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Abstract

We show that Griffiths’ multivariate Meixner polynomials occur as matrix coefficients of holomorphic
discrete series representations of the group SU(1,d). Using this interpretation we derive several
fundamental properties of the multivariate Meixner polynomials, such as orthogonality relations and
difference equations. Furthermore, we also show that matrix coefficients for specific group elements
lead to degenerate versions of the multivariate Meixner polynomials and their properties.
© 2024 The Author(s). Published by Elsevier B.V. on behalf of Royal Dutch Mathematical Society (KWG).
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper we study Griffiths’ [6] multivariate generalization of the Meixner polynomials.
The (univariate) Meixner polynomials M, are named after Jozef Meixner who studied the
polynomials in [12], but the polynomials were introduced earlier by Ladislav Truksa in [13]
who called them generalized Kummer polynomials. The Meixner polynomials can be defined
through their generating function by

-9 a-nr=3" G M, (x; B, o).

n!
n=0
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These polynomials have many nice properties, e.g. they are of hypergeometric type,

—-n, —

M, (x: — ,F * o]
I‘l('x9ﬁsc)_2 1< ‘B ) _E>a

and they are orthogonal with respect to the negative binomial distribution,

x!

ZM,,(x; B, )M, (x; B, C)(ﬂ)x c1-cf =0, if n#n,
x=0

where we assume 8 > 0 and ¢ € (0, 1). Here we use standard notation for shifted factorials
and hypergeometric functions, see e.g. [1].

It is well known that the Meixner polynomials are related to the Lie group SU(I, 1),
which is the group of complex 2 x 2-matrices (%”) with |a|> — |b]* = 1. To be more
precise, the Meixner polynomials occur as matrix coefficients of the holomorphic discrete series
representations defined as follows. For a positive integer o, the Bergman space A,, is the Hilbert

space of holomorphic functions on the complex unit disc D with inner product

(fi, o) = /D (@) f@(1 — [z]H)7dz.

The holomorphic discrete series are the irreducible unitary representations on A, given by

1 b+az a b
= _ —, =37 =) esuq,n.
[7(8)f1(z) (a+bz)af<a+bz> g (b a)e (1, 1)

The monomials z", n = 0,1,2,..., form an orthogonal basis for A,. Let 7, ,(g) be the
coefficients in the expansion of 7 (g)z" in terms of this basis, i.e.

[e.¢]
(b+a)"a+b) """ = mum(@)".

m=0
Comparing this to the generating function of the Meixner polynomials, it follows that the
coefficients 7, ,(g) are multiples of the Meixner polynomials M, (n; o, |§|2). From this
representation theoretic interpretation of the Meixner polynomials several useful properties of
the polynomials can easily be obtained: e.g. orthogonality relations, the three-term recurrence
relation and the second order difference equation.

In [6], Griffiths introduced multivariate Meixner polynomials as orthogonal polynomials
with respect to the negative multinomial distribution. As such, they are closely related to the
multivariate Krawtchouk polynomials [5] which are orthogonal on a finite set with respect
to the usual multinomial distribution. Iliev [7] showed that the multivariate Krawtchouk
polynomials occur as matrix coefficients for finite dimensional representations of SL(d, C),
and using this interpretation bispectrality of the Krawtchouk polynomials is shown. In a similar
fashion Genest, Vinet and Zhedanov [4] used representation theory of SO(d + 1) to study the
multivariate Krawtchouk polynomials. In the current paper we exploit a similar connection
for the Meixner polynomials. In [8] Iliev showed, without references to representation theory,
that the multivariate Meixner polynomials have many properties that resemble those of
the Krawtchouk polynomials. A representation theoretic interpretation of Griffiths’ bivariate
Meixner polynomials is obtained by Genest, Miki, Vinet and Zhedanov [3] by showing they
appear as matrix coefficients of SO(2, 1) representations on oscillator states. In the same paper,
it is also indicated how the general multivariate Meixner polynomials arise similarly in the
representation theory of SO(d, 1). Furthermore, in [2] it is shown that the bivariate Meixner
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polynomials occur as wave functions for a two-dimensional quantum oscillator, which is a result
of the fact proved in [9] that orthogonal polynomials with respect to the negative multinomial
distribution, such as Griffiths multivariate Meixner polynomials, are eigenfunctions of a second
order partial difference operator.

In the present paper we provide an alternative way to study the multivariate Meixner
polynomials by using holomorphic discrete series representations of SU(1, d), similar to the
above described representation theoretic interpretation of the univariate Meixner polynomials.
See also e.g. [10, Section 6.8] for the interpretation of the univariate Meixner polynomials in
SU(1, 1) representations. We expect that the results can be generalized to the more general
case of holomorphic discrete series representations of SU(n, m) (for n,m > 2). This will be
the topic of a future paper.

The organization of the paper is as follows. First in Section 2 we recall the holomorphic
discrete series representation of SU(1, d). Then, in Section 3 we recall Griffiths’ definition of
the multivariate Meixner polynomials and show that the matrix coefficients of the holomorphic
discrete series corresponding to generic g € SU(1,d) can be expressed in terms of these
Meixner polynomials. This immediately leads to several properties, such as orthogonality with
respect to the negative multinomial distribution, of the Meixner polynomials. In Section 4, we
consider the corresponding Lie algebra representations and derive difference equations for the
multivariate Meixner polynomials. Finally, in Section 5 we consider degenerate versions of
the multivariate Meixner polynomials, which correspond to the matrix coefficients for specific
elements g € SU(1, d).

1.1. Notations

For x = (xy, ..., xg) € C%, we define

Il = /i + e+ b,
IX| =x1 4 -+ + x4,

X=X, ..., %)

We often consider elements in C¢ as column vectors, which will be clear from the context. For

n:(nl,...,nd)eNg and x = (x|, ..., x5) € C?, we set
+ +
n=n! --ngl, x™M =x; e

We denote by M, the set of complex d x d-matrices. For A € My, A’ is the transpose of A
and A" the conjugate transpose.

2. The holomorphic discrete series representations of SU(1, d)

SL(d + 1; C) is the group of complex (d + 1) x (d 4 1)-matrices of determinant 1. SU(1, d)
is the subgroup of SL(d + 1; C) preserving the hermitian form associated with the matrix

J =diag(1, -1, —1,..., 1),
that is, a matrix g € SL(d + 1; C) is in SU(1, d) if and only if the following equation holds:

gig=1J. 2.1
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Throughout this paper it will be convenient to write g € SU(1, d) in the form

_fa
§=\e¢ D)

where a € C, b,c € C? and D € M,. We will sometimes use notations such as a = a(g)
to stress the dependence on g. From the defining Eq. (2.1), it follows that the inverse of the
matrix g € SU(1, d) is given by

a —cf
1 _ + . a_ C
g =Jg J—(_b DT)’ (2.2)
which implies identities such as
lal* = Ib]* = la® — Jle|? = 1,
D'D=1,+bb’, DD'=1,+cc, (2.3)
ab' =c¢'D,  ac' =b'DT,
where [; is the identity matrix in M.
SU(1, d) has a family of representations called the holomorphic discrete series, on the
weighted Bergman space A, that we now introduce, see e.g. [11, Chapter VI]. Let ¢ > —1. We

defineduv, to be the weighted Lebesgue measure on the open unit ball B; = {z € C? | |z| < 1}
given by

dvg = co(1 — ||z]*)*dv, 2.4)
with dv the standard volume measure on B, and ¢, is the normalizing constant so that

ve(B;) = 1. A direct calculation shows that

CERY
“= T

The Bergman space A, is the space of holomorphic functions in L%*(B,,dv,). A, is a Hilbert
space with inner product

(frg) = /]; FOT@dve. g€ A
d

An orthonormal basis for 4, is given by the monomials

d+1
em(z) = /("“"T‘:')\mlzm’ m e N¢,

see e.g. Lemma 1.11 and Proposition 2.6 in [14].
Now we are ready to define the representation of SU(1, d) we are interested in this paper.
From here on, we assume o € Ny and we set

oc=oa+d+1.

Then, 77 given by
! — ,(b+ D'
z° (Z %) f@=(a+cz)”°f < Z) , 2.5)

a—+cz

defines a family of unitary representation of SU(1, d) on A, labeled by 0 € No44;.
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3. Matrix coefficients and multivariate meixner polynomials

In [6,8], the multivariate Meixner polynomials are defined through their generating function.
The generating function is given by

—B—Ix| d Xi

d d
Gx.tU B =|1-> 1 [T{t-> v . xtec,
j=1 j=1

i=1

where B € C\ (—Ny), U = (U; ;) € My, and the principal branch of the power function is
used. Then the polynomials My(x; U, B) are defined by

(ﬂ)\nl

n!

Gx.tU. =)

d
neNO

My(x; U, B)t", (3.1

for t sufficiently close to 0. They have an explicit expression as a Gelfand—Aomoto hypergeo-
metric series given by

I | Ry

d .
. ij (1=U; ;)"
Mn(Xa U, ,B) = Z (,3) J l_[ a: ! ’
(a;, j)eMy(No) Zi,j:l aj, j i,j=1 L
3.2)

where M;(Ny) denotes the subset of M, consisting of matrices with entries in Ny. The
multivariate Meixner polynomials are the polynomials My(x; U, B) with conditions imposed on
the matrix U to ensure orthogonality with respect to the negative multinomial distribution [6,8].
We will show that the multivariate Meixner polynomials occur as matrix coefficients for the
holomorphic discrete series representation of SU(1, d). In this interpretation, the parameter
matrix U depends on a g € SU(1, d), which implies conditions for U that are closely related
to the conditions imposed in [8], see the discussion at the end of this section.

Let g € SU(1,d). The function 7?(g)e, is holomorphic on B;, hence it must equal its
Taylor series which we can consider as the expansion in the basis {ep, | m € Ng}. We consider
the corresponding matrix coefficients 7 (g) which are determined by

7°(Qen®) = Y moa(Qem(@.  z€By, (3.3)
meNg

or equivalently
Tn(8) = (77 (8)en, em). (3.4)

b’
D

Tma(8) =/ %(—D‘m'a—“ﬁmp“Mm(n; U,0)

withp=p(g) = (p1,..., pa), P=DE) = (P1, ..., pa) and U = U(g) = (U; ;) given by

Ci aDj.,»
pi=—, pi=—, U,;= .
a a bic;

Theorem 3.1. Letg:(ccl )eSU(l,d) with a, b, ci #0 fori = 1,...,d, then
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Before we prove the theorem let us remark that the identities
2 2 2 2
lal” = [Ibll” = la|” — flelI” =1,
imply
1 1

1= 0l 1=l b

It is convenient to write |a| ™2 = |po|* = |ﬁ0|2, so that
d d
2 ~ 2
MplP=Y 117 =1.
i=0 i=0

Proof. Assume g is as given in the theorem, then we can write out the left-hand side of (3.3)
as follows:

7 d ni
bi+ - D'iZ'
v = a4 Y e, n<—zf' : )

d
a+> ¢z

2
|

la

nj

d —o—nl 4 4 .p
—aq o mprlq = —CiZi 1— allji [ ZC€jZj
o (o3 (10 (<

i=1 i=1 j=1
Comparing with the generating function for Meixner polynomials (3.1) we see that
77 (" = ) O)ml o mi iy M (n; U, )2,

m!
meNg

Dj; .
‘;c’f . From this the result follows.
(]

where the parameter matrix U is given by U;; =
From Theorem 3.1 we immediately obtain several properties of the multivariate Meixner

polynomials:

Theorem 3.2. The Meixner polynomials Myu(n; U, o) from Theorem 3.1 have the following

properties.

(i) Orthogonality relations:

——m
@t o T — 5, M
Z 4[’ P"Mu(; U, 0)Mpy(; U, 0) = Sy ——————
" (0)m|| Pol
neNO
(O)im| == e nlp-"p"
Z —l'm—‘ pmpmMm(n; U, U)Mm(n/; U, O’) = 6n’n/—2(r'
" (@)l Pol

meNg
(ii) Integral representation:
(=DMp™ M(n; U, 0) =
(o —d) d —o—nl 4 d "
o — . . _ —a-
Td/ (1 + Zm) [T 1+> Uiz | 2m0 = jzi®~ dv.
: Bq i=1 i=1 j=1
(iii) Duality: Mpy(n; U, o) = M,(m; U', o).
176
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(iv) Sum identity:

(M> P(g182)"P(g1) " p(g182)"P(g2) "Mm(m; U(g182),0) =
a(gi1g2)

Z(—l)“"p(gl)"p(gz)"( U

d
keNj

Mm(k; U(g1), 0)My(m; U(g2), o),

where g1, g» € SU(1, d) such that g, g2, 818> satisfy conditions as in Theorem 3.1.

Proof. The integral representation follows directly from Theorem 3.1 and (3.4). The duality

property follows from unitarity of 77, which implies that 77 (¢) = 7Z,,(¢7!), and from
— a —cf
— ( a C

s Dt ), see (2.2). The identity w°(g;)7°(g2) = 7°(g142) leads to

T a(8182) = Y T k(817 n(22).
keNg

Writing this in terms of the Meixner polynomials gives the sum identity. Taking g5 l—g =g
and using 77 (g) = 7g,(g7") we obtain the orthogonality relation

Smn = Y T k(@75 (2)-
kENd
The first orthogonality relation now follows from Theorem 3.1, and the second orthogonality
relation follows from the first one and the duality property. [J

Remark 3.3. Since the monomials {e,} form an orthonormal basis for A,, it follows from
Parseval’s identity that the set {7y .(g) | m € N‘é } is an orthonormal basis for Kz(Ng). As a
consequence, the set of Meixner polynomials {Mp(-; U,0) | m € Ng} is an orthogonal basis
for the weighted L2-space Ez(Nd (Ulz‘,k‘ p*p®). This gives another proof of Griffiths’ [6] result
on completeness of the Meixner polynomials.

Next, we obtain an identity for the Meixner polynomials which corresponds to the fact that
. . . ! .
the tensor product of several representations 7 ° contains a specific 7% as a subrepresentation.
The case N = 2 in the following theorem corresponds to the Runge-type identity in [6].

Theorem 3.4. Let N € Nsy, 01,...,0y € Nayyy and o = ZlN:l o;. Define the linear map
At Asi—a—1 ® -+ @ Asy—a—1 = As_a—1 on basis elements by
A(eml ®"'®€mN)=Cm1 ..... my €m;+--+my > my, ..., My ENd,
with
N
(m; + -+ +my)! (1) m;|
le ..... my E)

(0)imy+-+my| sl m;!

then A intertwines 7 Q- - -Qm°N with w°. As a consequence, the Meixner polynomials satisfy

Oty v,00= Y H(a')‘m"me iU,

my,..., mNeNg’ 1
mj+--+my=m

wherem,nl,...,nNeN‘é andn:ZN

i=
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Proof. We write ¢J, for a basis vector of A,_4_;. Using z™ -..z™ = z™, with m =
m; + -- -+ my, we have

N
[Tem@ = Cuny...myera(@.

Let nj,...,ny € N‘g such that Z,N=1 n; = n. Then, using the expansion 7% (g)e, =
> m; T n; (8)em,, we find

A (n‘” (&epl @ - ®@TN(g)eh ) (z)

= Y A @ (@) my.my € ity (@)

N
[T =i a (@)@

i=1 m,-eNg

N
=[]7"(2)en @

i=1
= Cnl 44444 nN”a(g)eg(z)a
where the last step follows from the obvious identity

N
[J@+> azy o™ ]t + > Drazy'st =
i=1 ] k 1
(a+ Z cz) 0™ l_[(bk + Z Dy jz)™.
] k ]

This proves the intertwining property of A. Taking the inner product with ey, shows that
Z le ~~~~~ mNng‘n]l,nl(g) o jTll‘l"l[]VV nN( ) = Cn] ..... l'anlt'lT'n,n(g)’

and then the stated identity for Meixner polynomials follows from Theorem 3.1. [

We conclude this section by having a closer look at the parameter matrix U of the
multivariate Meixner polynomials. The fact that U comes from a matrix g € SU(1, d) imposes
conditions on U that ensure orthogonality of the Meixner polynomials with respect to a positive
weight function, namely the weight of the negative binomial distribution, see Theorem 3.2.
Let us compare the conditions on U with the conditions on U given in [6,8]. The Meixner
polynomials as defined by Iliev [8], and similarly the ones defined by Griffiths [6] after an
appropriate change of parameters, depend on a parameter 8 and on the following parameters:
c=(c1,...,cq), €=(C1,...,69) eCland U = Uij) € Md These parameters relate to each
other as follows let C = dlag(l —c), C = diag(1, —¢), U= (] 1’) € My, with 1 the vector
in C? with every entry equal to 1, then

U'CcUC = colys, (3.5)

with ¢cg = 1 — |¢|. In other words, given ¢ and U, the vector ¢ is determined by (3.9).
In our approach, the matrlx U together with the matrices C := diag(1, —|p:|*, ..., —|pal®)
and C = = diag(1, —|p1| .y —|pal ) are obtained from a matrix g = ( b') € SU(l,d) as
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follows: g = aPU'P with P = diag(1, p) = diag(l, g), P = diag(1, p) = diag(1, 3) and

U= (i }/’) with U; ; = abécjji. Then C = P1JP and C = FTJﬁ, and the condition gTJg =J
iCj

is equivalent to

UtCUC = | pol*1as1,

with |po|* = |a|™ = 1 — Y, |p:|*. In particular, the only difference with condition (3.5) is
the use of the complex transpose of U instead of just the transpose. This means that, given ¢
and U, the vector ¢ is defined in a slightly different way. Because of this small difference,
the orthogonality relations obtained in this paper, and also the difference equations in the
next section, look slightly different from the results from [8] even though they are the same
results. Note that in [8] the parameters 8, cy, ..., ¢y are allowed to be non-real, thus allowing
a non-real-valued weight function, whereas these parameters are real-valued in our setting.

4. The Lie algebra su(1, d) and multivariate meixner polynomials

The Lie algebra of SU(1, d) consists of matrices X € M with trace zero such that XJ =

—J X, where (recall) J = diag(1, —1, ..., —1). We denote by su(1, d) the complexification of
the Lie algebra of SU(1, d), i.e. sl(d + 1, C), equipped with the *-structure defined by
X*=Jx'J.

A basis of su(l, d) is given by

B:{E,,Hi,j:o,...,d, i;éj}U{HizEl;j— Lios |i=1,...,d}, 4.1)

d+1
where E; ; denotes the matrix unit with (i, j)-entry 1 and all other entries 0. Note that
H' = H;, i=1,....d,
Efy=—Eo;, i=1,....d, (4.2)
Ef;=Eji, 1=ij=d i#]

The unitary representation 7% of SU(1, d) on A, gives rise to an unbounded *-representation of
su(l, d) on A, that we also denote by 7. As a dense domain we choose the set of polynomials
on B,. On the basis of monomials {e, | n € Ng 1, the basis of su(1, d) acts as follows.

Lemma 4.1. For n € N¢,

na(m)en=<dLH+ni>en5 i:1,...,d,

nJ(EO,j)el‘l=\/(U+|n|_1)njen—vj'9 j=1""7da
7°(Eip)en = —v/(n; + D0 + M ensy,, i=1,...,d,

ﬂg(Ei,j)en =.(n; + l)l’lj entv;—v;» 1<i,j<d, i#],
where v; is the standard basis vector of C4*' with j™ entry 1 and the other entries are 0, and
we use the convention en, = 0 if n; = —1 for some 1 <i <d.

Proof. This follows directly from computing

o|_ o EepeXen@. X eB O
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We fix a g € SU(1, d) as in Theorem 3.1, i.e.

a b . .
g=<c D)’ with a, b;,c; #0fori =1,...,d.
Furthermore, let U, p, p be as in Theorem 3.1. With this g, we define a new basis of 4, by
én=7"(g)en,  me N,
and define a corresponding basis of su(l, d) by
B={X=gxg"'|X B},

where B is the basis given in (4.1). It immediately follows that the action of B on {en} is given
by

na(&)éﬂ=<cia? +ni>éns i:1,...,d,

7°(Eo ))én = /(0 + ] — Dnj ény,, ji=1,....d, 43)
77 (Ei0)en = —/(ni + DO + ) ensy,, i =1,....d,
T(E; j)én = /(i + D j éng,—y, ij=1,....d, i #].
We will use the representation of su(1, d) to derive the difference equations for the Meixner
polynomials from [8, Theorem 4.1]. First, we need a few preliminary results.
Lemma 4.2.
(i) For X € B, we have ()Nf)* = X* ie.
(H)* = Hi, (Eo))* =—Eio, (Ei,j)* = Ej,i-

fori,j=1,....d, i #]j.
(ii) Fork,l=1,...,d, k #1,

d d d d
Hy = Z(|Di,k|2 + b)) H; + Z D« DjiEij+ by Z DjyEoj — HZ DiEip,

i=1 ij=1 j=1 i=1

i#i
d d d d
Evy = (DisDij+bieb)H; + Y DixDj Eij+be Y DjiEo;—bi Yy DixEio,
i=1 =1 =1 i=1
i#

d d d d
Eo; = Z(Q’Di,l + ab)H; + Z ¢iDjEij+a Z D;Ey; — b_lZCi E; o,
i=1 i..j#:‘l j=1 i=1

i#j

d d d d
Eio= (D& +bi@)H; + Y DixCiE;j+bi Y ¢jEo;j—a»  DixEip.
i=1 ij=1 j=1 i=1
i#j

Proof. For the first statement we use X = gXg~!, J1 = J and I = J2, to obtain
Xy =JX) = J(gxg T =g ' NUXTNHIE.

Using g~! = Jg'J and JXTJ = X*, it follows that ()N()* =gX*g ' = X+,
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The second statement follows from a direct calculation. For E;; we have

—bkb_l_ bkDy; -~ biDgy
- —Dixby DiixDy; -+ DixDg;
Evi= : : .- :

—Dgibi DagixDi; -+ DaiDay

d d d d

= inHi + Z DiyDj,E; j + by Z DjiEo; — b Z Di kEi,
i=1 =] =1 i—1
i#]

where the coefficients x; € C are determined by the equations

d
1 _
Tat1 Z"f = ~bibr.

Xi— d—i—leJ_D’kD’l’ i=1,...,d.

Note that consistency of these equations follows from the identity bib; + Z?zl D;yD;; =0,
see (2.3). It follows that x; = Di,kD_,-,] + biby.

The results for Ek,() and E()J follow by interpreting D; o as c;, and by as a. The calculation
for Hy runs along the same lines. [J

We are now in a position to derive difference equations for the Meixner polynomials from
the action of the Cartan elements Hj.

Theorem 4.3. For k =1, ...,d, the Meixner polynomials Mu(n) = My,(n; U, o) satisfy

d d
2
| 22| i Mun(m) = (a +iml+ Y |Uk,l-p,-|2ml-) Mm@ + > TpiUpj15ilm My, +v, ()

i=1 i,j=1

i#]
d d

T 52
= > Urimi Mm—v,(m) = (o + Im]) Y U ;15i|* My, (m).
i=1 i=1

Proof. The result follows from evaluating (n”(ﬁk)én, em) 1N tWo ways.
First note that (e, em) = Tm.n(g). From the action of H; (4.3), it follows that

(1% (Hp)én, em) = (d% + nk> Tmn(8)-

On the other hand, using (7% (X)ép, em) = (€n, T7(X*)en) and Lemma 4.2, we obtain

(7 (H)én, em) Z(|D,k| 15 ) Tma()

+ Z DixDj i/ (mi + Dm Ty, v, ()

i,j=1
i#]j
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d
+ b Y Djy/(o + Im[ = Dm; Ty, n(g)
j=1

d
+ be Y Disy/(mi + 10 + M) 7, n(8)-
i=1
So we have a difference equation for the matrix coefficients 7y, n(g). Expressing the matrix
coefficients in terms of Meixner polynomials using Theorem 3.1, and simplifying the diagonal
terms using the identity Z?=1 |Dix|> = |b|* + 1, we obtain a difference equation for the
Meixner polynomials. [J

Remark 4.4. The construction of the difference equations for the multivariate Meixner
polynomials in Theorem 4.3 is similar to Iliev’s [7] construction of difference equations for
multivariate Krawtchouk polynomials from Cartan elements of sl(d 4+ 1, C). The difference lies
in the use of the su(1, d) *-structure, instead of the antiautomorphism a from [7].

We note that we can rewrite the difference equations as

neM(n) = | 25

2 d
Dl 2 Ui Ukl [ Moy, ) = M)
0

ij=1
i#]

2 d
D Usimi Many, () = Min(@)]

i=1

_ | P
Po

2 d
= % > il pil( -+ 1) Mans, (1) = M) |-
i=1

Comparing this with the difference equations from [8, Theorem 4.1], we see that the result
is again very similar; the difference is the occurrence of complex conjugates of appropriate
parameters.

In the same way as in Theorem 4.3 we obtain ‘lowering and raising’ relations for the
Meixner polynomials from the actions of Ey ;.

Theorem 4.5. For k,1 =0,...,d, k #1,

2
I;—? nMp(n+ v — V) =
d d
(U + m| + Z Ul,iUk,i|l5i|2mi) Mp(n) + Z ULiUs 1 Bi'm Mgy, —, (0)
i=1 l,tj#zjl
d d
— Y UkimiMm—y;(0) = (o + [m)) Y Uy | pi|* My, (),
i=1 i=1
where we use the notations Uy; = 1, vo = 0 and no = —o — |n|.

Using the duality property of the multivariate Meixner polynomials My, (n), Theorem 3.2(iii),
it follows that they also satisfy difference equations and lowering/raising relations in the
variable m.
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5. Degenerate multivariate meixner polynomials

So far we considered matrix coefficients my n(g) where g = (Z‘b’) e SU(1, d) with
a,b;,c; # 0. These matrix coefficients correspond to Griffith’s multivariate Meixner poly-
nomials which are associated to the matrix U = (i }/’ ) € M4, see also the discussion at the
end of Section 3. In the present section, we consider the degenerate case in which the vectors

b and ¢ may contain elements equal to 0. For convenience we assume
bk+1:"':bd:0 and Cl+1:"'zcd:0

for some k,l € {1, ...,d} and the other elements of b and ¢ are nonzero. This will correspond
to multivariate Meixner polynomials associated to a matrix U with zero entries in the first row
and first column. We briefly describe some properties of these polynomials, which are similar
to properties of Griffiths’ multivariate Meixner polynomials.

In the non-degenerate case we have an explicit expression for the matrix coefficients using
the hypergeometric expression for the multivariate Meixner polynomials. By taking limits we
obtain an explicit expression for 7y (g).

Lemma 5.1.  The matrix coefficient 7, ,(g) is given by

2% (g) = [(0)imi(0)n| (—1ymlg—c~mi-n ﬁ ﬁbnic’"j
m.n'8) = m!n! izl ji t
y Z Hf:l(_ni)Z?:wi,j
! k D \%,j d | D;:\%.Jj
xn(no—r:;) [T (=) )

j=1 \i=l i=k+1
d k b ay
aD;;\%.i @
< [ (H (_b_j) [ aDjn ’)
j=l+1 \i=I i=k+1
where
d
M s(m,m) ={ (@) € MNo) : Y aij =i fori =k+1,....d

=1

d
and Zai,jzmjforj=l+l,...,d}.

i=1

Proof. First, we write out the Meixner polynomial My, (n; U, o) from Theorem 3.1, i.e. in
the non-degenerate case, as a hypergeometric series using (3.2), which is a sum labeled by
(ai,j) € My(Np) of the form

d d aD;; \ %
o _ l‘[ nj mj } : l_l _ Joi
Tma(®) = C 1] e Bas 1 (1 bic; ) ’
ij=1 (ai,j) i,j=1
where C and Ba,-j are independent of b and ¢. The factor Baij contains a term (—ﬂj)zd Lai g
. , j=1%.]

which equals 0 if Z?Zl ai,j > n;, so that the sum is a finite sum labeled by (a; ;) € M,;(Np)
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with Z?:l a;j <n; for 1 <i <d. For taking the limit b; — 0 we use

d ai j d abDji \%i . d

N\ i I (_4Pji L
lim b" (1——"1)1*’) _ - ( o ) » f Zfla’-’ s
b;j—0 i1 iCj 0, if E j=1 aij < n;.

Applying this for i = k41, ..., d, shows that the sum over matrices (a; ;) € My(No) reduces
to a sum over matrices for which the elements of the i™ row sum to n;, of the form

d d k i d N i
T ) o, TITT (152 T (-222)
Jj=1 (ai, j)

j=1i=1 i=k+1 J

where C’ is independent of c. Ba,-,j also contains a term (—mj)zq La which equals O for
Zle a; ; > m;. Furthermore, we have

k

@ d a
m aD;:\“J aD::\“/

1' i 1— Jsl _ Jsl

&0 H( bic, ) 1 < )

C
=1 i=k+1 J

k aD; ;i \*“J ~d o . d
Hi:l (_ bijl) Hi=k+1(—aDj,i)a’vl, if Zi:l a; j =mj,
. d
0, if Yo jai;<mj.

Applying this for j =1+ 1,...,d, we are left with a sum over matrices (a; ;) for which the
elements of the jth column sum to m, of the form

ey ({162 11 2)

j
(ai,) j=1 \i=l i=k+1
d k @ d
aD; ; L] .
J,! a
< T (TT-5)" TT apior )
j=I+1 \i=1 i=k+1

Writing out C” and B, ; explicitly gives the result. [J

For 0 > 0 and U € My, we define the degenerate multivariate Meixner polynomials
Mm(n; U, o) by

. [ (=mpya o TTLi(=nidga o0 4
Mu(m; U, 0) = Z ] Z(,=1)az,] l sl H T
(a;,;)EMy s (m,n) o Zﬁj:l”ﬂj i,j=1 @i
<[Ta-v)™ JI (up)™.
1=isk 1<i.j=<d
=Jj=

i>k+1 or j=I+1
Define, similar as in Theorem 3.1,

b, .

pl=_5 l=17 7k3
a

- Cj .

pi=-2, j=1,...1,
a
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and U € M, by
LID',' . .
A lzizk =)=l
Dii J<i<k I+1<j<d,
Uiaj: aDlj'i

k+1<i<d 1<j<I,

¢j
aD;; k+1<i<d, I+1=<j=<d.
It is convenient to define p, p € C? by

P=(P1oo Pho b D), P=P1osPlosn D)

Note that we now have D;; = ap;p;U; ; for 1 <i, j < d. Then, it follows from Lemma 5.1

that 7 ,(g) is a multiple of Mm(n; U, o),

Tmn(8) =/ %(—w‘m'a—“ﬁmpwm(n; U, o).

Properties of the matrix coefficients can easily be translated to properties of the degenerate

Meixner polynomials, similar as in the previous sections. We will state the orthogonality

relations, the generating function, the duality property and difference equations, and leave the

other properties to the interested reader. First we need to introduce some notations, similarly

to the notations used at the end of Section 3. Given U € My and p;, p;j e Cfori =1,... k,
j=1,...,1, such that 1 — Zle Ipil>=1- Zﬁzl |pil%, we denote

- (11
o=(i. )

C = diag(1, —|p1 % ..

where 1; is the vector u with uy; = 1fori=1,...,kandu; =0fori =k+1,...,d, and
=l —=Ipol®s - =1pol®).
=Bl ol =1 pol®),

C = diag(1, —|p1|%, ..

where |po|> =1 — Zle | pi

| 2

Theorem 5.2. Let 0 € Noyyy, pi,pj € Cfori =1,...,k j=1,...,0 and U € My,
such that UTCUC = |p0|21d_,_1. The polynomials My(n) = My(m; U, o) have the following

properties:

(i) Orthogonality relations:

——m
Ol _nen I~ m!p~™p
D DB Wiy (1) M () = i
R (0)m|| Pol

neNy
——n
()| ~=m A B n!p"p
> T G N 0) M () = B
g ()il pol
meNO
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(ii) Generating function:

3 @i s U o
m

meNg
1 —o—inl "y d &
== [T{r-2uvn) T |-2vun
j=1 i=1 j=1 i=k+1 j=1
(iii) Duality: Mm(n; U, o) = My(m; U', ).
(iv) Difference equations: for s = 1,...,d,
2 ~
% ”me(n) =
d d
X))o + Imp) + > " [Usi i Pmi | M)+ Y " Uy Us 15 m j Min—y 4, (0)
i=1 ij=1

i#]j

d d
— 1) | Y UsimiMan—y, () + (0 + Im)) >~ Uy ;1 pil* Min; (m)

i=1 i=1
where

)L s <k
HO=V0, sk,
Proof. The orthogonality relations are orthogonality relations for the matrix coefficients
Tmn(g). In this case g = aPU'P with P = diag(1, p) and P = diag(l, p), where p;, p;
and U, ; are related to g as described above. Note that C = PTJP and C = PTJP. The
identity gfJg = J then leads to the condition UtcUC = |pol*1441. The generating function
follows from writing out

7°(en(2) = Y _ 75 n(8)em(z)

in terms of the degenerate Meixner polynomials and setting

_Gi%

, fori=1,...,1,
i = “
i fori=1+1,...,d.

The duality property and the difference equations are obtained in the same way as in
Theorems 3.2 and 4.3. O
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