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Abstract. In this article, an efficient multi-objective optimization strategy for the Halbach array permanent magnet synchronous
machine (PMSM) is developed by taking into consideration the nonlinear B-H behavior of soft magnetic materials. Based
on the harmonic modeling (HM) technology, the electromagnetic performances (EPs) of the Halbach array PMSM can be
computed. To specifically model the local magnetic saturation, the stator teeth are separated into several annular layers, and
each tooth is further divided into several regions along the tangential direction. Then, the parameters of the Halbach array
PMSM are optimized utilizing combined nonlinear semi-analytical model (SAM) and non-dominated sorting genetic algorithm
II (NSGA-II). To validate the effectiveness and accuracy of the developed optimization scheme, a Halbach array prototype is
then manufactured in accordance with the optimization results. The multi-objective rapid optimization strategy developed in this
article, which includes but is not limited to Halbach array permanent magnet (PM) machines, serves as a reference for the design
and optimization of various PM machines.

Keywords: Halbach array, permanent magnet synchronous machine (PMSM), magnetic saturation, non-dominated sorting
genetic algorithm II (NSGA-II)

1. Introduction

Due to their excellent dynamic performances, permanent magnet (PM) machines are commonly utilized
in industrial equipment and household appliances, such as submarine drives [1], electric vehicles [2–
4], and flywheel energy storage systems [5]. The Halbach magnet array, which has good self-shielding
magnetization characteristics, is frequently utilized in PM machines to decrease the harmonic content
of air gap flux density and enhance torque density [6]. Despite the fact that the finite element (FE)
analysis is an useful technique for accurately predicting the magnetic field for PM machines by taking
into consideration the nonlinearity of materials and complex geometries, it is too time-consuming and
inefficient for Halbach array PM machine optimization [7]. The alternative technique is the analytical
method with a fast magnetic field prediction capacity [8].
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On the other hand, even though the computation speed of the traditional exact sub-domain model
(SDM) is fast, the effect of the nonlinearity of ferromagnetic materials cannot be considered; that is, the
traditional SDM assumes that the relative permeability of the iron core is infinite [9]. To solve the afore-
mentioned issue, [10,11] develop a nonlinear semi-analytical model (SAM). This scientific contribution
has been utilized in the magnetic field prediction and electromagnetic performances (EPs) computation
of switched reluctance machines [12,13], flux-modulated PM synchronous machines [14], axial flux
machines [15,16], etc. Previous studies have demonstrated that the nonlinear SAM will be an effective
technique for the fast evaluation of magnetic field distribution (MFD) and EPs of the Halbach array
PMSMs.

Additionally, the majority of electric machine designs involve multi-objective optimization to minimize
or maximize performance functions simultaneously [17]. Researchers have developed diverse optimiza-
tion algorithms, such as Taguchi–chicken swarm optimization (Taguchi–CSO), fusion algorithm [18],
genetic algorithm (GA) [19], particle swarm optimization (PSO) [20], and non-dominated sorting genetic
algorithm II (NSGA-II) [21], to solve complex electric machine optimization problems. Based on the
canonical PSO method, [22] proposes an optimization algorithm considering the nonlinearity of ferromag-
netic materials of surface-mounted PM machines. Ref [23] proposes an online data-driven multi-objective
optimization method, which adopts a two-loop optimization process, and the optimized results achieve
64% thrust ripple reduction and 6.6% average thrust increase, respectively. To maximize production
quality and minimize the manufacturing cost of PM machines, a multilevel robust optimization method
is proposed in [24]. To reduce the usage of rare-earth PMs, [25] proposes a multi-objective stratified
optimization strategy. In these studies, the optimal design of electric machines is primarily based on the
FE model, and the optimization requires a large number of iterations, which is quite time-consuming
and complicated. Furthermore, there is still a scarcity of research on the fast optimization strategy
of PM motors combined with analytical approach and optimization algorithm, especially for Halbach
magnet array. As a result, a rapid optimization analytical framework of the electric machine is necessary,
particularly for the Halbach array PM machine, whose structural parameters and magnetization direction
need to be optimized.

To fill this gap, an efficient multi-objective optimization strategy for the Halbach array PM machine
is developed in this article, which is based on the combined HM technology and NSGA-II optimization
algorithm. In particular, the developed nonlinear SAM can consider the nonlinearity of ferromagnetic
materials by an iterative algorithm. The FE models and experiments verify the effectiveness of the
optimization cases.

This paper is organized as follows. Section 2 introduces the geometric structure of the studied Halbach
array PMSM. The detailed description of the nonlinear SAM of the Halbach array PMSM is presented in
Sections 3. The effective multi-objective optimization strategy that combines nonlinear SAM and NSGA-
II is developed in Section 4. Then, Section 5 verifies the correctness of the optimization results by the FE
analysis and experiments. Section 6 concludes this paper.

2. Studied machine

The basic geometry parameters of the studied Halbach array PM machine in this article are shown
in Table 1. The stator slot is simplified in the analytical model to have an equal angle width. Therefore,
the 2-D analytical model of the Halbach array PM machine, as illustrated in Fig. 1, can be obtained.
In this article, each pole of the studied Halbach array PMSM is consisting of three PMs with different
magnetization directions to decrease the harmonics of the air gap magnetic field and the eddy current loss
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Table 1
Basic parameters of the studied Halbach array PM motor

Items Symbol Value

Number of stator slots Qs 12
Number of pole pairs p 5
Radius of slot bottom Rsb 74 mm

Radius of slot top Rst 53.5 mm
Radius of stator bore Rs 52 mm

Slot width angle 𝜃ss 20°
Number of turns Nc 16

Remanence of PM Brem 0.75 T

Fig. 1. 2-D analytical model.

of the rotor. The r-direction and 𝜃-direction components of the magnetization vector M are solved in the
Appendix.

𝛼𝑖 = 2𝜋
𝑄𝑠

𝑖 + 𝛿𝑠0 (1)

where 𝛼i is the angular position of slot-opening.

3. Semi-analytical model of Halbach array permanent magnet machine

By introducing a magnetic vector potential, the magnetic field in each region can be computed by solving
the following Laplace’s or Poisson’s equations:
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where

𝐾𝜃 = diag[−𝑁, … 𝑁] (4)
𝑉 𝑘 = 𝜇𝑘

𝑐,𝜃𝐾𝜃[𝜇𝑘
𝑐,𝑟]−1𝐾𝜃 𝑘 = III, IV. (5)

The general solution for (2) and (3) are given as follows:

𝐴𝐼
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where

𝐺 = 𝜇0(𝐾2
𝜃 − 𝐼)−1(𝑀𝜃 + 𝑗𝐾𝜃𝑀𝑟) (10)

𝐹 = (𝑉 IV − 4𝐼)−1𝜇IV
𝑐,𝜃𝐽𝑧 (11)

where Wk and 𝜆k are the diagonal eigenvalue and the eigenvector matrix of V k.
Based on the above general solutions, the interface continuity boundary conditions and Neumann

boundary conditions are listed as follows:
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𝐻𝐼
𝜃 = 0|𝑟=𝑅𝑟

, 𝐻 IV
𝜃 = 0|𝑟=𝑅𝑠𝑏

. (15)

Then, the harmonic coefficients of each region can be computed by solving the following matrix
equation.

𝑀𝑋 = 𝑌 (16)

with
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⎥
⎥
⎥
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⎥
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⎥
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(17)
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Fig. 2. Multilayer division of stator teeth.

Fig. 3. Magnetic characteristic of WTG200. (a) B-H; (b) 𝜇r-B.

𝑋 = [𝑎𝐼 𝑏𝐼 𝑎II 𝑏II 𝑎III 𝑏III 𝑎𝐼𝑉 𝑏𝐼𝑉 ]𝑇 (18)

𝑌 = [𝑌1 𝑌2 𝑌3 0 0 𝑌6 𝑌7 𝑌8]𝑇 . (19)

Moreover, the EPs of the Halbach array PMSM can be further predicted, as shown in the Appendix.
On the other hand, in order to more accurately consider magnetic saturation, each iron part can be

divided into CT individual regions along the 𝜃-direction and L layer along the r-direction, as illustrated in
Fig. 2. The Fourier coefficients of the l-th layer of the stator slots/teeth region are given in the Appendix.

For the PM machine, though the stator tooth is designed in the unsaturated region, the tooth tip behavior
obvious saturation effect. The relative permeability of the saturation region can be calculated by the
following equation [26]:

𝜇𝑟(𝐵) = (
𝐵𝑜

𝐻𝑜𝜇0 ) (
1

1 + (𝐵/𝐵𝑜)𝑣−1 ) (20)

where Bo, Ho, and v are the constants that depend on the core materials.
The silicon steel selected in this paper is WTG200, its B-H curve and B-𝜇r curve are given in Fig. 3.

The parameters Bo, Ho, and v are 1.32, 149.07, and 13.84 respectively.
The nonlinear iterative algorithm proposed in Fig. 4 is used to update the permeability of the saturated

region.
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Fig. 4. Nonlinear iterative process considering potential local magnetic saturation.

Fig. 5. The general structure of NSGA II.

4. Optimization process

The NSGA-II, which is a multi-objective optimization algorithm based on the Pareto optimal solution,
was first proposed in 2002 [27]. In contrast to the traditional optimization algorithm, the NSGA-II adopts
an elite strategy and crowding distances operator, which reduces the computation and achieves a fast and
accurate performance search. The general structure of the NSGA-II algorithm is given in Fig. 5.
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Table 2
Value range of design variables

Items Symbol Range

Slot opening angle 𝜃so 1 ∼ 5°
Air-gap length g 0.5 ∼ 4 mm

Thickness of PM hm 4 ∼ 10 mm
Magnetization direction 𝜑g 20 ∼ 90°

Active stack length Llef 30 ∼ 60 mm

Fig. 6. Flow chart of the developed efficient multi-objective optimization strategy.

The optimization model that is proposed in this section mainly consists of objective functions and
optimization parameters, etc. An essential parameter to evaluate the performance of the PMSM is the
output torque T. The optimization process attempts to maximize output torque in a constrained volume.
Torque ripple T rip, on the other hand, is set as the optimization objective to ensure the high stability of
the PM machine and reduce vibration and noise. Additionally, reducing the usage of rare-earth PM is one
option to lower production costs. As a result, the volume consumption of rare-earth PM materials is set
as the optimization objective, which is represented by VPM .

The optimization objectives are listed below in accordance with the analysis mentioned above.

Function ∶ [Max(𝑇 ), Min(𝑇𝑟𝑖𝑝), Min(𝑉PM)]. (21)

In the optimization process, the parameters in Table 1 remain unchanged, then five independent design
variables are selected, with the appropriate variation ranges shown in Table 2. The maximum number of
generations is set at 120, with a specified limit of 20 for each generation. In the first stage, all variables
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Fig. 7. Optimization results of the proposed method.

Table 3
Geometrical parameters of optimization cases

Items Symbol Case 1 Case 2

Radius of slot bottom Rsb 74 mm 74 mm
Radius of slot top Rst 53.5 mm 53.5 mm

Radius of stator bore Rs 52 mm 52 mm
Outer radius of PM Rm 49.5 mm 51.48 mm
Inner radius of PM Rr 41 mm 46.83 mm

Slot width angle 𝜃ss 20° 20°
Slot opening angle 𝜃so 3.75° 2.22°

Air-gap length g 2.5 mm 0.52 mm
Thickness of PM hm 8.5 mm 4.65

Magnet magnetization direction 𝜑g 64° 73.3°
Active stack length Llef 50 mm 45.6 mm

Output torque T 8.53 Nm 10.15 Nm
Torque Ripple T rip 1.72% 9.42%

Volume of PMs VPM 1.2e−4 m3 6.5e−5 m3
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Fig. 8. FE models. (a) Optimization case 1; (b) Optimization case 2.

are randomly selected within the range of values to determine the initial population variable value. Then,
the EPs can be obtained by nonlinear SAM. Figure 6 shows the flowchart of the developed efficient multi-
objective optimization strategy.

The optimization results are presented in Fig. 7. On the y-z and x-z plane projections, two Pareto fronts
can be identified clearly. To facilitate prototype manufacturing and satisfy the optimization objectives of
maximum output torque (Max (T )), minimum torque ripple (Min (T rip)), and minimum PMs consumption
(Min (VPM)), a case is selected from the y-z and x-z plane projections respectively, and satisfies the above
two optimization objectives. The geometric parameters and objective function values of the two case
parameters are given in Table 3.

5. Verification

In this section, according to the two optimization cases given in Table 3, their FE models are established
to compare the EPs of the two cases, in terms of the cogging torque, back EMF, and electromagnetic torque.
Furthermore, a Halbach prototype was manufactured based on the optimization results of Case 1, and the
correctness of the developed optimization strategy was verified by experiments.

5.1. Finite-element model

The FE models of two optimization cases are established in the commercial FE software JMAG.
Figure 8 shows the magnetic field of two optimization cases on load conditions.
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Fig. 9. Comparison of cogging torque. (a) Optimization case 1; (b) Optimization case 2.

Fig. 10. Comparison of Back EMF. (a) Optimization case 1; (b) Optimization case 2.

Figure 9 shows the comparison of cogging torque. It is clear that the waveforms predicted by the
nonlinear SAM are very consistent with the FE analysis results. In Fig. 10, the comparison of back EMF
is given. The computation is carried out at 3000 r/min, and the amplitude of the phase back EMF of
optimization cases 1 and 2 by SAM is 40.64 V and 45.72 V, respectively, while those by the FE model are
40.01 V and 45.31 V. The electromagnetic torque waveforms computed by using the proposed nonlinear
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Fig. 11. Comparison of electromagnetic torque. (a) Optimization case 1; (b) Optimization case 2.

Fig. 12. Influence of the number of harmonics on computation time.

Table 4
Computation time comparisons of different calculation methods

Linear SAM Nonlinear SAM Nonlinear FE model

Computation time 0.35 s 3.91 s 5.46 s

SAM and the FE model at rated current are shown in Fig. 11. It is clear that the waveforms from the two
optimization cases and those from the FE analysis match very well.

Figure 12 shows the influence of the number of harmonics on the calculation time. To make a com-
promise between calculating efficiency and accuracy, the maximum harmonic order N for computation
in this article is set to 140. Both analytical models and FE models are run on a PC with Intel (R) Core
(TM) i7-7700k CPU @ 4.20GHz and 16 GB main memory under the WIN10 operating environment.
The calculation time of different methods for single-step MFD is listed in Table 4. It can be seen that
compared to the nonlinear FE model, nonlinear SAM is 28.4% faster. On the other hand, linear SAM has
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Fig. 13. The stator and rotor of the prototype machine. (a) Stator; (b) Rotor.

Fig. 14. Experimental setup for static torque measurement.

high computational efficiency and has important application prospects in the design and optimization of
permanent magnet motors.

5.2. Experimental validation

To further verify the correctness and accuracy of the developed optimization strategy, a prototype is
manufactured according to the design parameters of optimization case 1. The stator and rotor structure is
shown in Fig. 13.
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Fig. 15. Comparison of static torque. (a) The torque varies with the rotor position; (b) The maximum value of static torque varies
with current.

To verify the torque-producing capacity of optimization case 1, static torque is measured. The
experimental setup is shown in Fig. 14. As shown in Fig. 15, the waveform of static torque predicted
by the proposed SAM agrees very well with the experimental result. As can be observed from Fig. 15(b),
the relative error of the static torque predicted by the nonlinear SAM increases with a rise in current, but
it is always at a reasonably low level. In particular, the static torque measurement result is 8.57 Nm when
the phase current amplitude is 80 A (128% of rated current), whereas the calculated value is 9.09 Nm,
and the relative error is only 6.07%.

The back EMF of the prototype was tested at 3800 r/min. The experimental devices are shown in Fig.
16. The comparison of phase-back EMF between the proposed nonlinear SAM and the experimental result
is given in Fig. 17. The calculated amplitude of the phase-back EMF is 51.48 V, while the measured value
is 49.6 V, and the relative error is only 3.8%, which meets the error requirement.

6. Conclusions

Although the Halbach array is known for about 50 years, its application to PM motors is an emerging
field with great potential. To this end, this paper presents an efficient multi-objective optimization strategy
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Fig. 16. Experimental setup for back EMF measurement.

for Halbach array PM synchronous machine, which combines HM technology and NSGA-II optimization
algorithm. Then, a Halbach array PM machine is optimized by this optimization scheme, and two
optimization cases are obtained. Additionally, a prototype is manufactured according to the optimization
results, and the experimental results confirm the effectiveness of the developed optimization strategy.
The optimization strategy developed in this paper has important theoretical significance and engineering
reference value for other types of PM machines, especially for the axial flux PM machines equipped with
a Halbach magnet array, which will significantly reduce the design and optimization time.
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Appendix A: Magnetization source

The center position of the mth tangential magnetized PM is defined as

⎧⎪
⎨
⎪⎩

𝛿𝑚 = 2𝜋
𝑝 (𝑚 − 1) + 𝛿0

𝑚 = 1, 2, … , 𝑝
� (22)

where 𝛿0 is the initial angular position of the rotor.
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Fig. 17. Comparison of back EMFs. (a) Experimental results; (b) Comparison of analytical and experimental results.

Fig. 18. Schematic of magnetization.
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The center position 𝜃g of the gth PM is defined as:

⎧⎪
⎨
⎪⎩

𝜃𝑔 = 𝜋(𝑔 − 1)
𝑝𝑡

𝑔 = 1, 2, … , 2𝑡
� (23)

where t represents the number of blocks per pole and here t = 3.

�̂�𝑟,𝑛 = 1
2𝜋𝑗𝑛

𝑝

∑
𝑘=1

2𝐺

∑
𝑔=1

𝐵𝑟𝑒𝑚
𝜇0

cos(𝜑𝑔)

× {𝑒𝑗𝑛 (2𝑔−1)𝜋
2𝑝𝐺 − 𝑒𝑗𝑛 (2𝑔−3)𝜋

2𝑝𝐺 } 𝑒𝑗𝑛𝛿𝑘 , 𝑛 ≠ 0 (24)

�̂�𝜃,𝑛 = 1
2𝜋𝑗𝑛

𝑝

∑
𝑘=1

2𝐺

∑
𝑔=1

𝐵𝑟𝑒𝑚
𝜇0

sin(𝜑𝑔)

× {𝑒𝑗𝑛 (2𝑔−1)𝜋
2𝑝𝐺 − 𝑒𝑗𝑛 (2𝑔−3)𝜋

2𝑝𝐺 } 𝑒𝑗𝑛𝛿𝑘 , 𝑛 ≠ 0 (25)

Schematic of magnetization is shown in Fig. 18.

Appendix B: Electromagnetic performance

The electromagnetic torque T em (in on-load condition) and cogging torque T c (in no-load condition)
can be obtained [13].

𝑇 =
𝐿lef𝑅2

𝑔

𝜇0 ∫
2𝜋

0
𝐵II

𝑟 (𝑅𝑔, 𝜃)𝐵II
𝜃 (𝑅𝑔, 𝜃)𝑑𝜃. (26)

The flux linkage of i-th stator slot coil could be computed by

𝜑1,𝑖 = 𝐿lef
𝑁𝑐
𝑆 ∫

𝛼𝑖−
𝜃𝑠𝑠
2

+𝑑

𝛼𝑖−
𝜃𝑠𝑠
2

∫
𝑅𝑠𝑏

𝑅𝑠𝑡

𝐴IV
𝑧 (𝑟, 𝜃)𝑑𝑟𝑑𝜃 (27)

𝜑2,𝑖 = 𝐿lef
𝑁𝑐
𝑆 ∫

𝛼𝑖+
𝜃𝑠𝑠
2

𝛼𝑖+
𝜃𝑠𝑠
2

−𝑑 ∫
𝑅𝑠𝑏

𝑅𝑠𝑡

𝐴IV
𝑧 (𝑟, 𝜃)𝑑𝑟𝑑𝜃. (28)

The total flux linkage can be obtained.

⎡⎢⎢⎣

Ψ𝑎
Ψ𝑏
Ψ𝑐

⎤⎥⎥⎦
=

⎡⎢⎢⎣

Ψ1,𝑎
Ψ1,𝑏
Ψ1,𝑐

⎤⎥⎥⎦
+

⎡⎢⎢⎣

Ψ2,𝑎
Ψ2,𝑏
Ψ2,𝑐

⎤⎥⎥⎦
(29)

where

⎡⎢⎢⎣

Ψ1,𝑎
Ψ1,𝑏
Ψ1,𝑐

⎤⎥⎥⎦
= 𝐶1 [𝜑1,1 𝜑1,2 ⋯ 𝜑1,𝑄𝑠]

𝑇 (30)
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⎡⎢⎢⎣

Ψ2,𝑎
Ψ2,𝑏
Ψ2,𝑐

⎤⎥⎥⎦
= 𝐶2 [𝜑2,1 𝜑2,2 ⋯ 𝜑2,𝑄𝑠]

𝑇 . (31)

Then, the back EMFs can be calculated.

⎡⎢⎢⎣

𝐸𝑎
𝐸𝑏
𝐸𝑐

⎤⎥⎥⎦
= − 𝑑

𝑑𝑡
⎡⎢⎢⎣

Ψ𝑎
Ψ𝑏
𝜓𝑐

⎤⎥⎥⎦
. (32)

Appendix C: Fourier coefficients of l-th layer

The Fourier coefficients of the l-th layer of the stator slots/teeth region can be obtained by

̂𝜇𝑙
𝑛 =

⎧⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪⎩

(1 − 𝛽)𝜇0 + 𝛽
𝑄𝑠𝐶𝑇

𝑄𝑠

∑
𝑖=1

𝐶𝑇

∑
𝑐=1

𝜇𝑖,𝑐 𝑛 = 0

𝑄𝑠

∑
𝑖=1

𝜇0

2𝜋𝑗𝑛𝑒𝑗𝑛𝜋 2(𝑖−1)−𝛽
𝑄𝑠 [1 − 𝑒𝑗𝑛𝜋 2(𝛽−1)

𝑄𝑠 ]

+
𝑄𝑠

∑
𝑖=1

𝐶𝑇

∑
𝑐=1

𝜇𝑖,𝑐
2𝜋𝑗𝑛𝑒

𝛽𝐶𝑇 −2(𝑖−1)𝐶𝑇 −2𝛽𝑐
𝑄𝑠𝐶𝑇 [𝑒𝑗𝑛𝜋 2𝛽

𝑄𝑠𝐶𝑇 − 1] 𝑛 ≠ 0

� (33)

where 𝜇i, c is the permeability in c-th piece of the i-th iron part.
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