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 A B S T R A C T

Shape sensing techniques allow for the time-efficient reconstruction of displacements based 
on measured strain data. There are technical applications, where the structure of interest is 
deformed in the geometrically non-linear domain. In aeronautics, this is the case for high-aspect-
ratio wings, which are more frequently found in future designs. Only shape sensing methods that 
specifically take the non-linearity into account, can deliver appropriate displacement estimates 
for such application. A shape sensing method based on the linear modal approach can be 
utilised incrementally to capture the geometric non-linearity; it has therefore been denoted 
incremental modal method (IMM). This paper presents analytical relations for the uncertainty 
propagation for the various input quantities of the method, specifically strain mode shapes, 
displacement mode shapes, and measured strain. Deterministic shape sensing and uncertainty 
propagation are demonstrated using data obtained with a finite element model of a high-aspect-
ratio wing experiencing geometric non-linear deflections in flapwise bending. Virtual strain and 
acceleration sensors are assumed for this setup, imitating the instrumentation conceivable for 
experimental work. The results obtained by analytical propagation are compared to Monte 
Carlo simulations for the purpose of validation. The derived propagation formulas make it 
possible to follow the evolution of the uncertainties over the number of increments. Given 
that the variability of the input quantities is known, the number of increments that minimise 
uncertainties can be determined for a model-free application of the shape sensing. Together 
with the deterministic estimates provided by an FE model, it is possible to determine the ideal 
number of increments for a specific shape sensing application in the geometrically non-linear 
domain.

. Introduction

Shape sensing methods, which allow for the reconstruction of displacements from measured strain data, have received greater 
ttention in the literature over the last three decades [1]. Research in this field has primarily focused on linear problems, with three 
econstruction principles being the most widely documented: methods leveraging the kinematics of structural elements, in particular 
eams [2,3], methods that minimise error functionals within the inverse finite element (iFEM) framework [1,4], and techniques 
mploying the linear superposition of basis functions, for example displacement mode shapes, to reconstruct displacements [5–7].
When applied to problems involving large deformations, in terms of significant displacements and rotations, the results of the 

bove methods are subject to systematic errors. On that account, more recent work which is specifically aimed to reconstruct the 
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displacement of wing structures in the geometrically non-linear range has been presented. The Modal Rotation Method (MRM), 
introduced in [8], relies on mode shapes defined through curvatures rather than displacements. These curvature shapes are built 
in segments from modal rotations which are obtained from a normal modes analysis of a finite element model. This allows for a 
linearised assessment of the change in bending slope for each segment and their summation across the entire structure, utilising 
nonlinear kinematics. MRM has successfully been applied on data measured in experiments with the Pazy wing [9]. Subsequently, 
the deflection estimates have been employed in flutter calculations to assess the dynamic stability of the wing in the non-linear static 
deformation state. Two other approaches are suggested in [10] to deal with non-linear deflections: an integration-based two-step 
method for optical fibres is presented relying on beam kinematics (cf. [11]), where local rotations are considered in the deformation 
computation and compared to results obtained with superposed non-linear deflection curves serving as basis functions. The basis 
functions are calculated in static non-linear FE simulations of a rectangular high-aspect-ratio wing. In [12,13] it is described how 
iFEM can be applied in an iterative algorithm to reconstruct the displacement field of plates undergoing large deflections. Therefore, 
the strain data must be evaluated at each load increment to obtain the corresponding iFEM displacement estimate. Using the 
displacements, the geometry is updated and the (virtual) strain sensor orientation is adjusted. This procedure is repeated until 
the overall deformation shape is obtained.

There are applications in which modal parameters of the structure are continuously recorded experimentally. These include wind 
tunnel tests at the flutter boundary of wing models [14] and aircraft flight vibration tests [15,16], but also bridges that undergo 
permanent monitoring [17]. If the deflection of the structure at distributed locations is of interest in such applications, the linear 
superposition of identified mode shapes, serving as basis functions, is a conceivable method. Test scenarios involving geometrically 
non-linear deformation are particularly interesting for this shape sensing approach, because the modal parameters and thus mode 
shapes change with deflection. In [18], an incremental modal method (IMM) is introduced that leverages the change of mode shapes 
and adopts the idea of [12,13] to approach the total deflection in the geometrically non-linear regime in linearised steps. In the 
process, different deformation states corresponding to various test points can be utilised to determine large displacements. The 
suggested procedure has been applied on data obtained by non-linear finite element simulation of a tapered and swept high-aspect-
ratio wing and compared to results estimated with MRM. If the method is provided with identified modes, it represents a model-free 
shape sensing technique.

The present article aims to build upon this research by providing a more detailed explanation of the method and applying it 
to reconstruct the bending and torsional deflections using strain and accelerometer instrumentation suitable for a wind tunnel test. 
Furthermore, for the first time, the behaviour of the incremental approach is investigated with respect to uncertainties of the input 
quantities. In laboratory experiments and in real applications, modal parameters are commonly identified using experimental or 
operational modal analysis methods [19,20], which are also applicable to strain signals to obtain strain mode shapes [21–23]. 
Experimentally determined mode shapes inevitably exhibit variability due to different environmental conditions, instrumentation 
inaccuracies, measurement noise, and scatter caused by different identification techniques. The measured strains are also subject to 
uncertainties. In this paper, the effects of uncertainties in these input quantities of IMM are investigated. In the process, it is assumed 
that the measured strains as well as the strain and displacement mode shapes of the different deformation states are not subject 
to systematic bias, but deviate randomly from the true value. The impact of these uncertainties on the estimated displacements is 
determined using Gaussian error propagation based on the standard deviations of the input parameters. It becomes evident how 
uncertainties in the measured strains and mode shapes impact the accuracy of the displacement estimation. This represents valuable 
insight of the procedure with regard to the application in a real test scenario.

The rest of the paper is structured as follows. Section 2 of this paper describes the modal shape sensing method used for 
displacement estimation. Furthermore, the methodology of uncertainty propagation is elucidated. Since the target application is 
high-aspect-ratio wings, the case of application is a finite element model of such a wing. A deterministic reference solution from an 
FE model is necessary to evaluate the accuracy of the method in combination with output uncertainties. The model of the high-aspect-
ratio wing and its virtual instrumentation is described in Section 3; the deterministic shape sensing results which are not affected 
by uncertainties are presented there as well. The results of the uncertainty analysis and their implication for test application are 
reported in Section 4. Finally, the main findings of this investigation are concluded in Section 5.

2. Modal shape sensing method for large displacements

Among the shape sensing methods that rely on strain measurements, the incremental procedure proposed here utilises the modal 
approach. If only a single increment is used, the method resembles to the suggested techniques described in [5,7], which are 
applicable to linear problems.

2.1. Modal method for linear problems

According to the modal approach, the displacement estimates can directly be derived from the linear superposition of 
displacement mode shapes with modal coordinates being the weightings in the linear combination. In the process, the structure 
is represented as a system with 𝑁 degrees of freedom, either obtained through finite element discretisation or defined by the 
measurement degrees of freedom in modal testing. The displacement expressed in terms of the modal approach reads: 

𝒖(𝑡) =
𝑁
∑

𝝓𝑚𝑞𝑚(𝑡) = 𝜱𝒒(𝑡). (1)

𝑚=1
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𝜱 contains the mode shapes 𝝓𝑚 in columns and is commonly denoted as modal matrix, and 𝒒 is a vector of time-dependent modal 
coordinates 𝑞𝑚, indicating the quantitative participation of each mode in the overall deformation. Similarly, the strain at selected 
positions can also be expressed by a corresponding linear combination: 

𝜺(𝑡) =
𝑁
∑

𝑚=1
𝝍𝑚𝑞𝑚(𝑡) = 𝜳𝒒(𝑡), (2)

where 𝜳  represents likewise the strain modal matrix. When both modal matrices are obtained from an FE model, the strain mode 
shapes are derived kinematically from the displacement field. Consequently, each FE node contains both displacement and strain 
mode shape components. However, in a model-free approach, i.e., when based on experimentally identified modes, displacement 
and strain mode shape components are typically available only at different positions determined by the instrumentation. Also, the 
number of accelerometers 𝑁𝑢 is commonly different from the number of strain sensors 𝑁𝜀. As the components of 𝜺 are measured 
during the application of the shape sensing, at least the strain mode shape components of these strain sensor positions must be 
provided. In many applications, the maximum number of modes considered in the linear combination is limited by the number of 
strain sensors employed during the test, as 𝑁𝜀 < 𝑁𝑢, which determines how many modes can be distinguished with the chosen 
strain sensor distribution [5,24].

When both displacement and strain modes are determined from finite elements, they correspond to the same scaling. For modes 
identified from measured data, a consistent scaling must be enforced (cf. [21]) to ensure the uniqueness of the modal coordinates. 
Only then the displacement estimate from measured strain can be computed via 

𝒖̂(𝑡) = 𝜱𝜳 †𝜺(𝑡) = 𝑻 𝜺(𝑡). (3)

The pseudo-inverse 𝜳 † of the strain modal matrix in combination with the displacement modal matrix can be summarised in a 
matrix 𝑻 = 𝜱𝜳 †, often referred to as displacement-strain-transformation (DST) matrix [25,26], which defines the linear mapping 
from strain to displacement. In view of Eq. (3), the spatial resolution of the displacement estimate depends on the dimension of the 
displacement mode shape vectors. Their size depends on either the nodal degrees of freedom from FE discretisation or the number 
of the measurement degrees of freedom in modal testing.

In the framework of a hybrid approach, the modal matrices forming the basis of the DST matrix can also be a combination of 
test results and FE analysis [27]. Since FE models can be flawed and might require updating using test data [28], it is assumed 
that experimentally determined mode shapes are generally preferable, having a positive effect on the accuracy of displacement 
estimation.

2.2. Incremental modal method for non-linear problems

Modal parameters, such as mode shapes, characterise the dynamic properties of structural systems. When a wing structure is 
exposed to external forces undergoing large deformations, these system properties are subjected to changes [18]. Consequently, in 
the geometrically non-linear domain, the DST matrix evolves with deformation as 𝑻 = 𝑻 (𝒖), since both displacement and strain 
mode shapes are modified. It is thus important to realise that the mode shapes of the undeformed structure can only be used for 
the shape sensing of small deformations where the assumption of linearity still holds.

The solution strategy proposed here for the shape sensing of large deformation is to account for changes of the modes in an 
incremental sense between different deformation states. In this approach, modes are determined for each deformation state and 
used solely to estimate displacements after a strain increment 𝜟𝜺, provided that the increment is sufficiently small for linearity 
to remain valid. This concept is illustrated in Fig.  1 for a reference line of a deformed structure which is clamped at the root. The 
superscripts indicate quantities of the 𝑖th increment of the overall deformation. 𝑻 0 thus defines the DST of the undeformed structure, 
which can be used for displacement reconstruction of linear problems, while 𝑻 𝑖−1 represents the appropriate modal basis for a given 
deformation state before the transition to the 𝑖th increment.

Fig. 1. Schematic of incremental modal method (IMM).
3 



J. Gundlach et al. Mechanical Systems and Signal Processing 239 (2025) 113249 
Given that sufficient increments are available where modes are determined, a displacement estimate in the geometrically non-
linear range is obtained by summation of the displacement increments. For a reconstruction over 𝑛 increments, the final shape 
sensing result can be computed with 

𝒖̂1 = 𝑻 0𝜺1

𝒖̂2 = 𝒖̂1 + 𝑻 1(𝜺2 − 𝜺1) = 𝒖̂1 + 𝑻 1𝜟𝜺2 = 𝒖̂1 + 𝜟𝒖̂2

⋮

𝒖̂𝑛 = 𝒖̂𝑛−1 + 𝑻 𝑛−1𝜟𝜺𝑛 = 𝒖̂𝑛−1 + 𝜟𝒖̂𝑛.

(4)

As seen from the expressions, the measured total strain for each increment 𝜺𝑖 is not employed, but only the strain increments 
𝜟𝜺𝑖 = 𝜺𝑖 − 𝜺𝑖−1 between deformation states. At each step, the overall displacement is updated by an increment 

𝜟𝒖̂𝑖 = 𝑻 𝑖−1𝜟𝜺𝑖. (5)

Using a strain-free initial condition, i.e. 𝜺1 = 𝜟𝜺1, the displacement estimate in Eq. (4) can be computed as a summation of DSTs 
and strain increments over different states of deformation: 

𝒖̂𝑛 =
𝑛
∑

𝑖=1
𝑻 𝑖−1𝜟𝜺𝑖. (6)

It is worth emphasising that IMM is not limited to applications on slender structures. In principle, the approach can be used for 
structures of any shape that undergo geometrically non-linear deformations.

When applying the incremental modal method, the choice of the number and size of increments is problem-specific. Even though 
the method is intended as a model-free technique, i.e., based solely on experimental mode shapes identified during testing, the 
availability of an FE model is beneficial for effective test planning. In general, geometric non-linearity can be captured more 
accurately by increasing the number of increments. As demonstrated in Section 3 using the model of a high-aspect-ratio wing, 
non-linear static finite element simulations can assist in determining the number of increments required to achieve a desired level 
of accuracy. Furthermore, Section 4.2 describes how combining deterministic FE results with known displacement uncertainties 
supports decision-making regarding an appropriate number of increments for evaluating Eq. (6).

Apart from aspects related to geometric non-linearity, all principles relevant to conventional modal shape sensing for linear 
problems (cf. Eq. (3)) remain applicable. In particular, an FE model is useful for evaluating sensor placement. For instance, the 
separation of mode shapes can be quantified using the modal assurance criterion (MAC, [29]). Mutually distinguishable mode shapes, 
indicated by low pairwise MAC values, reflect a high degree of linear independence. This, in turn, results in well-conditioned modal 
matrices 𝜱 and 𝜳 , which enhance the stability and accuracy of the strain-to-displacement transformation. IMM could also be applied 
based on FE mode shapes extracted from deformed states (cf. Section 3), or in a hybrid manner following the approach in [27].

Nevertheless, one of the key advantages of the incremental modal method lies in its model-free nature. Experimentally identified 
mode shapes can, in many cases, lead to higher accuracy than their numerical counterparts, as they inherently reflect real boundary 
conditions, structural imperfections, and operational variability. This makes IMM particularly suitable for in-situ applications, where 
the relevant mode shapes of the deformed structure are assumed to be continuously identified during operation (cf. [14–16]), and 
local strain measurements are available in parallel. The ability to work without relying on an FE model not only enhances flexibility 
but also avoids modelling uncertainties, which can otherwise lead to inaccurate shape sensing results. Accordingly, the present 
investigation focuses on how the incremental application of the method influences the propagation of uncertainties arising from 
experimentally determined input parameters, as discussed in the following.

2.3. Propagation of uncertainties through load increments

Applying the incremental reconstruction method, uncertainties have an impact on each individual estimate at different defor-
mation increments. To address this, the uncertainties from previous load steps must be propagated throughout the full deformation 
history. In this context, the uncertainties of the different input quantities of the shape sensing algorithm, i.e., the measured strain 
and the strain and displacement modal matrices, respectively, are assumed to be uncorrelated and normally distributed.

2.3.1. Uncertainties arising from measured strain
In order to assess possible deviation from a mean or expected value of the shape sensing estimate, it is assumed that each 

strain sensor is considered to record a signal with the same level of variability. The magnitude of the variability is defined by 
setting a standard deviation 𝜎𝜀 to a threshold value in microstrain, which aligns with the general observation that sensors with a 
stronger signal exhibit a better signal-to-noise ratio. 𝜎𝜀 reflects random measurement noise, typically originating from analog-to-
digital conversion or the inherent noise of strain gauge amplifiers. This type of noise is generally well approximated by a normal 
distribution.

Assuming that the identification of strain mode shapes is independent from instantaneous strain measurements, the mapping to 
displacement is linear in strain. Consequently, normally distributed strain input results in normally distributed components of the 
approximated displacement vector. According to Eq. (5), displacement degree of freedom 𝑗 of the 𝑖th increment is computed with 

𝛥𝑢̂𝑖𝑗 = 𝑇 𝑖−1
𝑗1 𝛥𝜀𝑖1 +⋯ + 𝑇 𝑖−1

𝑗𝑁𝜀
𝛥𝜀𝑖𝑁𝜀

=
𝑁𝜀
∑

𝑇 𝑖−1
𝑗𝑘 𝛥𝜀𝑖𝑘, 𝑗 = 1,… , 𝑁𝑢.

(7)
𝑘=1

4 
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Furthermore, assuming that the uncertainty among strain sensors is uncorrelated, its impact on the displacement estimates can 
be evaluated using Gaussian uncertainty propagation [30]. Irrespective of whether for strain increments 𝛥𝜀𝑖𝑘 or the total strain 𝜀𝑖𝑘
in a deformed state, each strain channel is expected to exhibit the same measurement uncertainty defined by 𝜎𝛥𝜀𝑖𝑘 = 𝜎𝜀. Taking 
into account that the coefficients from the DST matrix are the sensitivities of the error propagation, one can obtain the standard 
deviation of the output displacement as a consequence of variable strain input: 

𝜎𝜀
𝛥𝑢̂𝑖𝑗

=

√

√

√

√

√

(

𝜕𝛥𝑢𝑖𝑗
𝜕𝛥𝜀𝑖1

𝜎𝛥𝜀𝑖1

)2

+⋯ +

(

𝜕𝛥𝑢𝑖𝑗
𝜕𝛥𝜀𝑖𝑁𝜀

𝜎𝛥𝜀𝑖𝑁𝜀

)2

= 𝜎𝜀

√

√

√

√

𝑁𝜀
∑

𝑘=1

(

𝑇 𝑖−1
𝑗𝑘

)2
.

(8)

The displacement increments are calculated independently for each step and added up to the total displacement estimate (cf. Eq. (6)). 
For this reason, the resulting uncertainty from consecutive increments can be calculated using the sum rule of variances [31]. On 
the other hand, the sensitivities expressed by the DST matrix components 𝑇𝑗𝑘, change in every increment due to the change of the 
mode shapes during deformation. Hence, the variance of all displacement estimates after 𝑛 increments can be computed as 

(

𝜎𝜀𝑢̂𝑛𝑗

)2
=

𝑛
∑

𝑖=1

(

𝜎𝜀
𝛥𝑢̂𝑖𝑗

)2

= 𝜎2𝜀

𝑛
∑

𝑖=1

𝑁𝜀
∑

𝑘=1

(

𝑇 𝑖−1
𝑗𝑘

)2
,

(9)

such that the final uncertainty in the displacement estimate expressed by the standard deviation reads 

𝜎𝜀𝑢̂𝑛𝑗
= 𝜎𝜀

√

√

√

√

𝑛
∑

𝑖=1

𝑁𝜀
∑

𝑘=1

(

𝑇 𝑖−1
𝑗𝑘

)2
. (10)

From Eq. (10) it becomes apparent that the uncertainty of the final estimate at each displacement degree of freedom scales linearly 
with the strain input uncertainty 𝜎𝜀. Without additional knowledge of 𝑇 𝑖−1

𝑗𝑘 , which varies across increments and is strongly influenced 
by the number and placement of strain sensors, the relationship between the uncertainties and the number of increments remains 
unclear. However, assuming that only minor changes occur in the DST matrix during deformation and for a fixed number of strain 
sensors, one observes: 

𝜎𝜀𝑢̂𝑛𝑗
∝
√

𝑛, (11)

indicating that the output uncertainty increases proportionally to the square root of the total number of increments 𝑛. Although a 
low number of increments results in lower uncertainties, it is important to note that the accuracy of the results can be compromised, 
if the geometric non-linearity is not adequately captured.

2.3.2. Uncertainty arising from displacement mode shapes
As displacement mode shapes must be identified in every considered state of deformation, uncertainties in the modal identifi-

cation process also have an impact on each increment. To investigate the effects of mode shape variability, the coefficients of the 
DST matrices are expressed as a function of mode shape components as 

𝑇 𝑖−1
𝑗𝑘 =

𝑁𝑚
∑

𝑚=1
𝛷𝑖−1

𝑗𝑚 𝛹 †,𝑖−1
𝑚𝑘 . (12)

The number of mode shapes 𝑁𝑚 considered in the mapping is arbitrary, for instance: 𝑁𝑚 = min(𝑁𝑢, 𝑁𝜀). To simplify the following 
derivation, the order of the summation over 𝛹 †,𝑖−1

𝑚𝑘  can be commuted such that Eq. (7) is rearranged to

𝛥𝑢̂𝑖𝑗 =
𝑁𝜀
∑

𝑘=1

(𝑁𝑚
∑

𝑚=1
𝛷𝑖−1

𝑗𝑚 𝛹 †,𝑖−1
𝑚𝑘

)

𝛥𝜀𝑖𝑘

=
𝑁𝑚
∑

𝑚=1
𝛷𝑖−1

𝑗𝑚

(𝑁𝜀
∑

𝑘=1
𝛹 †,𝑖−1
𝑚𝑘 𝛥𝜀𝑖𝑘

)

. (13)

The propagation of uncertainty in displacement mode shapes requires the computation of displacement sensitivities with respect to 
individual mode shape components. These are defined by 

𝜕𝛥𝑢̂𝑖𝑗
𝑖−1

=
𝑁𝜀
∑

𝛹 †,𝑖−1
𝑚𝑘 𝛥𝜀𝑖𝑘, (14)
𝜕𝛷𝑗𝑚 𝑘=1

5 
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and employing the Gaussian propagation formula one can obtain the standard deviation of the output displacement as a consequence 
of variability in the displacement mode shapes with 

𝜎𝛷
𝛥𝑢̂𝑖𝑗

=

√

√

√

√

√

√

𝑁𝑚
∑

𝑚=1

⎛

⎜

⎜

⎝

(𝑁𝜀
∑

𝑘=1
𝛹 †,𝑖−1
𝑚𝑘 𝛥𝜀𝑖𝑘

)2

𝜎2
𝛷𝑖−1
𝑗𝑚

⎞

⎟

⎟

⎠

. (15)

In contrast to the uncertainty in the strain measurements, 𝜎𝛷𝑖−1
𝑗𝑚

 is not considered to be the same value for each mode shape 
component and for each mode; it is rather scaled to the mean values of the mode shape component, which is the respective FE mode 
shape component in the case exemplified in Section 3. The scaling is accomplished with a unique scalar that can be understood as 
a coefficient of variation: 

𝑐𝛷𝑣 =
𝜎𝛷𝑖−1

𝑗𝑚

𝛷𝑖−1
𝑗𝑚

. (16)

From this definition, using again the sum rule of variances (cf. Eq. (9)), the standard deviation after 𝑛 consecutive increments follows 
with: 

𝜎𝛷𝑢̂𝑛𝑗
= 𝑐𝛷𝑣

√

√

√

√

√

√

𝑛
∑

𝑖=1

𝑁𝑚
∑

𝑚=1

⎛

⎜

⎜

⎝

(𝑁𝜀
∑

𝑘=1
𝛹 †,𝑖−1
𝑚𝑘 𝛥𝜀𝑖𝑘

)2

𝛷𝑖−1
𝑗𝑚

2
⎞

⎟

⎟

⎠

. (17)

The assumptions underlying Eq. (17) have already been introduced above, but are reiterated here for clarity. The formulation 
assumes that the uncertainty in the displacement mode shapes is uncorrelated, normally distributed, and scales with the respective 
mean values according to the coefficient of variation defined in Eq. (16). Furthermore, according to IMM, the mapping from strain 
to displacement is assumed to be linear within each increment. These assumptions enable the application of the Gaussian error 
propagation formula and the summation of variances across increments.

The resulting standard deviation relates linearly with the coefficient of variation for the displacement mode shape components. 
For a higher number of increments to reach a specific non-linear state of deformation, the increment size is reduced, meaning that 
𝛥𝜀𝑖𝑘 ∼ 1

𝑛 . As a consequence, assuming again small changes of strain mode shapes and displacement mode shapes, and a fixed number 
of modes and strain sensors, the dependency to the number of increments reads 

𝜎𝛷𝑢̂𝑛𝑗
∝ 1

√

𝑛
, (18)

indicating a decreasing output uncertainty if the source is to be found in the displacement mode shapes.

2.3.3. Uncertainty arising from strain mode shapes
As the displacement sensitivities with respect to every strain component of the strain modal matrix must be computed, the 

propagation formula accounting for these uncertainties reads 

𝜎𝛹
𝛥𝑢̂𝑖𝑗

=

√

√

√

√

√

𝑁𝜀
∑

𝑎=1

𝑁𝑚
∑

𝑏=1

(

𝜕𝛥𝑢̂𝑖𝑗
𝜕𝛹 𝑖−1

𝑎𝑏

𝜎𝛹 𝑖−1
𝑎𝑏

)2

. (19)

Unlike the other input quantities, there is a non-linear relationship between the elements of 𝜳  and the shape sensing estimates; 
Eq. (19) represents only an approximation of the output uncertainty if the linearised Gaussian propagation law is applied. In view 
of Eq. (13), one finds that every component of 𝜳 † has to be considered for calculation of the partial derivatives with respect to 𝛹 𝑖−1

𝑎𝑏 . 
The matrix containing these derivatives can be derived by definition of the Moore–Penrose pseudoinverse. Derivation with respect 
to an individual component of the strain modal matrix leads to 

𝜕𝜳 †

𝜕𝛹𝑎𝑏
= −

(

𝜳 𝑇𝜳
)−1(𝑬𝑇𝜳 + 𝜳 𝑇𝑬

)(

𝜳 𝑇𝜳
)−1𝜳 𝑇 +

(

𝜳 𝑇𝜳
)−1𝑬𝑇 , (20)

where 𝑬 equals one at 𝐸𝑎𝑏 and zero otherwise. The partial derivatives in Eq. (19) rely on the analytical expression for the sensitivity 
of the pseudoinverse with respect to perturbations in the original strain modal matrix, as shown in Eq. (20). This expression 
assumes that 𝜳 𝑇𝜳  is invertible and that uncertainties in 𝜳  are sufficiently small for a first-order approximation to remain valid. 
The derivation neglects any higher-order terms and is therefore most accurate when the strain mode shapes vary slightly around 
their nominal values.

By defining 𝜞 =
(

𝜳𝑻𝜳
)−1, derivatives of the pseudo inverse components can be computed as 

𝜕𝛹 †
𝑚𝑘

𝜕𝛹𝑎𝑏
= 𝛤𝑚𝑏

(

𝛿𝑘𝑎 −
𝑁𝑚
∑

𝑟=1

𝑁𝑚
∑

𝑠=1
𝛤𝑟𝑠𝛹𝑘𝑠𝛹𝑎𝑟

)

−
𝑁𝑚
∑

𝑟=1

𝑁𝑚
∑

𝑠=1
𝛤𝑚𝑟𝛹𝑎𝑟𝛤𝑏𝑠𝛹𝑘𝑠 (21)

and employed in the expressions of the sensitivities. 𝛿𝑘𝑎 denotes the Kronecker delta in above expression. Analogue to the 
displacement mode shapes, a coefficient of variation is introduced 

𝑐𝛹𝑣 =
𝜎𝛹 𝑖−1

𝑎𝑏
𝑖−1

, (22)

𝛹𝑎𝑏
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which describes the variability in strain modes with respect to mean strain mode components. As 𝑐𝛹𝑣  is independent from the indices 
of the summation in Eq.  (19) and constant for any increment, the uncertainty of the 𝑗th displacement estimate caused by variable 
strain mode shapes is obtained by insertion of Eqs. (21) and (22) in Eq. (19), and the application of the sum rule of variances: 

𝜎𝛹𝑢𝑛𝑗
=𝑐𝛹𝑣

{ 𝑛
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)

𝛥𝜀𝑖𝑘

)

𝛹 𝑖−1
𝑎𝑏

]

2

}

1
2 .

(23)

For a fixed strain sensor setup using a constant number of modes in the shape sensing, the following dependence on the number of 
increments can again be established: 

𝜎𝛹𝑢𝑛𝑗
∝ 1

√

𝑛
. (24)

Unlike the uncertainties arising from strain measurements, the uncertainty due to variability in the modes decreases with an 
increasing number of increments, generally leading to higher accuracy of the method. However, it must be taken into account 
that the number of increments cannot be increased indefinitely in practical applications.

3. Reference deformation reconstruction

In order to assess the impact of output uncertainties on IMM estimates, a reference solution is required that would correspond 
to the arithmetic mean solution if the shape sensing was repeated multiple times in a test scenario. For this reason, IMM is applied 
to the FE model of a high-aspect-ratio wing with symmetric NACA 0012 airfoil profile [32] in the absence of uncertainties. The 
following section outlines the properties of the model, the simulation setup, and the virtual sensor instrumentation used for shape 
sensing.

3.1. Wing model and virtual instrumentation

The wing model is chosen since it features all the relevant properties of realistic wing structures. This includes a swept and tapered 
design, which typically reduces the accuracy of shape sensing methods compared to simpler laboratory structures such as straight 
beams and flat plates. In Table  1, the geometric dimensions are summarised. The FE discretisation of the model comprises shells and 
shear webs constructed from sandwich-structured composites, along with ribs that reinforce the cross-sections at regular intervals. 
The model consists of 8948 elements, primarily 4-noded shell quadrilaterals, with composite properties defined by the laminate 
lay-up. The FE model was developed using the DLR-AE in-house parametric model generator ModGen [33] in MSC.NASTRAN. A 
top-down view of the mesh is depicted in Fig.  2. As the laboratory wing is designed for multipurpose use, the model includes a 
folding wing tip, which is not relevant to this research. The hinge for the folding wing tip appears as a gap with 0.1m width located 
at two-thirds of the wing span. For the purposes of shape sensing analysis, the hinge is blocked and modelled using RBE2 elements. 
The hinge midpoint is rigidly connected to the surface nodes of the neighbouring cross-sections. Due to this modelling, the region 
containing the hinge performs a rigid body motion and does not allow for additional deformation within this section.

The mesh indicates the position of virtual strain sensors being used both for the representation of strain modes and the strain 
information for calculating displacement increments according to Eq. (5). Strain is assessed in five cross-sections on the shell panels 
beginning at 𝑦 = 0.75m with equidistant spacing of 𝛥𝑦 = 1m in-between. The orientation of the computed strain corresponds to 
the first axis of the local element coordinate systems,  which point in the direction of the dashed lines indicated in Fig.  2. Both the 
pressure and suction side of the wing are instrumented at locations symmetric to the 𝑥𝑦-plane. In total, strain data of 20 virtual strain 
channels are thus available for the shape sensing; the present distribution of strain sensors is suitable to be employed to evaluate 
bending moments as part of a load monitoring of the wing [34]. It is assumed that accelerometers are placed equidistantly with 
𝑦 = 0.5m at the leading and trailing edge of the wing. They enable the identification of displacement modes. Having 22 positions 
occupied with triaxial sensors, the mode shapes are represented by the finite element model with 66 degrees of freedom in global 
coordinates which serve as input for the shape sensing.

The shape sensing method presented in Section 2 is applied to a geometrically non-linear deformation state of the wing. The 
reference displacement field is determined by means of a NASTRAN SOL400 non-linear static simulation. The same applies for the 
strain of intermediate deformation states at the virtual sensor positions employed in the shape sensing. The required mode shapes 

Table 1
Parameters of the wing geometry.
 Parameter Value 
 Half span 5m  
 Planform area 3m2  
 Aspect ratio 16.67 
 Sweep angle 29◦  
7 
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Fig. 2. Finite element grid of the wing with virtual sensor positions.

are obtained by normal modes analysis in these intermediate deformation states, taking into account geometric stiffness effects. 
For all simulations, the wing model is clamped at the root and, as indicated in the mesh plot, a tip load is introduced. The load 
introduction point at quarter chord is connected via rigid body constraints to all nodes of the tip cross-section. The load is applied 
as a dead load in the 𝑧-direction, not being affected of the deformation of the structure.

As mentioned in Section 2.2, the mode shapes are subjected to changes when the structure undergoes significant deformation. 
While the participation (modal coordinate) of each mode to the deformation reconstruction varies from increment to increment as 
well, across the deformation range considered, the first flapwise bending mode is the primary contributor in the described load case. 
Fig.  3 shows the displacement mode shape at various deformation states for the virtual instrumentation setup, expressed in global 
coordinates. As indicated in Figs.  3(b) and 3(c), increasing deformation amplitude results in larger spanwise components of the 
mode shape, which forms the basis for the spanwise shortening typically observed in geometrically nonlinear deformations of wing 
structures. Additionally, small in-plane components appear during deflection that are absent in the undeformed state due to the 
cross-sectional symmetry. By application of IMM, both the in-plane and spanwise components from intermediate deformation states 
induce displacements in their respective coordinate directions that are not present in the mode shape of the undeformed structure 
(Fig.  3(a)).

The illustrated setup describing the virtual sensor distribution and the particular load case is chosen because it represents a 
plausible structural test scenario, even though it is not physically representative of the pressure distribution typically associated 
with aerodynamic loading. This approach is deemed suitable, as the primary objective is to assess displacement reconstruction, 
with the specific cause of deformation being of secondary importance.

3.2. Reference results

Fig.  4 visualises the different components of the displacement field of the wing and the torsional deflection in the final 
deformation state. The tip is bent flapwise by 21.6%, shortened spanwise by 3.9%, and deflected edgewise by 1.3%, each relative to 

Fig. 3. 1st flapwise bending displacement mode shape at different deformation states.
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Fig. 4. Displacement contour plots of non-linear target deformation state.

the original wing length. Based on the amount of flapwise bending and the shortening, the state of deformation clearly deviates 
from linear behaviour. Due to the sweep, the wing exhibits a tip twist of −11.2◦, although a pure bending load is induced.

The deflection curves obtained using IMM with increments ranging from one to 16 are shown in Fig.  5. Fig.  5(a) displays 
the flapwise bending estimates 𝑢̂𝑧 along the 𝑦-coordinate, normalised with respect to the original wing length. The diagrams also 
incorporate the spanwise displacements 𝑢̂𝑦 that typically occur considering large deformation. The values are computed as arithmetic 
means of the estimates belonging to the nodes of the same cross-section. As a reference, the deflection curve obtained from non-
linear FE analysis is plotted for comparison. The graphs reveal a convergence pattern, as the differences between the IMM solutions 
at the tip diminish with an increasing number of increments.  Since the modal approach is applied based on a truncated set of 
only the ten lowest modes, the DST matrix does not span the full solution space of the FE model. As a result, the shape sensing 

Fig. 5. Deterministic reconstruction results for varying number of increments.
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Fig. 6. Relative Euclidean error norm of the displacement estimates.

Table 2
Relative participation to overall deformation.
 ‖𝒖̂𝑥‖∕‖𝒖̂‖ ‖𝒖̂𝑦‖∕‖𝒖̂‖ ‖𝒖̂𝑧‖∕‖𝒖̂‖  
 0.0500 0.1501 0.9874 

solution does not fully converge to the reference results, even if the number of increments is further increased. Stronger convergence 
towards the reference solution can be observed regarding 𝑢̂𝑦 and the edgewise displacements 𝑢̂𝑥, as illustrated in Fig.  5(b), since 
these improvements are a direct result of capturing the non-linearity. It should be noted that using the modal shape sensing approach 
with a single increment (𝑛 = 1) does not account for significant displacements in these coordinate directions.

The error plots of Fig.  6 confirm the statements made about the reconstruction estimates. In the diagrams, the relative Euclidean 
norm of the error between the true displacements at virtual sensor locations and corresponding estimates is presented in logarithmic 
scale. The overall error norm is defined by: 

𝜖 =
‖𝒖̂ − 𝒖‖
‖𝒖‖

, (25)

and the error quantities 𝜖𝑥, 𝜖𝑦, and 𝜖𝑧 pertain exclusively to displacements in the respective coordinate directions. As already 
mentioned, it is evident that applying IMM is most beneficial for the accuracy of estimates concerning the spanwise and edgewise 
direction, respectively; using 𝑛 = 8 increments reduces the error of both displacements by an order of magnitude. The prediction of 
𝑢̂𝑧 also improves, with 𝜖𝑧 decreasing from 3.9% to 2.3% by incorporating the mode shapes of 𝑛 = 16 deformation states on the path 
to the target deformation state. The error for the total deformation 𝜖 improves from 16.4% to 2.4% significantly better, although the 
deformation of the wing is dominated by flapwise bending, as indicated by the relative participation of the different displacement 
components (cf. Table  2).

Estimates 𝑢̂𝐿𝐸𝑧  and 𝑢̂𝑇𝐸𝑧 , associated with the leading and trailing edges of the wing, respectively, can be utilised in shape sensing 
applications for approximation of the twist angle via (cf. [2,3]) 

𝜃̂𝑦 = arcsin

(

𝑢̂𝐿𝐸𝑧 − 𝑢̂𝑇𝐸𝑧
𝛥𝑥

)

, (26)

where 𝛥𝑥 specifies the chord length at these cross-sections. The results for varying number of increments are shown in Fig.  7 with 
the corresponding error plot.  The illustrated error represents the relative norm defined in Eq. (25), calculated using the twist 
angle estimates 𝜽̂𝒚 and references 𝜽𝒚 , both obtained from the approximation in Eq. (26). The twist angles are derived from either 
displacement estimates or FE results at the leading and trailing edges, respectively. In addition to the FE reference line evaluated 
using Eq. (26), a dotted line representing the mean of the nodal rotations for the respective cross-sections is included for comparison. 
From the diagrams one observes that, opposing to all displacement estimates, a higher number of increments does not capture the 
twist angle more accurately.

From the deterministic results one can summarise that in principle, except for the twist angle, the IMM solutions exhibit a 
convergence trend for displacements to more accurate estimates as the number of increments increases. The following section 
examines whether, in addition to practical considerations of an experiment, there are implications from uncertainties with regard 
to the number of increments to be specified in the shape sensing.

4. Uncertainty analysis

The error propagation formulas derived in Section 2.3 can be used to analytically assess the influence of variability of the input 
quantities on the estimated displacement results. For this evaluation, the variability of the required mode shapes and the measured 
10 
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Fig. 7. Deterministic reconstruction results for varying number of increments.

strain in the relevant deformation states must be known. Monte Carlo simulations (MCS) are a widely used method in uncertainty 
quantification. They are commonly employed to assess the impact of uncertainties in various systems and models. Applying MCS in 
the scope of IMM, involves great effort if a larger number of increments is considered, as each displacement estimate of the MCS is 
the starting point for the MCS of the next increment. The number of analyses provided by the shape sensing method thus increases 
exponentially with the number of increments. The MCS approach has been employed in [35] for a linear shape sensing problem 
in an uncertainty quantification study comparing three different shape sensing methods with focus on material parameters and 
strain input uncertainty of an FE model, respectively. In the present research, MCS in combination with Latin Hypercube Sampling 
(LHS) [36] is used as a tool to verify the derived propagation laws. Therefore, the input parameters are sampled using UQLab [37] 
and the MCS is conducted in the MATLAB environment.

4.1. Uncertainty propagation from various input sources

The procedure described for checking the error propagation expressions in terms of Monte Carlo simulation is applied to the 
aforementioned sources of uncertainties. Basically, it is possible to consider the uncertainties for each individual measurement degree 
of freedom. However, the following section exemplarily examines the impact of uncertainties on the estimated displacements of the 
leading-edge wingtip sensor as a representative example.

4.1.1. Uncertainty arising from measured strain
Fig.  8 illustrates the propagation of uncertainties due to measured strain, as described by Eq. (10), for the estimates of the virtual 

leading-edge tip accelerometers over up to 16 increments. A significantly larger number of increments is not likely in the scope of 
an experiment. The strain input uncertainty of each strain signal is specified with 𝜎𝜀 = 5𝜇𝜀 for this case. In Fig.  8(a), the uncertainty 
trends are expressed in terms of the unscaled standard deviations. As expected, the increase of the output uncertainty is proportional 
to the square root of increments. This finding is supported by the least-squares fits of the type 

𝜎𝜀𝑢̂𝑗 (𝑛) = 𝑘𝜀
√

𝑛, (27)

which are shown as dotted lines. It should be mentioned that the uncertainties of the 𝑥- and 𝑦-coordinate are fitted more accurately 
with respect to 𝜎𝜀𝑢̂𝑗 (𝑛) = 𝑘𝜀1

√

𝑛 + 𝑘𝜀2, which however involves a second constant in order to account for the offset on the abscissa.
From the diagram, one can tell that the uncertainties in edgewise wing direction are particularly high, knowing that edgewise 

displacements are of minor role in the overall deformation (cf. Fig.  4, Table  2). This is confirmed in Fig.  8(b), where the curves 
describe the relative standard deviation 

𝜎𝜀𝑢̂𝑛𝑗
=

𝜎𝜀𝑢̂𝑛𝑗
|𝜇𝑛

𝑗 |
, (28)

where 𝜇𝑛
𝑗  represent the deterministic estimates using 𝑛 increments in the shape sensing; 𝜎

𝜀
𝑢̂𝑛𝑗
 can be interpreted as the coefficient of 

variation of the displacement output. The relative measures indicate that for 𝑛 ≥ 2 the uncertainty for displacements in 𝑦-direction 
is lower compared to flapwise bending deflections. As the estimate for 𝑛 = 1 does not bring about significant spanwise deformation 
(cf. Fig.  5(a)), the relative uncertainty is very high for using only a single increment. This also holds for the relative uncertainty of 
displacement estimates in 𝑥-direction, exhibiting qualitatively the same behaviour, but in the range of 3% − 7% for 𝑛 ∈ [2, 16].
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Fig. 8. Uncertainty propagation from variable strain measurements for varying number of increments at the leading-edge wingtip.

In order to validate the propagation law, Monte Carlo simulations were conducted for one and two consecutive increments for 
displacements in the 𝑧-direction. To enable a comparison among datasets, the same number of 106 samples was used in both cases. 
For 𝑛 = 1, all samples were generated by means of LHS in a single step, whereas for 𝑛 = 2, only 103 instances were sampled prior 
to each shape sensing step, leading to the same total number of displacement estimates. A single sample comprises either the total 
strain (𝑛 = 1) or the strain increments (𝑛 = 2) of the 20 virtual strain sensors. The resulting histograms with identical bin width 
are visualised in Fig.  9, indicating a Gaussian distribution as probability density function for both discrete distributions. Due to the 
linearity of the transformation (cf. Eq. (6)), normally distributed 𝜎𝜀 results in normally distributed displacement estimates. For the 
sake of comparison, Table  3 lists the deviation of the MCS results from the deterministic displacement estimates as well as from the 
analytical uncertainty values. These deviations are defined as 

𝛥𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸 = |𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸 − 𝜇𝑢̂𝑛 |

𝛥𝜎𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸 = |𝜎𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸 − 𝜎𝑢̂𝑛 |,
(29)

where 𝜇𝑢̂𝑛  and 𝜎𝑢̂𝑛  denote the mean and standard deviation of the corresponding frequency distribution, respectively.

Fig. 9. Frequency distribution of displacement estimates using 𝑛 = 1 and 𝑛 = 2 increments from 106 strain samples with 𝜎𝜀 = 5𝜇𝜀.

It is observed that after two increments, the distribution becomes flatter and wider due to the increased uncertainty, compared 
to using only a single increment. As the non-linearity is taken into account with 𝑛 = 2, the mean value improves towards the 
reference result of approximately 𝑢𝑧,𝑡𝑖𝑝,𝐿𝐸 = 1081mm. Regarding the mean and standard deviation values, the mean aligns with the 
deterministic solution, while the standard deviation shows a larger discrepancy from the analytical result using two increments. The 
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Table 3
Deviation from deterministic shape sensing estimates and from analytical uncertainties in %.
 𝑛 𝛥𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸 𝛥𝜎𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸  
 1 6.46 ⋅ 10−6 0.02  
 2 2.07 ⋅ 10−4 1.28  

latter can be explained by the fact that far fewer samples are used within an increment; an increase in the number of samples per 
increment would produce higher agreement of the uncertainties, but is associated with considerable costs.

This case demonstrates that the Gaussian propagation law in Eq. (10) can be applied as a replacement of costly MCS. It is also 
evident from the overlap of the distributions that due to more increments, increased measurement uncertainty may degrade the 
accuracy of the result, although a higher number of increments generally improves the deterministic estimate.

4.1.2. Uncertainty arising from displacement mode shapes
The uncertainties from displacement mode shapes are analysed in the same way as from measured strain. Here, a coefficient 

of variation of 𝑐𝛷𝑣 = 0.01 for each component of the displacement modal matrix is used, exemplifying the trend of the output 
uncertainties. The graphs describing the dependency on the number of increments in the shape sensing according to Eq. (17) are 
shown in Fig.  10(a). Again, the trends can be described by regression lines that are provided as dotted curves fitted with respect to 

𝜎𝛷𝑢̂𝑗 (𝑛) =
𝑘𝛷
√

𝑛
, (30)

following the relation found in Eq. (18). For the uncertainties of the displacements in 𝑥- and 𝑦-direction, the values at 𝑛 = 1 are left 
out in the fitting, as they are not representable in above function, and using one increment only is not conceivable for non-linear 
problems. In contrast to uncertainties caused by strain, the relative standard deviation displayed in Fig.  10(b) is similar among all 
coordinate directions. A common feature of both cases is that the curves of the relative standard deviation for 𝑛 ∈ [2, 16] qualitatively 
follow the absolute standard deviation; for uncertainty in the displacement mode shapes, they are however all on the same level.

Fig. 10. Uncertainty propagation from variable displacement mode shapes for varying number of increments at the leading-edge wingtip.

Again, MCS are conducted for the 𝑧-direction DOF to verify the propagation formula. This time, all components of the 
displacement modal matrix undergo a normally distributed random sampling with 𝑐𝛷𝑣 = 0.01. Using ten modes, a single sample 
matrix comprises 660 entries that are set with LHS. For the single step MCS, all 106 instances are sampled at once, whereas for two 
increments only 103 samples are created for each increment. The results of the MCS are illustrated in the histograms of Fig.  11 with 
the percentual deviation from the deterministic mean and from analytical values of the standard deviations (cf. Eq. (29)) shown in 
Table  4. The mapping from strain to displacements is linear in terms of mode shape components; therefore, the frequency distribution 

Table 4
Deviation from deterministic shape sensing estimates and from analytical uncertainties in %.
 𝑛 𝛥𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸 𝛥𝜎𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸  
 1 4.51 ⋅ 10−6 3.01 ⋅ 10−3 
 2 3.20 ⋅ 10−4 0.18  
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Fig. 11. Frequency distribution of displacement estimates using 𝑛 = 1 and 𝑛 = 2 increments from 106 sampled displacement modal matrices and 
𝑐𝛷𝑣 = 0.01.

of the displacements closely follows a normal distribution. As expected, solving the problem in a single step not only results in a less 
accurate mean value but also yields a higher standard deviation compared to the incremental approach. The mean values consistently 
predict well the deterministic estimates (cf. Table  3), and once again the analytical values of the standard deviation are better met 
with 𝑛 = 1 for the larger number of samples. In total, it can be stated that the propagation of uncertainties from displacement mode 
shapes can be described by the expression presented in Eq. (17).

4.1.3. Uncertainty arising from strain mode shapes
Finally, the uncertainties resulting from the variability of the strain mode shapes are analysed. Deriving the propagation law 

is more complex, as the strain mode shapes are processed in a pseudoinverse within the shape sensing method. Analogous to the 
displacement modes, a coefficient of variation of 𝑐𝛹𝑣 = 0.01 is assumed to exemplify the uncertainty quantification. As with the other 
input variables, this can be changed as desired, the trends remain unchanged, only the magnitude of the resulting uncertainty on 
the estimated displacements depends linearly on the coefficient of variation.

Fig.  12(a) shows the evolution of the uncertainties for the various displacement components with their associated regression 
curves. As previously with the displacement modes, the least-squares fits are performed with a function of the same type 

𝜎𝛹𝑢̂𝑗 (𝑛) =
𝑘𝛹
√

𝑛
, (31)

Fig. 12. Uncertainty propagation from variable strain mode shapes for varying number of increments at the leading-edge wingtip.
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whereby 𝑛 = 1 was omitted for the 𝑥- and 𝑦-coordinate. For coefficients of variation of the same size, the results are qualitatively 
and also quantitatively similar to the uncertainties for displacement modes. The uncertainties for displacements in the edgewise 
direction are an exception: they are clearly excessive, as in the case of uncertainties in the strain measurements. This is confirmed 
by the relative standard deviation shown in Fig.  12(b). The uncertainties for the 𝑥-direction displacements fall outside the displayed 
range but follow a similar trend to the other two displacement components within 𝑛 ∈ [2, 16], with a relative standard deviation 
between 6% and 2%. When looking at the relative standard deviation from all input variables, it can be seen that in all three cases 
the relative uncertainty follows the trend of the absolute uncertainties.

The propagation formula in Eq. (23) is checked in the same way as in the previous two cases. With 10 modes considered in 
shape sensing, each sample of the strain modal matrix encompasses a total of 200 components. The same total number of samples 
is used for the MCS as in the previous examples and the results are depicted in Fig.  13 with the deviation from the deterministic 
estimates and from analytical values of the standard deviation listed in Table  5. The histograms resemble to those illustrated for 
the displacement mode shapes, as the propagation for both types of mode shape uncertainties has a similar functional dependency.

Fig. 13. Probability density functions using 𝑛 = 1 and 𝑛 = 2 increments from 106 strain modal matrices and 𝑐𝛹𝑣 = 0.01.

Table 5
Deviation from deterministic shape sensing estimates and from analytical uncertainties in %.
 𝑛 𝛥𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸 𝛥𝜎𝑢̂𝑛𝑧,𝑡𝑖𝑝,𝐿𝐸  
 1 0.04 0.13  
 2 0.03 3.43  

Unlike the other two cases, this result exhibits significant deviation between the mean values of the MCS results and the 
deterministic displacement estimates. Additionally, an increase of the discrepancies between standard deviations from MCS and 
analytical standard deviations can be observed. Both effects can be attributed to the fact that the Gauss formula provides only a 
linear approximation of the actual uncertainty propagation when dealing with uncertainties from strain modes. Fig.  14 illustrates 
how the error in standard deviation, defined as 

𝜖𝜎 =
𝜎𝛹𝐺𝑎𝑢𝑠𝑠 − 𝜎𝛹𝑀𝐶𝑆

𝜎𝛹𝑀𝐶𝑆

, (32)

manifests for varying coefficients of variation in the case of a single increment. The diagrams consider all components of 
displacement at the leading-edge wingtip position. By means of above definition, one can observe from the error plot that 
the analytical formula overestimates the standard deviation of estimates concerning displacements in all coordinate directions. 
Significant differences evolve above 𝑐𝛹𝑣 = 0.01, and the error is in general larger for the flapwise displacement. If the systematically 
overestimated uncertainties are propagated over several increments, the output in these increments will also overestimate the 
uncertainty due to a chain effect. Using Eq. (23) is thus conservative with regard to the standard deviation.

The non-linearity in strain modes also causes the disagreement between the mean of the histograms and the deterministic 
displacement estimates of the shape sensing. As depicted in Fig.  15, the frequency distribution of the MCS are affected by a skew 
to lower displacement estimates, which becomes more apparent with increasing 𝑐𝛹𝑣 . For this reason, the mean value from the MCS 
is also lower compared to the displacement estimate without uncertainties. This effect cannot be accurately captured by using 
the propagation law. However, with low variability of the strain modes, it provides a sound approximation for the uncertainty 
propagation behaviour of the incremental shape sensing method.
15 
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Fig. 14. Discrepancy between analytical propagation and MCS for 𝑛 = 1.

Fig. 15. Histograms of displacement output from MCS with a single increment accounting for variable strain mode shapes. The PDFs exhibit 
notable skew for increased 𝑐𝛹𝑣 .

4.2. Overall uncertainty quantification

Since the propagation of individual sources of uncertainty is accurately captured, the overall uncertainty, as determined by the 
deformation at the leading-edge wingtip, is analysed in the following section. Assuming that the input quantities are independent, 
the sum rule of variances applies for the different uncertainties. By using the fitting functions, one obtains the total uncertainty 

𝜎𝛴𝑢̂𝑗 (𝑛) =

√

𝑘𝜀2𝑛 + 𝑘𝛷2 + 𝑘𝛹 2

𝑛
, (33)

which exhibits a minimum at 

𝑛𝑚𝑖𝑛 =

√

𝑘𝛷2 + 𝑘𝛹 2

𝑘𝜀2
. (34)

The exemplified cases of the different input parameters of the shape sensing (𝜎𝜀 = 5𝜇𝜀, 𝑐𝛷𝑣 = 0.01, 𝑐𝛹𝑣 = 0.01) lead to the fitted 
parameters in Table  6. These bring about optimal choices of 𝑛𝑚𝑖𝑛, where the overall uncertainty of the different displacement 
directions at the leading-edge wingtip would be the smallest. The corresponding plots are displayed in Fig.  16. The three curves 
have in common that they decrease until the uncertainty stemming from measured strain prevails. As the deformation is dominated 
by the displacements in 𝑦- and 𝑧-direction, respectively, a good choice to minimise the uncertainty would be either 𝑛 = 5 or 𝑛 = 6.

Table 6
Parameters of the fitting functions.
 𝑘𝜀 𝑘𝛷 𝑘𝛹 𝑛𝑚𝑖𝑛  
 𝑢𝑥 1.0882 0.4295 3.2435 3.00 
 𝑢𝑦 0.2614 1.2624 0.6555 5.44 
 𝑢𝑧 2.2914 9.5494 9.7896 5.97 
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Fig. 16. Overall uncertainty plots.

Fig. 17. Histograms of displacement estimate for the leading-edge wingtip including input uncertainties from strain measurements and mode 
shapes.

In most cases, one is rather interested to maximise the accuracy of the shape sensing in a specific application. It is not only 
impractical to consider huge amounts of increments to obtain the displacements in a geometrically non-linear deformation state, 
moreover do the uncertainties increase monotonously. Therefore, it is essential to verify whether a more refined representation of 
the non-linearity, achieved through additional increments, is justified in light of the uncertainties. For the high-aspect-ratio wing, 
this issue is deliberated with the help of Fig.  17.

It shows the relative Euclidean norm (cf. Eq. (25)) of the error at the leading-edge wingtip using either 4, 8 or 16 increments. The 
displacement vectors used for the histograms were derived from the deterministic estimates, indicated by vertical lines, and through 
random sampling of the uncertainties associated with individual displacement vector components at the corresponding number of 
increments. While 𝑛 = 4 increments clearly leads to more inaccurate results, the transition from 𝑛 = 8 to 𝑛 = 16 increments is not 
necessarily justified. First, the deterministic estimates do not improve to the same extent and second, the increased uncertainty 
leads to a wider spectrum of possible error. On that account, approximately 30% of the results using 16 increments yield a higher 
error than the mean error of using 8 increments. Moreover, due to uncertainties, there is a small probability (less than 1%) that an 
estimate with 16 increments could be worse than all possible outcomes achievable with 8 increments.

5. Conclusions

This paper introduces the incremental modal shape sensing method for geometrically nonlinear problems and presents an 
analytical approach to uncertainty propagation within this framework, utilising Gaussian error propagation. The shape sensing 
method has been applied on numerical data obtained with an FE model of a high-aspect-ratio wing at virtual sensor positions. 
Deterministic shape sensing exhibits the convergence behaviour of the method. In combination with the deterministic estimates, the 
impact of different sources of uncertainty can be described and evaluated for different number of increments.
17 
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For deterministic shape sensing, the wing was analysed in a non-linear bending deformation state. The results revealed that 
increasing the number of increments improves the accuracy of displacement estimates with respect to the finite element solution. 
Particularly, spanwise and edgewise displacements improve when the incremental modal method is applied. An exception is the twist 
angle derived from out-of-plane displacements at leading and trailing edges, which shows no improvement with more increments 
possibly due to the simplified evaluation approach.

In the uncertainty quantification analysis, it was found that within the interval of 2 to 16 increments, the uncertainties of the 
primary input sources — measured strain, displacement mode shapes, and strain mode shapes — can be effectively modelled 
using simple root functions. It was evident that the uncertainties from measured strain increase proportionally to the square 
root of the increments, while the uncertainties from mode shapes both decrease inversely with the same relationship. Results 
from Monte Carlo simulations confirm the Gaussian uncertainty propagation formulas as a cost-effective alternative to extensive 
simulations. Furthermore, the analytical expressions enable the optimisation of the testing strategy concerning output uncertainty. 
Since strain mode shapes are non-linearly transformed into displacements in the shape sensing, the analytical propagation law is 
only an approximation; depending on the variability of the mode shapes, the uncertainties are slightly overestimated. The combined 
uncertainty analysis indicates that beyond a certain number of increments, uncertainties can outweigh the benefits of improved 
deterministic accuracy.

In principle, the analysis of uncertainties as presented here can generally be employed in shape sensing applications using the 
incremental modal method, for instance in wind tunnel or structural dynamic test scenarios. The illustrated procedure is applicable 
regardless of the sensor distribution on the test specimen or the number of available modes. Uncertainties of the modal method for 
linear methods problems are already included as a special case with one increment. The prerequisite is that the corresponding 
uncertainties in the different deformation states can be expressed as standard deviations (variances) of a normally distributed 
probability density function. From a practical perspective, meeting this requirement is likely more straightforward for the measured 
strains than for the mode shapes.

Determining the optimal number of increments for accuracy requires an adequately updated FE model. Then, the process could 
also be carried out for fitting functions that describe the course of the standard deviations over the number of increments more 
accurately, for arbitrary ranges of increments. Furthermore, the determination of the optimal number of increments could be 
addressed in an optimisation scheme that, for instance, favours the accuracy at specific locations on the wing. In this way, the 
method presented here can contribute to the effective application of the shape-sensing approach in the framework of a complex 
measurement task in the geometrically non-linear domain.
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