1)

The complex trace S(t) in equation 1 can also be written in following form:90

5

Page 5 of 48 GEOPHYSICS

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

This paper presented here as accepted for publication in Geophysics prior to copyediting and composition. 
© 2022 Society of Exploration Geophysicists

D
ow

nl
oa

de
d 

05
/1

0/
22

 to
 1

31
.1

80
.2

31
.1

28
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

S
E

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/p

ag
e/

po
lic

ie
s/

te
rm

s
D

O
I:1

0.
11

90
/g

eo
20

21
-0

46
7.

1



S(t) = A(t)eiφ(t), (2)

where A(t) is the instantaneous amplitude which can be obtained as:91

A(t) =
√
s2(t) +H2{s(t)}, (3)

and φ(t) is the instantaneous phase, and it can be calculated as follows:92

φ(t) = arctan
H{s(t)}
s(t)

. (4)

However, the arc-tangent operator in equation 4 can cause a serious phase-wrapping93

problem (Bozdağ et al., 2011; Yuan et al., 2020). To avoid this, the instantaneous phase is94

implicitly estimated as:95

eiφ(t) =
S(t)

A(t)
=

s(t) + iH{s(t)}√
s2(t) +H2{s(t)}

. (5)

Schimmel and Paulssen (1997) defined the phase stack as a coherency measure, where96

amplitudes of the complex traces are not involved. The amplitude of the phase stack ranges97

between zero and one. If the instantaneous phases of all traces are perfectly coherent, then98

the corresponding value of the phase stack equals one. If the instantaneous phases of all99

traces vary significantly, the phase stack will be approximately zero.100

Based on these principles and also on the phase cross-correlation concept presented in101

Schimmel et al. (2010), we define the following coherency measure that can be directly102

incorporated as a misfit function used in FWI:103

6
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J(t) =
1

4

{∣∣∣eiφ1(t) − eiφ2(t)∣∣∣2 − ∣∣∣eiφ1(t) + eiφ2(t)
∣∣∣2} , (6)

where φ1(t) and φ2(t) denote the instantaneous phase of the observed and the synthetic104

seismic traces, respectively. In the complex plane, the amplitude of J(t) can be represented105

by the difference (subtraction) between the length of the black vector and that of the blue106

vector shown in Figure 1. When two signals have significantly different instantaneous phase107

(Figure 1a), the amplitude of J(t) has a positive value close to one. If the two signals have108

similar instantaneous phase (Figure 1b), the amplitude of J(t) has a negative value close to109

minus one. Therefore, J(t) can be used in FWI as a misfit function to iteratively update the110

model parameters till the value of J(t) is minimum, which will imply that the instantaneous111

phases of the observed and the synthetic data are then similar.112

[Figure 1 about here.]113

Using the theory of complex analysis, equation 6 can also be written as114

J(t) =
1

2

∑
s,r

∫ T

0


∣∣∣∣∣sin

(
φ1(t)− φ2(t)

2

)∣∣∣∣∣
2

−
∣∣∣∣∣cos

(
φ1(t)− φ2(t)

2

)∣∣∣∣∣
2
 dt, (7)

where φ1(t) and φ2(t) are the instantaneous phases of the measured and the synthetic data,115

respectively. Note that equation 7 also suffers from local minima problem as conventional116

least-squares FWI. However, our misfit function mainly focuses on matching the instanta-117

neous phase between the measured and synthetic data, which indicates that it would be118

robust to amplitude errors and thus it is suitable for field-data applications.119

We now illustrate why our approach is robust to amplitude errors. For this purpose,120

we analyse Gaussian signals. In Figure 2a, the black line denotes a Gaussian signal with a121

7
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peak frequency of 5 Hz, while the red dashed line represents the same Gaussian signal with122

10% random noise. Figure 2b illustrates the instantaneous phase of the two signals shown123

in Figure 2a. Compared with the instantaneous phase of a clean Gaussian signal (black line124

in Figure 2b), we encounter obvious phase-wrapping effects for the noisy Gaussian signal125

(red dashed line in Figure 2b). Figures 2c and 2d show the real and imaginary parts of the126

exponentiated phase of the Gaussian signal with and without random noise, respectively.127

Comparing Figures 2c and 2d with Figure 2b, we notice that the exponentiated phase is128

more robust to random noise. Thus, the exponentiated phase makes FWI based on the129

instantaneous-phase coherency advantageous in handling noisy field data that contain also130

amplitude errors.131

[Figure 2 about here.]132

Overview of FWI133

FWI consists of a forward-modeling step to generate the synthetic data and a nonlinear134

inversion process to update the model parameters by minimizing a chosen misfit func-135

tion which is a measure of the difference between synthetic and recorded data. Using the136

adjoint-state method (Tarantola, 1984; Tromp et al., 2004; Plessix, 2006), the gradient of the137

misfit function with respect to the model parameters can be effectively computed through138

zero-lag crosscorrelation of a forward wavefield with the adjoint wavefield generated by139

back-propagating the residual wavefield at each receiver simultaneously. A gradient-based140

method, such as the nonlinear conjugate gradient (NLCG), can then be used to solve iter-141

atively the nonlinear inverse problem.142

The classic FWI formulation (Tarantola, 1984) uses the misfit function in the form of143

8
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least-squares norm of the residuals between measured and synthetic data, which can be144

written as:145

J1(m) =
1

2

∑
s,r

∫ T

0

(
d1(xs,xr, t)− d2(xs,xr,m, t)

)2
dt, (8)

where
∑

s,r represents summation over all available sources and receivers, T is the record-146

ing time, d1(xs,xr, t), d2(xs,xr,m, t) are, respectively, measured and synthetic data at a147

receiver xr from a source at xs, and m denotes the model parameters. In the following, to148

avoid clutter, we omit the dependency of the recorded and synthetic wavefields on xs, xr,149

m. The gradient of the misfit with respect to the model parameters can then be written as:150

δJ1 =
∑
s,r

∫ T

0
−
(
d1(t)− d2(t)

)
δd2(t)dt =

∑
s,r

∫ T

0
r(t)δd2(t)dt, (9)

where δd2(t) denotes the perturbation of the synthetic wavefield due to a model perturbation151

δm, and r(t) is the residual wavefield.152

The gradient of the misfit function in equation 9 can implicitly be calculated by the153

adjoint-state method (Tarantola, 1984; Tromp et al., 2004), which includes the following154

steps: (1) forward-propagating the source wavefield, (2) back-propagating the residual wave-155

field, and (3) computing the zero-lag crosscorrelation of the forward-propagated and the156

back-propagated wavefields.157

Inversion with instantaneous-phase coherency158

Based on the instantaneous-phase coherence defined in equation 7, we define the following159

misfit function for use in FWI:160

9
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J2(m) =
1

4

∑
s,r

∫ T

0

{∣∣∣eiφ1(t) − eiφ2(t)∣∣∣2 − ∣∣∣eiφ1(t) + eiφ2(t)
∣∣∣2} dt

=
1

4

∑
s,r

∫ T

0

∣∣∣∣∣ d1(t) + iH{d1(t)}√
d21(t) +H2{d1(t)}

− d2(t) + iH{d2(t)}√
d22(t) +H2{d2(t)}

∣∣∣∣∣
2

dt

− 1

4

∑
s,r

∫ T

0

∣∣∣∣∣ d1(t) + iH{d1(t)}√
d21(t) +H2{d1(t)}

+
d2(t) + iH{d2(t)}√
d22(t) +H2{d2(t)}

∣∣∣∣∣
2

dt, (10)

where eiφ1(t) and eiφ2(t) are the exponential phase (equation 5) of the measured and the161

synthetic data, respectively. The derivative of the misfit function with respect to the model162

parameters is expressed as (see Appendix A for details):163

δJ2 =
∑
s,r

∫ T

0

[
d2(t)H{d1(t)}H{d2(t)}

A1(t)A3
2(t)

− d1(t)H2{d2(t)}
A1(t)A3

2(t)

]
δd2(t)dt

+
∑
s,r

∫ T

0

[
H
{
d22(t)H{d1(t)}
A1(t)A3

2(t)
− d1(t)d2(t)H{d2(t)}

A1(t)A3
2(t)

}]
δd2(t)dt

=
∑
s,r

∫ T

0
r̃(t)δd2(t)dt. (11)

where A1(t) and A2(t) denote the instantaneous amplitude (equation 3) of the measured164

and the synthetic data, respectively. The gradient in equation 11 is similar to that in165

equation 9 except for a different residual wavefield r̃(t). To compute this new gradient, we166

back-propagate the residual wavefield r̃(t) instead of r(t), while the other steps involved in167

calculating the gradients are identical to the classic least-squares FWI approach described168

above.169
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SYNTHETIC TESTS

In this section, we validate the robustness of FWI based on the instantaneous-phase co-170

herency, using checkerboard tests and synthetic data containing random noise.171

Resolution test172

We use checkerboard models (Figures 3a and 3b) with anomalies of different size to assess173

the near-surface resolution capability of FWI based on instantaneous-phase coherency. The174

background of these models is homogeneous, with VP = 1000 m/s, VS = 300 m/s and ρ175

= 2000 kg/m3. We create anomalies only in the VS model; the anomalies are such that176

they have ±10 % (±30 m/s) deviation from the background velocity. The checkerboard177

anomalies are of size 5 × 2.5 m2 and 2.5 × 2.5 m2 (Figures 3a and 3b). The receiver178

array, which is located at the surface, consists of 41 vertical geophones with a spacing of179

1 m between x = 5 m and x = 45 m. During data generation, the receiver array is kept180

fixed whereas a vertical-force source, also deployed at the surface, moves every 2 m. The181

sources are located between x = 10 m and x = 40 m. With this acquisition geometry,182

16 common-source gathers are computed. During the simulation, we use a band-limited183

spike (10 ∼ 60 Hz) as the source wavelet. For this case, the approximate resolution using184

Rayleigh criterion (Kallweit and Wood, 1982) can be in the range of 1.25 ∼ 7.5 m (i.e.,185

0.25 ∗ 300/60 ∼ 0.25 ∗ 300/10 m).186

[Figure 3 about here.]187

We perform a monoparameter inversion where only the VS model is updated/interpreted,188

which is due to the fact that the dominant Rayleigh wave in the data is highly sensitive189
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to the VS model (Groos et al., 2017). We use the background model with VP = 1000 m/s,190

VS = 300 m/s, and ρ = 2000 kg/m3 as the initial model for all inversion tests. The191

source wavelet is assumed to be known. A minimum of eleven iterations is performed192

during the inversion stage. The inversion stops once the improvement in the relative misfit193

change becomes smaller than 1% between two consecutive iterations (Pan et al., 2019). This194

also serves as a stopping criterion for other inversion tests performed in this research. The195

reconstructed VS models by the instantaneous-phase coherency FWI are shown in Figures 3c196

and 3d. The anomalies are reconstructed very well. This illustrates the resolution capability197

of the instantaneous-phase coherency FWI. For the anomalies below the lateral position 10198

and 40 m, there are some smearing effects caused by the limited source-receiver illumination.199

Robustness to random noise200

To test our FWI approach for more realistic situations, we perform inversion of synthetic201

data containing random noise. The VS model is displayed in Figure 4, where two vertically202

separated anomalies with different velocities are present. The VP and ρ models are set203

to 1000 m/s and 2000 kg/m3, respectively. Our goal is to reconstruct these two velocity204

anomalies from data contaminated by different amount of random noise. The source-receiver205

geometry is the same as the one used in the above checkerboard tests. Also the same206

boundary conditions are considered on all sides. We use a band-limited spike (10 ∼ 60 Hz)207

as the source wavelet. Note that the models used for the random-noise experiments are not208

the same as those used in the above checkerboard tests. There are some artifacts (e.g., black209

circle in Figure 3d) in the inverted VS models in the checkerboard tests. If we use the models210

from the checkerboard tests also for the random-noise experiments, then it is hard to tell in211

the inverted models whether the artifacts are caused by fitting the random noise or by the212
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FWI algorithm. Figure 5a shows an example of a vertical component common-source gather213

with the source positioned at x = 18 m. A bandpass-filtered (10 ∼ 60 Hz) Gaussian noise214

is then added to the clean gathers to build two datasets with different signal-to-noise ratios215

(S/N=20, 10). This is done by defining the parameter sn in suaddnoise in the Seismic216

Unix open-source package (Stockwell and Cohen, 2002). Figures 5b and 5c illustrate the217

resulting noisy gathers.218

[Figure 4 about here.]219

[Figure 5 about here.]220

Before we present the results of the newly proposed FWI, we show the inverted VS models221

using the conventional least-squares FWI. Figures 6a, 6c, and 6e present the inverted VS222

models obtained from the synthetic data in Figures 5a, 5b, and 5c, respectively. Comparing223

the true VS model (Figure 4) with the FWI result shown in Figure 6a, the two velocity224

anomalies are well recovered by the conventional least-squares FWI when there is no noise in225

the data. However, when there is noise in the data, the result (Figure 6c) using conventional226

least-squares FWI show many undesirable artifacts. These artifacts are caused when the227

least-squares FWI tries to simulate the additional noise present in the data. When the228

amount of noise increases (S/N=10), the two vertically separated velocity anomalies become229

harder to recognize (Figure 6e), and the increasing presence of the artifacts becomes really230

problematic.231

[Figure 6 about here.]232

Figure 6b illustrates the inverted VS models obtained by the instantaneous-phase co-233

herency FWI using the noise-free shot gathers (Figure 5a). The velocity structures is imaged234
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well even when S/N = 20 (Figure 6d). Comparing Figures 6d and 6c, the amount of ar-235

tifacts is greatly reduced. When the S/N of the data decreases even further, for instance236

when S/N=10, we can still interpret correctly the two anomalies in the inverted result (Fig-237

ure 6f). The proposed instantaneous-phase coherency FWI is robust against the presence of238

random noise. This is because this new approach peels off the amplitude information from239

the observed and the synthetic data, and tries to minimize only the instantaneous-phase co-240

herency (instead of the residual) between them. An approach like Tikhonov regularization241

could potentially help such a situation, but to a limited extent.242

FIELD-DATA APPLICATION

Our study area is located in the ancient Ostia, an archaeological site situated about 25 km243

west of Rome, Italy. Most of the ruins of Ostia were excavated in the 19th and the first244

half the 20th century. These ruins provide a wealth of information about the Roman urban245

life of antiquity. There are sill some unexcavated areas, which are mostly located at the246

southern boundary of the Region IV of ancient Ostia (Consoli, 2013). In 2017, we carried247

out a seismic survey along two lines (Ghose et al., 2020), as shown in Figure 7. Under the248

seismic line A, a mysterious tumulus was identified in the past and is marked by the blue249

dot in Figure 7. This tumulus is now covered by soil of 0.5 ∼ 2 m thickness. The goal of250

our survey was to characterize this buried tumulus and investigate the possible presence of251

other buried structures of archaeological significance.252

[Figure 7 about here.]253
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Field-data acquisition and the main workflow254

Seismic data were acquired along the two lines shown in Figure 7. Seismic energy was255

generated by striking vertically a metal plate with a sledgehammer. At each shot position,256

four vertical-force shots were excited and the recorded traces were stacked to enhance the257

S/N. Each shot gather consists of recorded traces from 120 vertical geophones planted at258

0.25 m intervals. We used a roll-along approach to acquire the data. The receiver array259

is illustrated in Figure 8. In Figure 9, we summarize the main workflow for field-data260

application of the instantaneous-phase coherency FWI; we will give the details of each step261

below.262

[Figure 8 about here.]263

[Figure 9 about here.]264

Preprocessing steps265

Figures 10a and 10d display two representative common-source gathers, which are domi-266

nated by Rayleigh waves. The corresponding sources are positioned at x = 14.5 m and267

x = 29.5 m, respectively. The geometrical spreading of the wavefield takes place in 3D.268

However, 2D elastic FWI considers 2D wave propagation from a line source and 2D geo-269

metrical spreading. Therefore, a procedure that can transform the recorded point-source270

wavefield to its equivalent line-source wavefield is needed. We adopted the single-velocity271

transformation approach proposed by Forbriger et al. (2014) and Schäfer et al. (2014). This272

3D-to-2D transformation is derived from a 3D Green’s function but with 2D acoustic wave273

equation. It has been shown to perform well when applied to shallow-seismic data generated274
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by point sources, e.g., sledgehammers (Dokter et al., 2017; Groos et al., 2017; Pan et al.,275

2019). This single-velocity transformation needs the following steps. First, each trace in276

the common-source gather is multiplied with
√
t−1, where t is traveltime. Such a procedure277

corresponds to a phase shift by π
4 . Secondly, an offset-dependent factor Famp =

√
2|r|Vph278

is multiplied to each trace in order to correct their amplitudes, where Vph denotes phase279

velocity and r is offset. We use Vph = 200 m/s. A rough estimation of this parameter (phase280

velocity) is sufficient, as suggested by Groos et al. (2017).281

[Figure 10 about here.]282

[Figure 11 about here.]283

Apart from the 3D-to-2D transformation, a few other preprocessing steps are also284

needed. We kill the traces within the absolute source-receiver offset of 1 m because signals285

in such near-offset are generally clipped (Pan et al., 2019). Dead traces are removed and all286

events prior to the first arrivals are muted. To mitigate the occurrence of non-casual parts287

in the estimated source wavelets during deconvolution, we delay the whole common-source288

gather by 0.01 s. Finally, we apply a bandpass filter (5 ∼ 70 Hz) to the shot gather and289

normalize each trace by its maximum amplitude value. Figures 10b and 10e show the same290

shot gathers as in Figures 10a and 10d after the preprocessing steps described above. The291

same preprocessing steps are applied to all common-source gathers. Figure 11 presents the292

averaged frequency spectrum of the 37 preprocessed shot gathers acquired along seismic293

line A.294
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Initial models295

The FWI is generally a gradient-based optimization approach, which requires a starting296

model in the parameter space. For simplicity, we estimate the initial model through mul-297

tichannel analysis of surface waves (MASW) applied to the preprocessed data (Tran and298

Sperry, 2018). Figures 10c and 10f present the dispersion images calculated using slant-299

stacking (McMechan and Yedlin, 1981) of the data shown in Figures 10b and 10e. We can300

see that the energy concentrates mostly in a narrow band (10 ∼ 60 Hz), and the phase ve-301

locities of the Rayleigh waves vary in the range 140 m/s to 160 m/s. Because VS is slightly302

larger than the Rayleigh-wave phase velocity, for the starting model of VS we consider the303

velocity to be changing linearly from 140 m/s at the surface to 200 m/s at the bottom of304

the model (z = 12.25 m). The initial VS models for lines A and B are shown in Figures 12a305

and 13a, respectively. The size of the model in Figure 12a is 12.25 m in depth and 39.75 m306

in width (including the C-PML boundaries); the model is made of 50×160 cells with a grid307

spacing of 0.25 m. The depth of the model is determined approximately by 1/2 ∼ 1/3 of308

the length of the receiver array (29.75/3 ∼ 29.75/2 m). The initial VP model is calculated309

from the initial VS model assuming a Possion’s ratio of 0.3. The density is kept constant310

at 2000 km/m3 during the inversion. We do not invert for density because the density311

of the subsurface has a relatively small impact on the energy of the recorded wavefield at312

the surface (Groos et al., 2017) and our primary goal is to get a good VS model. To ac-313

count for the strong attenuation effects in the near-surface, we use a constant quality factor314

(QS = QP = 15) to simulate the viscoelastic wave propagation. These optimal Q values are315

determined by repeating the inversion for a set of constant quality factors and examining316

the misfit between the field data and the synthetic data (Dokter et al., 2017).317
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FWI strategies318

With the initial models for lines A and B described above, we start the instantaneous-phase319

coherency FWI by first inverting data in the frequency bandwidth 5 ∼ 10 Hz. The upper320

corner frequency of the bandpass filter is then progressively increased to 20, 30, 40, 50, 60321

Hz (Bunks et al., 1995). The FWI result obtained in each frequency band becomes the322

initial model for inversion in the next frequency band. We move to the next frequency323

band when the relative misfit value at an iteration becomes less than 1% compared to the324

misfit value in the previous iteration. During the inversion, we update the VS and VP models325

independently, while the density model is kept fixed. We use a parabolic line search method326

(Nocedal and Wright, 2006) to determine the optimum step length for updating the VP and327

VS models. As we can see in the recorded shot gathers (e.g., Figures 10a and 10d), the328

amplitude of the P-waves is much smaller than that of the Rayleigh waves. The VP model329

is thus not as well constrained as the VS model. Therefore, we only show and interpret the330

inverted VS models (Groos et al., 2017). To update the models in the shallow parts, we331

apply a preconditioning, semicircular taper to the gradient of each shot. We also smooth the332

gradients using a 2D Gaussian filter (Ravaut et al., 2004) with a length of approximately half333

of the dominant wavelength in order to avoid the occurrence of small-scale artifacts below334

the FWI resolution limit. For the two seismic lines, the instantaneous-phase coherency FWI335

converges to provide the VS models shown in Figures 12b and 13b.336

[Figure 12 about here.]337

[Figure 13 about here.]338
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FWI results and their interpretations339

In absence of ground truth, we evaluate the final inverted models (Figures 12b and 13b)340

from their ability to explain the measured seismic wavefields. We compute synthetic shot341

gathers using the source wavelets estimated by a stabilised Wiener deconvolution method342

(Köhn et al., 2016). The basic idea behind this approach is to deconvolve the recorded data343

using simulated data obtained from the current subsurface model. In Figures 14 and 15, we344

show comparisons between measured shot gathers and synthetic shot gathers for seismic line345

A and B, respectively. The main events in the observed common-source gather (e.g., black346

lines in Figure 14a) and the corresponding synthetic gather (e.g., red lines in Figure 14a)347

are very similar. From the overlay of these two gathers (e.g., Figure 14a), we can see that348

the main events match very well without any cycle skipping. There are also some realistic349

events that are not fully matched. This phenomenon is expected because our misfit function350

(equation 7) is mainly designed to match the instantaneous-phase part of the measured and351

synthetic data. To recover amplitude information in the synthetic data, we also perform a352

subsequent envelope-based FWI, starting from the inverted models in Figures 12a and 13a.353

However, in the final inverted models, no significant velocity changes are observed, which354

means that our final inverted models (Figures 12b and 13b) are good enough to represent355

the subsurface given the data. Figure 16 shows a comparison between the preprocessed356

field data, synthetic data from the initial models, and synthetic data from the inverted357

models in the phase velocity-frequency domain. In the Rayleigh-wave dispersion images358

of the preprocessed data (e.g., Figure 16a), we can observe fundamental and first higher359

modes. Compared with the dispersion image of the synthetic data obtained from the initial360

models, the dispersion image from the synthetic data derived from the inverted models is361

able to improve the fitting of both the fundamental and first higher modes.362
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[Figure 14 about here.]363

[Figure 15 about here.]364

[Figure 16 about here.]365

The good fit between the observed and the synthetic data offers confidence to the in-366

verted, final VS models. For the seismic line A, the 2D VS profile obtained from instantaneous-367

phase coherency FWI (Figure 12b) shows a low-velocity area at x = 15 ∼ 20 m (black ellipse368

in Figure 12b). A known tumulus of archaeological significance, which is covered by soft369

soil of thickness 0.5 ∼ 2 m, was identified in the same vicinity (Ghose et al., 2020). Based370

on this information, we interpret the very shallow low-velocity area in our FWI result as371

the anticipated tumulus body. In the final VS models for the seismic line B, we notice the372

presence of many small-size anomalies. Some of these have been marked by black arrows373

in Figure 13b. At present it is unknown whether these heterogeneities correspond to ar-374

chaeological objects. Recent shear-wave reflection studies also suggest possible presence of375

multiple buried structures in this part of the field (Ghose et al., 2020).376

Ghose et al. (2020) analysed S-wave vibrator data acquired along the same two lines377

in Ostia. The acquisition geometry is similar to that shown in Figure 8. We overlay the378

stacked seismic reflection sections from Ghose et al. (2020) and the inverted VS profiles379

from our FWI (Figures 12c and 13c). The location of the body-wave scatterers mapped380

in the stacked sections matches with the locations of some of the plausible underground381

objects imaged in our FWI results. Distinct, shallow diffraction events were identified in382

the raw S-wave data. There are also many structures visible in the inverted VS models that383

are hard to interpret. Quantifying the uncertainties can help the final interpretation of the384
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FWI results. Uncertainties present in the inverted models can be comming from: (1) the385

non-linearity of FWI, (2) the uncertainties in building the starting models, (3) the selection386

of frequency bandwidth for each inversion stage, and (4) undesired amplitude variations at387

each source/receiver position. Resolution analysis (Fichtner and Trampert, 2011; Cai and388

Zelt, 2019) is a promising tool for the quantification of such uncertainties; this needs further389

investigations.390

The field data acquired in 2D seismic surveys are often contaminated by scattered waves391

from the out-of-plane objects and other incoherent noise. There are ancient walls (Figure 7)392

near our survey lines. The seismic lines were planned in such a way that the distance393

from these walls to the seismic line is more than 10 ∼ 12 m. Therefore, the very shallow394

scattered energy in our data is most probably not due to side-scatterring. Nevertheless, it is395

possible that the side-scattering from those ancients walls is present at slightly later times396

in the acquired seismic wavefield. For a reliable interpretation, one should try to eliminate397

such events before performing FWI. Seismic interferometry can be advantageously used to398

retrieve and enhance the surface waves arriving from the inline direction (Liu et al., 2018;399

Balestrini et al., 2019; Liu et al., 2021) and suppress the interference of out-of-plane seismic400

energy. Inversion of such retrieved data can prevent imaging artifacts. 3D seismic imaging401

can also add more constraints to such interpretation. This will be the direction of our future402

research.403

CONCLUSION

We introduced a new instantaneous-phase coherency measure, and extend it as a mis-404

fit function that can be directly incorporated into full-waveform inversion (FWI). Such405

instantaneous-phase coherency has been a key to the phase-weighted stacking for enhanc-406
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ing signals with similar instantaneous phase. We presented the details of how to compute407

the gradients of a new misfit function using the adjoint-state method. We validated the408

robustness of our FWI approach using checkerboard tests and data contaminated by ran-409

dom noise. Finally, we applied our new approach to field data acquired at an archaeological410

site located in Ostia, Italy. The locality containing a tumulus, known to be buried un-411

der a shallow soil cover, could be identified in our FWI results. The inversion results of412

instantaneous-phase coherency FWI also showed that the subsurface of this unexcavated413

part of the archaeological site of Ostia has a high degree of heterogeneity, with the likely414

presence of small objects in the shallow subsurface. But this interpretation needs more415

careful analysis. Our results suggest that FWI based on the instantaneous-phase coherency416

method can be a promising noninvasive tool for archaeological site investigation.417

APPENDIX A

GRADIENT FOR INSTANTANEOUS-PHASE COHERENCE

The gradient of the misfit function based on the exponential phase (eiφ) difference is given418

in Luo et al. (2018) and Yuan et al. (2020). Our new misfit function utilizes the exponential419

phase to measure the coherency between the recorded and the synthetic data. Following420

these earlier works, we give details on how to derive the gradient of the misfit defined in421

equation 10 with respect to model parameters m.422

The instantaneous-phase coherence misfit function defined in equation 10 can be expanded423

as:424
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J2(m) =
1

4

∑
s,r

∫ T

0

{∣∣∣eiφ1(t) − eiφ2(t)∣∣∣2 − ∣∣∣eiφ1(t) + eiφ2(t)
∣∣∣2} dt

=
1

4

∑
s,r

∫ T

0

∣∣∣∣d1(t) + iH{d1(t)}
A1(t))

− d2(t) + iH{d2(t)}
A2(t))

∣∣∣∣2 dt
− 1

4

∑
s,r

∫ T

0

∣∣∣∣d1(t) + iH{d1(t)}
A1(t))

+
d2(t) + iH{d2(t)}

A2(t))

∣∣∣∣2 dt
=

1

4

∑
s,r

∫ T

0

{∣∣∣∣ d1(t)A1(t)
− d2(t)

A2(t))

∣∣∣∣2 +

∣∣∣∣H{d1(t)}A1(t)
− H{d2(t)}

A2(t)

∣∣∣∣2
}
dt

− 1

4

∑
s,r

∫ T

0

{∣∣∣∣ d1(t)A1(t)
+

d2(t)

A2(t))

∣∣∣∣2 +

∣∣∣∣H{d1(t)}A1(t)
+
H{d2(t)}
A2(t)

∣∣∣∣2
}
dt. (A-1)

To simplify this expression, R1(t), I1(t), R2(t), I2(t) can be introduced as follows:425


R1(t) = d1(t)

A1(t)
− d2(t)

A2(t))
, I1(t) = H{d1(t)}

A1(t)
− H{d2(t)}A2(t)

;

R2(t) = d1(t)
A1(t)

+ d2(t)
A2(t))

, I2(t) = H{d1(t)}
A1(t)

+ H{d2(t)}
A2(t)

.

(A-2)

Equation A-1 can be further simplified to:426

J2(m) =
1

4

∑
s,r

∫ T

0

{
R2

1(t) + I21 (t)−R2
2(t)− I22 (t)

}
dt. (A-3)

The derivative of the misfit function defined in equation A-3 can be written as:427

δJ2 =
1

2

∑
s,r

∫ T

0

{
R1(t)δR1(t) + I1(t)δI1(t)−R2(t)δR2(t)− I2(t)δI2(t)

}
dt. (A-4)

Note that: 
δR2(t) = −δR1(t) = δ

(
d2(t)
A2(t)

)
;

δI2(t) = −δI1(t) = δ
(
H{d2(t)}
A2(t)

)
.

(A-5)

Substituting equation A-5 into equation A-4, we get:428
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δJ2 = −
∑
s,r

∫ T

0

{
d1(t)

A1(t)
δ
( d2(t)
A2(t)

)
+
H{d1(t)}
A1(t)

δ
(H{d2(t)}

A2(t)

)}
dt. (A-6)

Next, we present the details on how to evaluate δ
(
d2(t)
A2(t)

)
and δ

(
H{d2(t)}
A2(t)

)
:429

δ
( d2(t)
A2(t)

)
= δ
( d2(t)√

d22(t) +H2{d2(t)}

)
=
δd2(t)

√
d22(t) +H2{d2(t)}

d22(t) +H2{d2(t)}
− δd2(t)d

2
2(t) + d2(t)H{d2(t)}δ(H{d2(t)})[

d22(t) +H2{d2(t)}
] 3

2

=
δd2(t)H2{d2(t)} − d2(t)H{d2(t)}δ(H{d2(t)})[

d22(t) +H2{d2(t)}
] 3

2

. (A-7)

Here, we make use of two properties of the Hilbert transform, as also presented in Yuan430

et al. (2015):431


δH{d2(t)} = H{δd2(t)};〈
H{d1(t)}, d2(t)

〉
= −

〈
d1(t),H{d2(t)}

〉
.

(A-8)

Thus, the second part of the numerator in equation A-7 can be rewritten as:432

d2(t)H{d2(t)}δ(H{d2(t)}) = d2(t)H{d2(t)}H{δd2(t)}

= −H
{
d2(t)H{d2(t)}

}
δd2(t). (A-9)

Substituting equation A-9 into equation A-7, we get:433

δ
( d2(t)
A2(t)

)
=
H2{d2(t)}+H

{
d2(t)H{d2(t)}

}
[
d22(t) +H2{d2(t)}

] 3
2

δd2(t). (A-10)
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Similarity, δ
(
H{d2(t)}
A2(t)

)
can be obtained as434

δ
(H{d2(t)}

A2(t)

)
=
−H{d22(t)} − d2(t)H{d2(t)}[

d22(t) +H2{d2(t)}
] 3

2

δd2(t). (A-11)

Substituting equation A-10 and A-11 into equation A-6, and rearranging the orders, we435

have the gradient of the misfit function defined in equation 10 as436

δJ2 =
∑
s,r

∫ T

0

[
d2(t)H{d1(t)}H{d2(t)}

A1(t)A3
2(t)

− d1(t)H2{d2(t)}
A1(t)A3

2(t)

]
δd2(t)dt

+
∑
s,r

∫ T

0

[
H
{
d22(t)H{d1(t)}
A1(t)A3

2(t)
− d1(t)d2(t)H{d2(t)}

A1(t)A3
2(t)

}]
δd2(t)dt. (A-12)
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LIST OF FIGURES

1 Illustrations of instantaneous-phase coherency as defined in equation 7. The530

red arrows denotes eiφ1 and eiφ2 , whereas the black and blue arrows represent531

eiφ1 − eiφ2 and eiφ1 + eiφ2 , respectively. The black arrow measures how the532

instantaneous phases of two signals are close to each other, while the blue533

arrow measures how much the instantaneous phases of two signals differ from534

180 degrees. Either of the two measurements can be used on its own as a535

misfit function of FWI by matching the instantaneous phase between the536

measured and the synthetic data. Using numerical experiments (not shown537

in this paper), we found that the performance of different misfit functions538

(black arrow, blue arrow, combination of black and blue arrows) is quite539

similar. The reason why we design a misfit function with a combination of540

black and blue arrows is that this approach is novel and it has the chance541

to be more robust to noise. J(t) is obtained by subtracting the square of542

the two vectors given by the black and the blue arrows. (a) When the two543

signals have significantly different instantaneous phases, J(t) will be close to544

1. (b) When the two signals have similar instantaneous phases, J(t) will be545

close to -1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33546

2 A simple synthetic example to demonstrate the robustness to noise of instan-547

taneous phase (φ(t)) and exponentiated phase (eiφ(t)). (a) A Gaussian signal548

with peak frequency of 5 Hz (black line) and the same Gaussian signal with549

random noise and S/N = 10 (red-dashed line). In (b), (c), (d), we use black550

and red-dashed lines to represent respectively the instantaneous phase and551

exponentiated phase of the two signals presented in (a). (b) The instanta-552

neous phase of the two signals as presented in (a). Note that for the signal553

with random noise, there are marked phase jumps. (c) The real part of the554

exponentiated phase of the two signals presented in (a). (d) The imaginary555

part of the exponentiated phase of the two signals presented in (a). Compar-556

ing (c), (d) with (b), it is clear that the exponentiated phase is more robust557

to noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34558

3 Checkerboard tests for resolution analysis. (a) True VS model containing559

velocity anomalies. The size of these anomalies is 5 × 2.5 m2; (c) the result560

of instantaneous-phase coherency FWI. (b), (d) the same as in (a), (c) but561

for anomalies with size of 2.5 × 2.5 m2. A homogeneous background (VS =562

300 m/s) is used in all tests. The black circle indicates an artifact caused by563

the FWI algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35564

4 A simple VS model used to test the robustness of the instantaneous-phase565

coherency FWI to random noise. . . . . . . . . . . . . . . . . . . . . . . . . 36566

5 (a) Common-source gather (vertical receiver component) computed for the567

model shown in Figure 4, where the source is positioned at x = 18 m; (b)568

the same as (a) but with random noise of S/N = 20 added; (c) the same as569

(a) but with random noise of S/N = 10 added. . . . . . . . . . . . . . . . . 37570
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6 Test of inversion robustness to random noise present in the data. To maintain571

consistency with the checkerboard tests illustrated in Figure 3, the same572

bandpass filter (10 to 60 Hz) is applied to the data in Figure 5. (a) Inverted573

VS model by least-squares FWI using noise-free synthetic data; (c) the same574

as (a) but for data contaminated by random noise with S/N = 20; (e) the575

same as (a) but for data contaminated by random noise with S/N = 10. (b),576

(d), (f) are the same as (a), (c), (e), respectively, but using instantaneous-577

phase coherency FWI. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38578

7 Photo of an unexcavated area in the ancient Ostia (from Google map). The579

two seismic lines A and B are indicated by yellow lines, where the arrows580

point in the direction of increasing coordinates (directions in which the source581

was moved) along the x-axes (Ghose et al., 2020). The blue dot marks the582

approximate location of a tumulus identified earlier. Note that there are583

ancient walls present not too far away from the seismic lines. . . . . . . . . 39584

8 Layout of the receiver arrays used to acquire 2D seismic data along (a) seismic585

line A and (b) seismic line B, marked in Figure 7. For seismic lines A and B,586

the receiver interval is 0.25 m, while the source interval is 1 m. The number587

of common-source gathers acquired along seismic lines A and B are 37 and588

57, respectively. The x-axis denotes the lateral positions of receivers, the589

y-axis represents the corresponding source positions for each receiver. The590

small, red triangles represent vertical, single-component geophones. Every591

fourth receiver positions is displayed here. . . . . . . . . . . . . . . . . . . . 40592

9 Workflow for field-data application of the instantaneous-phase coherency FWI. 41593

10 (a) Muted common-source gather along seismic line A, where the source is po-594

sitioned at x = 14.5 m; (b) the same as (a) but after preprocessing described595

in the text; (c) Rayleigh-wave dispersion image obtained by slant-stacking of596

the preprocessed shot gather shown in (b). (d), (e), (f) are respectively same597

as (a), (b), (c) but for a common-source gather where the source located at598

x = 29.5 m. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42599

11 Average amplitude spectrum of 37 preprocessed shot gathers acquired along600

seismic line A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43601

12 Inverted VS model for seismic line A. (a) Initial model used in inversion; (b)602

result of instantaneous-phase coherency FWI after the 6th stage of sequential603

inversion (i.e., frequency band 5 ∼ 60 Hz); (c) the overlay of CMP stacked604

section from S-wave reflection data (Ghose et al., 2020) and the inverted VS605

model shown in (b). The ellipse in (b) marks the area where a tumulus was606

previously identified . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44607

13 Inverted VS model for seismic line B. (a) Initial model used in inversion; (b)608

result of instantaneous-phase coherency FWI after the 6th stage of sequential609

inversion (i.e., frequency band 5 ∼ 60 Hz); (c) the overlay of the CMP stacked610

section from S-wave reflection data (Ghose et al., 2020) and the inverted VS611

model presented in (d). The black arrows in (b) indicate potential subsurface612

heterogeneities of interest. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45613
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14 Comparison between measured (black) and modeled data (red) calculated614

using the inverted VS model of Figure 12b. (a) The measured and modeled615

common-source gather with their sources located at x = 14.5 m along line A.616

Data are bandlimited within the frequency range of 5 ∼ 60 Hz. Traces are617

normalized using the maximum value in each trace individually; only every618

fourth trace is displayed. (b) is same as (a), but for a source at x = 29.5 m. 46619

15 Same as in Figure 14, but for two common-source gathers acquired along620

seismic line B with lateral position of the source at x = 10.5, 40.5 m, respec-621

tively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47622

16 Comparison of Rayleigh-wave dispersion images for preprocessed field data,623

computed data from the initial model, and computed data from the inverted624

model. (a) Dispersion image calculated from the preprocessed common-625

source gather shown in Figure 14a, the source is located at x = 14.5 m;626

(b) dispersion image from the computed data using the initial model shown627

in Figure 12a; (c) dispersion image from the computed data using the in-628

verted model shown in Figure 12b. (d), (e), (f) are same as (a), (b), (c) but629

for a common-source gather with the source located at x = 29.5 m. . . . . . 48630
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Figure 01: Illustrations of instantaneous-phase coherency as defined in equation 7. The red arrows denotes 
$e^{i\phi_1}$ and $e^{i\phi_2}$, whereas the black and blue arrows represent $e^{i\phi_1}-
e^{i\phi_2}$ and $e^{i\phi_1}+e^{i\phi_2}$, respectively. The black arrow measures how the 

instantaneous phases of two signals are close to each other, while the blue arrow measures how much the 
instantaneous phases of two signals differ from 180 degrees. Either of the two measurements can be used 
on its own as a misfit function of FWI by matching the instantaneous phase between the measured and the 
synthetic data. Using numerical experiments (not shown in this paper), we found that the performance of 
different misfit functions (black arrow, blue arrow, combination of black and blue arrows) is quite similar. 

The reason why we design a misfit function with a combination of black and blue arrows is that this 
approach is novel and it has the chance to be more robust to noise. $J(t)$ is obtained by subtracting the 

square of the two vectors given by the black and the blue arrows. (a) When the two signals have 
significantly different instantaneous phases, $J (t)$ {will} be close to 1. (b) When the two signals have 

similar instantaneous phases, $J(t)$ will be close to -1. 

305x150mm (118 x 118 DPI) 

Page 33 of 48 GEOPHYSICS

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

This paper presented here as accepted for publication in Geophysics prior to copyediting and composition. 
© 2022 Society of Exploration Geophysicists

D
ow

nl
oa

de
d 

05
/1

0/
22

 to
 1

31
.1

80
.2

31
.1

28
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

S
E

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/p

ag
e/

po
lic

ie
s/

te
rm

s
D

O
I:1

0.
11

90
/g

eo
20

21
-0

46
7.

1



 

Figure 02: A simple synthetic example to demonstrate the robustness to noise of instantaneous phase 
($\phi(t)$) and exponentiated phase ($e^{i\phi(t)}$). (a) A Gaussian signal with a peak frequency of 5 Hz 
(black line) and the same Gaussian signal with random noise and S/N = 10 (red-dashed line). In (b), (c), 

(d), we use black and red-dashed lines to represent respectively the instantaneous phase and exponentiated 
phase of the two signals presented in (a). (b) The instantaneous phase of the two signals as presented in 
(a). Note that for the signal with random noise, there are marked phase jumps. (c) The real part of the 

exponentiated phase of the two signals presented in (a). (d) The imaginary part of the exponentiated phase 
of the two signals presented in (a). Comparing (c), (d) with (b), it is clear that the exponentiated phase is 

more robust to noise. 
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Figure 03: Checkerboard tests for resolution analysis. (a) True $V_S$ model containing velocity anomalies. 
The size of these anomalies is $5 \times 2.5~m^2$; (c) the result of instantaneous-phase coherency FWI. 

(b), (d) the same as in (a), (c) but for anomalies with size of $2.5 \times 2.5~m^2$. A homogeneous 
background ($V_S = 300~m/s$) is used in all tests. The black circle indicates an artifact caused by the FWI 

algorithm. 
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Figure 04: A simple $V_S$ model used to test the robustness of the instantaneous-phase coherency FWI to 
random noise. 
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Figure 05: (a) Common-source gather (vertical receiver component) computed for the model shown in 
Figure~4}, where the source is positioned at x = 18 m; (b) the same as (a) but with random noise of S/N = 

20 added; (c) the same as (a) but with random noise of S/N = 10 added. 
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Figure 06: Test of inversion robustness to random noise present in the data. To maintain consistency with 
the checkerboard tests illustrated in Figure 3, the same bandpass filter (10 to 60~Hz) is applied to the data 
in Figure 5. (a) Inverted $V_S$ model by least-squares FWI using noise-free synthetic data; (c) the same as 

(a) but for data contaminated by random noise with S/N = 20; (e) the same as (a) but for data 
contaminated by random noise with S/N = 10. (b), (d), (f) are the same as (a), (c), (e), respectively, but 

using instantaneous-phase coherency FWI. 
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Figure 07: Photo of an unexcavated area in the ancient Ostia (from Google map). The two seismic lines A 
and B are indicated by yellow lines, where the arrows point in the direction of increasing coordinates 

(directions in which the source was moved) along the x-axes \cite[]{Ghose_2020}. The blue dot marks the 
approximate location of a tumulus identified earlier. Note that there are ancient walls present not too far 

away from the seismic lines. 
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Figure 08: Layout of the receiver arrays used to acquire 2D seismic data along (a) seismic line A and (b) 
seismic line B, marked in Figure 7. For seismic lines A and B, the receiver interval is 0.25 m, while the 

source interval is 1 m. The number of common-source gathers acquired along seismic lines A and B are 37 
and 57, respectively. The x-axis denotes the lateral positions of receivers, the y-axis represents the 
corresponding source positions for each receiver. The small, red triangles represent vertical, single-

component geophones. Every fourth receiver position is displayed here. 
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Figure 09: Workflow for field-data application of the instantaneous-phase coherency FWI. 
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Figure 10: (a) Muted common-source gather along with seismic line A, where the source is positioned at x = 
14.5 m; (b) the same as (a) but after preprocessing described in the text; (c) Rayleigh-wave dispersion 

image obtained by slant-stacking of the preprocessed shot gather shown in (b). (d), (e), (f) are respectively 
same as (a), (b), (c) but for a common-source gather where the source located at x = 29.5 m. 
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Figure 11: Average amplitude spectrum of 37 preprocessed shot gathers acquired along with seismic line A. 
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Figure 12: Inverted $V_S$ model for seismic line A. (a) Initial model used in inversion; (b) result of 
instantaneous-phase coherency FWI after the 6th stage of sequential inversion (i.e., frequency band $5 \sim 
60$ Hz); (c) the overlay of CMP stacked section from S-wave reflection data \cite[]{Ghose_2020} and the 

inverted $V_S$ model shown in (b). The ellipse in (b) marks the area where a tumulus was previously 
identified 
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Figure 13: Inverted $V_S$ model for seismic line B. (a) Initial model used in inversion; (b) result of 
instantaneous-phase coherency FWI after the 6th stage of sequential inversion (i.e., frequency band $5 \sim 
60$ Hz); (c) the overlay of the CMP stacked section from S-wave reflection data \cite[]{Ghose_2020} and 

the inverted $V_S$ model presented in (d). The black arrows in (b) indicate potential subsurface 
heterogeneities of interest. 
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Figure 14: Comparison between measured (black) and modeled data (red) calculated using the inverted 
$V_S$ model of Figure 12b. (a) The measured and modeled common-source gather with their sources 

located at x = 14.5 m along with line A. Data are bandlimited within the frequency range of $5 \sim 60$ Hz. 
Traces are normalized using the maximum value in each trace individually; only every fourth trace is 

displayed. (b) is the same as (a), but for a source at x = 29.5 m. 
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Figure 15: Same as in Figure 14, but for two common-source gathers acquired along seismic line B with 
lateral position of the source at x = 10.5, 40.5 m, respectively. 
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Figure 16: Comparison of Rayleigh-wave dispersion images for preprocessed field data, computed data from 
the initial model, and computed data from the inverted model. (a) Dispersion image calculated from the 

preprocessed common-source gather shown in Figure 14a, the source is located at x = 14.5 m; (b) 
dispersion image from the computed data using the initial model shown in Figure 12a; (c) dispersion image 
from the computed data using the inverted model shown in Figure 12b. (d), (e), (f) are same as (a), (b), (c) 

but for a common-source gather with the source located at x = 29.5 m. 
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DATA AND MATERIALS AVAILABILITY

    Data associated with this research are available and can be obtained by contacting the corresponding
author.
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