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Summary

Rapid decarbonisation and large-scale deployment of inverter-based renewables are turn-
ing power systems into low-inertia, weakly meshed grids where stability can no longer
be guaranteed by a few synchronous machines. At the same time, Distributed Energy
Resources (DERs) such as storage, electric vehicles, rooftop PV, and flexible loads are pro-
liferating in distribution networks, creating substantial but fragmented flexibility. Virtual
Power Plants (VPPs) aggregate these DERs into controllable portfolios, yet ancillary ser-
vices are still often treated as static reserve capacities or power set-points, neglecting the
dynamic behaviour required for Fast Frequency Response (FFR), inertia emulation, and
other short-timescale services. This thesis, therefore, adopts the concept of Dynamic Vir-
tual Power Plants (DVPPs), which explicitly model internal device dynamics.

The thesis develops a coordination framework and associated operation models that
enable aggregated DERs to provide reliable dynamic ancillary services under scalability
constraints, limited disclosure of local information, and behavioural considerations. It is
organised around three themes: modelling DVPP operation for dynamic services, design-
ing distributed and scalable solution methods, and integrating prosumer motivation into
ancillary-service provision.

We first study the coordination of several DER aggregators, each managing a portfolio
of DERs, to collectively provide the FFR specified by the DVPP operator. FFR is repre-
sented as a transfer function from frequency deviations to active-power response, and
an ∞-based performance metric is used to quantify the dynamic mismatch between the
aggregate response and the target FFR behaviour. This results in a convex optimisation
problem with linear matrix inequality constraints that jointly capture dynamic regula-
tion quality and economic efficiency. To avoid a fully centralised implementation, which
would require full disclosure of local information, the problem is reformulated as a state-
based potential game in which each aggregator acts as an agent with its own cost function
and feasible set. A tailored game-theoretic learning scheme enables the agents to update
their FFR provisions using only local information and communication with neighbour-
ing agents, and to converge to a Nash equilibrium that closely approximates the optimal
solution, while reducing information disclosure and avoiding single points of failure.

xi



xii Summary

Second, the DVPP composed of a large number of DERs in a distribution network
is studied to provide aggregate FFR to the transmission grid. The DVPP’s operation is
still framed as matching a desired FFR transfer function at the grid interface with the ag-
gregate transfer function of all participating devices. This matching is enforced in the
frequency domain by aligning real and imaginary parts of the two transfer functions at
selected angular frequencies. This leads to a nonlinear, nonconvex optimisation problem
that links device-level design variables to DVPP performance and operating cost. Laten-
cies are treated as decision variables, allowing the DVPP to shape both the amplitude and
timing of its response and to unlock additional temporal flexibility. To preserve computa-
tion tractability at large portfolio sizes, a dual-decomposition solution method is proposed
to decompose the global problem into per-device subproblems, coupled only through low-
dimensional dual variables. The proposed solution method provides provable guarantees
on solution quality, thereby enabling scalable and computationally efficient coordination
of a large number of DERs while preserving near-optimal FFR regulation performance.

Finally, we introduce prosumer motivation into VPP operation by recognising that
DER prosumers are not purely price-driven actuators but may be intrinsically motivated
to support system reliability. A nudging mechanism is proposed based on customised rec-
ommendations: each prosumer receives a price signal and a recommended service level
and adjusts their decision based on these signals. Prosumer responsiveness is captured by
behavioural surrogate models that quantify their tendency to follow recommendations,
and a Social Conformity Index is introduced to measure how closely realised responses
track the nudged targets. A data-driven inverse-optimisation procedure is proposed to
learn the surrogate models from observed behaviour, enabling offline calibration and on-
line adaptation. The proposed framework enables the VPP operator to reduce incentive
costs while maintaining coordination performance. Moreover, it opens new avenues for
human-centric control in decentralised energy systems.

Taken together, this thesis advances the state of the art by developing the dynamic
modelling and the coordination framework for VPP-based provision of ancillary services
and by addressing key challenges of scalability, limited disclosure of local information,
and efficiency. By combining control-theoretic design with distributed algorithms and
behavioural insights, it offers a coherent toolbox for future VPP implementations in low-
inertia, inverter-dominated power systems.



Samenvatting

Versnelde decarbonisatie en de grootschalige uitrol van op omvormers aangesloten her-
nieuwbare energiebronnen veranderen elektriciteitssystemen in lage-inertie, zwak gekop-
pelde netten waarin de stabiliteit niet langer door een beperkt aantal synchrone machines
kanworden gewaarborgd. Tegelijkertijd nemen gedistribueerde energiebronnen (distribu-
ted energy resources, DER’s) zoals opslag, elektrische voertuigen, PV op daken en flexibele
belastingen sterk toe in distributienetten, waardoor aanzienlijke maar gefragmenteerde
flexibiliteit ontstaat. Virtuele energiecentrales (virtual power plants, VPP’s) aggregeren
deze DER’s tot bestuurbare portfolio’s, maar ondersteunende diensten (ancillary services)
worden nog vaak behandeld als statische reservevermogens of vermogenssetpoints, waar-
bij het dynamische gedrag dat nodig is voor snelle frequentierespons (fast frequency res-
ponse, FFR), inertienabootsing en andere kortetijdschaaldiensten wordt veronachtzaamd.
Dit proefschrift hanteert daarom het concept van dynamische virtuele energiecentrales
(dynamic virtual power plants, DVPP’s), waarin de interne dynamica van apparaten ex-
pliciet wordt gemodelleerd.

Het proefschrift ontwikkelt een coördinatiekader en bijbehorende operationele model-
len die geaggregeerde DER’s in staat stellen om betrouwbare dynamische ondersteunende
diensten te leveren, rekening houdend met schaalbaarheidsbeperkingen, beperkte open-
baarmaking van lokale informatie en gedragsmatige overwegingen. Het is opgebouwd
rond drie thema’s: het modelleren van DVPP-operatie voor dynamische diensten, het
ontwerpen van gedistribueerde en schaalbare oplossingsmethoden, en het integreren van
prosumermotivatie in de levering van ondersteunende diensten.

Allereerst onderzoeken wij de coördinatie tussen meerdere DER-aggregatoren, die elk
een portfolio van DER’s beheren, om gezamenlijk FFR te leveren overeenkomstig de doel-
stelling van de DVPP-operator. FFR wordt weergegeven als een overdrachtsfunctie van
frequentieafwijkingen naar actief-vermogensrespons, en een op ∞ gebaseerde presta-
tiemaat kwantificeert de dynamische afwijking tussen de geaggregeerde respons en de
FFR-doelwaarde. Dit resulteert in een convex optimalisatieprobleem met lineaire ma-
trixongelijkheidsbeperkingen, waarin zowel de kwaliteit van de dynamische regulering
als de economische efficiëntie worden vastgelegd. Om een volledig gecentraliseerde op-
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lossing te vermijden die het delen van vertrouwelijke gegevens zou vereisen, wordt het
probleem geherformuleerd als een toestandsgebaseerd potentieelspel, waarbij elke aggre-
gator optreedt als een agent met een eigen kostenfunctie en toelaatbare set. Een specifiek
ontworpen speltheoretisch leerschema stelt de agents in staat hun FFR-bijdragen bij te
werken op basis van uitsluitend lokale informatie en communicatie met naburige agents,
en te convergeren naar een Nash-evenwicht dat de optimale oplossing nauw benadert,
terwijl de openbaarmaking van lokale informatie wordt beperkt en single points of failure
worden vermeden.

Vervolgens wordt de DVPP bestudeerd, die bestaat uit een groot aantal DER’s in een
distributienet en als geheel geaggregeerde FFR aan het transmissienet levert. De werking
van de DVPP wordt nog steeds geformuleerd als het matchen van een gewenste FFR-
overdrachtsfunctie op het netknooppunt met de geaggregeerde overdrachtsfunctie van
alle deelnemende apparaten. Deze matching wordt in het frequentiedomein afgedwon-
gen door de reële en imaginaire delen van beide overdrachtsfuncties op geselecteerde
hoeksnelheden op elkaar af te stemmen. Dit leidt tot een niet-lineair, niet-convex opti-
malisatieprobleem dat ontwerpvariabelen op apparaatsniveau, inclusief responstijden (la-
tencies), koppelt aan de DVPP-prestaties en de operationele kosten. Latencies worden
behandeld als beslissingsvariabelen, waardoor de DVPP zowel de amplitude als de timing
van zijn respons kan vormgeven en aanvullende temporele flexibiliteit kan ontsluiten. Om
de computationele tracteerbaarheid bij grote portfolio’s te waarborgen, wordt een dual-
decompositiemethode voorgesteld die het globale probleem opsplitst in deelproblemen per
apparaat, die uitsluitend via laag-dimensionale duale variabelen aan elkaar zijn gekoppeld.
De voorgestelde oplossingsmethode biedt aantoonbare garanties voor de oplossingskwa-
liteit en maakt daarmee schaalbare en computationeel efficiënte coördinatie van een groot
aantal DER’s mogelijk, terwijl een nagenoeg optimale FFR-regelprestatie behouden blijft.

Tot slot introduceren we prosumentmotivatie in de VPP-operatie door te erkennen
dat DER-prosumers niet louter prijs-gedreven actuatoren zijn, maar ook intrinsiek ge-
motiveerd kunnen zijn om de systeem-betrouwbaarheid te ondersteunen. We stellen een
nudging-mechanisme voor op basis van op maat gemaakte aanbevelingen: elke prosumer
ontvangt een prijssignaal én een aanbevolen serviceniveau en past zijn/haar besluit aan
door lokale kosten af te wegen tegen afwijkingen van de aanbeveling. De responsiviteit
van prosumers wordt vastgelegd met een commitmentfactor, die hun neiging om aanbe-
velingen te volgen kwantificeert, en we introduceren een Social Conformity Index om
te meten hoe nauw gerealiseerde reacties de genudgede doelwaarden volgen. Daarnaast
stellen we een datagedreven inverse-optimalisatieprocedure voor om commitmentfacto-
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ren uit geobserveerd gedrag te identificeren, waardoor zowel offline kalibratie als online
adaptatie mogelijk wordt. Het voorgestelde raamwerk stelt de VPP-operator in staat de
incentive-kosten te verlagen terwijl de coördinatieprestatie behouden blijft. Bovendien
opent het nieuwe perspectieven voor mensgerichte (human-centric) regeling in gedecen-
traliseerde energiesystemen.

Alles bij elkaar genomen brengt dit proefschrift de stand van de techniek verder door
de dynamischemodellering en het coördinatiekader voor VPP-gebaseerde levering van ne-
vendiensten te ontwikkelen en door kernuitdagingen op het gebied van schaalbaarheid,
beperkte openbaarmaking van lokale informatie en efficiëntie aan te pakken. Door regel-
technisch ontwerp te combineren met gedistribueerde algoritmen en gedragsinzichten,
biedt het een samenhangende gereedschapskist voor toekomstige VPP-implementaties in
laag-inertie, door omvormers gedomineerde elektriciteitssystemen.
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1
Introduction

In this chapter, the background and motivation for the thesis are introduced. The research
scope is then clarified, followed by an outline of the overall structure of the thesis.
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2 1. Introduction

1.1. Background and Motivation

As global warming intensifies, the world faces growing pressure to cut greenhouse gas
emissions and decarbonise energy systems. Different regions and countries have

set various targets regarding the trends of decarbonisation. The EU targets at least a 55%
emissions reduction by 2030 from 1990 levels and climate neutrality by 2050 [1]. The
United States pledges a 50–52% reduction below 2005 emissions by 2030 and an economy-
wide net-zero goal by 2050 [2]. China commits to peaking CO2 emissions before 2030 and
achieving carbon neutrality before 2060, supported by large-scale renewable deployment
and power-system transformation [3]. Similarly, the United Kingdom has legislated a net-
zero target for 2050 and aims at a 68% reduction by 2030 and 78% by 2035 relative to 1990
[4].

In this context, renewable sources such as wind and solar are increasingly replacing
traditional fossil fuels, thanks to their low-carbon and sustainable nature. Although these
increasing renewable resources provide substantial clean power, they also introduce new
operational challenges for power systems [5]. As wind and solar generation depend on
weather conditions, their output is inherently uncertain and time-varying, making it diffi-
cult to maintain the generation-load balance [6]. Moreover, the renewables are fundamen-
tally DC sources and connect to the AC grid through inverters, which significantly alter
the grid’s dynamic behaviour [7]. The resulting inverter-dominated system exhibits low
rotational inertia and weaker system strength due to limited overloading capability [8].
Together, these emerging features pose unprecedented stability concerns and operational
risks for modern power systems [9].

Numerous blackout events have highlighted these operational risks. Most promi-
nently, on 28 April 2025 the Iberian Peninsula experienced an almost complete system
blackout: within seconds, Spain and Portugal, as well as parts of southwest France, lost
supply following a cascade of events in a power-electronics-dominated grid. At the time,
more than half of generation came from inverter-interfaced renewables, while only a min-
imum number of synchronous units with dynamic voltage-control capability were on-
line [10]. Technical investigations report low-frequency inter-area oscillations between
Iberia and the rest of Continental Europe [11]. In response, corrective switching actions
were taken to control these oscillations, but they unintentionally increased transmission-
level voltages and further reduced system strength. A combination of overvoltages, weak-
grid conditions, and heterogeneous protection settings then caused a large number of
(mostly converter interfaced) generating units to trip in rapid succession, eventually iso-
lating Iberia from the rest of Continental Europe [12]. Once islanded, the Iberian system
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experienced a fast frequency decline and under-frequency load shedding. Although the
instantaneous share of variable renewables on that day was not exceptional for springtime
operation, the coexistence of low online inertia, limited dynamic voltage control, stressed
interconnections, and oscillatory behaviour created a system that was dynamically fragile
to coupled frequency-voltage disturbances.

Another notable blackout occurred in Great Britain on 9 August 2019. The event was
triggered by a lightning-induced fault andwas then compounded by the near-simultaneous
loss of a large synchronous generator and a wind plant, together with the tripping of dis-
tributed generation. System frequency dropped to about 48.8 Hz, triggering automatic
under-frequency load shedding that disconnected roughly 1.1 million customers and re-
sulting in over £10.5 million losses [13, 14]. This shows that in a low-inertia system with
uncertain distributed-generation behaviour, frequency can drop faster and further than
the procured reserves and existing under-frequency load shedding schemes are designed
to cope with.

In South Australia, on 28 September 2016, a state-wide blackout occurred under con-
ditions of high wind penetration and reduced online synchronous generation. A series
of storm-induced transmission faults caused repeated voltage depressions. Multiple wind
farms then disconnected after exhausting their low-voltage ride-through limits, leading to
a rapid loss of generation and a high Rate-of-Change-of-Frequency (RoCoF). These effects
ultimately caused the collapse of the islanded grid [15]. Beyond frequency stability, the
event also highlighted emerging challenges in voltage support, fault current provision, and
protection coordination in inverter-dominated, weak grids. Current-limited wind invert-
ers provided only limited three-phase short-circuit current and dynamic reactive support
during faults, so voltage depressionswere deeper and longer than expected, and protection
schemes designed for higher synchronous fault levels contributed to cascading disconnec-
tions of generation and transmission elements [15].

These severe events collectively underscore the necessity of well-designed ancillary
services to help low-inertia power systems maintain secure operation. They also motivate
a conceptual shift: ancillary services can no longer be regarded as static power set-points
or reserve margins, but as diverse, dynamic behaviours of frequency, voltage, and fault
response that must be explicitly defined, engineered, procured, and coordinated at the
system level [16].

At the same time, the resources capable of delivering ancillary services are also trans-
forming. Rather than relying solely on a small number of large synchronous plants, mod-
ern power systems increasingly draw on Distributed Energy Resources (DERs) such as
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battery energy storage systems, rooftop photovoltaics, small wind, electric vehicles, heat
pumps, and flexible industrial and commercial loads to shoulder a growing share of these
service obligations [17, 18]. Individually, these units are small, geometrically distributed
in the system, and often operated to optimise customer objectives. However, when ap-
propriately coordinated, these numerous small units can collectively reproduce sizable
flexibility and responses, which are traditionally expected to be provided by conventional
generators [19].

Virtual Power Plants (VPPs), emerge as a promising paradigm for coordinating DERs
and delivering their aggregate ancillary services to the power system. They collect hetero-
geneous resources and present them to the system operator as one or several equivalent
controllable portfolios that interact with the grid much like conventional generating units
[20]. By internalising device-level constraints, customer preferences, and network limita-
tions, VPPs unlock flexibility from numerous small-scale DERs that would otherwise be
invisible or infeasible to dispatch individually. For the transmission system operator, this
provides a simplified interface: instead of scheduling a large population of DERs, only a
limited number of aggregated portfolios with larger effective size need to be considered
[21]. This reduction in dimensionality eases operational planning, market clearing, and
real-time control, while the detailed coordination of individual assets remains within each
VPP. In this way, VPPs enable system operators to procure reliable ancillary services from
DERs without being exposed to the full complexity and diversity of individual devices.

In many countries, recent policy and market reforms explicitly recognise and sup-
port VPPs in their role as aggregators of DERs [22, 23, 24]. In Europe, the Clean Energy
Package and subsequent national implementations recognise independent aggregators as
market participants; in the United States, FERC Order 2222 mandates the participation of
aggregated DERs in wholesale markets; and in China, large-scale VPP demonstrations are
being developed within the ‘New Power System’ agenda to unlock flexibility from indus-
trial parks, buildings, and storage. Taken together, these developments indicate that VPPs
are increasingly regarded as critical, proactive participants in system operation.

Coordination is certainly at the heart of operating a VPP, and appears as the first theme
of this thesis. Intuitively, as in an orchestra, different sections—strings, brass, woodwinds,
and percussion—each with their own timbres, tempi, dynamics, and attacks, must still
be aligned into one coherent ensemble. Likewise, each DER has its own dynamics, con-
straints, location, and owner objectives, yet the power system only "hears" the aggregate
response of the portfolio [25]. From a modelling perspective, effective VPP operation
therefore requires formulating mechanisms that translate system-level ancillary-service
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requirements into compatible local actions. Most existing VPP formulations describe this
coordination in terms of static quantities: energy schedules, reserve capacities, and set-
points for active and reactive power, embedded in day-ahead or intra-day optimisation
models [26, 27, 28, 29]. In contrast, the coordination of DERs for dynamic ancillary ser-
vices is much less explored. Services such as inertia emulation, fast frequency response,
oscillation damping, and dynamic voltage support depend on closed-loop device dynam-
ics and their interactions over short time scales, which must be captured explicitly rather
than via static set-points. This dynamic viewpoint is often termed a Dynamic Virtual
Power Plant (DVPP), where the VPP explicitly models internal device dynamics to de-
liver dynamic ancillary services. This thesis builds on this DVPP perspective, focusing on
modelling and formulating coordination problems so that the aggregate response of many
DERs realises the required dynamic ancillary services in a reliable way [30, 31, 32].

A second theme of this thesis is computation and solution methods. In practice, a VPP
may comprise a large population of DERs, each with its own state, constraints, and pref-
erences [30, 33]. Solving a detailed, centrally coordinated optimisation or control prob-
lem at this scale, and at the required time resolutions, quickly becomes computationally
prohibitive and communication-intensive [34]. In addition, many DER prosumers are un-
willing to reveal their detailed cost functions or local constraints to the VPP operator due
to privacy and autonomy concerns, and the underlying communication graph and local
information can change frequently as devices connect, disconnect, or change operating
modes. The orchestra analogy again offers insights: in a real performance, coordination
in a symphony does not rely solely on the conductor’s baton; musicians constantly listen,
adapt, and self-synchronise within and across sections, as visual access to the conductor
is limited and the musical interactions are too rich to be micro-managed note by note.
Similarly, VPP operation calls for distributed solution methods and operation schemes, in
which DERs adapt locally in response to compact coordination signals, yet collectively
realise the desired dynamic ancillary services [35, 36].

A third theme of this thesis concerns the self-motivation of DER prosumers. With in-
creasing awareness of climate change and targeted education and outreach, many house-
holds, businesses, and communities that own DERs are no longer passive recipients of
control signals; they actively express interest in contributing to system flexibility and
ancillary-service provision, provided that their comfort, production needs, and autonomy
are respected. This idea is perhaps better understood through the orchestral analogy: great
performances rely not only on the conductor’s technique, but on the intrinsic artistry of
the musicians, who aim for beauty and cohesion rather than merely playing the right
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notes for a paycheck. In a similar spirit, VPPs should not treat prosumers as reluctant ac-
tuators, but as motivated collaborators whose local decisions shape the aggregate dynamic
response. This calls for coordination and incentive mechanisms that leverage prosumers’
intrinsic motivations and preferences so that contributing to dynamic ancillary services
becomes aligned with what DER prosumers are willing and eager to do [20]. This thesis
therefore also explores how such human-centric mechanisms can be embedded in VPP
operation to harness prosumer engagement and increase operational efficiency in a sys-
tematic way.

Motivated by the circumstances described above, the overarching research objective
of this thesis is as follows:

Develop a coordination framework and associated operational models, from the perspec-
tive of VPPs, for orchestrating large populations of DERs to provide reliable power system
ancillary services.

The key philosophy behind this thesis lies in filling the gaps in modelling and formulation,
computational scalability, and prosumer-oriented design of VPP operation, ultimately en-
abling VPPs to act as effective orchestrators of DERs in future low-inertia power systems.

1.2. Research Scope andQuestions
These developments motivate a fundamental shift in how ancillary services are defined,
engineered, and operated in future low-inertia power systems. Rather than treating ancil-
lary services as static reserves supplied by a few large generators, this thesis views them as
dynamic behaviours delivered by large populations of heterogeneous DERs coordinated
through VPPs. The overall conceptual framework adopted in this thesis is summarised
in Figure 1.1. As illustrated in Figure 1.1, 𝐺(𝑠) denotes the dynamic model of the power
system. Within the VPP, there is a set of DERs indexed by 𝑖 ∈ 𝐼 = {1, 2, … , |𝐼 |}, and each
DER 𝑖 ∈ 𝐼 is represented by a local model 𝐹𝑖(𝑠) that delivers an ancillary-service signal 𝑟𝑖.
From the system viewpoint, the individual contributions 𝑟𝑖 are combined in the equiva-
lent aggregation layer into a single response 𝑟 , which is exposed to the grid as the VPP’s
service provision. For each device, the realised service 𝑟𝑖 is determined by a set of con-
trollable parameters or set-points, collected in 𝜃𝑖, and constrained by a feasible set Θ𝑖
capturing device-level limits and behavioural requirements. The core problem addressed
in this thesis lies in the VPP coordination block: designing algorithms that compute 𝜃𝑖 for
all DERs such that (i) the aggregate response 𝑟 tracks the VPP-level service target 𝑟⋆, (ii)
all local constraints Θ𝑖 are satisfied, and (iii) the overall cost of providing ancillary ser-
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Figure 1.1: Block diagram of VPP operation for ancillary service provision.

vices is minimised while respecting the behaviour patterns of the prosumers behind the
devices. Here, 𝑟⋆ represents the ancillary service target requested by the system opera-
tor. The framework assumes that the VPP can participate in providing this service, but it
does not assume that the target can always be met exactly. Rather, the mismatch between
the realised aggregate response 𝑟 and the target 𝑟⋆ is explicitly quantified in the objective
function as a measure of service quality, and the coordination problem is formulated to
minimise this mismatch subject to device-level and operational constraints.

Building on this conceptual framework, the remainder of the thesis is organised around
three central research questions, each alignedwith one theme identified in the background
and motivation: (i) closing the formulation gap for dynamic ancillary services via the
DVPP perspective, (ii) ensuring computational scalability and distributed implementabil-
ity of coordination schemes, and (iii) modelling DER prosumers’ motivations and nudging
them to participate into VPP operation.

RQ1 – Modelling DVPP operation for dynamic ancillary services. Taking a DVPP
providing fast frequency response (FFR) as a prototype, how can wemathematically formulate
its regulation task for dynamic ancillary services? Based on this formulation, how should the
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DVPP operation profiles be chosen so that regulation quality and economic efficiency are both
taken into account? How can the resulting model be structured so that it remains scalable and
analytically tractable as the DVPP portfolio grows?

To answer RQ1, we first need to clarify what FFR means as a dynamic ancillary service
and find a precise expression for it. FFR is an automatic active-power response triggered
by locally measured frequency deviations, acting within a time frame of a few hundred
milliseconds to a few seconds. It modifies active power continuously over this short inter-
val, rather than through discrete set-point changes. Therefore, its representation should
compactly capture the amplitude, timing, and shape of this dynamic behaviour. In other
words, it is natural to describe FFR as a dynamic system rather than as a static power
set-point. This motivates us to use parametric transfer functions to represent the dynamic
systems associated with FFR. Within the block-diagram framework of Figure 1.1, for the
FFR case the ancillary-service signal 𝑟(𝑠) represents the active-power response during the
transient, 𝑦(𝑠) denotes the system frequency deviation, and FFR itself is described by the
underlying system model 𝐹(𝑠) ∶= 𝑟(𝑠)/𝑦(𝑠). A key objective in operating a DVPP pro-
viding FFR is to ensure that the aggregate response of the DERs 𝑟(𝑠) closely tracks the
requested response 𝑟⋆(𝑠) specified by the system operator, for any frequency deviation
signal 𝑦(𝑠). Equivalently, we aim to coordinate the individual DER FFR models 𝐹𝑖(𝑠) so
that their aggregation approximates a desired FFR target 𝐹⋆(𝑠).

The core technical problem is how to quantify the mismatch between the target FFR
and the DVPP’s aggregate response. This is challenging and non-trivial, because the mis-
match itself is a dynamic system. We must extract a metric that translates this dynamic
behaviour into a scalar measure of regulation quality. It is also critical that the chosen
metric is analytically and computationally tractable, so that it can be embedded into a
common framework that simultaneously accounts for the overall cost of DERs’ FFR pro-
vision. Representing FFR using transfer functions naturally points us to leverage system
norms and frequency-domain response characteristics as candidates for such a metric.

Another core question here concerns the scalability of DVPP operation. As the number
of DERs increases, and as their FFR responses differ in latency and shape, the aggregate
response and the associated mismatch dynamics become higher-order and more complex.
Directly deriving analytical expressions and system norms for these high-order models
quickly becomes intractable. It is therefore crucial to address scalability explicitly, by
structuring the formulation so that the complexity of the dynamic-matching metric and
the associated decision variables grows in a controlled way with the portfolio size, and by
retaining a model that remains amenable to systematic analysis and practical computation
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as the DVPP scales up.

RQ2 – Distributed solution methods. Given the formulation developed in RQ1, how
can we efficiently compute high-quality operating profiles for a DVPP providing dynamic an-
cillary services? Is there a distributed solution method that allows DERs to participate without
revealing detailed local private information and that avoids single points of failure? How can
we ensure that the solution method remains tractable and efficient when the underlying op-
timisation problem is highly nonconvex and the DVPP scales to large portfolios?

The practical implementation of a VPP naturally advocates a fully distributed coordi-
nation scheme. Built upon the formulation developed in RQ1, DVPP coordination must
respect data privacy and decentralised information. Heterogeneous DER prosumers pos-
sess sensitive local information, such as detailed operating cost functions, availability, and
device constraints, which should not be fully shared with a central coordinator [37]. The
DVPP portfolio is also dynamic: devices may join, leave, or change their communication
neighbours during service provision. A suitable method must therefore allow each DER
to compute its decision locally, exchange only limited coordination signals, and remain
robust to time-varying participation and communication graphs, without single points of
failure. This motivates the use of a game-theoretic learning framework and raises the crit-
ical question of how to design it so that the resulting equilibrium coincides with, or closely
approximates, the desired DVPP operating point.

From the perspective of tractability, when devices with variable response latencies are
included, the operation problem formulated in RQ1 becomes a nonlinear, nonconvex pro-
gramme. As the DVPP scales up, this leads to a large-scale nonconvex optimisation prob-
lem that is prohibitive for existing centralised solvers. It is therefore important to address
this computational issue so that the DVPP operation model remains scalable. This moti-
vates us to exploit the specific structure of the problem and develop solution methods that
can deliver high-quality operating profiles. By leveraging decomposition methods, the
large computational task can be distributed into multiple smaller subproblems and solved
in parallel, thereby reducing computation time and enabling practical implementation for
large DVPP portfolios.

RQ3 – Prosumer motivation and nudging the participation. How can we systemat-
ically leverage the intrinsic willingness of DER prosumers to enhance the efficiency and relia-
bility of VPP operation? In particular, how should prosumer behaviour be modelled, including
their self-motivation, comfort and autonomy preferences, so that the incentive mechanisms
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align their local decisions with the provision of ancillary services?

To answer RQ3, let us first consider how self-motivation manifests in observable be-
haviour. Intrinsic motivation becomes visible when individuals accept and carry out re-
quests voluntarily, without expecting payment or direct financial benefit. Agreeing to an
explicitly uncompensated request reveals a genuinewillingness to contribute to the under-
lying goal rather than a response driven by monetary incentives. The same logic underlies
charitable behaviour, where people donate time or money to public causes without direct
material returns. In the context of VPPs, prosumers who accept flexibility requests with
little or no compensation can thus be seen as signalling intrinsic motivation to support
system reliability or the energy transition. An operation framework that systematically
recognises and leverages such behaviour can move beyond purely price-based coordina-
tion, better align VPP operation with prosumers’ internal motivations, and at the same
time help manage or even reduce the VPP’s overall incentive budget.

Enlightened by these observations, we advocate providing each DER prosumer with
an additional piece of information: a recommendation on the amount of ancillary service
they are requested to provide. Without enforcing any obligation, and while still offering
an incentive price, the intrinsic motivations of DER owners can then be realised when
they voluntarily adjust their decisions towards these recommendations. We term such
a mechanism a nudge, as it acts as a minimalist intervention that predictably influences
DER owners’ behaviour without prohibiting any options or significantly altering their
economic incentives [38].

To design such a nudging mechanism for VPP operation goals, the first critical step
is to establish a behavioural model for each DER prosumer that captures how they re-
spond jointly to prices and recommendations. Such a model should quantify the strength
of intrinsic motivation, explain how prosumers adjust their service provision in the pres-
ence of a nudge, and remain consistent with their observed decisions. Data-driven and
mining-based approaches are natural candidates here, since behavioural patterns can only
be recognised and identified from observed responses, for example using data collected via
questionnaires, pilots, or controlled tests. The next challenge is to design customised rec-
ommendation signals for heterogeneous DERs. Different prosumers may exhibit very dif-
ferent levels of motivation to follow service recommendations, depending on factors such
as technical knowledge, confidence in participating in system services, sense of social re-
sponsibility, and local community environment [39, 40]. To achieve the VPP’s operational
goals, nudges must therefore be tailored so that the aggregate behaviour of all participat-
ing DERs collectively realises the desired response. How to construct such customised
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Figure 1.2: Thesis outline and relation to the research questions.

recommendations in a systematic and scalable manner remains a key problem for RQ3.

1.3. Contributions and Thesis Outline
Figure 1.2 illustrates the structure of the thesis and shows how the chapters jointly address
the key research questions (RQ1, RQ2, RQ3) in pursuit of the overarching goal of efficient
VPP operation. The remainder of this thesis is structured as follows:

• Chapter 2 first answers RQ1 by proposing a convex ∞-norm-based DVPP coor-
dination framework for FFR, which models FFR explicitly as a dynamic ancillary
service, quantifies DVPP regulation performance, and computes optimal FFR pro-
visions from multiple DER aggregators at the portfolio level. Building on this for-
mulation, the chapter then addresses RQ2 by developing a game-theoretic learning
solution method that enables fully distributed, graph-based computation of the co-
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ordinated FFR provisions without requiring centralised control or revealing the in-
ternal information of each aggregator. The proposed generic method reformulates
the original centralised optimisation with a global coupling linear matrix inequal-
ity constraint into a state-based potential game by introducing local estimator states
that decouple this shared semidefinite constraint. From a theoretical perspective, the
resulting game is shown to admit stationary Nash equilibria that recover the cen-
tralised optimal solution and to be robust to asynchronous updates and time-varying
communication graphs, thereby ensuring computational efficiency, privacy preser-
vation, and practical implementability for DVPPs. The developments in this chap-
ter are validated through a case study with multiple DER aggregators, in which the
convergence behaviour of the learning scheme is examined under changing com-
munication graphs and the resulting DVPP response is further assessed in the time
domain against a baseline portfolio, showing improved FFR tracking performance.

• Chapter 3 addresses the scalability issues identified in RQ1 by presenting a fre-
quency domain dynamic-matching formulation for the operation of the large-scale
DVPP, in which large populations of heterogeneous DERs are coordinated to pro-
vide FFR to the system operator. The proposed formulation operates on frequency-
domain representations of the devices’ FFR impulse responses and keeps the num-
ber of coupling constraints dependent only on the chosen frequency grid, rather
than on the number of DERs, thereby ensuring scalability to very large portfolios.
Moreover, it naturally accommodates devices with variable response latencies by
treating latency parameters as decision variables, thus explicitly exploiting the ad-
ditional temporal flexibility inherent in DER FFR delivery. Building on this formu-
lation, the chapter further contributes to RQ2 by developing a dual-decomposition-
based distributed solution method that solves the resulting large-scale nonconvex
DVPP dynamic-matching problem efficiently. The proposed method decomposes
the original problem into low-dimensional device-level subproblems coupled only
through a small set of dual variables. It supports parallel implementation with sim-
ple projected subgradient updates and provides provable guarantees on solution
quality. This enables scalable and computationally efficient coordination of large
numbers of DERswhile preserving near-optimal FFR regulation performance. These
developments are validated on a modified IEEE 33-bus distribution system through
three studies. The first examines DVPP regulation performance under low- and
high-DER-penetration scenarios. The second evaluates the operational benefits of
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latency-inclusive coordination. The third analyses the scalability and runtime of the
distributed solution method for DVPP sizes ranging from 10 to 1000 DERs, demon-
strating its computational efficiency for large-scale nonlinear optimisation prob-
lems.

• Chapter 4 aims to answer RQ3 by incorporating behavioural aspects of DER own-
ers into VPP operation. To this end, it develops a behaviour-aware nudging mech-
anism, based on a tâtonnement process, to coordinate DER owners within a VPP
through customised service recommendations and incentive payments. By tailoring
recommendations to individual DER owners, the mechanism systematically trans-
lates intrinsic behavioural motivations into operational benefits for the VPP while
supporting budget balance. To support this mechanism, the chapter further devel-
ops a behavioural surrogate model that captures how prosumers respond jointly
to prices and recommendations, together with a data-driven inverse-optimization
procedure that calibrates and updates this surrogate from historical or simulated
signal-response data. In this way, the chapter enables both behaviour-aware coor-
dination and adaptive learning of heterogeneous prosumer response patterns. The
proposed mechanism is validated on a modified IEEE 39-bus transmission system
with a VPP of 20 DERs through two ancillary-service use cases: synthetic inertia
provision and short-circuit current support. The case studies demonstrate both the
effectiveness of the nudging mechanism and the accuracy and adaptivity of the pro-
posed data-driven behavioural-surrogate modelling approach.

• Chapter 5 provides overall conclusions, summarising the key findings of the thesis
and offering recommendations for future research and practical implementation.

These contributions advance the state of the art by providing efficient, reliable, and
scalable tools for VPP operation, validated through both theoretical analysis and numerical
case studies.
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Learning for FFR

The Dynamic Virtual Power Plant (DVPP) envelops the Distributed Energy Resources (DERs)
in the distribution network into a single operational entity that provides aggregate dynamic
ancillary services to the transmission grid. This chapter investigates the operation of one
DVPP consisting of several DER aggregators, where each aggregator is modeled as a strate-
gic agent that responds to transmission-level Fast Frequency Response (FFR) requests. The
problem is formulated from the perspective of suboptimal ∞ control, leading to an efficient
and tractable optimization framework. On this basis, a distributed solution method based
on game-theoretic learning is developed that enables the DER aggregator agents to adap-
tively learn their optimal provisions. Specifically, the original problem is reformulated as
a state-based potential game, in which agents interact to reach a carefully designed Nash
equilibrium.

This chapter is based on�H. Xie, and J. L. Cremer, “Game-Theoretic Learning for Power SystemDynamic Ancillary
Service Provisions,” IEEE Control Systems Letters, Vol. 8, June 2024. [41].
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2.1. Introduction
The large-scale integration of renewable energy resources deteriorates power system iner-
tia and, in turn, poses severe challenges to frequency stability under major contingencies.
To arrest the ensuing frequency deviations, active power supportmust be delivered rapidly
in the immediate post-disturbance period. Dynamic Virtual Power Plants (DVPPs) have
emerged as promising providers of such Fast Frequency Response (FFR) dynamic ancil-
lary services [20, 42]: a DVPP aggregates (typically inverter-based) DERs and coordinates
them to deliver a rapid, aggregate post-disturbance active-power injection. In this chap-
ter, the coordination is performed at the aggregator level: each DER aggregator represents
and controls a local DER portfolio and is modeled as one agent. The stringent activation-
time requirements imply that FFRmust be pre-programmed before contingencies occur, so
that predetermined post-disturbance active-power dynamics are automatically triggered
by measured frequency deviations.

The FFR service requested from a given DVPP must be specified so as to guarantee ac-
ceptable frequency performance under the most critical contingencies. This requirement
depends on regional grid codes, the considered contingency set, and the current system
condition (e.g., inertia and damping levels). In practice, the post-disturbance system fre-
quency response is evaluated to verify that key performance indices—such as frequency
nadir and rate of change of frequency (ROCOF)—satisfy the relevant grid-code limits [43].
Once an FFR target is defined and assigned to a DVPP, its operation is typically driven by
two overarching objectives. First, the aggregate frequency response of the participating
DER aggregators should closely track the dynamic profile specified by the Transmission
System Operator (TSO) and encoded in ancillary-service products [44, 45]. Second, the
operating point should be economically efficient, commonly expressed as minimizing the
sum of individual DER aggregator cost functions [32, 46].

A substantial body of work has examined how to coordinate DERs within a DVPP so
that their FFR provisions align with TSO requirements [32, 43, 46, 47, 20, 42, 48]. Broadly,
two modeling and coordination paradigms can be distinguished. The first, and still most
common, line of research replaces the full dynamics of FFR with a small number of equiv-
alent adjustable parameters—synthetic inertia, damping, and primary active-power gain
being typical examples [32, 43, 46]. The DVPP’s aggregate response is then obtained by
summing these parameters over all DER aggregators, and the operation problem becomes
an algebraic matching between these aggregated quantities and the TSO’s specified tar-
gets. While this approach offers clear physical intuition consistent with synchronous-
generator behavior and yields analytically tractable formulations, it oversimplifies the
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underlying dynamics and disregards device-dependent response delays. In reality, DER
aggregators exhibit heterogeneous latencies due to differences in control bandwidths and
hardware implementations [47, 20]; neglecting such latency effects can therefore degrade
regulation accuracy and overall system performance.

The second research stream explicitly recognizes the dynamic nature of FFR and incor-
porates latency directly into the model [47, 42, 48]. In this line of work, FFR is described
as a dynamic input–output system with frequency deviations as input and active power
as output, often represented by rational parametric transfer functions in the frequency
domain [49, 50, 51]. Such representations more accurately capture DER aggregator’s be-
havior, while at the same time facilitating grid-code verification and systematic embedding
of the response into converter control architectures.

Building on these dynamic models, several studies propose coordination strategies
based on divide-and-conquer principles, whereby the overall control task is decomposed
into device-level subproblems [20, 42]. However, these schemes often compromise eco-
nomic efficiency: they typically assume that all contracted DERs participate in regulation
and rely heavily on very fast resources (e.g., supercapacitors) to provide flexibility, which
may increase costs and impose significant operational stress on the DVPP [20, 42]. Within
this second stream, [47] adopts a complementary time-domain viewpoint. The authors
derive explicit expressions for the system frequency trajectory and adjust DER behaviors
based on associated performance metrics. This time-domain formulation is conceptually
intuitive and highly interpretable, as it links regulation decisions directly to observable
frequency responses. Nonetheless, it requires laborious analytical derivation of closed-
form frequency trajectories and depends on approximate models of system frequency dy-
namics, which can limit both accuracy and scalability when network conditions, control
structures, or portfolios of participating devices become more complex.

To address these challenges, we approach DVPP operation from a suboptimal ∞-
control perspective. The ∞ norm is employed as a metric to assess the discrepancy be-
tween the total FFR provided by the aggregators and the prescribed DVPP FFR target.
On this basis, we formulate a convex optimization problem that jointly maximizes overall
economic efficiency and regulates DVPP’s dynamic performance.

When coordinating aggregators for ancillary-service provision, it is also important to
limit the disclosure of local information, such as operating costs and device limits, in order
to address data confidentiality concerns [37]. In addition, the population of participating
DERs is inherently uncertain: local operating conditions can change frequently, and units
may connect to or withdraw from the DVPP over time. Distributed optimization tech-
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niques offer a natural way to circumvent the need for sharing all local information with a
central coordinator. Primal–dual methods and the Alternating Direction Method of Mul-
tipliers (ADMM) have been extensively studied to decompose coupling constraints and
have seen successful applications in energy-management problems [52, 37]. However,
these schemes typically still rely on a centralized collect-and-broadcast step to update dual
variables, which prevents fully distributed, graph-based communication. As a result, they
are vulnerable to information loss and communication uncertainties [53], a critical draw-
back in DVPP settings.

To mitigate these limitations, prior work has explored game-theoretic control tech-
niques for distributed coordination under coupling constraints [53, 54]. Nonetheless, ex-
isting designs are not directly applicable to our problem, where the coupling constraint
takes the form of a semidefinite cone arising from the underlying Linear Matrix Inequal-
ity (LMI) conditions. In this vein, we extend the game-theoretic decoupling approach
of [55] to a semidefinite-program setting tailored to the proposed ∞-based DVPP oper-
ation problem.

The main contributions of this work are summarized below.

• We propose an efficient and computationally tractable convex optimization frame-
work for the optimal DVPP operation problem, leveraging ∞ control theory to
rigorously couple DVPP regulation targets with DER aggregators coordination and
economic efficiency.

• We develop a fully distributed, game-theoretic solution methodology that enables
aggregators to autonomously learn their optimal FFR provisions. The method does
not require aggregators to disclose sensitive local cost or constraint information
to a central entity or to other aggregators, and relies only on limited peer-to-peer
communication. Moreover, the proposed scheme is robust to dynamically varying
communication graphs.

• We carry out a comprehensive case study to demonstrate the effectiveness of the
proposed framework, its convergence properties, and in particular its robustness
against realistic communication uncertainties.

This integrated approach providesDVPP operatorswith an efficient and reliablemethod-
ology for harnessing inverter-based DERs to deliver dynamic ancillary services. The re-
mainder of this chapter is organized as follows. Section 2.2 formulates the problem under
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study. Section 2.3 introduces the game-theoretic control framework and state-based po-
tential games. A distributed learning algorithm is proposed in section 2.4 to solve the
formulated problem. Section 2.5 presents the case study, and section 2.6 concludes the
chapter.

2.2. Problem Formulation
We consider a set of DER aggregators that provide FFR to the system operator, indexed
by 𝐼 = {1, … , |𝐼 |}. For each aggregator 𝑖 ∈ 𝐼 , the FFR provision is modeled as the sum of 𝐾
components with different response latencies:

𝑇𝑖(𝑠) =
𝐾

∑
𝑘=1
𝑇 𝑘𝑖 (𝑠) =

𝐾

∑
𝑘=1

−𝐷𝑘𝑖 − 𝐻 𝑘
𝑖 𝑠

𝜏𝑘𝑠 + 1
, (2.1)

where 𝜏𝑘 denotes the effective response latency of component 𝑘, that is, the characteristic
time scale at which the corresponding FFR contribution becomes available. This latency
represents the aggregate effect of measurement, communication, control, and actuation
delays. Since different DER technologies can respond at different speeds, we assume that
these heterogeneous responses are grouped into 𝐾 predefined latency classes {𝜏1, … , 𝜏𝐾 }.
Accordingly, each aggregator can distribute its FFR provision across these classes accord-
ing to the capabilities of its underlying resources. The coefficients 𝐻 𝑘

𝑖 and 𝐷𝑘𝑖 denote the
controllable inertia-like and damping-like parameters associated with aggregator 𝑖’s con-
tribution in latency class 𝑘. The decision variables of aggregator 𝑖 are collected in

𝑣𝑖 ≐ {𝐻 1
𝑖 , 𝐷

1
𝑖 , … , 𝐻

𝐾
𝑖 , 𝐷

𝐾
𝑖 }.

The FFR demand from the system operator is assumed to be computed according to
standard grid codes, taking into account the current operating condition, disturbance size,
and closed-loop stability requirements. This demand is communicated to the DVPP as a
target transfer function

𝑇 (𝑠) =
−𝐷 − 𝐻𝑠
𝜏𝑠 + 1

,

where 𝜏 is the desired aggregate latency, and 𝐻 and 𝐷 are the target (equivalent) inertia
and damping coefficients, respectively, all treated as given constants.

Remark. The structure in (2.1) has been shown to be achievable by DER aggregator,
see [42, 21]. We adopt this form as it is consistent with advanced inverter-based control
paradigms [56], so inverter-based DERs can be naturally accommodated in the framework.
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In this context, 𝐻 𝑘
𝑖 is commonly interpreted as (virtual) inertia, whereas 𝐷𝑘𝑖 plays the role

of damping.

Given the above setting, we define the residual between the DVPP FFR target and the
aggregate response from all aggregators as

(𝑠) = 𝑇 (𝑠) −∑
𝑖∈𝐼

K
∑
𝑘=1
𝑇 𝑘𝑖 (𝑠)

=
−𝐷 − 𝐻𝑠
𝜏𝑠 + 1

− |𝐼 |
K
∑
𝑘=1

−𝐷̄𝑘 − 𝐻̄ 𝑘𝑠
𝜏𝑘𝑠 + 1

=
𝑏K+1𝑠K+1 + 𝑏K𝑠K + ⋯ + 𝑏1𝑠 + 𝑏0
𝑎K+1𝑠K+1 + 𝑎K𝑠K + ⋯ + 𝑎1𝑠 + 𝑎0

,

where the overbar ̄(⋅) denotes averaging over all aggregators, e.g., 𝐷̄𝑘 = ∑𝑖∈𝐼 𝐷𝑘𝑖 /|𝐼 |, and
analogously for 𝐻̄ 𝑘 .

Remark. The coefficient vectors 𝒂 = [𝑎0, … , 𝑎K+1] and 𝒃 = [𝑏0, … , 𝑏K+1] collect the coef-
ficients of the denominator and numerator polynomials of degree (K+1), respectively. The
vector 𝒂 is completely determined by the fixed parameters 𝜏 and 𝜏𝑘 ; it does not depend
on the aggregators’ decisions. In contrast, each 𝑏𝑘 is a linear combination of the decision
variables in 𝑣𝑖, so 𝒃 (and hence (𝑠)) depends on the chosen FFR allocations across all
aggregators.

We next derive a state-space representation of the residual system(𝑠) in controllable
canonical form:

𝑞̇ = 𝑞 + 𝑤

𝑦 = 𝑞 +𝑤

where 𝑞 is the state vector,𝑤 denotes the frequency deviation (input), and 𝑦 is the residual
(output). The system matrices are given by

 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 ⋯ 0

0 0 1 ⋯ 0

⋮ ⋱ ⋮

0 0 0 ⋯ 1

−𝑎̂0 −𝑎̂1 −𝑎̂2 ⋯ −𝑎̂𝐾

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦(K+1)×(K+1)

 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

⋮

0

1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦(K+1)×1

 = [𝑏̂0 − 𝑎̂0𝑏̂𝐾+1 𝑏̂1 − 𝑎̂1𝑏̂𝐾+1 ⋯ 𝑏̂𝐾 − 𝑎̂𝐾 𝑏̂𝐾+1]1×(K+1)
 = 𝑏̂𝐾+1

(2.2)
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with normalized coefficients

𝑎̂𝑖 =
𝑎𝑖
𝑎K+1

, 𝑖 = 0, … ,K, 𝑏̂𝑖 =
𝑏𝑖
𝑎K+1

, 𝑖 = 0, … ,K + 1.

By construction, the matrices  and  depend on the polynomial coefficients 𝒃, and
thus on the collection of all aggregator decision vectors 𝑣 ∶= {𝑣1, … , 𝑣𝑛}. Since 𝑏𝑘 are linear
functions of 𝑣,  and  are also linear functions of 𝑣. We can therefore decompose them
into constant and decision-dependent parts as

(𝑣) = 0 + Δ(𝑣), (𝑣) = 0 + Δ(𝑣),

where 0 and0 collect all constant terms, while each entry of Δ(𝑣) and Δ(𝑣) is a linear
function (inner product) of 𝑣 with a constant coefficient vector. This explicit dependence
will be exploited later when formulating the DVPP coordination problem in terms of the
decision variables 𝑣.

Ideally, we would like the residual to be small enough, meaning the aggregators’ pro-
visions are well achieving the system-level requirements. We therefore employ∞ norm
to quantify this smallness, as ∞ norm of a system provides the maximum energy gain
of the output signal 𝑦 (the residual) for a given input signal 𝑤 (the frequency deviation).
This quantification further endows us with a measure of the system-level performance. To
see this, we introduce a variable 𝛾 here to constrain the ∞ norm of the residual system
(𝑠), i.e., |(𝑠)|∞ ≤ 𝛾 , and 𝛾 should be minimized as a term in the objective function. As
𝛾 goes to 0, the residual system’s output will also reduce to 0, which means the responses
from the aggregators are perfectly matching the target. In order to achieve economic op-
timality, we also introduce ∑𝑖∈𝐼 𝑔𝑖(𝑣𝑖) in the objective function, with 𝑔𝑖 the continuous
differentiable convex function representing the cost function of aggregator 𝑖 regarding its
decision variables. To sum up, with a parameter 𝑤 controlling the trade-off between two
terms, we have:

min
𝑣𝑖 ,𝛾 ,

∑
𝑖∈𝐼
𝑔𝑖 (𝑣𝑖) + 𝑤𝛾 (2.3a)

s.t. 𝑣𝑖 ∈ 𝑉𝑖, ∀𝑖 ∈ 𝐼 (2.3b)

|(𝑠)|∞ ≤ 𝛾 . (2.3c)

Eq. (2.3b) encodes the local constraints limiting the decision variables of each aggregator,
where 𝑉𝑖 is a polytope representing the domain of 𝑣𝑖. Based on the Bounded Real Lemma
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(BRL) [57], we transform the constraint (2.3c) into a LMI constraint (with  ⪰ 0):

⎡
⎢
⎢
⎢
⎢
⎣

𝑇 +  𝟎

𝑇 −𝛾𝐼 𝟎

𝟎 𝟎 −𝛾𝐼

⎤
⎥
⎥
⎥
⎥
⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=𝐿(,𝛾 )

+

⎡
⎢
⎢
⎢
⎢
⎣

𝟎 𝟎 Δ(𝑣)𝑇

𝟎 𝟎 Δ(𝑣)𝑇

Δ(𝑣) Δ(𝑣) 𝟎

⎤
⎥
⎥
⎥
⎥
⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=∑𝑖∈𝐼 𝐿𝑖(𝑣𝑖)

⪯

⎡
⎢
⎢
⎢
⎢
⎣

𝟎 𝟎 −𝑇0
𝟎 𝟎 −𝑇

0

−0 −0 𝟎

⎤
⎥
⎥
⎥
⎥
⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=𝐹0

.

The LMI constraint defines a semidefinite cone, which preserves the nice property of con-
vexity. By construction, each matrix 𝐿𝑖(𝑣𝑖) collects the part of the global LMI that depends
on the local decision vector 𝑣𝑖; every entry of 𝐿𝑖(𝑣𝑖) is a linear function of 𝑣𝑖. All purely
constant contributions are gathered in the fixed matrix 𝐹0.

To unify the notation, we also model the central regulator as agent 0, with decision
vector 𝑣0 ∶= (𝛾 ,) and associated LMI contribution 𝐿0(𝑣0) ∶= 𝐿(, 𝛾 ). We denote its local
cost by 𝑔0(𝑣0) ∶= 𝑤𝛾 . Each DER aggregator 𝑖 ∈ 𝐼 retains its own decision vector 𝑣𝑖 and
local cost function 𝑔𝑖(𝑣𝑖). Defining the extended agent set 𝐼 ∶= {0} ∪ 𝐼 , the global objective
(2.3a) can be written compactly as the sum of separable, agent-wise costs:

∑
𝑖∈𝐼

𝑔𝑖(𝑣𝑖).

In the same spirit, the BRL-based LMI constraint can be expressed as

∑
𝑖∈𝐼

𝐿𝑖(𝑣𝑖) ⪯ 𝐹0.

Hence, the problem (2.3) has a separable objective but a coupling LMI constraint that links
all agents through the common residual performance requirement. This structure moti-
vates us to further develop distributed algorithms that effectively decouple the coupling
constraint (2.3c) across agents.

2.3. Game-Theoretic Control and State-based Potential
Games

The existence of coupling constraint (2.3c) implies that the decision made by one agent is
constrained by the other agents’ decisions. This is inherently consistent with the feature
of a game, where the utility of one agent is affected not only by its own decisions, but
also by the other agent’s decisions. Stemming from this similarity, game-theoretic control
provides a distributed alternative to handle the coupled optimization problems concerning
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multiple agents [58]. The procedures of game-theoretic control design is to reformulate a
control problem into a game, via i) endowing each agent a utility function (which should
well encode the original costs), and ii) endowing each agent a learning rule (which will
be programmed as control laws). It is expected that such a successful reformulation could
bring desirable collective behavior for the system designer. In our context, the desirable
collective behavior is that all the aggregators achieve their optimal provision as in (2.3).
Before we proceed, let us revisit some preliminaries on the state-based potential game, the
properties of which attract us to formulate problem (2.3) into such a game.

2.3.1. Preliminaries: State-Based Potential Games
Definition 2.1 (State-based game [59]). A deterministic game is regarded as a state-
based game when there exists i) agent set 𝐼 ; ii) state space 𝑋 ; iii) state-dependent action
sets of the form 𝑈𝑖(𝑥), 𝑥 ∈ 𝑋 for each agent 𝑖 ∈ 𝐼 ; iv) state-dependent cost functions
𝐽𝑖(𝑥, 𝑢) ∈ ℝ, 𝑢 ∈ 𝑈(𝑥) = ∏𝑈𝑖(𝑥) for each agent 𝑖 ∈ 𝐼 ; and v) deterministic state transition
function 𝑥̃ = 𝑓 (𝑥, 𝑢) ∈ 𝑋 for ∀𝑥 ∈ 𝑋 and 𝑢 ∈ 𝑈(𝑥). For any 𝑥 ∈ 𝑋 , it holds true that
the state won’t change if all the agents take the null action 0 ∈ 𝑈(𝑥), i.e., 𝑥 = 𝑓 (𝑥, 0). We
denote such a state based game by the tuple 𝐺 = {𝐼 , 𝑋, {𝑈𝑖(𝑥)}, {𝐽𝑖(𝑥, 𝑢)}, 𝑓 }.

Definition 2.2 (State-based potential game [59]). A state-based game is a state-based po-
tential game when there exists a potential function Φ ∶ 𝑋 ×𝑈 → ℝ. The potential function
satisfies the following two conditions for every state 𝑥 ∈ 𝑋 :

C-1 For every agent 𝑖 ∈ 𝐼 , 𝑢 ∈ 𝑈(𝑥), and 𝑢′𝑖 ∈ 𝑈𝑖(𝑥), it holds that 𝐽𝑖(𝑥, 𝑢) − 𝐽𝑖(𝑥, 𝑢′𝑖 , 𝑢−𝑖) =
Φ(𝑥, 𝑢) − Φ(𝑥, 𝑢′𝑖 , 𝑢−𝑖), where −𝑖 denotes the set of all the agents other than agent 𝑖,
and 𝑢−𝑖 includes the actions of agents in −𝑖.

C-2 for every action 𝑢 ∈ 𝑈(𝑥) and ensuing state following the dynamic 𝑥̃ = 𝑓 (𝑥, 𝑢), we
have Φ(𝑥, 𝑢) = Φ(𝑥̃, 0).

Definition 2.3 (Stationary state Nash equilibrium [60]). A state-action pair [𝑥∗, 𝑢∗] is a
stationary state Nash equilibrium for a state-based game if it satisfies the following two
conditions:

C-1 We have 𝑢∗𝑖 ∈ argmin {𝐽𝑖(𝑥∗, 𝑢𝑖, 𝑢∗−𝑖)|𝑢𝑖 ∈ 𝑈𝑖(𝑥∗)} for ∀𝑖 ∈ 𝐼 ,

C-2 𝑥∗ is a fixed point of the state transition function with 𝑢∗, i.e., 𝑥∗ = 𝑓 (𝑥∗, 𝑢∗).
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2.3.2. Connection to the Game-Theoretic Control
State-based potential games possess two properties that are attractive in game-theoretic
control:

• Existence of Nash equilibrium. The learning algorithms of the game ideally end up
in the Nash equilibrium where no agent can improve their utility by updating their
decisions anymore. We therefore wish to find a way to engineer the Nash equi-
librium of the game, such that it is exactly located at the optimum we desire. The
premise here is to have the guarantee that the Nash equilibrium does exist. Since
the stationary state Nash equilibrium in a state-based potential game is guaranteed
to exist [59], it is theoretically appealing to design a state-based potential game for
the original problem, and accurately locate the equilibrium to be equivalent or close
to the optimum.

• Existence of distributed Nash equilibrium-seeking algorithms. It is established that
for a state-based potential game, there are feasible choices of distributed learning
algorithms that are theoretically guaranteed to converge to equilibrium [60, 54].
This distributed fashion is preferred in the sense that the agents can make use of
only local information to make the decision. The local information includes i) the
agent’s own information and ii) the information communicated from its neighbours.
Therefore, each agent is exchanging the information with only its neighbours.

2.4. A Distributed Solution Method
In this section, we show howwe fit the problem (2.3) into a state-based potential game, and
provide a distributed learning algorithm such that the agents achieve the Nash equilibrium
(i.e. optimum) following the learning rules.

2.4.1. Game Design
1) The agent set and the communication graph:

The agent set (including the regulator agent 0) is 𝐼 = {0, 1, … , |𝐼 |}. The communication
structure is described by an undirected graph 𝐺 = (𝐼 , 𝐸), where each node represents an
agent and each edge (𝑖, 𝑗) ∈ 𝐸 indicates that agents 𝑖 and 𝑗 can directly communicate.
Accordingly, for each agent 𝑖 ∈ 𝐼 , its neighbor set is defined as

𝑁𝑖 ≐ { 𝑗 ∈ 𝐼 ∣ (𝑖, 𝑗) ∈ 𝐸 } ∪ {𝑖}.
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That is,𝑁𝑖 contains all agents that can directly communicate with agent 𝑖, and also includes
agent 𝑖 itself. We assume that the communication graph 𝐺 is connected.

2) States and state space:
We denote matrix 𝑒𝑖 as the agent 𝑖’s estimation for the coupling constraint (average

share), i.e., 𝑒𝑖 ∼ 1
|𝐼 | (∑𝑗∈𝐼 𝐿𝑗 (𝑣𝑗 ) − 𝐹0). The system states tuple 𝑥 = (𝑣, 𝑒) is then composed

of two parts, i) all the decision variables 𝑣 = (𝑣0, 𝑣1, ⋯ , 𝑣𝑛); and ii) the estimation from all
the agents 𝑒 = (𝑒0, 𝑒1, ⋯ , 𝑒𝑛). The feasible space of the states 𝑥 is

𝑋 = {(𝑣, 𝑒) |𝑣𝑖 ∈ 𝑉𝑖, 𝑒𝑖 ≺ 0} . (2.4)

By defining the estimation state 𝑒𝑖, we are taking the first step to decouple the coupling
constraint, as all the agents now have an independent estimation state for this constraint.

3) Action tuples and the state-dependent action space:
The action tuple 𝑢𝑖 = (𝑣𝑖, 𝑒𝑖→𝑜𝑢𝑡) is defined for each agent. It is composed of two parts

similar to the states, i) the changes to be made on the local decision variables 𝑣𝑖, and ii)
the set of respective estimation matrices to be delivered to the corresponding neighbors
𝑒𝑖→𝑜𝑢𝑡 =

{
𝑒𝑖→𝑗 |𝑗 ∈ 𝑁𝑖

}
. An intuitive interpretation of the delivered estimation 𝑒𝑖→𝑗 is, the

amount of estimation that agent 𝑖would spare from its own estimation to assist its neighbor
agent 𝑗 . Imagine now the estimation matrix 𝑒𝑖 from agent 𝑖 is largely negative definite,
which means all the eigenvalues of 𝑒𝑖 are relatively far below 0. In this case, it would be
helpful if agent 𝑖 can assist some other agent 𝑗 by supporting themwith a negative definite
estimation matrix 𝑒𝑖→𝑗 . With this support, agent 𝑗 can be more bold when it adjusts 𝑣𝑗 to
get higher utility, while still maintaining its estimation 𝑒𝑗 being negative definite.

The action’s feasible space is state-dependent, as it needs to ensure the ensuing states
lie in the feasible space (2.4). Given a system state 𝑥 , the action’s feasible set/region is

𝑈𝑖(𝑥) =

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

(𝑣𝑖, 𝑒𝑖→𝑜𝑢𝑡)

|||||||||

𝑣𝑖 + 𝑣𝑖 ∈ 𝑉𝑖,

𝑒𝑖→𝑜𝑢𝑡 ⪯ 0,

𝑒𝑖 + 𝐿𝑖(𝑣𝑖) − 𝑒𝑖→𝑜𝑢𝑡 ≺ 0

⎫⎪⎪⎪⎪
⎬⎪⎪⎪⎪⎭

. (2.5)

4) State transition function:
We denote the local dynamic for agent 𝑖 as 𝑥̃ = 𝑓𝑖(𝑥, 𝑢𝑖). It is as follows with 𝑣𝑖, 𝑒𝑖 and

𝑒𝑜𝑢𝑡 being the ensuing states
⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

𝑣𝑖 = 𝑣𝑖 + 𝑣𝑖

𝑒𝑖 = 𝑒𝑖 + 𝐿𝑖(𝑣𝑖) − ∑
𝑜𝑢𝑡∈𝑁𝑖

𝑒𝑖→𝑜𝑢𝑡 + ∑
𝑖𝑛∈𝑁𝑖

𝑒𝑖𝑛→𝑖

𝑒𝑜𝑢𝑡 = 𝑒𝑜𝑢𝑡 + 𝑒𝑖→𝑜𝑢𝑡 , ∀𝑜𝑢𝑡 ∈ 𝑁𝑖.

(2.6)
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The transition function on 𝑣𝑖 follows that 𝑣𝑖 is the changes in the decision variables. The
transition function on 𝑒 contains contributions from three parts: i) 𝐿𝑖(𝑣𝑖) be the estimation
change caused by the change in 𝑣𝑖; ii) −∑𝑒𝑖→𝑜𝑢𝑡 is the sum of estimation delivered to all
neighbors; iii) ∑𝑒𝑖𝑛→𝑖 is the sum of estimation received from all neighbors.

The design of the state transition function provides a further step towards the decou-
pling of the coupling constraint. As we can see, during the dynamic transition, we always
have ∑𝑒𝑖(𝑡) = ∑ 𝑒𝑖(0) + ∑𝐿𝑖(𝑣𝑖(𝑡) − 𝑣𝑖(0)). Therefore, if we nicely select the initial esti-
mations as ∑𝑒𝑖(0) = ∑𝐿𝑖(𝑣𝑖(0)) − 𝐹0, we will have ∑𝑒𝑖(𝑡) = ∑𝐿𝑖(𝑣𝑖(𝑡)) − 𝐹0 for all 𝑡 in
the later iterations. This means that we can now evaluate the coupling constraint with
the sum of the agents’ estimation states. The feasible space of the states (2.4) ensures that
all the estimations from agents are negative definite, and thus the coupling constraint is
strictly satisfied.

5) State-dependent cost function:

The agent’s cost functions depend on the ensuing system state 𝑥̃ , which is determin-
istically determined by 𝑥 ∈ 𝑋 and 𝑢 ∈ ∏𝑖∈𝐼 𝑈𝑖(𝑥) as a result of (2.6),

𝐽𝑖(𝑥̃ | 𝑥, 𝑢𝑖, 𝑢−𝑖) = 𝑔𝑖(𝑣𝑖) − 𝜇∑
𝑗∈𝑁𝑖

log det(−𝑒𝑗 ). (2.7)

The additional terms added to the original decoupled local cost function are logarithmic
barrier functions for positive definite matrix. These additional terms implicitly enforce
the constraints that 𝑒𝑗 ≺ 0 for every 𝑗 ∈ 𝑁𝑖, which is satisfied naturally following (2.4)
and (2.5).

6) Specialization for regulator agent 0:

For completeness, we now spell out the constraint sets and utility of the regulator
(agent 0), which corresponds to 𝐿(, 𝛾 ) ∶= 𝐿0(𝑣0). The local state tuple of agent 0 is
𝑥0 = (𝑣0, 𝑒0) with 𝑣0 = (, 𝛾 ). Its feasible state space is

𝑋0 =
{
(, 𝛾 , 𝑒0) || ⪰ 0, 𝛾 ≥ 0, 𝑒0 ≺ 0

}
.

The action tuple of agent 0 is

𝑢0 = (̂, 𝛾 , 𝑒0→out), 𝑒0→out =
{
𝑒0→𝑗 || 𝑗 ∈ 𝑁0

}
.



2.4. A Distributed Solution Method

2

27

Given a state 𝑥 , its state-dependent feasible action set is

𝑈0(𝑥) =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎩

(̂, 𝛾 , 𝑒0→out)

|||||||||||||

 + ̂ ⪰ 0,

𝛾 + 𝛾 ≥ 0,

𝑒0→out ⪯ 0,

𝑒0 + 𝐿(, 𝛾 ) − 𝑒0→out ≺ 0

⎫⎪⎪⎪⎪⎪⎪⎪
⎬⎪⎪⎪⎪⎪⎪⎪⎭

. (2.8)

The local state transition for agent 0, denoted 𝑥̃ = 𝑓0(𝑥, 𝑢0), is
⎧⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎩

̃ =  + ̂,

𝛾 = 𝛾 + 𝛾 ,

𝑒0 = 𝑒0 + 𝐿0(̂, 𝛾 ) − ∑
𝑜𝑢𝑡∈𝑁0

𝑒0→𝑜𝑢𝑡 + ∑
𝑖𝑛∈𝑁0

𝑒𝑖𝑛→0,

𝑒𝑜𝑢𝑡 = 𝑒𝑜𝑢𝑡 + 𝑒0→𝑜𝑢𝑡 , ∀ 𝑜𝑢𝑡 ∈ 𝑁0.

(2.9)

Finally, the state-dependent cost function of agent 0 is

𝐽0(𝑥̃ ∣ 𝑥, 𝑢0, 𝑢−0) = 𝑤 𝛾 − 𝜇∑
𝑗∈𝑁0

log det(−𝑒𝑗 ). (2.10)

This is consistent with the general form (2.7) with 𝑔0(𝑣0) = 𝑤𝛾 .

Theorem 2.1 (Optimality of the Nash equilibrium). Consider a game  defined with (2.4)-
(2.7). We have that, as 𝜇 goes to 0, the stationary Nash equilibrium of  converges to the
solution of the original optimization problem (2.3).

Proof. The proof is built on three preparatory Lemmas.

Lemma 2.1.1. The defined state-based game with the agents’ utility function (2.7) is a
potential game with the potential function

Φ(𝑥, 𝑢) = ∑
𝑖∈𝐼

𝑔𝑖(𝑣𝑖) − 𝜇∑
𝑖∈𝐼

log det(−𝑒𝑖).

Lemma 2.1.2. The state-action pair [𝑥∗, 𝑢∗] = [(𝑣∗, 𝑒∗), (𝑣∗, 𝑒∗)] is a stationary state Nash
equilibrium of the game , if and only if:

C-1 The decision variables 𝑣∗ in states is the optimum of the following optimization
problem with only uncoupled local constraints:

min
𝑣

∑
𝑖∈𝐼

𝑔𝑖 (𝑣𝑖) −
|||𝐼
||| 𝜇log det(𝐹0 −∑

𝑖∈𝐼

𝐿𝑖 (𝑣𝑖))

s.t. 𝑣𝑖 ∈ 𝑉𝑖 ∀𝑖 ∈ 𝐼 .
(2.11)
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C-2 The estimation variables 𝑒∗ in states satisfy that for all 𝑖 ∈ 𝐼 ,

𝑒∗𝑖 =
1
|𝐼 |
(∑
𝑖∈𝐼

𝐿𝑖 (𝑣∗𝑖 ) − 𝐹0).

C-3 For all 𝑖 ∈ 𝐼 , 𝑣𝑖∗ = 0 and∑𝑒∗𝑖←𝑖𝑛 −∑𝑒∗𝑖→𝑜𝑢𝑡 = 0.

Lemma 2.1.3. The optimum of the optimization problem (2.11) converges to the solution
of the original optimization problem (2.3) as 𝜇 goes to 0.

Lemma 2.1.1 identifies the potential function of the designed game and therefore proves
the existence of the stationary Nash Equilibrium. Lemma 2.1.2 identifies the equivalence
between the equilibrium and 𝑣∗ the optimal solution of (2.11). Lemma 2.1.3 shows the
convergence of 𝑣∗ to the solution of (2.3) as 𝜇 goes to 0, and therefore completes the proof
of Theorem 2.1.

Lemma 2.1.1 is easy to verify. The proofs of Lemma 2.1.2 and Lemma 2.1.3 are provided
in Appendices 2.7.1-2.7.2.

2.4.2. A Distributed Learning Algorithm
Proposition 2.1 (Better response dynamics [60]). In a state-based potential game, if the
myopic agents all make attempts to improve their own utility function based on their
local information, and take turns to update their action pairs, it is guaranteed that the
Nash equilibrium defined in Lemma 2.1.2 is attained when no more agents can improve
their utility.

Based on Proposition 2.1, we here provide a distributed learning algorithm based on
the Curnot adjustment. Each agent follows (2.12) and takes a turn to update its localized
state-action pair

𝑢𝑖(𝑘) = arg min
𝑢𝑖∈𝑈𝑖(𝑥)

𝐽𝑖(𝑥̃ | 𝑥(𝑘), 𝑢𝑖, 0),

𝑥(𝑘 + 1) = 𝑓𝑖(𝑥(𝑘), 𝑢𝑖(𝑘)).
(2.12)

The agent assumes others are taking action 0 (𝑢−𝑖 = 0) when making the decisions, which
means the information needed in (2.12) is all locally available by agent 𝑖. The learning
process is continued until every agent confirms that it does not have the will to change its
actions, as schematically illustrated in Figure 2.1. Note that the initial states are chosen in
the feasible set (2.4) satisfying ∑𝑒𝑖(0) = ∑𝐿𝑖(𝑣𝑖(0)) − 𝐹0.

Remark. We can see that in Proposition 2.1, there are no strict requirements for the
order of updating during the learning process. Therefore, the learning process is naturally
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Figure 2.1: Schematic of the proposed game-theoretic learning approach. During the iterative learning process,
the communication graph may vary over time; this is illustrated by the graph instances 𝐺1, 𝐺2, and 𝐺3, which
denote different communication topologies at different iterations.

robust to changes of agent update orders, or even occasional missing out. Furthermore,
the learning rules are based on current local information, with no specifications on the
communication graph 𝐺 as long as it is connected. Therefore, the whole learning process
is robust to communication loss or changes.

We note that, although the proposed game-theoretic learning approach shares some
conceptual similarities with classical primal–dual distributed optimization methods for
problems with coupling constraints, it differs markedly in several important aspects. A
detailed comparison between the two is provided in Appendix 2.7.3.

2.5. Case Study
We consider a system with 3 aggregators, offering their FFR services at two standardized
latency levels, 𝐾 = 2: 𝜏1 = 0.5𝑠 and 𝜏2 = 5𝑠. The cost function related to each aggregator’s
service provision, and their corresponding local limits are:

1. 𝑔1(𝑣1) = 0.2𝐻 1
1 + 2𝐷1

1; 0 ≤ 𝐻 1
1 , 𝐷1

1 ≤ 5

2. 𝑔2(𝑣2) = 0.3𝐻 2
2 + 3𝐷1

2 + 𝐷2
2; 0 ≤ 𝐻 2

2 , 𝐷1
2, 𝐷2

2 ≤ 5

3. 𝑔3(𝑣3) = 1.5𝐷2
3; 0 ≤ 𝐷2

3 ≤ 10.

The stability-economic weight 𝑤 is set as 5. The setting for the system FFR target 𝑇 (𝑠)
is 𝐻 = 15 p.u., 𝐷 = 20 p.u. and a latency 𝜏 = 3.2 s.
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2.5.1. Convergence of the Game-Theoretic Learning Approach
Fig. 2.2 presents our results obtained under 𝜇 = 0.02, and under a varying communication
graph. The communication graph 𝐺 encountered sudden changes twice (𝐺1 → 𝐺2 → 𝐺3),
at iteration 1000 and iteration 2000. Fig. 2.2 (a)-(d) demonstrate that the approach is indeed
robust to the changes happening in the communication graph during the learning. The
decision variables converged to the solution of (2.11), which is close to but not exactly
equal to the optimum solution of (2.3) (as shown in dashed lines). The errors between
are due to the non-zero hyperparameter 𝜇 that steers the solution slightly away from the
exact optimum, as a price for decoupling the constraint. 𝜇 could be adjusted lower to get
results closer to the optimum, while it will deteriorate the convergence rate as the agents
are less driven by the instructions coming from coupling constraints. Fig. 2.2 (e) illustrates
the decrease of the potential during the learning process. Fig. 2.2 (f) shows the coupling
constraint is strictly satisfied during the whole learning process. This implies that the ap-
proach is safe to be applied online, as when the agents are adjusting their decisions, all
the constraints are guaranteed to be satisfied. The convergence of the algorithm can take
a large number of iterations, showing the algorithm’s limitation on the computational
time. In the FFR coordination problem, though there may not be a very strict require-
ment on the computational time: the aggregators implement the output of the algorithm
by programming their devices ahead of real-time operation; the FFR response is thereafter
automatically provided in real-time when the system contingency occurs. When the num-
ber of agents is large, to address the time limitations, a solution set for multiple common
FFR targets could be prepared in advance. Subsequently, when one FFR target is iden-
tified in operation, the solution pre-computed for a “close” target can be initialized for
aggregators to accelerate the convergence to the optimum. Beyond the test cases consid-
ered above, in practical operation, system conditions such as DER availability, renewable
generation, and ancillary service requirements may vary over time due to intermittency
and forecast updates. In such cases, the coordination problem can be periodically up-
dated using the latest system information and solved again using the proposed distributed
approach. As the proposed approach is iterative, the solution obtained at the previous
scheduling step can naturally serve as a warm start for the next optimization round. Since
operating conditions typically evolve gradually between successive intervals, the new op-
timal operating point is often close to the previous one, allowing the distributed learning
process to converge rapidly without restarting from scratch. This interpretation enables
the framework to efficiently track time-varying operating conditions while preserving the
distributed structure of the algorithm. A full implementation of such online optimization



2.5. Case Study

2

31

0 2000 4000 6000(a)
1

2

3

Sy
st

em
 n

or
m

 

*

0 2000 4000 6000(b)

2

4

6

In
er

ti
a 

P
or

tf
ol

io

H
1
1

H
1
1*

H
2
2

H
2
2*

0 2000 4000 6000(c)

2

4

6

D
ro

op
 P

or
tf

ol
io

 a
t 

1

D
1
1

D
1
1*

D
2
1

D
2
1*

0 2000 4000 6000(d)
4

6

8

10

12

D
ro

op
 P

or
tf

ol
io

 a
t 

2

D
2
2

D
2
2*

D
3
2

D
3
2*

0 1000 2000 4000 6000(e)

44

45

46

47

48

T
he

 p
ot

en
ti

al
 o

f 
th

e 
ga

m
e

0 2000 4000 6000(f)
-0.01

0

0.01

0.02

0.03

M
in

im
um

 e
ig

en
va

lu
e min

i

ThresholdG
1

G
3

Iterations k

G
2

Iterations k

Figure 2.2: Results during the game-theoretic learning process. In (a)-(d), the color represents the decision vari-
ables coming from different agents (green-0, red-1, blue-2, orange-3).

with continuously updated measurements and forecasts is left for future work.

2.5.2. DVPP Regulation Performance
The previous subsection focused on the convergence properties of the proposed game-
theoretic learning algorithm. We now complement this analysis with a time-domain vali-
dation, demonstrating that the proposed∞ formulation indeed yields a DVPPwhose FFR
closely tracks the desired target response under realistic frequency deviations. Specifically,
we use the converged equilibrium as the DVPP FFR provision, resulting in the aggregate
transfer function

𝑇prop(𝑠) = ∑
𝑖
𝑇𝑖(𝑠).

For comparison, we construct a baseline portfolio that matches the desired aggregate in-
ertia and damping in a purely static sense, using the cheapest possible combination of
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devices. This yields a baseline aggregate transfer function 𝑇base(𝑠) with 𝐻11 = 5 p.u.,
𝐻22 = 5 p.u., 𝐷11 = 5 p.u., 𝐷21 = 0 p.u., 𝐷22 = 5 p.u., and 𝐷32 = 10 p.u. We excite 𝑇prop(𝑠),
𝑇base(𝑠), and the target 𝑇 (𝑠) with the same frequency-deviation signal Δ𝑓 (𝑡). We choose
Δ𝑓 (𝑡) as a mildly oscillatory and exponentially damped trace,

Δ𝑓 (𝑡) = −𝐴e−𝑡/𝑇𝑑 sin(2𝜋𝑓0𝑡),

with parameters 𝐴 = 0.5 Hz, 𝑇𝑑 = 6 s, and 𝑓0 = 0.25 Hz. The corresponding target and
realized FFR powers,

𝑃tar(𝑡) = (𝑇 ∗ Δ𝑓 )(𝑡),

𝑃prop(𝑡) = (𝑇prop ∗ Δ𝑓 )(𝑡),

𝑃base(𝑡) = (𝑇base ∗ Δ𝑓 )(𝑡),

are computed via time-domain simulation using MATLAB lsim, and the tracking errors
are defined as

𝑒prop(𝑡) = 𝑃prop(𝑡) − 𝑃tar(𝑡), 𝑒base(𝑡) = 𝑃base(𝑡) − 𝑃tar(𝑡).

Figure 2.3 illustrates the time-domain FFR tracking performance of the proposed formu-
lation and the baseline portfolio. In the upper panel, the response of the proposed DVPP
remains consistently close to the target trajectory over the entire transient. Small devia-
tions are still visible, especially around the nadir and the early recovery phase, but their
magnitude is limited. By contrast, the baseline response departs more noticeably from the
target, with a clearly larger mismatch during the initial swing and a less accurate recovery.
The lower panel, showing the tracking errors, quantifies this difference more clearly. The
error associated with the proposed DVPP remains relatively small throughout the event,
while the baseline error exhibits substantially larger peaks. In particular, the maximum
absolute error of the baseline is approximately four times that of the proposed design.
This confirms that the ∞-based formulation significantly improves the dynamic regu-
lation performance of the DVPP, whereas a least-cost static allocation that only matches
aggregate inertia and damping is insufficient to ensure accurate FFR tracking, because it
neglects the different latencies of the individual provisions and their impact on the aggre-
gate response.

2.6. Conclusion
In this chapter, an efficient and tractable approach for the DER aggregators inside a DVPP
to learn their optimal dynamic ancillary service provisions is proposed, based on∞ sys-
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Figure 2.3: Time-domain FFR tracking performance of the proposed ∞-based DVPP coordination compared
with the baseline portfolio. Top: realized FFR powers 𝑃prop(𝑡) and 𝑃base(𝑡) versus the target trajectory 𝑃tar(𝑡) un-
der the same mildly oscillatory, exponentially damped frequency deviation Δ𝑓 (𝑡). Bottom: corresponding track-
ing errors 𝑒prop(𝑡) and 𝑒base(𝑡), illustrating the substantially reduced peak error and overall mismatch achieved
by the proposed formulation relative to the least-cost static allocation that only matches aggregate inertia and
damping.

tem norm and a proposed game-theoretic learning algorithm. Although the method is
brought up and introduced in a specific setting, it could be directly applied to other dis-
tributed use cases with coupling semidefinite constraints. The designed approach works
as a distributed protocol. Future research can investigate this protocol for power system
FFR market mechanism design, such that the agents are well incentivized and voluntarily
participate in the game. It is also recommended to develop approaches that further boost
the convergence time for future research.
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2.7. Appendix
2.7.1. Proof of Lemma 1.2
(⇒) We first prove that if [𝑥∗, 𝑢∗] is a stationary state Nash equilibrium, then it satisfies
[C-1]- [C-3]. Based on the second condition in definition 3, we have 𝑥∗ = 𝑓 (𝑥∗, 𝑢∗). It
is only possible if [C-3] is satisfied. Then, based on the first condition in definition 3, we
have 𝐽𝑖(𝑥∗, 𝑢∗𝑖 , 𝑢∗−𝑖) = min𝑢𝑖∈𝑈𝑖(𝑥∗)𝐽𝑖(𝑥∗, 𝑢𝑖, 𝑢∗−𝑖) for ∀𝑖 ∈ 𝐼 . Since 𝐽𝑖(𝑥∗, 𝑢𝑖, 𝑢∗−𝑖) is a convex
function on the tuple 𝑢𝑖 = (𝑣𝑖, 𝑒𝑖→𝑜𝑢𝑡) ∈ 𝑈𝑖(𝑥∗), we have the following equalities based on
the sufficient and necessary optimality condition of convex optimization:

tr
(
𝜕𝐽𝑖(𝑥∗, 𝑢𝑖, 𝑢∗−𝑖)

𝜕𝑒𝑖→𝑗

||||

𝑇

𝑢𝑖=𝑢∗𝑖

(𝑒𝑖→𝑗 − 𝑒∗𝑖→𝑗 ))
≥ 0, ∀𝑖 ∈ 𝐼 , ∀𝑗 ∈ 𝑁𝑖, ∀𝑒𝑖→𝑗 ⪯ 0 (2.13)

[
𝜕𝑔𝑖
𝜕𝑣𝑖,𝑑

||||𝑣∗
+ 𝜇 tr((𝑒∗𝑖 )

−1 𝜕𝐿𝑖(𝑣𝑖)
𝜕𝑣𝑖,𝑑 )] (𝑣𝑖,𝑑 − 𝑣

∗
𝑖,𝑑) ≥ 0, ∀𝑖 ∈ 𝐼 , ∀𝑣𝑖,𝑑 ∈ 𝑣𝑖, ∀𝑣𝑖 ∈ 𝑈𝑖(𝑥∗). (2.14)

Eq. (2.13) implies that 𝑒∗𝑗 − 𝑒∗𝑖 = 0, ∀𝑖 ∈ 𝐼 , 𝑗 ∈ 𝑁𝑖. Because the communication graph is
connected, we then have 𝑒∗𝑗 − 𝑒∗𝑖 = 0, ∀𝑖, 𝑗 ∈ 𝐼 . Since ∑𝑖 𝑒∗𝑖 = ∑𝑖∈𝐼 𝐿𝑖 (𝑣∗𝑖 ) − 𝐹0, we thus
have

𝑒∗𝑖 =
1
|𝐼 |
(∑
𝑖∈𝐼
𝐿𝑖 (𝑣∗𝑖 ) − 𝐹0), ∀𝑖 ∈ 𝐼 ([C-2] proved). (2.15)

Substituting (2.15) into (2.14), we obtain, for any 𝑖 ∈ 𝐼 , any 𝑣𝑖 ∈ 𝑈𝑖(𝑥∗), and any component
𝑣𝑖,𝑑 ∈ 𝑣𝑖,

[
𝜕𝑔𝑖
𝜕𝑣𝑖,𝑑

||||𝑣∗
+ |𝐼 |𝜇 tr((∑𝐿𝑖 (𝑣∗𝑖 ) − 𝐹0)

−1 𝜕𝐿𝑖(𝑣𝑖)
𝜕𝑣𝑖,𝑑 )] ⋅ (𝑣𝑖,𝑑 − 𝑣

∗
𝑖,𝑑) ≥ 0, (2.16)

which is exactly the sufficient optimality condition for problem [C-1].
(⇐) First, if 𝑢∗ satisfies [C-3], then 𝑥∗ = 𝑓 (𝑥∗, 𝑢∗), 𝑥∗ is a fixed point of the state

transition function with 𝑢∗. In the second step, we could easily verify (2.13) from (2.15)
[C-2]. Then we substitute (2.15) [C-2] into (2.16) [C-3], we get (2.14). This completes the
optimality condition of

𝑢∗𝑖 ∈ arg min
𝑢𝑖∈𝑈𝑖(𝑥∗)

𝐽𝑖(𝑥∗, 𝑢𝑖, 𝑢∗−𝑖), ∀𝑖 ∈ 𝐼 .

2.7.2. Proof of Lemma 1.3
Let 𝑆𝑛 denote the set of 𝑛 × 𝑛 real symmetric matrices. We use

𝑆𝑛+ ∶= {𝑋 ∈ 𝑆𝑛 ∣ 𝑋 ⪰ 0}
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to denote the cone of symmetric positive semidefinite matrices, and

𝑆𝑛++ ∶= {𝑋 ∈ 𝑆𝑛 ∣ 𝑋 ≻ 0}

to denote the cone of symmetric positive definite matrices.
The logarithmic barrier function for the positive definite cone is defined for 𝑋 ∈ 𝑆𝑛++

as
𝐵(𝑋) ∶= − log det(𝑋) = − ln

𝑛

∏
𝑖=1
𝜆𝑖(𝑋) = −

𝑛

∑
𝑖=1

ln 𝜆𝑖(𝑋).

The barrier function 𝐵(𝑋) exerts a repelling effect with respect to the boundary of the
positive semidefinite cone, denoted by 𝜕𝑆𝑛+, where

𝜕𝑆𝑛+ = {𝑋 ∈ 𝑆𝑛 | 𝜆𝑖(𝑋) ≥ 0, 𝑖 = 1, … , 𝑛, and 𝜆𝑖(𝑋) = 0 for at least one 𝑖} .

As 𝑋 approaches the boundary 𝜕𝑆𝑛+, the barrier value 𝐵(𝑋) tends to +∞.
Now consider the optimization problem

min
𝑣

∑
𝑖∈𝐼
𝑔𝑖 (𝑣𝑖) − |𝐼 | 𝜇log det(𝐹0 −∑

𝑖∈𝐼
𝐿𝑖 (𝑣𝑖))

s.t. 𝑣𝑖 ∈ 𝑉𝑖 ∀𝑖 ∈ 𝐼 .

As 𝜇 gets to 0, the influence of the barrier function reduces and the solution is pushing
closer to (but never can achieve) the boundary. Therefore, the problem converges to

min
𝑣

∑
𝑖∈
𝑔𝑖 (𝑣𝑖)

s.t. 𝑣𝑖 ∈ 𝑉𝑖 ∀𝑖 ∈ 𝐼

∑
𝑖∈𝐼
𝐿𝑖 (𝑣𝑖) ≺ 𝐹0,

which is a strict version of our original problem.

2.7.3. Comparison with Dual-Based Distributed Optimization
The proposed game-theoretic learning scheme differs from dual-based distributed opti-
mization methods in several important aspects. To make this comparison precise, we re-
visit the convex formulation in (2.3). A standard dual approach introduces a global dual
matrix variable Λ ⪰ 0 associated with the constraint (2.3c). The dual function is

𝑑(Λ) = min
𝑣

∑
𝑖∈𝐼
𝑔𝑖(𝑣𝑖) + tr

(
Λ(∑

𝑖∈𝐼
𝐿𝑖(𝑣𝑖) − 𝐹0))

s.t. 𝑣𝑖 ∈ 𝑉𝑖, ∀𝑖 ∈ 𝐼 ,
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and the corresponding dual problem reads

max
Λ⪰0

𝑑(Λ).

This dual problem decomposes across agents as

max
Λ⪰0

−tr(Λ𝐹0) +∑
𝑖∈𝐼

min
𝑣𝑖∈𝑉𝑖

[𝑔𝑖(𝑣𝑖) + tr(Λ𝐿𝑖(𝑣𝑖))]. (2.17)

Gradient-type primal-dual schemes (e.g., [61]) typically update Λ and 𝑣𝑖 iteratively, for
instance:

Λ𝑘+1 = [Λ
𝑘 + 𝛿𝑘(∑𝑖∈𝐼 𝐿𝑖(𝑣𝑘𝑖 ) − 𝐹0)

𝑇
]⪰0
, (2.18a)

𝑣𝑘+1𝑖 = [𝑣
𝑘
𝑖 − 𝛿𝑘(∇𝑔𝑖(𝑣

𝑘
𝑖 ) + ∇𝑣𝑖 tr(Λ

𝑘+1𝐿𝑖(𝑣𝑘𝑖 )))]𝑉𝑖
, ∀𝑖 ∈ 𝐼 , (2.18b)

with step size 𝛿𝑘 > 0 and suitable projections. Here, Λ plays the role of a global “shadow
price” penalizing each agent’s contribution to the violation of the coupling constraint.

The proposed state-based game shares this high-level idea: penalizing the agents’ im-
pact on the coupling constraint, but implements it via local estimation states 𝑒𝑖 instead of
a single global dual variable:

• In dual-based schemes such as (2.18), Λ is a global variable, updated using the ag-
gregated quantity ∑𝑖∈𝐼 𝐿𝑖(𝑣𝑘𝑖 ) and then implicitly “seen” by all agents through the
term tr(Λ𝐿𝑖(𝑣𝑖)). This typically requires a central step (or a global consensus step)
to compute and disseminate Λ𝑘+1.

• In the game-theoretic formulation, each agent 𝑖maintains its own estimation matrix
𝑒𝑖, representing a local estimate of its share of the coupling constraint. The state
transitions (2.6) (and their specialization for agent 0) are designed so that

∑
𝑖∈𝐼

𝑒𝑖(𝑡) = ∑
𝑖∈𝐼

𝐿𝑖(𝑣𝑖(𝑡)) − 𝐹0

holds along the trajectories, while each 𝑒𝑖(𝑡) remains negative definite. Thus, the
global LMI is enforced via the sum of local states, and the coupling is handled
through neighbour-to-neighbour exchanges of estimation matrices.

This leads to three key differences compared to classical dual-based distributed meth-
ods: (i) the semidefinite constraint is fully decoupled into local conditions 𝑒𝑖 ≺ 0, enforced
at each iteration through the logarithmic barrier terms in (2.7); (ii) the communication
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pattern is purely graph-based and fully distributed, without a central dual update; and
(iii) constraint satisfaction is guaranteed throughout the entire learning process, not only
at convergence, which is particularly attractive for online adjustment of FFR provisions
under time-varying operating conditions and communication graphs.





3
Scaling FFR to Large DER

Populations via
Decomposition

Building on the previous chapter, this chapter continues to investigate the operation of a Dy-
namic Virtual Power Plant (DVPP) delivering Fast Frequency Response (FFR) to the system
operator. It addresses the scalability of DVPP coordination as the portfolio size grows. The
proposed framework has two main goals: (i) maintain high regulation quality by ensuring
that the aggregate FFR tracks the DVPP target, and (ii) achieve economic efficiency by keeping
the total provision cost low. To this end, the DVPP regulation is formulated as a frequency-
domain matching problem, and a distributed solution based on dual decomposition is devel-
oped. The proposed approach decomposes the original large-scale nonconvex problem into
multiple smaller nonconvex subproblems, substantially improving tractability and computa-
tional efficiency. Theoretical analysis and case studies show that the solution quality, in terms
of optimality, remains high and can even improve as the problem size increases.

This chapter is based on � H. Xie, S. Khodakaramzadeh, P. Mohajerin Esfahani, and J. L. Cremer, “Enveloping
Large Populations of Device Dynamics for Fast Frequency Response in a Dynamic Virtual Power Plant,” submitted.
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3.1. Introduction
The integration of renewables poses significant challenges to power system operation [62].
This causes a pressing need for ancillary services such as inertia emulation, frequency
regulation, voltage regulation and power smoothing, to maintain the secure operation in
the presence of disturbances [63]. Distributed Energy Resources (DERs), while widely de-
ployed, remain largely underutilized in this context. This underutilization stems from their
geographic dispersion across distribution networks and the relatively limited flexibility of
individual units, which renders them unsuitable for direct participation in transmission-
level operations [64]. To harness the latent flexibility of DERs at scale, the concept of
Virtual Power Plants (VPPs) has emerged as a promising solution [65]. One VPP functions
as an aggregating envelope that encapsulates numerous DERs and coordinates their oper-
ations to deliver ancillary services to the grid collectively [47]. Within this framework, the
VPP serves as an intermediary, ensuring that individual device constraints and objectives
are respected while meeting the needs of the Transmission System Operator (TSO).

This chapter focuses on operating a VPP composed of a large number of heterogeneous
DERs to respond to TSO requests for Fast Frequency Response (FFR) services. Such a VPP
falls under the specific category of a Dynamic Virtual Power Plant (DVPP) [16], given that
FFR represents a critical form of the dynamic ancillary services. Unlike static ancillary
services such as steady-state generation–demand balancing and voltage regulation, FFR is
inherently dynamic. It refers to the active-power response delivered within seconds after
a disturbance to slow down and limit rapid frequency deviations. The purpose of FFR is
to enhance frequency dynamics over the entire transient period [41]. To be effective, FFR
must be activated automatically and almost instantaneously upon detection of frequency
deviations, ensuring real-time active-power injection [44]. In practical implementations,
inverter-based DERs are typically configured to provide FFR through pre-programmed
control algorithms. More detailed introduction on FFR are documented in [44, 45, 66].

The key objectives in operating such a DVPP providing FFR services are twofold: i)
to ensure that the aggregate frequency response of the DERs closely tracks the requested
dynamic behavior specified by the TSO, and ii) to achieve the overall efficiency, typically
represented by minimizing the sum of the DERs’ cost functions. These objectives are
preferably achieved in a distributed setting that supports data confidentiality, such that
DERs are not required to reveal sensitive data, including cost functions and local device
operational limits [67].

Extensive research has focused on DVPP operation, particularly on the obstacles of
aggregating the DERs’ FFR provisions to match TSO requests. Two main approaches have
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emerged to address this problem. The mainstream approach follows the strategy of first
representing FFR as a set of equivalent adjustable parameters, including synthetic iner-
tia, damping coefficients, and primary active power responses [32, 43, 46]. Intuitively, the
DVPP’s aggregate FFR is represented as the summation of these equivalent parameters
across DERs. The operation problem is then formulated as an algebraic matching task be-
tween these aggregate quantities and the TSO’s specified requirements. However, these
equivalent-parameter models collapse the underlying device dynamics into static coeffi-
cients and, by construction, ignore heterogeneous response latencies. In practice, DER
activation times differ by up to several seconds due to their control bandwidths and com-
munication delays [47, 20]. When such latency is neglected, the DVPP may be scheduled
as if it can deliver the contracted FFR capacity within the required time window, while
in reality a significant portion of the response arrives too late. This mismatch can lead to
frequency nadirs that violate grid-code limits, undermine the certifiability and trustwor-
thiness of DVPP-based FFR products, and force operators to apply conservative security
margins or restrict DVPP participation. Thus, the simplification not merely reduces DVPP
accuracy or efficiency but also creates a structural barrier to the reliable and large-scale
deployment of DVPPs as FFR providers.

In contrast, the second line of investigation acknowledges the dynamic nature of FFR
and explicitly incorporates latency effects [47, 41, 42, 35]. These studies advocatemodeling
FFR provision as a dynamic system, with frequency deviations as input and active power
as output. This modeling approach not only yields a more accurate representation of DER
behavior but also greatly facilitates the enforcement of grid code requirements and the
practical implementation of converter control algorithms. To this end, rational paramet-
ric transfer functions in the frequency domain are applied to describe the dynamic behav-
ior of DERs providing FFR, consistent with advanced inverter control paradigms [49, 50,
51]. Under these modeling assumptions, several studies have approached the coordination
of DERs to achieve DVPP operational objectives. Notably, divide-and-conquer strategies
have been explored in [20, 42], wherein the aggregate control task is decomposed among
individual devices. However, these approaches fall short in achieving overall economic
efficiency: they generally pre-assign all contracted DERs into the regulation task and rely
heavily on high-speed resources such as supercapacitors to provide the necessary flexi-
bility. This reliance requires over-dimensioning of these fast-storage devices and leads to
an increased cost of maintaining sufficient FFR capability for the DVPP. In contrast, the
work [41] proposes a sub-optimal∞ control framework, casting the DVPP operation as a
convex semi-definite programming problem. While this approach demonstrates improved
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dynamic performance and theoretical soundness, it faces scalability limitations. As the
number of DERs increases, the associated dimension of coupling constraints grows sub-
stantially, posing challenges for computation efficiency and practical implementation at a
large scale. Furthermore, all the aforementioned methods assume that DERs operate with
fixed latency parameters. However, some DER technologies such as batteries and other
energy storage systems offer the capability to adjust their response latency on demand
within predefined limits [68]. As a result, existing approaches are unable to accommodate
DERs with variable latency and consequently fail to exploit the latent flexibility embedded
in heterogeneous DER portfolios.

To address the aforementioned challenges, this chapter proposes a novel approach for
the distributed operation of large-scale DVPPs in delivering FFR services. The proposed
framework targets two major bottlenecks in current DVPP operation: (i) the lack of a
principled formulation that directly matches an FFR target with heterogeneous DER de-
vice dynamics, and (ii) the underexploited temporal flexibility arising from devices with
adjustable response latencies. The main contributions of this chapter are summarized as
follows:

1. Frequency-domain dynamic matching: The DVPP regulation problem is inter-
preted as a dynamic matching task between two systems: the desired FFR behavior
(given) and the aggregate of all DER FFR provisions (adjustable). This matching task
is formulated in the frequency domain by enforcing agreement between the corre-
sponding transfer functions at multiple sampling frequencies, thereby capturing the
essential dynamic characteristics of the FFR service.

2. Optimization-based DVPP operation framework: Building on the frequency
domain matching formulation, a nonlinear nonconvex optimization framework that
links device-level design variables to the DVPP performance and operational costs is
constructed in this chapter. This formulation naturally accommodates devices with
variable response latencies by treating latency parameters as decision variables,
hence explicitly leveraging the additional temporal flexibility inherent in DERs.

3. Scalable distributed algorithm: To address the computational intractability of the
resulting nonconvex program, a dual decomposition–based solution method that
decomposes the large-scale problem into tractable per-device subproblems is de-
veloped. This enables distributed computation while yielding high-quality primal
solutions and preserving performance guarantees as the DVPP scales.
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The rest of the chapter is organized as follows. In Section 3.2, the DVPP operation
problem is formulated as a dynamic matching in the frequency domain. The model is
also extended to enable the treatment of latency as an optimization variable. Section 3.3
elaborates on the solution methodology, introducing the dual decomposition technique
to solve the large-scale DVPP operation problem. Section 3.4 presents the case studies to
demonstrate the effectiveness and scalability of the proposed approach. Finally, section 3.5
concludes the chapter and outlines directions for future research.

3.2. Problem Formulation
In this section, we formulate the problem of operating a DVPP to provide FFR, by align-
ing the aggregate device dynamics with the regulation target. The following subsections
break down the problem into key components: regulation quality, problem structure, and
hyperparameter selection.

3.2.1. RegulationQuality of One DVPP
We consider a set of inverter-based DERs that collectively provide FFR and form a DVPP.
Let 𝐼 = {1, 2, … , |𝐼 |} index these devices. For each DER 𝑖 ∈ 𝐼 , we represent its FFR provision
in the Laplace domain as

𝑇𝑖(𝑠) ∶=
Δ𝑃𝑖(𝑠)
Δ𝑓 (𝑠)

=
𝐻𝑖𝑠 + 𝐷𝑖
𝜏𝑖𝑠 + 1

, (3.1)

where 𝑠 ∈ ℂ is the Laplace variable in the complex domain. Here, Δ𝑃𝑖(𝑠) denotes the
Laplace transform of the active-power deviation of DER 𝑖 from its baseline output 𝑃𝑖 due
to FFR provision, and Δ𝑓 (𝑠) is the Laplace transform of the frequency deviation from
the nominal value. The sign convention adopted here differs from that in Chapter 2: in
the present chapter, the counteracting nature of FFR is absorbed into the definition of
the deviation variables, so the transfer function is written without an explicit negative
sign. Therefore, the formulation remains physically consistent with Chapter 2, where the
same stabilising effect is expressed by including the negative sign explicitly in the transfer
function. The variables 𝐻𝑖 and 𝐷𝑖 are the tunable controller parameters subject to device-
specific bounds. They are commonly referred to as virtual inertia and virtual damping, re-
spectively, as they emulate the inertia and damping effects of synchronous generators. As
DERs exhibit heterogeneous device bandwidths, their response time differ when providing
FFR services. The parameter 𝜏𝑖 in (3.1) precisely captures this characteristic, and repre-
sents the FFR delivery latency of the DER 𝑖. For many inverter-based DERs, the latency
𝜏𝑖 can be adjusted within an admissible interval, e.g., via the allocation of communication
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bandwidth resources [69, 70, 64]. In other cases, the latency of the DER’s FFR provision
is fixed and unadjustable, due to the device constraints [20], communication limits [71] or
user preferences. Our formulation accommodates both settings by treating 𝜏𝑖 either as a
decision variable or as a fixed parameter.

Fixed-𝜏𝑖 devices Let 𝐼𝑓 ⊆ 𝐼 , with |𝐼𝑓 | ≤ |𝐼 |, denote the subset of DERs whose FFR pro-
visions have fixed response time 𝜏𝑖. For each device 𝑖 ∈ 𝐼𝑓 , the stacked decision variable
vector contains 𝑥𝑖 ≐ (𝐻𝑖, 𝐷𝑖, 𝑃𝑖), where 𝐻𝑖 and 𝐷𝑖 are its virtual inertia and virtual damp-
ing as introduced before, and 𝑃𝑖 denotes the baseline active power output of DER 𝑖, i.e.,
its scheduled injection without any additional modulation due to FFR provision. With
the dimension of decision variable vector denoted by 𝑛𝑖 = 3, 𝑥𝑖 ∈ ℝ𝑛𝑖 are continuously
adjustable within the local constraints set 𝑋𝑖 ⊆ ℝ𝑛𝑖 . The local constraints set 𝑋𝑖 contains

{
𝑃𝑖 + Δ𝑃𝑖 ≤ 𝑃𝑖,

𝐻𝑖 ≥ 0, 𝐷𝑖 ≥ 0, 𝑃𝑖 ≥ 0.
(3.2)

In (3.2), Δ𝑃𝑖 denotes the maximum active power that is needed during the FFR provision
time horizon  , i.e.,

Δ𝑃𝑖 ∶= max
𝑡∈

Δ𝑃𝑖(𝑡).

𝑃𝑖 is the maximum available power of DER 𝑖. One can estimate its maximum Δ𝑃𝑖 by [46]

Δ𝑃𝑖 = Δ ̇𝑓lim𝐻𝑖 + Δ𝑓lim𝐷𝑖, (3.3)

whereΔ ̇𝑓lim is themaximumpermissible Rate of Change of Frequency (RoCoF) specified by
the system operator. Similarly, Δ𝑓lim is the maximum permissible frequency drop specified
by the system operator, which is commonly known as frequency nadir. Combining (3.2)
and (3.3), the feasible set 𝑋𝑖 is constructed as a collection of linear constraints on the
decision variables 𝑥𝑖.

Variable-𝜏𝑖 devices Let 𝐼𝑣 ⊆ 𝐼 , with |𝐼𝑓 | + |𝐼𝑣 | = |𝐼 |, denote the subset of DER devices
that have variable-𝜏𝑖 in FFR provisions. For each device 𝑖 ∈ 𝐼𝑣 , the decision variable vector
contains an extra variable 𝜏𝑖, i.e., 𝑥𝑖 ∈ ℝ𝑛𝑖 ≐ (𝐻𝑖, 𝐷𝑖, 𝑃𝑖, 𝜏𝑖), and 𝑛𝑖 = 4. The feasible set 𝑋𝑖
includes (3.2) and (3.3), and an extra box constraints on 𝜏𝑖, i.e.,

𝜏𝑖 ≤ 𝜏𝑖 ≤ 𝜏𝑖, (3.4)

where 𝜏𝑖 is the minimum latency of device 𝑖, and 𝜏𝑖 is the maximum latency of device 𝑖.
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Aggregating the device-level contributions yields the DVPP FFR transfer function

𝑇DVPP(𝑠) ≐ ∑
𝑖∈𝐼
𝑇𝑖(𝑠) = ∑

𝑖∈𝐼

𝐻𝑖𝑠 + 𝐷𝑖
𝜏𝑖𝑠 + 1

. (3.5)

Given a target FFR transfer function specified by the TSO as

𝑇̂ (𝑠) =
𝐻̂𝑠 + 𝐷̂
𝜏̂𝑠 + 1

, (3.6)

where the equivalent inertia 𝐻̂ , damping 𝐷̂, and the latency 𝜏̂, are treated as fixed con-
stants. The objective of the regulation of DVPP is to align the aggregate devices’ FFR with
the target FFR, i.e.,

𝑇DVPP(𝑠) → 𝑇̂ (𝑠).

Remark (Target FFR). The target FFR 𝑇̂ is assumed to be derived by the system opera-
tor under applicable grid codes, accounting for system operating conditions, disturbance
magnitudes, and closed-loop stability requirements. Looking ahead, as ancillary-service
markets evolve, one DVPP may obtain its target FFR directly from market-clearing out-
comes.

To assess the DVPP regulation quality, we now try to quantify the regulation error be-
tween the two dynamic systems,∑𝑖∈𝐼 𝑇𝑖(𝑠) and 𝑇̂ (𝑠). The idea is to i) derive each system’s
frequency-domain response, i.e., the Fourier transform of its impulse response, ii) sample
these responses over a prescribed set of angular frequencies and compare them pointwise.
Ideally, if the two frequency responses coincide over the entire bandwidth of interest, the
two dynamic systems can be regarded as equivalent. This indicates that the DVPP exactly
achieves its FFR regulation objective.

Let us denote the sampled set of angular frequencies as Ω = {𝜔𝑘}𝐾𝑘=1, where 𝐾 is the
dimension of the set. By substituting 𝑠 = 𝑗𝜔𝑘 in the transfer function 𝑇𝑖(𝑠), we obtain the
corresponding frequency response

𝑇𝑖(𝑗𝜔𝑘) =
𝑗𝜔𝑘𝐻𝑖 + 𝐷𝑖
1 + 𝑗𝜔𝑘𝜏𝑖

=
𝜔2
𝑘𝜏𝑖𝐻𝑖 + 𝐷𝑖
1 + 𝜔2

𝑘𝜏2𝑖⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
R(𝑇𝑖(𝑗𝜔𝑘))

+𝑗
𝜔𝑘𝐻𝑖 − 𝜔𝑘𝜏𝑖𝐷𝑖

1 + 𝜔2
𝑘𝜏2𝑖⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

I(𝑇𝑖(𝑗𝜔𝑘))

,

where 𝑗 =
√
−1 is the imaginary unit, R(𝑇𝑖(𝑗𝜔𝑘)) denotes the real part of the complex

function, and I(𝑇𝑖(𝑗𝜔𝑘)) denotes the imaginary part. Similarly, we derive the frequency
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response of the target dynamic system as the complex function

𝑇̂ (𝑗𝜔𝑘) =
𝑗𝜔𝑘𝐻̂ + 𝐷̂
1 + 𝑗𝜔𝑘𝜏̂

=
𝜔2
𝑘𝜏̂𝐻̂ + 𝐷̂
1 + 𝜔2

𝑘𝜏̂2⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
R(𝑇̂ (𝑗𝜔𝑘))

+𝑗
𝜔𝑘𝐻̂ − 𝜔𝑘𝜏̂𝐷̂
1 + 𝜔2

𝑘𝜏̂2⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
I(𝑇̂ (𝑗𝜔𝑘))

.

Now we can quantify the regulation error of the two FFR systems, by computing their
differences in real and imaginary parts separately. Introduce the stacked decision vector
𝒙 ≐ (𝑥𝑖)𝑖∈𝐼 . Define the real and imaginary mismatches as functions of 𝜔𝑘 and 𝒙:

ΔR(𝜔𝑘 , 𝒙) ≐∑
𝑖∈𝐼

R(𝑇𝑖(𝑗𝜔𝑘)) −R(𝑇̂ (𝑗𝜔𝑘))

=∑
𝑖∈𝐼

𝜔2
𝑘𝜏𝑖𝐻𝑖 + 𝐷𝑖
1 + 𝜔2

𝑘𝜏2𝑖
−
𝜔2
𝑘𝜏̂𝐻̂ + 𝐷̂
1 + 𝜔2

𝑘𝜏̂2
,

ΔI(𝜔𝑘 , 𝒙) ≐∑
𝑖∈𝐼

I(𝑇𝑖(𝑗𝜔𝑘)) − I(𝑇̂ (𝑗𝜔𝑘))

=∑
𝑖∈𝐼

𝜔𝑘𝐻𝑖 − 𝜔𝑘𝜏𝑖𝐷𝑖
1 + 𝜔2

𝑘𝜏2𝑖
−
𝜔𝑘𝐻̂ − 𝜔𝑘𝜏̂𝐷̂
1 + 𝜔2

𝑘𝜏̂2
.

(3.7)

Given a fixed 𝒙, we quantify the regulation performance by per-𝜔𝑘 slack variables 𝜺 ≐
(𝜀𝑘)𝐾𝑘=1 via

min
𝜺≥0

‖𝜺‖22

s.t. |ΔR(𝜔𝑘 , 𝒙)| ≤ 𝜀𝑘 1 ≤ 𝑘 ≤ 𝐾

|ΔI(𝜔𝑘 , 𝒙)| ≤ 𝜀𝑘 1 ≤ 𝑘 ≤ 𝐾.

(3.8)

where 𝜀𝑘 captures the worst-component mismatch at 𝜔𝑘 , and ‖𝜺‖2 represents the vector’s
Euclidean norm, | ⋅ | denotes the absolute value of a scalar. As the objective ‖𝜺‖22 approaches
zero, each 𝜀𝑘 vanishes, which forces both the real and imaginary mismatches to zero at
every sampled frequency. Hence, the two frequency responses coincide on the grid Ω.
When Ω is chosen to be sufficiently dense over the bandwidth of interest, this provides an
accurate certification that theDVPP dynamics alignwith the target FFR. Conversely, larger
values of 𝜀𝑘 indicate greater spectral discrepancy and thus poorer regulation performance.
Therefore, the proposed frequency domain error metric offers an efficient assessment of
the DVPP regulation quality.

Remark (Zero- and high-frequency limits). If Ω = {0}, then 𝑇𝑖(𝑗0) = 𝐷𝑖 and 𝑇̂ (𝑗0) = 𝐷̂.
The matching reduces to the static damping condition ∑𝑖∈𝐼 𝐷𝑖 = 𝐷̂. Conversely, in the
high-frequency limit 𝜔 → ∞, 𝑇𝑖(𝑗𝜔) → 𝐻𝑖/𝜏𝑖, and 𝑇̂ (𝑗𝜔) → 𝐻̂/𝜏̂, yielding ∑𝑖∈𝐼 𝐻𝑖/𝜏𝑖 =
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𝐻̂/𝜏̂; under homogeneous fixed latencies 𝜏𝑖 ≡ 𝜏̂, this simplifies to∑𝑖∈𝐼 𝐻𝑖 = 𝐻̂ . Hence, the
static matching formulations in the literature can be regarded as the special cases of our
broader frequency-domain framework.

3.2.2. The DVPP Operation Problem
Now consider the settings above and given a target FFR transfer function (3.6), the DVPP
operation problem is to adjust the decision variables of all devices 𝒙, such that i) the DVPP
achieves a good regulation quality. ii) the overall costs attached to the DERs’ variables are
minimized. We formulate the problem as follows:

min
𝒙,𝜺≥0

‖𝜺‖22 + 𝑤∑
𝑖∈𝐼
𝑓𝑖(𝑥𝑖) (3.9a)

s.t. 𝑥𝑖 ∈ 𝑋𝑖 ∀𝑖 ∈ 𝐼 (3.9b)

|ΔR(𝜔𝑘 , 𝒙)| ≤ 𝜀𝑘 1 ≤ 𝑘 ≤ 𝐾 (3.9c)

|ΔI(𝜔𝑘 , 𝒙)| ≤ 𝜀𝑘 1 ≤ 𝑘 ≤ 𝐾 (3.9d)

𝑃min ≤ ∑
𝑖∈𝐼
𝜋𝑃 (𝑥𝑖) ≤ 𝑃max. (3.9e)

Here, 𝑓𝑖 ∶ ℝ𝑛𝑖 → ℝ represents a convex device-level cost, the weight 𝑤 > 0 is a prede-
fined parameter tuning the trade-off between regulation quality and economic efficiency.
Constraints (3.9b) enforce the local feasibility of each DER device, with 𝑋𝑖 ⊆ ℝ𝑛𝑖 being a
convex and compact set defined by (3.2)-(3.4). The real/imaginary frequency-domain mis-
matches at each𝜔𝑘 are bounded in (3.9c) and (3.9d). Constraint (3.9e) bounds the aggregate
baseline active power of the DVPP. Recall that 𝑥𝑖 stacks the decision variables of device
𝑖, and the projector 𝜋𝑃 ∶ ℝ𝑛𝑖 → ℝ selects the active power variable, i.e., 𝜋𝑃 (𝑥𝑖) = 𝑃𝑖. The
limits 𝑃min and 𝑃max are specified by the system operator based on network-operational
constraints, e.g., transmission/ feeder congestion, transformer thermal ratings, voltage/
security margins, or market dispatch setpoints. Together with the device-level headroom
conditions (3.2) and (3.3), this coupling constraint ensures that the scheduled baselines
𝑃𝑖 are simultaneously feasible at the device and system levels while reserving sufficient
headroom for FFR activation. The proposed formulation provides a modular and exten-
sible framework that can incorporate a range of DVPP services: additional operational
requirements (e.g., ramp-rate limits, energy budgets, or market setpoint tracking) can be
incorporated without requiring significant changes to the core problem.

We would like to highlight several structural features of the formulated problem (3.9):
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Scaling: The problem size grows with the number of DER devices |𝐼 |. The decision vec-
tor dimension is ∑𝑖∈𝐼 𝑛𝑖, and the constraints consist of all local sets 𝑋𝑖. However, the
number of coupling constraints in (3.9c)–(3.9e) is independent of |𝐼 |; instead, it depends
on the number of frequency samples |Ω| = 𝐾 . Specifically, there are 4𝐾 FFR regulation
constraints (due to the real and imaginary parts of the absolute value) and 2 aggregate
power constraints. This structure effectively overcomes the scalability limitations of pre-
vious formulations, such as that in [41], where the dimension of the coupling constraints
grows explosively with the number of DER devices |𝐼 |.

Coupling: The objective∑𝑖∈𝐼 𝑓𝑖(𝑥𝑖) and the local feasibility sets are fully separable across
devices (in 𝑥𝑖). The coupling across the DER devices arises only through the coupling con-
straints (3.9c)- (3.9e) and 𝜀𝑘 . As made explicit in (3.7), each coupling constraint is additively
separable across devices: it is a sum of functions that depend on a single block 𝑥𝑖, namely
R{𝑇𝑖(𝑗𝜔𝑘)}, I{𝑇𝑖(𝑗𝜔𝑘)}, and 𝜋𝑃 (𝑥𝑖). Consequently, the constraint Jacobian has a block-
angular pattern: block-diagonal local parts plus a small number (4𝐾+2) of global “sum”
rows. While this structure prevents a straightforward primal decomposition into indepen-
dent subproblems, it is well-suited for dual decomposition, which forms the foundation of
our proposed solution method.

Non-Convexity: For each DER 𝑖 ∈ 𝐼 and each 𝜔𝑘 ∈ Ω, let us define the per-device
mappings

𝛼𝑘𝑖 (𝐻𝑖, 𝜏𝑖) ∶=
𝜔2
𝑘𝜏𝑖𝐻𝑖

1 + 𝜔2
𝑘𝜏2𝑖

, 𝛽𝑘𝑖 (𝐷𝑖, 𝜏𝑖) ∶=
𝐷𝑖

1 + 𝜔2
𝑘𝜏2𝑖

,

𝛾 𝑘𝑖 (𝐻𝑖, 𝜏𝑖) ∶=
𝜔𝑘𝐻𝑖

1 + 𝜔2
𝑘𝜏2𝑖

, 𝛿𝑘𝑖 (𝐷𝑖, 𝜏𝑖) ∶= −
𝜔𝑘𝜏𝑖𝐷𝑖
1 + 𝜔2

𝑘𝜏2𝑖
.

With these definitions, and easing the notations as 𝑅̂𝑘 ≐ R(𝑇̂ (𝑗𝜔𝑘)), 𝐽 𝑘 ≐ I(𝑇̂ (𝑗𝜔𝑘)),
(3.9c) and (3.9d) can be equivalently written as sum-separable rows:

|||||
∑
𝑖∈𝐼

(𝛼𝑘𝑖 + 𝛽
𝑘
𝑖 ) − 𝑅̂

𝑘
|||||
≤ 𝜀𝑘 , ∀1 ≤ 𝑘 ≤ 𝐾

|||||
∑
𝑖∈𝐼

(𝛾 𝑘𝑖 + 𝛿𝑘𝑖 ) − 𝐽
𝑘
|||||
≤ 𝜀𝑘 , ∀1 ≤ 𝑘 ≤ 𝐾.

(3.10)

We can see from above that, for the fixed-𝜏𝑖 devices 𝑖 ∈ 𝐼𝑓 , the mappings 𝛼𝑘𝑖 , 𝛽𝑘𝑖 , 𝛾 𝑘𝑖 , 𝛿𝑘𝑖
are all affine in (𝐻𝑖, 𝐷𝑖). In the extreme case of 𝐼𝑓 = 𝐼 , (3.10) are linear in 𝑥𝑖, thus the
overall problem (3.9) is convex. However, for the variable-𝜏𝑖 devices 𝑖 ∈ 𝐼𝑣 , the mappings
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Algorithm 1: Iterative frequency selection
Inputs : 𝐾max ∈ ℕ, tolerance 𝜀tol > 0, candidate grid Ξ, initial seed 𝜔1

Outputs: Selected angular-frequency set Ω
1 Ω ← {𝜔1}, 𝑡 ← 1
2 repeat
3 Solve (3.9) on Ω to obtain 𝒙(𝑡), 𝑇 (𝑡)

DVPP

4 𝜔⋆ ∈ argmax𝜔∈Ξ⧵Ω Δ𝑇(𝜔; 𝒙(𝑡)); Δ𝑇 ⋆ ← Δ𝑇(𝜔⋆; 𝒙(𝑡))
5 if Δ𝑇 ⋆ ≤ 𝜀tol or |Ω| = 𝐾max then
6 break

7 Ω ← Ω ∪ {𝜔⋆}; 𝑡 ← 𝑡 + 1
8 until Δ𝑇 ⋆ ≤ 𝜀tol or |Ω| = 𝐾max

9 return Ω

above become rational in (𝐻𝑖, 𝐷𝑖, 𝜏𝑖)with a common quadratic denominator 1+𝜔2
𝑘𝜏2𝑖 . This

renders (3.10) and the problem (3.9) nonconvex.
To summarize, we confront a large-scale, smooth but nonconvex program whose ob-

jective is device-separable and whose inter-device interactions arise only through addi-
tively separable coupling constraints (3.9c)–(3.9e). In general, attaining global optima for
nonconvex programs is intractable (typically NP-hard), and centralized nonlinear solvers
scale poorly as the variables’ dimension ∑𝑖∈𝐼 𝑛𝑖 increases. These difficulties motivate us
to propose the solution method (Sec. 3.3) that exploits the problem structure to handle the
coupling constraints.

3.2.3. Selection of Angular Freqencies Ω
The set of angular frequencies Ω = {𝜔𝑘}𝐾𝑘=1 can either be chosen based on the frequencies
of interest (e.g., centered around critical resonance frequencies) or empirically determined.
To further optimize the selection of frequencies, we adopt an iterative scheme as illustrated
in Algorithm 1. Let Ξ be a candidate set. Given 𝒙, define the pointwise mismatch

Δ𝑇(𝜔, 𝒙) ≐
√
ΔR(𝜔, 𝒙)2 + ΔI(𝜔, 𝒙)2.

This iterative rule concentrates angular frequency samples where the current DVPP re-
sponse deviates most from the target, yielding a compact Ω that can subsequently be
reused as a reference for similar operating conditions or new instances.
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3.3. Solution Method
In this section, we present a dual-decomposition–based solution method for (3.9). The de-
veloped method decomposes the large-scale nonconvex program into a number of smaller
nonconvex subproblems, yielding tractable and scalable computation with high-quality
primal solutions, in terms of optimality. We also derive a computable performance bound
(a duality-gap certificate) for the obtained solutions, which quantifies suboptimality and
demonstrates the scalability of the proposed method.

3.3.1. Dual–Decomposition Solution

We solve (3.9) by dualizing the coupling constraints (3.9c)–(3.9e). Recall there are 4𝐾 + 2
coupling constraints, we attach each constraint with one multiplier:

𝜆R,+𝑘 ↔ ∑
𝑖∈𝐼

(𝛼𝑘𝑖 + 𝛽
𝑘
𝑖 ) − 𝜀𝑘 ≤ 𝑅̂

𝑘 , 1 ≤ 𝑘 ≤ 𝐾

𝜆R,−𝑘 ↔ −∑
𝑖∈𝐼

(𝛼𝑘𝑖 + 𝛽
𝑘
𝑖 ) − 𝜀𝑘 ≤ −𝑅̂𝑘 , 1 ≤ 𝑘 ≤ 𝐾

𝜆J,+𝑘 ↔ ∑
𝑖∈𝐼

(𝛾 𝑘𝑖 + 𝛿𝑘𝑖 ) − 𝜀𝑘 ≤ 𝐽
𝑘 , 1 ≤ 𝑘 ≤ 𝐾

𝜆J,−𝑘 ↔ −∑
𝑖∈𝐼

(𝛾 𝑘𝑖 + 𝛿𝑘𝑖 ) − 𝜀𝑘 ≤ −𝐽 𝑘 , 1 ≤ 𝑘 ≤ 𝐾

𝜇+ ↔ ∑
𝑖∈𝐼
𝜋𝑃 (𝑥𝑖) ≤ 𝑃max

𝜇− ↔ −∑
𝑖∈𝐼
𝜋𝑃 (𝑥𝑖) ≤ −𝑃min.

(3.11)

To ease notations, bold symbols denote vectors stacked over the frequency grid Ω, e.g.,
𝝀R,+ ≐ (𝜆R,+1 , ⋯ , 𝜆R,+𝐾 )⊤, 𝜶𝒊 ≐ (𝛼𝑖1, ⋯ , 𝛼𝑖𝐾 )⊤. We write 𝝀 and 𝝁 for the full collections
of multipliers. Let 𝒓(𝒙, 𝜺) ∶ ℝ∑𝑖∈𝐼 𝑛𝑖+𝐾 → ℝ4𝐾+2 denote the vector obtained by stacking
the left–hand sides of (3.11), and let 𝒗 ∈ ℝ4𝐾+2 collect the corresponding right–hand-side
constants. The dual function 𝑑 ∶ ℝ4𝐾+2 → ℝ of problem (3.9) is defined as

𝑑(𝝀, 𝝁) ≐ min
𝒙∈𝑋,𝜺≥0

(𝒙, 𝜺, 𝝀, 𝝁),
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where  ∶ ℝ∑𝑖∈𝐼 𝑛𝑖+5𝐾+2→ℝ is the Lagrangian defined below:

(𝒙, 𝜺; 𝝀, 𝝁) = ‖𝜺‖22 + 𝑤∑
𝑖∈𝐼
𝑓𝑖(𝑥𝑖) + (𝝀R,+)⊤[∑

𝑖∈𝐼
(𝜶𝒊 + 𝜷𝒊) − 𝜺 − 𝑹̂]

+ (𝝀R,−)⊤[𝑹̂ −∑
𝑖∈𝐼

(𝜶𝒊 + 𝜷𝒊) − 𝜺] + (𝝀I,+)⊤[∑
𝑖∈𝐼

(𝜸𝒊 + 𝜹𝒊) − 𝜺 − 𝑰]

+ (𝝀I,−)⊤[𝑰 −∑
𝑖∈𝐼

(𝜸𝒊 + 𝜹𝒊) − 𝜺] + 𝜇+[∑
𝑖∈𝐼
𝜋𝑃 (𝑥𝑖) − 𝑃max] + 𝜇−[𝑃min −∑

𝑖∈𝐼
𝜋𝑃 (𝑥𝑖)]

= (𝝀R,− − 𝝀R,+)⊤𝑹̂ + (𝝀I,− − 𝝀I,+)⊤𝑰 − 𝜇+𝑃max + 𝜇−𝑃min
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑙(𝝀,𝝁)

+ ‖𝜺‖22 − (𝝀R,+ + 𝝀R,− + 𝝀I,+ + 𝝀I,−)⊤𝜺
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

ℎ(𝜺;𝝀)

+∑
𝑖∈𝐼
𝑤𝑓𝑖(𝑥𝑖) + (𝝀R,+ − 𝝀R,−)⊤(𝜶𝒊 + 𝜷𝒊) + (𝝀I,+ − 𝝀I,−)⊤(𝜸𝒊 + 𝜹𝒊) + (𝜇+ − 𝜇−)𝜋𝑃 (𝑥𝑖)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑔𝑖(𝑥𝑖 ;𝝀,𝝁)

.

(3.12)
In the last equality of (3.12), the blue group represents ℎ(𝜺, 𝝀) the terms with regard to the
regulation errors, the red group represents 𝑔𝑖(𝑥𝑖, 𝝀, 𝝁) the terms with regard to each DER
𝑖, and the (black) remainder comprises only affine terms in the multipliers. Associated to
the dual function 𝑑, we define the dual problem of (3.9) as

max
𝝀,𝝁

{

𝑙(𝝀, 𝝁) + min
𝜺≥0

ℎ(𝜺, 𝝀) +∑
𝑖∈𝐼

min
𝑥𝑖∈𝑋𝑖

𝑔𝑖(𝑥𝑖, 𝝀, 𝝁)

}

s.t. 𝝀, 𝝁 ≥ 0.

(3.13)

We call the minimizations in the dual problem (3.13) as inner problems. We solve (3.13)
with an iterative primal–dual scheme. In maximizing the dual, we also recover the inner
minimizers (𝒙∗, 𝜺∗) evaluated at the optimal multipliers (𝝀∗, 𝝁∗). These inner minimiz-
ers constitute the DVPP operating decisions of primary interest. The solution method is
summarized in Algorithm. 2, with its key steps outlined below:

Dual subgradient ascent (outer loop) At iteration 𝑡 + 1, the multipliers are updated
by projected subgradient ascent

⎡
⎢
⎢
⎢
⎣

𝝀𝑡+1

𝝁𝑡+1

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎣

𝜆𝑡

𝜇𝑡

⎤
⎥
⎥
⎥
⎦

+ 𝜃𝑡

⎡
⎢
⎢
⎢
⎣

𝜕(𝒙𝑡 ,𝜺𝑡 ,𝝀,𝝁)
𝜕𝝀

𝜕(𝒙𝑡 ,𝜺𝑡 ,𝝀,𝝁)
𝜕𝝁

⎤
⎥
⎥
⎥
⎦

⎤
⎥
⎥
⎥
⎦≥0

(3.14)

where (𝒙𝑡 , 𝜺𝑡 , 𝝀𝑡 , 𝝁𝑡) denote the variable values at iteration 𝑡, and [⋅]≥0 is the elementwise
projection onto the nonnegative orthant, i.e., [𝑧]≥0 ∶= (max{𝑧𝑖, 0})𝑖 applied component-
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wise. The step size follows a diminishing rule, 𝜃𝑡 = 𝜃0/
√
𝑡, which promotes stable updates

and convergence of the primal–dual iterates.

Inner minimizers At iteration 𝑡 + 1, we update the inner minimizers (𝒙𝑡+1, 𝜺𝑡+1) by
solving the inner problems with the updated multipliers (𝝀𝑡+1, 𝝁𝑡+1), separately. These
subproblems are decoupled and can be solved in parallel, enabling a distributed imple-
mentation. For the update of the regulation error, minimizing the inner problem over 𝜺
yields the closed form

𝜺𝑡+1 = argmin
𝜺
ℎ(𝜺, 𝝀𝑡+1)

=
1
2
(𝝀𝑡+1,R,+ + 𝝀𝑡+1,R,− + 𝝀𝑡+1,I,+ + 𝝀𝑡+1,I,−).

(3.15)

For the update of 𝑥 𝑡+1𝑖 , similarly follow minimizing the inner problem of device 𝑖

𝑥 𝑡+1𝑖 = argmin
𝑥𝑖∈𝑋𝑖

𝑔𝑖(𝑥𝑖, 𝝀𝑡+1, 𝝁𝑡+1). (3.16)

As discussed in (3.10), for variable-𝜏𝑖 devices the mappings 𝜶𝑖, 𝜷𝑖, 𝜸𝑖, 𝜹𝑖 are nonlinear in 𝑥𝑖,
so the subproblem (3.16) remains nonconvex. Nevertheless, (3.16) is per-device and thus
of much smaller dimension than the full program (3.9), making it substantially easier to
solve in practice. We propose two approaches to solve the subproblem (3.16).

(i) Traversal 𝜏𝑖-grid search. With the box constraint 𝜏𝑖 ≤ 𝜏𝑖 ≤ 𝜏𝑖, choose a resolution
Δ𝜏 > 0 and form

𝑖 ∶=
{
𝜏𝑖 + 𝑚Δ𝜏 || 𝑚 = 0,… , ⌊(𝜏𝑖 − 𝜏𝑖)/Δ𝜏⌋

}
.

For each fixed 𝜏 ∈ 𝑖, the subproblem (3.16) reduces to a small convex quadratic
program in (𝐻𝑖, 𝐷𝑖, 𝑃𝑖); solve it and record the objective 𝑔𝑖(𝜏). Select

𝜏†𝑖 ∈ argmin
𝜏∈𝑖

𝑔𝑖(𝜏), 𝑥†𝑖 = (𝐻†
𝑖 , 𝐷

†
𝑖 , 𝑃

†
𝑖 , 𝜏

†
𝑖 ).

As Δ𝜏 → 0, this grid-search approximation converges to the optimal value.

(ii) Projected first-order approach. Update the device solution to (3.16) via projected
subgradient steps

𝑥(𝑗+1)𝑖 =
[
𝑥(𝑗)𝑖 − 𝜃𝑗

𝜕𝑔𝑖(𝑥
(𝑗)
𝑖 , 𝝀, 𝝁)
𝜕𝑥𝑖 ]

𝑋𝑖

, (3.17)

where 𝜃𝑗 > 0 is a stepsize and [⋅]𝑋𝑖 denotes Euclidean projection onto the com-
pact set 𝑋𝑖. The iteration stops upon convergence (e.g., a small relative change in
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𝑥(𝑗)𝑖 ). Because (3.16) is nonconvex, this approach is not guaranteed to find the global
optimum and may converges to a stationary/local minimum. Compared with the
𝜏𝑖-grid traversal (which can approach the global minimum as the grid is refined),
the projected first-order method is generally more time-efficient in practice.

Stopping and feasibility certificate We terminate the iterations when (i) the relative
multiplier change is small,

‖‖[𝝀
𝑡+1; 𝝁𝑡+1] − [𝝀𝑡 ; 𝝁𝑡]‖‖2
max{1, ‖[𝝀𝑡 ; 𝝁𝑡]‖2}

≤ 𝜖1tol, (3.18)

and (ii) the coupling–constraint violation is below a feasibility tolerance,

‖‖ [ 𝒓(𝒙
𝑡+1, 𝜺𝑡+1) − 𝒗 ]≥0‖‖∞ ≤ 𝜖2tol. (3.19)

Although the stopping test includes a feasibility check, there is generally no guarantee that
the last primal iterate (𝒙⋆, 𝜺⋆) is feasible for the coupling constraints (3.9c) and (3.9d), due
to nonconvexity. Related work [72] enforces resource contraction to ensure feasibility
for the coupling constraints in MILPs. In our setting, we observe that (𝒙⋆, 𝜺⋆) typically
satisfies the aggregate power bounds (3.9e), while the FFR constraints (3.9c) and (3.9d) are
more challenging. To ensure feasibility and a fair objective evaluation, we recompute the
slacks at 𝒙⋆ as

𝜀⋆𝑘 = max
{
||ΔR(𝜔𝑘 , 𝒙⋆)||, ||ΔI(𝜔𝑘 , 𝒙

⋆)||
}
, ∀ 𝜔𝑘 ∈ Ω. (3.20)

We then report the objective and operational profiles using the reconstructed pair (𝒙⋆, 𝜺̃⋆).

3.3.2. Scalability and Performance
Let 𝐽 ⋆ denote the optimal value of (3.9), and let 𝐽 (𝒙, 𝜺) be the value attained by a candidate
(𝒙, 𝜺). Likewise, we define 𝐽 ⋆ and 𝐽(𝝀, 𝝁) for the dual problem (3.13). Because (3.9) is
nonconvex, in general 𝐽 ⋆ ≤ 𝐽 ⋆ with a nonzero duality gap, and the primal pair (𝒙⋆, 𝜺⋆)
recovered from the dual might not be globally optimal. We next show that (𝒙⋆, 𝜺⋆) enjoys
a quantitative performance bound, and more importantly, the relative gap vanishes as the
problem size grows. The forthcoming results build on the decomposition analysis in [72,
Thm. 2.3], originally developed for mixed-integer linear programs.

Proposition 3.1 (Bound on duality gap). Assume the slacks are uniformly bounded com-
ponentwise, i.e., ‖𝜺‖∞ ≤ 𝜀. Then

𝐽 ⋆ − 𝐽 ⋆ ≤ (4𝐾 + 3) ⋅ max
{
𝑤max

𝑖∈𝐼
𝛾𝑖, 𝐾 𝜀 2

}
, (3.21)



3

54 3. Scaling FFR to Large DER Populations via Decomposition

Algorithm 2: Dual–decomposition solver for (3.9)
Inputs : Feasible {𝑥0𝑖 ∈𝑋𝑖}𝑖∈𝐼 ; 𝜺0=𝟎; 𝝀0=𝟎; 𝝁0=𝟎; 𝑡←0
Outputs: (𝒙⋆, 𝜺̃⋆) and (𝝀⋆, 𝝁⋆)

1 repeat
2 Dual ascent: update (𝝀𝑡+1, 𝝁𝑡+1) via (3.14)
3 Slack update: update 𝜺𝑡+1 with (3.15)
4 foreach 𝑖 ∈ 𝐼 do
5 Device update: update 𝑥 𝑡+1𝑖 via (3.16)

6 𝑡 ← 𝑡 + 1
7 until stopping tests (3.18) and (3.19) are satisfied
8 Reconstruction: compute (𝒙⋆, 𝜺̃⋆) from (𝒙𝑡 , 𝜺𝑡) using (3.20)
9 return (𝒙⋆, 𝜺̃⋆), and (𝝀⋆, 𝝁⋆) ← (𝝀𝑡 , 𝝁𝑡)

where
𝛾𝑖 ≐ max

𝑥𝑖∈𝑋𝑖
𝑓𝑖(𝑥𝑖) − min

𝑥𝑖∈𝑋𝑖
𝑓𝑖(𝑥𝑖). (3.22)

As a consequence of Proposition 3.1, let |𝐼 | increase while 𝐾 remains constant and the
sets {𝑋𝑖}𝑖∈𝐼 are uniformly bounded. Suppose 𝐽 ⋆ grows linearly with |𝐼 |. Then

𝐽 ⋆ − 𝐽 ⋆
𝐽 ⋆

→ 0 as |𝐼 | → ∞, (3.23)

which indicates that the duality gap vanishes in relative terms as the DVPP size increases,
and the recovered solution becomes asymptotically near-optimal. In other words, as the
problem size of (3.9) grows, it tends to closely approximate a convex program.

The proof of Proposition 3.1 with a more general problem setting is presented in [73,
Prop. 5.7.4, p. 223].

3.4. Case Study
In this section, we present three studies on a modified distribution test system. Study
I (Sec. 3.4.1) evaluates how the proposed latency-aware dynamic matching achieves ac-
curate tracking of the FFR target and efficient DVPP regulation, thereby demonstrating
contribution 1. Study II (Sec. 3.4.2) quantifies the additional flexibility and operational
benefits unlocked by allowing device latencies to vary, thereby demonstrating contribu-
tion 2. Study III (Sec. 3.4.3) assesses the efficacy, scalability, and runtime performance of
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Table 3.1: Main Parameters of the Test System

System Parameters Low DER penetration High DER penetration

|𝐼 | 10 100

Total demand 3MW

Disturbance 0.32MW

Grid inertia 80 kW⋅s/Hz 48 kW⋅s/Hz

Grid damping 50 kW/Hz 18 kW/Hz

SG droop 1Hz/MW 1.33Hz/MW

SG delay 10 s 8 s

𝑃𝑖 [0; 500] kW [0; 50] kW

Δ ̇𝑓lim 1Hz/s

Δ𝑓lim 0.8Hz

𝜏𝑖 [1; 5] s

𝑓𝑖(𝑥𝑖) 𝑎𝑖𝑃2𝑖 + 𝑏𝑖𝐻 2
𝑖 + 𝑐𝑖𝐷2

𝑖

𝑎𝑖 [0; 1] k€/(MW)2

𝑏𝑖 [1; 5] k€/(MW ⋅ s/Hz)2

𝑐𝑖 [1; 5] k€/(MW/Hz)2

𝑤 0.2 (MW/Hz)2/k€

Ω {0, 0.25, 0.5, 0.75} rad/s

- SG: Existing Synchronous Generators in the grid.
- Values in the brackets are sampled from a uniform distribution.
- The default bounds of variable-latency DERs are 𝜏𝑖 = 1 and 𝜏𝑖 = 5, except in Study II,
where this interval is varied in a sensitivity analysis.

the proposed distributed solution method to validate contribution 3. The parameters of
the modified IEEE 33-bus distribution system are summarized below in Table. 3.1.

To demonstrate effectiveness, Study I evaluates two operating scenarios: low DER
penetration with 10 DERs versus high DER penetration with 100 DERs. Study II focuses
on the high-penetration case (100 DERs). Study III scales the DVPP from 10 to 1000 DERs
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to stress-test the method. In the low DER penetration scenario, the FFR target is

𝑇̂ (𝑠) =
0.6𝑠 + 0.5
2.3𝑠 + 1

[MW/Hz].

In the high DER penetration scenario, the FFR target is

𝑇̂ (𝑠) =
0.6𝑠 + 0.5
1.3𝑠 + 1

[MW/Hz].

In both scenarios, the aggregate active power constraint follows 𝑃min = 0.85MW, and
𝑃max = 1.95MW. We compare the performance of our proposed solution method with the
nonlinear solver fmincon in MATLAB R2025a [74]. All the computation was performed
on a desktop PC with RAM of 64GB and a 3.70 GHz processor. The dynamic simulations
in study I and II were performed in MATLAB Simulink.

3.4.1. Study I: Effectiveness of the DVPP Regulation
Figures 3.1 shows the post-disturbance frequency under two operating scenarios. We
tested five cases per scenario:

• Baseline: static matching of inertia and damping;

• Case 1: dynamic matching with all 𝜏𝑖 fixed, solved by fmincon;

• Case 2: dynamic matching with all 𝜏𝑖 fixed, solved by the proposed method;

• Case 3: dynamic matching with all 𝜏𝑖 variable, solved by fmincon;

• Case 4: dynamic matching with all 𝜏𝑖 variable, solved by the proposed method.

As shown in the left panel (a) and (c) from both scenarios, the dynamic matching markedly
improves the frequency nadir and satisfies the 49.2Hz safety threshold, whereas static
matching does not. Beyond nadir values, an additional observation is that dynamic match-
ing also yields a visibly faster and smoother recovery trajectory, indicating that the ag-
gregate response is shaped appropriately over the full transient rather than only at the
most critical instant. This improvement is strongest under high DER penetration, where
the baseline violates the threshold by approximately 0.201Hz while all dynamic-matching
cases restore a secure margin. Right panel (b) and (d) show the same mechanism at the
power level: with dynamic matching, the DVPP’s emulated FFR active power closely
tracks the reference implied by the target transfer function throughout the event horizon,
whereas the baseline exhibits a clear trajectory-shape mismatch (under-delivery in the
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Figure 3.1: Comparison of DVPP regulation under low and high DER penetration: (a) low-penetration post-
disturbance frequency; (b) low-penetration FFR power; (c) high-penetration post-disturbance frequency; (d)
high-penetration FFR power.

early transient and/or overly rapid decay thereafter). The trajectories in Case 1 vs. Case 2
and Case 3 vs. Case 4 are nearly indistinguishable, indicating that the proposed solver
achieves essentially the same solution quality as fmincon while enabling scalable com-
putation. Finally, allowing variable 𝜏𝑖 does not sacrifice tracking quality in either scenario;
its advantage is more pronounced in the low-DER case, where limited portfolio diversity
reduces mutual compensation among devices. Under high penetration, aggregation al-
ready mitigates latency heterogeneity even with fixed 𝜏𝑖, and the primary benefit of opti-
mizing 𝜏𝑖 shifts from feasibility/tracking to reduced operating cost, as detailed in Study II.

We further examine how the choice of angular frequencies Ω affects DVPP regula-
tion. Figures 3.2 compare using only the DC point Ω = {0} (i.e., 𝐾 = 1) with a richer
grid |Ω| = 10 selected by the proposed iterative scheme. In figure 3.2(a) and figure 3.2(c),
enlarging Ω substantially improves the alignment of both the Fourier-domain magnitude
and the time-domain emulated FFR active power with the reference trajectory implied by
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Figure 3.2: Comparison of frequency-domain and time-domain tracking under |Ω| = 1 and |Ω| = 10 (iterative): (a)
Fourier-spectrum magnitude; (b) spectrum error Δ𝑇(𝜔); (c) time-domain FFR power; and (d) absolute tracking
error. In (a) and (b), the horizontal axes denote the Fourier frequency 𝑓 (Hz), displayed in the standard zero-
centered two-sided spectrum after the conventional FFT shift.

the target FFR transfer function. By contrast, using a very small Ω (e.g., |Ω| = 1) yields a
visible shape mismatch, which is most pronounced during the early transient where ac-
curate delivery is critical for arresting the frequency drop. Figure 3.2(b) and figure 3.2(d)
plot the corresponding tracking errors, confirming that the improvement is not merely
qualitative: the error energy is markedly reduced when |Ω| = 10, indicating that the se-
lected frequencies better constrain the dynamic profile rather than only the steady-state
level. Figure 3.2(b) further illustrates how the iterative scheme works. At each iteration,
we evaluate the magnitude mismatch Δ𝑇(𝜔) over a candidate set Ξ, choose the next fre-
quency at the largest residual mismatch, 𝜔⋆ = argmax𝜔∈Ξ⧵Ω |Δ𝑇 (𝜔)| (denoted by star in
the figure 3.2(b)), and append 𝜔⋆ to Ω (denoted by dots). This "greedy" selection con-
centrates new constraints where the current aggregate response deviates most, thereby
accelerating mismatch reduction with a small number of frequencies.
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Table 3.2: The norm of matching error 𝜺 under different Ω selection schemes

𝐾

Iterative Random

‖𝜺‖1 ‖𝜺‖2 ‖𝜺‖1 ‖𝜺‖2

Min. Avg. Max. Min. Avg. Max.

2 0.497 0.248 0.296 1.548 2.467 0.170 0.717 1.179

4 0.697 0.291 0.390 0.730 1.342 0.226 0.354 0.612

6 0.453 0.179 0.233 0.545 1.145 0.136 0.260 0.526

8 0.178 0.065 0.269 0.594 1.010 0.146 0.284 0.466

10 0.062 0.027 0.233 0.515 0.804 0.099 0.250 0.396

Table 3.2 compares the matching error 𝜺 for frequencies chosen by the iterative scheme
(seeded at𝜔1 = 0) versus random selection. For the random baseline, we draw 10 indepen-
dent instances per |Ω| and report min/avg/max. As |Ω| increases, both schemes generally
reduce ‖𝜺‖1 and ‖𝜺‖2, reflecting progressively tighter dynamic matching. Notably, the itera-
tive scheme achieves substantially smaller errors at the same 𝐾 : for 𝐾 = 10, it reduces ‖𝜺‖1
to 0.062 and ‖𝜺‖2 to 0.027, whereas the random averages remain at 0.515 and 0.250, respec-
tively. Moreover, the random selection exhibits a wide spread (min/avg/max), especially
at small 𝐾 , indicating that naive frequency choices can be brittle and occasionally lead to
large mismatches; the iterative rule mitigates this sensitivity by consistently targeting the
most informative frequencies.

3.4.2. Study II: Benefits of Latency-Inclusive Operation
Figure 3.3 reports the DVPP overall operating cost (Eq. (3.9a)) as the fraction of DERs

with variable latency increases. We consider two cases:

• Narrow adjustment interval: 2 s ≤ 𝜏𝑖 ≤ 4 s;

• Wide adjustment interval: 1 s ≤ 𝜏𝑖 ≤ 5 s.

Relative to the fixed-latency case (proportion of adjustable devices equals to 0), enabling
latency tuning reduces the overall costs as more flexibilities are unlocked. The reduction
strengthens as the proportion of adjustable devices increases. Moreover, the wide adjust-
ment interval case consistently outperforms the narrow interval case, reflecting the added
temporal flexibility and more effective frequency-domain matching.
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Figure 3.3: DVPP overall costs under different share of variable-𝜏𝑖 DERs for two adjustment intervals.

3.4.3. Study III: Performance of the Solution Method
In this study, we focus on the settings where all DERs have variable latencies, thereby
rendering the problem strongly nonconvex. For each problem size, 10 random problem
instances are generated independently, and both the proposed method and the baseline
fmincon solver are applied to each instance. The results for optimality gap and runtime
reported in Fig. 3.5 are based on these 10 instances.

Convergence and feasibility. Figure 3.4(a) displays the evolution of the primal ob-
jective over the iterations for a randomly chosen instance, showing stable descent and
convergence under a diminishing stepsize. Figure 3.4(b) monitors the aggregate-power
coupling during the iterations for the same instance, which falls into the feasible interval
despite dualizing the constraint. In practice, the linear structure of the power window
makes it readily controlled by the multipliers, yielding primal feasibility at convergence.

Optimality certificate and gap. Given any primal-feasible pair (𝒙, 𝜺) and dual-
feasible multipliers (𝝀, 𝝁), the weak duality relation holds:

𝐽(𝝀, 𝝁) ≤ 𝐽 ⋆ ≤ 𝐽 (𝒙, 𝜺).

Hence, the optimal dual value 𝐽 ⋆(𝝀⋆, 𝝁⋆) provides a computable tight lower bound for 𝐽 ⋆ .
We quantify the suboptimality of a candidate solution via the relative duality gap

𝐽 (𝒙, 𝜺) − 𝐽 ⋆
𝐽 ⋆

.

Figure 3.5(a) reports the resulting gaps for the proposedmethod and the baselinefmincon
solver. The proposed distributed algorithm consistently achieves small duality gaps and
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Figure 3.4: The convergence of the solution method for an instance: (a) primal objective; (b) aggregate active
power within [𝑃min, 𝑃max].
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Figure 3.5: Performance of the proposed solution method: (a) optimality gap of the solutions using the proposed
method and the baseline; (b) solve time using the proposed method and the baseline.

maintains solution quality as the number of DERs increases, whereas fmincon often
fails to produce competitive solutions beyond a few tens of DERs and eventually becomes
inapplicable. Moreover, the observed decrease in the gap as the system size increases
supports Proposition 3.1, confirming that the relative optimality of the proposed method
improves with scale.

Runtime scaling. Figure 3.5(b) shows the runtime as a function of problem size. The
runtime of the baseline increases rapidly with |𝐼 | and soon becomes prohibitive, whereas
that of the proposed method grows only modestly. This improvement stems from decom-
posing the original large-scale nonconvex problem into tractable low-dimensional sub-
problems. All runs are performed on a single CPU core, suggesting that the computation
time could be reduced further through parallel execution of the independent inner solves.
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Overall, the results demonstrate that the proposed method scales to (103) DERs while
retaining a duality-gap certificate of solution quality.

3.4.4. Discussions
The proposed framework relies on several modelling and market assumptions. First, if
DERs can be reliably partitioned into a few perfectly homogeneous groups, then a cluster-
level coordination model may be sufficient and can reduce computational effort. How-
ever, in realistic DVPPs, DERs often differ in availability, costs, dynamic characteristics,
and technical constraints, such that cluster-level averaging may introduce aggregation
errors and require a nontrivial disaggregation step to recover feasible device-level alloca-
tions. The scalability claim of Chapter 3 should therefore be understood in this sense: the
proposed decomposition-based dynamic-matching framework remains computationally
tractable even when individual DER heterogeneity must be preserved.

Second, the framework assumes that the TSO specifies a well-defined FFR product in
the form of a low-order target transfer function, and that the DVPP operator has access to
suitable reduced-order models of the participating devices. This calls for future ancillary-
service market designs that clear bids and specify dynamic services in such standardized
forms, together with device-certification procedures that provide reliable reduced-order
models. Nevertheless, the proposed formulation itself does not fundamentally require
DER dynamics to follow a specific parametric structure. In principle, any stable transfer
function can be incorporated by evaluating its frequency response at the selected sampling
frequencies. This naturally includes higher-order or band-pass dynamics that may arise
from converter control loops or filtering stages.

Network constraints are also treated in a simplified manner and should be incorpo-
rated more explicitly before field deployment. In the current work, we assume that the
location of DERs does not influence the active-power response measured at the point of
common coupling (substation to the transmission grid). This assumption is commonly
adopted in system-level studies of frequency control and adequacy, where internal net-
work constraints are neglected and each region is represented as a single node [47, 42].
Under this assumption, network topology and DER locations do not affect the aggregate
FFR seen from the transmission side. A natural next step is to embed the proposed coordi-
nation scheme within more detailed distribution-network models and to account for the
influence of line capacities, power losses, and related constraints.

Future work will also extend the framework to additional grid services (e.g., voltage
regulation and synthetic inertia), richer network constraints, and experimental validation
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in realistic DVPP demonstrators.

3.5. Conclusions
This chapter studied the operation of a DVPP that envelopes DERs to provide FFR services.
The DVPP coordination is formulated as a frequency-domain dynamic matching prob-
lem between a target FFR transfer function and the aggregate of device-level FFR transfer
functions, enabling accurate regulation and enhanced frequency stability. The formula-
tion explicitly treats device latency as a decision variable, thereby exploiting additional
temporal flexibility and operational benefits. To solve the resulting large-scale nonconvex
program, a scalable dual-decomposition method is developed. The proposed method ex-
ploits additive structure, decomposes the original problem into per-device subproblems,
and recovers high-quality primal solutions from the dual. Both theoretical results and case
studies demonstrate strong performance, superior scalability, and runtime efficiency. Al-
though designed for this specific setting, the solution method readily generalizes to other
large-scale nonconvex programs. Overall, the proposed framework provides a scalable and
efficient DVPP operation scheme that turns distributed renewables into dependable stabil-
ity resources and reduces reliance on conventional synchronous units in high-renewable
power systems.





4
Customised Nudging for

Ancillary Service Provisions

Many DER prosumers are increasingly willing to contribute to ancillary services, yet this
self-motivation is largely untapped. This chapter proposes a nudging mechanism that con-
verts such willingness into operational benefits for a VPP. Beyond conventional price-based
schemes, the mechanism provides each DER prosumer with customized recommendations on
the suggested service level, which, together with financial incentives, iteratively steers de-
cisions towards VPP operation targets. The intrinsic motivation of each DER is captured
by a behavioural surrogate model, identified via an inverse-optimization-based, data-driven
procedure that supports both offline initialization and online adaptation. We establish con-
vergence guarantees showing that the mechanism attains the desired operating point while
preserving budget balance. Case studies on synthetic inertia and short-circuit current sup-
port illustrate the effectiveness and versatility of the proposed approach for different types of
ancillary services.

This chapter is based on � H. Xie, A. Silani, and J. L. Cremer, “Nudging Distributed Energy Resources To Provide
Power System Ancillary Services Using Customized Recommendations,” submitted.
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4.1. Introduction
Power system ancillary services are essential functions that maintain system reliability,
stability, and power quality, beyond the basic generation and delivery tasks [75]. These
services include frequency control [76] (e.g., synthetic inertia, fast frequency response),
voltage and reactive power support [77, 78], and Short-Circuit Current (SCC) contribu-
tions [79]. The rapid growth of inverter-based and Distributed Energy Resources (DERs)
has increased demand for these services and has shifted responsibility from traditional
synchronous generators to DERs themselves [80]. The critical importance of such ser-
vices was highlighted by the April 2025 Iberian Peninsula blackout, which exposed gaps
in fast, decentralized grid support [11]. In this context, Virtual power plants (VPPs) emerge
as a scalable and promising means to aggregate DER flexibility and deliver these grid ser-
vices as a whole [81, 16]. This chapter focuses on the operation of such a VPP deployed
to provide ancillary services to the grid.

The core problem of operating such a VPP is to align the economic interests of DER
prosumers with the technical objectives of the VPP operator: on the one hand, the VPP
operator wants to deliver the exact requested aggregated flexibility to the system opera-
tor to make profits [82]. On the other hand, the main interests of DERs lie in maximizing
their own utilization or profits. These two objectives are partially in conflict. For exam-
ple, a VPP operator may be requested by the system operator to supply sufficient SCCs
to support fault detection, protection device coordination, and voltage stability. How-
ever, delivering SCCs typically requires the inverter-based DERs to reserve a portion of
their apparent power capacity for reactive power injection. This reserved capacity may
limit their ability to export active power, potentially conflicting with the DER prosumers’
economic interests. The existing literature approaches this problem in two directions to
align the objectives of VPP and the DERs. The first line of research enforces rigid con-
trol protocols to the DERs, e.g., central optimal control [83], decentralized/ distributed
optimization [82, 84], hierarchical control approach [85], multi-agent coordination [41].
Though these approaches enable VPP operators to achieve their operational targets, DER
prosumers’ autonomy is often overlooked in these mandatory schemes. The second line
of research adopts incentive-based schemes, wherein the VPP operator steers DER be-
haviour by establishing economic signals, market mechanisms, or compensation rules,
rather than issuing direct control commands. Methods including dynamic tariffs [86],
auctions and bidding [87], marginal costs compensations [81], contractual and regulatory
incentives [88] are extensively investigated to align DER prosumers’ self-interested deci-
sions with system-level objectives. Within this stream, transactive control is a decentral-
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ized, market-based paradigm where DER agents exchange bid/utility information and an
operator (or market mechanism) discovers an equilibrium price to coordinate supply, de-
mand, and network constraints [89]. Implementations range from one-shot market clear-
ing to iterative price–quantity exchanges, and primarily rely on DER price-responsiveness
as the behavioural channel [89]. However, incentive-based schemes (including transactive
control) typically model prosumers as predominantly price-responsive agents and there-
fore do not explicitly activate non-monetary motivations, leaving voluntary participation
potential underutilized and potentially increasing required incentive payments. This mo-
tivates a critical yet largely unexplored question:

Can we systematically leverage the intrinsic willingness of DER prosumers to enhance the
VPP operation efficiency?

This question gains increasing importance, as evidence shows that intrinsic motiva-
tions are becoming key drivers for DER prosumers to participate in ancillary services. For
instance, a 2015 German survey found that approximately 69% of PV owners were will-
ing to invest in PV–storage systems and to provide grid balancing services using their
storage assets [90]. Similarly, a UK-based study [91] reported a high latent willingness
and substantial untapped potential for residential demand-side participation. Notably,
both surveys highlight that the motivations behind DER prosumers’ willingness extend
far beyond financial compensation, to assurances that their efforts support environmental
goals (e.g., the integration of renewable energy and the avoidance of costly grid reinforce-
ments). These findings indicate that many DER prosumers are driven by non-monetary
motivations, including a commitment to supporting the broader energy transition. Recent
research has begun to explore how non-monetary considerations, such as fairness [92],
trust [93], and data privacy [94], influence the operation and coordination of power sys-
tems and VPPs. These factors, while not directly tied to compensation, are increasingly
recognized as critical for sustained user engagement and effective system operation. Fair-
ness and privacy-aware designs, for example, foster user acceptance and long-term par-
ticipation. Moreover, it is demonstrated in [93] that building DER prosumers’ trust in ag-
gregator signals enables more accurate steering of their active power responses, thereby
improving coordination efficiency. Motivated by these insights, this chapter aims to sys-
tematically consider DER prosumers’ intrinsic motivations into VPP coordination frame-
works.

To this end, a nudging mechanism is proposed in which the VPP operator provides
each DER prosumer with an additional piece of information: customized recommendation
on the amount of services that they are suggested to provide. The intrinsic motivations
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of DERs are then realized once the DERs adapt their decisions towards aligning with the
recommendations. The proposed mechanism is termed as a nudge, as it functions as a
minimalist intervention that predictably influences DER prosumers’ behaviour without
prohibiting any options or significantly altering their economic incentives [38].

Implementing such a mechanism requires modelling prosumer responses to the joint
incentive-recommendation signals. Therefore, a behavioural surrogate model of prosumer
decision-making is constructed. In particular, we capture heterogeneity across DERs via
a prosumer-specific commitment factor, which quantifies the tendency to follow service
recommendations. Larger commitment factors correspond to more willing and proactive
participation in fulfilling system-level service expectations, whereas smaller values reflect
behaviour that is closer to purely price-responsive decision-making. Variations in com-
mitment may arise from multiple sources, including technical knowledge, confidence in
system participation, perceived social responsibility, and local community environment,
among others [39, 40]. Our proposed mechanism explicitly respects this diversity and
leverages it when tailoring recommendations to individual prosumers.

The main contributions of this chapter are as follows:

• A behaviour-aware signal-space nudgingmechanism for VPP operation is proposed.
The mechanism augments the broadcast incentive price with customized service
recommendations. By leveraging prosumers’ intrinsicwillingness to alignwith non-
binding guidance, the mechanism reduces the reliance on high monetary incentives
and enables budget-compliant coordination.

• A data-driven identification method is developed to learn prosumer-specific be-
havioural surrogate models, in particular the commitment factor that governs rec-
ommendation following behaviour. Using inverse optimization techniques for both
offline and online identification, the method makes the nudging mechanism deploy-
able under behavioural heterogeneity and uncertainty.

• The Social Conformity Indicator (SCI) is introduced as an interpretable diagnostic
metric to monitor recommendation adherence and prosumer engagement, provid-
ing operational visibility into the effectiveness of the nudging signals.

Case studies on a modified IEEE 39-bus system demonstrate the effectiveness and gen-
erality of the proposed framework in two representative ancillary-service settings: syn-
thetic inertia provision and short-circuit current support. The results evaluate conver-
gence and operational cost, budget compliance, and behavioural alignment, and further
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assess robustness under behavioural model mismatch as well as the benefit of online com-
mitment adaptation. Overall, the studies indicate that the proposed mechanism can reli-
ably steer autonomous DERs toward VPP targets while converting intrinsic motivations
into measurable coordination gains.

The remainder of this chapter is organized as follows. Section 4.2 formulates the
VPP ancillary-service provision problem and introduces two representative use cases.
Section 4.3 presents the behavioural surrogate model and the proposed nudging mecha-
nism with customized recommendations. Section 4.4 develops a data-driven identification
method for prosumers’ surrogate models. Section 4.5 reports the case study results, and
Section 4.6 concludes this chapter and outlines future research directions.

4.2. Optimal Ancillary Service Provisions of VPP
In this section, the general formulation of the VPP ancillary service provision problem is
first established. Subsequently, two different but representative use cases are introduced
to illustrate the problem: synthetic inertia and SCC.

4.2.1. Problem Formulation
Let us consider a VPP composed of a set 𝐼 = {1, 2, ⋯ , |𝐼 |} of DERs, located at different buses
in the power network. The role of the VPP is to coordinate these heterogeneous DERs to
collectively provide ancillary services to the grid operator. Such services may include
synthetic inertia, frequency response, or SCC support, depending on the requirements of
the system operation.

Let us denote the target amount of aggregated service that the VPP is required to de-
liver as a known constant 𝑥∗ ∈ ℝ. This regulation target may be derived from contractual
obligations with the system operator or from market-clearing results in an ancillary ser-
vice market. To fulfill this requirement, the VPP operator must determine the service
contribution 𝑥𝑖 ∈ ℝ from each DER 𝑖 ∈ 𝐼 , while maintaining both service quality and
economic performance. We formulate this coordination problem as follows:

min
𝑥𝑖 ,𝑖∈𝐼

∑
𝑖∈𝐼
𝑓𝑖(𝑥𝑖) + 𝑤

|||||
∑
𝑖∈𝐼
𝐹𝑖𝑥𝑖 − 𝑥∗

|||||
(4.1a)

s.t. 𝑥𝑖 ∈ 𝑋𝑖, ∀𝑖 ∈ 𝐼 . (4.1b)

In this formulation, 𝑓𝑖 ∶ ℝ → ℝ is the cost function that quantifies the economic expense
or operational effort for DER 𝑖 to provide a given level of service. 𝐹𝑖 maps the local decision
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𝑥𝑖 to its actual contribution in the aggregated response, possibly incorporating network
effects such as electrical distance or control dynamics. 𝑤 is a weighting parameter that
balances cost efficiency against tracking accuracy. The selection of 𝑤 is dependent on
the operational priority/ performance requirements of VPP operator. 𝑋𝑖 represents the
physical or regulatory constraints that are local in DER 𝑖.

The first objective term represents the overall operation costs of the VPP. The use
of the 𝓁1-norm in the second objective term reflects the goal of minimizing the absolute
mismatch between the total provided service and the regulation target. This choice offers
robustness to small deviations and aligns well with market-based settlement mechanisms
that often penalize over- or under-delivery [82].

Remark. A key structural feature of problem (4.1) is that the objective depends on the
sum of mapped local decisions, ∑𝑖∈𝐼 𝐹𝑖𝑥𝑖, forming a typical sharing problem in distributed
optimization. This structure also resembles a block-wise variant of the Lasso problem,
where each block corresponds to a DER’s decision vector. Such a formulation is well-
suited for scalable and distributed solution methods [61].

The generality of this formulation allows it to be instantiated for different ancillary
services by appropriately specifying the mapping 𝐹𝑖, feasible sets 𝑋𝑖, and interpretation of
𝑥𝑖. In the next two subsections, we illustrate this framework through two representative
use cases: synthetic inertia provision and SCC support.

4.2.2. Use Case 1: Synthetic Inertia Provision
This subsection instantiates the general coordination framework (4.1) for the case of syn-
thetic inertia provision. For each DER 𝑖 ∈ 𝐼 , the decision variable is defined as 𝑥𝑖 ∈ ℝ,
denoting the synthetic inertia emulated by the DER. The VPP’s goal is to regulate the ag-
gregate response such that the total delivered synthetic inertia meet a prescribed target:

∑
𝑖∈𝐼
𝑥𝑖 → 𝑥∗.

The active power that is needed to emulate the synthetic inertia of DER 𝑖 during the dis-
turbance is

Δ𝑃𝑖(𝑡) = −2𝐻𝑖Δ ̇𝑓 (𝑡), ∀𝑡 ∈ 0,

where Δ𝑃𝑖(𝑡) dynamically varies with time 𝑡, and Δ ̇𝑓 (𝑡) is the rate of change of frequency
(RoCoF) over a time window 0 following the disturbance. Focusing on under-frequency
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events, the total power output of the DER must not exceed its available power. This im-
poses the following constraint:

𝑃𝑖 + Δ𝑃𝑖(𝑡) ≤ 𝑃𝑖 + max
𝑡∈0

|||2𝐻𝑖Δ
̇𝑓 (𝑡)||| ≤ 𝑃𝑖, (4.2)

where 𝑃𝑖 denotes the active power during normal operation, 𝑃𝑖 is the maximum available
power of DER 𝑖. It is typical to bound the maximum frequency deviation rate using the
maximum permissible RoCoF specified by the system operator Δ ̇𝑓lim, with which we have
Δ ̇𝑓lim ≥ max𝑡∈0 |Δ ̇𝑓 (𝑡)|. Therefore, (4.2) is conservatively converted as

𝑃𝑖 + 2Δ ̇𝑓lim𝐻𝑖 ≤ 𝑃𝑖. (4.3)

Together with the non-negativity of 𝐻𝑖, inequality (4.3) defines the local feasible set 𝑋𝑖 for
each DER.

4.2.3. Use Case 2: Short-Circuit Current Support
This section instantiates the general coordination framework (4.1) for the specific case of
SCC support. Suppose the VPP operates within an 𝑚-bus transmission grid, with DERs
distributed across a subset of buses. Let  ⊆ {1, … ,𝑚} denote the set of buses with con-
nected DERs, and let 𝜓(𝑖) ∈  be the bus to which DER 𝑖 ∈ 𝐼 is connected. Thus, we
have ∪𝑖∈𝐼𝜓(𝑖) = . During a short-circuit fault, inverter-based DERs providing SCC sup-
port are modeled as variable constant current sources, in accordance with the IEC 60909-
0-2016 standard. From a system-level perspective, we aggregate the current injections
across all buses during the fault into a vector 𝐽 ∶= [𝐽1, 𝐽2, … , 𝐽𝑚]𝑇 ∈ ℝ𝑚, and define
𝐽 ′ ∶= [𝐽 ′1 , 𝐽 ′2 , … , 𝐽 ′𝑚]𝑇 ∈ ℝ𝑚 as the baseline current injection without VPP participation.
For each bus 𝑏 ∈ , the net injection becomes:

𝐽𝑏 = 𝐽 ′𝑏 + ∑
𝜓(𝑖)=𝑏

𝑥𝑖, ∀𝑏 ∈ , (4.4)

where 𝑥𝑖 ∈ ℝ denotes the current injected from DER 𝑖 during the fault, serving its decision
variable in the coordination problem.

Applying Ohm’s law to the equivalent network, the bus voltages satisfy𝑉 = 𝑍𝐽 ,where
𝑉 = [𝑉1, 𝑉2, ⋯ 𝑉𝑚] ∈ ℝ𝑚 denotes the vector of bus voltages, and 𝑍 ∈ ℝ𝑚×𝑚 is the network
impedance matrix. The matrix 𝑍 is derived by combining the nodal admittance matrix
and the subtransient reactances of the synchronous generators. Let 𝑓 denote the faulted
bus, and let the current injected into the bus as the positive direction. Since 𝑉𝑓 = 0 during
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the short-circuited fault, the 𝑓 -th row of the voltage equation yields

𝐽𝑠𝑐 ∶= −𝐽𝑓 =
∑𝑏≠𝑓 𝑍𝑓 𝑏 𝐽𝑏

𝑍𝑓 𝑓
=

∑𝑏≠𝑓 𝑍𝑓 𝑏 𝐽 ′𝑏
𝑍𝑓 𝑓

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=𝐽 ′𝑠𝑐

+
∑𝑏∈ 𝑍𝑓 𝑏 ∑ 𝑖∈𝐼

𝜓(𝑖)=𝑏
𝑥𝑖

𝑍𝑓 𝑓
, (4.5)

where 𝐽𝑠𝑐 ∈ ℝ is the total SCC drawn from the fault bus, and 𝐽 ′𝑠𝑐 ∈ ℝ is the SCC without
VPP participation. The incremental SCC contribution from the VPP is therefore:

Δ𝐽𝑠𝑐 = ∑
𝑏∈

𝑍𝑓 𝑏
𝑍𝑓 𝑓

∑
𝜓(𝑖)=𝑏

𝑥𝑖 = ∑
𝑖∈𝐼

𝑍𝑓 𝜓(𝑖)
𝑍𝑓 𝑓
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
∶=𝐹𝑖

𝑥𝑖. (4.6)

Ideally, the VPP seeks to regulate the aggregate SCC provision such that Δ𝐽𝑠𝑐 → 𝑥∗, align-
ing with its operational target. Equation (4.6) highlights that each DER’s contribution to
SCC at the fault bus is weighted by a location-dependent factor 𝐹𝑖, which is determined
by the impedance between the DER’s bus and the faulted bus.

4.3. Behaviour-Aware Nudging Mechanism
A key challenge in operating a VPP with autonomous prosumers is that the operator can-
not directly set individual DER setpoints and must instead influence decisions through
broadcast signals, most commonly a monetary incentive price. Relying on price alone can
be inefficient: meeting a target may require high incentives, creating budget pressure for
the operation of a VPP. We therefore adopt the concept of nudging from behavioural eco-
nomics, which steers decisions by shaping the information environment while preserving
freedom of choice. Concretely, we complement the incentive price with a non-binding,
prosumer-specific customized recommendation indicating a suggested service provision
level.

This section proceeds in two steps. First, we introduce a behavioural surrogate model
that captures how one prosumer responds jointly to the nudging signals. Second, building
on this surrogate model, we present the proposed nudging mechanism, which iteratively
updates the price and the recommendations within a tâtonnement process to steer the ag-
gregate VPP provisions toward the desired target while respecting the operator’s budget.



4.3. Behaviour-Aware Nudging Mechanism

4

73

4.3.1. Behavioural SurrogateModelUnder Price Incentives andRec-
ommendations

Let 𝜆 ∈ ℝ denote the unit incentive price, and let 𝑟 ∈ ℝ denote the recommended provi-
sion level sent by the VPP. Given (𝜆, 𝑟), prosumer 𝑖 selects its provision 𝑥𝑖 by optimizing
its private objectives subject to local constraints. In practice, prosumer responses to the
same signal pair (𝜆, 𝑟) are heterogeneous and noisy due to differences in private costs 𝑓𝑖(⋅),
feasible regions 𝑋𝑖, and recommendation-following behaviour. To support scalable mech-
anism design, we adopt a tractable behavioural surrogate model that captures prosumers
responses to broadcast signals. Specifically, wemodel prosumer 𝑖’s decision as the solution
to

𝑥𝑖(𝜆, 𝑟) = argmin
𝑥∈𝑋𝑖

𝑓𝑖(𝑥) − 𝜆𝑥 +
𝜎𝑖
2
|𝑥 − 𝑟|2, (4.7)

where 𝑓𝑖 ∶ ℝ → ℝ is prosumer 𝑖’s private (convex) cost for providing the ancillary ser-
vice and 𝑋𝑖 is its local feasible set. The term −𝜆𝑥 captures the monetary incentive, while
𝜎𝑖|𝑥 − 𝑟|2/2 is a recommendation-following regulariser that penalizes deviations from the
recommended level 𝑟 . This regulariser is a reduced-form representation of intrinsic mo-
tivations that make a prosumer more inclined to align with recommendations beyond
purely price-driven optimisation. As 𝜎𝑖 increases, the optimal response 𝑥𝑖(𝜆, 𝑟) places
greater weight on adhering to 𝑟 . We therefore refer to 𝜎𝑖 > 0 as the commitment factor.

We adopt the surrogate model (4.7) for three reasons. First, it preserves prosumer
autonomy: each prosumer remains free to optimise its own objective over its feasible
region 𝑋𝑖, and the operator imposes no hard constraints or direct control commands.
Second, it explicitly accounts for financial incentives through 𝜆, ensuring compatibility
with standard compensation-based VPP operation. Third, it provides a low-parameter yet
heterogeneous representation of recommendation-following behaviour through a single
prosumer-specific parameter 𝜎𝑖. As the commitment factor 𝜎𝑖 increases, deviations from
the recommendation 𝑟 are penalisedmore strongly, and the optimal response 𝑥𝑖(𝜆, 𝑟) aligns
more closely with 𝑟 ; when 𝜎𝑖 is small, the prosumer behaves closer to being purely price-
responsive. Heterogeneous values of𝜎𝑖 capture that prosumersmay differ in their intrinsic
willingness to contribute, due to behavioural preferences, perceived social responsibility,
convenience or comfort considerations, trust in the operator, and other non-monetary
factors. Moreover, the quadratic term |𝑥 − 𝑟|2 symmetrically penalises both under- and
over-provision relative to the recommendation, reflecting that, from a system-operation’s
perspective, insufficient service degrades reliability while excessive provision can be inef-
ficient or violate operational limits.
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The surrogate response model (4.7) serves as the behavioural foundation for the mech-
anism developed in subsequent subsections. It provides a systematic way to translate
the operator’s signals (𝜆, 𝑟𝑖) into prosumer actions, and it yields a low-dimensional be-
havioural parameter 𝜎𝑖 that can be identified from observed responses in a data-driven
manner (Section 4.4). While (4.7) is used as a behavioural baseline for mechanism design
and inference, real prosumers may follow alternative (possibly heuristic) decision-making
rules that deviate from this model; to reflect this reality, the case studies additionally con-
sider such alternative decision rules and evaluate the robustness of the proposed mecha-
nism.

4.3.2. Design Objectives and Tâtonnement Architecture
Fig. 4.1 illustrates the proposed nudging architecture, implemented as an iterative tâton-
nement coordination layer between the VPP operator and the DER prosumers. At each
iteration 𝑘, the operator broadcasts an incentive price 𝜆𝑘 and customized recommenda-
tions {𝑟𝑘𝑖 }𝑖∈𝐼 ; each prosumer then updates its provision decision and reports it back to the
operator. The recommendations are customized to account for heterogeneity in feasible
regions𝑋𝑖, cost structures 𝑓𝑖, grid impact factors 𝐹𝑖, and behavioural responsiveness which
is captured by the commitment factor, identified from data in Section 4.4. The tâtonnement
iteration proceeds as follows:

1. Operator update. Given the previously observed decisions {𝑥𝑘−1𝑖 }, the operator
updates the incentive price 𝜆𝑘 and computes new individualized recommendations
{𝑟𝑘𝑖 } according to the mechanism to be designed, aiming to steer the aggregate VPP
provision toward the desired target while respecting the budget.

2. Prosumer update. Each prosumer 𝑖 updates its decision in response to the broad-
cast signals (𝜆𝑘 , 𝑟𝑘𝑖 ), and communicate the resulting decision 𝑥𝑘𝑖 back to the operator.

A key feature of the tâtonnement process is that it supports prosumer autonomywhile
limiting the disclosure of local information: each prosumer keeps𝑋𝑖 and 𝑓𝑖(⋅) local and does
not disclose them to the operator. This avoids the information barrier that the operator
cannot compute the optimum of (4.1) a priori without collecting private costs and con-
straints. Instead, the mechanism only requires identifying a low-dimensional behavioural
parameter: the commitment factor 𝜎𝑖 in (4.7), and reaches the optimal allocation implic-
itly through iterative price-and-recommendation updates and prosumers’ self-optimizing
responses. Importantly, the tâtonnement iterations operate on a coordination time-scale
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VPP Operator

DER 1 DER 2 DER |I|

Figure 4.1: The tâtonnement process of the nudging mechanism.

(e.g., minutes to hours) and are not required during contingency dynamics. Once param-
eters are deployed, each DER implements the corresponding local ancillary-service con-
troller mode autonomously, triggered by measured electrical quantities (e.g., frequency or
terminal voltage) and responding on millisecond time-scales.

Accordingly, the nudging mechanism is designed to achieve two objectives: (i) Con-
vergence: the iterates {𝑥𝑘𝑖 } converge to the optimal solution of (4.1); (ii) Budget com-
pliance: the long-run total incentive payment remains within the operator’s available
budget Λ, i.e.,

lim sup
𝑘→∞

𝜆𝑘∑
𝑖∈𝐼
𝑥𝑘𝑖 ≤ Λ. (4.8)

4.3.3. Nudging Mechanism: Price-Recommendation Update Rules
The following update rules are proposed:

𝜆𝑘 =

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎩

Λ
∑𝑖∈𝐼 𝑥𝑘−1𝑖

, if ∑𝑖∈𝐼 𝑥𝑘−1𝑖 ≥ 𝜖,

Λ
𝜖 , if ∑𝑖∈𝐼 𝑥𝑘−1𝑖 < 𝜖,

(4.9a)

𝑟𝑘𝑖 = 𝑧𝑘𝑖 −
𝜆𝑘 + 𝑦𝑘𝑖
𝜎𝑖

, (4.9b)

where 𝜖 is a predefined minimal provision level, and (4.9b) are built upon the updates of
two auxiliary variables 𝑧 and 𝑦 as

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

𝑧𝑘 = argmin
𝑧′
𝑤
|||||
∑
𝑖∈𝐼
𝐹𝑖𝑧′𝑖 − 𝑥

∗
|||||
+∑

𝑖∈𝐼

𝜎𝑖
2
||||
𝑧′𝑖 − 𝑥

𝑘−1
𝑖 −

1
𝜎𝑖
𝑦𝑘−1𝑖

||||

2

𝑦𝑘𝑖 = 𝑦𝑘−1𝑖 + 𝜎𝑖(𝑥𝑘−1𝑖 − 𝑧𝑘𝑖 ).

(4.10)
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We establish the following convergence proof of the proposed nudging mechanism,
based on the assumption that the DER prosumers in the VPP are agents whose decision-
making processes are exactly described by the behavioural surrogate model (4.7). In par-
ticular, during the iterations, each prosumer 𝑖 responds to (𝜆𝑘 , 𝑟𝑘) by

𝑥𝑘𝑖 ∈ argmin
𝑥∈𝑋𝑖

𝑓𝑖(𝑥) − 𝜆𝑘𝑥 +
𝜎𝑖
2
|𝑥 − 𝑟𝑘𝑖 |

2, (4.11)

where 𝑓𝑖(⋅) is convex and the local feasibility region 𝑋𝑖 is a convex and compact polyhe-
dral set. This assumption corresponds to the idealized case where the identified (learned)
commitment factors yield a surrogate model that perfectly matches each prosumer’s true
input–output response to (𝜆, 𝑟).

Proposition 4.1. Under the above ideal assumption, any sequence of DER decisions
{𝑥𝑘𝑖 }𝑖∈𝐼 (4.11) under the proposed mechanism (4.9a), (4.9b), (4.10), initialized as (col(𝑥0), 𝑧0,
col(𝑦0)) ∈ ∏𝑖∈𝐼 𝑋𝑖 ×ℝ|𝐼 | ×ℝ|𝐼 |, converges to an optimal solution of (4.1). Moreover, the bud-
get compliance condition (4.8) is satisfied at convergence. In particular, if the mechanism
terminates at an index 𝐾 such that 𝑥𝐾 = 𝑥𝐾−1, then 𝜆𝐾 ∑𝑖∈𝐼 𝑥𝐾𝑖 ≤ Λ.

Proof. Convergence to an optimal solution.
Let 𝑋 ∶= ∏𝑖∈𝐼 𝑋𝑖, 𝑥 ∶= col(𝑥1, … , 𝑥|𝐼 |), 𝑧 ∶= col(𝑧1, … , 𝑧|𝐼 |), and define

𝑓 (𝑥) ∶= ∑
𝑖∈𝐼
𝑓𝑖(𝑥𝑖) + 𝐼𝑋 (𝑥), 𝑔(𝑧) ∶= 𝑤|||∑

𝑖∈𝐼
𝐹𝑖𝑧𝑖 − 𝑥⋆

|||.

Introduce the splitting constraintΨ𝑥−Ψ𝑧 = 0withΨ ∶= diag(√𝜎1, … ,
√𝜎|𝐼 |), and consider

the equivalent convex problem

min
𝑥,𝑧

𝑓 (𝑥) + 𝑔(𝑧) s.t. Ψ𝑥 − Ψ𝑧 = 0, (4.12)

which is equivalent to (4.1) since Ψ is nonsingular (𝜎𝑖 > 0).
Using (4.9b) and completing squares, the prosumer response (4.7) can be written in

stacked form as
𝑥𝑘 = argmin

𝑥∈𝑋
𝑓 (𝑥) +

1
2
||Ψ𝑥 − Ψ𝑧𝑘 + 𝑢𝑘 ||

2 ,

where 𝑢𝑘 ∶= col (𝑦𝑘1 /
√𝜎1, … , 𝑦𝑘|𝐼 |/

√𝜎|𝐼 |). Similarly, the auxiliary updates (4.10) are equiv-
alent to

𝑧𝑘+1 = argmin
𝑧

𝑔(𝑧) +
1
2
||Ψ𝑥

𝑘 − Ψ𝑧 + 𝑢𝑘 ||
2 , 𝑢𝑘+1 = 𝑢𝑘 + Ψ𝑥𝑘 − Ψ𝑧𝑘+1.

Thus, the mechanism implements the standard augmented-Lagrangian splitting iterations
for the convex problem (4.12) (up to a harmless index shift). Under assumptions, 𝑓 and 𝑔
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are closed, proper, and convex, and a saddle point exists; therefore, the classical conver-
gence result for these iterations applies [61], yielding primal feasibility Ψ(𝑥𝑘 − 𝑧𝑘) → 0
and objective convergence 𝑓 (𝑥𝑘) + 𝑔(𝑧𝑘) → 𝑝⋆. Since Ψ is nonsingular, Ψ(𝑥𝑘 − 𝑧𝑘) → 0
implies 𝑥𝑘 − 𝑧𝑘 → 0, and hence 𝑥𝑘 converges to an optimal solution of (4.1).

Budget compliance at convergence.
Let 𝑆𝑘 ∶= ∑𝑖∈𝐼 𝑥𝑘𝑖 . From (4.9a), we know that

𝜆𝑘 =
Λ

max{𝑆𝑘−1, 𝜖}
,

this implies 𝜆𝑘𝑆𝑘−1 ≤ Λ and 0 ≤ 𝜆𝑘 ≤ Λ/𝜖. Hence,

𝜆𝑘𝑆𝑘 ≤ Λ +
Λ
𝜖
|𝑆𝑘 − 𝑆𝑘−1|.

Since 𝑥𝑘 → 𝑥⋆, we have |𝑆𝑘 − 𝑆𝑘−1| → 0, and taking lim sup𝑘→∞ yields (4.8). If the mecha-
nism terminates at 𝐾 with 𝑥𝐾 = 𝑥𝐾−1 (so 𝑆𝐾 = 𝑆𝐾−1), then

𝜆𝐾𝑆𝐾 = 𝜆𝐾𝑆𝐾−1 ≤ Λ.

4.3.4. Social Conformity Indicator for Mechanism Diagnosis
To facilitate diagnosing the behavioural response of DERs under the nudging mechanism,
we introduce the Social Conformity Indicator (SCI):

Definition 4.1 (Social Conformity Indicator). The Social Conformity Indicator for a DER
𝑖 ∈ 𝐼 is defined as

SCI𝑖 ∶= 𝑒−𝛼|𝑥𝑖−𝑟𝑖 |, (4.13)

where 𝑥𝑖 is its actual provision, 𝑟𝑖 is the recommended provision from the VPP operator,
and 𝛼 > 0 is a sensitivity parameter that penalizes deviation from the recommendation.

The SCI indicates the extent to which a DER’s realized response aligns with the op-
erator’s recommendation and thus reflects the coordination intent of the mechanism. It
directly quantifies behavioural deviation through |𝑥𝑖 − 𝑟𝑖|: a high SCI corresponds to close
adherence and strong behavioural conformity, whereas a low SCI reflects large deviations,
potentially signaling weak engagement or unreliable response. The SCI therefore serves
as a simple yet principled diagnostic tool for monitoring the functioning of the nudging
mechanism. In particular, a persistently low average SCI across prosumers suggests that
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recommendations are not being effectively followed, for example due to low responsive-
ness, behavioural noise, or model mismatch; in such cases, the operator may need to ad-
just the recommendation design, increase incentives, or recalibrate the learned surrogate
models.

4.4. Data-Driven Behaviour Surrogate Modeling of Pro-
sumer Responses

In Section 4.3, we introduced the behaviour surrogate model (4.7) and a nudging mecha-
nism built upon it. A key parameter is the prosumer-specific commitment factor 𝜎𝑖, which
quantifies recommendation-following behaviour but is not directly observable in practice
and must be inferred from prosumers’ observed responses.

Motivated by this, we develop a data-driven approach to estimate 𝜎𝑖 by fitting the sur-
rogate model to historical and/or online signal–response data. The resulting estimation is
posed as an inverse optimization problem [95], which infers objective parameters from ob-
served (approximately) optimal decisions. For notational simplicity, we omit the subscript
𝑖 throughout this section, as identification is performed independently for each prosumer.

4.4.1. Workflow and Inverse Optimization Formulation
The identification workflow is illustrated in Fig. 4.2. Following the standard inverse-
optimization paradigm, we first specify a parametric forward optimization problem (FOP)
that represents a prosumer’s decision rule under the joint nudging signal, and then infer
the unknown behavioural parameter(s) from observed decisions.

Forward problem (prosumer responsemodel). Let 𝑣 ∶= (𝜆, 𝑟) denote the observable
input signal pair, where 𝜆 is the unit incentive price and 𝑟 is the recommendation. For a
given prosumer, consider the parametric forward model

FOP(𝑣; 𝜗) ∶ 𝑥⋆(𝑣; 𝜗) ∈ 𝑋opt(𝑣; 𝜗) ∶= argmin
𝑥∈𝑋

𝐺(𝑥, 𝑣; 𝜗), (4.14)

where 𝑋 is the known feasible set and 𝐺(𝑥, 𝑣; 𝜗) ∶= 𝑓 (𝑥) − 𝜆𝑥 + 𝜎
2 |𝑥 − 𝑟|

2. Here 𝜗 denotes
the (unknown) behavioural parameter vector, with the commitment factor 𝜎 being the
main quantity of interest. Under the convexity assumptions used in Section 4.3, FOP(𝑣; 𝜗)
is strongly convex and admits a unique optimizer 𝑥⋆(𝑣; 𝜗).
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Figure 4.2: The workflow of the proposed identification toolbox.

Decision data (offline stage). In the offline stage (Fig. 4.2(a)), we query the prosumer
with a finite set of trial inputs {𝑣(𝑑) = (𝜆(𝑑), 𝑟 (𝑑))}𝐷𝑑=1 and observe the corresponding deci-
sions {𝑥̆(𝑑)}𝐷𝑑=1. Due to noise, unmodeled factors, and possible model mismatch, 𝑥̆(𝑑) need
not be exactly optimal for any 𝜗. Hence, we adopt a data-driven inverse optimization
formulation that estimates parameters by minimizing a loss measuring the violation of
inverse-feasibility.
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Data-driven inverse problem (offline identification). Given the dataset ∶= {(𝑣(𝑑),
𝑥̆(𝑑))}𝐷𝑑=1, we estimate 𝜗 by solving

IOP−DD() ∶ min
𝜗∈Θ

1
𝐷

𝐷

∑
𝑑=1

𝓁(𝑥̆(𝑑), 𝑋opt(𝑣(𝑑); 𝜗)) , (4.15)

where Θ is the admissible parameter set and 𝓁(⋅, ⋅) is a model–data fit loss. In this chapter
we use a squared minimum-distance (predictability) loss:

𝓁(𝑥̆, 𝑋opt(𝑣; 𝜗)) ∶= min
𝑥∈𝑋opt(𝑢;𝜗)

|𝑥 − 𝑥̆|2. (4.16)

Since 𝑋opt(𝑣; 𝜗) is a singleton under strong convexity, (4.16) reduces to |𝑥⋆(𝑣; 𝜗) − 𝑥̆|2.

Online stage (adaptive identification). Fig. 4.2(b) depicts the online stage, where new
signal–response pairs (𝑢𝑘 , 𝑥̆𝑘) are collected during tâtonnement. The estimate 𝜗̂𝑘 is up-
dated sequentially and fed back into the nudging mechanism to compute (𝜆𝑘+1, 𝑟𝑘+1), en-
abling adaptation without requiring a dedicated offline dataset for every prosumer.

4.4.2. Data-Driven Estimation of Commitment Factors
We now instantiate (4.15) under a tractable parametric form. Assume the private cost
admits a quadratic surrogate 𝑓 (𝑥) = 𝑎𝑥2 + 𝑏𝑥 with 𝑎 ≥ 0, 𝑏 ∈ ℝ. For a given input 𝑣, the
forward optimizer of FOP(𝑣; 𝜗) with 𝜗 = (𝑎, 𝑏, 𝜎) has the closed form

𝑥⋆(𝑣; 𝜗) = [
𝜆 + 𝜎𝑟 − 𝑏
2𝑎 + 𝜎 ]𝑋

, (4.17)

where [⋅]𝑋 denotes projection onto 𝑋 .

Linear re-parameterization. Define the regression vector 𝜙(𝑣) ∶= [1 𝜆 𝑟]
⊤
and

re-parameterize

𝜃 ∶=

⎡
⎢
⎢
⎢
⎢
⎣

𝜃1

𝜃2

𝜃3

⎤
⎥
⎥
⎥
⎥
⎦

=
1

2𝑎 + 𝜎

⎡
⎢
⎢
⎢
⎢
⎣

−𝑏

1

𝜎

⎤
⎥
⎥
⎥
⎥
⎦

, ⇒ 𝑥⋆(𝑣; 𝜗) = [𝜙(𝑣)⊤𝜃]𝑋 , (4.18)

so that the commitment factor can be recovered as 𝜎 = 𝜃3/𝜃2 (with 𝜃2 > 0).
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Algorithm 3: Data-Driven Commitment Identification Method Based On In-
verse Optimization

1 Offline Stage
2 Inputs: Dataset {(𝜆(𝑑), 𝑟 (𝑑))}𝐷𝑑=1 and {𝑥̆(𝑑)}𝐷𝑑=1;
3 Outputs: Initial estimate 𝜃̂0, commitment factor 𝜎̂0;
4 Procedure OfflineIdentification:
5 for 𝑑 = 1 to 𝐷 do

6 Construct regression vector: 𝜙(𝑑) ← [1 𝜆(𝑑) 𝑟 (𝑑)]
⊤
;

7 Solve (4.19);
8 Recover: 𝜎̂0 = 𝜃̂03/𝜃̂02;

9 Online Stage
10 Inputs: Online data stream {(𝜆𝑘 , 𝑟𝑘 , 𝑥̆𝑘)}∞𝑘=1, initial estimate 𝜃̂0, forgetting factor

𝛾 ∈ (0, 1], initial covariance scale 𝛼 > 0;
11 Outputs: Updated parameter 𝜃̂𝑘 and 𝜎̂𝑘 ;
12 Procedure OnlineIdentification:
13 Initialize 𝑃0 ← 𝛼𝐼 , 𝜃0 ← 𝜃̂0;
14 for 𝑘 = 1, 2, … do
15 Observe new data (𝜆𝑘 , 𝑟𝑘 , 𝑥̆𝑘);

16 Construct: 𝜙𝑘 ← [1 𝜆𝑘 𝑟𝑘]
⊤
;

17 Update gain vector: 𝐾𝑘 ← 𝑃𝑘−1𝜙𝑘
𝛾+𝜙⊤𝑘 𝑃𝑘−1𝜙𝑘

;
18 Update predicted decision: 𝑥̂𝑘 ← [𝜙⊤𝑘𝜃𝑘−1]𝑋 ;
19 Update parameter estimate: 𝜃𝑘 ← 𝜃𝑘−1 + 𝐾𝑘(𝑥̆𝑘 − 𝑥̂𝑘);
20 Update inverse correlation matrix: 𝑃𝑘 ←

𝑃𝑘−1−𝐾𝑘𝜙⊤𝑘 𝑃𝑘−1
𝛾 ;

21 Recover: 𝜎̂𝑘 ← 𝜃𝑘3/𝜃𝑘2 ;

Offline inverse optimization. Given  = {(𝑣(𝑑), 𝑥̆(𝑑))}𝐷𝑑=1, we estimate 𝜃 by minimiz-
ing the minimum-distance loss (4.16), which here becomes the predictability loss

𝜃̂ = argmin
𝜃∈Θ

1
𝐷

𝐷

∑
𝑑=1

|||𝑥̆
(𝑑) − [𝜙(𝑣(𝑑))⊤𝜃]𝑋

|||
2
, (4.19)

and recover 𝜎̂ = 𝜃̂3/𝜃̂2. As the projection [⋅]𝑋 induces a piecewise-affine forward map,
(4.19) is generally non-convex. We therefore solve it using a local nonlinear optimizer
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with amulti-start strategy tomitigate sensitivity to initialization and improve the obtained
solution.

From a statistical viewpoint, (4.19) can be interpreted as an empirical risk minimiza-
tion problem with a squared minimum-distance loss. For convex forward optimization
problems, such minimum-distance formulations admit statistical consistency guarantees
under standard regularity assumptions and i.i.d. sampling: the empirical objective con-
verges (in probability) to the population objective (risk consistency), and under additional
identifiability conditions one can further obtain parameter consistency; see [96] and the
summary in [95, Thm. 2]. Importantly, these guarantees are conditional on correct model
specification, i.e., that the behaviour surrogate model (4.7) can perfectly represent the pro-
sumers’ decision rule. This is generally not the case in practice due to unobserved factors,
noise, and behavioural deviations. Accordingly, we do not claim to recover accurate com-
mitment factors; rather, we target to identify the best-fitting surrogate parameter within
the model class (4.7), which is sufficient to explain observed behaviour and is useful for
the nudging signal design.

Online update. In the online stage, 𝜃 is updated sequentially as newobservations (𝑣𝑘 , 𝑥̆𝑘)
arrive, using an Recursive Least Square (RLS)-style recursion with forgetting factor 𝛾 ∈
(0, 1] [97]; the resulting 𝜎̂𝑘 is then passed to the nudging mechanism to update the next
recommendation. The forgetting factor determines the weight given to past observations.
A smaller 𝛾 prioritizes recent data, making the estimator more responsive to dynamic
changes in commitment levels. By continuously refining 𝜃̂, our proposed identification
method ensures that the estimated commitment factor 𝜎̂ remains adaptive and consis-
tent with observed behaviour. This dynamic tracking of heterogeneous DER commitment
levels also improves the effectiveness of our proposed recommendation mechanism. Our
proposed identification method is reported in Algorithm 3. Note that the prediction step
explicitly includes the projection (step 18), so the update accounts for saturation at the
feasible bounds.

Remark. In Algorithm 3, the initial estimate 𝜎̂0 obtained from the offline stage is used to
initialize the online RLS algorithm. In practical settings, DERs can often be grouped ac-
cording to similarities such as geographical location, community profiles, or device types.
DERs within the same group are likely to exhibit similar levels of commitment. As a re-
sult, they can share a common initial estimate 𝜎̂0, thereby alleviating the need to collect a
dedicated offline dataset for each DER.
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4.5. Case Study
4.5.1. Simulation Settings and Scenarios
Weuse amodified IEEE 39-bus transmission system [98]. The system base is set to 100MVA.
A VPP comprising 20 DERs is integrated into the network. These DERs are located at four
buses (bus 31, bus 32, bus 34, and bus 35), and have rated capacities uniformly distributed
between 50 MW and 250 MW. Collectively, the DERs account for approximately 50% of
the total system generation capacity (6.28 GW). Two ancillary service use cases are con-
structed: SCC support and synthetic inertia provision. The SCC case is used to evaluate
the effectiveness of the nudging mechanism given the behaviour surrogate models are
learned from data (Sec. 4.5.2). The synthetic inertia use case is used to evaluate the iden-
tification quality and online adaptivity of the behaviour surrogate model (Sec. 4.5.3). To
stress-test the behaviour-aware mechanism under realistic behavioural heterogeneity, we
consider the following prosumers’ response modes (all respecting local constraints 𝑋𝑖 and
private costs 𝑓𝑖):

• Deadbandmode (tolerance to recommendations). The prosumer exhibits weak
reaction to the recommendation within a tolerance band of width 𝛿 = 0.1 p.u. in
the case studies, represented by a deadband term:

𝑥DB𝑖 (𝜆, 𝑟) = argmin
𝑥∈𝑋𝑖

𝑓𝑖(𝑥) − 𝜆𝑥 +
𝜎𝑖
2 ([|𝑥 − 𝑟| − 𝛿]+)

2,

where [𝑡]+ ∶= max{𝑡, 0}.

• Asymmetric mode (directional response). The prosumer reacts differently to
under- vs. over-recommendation deviations by using asymmetric quadratic penal-
ties:

𝑥AS𝑖 (𝜆, 𝑟) = argmin
𝑥∈𝑋𝑖

𝑓𝑖(𝑥) − 𝜆𝑥 +
𝜎𝑖
2
(𝑥 − 𝑟)2+ +

𝜅𝜎𝑖
2

(𝑟 − 𝑥)2+,

where 𝜅 = 0.5 controls the directional asymmetry.

• Bounded-rationalmode (noisy/smoothed response). The prosumer follows the
baseline optimizer up to bounded rationality, modelled as a noisy response around
𝑥DER𝑖 (𝜆, 𝑟), which denotes the baseline surrogate response given by (4.7):

𝑥BR𝑖 (𝜆, 𝑟) = [𝑥DER𝑖 (𝜆, 𝑟) + 𝜉𝑖]𝑋𝑖 , 𝜉𝑖 ∼  (0, 𝜏2),

with Gaussian perturbations and standard deviation 𝜏 = 0.02.
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In all the studies, DERs 1-5, 6-15, and 16-20 are assigned to the deadband, asymmetric, and
bounded-rationalmodes, respectively. The detailed settings for each use case are described
below.

SCC Support

We consider an SCC demand of 𝑥∗ = 15 p.u. at bus 16. The location-dependent fac-
tor 𝐹𝑖, which quantifies the contribution of each DER’s injected current to the SCC ob-
served at bus 16, is derived from the admittance and impedance data of the IEEE 39-bus
network [98]. Each DER’s provision cost is modeled by a quadratic function 𝑓𝑖(𝑥𝑖) =
𝑎𝑖𝑥2𝑖 + 𝑏𝑖𝑥𝑖, where 𝑎𝑖 is sampled uniformly from the range [10, 30] AC/p.u.2, and 𝑏𝑖 from
[0, 15] AC/p.u. The current injections from each DER during the short-circuit faults are
constrained by an upper limit of 1.2 times its rated current, consistent with typical in-
verter current limiter settings. The cost-tracking weight parameter is set to 𝑤 = 25 €/p.u.
DER commitment levels 𝜎𝑖 are categorized into three groups: low (0 < 𝜎𝑖 ≤ 2), medium
(2 < 𝜎𝑖 ≤ 6), and high (6 < 𝜎𝑖 ≤ 10), all in €/p.u.2. In this case study, the nudging
mechanism is implemented using prosumer-specific behaviour surrogate models that are
identified offline prior to the tâtonnement iterations. Specifically, for each DER prosumer
we collect 10 input–output samples of the form (𝜆, 𝑟, 𝑥) and fit the corresponding surro-
gate response model as described in Section 4.4; the resulting learned model parameters
are then used by the operator to generate the individualized recommendations during the
nudging process.

Synthetic Inertia Provision

In this case, the VPP is required to provide an aggregate synthetic inertia response of
𝑥∗ = 500MW⋅s/Hz. The cost function for each DER is again modeled as 𝑓𝑖(𝑥𝑖) = 𝑎𝑖𝑥2𝑖 +𝑏𝑖𝑥𝑖,
with 𝑎𝑖 ∈ [5, 15] €/(MW ⋅ s/Hz)2 and 𝑏𝑖 ∈ [10, 15] €/(MW ⋅ s/Hz). The feasible set for each
DER is determined by its available power margin, sampled uniformly from the interval
[0.2, 0.6] p.u. The weight parameter is set to 𝑤 = 20 €/(MW ⋅ s/Hz). Commitment levels
𝜎𝑖 are categorized analogously: low (0 < 𝜎𝑖 ≤ 10), medium (10 < 𝜎𝑖 ≤ 30), and high
(30 < 𝜎𝑖 ≤ 50), all in €/(MW ⋅ s/Hz)2. The trial incentive-recommendation pairs used
for 𝜎 identification is sampled uniformly from 𝜆 ∈ [0, 15] € and 𝑟 ∈ [0, 0.5] p.u.. The
nonlinear non-convex problem formulated for the offline identification is solved with the
solver fmincon in MATLAB.
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Figure 4.3: The convergence results and the payments to DERs during the tâtonnement process (the proposed
nudging mechanism versus the benchmark).

4.5.2. Effectiveness of The Nudging Mechanism
The results presented in this subsection were studied on the SCC support use case. We
introduce a baseline model for the same VPP operation problem, which relies fully on
financial incentives. The details of the baseline are provided in appendix 4.7.1.

Convergence Performance
Fig. 4.3 presents the convergence trajectories of the proposed nudging mechanism ver-
sus the baseline. The top row illustrates the overall operational cost of the VPP over the
tâtonnement iterations. The proposed nudging mechanism reaches (near-)optimal cost
in noticeably fewer iterations than the baseline scheme, albeit with a small residual sub-
optimality in the final cost. The faster convergence of the proposed nudging mechanism
comes from the fact that its tâtonnement process coincides withminimizing an augmented
Lagrangian function of the original problem, which is a smooth function and thus leads
to a faster convergence to the global minimum. This gap is expected: although the be-
havioural surrogate models are learned from offline data to approximate prosumers’ re-
sponses to (𝜆, 𝑟), the true decision rules of DER prosumers need not be perfectly repre-
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Figure 4.4: The ancillary services provisions from DERs and the corresponding clearing price to them.

sented by the surrogate class. As a result, model mismatch and inevitable behavioural
noise introduce deviations between predicted and realized responses, which can prevent
the iterations from attaining the exact optimum of the idealized model. The bottom row
of Fig. 4.3 shows the cumulative incentive payments made to DERs. The total payments
remained within the budget of VPP (100 €) across all iterations in the proposed nudging
mechanism, demonstrating its budget compliance capabilities. In contrast, the baseline
approach exceeded the budget threshold, as it relies fully on financial incentives to steer
the behaviour of DERs. Fig. 4.4 compares the final SCC contributions and assigned prices
for each DER under both methods. The top panel shows the cleared DERs’ SCC support;
the bottom panel shows the clearing corresponding unit prices (in €/p.u.) assigned to each
DER. Both approaches steer the DERs to deliver SCC support close to the optimal target
implied by (4.1). However, the proposed nudging mechanism yields a uniform incentive
price across DERs, leading to a more even and transparent compensation rule. In contrast,
the baseline produces heterogeneous prices driven primarily by marginal-cost differences.
This outcome aligns with the behaviour surrogate design: customized recommendations
absorb part of the coordination burden that would otherwise require stronger price dis-
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Figure 4.5: The commitment factors distribution, the customized recommendation profiles, and the correspond-
ing SCI of DERs under three different cases.

crimination. Such a more uniform pricing structure can reduce perceived inequity among
participants and may help sustain long-term engagement in the VPP.

DER Commitment Factors and Social Conformity
Fig. 4.5 reports the recommendation values and the DERs’ SCI under three different lev-
els of DER commitment factors: low (0 < 𝜎𝑖 ≤ 2), medium (2 < 𝜎𝑖 ≤ 6), and high
(6 < 𝜎𝑖 ≤ 10), all expressed in €/p.u.2. The results exhibit a clear monotonic trend: higher
commitment implies stronger conformity and less recommendation distortion. The av-



4

88 4. Customised Nudging for Ancillary Service Provisions

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

0

2

4

6

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
0

0.5

1

Figure 4.6: The recommendations and the SCI of DERs under different budgets.

erage SCI increases from 0.064 (low) to 0.366 (medium) and 0.599 (high). In parallel, the
mean recommendation-to-optimum gap decreases from 1.554 (low) to 0.504 (medium) and
0.163 (high), indicating that the VPP operator needs less exaggeration in the recommen-
dation signals to achieve effective nudging. Hence, when prosumers are more responsive
to recommendations, the operator can issue recommendations closer to the true optimal
allocation while still attaining reliable coordination.

Influence of Available Budget
We further examine the budget impact under three scenarios: low (50 €), medium (100 €),
and high (150 €). Fig. 4.6 reports the final recommendations and the resulting SCI in
each case. The mean SCI increases substantially with budget (0.239, 0.348, and 0.648 for
low/medium/high budgets), indicating stronger behavioural alignment when the opera-
tor has greater financial flexibility. Meanwhile, the mean recommendation level decreases
(1.388, 1.169, and 0.902), suggesting that under tight budgets the operator relies on more
aggressive recommendation signals to compensate for limited monetary leverage. There-
fore, although budget feasibility is guaranteed by design, overly restrictive budgets can
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reduce social conformity and require stronger behavioural steering. These results also
highlight SCI as a useful diagnostic indicator: it reflects how effectively the mechanism
converts the available budget into behavioural alignment and can flag regimes where rec-
ommendations become excessively distorted. Finally, pushing the budget too low may
weaken prosumers’ willingness to participate in the coordination process; in practice, the
operator should therefore set a balanced budget that controls costs while keeping DERs
sufficiently motivated and engaged.

4.5.3. Effectiveness of the Data-Driven Behaviour Surrogate Mod-
eling

This subsection evaluates the effectiveness of the proposed data-driven method for learn-
ing the behaviour surrogate models. The results in this subsection are studied on the
synthetic inertia use case. The same three behavioural modes (deadband, asymmetric,
bounded-rational) are assumed as in the SCC case, such that identification performance is
tested under consistent behavioural heterogeneity.

Offline Identification Under Uncertainty
Table 4.1 reports the NRMSE of the predicted responses 𝑥 produced by the identified be-
haviour surrogate models, comparing the proposed offline identification method with a
Least-Squares (LS) baseline under three training sizes (10, 30, and 50 signal-response pairs).
We evaluate identification quality via response mismatch rather than parameter error in
𝜎𝑖, because the nudging mechanism uses the learned model as an input-output map from
(𝜆, 𝑟) to prosumer actions. Moreover, due to projection onto 𝑋𝑖 and saturation effects, dif-
ferent parameter values can generate very similar responses, so response prediction is the
operationally relevant criterion.

Across all behaviour modes and different training sizes, the proposed method consis-
tently achieves lower NRMSE than LS, indicating that it learns surrogate response mod-
els with higher predictive fidelity. Importantly, it is data-efficient: with only 10 training
pairs, the average NRMSE is already modest (0.102/0.053/0.126 for DB/AS/BR), whereas LS
yields substantially larger errors (0.152/0.118/0.184). Increasing the training size further
improves the proposed method in a monotonic and stable manner (e.g., average NRMSE
decreases from 0.102 to 0.040 to 0.029 for DB, from 0.053 to 0.030 to 0.028 for AS, and from
0.126 to 0.094 to 0.085 for BR). In contrast, LS shows limited improvement with more data
and remains significantly less accurate for all modes.

This performance gap is expected. LS implicitly fits a linear regression from (𝜆, 𝑟)



4

90 4. Customised Nudging for Ancillary Service Provisions

Table 4.1: NRMSE of the offline identification results.

# Data DER groups

Proposed method LS Method

NRMSE of 𝑥 NRMSE of 𝑥

Min. Avg. Max. Min. Avg. Max.

10

DB 0.051 0.102 0.181 0.127 0.152 0.189

AS 0.033 0.053 0.091 0.068 0.118 0.161

BR 0.098 0.126 0.183 0.132 0.184 0.222

30

DB 0.027 0.040 0.091 0.130 0.144 0.162

AS 0.026 0.030 0.036 0.110 0.107 0.126

BR 0.082 0.094 0.147 0.149 0.166 0.187

50

DB 0.022 0.029 0.040 0.129 0.145 0.162

AS 0.026 0.028 0.032 0.083 0.103 0.116

BR 0.080 0.085 0.098 0.145 0.160 0.172

to 𝑥̆ , whereas the forward response induced by (4.7) is generally piecewise affine and be-
comes nonlinear when the optimizer hits bounds or other constraints become active via
the projection [⋅]𝑋𝑖 . Such projection-induced nonlinearity violates the assumptions under
which LS is appropriate, leading to biased fits that do not vanish with additional samples.
By explicitly incorporating the constrained optimization structure (including the projec-
tion) during identification, the proposed method better captures the true input-output
behaviour.

Online Adaptivity During Coordination
We next examine the benefit of online identification during the tâtonnement process using
an RLS update. Fig. 4.7 compares three settings:

• Case 1 (prior/nominal 𝜎𝑖): the mechanism uses a pre-specified (prior) set of 𝜎𝑖
values throughout. Note that even if these values are informed by prior knowledge,
they need not match the prosumers’ true decision rules because 𝜎𝑖 is only a reduced-
form parameter within the surrogate model (4.7).

• Case 2 (offline-identified 𝜎̂𝑖): 𝜎̂𝑖 is identified offline from 30 signal-response pairs
per DER and then kept fixed during tâtonnement.
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Figure 4.7: The convergence results under three cases using different ways of 𝜎𝑖 identification.

• Case 3 (online-updated 𝜎̂𝑖): starting from the offline estimates in Case 2, 𝜎̂𝑖 is
further updated online using RLS during tâtonnement.

The top panel of Fig. 4.7 plots the VPP operational cost over iterations. All three set-
tings reach a similar steady-state cost, indicating that the nudging mechanism is robust to
moderate behaviour model mismatch and imperfect parameterization. Importantly, Case 3
(online-updated 𝜎̂𝑖) converges fastest, achieving near-optimal cost in fewer iterations than
both the prior/nominal initialization (Case 1) and the fixed offline model (Case 2). This
faster convergence occurs because online adaptation reduces behaviour model mismatch
during coordination, enabling the recommendations to better track the prosumers’ real-
ized responses and thus reducing transient coordination losses.

The bottom row of Fig. 4.7 shows representative RLS trajectories of 𝜎̂𝑖 for DERs with
low, medium, and high commitment (left to right). The estimates exhibit rapid initial
adjustments followed by gradual refinement toward stable values. During the early tâ-
tonnement stage, the variability of (𝜆𝑘 , 𝑟𝑘𝑖 ) can be limited, so full convergence of 𝜎̂𝑖 is not
immediate; nevertheless, the partial corrections provided by RLS are already sufficient to
improve recommendation quality and speed up system-level convergence. While the gain
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over Case 2 is modest in this static study, the online identification becomes particularly
valuable in time-varying environments where prosumer responsiveness (and thus 𝜎𝑖) may
drift over time.

4.5.4. Discussion
The case studies conducted on the modified IEEE 39-bus system illustrate the practical
benefits and robustness of the proposed nudging mechanism and the data-driven commit-
ment identification method. Several key observations emerge:

Nudging Mechanism Enhances Efficiency
In comparison to the baseline approach based solely on financial incentives, the proposed
nudging mechanism not only guides DER behaviour toward the optimal coordination out-
come, but also enables the VPP operator to consistently satisfy budget constraints. We
recommend this nudging mechanism as a practical solution for VPP operators managing
heterogeneous resources under both economic and operational constraints. However, it is
important to emphasize that restrictive budgets can significantly reduce DERs’ willingness
to participate. We caution that the nudging mechanism should not be abused by VPP op-
erators to maximize their own benefits at the expense of participant motivation, as doing
so may ultimately drive DERs away and undermine long-term engagement.

Social Conformity as a Behaviour Diagnostic Tool
The SCI provides an interpretable diagnostic metric for quantifying how closely DER de-
cisions align with the operator’s coordination intent. The case studies show that SCI in-
creases when prosumers are more responsive to recommendations and, more generally,
when behavioural alignment strengthens. This makes SCI a useful indicator of DER en-
gagement during operation and a practical signal for mechanism monitoring, enabling
adaptive, feedback-based adjustments that can support sustained participation over time.

Applicability of Data-driven Behaviour Surrogate Modeling
The nudging mechanism requires a model of how DER prosumers respond to the joint
incentive–recommendation signals (𝜆, 𝑟𝑖). Our data-driven behavioural surrogate mod-
eling identifies prosumer-specific response models from observed operational data, cap-
turing heterogeneity without relying on subjective self-declarations. This can improve
transparency and trust in VPP coordination, and it can be combined with survey-based
tools (e.g., questionnaires or interviews) as priors or validation checks.
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Generalizability to Other Ancillary Services
Although the simulations focused on SCC support and synthetic inertia provision, the
proposed mechanisms are generally applicable to a broad class of VPP-based ancillary
services. The proposed behaviour-aware coordination framework is modular and can be
tailored to different grid services, timescales, and resource types.

Fair compensation under heterogeneous DERs.
Fairness in the proposed framework is based on a uniform incentive price: DERs settled
for the same service amount receive the same unit compensation. Differences in total
payment arise because the settlement problem (4.1) already accounts for locational effec-
tiveness through 𝐹𝑖, so more effective DERs are more likely to be selected or assigned a
larger provision. However, when DER capacities differ substantially, pay-for-performance
alone may not fully capture the relative effort of smaller or more constrained units. A
practical extension is therefore to add an availability or reserved-capability payment on
top of the performance payment. This is consistent with fairness-oriented literature on
heterogeneous DER coordination [99, 100].

4.6. Conclusions
This chapter presents a behaviour-aware coordination framework for VPPs that leverages
the intrinsic willingness of DER prosumers to contribute to ancillary services. The cen-
tral contribution is a nudging mechanism that augments price incentives with customized
recommendations and updates both signals iteratively to steer prosumer decisions toward
system targets under a budget constraint. A key enabler is the proposed behavioural surro-
gate model, which provides a tractable input-output representation of prosumer responses
to the joint signals and captures heterogeneity through a low-dimensional, learnable com-
mitment factor. By identifying these prosumer-specific surrogate models from operational
data, the VPP operator can issue more effective recommendations and reduce the need for
price discrimination while maintaining coordination performance. Beyond the specific
use cases explored, the proposed coordination and identification framework is modular
and generalizable to other types of ancillary services. This approach provides a principled
way to bridge engineering optimization with behaviour modeling, opening new avenues
for scalable and human-centric control in decentralized energy systems. Future research
will focus on capturing more complex behavioural dynamics and extending the approach
to incorporate them.
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4.7. Appendix
4.7.1. Baseline Method (Fully on Financial Incentives)
We introduce here the detailed formulation of the baseline model, which solves (4.1) using
a dual-decomposition method. We first rewrite (4.1) into an equivalent consensus form:

min
𝑥,𝑠

∑
𝑖∈𝐼
𝑓𝑖(𝑥𝑖) + 𝑤

‖‖‖‖‖
∑
𝑖∈𝐼
𝐹𝑖𝑠𝑖 − 𝑥∗

‖‖‖‖‖1
(4.20a)

s.t. 𝑥𝑖 ∈ 𝑋𝑖, ∀𝑖 ∈ 𝐼 (4.20b)

𝑥𝑖 = 𝑠𝑖, ∀𝑖 ∈ 𝐼 . (4.20c)

We attach dual variables 𝑢𝑖 to each consensus equality (4.20c). The (partial) Lagrangian
of (4.20) is

𝐿(𝑥, 𝑠, 𝑢) = ∑
𝑖∈𝐼
𝑓𝑖(𝑥𝑖) + 𝑤

‖‖‖‖‖
∑
𝑖∈𝐼
𝐹𝑖𝑠𝑖 − 𝑥∗

‖‖‖‖‖1
+∑

𝑖∈𝐼
𝑢T𝑖 (𝑥𝑖 − 𝑠𝑖),

and the dual function is 𝑔(𝑢) = inf𝑥,𝑠 𝐿(𝑥, 𝑠, 𝑢). The dual problem is max𝑢 𝑔(𝑢) with 𝑢 =
col(𝑢1, … , 𝑢|𝐼 |).

The dual decomposition method admits an inexact (first-order) implementation in
which the primal minimizations are carried out by one projected (proximal) step per iter-
ation. Specifically, define

ℎ(𝑠) ∶= 𝑤
‖‖‖‖‖
∑
𝑖∈𝐼
𝐹𝑖𝑠𝑖 − 𝑥∗

‖‖‖‖‖1
,

and denote by Π𝑋𝑖(⋅) the Euclidean projection onto 𝑋𝑖, i.e., Π𝑋𝑖(𝑣) ∶= argmin𝑥∈𝑋𝑖 ‖𝑥 − 𝑣‖2.
Moreover, denote the proximal operator of a function 𝜙 by

prox𝜏𝜙(𝑣) ∶= argmin
𝑧

𝜙(𝑧) +
1
2𝜏

‖𝑧 − 𝑣‖22.

Then a projected-gradient / proximal baseline is given by

𝑥𝑘+1𝑖 = Π𝑋𝑖(𝑥
𝑘
𝑖 − 𝛼

𝑘
𝑥 (∇𝑓𝑖(𝑥

𝑘
𝑖 ) + 𝑢

𝑘
𝑖 )) , ∀𝑖 ∈ 𝐼 , (4.21a)

𝑠𝑘+1 = prox𝛼𝑘𝑠 ℎ(𝑠
𝑘 + 𝛼𝑘𝑠 𝑢

𝑘) , (4.21b)

𝑢𝑘+1 = 𝑢𝑘 + 𝛼𝑘𝑢(𝑥
𝑘+1 − 𝑠𝑘+1), (4.21c)

where 𝛼𝑘𝑥 , 𝛼𝑘𝑠 , 𝛼𝑘𝑢 > 0 are stepsizes (e.g., 𝛼𝑘∙ = 𝛼∙/
√
𝑘 + 1), and 𝑢𝑘 = col(𝑢𝑘1 , … , 𝑢𝑘|𝐼 |). Equa-

tion (4.21a) consists of |𝐼 | independent projected-gradient steps that can be executed in
parallel by the DERs. Equation (4.21b) is a proximal step associated with the nonsmooth
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coupling term ℎ(⋅), which can be computed centrally by the VPP operator. The dual up-
date (4.21c) is a standard dual-ascent step enforcing the consensus constraints 𝑥𝑖 = 𝑠𝑖.

The dual variables 𝑢𝑘𝑖 can be interpreted as price-like signals offered by the VPP op-
erator to DER 𝑖 at iteration 𝑘 of the tâtonnement process. We define 𝑝𝑘 ∶= ∑𝑖∈𝐼 𝑢𝑘𝑖 to
represent the aggregate negotiation incentive of the baseline model at iteration 𝑘.





5
Conclusions and Future

Work

This chapter concludes the thesis and outlines directions for future research to further
advance this work.
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5.1. Conclusions
This chapter concludes the thesis by answering the three research questions stated in
Chapter 1 and by highlighting how the results collectively advance the orchestration of
Distributed Energy Resources (DERs) through Virtual Power Plants (VPPs) and Dynamic
Virtual Power Plants (DVPPs) for the provision of ancillary services.

Answer to RQ1
RQ1 asked how the regulation task of a DVPP providing Fast Frequency Response (FFR)
as a dynamic ancillary service can be formulated so that both regulation quality and eco-
nomic efficiency are explicitly captured, while retaining scalability and analytical tractabil-
ity as the portfolio grows. This thesis addressed this question through two complementary
formulations developed in Chapters 2 and 3.

Chapter 2 introduced a convex ∞-norm-based DVPP coordination framework in
which FFR is modelled explicitly as a dynamic input–output behaviour, rather than as
a static reserve. The aggregate FFR of multiple DER aggregators is represented by a trans-
fer function that must track a prescribed target FFR behaviour. The mismatch between the
delivered and target responses is captured by the ∞ norm of a residual system, which
serves as a scalar performancemetric for dynamic regulation quality. Embedding this met-
ric into a convex optimization problem with linear matrix inequality constraints enables
the DVPP to jointly enforce the regulation performancemanagement andminimise the to-
tal cost of FFR provision. In this way, the DVPP-level regulation targets, aggregator-level
control parameters, and economic considerations are coherently linked within a single
tractable formulation.

Chapter 3 extended the modelling perspective to a large-scale DVPP that aggregates
a large population of DERs at the device level. In this setting, the DVPP operation task is
again interpreted as matching a desired FFR transfer function with the aggregate transfer
function of all participating DERs, but the matching is enforced directly in the frequency
domain by comparing the frequency responses (i.e., the Fourier transforms of the impulse
responses). By aligning real and imaginary parts of the target and aggregate responses
at sampled frequencies, a dynamic-matching problem is obtained that naturally accom-
modates heterogeneous and variable response latencies. Treating latencies as decision
variables allows the DVPP not only to allocate FFR magnitudes but also to shape the tim-
ing of the response. Although the resulting formulation is nonlinear and nonconvex, it
is structured so that the complexity of the coupling constraints depends on the chosen
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frequency grid rather than on the number of devices, thereby preserving scalability as the
portfolio grows.

The two formulations are conceptually related, but differ in emphasis. The ∞-SDP
formulation in Chapter 2 can be interpreted as a worst-case frequency-domain residual
minimization, since it minimizes the largest deviation between the desired and achieved
responses over all frequencies. When the DER portfolio can be represented by a rela-
tively small number of homogeneous groups, this formulation is more practical because
it requires less modelling effort and less engineering tuning. By contrast, for large portfo-
lios in which device-level heterogeneity, latency, and service-specific frequency emphasis
must be retained, the dynamic-matching formulation in Chapter 3 is more appropriate,
as it enforces residual matching explicitly at selected frequency points while remaining
scalable across diverse device dynamic forms.

Taken together, these formulations provide a concrete answer to RQ1. They demon-
strate that dynamic ancillary service provisions such as FFR can be modelled in a way
that (i) captures their inherently dynamic nature, (ii) offers explicit, quantitative measures
of the DVPP regulation performance, (iii) integrates economic efficiency into the same
DVPP operation framework, and (iv) remains amenable to scalable analysis and computa-
tion, even when device-level latency flexibility is explicitly represented.

Answer to RQ2
RQ2 concerned the design of distributed solution methods that can efficiently compute
high-quality DVPP operating profiles for dynamic ancillary services, without revealing
detailed local information and without relying on single points of failure, even when the
underlying optimization problems are highly nonconvex and large-scale.

Building on the convex∞-based formulation of Chapter 2, the thesis first developed
a game-theoretic learning approach at the level of DER aggregators. The centralized opti-
mization problem, which includes a global coupling linear matrix inequality constraint
encoding the ∞ performance requirement, is reformulated as a state-based potential
game. This is achieved by introducing local estimator states that replicate the effect of
the shared semidefinite constraint in a decentralised manner. The resulting game admits
stationary Nash equilibria that are shown to recover, or closely approximate, the opti-
mal solution of the original convex programme. A distributed learning algorithm is then
designed in which aggregators iteratively update their FFR provisions using only local in-
formation and neighbour-to-neighbour communication. No aggregator needs to reveal its
detailed cost function or operational limits to a central coordinator or to other aggrega-
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tors. Theoretical analysis and numerical case studies confirm that the algorithm converges
under asynchronous updates and time-varying communication graphs, thereby providing
a fully distributed and practically implementable solution method for the DVPP coordina-
tion problem with limited disclosure of local information.

Chapter 3 addressed the second part of RQ2 in the context of the nonlinear, noncon-
vex dynamic-matching problem arising when device-level latencies are treated as decision
variables. A dual-decomposition-based distributed method was proposed that exploits the
separable structure of the DVPP problem. By introducing a small set of dual variables
associated with the frequency-domain matching constraints, the large-scale optimization
task is decomposed into low-dimensional device-level subproblems, each solved locally
by an individual DER. The coupling between devices occurs only through the dual vari-
ables, which are updated via simple projected subgradient steps. This decomposition ad-
mits parallel implementation across hundreds or thousands of devices and preserves the
interpretability of the dual variables as coordination signals. Theoretical analysis and nu-
merical results demonstrate that the method scales gracefully with portfolio size, achieves
close tracking of the target FFR, and yields operating points that are near-optimal relative
to the ground-truth optimisers, while remaining computationally tractable.

Taken together, the contributions in Chapters 2 and 3 show that the formulations de-
veloped for RQ1 can indeed be solved by distributed methods that support data confi-
dentiality, avoid central bottlenecks, and scale to large DVPP portfolios. Game-theoretic
learning and dual decomposition emerge as complementary approaches: the former is
particularly developed for convex, LMI-constrained settings, while the latter addresses
large-scale nonconvex coordination problems. Both methods confirm that high-quality
DVPP operation for dynamic ancillary services is achievable with decentralised computa-
tion and limited coordination signals.

Answer to RQ3
RQ3 asked how the intrinsic willingness of DER prosumers can be systematically lever-
aged to enhance the efficiency and reliability of VPP operation, and how prosumer be-
haviour should be modelled so that incentive mechanisms align local decisions with an-
cillary service provision.

Chapter 4 addressed this question by introducing a behavioural layer on top of the
technical coordination mechanisms. Each DER owner is modelled as an agent endowed
with a commitment factor that quantifies how strongly they tend to follow recommended
service levels under given incentive prices, reflecting intrinsic motivations and hetero-
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geneity across prosumers. Building on this model, the chapter proposed a nudging mech-
anism based on a tâtonnement-type process, in which the VPP operator iteratively adjusts
a common incentive price and individual service recommendations, while prosumers up-
date their decisions by trading off local cost against deviations from the recommended
levels. The mechanism is designed so that, under convexity assumptions, the aggregate
outcome converges to the optimal solution of a VPP coordination problemwith an explicit
budget constraint, thereby translating intrinsic behavioural motivations into operational
benefits while maintaining budget balance.

To make the nudging mechanism practically deployable, a data-driven inverse opti-
mization framework was developed to identify commitment factors from observed deci-
sions. The approach combines an offline estimation stage, using historical or simulated
data, with an online update that adapts to evolving behaviour. This allows the VPP to
initialise and refine behavioural models without requiring intrusive surveys or full dis-
closure of preferences. In addition, a social conformity index was introduced as a diag-
nostic metric that quantifies how closely realised prosumer responses follow the issued
recommendations, providing interpretable feedback on the effectiveness of the nudging
mechanism and on the degree of alignment between technical coordination goals and
actual behaviour. Case studies on synthetic inertia provision and short-circuit current
support show that the proposed mechanism can steer heterogeneous prosumers towards
desired operating points, maintain budget compliance, and handle diverse commitment
levels more effectively than purely price-based schemes.

These results collectively answer RQ3 by demonstrating that intrinsic prosumer moti-
vations can be modelled and harnessed systematically within VPP operation. By integrat-
ing commitment-aware behavioural models, data-driven identification, and recommenda-
tion based nudges, the thesis offers a cohesive framework in which human and technical
dimensions of ancillary-service provision reinforce rather than contradict each other.

Overall Reflection
Across all three research questions, a coherent picture emerges. The thesis establishes
a unified VPP/DVPP operation framework that connects system-level stability require-
ments, portfolio-level coordination objectives, device-level capabilities, and economic con-
siderations within a single decision-making layer. The formulations developed for FFR
demonstrate how dynamic ancillary-service requirements can be translated into optimiza-
tion problems with a clear, computable regulation-quality metric and practical computa-
tional complexity. Distributed solution methods based on game-theoretic learning and
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dual decomposition show that such formulations can be implemented at scale while limit-
ing the disclosure of local information and avoiding central bottlenecks. Finally, incorpo-
rating prosumer behaviour through commitment-aware nudging mechanisms highlights
that sustainable and efficient VPP operation must engage with intrinsic motivations and
behavioural diversity, rather than relying solely on financial incentives and centralised
control. Together, these findings advance the understanding of how VPPs and DVPPs can
orchestrate large populations of DERs to provide reliable, scalable, and socially grounded
ancillary services in future low-inertia power systems.

5.2. Future Work
Future research on VPPs and DVPPs can build on this thesis along five closely related di-
rections: richer dynamic modelling of ancillary services and DER capabilities, tighter in-
tegration with grid operation and markets, deeper behavioural modelling and nudging de-
sign, more advanced distributed optimization and learning methods, and implementation-
oriented validation.

A first direction is to enrich the dynamic models used to represent ancillary-service
delivery and to refine the characterisation of how heterogeneous DERs provide these
services, especially when multiple services must be delivered simultaneously. The lin-
ear time-invariant, frequency-domain representations adopted in this thesis provide a
clean abstraction for coordination, but future work should extend them to capture non-
linearities, saturation and dead-zones, protection actions, and mode transitions of grid-
following and grid-forming inverters. Time-varying behaviour and time-scale dependen-
cies are also important, for example when state-of-charge constraints create coupling
across events, when inverter control modes change with voltage or frequency condi-
tions, or when thermal limits evolve over minutes. Moreover, uncertainty that is weather-
dependent or condition-dependent (e.g., irradiance, wind, temperature, availability, and
communication latency) should be explicitly represented in the service models and feasi-
bility sets. Data-driven identification and surrogate modelling offer a promising comple-
ment to physics-based modelling, particularly for capturing aggregate DVPP dynamics at
scale [101, 102]; however, to be useful for optimization and market clearing, such models
should be combined with robustness guarantees or certified error bounds to ensure safety
and stability under model mismatch. Incorporating explicit network and protection con-
straints, as well as location-dependent effects, would further tighten the link between
DVPP operation and system-wide stability.
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A second direction concerns the interaction between VPPs and the power-system op-
eration and market layers. A central practical question is what information a VPP needs
from the TSO/DSO (and what information it can provide in return) in order to reliably
deliver dynamic services while respecting network constraints. This includes how net-
work and congestion constraints should be embedded into VPP scheduling, what level
of grid observability and data exchange is required (e.g., grid strength and short-circuit
levels, voltage sensitivities, protection settings, and local operating limits), and how such
requirements can be made compatible with existing regulatory rules and operational pro-
cedures. If a VPP participates directly in ancillary-service markets, the coordination prob-
lem becomes intertwined with bidding, clearing, and settlement. This motivates ancillary-
service product definitions that go beyond capacity and explicitly reflect dynamic perfor-
mance characteristics, together with practical methodologies for measurement and ver-
ification. In parallel, the VPP must quantify and communicate its deliverable capabil-
ity under uncertainty, for example through service feasibility regions and capability en-
velopes that account for network dependence, operating-point dependence, and stochas-
tic availability. This naturally suggests a "dual" perspective of coordination: rather than
dispatching DERs given a system request, the VPP must infer or approximate aggregate
service envelopes from local DER information, limited measurements, and privacy con-
straints [103, 104]. Future work could therefore develop principled methods for capability
estimation and aggregation, e.g., certified inner/outer approximations of feasibility sets,
performance-constrained capability envelopes, and location-aware capability maps, and
investigate how these abstractions can be integrated into market design so that DER-based
VPPs can participate without excessive conservatism or administrative burden.

A third direction is to deepen the socio-technical layer by developing richer behavioural
models of DER prosumers and corresponding nudging mechanisms. The commitment-
factor model and recommendation-based nudging scheme proposed in this thesis provide
a starting point, but future work could consider time-varying and multi-dimensional be-
havioural parameters that distinguish, for example, responsiveness, risk aversion, fair-
ness perceptions, and fatigue or disengagement over long horizons. Advancing this line
of work requires empirical grounding through field pilots and realistic deployment data,
enabling identification and validation beyond simulated preferences. Data-driven inverse
optimisation remains a particularly suitable tool because it links observed decisions to in-
terpretable behavioural parameters and supports both offline calibration and online adap-
tation [95, 105]. In parallel, different families of nudges, such as social-norm feedback,
goal-setting, default options, or commitment contracts, could be designed and evaluated
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within VPP programmes on top of these behavioural models [38, 106]. Such mecha-
nisms should emphasise transparency, fairness, and long-term engagement, while incor-
porating safeguards that discourage undesirable strategic behaviour (e.g., enrolling but
under-delivering, manipulating reference baselines used for performance verification, or
responding only in favourable conditions in ways that reduce aggregate reliability).

A fourth direction is algorithmic: strengthening the distributed optimisation and learn-
ing methods that underpin VPP coordination under realistic operational conditions. As
VPPs scale and diversify, privacy becomes increasingly important; future work could
therefore integrate privacy-preserving techniques into distributed coordination, ranging
from secure aggregation and cryptographic protocols [107] to differential-privacy mech-
anisms [108, 109] that limit information leakage while maintaining acceptable regulation
performance. Meanwhile, intermittency, forecast updates, and changing DER availabil-
ity call for coordination schemes that can respond quickly to evolving conditions, con-
verge efficiently to updated operating points, and remain robust to noisy online measure-
ments. This motivates asynchronous, event-triggered, and gossip-based variants of the
distributed algorithms [110], as well as uncertainty-aware coordination methods that ex-
plicitly capture uncertainty in deliverable service capability and system conditions while
providing probabilistic or worst-case performance guarantees. A particularly important
next step is to test the framework in a genuine online optimisation setting with continu-
ously updated forecasts and measurements, so that the distributed coordination algorithm
can track changing operating conditions in closed loop.

A fifth direction is implementation and validation. Translating the analytical and
simulation-based results of this thesis into practice requires real-time experimentation
with physical controllers and communication constraints. Hardware-in-the-loop and real-
time simulation platforms can be used to validate VPP coordination strategies, including
dynamic service tracking and distributed algorithms, under realistic latency, packet loss,
and measurement limitations [111]. Digital-twin architectures for VPPs [112], combin-
ing detailed device models with live measurements, would enable continuous calibration,
predictive analysis, and safe testing of new services and nudging schemes before field de-
ployment. Alongside these efforts, cyber-security, privacy, and interoperability standards
will be essential to ensure that VPPs can operate as trusted and resilient components of
future low-inertia power systems.
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