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The paper outlines a course on structural mechanics in reactor technology taught to graduate students of me- 
chanical engineering at Delft University of Technology. The course consists of three main parts, viz. criteria for 
allowable stresses, stresses and deformations in plates, shells and rings and analysis of pressure vessel components. 

1. Introduction 

1.1. Purpose and aim o f  the course 
The course outlined in this paper is taught at Delft 

University of Technology to students of mechanical 
engineering in their 8th semester. It consists of about 
15 lectures of 2 × 45 minutes each, completed by two 
afternoon sessions for solving sample problems. 

In assessing the aforementioned information one 
must realize that, like most European universities but 
contrary to frequent American practice, Delft does 
not confer a separate degree in nuclear engineering. 
Rather this is one of the various possible main sub- 
jects for graduation in mechanical engineering which 
the student may select upon completion of his 6th 
semester. Other obligatory graduate courses resulting 
from the selection of nuclear engineering concern 
reactor types, reactor physics and shielding, heat 
removal, plant dynamics and control, component 
design a.o. Upon entering the present course the 
students' knowledge in the field of interest may be 
summarized as follows: 
- fundamentals of mechanical behaviour of mate- 

rials, including creep, fatigue and fracture; 
- one-dimensional elasticity, sometimes referred to 

as "beam theory"; 
- the application of energy theorems to statically 

indeterminate beam structures. 

The main aims of the course are: 
a. to provide an understanding of the various modes of 

failure relevant for pressure vessels and of the 
types of loading or "stress categories" by which 
they might be caused. Such understanding is essen- 
tial for establishing rational stress limits; 

b. to impart knowledge of the basic elements of plate 
and shell theory; 

c. to demonstrate the application of this theoretical 
knowledge to the stress and deformation analysis 
of selected pressure vessel components, viz. heads, 
flanges, nozzles and tubesheets; 

d. to acquaint the students with the potential of such 
numerical techniques as the finite-difference and 
the finite-element methods for solving problems 
where the analytical approach fails or becomes too 
cumbersome. 

In connection with this last point it must be empha- 
sized that the present course does not pretend to 
train specialized stress analysts: both the teacher and 
the available time would be obviously inadequate for 
such a purpose. Moreover a number of courses taught 
by members of the Applied Mechanics group of the 
same Department are available for students desirous 
of such specialized knowledge. On the other hand it 
is felt that upon completion of the present course 
the student, in addition to being capable of solving 
most practical problems in pressure vessel design and 
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analysis, should be able to find his way in the perti- 
nent literature and know when and how to invoke the 
specialist's help. 

This introduction would be incomplete without 
attempting an answer to the questions why such a 
course should be included at all in the curriculum for 
mechanical engineering and why it is presented in the 
context of nuclear engineering. The answer to the first 
question is to be found in the inadequacy of the older 
pressure vessel design codes, which involve only pri- 
mary stress limitations, for the design of an increasing 
number of pressure vessels for critical applications in 
(petro)chemical, power, aerospace, marine and ocean 
engineering involving fatigue, brittle fracture or creep 
as possible modes of failure. The pioneering role of 
nuclear engineering in developing more advanced de- 
sign techniques derives from a number of special cir- 
cumstances prevailing for nuclear pressure vessels: 
- extremely high safety and leak-tightness require- 

ments; 
limited accessibility for periodic inspections; 
increased risk for hidden flaws due to the high 
wall thicknesses in PWR vessels; 

-- increased susceptibility to failure by fatigue or 
thermal ratcheting due to 

load-dependent thermal stresses caused by 
neutron and -/-absorption; 
radiation embrittlement; 
steep thermal gradients in fuel canning and 
sodium-cooled equipment, particularly for loss- 
of-flow accidents; 
thermal shock in the case of emergency core 
cooling. 

1.2. Main contents 

In accordance with the aims set forth earlier the 
course consists of the following three main parts 
1. Criteria for allowable stresses 
2. Stresses and deformations in shells, plates and 

rings 
3. Analysis of pressure vessel components. 
Of these, the first and third form the backbone of the 
course. The first part arrives at allowable stress values 
by providing the rational behind them. The third part 
supplies the tools for calculating the stresses and de- 
formations actually occurring in important pressure 
parts such as flanges, tubesheets and nozzles under 
various service loads. 

The second part has the auxiliary function of 
bridging the gap between one-dimensional elasticity 
and the analytical methods of part three. For most 
of its contents reference can be made to standard 
textbooks. The discussion of this part shall therefore 
concentrate on a few topics to which this applies to 
a lesser degree. 

2. Criteria for allowable stresses 

As explained before this chapter starts with an 
enumeration of the modes of failure relevant to pres- 
sure vessel design, including their physical explana- 
tion. This requires particular care for the two modes 
of failure caused by alternating loads because of the 
difficulty of presenting a succinct and yet unequivo- 
cally clear distinction between incremental collapse 
and low cycle fatigue, both of which may occur if 
the calculated elastic stress range exceeds twice the 
yield stress. The author has been fortunate to be able 
to draw from the excellent example presented by 
Ruiz in [A.5] on the basis of a hypothetical three- 
bar system loaded by a constant mechanical and a 
superimposed alternating thermal load, the latter 
being applied by cyclic heating and cooling of the 
outer bars. The first preparatory step in the reasoning 
is to show how the structure may shake down to elas- 
tic behaviour. This course of events, indicated by A 
in fig. 1, lies at the root of the 3S m criterion of ASME 
Ill, subsequently discussed in the remainder of this 
chapter together with the other design criteria. The 
understanding of this principle will enable the inter- 
ested student to take cognizance of the more refined 
considerations on shakedown which have been pub- 
lished in particular in the British literature. The 
second and crucial step in the reasoning is to explain 
the fundamental difference between the two modes 
of failure apt to occur if the aforementioned limit 
keeps being exceeded. If the structural member to 
which this happens forms the stiffest part of the 
total structure, it will force the remainder to yield 
too, leading to cyclic elongation of the whole and 
thus ultimately to failure by plastic instability: cf. 
part B of fig. 1. If by contrast the stiffness of the 
cyclically yielding member is relatively small, it will 
form a plastic "island" in a total structure given to 
elastic behaviour, absorbing per cycle an amount of 
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Fig. 1. Failure under alternating load, ref. [A.5]. 

plastic deformation energy which is relatively large 
due to the small area affected. This energy is indicated 
by the hysteresis loop of part C in fig. 1. It now re- 
mains to recall to the student how this cyclic input of 
energy will start to harm the structure on a molecular 
scale, causing pile-ups of  dislocations along the slip 
planes and blocking further movement  along these 
planes. It is then easy to understand how these pile- 
ups may in due course grow to submicroscopic, micro- 
scopic and finally visible cracks, while at the same 
time the blockage of slip planes will cause local em- 
brittlement. The stage is thus set for the propagation 
of a crack to cause fracture. While this explanation, 
both  in its present abbreviated form and at full length 
as presented in the course, may cause considerable 
indignation with pure-blooded metallurgists due to 
its gross simplifications, the author feels that it 
achieves the aim of  visualizing fatigue and its link to 
fracture for mechanical engineering graduates at an 
acceptable price in scientific level. 

The logical transition it offers towards fracture 
phenomena is subsequently exploited for discussing 

brittle fracture* as the next and last mode of failure. 
Again the explanation starts on the microscopic scale 
with the cleavage of single crystals, underscoring how 
this type of fracture is stress - in stead of strain-con- 
trolled and showing how the number of  crystal cleav- 
ages first increases and then decreases with tempera- 
ture. By proceeding from there to fracture propagation 
in a group of  crystals the notion of a minimum crack 
length for instable fracture propagation is evolved, as 
well as the temperature dependence of the critical 
stress for causing instability. A graph showing the 
dependence of this fracture stress on temperature 
leads to the explanation as well as the definition of 
the transition temperature. Thus the student has 
gained an insight into the three main factors gover- 
ning the susceptibility of  a given material to low 
stress fracture: temperature, stress and flaw size. In 
the course of  the preceding discussions on fatigue and 
fracture the explanation of embritt lement by fast 
neutron irradiation is almost self-evident. After two 
brief paragraphs on stress intensities and stress cate- 
gories, introducing the definitions of  ASME III, the 
design criteria are evolved for each mode of  failure. 
The concept typical of  each truly modern design 
code, viz. to assign separate limits to the various 
stress categories according to the possible modes of 
failure associated with each category, is thus presen- 
ted in a logical and coherent manner. For the actual 
design stress values those of ASME III [A.27] have 
been retained, not because it is the only or even in 
each and every respect the best of  its kind but be- 
cause it has gained by far the widest acceptance. In 
the case of  creep rupture Code case 1331 has been 
followed. Also retained is the so-called "hopper  
diagram" for presenting an overall view and "user's 
guideline". 

The rationale behind the selected limits is pre- 
sented on the basis of  [A.26], adding some explana- 
tory notes on the use of the modified Goodman 
diagram for designing against fatigue. The as yet un- 
solved problem of the interaction between creep and 
low cycle fatigue is briefly stated, referring to litera- 
ture (e.g. [A. 17], [A.28]) for possible further study. 

* In the (Dutch) text of the course this terminology, referring 
to the appearance of the fracture surfaces, is avoided in 
favour of "low stress fracture", indicating that failure oc- 
curs well below yield stress. 
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The one obvious deficiency in the existing ASME 
III editions is of  course the absence of design criteria 
against low stress fracture. To cover this deficiency 
and prepare the students for future code develop- 
ments in this direction both the transition tempera- 
ture and fracture mechanics approaches are briefly 
evaluated as possible tools for establishing design 
rules defining the interrelationship between tempera- 
ture, stress and flaw size. In the first case this results 
in the presentation of  the so-called "fracture analysis 
diagram" (sometimes referred to as "Pellini diagram") 
and the various definitions such as NDT, FTE and 
FTP associated with it, as well as the main experimen- 
tal procedures, such as the Robertson and Dynamic 
Tear tests, for obtaining the necessary data. In the 
case of  fracture mechanics care is taken to underscore 
its elastic origins - for the Westergaard equations 
themselves the student is referred to literature such as 
[A.20], [A.22], [A.23] as the main reason for its 
cautious application to the tough nuclear pressure 
vessel steels. The requirement that the radius ry of  the 
plastic zone at the crack tip, always present in the 
case of  these steels, be small in comparison to crack 
length and wall thickness, explains the enormous 
specimen sizes required for fracture toughness testing 
of such steels at elevated temperatures, considering 
that ry willbe proportional to Kic/Oy. However, as 
illustrated by fig. 2 the fracture toughness Klc rises so 
steeply at temperatures above NDT that there seems 

KIc[MN rn -3/2] 
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Fig. 2. Fracture: Kic as f(O) (ref. as for fig. 3). 

to be little need!for accurate experimentally 
verified values at those higher temperatures. The 
emergence of  the fracture toughness (or critical 
stress intensity factor) K1c as a material property in- 
dicative of  the load bearing capacity, similar to such 
familiar properties as yield stress or U.T.S., appears 
as an important advantage of  the fracture mechanics 
approach in vessel design. For its practical application 
however it is further required to establish the influence 
of flaw shape as well as of its size upon the allowable 
stress for a material with a given fracture toughness. A 
convenient though indirect method is to take a given 
stress and present the corresponding critical flaw size 
as a function of  flaw shape, as shown in fig. 3. By 
taking the stress equal to the yield stress, i.e. the 
maximum possible value, one obtains a fair impres- 
sion of  the size to which a fatigue crack of  a certain 
idealized shape may grow before it becomes dangerous. 
Here it should be remarked that most cracks of  
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technical significance to pressure vessel safety can be 
approximated between extremes of relatively simple 
shape, such as circular, elliptical, semi-elliptical or 
hairline. Furthermore elastic computations have sup- 
plied much additional information on the stress inten- 
sity factors for various crack shapes (e.g. [A.24] ), some 
of which is included in the course in tabular form. I 
should not like to leave the subject without stressing 
that the student is cautioned against the limitations of 
fracture mechanics in pressure vessel design as well as 
being made aware of its potential. Unknowns men- 
tioned specifically are the influence of complex stress 
states and of dynamic loading conditions upon the 
fracture toughness and the constants in Paris' law on 
fatigue crack growth [A.28], [A.29]. 

3. Plates, shells and rings 

With so many outstanding textbooks (e.g. [B. 1-5] ) 
the only problem in a course like the present one is to 
condense the available information to fit the restricted 
aims of the course. Therefore this chapter starts by 
enumerating the following limitations to which its 
contents will be subject: 
- Shape :  t he  text covers only cylindrical and spheri- 

cal shell elements and circular plates, all of uniform 
thickness, and rings of  rectangular cross section 
with large radius-to-thickness ratios. Fig. 4 illus- 
trates how all the important parts of nuclear pres- 
sure vessels can be schematized into the aforemen- 
tioned elements. 

- L o a d :  only axisymmetric loads are to be consid- 
ered. Nuclear and other comparable pressure ves- 
sels are subject to the following loads 

internal pressure, causing axisymmetric load 
patterns except at nozzles on the cylindrical 
shell or hill-side nozzles on bottom or top head. 
Such non-axisymmetric cases, while beyond the 
scope of this course as regards their true solution, 
will be briefly discussed at the end of section 4; 
temperature gradients across the wall or between 
adjacent vessel parts: here the same applies as 
for the pressure loading; 
pipe, control rod scram and support pad reac- 
tions: with a few exceptions these are not axi- 
symmetric and therefore excluded from discus- 
sion in this course. While this admittedly consti- 

tutes an incompleteness, it should be remarked 
that such local loads are hardly amenable to 
analytical treatment by non-specialists, who 
are usually referred to existing charts deriving 
from Bylaard's work [C. 15-17] .  

- D e j b r m a t i o n s :  only "small" deformations are 
considered, excluding feedback effects between 
deformation and load. This restriction is generally 
accepted in pressure vessel analysis and requires no 
further amplification. 

- S tress  state: only "thin" shells ( h / R a y  ~ 0.1) and 
plates ( h / R  <<. 0.2) are considered, i.e. stresses per- 
pendicular to the middle plane and shear stresses 
are neglected. In order to explain the full conse- 
quences of this limitation for subsequent analyses 
this part of the course contains a concise but rigo- 
rous treatment of the basic assumptions of thin 
shell theory in analogy to those of beam theory with 
which the students are familiar. While this restriction 
does not impose any practical limitation as regards 
nuclear components except for the tubesheets of 
large steam generators and for reinforced parts of 
nozzles, both of which are discussed in section 4, 
it does exclude vessels for a number of high pres- 
sure applications in chemical engineering. Again it 
is felt that this is not too high a price to pay for the 
considerable simplification obtained through this 
restriction in the various formulae and their deriva- 
tions, the more so because the student interested 
in thick-walled shells will be well prepared for the 
use of pertinent literature, such as Faupel's con- 
tribution in [G.2]. 

In summarizing it may be said that the above restric- 
tions constitute a deliberate choice for clarity over 
completeness. 

Turning now to the actual contents of this chapter 
two introductory remarks on the arrangement and 
sequence of the subject-matter seem in order. First it 
should be pointed out that the main subdivision 
according to stress category has been deliberately 
chosen with the intention to further familiarize the 
students with this concept, aiding them to integrate 
their subsequent stress analyses into code procedures. 
Secondly it should be explained that in the paragraph 
on primary stresses shells - comprising both cylinders 
and spheres - are treated prior to plates because in 
their case a separation between membrane and bending 
stresses does make practical sense. 
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This paragraph on primary stresses derives almost 
totally from standard textbooks, viz. lB.2] and [B.3] 
for spheres, [B.1] and [B.3] for plates and [B.4] and 
[B.5] for rings. Therefore the discussion here may be 
limited to two features concerning the bending of  
shells loaded by edge forces and moments  whose 
treatment differs slightly from that given in the text- 
books. In the case of  cylindrical shells the well-known 
fourth order differential equation is derived by con- 
sidering the cylinder to consist of  staves which can be 
treated as beams on an elastic foundation; apart from 
being an alternative to the usual procedure based upon 
equilibrium and compatibility considerations of  a shell 
element, this approach has the added advantage of 
being reminiscent of  the beam problems with which 
the students are thoroughly familiar. In the case of 
(hemi)spheres the differential equations 

d2Q¢ 

dq~ 2 

dQo 
- -  + - - ~  cot ~ - Qo cot0 -+ 2 iK2Qo = 0 

are derived in the classical manner described e.g. in 
[B.2], Q~ being the radial stress resultant on the shell 
element considered. However, for the solution of  
these equatiqns only two approximations are discus- 
sed because of their suitability for the two kinds of  
edge loading of interest, i.e. near a meridian and near 
the apex of the (hemi)sphere. For the first of these 
(~ >/30 °) the Geckeler approximation of discarding 
the terms containing Q~ and dQ¢/d(~ gives satisfactory 
results, while for the second case - relating to radial 
nozzles - the Reissner-Esslinger approach substi- 
tuting 1/q~ for cot ~ is recommended. 

A feature discussed under the heading of  primary 
stresses which is not found in the aforementioned 
textbooks concerns the bursting pressure of  shells. 
The main reason for its inclusion is to give the student, 
whose view of  strength problems prior to this course 
has been restricted to homogeneous materials obeying 
Hooke's  law, a first glimpse beyond the elastic range, 
subsequent to the introduction of  inhomogeneities 
under the subjects of fatigue and fracture. The fact 
that this is done within the framework of  nuclear 
technology appears justified by the unique phenome- 
non of  a multi-million dollar pressure vessel - the 
containment - being designed and built for a load it 
will have to withstand, if ever, once in its lifetime. It  

should be obvious that its design should incorporate 
plasticity considerations. Of  course the aim of such a 
first glimpse can only be to indicate the way in which 
such an engineering problem is tackled beyond the 
realm of Hooke's  law. This implies the introduction 
and utilization of an alternative relationship between 
loads and strains - for strainhardening materials - in 
a rigorous step-by-step procedure, the main steps 
being: 
- assumption of constant volume; 
- introduction of  the yield surface described by 

= S 2 + S2x + S 2 = constant, where 

S t = a t - ~ ( o  t + eax + Or) etc.; 

- derivation of  the replacement for Hooke's  law 

66 t = ~;zle t - ~-(Oax +er)[ ,  

6eax = ~/2loax - ~ (o r + or)l. 

66 r = ~_//[or _ l(or + O ax )1, 

where/ l  will be a function of S t, Sax and St; 
- introduction of an equivalent stress, based upon 

the Von Mises criterion 

6 M = [ 4-3 (R/h)p 

and an equivalent strain 

- determination of the point of  instability from 
8p = O, giving 

60M/6g M = ,f3(~ M ; 

- -  definition of the behaviour of a tensile specimen 
of the material in the plastic range by 

~M =Kg~, 
where K = strength coefficient and n = strain 
hardening exponent;  

- derivation of the bursting pressure 

2 
PB (4-3") n+l SBho/R o for cylinders, 

PB = 2 (~)n SB ho/R ° for spheres, 

where S B = U.T.S. of  the material and h o and R o 
indicate the initial wall thickness and radius of  the 
shell, respectively. 
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These results, corresponding to those published by 
Svensson [B.9], are instructive both through their 
similarity to those obtaining for the yield pressure 
from elastic considerations and because they can be 
used to show the decreasing "plastic reserve", i.e. the 
decreasing margin between yielding and bursting, of 
high-strength steels with their lower S B : Sy ratios. 

The next subject of this section is that of secon- 
dary mechanical stresses as they occur near discontin- 
uities. The example of  the junction between a pres- 
surized cylinder and its hemispherical bottom, forming 
a direct application of the shell bending problems 
covered in the preceding paragraph, serves to illustrate 
the general method: 
-- dividing the structure into its constituent elements 

by a cut at the junction; 
- expressing the individual deformations (radial dis- 

placement and edge rotation) in terms of the 

redundant shear forces and moments at the junc- 
tion; 

- applying the conditions of equilibrium and compa- 
tibility at the junction; 

- solving the resulting set of equations for the 
redundant forces and moments; 

- determining the deformations and stresses in the 
shell elements caused by these forces and moments. 
Results of such a sample calculation are shown in 

fig. 5. They serve to illustrate two points concerning 
these secondary stresses. The first is their local 
character due to the quick decay of the sinh and cosh 
functions present in both the exact solution of the 
cylinder and the Geckeler solution for the hemisphere 
this helps the students to visualize the "relaxation 
length" concept. The second point is the relative 
smallness of these stresses compared to the primary 
membrane stresses due to the same pressure loading; 

HECHANICAL STRESSES ( INSIDE) 
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-/,00 0 /~00 800 1200 

i i ~ l r  i i i ~ T 

f 

3x)o 
(Tax O" t 

CYLINDER 

H E H I  S P H E R E  
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S P H E R I C A L  S H E L L  C O N S I D E R E D  A S  A C Y L I N D E R  

- - - - - -  NUHERICAL INTEGRATION SHELL EQUATION 

Fig. 5. Application to discontinuity stresses, ref. [G.7]. 
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even the peak value of the axial discontinuity stress 
does not exceed 30% of the corresponding membrane 
stress. 

A relatively much greater attention has to be paid 
to secondary stresses of thermal origin, not only be- 
cause of their importance to nuclear and conventional 
power engineering but also because the vast amount 
of literature available on the subject has comparatively 
little to offer to the student looking for a basic gener- 
al introduction leading to the solution of practical 
problems. Many high-quality books on therrno-elas- 
ticity such as e.g. [B.13] offer far too much in the 
field of theory, while on the other hand many useful 
articles on the solution of particular problems presup- 
pose a basic knowledge which has yet to be imparted 
to the students. The approach taken in the present 
course is to limit the discussion in the first instance to 
the temperature distribution in thin-walled cylinders. 
The solution of temperature distribution problems 
forms the key to all practical thermal stress problems, 
the vast majority of which - both for nuclear and 
non-nuclear applications - refer to the cylindrical 
geometry in the form of drums, vessels, piping, 
thermal shields, turbine casings etc. It is then easily 
shown that as far as the temperature distribution is 
concerned the thin-walled cylinder geometry can be 
further simplified to that of the semi-infinite flat 
plate. 
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state heating. 

Within this geometrical limitation the first subject 
to be emphasized is that of the temperature distribu- 
tion in an externally insulated wall resulting from a 
ramp- or stepwise temperature change of the fluid 
flowing past its inside surface. This problem state- 
ment, being typical for temperature fluctuations in 
power and process plants including their startup and 
shutdown and thereby for the majority of cases 
involving important thermal stresses, would entail 
solution of the Fourier equation in its partial differ- 
ential form. Fortunately the great majority of 
transients in power and chemical engineering originate 
from fluid temperature ramp changes whose slope and 
duration permit a quasi-steady state approach (fig. 6), 
which only considers the period during which the 
temperature difference across the wall is constant and 
maximum. This latter fact implies that the results 
will be conservative, but calculations performed by 
Junghanss [B.20] have shown them to be within 10% 
of the exact analytical solution for cylinders provided 
the Fo number is at least equal to I. This condition, 
implying that the ramp temperature change must 
neither be too steep nor too small, is met by most 
transients even in sodium-cooled plants. The temper- 
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ature distribution in the wall during this period will 
be non-linear, as described by the equation 
0 = 0 i + (C/2a) (x  2 - 2hx), where 0 i represents the 
temperature at the inside surface and C [°/min] the 
slope of the temperature ramp [B. 18]. This is plotted 
in fig. 7, which also shows the resulting stress in order 
to remind the student that the thermal stress at a 
given location in the wall will be proportional to the 
difference between the local and average temperatures. 
Such a reminder has been found necessary because 
this simple fact tends to be obscured by the bulky 
formulae for thermal stresses derived subsequently. 

In the above sketch illustrating the principle of 
this approach the simplifying assumption of an 
infinite heat-transfer coefficient ~ from fluid to wall 
did not affect the wall temperature distribution. By 
contrast in the rare case where a technically important 
problem can not be adequately solved by the quasi- 
steady state approach because the Fo number is too 
low, it will no longer be possible to ignore the effect 
of this convective heat transfer. On the contrary the 
ratio between this heat-tranfer resistance and that of 
the wall represented by the reciprocal value of the 
dimensionless Blot number Bi = ah/kw(X w = wall 
thermal conductivity) is highly indicative of the 
seriousness of the thermal stress problem: e.g. Bi 
values much below 1, often found for gaseous 
coolants, mean that transient thermal stresses will 
be negligible. 

Where this is not the case and solution of the 
Fourier equation in its partial differential form is 
required it seems advisable to present the results in 
graphical form available from literature [B.22] [B.27] 
rather than using lecturing time for their analytical 
derivation [B.21]. Fig. 8. shows such a graph [B.25], 
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Fig. 8. Maximum stress for transient heating, ref. [B.25].  

indicating the influence of the Fo and Bi numbers; the 
stresses are conveniently presented in a dimensionless 
form through dividing them by [Ea/(1-p)] AOf. 

This latter expression represents the thermal stress in 
a cylinder for the case of pure thermal shock, i.e. a 
step change of AOf in fluid temperature instantly 
communicated to the inside wall surface (i.e. af = ~o). 
While this represents an unrealistic extreme it forms 
a useful yardstick for the severity of actual tempera- 
ture transients. 

The second feature to be emphasized within the 
continuing restriction of cylindrical geometry is the 
temperature distribution resulting from volumetric 
heat sources inside the wall. In nuclear reactor engi- 
neering such sources will generate from nuclear 
radiation. It is therefore essential that the students be 
first reminded of the types of radiation emanating 
from the nuclear fission process, in order to under- 
stand that the final consequence of interest for the 
present problem is the conversion of 7-ray energy to 
heat. They are thus prepared for the reintroduction 
of the energy absorption coefficient/a, which, together 
with the relative wall thickness, determines the tem- 
perature distribution. The schematic presentation of 
these types of radiation shown on fig. 9 and origina- 
ting from [B.27] seems a convenient tool for this 
purpose. 

In deriving the formulae for the temperature 
distributions due to 7-ray capture excessive complica- 
tion is avoided by limitation to steady-state conditions. 
This limitation appears justified by the operating 
characteristics of central station power reactors. The 
integration constants in the general solution for the 
temperature distribution in a flat plate with exponen- 
tial volumetric heat source (H = Hoe-ux ): 

0 = -(Ho/X~u 2 )e-UX + Clx  + C2 

are determined for two sets of boundary conditions, 
corresponding to the reactor vessel wall and thermal 
shield, respectively. Results for these two cases in- 
cluding the resulting thermal stresses for cylindrical 
geometry, are presented in fig. 10 [B.29]. 

After this fairly extensive discussion of tempera- 
ture distribution in thin cylinders approximated by 
flat plates a few words are in order on the tempera- 
ture distribution in rings, required for obtaining the 
thermal stresses in flanges and.in the unperforated 
rims of tubesheets (cf. section 4). In these cases the 
radius-to-thickness ratio for reactor vessels and PWR 
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steam generators is sufficiently large to permit the 
approximation R = oo, i.e. the assumption of straight 
bars. This results in a steady-state temperature de- 
scribed by 

a20 320 
-- + =0, 
~y2 ~z 2 

where y and z represent the "radial" and "axial" co- 
ordinates, respectively. For perfect outward insulation 
and assuming the same in axial direction - a rather 
crude assumption for reactor vessel flanges - one 
obtains rapidly converging series expressions for the 
average ring temperatures in the inner and end face 
temperatures, containing the ring width and height as 
constants [B.21 ], [C.23 ]. 

Once the temperature distributions have been 
obtained little remains to be said on the determina- 
tion of the associated stresses, bearing in mind their 
abovementioned proportionality to the difference 
between the local and average temperatures. Formu- 
lae for the geometries of interest together with their 
derivations are obtained from literature sources, e.g. 
[B.15] or [B.17]. 

So far we have only been concerned with free 
body temperature distributions and thermal stesses. 
However, with the information presented in the 
preceding text of this paragraph it requires little 
imagination to proceed with the determination of 

discontinuity thermal stresses along the lines shown 
earlier for discontinuity stresses of mechanical origin. 
In the course this is illustrated by the example of a 
fuel cladding tube-to-end plug connection, where for 
the sake of simplicity the plug is considered perfectly 
rigid. 

Turning now to the final paragraph of this section 
on peak stresses, its main point and the only one to 
be discussed here concerns the desirability of a clear 
distinction between these stresses and those of the 
secondary category discussed before. For this purpose 
let us describe the essential difference between these 
two stress categories defined in ASME III as follows: 
secondary stresses extend through all or at least a 
sizeable part of the load-bearing section concerned, 
while peak stresses do not directly affect the load- 
bearing capacity of a structure at all. Peak stresses 
occur e.g. at nozzle corners and are usually computed 
by multiplying the membrane stresses in the undis- 
turbed vessel part by experimentally obtained stress 
concentration factors. In this way discontinuity 
stresses are lumped together with true peak stresses. 
As only the former should be taken into account for 
assessing the adequacy of reinforcement, this 
approach tends to overestimate the amount of 
reinforcement required. While the desirable distinc- 
tion between the two stress categories at nozzle 
penetrations requires refined methods such as those 
presented by Van Campen e.a. in Session G.2 of this 
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Fig. 11. Schematization of flange. 
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conference, which are beyond the scope of this 
course, it seems important to focus the student's 
attention on the existing problem. This and some 
references to relevant literature [B.31-33 ], [C. 19] 
form the gist of this last paragraph. 

4. Analysis of pressure vessel components 

Like in the preceding parts no attempt at com- 
pleteness is made in this chapter either. However the 
three components included not only cover the most 
critical areas in reactor primary circuits, but also 
represent applications of all the information contained 
in section 3. This is so because thermal as well as 
mechanical loads are Considered and determined in 
two extensive sample calculations on flanges and 
radial nozzles. Finally the non-specialized audience is 
offered a few guidelines for the solution of problems 
falling beyond the scope of this course. 

4.1. Flanges 
The course is limited to flanges for large H.P. 

vessels such as those of LWR's and requiring extreme- 
ly high standards of leaktightness. The latter circum- 
stance implies that the functional failure by excessive 
deformation causing leakage must precede structural 
failure for this component, meaning that the primary 
aim of the designer will be to determine deformations 
under operating conditions rather than stresses. It 
furthermore implies high gasket pressures, to be ob- 
tained by a combination of narrow gasket faces and a 
great number of closely spaced bolts. The well-known 
narrow, high, tapered-hub geometry resulting from 
these requirements entails an analytical approach 
considerably different from that followed for conven- 
tional L.P. flanges. 

Prior to such an analysis the external loads must be 
known as input data. These comprise internal pressure 
(may be absent), bolt forces, gasket reaction and 
gasket face friction (during thermal transients only). 
The bolt forces are "smeared" uniformly over the 
pitch circle to maintain the assumption of axisym- 
merry, a procedure found acceptable in analytical 
studies for the close pitch prevailing here. A much 
tougher problem is posed by the gasket reaction: as 
a consequence of the compact flange geometry the 
difference between the bolt pitch radiusR b and that 

of the centroid of the flange ring cross section R c is 
very small. This increases the relative importance of 
the gasket reaction moment Mg as compared to the 
bolting moment Mb, thereby posing the problem of 
determining as exactly as possible the location of the 
radius of application for the gasket reaction force. 
The course suggests to use the formula given in 
Appendix 1-12 of ASME III to obtain this radius, while 
pointing out at the same time the need for experimen- 
tal information on the plastic behaviour of LWR 
vessel gasket faces for verification of the formula's 
applicability. 

Another unknown even more difficult to obtain is 
the gasket face friction factor needed for computing 
the additional moment caused by the temperature lag 
between the vessel and head flanges during startup 
and shutdown. Here the course suggests following 
Dorner and Ruf's approach of assuming zero and 
infinite friction factors to obtain the extreme values 
for the required moment [G.7]. Other effects re- 
quiring experimental evidence, such as the influence 
of the bolt holes on flange ring stiffness and possible 
long-term changes in bolt elasticity are mentioned in 
the text but ignored in the analysis. The three-piece 
schematization used for this analysis and shown in 
fig. 11 has been widely used in publications on this 
type of flange and does not require further comment. 
The shell and head behaviour will be described by 
that of the edge-loaded cylinder or hemisphere, while 
for the dimensions typical for LWR vessels it is equally 
obvious that the flange rings are to be represented by 
rings of undeformable cross-section. All of these 
elements have been covered in section 3. By contrast 
the elastic behaviour of the tapered hub may be 
treated by at least three different analytical methods, 
viz. as a cylindrical shell with varying thickness [B.3], 
[C.6], as a ring with undeformable cross-section or 
by the finite element method. The first two represent 
direct extensions of section 3 and are covered in 
detail, thereby exposing the computational simplifica- 
tion resulting from the ring approach. The finite ele- 
ment analysis is not discussed, as this technique will 
only be briefly touched upon at the end of  the course. 
However its results, being by far the most exact ones, 
are used as a reference standard for establishing the 
limits of taper and relative wall thickness which 
define the applicability of the two aforementioned 
methods. This subject is dealt with in a separate paper 
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Fig. 12. Schematization of nozzle. 

presented by Van Campen in Session G. 3 of this 
conference. 

4.2. Nozzles 

This section focuses on forged nozzles for LWR 
and similar H.P. vessels, characterized by d/D ratios 
not exceeding 0.25 and by heavily reinforced and 
therefore definitely thick-walled transition pieces. 
Only spherical shells will be considered for the anal- 
ysis in order to comply with the requirement for 
axisymmetry. The three-piece schematization shown 
in fig. 12, while reminiscent of that for the flange 
shown earlier, is thus seen to differ by at least one 
essential feature, i.e. the thick-walled shape of the 
transition piece. This precludes the correct application 
of thin shell theory both regarding the elastic behav- 
iour of this element and the compatibility conditions 
at the shell junction. With respect to the former it is 
noted that the inaccuracy resulting from the schemat- 
ization is at least as important as that obtaining from 
neglect of the radial stress and strain components; it 
is therefore recommended to ignore this error in the 
present three-piece analysi s . The conical shape of the 
transition piece middle plane can be taken care of by 
treating it as a cylinder of variable thickness similar to 
the tapered hub discussed in the preceding section. 
The compatibility problem at the nozzle-to-shell 
junction results from the fact that thin shell theory 
formulates the compatibility conditions with reference 
to the shell middle planes, i.e. for points A and D, 
whereas in reality these are separated by a ring of 

I 
B 

Fig. 13. 

material of significant stiffness. The approach sug- 
gested to overcome this problem is shown in the next 
sketch: ring KLEC is considered part of the nozzle, 
ring KBGF part of the shell. In referring the compati- 
bility requirements to D the stiffness of ring KBDE is 
counted twice while that of ring CDGH is ignored; 
these two counteracting effects are assumed to 
approximately neutralize each other. 

Where thermal stresses are concerned it is recom- 
mended to use at least a four-piece analysis, dividing 
the transition piece into two rings with undeformable 
cross-section, one tapered and the other - adjacent to 
the shell - rectangular. 

Although the above three- or four-piece analyses 
are already quite laborious due i.a. to the Kelvin and 
Bessel functions contained in the Reissner-Esslinger 
solution for the spherical shell, they are of course 
inadequate where peak stresses are required for a 
fatigue analysis. Unless one follows the stress concen- 
tration factor approach with its inherent drawback 
mentioned before the finite element technique be- 
comes mandatory. 

K L _ B K 

C D 

Fig. 14. 
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Unfortunately the restriction of axisymmetry 
adopted early in the course ignores the fact that by 
far the most important nozzle in LWR and LMFBR 
vessels are attached to cylindrical parts of the shell. 
The techniques required for even an approximate 
stress analysis of such configurations are undoubtedly 
beyond the scope of the present course. Fortunately 
for the designer faced with this problem the large 
D/d-ratio of 5 or more permits the approximation of 
the cylindrical shell by either a flat plate or a sphere 
of different radius. The first approach, discussed in a 
paper presented by Van Campen e.a. in Session G.2 
of this conference, still entails considerable mathemat- 
ics due to the non-axisymmetric part of the free-edge 
displacement of the hole in the plate. Calculations 
deriving from the aforementioned flat plate analysis 
suggest that the replacement of the cylinder by a 
spherical shell with a diameter 2.5 × the original 
value would permit the use of the axisymmetric model 
within an accuracy of abt. 20% as compared to the 
truly cylindrical description of the shell. It will be 
obvious that such rough and debatable rules-of-thumb 
cannot be considered as alternatives to a proper stress 
analysis for nozzle-to-cylinder connections. However, 
as pointed out e.g. in Lekkerkerker's invited paper 
presented to Session G.2 of this conference, the most 
promising approaches to this difficult problem have 
not yet reached the state where their results can be 
presented in a form accessible to the students for 
which the present course is intended. For the sake of 
completeness it should be mentioned that one 
approximative method coming very close to this point 
is the one presented by Engelke e.a. to session G.2 of 
this conference [C.19B] ; it is based upon the flat 
plate approach mentioned above. 

4.3. Tubesheets 
The discussion is limited to tubesheets of uniform 

thickness. The following loads are taken into account: 
- pressure difference between primary and secondary 

surfaces ~ primary mechanical stresses; 
- pressure inside the tube perforations ~ primary 

mechanical stresses; 
- edge loads at the transition between perforated 

plate and solid, damped rim ~ secondary mechani- 
cal and thermal stresses; 

- stress concentrations at the holes ~ mechanical 
peak stresses; 

- temperature difference between primary and 
secondary fluids-~thermal (peak) stresses. 
Local or ring loads transverse to the plane of the 

plate are not considered because the analysis is 
primarily intended for PWR steam generators using 
U-tubes. However, their subsequent inclusion would 
not present any problems. Also excluded, with no 
better justification than the pursuit of simplicity, are 
the loads caused by temperature differences between 
the in- and outlet sides of the primary (tube-side) 
fluid and by the presence of a partition in the 
primary fluid channel. 

Different approaches are followed for the analysis 
of the mechanical and thermal stresses. The basic no- 
tion underlying the analytical approach for the 
mechanical stresses is that of the equivalent solid 
plate showing the same elastic behaviour as the per- 
forated area of the tubesheet which it replaces. The 
analysis comprises the following main steps: 
- replacement of the perforated part of the plate by 

an equivalent solid plate through the use of the 
so-called effective elasticity constants E* and u*; 

- computation of the fictitious stresses Or* and et* 
occurring in this equivalent plate; 

- reduction of Or* and at* to actual primary and 
secondary stresses; 

- determination of peak stresses caused by stress 
concentrations around the holes. 
These steps are taken using the information con- 

tained in the relevant Article I-9 of ASME III [C.20] 
and the reasoning behind it supplied in O'Donnell and 
Langer's paper [C.21]. (In the case of the stress due 
to the pressure inside the perforations the derivation 
for the proposed formula had to be derived anew by 
the staff of the author's laboratory.) The only true 
intellectual effort required from the students in 
following this approach is contained in the third step, 
which is necessitated by the angle between the direc- 
tions of the principal stresses and those of the triangu- 
lar hole pattern. It can of course be argued whether 
the experimental information contained in the 1968 
edition of ASME III in particular on the effective 
elasticity constants E* and o* is the best available at 
present, but such arguments are considered irrelevant 
by the author in connection with the aim pursued in 
the course to impart a line of thought, which is not 
at all affected by the experimental data used. 

The equivalent solid-plate approach is not suitable 
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for determining the temperature distribution prere- 
quisite for the thermal stress analysis. From a number 
of excellent papers on this subject the approximative 
method proposed by De Pater [C.23] was selected 
for its relative simplicity. This simplicity is mainly due 
to two assumptions, the first of which concerns the 
replacement of the solid rim by a straight bar as al- 
ready suggested in section 3. The second considers 
the material around each hole as a separate tube ex- 
changing no heat with its neighbours, i.e. having 
perfect outside insulation. This assumption that the 
perforated part of the plate consists of an assembly of 
such hollow cylinders appears justified for cases where 
the plate thickness is large compared to the ligament 
width. It reduces the problem to a simple one-dimen- 
sional case with the axial (plate tickness) co-ordinate 
z remaining the only independent variable. Introducing 
the boundary conditions: 

Z =" 0 ~ 0 = 01 (primary fluid temperature), 
z = h ~ 0 = 02 (secondary fluid temperature), 

the following simple solution is obtained for the axial 
temperature distribution in the ligaments: 

0-01 sinhAz 

02-01 sinhAh 

with 

~ 2 R i  h 

A 
u - -  J 

where R i(o) = inside (outside) diameter of fictitious 
tube, h = plate thickness = length of fictitious tube, 
X = thermal conductivity of tubesheet material. 

If  the latter differs significantly from that of the 
tubes a weighted average may be taken. 

The temperature distribution shown in fig. 15 was 
obtained by the aforementtioned method for a tube- 
sheet of much lower height-to-bore ratio than usual 
for PWR steam generators. It nevertheless supports the 
approach suggested by ASME III to consider the resul- 
ting thermal stress as a "skin effect" or peak stress 
limited to the shell-side surface. The stress obtained 
from this figure is in good agreement with that resul- 
ting from the use of ASME III 's "skin stress intensity 
factor". It may be concluded that the use of this 
approximative method is warranted for not too thin 
tubesheets. 
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4.4. Hints on numerical techniques 
Several times in the above text the need for more 

advanced techniques has been mentioned, while at the 
same time referring to the limited scope of this course. 
The method followed to at least partly reconcile these 
conflicting requirements has been to include in the 
last part of the course a brief outline of the basic 
principles of the finite-difference and finite-element 
techniques and make the students aware of their 
possibilities for cases not easily solvable by the meth- 
ods discussed before. Care is taken to explain that 
whereas the former method is a mathematical tool to 
solve differential equations, the latter is based on a 
different physical approach. Knowing that the finite- 
element method is suitable for temperature as well as 
stress analysis, it may be asked why the other tech- 
nique is mentioned at all. This is partly because its 
principle is already known to the students from 
courses on numerical analysis, but mainly because it 
is the obvious choice in many applications outside the 
stress analysis field because of greater simplicity of 
operation and interpretation of results. The latter 
argument is particularly true for the application to 
temperature distributions because in this case the 
finite element method lacks a clear physical principle 
such as the minimum virtual work or potential energy 
which underlies its application to stress and deforma- 
tion analysis. 

In order to enliven the explanation c.q. repetition 
of the basic principles for the students a worked sample 
application is presented for each of them, viz. determi- 
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nation of  the transient temperature distribution in a 

flange assembly by finite differences and of  the stress 

distribution in a reinforced radial nozzle-to-sphere 

connection by the finite-element method. Interested 

students are urged to familiarize themselves with the 

relevant literature, e.g. [D. 1 - 5 ] ,  and/or to follow a 

special couse on finite-element techniques taught by 

the Applied Mechanics group of  our Department. 

5. Condusion 

The above text has tried to summarize the main 

aspects of  the course of  which it bears the title, refer- 

ring to background literature wherever this was 

thought possible. The author will be happy to supply 

further information upon request. 
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