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LECTURE 0Ï7 SKIPIIOTIOMS - SEPTEMBE'R 1964» 

P r o f o i r J. Gerritsma 

I n t r o d u c t i o n o 

I n t h i s l e c t u r e I s h a l l t r e a t f o r you some aspects of the 

problem o f shipmotions i n s t i l l water. The s o l u t i o n of t h i s problem 

i s important f o r the c a l c u l a t i o n and analysis of shipir.otions and r e ­

l a t e d phenomena such as bending moments, slamming, the shipping of 

green water and BO on, i n regular and i r r e g u l a r seas. 

To show you the importance of the o s c i l l a t i o n s i n s t i l l water 

we s h a l l study f i r s t of a l l , i n a very s i m p l i f i e d way, the motions 

of a S h i p i n long r e g u l a r and l o n g i t u d i n a l head waves» 

The s h i p has no forward speed and tho cross sections are w a l l 

s i d e d i n the v i c i n i t y of the load v/aterline. Consider a r i g h t hand 

coordinate system, f i x e d in space, ^'^^^^q'^q^' ^ second system i s 

attached to the s h i p : ( x y z ) . The o r i g i n of t h i s system l i e s i n the 

centre of g r a v i t y of the ship (G). For the ship at r e s t the two co­

ordinate systems coincide. 

The surging motion i s neglected and the heave and p i t c h of the ship 

are described by z^Ct) and 0 ( t ) a 
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A long regular wave ^ , v/ith small amplitude r runs i n the 

d i r e c t i o n of the negative a x i s . The surface e l e v a t i o n of t h i s 

wave i s given by: 

^ = r cos (k x^ + C*} t ) , 

where k = i s the wave number and ̂  = 7 ^ i s the c i r c u l a r f r e ­

quency of the wave» 

Because we neglect the surging motion and by assumin;-^ that 

the motion amplitudes are very s m a l l , we m.ay w r i t e : 

X ^ X o 
o 

The v e r t i c a l displacement of a s t r i p of the ship at a distance x 

from the centre of g r a v i t y i s given by: 

z - X 6 0 

o 
The displacement r e l a t i v e t o the water surface i s : 

z - X e - f . 
o 

The r e l a t i v e v e r t i c a l v e l o c i t y i s given by: 

! The r e l a t i v e v e r t i c a l a c c e l e r a t i o n w i l l be: 
i 

z - X 8 - « 

The v e r t i c a l forces a c t i n g on Q s t r i p of l e n g t h dx of the shi p are 

r e l a t e d by ,the f o l l o w i n g equation: (Newton) 

( — d x ) (z - x 8 ) = / ) g A dx - 2/0 e Y(z^ - X 0 - ̂ ) dx - w dx 

g o / X / O r¬

N ' (z - X Ó - ̂  ) dx + 

m * Cz^ - X Ö ) dx, 

where: w' i s the weight of the ship per u n i t l e n g t h ; 

A i s the cross s e c t i o n under the load w a t e r l i n e ^ 
X 

Y i s the h a l f w i d t h of the w a t e r l i n e at x; 

N' i s a c o e f f i c i e n t (the s e c t i o n a l damping c o e f f i c i e n t ) ; 

m' i s a c o e f f i c i e n t (the s e c t i o n a l added mass). 

Here we assume t h a t the pressure i n the wave i s not d i s t u r b e d by 

the presence of the s h i p . 



Because the v/ave l e n g t h i s very large i n compariGon w i t h 

the ship l e n g t h , the pressure i n the wave i s t a k e n as the hydro­

s t a t i c pressure. 

The t o t a l v e r t i c a l force on the ship i s found by i n t e g r a t i o n . 

We have: pg / k_^dx = J vi' dx, because a t r e s t the weight of the 

ship equals the weight of the displacement. Also we have: 

14 dx = o T the mass of the displacement, 
S ' 

2 p g y Y dx = |OgA^j.= e the w a t e r l i n e area times 
the s p e c i f i c g r a v i t y of the water. 

This c o e f f i c i e n t i s c a l l e d : the r e s t o r i n g force c o e f f i c i e n t , 

^ f> ë / Y x d x = + /Og S^^ = g the f i r s t moment of the waterplane 

area w i t h respect to a transverse 

axis through G, assuming th a t G l i e s 

i n the waterplane; 

ƒ N' dx = h the damping c o e f f i c i e n t f o r heave; 

ƒ N' x d x = e a dynamic cross coupling c o e f f i c i e n t ; 
L 

ƒ • 
m dx = a the added mass; 

L 

ƒ m X dx = d a dynamic cross coupling c o e f f i c i e n t , 
L 

Pe-arranging a f t e r i n t e g r a t i o n we f i n d the heave equation: 

(a + iOTDz + b z + C Z - ' d 0 - e Ó - g O = 2 g / Y i d x + 
' o o o T 

+ / N ' i dx + ƒ m'l^' 
i C c j t + 6„) 

dx = F e ^ ̂  
a 

By, t a k i n g the moment of the forces on the s t r i p w i t h respect 

to G, we f i n d i n a s i m i l a r way the p i t c h equation: 

j 
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Ez - G z = M e 
o o a 

These equations f o r heave and } ) i t c h are second order l i n e a r d i f ­

f e r e n t i a l equations, which are coupled. I n the heave equation we liave 

terms which contain the p i t c h angle " 0 " and i n the p i t c h moment equa­

t i o n the heave "z appears to be present. The coupling a r i s e s from 

the f a c t that the d i s t r i b u t i o n of the forces along t)ie h u l l i s not sym­

metric w i t h respect to G. For instance the term g 0 e x i s t s f o r a f o r 

and a f t non symmetric w a t e r l i n e , because g = g ^^j^i where 3^^^ ^ j , ^ ^ 

s t a t i c a l moment of the waterplane w i t h respect to a transverse a x i s 

through G. For a symmetrical w a t e r l i n e g = 0 . For a symmetrical s h i p -

form at zero speed the other coupling c o e f f i c i e n t s are also equal to 

zero. I n t h a t case: 

d = e = g = D = E •= G = 0 , 

I t has to be emphasized t h a t up t i l l now our problem i s very s i m p l i ­

f i e d : the wave leng t h i s very large i n comparison w i t h the ship l e n g t h 

and consequently the boyancy i n the wave i s taken as i n the case of a 

hy d r o s t a t i c c a l c u l a t i o n ; also the e f f e c t of forward speed i s not con-

terms are s i t u a t e d i n the r i g h t hand sides^ These r i g h t hand sides 

give the forces and moments on a non heaving and non p i t c h i n g ship 

i n waves. vVe have the same s i t u a t i o n wlien a more r e f i n e d a n a l y s i s i s 

applied t o the problem, at l e a s t as a f i r s t approximation. 

sideredo 

The l e f t hand sides of the equations contain only q u a n t i t i e s 

which describe the motion i n s t i l l water. The wave e l e v a t i o n ) 
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The c a l c u l a t i o n of shipr.otions i n regular head waves by using 

a s t r i p theory, has been discussed i n a number of papers, Hecent 

c o n t r i b u t i o n s v/ero given by Korvin»Kroukovsky and Jacobs [ l ] , Fay [ 2 j , 

7/atanabe [jJ. and Fukuda [k] . 

I n these papers the i n f l u e n c e of forward speed on the hydrody­

namic forces i s considered and dynamic cross-coupling terms are i n ­

cluded i n the equations of motion, which are assumed to describe 

the heaving and p i t c h i n g motions. 

I n e a r l i e r work [ 5 ] i t was shown t h a t a r e l a t i v e l y small i n f l u e n ­

ce of speed e x i s t s on the damping coe f fn.cients, the added mass and 

the e x c i t i n g forces, at l e a s t f o r the case of head waves and f o r 

speeds which are of p r a c t i c a l i n t e r e s t . On the other hand, forward 

speed has an important e f f e c t on some of the dynamic cross-coupling 

c o e f f i c i e n t s . Although, a t a f i r s t glance these terms could be r e ­

garded as second order q u a n t i t i e s , i t was pointed out by Korvin-

Kroukovsky [1] and also by Fay [s] t h a t they can be very im^portant f o r 

the amplitudes and phases of the motions. This has been confirmed 

i n [5]where the coupling terms are neglected i n a c a l c u l a t i o n of the 

heaving and p i t c h i n g motions. I n t h i s c a l c u l a t i o n we used c o e f f i ­

c i e n t s of the motion equations, which were determined by forced os­

c i l l a t i o n t e s t s . In comparison w i t h the c a l c u l a t i o n v/here the cross-

coupling terms are included and also i n comparison w i t h the measured 

motions, an important i n f l u e n c e i s observed, as shown i n Figure 1 , 

which i s taken from reference [ 5 j . Further analysis showed that the 

discrepencies between the coupled and uncoupled motions were mainly 

due to the damping cross-coupling terms. 

The i n f l u e n c e of forward speed has been discussed to some ex­

t e n t i n Vossers's t h e s i s [ 6 ] . From a f i r s t order slender body theory 

i t was found t h a t the d i s t r i b u t i o n of the hydrodynamic forces along 

an o s c i l l a t i n g slender body i s not i n f l u e n c e d by forward speed. 

VoBsers concluded t h a t the i n c l u s i o n of speed dependent damping 

cross-coupling terms i s not i n agreement wi t h the use of .a s t r i p 

theory. In view of the above mentioned r e s u l t s such a s i m p l i f i c a ­

t i o n does not hold f o r a c t u a l shipforms. 
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For symmetrical sliipfornrs at forv/ard speed, i t v/as shown by 

Timman and Newman ( 7 ] t h a t the damping cross-coupling c o e f f i c i e n t s 

f o r heave and p i t c h are equal i n magnitude, but opposite i n s i g n . 

Their conclusion i s v a l i d f o r t h i n or slender submerged of surface 

ships and also f o r non slender bodies. 

Golovato's work [8] and some of our experiments [ 5 ] on o s c i l l a t i n g 

shipmodels confirmed t h i s f a c t f o r a c t u a l surface sliips to a c e r t a i n 

extent. 

The e f f e c t s of forward speed are indeed very ir.portant f o r the 

c a l c u l a t i o n of shipmotions i n waves. The two-dimensional s o l u t i o n s 

f o r damping and added mass of o s c i l l a t i n g c y l i n d e r s on a free sur­

face, as given by Grim[9]and Tasai [ lo ] show a very s a t i s f a c t o r y agree­

ment w i t h experimental r e s u l t s . When the e f f e c t s of forward speed 

can be estimated w i t h s u f f i c i e n t accuracy, such two-dimensional 

values may be used to c a l c u l a t e tho t o t a l hydrodynamic forces and 

moments on a s h i p , provided that i n t e g r a t i o n over the s h i p l e n g t h i s 

pe r m i s s i b l e . 

I n order to study tho speed e f f e c t on an o s c i l l a t i n g shipform 

i n more d e t a i l , a series of forced o s c i l l a t i n g experiments was de­

signed. The main object of these experiments was to f i n d the d i s t r i ­

b u t i o n of the hydrodynamic forces along the l e n g t h of the ship as a 

f u n c t i o n of forward speed and frequency of o s c i l l a t i o n . 

2. The experiments. 

The o s c i l l a t i o n t e s t s were c a r r i e d out w i t h a 2 . 3 meter model 

of the S i x t y Series, having a b l o c k c o e f f i c i e n t Ĉ  = . 7 0 . The main 

dimensions are given i n Table 1. The model i s made of p o l y e s t e r , r e ­

i n f o r c e d w i t h f i b r e g l a s s , and consists of seven separate sections 

of equal l e n g t h . Each of the sections has two end-bulkheads. The 

width of the gap between two sections i s one m i l l i m e t e r . The sec­

t i o n s are not connected to each other, but they are kept i n t h e i r 

p o s i t i o n by means of s t i f f strain-gauge dynamometers, which are con­

nected to a l o n g i t u d i n a l s t e e l box g i r d e r above the m.odel. 
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Table 1 . 

Main p a r t i c u l a r s of the shipmodel. 

Length betv/een perpendiculars 2 .258 m 

Length on the v/aterline 2 .296 m 

Breadth 0.322 m 

Draught 0 .129 m 

Volume of displacement 0.0657m^ 

B l o c k c o e f f i c i e n t 0 .700 

C o e f f i c i e n t of mid len g t h section 0.986 

Prismiatic c o e f f i c i e n t 0 .710 

tVaterplane area 0.572 m̂  

Waterplane c o e f f i c i e n t 0 .785 
k 

0.1685m 
L o n g i t u d i n a l moment of i n e r t i a of waterplane 

0 .785 
k 

0.1685m 
L.C.B. forward of L / 2 

PP 
Centre of e f f o r t of waterplane 

a f t e r L / 2 
PP 

0 .011 m 

0 .038 m 

Froude number of service speed 

a f t e r L / 2 
PP 

0 . 2 0 

The dynamometers are s e n s i t i v e only f o r forces perpendicular 

to the baseline of the model. 

By means of a Scotch-Yoke miechanismi a harmonic heaving or p i t ­

ching motion can be given to the combination of the seven s e c t i o n s , 

which form the shipmodel. The t o t a l forces on each se c t i o n could 

be measured as a f u n c t i o n of frequency and speed. 

A non segmented model o f the same form was also tested i n the 

same conditions of frequency and speed to compare the forces on 

the whole model w i t h the sum>B of the sec t i o n r e s u l t s . A possible 

e f f e c t of the gaps between the sections could be detected i n t h i s 

way. The arrangement of the t e s t s w i t h the segmented model and 

w i t h the whole model i s given i n Figure 2 . 

The mechanical o s c i l l a t o r and the measuring system i s shown 

i n Figure 3« In p r i n c i p l e the measuring system i s sim.ilar to the 

one described by Goodman [ I I ] : the measured force s i g n a l i s m u l t i ­

p l i e d by coSWt and siniOt and a f t e r i n t e g r a t i o n the f i r s t harmonics 



- 8 -

of the in-phase and quadrature components can be found without d i s ­

t o r t i o n due to v i b r a t i o n noise. I n some d e t a i l s the e l e c t r o n i c c i r ­

c u i t d i f f e r s somewhat from the d e s c r i p t i o n i n [11]. I n p a r t i c u l a r 

synchro r e s o l v e r s are used instead of sine-cosine potentiometers, 

because they allow higher r o t a t i o n a l speeds. 

The accuracy of the ins t r u m e n t a t i o n proved to be s a t i s f a c t o r y 

which i s important f o r the determination of the quadrature compo­

nents, which are small i n comparison w i t h the in-phase components 

of the measured forces. 

Throughout the experiments only f i r s t harmonics were determined. 

I t should be noted t h a t non-linear e f f e c t s may be important f o r the 

sections a t the bow and the s t e r n where the ship i s not w a l l - s i d e d . 

The forced o s c i l l a t i o n t e s t s were c a r r i e d out f o r frequencies up to 

CJ = 14 rad/sec. and four speeds of advance were considered, namely: 

Fn = .15, .20, ,25 and .30. Below a frequency of ,CJ = 3 to 4 rad/sec, 

the experimental r e s u l t s are in f l u e n c e d by w a l l e f f e c t due to r e ­

f l e c t e d waves generated by the o s c i l l a t i n g model. 

The motion amplitudes of the shipmodel covered a s u f f i c i e n t l y 

large range to study the l i n e a r i t y of the measured values (heave r j 

h cm, p i t c h / V 4,6 degrees). An example of the measured forces on 

section 2, when the combination of the seven sections performs a 

p i t c h i n g motion, i s given i n Figure 4, 
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3. Presentation of the r e s u l t s . 

3 ,1 , Whole model. 

I t i s assumed th a t the force F and the moment M a c t i n g on a 

forced heaving or p i t c h i n g shipmodel can be described by the f o l i o 

wing equations: 

Heave; (a + / 0 7 ) z + b i + cz = F sin(COt + «t) 
' o o o z 

Dz +Ez +Gz = - M sin(cJt + (3) 
o o o z 

P i t c h ; (A+k^ ^C)ö + BO + 0 0 = M s i n ( Q t + ^ ) 

dS + eÓ + gO = - F^sinCwt + S) 

( 1 ) 

(2) 

For a given heaving motion: z =z s i n t j t , i t fo l l o w s t h a t 
O cL 

b = 

a = 

F since 
z 
z 03 
cL 

cz - F cos«t 
a z 

E = 

D = 

-^z ̂ "̂"/̂  

Gz + M cos /3 
' a z 

z ro2 
a'^ 

( 3 ) 

S i m i l a r expressions are v a l i d f o r the p i t c h i n g motion. 

The determination of the damping c o e f f i c i e n t s b and B and the dam­

ping cross-coupling c o e f f i c i e n t s e and E i s s t r a i g h t f o r w a r d : f o r 

a given frequency these c o e f f i c i e n t s are p r o p o r t i o n a l to the qua­

drature components of the forces or moments f o r u n i t amplitude of 

motion. For the determination of the added mass, the added mass 

moment of i n e r t i a , a and A, and the added mass cross-coupling coef 

f i c i e n t s d and D i t i s necessary to know the r e s t o r i n g force and 

moment c o e f f i c i e n t s c and 0 , and the s t a t i c a l cross-coupling coef­

f i c i e n t s g and G. 

The s t a t i c a l c o e f f i c i e n t s can be determined by experiments 

as a f u n c t i o n of speed at zero frequency. For heave the experimen­

t a l values show very l i t t l e v a r i a t i o n w i t h speed; they were used 
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i n the analysis of the t e s t r e s u l t s . 

I n the case of p i t c h i n g there i s a considerable speed e f f e c t on 

the r e s t o r i n g moment c o e f f i c i e n t 0 . 0 decreases approximately 12?'o 

when the speed increases from Fn = .15 to . 3 0 . This r e d u c t i o n i s due 

to a hydrodynamic l i f t on the h u l l wlien the shipmodel i s towed w i t h 

a constant p i t c h angle. Obviously t h i s l i f t e f f e c t also depends on 

the frequency of the motion. Consequently, the c o e f f i c i e n t of the 

r e s t o r i n g moment, as determined by an experiment at zero frequency, 

may d i f f e r from the value at a given frequency. 

As i t i s not possible to measure the r e s t o r i n g moment and the 

s t a t i c a l cross-coupling as a f u n c t i o n of frequency, i t was decided 

to use the ca l c u l a t e d values a t zero speed. This i s an a r b i t r a r y 

choise, which a f f e c t s the c o e f f i c i e n t s of the a c c e l e r a t i o n terms: 

f o r harmonic motions a decrease of C by AC r e s u l t s i n an increase 

of,A by ̂  when C i s used i n the c a l c u l a t i o n . 

. The r e s u l t s f o r the whole model are given i n the Figures 5 and 

6, The r e s u l t s f o r the heaving motion were already published i n [ l 3 ] ; 

they are presented here for completeness. 
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3 .2 . Pesults f o r the sec t i o n s . 

The components of the forces on each of the seven sections 

were determined i n the same way as f o r the whole model. As only 

the forces and no moments on the sections were measured two equa­

t i o n s remain f o r each s e c t i o n : 

Heave: (a* +fiQ*')z +b*z + c*z = F* s i n ( 031 + ot* ) 
' ' o o o z 

P i t c h : (d* + ̂ V*x^)Ö + e6 + gO = - F * s i n ( o 3 t +S*) 

(4) 

where V* i s the mass-moment of the s e c t i o n i w i t h respect to 

the p i t c h i n g a x i s . The s t a r (*) i n d i c a t e s the c o e f f i c i e n t s of the 

sections. Tho se c t i o n c o e f f i c i e n t s d i v i d e d by the l e n g t h of the 

sections give the mean cross-section c o e f f i c i e n t s , thus: 

a" 
L~77 
PP 

= a 

and so on. Assuming t h a t the d i s t r i b u t i o n s of the cr o s s - s e c t i o n a l 

values of the c o e f f i c i e n t s : a', b* e t c e t e r a , are continuous curves, 

these d i s t r i b u t i o n s can be determiined from the seven mean cross-

s e c t i o n values. I n the Figures 7, 8, 9 and 10 the d i s t r i b u t i o n s 

of the added mass a, the damjJing c o e f f i c i e n t b and the cross-coup­

l i n g c o e f f i c i e n t s d and e are given as a f u n c t i o n of speed and f r e ­

quency. Numerical values of the se c t i o n r e s u l t s , a*, b* e t c e t e r a , 

are summarized i n the Tables 2, 5, 4 and 5. 

I n Figure 8 i t i s shown t h a t the d i s t r i b u t i o n of the damping 

c o e f f i c i e n t b depends on forward speed and frequency of o s c i l l a t i o n . 

The damping c o e f f i c i e n t of the forward part of the shipmodel i n ­

creases when the speed i s i n c r e a s i n g . At the same time a decrease 

of the damping c o e f f i c i e n t of the afterbody i s n o t i c e d . For high 

frequencies negative values f o r the c r o s s - s e c t i o n a l damping c o e f f i ­

c i e n t s are found. 

The added mass d i s t r i b u t i o n , as shown i n Figure 7t changes 

very l i t t l e w i t h forward speed but there i s a s h i f t forward of the 

d i s t r i b u t i o n curve f o r i n c r e a s i n g frequencies. 

Negative values f o r the c r o s s - s e c t i o n a l added ma.ss are found 

f o r the bow-sections at low frequencies. For higher frequencies 

the i n f l u e n c e of frequency becomes very s m a l l . 
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The d i s t r i b u t i o n of the damping cross-coupling c o e f f i c i e n t e 

varies w i t h speed and frequency as shown i n Figure 10, From Figure 

9 i t can be seen th a t the added mass cVoss-coupling c o e f f i c i e n t 

depends very l i t t l e on speed. For higher frequencies the i n f l u e n c e 

of frequency i s small. 

As a check on the accuracy of the measurements the sum of the 

r e s u l t s f o r the sections were compared w i t h the r e s u l t s f o r the 

whole model. The f o l l o w i n g r e l a t i o n s v;ere analysed: 

H a * = a ƒ d« X dx = A 
L 

Cb* = b / e ' x d x = B 
L 

5Id* = d / a ' x d x = D 
L 

ETe* = e / ' b ' x d x = E 

The r e s u l t s are shown i n Figure 11 f o r a Froude number Fn = .20. 

For the other speeds a s i m i l a r r e s u l t was found. A numerical compa­

r i s o n i s given i n the Tables 2, 3, ^ and 5 . I t may be concluded t h a t 

the s e c t i o n r e s u l t s are i n agreement w i t h the values f o r the whole 

model. No I n f l u e n c e of the gaps between the sections could be found. 

'f. Analysis of the r e s u l t s . 

The experimental values f o r the hydrodynamic forces and moments 

on the o s c i l l a t i n g shipmodel w i l l now be analysed by using the s t r i p 

theory, t a k i n g i n t o account the e f f e c t of forward speed. For a de­

t a i l e d d e s c r i p t i o n of the s t r i p theory the reader i s r e f e r r e d to [ l ] , 

[2] and [3J. For convenience a short d e s c r i p t i o n of the s t r i p theory 

i s given here. T h e ' t h e o r e t i c a l e stimation of the hydrodynamic forces 

on a cross-section of u n i t l e n g t h i s of p a r t i c u l a r i n t e r e s t w i t h r e ­

gard to the measured ' d i s t r i b u t i o n s of the various c o e f f i c i e n t s along 

the l e n g t h of the shipmodel. 
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4.1, s t r i p theory, 

A r i g h t hand coordinate system x^y^z^ i s f i x e d i n space. The 

z^-axis i s v e r t i c a l l y upwards, the x^-axis i s i n the d i r e c t i o n of the 

forward speed of the vessel and the o r i g i n l i e s i n the undisturbed 

water surface. A second r i g h t hand system of axis x y z i s f i x e d t o 

the ship. The o r i g i n i s i n the centre of g r a v i t y . I n the mean p o s i ­

t i o n of the ship the body axis have the same d i r e c t i o n s as the f i x e d 

a x i s , 

Consider f i r s t a ship performing a pure harmonic heaving mo­

t i o n of small amplitude i n s t i l l water. The ship i s p i e r c i n g a t h i n 

sheet of water, normal to tho forward speed of the s h i p , a t a f i x e d 

distance x from the o r i g i n . 

At the time t a s t r i p of the ship at a distance x from the 

centre of g r a v i t y i s s i t u a t e d i n the sheet of water. From x^ = V t + x 

i t f o l l o w s t h a t x = - V, where: V i s the speed of the sh i p . 

The v e r t i c a l v e l o c i t y of the s t r i p w i t h regard to the water i s 

z^, the heaving v e l o c i t y . The o s c i l l a t o r y p a r t of the hydromechani-

c a l force on the s t r i p of u n i t l e n g t h w i l l be: 

where: ra' i s the added mass and N' i s the damping c o e f f i c i e n t f o r 

a s t r i p of u n i t length and y i s the h a l f width of the s t r i p at the 

w a t e r l i n e . Because: 

dm' _ dm * . 
dt ' "dT * ̂  ' 

i t f o l l o w s t h a t : 

o 

2 ƒ) g y z^, 

( 5 ) 

For the whole ship we f i n d , 

( 6 ) 

where A^ i s the waterplane area. 
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The moment produced by the force on the s t r i p i s given by: 

= -xFj» =(xm') Zo +(N« x - V x ~ - ) z ^ + 2 |» g x y z^ (7) 

Because J -x. —- dx = -m, we f i n d f o r the whole s h i p : 
L 

M„ = (/xra'dx)z + ( / N ' x d x + Vm)z + / j g S z (8) 
n £ ° L o / w o 

where i s the s t a t i c a l moment of the waterplane area. 

For a p i t c h i n g ship the v e r t i c a l speed of the s t r i p at x w i t h 

regard to the water w i l l be: - x è + VO, and the a c c e l e r a t i o n i s : 

- x 8 + 2VÓ. The v e r t i c a l force on the s t r i p w i l l be: 

F' = - ~ m ' ( - x 6 + V 9 ) - N'(-xö + V 0 ) + 2 ^ g y x 0 , 
d 

or: 

= m' x 8 + ( N ' X - 2 Vm' - x V ^ ) 9 + (2;ogyx + ^ -N'V)0 (9) 

The t o t a l hydromechanical force on the p i t c h i n g ship w i l l be: 

F =(/m'xdx)Ö+ ( / l l ' x d x - Vm)Ó+ ( og S -V / n'dx)© (10) 
^ L L < L 

The moment produced by the force on the s t r i p i s given by: 

M' = - x F ' = . m ' x ^ ö - ( N ' x 2 - 2 Vm' x-x^V — • ) Ó -
p p dx 

- (2;»gy x^ + V ^ x ^ ,-N' Vx)e. (11) 

The t o t a l moment on the p i t c h i n g ship w i l l be 

M =-(ƒ m'x^ dx)Ö - (/N'x^dx)0 - (/9g I - V̂ m - V/N' x dx)ö, (12) 
T • T I W , P L 

because:-

/ x ^ V ^ dx = - 2 v / m ' xdx. 
L L 

A summary of the expressions f o r the various c o e f f i c i e n t s f o r the 

whole ship according to the n o t a t i o n i n equatioris (1) and (2) i s 

given i n Table 6. 
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Table 6. 

C o e f f i c i e n t s f o r the whole ship according to tlie s t r i p theory, 

a = ƒ m' dx d = / r a ' x d x + 
L L CJ2 

b = / N ' d x e = / N ' x d x - V m 
L L 

c = ^ g g = p g S 
w 

(15) 

A = y r a X dx + —T' D = y m x d x 
L L 

B = y N' x^dx E = ƒ N' xdx + Vm 
L L 

w 

For the cr o s s - s e c t i o n a l values of the c o e f f i c i e n t s s i m i l a r ex 

pressions can be derived from the equations (5) to (12) . For the 

comparison w i t h the experimental r e s u l t s two of these expressions 

are given here, namely: 

b' . N' - V ^ 

dx 
(14) 

' • • dm' 
e = N x - 2 V m - x V ^ 

dx 

Also i t f o l l o w s t h a t : 

A = ƒ d' X dx 

and: (15) 

B s: J e X dx 
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4 .2 . Comparison of theory and experiment. 

For a number of cases the experimental r e s u l t s are compared 

w i t h theory. F i r s t of a l l the damping cross-coupling c o e f f i c i e n t t 

are considered. From equations (13) i t f o l l o w s t h a t : 

E = / N'xdx + Vm 
(16) 

X dx - V m 

The f i r s t term i n both expressions i s the cross-coupling c o e f f i ­

c i e n t f o r zero forward speed. For a f o r and a f t symmetrical ship 

t h i s term i s equal to zero. For such a sh i p the r e s u l t i n g expres­

sions are equal i n magnitude but have opposite s i g n , which i s i n 

agreement w i t h the r e s u l t found by Timman and Newman [?]. The e x p e r i ­

ments confirm t h i s f a c t as shown i n Figure 13 where e and E are p l o t ­

ted on a base of forward speed as a f u n c t i o n of the frequency of os­

c i l l a t i o n . The magnitude of the speed dependent parts of the c o e f f i ­

c i e n t s i s equal w i t h i n very close l i m i t s . E x t r a p o l a t i o n to zero 

speeds shows t h a t the e and E l i n e s i n t e r s e c t i n one p o i n t which 

should represent the zero speed cross-coupling c o e f f i c i e n t . 

Using Grim's two-dimensional s o l u t i o n f o r damping and added 

mass at zero speed [9]the c o e f f i c i e n t s e and E were also c a l c u l a t e d 

according to the equations (16) . The d i s t r i b u t i o n of added mass and 

damping c o e f f i c i e n t f o r zero speed i s given i n Figure 12 and the 

ca l c u l a t e d damping cross-coupling c o e f f i c i e n t s are shown i n Figure 

13. 

The c a l c u l a t e d values are i n l i n e w i t h the experimental r e s u l t s . 

The n a t u r a l frequencies f o r p i t c h and heave are r e s p e c t i v e l y 0 = 7 . 0 / 

6.9 rad/sec and i n t h i s important region the c a l c u l a t i o n of the dam­

ping cross-coupling c o e f f i c i e n t s i s q u i t e s a t i s f a c t o r y . The zero speed 

case w i l l be studied i n the near f u t u r e by o s c i l l a t i n g experiments i n 

a wide basin to avoid w a l l i n f l u e n c e . 

Another comparison of theory and experiment concerns the d i s t r i ­

b u t i o n along the l e n g t h of the shipmodel of the damping c o e f f i c i e n t 

and of the damping cross-coupling c o e f f i c i e n t e. 
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From equation ( l 4 ) : 

dx 

e' = N' X - 2 Vm* - x V ^ 
dx 

Again using Grim's two-dimensional values f o r n ' and m*, these d i s ­

t r i b u t i o n s could be c a l c u l a t e d . An example i s given i n Figure l 4 . 

Also i n t h i s case the agreement between the c a l c u l a t i o n and the ex­

periment i s good. For high speeds negative values of the cross-sec­

t i o n a l damping i n the afterbody can be explained on the basis of 

the expression f o r b', because i n that region i s a p o s i t i v e quan­

t i t y . 

F i n a l l y the values f o r the c o e f f i c i e n t s A, B, a and b f o r the 

whole model, as given by the equations (13) were c a l c u l a t e d and com­

pared w i t h the experimental r e s u l t s . Figure 15 shows t h a t the damp­

i n g i n p i t c h i s over estimated f o r low frequencies. The other coef­

f i c i e n t s agree q u i t e w e l l w i t h the experimental r e s u l t s . 
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TABLE 2, 

Added mass for the sections and the whole model. 

kg sec /m. 

Fn = .15» 

CO 
* 

a a 

rad/ 

s e c 
1 . 2 3 4 5 6 7 

sura of 

s e c t i o n s 

whole 

model 

-1 ,21- 0,59 — 0,54 0,87 0,41 -0,17 1 ,84 
6 0,31 0,66 1,08 1,38 1,26 0,65 0,02 5,36 5,37 

8 0,24 o,6o 1,09 1,37 1,28 0,76 0,10 5,44 5,26 

10 0,20 0,69 1,29 1,48 1,34 0,85 0,14 5,99 5,91 

12 0,18' 0,78 1,4o 1,60 1,45 0,90 0,17 6,48 6,39 

Fn = .20. 

0,59 0,83 1,29 1,59 1,15 0,22 -0,27 5,40 5,63 

6 0,32 0,65 1 ,00 1,4o 1,23 0,64 0 5,24 5,19 

• 8 0,21 0,55 1,08 1,38 1 ,21 0,75 0,12 5,30 5,18 

10 0,19 0,65 1,23 1,49 1,33 0,83 o,i4 5,86 5,78 

12 0,20 0,77 1,37 1,60 1,45 0,88 0,17 6,44 6,32 

Fn : = .25. 

0,86 1,09 1,26 1 ,66 1 ,20 0,16 -0,32 5,91 4,99 

6 0,33 0,65 1,01 1,38 1,19 0,55 -0,02 5,09 4,89 

8 0,20 0,54 1,03 1,39 1 ,26 0,68 0,08 5,18 5,15 

. 10 0 ,18 0,62 1,19 1,48 1,34 0,77 0,12 5,70 5,65 

12 0,20 0,76 1,37 1,60 1 ,45 0,83 0,16 6,37 6,21 

• Fn = = .30. 

0,70 0,91 1,49 1,58 1,07 -0,10 -0,22 5,43 5,59 

• 6 0,25 0,44. 1,15 1,39 1,07 0,45 0,07 ^,82 4,51 

8 0,16 0,42 1,14 1,45 1,08 0,58 0,13 4,96 4,93 

•10 0,15 0,55 1,26 1 ,47 1 ,22 0,68 0,17 5,50 5,48 

12 0,17 0,69 1,41 1,57 1,35 0,81 0,19 6,19 6,18 
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TABLE 3. 

Damping c o e f f i c i e n t s for the sections and the whole model. 

kg sec/m. 

Fn o .13. 

CO 
• 

b b 

r a d / sum of whole 

sec 1 2 3 4 5 6 7 sections model 

2,03 9,78 5,78 3,80 4,80 2,00 - 35,63 

.. 6 1,82 4,42 4,55 4,58 4,52 4,78 1,67 26,34 26,53 

8 1,61 2,31 2,26 2,75 3,35 3,94 1,53 17,75 17,49 

10 1,56 1,08 0,76 1,39 2,36 3.43 1,49 11,87 11 ,63 

12 0,95 0,47 0,44 0,87 1,89 3,09 1,50 9,21 8,54 

Fn = .20. 

4 1,33 4,53 5,08 5,05 5,73 6,63 2,50 31,05 31 ,35 

6 1,95 3,95 4,32 4,45 4,52 5,07 . 2,07 26,33 26,15 

,8; 1,50 • 1,91 2,25 2,81 3,49 4,38 1,94 18,28 17,78 

10 1,10 0,37 0,62 1,54 2,70 4,01 1,90 12,24 12,14 

12 0,74 -0,15 0,21 1 ,01 2,18 3,84 1,93 9,76 9,03 

Fn = .25. 

4 2,13 4,80 5,38 5,20 5,98 7,63 2,85 33,97 35,88 

6 1,97 3,43 4,17 4,23 , 4,62 5,68 §,35 26,45 27,63 

8 1,48 1,58 2,28 2,83 3,68 5,21 2,19 19,25 18,75 

10 0,95 -0,06 0,60 1,68 3,00 4,96 2,20 13,33 12,69 

12 0,52 -0,56 -0,03' 1,03 2,63 4,74 2,29 10,62 9,78 

Fn = . 30. 

4 1,78 4,40 4,40 5,15 6,78 7,60 2,98 33,09 38,10 

6 1,75 2,77 3,50 4,10 5,18 6,32 2,55 26,17 28,45 

8 1,21 0,99 1,70 2,81 4,50 5,73 2,51 19,45 20,4o 

10 0,64 -0,87 0,17 1,88 4,07 5,42 2,59 13,90 13,95 

12 0,42 -0,56 -0,63 1,37 3,72 5,28 2,66 11,26 10,4' 
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TABLE k. 

Added mass cross-coupling c o e f f i c i e n t s f o r 

the sections and the v/hole model. 

2 
kg sec . 

Fn = .15. 

CO 

• 
d 

d 

r a d / 

s e c 
1 2 3 4 5 6 7 

sum of 

sections 

whole 

model 

k — _ — - +0,59 +0,28 - - -
6 . -0,42 -0,47 -0,33 +0,02 +0,46 +0,57 +0,13 -0,04 +0,09 

8 -0,27 -0,44 -0,40 -0,01 +0,38 +0,50 +0,13 -0,11 -0,16 

10 -0,19 -0,43 -0,4o -0,01 +0,37 +0,49 +0,15 -0,02 -0,10 

12 -0,19 -0,45 -0,4o -0,01 +0,40 +0,51 +0,15 +0,01 -o,o4 

• Fn = = .20. 

. ,4 -0,57 -0,67 - - - +0,78 +0,32 - -
6 -0,39 -0,52 -0,34 +0,01 +0,46 +0.,59 +0,13 -0,06 -0,06 

8 -0,24 -0,45 -0,40 -0,01 +0,39 +0,51 +0,11 -0,09 -0,14 

10 -0,20. -0,45 -0,4o -0,01 +0,38 +0,51 +0,13 -o,o4 -0,08 

12 . -0,20 -0,47 -0,41 -0,01• +0,40 +0,53 +0,14 -0,02 -0,03 

Fn = = .25. 

-0,62 -0.59 -0,01 +0,12 +0,72 +0,86 +0,21 +0,69 +0,15 

6 -0,39 -0,50 -0,32 +0,02 +0,46 +0,59 +0,13 -0,01 0,00 

• 8 -0,25 -0,48 -0,40 -0,01 +0,39 +0,52 +0,14 -0,07 -0,13 

10 -0,18 -0,46 -0,42 -0,01 +0,38 +0,51 +0,13 -0,05 -0,08 

12 -0,20 -0,46 -0,42 . -0,01 +0,40 +0,51 +0,15 -0,03 -0,05 

Fn = = .30. 

. h -0,62 -0,61 +0,13 +0,08 +0,64 +0,95 +0,20 +0,75 +1,09 

6 -0,29 -0,47 -0,36 +0,01 +0,43 +0,59 +0,21 +0,12 +0,01 

8 -0,21 -0,47 -0,44 -0,01 +0,38 +0,53 +0,16 -0,06 -0,11 

• 10 -0,19 -0,46 -0,44 -0,02 +0,38 +0,51 +0,15 -0,07 -0,10 

12 -0,20 -0,46 -0,44 -0,02 +0,39 +0,52 +0,16 -0,05 -0,06 
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TABLE 5» 

Damping cross-couplinp; c o e f f i c i e n t s f o r 

the sections and the whole model» 

kg sec. 

CO 
<« 

e e 

r a d / 

sec 
1 2 3 4 5 6 7 

sum of 

sections 

whole 

model 

k - - - - +1,63 +1,34 - - - 2,43 

6 -1,65 -2,58 -2,12 -1,19 -0,09 +1,70 +1 ,21 - 4,72 - 5,32 

8 -1,71 -2,49 -2,45 -1,81 -0,68 +1,20 +1,09 - 6,84 - 6,75 

10 -1,4o -2,01 -2,43 -2,10 -1,21 . +0,88 +1,05 - 7,22 - 7,04 

12 -1,07 -1,55 -2,28 -2,39 -1,52 +0,63 +1 ,05 - 7.13 - 6,88 

Fn : = .20, 

k -1 ,22 -3,07 - - - +2,39 +1,77 - - 6,63 

6. -1,68 -2,43 -2,40 -2,06 -0,68 +1,52 +1,42 - 6,31 - 6,65 

8 -1,59 -2,36 -2,83 -2,50 -1,25 +1,11 +1,32 - 8,10 - 8,23 

10 -1,29 -2,04 -3,02 -2,87. -1,75 +0,82 +1,29 - 8,86 - 8,86 

12 -0,98 -1,65 -2,99 -2,97 -2,06 +0,61 +1,30 - 8,74 - 8,75 

Fn : = .25. 

k -1,52 -3,04 -5,47 -3,03 -0,96 +2,16 +1,91 - 7,95 - 6,70 

6 -1,50 -2,21 -2,83 -2,66 -1,36 +1,47 +1,61 = 7,50 - 7,38 

8 -1,50 -2,26 -3,21 -2,97 -1,79 +1,11 +1,51 - 9,11 - 9,30 

10 -1,22 -2,14 -3,56 -3,39 -2,27 +0,86 +1,49 -10,23 -10,18 

12 -0,85 -1,81 -3,66 • -3,58 -2,53 +0,66 +1,47 -10,30 -10,31 

• 

Fn : = ,30, 

k -1,37 -2,82 -3,61 -3,06 -1,22 +2,19 +1,98 -.7,91 - 7,55 

6 -1,23 -1,93 -3,16 -3,06 -1,84 +1.43 +1,72 - 8,07 - 7,95 

8 -1,30 -1,96 -3,55 -3,42 -2,32 +i-,03 +1,67 - 9,85 - 9,81 

10 -1,19 -2,06 -3,94 -3,90 -2,70 +0,76 +1,67 -11,36 -11,25 

12 -0,91 -1,97 -4,08 -4,19 • -2,97 +0,56 +1,69 -11,87 -11,84 



L i s t of symbols. 

a . • g 

A . , G 

a*. . g* 

A*. . G* 

a' . . g' 

A''. . G' 

Fn 

s 

k 
yy 

L 
PP 

m' 

N' 

t 

Y 

x y z 

X ,y ,z 

© 

C o e f f i c i e n t of the motion equations 

(hydromechanical p a r t ) . 

The same f o r a s e c t i o n of the ship. 

The same f o r a cross-section of the ship. 

B l o c k c o e f f i c i e n t . 

Froude number. 

Amplitude of v e r t i c a l force on a heaving or p i t c h i n g s h i p . 

O s c i l l a t o r y p a r t of the hydromechanical force on a heaving 

or p i t c h i n g s h i p. 

Acceleration of g r a v i t y . 

L o n g i t u d i n a l radius of i n e r t i a of the s h i p . 

Length between perpendiculars. 

Amplitude of moment on a heaving or p i t c h i n g s h i p. 

O s c i l l a t o r y p a r t of the hydromechanical moment on a heaving 

or p i t c h i n g s h i p . 

Added mass of a cross-section (zero speed). 

Damping c o e f f i c i e n t of a cross-section (zero speed). 

Time. . 

Forward speed of s h i p . 

Right hand coordinate system, f i x e d to the s h i p . 

Right hand coordinate system, f i x e d i n space. 

V e r t i c a l displacement of s h i p . 

Distance of centre of g r a v i t y of a s e c t i o n to the p i t c h i n g 

a x i s . 

Phase angles. 

P i t c h angle. 



- 23 -

Density of water. 

C i r c u l a r frequency. 

Volume of displacement of ship. 

Volume of displacement of s e c t i o n . 
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