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Abstract: Modeling open-hole failure of composites is a complex task, consisting of a highly nonlinear response with interacting
failure modes. Numerical modeling of this phenomenon has traditionally been based on the finite element method, but requires to
tradeoft between high fidelity and computational cost. To mitigate this shortcoming, recent work has leveraged machine learning
to predict the strength of open-hole composite specimens. Here, we also propose using data-based models to tackle open-hole
composite failure from a classification point of view. More specifically, we show how to train surrogate models to learn the
ultimate failure envelope of an open-hole composite plate under in-plane loading. To achieve this, we solve the classification
problem via support vector machine (SVM) and test different classifiers by changing the SVM kernel function. The flexibility of
kernel-based SVM also allows us to integrate the recently developed quantum kernels in our algorithm and compare them with
the standard radial basis function kernel. Finally, thanks to kernel-target alignment optimization, we tune the free parameters of
all kernels to best separate safe and failure-inducing loading states. The results show classification accuracies higher than 90%
for RBF, especially after alignment, followed closely by the quantum kernel classifiers.
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1. Introduction

Modern aviation industry makes wide use of composite ma-
terials, thanks to their lightweight and favorable mechanical
properties. Frequently, aeronautical structural elements are
not textbook flat composite panels, but tailored components
with complex mechanical responses. For instance, compos-
ite panels often show cutouts in order to allow fastening or
lightening the structure, or even for allowing the passage of
wiring or cables. However, the presence of holes in a com-
posite plate induces stress concentrations that can initiate
damage, which can propagate into intricate failure mecha-
nisms involving different modes.

Models for open-hole composite failure have been devel-
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oped in different directions. On the one hand, semi-empirical
models were proposed to predict the allowables of these
structures, such as ultimate strength, and their statistical
distribution with respect to hole geometry, loading condi-
tions, stacking sequence, ply thickness, etc. Early attempts
required experimental properties from testing both the un-
notched and notched laminate [1], while later models re-
moved the need to directly test the open-hole laminate [2, 3]
or just required the ply properties [4]. Despite being fast to
evaluate and suitable for preliminary design, semi-empirical
models can make large errors when extensive delaminations
propagate from the notch, as it happens with ply-scaled lam-
inates.

Finite element (FE) simulations allow for improved mod-
eling of open-hole laminates failure. Open-hole tension
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(OHT) has been extensively studied numerically both for
capturing the in-plane [5] and thickness size effects [6-8] on
the ultimate strength and for reproducing the different fail-
ure modes and their interactions [9, 10] with increasing de-
tail. Furthermore, FE simulations managed to quite accu-
rately predict open-hole compression (OHC), even though
they are still struggling to predict the precise kink band for-
mation [11-13]. However, the accuracy offered by FE mod-
els generally comes at the price of high computational costs,
possibly making them unfeasible when many design itera-
tions are required.

Therefore, there is a practical need for computationally ef-
ficient yet accurate models that can simulate open-hole com-
posite laminates. A possibility is offered by machine learn-
ing surrogates, which have been employed in composite de-
sign and optimization [14-16], constitutive law modeling,
and multiscale analyses (see Ref. [17] for a comprehen-
sive review) and damage characterisation [18, 19]. Concern-
ing open-hole composite failure, Furtado et al. [20] pro-
posed a methodology to define allowables using four dif-
ferent machine learning models. Their methodology was
applied to open-hole tensile strength prediction for differ-
ent dimensions, layups, and material properties. While their
methods are demonstrated on data generated analytically [4],
the authors suggest using high-fidelity finite element anal-
yses for training, potentially providing accurate data-based
models.

Similarly, in this work, we propose a machine learning sur-
rogate for open-hole composites, which is accurate and effi-
cient in inference. Different from Ref. [20], the approach
we suggest is not to have a fast allowables generator, but
a classifier for the ultimate failure of open-hole composite
laminates. More precisely, our trained model takes a load-
ing state as input, such as the far field homogenized plane
strain components, and returns a binary value (+1) as output,
depending on whether the load applied is lower or higher
than the notched laminate strength. In this sense, the sur-
rogate acts as a data-based generalized failure criterion that
predicts at the structural component level, rather than at the
material level. The training data are obtained from non-linear
FEA with multi-directional strain loadings on the open-hole
panel. As opposed to a uniform grid, Sobol sequence, or
Latin Hypercube sampling over the full strain space, a radial
sampling strategy is employed to essentially sample only the
directional vectors of the strain space. Simulations are run
until total failure of the open-hole specimen is reached, and
the incremental solutions are stored as intermediate stress-
strain data. Therefore, sampling is more efficient as a single
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sampling generates a lot of stress-strain data.

This paper also aims to compare classical and quantum
computation for a classification problem in composite me-
chanics. To do this, we train the machine learning surrogate
using kernel-based support vector machines (SVMs) [21],
where the kernel function can be computed both in classi-
cal and quantum logic. As it will be clear in the next sec-
tions, quantum computation offers a way to encode informa-
tion into exponentially large Hilbert spaces and to define an
inner product in these spaces, effectively generating a ker-
nel. This allows for exploring the generalization potential
of quantum machine learning, while leaving the SVM opti-
mization to well-established classical quadratic optimization
algorithms.

The rest of the paper is structured as follows. Section 2 de-
scribes the machine learning problem by defining the input,
the data sampling strategy, and the labeling criterion. Section
3 briefly introduces the SVM dual problem, the radial basis
functions (RBF) kernels, and the quantum kernels. More de-
tails about these methods are available in the appendices fol-
lowing the main body of the manuscript. Finally, Sect. 4
presents the classification results for all kernels and Sect. 5
outlines conclusions and future work.

All data and code used in this work are made publicly

available V) 2,

2. Machine learning problem

Our method was applied to predict failure of an open-hole
composite specimen similar in geometry and material prop-
erties to the one experimentally tested in Ref. [22]. The
specimen was modeled and meshed with the Abaqus finite
element code [23], and it was loaded with different combina-
tions of axial and shear strains and constrained with periodic
boundary conditions. All the details of the specimen prop-
erties and of the finite element analyses are left to Appendix
A.

The input of our surrogate models are homogenized far
field strains € = [&11, €2, y12]T, which derive from enforcing
periodic boundary conditions on opposite faces of the plate.
The displacements of the left/right and top/bottom faces, re-
spectively, can be linked through some reference degrees of
freedom

— R B
U1—M1

L _.T
—uy, Uy=uy —u,, 0
R_ L T B
Us=uy —uy, Uy=u; —uy,
where directions 1 and 2 are the horizontal and vertical direc-
tions in Fig. 1. The homogenized strains are then obtained

1) Boyang Chen and Giorgio Tosti Balducci. Nonlinear responses of metals and composites. https://doi.org/10.5281/zenodo.7409612.
2) Giorgio Tosti Balducci. oh-comp-kernels: A Python code for the prediction of the open-hole tensile strength of composite laminates using kernel

methods. https://github.com/debrevitatevitae/oh-comp-kernels.
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Figure 1 Geometry of the open-hole composite plate and homogeneous
strain loads components.
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where D and D, are the planar dimensions of the plate.

As mentioned, the input space was sampled through non-
linear incremental-iterative finite element analyses. Figure 2
illustrates the sampling strategy used in this work in the sim-
plified case of two-dimensional input. We refer to this tech-
nique as radial sampling, due to the fact that the design of ex-
periments (DoE) does not directly affect all the points in this
input space, but only the ones on the boundary. On the other
hand, all the intermediate points are generated internally by
the FE solver, and they correspond to the homogenized strain
values at every time increment. The user maintains control
of the inner sample values by the choice of initial, minimum,
and maximum time steps. For this work, we chose the sam-

€22

(a)

(b)
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pling space to be the hypercube [— 1072, 10‘2]®3 in R?, mean-
ing that all three components of the applied strains vector
have the same bounds.

Each strain sample was assigned a label based on an ul-
timate failure criterion. In particular, we defined failure by
the loss of stiffness of the laminate for given a user-defined
threshold.

From the results of the FE analyses with periodic bound-
ary conditions, one obtains the reaction forces Fy, Fj, F3,
and F4 conjugate to the degrees of freedom in Eq. (1). These
provide the homogenized stresses, which can then be derived
via the Hill-Mandel principle of energy balance as

F>
[Dl’

FiUz + F4Uy4
oy = =

3
Y12tD1 D> )

g12

where 7 is the thickness of the plate.

The laminate stiffness in the two axial directions and in
shear can thus be defined at every timestep ¢ as

(1)
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The stiffness degradation dy is defined as the minimum ra-
tio between the instantaneous stiffness and the corresponding
stiffness measure in the linear elastic region,
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S 0)° (0)” ~(0)
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)

Therefore, given M the total number of samples, every
sample ™ (m = 1,2,..., M) is assinged a label y™ = —1 if
d™ < dg and y" = +1 otherwise.
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Figure 2 (a) Radial strategy for sampling the far-field strain space. The bigger dots on the edge of the (¢11, £22) volume represent the final applied load in
different nonlinear FE incremental-iterative analyses. The arrow represents a loading path with the load increments unevenly distributed. (b) Load-displacement

curve corresponding to the loading path in (a).
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3. Methodology

As already mentioned, we solve the ultimate failure binary
classification problem using the SVM algorithm [21]. This
consists of the following quadratic optimization problem in
dual form:

M | &

max Z o™ _ Z Z y(m)y(m ) o) (x(m) e )) )

@ 2
m=1 m,m’=1

st. 0<ad™<C, m=1,2,..., M, (6)
M
Z amym o,
m=1

where x™ = £ and y™ = +1 are the labels, respectively
non-failed and failed; o are the Lagrange multipliers; C
is the slack penalty; the kernel function « (-, -) is a similarity
metric between two samples in a higher-dimensional feature
space. More details on the SVM algorithm are left to Ap-
pendix B.

The performance of the dual SVM depends on the choice
of its hyperparameters, namely the kernel function x and
slack penalty C. To restrict the search space, the kernel func-
tion is generally parametrized via one or more parameters 6,
and the standard practice is to perform a grid-search cross-
validation procedure in the (6, C) space. In this work, we use
instead a mixed procedure, where the kernel function is deter-
mined by optimizing the kernel-target alignment (KTA) [24]
and the slack penalty is found by grid search cross-validation.
The overall methodology is illustrated in Fig. 3, where we

Data
processing/labeling

Train/Test set splitting

Kernel training

(Xzy)train L T ~ =5

(X, ) est

KTA optimization
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refer to the two steps as kernel training and SVM selection.
The “test set scoring” step of the model is meant to assess
the generalizability of the model on unseen data from the
training. Once the SVM has been fully determined, it can
be trained by solving Eq. (6) and its learning ability can be
measured as the accuracy on unseen test data, for different
training dataset sizes.

We compare one classical and two quantum kernels. The
classical kernel is the radial basis function (RBF) kernel, de-
fined as

. (x(m)’ x(m')) — exp (_,y”x(m) _ x(m’)Hz)_ %

RBF is a powerful kernel that corresponds to a feature map
in an infinite-dimensional feature space [25]. It induces a
Gaussian similarity function, whose width is controlled by
the hyperparameter 7.

On the other hand, the quantum kernel is defined via
a quantum embedding, which is constructed via data-
dependent unitary transformations U (x) that prepare the
quantum state

v @) = U @) o). (®)

Given two samples x”™ and x| the quantum kernel is sim-
ply the inner product

e () w () 0

Figure 4 shows the generic quantum embedding and the
two specific ones used in this work, which are the hardware-

Grid search cross

validation Test set scoring

SVM selection

for C in {C1,
€2y 5 5« yCT) 3

0
1

k

Figure 3 Methodology used in this work. The dataset is generated by nonlinear finite element analyses, then labeled and split into training and testing sets.
The training set is used first to train the kernel, by optimizing the KTA, then in a grid search cross-validation to find the best slack penalty C of the SVM. With
all the hyperparameters fixed, the SVM is trained for increasing dataset sizes, and the classification accuracy is evaluated on the testing set.



G. Tosti Balducci, et al. Acta Mech. Sin., Vol. 42, 725292 (2026)

725292-5

() Embedding layer
. ~ -
Us Us Us
=
% U2 U2 U2
| e e U
Ux Ux Ux
- - -
Depth
(b) (©)
Ry(en1) — — Rz(en) |—{ Ry (o) | Bz (6r)
ZZ(e11622)
B R R o0 - {Ez00]
2Z(eh)
Rz(m2) - > Ryz(m2) Ry (62) Rz(0s)
Y12€11
Rz(en1) = — —{E} Rz(en) | By (65) | Rz (65) |

Figure 4 Quantum embeddings. (a) Generic quantum embedding made of one- and two-qubit gates. The width of the embedding is the number of qubits,
while the depth is the number of layers, which is a minimal block of gates. (b) IQP quantum embedding layer, which is parameter-free, but encodes products
of features as ZZ interactions. (¢) HE2 quantum embedding layer, parametrized by [6p, 61, ...,0p-1].

efficient embedding (HE2) [26] and the instantaneous quan-
tum polynomial (IQP) [27] one. To have more expressive
feature mapping, either the width or the depth of the quan-
tum embedding can be increased. The first one is the num-
ber of qubits, which can be even higher than the number of
features in the dataset, by cyclically re-encoding the features
to generate a highly nonlinear and potentially better separa-
ble feature space. Meanwhile, the embedding’s depth can be
increased by repeating a base data-encoding block, such as
IQP and HE2. Even in this case, re-encoding of the features
may lead to a higher expressivity of the overall feature map
[28]. For a short summary of relevant quantum computing
concepts, we refer the reader to Appendix C.

4. Results

We tested our machine learning models on a dataset of 1960
labelled strain vectors £, which we obtained by uniformly
sampling the homogeneous strain/stress pairs from the FE
simulations of the open-hole composite specimen. The test
set size is equal to 20% of the size of the total dataset (1960
samples). Therefore, we isolated 392 test samples. The in-
put homogeneous strains in both normal and shear directions
were varied between 10~* and 10* microstrains, and a stiff-
ness degradation threshold of 0.9 was used to discriminate
non-failed and failed loading states. 0.9 was deemed suffi-
ciently large such that the residual stiffness of the structure
can be neglected. In practice, this number would depend on

case requirements.

Both classical- and quantum-kernel SVMs were imple-
mented using different Python libraries. We used PyTorch
for training the RBF kernel and PennyLane for the quantum
kernels. These libraries implement automatic differentiation
(AD), which allows for optimizing the KTA with gradient-
based methods. We also used JAX together with PennyLane
to just-in-time compile the quantum kernel functions. Con-
cerning the classification problem, we employed the SVM
and grid-search cross-validation routines available from the
Scikit-Learn Python package.

The KTA of both RBF and quantum kernels was maxi-
mized using stochastic gradient descent and Adam parame-
ters update [29]. Figure 5 shows the kernel alignment training
of the RBF kernel. Figure 6 presents instead the KTAs be-
fore and after training for 12 different quantum kernels with
HE2 embedding. It can be seen that increasing the width
and depth of these kernels generally improves their KTA. A
higher number of qubits means that the strain features are
mapped in a higher-dimensional space, which can favor the
separability of the classes. On the other hand, increasing the
depth benefits the kernel alignment, since it results in more
expressive feature maps. Also, every additional layer of the
HE?2 embedding doubles the number of free parameters, ex-
plaining why optimization of deeper kernels mostly leads to
higher gains in KTA. However, the advantage of increasing
these quantum encoding resources does not scale uniformly.
Already with 6 qubits and 3 HE2 layers, the optimization
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Figure 5 Training history of the RBF kernel’s KTA.

only modestly improves the KTA, likely due to the vanishing
KTA gradients [30].

To find the hyperparameter C that guarantees the highest
off-training accuracy of the SVM algorithm, we used grid-
search cross-validation for the kernels considered. The val-
idation accuracy values are reported in Fig. 7 for multiple
values of C and y. We observe that kernels with y < 10
achieve the highest scores, with the highest-KTA y scoring
first for the whole range of C values. Furthermore, the accu-
racy of the maximally aligned RBF kernel increases mono-
tonically with C, which suggests the usefulness of maximiz-
ing the KTA, but also that the class boundary in this feature
space is densely populated and still requires a tight margin.

The same analysis was performed for all the quantum ker-
nels considered, where we wanted to take into account the ef-

Initial KTA
0.444 0.448
0.437
0.370 0.397

0.350

HE2W3D1

HE2W3D2 HE2W3D3 HE2W4D1 HE2W4D2 HE2W4D3
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fect on accuracy of different embeddings and of maximizing
the KTA. The results are reported in Fig. 8, which shows ac-
curacies roughly between 67% and 87% for all embeddings
with different values of C. Except for the IQP case, increas-
ing C leads to higher accuracies, hinting at the need for a
tight bound when mapping with these embeddings, similar
to the RBF kernel. Unfortunately, for high values of C, the
optimization of the dual SVM failed to converge for some of
the quantum kernels, likely due to numerical ill-conditioning.
This presumably prevented the quantum kernel classifiers
from even better separating failed instances, as suggested
by the monotonic increasing validation accuracies with C,
at least for the HE2 kernels. Furthermore, Fig. 8 shows that
the scores improve when more embedding resources (num-
ber of qubits and layers) are added, especially in the case of
KTA-optimized HE2 kernel. The numerical instability of the
dual SVM with quantum kernels could be due to a very slow
convergence of the optimizer when the slack penalty is large.
The SVM backend in our library is libsvm, which solves the
quadratic problem with the sequential minimal optimization
(SMO) algorithm. For high values of slack penalty C, this
solver is known to slow down around the optimal solution
[31,32]. Although we tried to relax the solver’s tolerance
to meet the KKT conditions, our quantum kernel SVMs still
did not converge in a meaningful time. A potential remedy
for this shortcoming would be to change the method of solv-
ing the SVM to the active set method [31], which has shown
that the high-penalty instances could recover the convergence
rate of the low-penalty ones [32].

——— Best KTA
0.446 0.451 0.449 0.456
B
0.405
4
0.387 02 _ 0.414
| 0.386

HE2W5D1

HE2W5D2 HE2W5D3  HE2W6D1

HE2W6D2 HE2W6D3

Figure 6 KTA of quantum kernels before and after training for 12 different quantum embeddings. The basic layer for all embeddings is the HE2, which has
trainable parameters. The tag WXDY indicates the width and depth of the embedding.
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Figure 7 Grid-search cross validation for the RBF kernel. y = 1.065 corresponds to the kernel with the highest KTA.

Classical and quantum kernels are finally compared in Fig.
9, which shows how 5 different models classify a test set
of strain loading data when fitted on progressively larger
training sets. A similar comparison on additional classifi-
cation metrics can be found in Appendix D. The RBF kernel
achieves 80% accuracy with just 10% of the total training set
size, and with C = 107 it reaches over 90% with just half
the training points. In comparison, all quantum kernel clas-
sifiers are at least 5% less accurate than the best RBF-kernel
SVM. However, especially for HE2 embeddings, the scores
are similar to the C = 10* RBF case, suggesting that RBF
and HE2 kernels separate the non-failed and failed classes to
a similar extent. Changing the embedding from HE2 to IQP,
there is a drop in accuracy for small training set sizes, while
the performance is similar when more than half the training
set is used. On the other hand, the effect of training the kernel
is less visible at this stage, reflecting the fact that the accu-

racies obtained during grid-search cross-validation are alike
for untrained and trained HE2.

The efforts beyond the coding and the preparation of data
would mostly be in the computational modelling for the data
generator. In our experience, data generation is where most
computational time is spent. To cover the input space, the
method needs many nonlinear incremental analyses for each
strain-loading applied. Depending on the complexity of the
model, the nonlinearities of the problem, and the number
of samples, this can take from hours to days. In compari-
son, training and prediction are faster by orders of magni-
tude. The expensive step in training is the optimization of
the KTA. Nevertheless, a common gradient-based optimizer,
like Adam, reaches good alignment in minutes at most. Res-
olution of the SVM quadratic problem can happen in sec-
onds, in general. Concerning predictions, the evaluation of
the trained SVM is basically instantaneous, especially when
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Figure 8 Summary of the grid-search cross-validation results for different quantum kernels. The three figures correspond respectively to the IQP embedding,
the HE2 kernel with untrained parameters, and HE2 with trained parameters. Different shades of the same color correspond to different depths and widths.
From lighter to darker, the points correspond to embeddings of increasing widths and of increasing depth per fixed width.

a few support vectors are needed. A note about querying
quantum hardware is that it should happen in large batches;
otherwise, the latency of communicating classical informa-
tion and possibly the queue time might become bottlenecks.

5. Conclusions

In this paper, we proposed a methodology to build a binary
classifier from finite element analysis data for the particular
case of an open-hole composite specimen. We studied the
case of in-plane strain loading of the specimen, where the
objective is to correctly label strain combinations that lead to
ultimate failure.

From a design of experiment point of view, we demon-
strated a radial sampling strategy technique, where the choice
of which simulations to make to cover the input space takes
into account the incremental-iterative nature of the nonlinear
FE method. We then proposed a labelling criterion of homog-
enized strain-stress pairs based on residual in-plane stiffness.

For classification of the labelled data, we used the kernel-
based SVMs, which also allowed us to compare the per-

formance of the recently proposed quantum kernels against
the more traditional RBF. Furthermore, we employed kernel-
target alignment to improve class separability of both RBF
and the HE2 embedding kernel. The novelty of using quan-
tum kernels in this failure identification exercise is to test
the expressivity of quantum feature mapping in a practical
scenario and to compare it with classical (implicit) map-
pings, such as RBFs. This is relevant because it is believed
that higher expressivity is one of the potential advantages of
quantum machine learning over classical. Furthermore, rely-
ing on kernels, rather than heuristics such as (quantum) neu-
ral networks, allows us to isolate the effects of expressivity
in models’ comparison.

For all the kernels examined, the corresponding SVMs
separate non-failed and failed loading states with good accu-
racy. The RBF-based model classifies more accurately than
its quantum counterparts, although this likely happens due
to numerical ill-conditioning in the current quantum SVM
implementation. These numerical issues can likely be fixed
by studying the dual SVM problem for the problematic in-
stances, which will be the subject of future work.
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Figure 9 Test data classification accuracy of classical and quantum kernels for increasing training set size. The RBF kernel-SVMs were trained with both
C =107 and C = 10%, as the latter is the highest value of C for which the quantum-kernel SVMs could still be fitted. Quantum-kernel classifiers were trained
instead with the embedding architecture and C value, ensuring the highest accuracy during grid-search cross validation.

Regarding kernel alignment, optimizing the KTA is shown
to be powerful for RBF, since the SVM for the trained kernel
outperforms the other RBF-based models in terms of accu-
racy. Aligning quantum kernels for this dataset also helps
them to better separate the two classes, but for simple archi-
tectures, the improvement is moderate, while more complex
embeddings only reach the scores of the simpler ones after
they have been aligned. Furthermore, one should remember
that optimizing quantum kernels is almost always more com-
putationally involved than for RBF, as the former can have
highly parametrized embeddings, while RBF is completely
defined by the single parameter vy.

Extensions of this work can go in many directions. From
the point of view of the problem, it would be interesting to
increase the number of degrees of freedom by allowing the
notch radius or the lamination sequence to also change. The
latter could be written in terms of lamination parameters [33]
to have a continuous representation. The FEA model here
serves as a relatively simple, proof-of-concept type of data
generator. It lacks features such as delamination, discrete
matrix cracks, and (local) buckling in its model. Hence, its
predictions were not expected to be of high fidelity so as to
be validated with experimental data. The overall methodol-
ogy of training (quantum) kernel-based SVM as a data-driven
failure envelope for open-hole laminate, however, remains
valid despite the simplicity of the chosen FE model. In fu-

ture work, we intend to replace the simple FE model with
more sophisticated, discrete-crack models based on XFEM
or FNM, where the predictions would be deemed as high fi-
delity, which would be validated against experimental data.

In terms of algorithms, both classical and quantum ker-
nels can be explored further. RBF is the most popular choice
for classical kernels, but certainly not the only one. Due to
Mercer’s condition, any function that defines a positive semi-
definite kernel matrix is a valid kernel function [25]. Obvi-
ously, the design space is vast, but automated procedures help
reduce the search, for instance, by exploring combinations of
only a fixed set of standard kernel functions.

On the other hand, the freedom of designing and
parametrizing quantum embedding circuits also makes the
choice of a quantum kernel nontrivial. Within the limits of
classical simulation of quantum circuits, one could experi-
ment with an increasing number of qubits or different lay-
ering strategies, for instance, the one proposed in Ref. [34]
for the task of satellite image classification. From an opti-
mization point of view, a recent technique has been proposed
to maximize the quantum kernel alignment KTA and solve
the SVM in a single optimization loop [35], which would
greatly reduce the computational cost. Nevertheless, to truly
understand the potential competitiveness of quantum kernels,
it is probably most important to remove layers of simula-
tion and study the effects of statistical and hardware noise
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on SVM convergence and accuracy. In a realistic scenario,
where quantum kernel values are sampled from a quantum
computer, the disadvantage for quantum-SVM is the latency
in classical-quantum communication of data. If a quantum
kernel is able to generalize on a few instances better than a
classical kernel, there might be an advantage. Furthermore,
because circuits of a few qubits can be emulated classically,
a candidate problem for advantage is also one for which the
accuracy of the solution scales with the number of qubits.

Appendix A. Open-hole specimen features and fi-
nite element model details

Al Geometry and material properties

The plate’s hole has a 6 mm diameter, and the in-plane di-
mensions are both 5 times the hole diameter. The ply ma-
terial is IM7/8552 prepreg (carbon fibres and epoxy matrix),
and each ply has r = 0.125 mm thickness. We considered the
lamination sequence [45/90/ —45/0]¢ for a total of 8 plies
and 1 mm laminate thickness.

A2 Details of the FE models

All finite element models were done using the Abaqus finite
element code [23], and Python scripting was used to auto-
matically generate different FE models for each of the strain
loading combinations %

The meshed part is illustrated in Fig. A1, which shows that
a radial mesh was obtained by seeding the hole edge 4 times

Figure A1 Finite element mesh of the composite plate.
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as much as the outer edges. Since no delaminations were ex-
pected due to the absence of ply blocks, the elements were
chosen to be S4 shell elements of the Abaqus standard ele-
ment library [36], whose in-plane and bending behaviour are
described by the classical lamination theory (CLT), once the
stacking sequence and ply thicknesses are specified.
Damage initiation was modeled with the Hashin criterion,
while damage evolution was represented in a smeared crack
fashion. For this purpose, the cohesive law available in
Abaqus [36] was employed to model the stiffness degrada-
tion due to matrix and fiber tensile and compressive failure.

Appendix B. Support vector machines, kernel
methods and KTA

B1 Primal SVM

The SVM is the linear decision model

y=wlx+b, (BI)
which assigns labels through the sign function

sgn(y) = sgn (wa + b) . (B2)

In Egs. (B1) and (B2), w is the vector normal to the decision
hyperplane, and b is the intercept.

The optimal hyperplane is found by maximizing the geo-
metric margin of the dataset, which can be proved to be

B 1
Y B
By minimizing the squared norm |Iw|[> one obtaines the
primal optimization problem of the SVM,
min 2 wl?,
wb 2 (B4)
st y™ (wa(”‘) + b) >1 m=1,2,..., M,

where m identifies the sample, and M is the total number of
training samples.

Equation (B4) enforces exact separability, which can lead
to overfitting. A way to improve generalization is the so-
called soft margin SVM, which modifies Eq. (B4) by intro-
ducing the constraints slack variables £/ and the penalty
constant C,

M
1 2
min = |jw +CE m,
w,b 2” ” m—lé:

(B5)
st y™ (wTs(’") + b) >1 —f(’”) m=1,2,..., M,

Em > 0.

3) Tom Gulikers. Computational framework to implement an artificial neural network-based constitutive model in Abaqus for mesh coarsening.

https://github.com/tgulikers/ ABAQUS_ANN_constitutive_model.
4) Boyang Chen. Training ANNs
https://github.com/BoyangChenFEM/Summer2022.

with FEM data on

Open-hole Composite plate—for summer school 2022 in Delft.
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B2 Dual SVM and kernels

By introducing the Lagrange multipliers o™ and 8, one
can write the Lagrangian of the SVM optimization problem,

1 M M
_1 (m) _ (m) [ (m)
Lw.b.§.a) =5 (w. w>+c;§ o™y

m=1

M (B6)
. (wT ™ 4 b) 14+ §<m>] _ Z B gm)

m=1

The dual soft-margin SVM is obtained by setting all the
derivatives of the Lagrangian in Eq. (B6) equal to zero,

M | o
max Z o™ — Z Z y(m)y(ln’) PRCOMNC) <x(m), x(m’)>
@ 2

m=1 mm’=1

st. 0<a™ 4+ 8™ <,

M
> atmym <o,
m=1

Equation (B7) is still a linear model in the original feature
space. However, by introducing a feature map

m=12,..., M, B7)

¢:x — ¢x), (B8)

we can map the features nonlinearly and potentially to a man-
ifold where they are more easily separable. Furthermore, re-
placing x with ¢(x) in Eq. (B7), we see that the mapped fea-
tures only appear in the inner product

(6 0) = o). () ®

which is known as the kernel of the feature map. The advan-
tage of having only inner product of features (kernel trick)
is the possibility of classifying in nonlinear feature spaces
without having to compute the feature map explicitly.

The kernels mostly used in machine learning are the poly-
nomial, Gaussian, and sigmoid kernels

(yxTx" + c)?, (polynomial),
k(x, x") =Jexp (—y llx — x’||2) , (Gaussian), (B10)

tanh (yxTx’ + co) , (sigmoid).
B3 Kernel-target alignment
The alignment between two kernels is defined as

KD, K®
A (K(l), K(z)) _ < >F
KO, KDY _(K®, K®
VKD KD (KO ED),

(K“), K<2)>
S W
(LSl T
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where K is the kernel matrix, obtained by taking the kernel
of all pairs of features, and

(KO, K?) =t (KVTK?). (B12)

The alignment between two kernels is always less than or
equal to 1, where 1 corresponds to perfect alignment.

Assume a kernel gy, parametrized by 6 and define the tar-
get kernel matrix as

K* =yy". (B13)
The KTA of «y is the alignment between the chosen kernel
and the target,

(Kg, K*)p
AKy, Ky = ———————
! Kol 1K+l

_ (Kg, K*)p
MKyl ’

(B14)

where Ky is the kernel matrix of .

The KTA enjoys theoretical properties such as concentra-
tion around its expected value and generalisation [24], and
therefore it is indicative of the ability of a kernel to separate
classes of data.

Appendix C. Quantum computing notions

C1 Quantum states

The basic logical unit in quantum computing is the qubit.
Mathematically speaking, this is a unit-norm vector in the
complex 2-dimensional space C? defined as a linear combi-
nation of two orthogonal basis states, |0) and [1), i.e.,

|¢/> = lr//0|0> + l/’1|1>, WO’ ';bl € C’ (Cl)

where the |-) notation is used to indicate unit vectors.

As opposed to classical bits, Eq. (C1) shows that a single
qubit can be in any complex superposition of the two basis
states. However, reading of a quantum state can only happen
through a measurement, which will make the qubit collapse
to one of the two basis states, |0) or [1). More specificallly,
the qubit is measured as |0) with probability py = l//% and as
|1) with probability p; = w%. Since these are the only two
possible outcomes, it must be that py + py = ¥2 +y? = 1,
which explains the unitary norm of the qubit.

Similarly, a state of n qubits is defined as a superposition
of basis states that correspond to bitstrings, that is

W) =upl0...0) + 0. 1)+ -+ y_q]l...1),
¢’0’ lﬁl, cee wN—l EC,
where N = 2".

(€2
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The exponential relation between the number of qubits
and the number of possible bitstrings speaks for the potential
advantage of quantum superposition, which allows multiple
classical information states to be processed simultaneously
through a quantum algorithm. Quantum superposition is at
the heart of fundamental algorithms with proven complex-
ity improvement, such as quantum integer factoring [37] and
quantum database search [38].

Nevertheless, the quantum state is inaccessible as readable
information and measurement will collapse the wavefunction
to only one of the 2" basis states. Similarly to the single-qubit
case, the basis state |i) has probability p; = 1//1.2 of being mea-
sured and

N-1 N-1
S-S ©)
i=0 i=0

Quantum states can be prepared by applying unitary
transformations to a reference state, such as the all-zero
state,

lyy = U10)*", (C4)

where U is the generic unitary transformation.

Figure C1 shows a unitary operation as a quantum cir-
cuit, i.e., a sequence of single- and two-qubit operations.
Here, Hadamard gates H are first applied to every qubit,
where

1
H|0) = — (10) + 1)),
\{i (C5)
H|I) = —(|0) = |1)).
1Y \/§(|> 1)

This first layer of Hadamard gates creates the uniform super-
position state

1

@(|o...0>,|o...1>,...,|1...1>), (C6)
0) — H
0) — H o
0) — H &

Figure C1 As an example of a quantum circuit, the GHZ state can be
prepared by first creating a uniform superposition of all qubits through the
Hadamard gate H and then introducing entanglement with CNOT gates in
cascade.
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where each basis state can be sampled with the equal proba-
bility 1/2". This is often a starting point state in many quan-
tum algorithms.

Following, CNOT gates act between neighbouring pairs of
qubits as

CNOT|00) = 100), CNOTI01) =101),

(C7)
CNOT|10) = |11), CNOT|11) = [10).
CNOT gates are used to set qubits in an entangled state, a
condition in which any operation on any of the qubits also
affects the rest of the state. In particular, the series of CNOT
gates creates one of the maximally entangled Greenberger-
Horne-Zeilinger (GHZ) states [39], specifically

1
GHZ) = — (|0000) + [1111)). C8
IGHZ) \/§(| ) +1111)) (C8)

C2 Quantum embedding

State preparation can be used to embed classical data into
quantum states, by mapping the features to a unitary trans-
formation,

¢ (x)) = U(x)10). (€9)

A complete review of the different types of quantum embed-
dings is beyond the current scope, and the interested reader
is pointed to Ref. [40] for a critical overview.

C3 Quantum kernels

Quantum embeddings are effectively feature maps in the
Hilbert space H C C*'. The kernel associated with it com-
putes the overlap between quantum feature vectors in #, that
is
U U 2

k(e.6) = [ @l (N (C10)
where the braket notation (-|-) indicates the inner product be-
tween two vectors in H.

By introducing Eq. (C9) in Eq. (C10), the quantum kernel
can be rewritten as
k(x, x') = (OIU" (x") U (x)|0), (C11)
which shows that the quantum kernel can be computed as

the probability of the all-zeros state, after applying the direct
embedding for x and the reversed embedding for x’.
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Appendix D. Classical and quantum SVM com-
parison on different classification metrics

Table D1 Comparison of five different classification scores between the
RBF-SVM and the trained HE2ZW6D3 quantum kernel SVM. The classifiers
were trained with increasing fractions of the training dataset. Notice that the
RBF-SVM problem used C = 107, while the HE2W6D3 quantum kernel
SVM used C = 10%, which is the highest C value before the occurrence of
convergence issues

Niain  Accuracy  Jaccard index  Precision Recall  Specificity
RBF kernel
156 0.694 0.627 0.784 0.759 0.795
313 0.750 0.708 0.835 0.824 0.838
470 0.788 0.751 0.886 0.832 0.895
627 0.788 0.750 0.893 0.825 0.903
784 0.838 0.813 0.939 0.859 0.944
940 0.824 0.797 0.915 0.861 0.921
1097 0.848 0.827 0.938 0.874 0.943
1254 0.878 0.866 0.943 0.913 0.945
1411 0.873 0.860 0.937 0.912 0.939
1568 0.882 0.869 0.955 0.906 0.958
HE2W6D3 kernel
156 0.699 0.626 0.804 0.739 0.823
313 0.731 0.675 0.835 0.780 0.846
470 0.756 0.708 0.858 0.802 0.869
627 0.779 0.741 0.878 0.826 0.887
784 0.795 0.762 0.892 0.839 0.900
940 0.794 0.757 0.897 0.829 0.907
1097 0.805 0.773 0.902 0.844 0.910
1254 0.797 0.765 0.884 0.849 0.891
1411 0.814 0.785 0911 0.851 0.917
1568 0.818 0.790 0.912 0.855 0.919
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