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summary

The computational cost of scale-resolving CFD is dominated, in most mesh-based incompressible
solvers, by the time integration of the discretised Navier—Stokes equations and the pressure projection
that enforces incompressibility at every step. This thesis investigates how far a learned latent-space
surrogate can replace that step in an unsteady, vortex-shedding flow without degrading the physical
fidelity of the simulation it accelerates.

The proposed framework couples a convolutional autoencoder, a latent neural ordinary differential
equation (NODE), and a runtime out-of-distribution (OOD) gate to the differentiable incompressible
solver WaterLily.jl. The autoencoder compresses each instantaneous velocity field, augmented with
the boundary-data-immersion geometry field, into a 16-dimensional latent state, and is trained with a
physics-informed objective that adds divergence and vorticity penalties to the L, reconstruction loss, so
the decoded fields stay near-divergence-free and retain the shear-layer vorticity that sets the near-body
loading. The NODE learns the latent dynamics and is fitted with multiple shooting, partitioning each tra-
jectory into short segments to suppress the gradient blow-up that destabilises single-shooting training
over the long, chaotic rollouts spanning several shedding cycles. At inference, a k-nearest-neighbour
(KNN) monitor measures the distance between each predicted latent vector and the encoded training
set; once a rollout drifts beyond a calibrated threshold, the prediction is rejected, and control returns
to WaterLily, which re-stabilises the flow before the loop resumes. Repeated flags trigger retraining of
the NODE on the newly gathered trajectories.

The framework is developed on two-dimensional flow past a circular cylinder at Re = 2500 and evalu-
ated on 2562 and 5122 grids. In its in-distribution regime, the hybrid loop preserves both the engineering-
and statistics-level observables: on the finer grid, the time-averaged drag is recovered to within 0.64%
over the accelerated windows, and the mean-velocity and Reynolds-stress fields correlate spatially
with the reference at p > 0.997, with the fluctuating lift the only quantity to carry a visible rollout error
(its r.m.s. amplitude decaying to a roughly 7% error inside the hybrid regions). Once trained, a single
latent rollout is about 85x cheaper per convective time unit (CTU) than the reference time integration,
giving an inference-loop speedup of roughly 1.48x at the base resolution and climbing above 2x on
the refined 5122 grid, since the memory-bound solver cost scales with grid size while the rollout cost is
fixed by the latent dimension.

The decisive limitation is economic rather than physical. Charging the one-off network training to the
comparison collapses the effective speedup of a from-scratch run to roughly 0.07x at the base point,
about an order of magnitude slower than simply running WaterLily, because training consumes the
large majority of the wall-clock budget and is not repaid within a single simulation window. The pa-
rameter studies expose one recurring trade-off behind this: narrowing the latent bottleneck, shortening
the autoencoder schedule, or loosening the multiple-shooting group each simplifies the dynamics the
NODE must learn and lengthens the average in-distribution rollout, but coarsens the recovered second-
order statistics, so acceleration and turbulence-statistics fidelity are pulled against one another, with
the OOD gate setting the operating point on that curve. The training cost is not irreducible: it amortises
across reused pipelines, and trimming the schedule alone lifts the effective speedup to about 0.62 on
the finer grid. Pushed out of distribution to Re = 5000, the autoencoder smooths the held-out near-wall
fluctuations and the instantaneous loading becomes unreliable (hybrid-region force errors approaching
9%) even as the time-averaged fields stay faithful, locating the autoencoder’s reconstruction ceiling
as the binding accuracy constraint. The work thus establishes that latent NODE rollouts can absorb
part of the conventional time integration without sacrificing the integrated loading or the wake statistics,
and identifies training cost, not the inference loop, as the bottleneck any practical deployment must
overcome.
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Introduction

1.1. Background and Motivation

Turbulent flows are found in a wide range of natural and engineering systems, from large-scale atmo-
spheric flows and ocean currents to industrial processes and aerodynamic applications. Over the past
decades, Computational Fluid Dynamics (CFD) has proven itself to be an effective and powerful means
of simulating unsteady fluid flow, both laminar and turbulent. It has proven its use across various indus-
tries, where it has played a central role in the analysis, design, and certification of aerospace vehicles,
environmental systems, industrial products, and even healthcare developments. Advances in numeri-
cal methods and high-performance computing (HPC) have ensured steady advances in reliability and
accuracy of CFD, making it a critical element in modern engineering workflows [85].

1.1.1. Need for high-fidelity yet efficient simulation

Even with the technological advancements of the last few decades, the computational cost of accurate
CFD simulations remains a bottleneck. This is especially the case if one aims to resolve unsteady,
turbulent flows in or around complex geometries. These types of simulations require a mesh of such
high quality that even the smallest and most complex flow phenomena can be captured accurately [84].
This presents two problems, each of which requires substantial time to evaluate: one is fabricating
the mesh through which we want to apply our CFD algorithms, and the other is considering the CFD
algorithms and the subsequent turbulence models. In practice, companies navigate a spectrum of
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Figure 1.1: Performance trends of the TOP500 supercomputers (1993—2026), showing total performance (Sum), top system
(#1), and 500th system (#500). Performance is in FLOP/s on a logarithmic scale. Adapted from TOP500 Project [92]
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methods that trade computational efficiency for accuracy, ranging from Reynolds Averaged Navier—
Stokes (RANS) to Large-Eddy Simulation (LES), hybrid RANS-LES approaches, and ultimately Direct
Numerical Simulation (DNS) to gain a competitive edge in the highly competitive aeronautical markets
[84]. This indicates the need for frameworks that can decrease the computational costs of high-fidelity
CFD simulations.

Compounding this is the slowing of hardware-driven performance gains. Ever since 1965, following
Gordon Moore’s observation [54], the number of transistors in a single integrated circuit has doubled
approximately every two years, while cost, power, and area have remained fixed. However, as tran-
sistors reach the atomic scale and fabrication costs continue to rise, the classical technological driver
underpinning Moore’s Law for 50 years is failing and is anticipated to have flattened by 2025 [78], as
shown in Figure 1.1. This 'death march’ of Moore’s Law [52] opens the door for new hard- and software
architectures, as well as creative CFD workflows.

Besides the recent flattening of Moore’s Law, researchers have been passionately innovating for sev-
eral decades and finding novel ways to reduce the computational cost of CFD simulations. One way
to accelerate CFD simulations is to employ advances in multicore computer architecture developed
over the last few decades [33]. These novel methods enable the use of multicore and manycore CPU
(Central Processing Unit) architectures [30], as well as GPUs (Graphics Processing Units) to acceler-
ate CFD solvers [101]. To achieve desirable acceleration results, these hardware methods have been
paired with advanced numerical schemes that employ mesh-based, mesh-free, or hybrid methods to
achieve significant simulation speed-ups [33].

Together with advances in computing architecture, the rapid progress in Machine Learning (ML) and
Artificial Intelligence (Al) offers promising new strategies for accelerating CFD simulations. Fluid me-
chanics has always been a field where an enormous amount of data must be handled. This can be
derived from either experimental results or large-scale numerical simulations [10]. Together with these
vast amounts of data and the ability to handle them, ML offers a promising outlook for accelerating
modern unsteady CFD simulations.

Itis in this landscape that the subject of this thesis finds itself. Bounded by the computational bottleneck
created by accurate CFD simulations, and driven by technological advancements in Al technology. This
thesis aims to develop a new approach to reducing the computational costs of unsteady flow simulations
by leveraging modern Al frameworks. More specifically, this work will focus on using neural ordinary
differential equations to accelerate the time integration step. Since this is, more often than not, the
most costly part in mesh-based solving algorithms. In light of this context, this thesis aims to answer
the following central research question and subquestions:

Research Question

How effectively can neural ordinary differential equations accelerate the time integration
step in CFD solvers for unsteady simulations without compromising accuracy?

1. How well does the neural ODE acceleration framework preserve the flow’s statistical ob-
servables when transferred across Reynolds numbers and grid resolution?

2. How sensitive is the solution accuracy of neural ODEs to network architecture and training
data quality?

3. How can the quality of a neural ODE rollout be monitored at runtime to determine when
its predictions can be trusted?




[Literature Review

2.1. Scope and Goal for literature review

This chapter provides an overview of the current knowledge and available literature on ML-accelerated
CFD simulations. As a start, Section 2.2 explains the most frequently implemented methods in which
turbulent simulations can be resolved. Next Section 2.3 will introduce how current advances in machine
learning and artificial intelligence are being incorporated in the current CFD landscape.

2.2. Turbulent flows: simulation and modelling

Fluid dynamics is governed by a set of coupled partial differential equations (PDE’s) called the Navier-
Stokes Equations (NSE). These equations are based on the assumptions of conservation of mass and
momentum. These equations are shown in 2.1 in Einstein notation [59]. Note that the equations seen
in 2.1 display the governing equations of a fluid of which we have assumed a constant density, which
means that density p is a material property and not something that needs to be solved for.

Ou;
L=0 (2.1a)
(‘912-
ou; . ou; 1 0p 0%u; .
Wi = _Z v .
ot 70 p Ox; Oz, 01, JL (2.1b)
~ N—— —— Body forces
Local acceleration 4 vective term Pressure gradient  Viscous diffusion

Where u is the 3-dimensional velocity vector, x is the position vector, p is the pressure in the fluid, v is
the kinematic viscosity of the fluid, g is the gravitational constant, ¢ is time and finally the subscripts 7
and j indicate spatial directions.

These equations have proven to be a tough fluid dynamics challenge and have yet to be solved analyt-
ically. Due to their non-linearity and strong coupling, they display complex behaviour. This behaviour
mainly arises from the non-linear convective term in the momentum equation. This fact is particularly
pronounced for high Reynolds number flows, where small-scale turbulent structures dominate [59]. In
current mathematics, solutions to the most fundamental questions regarding the NSE remain elusive.
Questions such as: do solutions exist, and are they unique [17]? It is due to this complexity and lack of
understanding that the Clay Mathematics Institute has listed the NSE as one of the 7 Millennium Prob-
lems. Because no analytical solution exists, engineers and researchers must discretise, model, and
make assumptions about various parts of the NSE to obtain numerical solutions to these equations.

2.2.1. DNS
One way to evaluate the NSE is through a Direct Numerical Simulation (DNS). A DNS aims to capture
all length and timescales of a turbulent flow directly, without modelling and without further assumptions.
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Furthermore, DNS must accurately resolve the temporal resolution of the turbulent flow it aims to simu-
late. Following Kolmogorov’s microscale hypothesis [37] and the two-point correlation function [65], the
smallest and largest turbulent length scales can be obtained, respectively. Using these length scales,
the mesh spacing and mesh dimensions can be determined; this way, all relevant length scales can be
represented in the turbulent flow field without resorting to modelling. These length scales are strongly
correlated to the Reynolds numbers, which is the ratio of inertial forces and viscous forces.

Inertial forces ul
— = = 2.2
©~ Viscous forces v (2:2)
Where u is the flow velocity and [ is the characteristic length. At large Reynolds numbers, turbulent
flows exhibit a wide range of scales, where the smallest turbulent length scales become progressively
smaller as Re increases. This means that for a high Re DNS, a very fine mesh would need to be
generated.

In fact, when following Kolmogorov in assuming the smallest scales of turbulence are universal and
isotropic, the total number of grid points (degrees of freedom) required for a DSN scales with Re?/4
[18]. Factoring in the necessary change in timestep to maintain a constant CFL number, the total
computational effort for DNS would be equal to O(Re?) [18]. This extensive computational requirement
makes DNS highly accurate but prohibitively expensive for general practical use. However, it remains
indispensable for fundamental turbulence research due to its ability to provide complete knowledge of
the flow without empirical approximations.

2.2.2. RANS

One way to reduce the computational cost of numerical simulations of the NSE was stipulated by
Reynolds [68] in 1895. In this work, he proposed decomposing the instantaneous velocity into two
distinct parts: the time-averaged part and the fluctuating part.

w; = (u;) + uj (2.3)

In Equation 2.3, the instantaneous velocity w; is decomposed into the time-averaged part (u;) and
the fluctuating component u;. This decomposing into time-averaged and fluctuating parts is called
'Reynolds decomposition’. Substituting Equation 2.3 into Equation 2.1 results in the incompressible
Reynolds Averaged Navier Stokes (RANS) equations [55]. Because the time averaging in the Reynolds
decomposition is much larger than the largest timescale of the turbulent fluctuations, the evolution of
the mean flow component can be determined [69]. However, this also means that none of the turbulent
fluctuations is resolved; instead, turbulent scales are modelled using a closure model, which must
provide a suitable representation of their effects on the mean flow.

u

Figure 2.1: Schematic of the Reynolds decomposition for incompressible flow: the instantaneous velocity «(t) (solid line) is
split into its time-averaged mean (u) (dashed red line) and the time-dependent fluctuation v’ (t) = u(t) — (u)

After applying the substitution, Equation 2.1 can then be solved to obtain the time-averaged solution of
the NSE seen in 2.4. These incompressible RANS equations are similar to the conventional NSE seen
in Equation 2.1, the only difference being the addition of the divergence of the averaged products of
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A(uju

the Reynolds stress tensor: ; ! To ensure accurate results, the effect of the Reynolds Stress Ten-
sor (RST) needs to be modelled by turbulence models. Because the time-dependent fluctuations are
not resolved, RANS simulations can be executed on grids with larger mesh spacing, which inherently
reduces the number of required operations and thus the computational cost.

8(;?? =0 (2.4a)
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To achieve accurate simulations, the effect of the RST needs to be modelled. The most used models
are those of Launder and Spalding [39], Wilcox [100], Spalart and Allmaras [87], Launder, Reece, and
Rodi [40] and Speziale, Sarkar, and Gatski [88].

2.2.3. LES

Another widely implemented turbulent flow framework was initially proposed by Smagorinski [82] to
stabilise under-resolved weather simulations. This proposition was later applied to engineering-related
flows by [20] and subsequently by Schumann [76]. In this work, the proposition was made only to
resolve the large-scale turbulent structures of the flow, while modelling the effect of the small-scale
structures. Because only the large-scale eddies are being resolved in this simulation, this type of
simulation is called a Large Eddy Simulation (LES). The governing equations of LES are determined
by applying a low-pass filter operation to Equation 2.1, which results in the governing equations seen
in Equation 2.5. After the filtering operation has been applied, a sort of 'smooth’ version of the velocity
fluctuations is achieved, which is displayed in Figure 2.2.

o
i 2.5
o, 0 (2.5a)
— — — 2. L.
ou; _ ou; _ 10p Oui g — O7iy (2.5b)
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Where w; is the filtered velocity. The filter operation is applied through a filter kernel G, where the
filter cut-off width is determined to be proportional to the grid size. As seen in Equation 2.5b, a new

term arises %;; , Which contains the effects of the turbulent scales that the filter operation has cut off.

Because most energy is dissipated from a flow in the most minor scales [59], this 'Sub Grid Scale’ (SGS)
tensor needs to be modelled in such a way that it artificially drains enough energy from resolved scales.
Many different kinds of SGS models have been proposed, most of which utilise an ’Eddy viscosity’ to
equate the amount of energy drained to the strain the fluid experiences. The most used eddy viscosity
models are ones like the Smagorinsky model (Smagorinski [82]), the Scale Similarity Model (Bardina,
Ferziger, and Reynolds [5]), the Dynamic Smagorinsky Model (Germano et al. [24], Lilly [43]), the Wall-
Adapting Local Eddy-viscosity model (Nicoud and Ducros [58]) and the Vreman model (Vreman [96]).

Because large-scale structures are directly resolved, LES is more accurate than the RANS approach for
the same flow case, as these structures contain most of the turbulent kinetic energy and are responsible
for most of the momentum transfer and mixing. Because LES accuracy depends on the filter width,
which in turn is related to the grid spacing, grid refinement will yield more accurate LES results. At the
same time, refinement will also significantly increase the computational cost of the simulation. That is
why, for high-accuracy flow cases, acceleration frameworks are essential to keep computation costs
within usable limits.

Since the concept of LES was proposed in 1963, it has evolved significantly and gained wider accep-
tance, particularly in academic and research settings. Despite the increase in computational power
over the past few decades [78], the cost of performing LES remains higher than that of comparable
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—— DNS —LES - RANS

Figure 2.2: Schematic of the velocity signal u(t) at a fixed point as captured by the three turbulence-modelling paradigms.
DNS resolves the full range of scales; LES resolves the large, energy-containing scales and models the sub-filter motions;
RANS retains only the time-averaged mean.

RANS simulations. This higher cost is due to the need for LES to explicitly resolve the temporal evolu-
tion of larger turbulent eddies, which requires finer grid resolutions and more time steps, in contrast to
RANS, where the equations are time-averaged and all turbulent fluctuations are modelled.

However, recent academic advancements in LES frameworks, as highlighted by Weymouth and Font
[98], suggest that LES can be performed at relatively low computational cost, even with limited method-
ological knowledge. This perspective aligns with the assertion made by Piomelli [64], who stated that
“LES will be used in more complex configurations and will yield reliable results for engineering analysis.”

Despite the high computational cost of LES, advancements in modelling and algorithm design will
continue to reduce the cost of high-fidelity simulations. That is why, contrary to Zhiyin [102], we expect
LES to be more widely adopted in general engineering applications. Even more so with the acceleration
frameworks discussed Section 2.3.

2.3. Machine/Deep learning Enhanced CFD

The integration of machine learning (ML) into CFD offers promising opportunities to accelerate turbulent
flow simulations. While traditional performance-enhancing methods can deliver significant gains, they
are constrained by their reliance on numerical algorithms. This is where data-driven methods can
complement traditional methods by leveraging the massive amounts of high-fidelity simulation data
available.

It is worth noting that recent years have seen an exponential growth in the number of studies exploring
ML-enhanced CFD. Countless methods incorporating ML into the CFD landscape have been devel-
oped, ranging from broadly adopted to more niche applications. Comprehensive reviews, such as
those by Vinuesa and Brunton [95] and Wang et al. [97], demonstrate the rapid advancements in the
field. Accordingly, this literature review covers relevant ML frameworks that align with the central re-
search question posed in chapter 1, prioritising methods aimed at accelerating scale-resolved CFD
simulations rather than providing a comprehensive survey of the field. Adjacent applications are there-
fore only addressed where they directly inform the proposed approach, as it is beyond the scope of this
work to cover all relevant contributions in detail.

Before highlighting the current landscape of ML-enhanced CFD simulations, Section 2.3.1 and Sec-
tion 2.3.2 will briefly handle ML and NN terminology before Section 2.3.3 will introduce key neural
network architectures which are frequently used in the CFD environment. Where Section 2.3.6, Sec-
tion 2.3.5, and 2.3.4 will showcase how ML can be leveraged to accelerate CFD simulations by en-
hancing solver components, employing data-driven ROMS and creating physics-informed surrogate
models.

2.3.1. Introduction to Machine Learning

Machine Learning is a branch of artificial intelligence that aims to develop algorithms capable of learn-
ing patterns and making predictions from data without being explicitly programmed. ML models can
essentially be expressed as a function y(x) which takes an input vector  and transforms it to an out-
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put vector y. The precise form of y(x) is determined during the training phase based on the training
data [7]. The training of the model requires a dataset that is usually split into training, validation and
test sets. The training set is used to fit the model parameters, while the validation set can be used to
determine hyperparameters, such as the learning rate and network architecture. The test set evaluates
the model’s generalisation to unseen data [11].

Depending on the target variable, ML objectives are typically categorised into two categories: regres-
sion (continuous outputs such as velocity or pressure predictions) and classifications (discrete cate-
gories, e.g., image recognition and Optical Character Recognition).

A central challenge in ML is ensuring that models generalise beyond the training data, meaning that they
can reliably generate correct outputs for unseen data that was not in their training set. Overfitting occurs
when a model has been trained to achieve an extremely high accuracy on the training data, resulting in
poor predictions on unseen test data. While underfitting reflects a model that is too simple to capture
the underlying dynamics of the training data, resulting in poor performance even on the training data
[11]. To address these pitfalls, regularisation strategies, careful dataset design, and physically informed
constraints can be employed to reduce model complexity and penalise unrealistic predictions [2, 74].

ML algorithms are broadly grouped into three categories: supervised learning, where models learn
from labeled data (most common in CFD, like mapping flow fields to forces); unsupervised learning,
which identifies patterns or reduced representations from unlabelled data (e.g., clustering coherent
flow structures or dimensionality reduction); and reinforcement learning, where an agent interacts with
an environment to optimize a reward.

A detailed treatment of machine learning theory is beyond the scope of this work. Still, it can be found
in standard references such as Bishop [7], Burkov [11], and Daniel [19], which provide the broader
theoretical background underlying the CFD-oriented applications discussed further down in this work.

2.3.2. Introduction to Neural Networks

Neural networks (NNs) are a class of ML models inspired by the biological nervous system, designed
to approximate complex nonlinear functions. They consist of interconnected computational units, or
neurons, which receive inputs, process them through an activation function and produce an output.
A general architecture of a NN can be seen in Figure 2.3. The use of non-linear activation functions
enables NNs to act as universal function approximators [32], capable of representing highly complex
mappings between inputs and outputs.

Input layer Hidden layers Output layer
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Figure 2.3: General architecture of a Feed Forward Neural network, adapted from [57]

Training a neural network involves minimising a loss function that quantifies the difference between
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predictions and actual values across the dataset. This optimisation is typically performed via gradient
descent and its variants, with gradients computed efficiently using backpropagation [2]. To achieve a
desirable accuracy, hyperparameters such as learning rate, network depth, and activation function can
be optimised by monitoring the network’s performance. After training is completed, a set of weights
and biases is created that defines how the network transforms inputs into outputs.

The architecture of an NN can significantly affect its performance on different tasks. The simplest form
of NNs are feed-forward neural networks (FNNs), as seen in Figure 2.3, where information flows from
input to output in a single pass.

2.3.3. Common Neural Network Architectures Employed in CFD

Convolutional Neural Networks

Convolutional Neural Networks (CNNs) are a frequently used class of neural networks specifically de-
signed to process grid-structured input data that exhibit strong spatial dependencies in local regions of
the grid [2]. That is why CNNs are often used for image recognition, since adjacent spatial locations
in an image often have similar pixel colour values. CNNs are characterised by convolution operations,
which involve taking a dot product between a grid-structured set of weights (known as a filter or kernel)
and the input data to extract features.

Because of the strong capabilities of CNNs to extract features from image snapshots, they present
themselves as good candidates to be implemented for CFD predictions. Since CFD flow fields can
be represented as a structured grid, CNNs offer an outstanding possibility to learn patterns such as
vortices or boundary layers effectively. This can be helpful for tasks such as flow prediction, surrogate
modelling, or acceleration [42, 29].

Neural Ordinary Differential Equations

Neural Ordinary Differential Equations (NODESs) are a type of deep neural network model introduced
by Chen et al. [14] that differ substantially from conventional neural networks. They can be seen as
the continuous-time counterpart of recurrent architectures, where an RNN advances a hidden state
through a discrete sequence of steps [2], a NODE replaces that discrete update with a continuous one.
More specifically, this continuous formulation is the limit of a Residual Neural Network (ResNet [31]),
in which the latent state is represented by a stack of layers, as shown in Figure 2.4. NODEs thus learn
the mapping from sequential data by using a continuous representation of the latent space.

Where the stacking of the latent state in ResNets can be seen as an Euler discretisation of a continuous
transformation, shown in Equation 2.6:

hit1 = he + f(he, 0%) (2.6)

Where h.,; is the newly determined latent state, which is constructed of a summation of the current
latent state h; through the addition of a function of the network parameters 6, and the value of the
current prediction f(h:,0;), when the added layers become large and the steps taken become smaller,
this progression of the latent state can be represented by a differential Equation 2.7.

dh(t)/dt = f(h(t),t,0) 2.7)

A conventional ODE solver can then be used to solve this equation. This formulation provides adaptive
computation capabilities, as ODE solvers can dynamically adjust step sizes based on the solution’s
complexity, enabling an optimal trade-off between speed and accuracy. This essentially allows NODEs
to define a smooth flow through the latent space, rather than the discrete series of transformations that
ResNets produce. Figure 2.5 shows a graphical representation of the latent space vector field.

NODEs also provide a memory-efficient way to train deep models using the adjoint sensitivity method,
which propagates through the ODE by solving a second augmented ODE backwards in time. Because
the neural network can be viewed as a universal approximator, and the ODE solver can evaluate the
latent layers at any time point and timestep, the resulting model provides smooth predictions without
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Figure 2.5: Left: Discrete evolution of ResNet
Figure 2.4: ResNet layer stacking, adapted from [31] predictions, Right: continuous evolution of predictions
by NODE. Adapted from [14]

being constrained to discrete time steps or layers. This behaviour makes NODEs particularly well-
suited for predicting systems where continuous-time behaviour is essential, even when the supplied
training data is irregularly sampled in time.

In the context of CFD time-series prediction, NODEs can offer key advantages. Their adaptive be-
haviour can enable variable-time-step integration, which can be optimal for accelerating potential CFD
simulations. However, since NODEs involve solving ODEs and fluid systems are often high-dimensional,
solving these ODEs can be computationally intensive. That is why, in recent literature, such as the work
of Shankar et al. [79], NODEs have been implemented within data-driven reduced-order models, where
the dynamics of the latent space are predicted using NODEs. This aligns with the objective of this the-
sis, where instead of predicting the time integration of the NSE, the authors have implemented NODEs
in the latent space of a ROM, which is used to predict the entirety of the latent dynamics, which can
then be used as a surrogate model for a specific flow case.

Another recent advancement in Neural ODE research has been the implementation of a physics-
informed loss term. This embeds the governing equations of the system that the model aims to predict
directly into the training process. Sholokhov et al. [80] introduced a collocation-based physics-informed
loss function that enforces PDE constraints at sampled points, improving extrapolation, stability, and
performance in situations where there is not a lot of training data available. Additionally, Ghanem et
al. [25] proposed an optimisation framework that incorporates physics-informed loss terms, enabling
the accurate recovery of hidden states when only partial measurements are available as training data.
These works demonstrate that embedding physical laws into the NODE loss function allows for a more
robust model in scenarios with sparse, noisy, or incomplete data. This approach could be particu-
larly valuable in CFD, where enforcing conservation laws and physical consistency can lead to better
flow-field predictions with fewer training data.

2.3.4. Machine Learning Enhanced Solver Components

One way to leverage ML to accelerate scale-resolved CFD simulations is to embed machine learning
directly into specific components of CFD solvers. Rather than learning the whole flow evolution, these
approaches aim to improve the efficiency and accuracy of key solver stages. Calculations such as the
Pressure-Poisson equation, RANS turbulence closure models, sub-grid scale models, or even learning-
based discretisation are all possibilities that have been presented in recent literature.

Pressure-Poisson prediction

An essential component of incompressible CFD solvers is the pressure-velocity coupling algorithm,
which ensures that the computed velocity field remains divergence-free. This coupling is typically en-
forced in operator splitting methods, where the velocity field is first advected, and the resulting velocity
field u* does not satisfy the continuity equation 2.1a. This is then corrected using the Pressure-Poisson
Equation (PPE) 2.8 [95].
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At
7V2p =-V-u* (2.8)

Where At is the simulation time step, p the fluid density and p the pressure field, finding the solution
to this equation is typically the most computationally expensive for the numerical solver. This is why
exploring alternative strategies for this computation could yield promising acceleration.

Chen, Jin, and Li [15] employed a multi-scale Graph Neural Network (GNN) to either entirely or partially
replace the traditional iterative PPE solver, achieving solution speeds nearly three times faster at Re =
1000 and almost twice as fast at Re = 5000. Ajuria et al. [3] developed a hybrid strategy using CNNs to
predict the pressure field alongside a traditional Jacobi solver, reaching speed-ups of up to 320% while
maintaining the predetermined accuracy.

More recently, Sousa, Afonso, and Rodrigues [83] proposed a versatile method applicable to various
geometries, combining Multilayer Perceptron (MLP) networks with Principal Component Analysis (PCA)
to achieve errors of around 3% at low computational cost, though the surrogate models struggled to
extrapolate to significantly different flow regimes. Chillon et al. [16] accelerated an existing algebraic
multigrid (AMG) solver by using a GNN to predict the coefficients of a sparse pseudo-inverse Jacobi
smoother. Because the non-linearity is confined to the smoother construction, the method preserves the
solver’s linearity and convergence guarantees while delivering wall-clock speed-ups of 4-37% across
structured and unstructured meshes, generalising to grids far larger than those seen in training.

Turbulence and sub-grid scale modelling

In the context of RANS simulations, modelling the Reynolds stress tensor (RST) is essential for provid-
ing closure. Traditional closure models, such as eddy viscosity models, rely on empirical formulations
which may not generalise well across different flow conditions. To address this, ML frameworks offer
a data-driven route to learning more accurate representations of the RST from high-fidelity data. The
most notable example is Ling, Kurzawski, and Templeton [44], who embedded Galilean invariance into
a custom Deep NN architecture to force physically consistent predictions, enabling it to outperform tra-
ditional eddy viscosity models [95]. Building on this, Cai et al. [12] proposed an improved Tensor Basis
Neural Network (TBNN) that, combined with transfer learning, achieved substantial accuracy gains in
predicting the Reynolds stress anisotropy tensor even with limited training data.

A closely related closure problem arises in LES, where the effect of the unresolved sub-grid scales on
the resolved scales must be modelled. Conventional SGS models rely on case-specific constants, such
as scale similarity [5], or eddy viscosity [43, 24], which may not be applicable across all flow regimes.
ML has been used to develop more adaptive SGS models in two broad ways: supplementing the
unresolved energy on the coarse mesh through supervised learning, and using reinforcement learning
to stabilise the coarse simulation [95]. For the supervised approach, Beck, Flad, and Munz [6] employed
CNNs to learn the mapping from coarse-grid quantities to the closure terms without a priori assumptions,
while Sirignano and MacArt [81] optimised their closure model a posteriori by solving the LES equations
and their adjoints directly, outperforming dynamic Smagorinsky and AMD [71] models even on coarse
meshes and generalising to out-of-sample bluff body shapes. As an example of the second approach,
Kurz, Offenhduser, and Beck [38] formulated SGS modelling as a reinforcement learning task, with a
CNN-based agent adapting the eddy viscosity in space and time based solely on the local flow state.

Despite these advances, ML-based turbulence and SGS modelling is still not ready for widespread
engineering use. The models often perform well on the flows they are trained on but struggle to gener-
alise to new or complex cases. The NASA Symposium on Turbulence Modelling [73], together with a
self-released paper by Spalart [86], highlighted that fundamental issues in the RANS framework remain,
and that machine learning alone will not resolve them. Combined with the limited (though increasing)
availability of high-fidelity data and a lack of robustness in industrial settings, this makes it difficult for
engineers to fully trust these models, and the field will require greater transparency and standardisation
before reliable real-world deployment is possible.

2.3.5. Data-Driven Reduced Order Models
Data-driven reduced-order models have been utilised to accelerate CFD simulations by approximating
high-fidelity systems in a lower-dimensional form that retains most of the relevant flow phenomena.



2.3. Machine/Deep learning Enhanced CFD 1

Data-driven ROMs extract dominant patterns from simulation or experimental snapshots without re-
quiring explicit knowledge of the appropriate governing equations. Unlike physics-based ROMs, which
typically use linear projections (such as POD) to solve the NSE on a basis with a reduced number
of DOFs, data-driven ROMs rely on snapshots of the full-dimensional state vector to produce projec-
tion operations through a training process. This utilises the previously explained capabilities of neural
networks to approximate a nonlinear function. These methods can achieve significant speedups after
being successfully trained on supplied CFD snapshot data, or they can be used in a transfer learning
fashion to accelerate CFD simulations, as will be explained in further detail.
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Figure 2.6: Schematic view of a CNN autoencoder extracting non-linear modes from a CFD snapshot, source [23]

Many data-driven ROMs are built on autoencoder architectures, which share the encoder—decoder
structure. The encoder compresses each high-dimensional snapshot into a low-dimensional latent
vector, and the decoder reconstructs the field from this latent representation while minimising the re-
construction error. The non-linear activation functions within the network allow the autoencoder to
capture the complex non-linear behaviour of turbulent structures; without them, it would collapse to a
linear map spanning the same subspace as POD. This offers a key advantage over methods like POD,
which are limited to linear representations [62]. For grid-structured velocity fields, autoencoders typi-
cally employ convolutional layers, which exploit spatial locality and weight sharing to efficiently extract
local flow features. Figure 2.6 shows an overview of how an autoencoder reduces and reconstructs a
single CFD snapshot to and from a latent space.

What distinguishes data-driven ROMs from plain autoencoders is the requirement that the latent space
also capture and predict the system’s temporal dynamics. This means that, in addition to learning a
compact representation of the input data, the latent variables must be predicted to accurately reproduce
the simulation’s future state [95]. This can be achieved either by selecting latent-space dimensions that
enable accurate prediction of the future flow field, or by utilising regression architectures better suited
to time-series prediction, such as RNNs, LSTMs, or neural ODEs.

3D-Encoder Latent vector 3D-Decoder

Ye+1

U-Net
Skip connections

Figure 2.7: Example architecture of deep convolutional ROM, source [62]

Some notable examples of deep learning-based ROMs include the work of Pant et al. [62], where the
authors leveraged 3D Autoencoder and 3D U-Net-based architectures to create non-linear projections
from reduced-order states to fluid flow snapshots, as depicted in Figure 2.7. The authors employ a
looped prediction strategy, in which the last 10 snapshots of a simulation are used to train the network
to predict the next timestep, .1. This prediction is then appended to the last nine snapshots and used
as input to predict §:1o. This process is repeated recursively for 20 timesteps. This looping strategy
reduced the simulation speed by 2 orders of magnitude [62]. Similarly, CFDnet [60] accelerates RANS
simulations by leveraging its CNN ROM to predict fluid properties, while still utilising the CFD solver to
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ensure that domain-specific convergence constraints are met. This allowed the authors to deliver highly
accurate predictions while still achieving acceleration rates from 1.9 up to 7.7 times the benchmark
simulations.
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Figure 2.8: Example architecture of autoencoder with regression in the latent space, adapted from [95]

As previously mentioned, the dynamics in the latent space can also be modelled by utilising a regressor
in the latent space of the autoencoder, which would make the architecture of the data-driven ROM look
like Figure 2.8. A notable example of such an architecture is the work by Shankar et al. [79], which
demonstrates how NODEs are utilised to model system dynamics in the latent space. By explicitly
decoupling the reduction and the latent system dynamics, the presented framework achieved highly
accurate reconstructions of flow dynamics over long integral timescales. Instead of using NODEs for the
dynamical modelling in the latent space, LSTMs can also be used, as they present good capabilities for
time series predictions, as indicated in the work by Mohan et al. [53]. In this work, however, a NODE is
favoured, as it represents the latent dynamics as a continuous-time vector field rather than the discrete
recurrence employed by an LSTM. As it lends itself better to irregularly sampled time series [14, 72].
Additionally, the continuous formulation permits adaptive-step integration and lends itself to training
strategies that a recurrent LSTM does not naturally support, both of which are revisited in this thesis’s
methodology.

2.3.6. Physics Informed Surrogate Models

Physics-informed surrogate models demonstrate strong potential in accelerating computationally in-
tensive simulations. A surrogate model is a broad term for a computationally efficient approximation
of a complex system. A ROM, which was handled previously, is a specific type of surrogate that re-
duces the system’s dimensionality by applying a projection to the high-dimensional dynamics in a lower-
dimensional space. Meaning that all ROMS are essentially surrogate models, not all surrogates are
ROMS.

Purely data-driven surrogate models, such as DeepONet [47], require large amounts of data to achieve
reliable predictive performance. In real-world scenarios, where data is either sparse or prohibitively ex-
pensive to collect, models that can generalise effectively on smaller datasets are necessary [21]. That
is why physics-informed surrogate models embed fundamental physical laws and constraints directly
into their architecture or training process. This integration aims to create efficient approximations that
are not only accurate but also physically consistent, even when dealing with limited training data [67].

The integration of physics into these models is achieved mainly through two key mechanisms: physics-
informed loss functions and specialised network architecture. Physics-informed loss functions incor-
porate the residuals of the governing partial differential equations, such as conservation of mass 2.1a
and momentum 2.1b, into the loss function during training. This way, the model can be regularised
during training, penalising larger prediction errors that violate the relevant physical laws. Essentially,
an artificial bias is added to the network, which promotes data efficiency since the projections are in-
herently directed to adhere to physical laws. Equation 2.9 shows a general form of a physics-informed
loss function, where Lgats is a standard loss function like MSE or MAE, and Lpnysics an be derived from
the physical system the network has to learn. In the case of a CFD simulation, this latter part can be
built from the continuity and momentum equations. These two loss functions can then be combined
using a weighted sum, with A\; and A, serving as weights.

L=M Edata + /\p Ephysics (2-9)
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A prominent example is Physics-Informed Neural Networks (PINNSs), first proposed by Raissi, Perdikaris,
and Karniadakis [67], which use deep learning to solve PDEs, exploiting automatic differentiation dur-
ing backpropagation to compute partial derivatives [95]. PINNs have been utilised in various CFD
scenarios, including hydrodynamic surrogate models [21], high-speed flow approximations [50], and
more general NS cases [22, 89], where they have demonstrated excellent results in predicting flow
parameters with limited training data. However, in the context of accelerating fluid simulations, PINNs
have a disadvantage: their training speed limits them from achieving significant speed-ups in a CFD
workflow [35, 28]. On the other hand, PINNs have been successfully used as closure models in RANS
and LES frameworks; their workings will be explained later in this literature review.

Alternatively to PINNs, the Finite Volume Method Network FVMN [34] is a physics-informed surrogate
model which specifically exemplifies a physics-informed surrogate model tailored for CFD, integrat-
ing principles of the finite volume method (FVM) directly into its design. Unlike previously explained
methods that only include information from a single grid point, FVMN employs a tiered input system
that incorporates physical quantities from a central grid point and its neighbouring grid points into the
neural network’s input matrix. This allows the network to imitate the mass and heat transport among
neighbouring cells, which is considered the most crucial process in the FVMN. Additionally, instead of
directly predicting the future state, FVMN employs a derivative-based output system, which predicts
the change (derivative) of physical quantities over a given time step.

’ " \J\\N\ """" ‘;?i-il'#"(;j"'"(;j """"""" """"""" —
| o=/ SH® el |
i 0 I A i

o) [ o0 Ol B /

- U0 SR S I

IO T O
- IONO-OFA0O!
NN NN O O P B

 CPDfieldt  Tiersystem  mLe Derivative system  CFD field-t+1
(feature) (label)

Figure 2.9: Overview of the FVMN architecture, showing the tier-derivative input/output system built around a conventional
FFN (or MLP), adapted from [34]

In the original work Jeon, Lee, and Kim [34], significant improvements in accuracy were showcased
compared to general models without the tier/derivative system implemented, where the authors man-
aged to achieve a relative error with respect to CFD data of not more than 0.05%, compared to 1.12%
for the conventional model.

2.3.7. Hybrid CFD-ML acceleration schemes

The previous surrogate and reduced-order approaches aim to replace the CFD solver outright, which
makes them vulnerable to error accumulation over long predictions. This is where hybrid CFD-ML
acceleration schemes instead keep the solver in the loop and couple it to a learned model, in which the
two operate in tandem, with the solver safeguarding physical consistency. These schemes broadly fall
into two categories: those in which the solver and a surrogate alternate, with a monitored error signal
handing control back to the solver when a tolerance is exceeded, and those in which the learned model
corrects the solver at every timestep. An example of the former category is discussed first.

The FVMN has shown great results in tandem with CFD, but the system’s linearly increasing gradi-
ent error becomes apparent when used for longer-term transient predictions. The authors proposed
an ML-CFD cross-coupling framework. The Residual-based Physics-Informed Transfer learning strat-
egy (RePIT) [35] is a hybrid framework in which both a CFD solver and the FVMN alternately predict
time-series fluid flow. RePIT continuously monitors the residuals of the governing equations, NSE 2.1,
which are part of the physics-informed loss function employed by the FVMN in the case of fluid flows.
Figure 2.10 shows a schematic overview of the transfer learning framework. It shows that when the
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residuals of the loss function (¢) exceed a predefined tolerance (&), the CFD solver will use the lat-
est prediction and continue solving the governing equations to reduce the residuals back to a desired
value. Afterwards, these newly computed CFD snapshots are used to update the network parameters,
enabling new predictions.
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Figure 2.10: Schematic overview of the RePIT strategy showing the transfer learning process, adapted from [35]

This framework leads to significant computational speed-ups without compromising accuracy. The
authors implemented this method in a natural convection CFD case, achieving a 1.9 times accelera-
tion, including network parameter updates. This demonstrates the FVMN’s strong capabilities, as its
tier-based input system requires minimal training data. RePIT shows strong potential because it is
universally adaptable to a wide range of flow cases and boundary conditions.

A different class of hybrid schemes embeds the learned model inside the solver loop, correcting the
discretised operator at every timestep rather than alternating with the solver. Kochkov et al. [36] develop
a learned interpolation and correction operators within a differentiable solver, reaching accuracy similar
to a conventional solver run at 8—10x finer resolution and yielding 40-80 x speed-ups that remain stable
over long rollouts and generalise to Reynolds numbers outside the training range. Um et al. [94] extends
this idea to the training itself, running the differentiable solver forward during training so that the network
learns to undo the error the solver accumulates at each step, thereby keeping the corrections stable
over several hundred consecutive steps.

A related framework couples a CNN to the iterative solver to accelerate its convergence while leaving
the solver to enforce physical consistency. Building on CFDnet [61], SURFNet [61] trains primarily on
low-resolution data and transfers it to a handful of high-resolution cases, feeding the predictions back
into the solver to achieve roughly 2x acceleration that is independent of grid size.

2.3.8. Challenges and Future Directions

Machine learning has presented interesting solution paradigms for accelerating CFD simulations across
various fronts. The most promising direction is the development of hybrid ML-CFD methods. While
traditional CFD solvers and ML models alternate between computing and predicting time series data,
methods like RePIT [35] and CFDNet [60] demonstrate that, when training data and loss functions are
controlled, error accumulation can be mitigated, yielding significant speedups. Their online operation
also enables the transferability of hybrid methods to a range of flow cases, making them more applicable
to real-world CFD workflows.

The ML-enhanced CFD field is also showing promising advances through more sophisticated archi-
tectures and loss functions. Frameworks such as PINNs [67] and PNODEs [80] can enforce physical



2.3. Machine/Deep learning Enhanced CFD 15

constraints, such as incompressibility, and learn from observational data to provide accurate predictions
of complex flow fields. It can therefore be argued that embedding physical laws into neural network
architectures is an essential feature of future acceleration frameworks.

Despite these advancements, key challenges and opportunities remain in the field. One of these is
the interpretability of the ML models. Due to their often complex nature, ML models tend to be black
box models. This opacity hinders their performance compared with physics-based models, making it
difficult to understand why a model makes a particular prediction [95, 26]. This is a critical issue for
generalisation, as models trained solely on data may struggle with unseen geometries and flow condi-
tions, or when extrapolating beyond the training data’s probability distribution. While advancements in
hardware architecture [4, 13] and automatic data generation continue to aid in providing the high-quality
datasets needed for these models, the ultimate goal is to enable ML to not only accelerate simulations
but also advance discoveries of new physical mechanisms and revisit empirical laws in fluid mechanics
through more transparent and quantifiable models.

While efforts continue for automatic data generation and automated experimentation pipelines to pro-
vide the large, high-quality datasets needed, the ultimate goal is to enable ML to not only accelerate
simulations but also to assist in discovering new physical mechanisms and revisiting existing empirical
laws in fluid mechanics, by yielding more transparent and certifiable models [10, 95].

Despite the numerous advancements made in applying machine learning to CFD, the current literature
still reveals several limitations. Many studies have employed NODEs only within standalone reduced-
order models [70, 79], rather than integrating them directly into the CFD solver to accelerate the core
time-integration step. Notably, their ability to serve as continuous time integrators has not been fully
leveraged in scale-resolved simulations. That is why this work proposes a method inspired by the RePIT
framework, replacing its full-order FVMN with a neural ODE that acts in a learned latent space. The
RePIT framework showed that long-term, stable acceleration can be achieved by alternating between
CFD and machine-learning predictions, guided by residual monitoring of the governing equations. The
implementation of NODEs into a RePIT-like strategy can thus leverage its alternating solver—surrogate
scheme and transfer-learning updates, complemented by NODEs’ continuous-time formulation. This
strategy aims to directly address the time-integration bottleneck in CFD solvers while keeping the roll-
out reliable: instead of RePIT’s governing-equation residual, an integration monitor flags when the
latent state leaves the training distribution and hands control back to the solver. By pursuing this inte-
gration, the framework seeks to provide concrete answers to the research questions introduced earlier:
whether NODEs can deliver solver-level acceleration without compromising accuracy, and how runtime
integration monitoring can make such integration feasible.



Methodology

This chapter describes the full methodology used to develop and evaluate the machine-learning-based
acceleration framework for accelerating CFD simulations. The approach combines a convolutional au-
toencoder (AE), a Neural Ordinary Differential Equation (NODE) and a KNN integration monitor to learn
and evolve low-dimensional representations of chaotic flow fields. The entire framework is developed
and validated on a two-dimensional test case: a chaotic flow past a circular cylinder. This restriction
sets the dimensionality of each component described below, while the constituent methods themselves
are independent of spatial dimension. This chapter will begin by highlighting the simulation setup used
to develop the framework, explaining the numerical solver, boundary conditions, and simulation dimen-
sions. Following this, the AE, NODE, and KNN integration monitor will be explained, along with the
design choices behind them.

3.1. Framework Overview

The framework developed in this thesis replaces the time integration of the discretised Navier—Stokes
equations (3.1) with that of a low-dimensional latent state of said equations. Profiling of the solver loop
of the WaterLily simulation environment showed that the pressure projection and convection—diffusion
routines are the most costly steps in the loop, and both scale with the total number of degrees of
freedom NN, N, [98]. Across the three test cases reported (a Taylor—Green vortex, a sphere, and a
moving cylinder), the pressure-Poisson projection accounts for roughly half of the per-step cost (46—
57%) and the convection—diffusion routine for a further 22—-31%, so the two routines together dominate
the time-stepping loop. Compressing the flow state to a latent vector of dimension N, < N, N,N, and
integrating it in time with a learned ODE offers a direct route to acceleration, provided that the latent
state captures the relevant dynamics and that the surrogate model is used during regimes where it can
be trusted. Figure 3.1 shows the ML pipeline, referred to as P, that is developed in this thesis.

Encoder Latent NODE Decoder

Figure 3.1: ML pipeline P of the framework developed in this thesis. The augmented flow state (u, u§) is encoded into a
latent vector z, advanced in time by the Neural ODE f;, monitored by the KNN out-of-distribution detector, and decoded back
to a velocity field G that is re-inserted into the WaterLily solver.

The autoencoder provides the non-linear compression onto the latent space. The encoder ¢y com-
presses the augmented input xi, = [u; p,], formed by concatenating the velocity field u with the zeroth
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kernel moment i, along the channel dimension, into a latent vector z € R™=; the physical meaning of
both fields and the rationale for this augmentation are discussed in Section 3.3.2. The decoder vy then
reconstructs the velocity field i from the latent space back to full-dimensional physical space.

The middle component of P in Figure 3.1, the neural ODE, provides the temporal dynamics of the latent
state on the latent manifold. A small feed-forward network f, is used to learn the underlying rate of
change of the latent dynamics, and can then be used to find the future latent z state by numerically
integrating the learned time derivative from a known initial condition. The neural ODE is trained on
encoded ground-truth trajectories; these trajectories are then partitioned into shorter segments and
integrated independently as their own initial-value problem. The resulting pieces are then fitted to the
data while penalising any mismatch at the segment boundaries. This strategy, called multiple shooting,
stabilises learning over the longer rollouts required to span the relevant vortex-shedding cycles.

After the neural ODE, the KNN integration monitor provides a runtime out-of-distribution signal. It is
fitted to the latent states of the full-order snapshots used during AE and NODE training, after both
networks have converged, and returns the mean distance to its & nearest neighbours in the training
cluster. During inference, this distance can be used to monitor the neural ODE’s rollout accuracy and
to ensure the decoder receives a valid latent vector for reconstruction. The KNN monitor is treated as
a non-trainable component and never enters either network’s loss

After neural ODE integration and KNN monitor flagging, the time-integrated latent vector is recon-
structed in physical space using the decoder and is then ready to be injected back into the WaterLily
simulation.

The remainder of this chapter treats each component of Figure 3.1 in turn, together with the design
choices made for the cylinder test case considered in this work. Section 3.4 describes the autoen-
coder architecture, its physics-informed loss and training procedure; Section 3.5 the Neural ODE and
its multiple-shooting training strategy; and Section 3.6 the KNN integration monitor and the fallback
strategy it triggers. Section 3.7 then describes how these components are coupled to the WaterLily
solver during inference. Figure 3.1 serves as a reference throughout the chapter, allowing the reader
to position each component in the global framework as a whole.

3.2. WaterLily setup

WaterLily is used as the foundational numerical framework for this work. WaterLily is an open-source,
incompressible viscous flow solver written entirely in the Julia programming language Weymouth and
Font [98]. It is completely backend-agnostic, meaning it supports serial and multithreaded CPU opera-
tions, as well as GPUs from different vendors. Furthermore, because WaterL.ily is implemented purely
in Julia, the solver is fully differentiable via automatic differentiation. Because of WaterLily’'s backend-
agnostic, differentiable architecture, it is well-positioned to integrate with optimisation and machine
learning frameworks.

All simulations in this work are two-dimensional (n = 2), so the velocity field reduces to u = (u1,u2) on
a planar Cartesian grid. Although the BDIM formulation and the WaterLily solver hold for arbitrary n,
the cylinder test case is restricted to 2D to keep the offline data generation and autoencoder training
tractable.

3.2.1. Numerical Solver

The incompressible NSE 2.1 are discretised in non-dimensional form in a finite-volume manner on a
uniform Cartesian grid with staggered velocity-pressure variable placement. WaterLily employs the
Boundary Data Immersion Method (BDIM) to handle immersed bodies on the uniform Cartesian grid
[49]. Rather than generating a body-conforming mesh, BDIM smoothly couples the governing equations
of the fluid and solid domains into a single equation that can be applied over the entire computational
domain. To summarise this approach, the incompressible NSE, as introduced in Equation 2.1b, is
defined over the fluid domain €2

. Ou; _ Op ou; 0%u;
F =————u +V8xj8:cj

5 0, Ja—% Vi,jel...n (3.1)
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while a prescribed body velocity is enforced over the solid domain Q:

B: wu; =V, Viel...n (3.2)

where u; are the velocity components, p is the pressure scaled by the fluid density, v is the kinematic
viscosity, V; is the body velocity and n denotes the dimensions of the simulation. BDIM combines these
two sets of equations by applying a convolution with a smoothing kernel ¢, to produce a combined meta-
equation:

0
Uei = po fi + (1 — pg) b + p 87(fz‘ —b;) (3.3)

Here, f; and b; represent the time-integrated fluid and body equations, respectively, and z,, denotes
the surface normal direction. The key quantities to note are n§ and p§, which are the zeroth and the
first order moments of the one-dimensional immersion kernel. These are both functions of the signed
distance d from a given point in the computational domain 2 to the nearest body surface. The signed
distance is defined as positive in the fluid (d > 0) and negative inside the body (d < 0). In particular,
acts as a smooth interpolation function: it equals 1 in the fluid region (for d > ¢), 0 inside the body (for
d <€), and creates a smooth transition on the boundary region of the body |d| < e. The first moment
1§ is only nonzero in this boundary region and was put in place to improve accuracy in the presence of
large discontinuities in velocity gradients at the boundary, ensuring second-order convergence of the
method [49].

Time integration is performed using an explicit predictor-corrector scheme, with incompressibility en-
forced via a pressure-projection step at each substep. Incompressibility is enforced by solving the
Pressure-Poisson equation with geometric multigrid to accelerate convergence of the solver. The gov-
erning time step is automatically adjusted to maintain a stable Courant-Friedrichs-Lewy (CFL) number.
No explicit subgrid-scale model is employed; instead, WaterLily operates as an implicit Large Eddy
Simulation (iLES) solver, where the numerical dissipation from the flux-limited convection scheme acts
as the effective SGS model [51].

The smoothed velocity field u. ; is stored as a multi-dimensional array u of dimensions (N, +2) x (N, +
2) x n, where N, and N, are the number of interior grid points in each spatial direction, the additional
two cells per dimension are concatenated on the extremities of the computational domain and are used
as ghost cells to impose boundary conditions.

For the ML framework developed in this work, two fields from the WaterLily simulation are of central
importance: the velocity field u and the zeroth kernel moment p1o. Where u represents the full flow state
that the AE compresses into a low-dimensional latent representation, which will then be integrated in
time by the Neural ODE. The zeroth order kernel moment po encodes the geometry of the immersed
body at each grid point: it is unity in Qf, zero in £, and varies smoothly over the boundary. Because po
is defined on the velocity faces, one geometry-moment component exists for each velocity component,
so both fields share the same dimensions N, x N, x N,,. The purpose of passing po as an additional
input to the model is to enable the model to learn the no-slip boundary condition and maintain physical
consistency near the immersed surface. This way, the network receives explicit information about the
body at a given flow state u. In practice, both fields are extracted from the simulation at each saved
timestep as a pair (u, ©o) and stored together for training and inference.

3.2.2. Physical Setup

As mentioned before, WaterLily solves the incompressible NSE on a uniform Cartesian grid with a
unit cell spacing h = 1. The simulation operates in a non-dimensional fashion, in which all geometric
dimensions are non-dimensionalised using two reference scales: the characteristic length L, expressed
as a number of grid cells, and the characteristic velocity U, derived from the imposed inflow velocity.
These input parameters, together with the Reynolds number, can then be used to define the kinematic
viscosity: v = UL/re, and the convective time units: ¢* = tU/1. Next to these parameters, all spatial
quantities in the solver are expressed in grid cells, and all velocities relative to U. Which means that
the numerical solver carries no inherent physical units.
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The test case used to validate the model described in Section 3.1 consists of a two-dimensional flow
past a stationary circular cylinder, which induces vortex shedding in its wake. The simulation consists
of a square domain with the cylinder placed in the upstream quarter, where the cylinder geometry is
defined by the signed distance function and enforced via the BDIM. The simulation parameters are
summarised in Figure 3.1 and the domain is illustrated in Figure 3.2.

N
Uss
—
- Parameter Symbol Value
Ze ~ Domain width L, 256
— <@  de L, Domain height L, 256
— Cylinder center x . La/y
N ! Cylinder center y Ye Ly/2
| e Cylinder diameter d. Lo /s
| Reynolds Number Re 2500
- ! Free stream velocity Uy (1,0)
— \L Table 3.1: Simulation parameters.

Figure 3.2: Domain layout.

A uniform free-stream velocity is imposed at the inflow, which acts as the characteristic velocity such
that: U = U, and the cylinder diameter serves as the characteristic length scale, such that L = d..
The domain uses the Biot-Savart boundary conditions [99], which replace the regular slip boundary
conditions by a Biot-Savart integral over the vorticity inside the domain to determine the velocity at
any point along the domain boundary. This allows the domain to be kept compact and square without
introducing significant blockage effects.

Since the primary objective of this work is to develop a framework that can capture, reconstruct and
accelerate the underlying flow dynamics of any unsteady CFD simulation, rather than a specific exper-
iment or flow case, no effort is made to match the simulation parameters to any real physical system.
The simulation parameters were set to infer a desired shedding behaviour, which can be used to test
the capabilities of the developed framework.

A Reynolds number of Re = 2500 is selected as the base case for developing the framework. All snap-
shots used to train the ML components of P are drawn from this simulation, and the accelerated frame-
work is validated against it in its in-distribution regime; the generalisation of the trained P to various
Reynolds numbers is performed in Section 4.4. At this Reynolds number, the flow exhibits well-defined
periodic vortex shedding, characterised by the alternating release of counter-rotating vortices that form
the well-recognisable Karman vortex street. Additionally, the flow produces various ranges of temporal
and spatial scales beyond the primary shedding frequency, which can be seen in the secondary vortex
structures in the wake snapshots in Figure 3.3.



3.3. Data Preprocessing 20

. Af ‘A“’ 43 ) 4.» e
L NI @ @\ Ay o Bre s

3 0 s 2 0 B 0 2 0 B 3 2 0 B 3 2 0 B
x/L x/L x/L x/L x/L

(a) ¢, (b) 7 A: () t) 1on: (d) 7 1 3ae (e th ane

Figure 3.3: Vorticity field «wL/u of five consecutive snapshots. Indicating positive (red) and negative (blue) vorticity. Showing
the primary (large) and secondary (small) vortex structures in the wake

This makes Re = 2500 an interesting test case for the surrogate model: the dominant shedding period
provides a clear, learnable periodic structure, while the secondary flow features introduce complexity
and nonlinearity. This challenges the data-driven approach and motivates the inclusion of physics-
informed regularisation and transfer learning capabilities in the framework. Where a lower Reynolds
number would produce various length and time scales in the wake, preventing the model from properly
testing its ability to capture multi-scale dynamics. The presence of these additional structures can be
seen when plotting the force coefficients over time in Figure 3.4.
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Figure 3.4: lift (C1,) and drag coefficient (Cp) for 2D flow past the circular cylinder at Re = 2500, differences in amplitude and
higher-frequency oscillations indicate the presence of the secondary vortex structures in the wake

While higher Reynolds numbers would introduce a broader spectrum of flow scales and further chal-
lenge the surrogate model, Re = 2500 represents a practical upper bound given the computational
constraints of this work. Increasing the Reynolds number requires finer spatial resolution to properly
resolve all relevant structures, which would rapidly increase the memory footprint and simulation wall
time. The full flow-field snapshots used to train the ML framework already consume a significant portion
of the available memory; a further increase in resolution would exceed the practical hardware limita-
tions of the systems used. The chosen Reynolds number, therefore, strikes a balance between flow
complexity and computational practicality.

3.3. Data Preprocessing

Before being passed to the autoencoder, the raw velocity snapshots produced by WaterLily need to be
preprocessed to ensure proper inference and generalisability: Removal of ghost cells, assembly of the
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multi-channel input tensor, and per-channel normalisation. These steps need to be applied consistently
across training, validation, and inference.

3.3.1. Ghost Cell Removal

WaterLily employs ghost cells at the domain boundary to enforce the Biot-Savart boundary conditions
[99]. These ghost cells carry values that are not physically meaningful for the flow-state observations.
Since we want to learn the underlying dynamics of the flow rather than the boundary conditions, we
remove ghost cells from the computational domain prior to training. Removing the ghost cells also has
the additional benefit of keeping the number of interior grid points a power of 2, which will prove useful
in the parametric construction of the autoencoder.
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Figure 3.5: lllustration of the WaterLily grid showing the location of ghost cells

The ghost cells are removed by slicing the raw arrays from index 2 to NV in each spatial dimension,
yielding interior fields of size N,, x N, for both the velocity field u € RY=*Nv*Nu and the zeroth kernel
moment po € RN=*NvXNu where N, and N, are the number of grid cells, and N, is the number of
velocity components.

3.3.2. Geometry-Augmented Input
The model is provided with explicit geometric information about the simulation domain by concatenating
the zeroth kernel moment uq to the velocity field u along the channel dimension, forming the input tensor

Xin = [u; po] € RNe*NyXCin, (3.4)

For our 2D simulation, each training sample therefore consists of a 4-channel input tensor and a 2-
channel reconstruction target. The reconstruction target is the velocity field u, which contains the z-
and y-components of the velocity.

Since pg is unity in the fluid and zero inside the solid, its inclusion provides the encoder with explicit
geometric context, allowing it to produce latent representations that are informed by the simulation
geometry. The decoder reconstructs only the 2-channel velocity field ; predicting o is unnecessary
since, in the absence of fluid-structure interaction, the body velocity is fully determined by Equation 3.2
and therefore known at any time ¢*.

Although the body is stationary in the cases considered in this work, with pq identical across all snap-
shots, retaining it as an explicit input channel is a deliberate design choice intended to extend the
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framework to moving-body problems. For a translating or deforming geometry with a dynamics SDF,
the kernel moment becomes time-dependent, pg = po(t*), and the input channel then passes the in-
stantaneous body location directly to the encoder, rather than requiring it to be inferred from the velocity
field alone. Providing this geometric information explicitly is expected to ease training in such cases,
as the encoder doesn’t need to recover the moving boundary location from velocity components alone.
This extension was not implemented or evaluated in the present work, where ug provides only static
geometric context and is left as a direction for future work.

3.3.3. Normalization

The two velocity channels do not share a common scale: at Re = 2500 the streamwise component u
fluctuates around the freestream value U, whereas v oscillates about zero. Passing these raw fields to
the encoder would allow the larger-magnitude streamwise channel to dominate the training loss, biasing
the latent representation towards the mean flow at the expense of dynamically relevant fluctuations. To
assess both components equally during training, each velocity component is standardised with a per-
component z-score transform. For each velocity component i:

- Uy — g
b= i = (ui), o5 =/ ((ui — ps)?), (3-5)

where (-) averages over all spatial locations and training snapshots, and ¢ = 10~® guards against
division by zero. Centring the streamwise channel removes the constant freestream offset, so the
encoder allocates its latent capacity to flow fluctuations about the mean rather than to the uniform
background flow.

The per velocity component mean, and standard deviation (u;, 0;) are computed once on the training
set and stored with the trained weights. The same frozen values are reused for validation and inference;
recomputing them per batch or per split would leak information across the train—test boundary and break
the consistency between training and inference. The geometric mask channels p are left untouched,
as they already take values in [0, 1] and their fluid/solid meaning would be destroyed by standardisation.

This way, the encoder and decoder operate entirely in a standardised space. The decoder’s raw output
is interpreted in this same standardised space, and the inverse of Equation 3.5, @; = @; o; + u;, recovers
the physical reconstruction a. This inverse transform is applied before the reconstruction and physics-
informed loss terms of Section 3.4.2 are evaluated, so that the divergence and vorticity penalties act
on dimensional velocity fields.

3.4. Autoencoder

To harness the Neural ODE’s predictive capabilities, we need a way to reduce the dimensionality of
our dynamical system. This is the role the autoencoder encompasses: it provides a way to produce
a compact, non-linear representation of the instantaneous flow state on which the latent dynamics
can subsequently be learned. A convolutional autoencoder is well-suited to this task, as its filters are
designed to extract local spatial features from grid-structured fields, and the use of non-linear activation
functions allows it to represent flow states on a curved, low-dimensional manifold.

The autoencoder learns an efficient reduced-order representation of the instantaneous full-order flow

state. The AE consists of two parts, namely an encoder and a decoder. The encoder g, : RNz *NyxCin
R”=, maps the instantaneous full-order augmented input to a latent state vector z = 4 (xi,), with small

dimensions such that N, < N,N,Ci,. The decoder v, : RY: — RNe*NyXNu then maps this latent

state vector back to physical space u = v (z) with the following goal.

u~u, where u=1v(z), z= po(xin) (3.6)

3.4.1. Architecture
The encoder and decoder are constructed parametrically from a small set of hyperparameters: the
number of convolutional blocks ngony, the number of dense layers ngense, the base channel count Cpzse,
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the convolution kernel size k, the pooling kernel size p, and the latent dimension N, all of which are
summarised in Table 3.2.

Symbol Description

Tconv Number of convolutional blocks per encoder/decoder
Tdense Number of fully-connected layers per encoder/decoder
Chase Base channel count (first encoder block)

k Convolution kernel size

D Pooling/upsampling kernel size

s Convolution stride

N, Latent dimension

Table 3.2: Governing hyperparameters for parametric autoencoder construction

An illustrative overview of the autoencoder architecture with these hyperparameters is shown in Fig-
ure 3.6, which shows how the encoder, dense bottleneck, and decoder connect to form the full compression-
decompression evolution. The following subsections will discuss the architecture of these components
individually.

Figure 3.6: Schematic view of the CNN-AE architecture with nconv = 6, ngense = 2, Chase =8, k=3, p=2,s=1, N, =16
and Cj, = 4. The colour coding for each layer is: 2D-convolution: =, Batch normalization: | |, ReLU activation: | |, max

pooling: . fully-connected layer: . GELU activation: . compressed feature map: |, upsampling:

Encoder

The encoder consists of neony stacked compression blocks, followed by a sequence of ngense fully con-
nected layers that project the flattened feature maps onto the latent vector z € RY=. Each compression
block applies, in order, a 2D convolution with kernel size & and stride s, a batch-normalisation layer,
a ReLU activation, and a p x p max-pooling operation. Same padding is used in every convolution
so that spatial resolution is reduced only by the pooling step. The convolution extracts local spatial
features from the instantaneous flow state, and batch normalisation stabilises the input distribution of
the layer across a mini-batch. Batch normalisation stabilises training by smoothing the loss landscape,
scaling and shifting the layer inputs using trainable parameters to preserve model expressivity [75],
thereby allowing larger learning rates and reducing sensitivity to weight initialisation. ReLU introduces
the non-linearity to represent the flow states in a low-dimensional latent space.

The encoder achieves compression by doubling the channel count after each block and halving the
spatial resolution via max-pooling, as shown mathematically in Equation 3.7 & 3.8. This means that at
each convolutional step, the number of feature maps is doubled to extract more information from the
unsteady flow snapshot, while at each downsampling step, the dimension is reduced to allow the next
layer to combine the identified flow features into a new feature map. This allows the extraction of larger
and more complex features for progressively deeper convolutional networks from simple non-linear
combinations of the previous ones [23].
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Figure 3.7: Example encoder architecture with ncony = 6, p = 2, k = 3, Ci, = 4 and Cyase = 8. The colour coding for each

layer is: 2D-convolution: =, Batch normalization: | |, ReLU activation: . max pooling: . & compressed feature map:
i1 .
Ci = Chase 2" 7, i=1,...,Nconv, (3.7)
Hi:Nm/pl, .[/I/Z:]\[y/pl7 /L.:].,...,nconv. (3.8)

These deeper feature maps, therefore, encode larger-scale flow structures, such as the periodic wake
pattern, while the shallow maps retain local features such as shear layers and boundary-layer gradients.
An example schematic of an encoder is shown in Figure 3.7, illustrating how spatial size is reduced
while the number of channels increases.

Batch normalisation is only applied to the interior convolutional blocks of the encoder and is deliberately
omitted from the first and last blocks of the encoder. Since the first block operates directly on the
augmented input data xin = [u; po], Whose channels have already been brought to a controlled scale
by the per-channel normalisation, as explained in Section 3.3.3. If the input were re-normalised across
the batch, knowing that the body moment p, consists only of values between 1 and 0, the augmented
input would no longer be physically meaningful. The last convolution block produces the final feature
map that is flattened and passed to the dense layers. Normalising this feature map would couple the
latent coordinates to batch-level statistics, thereby distorting the latent dynamics on which the neural
ODE must be trained.

Dense layers

After the final compression block, the feature map of dimensions H,,_ ., x W,..., X Cy.... is flattened and
passed through a sequence of ngense fully connected layers. Each successive layer halves the number
of nodes, with the last layer projecting onto the NN,-dimensional latent vector z = ¢y (xi,) shown in

Figure 3.8.

The dense bottleneck performs the bulk of the dimensionality reduction: the convolutional blocks reor-
ganise the input into a compact representation with a large number of channels, and the dense layers
then learn a non-linear projection from this representation to the low-dimensional space of the latent
state. No activation function is applied to the final dense layer, so that the latent vector z is uncon-
strained in R™- rather than being constrained by an activation function. This ensures that the Neural
ODE operates on the same unconstrained domain as the encoder.
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Figure 3.8: Example of the dense compression/decompression with ngense = 2 and a latent size of 16. The colour coding for
each layer is: ReLU activation: |, fully-connected layer: . & compressed feature map:

The latter half of the dense bottleneck mirrors the first half, projecting z back to the same dimensions
as the last dense layer of the dense encoder. After this, it doubles the number of nodes at each
successive layer until the original flattened feature map size H,, - Wi .., - Cnen 1S recovered, with ReLU
activations between layers. The resulting vector is then reshaped into a feature map of dimensions
Hipore X Wheone X Choony» S€IVING as the starting point for the decompression blocks.

Decoder

The decoder vy reverses the operation done by the encoder, taking the feature map at the end of
the dense bottleneck and passing it through n..n, decompression blocks, each of which consists of
a bilinear upsampling by a factor of p, a 2D convolution with kernel size & and stride s, and a GELU
activation.

ReLU GELU
45 45
o(z) o(z)
2 2
! ! ! ! x ! ! ! ! x
—4 =2 2 4 -4 =2 2 4

Figure 3.9: Comparison of the ReLU and GELU activation functions. ReLU zeroes out all negative inputs, while GELU
smoothly gates negative inputs near zero and asymptotes to the identity for large positive inputs.

The upsampling step reverses the spatial compression introduced by the encoder’s pooling operation,
aiming to restore the latent vector to its full physical dimensions. The subsequent convolution learns a
smooth refinement of the upsampled feature map. In contrast to the encoder’s ReLU activation function,
the decoder uses GELU activation because the reconstructed velocity field contains both positive and
negative values, and ReLU’s hard zero clipping would restrict the reconstruction of the negative-velocity
regions of the wake. GELU, by contrast, allows the decompression blocks to produce negative values,
so that periodic flow features can be properly reconstructed. Figure 3.9 shows a graphical comparison
of these two activation functions.

C; = Chase 2nconv_i’ i=1,...,Nconv; (3.9)
Hy=Ng-p"~"=,  W;=N, p' e, i=1,...,nconv- (3.10)

In the decoder, the decompression blocks halve the channel count while doubling the spatial dimension
in a manner symmetrical to the encoder’s compression path, as shown in Equation 3.9 & 3.10. The
final decompression block is followed by two additional convolutional operations, seen on the right



3.4. Autoencoder 26

in Figure 3.10. The first of these applies a k£ x k convolution that maps the last decoder channel
count, which is the same as the input channel count in the encoder Cj,, to N,, so that they match
the dimensions of the target velocity field. The second layer applies another k& x k convolution with
N, — N, channels and serves as a learned smoothing layer that suppresses checkerboarding artefacts
produced by repeated bilinear upsampling. Both of these last layers have linear activation functions,
so the reconstructed velocity field is a linear combination of the last feature map.

Figure 3.10: Example decoder architecture with nconv = 6, p = 2, k = 3, Cjn = 4 and Chpase = 8.
The colour coding for each layer is: upsampling: |, 2D-convolution: , GELU activation: . & compressed feature map:

Batch normalisation is not included in the decoder, because the goal of the decoder is to reconstruct a
specific physical field with known statistics (like divergence, kinetic energy or mean velocity), and it thus
should not regularise the intermediate feature maps as it would interfere with the correct reconstruction
of the learned flow states.

3.4.2. Loss Function

Following the physics-informed surrogate models introduced in Section 2.3.5, the autoencoder in this
work is trained by minimising a composite loss function (3.11) that combines a reconstruction accuracy
term with two physics-based regularisers derived from the physical and numerical properties of the
simulation we are aiming to enhance.

LA = Lrec + Adiv Ldiv + Acur Leurl (3.11)

The reconstruction loss L;.c measures the pointwise accuracy of the encoded and decoded velocity
field against the reference field u produced by WaterLily.

Lrec = <Hu—w9(@9(u))u> (3.12)

Where || - || denotes a general norm like L1 or L2 over all spatial locations and velocity components,
and (-) denotes an average over the available data during training. The reconstruction target is the
N, dimensional velocity field u; the kernel moment p is excluded from the target since it is a static
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geometric field fully determined by the signed-distance function and carries no temporal dynamics that
the autoencoder needs to learn.

The divergence loss Lgi, regularises the autoencoder to respect the incompressibility constraint 2.1a
in the reconstructed velocity field, and is computed as the mean squared divergence over the interior

domain:
2
Laiy = <‘ > (3.13)
2

Here, divergence is discretised using the same second-order central differences scheme as WaterLily’s
internal finite-volume scheme. Since WaterLily is an incompressible solver, we know that the diver-
gence of the reconstructed velocity field should be equal to zero. By penalising the autoencoder for
violating mass conservation, we know that the compressed latent trajectories, on which the neural
ODE is trained, will contain minimal residual information that could lead to mass conservation viola-
tions. This is especially important during later inference rollouts, as these latent divergence residuals
could accumulate, leading to reconstructed flow states that massively violate mass conservation.

ou;
axi

The vorticity loss L.y penalises differences between the vorticity of the reference and reconstructed
velocity fields:

Lo = <||w - w”§>7 W = 8; . (3.14)
i J

Where & denotes the vorticity of the reconstructed flow snapshot . The inclusion of the vorticity loss
serves 2 purposes. First, the vorticity w is constructed from the off-diagonal components of the velocity
gradient tensor, du,;/0x; and du,/0x;, which are important for shear-related phenomena in the flow.
Without imposing an explicit penalty on these off-diagonal derivatives, the autoencoder can struggle
to accurately reconstruct the sharp gradients that define the shed vortices and the boundary-layer
separation near the cylinder surface. Secondly, the Biot-Savart boundary conditions rely on the fluid’s
vorticity to determine the velocity at the domain boundary. By training the autoencoder to accurately
reconstruct the vorticity of a flow snapshot, the decoded velocity fields are more likely to produce
boundary-consistent ghost-cell values when the Biot-Savart conditions are re-applied during the hybrid
solver workflow described in Section 3.7.3.

The weights A\giy and Ay are tunable hyperparameters that control the relative importance of each
physics constraint during training. Setting them too low could allow the autoencoder to minimise the
reconstruction loss without respecting the flow’s physics. Setting them too high biases the optimiser
toward the physics terms, potentially degrading pointwise accuracy. The choice of these weights thus
involves a balance: they should be large enough to regularise the latent trajectories and produce phys-
ically relevant reconstructions, but not so large that they dominate the loss landscape and prevent the
reconstruction term from driving the network to learn finer-scale flow features.

3.4.3. Training Setup

Since the framework in this thesis is designed to run alongside a running WaterLily simulation, the
autoencoder is trained on a range of snapshots from that simulation. Where the gathered snapshots
are split temporally first, according to the preset run time of the simulation ¢.,,, then all snapshots with
t* <t form the training and validation pool. A temporal split was chosen over a random split because
the latter would have allowed snapshots that are separated by less than a fraction of a shedding period
to be assigned to different splits; given the strong periodicity of the flow, such near-duplicate pairs would
cause the validation and test errors to collapse onto the training error and limit any proper analysis of
the loss of generalisation beyond the training horizon. From the training and validation pool, Nyin
snapshots are sampled at uniform temporal spacing, of which an additional 20% are held out as a
validation set for epoch-level monitoring. The remaining snapshots are drawn exclusively from ¢, <
t* < twun, and form a held-out test set used to assess generalisation beyond the training horizon. The
absolute number of snapshots in the training can be kept modest because the relevant metric of dataset
quality is not the number of snapshots, but rather the number of distinct phases of the shedding cycle
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covered, the training window in Figure 3.11 shows how ;. was set to include 4 main shedding cycles
to ensure that sufficient temporal and spatial scales are present in the training data.
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Figure 3.11: Train/validation and test split of the autoencoder over the simulation window. Drag (C) and lift (C;) coefficients
are shown over ¢*, with the green band (¢* < 17.5) marking the train/validation region and the pink band the held-out test
region; dots denote validation points. The split reserves the later shedding cycles for testing, so that reconstruction accuracy is
assessed on flow states the autoencoder has not seen during training.

During training, the network weights 6 are optimised using AdamW [46]. Important to note is that
the encoder and decoder are optimised at the same time and thus share the same network weights,
only after training is finished are the encoder and decoder treated as separate transformations. The
learning rate is set according to the training regime, be it initial training or transfer learning training, with
a decoupled weight decay of A = 9 - 1074, and gradients are computed via reverse-mode automatic
differentiation using Zygote. j1. Mini-batches of 16 snapshots are used to ensure smooth convergence
of the loss function, and to save memory on the GPU. All tensors are stored in single precision (Float32)
and training is performed on a single NVIDIA GPU on the DelftBlue HPC cluster [1].

3.5. Neural ODE

After having trained the autoencoder, each instantaneous flow field can be compressed to the low-
dimensional latent space: z = wy(xin) € RV=. Compressing each available snapshot in the training set
in time-ordered fashion at a fixed discrete time interval At (i.e., 7.,; = vo(7.,;, where T, ; is a trajectory
of full-order states) produces a sequence of latent vectors that serves as the ground truth on which the
neural ODE can be trained:

T.i = |2(to), z(to; + At), z(to; +2A¢t), ..., z(to; +tirains)], t=1,...,Np, tiain; = ne At (3.15)

Where N represents the total number of ground truth trajectories of the same system, n;; and ¢ ;
denote the training trajectory length and the start time of a specific trajectory 7, respectively, and tiain,; =
ng,; At is the corresponding trajectory duration in physical time. For brevity we denote the full collection
of Ny training trajectories by 7', = {7..;}27% and its latent image by 7. = ¢s(T ) = {T2:}%. An
example of these resulting latent trajectories is shown in Figure 3.12 for four representative components.
The latent trajectories typically consist of one or more dominant modes, such as z; and z4, which exhibit
a clear period behaviour that corresponds to vortex shedding frequency visible in the force history of
Figure 3.4. Less dominant modes such as z, and z1, carry lower amplitudes and contain more complex
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frequency content that correspond to secondary vortex structures and irregular frequencies visible in
Figure 3.3 and 3.4 respectively.
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Figure 3.12: Representative latent components of the encoded training data over 4 shedding periods at Re = 2500. The
quasi-periodic structure reflects the vortex shedding cycle captured by the autoencoder.

The neural ODE is tasked with learning the dynamics of this trajectory so it can integrate it forward
in time. As introduced in 2.3.3, the Neural ODE parametrises the time derivative of the latent state
with a neural network, so that future latent states are obtained by integrating 3.16 from a known initial
condition (z(¢o,;)) with a standard ODE solver

= fo(z(1)), z(to) = wo(xin(to))- (3.16)

In Equation 3.16 f, is a neural network with trainable parameters ¢. Given an initial condition z(t,), a
conventional time integrator can be used to find the latent state z(¢) at any desired time ¢. This means
that, for the neural ODE defined above, a predicted latent trajectory can be produced that is analogous
to the ground-truth trajectory in Equation 3.15 and starts at the same initial condition [56].

T.i = [2(to,), 2(to,i +At), 2(to,; +2At), ..., 2((to,i +twaini)], 1=1,...,Np, tiains = n At (3.17)

s

Because N, <« N,N,N,, the time integration operates on a low-dimensional ODE rather than the orig-
inal discretised Navier-Stokes system, making both neural ODE training and inference computationally
inexpensive. The following subsections highlight the architecture of f,, the multiple-shooting training
strategy used to stabilise learning over long trajectories, and the validation procedure applied to the
resulting latent dynamics model.

3.5.1. Architecture

The right-hand side of Equation 3.16 is parametrised by the fully-connected neural network fy. This
MLP is deliberately kept compact, since the autoencoder has already distilled the flow states into a low-
dimensional representation; a small network suffices to learn the latent dynamics. This has the added
benefit of having a low computational cost during both training and time integration. A schematic of the
network architecture is shown in Figure 3.13.
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Figure 3.13: Architecture of the Neural ODE right-hand side f4(z)

Given an initial condition z(ty) = ¢¢(xin(to)), future latent states are obtained by numerically integrating
Equation 3.16 with a common numerical ODE solver like the Tsitouras 5th-order Runge—Kutta method
(Tsit5h).

3.5.2. Training with Multiple Shooting

The parameters ¢ of the feed-forward network f, in the neural ODE are typically optimised by min-
imising an objective function, like the mean squared error, between the ground truth trajectories 7 ;
and the predicted trajectories 7;,1- during the training stage using a standard optimiser like AdamW. This
objective function would then be given by:

RS . _ ,
Lnope = <n D lla(to + AL — 2t +3At)||§> (3.18)
i

Where (-) denotes the average over all available training trajectories N and the inner sum accumulates
the per-snapshot reconstruction error. Training the neural ODE by directly minimising Equation 3.18
requires integrating the full latent trajectory from a single initial condition z(t, ;) and backpropagating
through the entire rollout; this is conceptually the simplest approach. It fails reliably over longer rollouts
required to capture a sufficient number of shedding cycles in the regime considered here.

This approach, called single shooting, fails because the optimiser must simultaneously select parame-
ters ¢ that fit the predicted trajectory to every snapshot along its full length [93]. For oscillatory problems
or long rollouts, this is a difficult optimisation problem with many local minima. Additionally, neural net-
works exhibit a spectral bias during gradient-descent training, such that low-frequency components of
the target function are learned more easily than high-frequency ones [66].
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Figure 3.14: Single-shooting training of the neural ODE on a representative latent trajectory at Re = 2500, displaying 4 latent
components. lllustrating the failure mode single-shooting suffers from during long rollouts
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Figure 3.14 shows how the learned latent trajectory gets stuck learning the complex, multi-frequency
latent dynamics when operating in a single-shooting fashion.

To avoid this single-shooting failure mode, the neural ODE is trained using multiple shooting, a method
originally developed for boundary-value problems in numerical analysis [8] and later adapted to neural
ODEs by Turan and Jaschke [93]. The central idea is to replace the single, long integration required
by single-shooting with several short, independent integrations whose endpoints are constrained to
overlap. A specific trajectory 7. ;, spanning [to, twain], IS partitioned into N, + 1 shorter intervals by
introducing a grid of shooting points ¢y = 70 < 71 < -+ < Tn, = ttrain, Where each shooting group exists
of ny samples of 7, ;. At each interval, the neural ODE is integrated as an independent initial-value
problem, with its initial condition treated as an additional optimisation variable. Figure 3.15 shows how
the trajectory 7. ; is therefore allowed to be discontinuous across interval boundaries during training,
and the resulting shooting gaps.

Z; O0—o0O shooting gap
2 data points

— z

~(3
2y \—o 73

P

Figure 3.15: Multiple shooting schematic, showing the shooting gaps that need to be minimised during training, adapted from
Turan and Jaschke [93]

The learned trajectory becomes meaningful only if the shooting gaps between the beginning and end
points of each segment are minimised to zero, meaning that the following constraint needs to be satis-
fied:

2zt =0, s=1,..., N, (3.19)
Supervised learning of neural networks is typically performed by optimising an unconstrained problem,
which is related to the constrained optimisation problem [93]. A common approach is to define a proxy

cost function, L, which has the constraints as penalty terms:

ng

N+1
Lins = < Z Z HZJ(-S) — Z;S)
s=1 j=1

The first term is a cost function similar to 3.18, but instead of computing the loss for each sample in the
trajectory, itis a per-segment fit summed over all segments and their n, latent vectors. The second term
is the continuity penalty, weighted by A, that drives the shooting gaps in Equation 3.19 toward zero.
The continuity weight A\, controls the trade-off between segment-wise accuracy and global trajectory
coherence. It is typically set to a large value to ensure continuity, but remains a hyperparameter that
needs to be tuned, as a too-large ). can cause numerical issues, while a too-small ). can lead to
constraint violation.

2 S 6 g 3.20
, Tt Csz_:lef % H2 ’ (3.20)

In practice, the implementation of Turan and Jaschke [93] that is available in DiffEqFlux. j1 was used
in this work, in which the shooting initial conditions Zés) are not free variables but are pinned to the
ground-truth latents z(()s) at every iteration. The continuity penalty in (3.20) therefore acts between the
integrated endpoint Z(fs) of segment s and the data initial condition zg”l) of segment s+1. Figure 3.16
shows how the segments are fitted to the ground truth latent trajectories.
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(a) Epoch 0: untrained network; predicted segments are nearly flat (b) Epoch 20: segments begin to track the reference oscillation, but
and shooting discontinuities span the full amplitude of z. visible jumps remain at every group boundary.
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(c) Epoch 100: shooting discontinuities begin to close, although (d) Epoch 250: converged trajectory; predicted and reference curves
further refinement is still needed. overlap to within line width across the full horizon.

Figure 3.16: Evolution of the multiple shooting latent trajectory during training. The reference trajectory z,.¢ (solid) is
compared to the predicted trajectory Z,..q (dashed) at four stages of training.

3.6. Integration Monitoring

Like other autoregressive surrogates, neural ODEs tend to struggle with the effects of accumulating
error during inference outside of the training timespan [45]. This means that the trained latent dynamics
f» cannot be trusted indefinitely. Over a long enough rollout, the predicted state z will drift away from
the ground-truth trajectory z, and no amount of additional training removes this entirely. Because we
want to integrate in the latent space for as long as possible to achieve the maximum speedup, there
needs to be a way for the surrogate model to check whether its current prediction can still be trusted,
and a fallback mechanism for when it cannot. Since P is trained in situ, we can’t compare the rollout
prediction accuracy to a saved ground truth, so we need to compare a new prediction to available data.

1.0 . . . .
/

05 | ) ) 7 .
Ry 500 E 3 -

o5 b |

~1.0 . . . .

1.0 . . — .

05 ,L/ 4
e 200 [\7(/\,\7\;}7\4/\,/\(/\/\//\/\,\/\,\/\\*

05 | .

~1.0 . . . .

ground truth  ~ — — — — NODE rollout [ train/val region [ test region

Figure 3.17: Latent dynamics of the trained Neural ODE over the full simulation window, shown for four representative
components z;. Encoded ground truth (solid) is compared against a single NODE rollout (dashed) integrated from ¢* = 0.
Showing how the rollout holds phase and amplitude inside the train/validation region (green) but drifts in the test region (pink),
motivating a runtime monitor on the rollout quality.

This means that statistics of the training data need to be used to monitor the rollout prediction accuracy.
One approach is to monitor the residuals of the predicted flow field, as in the RePIT framework of Jeon
et al. [35], where the residual of the governing equations on the reconstructed field determines whether
the network or the CFD solver advances to the next step. This does have a significant drawback in our
study: each latent state vector must be projected back into physical space to compute the residuals of
the governing equations, a costly operation precisely what this framework aims to mitigate.
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A different class of approaches monitors the latent state directly through a statistical model of the
training data. This is similar to the problem that Out-of-Distribution (OOD) detection aims to solve,
where various methods have been developed to detect whether a sample lies outside the training
range of an ML model [41, 91, 77]. However, as Sun et al. [90] argues, most of these methods make
strong assumptions on the underlying distribution of the feature space.

Taking into account the fact that the framework in this thesis aims to be geometry agnostic, and that
the training of the encoder is g is a nonlinear stochastic process which cannot be assumed to produce
the same encoder weights 6 every time; this means that the compression operation yields a different
latent geometry for every training run; any assumed distribution would have to be re-fitted for each
new geometry or retraining, and its shape is not known in advance. A non-parametric approach is
therefore needed, one that uses the training samples directly without imposing a distribution on them.
For this reason, this work uses a k-nearest-neighbour (KNN) score, following the deep-feature detector
of Sun et al. [90]. The score measures the distance between a predicted latent vector and its K nearest
neighbours in the set of encoded training snapshots, and provides information about the shape of the
underlying distribution. The construction of this scoring metric and its use are described in the following
parts of this section.

3.6.1. KNN-Based OOD Scoring

The k-nearest-neighbour score is computed in two stages. First, after training, the encoded training
snapshots 7, are L2-normalised and stored in a KD-tree, which allows efficient computation of the
KNN distance; secondly, the KD tree is used to query the distance to the k nearest neighbour of the
newly predicted latent vector z, shown in the pseudocode below in algorithm 1, following the method
proposed by Sun et al. [90].

Algorithm 1: OOD Detection with Deep Nearest Neighbours in the Latent Space

Input: latent training trajectories 7 ., neighbour count k, threshold =, query latent state z

Output: OOD decision 1{ dj(z™) > 7}

// 0ffline: reference set construction

ly-normalise each latent snapshot in 7, = {ﬁ,i}f\fl withi=1,...,Np,n=0,...,n;:
7)) = i/ |2inl2

Build a KD-tree K over Z = {zg;)}

// Online: inference-time scoring

{5-normalise the query latent state: z(™) « z/||z]|»

Query K for the k nearest neighbours of z(™)

Compute the distance to the k-th neighbour: d,(z™) « ||z(™) — ZEZ))”Q

return 1{ d;(z™) > 1}

The ¢5-normalisation in the KNN OOD algorithm ensures a uniform rescaling of the latent vectors such
that modes with dominant amplitudes, like z; and zg visible in Figure 3.12, would not dominate the
OOD score. Without normalisation, the Euclidean distance would be dominated by the large-amplitude
modes, and the OOD score would be insensitive to drift in the components that encode the secondary
vortical structures. Geometrically, dividing each latent vector by its norm projects the training data
onto the unit hypersphere, the set of points at unit distance from the origin in the N,-dimensional latent
space, so the nearest-neighbour distances compare the directions of the latent states along normalised
lengths rather than their overall magnitudes.

The OOD detection effectively returns the distance k-th nearest training neighbour d.(z(™), and still
needs to be compared to a preset threshold 7 to be able to determine whether the neural ODE integra-
tion is still similar to the data it was trained on. This threshold 7 is calibrated from said training distri-
bution. When constructing the KD tree, the score d;, is evaluated for every training snapshot against
its own neighbours (excluding itself, because this is a trivial self-match at distance zero), producing a
distribution of in-distribution scores. The threshold can then be set as the ¢g-quantile of this distribution,
with ¢ = 0.99 as the default. If required, the user can set ¢ > 1, in which case the implementation

interprets the value as a safety margin above the worst training score, 7 = ¢ - max; dk(z(")), which is

%
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occasionally useful when calibration on a small or noisy training set would otherwise produce an overly
tight threshold.

T T
GT KNN score

rollout KNN score

— ——threshold (q=0:99)=0:675

KNN score

Figure 3.18: KNN out-of-distribution score along t* for the ground-truth latent trajectory (black) and the NODE rollout (blue),
with k = 5. The rollout score tracks the ground truth inside the training window and crosses the threshold  (dashed, set at the
g = 0.99 quantile) near t* ~ 20, beyond which the latent state is flagged as out-of-distribution. The shedding frequency is
visible in both signals.

Figure 3.18 shows the KNN score of the ground-truth latent trajectory compared to that of the neural
ODE rollout. The shedding frequency is again visible in both signals. The rollout score (blue) tracks
the ground truth closely while inside the training window, but begins to diverge shortly after t* ~ 18,
crosses 7 near t* =~ 20, and remains well above it for the remainder of the rollout. This confirms that
the neural ODE captures the underlying latent dynamics accurately enough to extrapolate beyond the
training horizon for a limited time, but that its predictions must be monitored to ensure the reconstructed
full-order state remains physically consistent.

3.6.2. Fallback Strategy

The KNN score from Section 3.6.1 is used to decide, at every prediction attempt, whether the latent
rollout produced by f, can still be trusted or whether the conventional WaterLily solver should resume
time integration. Whenever d;(z(™)) > 7, the predicted latent state is discarded and the CFD solver
advances the flow field u from its last accepted state to stabilise the hybrid simulation again. The
KNN-OOD is also used to assess whether the newly encoded data from the encoder are similar to the
samples in the latent trajectories used during training, thereby serving as a monitor of autoencoder
accuracy. A pseudocode example of the implemented fallback strategy is displayed in algorithm 2
below.

It is important to note that when the OOD flag is triggered, the latent neural ODE is not retrained
immediately. A single OOD event does not imply that f, cannot represent the latent dynamics of
the current latent state anymore; it mainly implies that the current latent rollout has accumulated too
much error and, as a result, drifted into a region of the latent space where the rollout can no longer
be certified against the training distribution. The conventional solver therefore takes over for ngyitch
steps, advancing u through the Navier—Stokes solver to stabilise the simulation back to a recognisable
regime that the encoder can then compress again. Retraining of the autoencoder and neural ODE is
triggered when the integration monitor flags the new latent state a predetermined number of times. At
that point, the current simulation state has already drifted too far from the training regime, meaning the
assumption that the existing training set covers the active flow regime is no longer defensible. The in
situ pipeline then updates its reference data and retrains the ML pipeline entirely.

3.7. Integrated Acceleration Workflow

Having introduced and motivated the three trained components of the framework in sections 3.4-3.6,
we are now ready to link these components into a single inference loop that runs alongside the WaterLily
solver to accelerate it via cheaper latent-space updates. The autoencoder, neural ODE, and integration
monitor remain the same as in their training definitions and can now be applied within a hybrid runtime
that, at every step, decides whether the next state is advanced by WaterLily or by the latent dynamics

fo
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Algorithm 2: KNN-OOD-gated latent rollout (predict_flex)

Input: trained pipeline P = (vg, ¥0, fo, K, 7), current flow state (u, 1) at time ¢§, prediction step
At*
Output: decoded flow field G, integration horizon nintegr, retrain flag »
// encode current CFD state
2o <+ @o(u, po)
25" 20/ |70 >
if dj,(z{"”; K) >  then
‘ return g, 0, true // encoded state already 00D; defer to CFD
end
r + false, ninegr ¢ 1, t}  t§+ At*;
// flexible-horizon rollout with per-step 00D check
Zold NODEPredlct(f(,), Zy, [to,tn])
while frue do
Znew < NODEPredict(f,, zo, [to, tn + At*])
= (n)

Znew inew/”Znew”Q
if di(Zy; K) > 7 then
r + true
break // cut rollout, hand control back to CFD
end
TNintegr < Nintegr + 1
1t + At*
Zold < Znew
end
// decode last accepted latent state
0 < Yg(Zolds Ho)
return G, Nintegr,

3.7.1. Execution modes

A single hybrid run consists of 4 distinct phases. The simulation begins with the initial data-collection
phase, in which WaterLily runs as usual from ¢ to ;.. During the initial data-collection phase, rel-
evant snapshots are sampled to populate the training data for the autoencoder and the neural ODE.
Following this, the training phase begins at ¢, during which g, 1, f; and the KNN reference set
K are constructed. Once training is finished, the trained components are handed off to the simulation
environment, and the hybrid loop phase begins, in which CFD time-stepping is alternated with the latent
neural ODE. If the KNN OOD monitor has repeatedly flagged a drift outside of the training distribution
during this phase, the simulation enters the retraining phase, where P quits rolling out in the latent
space, WaterLily resumes for a short time, and more snapshots are sampled to use as new data to
retrain both networks on the augmented dataset before the hybrid loop is rejoined.

These four phases specify the logical order in which each computation proceeds, but not how that order
is managed across hardware. Two execution models can be distinguished. In serial operation, the one
actually implemented and measured in this work, all four phases run sequentially on a single lane, so
each phase’s cost is added to a single total wall time. In the parallel model, the intended deployment
is for P to train in parallel with WaterLily and hybrid rollouts.

Serial execution

In the serial execution method, all four phases execute sequentially in a single process on a single
execution lane, as depicted in Figure 3.19. Wall-time runs strictly left to right, and each phase completes
before the next begins. WaterLily advances S through the initial data collection phase; it is then paused
while P is trained; the hybrid loop subsequently alternates conventional WaterLily steps with NODE
rollouts; and when the flag count reaches nmax fiags, the hybrid loop halts so that WaterLily can resume
for a short time to harvest the update trajectory, after which both networks are refitted on the augmented
dataset with the solver and rollouts idle. Only once retraining completes does the loop resume. This
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is precisely the sequence given in algorithm 3, and the recorded timings are correspondingly additive,
with no overlap between the solver and the pipeline.

Initial data-collection Training Hybrid loop Retraining Hybrid loop Retraining
di(% K1) > 7 d2 (% K2) > 7
85 ) Hybrid-Retrair
Gather Tu.1 P training NODE rollout Gather T,» | P retraining NODE rollout voreelain
loop continues

tirain thandoff Nflags = Mimax, flags Nflags = Mmax, flags tend
Ngtep mod Ngwiren = 0 Nstep mod Nyuiten = 0

Figure 3.19: serial execution of the integrated acceleration workflow. The same phases run end-to-end in a single lane, with
wall time progressing from left to right. Training and retraining pause WaterLily, so each phase completes before the next
begins; the hybrid loop alternates conventional solver steps with NODE rollouts, and a rollout is flagged once de (z,K1) > 7.

The downside of the serial operation is the loss of the resource isolation that motivates the parallel
model: with a single lane, training, CFD, and latent inference no longer occupy separate resources
but compete for the same one in sequence, so every second spent training or retraining is charged
directly to the run’s wall-time rather than hidden behind continued solver execution. The training of
the autoencoder and neural ODE, being the most expensive phase, therefore dominates the wall-time
of a serial run. Beyond this, repeatedly switching the single lane among training, conventional time-
stepping, and latent inference is not free: each transition incurs its own overhead, and these context
switches accumulate over a run, further inflating the total wall time.

Running on a single lane keeps the implementation straightforward: there are no concurrent processes
to coordinate, no in-memory exchange of weights and state between a training lane and a solver lane,
and no need to reconcile a model that is still fitting against a flow that has already moved on. The
trade-off is that the phases no longer overlap, so the costs of training, retraining, and switching be-
tween training, inference, and CFD are all counted towards the total wall time. The parallel model of
Figure 3.7.1 remains the intended deployment; the implementation and wall-time implications of the
serial choice made here are examined in Section 4.2.2

Parallel execution

The intended deployment, illustrated in Figure 3.20, is a parallel model in which WaterLily and the train-
ing of P = (g, Yy, fs, K, 7) advance on separate lanes. The solver never pauses: it keeps integrating
S and harvesting snapshots while the networks are fitted and, later, refitted concurrently, with the up-
dated pipeline injected at ¢}, Because the two lanes run side by side, the training cost overlaps the
solver rather than adding to the wall time.

Initial data-collection Training Hybrid loop Retraining Hybrid loop Retraining
| P training — > P Retraining |
di(% K1) > 7 d%(%K2) > 7
Gather Tu,1 S keeps running NODE rollout Gather T2 S keeps running NODE rollout Zzinjo’:::j;’;

tirain thandoff [;lﬂags > Timax, flags

Tiflags = Tmax, flags tend
Nstep MOd Ngwitch = Nstep MOd Nwiteh =0

Figure 3.20: Idealised parallel execution. After an initial data-collection phase, WaterLily advances the simulation S in its own
lane, while the pipeline P is trained and, later, retrained concurrently on a separate lane. Because the two lanes run
concurrently, the training cost overlaps with the solver’s execution rather than adding to the total wall time.

This execution model allows the resources for WaterLily and P training to be isolated from each other;
this way, each computational lane can be fit for the workload it actually runs. The WaterLily lane carries
only the conventional time-stepping on and the cheap latent rollouts on CPU, while the training lane
can be allocated its own resources and tuned to fit the autoencoder and neural ODE more optimally
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than would be tolerable if those cycles were charged against the live solver. Realising this requires
concurrent computation, an in-memory mechanism for exchanging weights and state rather than disk
I/0, and explicit handling of the fact that the model under training necessarily lags the live flow. The
differentiable, backend-agnostic design of WaterLily makes such a coupling feasible in principle, but its
implementation is beyond the scope of the presented work.

3.7.2. Overview of Hybrid Loop

The Hybrid loop controls how WaterLily is interwoven with the neural ODE rollouts. Once the ML
pipeline P = (g, %0, f4,KC, 7) has been trained it is ready to be handed to the hybrid loop. Here, the
simulation S is advanced from tp o« 10 .01 ong» d€Ciding at every step whether the next state is pro-
duced by the conventional solver or by the latent dynamics f,. The full procedure is given in algorithm 3;

the rest of this subsection walks through its behaviour and motivates two cadence hyperparameters
TNswitch and T'max, flags -

Algorithm 3: Integrated acceleration workflow (run_hybrid)
Input: trained pipeline P = (g, Y9, s, KC, 7); WaterLily simulation S;

hyperparameters: nswitch, At™, t;ccel,end’ Mmax, fIags;tzpdate

Output: accelerated hybrid trajectory 7, of S on [ty taccel.endl

// outer loop: alternates CFD time-stepping with periodic ML attempts

Nflag < 0
Nstep < 0 // step counter within the current hybrid window
while t*(S) <t ong dO
if Nstep mod ngyitch = 0 then
(Q, Nintegr, T) predict_flex(P7 S, At*) // surrogate rollout (Algorithm 2)
if 0 # @ and njpegr > 1 then
‘ S < inject(S, 1, Nintegr - At*) // see Section 3.7.3
else
‘ S + sim_step!(S) // nothing inserted; advance one CFD step
end
if » = true then
‘ Nflag ¢ Nflag + 1
end
else
| S« sim_step!(S) // conventional CFD time-step
end

Nstep < Mstep + 1

if Nfiag = Tmax, flags then
// adaptive retraining branch (Section 3.7.4)

S, Tu,update <— run_cutoff (S, tjpdate) // pure CFD for t; ... for new trajectory
Tw < TuwUTuupdate // extend training set
P <« retrain(P, T.) // retrain AE, NODE; refit K
Nflag < 0, Nstep < 0
end
end
return S, 7,

The loop starts with a surrogate rollout, which invokes predict_flex (Algorithm 2). The KNN-rolled-
out return values are then used to advance the simulation in time and space. The decoded flow field a
and integration horizon ninteqr together indicate a successful rollout: G is injected into S via the coupling
routine described in Section 3.7.3, advancing simulation time by ninegr - At* in a single step. When the
KNN monitor has flagged the initial encoded value as OOD, an empty rollout (ninteqr = 0) will be returned;
in this case, the outer loop falls back to a single CFD step so as not to lose simulation progress.

After arollout has been completed, the hybrid loop stabilises S by advancing by a single call to sim_step!,
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the same routine that produced the initial data. After either a prediction rollout or a WaterLily step, the
step count is increased to enable monitoring of the ML-CFD switching.

Following nmax, flags rollouts, the loop hands control back to WaterLily for a select period t;pdate tocollecta
fresh trajectory 7, update, appends it to the training trajectories 7, and refits the pipeline. Both counters
are then reset, and the hybrid loop resumes. The mechanics of retraining the pipeline are laid out in

Section 3.7.4

The parameter ngyitch €nsures that the latent rollout is attempted only after enough CFD steps to make
the prediction worthwhile, given the overhead. Each call to predict_flex has a fixed cost from the
encode—rollout-decode cycle, and the time gained from injecting nintegr - At* into the simulation must
be large enough to offset that cost. A low ngyich Wastes calls on intervals over which the latent state
has barely changed, while a high nsyitch l€aves potential acceleration unused.

The cumulative flag count nmax, fiags iS Used to distinguish when either the autoencoder needs to be
retrained on new data, or to track how far removed the neural ODE is from its last seen simulation
time ¢;;,- As discussed in Section 3.6.1, the rollout drift is generally governed by the rollout distance,
meaning that a rollout drift away from the ground truth does not mean that the latent dynamics f, are
not applicable anymore in the current time regime. Requiring nmax, flags flags before retraining acts as
a buffer, which ensures that all relevant performance can be extracted from the trained parameters ¢

before retraining is needed.

3.7.3. WaterLily Coupling

The injection routine on line 7 of algorithm 3 is responsible for coupling the predicted velocity field to the
simulation S and applying the correct boundary condition to the ghost cells of the computational domain.
It ensures that &1 does not destabilise the simulation by re-establishing a physically self-consistent state
before conventional CFD time-stepping continues. Because the prediction & can not be guaranteed to
be completely divergence-free after the rollout, and more importantly, is generated without any knowl-
edge of the pressure field that should accompany it through the projection step. Simply replacing the
us < u (algorithm 3, line 7) would result in the simulation having a pressure field that lags nintegr - At*
behind the velocity field, polluting both the velocity update and the next Poisson residual [49]. We
therefore reconstruct p before resuming time integration, in two stages, as summarised in algorithm 4.

Algorithm 4: Velocity-field injection (inject)
Input: simulation S; surrogate prediction 1; rollout span nigegr- At*
Output: updated simulation S, ready to resume CFD time-stepping

// overwrite simulation state with surrogate prediction
us <1, ps<+0
Atgs + Ats U {nintegr‘At*}

// stage 1 -- recover pressure consistent with ug

(us,ps) < biot_project(ugs) // enforce V-us =0
// stage 2 -- Heun step to restore physical (us,ps)

(us,ps) < biot_mom_step(us,ps) // NSE update; BDIM re-imposes near-body physics
return S

First Projection

The first stage (algorithm 4, line 4) is a single Biot—Savart projection applied using the injected ve-
locity field. Following [99], the partitioned Poisson—Biot—Savart system is evaluated to make the in-
jected velocity field actually divergence-free, and to calculate the matching pressure field to achieve
the divergence-free condition. After this step, the interior velocity satisfies u; ; = 0 and a pressure field
ps has been recovered that is coupled with @, removing the lag introduced by the rollout.

Second Predictor-Corrector

The second stage (algorithm 4, line 5) is a single Heun predictor—corrector step using the Biot—-Savart
projection on both substeps, identical to the scheme mom_step! that applies during ordinary time in-
tegration. This step is needed because the pressure recovered by the first Biot—Savart Projection is
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coupled to 1, in the sense that it makes the predicted field divergence-free, but 1 itself is not a cor-
rect Navier—Stokes state; particularly due to the fact that the decoder struggles with reproducing sharp
gradients near the body boundary, which do not match the kernel-smoothed momentum balance that
BDIM enforces near the immersed boundary [49]. When the Poisson solver is asked to make such a
field divergence-free, the resulting pressure contains pressure values that absorb these inconsisten-
cies into a non-physical pressure impulse. If we were to sample the pressure force on the body at this
stage, the resulting forces would produce a sudden peak in Cy; and C;, which could offset the stability
of the simulation S.

The second step resolves this discrepancy by letting the discretised Navier—Stokes operators act on the
state once. This operation combines the convection-diffusion update with the BDIM correction, such
that the correct physics are applied near the body region B through the pf, u{ moments of the immersed-
boundary kernel, the projection step in the mom_step then recovers a pressure that is consistent with
the correct physics rather than with the predicted reconstruction. One predictor-corrector step has
been found sufficient in practice; it was observed that the force-coefficient peaks that appear after
stage 1 are completely mitigated by the second step, and WaterLily can proceed without issue. The
computational cost of the additional step of these 3 Poisson solves is negligible compared to the rollout
horizon nineqr- At* that the neural ODE has just produced.

3.7.4. Adaptive Retraining

When the hybrid loop has flagged for P to be retrained after nnay, fiags rollouts, the hybrid simulation
stops switching between CFD and latent rollouts and enters the retraining stage. We are now situated in
line 18 from algorithm 3; following the pseudocode, the retrain routine will begin gathering new data so
that the network weights 6 and ¢ of the autoencoder (9, ¢») and neural ODE (f4) can be updated, after
which the hybrid loop is rejoined. As with the execution models in Section 3.7.1 and Figure 3.7.1, this
update can be mapped to computational resources in two ways, as shown in Figure 3.21. In the serial
scheme (Figure 3.21a), WaterLily is halted for the full refit, so that the entire retraining span is charged
directly to the run’s wall-time before the hybrid loop can resume. In the parallel scheme (Figure 3.21b),
the refit is instead performed concurrently with the running simulation S, which continues advancing
the flow using conventional CFD time-stepping.
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(b) Parallel retraining: the CFD trajectory is extended by 4, to
harvest fresh snapshots, after which the pipeline is refitted
concurrently while WaterLily keeps advancing S
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(a) Serial retraining: the same snapshot harvest is followed by a
sequential refit of the pipeline with WaterLily paused, so the cost is
charged directly to wall-time and the loop resumes only once
retraining completes.

Figure 3.21: Adaptive retraining under the two scheduling strategies.

The retraining phase is structured around a single design principle: rather than discarding the trained
pipeline P = (47, {7, fg'),lc(’“),f(’”)) and learning a new one from scratch, the existing networks



3.7. Integrated Acceleration Workflow 40

are fine-tuned on the augmented training set TSIH) = TS”) U 7w, update- T his allows the existing training
data to be augmented with 7, ypdate from the same simulation, which shares the dominant statistical
structure of the already-encoded data. This means that the existing weights #(), (") have already
been fitted to similar flow dynamics and do not need a high number of optimisation steps to update
themselves to learn the newly seen flow dynamics. The following paragraphs will detail the exact
meaning of the retrain flagging and the operations needed for a single retraining routine.

Retrain flagging

At this stage, it is important to note what the retrain flag actually signifies. As mentioned in Section 3.6,
the KNN monitor tracks the proximity of the rolled-out latent state z to the training snapshots in 7 ; this
means that an OOD flag indicates that the neural ODE is being asked to extrapolate into the region
of latent space for which empirical evidence of the validity of f still exists. It doesn’t directly indicate
that the rolled-out trajectory is inaccurate, but given the periodic nature of the flow, the assumption
can be made that a drift away from the common distribution can indicate that f; has learned a certain
flow behaviour that was not explicitly seen in the training trajectory T ., but is present in the complete
simulation trajectory. This means that the retraining criterion has a certain uncertainty aspect to it,
where it cannot know if the drift that it has repeatedly flagged is caused by accumulated error by the
neural ODE, or if the repeated drift is caused by an unseen, but correct, flow prediction.

The retraining criterion thus implements a deliberate conservative policy: rather than wait for a visible
divergence in the reconstructed flow field, by which point unphysical state has already been injected
into S via the coupling routine of Section 3.7.3, the loop quits the latent rollout-CFD switching as soon
as the neural ODE is repeatedly asked to operate outside the data that can support the new prediction
for it. mmax, flags CONtrols the strength of this policy, where a small value will trigger retraining at the first
flagged drift, accepting the cost of refitting in exchange for accurate coverage; a large value will tolerate
more rollouts between retraining, accepting a greater risk of inaccurate rollouts in exchange for better
acceleration performance.

Data Extension

Following the flowchart in Figure 3.21a and line 19 in algorithm 3, after the CFD data has been extended
using the same snapshot sampling cadence as in the initial data-collection phase, the new trajectory
can be appended to the existing training trajectory:

TU = T8 U T, upoate (3.21)

Where the new trajectory T, update has its own distinctive trajectory length n; ,pqate, but has a matching
At as the initial trajectory to ensure that the additional trajectory can be evaluated in a similar fashion
to the initial trajectory.

Autoencoder Retraining

As mentioned before, after having augmented 7,, with new CFD snapshots, the weights 6 of the au-
toencoder can be updated such that they are able to produce trustworthy latent trajectories on which
the neural ODE can be trained. Essentially, the autoencoder retraining is done in the same way as the
preliminary training of Section 3.4.3, the main difference being that the weights are not initialised from
a random state but inherited from the converged parent model ().

During retraining, the augmented snapshot set is again partitioned temporally into a training and val-
idation pool and a held-out test pool, following the same convention as the initial training: the 20%
validation split monitors the loss at epoch level, while the test pool, drawn from the most recent snap-
shots, gauges generalisation beyond the training horizon. The partition of the augmented set is shown
in Figure 3.22. The newly harvested trajectory 7, update @ppears as the second training chunk near
t* ~ 29 and is temporally disjoint from the original window ¢* € [0, 20]. The empty patch in the middle of
the forces indicates the range over which the neural ODE was rolled out to generate latent trajectories;
these trajectories are not sampled as training data for retraining the models.

The autoencoder retraining inherits the methodology of the preliminary training, including the loss 3.11
and its physics-informed components. The only quantities that are altered during retraining are the
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Figure 3.22: Train/validation (green) and held-out test (pink) split of the augmented set after retraining. Drag (C) and lift (C;)
coefficients are shown over ¢*; The set spans two disjoint chunks, with the vertical break marking the second harvested chunk;
dots denote validation points. The latest cycles are reserved for testing.

learning rate n and the number of training epochs. The learning rate is lowered relative to the initial
training phase because the inherited weights #(") already produce accurate flow reconstructions; re-
taining the original, higher rate risks perturbing them away from the region of the loss landscape they
have already converged to, rather than refining them.

Neural ODE retraining

Before the neural ODE can be retrained, the augmented trajectory 7’5’”“) needs to be re-encoded
with the updated autoencoder. Since the encoder weights have changed, "t £ 6(") the latent
trajectory used for the previous fit no longer match the space the encoder now produces, so a new set
T+ = L) (741 is generated.

0.0 N 00

N 00 N 00

—05

(c) Epoch 100 (d) Epoch 250

Figure 3.23: Evolution of the multiple-shooting trajectories during neural ODE retraining, shown for four latent components.
The reference z,¢¢ (solid) is compared to the prediction Z,,.q4 (dashed) at four training stages, matching the full-order
trajectories in Figure 3.22
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The neural ODE is then retrained from the checkpoint fg') with the same multiple-shooting loss (3.20)
used before. The difference is that the set now holds N + 1 trajectories instead of N, so the average
(-) in (3.20) runs over the original trajectories and the newly added one together. A visual representation
of the new fitted trajectories is displayed in Figure 3.23.

Contrasting the initial multiple shooting training in Figure 3.16, where the network starts from a random
state, and the epoch-0 prediction is nearly flat. Here, the inherited network fg) already tracks the
first chunk closely at epoch 0, since that part of the latent dynamics was learned during the previous
fit. Looking at the second trajectory, the figure also shows that f4 already fits the unseen trajectory
fairly well, since the initial shooting gaps are not very large. This means the training schedule can be
shortened because the network begins near a good solution.

Following the logic in Figure 3.21a, after the neural ODE has been trained, the KNN integration monitor
can be reconfigured using the new augmented trajectory 7T, in the same fashion as was displayed in
1. After having finished this, the updated pipeline can be reassembled using the updated autoencoder
(p5 ™, »5) and latent dynamics f{ V.



Results

The preceding chapter assembled the hybrid pipeline: the convolutional autoencoder, the latent neu-
ral ODE, the out-of-distribution monitor, and the WaterLily coupling. This chapter describes how the
pipeline behaves when it runs. Every result is measured against a reference simulation advanced
purely by WaterLily from the same initial condition, so that the comparison isolates the effect of the
latent-space acceleration alone.

The chapter is organised into four parts. Section 4.1 defines the experimental conventions: how the
hybrid and reference simulations are kept co-located in time, how the workflow is mapped onto the
available hardware, and the accuracy and acceleration metrics against which all subsequent results
are reported. Section 4.2 characterises the base operating point in full, reporting the integrated loading,
the time-averaged flow and Reynolds stresses, the latent dynamics, and the wall-time breakdown from
which the two acceleration metrics follow. Section 4.3 then isolates the hyperparameters that most
strongly govern the speed—fidelity trade-off, varying each in turn about the baseline to justify the adopted
values and to expose the trade-offs they control. Finally, Section 4.4 steps away from the base point,
lowering the Reynolds number to a cleaner shedding regime and raising it on a refined grid to assess
how acceleration and physical fidelity respond to the flow regime and grid resolution.

4.1. Experimental Setup and Conventions

Every hybrid run reported in this chapter is accompanied by a reference simulation S.f that is advanced
purely by WaterLily. The reference simulation is instantiated using the exact same initial condition of
the hybrid simulation ug at t* = 0. This initial condition is a saved flow state taken from a previously
developed simulation, so the wake has already reached the fully developed, periodic vortex-shedding
regime, and the trajectories are free of transient start-up effects. This means that S and S, are exact
copies of each other in terms of grid, immersed geometry and time-stepping parameters, and are in-
tegrated with the same solver during each conventional CFD step. The reference simulation is never
re-synchronised to the hybrid state: once the two share an initial condition, they evolve as two inde-
pendent trajectories, with S, representing the outcome the conventional solver would have produced
if there weren’t any latent-space acceleration. This allows us to quantify the effects of the pipeline inte-
grations, since the two simulations differ only in whether the latent dynamics f, are used to advance
the simulation.

All runs reported in this chapter use the serial execution mode, explained in Section 3.7.1: the data-
collection, training, hybrid-loop and retraining phases execute sequentially within a single allocation,
so each phase’s wall time adds directly to the total. The parallel model of Figure 3.7.1 is the intended
deployment but is not implemented here and left as a setup for future work; the speed-up metrics below
(Section 4.1.1) are defined on this additive, non-overlapping basis.

The simulation clocks are kept aligned by monitoring the mismatch in t* across the simulations. After
each update of S, be it a numerical CFD step or a latent rollout, S, is advanced by repeated solver
steps, governed by the CFL condition [98], until its convective time t*(S;e) has caught up to that of the

43
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hybrid simulation, so the two are co-located in ¢* to within a single time step at every checkpoint.

While both simulations advance in time, relevant mean flow components (time-averaged velocity, pres-
sure, and velocity fluctuations) are stored in the WaterLily MeanF1ow object. The mean flow components
of the hybrid and reference simulations are sampled at fixed intervals. It is important to note that during
the latent rollout (algorithm 2), each new latent vector z that corresponds to the saving interval for the
mean flow components is also saved, batched and decoded together with the final rollout prediction
that has not been flagged as OOD by the KNN monitor, this assures that the mean flow components
of the hybrid simulation are updated using the exact same amount of snapshots at the same t*.

4.1.1. Comparison metrics

Because the cylinder wake at Re = 2500 is chaotic, the hybrid and reference trajectories can quickly
separate in time when given a slight perturbation in the velocity field. Because of this, comparing S
and S, Using a pointwise field error is not a meaningful measure of accuracy, and is therefore not
used. The simulations are instead compared through statistical and integral quantities, which are the
physically reproducible observables of the flow.

Computational cost

The primary motivation of the hybrid scheme is acceleration, so the first metric to compare is wall time.
Both simulations integrate the identical convective-time window 0 — t7_, on the same hardware, so the
ratios below isolate the algorithmic gain rather than a platform difference. Two speed-up metrics are
reported:

ref ref ref
SI _ Twall _ Twall = Twall (4 1)
00P ™ h, cfd h, rollout — ~h, tot’ e — _h, tot h, training :
Tyar + Tyan Tyan Toar + 1,

wall wall

Where Sio0p is the speedup achieved by the hybrid loop (algorithm 3); the denominator splits the loop

costs into conventional CFD steps that stabilise the field between rollouts, 7" ¢, and the latent rollouts

of P, T rolout 1t reflects the cost of hybrid ML-CFD timestepping after the ML models have been trained.

wall .
Seft additionally charges the training costs 7™ of the networks in P, and is able to quantify the

speed-up of the complete integrated workflow of Figure 3.19.

Integrated forces

Pressure force coefficients are used to compare performance in an engineering context. It allows the
verification of the hybrid loop using the integrated loading on the cylinder, independent of where in
the wake the two solutions agree. The time-mean drag (Cp) and the root-mean-square lift CT™ are
compared against the reference, as shown in Figure 3.4, through their absolute errors

ec, = |{Cp) — (Cp)ret|, ec, = |CF" — Ol (4.2)

together with their relative counterparts

erel — |<CD> B <CD>ref| rel _ |Cers - CrLr?I%f (4 3)
Cp Cp ref ’ cr oms ‘

The mean drag coefficient allows the assessment of the physically meaningful streamwise loading,
whereas the mean lift coefficient vanishes due to symmetry, so the fluctuation amplitude C7™ is com-
pared. The comparison of the relative errors allows comparison between different hybrid simulations.
These integral force metrics confirm loading but tell nothing about the errors in the wake of the simula-
tion, which motivates the comparison metrics of the field quantities below.

Mean flow and Reynolds stresses
Each time-averaged field is compared against its reference cell-by-cell over the fluid domain €2 through
two complementary metrics, namely the mean absolute error (MAE):
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&¢ = NLQ Z‘Q(X) - (Iref(x)‘v qe {<U>, (), (u'u'), (W', <u’v’>}’ (4.4)

with Ng, the number of fluid cells, which quantifies the pointwise error in magnitude between S and S,s.
The spatial Pearson correlation coefficient measures whether the two fields share the same spatial
structure independent of amplitude:

pg = erQ (q 2_ Q) (Qref - (jref) , G= NL Z q(X), (4.5)
\/erﬂ (q - ‘j) \/erg (Qref - (jref) @ xen

The two are complementary: ¢, captures the amplitude bias of P directly, whereas p, stays near unity
as long as the wake topology is preserved, even when the fluctuation magnitudes are damped.

All of the metrics above are expressed over the full simulation time window (unless mentioned other-
wise), being 0 — t7 4, which includes all CFD sections in the initial data-gathering, hybrid, training and

retraining phases of the acceleration workflow.

4.1.2. Execution environment and hardware mapping

All reported hybrid simulations were carried out on a single gpu-a100 node of the DelftBlue HPC clus-
ter [1]; the node hardware and the requested SLURM allocation are summarised in Table 4.1. A single
job requested 12 of the node’s 64 CPU cores and one of its four A100 GPUs; the remaining cores and
GPUs are unused.

gpu-al00 node Requested per run
CPU 2x Intel Xeon Gold 6448Y, 64 cores @ 2.1 GHz 12 cores
GPU 4x NVIDIA A100 80 GB 1x A100 80 GB
Memory 512GB 48 GB

Table 4.1: DelftBlue gpu-a100 node hardware and the per-run SLURM allocation used throughout this chapter.

However, not all phases highlighted in Figure 3.19 are run on the same device. Only the autoencoder
training (9, 1) is placed on the A100: because this training procedure is dominated by dense, batched
convolutions over the 256 x 256 velocity fields, all of which are operations that efficiently map onto
the GPU architecture. Every other component (S, initial data-collection, retraining data-collection,
stabilisation CFD steps, the neural ODE training f4, and the latent rollout) runs on the 12 CPU cores.
Both S and S,.s are advanced on WaterLily’s multithreaded-CPU backend, with Julia launched on the
12 available threads so that the solver’s kernel loops get parallelised across the 12 allocated cores.

This split in devices is deliberate. The neural ODE is a small network whose training and inference
costs are dominated by the sequential ODE solve and reverse-mode differentiation; as a result, neither
its training nor its inference benefits from running on GPU hardware in this case, so placing f; on the
A100 would yield little performance benefit. Furthermore, the CFD domain being relatively small at 2562
(~0.07 M DOF) also means that it does not benefit from the advantages of WaterLily’'s GPU backend,
since that advantage only materialises once the GPU memory is substantially filled [98]. With neither
phase able to use the GPU optimally, mapping them onto the GPU means repeatedly transferring
small arrays across the CPU-GPU boundary to feed kernel operations that are too cheap to recoup
the transfer overhead. Because the transfer cost outweighs any benefit the GPU could provide in these
phases, every component except autoencoder training is run on the CPU. Keeping all timed phases
on the same device also has a methodological advantage: the reported Si,op becomes a CPU-to-CPU
comparison on identical hardware, isolating the algorithmic gain of the hybrid loop rather than conflating
it with differences between devices.
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4.2. Hybrid Acceleration of the Cylinder Flow

4.2.1. Baseline Configuration

As a starting point for presenting the acceleration results, a base pipeline P is set up against which all
subsequent experiments are compared. The hyperparameters for each P component (g, g, fg, K)
are listed and discussed in the paragraphs below.

Autoencoder

Following the autoencoder design choices highlighted in Section 3.4, a baseline autoencoder is con-
structed. The autoencoder is trained to minimise the physics-informed loss function (3.11), using the I,
reconstruction term with the divergence and curl regularisers. The baseline architecture was chosen via
a grid search that swept over latent dimensions N, physics-informed weights Agjy, Acur, COnvolutional
blocks n¢ony and dense bottleneck layers ngense- The exact scoring mechanism and all other evaluated
models are discussed in Section A.2.

Hyperparameter Symbol Value
Architecture
Latent dimension N, 16
Convolutional blocks TNconv 5
Dense bottleneck layers  ngense 1
Base channel count Chase 8
Convolution kernel k 3
Pooling kernel P 2
Convolution stride s 1
Training
Reconstruction loss - Ly
Divergence weight Adiv 100
Curl weight Acurl 100
Weight decay A 9x 104
Learning rate n 1x1073
Retrain Learning rate Nr 2x 1074
Optimiser - AdamW
Batch size - 16
Epochs - 500
Retrain Epochs - 100
Trajectory Downsample — 300
Train - Validation split - 0.2
Initial Test split - 0.25

Table 4.2: Baseline autoencoder configuration.

An interesting thing to note is the choice of ngense. During hyperparameter optimisation, the resulting
score in Table A.1 consistently favoured a single dense bottleneck layer (ngense = 1) Over deeper
alternatives. This reduces the dense stack in the encoder to a linear compression from the last feature
map Hy., - Waeon - Cneone 10 the latent space, meaning the encoder gains nothing from the additional
ReLU nonlinearity in the intermediate dense layers for this compression case. The reason is that the
additional ReLU activations rectify the negative values of the latent dynamics to zero, as shown in
Figure 3.9. These negatively signed latent dynamics are essentially lost and cannot be recovered
by the encoder. This loss of latent information directly degrades reconstruction quality, which is why

deeper dense stacks score worse in the sweep.

The choice for neony Shows that convolution up to a small spatial dimension (like in the example archi-
tecture in Figure 3.7) is also adversarial to autoencoder performance, showing how a feature map with
small spatial dimensions can not contain enough information to accurately be compressed to a latent
vector z. Which is why the autoencoder tuning scheme preferred five ngon, to the deeper options
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Neural ODE

The latent dynamics % = fy(z) are parametrised by a single-hidden-layer multilayer perceptron and
trained with the multiple-shooting loss (3.20). The hidden width is set by dense_mult x N,, and the
shooting hyperparameters correspond to the group size ns and continuity weight A, as introduced in

Section 3.5.2.

Hyperparameter Symbol Value
Network
Latent dimension N, 16
Hidden-width multiplier dense_mult 2
Hidden layers - 1
Activation — tanhshrink
Integration
ODE solver - Tsith
Relative tolerance - 1x10°3
Absolute tolerance - 1x107°
Training
Optimiser - AdamW
Learning rate n 1 x 1072
lterations — 300
Retrain Iterations - 150
Group size Mg 15
Continuity weight Ae 200
Retrain Continuity Weight A . 400
Training samples - 300

Table 4.3: Baseline neural ODE configuration.

As discussed in Section 3.5.1, the network is kept deliberately small With N, = 16 and dense_mult = 2
it maps the latent state from 16 — 32 — 16, which is sufficient to capture the smooth, quasi-periodic
latent dynamics of the shedding cycle while keeping the rollout cost well below that of a conventional
solver step.

The neural ODE uses tanhshrink as activation function, x — x — tanhz. This choice was made
empirically during the earlier single-shooting experiments of Section 3.5.2, where, among activation
functions tried, it produced the most stable fits over the horizons on which single shooting was able
to converge to a solution. Under the multiple-shooting scheme adopted here, the fit is decomposed
into N + 1 independent segment integrations (Equation 3.20), each treated as a short single-shooting
operation. Because training stability over long single-shot runs is no longer a relevant metric in the
multiple-shooting regime, the precise form of the activation function was found to be non-decisive for
this flow case. Because of this, the choice of tanhshrink is retained here without re-tuning.

The group size ns and continuity weight A\. are set empirically at 15 and 200; their influence on rollout
stability and accuracy, together with the empirical justification for this choice, are examined in Sec-
tion 4.2.7.

Hybrid Solver and OOD Monitor
The hybrid solver alternates between WaterLily time integration and latent rollouts, gated by the KNN
out-of-distribution monitor of Section 3.6.1 using the fallback strategy of Section 3.6.2.
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Parameter Symbol Value
OOD monitor
Nearest neighbours k 5
Threshold quantile q 0.999
Hybrid loop
initial data-gathering window ¢/, 4o 20
Training window Lirain 17.5
Update window tipdate 10
Hybrid horizon tand 100
Prediction cadence Nswitch 150
Integration step Atfred 0.011
Max amount of OOD flags Nmax, flags 3 1lags

Table 4.4: Baseline hybrid-solver and OOD-monitor configuration.

The values of ¢, 4o tirain @Nd Lpqae WEre empirically chosen to display the learning progress of the
ML pipeline, where ¢, = 17.5 corresponds to roughly 4 shedding periods for the discussed flow case,
as visible in Figure 3.4. The difference of 2.5 with ¢, ...+ = 20 is subsequently used as test data for
AE training to perform a preliminary assessment of AE performance when compressing flow snapshots

outside its initial training data.

The cadence of the hybrid loop is controlled by ngswitch and Atyred, Where ngyiten is the number of CFD
steps between rollout attempts in the hybrid loop (algorithm 3). It controls the stabilisation time between
rollout attempts and, in effect, also the achievable speedup of the hybrid loop; each block of ngyiichn CFD
steps is the cost of allowing the injected field to relax back to a stable state before the next rollout attempt.
The second variable, Atpreq, Sets the physical time advanced per latent step, so a successful rollout of
Nintegr StEPS INJECES Nintegr- Atpred Of simulation time at once. A larger Atyeq allows for a bigger gain per
step, but advances the latent state further, raising potential drift and the chance of crossing the KNN
threshold (Section 3.6.1). The value for At was determined empirically, as it is the mean At of the
reference simulation.

4.2.2. Wall-Time Performance

Having established the parameters of the baseline hybrid simulation in Section 4.2.1, the computational
performance of the hybrid simulation can be assessed by means of wall time. Figure 4.1 shows the
acceleration performance of the hybrid loop compared to the reference simulation in terms of cost per
CTU and total wall-time cost.

Figure 4.1 highlights how cheap a single rollout of P is compared to regular CFD integration. Using
P to predict a single CTU is 84.6 times cheaper than calculating the same time window using regular
CFD timestepping. This bar chart, however, does not include wall time for the training processes of gy,

g, and fg.

When comparing the total wall time over the same simulation window (Figure 4.1b), the hybrid loop is
able to integrate S to ¢, in 58.85 seconds compared to Sy integrating the same time window in 86.63
seconds. Which means the speedup achieved by the hybrid loop can be expressed as:

e 86.63
Sioop = it = 5a.a5 — 47 (4.6)

wall

This value for Sisep is far below what the per-CTU rollout cost in Figure 4.1a suggests, because the
loop still spends most of its time in regular CFD: every rollout is followed by ngyitch = 150 CFD steps
to stabilise the field, and these steps are slightly more expensive than in the reference run due to the
extra encoding and monitoring carried out at each step. The cheap rollout sets the upper bound for the
acceleration that the hybrid loop is able to achieve, but the number of rollouts attempted (governed by
Nflag, max) @nd the number of CFD steps between rollouts decide how close the hybrid loop is able to get
to this upper bound.
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Figure 4.1: Comparison of reference simulation to the hybrid loop in terms of (a) cost per CTU and (b) actual wall time cost

This per-CTU advantage is also specific to the base-case resolution. The WaterLily solver is memory-
bound, so its cost per CTU grows with grid size [98], whereas the rollout cost is fixed by the latent
dimension IV, = 16 and is independent of the grid. The ceiling on Sioop therefore rises at finer resolu-
tions: the present 2562 grid is a comparatively cheap case in which to demonstrate the gain, and the
relative advantage of the latent rollout would be larger on a grid where CFD is more expensive.

Phase Component Time (s) % of total
initial data-gathering — 21.16 1.80
Train AE 422.00 35.81
NODE 260.00 22.06
CFD + rollout 1.17 0.10
Hybrid section 1 CFD + rollout 1.19 0.10
CFD + rollout 1.17 0.10
Gather snapshots 9.58 0.81
Retrain 1 AE 66.00 5.60
NODE 132.00 11.20
CFD + rollout 1.18 0.10
Hybrid section 2 CFD + rollout 1.40 0.12
CFD + rollout 1.21 0.10
Gather snapshots 9.22 0.78
Retrain 2 AE 66.00 5.60
NODE 174.00 14.76
CFD + rollout 1.16 0.10
Hybrid section 3 CFD + rollout 1.17 0.10
CFD + rollout 1.16 0.10
Retrain 3 Gather snapshots 7.79 0.66
Total 1,178.56 100.00

Table 4.5: Wall-clock breakdown of the hybrid simulation pipeline (base run).

To assess the actual speedup of the complete acceleration workflow, as described in Section 3.7, the
wall times of the training procedures of the ML components in P need to be accounted for. Table 4.5
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shows the wall time for the full pipeline, including network training. The initial training dominates: the
autoencoder takes 422 s (35.81%), and the neural ODE 260 s (22.06%), so building the networks ac-
counts for almost two-thirds of the total time before a single rollout. The three retraining cycles add a
further ~460 s, while the actual CFD-plus-rollout work contributes less than 1% of the total of 1176.56 s.

Taking training into account, the effective speedup of the full workflow is

T, 86.63
Seff = Twhéltlot +Th,training = 58.56 + 1120 ~ 0.073, (47)

wall

This means that for a single hybrid run, the complete workflow is roughly an order of magnitude slower
than simply running the reference over the selected window 0 — ¢%,. One of the reasons to put the
training times of the autoencoder and the neural ODE in perspective: if training of these models were to
happen in parallel, ¢}, Would be pushed back by 1018 CTU, which would put ¢} .« = 1038 CTU. It
would be only at this simulation time that the effective cost of S could be reduced by performing rollout

predictions.

This means that, for a single hybrid run, the complete workflow is roughly an order of magnitude slower
than simply running the reference over the selected window 0 — ¢t ,. The reason is purely the fixed
training cost, over this window the hybrid loop saves 86.63 — 58.85 = 27.78 s, so a single run would
need to integrate for roughly 7)1 """ /(saving per CTU) ~ 5000 CTU before the training cost can be
repaid, against the 100 CTU that were actually integrated. This cost can be recovered only if a trained

‘P is reused across ~50 comparable runs.

If, as proposed in Section 3.7, training happens parallel to the running simulation S, the handoff time
L andoft WOUId be pushed back significantly. Since the training of the autoencoder and the neural ODE
together takes 882 s, which is equivalent to ~1018 CTU of reference integrations. The base window of
100 CTU is far too short to hide the training behind CFD: the reference run would have finished long
before the networks would have finished training.

4.2.3. Force Coefficients

2 T T T T

Force coefficient

[ Trainregion ~[—7 Hybrid region
C, (reference) —-—-—-—- € (reference)
C, (hybrid)

C'p, (hybrid)
Rollout

_3 1 1 1 1
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t

Figure 4.2: Drag and lift coefficients over time for the reference (dash—dot) and hybrid (solid) simulations, with NODE rollout
predictions overlaid (black). Green bands mark pure-CFD intervals (initial data-gathering and retraining); blue bands mark the
hybrid windows in which latent rollouts are attempted. Retraining is triggered at ¢* =~ 30.2, t*, t* ~ 73.76 and t* ~ 92.07

Reading Figure 4.2 chronologically, following the time axis as in the serial-integrated workflow diagram
Figure 3.19, the 4 stages of the acceleration workflow are also evident in Figure 4.2. In the initial
data-gathering phase, the hybrid and reference simulations start from the same initial state at ¢t* = 0.
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From there, both simulations are advanced in time using WaterLily, and instantaneous flow snapshots
are saved to disk as training data for P. Having reached ¢; ., the components of P can be trained;
exact loss dynamics of the ML components are reported in Section 4.2.6 and 4.2.7. After the training
procedures, the hybrid loop (algorithm 3) is engaged at ¢, .. = 20 and the first rollouts are attempted.

The black lines in Figure 4.2 trace the pressure force coefficients on the cylinder wall that P has rolled
out and injected back into the simulation. The rollouts track the reference C closely at first, but a
small phase and amplitude error accumulates as each latent trajectory is integrated further from its
initial point; this is the drift that the KNN monitor is designed to catch, and each rollout is cut off just
before drifting outside of the known latent distribution range. An example of this drift is visible at the
end of the second hybrid window (around t* = 74), the hybrid C}, trace has accumulated a visible
phase offset relative to the reference, the two signals are no longer in step, and there is a significant
amplitude mismatch. Because of the long rollout and the chaotic nature of the wake, a certain amount
of divergence is expected and is in itself not an error; however, it places S on a different point of the
shedding cycle than the reference, so the two simulations are no longer pointwise comparable and only
their statistical observables remain meaningful.

To demonstrate that the hybrid simulation accurately reflects the characteristic shedding frequency,
the shedding period 7™ is measured for each cycle. The period is read directly off the C}, trace of
Figure 4.2 as the time between successive maxima, and Figure 4.3 shows the resulting distributions
over the complete simulation window. The mean shedding period for the reference and the hybrid
simulations is very closely aligned.

5.5 / referen(;e:‘T” =424+ 0.39 |4
[ nybrid: T = 43+ 029

45 g —
* T* St g
e St
o Reference 4.237 0.236 0.0045
‘ Hybrid 4.301 0.233 0.0032
35k § Table 4.6: Mean shedding period T* and Strouhal
number St = 1/T* for the reference and hybrid
simulations, measured peak-to-peak from the Cp,
30k ] trace. og; is the standard error on the mean.

reference hybrid

Figure 4.3: Distribution of the shedding period 7* across the full
simulation window for S and S, read from successive C';, maxima.
Diamonds mark the means; the two distributions overlap within the
cycle-to-cycle variance.

The mean periods are Tyt = 4.24 and Thyb = 4.30, giving Strer = 0.236 and Stny, = 0.233, a difference
of about 1.5% that sits well within the cycle-to-cycle spread of either run. The corresponding Strouhal
numbers are shown in Figure 4.6. The difference between the reference and hybrid, ASt = 0.0035, is

smaller than the combined standard error on the two means, /0%, o + 03, 1, ~ 0.0055, showing how
there is no meaningful difference between the shedding frequencies of the two simulations.

The violin plots also show that the hybrid has a smaller variance in the shedding period than the refer-
ence. This same behaviour is visible in the second hybrid region of Figure 4.2, where each rolled-out
shedding cycle closely matches the others in both amplitude and period, indicating that P has learned
a sort of mean shedding behaviour. The hybrid therefore sheds at the same Strouhal number as the
reference, which is consistent with the leading latent components of f,, oscillating at the shedding fre-
quency (Section 4.2.7); P has learned the dominant shedding rhythm correctly rather than a shifted
one.
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But, as mentioned before, around ¢t* ~ 74 the hybrid C, trace has accumulated a visible phase offset
relative to the reference. Figure 4.3 shows that the shedding period of S is very closely aligned to the
reference, but it doesn’t display where this offset kicks in and what causes it. To view where S begins to
drift, of course, the instantaneous phase of each lift signal is tracked over time using an instantaneous
Hilbert transform. The Hilbert transform turns the real, oscillating C, into a complex signal whose angle
is a continuously growing phase ¢(t); the difference Ay = pnyp — @rer, €Xpressed in cycles, can then
be assessed to view how much, and where the simulations begin to drift away from each other.

[ train region
[ hybrid region
77777 reference
hybrid
rollout

0.1

0.0

—-0.1

—0.2

Ay (cycles)

—0.3

—0.4 hybrid — reference
****** in phase

—0.5 1 I I I
0 20 40 60 80 100

Figure 4.4: Running phase difference Ay = ¢ny, — prer Of the two lift traces, in cycles. Phase-locked through both hybrid
windows, drifting to about —0.4 cycle after the final rollout of the second window.

Figure 4.4 shows that the two simulations stay decently in phase, within roughly 0.1 of a cycle, through-
out the first and second rollout regions. Towards the end of the second hybrid region, however, the
dissipative behaviour of P erodes the amplitude of the rolled-out cycles (rollouts 4—-6) and S no longer
tracks the reference, so Ay starts to drift away from zero. During the second retrain, the phase differ-
ence remains roughly constant, but once the last hybrid region begins, it is pushed further, reaching
about —0.4 cycles by the end of the run. This renewed drift indicates that the freshly harvested snap-
shots do not yet represent the current state of S well enough; f4 and K remain weakly fit to this regime,
so each rollout nudges the simulation further off course rather than back towards the reference.

The per-rollout behaviour of the hybrid loop is summarised in Table 4.7, listing the number of steps
each latent rollout advanced the simulation before the KNN monitor returned control, along with the
physical time gained and the score at hand-off.

Table 4.7 shows interesting patterns. Firstly, every completed rollout is cut off the moment its KNN
score crosses the threshold (rollout 1 at 0.328 against 0.326, for example), verifying that the adaptive
scheme of algorithm 2 stops each trajectory at the edge of the known latent distribution.

Secondly, the length of each rollout varies over the hybrid regions. This variation in rollout length



4.2. Hybrid Acceleration of the Cylinder Flow 53

NODE model Steps  At* t* KNN score Threshold

# r, end

1 initial 101 1.105 21.687 0.328 0.326
2 initial 217 2.373  25.869 0.329 0.326
3 initial 231 2.526  30.233 0.331 0.326
4 1stretrain 457 4.998 45.247 0.384 0.383
5 1stretrain 1615 17.664 64.740 0.387 0.383
6 1stretrain 642 7.022 T73.757 0.384 0.383
7  2nd retrain 1 0.011 83.789 0.473 0.413
8  2nd retrain 326 3.566 89.284 0.417 0.413
9 2nd retrain 82 0.897 92.075 0.414 0.413

Table 4.7: Per-rollout summary of the KNN-gated NODE inference. Rollouts 1-3 use the initial NODE; rollouts 4-6 use the
retrained NODE (raised KNN threshold). Rollouts 4 and 6 were rejected at the encoder gate after a single step.

reflects how well the current state of S is represented in the encoded training trajectories (produced
by the trained encoder ¢y) on which f4; and the KNN monitor X have been trained and fit. Since both
components draw their logic from the same set of training trajectories 7, f4 can only have learned
the dynamics that those trajectories contain, and K scores any new state by its distance to those same
points. If the current state of S is in a regime that has not been represented by a majority of the states
in 7., it can either serve as a bad initial state for the NODE integration, or it can be in a regime that is
not covered by the latent dynamics f,. Either possibility will trigger a quick flag from the KNN monitor,
resulting in a shorter rollout length.

The rollout length is therefore a direct reflection of the overlap between the active flow regime and the
distribution of latent states in the training trajectories. This is visible in both Figure 4.2 and Table 4.7,
where in the first hybrid region, the neural ODE produces rollouts of mostly similar lengths, showing
that it has learned and fit the dynamics of the initial data-gathering CFD steps to a certain confidence,
but to produce longer rollouts, more data is needed. In rollouts 4 — 6, f4 has been updated to produce
longer rollouts that stay inside the regime that can be represented by 7-,. These longer rollouts also
show a gradual decay in oscillation amplitude over their length, indicating that P has learned a slightly
dissipative version of the shedding cycle.

This dissipative behaviour also has a downstream effect. Each of the rollouts 4—6 inject a slightly lower-
amplitude field into S through the coupling routine of Section 3.7.3; this compounded error accumulates
and pushes the simulation into a state that 7, no longer represents. The subsequent retrain phase
attempts to close this gap by augmenting new CFD snapshots to the existing training data Tff“) asa
minority of the snapshots. This means that the bulk of the multiple-shooting loss remains dominated by
the older, well-represented dynamics, and the converged weights ¢(" 1 fit the new state only weakly.
As a result, both f, and K remain weakly fit to this regime, so the encoded initial state is a poor starting
point for the integration and an immediate KNN trigger. That is why 2 out of 3 rollouts in the last hybrid
section are cut short almost as soon as they begin (Figure 4.2), after which the framework resumes
data collection to update the network weights.

The effect of this dissipative behaviour of P is reflected in Table 4.8, where the mean Cp, gets conserved
compared to the reference simulation, whereas the RMS value of the C}, does appear to show the
effects of the dissipative behaviour at the end of the second rollout.

The mean drag is recovered to within e, &~ 0.17% in both the full domain and the hybrid regions, since
(Cp) depends only on the first moment of the signal and carries no information about the oscillation
amplitude. Where C}™, being peak-weighted, is sensitive to amplitude mismatches and shows a lower
value for the hybrid simulation during both the whole simulation window, as in the hybrid sections. Over
the full computational window, the relative error is 3.48%, but when restricting the averaging window to
the hybrid regions, it rises to 11.36%. The full-domain figure is diluted by the pure-CFD intervals, which
track the reference and contribute their undamped lift-coefficient amplitudes to the global RMS. The
hybrid-region C7™* error is therefore the more faithful measure of error, confirming that the amplitude
decay in rollouts 4—6 translates into a measurable loss of lift fluctuation.
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Table 4.8: Time-mean drag, and RMS lift for the reference and hybrid simulations, with absolute error e and relative error eg.
The full-domain row averages over the whole window 0 — tZ; the hybrid-region row restricts the averaging to the intervals in
which latent rollouts were active.

4.2.4. Mean Flow and Reynolds-Stress Statistics

The force coefficients of Section 4.2.3 certify that the hybrid loop reproduces the integrated loading
on the body, but they collapse the entire flow onto two scalar time series and therefore say nothing
about where in the domain the hybrid and reference solutions agree or diverge. Because of the chaotic
nature of the cylinder wake at the current Reynolds number, a small perturbation can easily decorrelate
hybrid and the reference trajectories. To assess the performance of the accelerated simulation, Fig-
ure 4.5 shows the time-averaged velocity components ((u), (v)) of the hybrid simulation (right columns)
compared to the reference (middle column) and their absolute difference (left column).
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Figure 4.5: Mean velocity components: (u) (top), (v) (bottom). Columns: S, S, absolute difference. Lengths scaled by L,
velocities by U.

The time-averaged velocity components are computed by sampling instantaneous flow snapshots of S
and S,r at the exact same ¢* using a matching sampling interval. Even if the time-dependent properties
of S are different to those of S, the time-averaged flow fields should produce the same statistics.

Figure 4.5a and Figure 4.5b show that both (u) have converged in time, showing smooth contours and
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gradients around the cylinder walls. The only visual difference is in the wake of the cylinder, where the
hybrid simulation is less smooth than the reference. Figure 4.5d and Figure 4.5e also seem to show
similar behaviour, where the contours of the mean spanwise flow of the reference are a bit less smooth
compared to that of the reference simulation, indicating that the hybrid simulation lacks a small amount
of averaging data.

The absolute-difference fields (Figure 4.5¢ & Figure 4.5f) show that the discrepancy between the two
simulations is negligible over the body and the upstream region and is confined almost entirely to the
wake, z/L 2 1. The error peaks at approximately 0.13 U for (u) and 0.08 U for (v) mostly in the positive
spanwise area just behind the cylinder. This matches what could be seen in Figure 4.2, where the
rollouts produced lift forces with a lesser amplitude in the positive region of the cylinder wall. This is
exactly the region where the most difference between the mean flow components exists.

Reynolds Stress Components

Having computed the time-averaged velocity components, the time-averaged fluctuations of the flow
can also be assessed. Using Equation 2.3, fluctuating velocity components are extracted and studied
to assess the effect of the rollouts on the fluctuating field of S. This allows the three independent
components of the Reynolds-stress tensor (RST) to be compared against the reference. Where the
normal stresses (u'u’) and (v'v’) display the energy of the streamwise and transverse fluctuations, and
the shear stress (u/v’) indicates the momentum transport across the wake.
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Figure 4.6: Reynolds-stress components, top to bottom: (u/u’), (v'v’), (u/v’). Columns: hybrid S, reference S¢f, and

absolute difference |$ — Sref}. Lengths scaled by L, velocities by U.
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Just as the RST components reported in the work by Parnaudeau et al. [63], the hybrid and the reference
simulation both produce the expected wake structure: a twin-lobed (u'v’) from the separating shear
layers, a centreline-peaked (v'v’) in the region 1-2 L downstream with the largest magnitude of the
three, and an antisymmetric (u'v’) that vanishes on y/L = 0. The hybrid simulation closely recovers
the normal stresses (u/u') and (v'v"), matching both the peak locations and the lobe topology. The shear
stress shows the biggest difference; the positive lobe is substantially weaker than in the reference, so
the hybrid only partially preserves the antisymmetry over this simulation window.

The rightmost column of Figure 4.6 shows the discrepancies, especially in the wake /L > 1, with peak
errors of around 0.08, 0.2 and 0.08 (~ 11, 16 & 26% of the reference peaks); (u'v’) carries the largest
relative error, as was also visible due to the fact that the positive half of its "butterfly” shape missing
compared to the nicely symmetric contour plot of the reference shear component. Crucially, this error
sits in the same near-body wake region as the mean-flow discrepancy (Figure 4.5¢) and the rollout
4-6 lift decay (Section 4.2.3), which means that forces, mean flow, and Reynolds stresses indicate the
same error for this hybrid case. As these figures have shown, however, the bias of P toward producing
lower-amplitude fluctuations is an error in magnitude rather than a corruption of the dynamics.

Mean flow Reynolds stresses

(u) (v) (Wa') () (W)
eq 0.009 0.005 0.006 0.014 0.004
pg 0.9932 0.9928 0.9789 0.9791 0.9275

Table 4.9: Quantitative comparison between the hybrid and reference fields: mean absolute error (MAE) and spatial Pearson
correlation coefficient, computed over the wake region.

While the contour plots in Figure 4.6 convey the spatial agreement qualitatively, Table 4.9 quantifies
it for both the mean flow and the three RST components over the wake region. The mean flow is
recovered almost exactly, with p, ~ 0.993 for both (u) and (v). The normal stresses follow closely
behind at p, ~ 0.979, confirming that the hybrid field reproduces the wake topology correctly, just as
was seen in the contours. The shear stress is the weakest component, dropping to p,/,» = 0.9275; this
lower value can be explained by the partially missing positive lobe; its small ¢, = 0.004 reflects the low
magnitude of (u'v’) rather than close agreement.

4.2.5. Spectral Fidelity of the Wake

In addition to the time-averaged statistics examined above, a physically faithful hybrid simulation must
also reproduce the distribution of turbulent energy across temporal scales. This is assessed by sam-
pling the transverse velocity v at a fixed wake location (x/L,y/L) = (2,0.5) in both S and S,. To
separate the error introduced by the latent dynamics from that introduced by the autoencoder, a third
signal is added: every snapshot of S;.¢ is passed through the trained autoencoder, G = 1y (¢p(u)), and
the transverse velocity is extracted at the same downstream location. This per-frame reconstruction,
labelled AE, contains the reconstruction error of the decoder 1)y alone, with no contribution from the
learned dynamics fy4, and therefore acts as a control that isolates the decoder’s spectral signature.

The same three signals are shown in the time domain in Figure 4.7, together with the neural ODE rollout.
The AE reconstruction tracks the reference closely but is slightly dissipative, smoothing the sharpest
peaks and troughs of the velocity signal. The hybrid velocity signal, similar to the force coefficients in
Figure 4.2, reproduces the shedding cycle but dampens its high-frequency oscillations relative to the
reference and, in places, relaxes to a mean velocity signal rather than the full fluctuations, most visibly
in the second hybrid region.

These signals are compared in the frequency domain via their one-sided power spectra PS(v), esti-
mated using Welch’s method with five segments of the simulation window. Each segment, therefore,
spans approximately five shedding periods. The resulting spectra are shown in Figure 4.8 against the
non-dimensional frequency fL/U.

In the low-frequency part of the spectrum, all three signals produce the same frequencies. The primary
shedding frequency is clearly present at fL/U =~ 0.2 in every case, as was already visible in the



4.2. Hybrid Acceleration of the Cylinder Flow 57

=

S~

05 | rA/ﬂ

0.0

=
—
=
T ST e
—
S— iy

i
i
i
i
i

—0.5 L

fi ————— reference

b L L

hybrid
Rollout

1.0 [ Trainregion [ Hybrid region
— 1. o ' i T [

0 25

100

Figure 4.7: Transverse wake velocity v at the probe (z/L,y/L) = (2, 0.5) against non-dimensional time ¢*, for the reference,
the per-frame AE reconstruction, the hybrid simulation. Shaded bands mark the training and hybrid windows.

force coefficient plot in Figure 4.2; the higher harmonics of the shedding frequency, associated with
the secondary wake structures displayed in Figure 3.3, are also captured by both the hybrid simulation
and the AE reconstruction. The hybrid, AE and reference curves remain closely aligned through the
middle frequency range, until they separate near fL/U ~ 2-3. No genuine Kolmogorov f~%/3 inertial
subrange is expected in a two-dimensional wake at Re = 2500; in two dimensions the forward (small-
scale) cascade follows the steeper k2 enstrophy scaling rather than k£—5/3 [9], which under Taylor’s
frozen-turbulence hypothesis maps to the f—3 reference slope shown in Figure 4.8.
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Figure 4.8: Power spectrum of the transverse wake velocity PS(v) for the reference S, the hybrid S, and the per-frame
autoencoder reconstruction of S,ef (AE), against the non-dimensional frequency fL/U. The dotted line marks an f~3 slope,
shown only as a visual reference for the 2D mid-band decay rate.

Beyond the crossover near fL/U ~ 2—4, the three spectra spread out into a clear ordering: the refer-
ence falls steeply to O(10719), the AE reconstruction plateaus roughly two to three decades above it,
and the hybrid plateaus a further decade above the AE. This ordering shows how the errors are stacked
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in P, with the AE spectrum being the lower bound for error for the hybrid simulation, as all snapshots
produced by P must pass through it. It lies above the reference spectrum because the reconstruction
error of ¢y adds a high-wavenumber texture from the bilinear-upsampling decoder, which only gets
visible when the true spectrum PS(v) has fallen below it.

When looking at the spectrum of the hybrid simulation, it sits elevated above the AE spectrum, indicating
that the higher-frequency energy cannot be a decoder effect, since both fields are reconstructed using
the same 1y; instead, it is a property of the neural ODE rollouts and their coupling to WaterLily. Two
mechanisms contribute to this added error: first, the AE reconstructs instantaneous latents encoded
from true reference fields, whereas the hybrid decodes latent vectors integrated by f,, which exhibit
a degree of drift relative to the ground truth. Because the decoder maps a 16-dimensional latent onto
a 256 x 256 field, it can be locally sensitive, so that a small drift 6z in the latent state is amplified into
a comparatively large perturbation in physical space. Secondly, the hybrid signal is a concatenation
of latent-rollout and WaterLily segments spliced at every OOD fallback, so each re-injected field and
the solver’s relaxation of it can introduce a discontinuity in v, visible as a kink in the hybrid trace in
Figure 4.7. Each such discontinuity adds energy at high frequencies, lifting the tail above the reference
and the AE signal and flattening its decay during the fL/U ~ 5-10 frequency band; the tail still falls off
at high fL/U and follows the same slope as the reference.

Despite the elevated tail of the hybrid spectrum, the added high-frequency energy remains low in ab-
solute terms. Since it lies more than 2 decades below the shedding frequency, it would contribute neg-
ligibly to the integrated signal energy. The dominant scales, namely the primary shedding frequency
and its harmonics, are reproduced accurately by both the AE reconstruction and the hybrid simulation.
The spectral discrepancy is therefore confined to a low-energy, high-frequency band where the true
spectrum has already decayed, and does not compromise the physical fidelity of the resolved flow.
The concentration of error in the high-frequency, low-energy range, where the true signal is weakest,
is a recurring difficulty for learned models advanced autoregressively over long horizons [45].

4.2.6. Autoencoder performance

The autoencoder is the entry and exit point of every 7. because every initial state is first compressed
by ¢y, and every field returned to S is reconstructed by . Its round-trip error (3.11) therefore sets
a lower bound on the maximal accuracy P can attain, independent of how well the latent dynamics
can be predicted. Understanding how the autoencoder performs is therefore crucial for interpreting
the baseline results of Section 4.2.3, since any error already present in the reconstruction cannot be
attributed to fy.

Training dynamics
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Figure 4.9: Initial training history of the baseline autoencoder. Left axis (£, logarithmic): the total loss on the train, validation
and test splits, together with the divergence (V- u) and vorticity (w) penalty terms evaluated on the test split. Right axis (p): the
reconstruction correlation coefficients p,, and p, on train and test.
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Figure 4.9 shows the loss history of the initial autoencoder training, using the parameters listed in
Table 4.2, on the initial data-gathering trajectory sampled up to ¢;;, = 17.5. The reconstruction loss on
the train and validation splits converge to £ ~ 1.5 x 102, while the divergence and vorticity penalties
settle near 10~° and 10~ respectively. The correlation coefficients of both velocity components also
quickly approach unity, indicating that flow structure is learned rapidly. The test loss settles at 3.55 x
10~2, which is about twice the validation loss value; this value is determined on the held-out window
t* € [17.5, 20]. This gap indicates that the initial training window lacked sufficient information about
the spatial dynamics of S, suggesting that more data are required for generalisation across the entire
simulation window, motivating the need to update the autoencoder weights 6.
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Figure 4.10: Combined training history of the baseline autoencoders. Left axis (£, logarithmic): Showing how the cost function
of the autoencoder varies over retraining runs, indicating the correlation of the training set to the current simulation state.

Figure 4.10 extends the loss over the 2 retraining stages, where each stage updates the weights for
an additional 100 epochs using a reduced learning rate (Section 3.7.4). The first learning rate leaves
the losses mostly unchanged, but with additional data, it has learned additional dynamics, reflected
in the ability to perform longer rollouts, as discussed in Section 4.2.3. The second retrain drives the
test loss up by nearly an order of magnitude while train and validation hold steady: the accumulated
dissipative drift (Section 4.2.3) has pushed S into a regime that is under-represented in the training
data, which makes it so that the generalisation outside of the training regime drastically worsens. This
same disparity in training data, and current state of S, is also reflected in the immediately truncated
rollouts 7 and 9 (Table 4.7).

Instantaneous reconstruction performance

The reconstruction of an instantaneous velocity field is displayed in Figure 4.11 for the two velocity
components. These figures show that ¢y performs well in reconstructing the large scale structures of
the flow, aligning with the conclusions from Section 4.2.5.

The instantaneous reconstructions are visibly smoother than the reference, most notably along the thin
shear layers separating from the cylinder. These over-smoothing and the concentration of error in high-
gradient regions are documented failure modes of autoencoders applied to turbulent flows, as they
have shown to reproduce the large-scale coherent structures correctly but act as nonlinear filters that
attenuate the small-scale, high-wavenumber content [48, 27, 34]. These smoother gradients, especially
at the cylinder wall, are the direct explanation of the dissipative bias seen in the integrated forces, since
the structures re-injected into S are systematically weaker than the reference.

This "smoothing” of the reconstructed field is more apparent when computing the vorticity using the
reconstructed velocity components. The instantaneous vorticity in Figure 4.12 shows how the effect of
the more smeared out velocity gradients.

The reference shear layers and shed vortex cores are sharp and compact, whereas the reconstructed
field is diffuse: the cores are spread over a wider area at reduced peak amplitude, and the thin braid of
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Figure 4.11: Instantaneous reconstruction of the velocity field by the baseline autoencoder at t* = 40.46. Top row: streamwise
component u; bottom row: transverse component v. Left column: WaterLily reference; right column: instantaneous
autoencoder reconstruction i = g (pg(u))

vorticity in the immediate wake is largely smeared out. Figure 4.12 also shows the addition of noisy arte-
facts in the near-wall region and close to the vortices, which explains the presence of the added noise
observed in Section 4.2.5. A further band of spurious vorticity is also visible along the reconstructed do-
main boundary in Figure 4.12; this is not physical but a boundary artefact of the convolutional decoder,
where the zero-padding biases the outermost cells and this small velocity deviation is amplified by the
gradient operator used to compute w = 1y ; — 11,2. This deviation generally stays confined to the outer
edge of the domain and has no effect on the wake and near-body forces and metrics reported in this
section

Overall, the autoencoder faithfully reproduces the large-scale structures in the wake and shedding
cycle, with p,,, p,, converging near unity, at the cost of attenuating the small-scale content revealed by
the vorticity field. These characteristics set the pipeline’s accuracy floor; investigating whether it can
be lowered by varying the latent dimension, or the training procedures, is the subject of the parameter
study in Section 4.3.1.

4.2.7. NODE performance

With the autoencoder’s performance over the hybrid simulation characterised and the spatial accu-
racy floor thereby fixed, the learning behaviour of f; can now be traced through the simulation to
understand the neural ODE’s inference behaviour. The latent dynamics are followed from the initial
multiple-shooting fit through to the retraining optimisations that the hybrid loop relies on, tracking how
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Figure 4.12: Instantaneous vorticity w of the same snapshot as Figure 4.11. Left: WaterLily reference; right: autoencoder
reconstruction. The reconstructed shear layers and vortex cores are diffused and exhibit reduced peak amplitudes, illustrating
the autoencoder’s low-pass behaviour.

their fidelity evolves as f, is retrained on the growing set of trajectories.

Figure 4.13a shows the initial multiple-shooting training. Within every segment, the prediction Z tracks
the reference z closely, and the shooting gaps at the segment boundaries have closed to the point
of being barely visible. The fit is visibly converged, but it is also segment-wise: the loss (3.20) only
ever penalises f4 over a single span of n, samples at a time. The training scheme, therefore, biases
f» towards short-horizon accuracy and reveals nothing about how the dynamics compound once the
segment resets are removed.

L0

(a) Converged multiple-shooting fit; markers denote the start and end (b) Single rollout from ¢t* = 0 over the full training span, no segment
of each shooting segment. resets.

Figure 4.13: Latent dynamics of the baseline f; over the initial training span, four representative components shown.
Reference z (solid) against prediction z (dashed). (a) Converged multiple-shooting fit, with segment start/end markers; (b)
unaided single rollout integrated from ¢* = 0 over the same window.

The compounding error over longer rollouts is exposed in Figure 4.13b, where f, is integrated from
t* = 0 over the whole span. The dominant shedding oscillation is recovered correctly: phase and
amplitude of the leading components track the reference through the first several periods, confirming
that f4 has learned the principal latent dynamics rather than merely interpolating between segment
endpoints. Towards the end of the window, however, a clear mismatch is evident, with both a phase
and an amplitude deficit relative to z. The long rollout thus sustains the correct dynamics over a limited
horizon before drifting, which gets controlled by the KNN monitor.

After this first fit has concluded, the hybrid loop is ready to begin rolling out and accelerating the sim-
ulation; once the monitor has raised nmax, flags flags, retraining is triggered, and f; is refitted on the
augmented trajectory set ’7'3“).

The converged multiple-shooting fit of the augmented set, Figure 4.14a, is visibly looser than the initial
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(a) Converged multiple-shooting fit on the augmented trajectory set; (b) Single rollout from ¢* = 0 across both windows after the first
markers denote shooting-segment boundaries. retraining, no segment resets.

Figure 4.14: Latent dynamics of f after the first retraining, four representative components shown over two time windows
(t* € [0,20], top; t* € [30, 40], bottom). Reference z (solid) against prediction Z (dashed). (a) Converged multiple-shooting fit
on the augmented trajectory set, with segment start/end markers; (b) unaided single rollout from ¢t* = 0 over the same windows.

fit in Figure 4.13a: the shooting segments no longer overlap cleanly at their boundaries, and small
discontinuities now appear at the group ends. This follows from the retraining scheme and is similar to
the behaviour shown in Figure 4.10. The newly harvested trajectory is but a minority of the augmented
set (3.21), so the averaged loss (3.20) stays dominated by the originally represented dynamics, and
the shortened retraining schedule leaves not enough room for the shooting gaps to be pushed to zero.

The single rollout of Figure 4.14b, however, tracks the reference markedly better than the looser seg-
ment fit would suggest: integrated from t* = 0, f, holds phase and amplitude on the dominant com-
ponents across both windows, with the mismatch only emerging towards the end of the span. Thus,
the looser segment fit does not automatically translate into worse rollouts; the retrained f, has still
absorbed the dominant latent dynamics of the extended horizon, which determine the rollout and the
achievable acceleration.

After the second retraining, the trajectory set spans three disjoint chunks, shown in the bottom panels
of Figure 4.15. The first two chunks remain well-fitted in both segments and the rollout, but the third is
remarkably worse: its shooting segments leave visible gaps, and the rollout decorrelates early. Similar
to the second retraining of the autoencoder, this is caused by the under-representation of the current
flow state in the set, the chunk was harvested from the dissipative regime that rollouts 4—6 drove S into,
and enters (3.21) as a minority, so the averaged loss (3.20) stays dominated by the older dynamics
and f, fits it only weakly, the same effect behind the immediate KNN trigger of rollout 7.

The behaviour of f, across the hybrid simulation shows that the temporal error can have two origins.
The first is, as mentioned in Section 3.6.1: even a well-converged fit sustains the latent dynamics only
over a limited horizon before the rollout drifts from the reference, partly through the autoregressive
nature of the neural ODE, and partly through the chaotic divergence of the wake itself, which is why
the rollout must be gated rather than trusted indefinitely. The second matches the conclusions from
Section 4.2.6: the fidelity of each retrained f, is set by how well the active flow regime is represented
in T, so the well-covered early trajectories are reproduced accurately while the under-represented
later trajectories are fitted only weakly. The retraining procedure effectively transfers the dominant
dynamics when the new data follow the existing distribution, but degrades when they do not. The
influence of a relevant governing hyperparameter, the group size n, on the rollout fidelity is examined
next in Section 4.3.2.

4.3. Effect of Pipeline Parameters

Having discussed the functioning of the hybrid simulation and its physical effects in detail in Sec-
tion 4.2, this section aims to highlight the influence of specific parameters of each component of P
(vo, Yo, fe, K). Certain parameters are isolated to quantify their effects, with two aims: to justify the
baseline values of Table 4.4 rather than presenting them arbitrarily, and to expose the trade-offs that
lie within the developed framework. The study proceeds component by component, following the or-
der of chapter 3. For the autoencoder, the latent dimension N, and the initial number of autoencoder



4.3. Effect of Pipeline Parameters 63

(a) Converged multiple-shooting fit on the twice-augmented trajectory (b) Single rollout from ¢t* = 0 across all windows after the second
set; markers denote shooting-segment boundaries. retraining, no segment resets.

Figure 4.15: Latent dynamics of f, after the second retraining, four representative components shown over three time
windows (t* € [0, 20], top; t* € [30.24, 40.24], middle; t* € [73.77,83.77], bottom). Reference z (solid) against prediction z
(dashed). (a) Converged multiple-shooting fit on the augmented trajectory set, with segment start/end markers; (b) unaided

single rollout from ¢* = 0 over the same windows.

training epochs are varied to examine their influence on the hybrid simulation across its respective time
window. For the Neural ODE, the influence of the multiple-shooting group size n is displayed, since
it directly governs rollout stability and f4 learning capabilities. For the integration monitor, the effect of
the relative threshold quantile ¢ is shown, as it directly influences the rollout length.

The parameters presented in this section are those that have the greatest influence on the main goal of
the developed framework, namely, accelerating chaotic simulations. Because the developed framework
comprises numerous parameters that can influence the acceleration and fidelity of the hybrid runs,
not all are shown in this section. For an overview of all simulations that were run, and their relevant
performance metrics, see Appendix B.

Each parameter is varied individually, following a one-factor-at-a-time (OFAT) analysis about the base-
line of Table 4.4; this means that the interactions between the parameters are not explored. A compre-
hensive study of the interactions between these parameters would require a large number of pipeline
training runs, which would grow exponentially with the parameter count and exceed this work’s compu-
tational budget. The parameter variations below, therefore, report the effect of each parameter, with the
baseline serving as a solid comparison point. The following subsections will present and compare var-
ious hybrid simulations based on the comparison metrics presented in Section 4.1.1, the exact values

that were used to construct these metrics (such as T\ ° and T." ™""9) are presented in Appendix B.

4.3.1. Autoencoder

The autoencoder uses ¢y to compress instantaneous velocity snapshots u down to the compressed rep-
resentation z. Although it is not a time-dependent operation, it does have a significant influence on the
dynamics of T ., since it controls how the full-scale physics are represented on the lower-dimensional
latent space. This means that ¢y dictates the dynamics that f, has to learn, which get rolled out by
the ODE solver past the training horizon as the rolled out trajectory 7.. Subsequently, these rolled-
out dynamics are reconstructed in physical space by 14, which in turn influences the downstream flow
behaviour, which is fed back into P at later retrain or hybrid stages.

To assess the influence of the autoencoder, three parameters are varied: the latent dimension NV, the
number of initial training epochs, and the physics-informed loss weighting.

Latent dimension
The latent dimension N, determines the width of the bottleneck and governs how much of the flow
physics is preserved by the compression operation. Nair et al. [56] has shown that for autoencoder—
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neural ODE surrogates of advection-dominated flows, the recovered latent time-scales are governed
primarily by the training-trajectory length rather than by N, so that the bottleneck width has little bearing
on how long the latent rollout remains temporally faithful. That work, however, evaluates accuracy in
the latent prediction alone; it does not assess the fidelity of the full-scale field reconstructed from that
latent state. The variation in latent dimensions here, therefore, serves to expose how N, trades the
achievable acceleration against the fidelity of the reconstructed latent and full-scale dynamics.

In the present hybrid setting, IV, instead trades inference speed against the fidelity of the reconstructed
flow statistics, as the sweep over N, € {8,16,32} (with V, = 16 the baseline) in Figure 4.16 shows.

Inference-loop speedup Effective speedup (incl. training)
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Figure 4.16: Effect of the autoencoder latent dimension on hybrid solver acceleration. Left: inference-loop speedup Sigop;
Right: effective speedup S.¢, including training costs.

The smallest bottleneck proves to be the best of the three models in terms of acceleration performance:
with N, = 8, the hybrid loop achieves Si,qp = 1.78, compared with 1.48 and 1.43 for N, = 16 and 32.
The acceleration performance is largely attributable to the longer average rollout length of the smallest
bottleneck, with an average of 964 CFD steps per accepted prediction, compared to 408 and 421 for
N, = 16 and 32, respectively. That N, = 16 still attains a marginally higher Si,op than IV, = 32 despite
a slightly shorter mean rollout reflects the lower per-step cost of advancing and decoding the narrower
latent state. The lower-dimensional latent space presents simpler dynamics for the compact MLP f; to
learn, so the rollout 7", stays in distribution for longer before the KNN monitor flags it. This extended
in-distribution horizon, and thus not any change in the intrinsic latent time-scale, is the dominant source
of the higher Sioop at small N, ; the latent dynamics are not slower, only easier to learn for both f, and
the KNN monitor, which is consistent with Nair et al. [56]. However, because of the lower amount of
values that are able to contain information about the chaotic flow, it is not able to produce the same
result when assessed over mean flow and RST accuracy, as displayed in Figure 4.17.

As expected, a smaller latent space means that fewer of the flow’s characteristics survive the encoder
e to be reconstructed by the decoder 4. Figure 4.17 shows that this loss is carried almost entirely
by the second-order statistics. As the bottleneck widens, both panels improve with N, the field error &
falls, and the spatial correlation p rises for every Reynolds-stress component. The degradation is most
severe for the transverse normal stress (v'v’) of the RST, whose error nearly triples relative to N, = 32
(e = 0.027 against 0.010). The correlation coefficients show that the shear stress (u/v') is the least well
recovered, especially for the smallest bottleneck.

This comparison shows the trade-off the bottleneck imposes between speedup and the physical fidelity
of the reconstructed turbulence statistics. At NV, = 8, the simpler latent dynamics produce by far the
longest rollouts and the largest Sjqop, but at the expense of the RST fields; the N, = 32 shows that more
complex latent dynamics allow for better reconstructions, but at the expense of a lesser acceleration
performance. This means that the appropriate bottleneck size is thus dictated by whether statistical
fidelity or acceleration behaviour is the priority for a given application.
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Figure 4.17: Effect of the autoencoder latent dimension N, on the accuracy of the reconstructed Reynolds-stress field. Left:
mean absolute error ¢ of the three independent Reynolds-stress components. Right: spatial correlation coefficient p of the
same components. Both metrics improve monotonically with N, showing how the shear stress (u’v’) is the least
well-recovered component at every bottleneck width.

Training Epochs

The number of training epochs is varied around the baseline of 500, since the autoencoders’ initial
training consumes most of the wall time, as Table 4.5 shows, but it also controls how strictly the instan-
taneous dynamics are learned, and therefore how the fluctuating field is represented in the latent space.
The epoch count E is swept over E € {250, 500, 750}, with E = 500 the baseline; the retraining epochs
are held fixed at 100 throughout, so the sweep is meant to show the effect of the initial compression
quality.

Inference-loop speedup Effective speedup (incl. training)
2 | | | | | |
1.74 0.1 0.093 .
0.075 |- 0.073 .
g & 0.054
) “© o 0.05 |- .
0.025 |- s
0 T I !
250 500 750 250 500 750
Epochs Epochs

Figure 4.18: Effect of initial training epochs of the autoencoder on hybrid solver acceleration. Left: inference-loop speedup
Sioops Right: effective speedup Ses, including training costs.

Figure 4.18 shows how the effect on the acceleration performance mirrors that of the latent dimensions.
The least-converged model performs best: at E = 250, the hybrid loop reaches Sioop = 1.74, against
1.48 at the baseline and 1.44 at £ = 750. Just as with the narrower bottleneck, the improvement is
carried by the average rollout length: 623 CFD steps per accepted prediction at £ = 250, compared to
408 and 391 at £ = 500 and 750. An under-trained encoder has not yet learned the fine fluctuations,
so it produces a smoother, lower-complexity latent representation; in turn, the dynamics that f, must
reproduce are correspondingly simpler, leading to 7. remaining in distribution for longer before the KNN
monitor flags it as OOD. Reducing the training budget, therefore, affects the rollout length through the
same mechanism as shrinking N,: it lowers the effective information that can be stored in the flow’s
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latent representation.
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Figure 4.19: Effect of the initial autoencoder training epochs on the accuracy of the reconstructed Reynolds-stress field. Left:
mean absolute error ¢ of the three independent Reynolds-stress components. Right: spatial correlation coefficient p of the
same components. Increasing epoch count lowers e, most strongly for (v'v’), while p stays near unity

Figure 4.19 shows how the increase in epochs lowers the error in magnitude of the mean fluctuations,
especially the transverse (v'v’) component. The spatial correlation p is already high at £ = 250 and
barely changes. The encoder, therefore, captures the spatial pattern of the Reynolds stresses almost
immediately, and the additional epochs mainly calibrate the fluctuation amplitude rather than relocate it.
This behaviour can be highlighted when plotting the trajectory of the latent representation of the training
window:
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Figure 4.20: Four representative latent coordinates of the latent trajectory 7. for autoencoders trained E = 250 (red), 500
(blue) and 750 (black) epochs. The lower-epoch T, has a higher amplitude than the higher-epoch trajectories, which appear to
converge as E increases.

Figure 4.20 confirms this conclusion. It shows how all three initial encoded trajectories trace the same
dominant shedding oscillation, so the spatial pattern is shared, but the lower-epoch 7, oscillates at
a higher amplitude that seems to converge as the number of epochs increases. The extra epochs
thus mainly rescale the latent signal rather than reshape it; the rescaled amplitude is then translated
to physical space by vy, explaining the drop in ¢ at near-constant p. The higher-amplitude, smoother
E = 250 trajectory also provides the simpler dynamical target for f, which is why it sustains the longest
average rollout.

4.3.2. Neural ODE

The neural ODE f, integrates the latent state of the simulation over time during the latent rollout, so how
long its prediction remains faithful to the reference sets directly determines how long the KNN monitor
keeps the loop in distribution, and, with it, the achievable speedup. Two important hyperparameters of
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the multiple-shooting scheme Section 3.5.2 govern this fidelity and are varied here: the group size n;
and the continuity weight ..

Group size

The group size determines the length of the independent integrations that the trajectory is partitioned
into: a small n, keeps the optimisation stable but multiplies the shooting boundaries and leaves little
continuous latent horizon to be learnt, biasing the latent dynamics towards shorter rollouts. A lower n
also allows finer latent dynamical features to be learned by f4. A larger n, will thus pass a smoother
version of the latent dynamics to be learnt, with lower fidelity, but gives f, more time horizon to rollout
over, which could improve the rollout length.

(b)

Figure 4.21: Converged multiple-shooting fits for all training and retraining loops. (a) ns = 10 and (b) ns = 20; reference z
(solid) against prediction z (dashed), four representative latent components over the training windows. The smaller group
tracks the finer oscillation detail within each segment; the larger group recovers a smoother, lower-fidelity trajectory. Baseline fit
is shown in Figure 4.15

Figure 4.21 shows the converged fits for n, = 10 and n, = 20. The small group reproduces the finer
features of the latent oscillation more tightly within each segment, where the large group fits a smoother
trajectory that loses some of the higher-frequency fidelity of the latent trajectory. The tighter fit of the
small group lets f4 produce in-distribution rollouts for longer at inference: the smallest group n, = 10
sustains the longest unaided rollouts, 948 steps per prediction, against 686 for n, = 20 and 408 for the
baseline n, = 15, and correspondingly requires a single parameter update, only switches back to CFD
stabilisation 6 times, against 7 and 9. This carries directly into the acceleration of Figure 4.22: n, = 10
attains Sioop = 1.65 and S.g = 0.093, the highest of the three. The dependence on n; proves to be not
strictly monotonic, since the baseline rollouts are on average shorter than those of n, = 20, despite
its intermediate group size. The actual optimum for the group size is rather hard to determine with a
single run per configuration on a chaotically diverging wake, because of run-to-run variability in when
the out-of-distribution monitor first triggers relative to the shedding phase. The advantage of the small
group is nonetheless large and consistent across both speedup measures.

The longer rollouts come at a cost in accuracy, but the full-domain mean-flow and Reynolds-stress
statistics are not the relevant measure of that cost here. These fields are accumulated over the entire
simulation window, the bulk of which is advanced by the exact solver, so a configuration that produces
shorter rollouts spends a larger fraction of its steps in pure CFD and has its field statistics inflated
accordingly, independently of how well f, reconstructed the flow during the latent rollouts. Comparing
the reconstructed RST and mean-flow fields across group sizes, therefore, rewards the configuration
that relied on the surrogate least, rather than the one that reconstructed the flow most faithfully, and
this latter configuration is set aside here. The important takeaway from the group size is that a smaller
group is generally the more beneficial choice for the framework: by partitioning the trajectory into shorter
segments, the optimiser resolves the finer features of the training dynamics within each segment and
passes a more faithful representation of those dynamics to fy4, as seen in the tighter fit of Figure 4.21a.
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Figure 4.22: Effect of multiple shooting group size on hybrid solver acceleration. Left: inference-loop speedup Siop; Right:
effective speedup S.¢, including training costs.

This better-captured surrogate is what sustains the longest unaided rollouts and the highest speedup
of the three configurations, so for the acceleration objective that motivates the framework, the smaller
group is preferable, provided its reduced accuracy in the hybrid regions remains acceptable for the
application at hand.

4.3.3. Integration monitor

The integration monitor is the only pipeline component that influences the acceleration without itself
being a learned feature: it decides at every prediction attempt how far a rollout is allowed to advance
before WaterLily stabilises the simulation (Section 3.6.2). Rollout length is one of the most dominant
influences on Si,0p, and the monitor precisely terminates a rollout when its score crosses 7 (Table 4.7).
The threshold quantile ¢ directly determines how strict the threshold is, thereby controlling the maximal
rollout length. To investigate its influence, the quantile is varied over ¢ € {0.9, 0.95, 0.99}. Tightening
the gate (lower ¢, and in turn 7) flags the rollout earlier and shortens the average steps-per-prediction;
this trades away Sioop, for a stricter guarantee that the decoded state has not drifted far from the training
distribution 7,. A less direct effect is that the threshold governs how quickly OOD flags accumulate
towards nmay, flags, SO the monitor also shifts the retraining intervals, thereby affecting the maximal
achievable speedup, Se.

Threshold variation

As desired in the rollout, tightening the KNN quantile results in stricter gating and shorter rollouts. The
average rollout length drops from 408 steps at the base setting (¢ = 0.999) to 307 at ¢ = 0.95 and
178 at ¢ = 0.9, which is exactly what a lower 7 should do: a tighter threshold notices the latent state
drifting away from 7", sooner, so the conventional solver takes back control after less neural ODE steps.
Figure 4.23 shows how both speedup metrics follow the same increasing path as the rollout length does
for a higher quantile setting.

An important point about the stricter rollout gating is that the monitor at ¢ = 0.9 triggers one more
retraining cycle than the monitors at ¢ = 0.95 and ¢ = 0.999, which trigger the same number of retraining
cycles. Since training the ML components dominates the wall-time budget, this single extra cycle is
what drags Se down to 0.047, compared with 0.055 at ¢ = 0.95 and 0.073 at ¢ = 0.999. The smaller gap
between the latter two is driven instead by the shorter rollouts at ¢ = 0.95, which force the conventional
solver to do more of the work. A tight KNN threshold, therefore, erodes the achievable acceleration
through two channels: shorter rollouts that hand more of the workload back to the slower conventional
solver, and more frequent flagging that triggers additional retraining.
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Figure 4.23: Effect of KNN threshold quantile ¢ on hybrid solver acceleration. Left: inference-loop speedup Si,,p; middle:
effective speedup S.g, including training costs; right: average rollout length 72, in CFD steps per accepted prediction.

4.4. Generalisation

The results presented so far were obtained at a single operating point, namely the cylinder wake at
Re = 2500 on a 256 x 256 grid, a regime deliberately chosen to test the limits of the autoencoder
and neural ODE under a manageable computational cost. This section steps away from that point to
inspect how the achieved acceleration and physical fidelity respond to the two parameters that define
the problem, the flow regime and the grid resolution. The Reynolds number is first reduced to a lower
shedding regime to assess the pipeline’s behaviour, where the dynamics are simpler and more periodic.
Following this, the grid is refined and the Reynolds number is doubled to Re = 5000 to stress test how
the achieved acceleration scales with problem size and how the framework handles more complex flow
dynamics.

Unless stated otherwise, all parameters are kept identical to those of the base case reported in Sec-
tion 4.1; the autoencoder architecture, latent dimension N, = 16, the multiple-shooting settings (n, =
15, A = 200), and the KNN monitor calibration are left unchanged, so that any difference in the results
below is just an effect of the change in flow regime or grid resolution alone.

4.4.1. Re 250

At Re = 250, the cylinder wake sheds as a clean periodic cycle with a single shedding frequency and
less abrupt gradients between flow structures. Figure 4.24 displays the vorticity field of the new flow
regime in 5 consecutive snapshots.
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Figure 4.24: Vorticity field wL/uU of five consecutive snapshots at Re = 250. Indicating positive (red) and negative (blue)
vorticity. Showing the clean periodic shedding

This new flow regime will prove to be no challenge to P, which is able to capture this regime with
high fidelity: the latent dynamics f4 are able to track the encoded trajectory 7. closely throughout the
training window. Figure 4.25 shows the cleanly periodic latent trajectories, the multiple shooting fits
and a single training span rollout of the latent dynamics.
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(a) Converged multiple-shooting fit on the augmented trajectory set; (b) Single rollout from ¢* = 0 across both windows after the first
markers denote shooting-segment boundaries. retraining, no segment resets.

Figure 4.25: Latent dynamics of f, at Re = 250, four representative components shown over all time windows. Reference z
(solid) against prediction z (dashed). (a) Converged multiple-shooting fit on the augmented trajectory set, with segment
start/end markers; (b) unaided single rollout from ¢* = 0 over the same windows.

This high-quality fit, however, is double-edged. Because of the periodic nature of the wake, the latent
vectors form a low-variance distribution in the N,-dimensional space, so the distances between latent
vectors follow this distribution tightly. The neighbour distances on which the KNN monitor K is calibrated
are therefore small, and the resulting threshold  becomes overly tight, allowing almost no drift of the
neural ODE. This behaviour is confirmed in Figure 4.26 together with Figure 4.10.

# NODE model Steps At* teng SCOTE T
1 initial 505 5.516 27.176 0.0753 0.0720
E 2 initial 647 8.889 36.065 0.0722 0.0720
£ 3 initial 550 7.825 43.890 0.0749 0.0720
4 1stretrain 667 17.319 61.209 0.0657 0.0654
£ 5 1stretrain 558 7.909 69.118 0.0682 0.0654
6 1stretrain 505 7.327 76.445 0.0657 0.0654
7 2nd retrain 716 17.847 94.292 0.0741 0.0736
w 8 2ndretrain 358 5.724 100.017 - 0.0736

-
Figure 4.26: Force coefficients comparison for the Table 4.10: Per-rollout summary of the KNN-gated NODE
Re = 250 hybrid run. Showing that the simpler wake inference at Re = 250. Every accepted rollout terminates
dynamics are quickiy learnt, but longer rollouts are marginally above the active threshold 7; rollout 8 is capped by the
prevented by a strict’KNN threshold. t* = 100 cutoff while still in distribution.

Figure 4.26 does show that 1y is able to reconstruct the gradients close to the cylinder wall rather
well. Since the force coefficients match exactly those of the reference simulation. Showing that for this
reduced Reynolds number, the relevant velocity gradients are less harsh, and can thus be reconstructed
rather well compared to the higher Reynolds number contour plots seen in Figure 4.12.

When analysing the inference-loop speedup over the complete simulation window ¢* € [0, 100] is

Tid,  11441s

wall

Thtot = 62508

wall

Sioop = = 1.83, (4.8)

with the hybrid total splitting into 7.5 ~ 61.50s of stabilising CFD steps and 7,1 = 1.00s for the
eight accepted latent rollouts of Figure 4.10. The rollouts themselves make up only 1.6% of the loop
wall time; the denominator is almost entirely WaterLily CFD steps. Just as in the base simulation, P
proves to be an order of magnitude faster per unit simulated time than the solver it replaces, but the tight

OOD gate forces roughly half of the simulation window to be covered by CFD steps between rollouts,
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diluting the realised Sio0p to 1.83. The acceleration potential of the simpler Re = 250 dynamics is real
but largely unrealised, gated by rollout length rather than by the cost of the latent dynamics f4.

When adding the training cost of the networks, the effective speedup of the complete workflow can be
realised.

Tref 114.41s
et = L phvEnng 62505 § 12665 0 (4.9)

wall

where the training wall time cost 7, ™" = 21.1 min covers the initial autoencoder and NODE training

and the two retrain phases. As in the base case, the workflow is much slower than plain WaterLily
once training is included in the speedup factor, since the training costs still dwarf the short reference
run. The effective speedup is comparable to that of the base case, because the autoencoder dominates
the training budget and takes a similar amount of wall time in both regimes.

4.4.2. Re 5000

As established in Section 4.2.2, the per-CTU advantage of the latent rollout is tied to the base-case
resolution: since the WaterLily solver is memory-bound, its cost per CTU grows with the grid size [98],
whereas a single rollout of P is fixed by the latent dimension N, = 16 and is independent of the grid.
The 2562 baseline used throughout this work is therefore a comparatively inexpensive and dynamically
simple case for demonstrating the gain. To assess the hybrid loop on a simultaneously more expensive
and more demanding regime, the reference case is re-run with an increase in Reynolds number to
Re = 5000 and the grid refined to 5122, keeping the domain and cylinder geometry of Figure 3.1 fixed.
These two changes act on different parts of the framework. The finer grid raises the cost per CTU
of the reference solver while leaving the rollout cost untouched, which should widen the achievable
acceleration margin, whereas the higher Reynolds number drives the wake from the quasi-periodic
shedding of the baseline towards a more complex shedding state with sharper near-body shear layers
and more complex structures in the wake, as displayed in Figure 4.27.
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Figure 4.27: Vorticity field wZ/uU of five consecutive snapshots at Re = 5000. Indicating positive (red) and negative (blue)
vorticity. The refined grid and higher Reynolds number result in more complex wake structures that are more sharply resolved
than those of the 2562 baseline.

Wall time performance

Following the wall-clock breakdown in Section 4.2.2, the Re = 5000 hybrid simulation is broken down
into its segments, whose wall times are presented in Table 4.11. Just as in the base simulation, the
initial autoencoder training consumes a very high fraction of S’s total wall time, just over 50% of the total,
and once the two retraining cycles are added, building and updating the networks accounts for close to
90% of the 3217 s pipeline. The initial data-gathering, the initial data-gathering, and the three snapshot-
gathering runs make up most of what remains, while the latent rollouts themselves contribute well under
1%; the only non-negligible inference-loop cost is the single extended CFD stretch in the second hybrid
section (92.3 s), where the OOD monitor held control with the solver rather than the rollout.

As mentioned, the rollout cost barely changes with the grid. It is fixed by the latent dimension N, = 16
and stays around 48 ms/CTU, the same order as the base run, because it never touches the full field.
The WaterLily time integrations, on the other hand, now cost 4842 ms/CTU, against 866 ms/CTU at
2562. This large cost difference between rollout and CFD is even more noticeable when inspecting the
acceleration metrics, Sioop:
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Phase Component Time (s) % of total
Initial data-gathering — 84.77 2.64
Train AE 1662.00 51.66
NODE 222.00 6.90
CFD + rollout 3.781 0.12
Hybrid section 1 CFD + rollout 4.066 0.13
CFD + rollout 3.986 0.12
Gather snapshots 52.57 1.63
Retrain 1 AE 348.00 10.82
NODE 156.00 4.85
CFD + rollout 0.038 0.00
Hybrid section 2 CFD + rollout 3.959 0.12
CFD + rollout 4.776 0.15
Gather snapshots 50.30 1.56
Retrain 2 AE 390.00 12.12
NODE 192.00 5.97
CFD + rollout 0.148 0.00
Hybrid section 3 CFD + rollout 4.223 0.13
CFD + rollout 5.002 0.16
Retrain 3 Gather snapshots 29.69 0.92
Total 3217.31 100.00

Table 4.11: Wall-clock breakdown of the hybrid simulation pipeline (Re = 5000 run).

e 651.83s
Sioop = T;ﬁot = 31101: = 207, (4.10)
wall :

Showing that the hybrid loop uses the low-cost rollouts to its full effect, where it is able to achieve a 2.07
speedup compared to the reference simulation. To assess the speedup of the hybrid loop compared
to the training cost of the ML components of P, the training wall time is added to the comparison in Seg

with T """ — 3049 s of training.

T 651.83 s
et = Thtot h taning 314,945 4 3042 019, @11

wall

A single finer run is therefore still much slower than simply running S, because the training cost is not
repaid within one simulation window. But it still performs better than the base case, which achieved an
effective speedup of 0.073, indicating that refining the grid begins to close part of the gap between the
full pipeline and running the reference simulation.

At a lower resolution, this demonstrates that the cost of the framework is dominated by one-off training
rather than by the accelerated integration: the inference loop is already cheaper than the reference,
and the more expensive the reference, the larger that margin becomes. Closing the remaining gap to
break-even no longer requires a faster rollout; it requires either reusing the trained P across runs or
overlapping training with the live simulation, together with a less strict integration monitor to convert the
available loop speedup into realised wall-time savings.

Spatial and physical fidelity
The finer simulation is passed to P without any architectural change: the architectures of oy, 1y and f,
of Section 4.2 are reused as-is. The only change to the architecture is the input and output dimensions
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of the autoencoder, so that they can correctly pass the new, finer grid down to the latent space without
dimension mismatches. An advantage of the grid refinement is that the decoder’s fixed cell-width
smoothing now spans half the physical width, compared to the base architecture. This means that
the thin separating shear layers that dominated the base-grid reconstruction error (Figure 4.11) are
resolved by roughly twice as many cells and blurred less in physical space. Because the autoencoder
can now capture finer dynamics to a much greater degree, the cost function converges much faster on
the validation set, as displayed in Figure 4.28
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Figure 4.28: Initial training history of the autoencoder at the Re = 5000, 5122 operating point. Left axis (£, logarithmic): total

loss on the train, validation and test splits, together with the divergence (V- u) and vorticity (w) penalties evaluated on the test

split. Right axis (p): reconstruction correlation coefficients p.,, p, on train and test. The validation and test losses converge to

9.6 x 102 and 8.9 x 102 respectively, the persistent gap between them marking the autoencoder’s failure to generalise to
the more chaotic wake.

Comparing the first autoencoder training to that of the base case in Figure 4.9, the AE is able to achieve
a lower loss on the train and validation set, but the poor performance of the test set proves that the more
chaotic wake, due to the increased Reynolds number, is not captured by the train/validation window
alone. The gap between the converged train/validation loss and the test loss is markedly wider than the
factor of two seen at base resolution, indicating that the held-out window ¢* € [17.5, 20] contains wake
states the autoencoder has not encountered during training. Whereas the base-case wake repeats
structures that the network has already learnt, the Re = 5000 test split presents the autoencoder with
spatial configurations not represented in the earlier shedding cycles, so ¢y and vy generalise poorly
beyond the training horizon despite the lower in-sample loss. The lower train/validation loss is therefore
not evidence of a better fit but of a wake whose aperiodicity the four training cycles cannot span: the
autoencoder reconstructs what it has seen more tightly, yet fails to extrapolate to unseen states, which,
for a wake this chaotic, makes generalisation intrinsically harder.

However, Figure 4.28 shows that the early plateau of the autoencoder training shows that a large part
of the training budget is spent unnecessarily. Unlike the base case, the test loss barely changes over
the performed epochs; it settles at its higher level within the first ~ 100 epochs and does not improve
thereafter, so the remaining epochs only tighten the in-sample fit without recovering any accuracy on
the held-out window. Because the generalisation performance at this Reynolds number is set by the
spatial information contained in the training set rather than by the length of training, the epochs spent
past the plateau buy nothing on the unseen wake states and can be removed at no cost to the test-set re-
construction. Since the initial autoencoder consumes just over half of the workflow budget (Table 4.11),
early-stopping it at the convergence knee, together with the same reduction applied to the two retrain-
ing cycles, translates directly into a higher effective speedup. If the initial autoencoder were trained for
only ~ 100 epochs, and the retraining runs cut to the same fraction, the complete training time would fall
from 3042 s to roughly 1100 s while leaving the reconstruction accuracy unchanged, since that accuracy
was already reached at the plateau. This yields a projected effective speedup of:
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S = Tref o 651.83s -
h.tot  ph. training 314 945 411005

wall wall

0.46, 4.12)

This speedup value shows that trimming the autoencoder training schedule alone moves Se from 0.19
using the initial training scheme to 0.46, an order-of-magnitude gain that moves the integrated workflow
from roughly ten times slower than the reference to within a factor of two of break-even, without touching
the inference loop itself. It demonstrates that the cost of the framework is dominated by one-off training
rather than by the accelerated integration: the inference loop is already cheaper than the reference,
and the finer the grid, the larger that margin becomes. A single from-scratch run does not yet break
even, but closing the remaining gap no longer requires a faster rollout; it requires either better use of
the trained P across runs or overlapping training with the live simulation to convert the available loop
speedup into actual wall-time savings

However, it is important to stress that this trimming does not improve the physical fidelity of the run;
the generalisation gap and the force errors it produces are unchanged. The speedup is recovered by
stopping at the same accuracy sooner, not by reaching a better one.

As the generalisation gap in Figure 4.28 indicates, P will not generalise well outside of the training set,
because the test loss of the AE sets the ceiling of the achievable accuracy of the acceleration framework.
Where this becomes physically visible is the loading on the cylinder: a faithful velocity reconstruction
is the prerequisite for the hybrid loop to reproduce the forces accurately, since the coefficients are
computed from the decoded velocity 1, so the near-body reconstruction error feeds directly into the
pressure projection and the integrated force. At Re = 5000 this reconstruction is no longer faithful, and
the consequence is shown in Figure 4.29, where the hybrid force coefficients are compared against
the reference over the simulation window.
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Figure 4.29: Lift (C1) and drag (Cp) coefficients over t* for the Re = 5000, 5122 hybrid run. Reference (dash-dotted) against
the hybrid loop (solid); the black trace is a single unaided rollout from ¢* = 0 with no OOD resets. Green bands mark the
training region, blue bands the hybrid regions. The mean drag is held across the window, but the lift loses both amplitude and
shedding signature within the hybrid regions.

Figure 4.29 shows that the hybrid loop holds the time-mean drag but fails to reproduce the lift fluctuation:
within the hybrid regions, the C, trace drifts in both amplitude and phase, and the unaided black rollout
diverges from the reference entirely. This failure traces back to the near-body flow this regime produces.
At Re = 5000, the vortices form and shed through a thin, sharply varying near-wall layer, visible in the
closely spaced shear structures of Figure 4.27, and it is precisely these complex high-gradient near-
body fluctuations that the autoencoder struggles to reconstruct. The more complex the near-body
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fluctuations, the larger this error, so the lift, which integrates them directly, is the coefficient that suffers
most.

The instantaneous reconstructions in Figure 4.30 show the same generalisation gap in physical space.
The in-sample snapshot (a) retains the sharp shear-layer structure of the reference, whereas the held-
out snapshot (b) is visibly smoothed: the near-wake vortices lose definition and the thin separating
layers blur out. This is the spatial signature of the loss gap in Figure 4.28: the decoder reproduces
the wake configurations it saw during training but regresses toward a smeared, lower-gradient field on
states from the unseen window. Because the force coefficients are integrated from the decoded velocity,
this near-body smoothing feeds directly into the loading, and it is the high-gradient near-wall layer, which
the lift integrates most directly, that carries the amplitude and phase errors shown in Figure 4.29.

u u u u

; 5 ; . 1.25
5\ 0 @ @ A 1.00 = 0 Q m 3 1.00
- - . . - 3 . _

0.50

0.50 0.50

2 N =
0.25 ‘ . 025
I <
= 9 y 0
0 = -

-2 —0.25 -2 —0.25

—4 —0.50 4 —0.50

(a) In-sample snapshot (b) Held out snapshot

Figure 4.30: Instantaneous velocity reconstruction by the autoencoder at the Re = 5000, 5122 operating point for (a) an
in-sample snapshot (t* = 6.84) and (b) a held-out snapshot (¢* = 19.74). Rows: streamwise u (top), transverse v (bottom);
within each panel, left is the WaterLily reference u, right the reconstruction @ = g (g (u)). The held-out field is visibly
smoothed, indicating poor generalisation beyond the training distribution.

Compared to the instantaneous reconstruction, the time-averaged statistics in Table 4.12b seem to
paint a better picture; the corresponding mean-velocity and Reynolds-stress contour fields, with their
reference and difference maps, are shown in Appendix C in Figure C.2 and Figure C.1. The mean
velocity components and all three Reynolds-stress fields correlate with the reference at p > 0.96, with
mean absolute errors no larger than 0.023, and the time-mean drag is held to within 2.6% over the
full window. The interpretation is that P has learnt the statistically converged structure of the wake,
even where it cannot track the instantaneous field: averaging over many shedding states recovers the
low-order statistics, while the high-gradient near-body fluctuations that set the instantaneous loading
are too complex to be learnt by P. This is why the mean quantities come out well while the forces do
not. The hybrid-region errors of 8.5% in (Cp) and 9.2% in C{" (Table 4.12a) are the cost of that same
near-body error, and they are the honest figures here, since the smaller full-window errors are diluted
by the reference segments. The integrated force metrics at this operating point, therefore, cannot be
interpreted as quantitatively reliable, even though the time-averaged behaviour holds up.
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Quantity Ref.  Hybrid  eamps erel [%] Quantity = (MAE) P
Full window (* € [0, 100]) < xea” flow 0035 0,077
(Cp) —1.56768 —1.52634 0.04134 2.637 () 0'012 0.9761
cyrs 1.30170  1.23656 0.06515  5.005 : :
- : Reynolds stresses
Hybrid regions only <u/u},/> 0.010 0.9325
(Cp) —1.57821 —1.44368 0.13452 8.524 (') 0'015 0'9932
rms . .
C7 1.29928  1.17933 0.11995  9.232 (/o) 0.006 0.9626

(a) Integrated force coefficients: time-mean drag (Cp) and r.m.s. lit C7"°

against the reference, with absolute and relative errors. (b) Time-averaged field statistics over (2: mean absolute

error € and spatial correlation p.

Table 4.12: Hybrid-loop accuracy at Re = 5000. (a) integrated loading; (b) mean-flow and Reynolds-stress fields.

All in all, the performance of P shows a split outcome at this operating point: the autoencoder re-
constructs the wake states it has seen but smooths those drawn from the held-out window, so the
instantaneous loading is unreliable when trying to predict outside of the training window; while the time-
averaged velocity and Reynolds-stress fields remain faithful to the reference. The source of error at
this operating point cannot be blamed on the autoencoder alone, since the loading is only as good
as the decoded velocity field, and that field is in turn only as good as the latent trajectory the Neural
ODE supplies, so the reconstruction ceiling set here does not yet distinguish error baked in by the
autoencoder from drift accumulated during the latent integration.

Latent Dynamics

The latent dynamics inherit the underlying wake’s chaos. Figure 4.31 shows that the reference la-
tent components carry no clean periodicity: unlike Figure 4.25, where each component traces a near-
sinusoidal orbit at the shedding frequency, the Re = 5000 trajectories are irregular in both amplitude
and phase, with no simple frequency to which the components return. The chaos that hampered the
instantaneous velocity reconstruction is therefore already present in the latent state z = vy (u) itself.
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(a) Converged multiple-shooting fit on the augmented trajectory set; (b) Single rollout from ¢* = 0 across both windows after the second
markers denote shooting-segment boundaries. retraining, no segment resets.

Figure 4.31: Latent dynamics of f, of the Re = 5000, 5122 operating point, four representative components shown over all
time windows. Reference z (solid) against prediction z (dashed). (a) Converged multiple-shooting fit on the augmented
trajectory set, with segment start/end markers; (b) unaided single rollout from ¢* = 0 over the same windows.

Against this reference, f, recovers the latent dynamics reasonably well under multiple shooting but
not during free rollout. In Figure 4.31a, the converged multiple-shooting fit tracks the reference closely
within each shooting segment, but this good visual performance is mainly due to the multiple-shooting
training: each segment is re-anchored to the reference latent state at its start (the segment markers).
The single rollout from ¢t* = 0 in Figure 4.31b is the unflattering test, and there the prediction z drifts
away from the reference within a few windows. The single-shot rollouts track the learned frequencies
to some extent but diverge at the end of each trajectory window. These unguarded rollouts show that
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fe has learnt the dynamics of the latent state, but due to the chaotic nature of the rollout, rollout drift
can set in quickly. This is similar to the way the force rollout of Figure 4.29 also drifts to unknown states.
The latent divergence and the force divergence are therefore connected behaviours.

The chaotic nature of the latent dynamics is what loosens the KNN monitor. Because the latent trajec-
tories never settle onto a tight orbit, the training set populates a broad, high-variance region of latent
space, and the KNN gating threshold  derived from it is correspondingly large; it also climbs across
the retraining stages (Table 4.13), from 7 = 0.614 for the initial model to 0.898 and 0.902 after the first
and second retrains, as each augmented training set widens the accepted region further. A large 7 is
a lenient gate: a rollout must drift far before its score crosses the threshold and triggers a reset.

# NODE model Steps At* t;f eng SCOre T

1 initial 717 4470 24470 0.615 0.614
2 initial 1 0.811 25.281 0.855 0.614
3 initial 1035 6.502 31.783 0.615 0.614
4 1stretrain 2 10.021 41.804 0.899 0.898
5 1stretrain 126 1.556 43.360 0.899 0.898
6 1stretrain 1049 6.656 50.017 0.898 0.898
7 2nd retrain 1661 19.094 69.110 0.903 0.902
8 2nd retrain 895 5.802 74.912 0.903 0.902
9 2nd retrain 3329 19.130 94.042 0.904 0.902

Table 4.13: Per-rollout summary of the KNN-gated NODE inference at Re = 5000. Every accepted rollout terminates just
above the active threshold .

The consequence is visible in the Steps and At* columns, where accepted rollouts are allowed to run
for hundreds to thousands of integration steps, the longest covering At* =~ 19 time units in a single
uninterrupted rollout. This long rollout at the end of the simulation window is, however, not entirely
erroneous, as Figure 4.29 shows; it still traces the reference, but it is significantly more diffuse than
the reference, showing how the rollout matches one of the characteristic frequencies of the shedding
regime, indicating that f, has managed to learn this specific flow behaviour. Which is exactly what
Figure 4.29 also indicated with the matching, but diverging, unguarded rollouts

The latent dynamics at the Re = 5000, 5122 operating point expose a contradiction in the KNN gating
strategy. The chaotic latent space sets T from the spread of the training distribution, so the threshold
scales with how disordered that distribution is. This means that a well-performing autoencoder that
produces a clean, near-periodic wake vyields a tight latent cluster, a small 7, and a strict gate that
resets often, thereby capping rollout length and limiting the achievable speedup, as in Section 4.4.1.
The chaotic Re = 5000 wake does the opposite: its complex latent distribution inflates 7, the gate
turns lenient, and rollouts are allowed to run for thousands of steps, exactly the regime in which fy4
accumulates the most drift. The monitor is therefore most permissive where the dynamics are hardest
to predict and most restrictive where they are easiest to predict, which is the wrong way round. This is
not a tuning error but a consequence of deriving the threshold from in-distribution variance: the harder
the flow is to learn, the more freedom the gate hands the part of the pipeline least able to use it.



Discussion

The preceding chapter demonstrates that the proposed hybrid pipeline reproduces the statistical ob-
servables of the Re = 2500 cylinder wake: the time-averaged velocity field, the three independent
Reynolds-stress components, and the integrated force coefficients, all with appropriate physical ac-
curacy relative to the reference simulation. On their own, these results show that latent neural ODE
rollouts can replace part of the conventional time integration without compromising the quantities that
matter most to the flow. They do not, however, say whether the replacement was worth it. This is what
the acceleration metrics Sioop and Se @im to show. This chapter aims to provide context for the ac-
celeration and accuracy results reported in the previous section, to specify the conditions under which
the reported speedup actually holds, and to clarify where it does not. Several of those results look
favourable or unfavourable only because certain choices were kept fixed, such as the grid size and
the hardware on which the pipeline was run. These choices are examined and discussed in turn to
adequately assess the results of this thesis.

5.1. Interpreting the acceleration metrics

The speedup metrics constructed in this work are key indicators of the current framework’s functionality.

The hybrid-loop speedup for the base simulation Sieep = 71, /71" ~ 1.48 measures the cost of hybrid

integration once the networks already exist; the effective speedup Se = 71, /(T 1+ T F@""9) ~ 0,07
charges the workflow for building those networks. The gap between the two is the central pitfall of this
work: for a single run over the integrated window, with two full retraining procedures (Table 4.5; the third
update is data-only), the complete pipeline is roughly an order of magnitude slower than conventionally
advancing the reference solver. The per-CTU rollout is some 84.6 times cheaper than conventional
time integration of a single CTU of CFD (Figure 4.1a), but this advantage is dwarfed by the fixed cost
of training: the autoencoder and neural ODE together consume 682 s, equivalent to roughly 1018 CTU

of reference integration, against the 100 CTU actually simulated.

The disparity between the two metrics is itself informative. The loop speedup Sigop > 1 confirms that,
once trained, P integrates the flow more cheaply per CTU than the reference solver; the effective
speedup Sei < 1 shows that this per-step speedup is still overshadowed by the cost of network training.
These two metrics together do show that P holds the capacity for genuine end-to-end acceleration, but
the realisation of it depends on shifting the balance between these costs, either by reducing the training
expense through smarter network training regimes and better reuse of the pipeline, or by raising the
cost per CTU of the reference simulation so that each replaced step is worth more.

Generalisation experiments act on the two factors that set S, separately: the cost of each replaced
step and the number of steps a rollout replaces. A finer grid raises the per-CTU cost of the memory-
bound reference solver [98] while leaving the latent-rollout cost fixed, so each replaced step is worth
more and the Siop ceiling rises. The change in Reynolds number changes the number of steps that get
replaced by P, but in an inverse way: lower Re yields smoother, lower-dimensional dynamics that f,
could in principle follow for longer, yet the realised rollout length is governed by the KNN gate rather than
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by f, alone. An increase in Reynolds number makes the latent dynamics more complex, making them
harder for fy4 to learn and leading to increased drift. But the KNN monitor adopts a more permissive
gate due to increased variance in the latent training set, which enables longer rollouts and thus better
acceleration performance.

The honest statement of the results of the developed framework is therefore conditional: the hybrid loop
is faster than CFD per step, but the workflow as a whole would only serve as a true acceleration method
for longer, more expensive or repeated simulation windows. This conditionality also has an upside.
Because the rollout cost is fixed by the latent dimension while the cost of a CFD step grows with the
simulation size, the per-CTU cost margin widens as the reference solver becomes more expensive, as
demonstrated in the finer-mesh case of Section 4.4.2. The regimes in which P is worth its training cost
are therefore precisely the more demanding regimes, where the CFD step is costly enough that saving
and replacing it repays the training overhead more quickly. Given that the KNN monitor is adequately
fit to the training set, this is discussed further in Section 5.5.

5.2. The role of hardware in the reported gain

A second important discussion note is hardware-related. With the exception of the autoencoder training,
every component in P (the WaterLily reference, the warmup and stabilisation CFD steps, the neural
ODE training, and the latent rollout) is executed on CPU. This means that the Sio, is @ clean CPU-
versus-CPU comparison on identical hardware, which is appropriate for isolating the algorithmic gain.
However, since WaterLily is a backend-agnostic solver, it can run on GPU architectures, where its
benchmarks report approximately 2 orders of magnitude of speedup on GPU relative to the serial CPU
execution [98].

If the reference had been run on a GPU, the per-CTU CFD cost would fall while the cost of a latent
rollout would remain the same, eroding the performance of Sisp. This erosion is, however, strongly grid-
dependent: the ~2 orders of magnitude reported in [98] are an asymptotic figure, reached only once the
GPU memory is completely utilised at large grids, whereas the present 2562 case (~0.07 M DOF) lies
below the smallest benchmarked grid and would see a considerably smaller GPU advantage. Even at
this reduced factor, because the rollout cost is fixed, GPU execution of the reference would push Sigep
towards, and plausibly below, break-even on equal hardware. The GPU comparison should therefore
be read as the most demanding case the hybrid loop can be asked to handle, not as a representative
one.

Additionally, the accelerated workflow was deliberately kept on the CPU, mainly because training f, is
not expected to benefit greatly from GPU acceleration: the network is small, and the cost is dominated
by the sequential ODE solve and the reverse-mode differentiation through it, which parallelise poorly
across the latent batch. This means that for GPU operation of P, data would constantly need to be
transferred between the CPU and GPU memory, adding an overhead to P that would spoil the maximal
acceleration that it could possibly achieve.

However, this does not invalidate the approach. WaterLily was selected as the development vehicle
for this framework precisely because it has differentiable and backend-agnostic properties that enable
the coupling described in Section 3.7.3. Many of the CFD solvers used in practice, however, are not
yet able to utilise GPU architectures; for these, CPU execution would be the only path to acceleration,
as described in this work. The GPU comparison above should therefore serve as the most demanding
case the hybrid loop can be asked to face, rather than the representative one: in any setting where the
reference solver is CPU-bound by construction, the per-step gain reported through Sioqp is the gain that
genuinely applies, and WaterLily serves here only as a convenient and well-characterised stand-in for
a broader class of solvers.

5.3. Sensitivity across parameter space

The developed framework exposes a large number of coupled hyperparameters, and the various runs
in Section A.2 varied only a small number of them around a single baseline. The autoencoder alone
introduces a large number of parameters that could influence the eventual solution, more than those
addressed in this work (kernel size, activation functions, optimisation algorithm, etc.). The addition
of the neural ODE does not make the problem easier; it adds a whole new set of parameters that
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are coupled with those of the autoencoder. This coupling is the central difficulty. The latent geometry
that f, must learn is itself produced by ¢y, so a change to the autoencoder (a wider bottleneck IV, a
different physics weighting (Agiv, Acuri), OF Simply a longer training budget) reshapes the very trajectories
T . on which the multiple-shooting loss, the group size n,, and the continuity weight A\, act. The KNN
monitor sits one step further downstream of this: its threshold = and neighbour count k are calibrated
on T ., so any shift in the latent representation propagates through to the OOD decision and, with it,
the rollout length that ultimately governs Sioop. The parameters of P, therefore, cannot be regarded as
independent dials; an optimum found for one component is conditional on the state of the others.

The sensitivity study of Section 4.3 respects this only partially. The one-factor-at-a-time (OFAT) pro-
cedure cannot reveal the complex interactions between the parameters of P. A full accounting of
parameter interactions would require sampling the entire hyperparameter space, and the number of
pipeline trainings this demands grows exponentially with the parameter count, which places it beyond
the computational scope of this work. The results reported here should accordingly be interpreted as
a marginal sensitivity study around a single operating point, not as a converged optimum. Meaning
that the framework should be understood as one whose accessible performance is, in all likelihood,
understated because the true optimal performance is not yet found.

A further consequence of this coupling is visible in the comparison metrics themselves. The configura-
tions that produced the largest Si,op Were not the most accurate but the least: the smallest bottleneck
(N, = 8) and the most lightly trained autoencoder both extended the average rollout, because an
under-resolved encoder yields a lower-complexity latent signal that f, is able to keep within the train-
ing distribution for longer before the KNN monitor flags it. The same configurations were the worst at
recovering the second-order statistics, with the shear stress (u/v’) and the transverse normal stress
(v'v") degrading most. Acceleration and statistical fidelity, therefore, pull against one another, and Sioop
on its own is a misleading objective: maximising it rewards discarding precisely the turbulent informa-
tion P wants to preserve. The appropriate target is the trade-off between the two, and the operating
point on that curve is dictated by whether acceleration or statistical accuracy is the priority for a given
application, rather than by either metric alone.

5.4. Generalisation to the Re = 5000 regime

The Re = 5000, 5122 case (Section 4.4.2) tests P on a simultaneously more expensive and more
demanding operating point. The two changes act on different parts of the framework but were applied
together: the grid refinement raises the per-CTU cost of the memory-bound reference solver while
leaving the rollout cost fixed, and the higher Reynolds number drives the wake from quasi-periodic
shedding into a more complex state.

On cost, the grid refinement behaves as the memory-bound argument predicts: the reference rises to
4842 ms/CTU against 866 ms/CTU at 2562 while the rollout stays fixed at ~48 ms/CTU, lifting Sioop t0 2.07
and S to = 0.19 against 0.073 at the base point, so the economic claim of Section 5.1 strengthens here.
On fidelity, the same run exposes the limit of the compression: the autoencoder no longer generalises
beyond its training window (validation and test losses of 9.6 x 10~2 and 8.9 x 10~2, Figure 4.28), and
the reconstruction cannot reconstruct the complex, high-gradient, near-wall layer that get integrated to
the lift forces (Figure 4.29). The favourable Si.op and the degraded forces are two faces of one run,
where the reconstruction, not the rollout, becomes the binding error source.

Compounding the poor generalisation outside the training window, the encoder’s latent dynamics mimic
the chaotic nature of the wake. This makes the training of f, harder due to the absence of the clean,
near-periodic shedding signal that the Re = 2500 latent trajectory offered the network to lock onto.
Where the quasi-periodic base wake gave f4 a low-dimensional, repetitive target it could follow well
beyond the training horizon, the Re = 5000 latent trajectory is highly chaotic, so the compact network
has no stable structure to extrapolate, and the rollout diverges from the reference sooner. This is
where the regime begins to expose the limit of the neural ODE itself: a more chaotic flow yields latent
dynamics whose predictability, rather than the width of the bottleneck encoding them, sets how far fy4
can be trusted to advance the state.
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5.5. Integration Monitor

The generalisation to Re = 250 and Re = 5000 expose a structural flaw in the KNN gate that is invisible
at the base point. The threshold 7 is set as a quantile of the in-distribution nearest-neighbour distances
of T ., so it scales with how dispersed the training distribution is. The well-resolved Re = 250 wake
is cleanly periodic and low-variance: its latent cluster is tight, 7 ~ 0.07, and the gate is so strict that
every rollout is clipped just past the threshold and reset, holding the realised speedup below what f;’s
near-perfect fit could otherwise sustain (Section 4.4.1). The badly-resolved Re = 5000 wake does the
opposite: its chaotic latent distribution inflates 7 from 0.614 to 0.902 across the retraining stages, the
gate turns lenient, and rollouts are allowed to run for thousands of steps, exactly where f4 accumulates
the most drift (Section 4.4.2).

The integration monitor is therefore more permissive where the dynamics are hardest to learn and
predict, and most restrictive where they are easiest, which is the wrong way around. Since the acceler-
ation framework must preserve accuracy, it should penalise incorrect rollouts in the regimes where the
dynamics are most complex, where prediction errors are made quickly. This is not a tuning error but
a direct consequence of deriving the trigger from training-set variance: the harder the flow is to learn,
the wider its latent distribution, and the more latitude the gate gives to the part of the pipeline least
able to use it. The deeper issue is that the KNN score measures proximity to 7, in latent space, not
the physical correctness of the decoded field. A latent point can sit comfortably inside a broad cluster
while decoding to a physically wrong field, as at Re = 5000, and can drift marginally past a tight = while
decoding to a perfectly acceptable field, as at Re = 250.

Among these generalisation cases, the base case occupies the middle ground. The Re = 2500, 256>
latent distribution carries enough variance that  gives the rollout a useful margin to drift, rather than
clipping a well-fitted rollout the moment it leaves the training cloud as at Re = 250; while the latent space
stays well-resolved enough that a genuinely unseen wake state still falls outside the cluster and crosses
the threshold before the decoded field becomes unphysical, unlike at Re = 5000. The monitor behaves
as intended here, but this is a property of the operating point, not the gate: the base-case variance
happens to land in the narrow window where a threshold read off the training spread coincides with a
physically sensible one.

Circling back to 3.6.1, the choice of the KNN score was deliberate, and in hindsight double-edged. It
was selected precisely because it imposes no distributional assumption on the latent states: since the
encoder is retrained per flow and yields a different latent geometry each time, any assumed parametric
distribution would not transfer across cases, whereas a non-parametric neighbour distance adapts to
whatever cluster the training data happens to form [90]. This generalisability leads to inverse gating
behaviour over Re variation, because a threshold read off the latent trajectory’s own spread inherits
the spread’s dependence on the flow. A monitor gated on a physical residual instead, such as the
decoded-field divergence (|4, ;| ), would not share this defect: it judges every rollout against the same
physical tolerance regardless of latent geometry, imposing accuracy directly rather than by proxy. This
route was not chosen in this work due to the cost of decoding and evaluating a residual in physical
space at every step, which is almost as expensive as advancing WaterLily itself, which would erase the
speedup the rollout exists to provide, so a practical physical monitor hinges on finding a residual proxy
cheap enough to check often.



Conclusion

This work set out to lower the computational cost of unsteady CFD simulations by replacing the most
expensive part of the solver loop, the time integration of the discretised Navier—Stokes equations, with
a less costly latent integration. The central research question asked how effectively a Neural ODE can
accelerate this step without compromising accuracy. To answer it, a hybrid framework was built around
the WaterLily solver: a convolutional autoencoder compresses the augmented flow state (u, i) into
a latent vector, a Neural ODE f, advances that state in time, and a KNN out-of-distribution monitor
(Section 3.6.1) decides at every step whether the latent rollout can be trusted or whether control is
handed back to the conventional solver. The framework was developed and tested on unsteady two-
dimensional flow past a circular cylinder at Re = 2500.

At the base operating point, a 2562 grid with latent dimension N, = 16 and multiple-shooting group
ns = 15, the hybrid loop behaved as intended: it interleaved cheap latent rollouts with conventional CFD
steps, with the KNN monitor accepting a rollout until drift exceeded its reference threshold, at which
point WaterLily resumed to stabilise the flow. This produced an inference-loop speedup of Sjgep = 1.48
(Section 4.2.2), confirming that, once trained, the latent rollout integrates the flow more cheaply per
step than the reference solver. The same base case also exposed the central limitation of the workflow:
once the one-off cost of training the networks was charged to the comparison, the effective speedup
fell to Ser = 0.07, an order of magnitude slower than simply running WaterLily, because that training
cost was never repaid within a single short simulation window. The disparity between the two metrics
is discussed in detail in Section 5.1.

All the parameter studies pointed to the same underlying lever. Narrowing the latent bottleneck, short-
ening the autoencoder training schedule, or tightening the multiple-shooting group each simplified the
dynamics the Neural ODE had to learn, thereby lengthening the average rollout and raising Siogp, but
at the cost of coarsening the reconstructed turbulence statistics. Speed and physical fidelity are there-
fore traded against one another. Various methods influence this trade, either directly through a stricter
rollout monitor, which gates how far a rollout is allowed to drift before control is handed back, or in-
directly through the autoencoder and the latent dimension, which set how much dynamical detail the
compression retains and therefore how long f4 can stay in distribution before being flagged.

The base-case economics showed that the performance of P is tied to the operating point rather than
to the method itself, and the two generalisation experiments move it in opposite directions. Lowering
the Reynolds number to Re = 250 produced a clean, low-variance wake that f, reconstructs almost
perfectly; the realised speedup, however, is not set by that fit but by the KNN monitor, whose tight
latent distribution forces a strict threshold 7 that clips each rollout shortly after it begins and holds the
achievable acceleration below what f, could otherwise sustain (Section 4.4.1). Raising the Reynolds
number to Re = 5000 on a refined 5122 grid acts through the cost of each replaced step instead:
because WaterLily is memory-bound while the latent-rollout cost is fixed by N, every step the rollout
replaces is worth more at higher resolution, lifting Se from the base-case 0.07 to 0.19 (Section 4.4.2).
That same regime, however, exposes the fundamental limitation of the workflow: the autoencoder no
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longer generalises beyond its training window, so the decoded near-body field is not predicted correctly,
and the integrated loading becomes unreliable in hybrid regions even as the speedup improves. The
favourable economics and the degraded forces are two faces of the same coin.

6.1. Answering the Research Question

How effectively can neural ordinary differential equations accelerate the time integration step
in CFD solvers for unsteady flow simulations without compromising accuracy?

The central research question can be answered from two perspectives. The developed framework
behaves differently depending on the time window used to assess its performance. When assessing
the neural ODE rollout per step, the answer is a clear yes: once P is trained, the latent rollout integrates
the flow more cheaply than the reference solver. The accuracy of the time integration is held not by the
Neural ODE being uniformly accurate, but by the KNN monitor returning control to the solver whenever a
rollout drifts past its threshold. In that sense, the framework accelerates time integration and maintains
controllable accuracy, which is what the research question sought.

Assessing the total cost of the framework is conditional and provides a more honest view of the accel-
eration scheme. At the 2562 base case, the effective speedup was Se = 0.07, an order of magnitude
slower than the reference solver once the network training was charged in the hybrid wall time. This gap
is not a property of the developed method but of the operating point: because the rollout cost is fixed
while a WaterLily step becomes more expensive with grid size, a costlier reference narrows it, with the
Re = 5000, 5122 case raising Sef to 0.19 without yet reaching break-even (Section 4.4.2). At that point,
however, the limiting factor shifts from cost to fidelity: the autoencoder’s reconstruction ceiling, rather
than the rollout, becomes the dominant source of error. The Neural ODE coupled with the autoencoder
is therefore an effective accelerator in regimes where a conventional CFD step is sufficiently costly to
justify learning to replace it, provided that the compression can still represent the flow at that operating
point.

6.1.1. Physical accuracy across regimes, Reynolds numbers and geometries
How well does the neural ODE acceleration framework preserve the flow’s statistical observ-
ables when transferred across Reynolds numbers and grid resolution?

Across the regimes tested, the domain-wide statistical observables transfer robustly, while the instan-
taneous loading does not always behave the same way. At the base Re = 2500, 2562 point the mean-
velocity and Reynolds-stress fields match the reference at p > 0.99, and the shedding frequency is
recovered to within the cycle-to-cycle spread (Sthp = 0.233 against Ster = 0.236); the clean Re = 250
wake is reconstructed equally faithfully; and even at the demanding Re = 5000, 5122 point the mean
flow and all three Reynolds stresses still correlate at p > 0.96 with mean absolute errors no larger
than 0.023. The averaged fields survive the transfer because integrating over many shedding states
recovers the low-order structure of the wake.

The two axes act on the framework in opposite directions. Refining the grid is the minor change: at 5122
the decoder’s cell-width smoothing spans half the physical width compared to the base case, so the
thin separating shear layers are resolved by more cells and blurred less, and the autoencoder reaches
a lower in-sample loss and converges faster on the train and validation splits than at 2562. Raising
the Reynolds number is where the framework begins to struggle: the more chaotic wake presents
near-body states that the short training window hasn’t learned yet, so the held-out loss widens into a
generalisation gap that the grid refinement cannot close. Since both changes were applied together at
Re = 5000, the deployed fidelity is set by the Reynolds number, not the resolution.

This is what limits the integrated forces. The lift fluctuations show this the best, with hybrid-region C7™®
errors of order 9-11%, and at Re = 5000 the mean drag degrades with it (8.5% in the hybrid regions),
because the coefficients integrate the high-gradient near-body field that the autoencoder struggles to
learn once the wake is too chaotic for a short training window. The binding constraint on transfer is
therefore the autoencoder’s reconstruction ceiling, set by the Reynolds number rather than the grid; the
rollout and the monitor sit downstream of the encoder and thus inherit its error, but are not the leading
cause of statistical force error in the acceleration regime.
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6.1.2. Sensitivity to architecture and training data quality
How sensitive is the solution accuracy of neural ODEs to network architecture and training data
quality?

The method is bound by a plethora of parameters that influence its accuracy and behaviour, so a ded-
icated sensitivity study is a logical next step; current knowledge is limited to one-at-a-time sweeps
around a single baseline. What those sweeps did make clear is that what matters most is how well the
current simulation state is represented in the training trajectories 7 .. Since f, and the KNN monitor
both draw their logic from 7., the rollout runs long when the active regime overlaps the training distri-
bution and is flagged almost immediately when it does not. Rollout length is therefore a direct reflection
of that overlap, and accuracy depends less on raw data volume than on whether the data covers the
state the simulation currently occupies.

With respect to sensitivity to architecture, the framework is most sensitive to whatever determines
the complexity of the latent dynamics f; must learn. For example, the latent dimension size N,. A
narrower bottleneck simplifies those dynamics and allows for longer rollouts, but discards wake detail,
thereby polluting the reconstructed statistics, whereas a wider bottleneck recovers fidelity at the cost
of acceleration. Architecture, therefore, does not have a single optimum but sets the position on the
speed—fidelity trade, which is why a joint sweep is needed to locate it for a given accuracy target.

6.1.3. Controlling the physical integrity of the acceleration framework
How can the quality of a neural ODE rollout be monitored at runtime to determine when its
predictions can be trusted?

The integration length and accuracy are controlled by the KNN out-of-distribution score: each predicted
latent state is compared to its k nearest neighbour in 7, and control is returned to the solver once that
distance crosses a quantile threshold 7. As a runtime trust signal, the KNN gate has clear advantages:
it is non-parametric and thus imposes no distributional assumption on the latent geometry, which is
re-learnt per flow; it is cheap enough to evaluate at every step; and, at the base operating point, it
gates the rollout at a physically sensible drift tolerance.

However, the generalisation across flow regimes has highlighted its disadvantages: because 7 is de-
termined by the spread of the training trajectory, it governs how close the rollout remains to the training
distribution, thereby indirectly rather than directly controlling accuracy. This makes the gate scale with
flow complexity rather than with error: the clean Re = 250 wake yields a tight cluster and a gate so strict
it clips well-fitted rollouts, while the chaotic Re = 5000 wake inflates 7 and admits rollouts that have
already drifted into a physically wrong state (Section 5.5). The rollout can therefore be trusted when-
ever the latent variance is sufficiently moderate to allow the predicted trajectory to drift while remaining
close to the reference trajectories, just as at the base operating point, but the KNN score alone cannot
certify the rollout when that coincidence breaks down. An integration control that is independent of the
flow case would perhaps better be constructed by something the latent distance does not see, either
the physics of the decoded field or the drift of the latent distribution in terms of variance or standard
deviation, as set out in Section 6.2.

6.2. Recommendations and Future Work
The methods developed in this work provide a promising basis for future work; the complex parameter
landscape offers a wide range of interactions that could improve the acceleration performance of P.

6.2.1. Training set and current simulation state correlation

The framework’s retraining functionality is useful only when the current simulation state is well repre-
sented in the retraining data. When the simulation drifted into an uncovered regime, the new snapshots
entered as a minority, the loss stayed dominated by the older dynamics, and the update barely shifted
the fit. The number of new data points sampled should therefore not be fixed, but a function of the
distributional distance between the current state and the training set, so that the networks receive a
relevant update. In addition to flexible sampling, a study into whether to retrain on the augmented set
or on the new trajectory alone could be relevant for further research.
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6.2.2. Parameter Sensitivity analysis

The parameter studies were one-at-a-time sweeps with a single run per configuration. This exposed
the dominant lever, but it cannot locate an optimum, especially since a single run on a chaotic wake
carries large variance depending on where the monitor first flags. A joint sweep with repeated runs is
recommended, as it would capture the parameter interactions that a one-at-a-time study misses and
the genuine optimum of the speed-fidelity trade for a given accuracy target.

6.2.3. Transfer to 3D simulation

Since the unfavourable economics are a property of the operating point rather than the method, three-
dimensional flow is the most promising extension: the per-step cost is much higher, and the available
compression ratio is larger, so the margin, which has already widened from 2562 to 5122, should widen
further. The catch is that a volumetric autoencoder increases the training cost, which already keeps
Sesr below unity. Whether the larger per-step advantage justifies the heavier training, ideally on a GPU
backend (Section 5.2), could be an interesting subject for further research.

6.2.4. Geometric generalisation

Every result here was obtained on the circular cylinder, so accuracy across bluff, asymmetric or irregular
geometries could further demonstrate the framework’s generalisability. Conditioning the networks on
the Reynolds number, so that one pipeline spans multiple regimes rather than a single one, would
further reduce the training cost, which dominates the workflow, and move the method from a case-
specific accelerator to a more general one.

6.2.5. Runtime integration monitoring

The generalisation experiments have shown that the integration monitor leaves performance on the
table in terms of accuracy and acceleration. The KNN gate is a reasonable metric when the latent
distribution carries enough variance to give a usable drift margin, but because T is read off the spread of
T ., it certifies latent proximity rather than physical correctness and gates inversely with flow complexity
(Section 5.5).

To solutions could be tested: The first is a monitor gated on a physical residual of the decoded field,
such as the mean absolute divergence (|4, ;| ), which holds every rollout to the same physical toler-
ance regardless of latent geometry; given a scheme is developed alongside it that doesn’t incur large
reconstruction and computational costs in physical space. Secondly, a monitor the latent drift distri-
butionally rather than through a single nearest-neighbour distance, tracking how the statistics of the
rolled-out state, or of its rate of change, depart from the training trajectories to catch a coherent drift
that a pointwise distance lets pass. A combination of these 2 approaches could also be tested, in which
a cheap distributional check is backed by occasional physical residual verification.
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Autoencoder Architecture and
Hyperparameter Selection

A.l. Autoencoder Sweep

Relevant autoencoder hyperparameters were selected by performing a grid search of the five-dimensional
configuration space spanned by physics-loss weights \giy, Acun € {0, 102, 10*}, the latent dimension
N, € {8, 16, 32}, the number of convolutional blocks neony € {4, 5, 6} and the number of dense bot-
tleneck layers ngense € {1, 2, 3}, giving 3° = 243 configurations. Each configuration was trained for
200 epochs on the Re = 2500 cylinder dataset under otherwise identical settings, and evaluated on a
held-out test split using four metrics: the reconstruction error ( |u — 1| ), the mean absolute divergence
of the reconstructed field (|, ;| ) the vorticity error ( |w — &| ). Each configuration was ranked by score,
which is an unweighted average of evaluation metrics, so that a lower score denotes a configuration
that is jointly accurate in reconstruction and in the physical quantities of interest. The complete ranking
is reported in Table A.1.

The baseline configuration that was used in this work corresponds to N, = 16 with ncony = 5, Nndense = 1
and A\giv = e = 102, and is highlighted in the table. Although it does not attain the global minimal
score, it is the highest-ranked configuration that retains both physics regularisers and the compact 16-
dimensional latent space. This provides ample room to vary these parameters and study their effects
on the overall hybrid operation.

Table A.1: Autoencoder hyperparameter grid sweep over gy, Aeur € {0,102,10%}, latent dimension N, € {8,16, 32},
convolutional blocks nconv € {4, 5,6} and dense bottleneck layers ngense € {1, 2, 3} (243 configurations). All metrics are
evaluated on the held-out test split; rows are ordered by ascending composite score. The shaded row marks the baseline

configuration adopted in this work.

Rank >\div >\curl N, TNconv Ndense MAE div. curl Score
(x1072)  (x1073) (x1073) (x1072)

1 100 0 32 5 1 3.00 1.17 6.35 1.251
2 100 100 32 5 1 3.03 1.88 5.40 1.253
3 0 0 16 5 1 2.99 2.05 6.00 1.264
4 0 0 32 5 1 2.98 2.13 5.98 1.265
5 10000 100 32 5 1 3.07 0.72 6.74 1.272
6 100 0 16 5 1 3.08 1.15 6.27 1.274
7 100 0 16 6 1 3.09 1.23 6.57 1.289
8 100 0 32 4 1 3.13 1.28 6.54 1.305
9 100 100 16 5 1 3.17 2.09 5.61 1.313
10 0 0 32 4 1 3.13 1.94 6.15 1.314
11 100 100 32 6 1 3.21 1.74 5.64 1.316
12 100 100 32 4 1 3.22 1.96 5.45 1.321
13 100 0 8 6 1 3.18 1.19 6.71 1.323
14 0 0 16 4 1 3.14 2.02 6.33 1.326
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Table A.1 — continued from previous page

Rank Adiv Aeur Nz nconv Mdense MAE div. curl Score
(x1072)  (x1073) (x1073) (x1072)

15 0 100 32 4 1 3.15 3.23 5.45 1.338
16 100 100 16 6 1 3.27 1.91 5.66 1.343
17 100 0 8 5 1 3.26 1.27 6.53 1.346
18 100 100 16 4 1 3.27 2.08 5.63 1.348
19 100 100 8 6 1 3.29 2.09 5.80 1.359
20 10000 100 16 5 1 3.31 0.73 7.01 1.360
21 100 0 32 6 1 3.30 1.14 6.72 1.361
22 0 100 16 5 1 3.22 3.29 5.37 1.361
23 0 0 8 5 1 3.24 2.15 6.45 1.366
24 0 100 32 5 1 3.21 3.43 5.42 1.366
25 0 0 16 6 1 3.22 2.1 6.68 1.367
26 0 100 8 6 1 3.29 2.93 5.44 1.376
27 100 0 16 4 1 3.32 1.41 6.75 1.378
28 0 100 8 5 1 3.25 3.35 5.60 1.382
29 100 100 8 5 1 3.35 2.28 5.81 1.386
30 0 0 32 6 1 3.32 1.97 6.48 1.389
31 0 100 16 4 1 3.32 3.24 5.70 1.406
32 0 0 8 6 1 3.38 1.76 6.64 1.407
33 0 100 16 6 1 3.30 4.01 5.56 1.421
34 100 0 8 4 1 3.41 1.58 7.05 1.426
35 100 100 32 5 2 3.53 1.82 5.86 1.431
36 0 0 8 4 1 3.36 2.62 6.79 1.432
37 100 100 16 5 2 3.48 1.98 6.21 1.434
38 10000 100 32 4 1 3.52 0.81 7.08 1.436
39 0 100 32 6 1 3.39 3.74 5.67 1.444
40 10000 100 8 6 1 3.58 0.74 7.30 1.462
41 100 0 32 5 2 3.56 1.30 7.03 1.465
42 100 100 8 4 1 3.55 247 6.33 1.476
43 100 0 16 5 2 3.64 1.21 7.26 1.494
44 100 0 8 6 2 3.64 1.36 7.12 1.495
45 0 0 16 5 2 3.53 2.69 6.96 1.499
46 0 0 8 5 2 3.57 2.54 7.12 1.513
47 0 0 32 5 2 3.64 2.34 6.77 1.517
48 10000 100 32 6 1 3.68 0.72 8.03 1.518
49 0 100 16 5 2 3.61 3.67 5.81 1.519
50 100 100 16 6 2 3.75 1.95 6.44 1.529
51 100 0 32 6 2 3.79 117 6.98 1.535
52 0 0 32 4 2 3.59 3.41 6.89 1.541
53 0 0 16 4 2 3.67 3.27 7.12 1.569
54 100 0 8 5 2 3.72 1.86 8.06 1.569
55 100 0 16 6 2 3.90 1.08 7.18 1.577
56 0 100 8 6 2 3.73 4.28 6.18 1.592
57 0 0 16 6 2 3.91 1.88 6.84 1.595
58 0 100 8 4 1 3.70 4.27 6.58 1.596
59 0 0 32 6 2 3.92 1.91 6.86 1.599
60 10000 0 16 5 1 3.82 0.57 9.42 1.605
61 0 0 32 5 3 3.88 2.41 6.94 1.606
62 10000 0 32 5 1 3.85 0.57 9.17 1.609
63 100 100 32 6 2 3.89 2.77 6.80 1.614
64 100 0 16 4 2 3.78 2.49 8.11 1.615
65 100 100 8 6 2 4.02 1.83 6.54 1.618
66 0 100 32 5 2 3.89 3.74 5.92 1.618
67 100 100 32 4 2 3.89 3.14 6.90 1.630
68 100 0 32 5 3 4.02 1.30 7.48 1.634
69 0 100 16 6 2 3.87 4.00 6.42 1.637
70 100 0 16 5 3 4.04 1.29 7.51 1.639
71 10000 10000 32 4 1 4.16 2.05 5.69 1.646
72 100 0 32 4 2 3.97 2.05 7.84 1.654
73 0 0 16 5 3 4.03 2.56 7.25 1.671
74 0 0 8 6 2 4.08 2.39 7.10 1.676
75 10000 100 16 4 1 4.15 0.84 7.99 1.676
76 0 100 32 6 2 4.00 4.15 6.44 1.685
77 0 0 32 6 3 413 2.06 7.7 1.685
78 0 0 8 5 3 412 2.77 7.24 1.708
79 100 100 16 5 3 4.29 1.94 6.50 1.712
80 10000 10000 32 5 1 4.40 2.12 5.51 1.720
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Table A.1 — continued from previous page

Rank Adiv Aeur Nz nconv Mdense MAE div. curl Score
(x1072)  (x1073) (x1073) (x1072)

81 0 0 8 6 3 4.20 2.24 7.43 1.722
82 100 100 8 5 2 4.03 3.83 7.88 1.733
83 10000 100 16 6 1 4.27 0.78 8.70 1.738
84 10000 100 8 5 1 4.28 0.87 8.50 1.739
85 0 100 32 4 2 3.92 6.27 6.91 1.747
86 0 0 8 4 3 4.16 3.41 7.54 1.750
87 0 0 16 4 3 4.19 3.07 7.58 1.751
88 0 100 16 4 2 3.94 6.64 7.02 1.770
89 0 100 8 5 2 4.05 5.78 6.87 1.771
90 10000 10000 16 5 1 4.57 2.31 5.43 1.781
91 100 0 8 6 3 4.52 1.02 7.62 1.796
92 10000 0 32 4 1 4.36 0.58 10.19 1.813
93 0 0 32 4 3 4.39 3.09 7.71 1.823
94 0 0 16 6 3 4.44 2.57 7.86 1.829
95 10000 0 8 6 1 4.45 0.58 9.94 1.833
96 0 100 16 6 3 4.42 4.03 6.82 1.836
97 100 100 32 6 3 4.54 2.52 7.35 1.842
98 0 100 32 4 3 4.42 4.75 6.77 1.858
99 100 100 16 4 2 4.44 4.35 7.77 1.885
100 100 0 8 5 3 4.58 1.94 9.03 1.891
101 100 100 16 6 3 4.66 2.95 7.60 1.906
102 0 100 16 4 3 4.45 6.01 6.94 1.916
103 10000 10000 8 6 1 4.93 2.33 6.09 1.924
104 0 100 16 5 3 4.59 5.01 7.03 1.930
105 100 0 16 6 3 4.71 1.84 9.31 1.943
106 10000 100 8 6 2 4.88 0.81 8.93 1.951
107 0 100 32 5 3 4.77 3.75 7.16 1.955
108 0 100 32 6 3 4.72 4.62 7.09 1.964
109 0 100 8 6 3 4.81 3.87 7.14 1.970
110 100 0 32 6 3 4.90 1.60 9.07 1.990
111 100 100 8 6 3 5.05 1.99 7.43 1.997
112 10000 10000 16 4 1 5.14 242 6.14 2.000
113 10000 0 32 6 1 4.84 0.57 11.75 2.025
114 10000 0 16 4 1 5.05 0.53 10.74 2.058
115 10000 100 32 6 2 5.15 0.82 9.50 2.060
116 100 0 16 4 3 4.84 2.81 11.26 2.082
117 10000 100 32 6 3 5.22 0.76 9.62 2.084
118 100 0 32 4 3 4.96 2.56 10.78 2.099
119 100 100 8 5 3 5.25 3.1 7.62 2.109
120 10000 10000 8 5 1 5.51 2.36 6.04 2.115
121 0 0 8 4 2 4.80 7.27 9.04 2.142
122 100 0 8 4 2 5.04 3.30 11.08 2.158
123 10000 10000 8 4 1 5.61 2.67 6.34 2172
124 100 100 32 4 3 5.50 4.29 8.72 2.266
125 100 100 32 5 3 5.75 2.81 8.61 2.298
126 10000 10000 32 5 2 6.03 2.40 6.74 2.314
127 10000 100 8 6 3 5.78 0.82 10.93 2.318
128 10000 0 8 5 1 5.69 0.61 12.10 2.321
129 10000 100 16 5 2 5.94 0.96 11.26 2.386
130 10000 0 16 6 1 5.94 0.65 11.95 2.400
131 0 100 8 5 3 5.65 8.74 7.62 2427
132 10000 0 8 5 3 6.12 0.68 12.75 2.488
133 10000 0 32 6 3 6.25 0.53 12.38 2.513
134 100 0 8 4 3 6.05 4.64 10.43 2.520
135 100 100 8 4 2 6.35 4.56 8.60 2.555
136 100 100 16 4 3 6.21 5.77 9.24 2.572
137 10000 0 16 6 2 6.43 0.60 12.64 2.586
138 10000 10000 8 5 2 6.57 4.26 8.07 2.601
139 10000 0 8 6 3 6.62 0.54 13.60 2.677
140 100 100 8 4 3 6.49 6.71 9.34 2.699
141 10000 0 8 6 2 6.76 0.57 12.77 2.699
142 10000 10000 8 6 3 7.21 2.78 7.64 2.751
143 10000 100 8 4 1 7.28 0.75 9.93 2.781
144 0 100 8 4 3 6.42 11.66 8.90 2.826
145 0 100 8 4 2 6.22 15.70 7.89 2.861
146 10000 100 16 6 3 7.39 0.83 11.46 2.872
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Rank Adiv Aeur Nz nconv Mdense MAE div. curl Score
(x1072)  (x1073) (x1073) (x1072)

147 10000 100 8 5 3 7.78 1.06 11.22 3.003
148 10000 0 16 6 3 7.94 0.60 13.31 3.112
149 10000 10000 8 4 2 8.30 3.95 8.14 3.168
150 10000 100 32 5 2 8.22 0.92 12.35 3.183
151 10000 0 8 4 1 8.24 0.59 12.83 3.192
152 100 10000 32 5 2 8.42 10.82 6.26 3.376
153 10000 10000 32 6 1 9.20 2.80 6.76 3.385
154 100 10000 32 4 1 9.53 10.41 6.09 3.727
155 100 10000 16 4 1 9.55 10.34 6.22 3.734
156 10000 10000 16 6 2 10.26 2.46 7.36 3.747
157 10000 0 16 5 2 9.72 0.70 14.83 3.759
158 10000 10000 8 6 2 10.17 3.93 7.94 3.787
159 0 10000 8 6 1 9.83 11.87 6.36 3.883
160 100 10000 8 4 1 9.99 11.88 6.69 3.948
161 100 10000 8 6 1 10.17 10.81 6.29 3.959
162 10000 10000 8 4 3 10.48 6.85 9.25 4.029
163 10000 10000 8 5 3 11.18 3.71 8.55 4.136
164 10000 100 32 4 2 11.36 1.36 11.54 4.216
165 10000 10000 32 6 2 11.89 1.60 7.81 4.277
166 100 10000 32 4 2 11.34 11.74 7.00 4.404
167 10000 0 32 5 2 11.67 0.63 15.32 4.421
168 10000 10000 16 5 3 12.21 2.64 8.55 4.442
169 10000 10000 16 6 1 12.53 3.20 6.99 4.515
170 100 10000 32 5 1 11.74 12.78 6.23 4.548
171 10000 10000 16 5 2 12.88 3.18 7.32 4.645
172 10000 10000 32 4 2 12.68 4.64 7.98 4.648
173 0 10000 32 4 1 11.99 15.01 6.20 4.705
174 100 10000 8 6 3 12.16 12.64 7.49 4724
175 10000 100 16 5 3 12.96 0.75 12.19 4.750
176 10000 10000 16 4 2 12.88 5.32 8.57 4.756
177 0 10000 16 4 1 11.93 17.84 6.50 4,787
178 100 10000 16 5 1 12.58 12.07 6.22 4.804
179 10000 100 16 4 2 13.33 1.34 11.84 4.882
180 10000 100 8 5 2 13.21 1.11 13.37 4.885
181 0 10000 32 4 2 12.56 15.15 6.79 4.919
182 10000 100 8 4 3 13.45 1.05 12.76 4.944
183 100 10000 16 6 1 13.07 11.75 6.38 4.961
184 0 10000 16 6 1 12.79 15.09 6.14 4.970
185 10000 10000 32 4 3 13.38 6.57 9.41 4.994
186 10000 10000 32 6 3 14.02 0.93 10.15 5.044
187 100 10000 16 4 2 13.05 14.21 7.62 5.077
188 0 10000 32 5 1 13.09 16.11 6.19 5.106
189 10000 10000 16 6 3 14.15 414 8.75 5.147
190 10000 0 32 4 2 14.22 0.96 1247 5.187
191 0 10000 8 6 2 13.23 16.94 7.1 5.212
192 10000 100 32 5 3 14.54 0.64 12.33 5.280
193 100 10000 16 5 3 14.07 10.87 7.00 5.284
194 10000 0 8 5 2 14.35 0.85 14.41 5.293
195 10000 10000 16 4 3 14.22 7.1 9.58 5.295
196 100 10000 16 6 3 13.84 14.15 6.88 5.314
197 10000 10000 32 5 3 15.07 1.14 8.19 5.334
198 10000 0 32 5 3 14.72 0.39 13.31 5.365
199 10000 0 8 4 3 14.65 1.54 13.70 5.390
200 100 10000 32 6 1 14.37 12.80 6.42 5.430
201 10000 0 16 4 2 14.86 1.21 13.21 5.432
202 100 10000 8 5 1 14.51 11.87 6.49 5.450
203 0 10000 8 4 1 14.06 18.59 6.62 5.527
204 10000 100 8 4 2 15.44 1.15 13.31 5.628
205 10000 0 32 4 3 15.26 1.06 15.32 5.634
206 10000 0 32 6 2 15.82 0.48 13.65 5.745
207 10000 0 8 4 2 15.85 1.11 13.87 5.782
208 100 10000 8 6 2 15.31 13.90 7.24 5.808
209 0 10000 16 5 1 15.05 17.96 6.07 5.818
210 10000 0 16 5 3 16.08 0.58 14.95 5.877
211 10000 100 16 6 2 16.19 0.59 13.86 5.878
212 10000 100 16 4 3 16.96 1.45 14.18 6.175
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Table A.1 — continued from previous page

Rank Adiv Aeur Nz nconv Mdense MAE div. curl Score
(x1072)  (x1073) (x1073) (x1072)

213 10000 100 32 4 3 17.08 1.54 14.42 6.225
214 0 10000 8 6 3 16.51 16.02 7.46 6.287
215 100 10000 32 6 3 16.85 13.29 8.35 6.337
216 100 10000 32 6 2 17.23 15.14 6.88 6.477
217 0 10000 8 5 1 17.31 16.37 6.06 6.516
218 0 10000 16 5 2 17.13 19.00 6.53 6.562
219 100 10000 32 5 3 17.96 13.74 6.90 6.676
220 10000 0 16 4 3 18.46 1.31 15.79 6.723
221 0 10000 16 4 2 17.94 20.34 7.71 6.916
222 100 10000 16 5 2 18.62 15.06 6.96 6.942
223 100 10000 16 6 2 18.43 22.50 8.61 7.180
224 0 10000 32 6 1 19.79 14.17 5.69 7.258
225 0 10000 32 6 2 19.42 20.19 6.85 7.376
226 100 10000 16 4 3 19.91 17.09 8.54 7.493
227 0 10000 32 6 3 19.51 24.60 8.67 7.611
228 100 10000 8 4 2 22.39 12.01 8.45 8.146
229 0 10000 16 5 3 21.84 20.79 7.46 8.220
230 100 10000 32 4 3 22.71 13.63 9.70 8.347
231 0 10000 32 5 3 22.63 2417 7.31 8.594
232 0 10000 32 5 2 23.08 22.76 7.24 8.692
233 0 10000 32 4 3 24.79 20.34 9.98 9.275
234 0 10000 8 4 2 25.56 24.08 8.30 9.598
235 0 10000 16 4 3 29.29 23.24 9.53 10.855
236 100 10000 8 5 3 30.90 22.69 8.36 11.336
237 100 10000 8 5 2 30.03 33.42 9.02 11.424
238 0 10000 8 5 2 29.83 40.62 8.65 11.587
239 0 10000 16 6 3 31.60 34.89 8.82 11.991
240 0 10000 8 5 3 32.35 31.64 8.47 12.122
241 100 10000 8 4 3 36.68 45.23 9.64 14.057
242 0 10000 16 6 2 38.84 52.69 7.72 14.961
243 0 10000 8 4 3 47.88 68.33 9.67 18.562

A.2. Baseline Architecture

The layer-by-layer composition of the baseline autoencoder is given in Table A.2, displaying the amount
of trainable parameters the best model of the grid sweep in Table A.1. The encoder applies five convolu-
tional blocks that successively halve the spatial resolution while doubling the channel count, compress-
ing the 256 x 256 x 4 augmented input to an 8 x 8 x 128 feature map; this is flattened and projected by a
single dense layer onto the 16-dimensional latent state. This path is mirrored in the decoder, recovering
the full scale velocity field using 5 sequential bilinear upsampling blocks before projecting and smooth-
ing described in Section 3.4.1. The two dense layers dominate the parameter budget, accounting for
roughly 58% of the 467476 trainable parameters, while the three interior BatchNorm layers contribute
the 227 non-trainable running statistics.
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Component Layer Output size Parameters
Encoder
Input 256 x 256 x 4
Block 1 Conv 3 x 3, ReLU, MaxPool 128 x 128 x 8 296
Block 2 Conv 3 x 3, BN, ReLU, MaxPool 64 x 64 x 16 1200
Block 3 Conv 3 x 3, BN, ReLU, MaxPool 32 x 32 x 32 4704
Block 4 Conv 3 x 3, BN, ReLU, MaxPool 16 x 16 x 64 18624
Block 5 Conv 3 x 3, ReLU, MaxPool 8 x 8 x 128 73856
Flatten 8192
Dense 1 Linear 16 131088
Latent space z € R*®
Decoder
Dense 2 Linear, Reshape 8 x 8 x 128 139264
Block 6 Upsample, Conv 3 x 3, GELU 16 x 16 x 64 73792
Block 7 Upsample, Conv 3 x 3, GELU 32 x 32 x 32 18464
Block 8 Upsample, Conv 3 x 3, GELU 64 x 64 x 16 4624
Block 9 Upsample, Conv 3 x 3, GELU 128 x 128 x 8 1160
Block 10 Upsample, Conv 3 x 3, GELU 256 X 256 x 4 292
Projection Conv3x3 256 x 256 x 2 74
Smoothing Conv 3 x 3 256 x 256 x 2 38
Total 467 476

Table A.2: Layer-by-layer summary of the autoencoder architecture (nconv = 5, nigense = 1, Chase = 8, N> = 16). Spatial
dimensions refer to the feature map size after each operation. The total number of trainable parameters is 467 476, with an
additional 227 non-trainable BatchNorm running statistics. The two dense bottleneck layers account for approximately 58% of
the total parameter count.
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Table B.1: Parameter-variation sweep: wall times, acceleration, force coefficients and errors, and mean/Reynolds-stress field statistics for each run. Column labels denote the varied
hyperparameter relative to the base configuration.

Epochs batch N, (Adivs Acurl) ns Ae q k
0@
N Q,@ Q® QQ*\/Q

& L8 ™ > ) § oo S NS N S Q& > N
Wall times [s]
Trvg?” 86.63 103.4 93.16 90.30 90.87 1221 98.74 1051 108.7 94.43 90.02 1355 1346 87.46 86.44 86.24 88.18 1674 169.7
T,jfi’i}t 58.56 49.70 60.12 70.33 62.26 4859 60.21 63.15 62.61 50.34 62.67 5245 6562 4245 5160 69.17 5887 107.2 86.70
Th train 1128.0 876.0 1530.0 1560.0 1338.0 1032.0 1374.0 1200.0 1194.0 1014.0 1308.0 882.0 1140.0 1050.0 1068.0 1746.0 1506.0 1362.0 1086.0
Acceleration metrics
Sloop 1479 1.743 1441 1232 1391 1783 1439 1372 1384 1.721 1.382 1.652 1.320 2.041 1.679 1.252 1.472 0.8079 0.9992
Seft 0.0730 0.0936 0.0545 0.0531 0.0619 0.0802 0.0604 0.0686 0.0689 0.0814 0.0632 0.0927 0.0719 0.0793 0.0774 0.0477 0.0554 0.0590 0.0739
Force coefficients — whole simulation
Cp ref. -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588 -1.588
C7™s ref. 1185 1.185 1.185 1.185 1.185 1.185 1.185 1.185 1.185 1.185 1185 1.185 1.185 1.185 1.185 1.185 1.185 1.185 1.185
Cp hyb. -1.586 -1.741 -1.615 -1.564 -1.617 -1.616 -1.688 -1.855 -1.824 -1.578 -1.557 -1.661 -1.738 -1.730 -1.647 -1.661 -1.624 -1.602 -1.633
O™ hyb. 1.144 1.078 1.149 1.140 1.213 1.152 1.086 1.063 1.067 1.098 1.083 1.081 1.153 1.090 1.047 1.160 1.161 1.180 1.133
Force coefficients — hybrid regions only
Cp ref. -1.582 -1.581 -1.579 -1.584 -1.577 -1.583 -1.589 -1.577 -1.585 -1.582 -1.582 -1.583 -1.579 -1.581 -1.582 -1.590 -1.580 -1.591 -1.575
s ref. 1184 1.180 1.182 1.187 1.183 1.191 1.185 1.185 1.184 1.186 1169 1.183 1.182 1.181 1.182 1.176 1.187 1.175 1.185
Cp hyb. -1.585 -1.798 -1.622 -1.542 -1.639 -1.628 -1.761 -2.019 -2.032 -1.569 -1.546 -1.689 -1.817 -1.782 -1.667 -1.732 -1.662 -1.615 -1.660
C7™s hyb. 1.050 1.026 1.121 1.106 1.228 1.119 1.036 0.9688 0.9095 1.055 1.015 1.027 1.128 1.047 09768 1.145 1.117 1.180 1.100
Force errors — whole simulation
|ACD| 0.0027 0.1524 0.0271 0.0241 0.0290 0.0274 0.0998 0.2671 0.2360 0.0101 0.0317 0.0728 0.1496 0.1418 0.0592 0.0724 0.0353 0.0139 0.0444
|ACTL| 0.0412 0.1075 0.0364 0.0449 0.0283 0.0329 0.0990 0.1217 0.1178 0.0870 0.1023 0.1039 0.0318 0.0948 0.1379 0.0255 0.0238 0.0052 0.0520

rel.errCp [%] 0.1681 9.595 1.704 1520 1.824 1.728 6.281 16.81 14.86 0.6365 1.994 4582 9416 8.930 3.728 4558 2.225 0.8744 2.796
rel. err C, [%] 3.479 9.073 3.069 3.791 2387 2.773 8.356 10.27 9.937 7.342 8.635 8.765 2684 7.998 11.63 2.151 2.004 0.4350 4.388
Force errors — hybrid regions only

|ACD| 0.0027 0.2175 0.0429 0.0421 0.0613 0.0451 0.1724 0.4416 0.4470 0.0134 0.0359 0.1060 0.2384 0.2013 0.0852 0.1425 0.0826 0.0249 0.0851
|ACL| 0.1346 0.1548 0.0612 0.0805 0.0446 0.0723 0.1486 0.2160 0.2744 0.1306 0.1540 0.1560 0.0542 0.1345 0.2056 0.0310 0.0694 0.0047 0.0849
rel. err Cp [%] 0.1694 13.76 2.719 2.656 3.885 2.849 10.85 28.00 28.21 0.8490 2268 6.695 1510 12.73 5387 8.964 5226 1.568 5.402
rel. err C, [%] 1136 13.11 5173 6.787 3.771 6.069 1255 18.23 23.18 11.01 13.17 1319 4586 1139 17.39 2.634 5.845 0.4028 7.168
Mean-flow field statistics

(u) MAE 0.0094 0.0150 0.0080 0.0070 0.0060 0.0060 0.0050 0.0100 0.0080 0.0070 0.0090 0.0100 0.0120 0.0120 0.0100 0.0090 0.0090 0.0040 0.0090
(v) MAE 0.0053 0.0090 0.0060 0.0060 0.0040 0.0040 0.0030 0.0050 0.0030 0.0060 0.0060 0.0070 0.0060 0.0080 0.0070 0.0060 0.0050 0.0020 0.0040
(u) corr. 0.9932 0.9858 0.9958 0.9966 0.9980 0.9976 0.9988 0.9921 0.9968 0.9970 0.9949 0.9915 0.9857 0.9879 0.9907 0.9936 0.9944 0.9982 0.9936
(v) corr. 0.9928 0.9827 0.9926 0.9934 0.9966 0.9959 0.9980 0.9928 0.9959 0.9932 0.9922 0.9866 0.9865 0.9856 0.9863 0.9934 0.9945 0.9986 0.9954
Reynolds-stress (RST) field statistics

(u'u"y MAE 0.0064 0.0100 0.0070 0.0060 0.0040 0.0070 0.0030 0.0060 0.0040 0.0060 0.0090 0.0110 0.0080 0.0100 0.0100 0.0060 0.0050 0.0030 0.0050
(v'v") MAE 0.0138 0.0250 0.0210 0.0110 0.0090 0.0180 0.0080 0.0130 0.0110 0.0140 0.0230 0.0280 0.0180 0.0210 0.0230 0.0120 0.0120 0.0060 0.0100
(u/v") MAE 0.0041 0.0060 0.0040 0.0020 0.0020 0.0040 0.0020 0.0030 0.0020 0.0030 0.0040 0.0050 0.0050 0.0050 0.0050 0.0030 0.0040 0.0020 0.0030
(u'u') corr. 0.9789 0.9519 0.9778 0.9832 0.9922 0.9819 0.9952 0.9770 0.9916 0.9865 0.9701 0.9530 0.9603 0.9492 0.9534 0.9853 0.9879 0.9960 0.9869
(v'v') corr. 0.9791 0.9441 0.9673 0.9897 0.9916 0.9713 0.9937 0.9853 0.9910 0.9801 0.9501 0.9360 0.9777 0.9610 0.9482 0.9869 0.9849 0.9963 0.9912
(u'v’) corr. 0.9275 0.8727 0.9409 0.9761 0.9853 0.9399 0.9767 0.9594 0.9876 0.9537 0.9353 0.9075 0.8969 0.8784 0.8875 0.9525 0.9364 0.9860 0.9659
Context / cross-check

Ref. steps 8773 9888 9127 8773 8832 11787 9481 10005 10499 9142 8773 8773 8773 8773 8773 8774 8773 8774 8774
Hyb. steps 5813 5565 6117 6818 6176 5803 6102 6558 6568 5421 6167 3271 4142 4076 4932 6507 5506 6251 5350
# NODE pred. 9 9 10 12 11 8 10 12 11 9 11 6 7 7 9 13 11 12 9
Avg. rollout 408 623 391 210 314 964 421 374 470 537 290 948 686 681 425 178 307 271 492

Grand total [min] 28.6 17.2 29.6 30.5 25.6 20.2 26.5 23.3 23.5 19.5 25.6 20.6 24.0 20.5 23.0 36.5 314 29.0 229
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Re 5000 Time Averaged Fields
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Figure C.1: Time-averaged Reynolds-stress components at Re = 5000, top to bottom (u/u’), (v/v’), (u/v’). Columns: hybrid
estimate S, reference solver S,¢f, and absolute difference |S — Sref|. The hybrid recovers the spatial structure of each
component, with residuals concentrated in the energetic near wake. Lengths scaled by L, velocities by U.
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Figure C.2: Time-averaged velocity components at Re = 5000: (u) (top) and (v) (bottom). Columns: hybrid S, reference Sy,
and absolute difference |S — Sref|. The dominant discrepancy is a coherent band along the wake centreline in (u). Lengths
scaled by L, velocities by U.
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