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1 Introduction

Understanding errors in neural networks is a challenging problem in theoretical machine learning. There are
two types of error bounds in theoretical machine learning analysis depending on whether the true function f*
or the learned model fy enters into the bounds [33]. The former is referred to as an "a priori" error estimate
and the latter as an "a posteriori" error estimate [33]. It was observed in [1, 10, 21] that the numerical values
of the error bounds in the "a posteriori" error estimates are very large for real neural network models.

In this paper, we pursue a different line of inquiry by conducting an "a priori" error estimate on the regu-
larized f*-population risk for one hidden layer neural networks of possibly infinite width in reproducing kernel
Banach spaces (RKBSs). We work on a supervised learning setting with a squared loss function, where
the goal of the learning is to estimate a function fy : X — ), given a set of input-output pairs D =
{(z1,11), -, (xn,yn)} C X x Y, so that the function fy predicts well the paired output of a new input data,
and the measurement of the "estimation error" is in L? sense.

Throughout this paper, we denote X as the input space and ) the output space. We view X and )
as measurable spaces equipped with their respective Borel o-algebras. We denote v € (X)) as the input
distribution, and © as the parameter space. Let M (©) be the Banach space of bounded measures defined on
the Borel o —algebra of ©, and endow M (©) with the total variation norm || - || rv. The hypotheses space of the
neural network models that we will be working on is the RKBS (B, || - ||z) of real-valued functions on X" defined
by the feature map ¢ : X — M (©)’ given by

() (1) = ango) (1t () a0y = /@ (2, 0)du(0)

for every x € X and p € M(O). It was shown in [6] that

B={fu: X = R||pllrv <oc}, where [, = /@s@(»e)du(@), 1
is a RKBS and the norm on B is the quotient norm

= inf .
171l = inf felley

If we choose . = Zk’,il de, ar, Where Jy is the Dirac measure at point 6, then

K
/ o, 0)dp(0) = 3 arp(, 00)
© k=1

is the one hidden layer neural networks with finite width. In some literature, it is also referred to as two-layer
neural networks.

1.1 Related work

The theoretical analysis of two-layer neural networks traces back to the work by Andrew Barron [4, 5]. Follow-
up studies such as [2, 11, 13] have extended Barron’s results in various aspects. Especially, [33] has conducted
an "a priori" error estimate for the population risk for two-layer neural networks in Barron spaces.

Another line of research for feature-based models studies random feature models (RFMs), proposed in
[23, 24]. The RFM is based on a linear combination of random features (RFs), which serves as a random-
ized basis. The RFMs provide computationally efficient approximation of underlying kernel methods [23, 24].
Existing theoretical analysis of RFMs such as [3, 8, 17] mainly focus on target functions in the corresponding
reproducing kernel Hilbert space (RKHS) [1]. Especially, [14] has conducted an "a priori" error estimate for the
population risk for RFMs in a RKHS.

There exists a theoretical equivalence between one hidden layer neural networks and RFMs. Specifically,
a one hidden layer neural network can be conceptualized as an RFM in which the weight distribution is not
random but is instead learned through an optimization process [11].

This paper is a subsequent study of Bartolucci et al. [6] and Lanthaler and Nelsen [14]. [6] shows that a
wide class of reproducing kernel Banach spaces in the form of (1) can be well represented by neural networks.
In fact, these spaces admit an integral representation and include one hidden layer neural networks of possibly
infinite width. In [14], a squared error bound for the population risk of RFMs is established by decomposing the
error into two components: the regularized empirical risk and the approximation error. The goal of this paper is
to establish an "a priori" error estimate for the population risk for one hidden layer neural networks in RKBSs.
We adopt the same error decomposition proof framework as in [14]. The research gap addressed by this work



stems from two key departures from existing literature: our focus on RKBSs instead of the more commonly
studied RKHSs, and our use of integral representations as a generalization of linear combinations.

Drawing from the rich body of tools available in statistical learning theory (see, e.g., [22, 29, 32]), we estab-
lish our estimation bounds. Our approach employs a covering-number framework, which relies on fundamental
concepts such as Rademacher complexity, symmetrization, Dudley’s theorem, and the VC-dimension.

Let N denote the number of samples and d denote the dimension of the parameter space. For a one-
hidden-layer neural network with N training samples, [33] derived a risk bound of O(1/M + In(N)+/In(d)/N),
where M denotes the number of parameters, under the assumption that the activation function is 1-Lipschitz
continuous and positively homogeneous. This result is established in a Barron space setting for finite-length
neural networks. Our result gives a risk bound of O(N—1/max{2.d},/In N'), working on the underlying RKBS of
possibly infinite-length neural networks.

1.2 Outline

The paper is organized as follows. In Section 2 we recall the main ideas and results in measure theory,
probability theory, statistical learning, and kernel methods. This section includes the methods and theoretical
tools used to derive our main result. In Section 3 we review the paper by Lanthaler and Nelsen [14] which
provides an upper bound of the population risk of RFMs in RKHSs. The proof framework of our main result
follows the proof framework outlined in Section 3.2. In Section 4 we present the main result of the paper. In
particular, in Section 4.1 we discuss the setting and assumptions of our theoretical analysis. Then, we state
the main theorem of the paper. In Section 4.2, we present the full proof of the main theorem. In Section 4.3,
we discuss some consequences of the main theorem and outline some limitations and future work.

2 Preliminaries

Section 2 reviews essential background knowledge used in the main result of the thesis. In section 2.1, we
summarize essential definitions, propositions, and theorems from measure theory and probability theory. In
section 2.2, we introduce the main yield of the thesis, that is, the scheme of supervised learning and the
formulation of empirical risk minimization problems. In section 2.3, we introduce the objects that we aim to
study in the thesis, that is, the neural networks. In section 2.4, we study the concepts of reproducing kernel
Hilbert spaces and reproducing kernel Banach spaces. These concepts are important to the thesis because
we consider them as the hypothesis spaces of random features and neural networks. In section 2.5, we study
some existing results in terms of the reproducing kernel Banach spaces of neural networks.

2.1 Measure theory and probability theory

Empirical processes theory often relies on pseudometric spaces, because the empirical L? distances of NV
data points are pseudometric. Pseudometric spaces generalize the definition of metric spaces.

Definition 2.1 (Pseudometric space). A pseudometric space (S, p) is a set S together with a non-negative
real-valued function p : S x S — R>¢, called a pseudometric, such that for every x,y,z € S,

(i) p(z,z) =0,
(i) p(z,y) = p(y,x) (symmetry),
(iii) p(x,z) < p(x,y) + p(y, z) (triangle inequality).

Remark 2.1. Unlike a metric space, points in a pseudometric space need not be distinguishable; that is, one
may have p(x,y) = 0 for distinct values x # y.

Although points in a pseudometric space may not be distinguishable, we may still define covers on pseudo-
metric spaces. The e-covering number of a compact subset of a pseudometric space describes the structure
and the level of compactness of the set.

Definition 2.2 (e-cover and e-covering number). Let (S, p) be a pseudometric space ande > 0. A subsetT C S
is called an e-cover of T C S if for every m € T, there exists anm’ € T such that p (m,m’) < c. The setT C S
is a minimal e-cover of T C S if there is no other e-cover with lower cardinality. The e-covering number of T' is
the cardinality of any minimal e-cover of T, that is

¢(e; T, p) = min{|T)| : T is an e-cover of T'}. (2)

There exist various known results that bound the covering numbers in finite dimensional spaces.



Example 2.1 ([27], Example 27.1). Suppose thatT C R, let ¢ = maxmer ||m||2, and assume that T lies in a
d-dimensional subspace of Rt. Then,
d
2¢v/d
aann»g( 6)

To see this, let vy,...,vyq be an orthonormal basis of the subspace. Then, any m € T can be written as
m= Zle a;v; With ||a|leo < |le]l2 = ||m||2 < c. Letd € R and consider the set

d
T = {Zaévi Vi, € {—c,—c+6,—c+26,...,c}},

i=1

Givenm e T s.t. m = Zle a;v; With ||a||se < c. Then, there exists m’ € T such that

2 d

<62 |vil* < 8%.

i=1

d

g Al — a;) v

2
[m —m'||” =

Choose § = €/\/d, then |m — m’|| < e. Therefore, T is an e-cover of T. Hence,

et = [ = (%) = <%fﬁd

In [28], a more precise result is provided that gives both upper and lower bounds for the covering number
of a compact subset of a Euclidean space. This is often referred to as the volumetric bound of the covering
number in Euclidean space.

Example 2.2 ([28], Exercise 2.5.9, pp. 36-37). Suppose thatT C R!, let ¢ = maxmer ||ml|2, and assume that
T lies in a d-dimensional subspace of Rt. Then,

2c d
ciseet ) < (X 41)

Sometimes, directly bounding the covering number of a target set can be challenging. However, the follow-
ing lemma shows that the covering number of the image of a set under a Lipschitz map can be controlled by
the covering number of its pre-image, scaled by the Lipschitz constant. Consequently, if we can express the
target set as the image of a Lipschitz map applied to another set with a known covering number bound, we can
obtain a corresponding bound for the target set.

Lemma 2.1 ([22], Lemma 14.12, pp. 206). Let (X1, p1), (X2, p2) be two metric spaces and let f : X1 — X5
be Lipschitz continuous with Lipschitz constant Cy, . For every relatively compactT C X, it holds that for all
e >0,

€ (Cripe; f(T),p) <€ (55T, p) -

Proof. Fixe > 0andlet N :=C(g; T, p1). Thus, there exist points z1,...,2x € X; such that

N
< U B
Now, for any t € T, there exists some 7 such that p; (¢, z;) < e. By the Lipschitz continuity of f, we have

p2(f(t), f(x;)) < Crippr(t,2;) < CLipe.
Thus, f(t) € B,,(f(z;), CLipe), and hence

N

f(T) g U BI)2 (f('r7)a CLipg)'

=1
This shows that f(T") can be covered by N balls of radius Cr,ipe in Xo. O

In machine learning theory, we often define functions taking parameters in the space of measures. It is a
known result that the space of measures is a Banach space when equipped with the TV-norm. The concept
of the TV-norm relies on signed measures.



Definition 2.3 (Signed measure). Given a measurable space (X,Y) (thatis, a set X with a o-algebra ¥ on it),
a signed measure is a function
n:X—R

such that u(0) = 0 and . is o-additive — that is, it satisfies the equality

p(UsZ, A,) = Z 1(An)

for any sequence Ay, As,--- , A,,--- of disjoint sets in X.
Definition 2.4 (Total variation). Given a signed measure ;. on a measurable space (X,Y), define

pt(E) =sup{u(A): Ac X, ACE}, VEc€X,
uw (F)=—inf{u(A): Ac L, ACE}, VEeX.

Then, the total variation of 1. is defined as

lpllry = |ul(X) = p™(X) + 7 (X).

Bochner spaces are a generalization of the concept of L? spaces to functions whose values lie in a Banach
space which is not necessarily the space R or C.

Definition 2.5 (Bochner spaces). Let (X, M, u) be a measure space, where M is a c-algebra on the set X
and i is a measure. Let (), ||||,,) be a Banach space. For1 < p < oo, the space L%,(X;)) consists of all
functions f : X — Y that are Bochner measurable and have a finite norm, defined as:

1/p
Lo = ( / If(x)ll’j;du(x)) < oo.

For the case of p = oo, the space is defined by the essential supremum norm:

/1

[/l Lee (ae53) = p-esssup f := inf {aeY|p({zeX: f(x)>a}) =0} <oo.

A classical result establishes that if a class has a finite VC index (or VC dimension), then its covering
number admits a polynomial upper bound, with the exponent determined by the index. We first give a definition
of the VC index.

Definition 2.6 ([29], Section 2.6.1, pp. 134-135). LetC be a collection of subsets of a set X. Letxy,--- ,x,, be
elements in X. Denote

A, (Coxe,..yzn) =H#{CN{z1,...,2,}: C €C}.
The VC index of C, denoted by V' (C), is defined as

V(C) = inf {n: max A, (C,z1,...,2,) < 2"}.

Here, the infimum over the empty set is taken to be infinity.
Definition 2.7 (VC-class). A collection of measurable sets C is called a VC-class if its VC index is finite.

In the context of functional analysis, we can define the VC-classes of functions by means of the notion of
the subgraph of a function. Recall that the subgraph of a real-valued function is the subset of X x R given by

{(z,t) -t < f(2)}.

A collection F of measurable functions on a sample space X’ is called a VC-subgraph class (or just a VC-class),
if the collection of all subgraphs of the functions in F forms a VC-class of sets (in X x R ). The VC-index of the
set of subgraphs of functions in F is denoted by V' (F). Now, we are ready to state the classical result.

Theorem 2.2 ([29], Theorem 2.6.7, pp. 141). For a VC-class of functions with measurable envelope function
F andp > 1, one has that for any probability measure p with | F|| .z (xr) > 0,

o (1YY
¢ (EHFHLTL(X;R);}—’ H'”Lg(x;R)) < KV(F)(16e) () (E>

for a universal constant K and 0 < € < 1.



Proof. See van der Vaart and Wellner [29, Theorem 2.6.7, pp. 141]. O
Now, we move on to the preliminary results in probability theory. We first list some fundamental definitions.
Definition 2.8 (Probability space). A probability space is a triple (2, ¥, P) consisting of:
(i) the sample space Q) — an arbitrary non-empty set;
(ii) the o-algebra . C 2 — a set of subsets of 2, called events, such that:

(a) X contains the sample space: Q2 € ¥;

(b) X is closed under complements: if A € 3, then also Q\ A € ¥;

(c) ¥ is closed under countable unions: if A, € ¥ fori =1,2---, then also (U2, A;) € &;
(iii) the probability measure P : ¥ — [0, 1] is a function on ¥ such that:

(a) P is o-additive: if {A;}32, C ¥ is a countable collection of pairwise disjoint sets, then P(U2, A;) =

Zfil P(Ai);

(b) the measure of the entire sample space is equal to one: P(Q2) = 1.
Definition 2.9 (Random variable). Let (2, %, P) be a probability space and (E, ) a measurable space. Then,
an (E, £)-valued random variable X is a measurable function X : Q — E from the sample space ) fo a

measurable space E, that is, for every subset B € &, the preimage of X is X-measurable (X ~1(B) € ¥, where
X YB)={w: X(w) € B}).

Definition 2.10 (Expected value of real-valued random variables). Let X be a real-valued random variable
defined on a probability space (2, %,P). Then, the expected value of X, denoted by E[X], is defined as the
Lebesgue integral

E[X] = /Q XdP.

Bernstein inequality is a powerful concentration inequality that is widely used in high-dimensional probabil-
ity.

Theorem 2.3 (Vector-valued Bernstein inequality in Hilbert space). Let Z be an H-valued random variable,
where (H, {-,-), |- ||) is a separable Hilbert space. Suppose there exist positive numbers b’ > 0 and o > 0 such
that

E|Z -EZ|P < %p!02(b’)p_2 forall p>2. 3)

Foranyé € (0,1) and N € N, denoting by {Zn}f:’=1 a sequence of N iid copies of Z, it holds that
1 N
P { ~ > Z,-EZ

n=1
where we use Pr to denote probability with respect to the underlying probability space.

<

2b' log(2/0) 202 1log(2/4)
> —
N + N >1-4,

Proof. See Lanthaler and Nelsen [14, Supplementary Material A, Theorem A.1]. O
The most common use case of Bernstein’s inequality is in the following bounded setting.

Lemma 2.4. ([14], Supplementary Material A, Lemma A.2). Let Z be a (potentially) uncentered random vari-
able such that
| Z|| < c almost surely and E||Z —EZ|? <v?

for some ¢ > 0 andv > 0. Then Z satisfies Bernstein’s moment condition (3) withb’ = 2c and o = v. IfEZ = 0,
then taking b’ = ¢ suffices.

Proof. The proof follows the original proof in the paper. By assumption we have that E||Z|| < ¢. We establish
a bound on the centered random variable. By the triangle inequality, we have ||Z — EZ|| < || Z|| + ||[EZ]||. Using
the inequality |EZ|| < E||Z|| and our initial assumption, we get

12 -EZ|| <|IZ]| +E[Z]| < c+c=2c



almost surely. Now, we use this bound to compute the p-th moment of the centered variable. For any integer
p > 2, we can write

E|Z-EZ|P =E[|Z -EZ|* | Z - EZ|"~?]
<E|Z-EZ| 20
< v*(2e)P72.

Finally, for any p > 2, we know that 1 < 1pl. Therefore, we can write the final bound as:
y Yy 2

1
E|Z -EZ|P < 5p!qﬁ(%)p*? .

We may extend the use of the Bernstein inequality to Banach spaces.

Theorem 2.5 (Vector-valued Bernstein inequality in Banach space). Let Z be a Z-valued random variable,
where (Z, || -||) is a separable Banach space. Suppose there exist positive numbers b’ > 0 and o > 0 such that

1
E|Z -EZ|P < §p!02(b/)”_2 forall p> 2. (5)

Forany é € (0,1) and N € N, denoting by {Zn}f:1 a sequence of N i.i.d. copies of Z, it holds that

N N
1 1 2b"log(1/9) 202log(1/9)
— N -E|= < >1-29.
Pr{ ~ ;:1 Zn|| ~E| % n§:1 Zo|l < N + N >1-94 (6)
Proof. See Lanthaler and Nelsen [14, Supplementary Material A, Theorem A.3]. O

Subexponential variables generalize the concept of sub-Gaussian variables.

Definition 2.11 (Subexponential random variables). For a random variable Z with values in a Banach space
(Z,] - |lz), its subexponential norm is defined by

(E||Z|%)" /P
| Z]|yy(z) :== sup R 1
pE[l,00) p

(7)

Z Is subexponential if its subexponential norm is finite.

Remark 2.2. In theorem 2.5, a random variable Z satisfying the Bernstein moment condition (5) is subexpo-
nential in the sense that ||Z — EZ|| is subexponential on R, i.e., exhibits exponential tail decay.

It is a known result in probability theory that a subexponential variable concentrates around its expectation
in Bernstein sense.

Proposition 2.6 (Subexponential implies Bernstein moment condition). Let Z be a (Z, || - ||)-valued subexpo-
nential random variable, that is, || Z ||, (z) < cc. Then Z satisfies

1
E|Z -EZ|P < §p!02(b/)p_2 forall p>2,

where
02 :=4e\/E|| Z — EZ|2|Z |y, (z)y and b :=4e||Z]|y,(z)
Proof. See Lanthaler and Nelsen [14, Supplementary Material A, Proposition A.4]. O

The sum of subexponential variables is subexponential. The following corollary is important in the thesis.

Corollary 2.7 (Subexponential tail bound in Banach space). Fix N € N. Let {Zn}gzl be iid random variables
with values in a separable Banach space (Z,|| - ||). Suppose that ||Z1||,, z) < cc. Let Sy := ~ ijzl Z,. Fix
0 € (0,1). With probability at least 1 — ¢, it holds that

8e ||Zl‘|w1(z) log(1/6) " \/86 121 — EZlHLg(Q;z) ||Z1H¢1(z) log(1/6) ®)

ISnll —E|[Sn]l <

N N
In particular, if N > log(1/4§), then with probability at least 1 — § it holds that
64e? || 217, (2 log(1/9)
SN[l =E[lSn]l < \/ ¢]\§Z) . 9)



Proof. The proof of this corollary is similar to the proof of Lemma 4.2. This result is taken from Lanthaler and
Nelsen [14, Supplementary Material A, Corollary A.5], which also contains the proof. O

More generally, we can extend the definition 2.11 to the Orlicz norms.
Definition 2.12 ([32], Definition 5.34). The v,-Orlicz norm of a zero-mean random variable X is given by
[ X1, :=nf{A>0[E[gq(|X]/A)] <1}.
The Orlicz norm is infinite if there is no A € R for which the given expectation is finite.

Remark 2.3. The subexponential norm defined in definition 2.11 is equivalent to the 1,-Orlicz norm where
Ye(r) = exp(z?) —1and q € [1,2].

There are multiple equivalent definitions for subexponential variables.
Proposition 2.8 (Subexponential properties). [ X||,,, < K can be equivalently reformulated as
P{|X| >t} <2exp(—t/C1K) Vt>0,
X1 o = (EIX[P)VP < CoKp Vp> 1.
Moreover, if E[X] = 0, the following equivalent condition holds on the moment-generating function of X :

1
C3K°

Proof. See Vershynin [31, Proposition 2.7.1]. O

Elexp(AX)] < exp (C3K%X%)  VA:[A <

(10)

Based on the notion of the Orlicz norm, we can define an interesting generalization of a sub-exponential
process.

Definition 2.13 ([32], Definition 5.35). A zero-mean stochastic process {Xy,0 € T} is a ¢4-process with re-
spect to a metric p if N N
| X0 — X'éHw <p(0,0) forall§,0¢cT.

For the exponential-type functions considered here, note that we have
g (u) = [log(1 + )]/ .
With this set-up, we have the following result:

Theorem 2.9 (Tail bound of Orlicz processes). For a given parameter q € [1,2], let{Xy,0 € T} be a,-process
with respect to p. Then there is a universal constant ¢, such that

D q
P | sup |Xy— Xz > 1 (/ w;l(Q(u;']T,p))du + t) <2 D7 forallt >0,
7 0

0,0eT

where D = sup,, 5 p(0,0) is the diameter of the set T under p.
Proof. See Wainwright [32, Theorem 5.36, pp. 151-153]. O

The Rademacher complexity measures the richness of a class of sets with respect to a probability distribu-
tion.

Definition 2.14 (Rademacher complexity). Let .% be a class of integrable real-valued functions with domain
X. For any fixed collection x := (z1,...,x,) of points, consider the subset of R™ given by

F (z7) =A{(f(x1),.... f () : f € F}.
The set & (V) corresponds to all those vectors in R™ that can be realized by applying a function f € Z to the
collection (x1,...,x,), and the empirical Rademacher complexity is given by

n

% Zo'if (i)

i=1

R(Z (at) /n) :=Eq [sup
fes

ii.d.
] , o; ~ Rademacher.

Given a collection X} := {X;};_, of random samples, then the empirical Rademacher complexity R (% (X) /n)
is a random variable. Taking its expectation yields the Rademacher complexity of the function class .

% > oif (Xi)
i=1

,  Oj ¢ Rademacher. (11)

Rn(F) :=Ex [R(Z (XT) /n)] = Ex.» [sup
fez




Symmetrization is an important technique that links the supremum of an empirical process to its Rademacher
complexity. Notably, it can convert a class of possibly not centered functions to a class of conditionally centered
functions.

Proposition 2.10. [Symmetrization: sandwich bounds] Let .7 be a class of integrable real-valued functions
with domain X, and let {X;}"_, be a collection of i.i.d. samples from some distribution P over X. Consider the
random variable

Zf >]‘. (12)

The symmetrized version of the random variable ||P,, — P|| , is

NI

For any convex non-decreasing function ® : R — R, we have

Pr — Pl 5 := sup

iid

1Snll & == SUP ) i ~ Rademacher. (13)

Bxo @ (5 18015) | <Ex [0 (1, P < Exo [0 @151,

where 7 = {f — E[f] : f € F} is the recentered function class.
Proof. See Wainwright [32, Section 4.2, Proposition 4.11, pp. 107—108]. O

Remark 2.4. When applied with the convex non-decreasing function ®(t) = t, proposition 2.10 yields the
inequalities

1
3Ex.o [Snllz < Ex [[|Pn — Pll 5] < 2Ex.0 (Sl 5 -

Massart’s finite class lemma gives an upper bound of the Rademacher complexity of a finite class of func-
tions. This lemma is vital in the technique of one-step discretization and Dudley’s theorem.

Lemma 2.11 (Massart’s lemma). Assume |.%]| is finite. Let x} = (x1,--- ,x,) be a random i.i.d. sample, and

let
— § : 2

R(F /210g|§|

then

Proof. For any s > 0, we have

esnR(ﬂ(m}‘)/n) _ esEg [supfeg S aif(a;,i)]
<Eo {es SUPses Xi1 ”if(“)] (Jensen’s inequality)
= ]Ea_ sup 65 Z?:l Ulf(wt)
feF
<> Eo [6527:1 “if(xi)} (inner part is positive)
fez
=y HE { soif (@i } (independence of )
fez i=1
where o = {01,09,--+ ,0,} is the set of Rademacher random variables. Since for fixed i, E, [0, f (z;)] = 0

and —f (z;) < o, f (x;) < f (z;), we can apply Hoeffding’s Lemma ([12], which says that for X being a random
variable with X € [a,b] and E[X] = 0, then for every A > 0, we have that E [¢*X] < ¢"(*-9)"/8) 1o obtain,

Ecr |:€scr7;f(a:i):| S es2f2(xi)/2-



Plugging this into the previous inequality, we have

eS"R(Z(21)/n) < Z ﬁeSsz(m)/Q
feZFi=1
_ Z o(87/2) iy £2 ()
fez
< Z o(sB)?/2
fez
— | F|eD)7/2,
Hence, for any s > 0,
log| 7| | sB” >

a; n 1
R apyfn) < 1 (T4

n

By optimizing over s, we can find that setting s = 7@3% yields

R(F (@) /n) < ZV218I7]

n

O

Theorem 2.12 (Dudley’s theorem). Let F be a class of real-valued functions. Write v = Law(x), x; iy, and

Vn = 7112?:1 595, Then
e log € 5;]:,d 2 .
R(f(w?)/n)glz/ \/ 8 ¢( 12, (X)) g
0 n

Proof. The proof is analogous to the one given in Section 4.2.1, particularly the “Chaining” part. Since this
result is classical, it appears in many sources; see, for example, Ma [18, Theorem 4.26, pp. 40-43] for a
dedicated proof. O

We notice that directly using the original Dudley’s integral bound in our setting encounters difficulty as the
Dudley’s integral may have a singular point at zero. Therefore, we will apply the following result to deal with
this issue.

Theorem 2.13 (Localized Dudley’s theorem). Let G be a class of real-valued functions. Let o > 0. Write
v = Law(z), x; L v, and v, = % >, 64, Then

12 [
R(G(z})/n) < 4da + %/a \/logC(e;g,dLgn(X;R)) de .
The < in the upper limit of the integral can be replaced with the L7 (X;R)-diameter of G, and accordingly, the
theorem holds for every fixed cutoff o less than the diameter.

Proof. The proof of this theorem is similar to the proof of the original Dudley’s theorem, except that the iterative
covering procedure is stopped at the threshold € = « at the cost of the extra 4« term above. O

In fact, Dudley’s theorem applies to all zero-mean sub-Gaussian processes with respect to the induced
pseudometric px. Recall that a collection of zero-mean random variables {Xy,0 € T} is a sub-Gaussian
process with respect to a metric px on T if

A2p% (0,0")

E {eA(XG*XG’)} <e 2z — forallg,0 €T, and A € R.

It is easy to verify that the canonical Gaussian processes and Rademacher processes are both sub-Gaussian
processes with respect to the Euclidean metric ||6 — 6’||,. A result of Wainwright [32, Theorem 5.22, pp. 140-
142] gives a form of truncated Dudley’s entropy integral bound for zero-mean sub-Gaussian processes.

Theorem 2.14. Let {Xy,0 € T} be a zero-mean sub-Gaussian process with respect to the induced pseudo-
metric px. Then for any § € [0, D], we have

E

D
sup (Xg — Xg)] <2E sup (X, —X,)| + 32/ Vieg€(e; T, px) de,
il 5/4

0,0€T v,y €T
px (v')<8

where D = sup, 5. px(0,0).
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Proof. See Wainwright [32, Theorem 5.22, pp. 140-142]. O

Motivated by this theorem, we extend Theorem 2.9 to a truncated form that incorporates a discretization
error. This leads to the following result.

Theorem 2.15. For a given parameter q < [1,2], let {Xy,0 € T} be a v,-process with respect to p. Let

D = sup, 5.1 p(0,0) be the diameter of the set T under p. Let D > o > 0. Then there is a universal constant c;
such that

(t—E/c9)4
Da

D
P | sup |Xp— X5 > c2 (/ w;l(Qf(u;’]I‘7p))du + t) < 2e” forallt >0,
a/4

6,0€T

where

E =2E sup  (Xy —Xy)
v,y €T
p(v7')<a

2.2 Supervised learning and empirical risk minimization

The task of supervised learning is to estimate a function f : X — R, given a set of input-output pairs D =
{(z1,91), -, (zn,yn)} C X X R, so that the function f predicts well the paired output of a new input data. To
formalize the problem, we assume that X’ x R is a probability space with distribution P and that the data set is
sampled i.i.d. of P, thatis, D ~ P~ . Then, the function of interest can be obtained by solving the minimization
problem

min£(f), L(f) = / Ly, f(2))dP(z, ),

feT

where L(f) is called the expected risk, 7 is the largest space in which the expected risk is defined, and
L:R xR — [0,00) is a given loss function. A loss function measures the difference between the true label y
and the predicted label f(x). An example of a loss function is the squared loss function L(y, f(x)) = |y— f(x)|?.
Since we only have access to the training data set D, we estimate the expected risk using Monte Carlo
integration. In practice, we restrict ourselves to a hypothesis space H C T for searching of a solution of the
minimization problem. Thus, we consider the empirical risk minimization (ERM)

. N 1 o
min £(f), L(f) = EZL(yl’f(‘LZ))

fex

As shown in [6], the usual hypothesis spaces used in both kernel methods and neural networks have the
property
in £(f) = min L(f).
min (f) min (f)
Hypothesis spaces that have the above property are sometimes called universal classes of functions [7]. In the
case of kernel methods and neural networks, we often add a regularizing functional J : H — R to the ERM,
that is, we consider

min £(f) + ().

The regularizer J measures the norm associated to the hypothesis space H of f. Thus, ERM is set to find a
solution with small norm.

2.3 Neural networks

This subsection summarizes the results from [6, 15]. Let & : R — R be a continuous nonlinear function. A
simplified model of a neuron is o(w - ), where w,z € R%. Here, x is a vector of inputs of the neuron, w is
a vector of synaptic weights, w - = is the weighted sum of all the inputs to the neuron, o(-) is an activation
function. Given d inputs (i.e. ), a neuron is activated if w -z is greater than some threshold determined by o (-).
Examples of activation functions are the rectified linear unit (ReLU) o(z) = max(0, z), and the sigmoid logistic
function o(z) = 1/(1+e~*). A one hidden layer neural network is a function obtained as linear combination of

several neurons
K

flx) = Zako(wk -~z + b), (14)

k=1

where w;, € R? and b, € R. Here, the number of neurons is K, which is called the width of the neural network.

11



2.4 Reproducing kernel Hilbert spaces and reproducing kernel Banach spaces

This section follows Bartolucci et al. [6, Section 2, Section 3]. The concept of RKHSs is important and widely-
used in the literature of machine-learning theory.

Definition 2.15. Let X’ be a set. A reproducing kernel Hilbert spaces (RKHS) H over X is a Hilbert space of
functions f : X — R such that:

(i) as a vector space, H is endowed with the pointwise operations of sum and multiplication by a scalar;

(i) for all x € X, there is a constant C, > 0 such that
@) < Cellflln, VfeH (15)

Remark 2.5. Fix x € X. Define the point evaluation functional ev, : H — R,ev,f = f(z). Then, for (f,)5>,
being a sequence in H such that f,, — f in H as n — oo, we have that |ev, [, — ev, f| = |fu(z) — f(2)| =
|(fr — )(@)| < Cu(||fn — flln)- The right-hand side goes to zero as n — oco. Thus, ev, is continuous onH. By
the Riesz representation theorem, property (15) is thus equivalent to the existence, for all x € X, of an element
K, € H such that f(z) = (f, K,) forall f € H.

Remark 2.5 leads to the following more practical characterization of RKHSs [1].

Proposition 2.16. A Hilbert space H of functions on X is a RKHS if and only if there exists a function K :
X x X — Rsuchthatforallxz € X

1. K(z,) € H,
2 f(l‘) = <f7K($7')>7'l7 Vf €H.

Proof. The "only if" direction follows from remark 2.5 by letting the function K : X x X — R to satisfiy K (x,-) =
K, (-) for all z € X. Now, we turn to the "if" direction. Since # is a Hilbert space, condition (i) of definition 2.15
is satisfied. It remains to show condition (i) is satisfied. Let x € X be arbitary. Fix f € H. Then, we have that
K(z,) e Hand |f(z)| = |{f, K(z, ))n| < [|K(z,)||xll fllx by Cauchy-Schwarz inequality. Thus, condition (ii)
is satisfied with C,, = || K (=, -)||%. O

Remark 2.6. The function K is called the reproducing kernel and item (2) is called the reproducing prop-
erty. Every reproducing kernel is symmetric and positive definite. It can be shown that each symmetric positive
definite kernel can be used to define a unique RKHS [1].

Another characterization of RKHSs that is popular in machine learning is the following proposition.

Proposition 2.17. A Hilbert space H of functions on X is a RKHS if and only if there exists a Hilbert space F
and amap ¢ : X — F such that

(i) H={fw:we F} where f,(x) = (), w)r;
(i) 1[flln = inf{[|wl|r:w e F, f = fu}

Proof. Since Hilbert spaces are special cases of Banach spaces, the proof mimics the proof of proposition
2.18 with dual pairings being replaced by inner products. O

Remark 2.7. The map ¢ is called feature map and F feature space. Each function in a RKHS can be seen
as a hyperplane in the feature space.

A reproducing kernel Banach space (RKBS) follows definition 2.15 with "Hilbert" being replaced by "Ba-
nach".

Definition 2.16. Let X’ be a set. A reproducing kernel Banach spaces (RKBS) B over X is a Banach space of
functions f : X — R such that:

(i) as a vector space, B is endowed with the pointwise operations of sum and multiplication by a scalar;

(i) forall x € X, there is a constant C,, > 0 such that

|f@)| < Cellflls, VFeB. (16)
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Similar to remark 2.5, property (16) is equivalent to the fact that for every 2 € X there exists an element
ev, € B’ such that
f(@) = prleva, ), VfEB.

However, proposition 2.16 does not generalize to the Banach case, since in general the dual of B is not
isomorphic to itself. Interestingly, the characterization of proposition 2.17 in terms of feature maps generalizes
naturally [9, 16].

Proposition 2.18. A Banach space B of functions on X is a RKBS if and only if there exists a Banach space
Fandamap ¢ : X — F' such that

() B=1{f, : u € F} where fu(x) = = (¢(x), u) 5

(D) | flls = mf{[[ullF : p € F, f=Fu}.

Proof. We begin with the "only if" direction. Let B be a RKBS of functions on X. Define 7 = B and the
canonical feature map
¢: X > B, (x)() = evs (") = plevs, ).

Then, for u € B, fu(z) = 7 (¢(x), ) 5 = g (evs, uyp = p(x) for every z € X. Thus, f, = pforall p € B. Then,
both item (i) and (ii) are clear.

Now, we turn to the "if" direction. Suppose we have a Banach space 7 and a map ¢ : X — F’, and define
a vector space B of functions on X" as in (i). Then, the norm in (ii) makes B a normed space. To see that B is
complete, consider the linear map ¢.. : F — B given by

¢* (.u) = f/l,-
Let ¢.(1) = 0. Then, f,(z) = 0forall z € X, thatis, z (¢(x), u)» = 0 for all z € X'. Denote the kernel of ¢, as
N. Then,
N = ﬂ Kerg(z).
reX

Thus, NV is a closed subspace of F as it is the intersection of closed subspaces in F. Then, F \ AV is a Banach
space with respect to the norm

I (wllmw = nf{{lv]lz: v e F m(v) = m(uw)},

where 7 : ¥ — F \ NV is the canonical projection ([26], Chapter 1, Theorem 1.41). By definition, B = {f, : p €
F}, so B is isomorphic to F \ NV, and

1fulls = mf{[|v]| 7 :v € F, fo = fu} = 7 (W) 7 -

Therefore, B is a normed space isometrically isomorphic to the Banach space F \ N, and consequently it is
complete. Moreover, by definition, for every f € B there exists u € F such that f = f,, and |f(z)| = |f.(z)] <
||l #l|(2)|| 7 - Thus, for every x € X,

[f(@)) < inf ull#ll¢@@)l|lz = [ flslé@)]z

Ne}-ju:f
Therefore, condition (16) is satisfied with C,, = ||¢(x)]| . O

Remark 2.8. The map ¢ is called feature map and 7' feature space. Feature maps are in general not unique.
We can construct a RKBS starting from a Banach space F andamap ¢ : X — F'.

2.5 Reproducing kernel Banach spaces of neural networks

This section follows Bartolucci et al. [6, Section 3]. We restrict our attention to one hidden layer networks in
this work. Recall that a one hidden layer network is a function defined as in (14). Let p(z,0) := o(w - = + b),
where 6 = (w, b). The key idea is to consider the limit for large K in (14), that is

;p(a:,ﬁk)ck»—)/@p(x,e)du(ﬁ).

The right-hand-side expression is the limit where the hidden layer has an infinite number of neurons. If we

choose 1 = Y i, 8, cx, then
K

[ ot 0)au) = 3 pta 0

k=1
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We fix a (Hausdorff) locally compact second countable topological space © as the parameter space. Then,
we denote by M (©) the Banach space of bounded measures defined on the Borel c—algebra of ©, and endow
M(©) with the total variation norm || - ||rv. By Bartolucci et al. [6, Section 3.3], M(©) can be identified with the
dual of Cy(©), the Banach space of continuous functions going to zero at infinity endowed with the sup norm
Il - lloo- Then, the TV norm is written as

[ullry = sup{(u, ¥) : ¢ € Co(O), [¢[loc <1}

The keys to our construction are a function p : X x ©® — R and a measurable function 5 : © — R satisfying the
following conditions:

(i) forallz e X

sup |p(x,0)5(0)| = Dy < o0, (17)
)

for some D, > 0;

(i) for all z € X, the function p(z, -) is measurable.

Next, we define the feature map

61X 5 M), ao) (i (@) soy = /@ p(,0)8(6)du(6).

This is well-defined because of (17). Then, by proposition 2.18 the feature map ¢ defines a RKBS B explicitly
given by

B={f,:peM@) (18)
fula) = /e p(, 6)(0)dpu(6), 19)
1£lls = inf{lallzy : fu = £} (20)

The RKBS can be seen to be parameterized in terms of measures on the parameter space. Here, we regard
{p(-,0)}¢ as a family of basis functions (e.g. as identified by the choice of an activation function in neural net-
works), and § as a smoothing function needed to ensure that the integral in (19) converges for all . Equation
(19) provides a pointwise integral representation of the elements of 5.

Note that all one hidden layer neural networks belong to B. To see this, we choose the measure . having

finite support, i.e.
K

Mzzak59k, ap €R, 0 €0,

k=1
where Jy is the Dirac measure at point 6, it follows that the elements of the form

K
Fu=_awp(0k), ar=arB(0h) €R, O; €O, (21)
k=1

belong to B. Thus, the constructed RKBS B yields a direct connection with one hidden layer neural networks
with possibly infinite width.
Next, we link the constructed RKBS given by (18) with ERM. We consider the problem

feB

N
int (- ZlL(yi,f(fci)) +11£lls)- (22)

The following proposition shows that the minimization over the RKBS B is equivalent to minimizing over the
space of measures M(O).

Proposition 2.19 (Minimization over the RKBS is minimization over the space of measures). Takep: X x© —
R, 8 : © — R satisfying (17), and set B as the corresponding RKBS defined in (18). Then,

¢ : 1 al
(22) = Helﬂr}lf(@) (% ; L(yi, fu(xi) + llpllrv)-

Furthermore, if u* is any minimizer of

P
o (7 2 H ) + k). (@3)

then f* = f, is a minimizer of problem (22).
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Proof. See Bartolucci et al. [6, Proposition 3.7]. O

Thus, problem (22) is reformulated as a minimization over the space of measures M (©), and we consider
the regularizer to be the TV-norm of the measure p.
Now we strengthen assumption (17) by

P($, )ﬁ € CO(@)v Vo e X, (24)

which clearly implies (17). Then, we provide a representer theorem (Bartolucci et al. [6, Theorem 3.9]) for the
RKBS defined by (18), showing that ERM minimizers always exist, and are of the form (21).

Theorem 2.20 (Representer theorem). Assume that (24) holds true, and for every y € R, the function L(y, -)
is convex and coercive in the second entry. Then, problem (22) admits solutions f* such that, for all x € X,

K
ff(z) = Zakp(:c,@k), ar € R\ {0}, 0, €0,
k=1

K
1705 < 3 lanB6) 7

k=1
with K < N and (0x) #0 forallk =1,--- | K.

Proof. See Bartolucci et al. [6, Theorem 3.9]. O

3 Error bounds for learning with vector-valued random features

Section 3 summarizes the paper of Lanthaler and Nelsen [14], in which an upper bound of the G-population
squared error of the random feature models is derived. Section 3.1 presents the key definitions, the assump-
tions, and the main theorem of Lanthaler and Nelsen [14]. Section 3.2 study the proof of the main theorem
in the original paper. The thesis follows the same proof framework as shown in section 3.2. However, the
hypothesis space of the thesis regarding neural networks is a reproducing kernel Banach space; whereas
the hypothesis space of Lanthaler and Nelsen [14] regarding random features is a reproducing kernel Hilbert
space. Therefore, the use of Cauchy—Schwarz inequality on the underlying model as shown in section 3.2 is
forbidden in the proof of the main result of the thesis. Nevertheless, except for the proof framework, many
results used in section 3.2 are useful in proving the main result of the thesis. For these reasons, we include
this section for reference.

3.1 Setting and main results

This section presents the setting and main results of Lanthaler and Nelsen [14]. All definitions, assumptions,
settings, and results are taken from the paper.

Let (2, 7, P) be a sufficiently rich probability space on which all random variables in this section are defined.
Let X be the input space, ) the output space, and © the parameter space. We denote elements of X as u
and random features parameters in © as 6 . The set of probability measures supported on a set Q is denoted
by #(Q). We write expectation with respect to u ~ v € Z(X) as E,[] and similarly for § ~ p € £(0).
Independent and identically distributed (iid) samples w1, --- ,ux from v will be denoted by {u,} ~ v®" and
similarly for {6,,,} ~ u®M.

Definition 3.1 (Random feature model). Let (p, ) be a pair where ¢ : X x © — Y and u € #(0). Fixing
0 ~ u defines amap ¢(-,0) : X - Y. The map ®(;a) = ¢(-; «,{6,,}) : X — Y given by

M
1
ur O(u; ) == i E amp(u; 0m) (25)
m=1

is a random feature model (RFM) with coefficients o € RM and fixed realizations {0,,} ~ p®M.

Associated to the pair (p, 1) is @ RKHS H of maps from X to ) ([20], section 2.3). Under mild assumptions
assumed in the main results, it holds that

H={GeLiX;Y):G=Ela(d)p(:0)],a € L2(O;R)} (26)

with RKHS norm |[G||5; = min,, [la|[z2, where a ranges over all decompositions of G of the form in (26). A
minimizer a4 of this problem always exists ([3], section 2.2). We use this fact to identify any G € H with its
minimizer oy € L7(O;R).
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Let P € Z(X x ) denote the joint data distribution. The goal of random feature ridge regression
(RF-RR) is to estimate an underlying operator G : X — ) from a finite sample of i.i.d. input-output pairs
{tn, yn }0_, ~ PN, where each y, is typically a noisy observation of G(u,). Writing Y = {y,} for the
collection of observed output data and fixing a regularization parameter A > 0, the regularized Y -empirical risk
of a € RM is given by

1
Zy(0,Y) Z lyn = @ (uns )3 + Mlall3,,  where [laff, == 5 D lom|*. (27)

m=1

The regularized G-empirical risk is defined by

AN (0,G) = Z 1G(un) = @(un; )3 + Ml 3

n=1

In the absence of regularization, i.e., A = 0, these expressions define the Y -empirical risk and G-empirical
risk, denoted by Zn(«;Y) and Zn(a;G), respectively. RF-RR is formulated as the minimization problem
ming,cpm Z5(o;Y). The minimizer, denoted by @, is called the trained coefficients and the corresponding
random feature model ®(-; @) is referred to as the trained RFM.

Throughout this section, we assume that the input space X is a Polish space and the output space Y is a
real seperable Hilbert space. We view X and ) as measurable spaces equipped with their respective Borel
o-algebras. Key assumptions of the setting are:

Assumption 3.1 (Random feature regularity). Let v € Z(X) be the input distribution and (6,%, ) be a
probability space. The random feature map ¢ : X x © — Y and the probability measure . € %(0) are such
that (i) o is measurable; (ii) ¢ is uniformly bounded; in fact, ||¢|| L= = €SS SUP(,, g) v, lle(u; blly < 1; (i) the
RKHS H corresponding to (¢, 1) is separable.

Assumption 3.2 (Misspecification). There exist p € L (X;)) and Gy € H such that the operatorG : X — Y
satisfies the decomposition G = p + G .

Assumption 3.3 (Joint data distribution). The joint distribution P € &2 (X x Y) of random variable (u,y) ~ P
is given by u ~ v withv € Z(X) andy = G(u) + n. Here, G satisfies assumption 3.2. The addictive noise 1 is
a random variable in Y that is conditionally centered, E[n|u] = 0, and is subexponential: ||1]|, (yy < occ.

By (26), assumption 3.1 implies that % C L (X;Y). So, any G = p + G4 as in assumption 3.2 is automati-
cally bounded in the sense that G € LS°(X'; V). Assumption 3.3 implies that G(u) = E[y|u].
For any G, define the G—population risk functional or G-population squared error by

R(;G) = By ||G(u) — B(u; , {0, })]3 for a € RM.

The main result (Lanthaler and Nelsen [14, Theorem 3.4]) establishes an upper bound for this quantity that
holds with high probability, provided that the number of random features and number of data pairs are large
enough.

Theorem 3.1 (G-population squared error bound). Suppose that G = p + Gy, satisfies assumption 3.2. Fix a
failure probability 6 € (0, 1), regularization strength X € (0, 1), and sample size N. Let {0,,} ~ u®™ be the M
random feature parameters and {(u,,y,)} ~ PN be the data according to assumption 3.3. For ® the RFM
(25) satisfying assumption 3.1, let & € RM be the minimizer of the regularized Y -empirical risk %3 (-;Y') given
by (27). If M > X\~1log(32/5) and N > \~2log(16/4), then

EumollG () = @(w; @, {0 D)3 < 796*2 (1G] 00 + 26(p, A, Gaeym)) A
with probability at least 1 — 6, where
B(p, X Gryn) = 328]1Gaell3, + 2023 [ll3, 3p) + 8™ Eunollp(w) 13 + 18X[|pl|7 (28)

is a function of p, \, G3;, and the law of the noise variable 1.

3.2 Proof of Theorem 3.1

For the sake of completeness, this section displays the proof as in Lanthaler and Nelsen [14] in linear order.
We begin with the error decomposition

#(@;9) = AN (@ G) + [ 2(@; G) — Zn (a; G)); (29)
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where the first term is called the approximation error, and the second term is called the generalization gap.
Step 1: We bound the approximation error Z (@; G) with Zn (a; G) < Zx(Q;G).

Step 1.1: We further bound %7 (a; G) as follows. Fix any a € RM. It holds that

N
%}A\[(OZ,Y) '%N (&% g Z 77n7 un - ’U,n, Z ||77n||y

because ) is a Hilbert space and y,, = G (u,,) + 1. Using this, performing % (a;Y) — %% (o; Y') will cancel
the noise term, and we have that

N
AN (@;G) = (%N (@ Y) — B (;Y)] + (e G) + Z My © (U3 @) — @ (U @)y,

= \

2\
] MZ i
§

9 N
< BN (;G) + —Z s @ (un; @

2 B (1; 3))y - (30)

We used the fact the a is a minimizer of the RF-RR so the first term is always less than or equal to zero. If
|allar > 0, then by linearity we have that

N

2 PO
N Z (1> @ (un; @)y, = [1@]| s ( Z (T, @ un;a/”a”M)>y>
n=1 —
N
Z My @ (un; y

<l <2 sup

a’eA;

)

where A; = {o/ € RM | Ho/wa < 1}. Note that the inequality in the above display holds trivially if ||a||a; = 0.
Next, we define

2 \

1 M
_ ~ 2 ~112
t—MmZ:l‘am' = &l (31)
9 N
AN = N (059) + 35 D (= @ (uni )y, and (32)
n=1

1 N
N Z (s @ (un; a/)>y

n=1

2
) . (33)

The definition of the regularized G-empirical risk gives that At < % (a;G). Inequality (30) and the arithmetic-
mean-geometric-mean inequality together imply that

cn,Mm = | 2 sup
o’ €A,

M < ZN (@ g)<A?VM+\/cN7t<A?VM+ Iy- Yenom + /\t (34)
Subtracting At/2 from both sides and multiplying through by 2X\~! yields
t <2XATVAN A e (35)
Substituting (35) back into the right-most side of (34) gives
N (@;G) < 24N+ A en (36)
Now, it remains for us to bound the Ay, ;, (32) and ¢y, s (33) terms.

Step 1.2: We begin with bounding cy 1 (33). We precede with using Bernstein-type inequality to show that
/CN,a concentrates around its expectation. Then, we upper bound the expectation of , /cx 7.
Recall that



The main idea is to apply (9) in corollary 2.7 to (n,, ® (un;-))y, which takes value in the separable Banach
space C (A;;R) of continuous functions from the compact set A; ¢ RM into R, equipped with the supremum
norm. We first need to check that (n,,, ® (u,;-)), satisfies the conditions of corollary 2.7. The i.i.d. random
variables (1, ® (un;-))y : @ = (nn, ® (us; @)),, (conditional on {6,,} ) are linear and hence continuous. Then,
it remains to check that (n,,, ® (un; -)),, is bounded in the ¥, (C (A¢; R)) norm. For any a € A;, we compute

| (1, @ (us; @)

Zam M, @ (u1;0m))y
LM 1/2 o 1/2
S (M Z |am|2> ( Z m,y u17 >:2))>
m=1 m=1

M 1/2
2 1 2
< <||711||y i > ||90(U1;9m)||y> ~
m=1

We used the Cauchy-Schwarz inequality twice. By the boundedness of ¢, the above display gives

< ||771||¢1(y) [l o -
1

I, ® (o MWl sy = | 502 [0m, @ sz )y
acA;

Thus, (9) in corollary 2.7 gives that if N > log(1/6), then conditioned on the realizations {6,,} in the family ®,
it holds that

log(1/6)
N

N
1
NZ Ty ® (un; @)y, | +16€%2(|nlls, )l oll o

Venm < B, p,)3 sSup
ac Ay

with probability at least 1—4. Next, we bound the expectation = := Ey(,,,, 1.)} SUPne 4,
Forany a € Ay,

Z nTL, un7 y

N
0 (0 ® (i) |-

1 M N
M Z amNZ T, @ una m >y
m=1 n=1

| M , 1/2 | M N 2
< (Mmz_:l|am| ) (Mmz_:l[ Z:: Tin, @ Una >y] )

We used the Cauchy-Schwarz inequality in RM . We next note that

IE{(un,nn)} [(ﬁm @ (Un; 9m)>y} =Ey,~v [E an © (Un; 9m)>y | un”

=0.

1/2

By independence of (u,,n,) and (u,, n,/) for any two indices n # n’, together with the above observation, we
obtain that
E{(u,“n”)} R’?n; (n; 0m)>y (Nt @ (Uns; 9m)>y]
= E(un,nn) [<77na ® (Un§ 9m)>y} E(un,,nn/) [<7ln’a ® (un’ ; 9m)>y}
=0.

2
So, expanding the square [2521 (M, @ (U Hm)>y} and taking the expectation with respect to {(un,n,)}, it
remains the terms with same indices. This implies that

1 1 M
- 2
=< ﬁ M ;E(ul,m) <7717<P(U1§9m)>y

1
< ﬁ ||771||LH2,(Q;3)) el ,

where we used Jensen’s inequality to bring the expectation inside the square root in the first line, and the
Cauchy-Schwarz inequality in ) in the second line.
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Combining all results above,

Al o llpll Lo log(1/6
ewar < ARnORPIL® 62 ol )
vV N N (37)
6log(2/d
<1662 ly, il SB)

with probability at least 1 — & if N > log(2/6) > log(1/5). We used the inequalities 4 < 16¢*/2, \/a + Vb <
V2(a+1b),and 1 < 2log(2/0) to get to the last line.

Step 1.3: Continuing, we bound A]AV,M (32). It is made up of two terms. We bound each term separately.

Step 1.3.1: We begin with the first term in (32), that is 23 (a; G), where o € RM is arbitrary. By assumption
3.2, G = p+ Gy so that

Z

A (0;G) < Mlal|3; +2%n (0 Gw) + Z lp (un)ll3 < 2% (0 Go) + Z ()l - (38)

n=1 n=1

Step 1.3.1.1: First, we bound the second term on the right hand side in (38). Let Z; = ||p(u1)||y. Note that Z;
is uncentered. The idea is to use vector-valued Bernstein inequality in Hilbert space (Theorem 2.3). We first
need to show that Z; satisfies the Bernstein’s moment condition. To achieve this, we can apply Lemma 2.4.
We have that Z; < [|p||7-. and

E|Z —EZi|* <EZ} = Bunsllp(@)5 < [Ip]17 2 Euns l0(w)]3
almost surely. Thus with probability at least 1 — ¢, lemma 2.4 and theorem 2.3 provide the bound
N 2 2 2
1 4| pll75 log(2/6) 2Eu[lp(u)[15llpll7 g0 1og(2/6)
5 2 e @)l < Eullo()]} + —5——+ E.

n=1

The arithmetic-mean-geometric-mean inequality vab < (a + b)/2 gives that

Lpll2 < log(2/6§
\/(2Eullp(u)ll§z) (11013 - 10g(2/8)/N ) < Eulo(w) 3 + ] N il

Thus, it holds with probability at least 1 — § that

N 2
2 9/|p[|2  log(2/5)
= o)y < 4B lp()} + —— (39)
n=1

Step 1.3.1.2: Next, we bound the first term on the right hand side in (38).
Let T := T(A) = \/A~'Eg,. [an(6)[*. Define a* € R componentwise by

*

=y (Om) Lijag (0,,)<T} » (40)
where Gy = Eg,, [az (0)p( 0)] with [|Ga|l5, = Egnp s (0)]. Write o := ay,. Next, define a<r € L2(6;R) by

0), ifla(9) <T,
0 — acr(0) == a(0)Lgjae)<ry = {a( ) ed®)] <

0, otherwise.
We define a1 := al 4>y similarly, so that a = a<r +as7. Thenfor 6y, ... 05, we have o* € RM given by
al, = a<r (0,) foreachm € {1, ..., M}. We make the error decomposition

2

1 M A M
G () = 57 mZ:l a<r (Om) ¢ (nibm) | + 17 mZd jorer (6

. 1
l@?\f(a ;G) :N

=1

<2 D16 (un) = Eo lacr(0) (w03 y
n2_1N M 2

+ty Z Z a<t (Om) ¢ (un; Om) — Eg [a<r(0) @ (un; 0)] (IT)
x- 2 '

+ 37 2 lasr Om)[*. (II1)
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Each of the three terms (I)-(I1I) is estimated as follows. For (1), it holds that
1G(u) — Eq [a<r(0)e(u: O)]II3 = [Bo [asr(0)p(ws 0)][15, < [l 7~ (Bo [asr(0)
Since Eg |as7(0)| < Eg|a(0)|?/T, we have that

2
2)oll 2 (Eolax(6)[?)
T2

)2

()= = 2)[|p[| 2~ Eola(6)* .
For (1), denote vy = + ZnN:1 6., as the empirical measure, let Z = Z(0) be the L? (X;))-valued random
variable defined for 6 ~ u by
Z = a<r(0)e(;0).

The idea here is agin to use the vector-valued Bernstein inequality in Hilbert space (Theorem 2.3). We next
show that Z satisfies the Bernstein’s moment condition by Lemma 2.4. By boundedness of |a<r| < T, we
have || Z,,||,. < T|l¢|/~ for each m. The variance is bounded above as

VN

0® :=E|Z -EZ|}; <E[Z|7: < leli<Eola(0)].
By lemma 2.4 and theorem 2.3, it holds with probability at least 1 — § that
2
< ATl 105(2/6) | [20%10g(2/0)

= M M )
L2
VN

1 M
— N %, —EZ
W2

where Z,,. .., Zy are M iid copies of Z. Squaring both sides and substitution of the above bound on o2 yields
that
6472 ||| log(2/6)* n 8|lp|I7.0 log(2/8)Eq|a(0)[*
M? M
64)l)|7~ log(2/6)* | 8l¢lIZ~ log(2/9)

— 2 L

L e T
with probability at least 1 — .
(III) is estimated in a similar way. We aim to apply Bernstein’s inequality (4) to the random variable Z(0) :=

|a§T(9)|2 with 6 ~ p and M € N iid copies Zi, ..., Zy of Z defined by Z,, = Z (6,,) for each m. Note that
|Z| < T? by definition and the variance of Z satisfies the upper bound

(1) <

0% :=E|Z —EZ|? <E|Z)? = Eg |a<r(0)|* < T?Eg|a(6)|?.
It follows from lemma 2.4 and theorem 2.3 that

47&10g(2/5)4+ 2021og(2/9)
M M

1 M
EZZ’”SEZ+

m=1

with probability at least 1 — 4. This implies that

(I11) < \E|a(8)? + ANT?log(2/6) )\\/2T2E|a(9)|210g(2/5)

M M
41og(2/9) 21og(2/0)
_ 2
= AEg|a(0)] (1 + M + 7
with probability at least 1 — 6.
Combining the three estimates, it follows that if
log(2/9) _
M~

then
AN (03 Gy) = RN (aG) < (T4lle)| 3 +7) AEq [z (0)]° < 81X |G, -

with probability at least 1 — 24.
Recall that the goal of Step 1.3.1 is to bound the first term on the right hand side in (38). Since Gy € H,

there exists a € L7 (0;R) such that

Or =Eoup lan(@)p(0)]  and  [|Gull3, = Eop lan(9)]*.
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With a4, as in the above display, choose once and for all @ = o* € RM as in (40). Then, we have that
2907 (0 Gne) < 162X [ Gaull3, (41)

with probability at least 1 — § if M > A~!log(4/6).

Step 1.3.2: It remains to bound the second term in ANM (32), that is %ZQ’:I (=7, @ (un; @))y. Define
Zn(a) := (=1, ® (un; )),, for each n. Conditioned on {6,,}, it holds that Z, is an iid copy of Z;. We will
show below that Z,, is subexponential. Then, the idea to bound the sum is to apply Corollary 2.7, which gives
an upper bound for the sum of subexponentials. By the assumption that E [n; | u1] = 0, we have

EZ1 (o) = E(uy ) [( [ -, ® Ul,a»y}
= ]Eulwy [E[ 771, u17 )>y | ul”
[(—Em | w],® (us;0))y)]

= ]Eul ~v

=0.

Next,

[Z1 ()] < [Imlly |9 (uas @) |ly < llmlly [ledllarllll Lo
by two applications of the Cauchy-Schwarz inequality, one in ) and the other in RM. We deduce that con-
ditioned on {6,,.}, it holds that | Zi(a),,, < [Imlly, o llellamllellze=. Then, Proposition 2.6, Thmorem 2.3

(Bernstein’s inequality), and a similar argument to that in the proof of Corollary 2.7 gives that with probability
at least 1 — ¢, it holds that

N
2 log(2/96)
N E 1, ®(n; @)y < 1662|011y, () llcel| s -

On the same event as in (41), it holds that

N 21og(2/9) 2log(2/9)
o ||?M§Eeaa<9>|2<1+ E20) 1\ 2B ) <5y fan(O)F = 5wl

due to the result we obtained when bounding the (III) term in Step 1.3.1. Using this fact and choosing a = o*
as in (40), we have that the second and final term in A}, ,, (32) satisfies with probability at least 1 — § the upper
bound '

N
N log(2/6
3 (s @y < 406 b o ol <5 (42)

2\‘\3

Step 1.4: Combining the estimates (37), (38), (39), (41), and (42), recalling (36), and invoking the union bound,
we deduce that if N > A=21og(2/4), then

%1)\\7(&’ g) < Cor+ 8Eu~u||p(u)“§1 + 18||pH%3° A
with probability at least 1 — 44, where

2
Co := 324|Gaull3, + 802 [[1lly, ) 0l = 1G5 + 1536€° 0], (3 llip 17
2
< (324 + 4) [|Gal3, + 1936€° [nl[3, () el = -

Inthe last line, we used Young’s inequality with e = 1/8, thatis, ab < ca?/2+b%/(2¢) with a = 80€3/2||n]|, () || ¢l L=
and b = ||Gy||,,- Thus, we conclude that if M > A~'log(16/6) and N > A\~?log(8/4), then

RN (@;G) < AB(p, A, G, m) (43)
with probability at least 1 — §, where the multiplicative factor 3 (p, A, Gy, 1) is given by (28).

Step 2: We bound the generalization gap Z(a; G) — %~ (a; G) with suprema techniques. Define the random
variable

& ({un}, {0m}) == S ZIIQ (un) = ® (wn; @) |15, = EullG (1) — ®(u; )l3 (44)
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where Az := {o/ eRM | |lo/|3, < ﬁ} and the deterministic radius 3 = 3 (p, A\, G, n) is given in (28). For any
acAgandn e {1,...,N}, let
X (B, ) == 11G (un) = ® (n; )| = Buns |G (1) — B(u; )3,

We will show below that X, (8, ) is subexponential. Then, the idea to bound the sum in (44) is again using
Corollary 2.7. We compute

2 2
1X1(8,0)] < 2[1G (ui)ly, + 2Buns IG5 + 2 [|® (ur; @) |5 + 2Euns [ (s )3,
< 4G +4llelZeB.

We used the fact that for any . € X v-almost surely, || ®(u; )3, < B¢~ on the set Az (by the Cauchy-
Schwarz inequality). This implies that

< 4Gl + 4l ellie 5.
1

||X1(»3a')H¢1(c(AB;R)) = || sup [X1(B, )]
acAg

The X, (8,-) do indeed belong to C (Ag;R) almost surely, as they can be written as a sum of affine and
quadratic forms on R in the « variable. Application of (9) in corollary 2.7 (taking the separable Banach
space to be C (Ag; R) equipped with the supremum norm) shows that if N > log(1/4), then conditioned on the
realizations {6,,,} in the family @, it holds that

log(1/6
£3 < Equy (5] + 3267 (1613 + lFt) BV (45)
with probability at least 1 — 6.
Since the supremum concentrates around its mean, it remains to show that its mean is small as a function
of the sample size. We do this by means of the technique of symmetrization.
By Giné-Zinn symmetrization [see [32], Section 4.2, Proposition 4.11, pp. 107-108],

B,y [€5] < 2F swp anug un) = (un;a)|3|,  where e,  Unif({+1,-1}),

since the original summands (conditioned on {#6,,,}) are independent. The expectation on the right-hand side
is to be understood as the conditional expectation given {0,,}, i.e., Eg, 1 (-} taken only with respect to the
data and the Rademacher variables. The right-hand side is the Rademacher complexity of the RFM class
composed with the square loss. Expanding the square, it is bounded above by

1 N
D enllg @l

2E{“fn}7{5n} (I)
n=1
1N
+4E, 1 (e} SUP | — en (G (Uy) , P (un; 1I
(e S0 |5 320 (9 (n) (i )y (1
1N
+ 2B vqey SUD | =Y en || (un; )| (111)
funh(en} SUP. N; D (un; )y,

We now estimate each term. The first term (I) satisfies the standard Monte Carlo bound

) N o\ 1/2 1/2 2||Q||2
2| E|= N DI - E < L
< ( N;e IG (u )||y) ( Z G (u ||y> <%

For the second term (1I), we begin by estimating the empirical average on the set Az as

N 1 M
Z Un, = M Z 79 ( Zen n )y P ’U’naem)>y>
n=1 m=1

an n y P un§9m)>y

s\/B(l



by the Cauchy-Schwarz inequality in RY. We deduce by Jensen’s inequality and independence that

M N 1/2
(IT) ( Z Z 5n5n/]E{un} [<g( )v‘P(un;em»j} (G (uns) »w(un/§9m)>y]>

M N 1/2
( ISP ILIRE <ue>>) .

A final application of the Cauchy-Schwarz inequality in ) in the last line shows that the second term (1) is
bounded above by 4v/B|G| L= |||l = /vN. By Young’s inequality ab < a?/2 + b /2, we further bound

|Gl llolliz=vB _ (201Gl (2@~ VB <2||9H%sc+2lls0||%oo5
VN N1/ N1/4 = JN VN

The third term (I11) is estimated in a similar way. Expanding the empirical average on Az yields

Ly Ly ()
N;En ||q)(un7 H‘y Z Oy (M Z O‘W’Vm,mf>

m’/=1
N
Py?(n r)n/ - Zgn un7 m So(un§9m’)>y

nl

,  where

The first equality in the above display satisfies the upper bound

LM 2\ 1/2 (N) , 1/2
ala SACHUEIER)

:% Z

mm’ 1

M
(N)
am/’ym,m’

m/=1

2

Zgn un7 m @(un;em’»)}

n=1

by two applications of the Cauchy-Schwarz inequality in R*. Finally, we deduce that

(IT1) < 25\11 Z ZE{%} (tn; Om) , @ (tn; )3y

m,m’/=1n=1

<2 LS B [l utml o s3]
~ VN\ M? u (11 Zm lly 1P 8 B Ty

m,m’=1

- 28llell3~
=TUN

by Jensen’s inequality, the fact that E [¢,,e,,/] = J,,.n/, @and the Cauchy-Schwarz inequality in Y.
Combining the three estimates shows that

46117 2
A6l | el

Efu,y (€8] < N N (46)
Combining (45) and (46) yields that if N > log(1/4), then
4116117~ + lell75 log(1/3
6 (101 < U — >+32e3/2(||9||%go+so|%wﬂ) os(t/%) (@7)

with conditional probability (over {6,,} ) at least 1 — §. Since ¢ does not depend on {6,,}, by the tower law of
conditional expectation, we have that the event implied by (47) has P-probability at least 1 — § as well. The
expression in (47) is bounded above by

2(1+ log(1/0))

9 3/2( 2 2 )
32e* = (1G]12e + llllz<B i ;
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where we used the inequalities 4 < 32¢%/2 and \/a+vb < \/2(a + b). For § € (0,1), the inequality 1 < 21og(2/4)
holds true. We conclude that, if N > log(1/4), then with probability at least 1 — § it holds that

6log(2/6
5 (fun} (0 }) <8267 (161352 + 5 (9,2, Greom)) | 5L, (48)
Finally, recall (43) as we have proved in Step 1, combining the fact that \||a||3, < Zx(a;G), we have that, if
M > X llog(16/8) and N > X~2log(8/4), then & € Ag with probability at least 1 — &, where the set A is
defined as in (44). Thus, on the same event that (43) holds,

R(@:G) — A (@:0) < sup |%n(0:G) — #(0:0)|.

acAgp
According to (48), we have that the right-hand side of the above display is bounded above by
32v6e/2 (16113 + 19138 (0. X Gois) ) A < 7962 (1G113 + 03B (0 X o)) A (49)
with probability at least 1 — § because N > A~2log(8/8) > log(2/6).
Step 3: Recall the error decomposition (29). We bound the first term in (29) with (43), and bound the

second term with (49). Using 1 < 79¢%/2, ||¢||2 < 1, and applying a union bound completes the proof of
theorem 3.1.

4 Error bounds for learning in reproducing kernel Banach spaces

Section 4 presents the main results of the thesis. In Section 4.1, we introduce the assumptions of our setting,
the key definitions in terms of empirical risk and population risk, and the main theorem of the thesis. In
Section 4.2, we present a detailed proof of the main theorem of the thesis. The key contributions of the thesis
include the tools we developed for the reproducing Banach spaces setting and a general proof framework of
an upper bound of the test error performance for learning with neural networks. In Section 4.3, we discuss
some consequences of the main theorem and outline some limitations and future work.

4.1 Setting and the goal of the thesis

The goal of this thesis is to establish generalization bounds for "convex neural networks" in reproducing kernel
Banach spaces. One general proof framework is given in Lanthaler and Nelsen [14] as summarized in section
3.2. However, the regularizer in that setting is a reproducing kernel Hilbert space norm. It remains a challenge
to adapt that framework to an RKBS setting. This thesis aims to bridge this gap by developing Banach space
tools to deal with the RKBS regularizer.

Throughout this section, we assume that the input space X is a Polish space and the output space ) is a
real separable Hilbert space. We view X and )Y as measurable spaces equipped with their respective Borel
o-algebras. Let v € Z(X) be the input distribution. Key assumptions of our setting are:

Assumption 4.1 (Parameter space). Let © be a Hausdorff second-countable topological space, that can be
seen as the parameter space. In addition, © is compact.

Since © is compact Hausdorff, it is normal and thus regular. By Urysohn’s metrization theorem (see, e.g.
Munkres [19, Theorem 34.1, pp. 215-217]), © is metrizable. Then, O is separable because every compact
metric space is separable. If © has finite topological dimension, then it is homeomorphic to a subspace of R?
for some d.

We denote by M(©) the Banach space of bounded measures defined on the Borel o—algebra of ©, and
endow M(O) with the total variation norm || - ||rv. Following Bartolucci et al. [6, Section 3.3], the elements of
M(0O) are finite Radon measures, and the Markov-Riesz representation theorem ensures that M(©) can be
identified with the dual of C'(©), the Banach space of continuous functions on © endowed with the sup norm

Assumption 4.2 (Feature map regularity). Letp : X x © — R be a function such that ¢(x,-) is measurable for
every x € X. The function ¢ satisfies that, for every x € X, ¢(x,-) € C(0). In addition, the map 6 — p(x,0)

is K -Lipschitz on 6, uniformly in x € X. Futhurmore, o is uniformly bounded over X x ©, thatis, for all§ € ©,
esssup,., |¢(z,0)] < oco.
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Consider the RKBS (5, || - ||) of real-valued functions on X’ defined by the feature map ¢ : X — M(©)’ given
by

() (1) = ango) (1 S(&)) aacoy = /@ (i, 0)du(6) (50)
for every x € X and p € M(©). By (18), and (19), it holds that

B={f.: X > R| |uloy <o}, where f, — /(_)@(.,e)dﬂ(e). (51)

By (20), the norm on B is the quotient norm

= inf .
1flls = nf ey

Under Assumption 4.2, we can assume that |||~ < b for some b > 0, and we have B C L (X;R).

Assumption 4.3 (Joint data distribution). The joint distribution Q € &(X x V) of random variable (z,y) ~ Q
isgivenby x ~ v withv € #(X) andy = f*(x) + n. The addictive noise n is a random variable in ) that is
conditionally centered: E[n|x] = 0, and is subexponential: ||n]|, ) < oo.

Here, we think of f* as the "true function" of the data such that the output y is the transform of the in-
put x through f* with some additional noise. The properties that the noise 7 is conditionally centered and
subexponential are crucial in our arguments.

Assumption 4.4 (Well-specification). The operator f* : X — Y in Assumption 4.3 satisfies f* € B.

Assumption 4.4 states that the true function f* proposed in Assumption 4.3 belongs to the RKBS generated
by the feature map ¢, where ¢ is defined following Assumption 4.2. Thus, there exists p* € M(©) such that
f* = fu~. Future work may consider scenarios in which f* ¢ B, such as misspecified models, and address
them by employing existing approximation bounds.

Assumption 4.5 (Output space). The output space Y = R.

Assumption 4.5 is introduced solely to enable the application of a result showing that the covering numbers
of VC-classes of functions has a polynomial decay, which is essential for bounding the estimation error in
our approach. The classical theory of VC-classes of functions, as developed in [29], is formulated for real-
valued function classes and therefore does not directly extend to vector-valued functions. With the exception
of this technical restriction, the entire analysis remains valid in the vector-valued setting. In our analysis, we
consistently denote the norm in ) by |[-||, rather than by the absolute value, to ease future extensions to the
vector-valued settings. Future work may extend the VC-classes framework to vector-valued function classes by
employing generalizations of VC-dimension, for example, the Natarajan dimension (see, e.g. Shalev-Shwartz
and Ben-David [27, Section 29, pp. 402-409]).

Now, suppose we have access to a dataset {(z,,y.)}Y_; ~ Q%Y according to Assumption 4.3 and As-
sumption 4.4. We are interested in the regularized empirical risk minimization (ERM)

N

inf ZHyn Fu(@)l5, + Allulry,  where f,(x) = /@s@(%@)du(9)- (52)

HEM(O) N

Here we used Proposition 2.19 for the squared loss function. The goal of the theoretical analysis is to develop
error bounds for the test error performance

Eoo |£*(2) = fa(@)Il3

of a minimizer i of ERM, especially as N — oo and A = Ay — 0.
Next, we outline the notation used in this section.

Definition 4.1 (Empirical risk). Writing Y = {y,} for the collection of observed output data and fixing a regu-
larization parameter \ > 0, the regularized Y -empirical risk of . € M(®©) is given by

%N(,U, : N Z Hyn fu(ajn)Hy"’)‘HMHTV

n=1

The regularized f*-empirical risk, % (., f*), is defined analogously by

AN (s ) Nan 2n) = Fu(an)ll3 + Ay (53)

In the absence of regularization, i.e., A\ = 0, these expressions define the Y -empirical risk and f*-empirical
risk, denoted by Zn (1;Y') and Zn (u; f*), respectively.
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Definition 4.2 (Population risk). The regularized joint population risk of u € M(©) is defined by
Z*(1:Q) = E( yyally = Fu(@)l3 + Allllrv.
The regularized f*-population risk, #*(u, f*), is defined analogously by

RN ) = EanallF* (@) = fu(@) I3 + Alpllv -

In the absence of regularization, i.e., A\ = 0, these expressions define the Y -population risk and f*-population
risk, denoted by % (u; Q) and % (u; f*), respectively.

The main result of this thesis is the following theorem.

Theorem 4.1. Suppose that the parameter space © satisfies assumption 4.1. Let (B,| - ||z) be the RKBS of
the real-valued functions on X defined by the feature map ¢ : X — M(O)’ given by (50), where ¢ satisfies
assumption 4.2. Denote K, as the Lipschitz constant, uniformly inx € X, of the map 6 — ¢(z,0). Fix a failure
probability § € (0,1) and sample size N. Let {(z,,y.)} ~ Q®Y be the data according to assumption 4.3. For
f* the true function in assumption 4.3 satisfying assumption 4.4, let u* € M(©) be such that f* = f,., and
let i € M(©) be the minimizer of the regularized f*-empirical risk % (-, f*) given by (53), where A\ € R, is
the regularization strength. If N > log(4/8), A 2, b|ll,,, 3 log"*(2/6)N~1/2, and © has a finite topological
dimension d > 2, then

Eonnllf*(2) = fa(@)[13 S 0 lovA + b |1 lpy TAY + bl 3w A (54)
with probability at least 1 — 6, where
T 5 Calog!? (bl oy A7) 1175 - (55)

Remark 4.1. The order of convergence that Theorem 4.1 gives is O(N—'/4\/log N). This rate is mainly due to
the second term of (54).

Remark 4.2. The cases where d = 1 and d = 2 can also be handled. Indeed, we obtain that if N > log(4/9)
and A 2 b|nll,, ) log"/?(2/6) N1/, then

I llev A+ X+ bllplay A, ifd=1,

Eoollf*(x) — fal@)|? < .
IO =IO ity d + Mo”2 (Bt levA) + b3y, ifd =2,

with probability at least 1 — & over {z,,} ~ v®N. The order of convergence of the above is O (N —1/ 2) ifd=1
and O (N*1/2 1og3/2(N)) ifd=2.

4.2 Proof of theorem 4.1

We begin with the standard error decomposition
Z (1 [*) = %N (s f) + (% (55 f*) — Zn (13 7))
The first term is the approximation error and the second term is the generalization gap, i.e., the estimation
error.
4.2.1 Step 1: Approximation error

We aim to bound the approximation error %Zx (ji; f*). We proceed by bounding % (11; *) < %~ (ii; f*)-
Fix any u € M(©). Using vy, = f* (x,,) + n,, and expanding the square, we get

N
1
A (15Y) NZHyn Ful@n)l3 + Alullry
. v
=~ D @) +mn = ful@a) |3 + Mlpllry
n=1

N
_ Z Mo £ () — (@) Nznnnny-

2 \
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It follows that

R ([ f*) = 25 (s f7) = %% (Y (s f* () — fa (20))y

ZM“; iMz

_%f\\f (YY) + (s [ (@n) = fu (xn»y

Il
-

n

N
= ZN(Y) — BN Y) + %Z (s 3 (T0) = fu (Tn))y, -

Using this and the fact that zi minimizes %3 (-;Y'), we obtain

Ry (i f7) = [25 (s £7) — 2 (ms )] + 25 (13 )

- 2 &
= [%J)\\f(u7 Y) 7‘%1)\\/0"7 )} +'%N :U'a N Z nnafu xn f/L (xn)>y
n=1
N N
<% Z nnafu xn Z nnv.fu xn (56)

Since p is arbitrary, we can choose p = p* such that the first term in (56) is small. In this case,

%ﬁr (s £7) = Ml py - (57)
Next, define
t:=[|lEllrv, (58)
9 N
AN = By (i ) + 7 2 4= fu (@), and (59)
n=1
1 N
By =2 sup N <77n>f (xn)> (60)
lalev<t |V ; ey
By the linearity of the map . — f,, (following from (51)), it holds that
N 9 N
Z Umfﬂ In y = N Z <77m/®<ﬂ(13m‘9)d/7(9)>
—1 n—=1 y
9 N
<= ||,U||TV <7771,7 sup / @(xn;e)d:u(a)>
N 2::1 lullrv<1Je .
< tBy. (61)
Thus,
tA\ < BN (fi; f*) < AN + tBy, (62)

where the first inequality follows from definition (53) of 2% (1; f*), and the second inequality follows from (56)
and (61).

We now depart from the RKHS setting of Lanthaler and Nelsen [14]. The following argument is required for
the loss of Cauchy-Schwarz inequality in RKBSs. Define the event

o {BN < ;} (63)

This event couples A with N, and in particular, we expect A > N~1/2 on this event. We must later show that
P(E) is close to one. On the event E, it holds that

tBy < % (64)

Applying (64) on tBy in (62), subtracting tA/2 and multiplying through by two on both sides in (62) shows that

tA<24) on E,

27



and hence
t<2A714y on E. (65)

Plugging (64) and (65) back in to the right hand side of (62) leads to
Zn (B f*) <24y on E. (66)

It remains to show that Ay, is small and P(E) is large.
We first show the former. With p fixed, the second term in (56) averages to zero by our assumptions on the
noise, and hence, we expect it to be small with high probability. Indeed, it holds that

E Rnl’ Ju (m1)>y] = E@im) [<7717 fu (m1)>y]
=Kz [E [<7717fu <$1)>y ‘ 331”

67
=Eznv [<E [m | 1] 7fu($1)>y] ©7
-0,
and
L fu @)y | < Almlly (1 (@)lly < lmlly bllellpy (68)

where the first inequality used Cauchy-Schwarz inequality in Hilbert space ), and the second inequality follows
from (51) and our assumption of uniform boundedness on . Then, a similar argument to that of Lanthaler and
Nelsen [14, Lemma 4.6] gives the next result.

Lemma 4.2 (single noise cross term). Given any 6 > 0, for N > log(1/9), it holds that

N
2 log(1/6
> e fu (@)l < 162 [l 3 il
n=1
with probability at least 1 — § over {z,,} ~ v®V.
Proof. Define Z,, = <777n7f,u.(l'n)>y for each n. It holds that Z,, is an i.i.d. copy of Z;. By definition 7 of v,
norm and (68), we have that

(Ense | (=11, fulwn))y]")

1Z1l,, = sup
v pE[1,00) p
1/p
E[ln 3
SbHU”TV sup %
pE[1,00) p
= [Imlly, ) Ollell v (69)

Since 7 is assumed to be subexponential, we have that Z; is also subexponential. Proposition 2.6 states that
a subexponential random variable satisfies Bernstein moment condition (5) with o2 := 4e+/E||Z — EZ|?|| Z ||,
and b’ := 4e||Z||, - Then, theorem 2.5 (Bernstein inequality) combining with (67) yields that

8¢ Z1]ly, log(1/9) N \l 8e\/El|Z1 — EZ4|*[|Z4]],,, log(1/9) (70)

1 N
~ ; (=1 f (n))y < N ~

with probability at least 1 — d over {z,} ~ v®N. Note that E || Z, — EZ, ||* < 4E || Z,||* (by triangle inequality and
using (a+0)> <2 (a* + b)) and 4[| 21|, > 24/E 1 Z1]]? (by definition of v, norm (7)). Since N > log(1/4), we

have log(1/6)/N < 4/log(1/)/N. Combining these facts, it follows that the right hand side of (70) is bounded
above by

N N N ’

where we used v/a + vb < \/2(a + b) on the right. Noting that 2¢? 4 ¢ < 3 and combining (69) completes the
proof. O

\/ 64e2 | 23], loa(1/3) | ¢ 32| 213, log(1/3) _ \/ 64262 + ) | 217, log(1/0)
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By (57) and lemma 4.2, we have that for any 6 > 0 and N > log(2/4),

log(2/d
Ay € Al ey + 16620 s [, i v 2L
log(2/6
- (16e3/2b||m||w1(y) &0 +A> ¥z 7

on some event E; with probability at least 1 — § over {z,,} ~ v®%.

We next show that P(E) is large. The key step is to control By . Our initial strategy follows the argument from
Step 1 of Section 3.2: applying a Bernstein-type concentration inequality to bound By, and then estimating
its expectation via a covering-number method. This involves a one-step discretization followed by chaining,
using Dudley’s entropy integral bound, together with remarks on the growth rates of the covering numbers.
These results are presented in Section 4.2.1 (Alternative approaches). A closer examination shows that
By is bounded by the supremum of a 1-Orlicz process. As the process is already conditionally centered,
symmetrization is unnecessary, and Theorem 2.15 can be applied directly. This refined approach is presented
in Section 4.2.1 (Refined approach).

Alternative approaches We proceed by first deriving a bound on the expectation of By, and then show that
By concentrates around its expectation.

To bound the expectation of By, we adopt a technique known as symmetrization, which relates the abso-
lute deviation between the sample average and the population average (uniformly over the class .%) with the
Rademacher complexity. Then, we aim to apply Massart’s finite class lemma to upper bound the Rademacher
complexity.

N
1
N [BN/Q] =E ’ sup AT 77n7f¢
" vzt | N ; /
LN
- En,m Sup N nn’fﬂ x” E[<771afu(x1)>y]
lellmv<1 ne1
=En, [|IPn —Pl|#], by definition (12)

< 2Eom, (IS0l »

N
1 .
=2Eo e SUp | ZU” (s fu(@n))y|s  on "¢ Rademacher
lpellmv <1 n=1
= 9K, | Zan s @la3 )y dp(6)
H#||Tv<1

< 2]Ec:r,'r;,m

)

L~ (O;R)

LS mleni Wy

where the second equality is due to (67), and the first inequality follows from applying Giné-Zinn symmetrization
(proposition 2.10 and remark 2.4) with .7 := {(n, z) — (1, fu(z))y : ||p||rv < 1}. Since § — ¢(-;0) is assumed
to be continuous, the L> norm is equal to the C'(©) supremum norm. That is,

E[Bn/2] < 2Eq 5,4 SUp (72)
6O

N

1

N § On <77n790<xn;9)>y :
n=1

We then upper bound the expectation of the supremum of the empirical process through a covering-number-
type analysis. To do so, we first need to define a suitable pseudometric on a suitable set.
For 0,0’ € ©, define

1/2
(N Z le(zn;0) — @(n; )||§,> : (73)

It is easy to check that D(-,-) is a pseudometric (see definition 2.1) on ©. In the following, we apply the
technique of one-step discretization and the technique of chaining, respectively, to deliver an upper bound of
E[Bn]. Although chaining helps to obtain a better upper bound, it does require a stronger assumption on the
noise n.
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(1) One-step discretization: Let ¢ > 0 be arbitrary. Following definition 2.2 of an e-cover, let 0 =
{0; }Q(EO D) be an e-cover for ©. Since © is assumed to be compact with © C R4+, the e-covering num-
ber ¢(e; ©, D) is finite. Now, fix 6 € ©. Let §; € © be such that D(0,0;) < e for some i € {1,--- ,¢(¢; 0, D)}.
Then,

N
§ "7717 xn?

2uMz

|:0'n s @ xn,9)> —On <77n,<,0(37n7 i > :| XN: <77n7 (Tn; l)>y
Z nl ||77n||y H@(%ﬂ) Lp(:(:n, i) ]i/vi <77m Ln; AZ)>y

:t\f 1/2 "
< (N Z |77n|y> Do, 0 Zgn <77na (Tn; Z)>y’

where we used Cauchy-Schwarz inequality twice, one on the Hilbert space ), and the other on RY.

Note that
| X 1/2 | XN 1/2
s 2 <X E 2
e (5 mi) | = (5 Smms

1/2
= (Elml3) " <o, (74)

where we used Jensen’s inequality on the first line, and since 7 is assumed to be subexponential, it has finite
moments (see, e.g. Vershynin [31, Proposition 2.7.1, pp. 32-34]). Then, (72) is bounded above by

I /\

1/2 1 X .
21 E 2 €+ 2Eqs 1.2 Su — On \ Mns JCn;ei . 75
(Ellm3) imia SUD [Nz (s >>y] (75)
Note that
N N
E T NT On mns n; ez S ]E T NT On ny P\Tn;
o, buplN;l (mrp(@ni0)) | <Eop, ;ggzzg[]\,z e )>y]
LN
IEo’, ,x SUp | = On ﬁn,w(fﬂnﬁ) ]
e |30 (ol
1< 2\ a1 ¢(e;0, D)
A 0g €] 9
<max [ — ns ©(Tn; 0 _— 76
< max (N;@ o( )>y> N (76)
N 1/2
1 9 2log €(€; 0, D)
< — - = 77
bE(an_:l”” ”y) N (77)
/2 [2]log €(e;©, D

<o (mly) " 2ERGOD), (78)

where we used Massart’s lemma (lemma 2.11) for # = {(, z) — <n, o(; é)>y 16 €0,|0|=¢(;0,D) < o}

in (76), we used Cauchy-Schwarz inequity and the fact that ||¢|| ;. < bin (77), and we used Jensen’s inequality
in (78).
Since ¢ > 0 is arbitrary, combining (72), (75), (78), we have that

1/2 210g €(;0, D
E[BN]§4(EH771|@) gg{em gg;)} (79)

Remark 4.3. Equation (79) still holds true for © being a compact subspace of an infinite dimensional space.
(2) Chaining: The idea is to apply Dudley integral covering number bound on our setting. Consider the

class of real-valued functions § := {fy : 0 € ©}U{0}, where fy(n,z) = fo(n)(x) = (n, o(x;0))y. For fo, for €3,
define D as

N 1/2
D(fo, fo) _< Z |(fo — for) ( nn,:cn)|2> .
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It is easy to check that 15(-, -) is a pseudometric (see definition 2.1) on §. Here, we aim to do a m-steps
discritization on the function class § with respect to the pseudometric D for some nicely chosen integer m.
However, although © is compact and ¢(+; -) is bounded, the functions f, may not be bounded due to the inner
product with the noise 7. To establish a m-steps discritization, we need some property of boundedness of §
with respect to D. By assumption we have that ||¢|| ;.. < b for some b > 0. Using this and Cauchy-Schwarz

inequity,
1/2

| X 1/2 L
sup (N > |f9(nn,xn>|2> <b (N > ||nn||§> : (80)
n=1 n=1

0co
This leads to an additional assumption on the noise 7 in order to apply the technique of chaining in our setting.

Assumption 4.6 (Empirical L? boundedness of noise). Suppose that the right-hand side of (80) is bounded
above by c, that is

1 N 1/2
n=1

Assumption 4.6 says that the noise is empirically bounded in L? sense. This property ensures that every fy € §
is inside some ball with respect to D, that is, D(fy,0) < cforall fy € F.

Foreach j € Ny, lete; := c27 J and &J be a minimal ¢;-cover of § w.rt. D. For each fy €gfandjeN,
let fgj € SJ be such that D(fg,fgj) < ¢;. Under assumption 4.6, the covering number €(e; §, ) is finite for all
e > 0. Now, fix fy € §. For a given m € N, to be chosen later, we define the telescoping sum:

m

fo=fo— fo, + Z <f9]- - fej,l) ;
j=1

where f5, = 0. Following (72),

N
E[Bn/4] < Egmasup |— Y onfo(n, Tn)
[Bx /4] < Eguno SUp NZ

= Eg,n,« sup
6ece

(fe—fe +Z( f0j1>) (s )

/—\

S ]EO',U@ sup 7n) s .'L'n)
0€©

+§:1Ea,,,,m sgg be:lan (faj —fej,1> (1> @) | - (1)
o n—
(I) is bounded above by
N
B SUD 3 Z 0l | (fo = o) s 20)
< sup Dlfo.fn.) < em. (62)

where we used Cauchy-Schwarz inequality on RY.
For (H) since the covermg number €(; 5, D) is finite for all e > 0, we can apply Massart’s lemma (lemma 2.11)

{fe f97 ) fe GSJ,fe7 . GSJ 1}, where |.Z| < I&II& 1| < co. Then, (I1) is bounded above by

Y /2 [210g (€(e538, D)€l 138, D)
'Z s, (XN:(fe,.—fo“)Q(nman \/Og< : N - ) (83)

0 1E@J 1
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Note that

<2N: (fej - fej—l)Q (> n) >

1/2 N , 1/2
f0 - fG (nnal‘n)> + (Z (f9 - f0j71) (nnaxn)> (84)

n=1

IN

IN

f( (fo, Jo) + D(fo. fo, )
‘/>( i+ €j-1)
6VN (¢ — €j41), (85)

where we used Minkowski inequality in (84), and (85) is due to our construction that €;_; = 2¢; for all j € N,.
Thus, (83) is bounded above by

m 2log (€(€;; 3, [7)@(6]'— .5, D)
26 (€5 — €j41) J ( N 1 ) ) (86)

By the definition of e-covering number (definition 2.2), €(¢; F, ﬁ) is non-increasing w.r.t. €. Since €;_; = 2¢; for
all j € N4, we have that €(¢;; §, D) > €(¢;_1;§, D) forall j € Ny
Thus, combining (82), and (86), we have that

m

E[By/4] < Z —€j41) /log €(e;3 . D)
=€m + Z/ IOgQ:EJ,%D
€j+1
< éem + = / log Q:(T; 5, B)dT, since 7 € [€j+17 fj]
€j+1
Cemt 2 / Vioge(r;3, Bar. (87)

For any € € [0, c/4], we can choose m such that e < ¢,,41 < 2¢ or equivalently m = sup{j € Ny : ¢; > 2¢}.

Thus,
E[By] < inf {166+ 7/ log &(; & } (88)
e€[0,c/4]

According to (79) and (88), we have that E[By] — 0 as N — co. With suitable assumptions on the growth
rates of the covering numbers, we can make this argument more precise.

Remark 4.4. If © has finite topological dimension, then © can be identified with a closed and bounded sub-
space of a finite dimensional space, let say

={0eR’: 0], < a}.

In addition, suppose that ¢ is K-Lipschitz on 6. Then,

2
Z l[o(@n; 0) — o(n; )”y
§K2H9_9”2-

By a similar argument as in example 2.1, we have that

d
¢(;0,D) < (2‘”:“8)
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Now, assume thatlog(L) < log(NN). Plugging (89) into (79) gives

dl 2aK\/E
E[B] < ¢ %
dlog N
<
~ N (90)

Furthermore, suppose that assumption 4.6 holds. Then,

N
D(fo. for)* = = Z Ns D@03 0))y = (0, @(@n3 )|
]; 2
< NZ 7013 l0(2n; 0) = @(@n; 0115,
< Cge 16— 0|2
= b2 2

LetT = {f;:0 € O}, where f; : (n,z) — (n, p(x;0))y and

d
0= {Za;vi :w,a;e{a,a+5,a+25,...,a}}.

=1
Given fy € § such that 6 € © with § = ZZ L ;v; salisfying |all.c < a. Then, there exists fy € 3 with
0 =0, /v, such that

d

Z(a; —;) Vv

=1

c 22d 2 _ ¢ 2¢2
< K% > vl < K20

D(fo, for)? < K2||9 o) = K2

i=1

Choose § = €/(£K+/d), then D(fs, for) < €. Therefore, 3 is an e-cover of . Hence,

=) ()

Plugging (91) into (88), we realize that the function

\/log €(e S, \/ log 2a —|—log ) v/ dlogd —|—1/dlogf

is (improperly) integrable on (0, c/2). Thus, setting e = 0 (and disregarding the term depending on c), we obtain

the bound
dlogd
E[By] S |/ (92)

This shows that chaining does help us to obtain a better bound on E[By]. However, this relies on As-
sumption 4.6. If we abandon this assumption, then we have to control the noise term n by its maximum
max,e1,... N} [|nlly.  The expectation of the maximum of N sub-exponential random variables grows as
O(log N). The log(N) factor makes the rate worse than that the rate obtained using simple one-step dis-
cretization.

Remark 4.5. We can assume a more general scenario where the growth rates of the covering numbers
&(e; 0, D) and €(¢e; F, D) only satisfy

log €(e;0,D) < e V5, log€(e;F, D) < e Vs (93)

for some s > 0 (see Ratti [25, Section 7.1, p. 20] for an example of this scenario). Note that in this scenario,
the growth rates of the covering numbers are dimensionally independent.
Plugging (93) info (79) gives

6—1/s
N

E[By] < ¢+ (94)
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Choosing e ~ N~ 7% in (94) yields
E[By] S N5, (95)

Furthermore, suppose that assumption 4.6 holds. Plugging (93) into (88) gives

17,
E[B 56—}——/ T 25dT.
Byl VN J.

Ifs > %, then T2 is integrable on (0, ¢/2). So, setting ¢ = 0, we have that

E[By] < N7YV2. (96)
Ifo < s <1, we have that
1 1
E[BN] 5 €+ ﬁel_ﬁ. (97)
Choosing e ~ N~% in (97) yields
E[By] S N75. (98)

In this more general scenario, chaining still gives a better rate under Assumption 4.6. Without this assumption,
the rate is worse than the rate given by the simple one-step discretization method due to the multiplication of
the log(N) factor induced by the expectation of the maximum of N sub-exponential random variables.

Next, we show that By concentrates around its expectation with high probability using Bernstein-type
inequalities. The key idea is to apply Corollary 2.7 (Lanthaler and Nelsen [14, Cor. A.5, p. 15, Eqn. A.11])
with i.i.d. random functionals Z,,: © — R given by 0 — Z,,(0) := (n,, p(zn;0))y. By assumption 4.2, the set
© is a compact metrizable space. Then, by Stone-Weierstrass theorem, C(0) is a separable Banach space
when equipped with the supremum norm. Moreover, for every x € X, the map 6 — ¢(z; 6) is continuous on ©.
Furthermore, we have that ||<p||L,,o(XX@;y) < b. To apply the corollary, it remains to control the subexponential
norm of Z; and show that Z; € C(©). We estimate

sup [Z1(0)] < [Imly sup [|(z1;0) [y, < bllmlly -
0O 0€0

Thus, Z; is bounded and

<blm
1 (R)
Next, Z; € C(0) is continuous a.s. because it is the composition of a.s. continuous maps. Thus, we apply
Corollary 2.7 to obtain that, for any § € (0,1) and N > log(1/4), it holds with probability at least 1 — ¢ that

sup |Zl(9>\
0cO

1Z11ly, (ce)) = g () -

N N 2
1 1 64b2€? {11 [lyy, (1) log(1/9)
sup |— n, O(Tn; 0 <Esup|— n, 0(Tn; 0 —|—\/ ! .
DN 2 (s p(n; 0))y| < Esup | 2 (11 9 (203 0) ) N
Now, let
1 N
Sy :=sup |— ns @(Tn; 0 ) 99
v i= sup N;@? o(n;0))y (99)
256b%¢3 [[mu[%, (1 log(2/9)
ro= \/ N : (100)
Recalling (107), we have that for any 6 € (0,1) and N > log(2/4),
P{By > 2E[SN] +r} < P{Sy > E[SN]| +1/2} <4/2. (101)
With (79) in mind, we have
1/2 .
P{BN =8 (Emll}) " inf {e+b ”)g@'g;’@’m} +r} <P{By > 2E[Sy]+7} <0/2.  (102)

Following remark 4.5, plugging (95) into (102), it holds

P{BN > C'N ™7 +r} <4/2,
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where s > 0 (see (93)) and C’ is an absolute constant. Thus, given an arbitrary 6 > 0, with Sy defined in (99)
and r defined in (100), we can choose

A> 20/ N~z 4 9o (103)

such that P(E) > 1 — &.
Furthermore, suppose that assumption 4.6 holds. Then, by (88), we have

. 96 c/2 =
P{BNZEEE££/4]{32E+\/N/€ \/long(T;S,D)dT}—FT} <P{By > 2E[Sn]|+r} < /2. (104)

Following remark 4.5, if s > % then we can plug (96) into (104), it holds
P{BN > ("N~ +7~} <5/2,

where C” is an absolute constant. Thus, given an arbitrary § > 0, with Sy defined in (99) and r defined in
(100), we can choose
A>2C"N~4% +2r (105)
such that P(E) > 1 — &.
If 0 < s < 1, then we can plug (98) into (104), it holds
]P{BN > CWN_% +T‘} < 5/27
where C"" is an absolute constant. Thus, given an arbitrary § > 0, with Sy defined in (99) and r defined in
(100), we can choose
A> 20" N~ 4o (106)

such that P(E) > 1 — &.

Refined approach In fact, since the summands of our linear empirical process (n,, ¢(z,;0))y have mean
zero, there is no need to use Gine-Zinn symmetrization. The property that the {»,,} are conditionally centered
enables them to play the role as the Rademacher random variables would. Instead, we can directly use the
Dudley metric entropy integral inequalities for ¢-Orlicz random processes (e.g. theorem 2.9) to deliver a tail
bound on By. This approach helps us get rid of the additional assumption 4.6 on the noise 7.

Recalling (51), we have

By/2= sup
Tl ey <1

1 N
ﬁ Z<nna 80(1’71; )>)}

n=1

1 N
|5 X (tmo(oai 0y di(0)

n=1

<

L>(6;R)

By Assumption 4.2, 0 — (- ;) is continuous, then the L> norm is equal to the C'(©) supremum norm. That
is,

Bn/2 < sup
9co

(107)

1 N
N Z<77na (p(l‘n; 0)>3} -
n=1

Condition on {x,,}, we can view the sum on the right-hand side of (107) as only a function of the {7,,} with the
{z,} as fixed. We claim that condition on {xz,}, the sum is a ;-process (see definition 2.13) with respect to
the empirical pseudo-metric

L 1/2
2
dn(0,6") := (N D le(an; 0) — w(wn;(”)lly) :
n=1

35



To see this, the random variables hold that

1
< o Iy le(@n: 0) = o(en: 0]y

1
|3 i) = (i)

and thus condition on {z, },

1
< 1y ) 93 0) = 9larn; )y

1
| t20i0) = i
P1(Y)

Fix arbitrary 0,6’ € ©. Let
1
= o s o0 0) = @(2036))y
1
Ko, = = mlly, ) lo(@n: 0) = @(@n; 0]y,
N
K:= max K, .

n=1,,

Later, we write W, (n,,) as W, . Using (10), it holds that

N N
E [exp </\ > Wxﬂ = [[ Elexp OW2,)]

n=1 n=1

1
K2 N LN < ==
p (C?K2 \?) VASt Al <

u",:]z

1
(& ||771||w1(y) dn (6, 9/)/\/N

)

< exp (CfN ||n1||il(y) dn (0, 9’)2)\2) VAst [N <

where C, C; are absolute constants such that C; > C and
maxy=1,.... N [[¢(Zn; 0) — @(Tn; 0/)”31

(25:1 llo(zn; ) — (p(mn;a/)”;)l/z )

i >C (108)

where (108) ensures that
1

< —.
Ci [lmlly, ) dn (6,67 /VN — CK

We thus deduce that Wi, + ...+ Wayll,,, < llmlly, ) dv(6,0')/V'N. Thus, by the homogeneity of the norm,
condition on {x, }, the increments satisfy

N N 1
1 ”771”11; ) dn(0,0")
— : : < Cy - .
N Z <77VL7 gO(J:n, Z ’r]na 90 xnv y =
n=1 n=1 1 (R) N
More explicitly, condition on {z,,},
/*N 1 N /* N
~ - 1 aAr s "En;e TL? x’n7 Sd 976/ *
Ty ¥ 2 PO~ g 2 o =

For any measurable set A and random variable Y, we denote E4[Y] = [, YdP. Note that we have E5[Y] =
E[Y | Y € A]JP[A] by construction. Since the random variable +; ny:l(%» o(zn;0))y is centered, we have

N N N
1 1 1
Ea|sup Nzwn,w(zn;@»y =Ea [sup Nzwn,w(xn;@» —Nzwn,w(xn;@o»y
n=1 n=1 n=1
N N
< sup T J)n, AT s Tn; 9/ .
L up_ z:: s 0 (23 0))y, Nn:1<77 o )>y]

Following the proof of theorem 2.9 and theorem 2.15, there is a universal constant C5 such that for all ¢ > 0,

N

P |su lz< (2n;0))y| > C M /D(whm,wmlo (14+€&(r;0,dy))dr+q | |21, - 2
Oeg anl My P {0 y| = “3 \/N N g y Iy UN 1 sy LN
S 267(q7E/C3)/D(I17”'7$N)’ (109)
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where D(z1,--- ,2n) = supg g.co dn (0, 0') is the diameter of the set © under dy for given {z,,}, D > a > 0'is
a fixed cutoff, and

\/* N
E=2E sup N, (203 0) — p(20;60"))
6,0'cO Cy ||7]1||¢1(y z:: " " " Y
dn (6,0")<4a

\/7 N 1/2 1/2

2V N 1 2

E  sup (NZIInnII2y> ( lew T3 0) — p(Tn; )y>
n=1

S -
C ||771||¢1(y) 0,0'co n=1
dn(9,6")<4a

8ay/ NE |m]f3
S

C2 llmlly, )

where we used Cauchy—Schwarz inequality for the first inequality, and Jensen’s inequality for the second
inequality. Since 7 is sub-exponential, it has finite moments, so E ||771||§, < co. Note that

N 1/2
1
D(z1, -+ ,zn) = sup dn(6,0") = sup (N Z llo(n; 0) — gp(xm@’)i,) < 2b. (110)

0,00 0,00 ot

Following Remark 4.5, we may suppose that the growth rate of the covering number &(r; ©, d) satisfies
log€(m;0,dn) < s
for some s; > 0 Since €(7;0,dy) is a positive integer, we have that log (1 + &(7;0,dy)) is positive, and
log (1 +€(7;0,dy)) < log (€(1;0,dy)) +1 < Cyr—1/1 4 1. Thus, using this fact and (110), we have
2b

D(Il,<~~,CEN)
/ log(1+€(r;@,dN))dT§C4/ TS dr 4+ 2b. (111)

(03

Now, let

= sup
6co

)

N
NZ T, @ xna
o
Ionsi b= 04/ Tﬁl/sldT—i-?b,

80‘\/N]E||771||§z
Ea,n,N B TR TR

- CCallmly, )

We may avoid the singular point of the integral I, s, » at zero by choosing 0 < « < 2b. Then, the integral is
finite for all s; > 0. To get rid of the v/N factor in E,, ,, x, we choose o = N~'/2, So, we get

2 8y/Ellm3
I, b= 04/ VN 42, Ey= (112)

N-1/2 ’ — oGy llmlly, )

Recalling (109), we have that for all ¢ > 0,

71|
P [SN > ng Ins1.0 +9)

\/N xl, o ’IN
| Dier a)
gPlsNzch/z%(y’ /a log (1+€(r;©,dn))dr +q | | 21, 2y
< 9¢~(@=B/C3)/D(wy, an)
< 2¢=(a=En)/2b, (113)
Taking expectation with respect to {x1,--- ,zx} on both sides of (113), we obtain that for all ¢ > 0,
||771||¢ )
P|Sy > Cy—2 2 Ty o+ ) < 2¢= (4= En)/2b, 114
[ N =>C3 N (N, wral| < (114)
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Recalling (107), we have that for all ¢ > 0,

||771||1p hY ”771”1/; y —(g—
P{BN2203¢N1<)<IN,81,b+q> <P SNzOSX/Nl()(IN,Sl,Hq) < 2e” @B/

Then, forany 6 € (0,1) and N > log(2/6), by choosing ¢ = E,, — 2blog(é/4), it holds that

VN

Thus, given an arbitrary 6 > 0, with I s, » and E,, defined in (112), we can choose

IP’{BN > zcgumuﬂ (IN,sl,b +E, - 2b10g(6/4)>} <6/2.

2> 403”771”\/1]%(” (IN,sl,b + B, - 2b10g(5/4)> (115)

such that P(E) > 1 — 3.

Remark 4.6 (Order of convergence). If s; > 1, then 7'/ is integrable on (0,2b). So, Iy, » is bounded by
some constant B for all N. Then, the order of convergence is O(N~/2). If0 < s; < 1, directly integrating
IN,sl,b y/e/ds that
1—L -1a-1)
(2b) st — N~ 2 51
1— 1/81

1—s
Inas=Ca +2=0(N=).
In this case, if 3 < s1 < 1, then the order of convergence is O ( N _(1_2‘-11)); if0 < sy < 3, then this result

does not give convergence of By to zero as N goes to infinity.

In the case where © is a compact metric space and has a finite topological dimension, then by the volumetric
bound of the covering number in Euclidean space (see example 2.2), we have thatlog €(7;0,dy) Slogr— ! <
771, So, in this case, s = 1. Integrating I s, 1, yields that

1
Ins o =C4 <1og(2b) + 3 10gN> +2b=0(logN) .

In this case, the convergence rate is O(N “1/210g N ). This rate is, of course, not sharp due to the log N factor.
Instead, if we have that
©={0eR": |||, <a}

for some diameter a > 0, then the volumetric bound gives

2a d
¢(1;0,dy) < ( + 1) )
T

Plugging this bound into (111), we get that the Dudley’s integral is bounded by

2b
2
d/ log(a+1) dr + 2b.
o T

Since the integral converges to a constant (depending on a,b and d) as o — 07, by setting o = 0, we get that
the convergence rate of By — 0 as N — oc in this case is actually O(N~1/2) for

A2 blnlly, () log(4/8)N 12, (116)
In this scenario, the rate of the refined method is better than the previous two methods, where one-step dis-

cretization gives a convergence rate of O ( IOJgVN ) and chaining gives a convergence rate of O(N~'/21og N)

without Assumption 4.6.

Finally, to complete Step 1, we intersect event E and event Es, and union bound the failure probabilities.
Explicitly, P(ENE;s) = 1 -P(E°UE§) > 1—-P(E®) —P(E§). Thus, for any 6 > 0 and N > log(2/0), with a suitable
choice of A as in (115), it holds

log(2/9)
N

ZN (3 f7) < (32@3/2b771¢1(y) +2>\> ¥y (117)
with probability at least 1 — § on the event E N Es over {x,,} ~ v®¥V.
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4.2.2 Step 2: Estimation error
With (58), (65), and (71) in mind, we have that for any § > 0 and N > log(2/4),

—~ _ _ log(2/6 .
[Flley =t < 2014% < (:m by ) B +2> Il (118)

with probability at least 1 — g on the event E N E; over {z,,} ~ v®N . If © is infinite-dimensional, then applying
the technique of one-step discretization in Step 1 yields that )\ satisfies (103). If © has a finite topological
dimension d, then applying the refined approach in Step 1 yields that )\ satisfies (116). They both show that

log(2/6)

AZ b||771||¢1(y) N (119)
So,
t<clulrv =t (120)
for some absolute constant ¢ > 0. Then, we proceed by bounding
(1 f*) — Zn (s f7) < sup | (w; f) — %n (w3 )]
”l‘HTvSt/
= sup N Z 1/ (@n) = fu xn)”y Epnw || f*(2) = fu(x)”i; : (121)
el <t/

Note that for any § > 0, the inequality above holds for all N > log(2/6) with probability at least 1 — g on the
event E N E; over {x,} ~ v®N. Define

)

N
% Do @n) = ful@a)l3 = Bomw [1£* (@) = fu(@)]3,
n=1

where
Apr = {p € M(O) | ||lullrv <t'}.

Forany pe€ Ay andn € {1,...,N}, let
Xt 1) = 1f* (@) = ful@a)l3) = Eaonw [1f*(2) = fu(@)]3, -

We compute

X0t @) < 2077 @)l + 2B | @3 + 21 fu (@05, + 2Bl f(2)
<A fII7ee + 407 ()7,

K

where we used |a — b|? < 2|al? + 2|b|? in the first inequality, and for the second inequality, we used the fact that

for any = € X v-almost surely, || f.(2)[13 = | [ @(m,@)du(9)|2 < (#)?]|¢]|2 on the set A,,. Note also that by
Assumption 4.4, f* € B C L>(X,R). This implies that

X1t Mgy (a0 my) = <AL + 403

sup | X1 (t, )]
Me.At/ b

Note that by Assumption 4.2, for any = € X, we have ¢(z,-) € C(©), so fu(z) = [ ¢(x,0)du(0) is continuous
with respect to the weak* topology on M (©) in the 1 variable by the definition of weak* convergence of i — .
In addition, by Fubini’s theorem,

Eorn fu(2 // (z,0)dp(0)dv(z // (z,0)dv(z)du(x).

Let {0x} — 0'in ©. Since ||¢|| ;. < b, by the dominated convergence theorem, it holds

lim X<p(a:,9k)du(x):/X hm p(x,0r)dv(z) = /Xgo(x,ﬁ)dy(m).

k—o0 k—

Also, since v € Z(X) is a probability measure, it holds that [, ¢(x,0)dv(z) < bv(X) = b. So, the map
0 — [, ¢(x,0)dv(x) is bounded and continuous. Thus, E,., f.(z) is continuous with respect to the weak*
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topology on M(©) in the p variable by the definition of weak* convergence of u; — p. Thus, the X, (¢/,-) do
indeed belong to C (A ;R) almost surely, as they can be written as a sum of affine and quadratic forms on
M(©) in the p variable.

Next, we claim that C' (A4 ; R) is a separable Banach space when equipped with the supremum norm. The
reason is that, by the Stone—Weierstrass theorem, if S is a compact metric space, then C(S5) is separable. In
our case, S = Ay is a compact metric space with respect to the weak* topology: the compactness follows by
the Banach—Alaoglu theorem (see e.g. Rudin [26, Theorem 3.15, p. 68]) and the metrizability follows by the
fact that C(©) is separable. Indeed, a result of van Neerven [30, Proposition 4.51, pp. 154] states that if X is
a separable Banach space, then the weak* topology of the closed unit ball of X* is metrizable.

Now, applying (9) in corollary 2.7 (taking the separable Banach space to be C (A;; R) equipped with the
supremum norm) yields that if N > log(2/4), it holds that

log(2/9)

~ (122)

Zv < By [Z0] + 326" (1173 +02()?)

on some event E; with probability at least 1 — S over {z,} ~ v®V.

Since the supremum concentrates around its mean, it remains to show that its mean is small as a function
of the sample size. We do this with Rademacher symmetrization. By Giné-Zinn symmetrization [see e.g. [32],
Section 4.2, Proposition 4.11, pp. 107-108],

. where o, ' Unif({+1,-1}). (123)

£C17...,£CN‘|‘| .

(124)

1< 2
N 2_21 o |l (@n) = fiu (2n)ll3,

E{z,y [Z¢] < 2Ef2.3 {0} SUP
HEA

With theorem 2.13 in mind, in order to bound (123), we first use the law of total expectation to get

ZJan* (n) fu(xn)Hi;

711

Etz,} 400 SUP =E,y

4!

Efo) [sgf Nzan 17 @n) = fulea)l

To apply theorem 2.13 in our setting, we define the sets of functions
G:={z = |*@) = fu@)] | 1 € Av}
and
Fo=A{fulpeAv}

Now, the conditional expectation in (124) is the empirical Rademacher complexity of G. Let a« > 0. Write
vy = & S0 ... Then, theorem 2.13 gives that

E | sup —Zaan Tp) fu(xn)”i;

;LE.A,/

xl,...,wN] <4Oz+7/ \/logQ g G, dL2 (X]R))dé‘,

n=1

where the oo in the upper limit of the integral can be replaced by the L2 _(X'; R)-diameter of G. Notice that any
g € G can be written as g(z) = (¢« (f))(z) for some f € F, where

Yot (F, dLgN(X;y)) — (gadLﬁN(X;R))
fe (e I @) = f@)]3)
is a Nemytskii operator between pseudo-metric spaces. We claim that
(e gadL,%N(X;]R)> < €(e/Lip(1h,); F, dLEN(X;y))~

This follows from a result of Petersen and Zech [22, Lem. 14.12, p. 206] using that G = .. (F). It remains to
bound Lip(v,). To do so, let f; and f> belong to F. Then for any x € X, it holds that

[ (1) (@) = Ve f2) (@) = \Hf*(x) - <x>||§, (@)~ fa(@) 3|
(I7*@) = @)y + 17 @) = f2(@)ly) [17*@) =A@y = 17 @) = L))
2(||f*|| +bt ) 2(@) = L@y
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by the reverse triangle inequality and the definition of 7. Then

L 1/2
i e (01,0 (12) = (37 2 1)) = 0 () )

| XN 1/2
<21 e +00) (5 32 Ufalen) = ol )

n=1

=: Lip(t4) dLﬁN ) (f1, f2),

where Lip(v,) = 2(|| f*|| . + bt’). Notice that the diameter of F satisfies

sup drz (x)(f, 1) < 2bt’.
(f.f)EFXF

We deduce after changing variables that

N
1 2
E sup —— On f* T 7.f T
s NZ 1" (@n) = Fulan)lly,

n=1

N] < 8[| +bt)
(125)

24(|If* Nl e +02) 20
VN a

Now, our goal is to bound the covering number €(¢; F, dLEN (x;y))- Recall that the Banach—Alaoglu theorem

(see e.g. Rudin [26, Theorem 3.15, p. 68]) gives that the set A is weakly* compact as a subspace of the
Banach space M(©). In addition, since A; is a ball, it is convex. Thus, by Krein-Milman theorem (see e.g.
Rudin [26, Theorem 3.23, p. 75]) , Ay is the closed convex hull of the set of its extreme points, that is

Ay = conv (Ext(Ay)) .

\/10g @(E;]:, dL?,N(X;J’)) de .

Bartolucci et al. [6, Lemma B.2] shows that
Ext(Ay) = {£t'0p : 0 € O}.

Consider the transformation T : A, — F given by

T)(w) = Su(o) = [ (o 0)duto).
It is obvious that T" is weakly* continuous and linear on n. Then, we have
F = T(Ay) = T(conv (Ext(Ar))) C conv (T ((Ext(Ar)))).
We compute
T(W30) =¥ [ o(.0)dE)(0) = t'a(-0).
Similarly, T(—t'dg) = —t'(+, 0). Define the generating function class as
& :={t'o(-,0): 0 € O}.

Then, we have that
F Ceonv (B U (—9)).

Since ¢ is continuous on 6 for every x € X and # € © is compact,  U(—®) is compact as a subspace of C'(0),
because the continuous image of a compact set is compact. Then, the set conv (& U (—&) is totally bounded.
So, the covering numbers €(7; U (—8), dL%N (x;)) and €(r;conv (B U (— &) ,dLEN(X;y)) are finite for all = > 0.

Let g € conv (& U (—®)). Then, there exists {a;}2, C R and {g;}}2, C & U(-&) such that
M
g(x) =Y a;g(@)
j=1

holds pointwise for all = € X, where a; > 0 for all j and =77 a; = 1. Now, let Cs be a minimal ¢/2-cover of
the set & U (—®). For each g; € U (—8), we can find an h; € Cg such that dL;z,N(X;y)(gj, hj) <e/2. Consider

M

Z ajh; € conv(Ce ).

Jj=1
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It holds that

M M 2
d%gN ey | 9D by | = 9(wn) = ajhi(xn)
Jj=1 j=1

y

=
] =

3
I
—

2

S, CESETES)
y

I
=
Mz

n=1||j=1
N M
<% ZZaJ g;(xn) — hy(za)ll3 ., by Jensen's inequality
M
=2 audiz ey (93:h5)
j=1
Mo
<> o ig because o; >0 Vi
j=1
M
=¢°/4, because » a; = 1.
j=1

Thus, it holds that
M
drz v | 9 ashy | <e€/2.
j=1

For g € 0 conv (B U (—®)), given any § > 0, we can find an ¢’ € conv (& U (—&)) such that |lg — ¢'|| ., < d. We
compute

1/2
Az (x) (9 < Zl\gwn— wn)||y> <.

Then, we have

M M
drz (xy) (97 Z%‘hj) <drz () (9,9) +dezx) (g’, Zajhj) <S+¢/2
j=1 j=1

for all 6 > 0. It follows that conv(Ce ) is an e/2-cover of conv(® U (—&)).

Now, let Ceonv(c,) 0€ @ minimal e/2-cover of conv(Ce ). For an arbitary g € conv(® U (—®)), we can find an
h € conv(Ce) such that dez (x) (g,h) < e€/2. We can also find an 1’ € Ceony(ce) SUch that drz x:y)(h,h') <
€/2. So, we have that dLEN(X;y) (g,1') < e. It follows that Ceopy (e, ) iS @an e-cover of conv(® U (—&)). Thus,

¢ (6 F duz, ) < UETRS U (~8)),duz, ()
<|C

—¢ (e/z conv(Ce), dr (x, y)) (126)

VN

Recall that Cs is @ minimal ¢/2-cover of the set U (—&). So, as the convex hull of a finite set, conv(Cs) is a
finite-dimensional subspace of C'(©), and we have

dimconv(Cg) < € (6/2; & U (—6),dL3N(X;y)) —1< 0.

A result due to van der Vaart and Wellner [29, Lemma 2.6.15, p. 146] gives that the set conv(Cs) has finite
VC-subgraph index, and its VC-subgraph index satisfies

V(conv(Ce)) < dim(conv(Ce)) + 2

<¢ (6/2; & U (—(’5),dL3N(X7y)> 1< o0

Since ¢ is uniformly bounded, & U (—®) is in the t'b-ball of C'(©), and thus the set Cg is inside the same ball
due to the minimality of the cover. Then conv(Cs) is inside the same ball. So, applying van der Vaart and
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Wellner [29, Theorem 2.6.7, p. 141] yields

2tlb> 2V (conv(Ce))—2

¢ (e/?;conv(C@LdlelN) < K1V (conv(Cg))(16e)V (conv(Ce)) < -

€

<K, [€ (; -~ (*(’5);dL3N) n 1} (16€)¢<§;6u(7®),dLEN>+1 <2t/b)2¢<§;®u(®)7dLgN>

€

< K, [2@ (g;ﬁvdLEN) } (166) < i®.dpo ) +1 <2t/b>4€(§?®,dL3N>’ (127)

where K, is a universal constant. It remains to bound the covering number ¢ (6/2; ®7dL3N(X7y)). Suppose
that 6 — o(z, 0) is K-Lipschitz on 6, uniformly in 2 € X. We compute

dpz_ (t'(-0), ¢ an ) = t'e( 015
/ N )
Z 210 -6l
= (Kt [0 - 0], .

Consider the operator
i (0, lle) = (,drz vy
0 (z—t'o(x,0)).
We have that ¥, is Kt'-Lipschitz on 6 because
dz  (W.(0) = W, (0) =dpz (H'p(0),t'p(0) < K[| — 0|
Then, we apply Petersen and Zech [22, Lemmma 14.12, p. 206] using & = ¥, (0), it yields that
€(e/28,d1z_(xy) < €(¢/(2K);0,d1z _(x,3)) - (128)

Suppose that © has finite topological dimension and that © is homeomorphic to a subspace of R? for some
d > 0. By the volumetric bound of the covering number in Euclidean space (see Example 2.2), we may assume
that the growth rate of the covering number Qt(e/(QKt’); 0, szN(X;y)> satisfies

, Kt
¢(e/ (2Kt )§@,dL3N(X;y)) S ( ) : (129)

€

Combining (126), (127), (128), and (129), it hodls that

K\ Kt
e(ﬂf,dLEN(X;y)) 5 ( c ) (166)2< €

,)d 2#'b 4(1(:/){1
()
It follows that

Kt' Kt'\* Kt'\* 2t'
10g€<e;]—',dL3N(x;y)>gdlog( . >—|—2< ; ) 10g(16e)+4< ; ) 10g< ; >
Kt'\* 2'b
< ( > 1og< > . (130)
€ €

Now, we plug (130) into (125) to get

lwp LS o)~ fulanl

/.LG.At/
(IIf*HLoo +0t') Kt'\%? 2t'b
log de,
€
(03
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n=1

(131)




where C'is an absolute constant. Let & = «a(N) be a function in NV that is close to zero for large N be chosen

later. Especially, o satisfies 0 < a <« 2bt’ for large N. Then, the integral is finite for all s > 0 as the function

inside the integral is continuous (with respect to €) and the integral is over a closed and bounded interval.
Now, we evaluate the asymptotic behavior as o — 0% of the integral:

2bt’ N\ /2
Kt 2bt!
1= / < ) log ( ) de.
o € €

Note that if 0 < d < 2, then the integrand converges on (0, 2bt’). So, the integral I is bounded by some constant
B for all a(N). In this case, we set the « in the right hand side of (131) to be zero, then the expectation is
bounded above by

24CB(|| f*|l e + )N,

Since d is the dimension of the parameter space ©, we are interested in the situation where d > 2, especially
when d is large. Let

2bt’
u = log ( ) , SO e=2bt'e™ ™, de = —edu.
€

Then, the integral becomes
2b
d/2  log 213
= 2bt’ K / (

d ) K\%? 2t/
— = L:=1 .
B8 > 1, O =2t (Qb) , og "

]og %’5/ K d/2 B
I :/ (%) () e2"/u- (2bt'e™™) du
0

’

) e(%_l)“\/ﬂdu.

Define

Then, .
I= C’/ P du.
0
The asymptotic behavior of the integral depends on the value of 3, i.e., on the dimension d.

* Casel1:d=2=p3=0.
The integral simplifies to:

L / 3/2
2 . 2 20t

Vudu==L% = Z (log .
3 3 «

+Case2:d>2=(>0.

Since the exponential function grows rapidly, the dominant contribution to the integral comes from values
of u near the upper limit v = L. Note that for a being a small number which is close to zeor, it holds that
L > 1. We use a change of variables to expand around v = L

Let p
v v
v=LB(L—u), sO u=L-——, du=——.

Then as u — L, we have v — 0, and the integral becomes

L
I/C’—e’@L/ e A=W Ju du

ooy

For large L, we approximate

L——~+VL (sincev< Lwhenu— L).

v

B
Thus,

VL o VL 1

I< C”—eﬂL/ e Pdy = =Bl

~ B 0 B B

44



This gives the leading-order asymptotic behavior:

2bt”
I< Kd/2b17d/2t/@eﬁL _ Kd/lefd/Qt'M bt’ B
- B? B2 a '

Choosing o = N~tifd =2 and o = N~'/?if d > 2 yields that

{log3/2 (bt'N), ifd=2,

log(bt’ N1/d d .
Kdﬂ%(t')ﬁjv%—%, if d > 2.
2

Since the right hand side of (131) is independent of the data {z,}, we take expectation with respect to {z,,}
on both sides, combining (123) and (124), yields that for d > 2,

Ea,}[Z0] < 16(|[ ]| e + bE)INTH (132)

where

iR

log (b’ N'1/d
( ) o)

I=1I(,db K N)=1+C"'K? (133)

and C” is an absolute constant.
Plugging (132) into (122) yields that, for all N > log(2/6), with ¢’ being defined in (120), it holds that for
d > 2,

1
Zy < 16(]| f*| oo + btVIN Y/ 4 32¢3/2 (||f*||%3c + b2(t’)2) %2/6) (134)

on the event E; with probability at least 1 — 2 over {z,,} ~ v®V.
Recall (121) that for any 6 > 0 and N > log(2/9),

(s [*) — Zn (s f7) < Zv

with probability at least 1 — £ on the event E N E; over {z,,} ~ v®V.

To complete Step 2, we intersect event E N E; and event E;, and union bound the failure probabilities.
Explicitly, P(ENEs) NEs;) = 1 —P(ENEs)°UE§) > 1 —-P((ENEs)¢) — P(ES). Thus, for any 6 > 0 and
N >log(2/6), with t' being a function defined in (120) and Z being a function defined in (133), it holds that for
d>2,

R ) B (s 1) 6017+ 0TV 432672 (|3 +820)7) /B (1)

with probability at least 1 — 4 on the event (E N Es) N Es over {z,,} ~ v®V.

The cases where d = 1 and d = 2 are treated similarly. We get that for any 6 > 0 and N > log(2/4), with ¢/
being a function defined in (120), it holds that

_ _ UF* N poe +OONT2 4 (12 +07(t)? ) VIog(2/0)N 2, ifd =1,
R (s f*) =N (1 f*) < { ’ ( . )

(U5 e +BEINT210g 0 N) + (573 +62()?) v/Iog2/O)N /2, i d = 2

with probability at least 1 — & on the event (E N Es) N E; over {x,,} ~ v®V.

Remark 4.7. The approach presented above can handle an infinite-dimensional parameter space © if the
covering numbers ¢ (5; 0,d L2 ( X;y)) have a polynomial decay.

4.2.3 Step 3: Conclusion

Recall the error decomposition
A (i [7) = Zn ( f7) + (2 (s f7) — Zn (s £7)]-

In Step 1, we obtain a high probability bound (117) for the approximation error Zy (i1; f*). In Step 2, we
obtain a high probability bound (135) for the estimation error Z (i1; f*) — Zn (115 f*).
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Before combining these two bounds, we note that they can be simplified by the results we have obtained.
For ) satisfying (119), it holds that

log(2/6) * *
(3263/2b||771”w1(y) N T2 ey S Ay

By the definition (120) of ¢, we have that ¢’ < ||*||ryv. In addition, || f*|;~ < b||u*|lrv. Furthermore,

_ d/2
T 5 Caylog(b 1]l y A=) 1|45 = T

Finally, since for any 6 > 0, log(4/6) > log(2/4), we conclude that for any § > 0 and N > log(4/4), with a
suitable choice of X satisfying (119), it holds that for d > 2,

% (15 £*) S i lev A+ [l oy T2+ Bll* |y A

with probability at least 1 — § over {z,,} ~ v®.
The cases where d = 1 and d = 2 are treated similarly. We conclude that for any § > 0 and N > log(4/4),
with a suitable choice of \ satisfying (119), it holds that

¥l oy A 4+ A+ bt By A, ifd=1,

Z (1 f*) S ,
i [lev A + Aog®? (b HTV/\*I) +HollprltvA, ifd=2,

with probability at least 1 — & over {z,,} ~ v®V.

4.3 Discussion and future work

By Remark 4.1 and Remark 4.2, Theorem 4.1 gives a convergence rate, which ensures statistical consistency
in the well-specified setting. However, when the dimension of the parameter space d exceeds 2, the rate has
an explicit dependence on d, deteriorating as d increases. This highlights the curse of dimensionality.

However, the convergence rate we obtain is not sharp, as it results from using the covering-number argu-
ment in bounding the estimation error. For future work, we may consider an alternative approach, analogous
to Step 2 in Section 3.2. We outline this approach below.

Alternative approach for Step 2 We begin with Equation (123). The right-hand side is the Rademacher
complexity of the neural network function class composed with the square loss. Expanding the square, it is
bounded above by

N
1
QE{zn}w{Un} NZ ”Hf* Ty ||y

IBACHE

2 \

+4E; 1 (5,1 SUDP
{zn} A '}ueAt

oullf @)l

L
vy

+ 2Kz 1 {5,} SUD
{zn} A '}ueAt

We now estimate each term. Apply Jensen’s inequality on the first term (I) yields

2\ 1/2 1/2
D) f* 2oo
<2 (E ) - < ZEHf* ||y> < ”\/%L

where we expand the square of the sum inside the expectation and use the fact that o2 = 1 and E[o,,] = 0 to
get the equality.

1 N
2
N Z on || f* (wn)ll‘y
n=1
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For the second term (I1), we have

1

N
]E{wn} {on} sup N Z On <f* (xﬂ) 7f/t (In»y

o\

=E;, o,} Sup
{zn}{on} Au

1 N
N Z On <f* (l‘n) y P (l'n, 9)>y du(@)
n=1

N
<tEia,y {on} N Z (f*(@n) @ (@n,))y

L>=(O,R)

Zon (f* (xn) 0 (20, 0))y] - (136)

= t'E{z,},{o,} SUP
6ce

Next, we aim to bound the expectation of the supremum above via chaining using Dudley integral cover-
ing number bound. Consider the class of real-valued functions & := {gs : 6 € ©} U {0}, where g5 : ©
(f*(x), p(x;0))y. For gg, gor € &, define D as

1/2
D(gs, g6') =< Zlge Tn) = gor xn)Q) :

It is easy to check that D(-, ) is a pseudometric on &. Note that we have

1/2
sup ( Z |9 (zn 2) <b) e - (137)
Foreach j € Ny, lete; := b/ f*| ;277 and @5]» be a minimal ¢;-cover of & w.r.t. D. Foreach gy € & and j € N,
let go, € QAﬁj be such that D(gy, go,) < ¢;. From (137), the covering number €(¢; &, D) is finite for all ¢ > 0. Now,
fix go € &. For a given m € N to be chosen later, we define the telescoping sum:
90 = 90 — Go.,, +Z —96;.1) 5

where gg, = 0. We estimate

Efz,}{on} sup

N m
1
- IE{wn} {on} Sug N Z (99 xn 99 xn + Z 90 :1771) 997 1(In)])
n=1 j=1
1 N
< E{xn} {on} sup N Z 90 xn — 3o, ( ))‘ (i)
+ Z]E{m {on} SUD Zan 9o, (€n) = go, 1(fﬂn))| (i)
Jj=1 n=1

(i) is bounded above by
1 N
E;. o1 SuUp — On ) — Go,, (Tn
{za} . n}QEgN;I |(g0(zn) — Go.,. (zn))]
< sup E(Q@aQQm) < ém - (138)
0e©

For (ii), since the covenng number ¢(e; &, D) is finite for all ¢ > 0, we can apply Massart's lemma on .%
{96, — Go,_, : Go; € (’5],997 | € 6J 1}, where |.Z] < |Q§ H(’ij 1| < oo. Then, (ii) is bounded above by

m N 1/2 — —

1 R . 2log (€(e;; 6, D)C(e;_1;6,D
Z max K 3 0.1 (N Z [90, () —gejl(wn)f) \/ (e, N) (61 )). (139)
j=1
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Note that

| X 1/2 L 1/2 N 1/2
<N nz::l [99]- (Tn) — g0j1(mn)]2> < (N nz::l [gaj (Tn) — 99(33”)}2> (N z:: go(rn) g9j1(xn)]2>

(140)
< D(go;,90) + D(90, G0, )
<€ t+€i1
:6(6]' —6j+1), (141)

where we used Minkowski inequality in (140), and (141) is due to our construction that e;_; = 2¢; forall j € N
Thus, (139) is bounded above by

> 60— ¢ s (Slen®, a2, (142

j=1

By the definition of e-covering number, €(e; ®, D) is non-increasing w.r.t. e. Since ¢;_1 = 2¢; forall j € N, we
have that €(¢;; &, D) > €(¢;_1;, D) for all j € N;.
Thus, combining (138), and (142), we have that

m

(136)/t' < em + Z —€j41) \/log @(e;; &, D)
=€m + Z/ log €(ej; &, D)dr
€i+1
< é€m + \F Z/ \/log €(7; &, D)d since 7 € [ej41, €]

€j+1

< é€m+ / \/log &(7; &, D)d
€m41

For any e € [0, ¢/4], we can choose m such that ¢ < ¢,,41 < 2¢ or equivalently m = sup{j € N1 : ¢; > 2¢}.
Thus,

(1) < 4t { 48 (31 g -6.D) }

1) < 4¢ inf 16e + —= log €(1; 8, D)dr » .
ce0. 401115 | VN Je

Note that f*(x) is bounded by b ||| for all z € X'. A similar reasoning as in Remark 4.4 implies that the

covering numbers &(7; &, D) have a polynomial decay.
Estimation of the third term (I1I) is a bit tricky since it involves a quadratic empirical process. We have

Zan TACHI

n=1

1 N

¥ 0n /@w(xnﬁ)du(ﬁ)
n=1

One approach to handling the square is through (vector-valued) contraction mapping theorems. This allows

us to move the square inside the integral, after which we can apply a standard Dudley metric entropy bound to

complete the argument.

Ete.}fon} bup

2

= E nJys n Sup
ten} on} S y

Other future directions A natural direction for future work is to extend our results to the vector-valued setting.
Secondly, the results may be extended to the misspecified setting, where there exist p € L (X;Y) and fz € B
such that the operator f* : X — ) admits the decomposition f* = p + f5.
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