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ABSTRACT Owing to the intermittent characteristics of renewable energy sources (RESs) and the unpre-
dictability of load demand, integrating multiple RESs and energy storage systems (ESSs) has become
imperative. Modular Multi-port Converters (MMPC) have emerged as a viable solution to meet this need,
offering superior performance, efficiency, and reliability compared tomultiple SISO dc/dc converters. To this
end, this paper presents a comprehensivemodel of anMMPC, which is bidirectional and capable of operating
in both step-up and step-downmodes. Following the derivation of the converter model, a robustµ−controller
using the D−G −K iterative procedure is designed. This controller addresses the cross-coupling challenges
inherent in MIMO systems and effectively overcomes the parametric uncertainties associated with the
converter. Finally, hardware-in-the-loop (HIL) test results derived from OPAL-RT 4610, and experimental
results from a prototype are used to validate this control approach.

INDEX TERMS Dc/dc converter, multi-port converter, modular converter, robust control, µ−synthesis.

NOMENCLATURE
MPC Multi-port DC/DC converter.
MMPC Modular multi-port converter.
RES Renewable energy source.
ESS Energy storage system.
MPDCSU Step-up Multi-port DC/DC converter.
MPDCSD Step-down Multi-port DC/DC converter.
MPDCSU

3L 3-level Step-up Multi-port DC/DC con-
verter.

MPDCSD
3L 3-level Step-down Multi-port DC/DC con-

verter.
MPDCSU

nL n-level Step-up Multi-port DC/DC con-
verter.

MPDCSD
nL n-level Step-up Multi-port DC/DC con-

verter.
MIMO Multi-input multi-output.
V[n] Voltage of port n.
i[n] Current of port n.

The associate editor coordinating the review of this manuscript and

approving it for publication was Ujjwol Tamrakar .

iL[k,j] Inductor current at row K , column j.
d[K ,j] Duty cycle of a switch at row K , column j.
vC[k,j] Capacitor voltage at row K , column j.
µ1 Structured singular values.
ρ(M) Spectral radius ofM.
σ̄ Maximum singular values.
SSV Structure singular values.
Cn×m Complexmatrix with n rows andm columns.
W Exogenous inputs.
Z Exogenous outputs.
P Generalized plant.
LLFT Lower linear fractional transformation.
Sup Supremum.
KcR Reduced order controller.
HIL Hardware-in-the-Loop.

I. INTRODUCTION
Given the sporadic characteristics of RESs and the unpre-
dictable nature of load demand, integrating multiple RESs
and ESSs has become essential for mitigating output power
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fluctuations and enhancing the reliability, stability, and
cost-effectiveness of energy conversion systems. In this con-
text, DC/DC converters play a crucial role in managing
different energy sources, as well as stabilizing DC buses.
In the literature, two approaches have been explored for inte-
grating RESs and ESSs and interfacing themwith loads/grids.
The multi-converter approach involves employing individual
single-input single-output (SISO) DC/DC converters for each
RES and ESS, with their outputs interconnected through a
shared DC-link. While this approach offers straightforward
architecture, it suffers from high overall cost, low efficiency,
and low power density. Moreover, the necessity for energy
management, control, and communication among individual
converters contributes to the complexity of such systems [1],
[2], [3].
To address the abovementioned issues, MPCs have been

suggested as a solution. MPCs can be broadly classified
into two categories: isolated and non-isolated configura-
tions. Isolated MPCs are commonly employed in medium
and high power/voltage applications where galvanic isola-
tion is required. However, transformer-based MPCs typically
involve a higher component count and incorporate multi-
ple high-frequency or multi-winding transformers, thereby
increasing the overall size. Consequently, this approach
can be costly and may lead to lower power density and
reliability [4], [5]. On the contrary, non-isolated topolo-
gies are highly efficient and cost-effective with a lower
component count; however, they often suffer from lower
voltage gain. To alleviate voltage gain drawback, meth-
ods such as switched capacitors [6], coupled inductors [7],
[8], and voltage multipliers are recommended in the
literature.

Another approach to address the voltage gain limitation in
higher- power/voltage applications is to employ expandable
modular topologies. MMPCs with standard submodules, not
only help reduce voltage stress on the switches but also
enhance the overall reliability and flexibility of the power
conversion system [9], [10], [11], [12], [13]. Several MMPCs
have been proposed and discussed in the literatures [14],
[15], [16], [17], [18], [19], [20], and [21]. A fully modular
MPC is proposed in [15]. This MMPC comprises identical
converter modules that can be connected in parallel and/or
series, offering scalability and flexibility. Such a structure is
well-suited for applications requiring high power handling
capability and large voltage conversion ratios. Furthermore,
the suggested topology supports bidirectional power flow,
allowing for energy exchange at intermediate voltage nodes
and facilitating both step-up and step-down operations. The
soft-switching operation of the converter is addressed in [16]
and [17], where an auxiliary Zero-Current Transition (ZCT)
cell is introduced to enable zero-current turn-on and turn-off
for all switches. This auxiliary cell consists of two addi-
tional switches, a resonant inductor, and a resonant capacitor.
A distributed control of the MMPC consisting of a cen-
tral controller and localized controllers is described in [16].

In [14], an expandable MMPC comprised of the voltage
multiplier cell with high voltage gain is proposed. However,
the charging path is not provided for the ESS from other input
ports.

MPC presents several challenges in the context of con-
troller design. [2]. These complexities stem from the inherent
cross-coupling of power flows among input-output ports,
which significantly influences the design, stability, perfor-
mance, and robustness of the control system [22], [23], [24],
[25]. Various decentralized PID controller design approaches
are explored in the literature for MIMO systems [26],
[27], [28]. However, achieving global stability and desirable
performance while effectively mitigating interaction effects
remains a challenge [29], [30]. Consequently, a central-
ized approach is often preferred. The conventional approach
for designing a control system for MPCs involves utilizing
decoupling networks. In this method, a state-space model of
theMPC is obtained, and subsequently, a decoupling network
is introduced to enable separate controller designs [31], [32],
[33], [34]. However, as the number of input/output ports (or
modules) of the MPC (MMPC) increases, the complexity
of designing the decoupling network increases, which may
require model reduction [35], [36]. Reference [37] employs
a software decoupling strategy integrating PID control,
model predictive control, and fuzzy compensation to mitigate
cross-coupling effects. While effective, the approach’s sub-
stantial computational requirements may constrain real-time
operation and increase implementation expenses. In [38]a
software-based feedback linearization controller effectively
suppressed cross-coupling, but improper non-linear inversion
could degrade performance. In addition, RHP zeroes can
further restrict the decoupling network design [36].
One important yet often-overlooked aspect in designing

controllers for MPCs is the robust stability and performance
considerations in the presence of various uncertainties. Con-
siderable research has been devoted to robust controller
design using the loop-shaping method in SISO systems.
However, unlike SISO systems, shaping the open-loop and
tuning the controller parameters to achieve the desired per-
formance and robustness is considerably more challenging in
MIMO systems [39]. In addition, most research studies have
primarily focused on uncertainties in input sources or loads,
often neglecting parameter uncertainties within the converter
itself. For a double-input double-output (DIDO) converter
H∞−loop shaping controller is discussed in [40]. However,
[40] adopted a decoupling approach and only accounted for
uncertainties in input voltage sources and loads, neglecting
uncertainties in converter parameters. In [35], a centralized
robust LMI-based controller using D-stability pole placement
is discussed for a double-input single-output (DISO) iso-
lated converter. However, [35]does not consider parametric
uncertainties. A Lyapunov-based controller for an SIDO
converter is discussed in [41]. In [42]an LMI-based H∞

controller is designed for a DISO DC/DC converter for a
charge-pump application. Appendix A presents a
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FIGURE 1. Topology of MMPC.

comparative overview of several robust control techniques
from multiple perspectives.

The primary contribution of this research is the devel-
opment of a robust controller for a bidirectional modular
multi-port converter(MMPC) capable of operating in both
step-up and step-down modes. The robust controller is syn-
thesized not only to address the cross-coupling challenges
inherent in MPCs and effectively manage the parametric
uncertainties of MMPCs but also to achieve a less conser-
vative and lower-order controller design. To achieve this,
following the derivation of the converter model in both
step-up and step-down modes, a centralized controller is
synthesized using the robust µ−optimal approach through
the D− G −K iterative procedure.

The rest of the paper is organized as follows: In section II,
generalized non-linear dynamic equations of the non-isolated
MPDCSU

nL and MPDCSD
nL are obtained. Subsequently, non-

linear dynamic equations and small-signal dynamic equations
for MPDCSU

3L and MPDCSD
3L , along with the corresponding

state-space model, are obtained. Section III discusses the
necessary and sufficient conditions for robust stability and
performance of MIMO-systems and explains the D− G −K
algorithm. Section IV presents HIL test results derived from
OPAL-RT 4610 and experimental results from a prototype
used to validate the control strategy. Finally, section V is the
concluding remarks.

II. EXPANDABLE BIDIRECTIONAL MMPC
A. CONVERTER TOPOLOGY
Fig.1 illustrates the configuration of the non-isolated MMPC
converter [15]. The converter features a fully modular

architecture, composed of identical converter modules that
can be connected in parallel and/or series. This modu-
lar design facilitates scalability, making it well-suited for
high-power and high-conversion-ratio applications. More-
over, the converter supports bidirectional power flow, which
is essential for interfacing with ESSs such as batteries
and supercapacitors, as it enables both charging (energy
absorption) and discharging (energy delivery) modes. In this
configuration, n signifies the number of modules connected
in series, and bk represents the number of parallel mod-
ules in the row k . The controllable voltage ports, denoted
as V[0],. . . , V[n], have the flexibility to serve as input,
output, or energy storage ports. Theoretically, this design
allows for the extension of the converter to accommo-
date any desired voltage levels. While the modules of the
MMPC are based on buck-boost converter topologies, they
are not limited to this topology, and other converter types
that conform to the overall system configuration may also
be employed. Switches Sa[K ,j] and Sb[k,j] in each mod-
ule operate complementarily, and for applications requiring
bidirectional power flow, antiparallel diodes are necessary.
In n−level non-isolated MMPC, one of the nodes must
be designated as a reference node (slack node) to ensure
internal power balance within the converter. The reference
node is typically modeled as a voltage source vi with an
unregulated current, meaning it adjusts its current output
as needed to maintain voltage levels. Depending on the
application, the selection of the reference node is left to
the discretion of the designer. The choice of reference
node directly influences the resulting converter configura-
tion, leading to different circuit topologies. In this study,
two such configurations are investigated: MPDCSD

nL and
MPDCSU

nL .

B. OPERATING PRINCIPLE OF THE PROPOSED
CONVERTER
The dynamic equations of the MPDCSD

nL can be expressed
using (1) and (2), respectively. In these equations, the source
vi is connected to the port V[n], and vC[k] and iL[k] indicate the
capacitor voltage and inductor current in the kth row, respec-
tively. Additionally, V[k] denotes the voltage from the kth port
to ground, and RL represents the internal resistances of the
inductors.

L
diL[k,j]
dt

=



vC[k−1]d[K ,j] − vC[k]
(
1 − d[K ,j]

)
− iL[k,j]RL ,

k = 1, ∀j ∈ {1, . . . , bk}

vC[k−1]d[K ,j]−

(
vi−

∑n−1

h=0
vC[h]

) (
1 − d[K ,j]

)
−iL[k,j]RL ,

k = n, ∀j ∈ {1, . . . , bk}

(1)

bkC
dvC[k]
dt

VOLUME 13, 2025 165159
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=



−

bk+1∑
j=1

iL[k+1,j] +

bk+2∑
j=1

iL[k+2,j]
(
d[K+2,j]

)
+ bk+1C

dvC[k+1]

dt
− i[k],

k = 0
bk∑
j=1

iL[k,j]
(
1 − d[K ,j]

)
−

bk+1∑
j=1

iL[k,j]

+

bk+2∑
j=1

iL[k+2,j]
(
d[K+2,j]

)
+bk+1C

dvC[k+1]

dt
− i[k], k ∈ {1, . . . , n− 1}

bk∑
j=1

iL[k,j]
(
1 − d[K ,j]

)
− i[k] −

bk+1∑
j=1

iL[k+1,j]

+bk+1C(
dvi
dt

−

n−1∑
h=0

dvC[h]
dt

), k = n− 1

(2)

For controller synthesis simplicity, (2) can be rearranged
to the form of (3), as shown at the bottom of the page:

The matrix [H ] is defined as (4):

[H ] =


1 −1 · · · 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 · · · 1 −1
bn
b1

bn
b1

. . . bn
bn−2

bn−1+bn
bn−1

 (4)

Similarly, the dynamic equations of the MPDCSU
nL can be

expressed using (5) and (6), respectively, whereas the source
vi is connected to the port V[0].

bkC
dvC[k]
dt

=


∑bk

j=1
iL[k,j](1 − d[K ,j])) −

∑bk+1

j=1
iL[k+1,j]

(
d[K+1,j]

)
−

∑n

h=k
i[h], k ∈ {1, . . . , n− 1}∑bk

j=1
iL[k,j]

(
1 − d[K ,j]

)
− i[k], k = n

(5)

L
diL[k,j]
dt

=


vid[K ,j] − vC[k]

(
1 − d[K ,j]

)
− iL[k,j]RL ,

k = 1, ∀j ∈ {1, . . . , bk}

vC[k−1]d[K ,j] − vC[k]
(
1 − d[K ,j]

)
− iL[k,j]RL ,

k = n

(6)

Similar to (3) and (4), (5) can be rearranged to the form
of (7), as shown at the bottom of the page, where the
matrix [R] is defined as (8), as shown at the bottom of
the page.

C. LINEAR EQUATIONS FOR MMPC
Configuration ofMPDCSU

3L is shown in Fig.2.As can be seen,
the voltage source vi is connected to v[0], the current source
Is[1] is linked to v[1], and loads R2 and R3 are connected
to v[2] and v[3], respectively. From (5) and (6), the dynamic
equations for the capacitor voltages and inductor currents can

[H ]



b1C
dvC[0]
dt

b1C
dvC[1]
dt

.

.

.

bn−2C
dvC[n−2]

dt
bn−1C

dvC[n−1]
dt


=



−
∑b1

j=1 iL[1,j] +
∑b2

j=1(iL[2,j]d[2,j]) − i[0]∑b1
j=1

(
iL[1,j]

(
1 − d[1,j]

))
−

∑b2
j=1 iL[2,j] +

∑b3
j=1

(
iL[3,j]d[3,j]

)
− i[1]

.

.

.∑bn−2
j=1

(
iL[n−2,j]

(
1 − d[n−2,j]

))
−

∑bn−1
j=1 iL[n−1,j] +

∑bn
j=1

(
iL[n,j]d[n,j]

)
−i[n−2]∑bn−1

j=1

(
iL[n−1,j]

(
1 − d[n−1,j]

))
−

∑bn
j=1 iL[n,j] + bnC

dvi
dt − i[n−1]


(3)



C dvC[1]
dt
.

.

.

C dvC[n−1]
dt

C dvC[n]
dt


= [R] ×



∑b1
j=1 iL[1,j]

(
1 − d[1,j]

)
−

∑b2
j=1 iL[2,j]

(
d[2,j]

)
−

∑n
h=1 i[h]

.

.

.∑bn−1
j=1 iL[n−1,j](1 − d[n−1,j])) −

∑bn
j=1 iL[n,j]

(
d[n,j]

)
−

∑n
h=n−1 i[h]∑bn

j=1 iL[n,j]
(
1 − d[n,j]

)
− i[n]


(7)

[R] =


1
b1

· · · 0
...

. . .
...

0 · · ·
1
bn

 (8)
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be presented as (9) and (10).
C
dvC[1]
dt

= iL[1]
(
1 − d[1]

)
−iL[2]

(
d[2]

)
−i[1] − i[2] − i[3]

C
dvC[2]
dt

= iL[2]
(
1 − d[2]

)
− iL[3]

(
d[3]

)
− i[2] − i[3]

C
dvC[3]
dt

= iL[3]
(
1 − d[3]

)
− i[3]

(9)
L
diL[1]
dt

= vid[1] − vC[1]
(
1 − d[1]

)
L
diL[2]
dt

= vC[1]d[2] − vC[2]
(
1 − d[2]

)
L
diL[3]
dt

= vC[3]d[3] − vC[3]
(
1 − d[3]

) (10)

By employing (9) and (10), the small-signal equations
for capacitor voltages and inductor currents can be derived
subsequently:

C
dṽc[1]
dt

= ı̃L[1] − ı̃L[1]D[1] − IL[1]d̃[1] − IL[2]d̃[2]

−ı̃L[2]D[2]

−ı̃[1]−ı̃[2]−ı̃[3]

C
dṽc[2]
dt

= ı̃L[2] − ı̃L[2]D[2] − IL[2]d̃[2] − IL[3]d̃[3]

−ı̃L[3]D[3]

−ı̃[2]−ı̃[3]

C
dṽc[3]
dt

= ı̃L[3] − ı̃L[3]D[3] − IL[3]d̃[3]−ı̃[3]

(11)

L
d ı̃L[1]
dt

= vid̃[1] + D[1]̃vi + vC[1]d̃[1] − ṽc[1] + ṽc[1]D[1]

L
d ı̃L[2]
dt

= vC[1]d̃[2] + D[2]ṽc[1] + vC[2]d̃[2] − ṽc[2]

+ṽc[2]D[2]

L
d ı̃L[3]
dt

= vC[2]d̃[3] + D[3]ṽc[2] + vC[3]d̃[3] − ṽc[3]

+ṽc[3]D[3]

(12)

Equations (11) and (12) can be represented in state space
form as (13)-(16). In this context, the state vector, x, the
disturbance vector 0, and the control vector u, are defined
as given in (14).{

X = Ax + Bu+ E0

Y = Cx + Du+ Gϒ
(13){

x =
[
vC[1], vC[2], vC[3], iL[1], iL[2], iL[3]

]T
u =

[
d[1], d[2], d[3]

]T
, 0 =

[
vi, i[1], i[2], i[3]

]T (14)

A =



0 0 0 1−d1
C

−d2
C 0

0 0 0 0 1−d2
C

−d3
C

0 0 0 0 0 1−d3
C

d1−1
L 0 0 0 0 0
d2
L

d2−1
L 0 0 0 0

0 d3
L

d3−1
L 0 0 0


(15)

B =



ı̃L[1]
C

ı̃L[2]
C 0

0 ı̃L[2]
C

ı̃L[3]
C

0 0 ı̃L[3]
C

vi+vC[1]
L 0 0
0 vC[1]+vC[2]

L 0
0 0 vC[2]+vC[3]

L


,

E =



0 −1
C

−1
C

−1
C

0 0 −1
C

−1
C

0 0 0 −1
C

d1
L 0 0 0
0 0 0 0
0 0 0 0

 (16)

Configuration of MPDCSD
3L is shown in Fig. 3. As can

be seen, the voltage source vi is connected to v[3], cur-
rent source Is[1] is linked to v[1], and loads R2 and R0 are
connected to v[2] and v[0], respectively. From (1) and (2),
the dynamic equations for the capacitor voltages and induc-
tor currents can be presented as (17) and (18). It should
be noted that vC[3] and dvC[3]

dt in (18) can be computed
from (19).



dvC[0]
dt

= −iL[1] + iL[2]
(
d[2]

)
− i[1] + C

dvC[1]
dt

− i[0]
dvC[1]
dt

= iL[1]
(
1 − d[1]

)
− iL[2] + iL[3]

(
d[3]

)
+C

dvC[2]
dt

− i[1]
dvC[2]
dt

= iL[2]
(
1 − d[2]

)
− iL[3] + C

dvC[3]
dt

− i[2]

(17)
L
diL[1]
dt

= vC[0]d[1] − vC[1]
(
1 − d[1]

)
L
diL[2]
dt

= vC[1]d[2] − vC[2]
(
1 − d[2]

)
L
diL[3]
dt

= vC[2]d[3] − vC[3]
(
1 − d[3]

) (18)


vC[3] = vi −

∑2

j=0
vC[j]

dvC[3]
dt

=
dvi
dt

−

∑2

j=0

dvC[j]
dt

(19)

The state-space realization of the average small-signal
equations for the MPDCSD

3L can be derived from (20)-(22).
In this context, the state vector, x, the disturbance vector
0,and the control vector u, are defined as given in (20).
It should be emphasized that vC[3] and

dvC[3]
dt can be derived

from (19), and hence vC[3] is not regarded as an independent
state variable

{
x =

[
vC[0], vC[1], vC[2], iL[1], iL[2], iL[3]

]T
u =

[
d[1], d[2], d[3]

]T
, 0 =

[
vi, v̇i, i[1], i[2], i[3]

]T
(20)
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FIGURE 2. Configuration of MPDCSU
3L .

A =



0 0 0
−

(
d1
2 +

1
4

)
C

(
d2
2 −

1
4

)
C

(
d3
2 −

1
4

)
C

0 0 0
−

(
d1
2 −

3
4

)
C

−

(
d2
2 +

1
4

)
C

(
d3
2 −

1
4

)
C

0 0 0

(
d1
2 −

1
4

)
C

−

(
d2
2 −

3
4

)
C

−

(
d3
2 +

1
4

)
C

d1
L

d1−1
L 0 0 0 0

0 d2
L

d2−1
L 0 0 0

1−d3
L

1−d3
L

1
L 0 0 0


(21)

B =



−iL[1]
2C

iL[2]
2C

iL[3]
2C

−iL[1]
2C

−iL[2]
2C

iL[3]
2C

iL[1]
2C

−iL[2]
2C

−iL[3]
2C

vC[1]+vC[2]
L 0 0
0 vC[2]+vC[3]

L 0

0 0 −(vC[1]+vC[2]−vi)
L


(22)

E =



0 1
4

−3
4C

−1
2C

−1
4C

0 1
4

1
4C

−1
2C

−1
4C

0 1
4

1
4C

1
2C

−1
4C

0 0 0 0 0
0 0 0 0 0

d3−1
L 0 0 0 0

 (23)

III. CONTROL SYSTEM
A. ROBUST STABILITY OF MIMO SYSTEMS
In this section, a necessary and sufficient condition for
robust stability and robust performance of MIMO systems is

FIGURE 3. Configuration of MPDCSD
3L .

FIGURE 4. The general framework for an uncertain feedback system.

investigated. The general interconnected system is shown
in Fig.4. Let’s perturbation matrix 1̃u consisting of scalar
blocks and full blocks, defines as (24), and M(s) =

LLFT (P,K). Then Theorem 1 is held:

1̃u = {diag[δ1Ir1, . . . , δsIrs, 11, . . ., 1F ]; δi∈ C,

1j ∈ Cmj×mj (24)

Theorem 1: Consider closed-loop system M(s) and the
perturbations 1(s)

(
1 ∈ 1̃w

)
whereM(s) and 1(s) are sta-

ble and 1̃u is a convex set. Then theM− 1 system is stable
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for all allowed perturbations if and only if det(I−M1(jω) ̸=

0∀ω, ∀1 ∈ 1̃u ⇔ λi(M1)
)

̸= 1, ∀ω, ∀1 ∈ 1̃u.
Proof: Condition det(I − M1(jω) ̸= 0 is derived from

the extension of the Nyquist criterion for the MIMO system,
which states thatM− 1 structure is stable if and only if

det (I − M1(jω) does not encircle the origin for ∀1 ∈ 1̃u.
The phrase λi(M1)) ̸= 1 can be proved by considering the
fact that det(I −M1) =

∏n
i=1 λi(I −M1) =

∏n
i=1(I −

λi(M1)) ̸= 0 ⇒ λi(M1)) ̸= 1.
Theorem 2: Consider closed-loop systemM(s) and com-

plex 1̃u. Then theM−1 system is stable for all allowed per-
turbations if and only if ρ(M1(jω)) ≡ max

i
|λi(M1(jω))| <

1∀ω, ∀1 ∈ 1̃u.
Lemma 1: Assume 1̃u be the set of all complex matrices

(unstructured full-block matrix) such that σ̄ (1) < 1∀1 ∈

1̃u. Then the M − 1 system is stable if and only if
σ̄ (M) < 1.
Proof: According to the Theorem 2, the robust stability

criterion is ρ(M1(jω)) < 1. Therefore, the follow-
ing inequalities hold: max ρ(M1) ≤ max σ̄ (M1) ≤

max σ̄ (M)σ̄ (1) = σ̄ (M).
While Theorems 1 and 2 provide the necessary and suffi-

cient conditions for the stability of theM−1 structure, they
do not provide a methodology to identify the most critical
1 ∈ 1̃u which makes theM1 unstable for min ∥M∥. For
unstructured full-block matrices 1, Lemma 1 offers neces-
sary and sufficient conditions for stability. However, when
1 has no structure, Lemma 1 can solely guarantee sufficient
(not necessary) conditions for stability (i.e., for structured
uncertainties where 1̃u = diag {1i} theM − 1 structure is
stable if σ̄ (M(jω)) < 1∀ω). The advantage of Lemma 1 over
Theorems 1 and 2 is that the stability condition is independent
of 1. Now the question arises whether we can drive tighter
bounds on stability, and find conditions close to necessary,
and independent of1. This leads us to the structured singular
value (SSV) concept and input-output scaling, which are
elaborated upon in the following sections [43].

B. STRUCTURED SINGULAR VALUES AND ROBUST
STABILITY
Definition 1: For an arbitrary real or complex matrix M

the ssv is defined by (25).

µ−1
1(M)≜min

1
{σ (1)|1 ∈ 1̃u, det(I −M1) = 0 } (25)

if there is a perturbation 1 ∈ 1̃u such that det(I −M1) =

0. Otherwise µ1(M) = 0.
Theorem 3: Consider a stable nominal systemM and the

perturbations 1. Then theM − 1 system with σ̄ (1) ≤ 1 is
stable if and only if µ1(M(jω)) ≤ 1, ∀ω.
Computing µ1(M) depends on the structure of 1 and

determining its value is not straightforward. Therefore, with
the assistance of µ1 properties, upper and lower bounds
of µ1(M) are attempted to compute. Hence, the following
lemma can be derived [44]:

Lemma 2: For a perturbation 1 the following estimation
for the upper and lower bounds of µ1(M) holds:

ρ(M) ≤ µ1(M) ≤ σ̄ (M) (26)

Lemma 2 may be impractical for deriving the upper
and lower bounds of µ1(M), due to the potentially large
gap between ρ(M) and σ̄ (M). Fortunately, the bounds
can be refined by considering transformations on M that
preserve µ1(M) while affecting ρ(M) and σ̄ (M). Var-
ious algorithms, such as the D − K algorithm, have
been proposed in the literature. When systems incorporate
parametric uncertainties, the D − G − K algorithm has
demonstrated promising outcomes, which is adopted in this
paper [44].

C. D−G − K METHOD
Let the perturbation matrix1 consisting of real scalar blocks,
complex scalar blocks, and full blocks.

1 = {diag[ϕ1Ik1, . . . ,ϕsr Iksr , δ1Ir1, . . . , δsIrsc,

11, . . ., 1F ];

δi∈ C, ϕi∈ R, 1j ∈ Cmj×mj}

µ1(M) is defined as (25). To ensure the robust perfor-
mance of the system there must be frequency-dependent
matrices Dω∈ D and Gω ∈ G such that:

sup
ω

σ̄ [(
DωLFFT (P,K)Dω

−1

β
− jGω)(I + Gω

2)−
1
2 ]

≤ 1, ∀ω (27)

where D and G are defined as follows:
G =

{
diag

{
G1, . . . ,Gsr , 0, . . . , 0

]
: Gi = Gi∗ ∈ Cki×ki

}
D =


diag

[
D̃1, . . . , D̃sr ,D1, . . . ,Dsc , d1Im1, . . . ,

IF−1, ImF
D̃i ∈ Cki×ki , D̃i = D̃∗

i > 0, dj ∈ R, dj > 0
Di ∈ Cri×ri ,Di = D∗

i > 0

(28)

Hence, the D−G−K algorithm can be outlined as follows:
1. Determine the initial matrices Dω∈ D and Gω ∈ G and

β1 > 0, such that:

sup
ω

σ̄ [(
DωLLFF(P,K)Dω

−1

β1
− jGω)(I + Gω

2)−
1
2 ]

≤ 1 (29)

Suitable initial parameters may be Dω = I, Gω = 0, and a
large positive β.
2. Fit transfer functions D(s) and G(s) to Dω and Gω, such

that D(jω) ≈Dω and G(jω) ≈ jGω. Therefore:

sup
ω

σ̄

[(
DωLLF(P(jω),K(jω))Dω

−1

β1
− jGω)(I + Gω

2)−
1
2 ]
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sup
ω

σ̄ [(
D(s)LLFT (P(s),K(s))D(s)−1

β1

− G(s))(I + G̃(s)G(s))−
1
2 ] (30)

3. Assume D(s) be factorized such that D(s) =

Dap(s)Dmin(s), D̃ap(s)Dap(s) = I ;Dmin(s)Dmin−1(s) ∈ H∞.
WhereDap(s) is all passed andDmin(s) is stable and minimum
phase transfer matrix. Then find a normalized right coprime
factorization D̃ap(s)G(s)Dap(s) = GNG−1

M ,GN ,GM ∈ H∞

such that G̃MGM + G̃NGN = I . Then G−1
M D̃ap(I +

G̃G)−1Dap
(
G−1
M

)∼

= I . For each frequency S = jω, (31),
as shown at the bottom of the next page:
4. Consider the following definition:

Pa

=

[
Dmin(s)

I

]
P(s)

[
Dmin−1(s)GM (s)

I

]
− β1

[
GN

0

]
(32)

and find a controller Knew minimizing ∥(LLT (Pa,K))∥∞

5. Determine a New β1 β1 = sup
ω

inf D̃ω∈D,G̃∈G{β(ω) : 0 ≤ 1}

0 = σ̄ [( D̃ωLLF (P,Knew)D̃ω
−1

β1
− jG̃ω)(I + G̃ω

2)−
1
2 ]

(33)

6. Determine D̂ω and Ĝω such that:

inf D̃ω∈D,G̃∈Gσ̄

[(
D̂ωLLFT F(P,Knew)D̂ω

−1

β1
− jĜω)(I + Ĝω

2
)−

1
2 ]

(34)

7. Terminate the process if updated scaling matrices D̂ω

and Ĝω and initial Dω and Gω are sufficiently similar; other-
wise, substitute Dω,Gω, and K with D̂ω, Ĝω, and Knew, and
return to step (2).

The flowchart of the D−G−K algorithm is presented in
Figure 5, which summarizes the main steps of the D−G−K
iterative procedure, as detailed in Section C.

D. ROBUST CONTROLLER SYNTHESIS FOR MPDCSU
3L AND

MPDCSD
3L

Following the discussion in section II, the objective of the
robust controller synthesis is to determine state-feedback
gains of the MPDCSU

3L and MPDCSD
3L while considering

uncertainties in the inductors and capacitors within the inter-
val C = [Cmin, Cmax], L = [Lmin, Lmax]. The nominal
values of C and L are given in Table 1, with an uncer-
tainty range of ±10%. The block diagram of the closed-loop
system with performance weighting transfer functions is
shown in Fig. 6, where Z1, Z2, and Z3 are exogenous out-
puts. Here, Ws1,..., s4, Wu1,..., u3, and WT1,..., T4, represent
weighting transfer functions corresponding to tracking and

disturbance rejection, controller effort, and system robust-
ness, respectively. To ensure effective reference tracking and
disturbance rejection, Ws1,..., s4, are considered as low-pass
filters with large magnitude within the control bandwidths
for good reference-tracking and disturbance-rejection per-
formance. Meanwhile, Wu1,..., u3 are set to a constant to
limit duty cycles,

[
d[1], d[2], d[3]

]
, andWT1,..., T4, are chosen

as high-pass filters with low DC gain for robustness and
noise attenuation. Sensor noise attenuation weighting func-
tions are designed to effectively suppress system sensitivity
within the frequency range where sensor noise is typically
present, primarily in the high-frequency spectrum. A first-
order high-pass filter is employed for this purpose, enabling
the attenuation of high-frequency disturbances introduced by
sensor noise. Additionally,WI1,...,I4 determine limitations on[
vi, v

ref
[1] , v

ref
[2] , v

ref
[3]

]
.

The converter topologiesMPDCSU
3L andMPDCSD

3L , exhibit
RHP zeros. This non-minimum phase behavior imposes fun-
damental limitations on control design by constraining the
achievable bandwidth and shaping the overall closed-loop
response. Increasing bandwidth beyond a certain point can
lead to instability, making it essential to strike a careful bal-
ance between fast dynamics and system stability [45], [46].

Beyond bandwidth limitations, RHP zeros influence
several critical aspects of system performance, including
overshoot, settling time, and disturbance rejection. These
trade-offs become especially significant when fast tran-
sient behavior is desired, as it may come at the cost of
reduced- robustness or increased sensitivity to model uncer-
tainties [45], [46]. With these constraints in mind, the control
strategies developed for the proposed converters are specif-
ically designed to maintain both dynamic performance and
robust stability.

Fig.7 shows the singular value plot over frequency for
the MPDCSU

3L . Initially, the frequency distribution of µ is
non-uniform with a peak µ value of 7.836. Subsequently,
through further design iterations, the µ values become uni-
form across a wide frequency range, and the peak of µ value
decreases to 0.833. This reduction in the peak of µ value
indicates improved robust stability and robust performance.
The initially designed controller has a high order of 39.
To reduce the controller’s order, Hankel singular values are
utilized. As evident from Fig. 8, the first 9 Hankel singular
values are notably greater than the others. Therefore, the
controller’s order can be effectively reduced to nine. The
comparison between the initial controller and its reduced
order is illustrated in Fig. 9.

In the conventional µ method, parametric uncertain-
ties are typically represented by complex uncertainties to
facilitate- analysis and synthesis with the iterative D − K
algorithm. However, this often leads to conservative con-
troller designs. In contrast, themixedµ analysis and synthesis
method consider all parametric uncertainties in their real
form. This approach analyzes and synthesizes the system
with the iterative D − G − K method, resulting in a less
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FIGURE 5. D-G-K algorithm flowchart.

conservative solution and offering proper robust perfor-
mance [44]. To compare these two approaches, the worst-case
disturbance rejection responses are illustrated in Fig. 10.
It is evident that considering real uncertainties results in a
less conservative solution and offers proper robust perfor-
mance. Fig.11 shows the singular value plot over frequency
for the MPDCSD

3L . Initially, the frequency distribution of µ

is non-uniform with a peak µ value of 4.94. Subsequently,
through further design iterations, the µ values become

FIGURE 6. Augmented plant.

FIGURE 7. Structure singular values of MPDCSU
3L .

FIGURE 8. Hankel singular values of MPDCSU
3L .

uniform across a wide frequency range, and the peak of
µ value decreases to 0.606. This reduction in the peak

σ̄ [(
D(s)LLFT (P(s),K(s))D(s)−1

β1
− G(s))(I + G̃(s)G(s))−

1
2 ]

≈ σ̄ [(
DminLLFT (P,K)Dmin−1

β1
− D̃apGDap)D̃ap(I + G̃G)−

1
2 ]

= σ̄ [(
DminLLFT (P,K)Dmin−1

β1
− GNG−1

M )D̃ap(I + G̃G)−
1
2 ]

= σ̄ [(
DminLLFT (P,K)Dmin−1

β1
− GN )G−1

M D̃ap(I + G̃G)−
1
2 ]

= σ̄ [(
DminLLFT (P,K)Dmin−1

β1
− GN ]. (31)
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FIGURE 9. Robust performance comparison of MPDCSU
3L .

FIGURE 10. Worst-case disturbance rejection response of MPDCSU
3L .

of µ value signifies improved robust stability and robust
performance.

The initial controller has an order of 26. To reduce
the controller’s order, Hankel singular values are utilized.
As depicted in Fig. 12, the first 8 Hankel singular values
are notably greater than the others. Therefore, the con-
troller’s order can be effectively reduced to 8. The comparison
between the initial controller and its reduced order is illus-
trated in Fig. 13.

IV. RESULTS AND DISCUSSION
A. HIL TEST RESULTS
Fig. 14 shows the laboratory setup. The experimental plat-
form is based on the OPAL-RT 4610XG real-time simulator,
which features a Xilinx® Kintex®-7 410T FPGA and
an AMD Ryzen™ 6-core, 3.8 GHz processor. Within this
framework, the converter models for the MPDCSU

3L and
MPDCSD

3L are executed on the FPGA, while the robust con-
trollers are implemented on the CPU. The eHS, the Opal-RT
real-time FPGA-based solver, operates with a step time of
120 ns, while the CPU step time is set to 20µs.

To assess the effectiveness of the robust controller, dif-
ferent scenarios are defined. In the first scenario, MPDCSU

3L
operates under normal conditions where the loads R2 and
R3, as specified in Table 1, are at their nominal values,

FIGURE 11. Structure singular values of MPDCSD
3L .

FIGURE 12. Hankel singular values of MPDCSD
3L .

FIGURE 13. Robust performance comparison of MPDCSD
3L .

FIGURE 14. Experimental HIL setup; OPAL-RT 4610.

consuming P = 279W and P = 131W, respectively. Dur-
ing this period, the current source Is[1] and voltage source
vi supply P = 239W and P = 174W, respectively. Then,
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TABLE 1. Parameters of 3-level MMPC.

TABLE 2. Steady-state values for 3-Level MMPC.

FIGURE 15. Steady-state and transient waveform of output voltages [v[1],
v[2], v[3]] of MPDCSU

3L under nominal and load changed conditions.

FIGURE 16. The output currents [I[2], I[3]] of MPDCSU
3L when R3 is

nominal value and changed by half.

to evaluate the transient response of the controller, the load
R3 is suddenly reduced by half, while the load R2 remains
unchanged. Fig.15 shows the steady-state and transient wave-
forms of output voltages [v[1], v[2], v[3]] for the MPDCSu

3L
under nominal and load change conditions. As is observed,
output voltages, [v[1], v[2], v[3]], perfectly tracked the-
reference voltages

[
vref[1] ,v

ref
[2] ,v

ref
[3]

]
following an acceptable

undershoot during the R3 alteration, demonstrating effective
tracking performance. Fig. 16 and Fig. 17 show dynamic
and steady-state waveforms of output currents [I[2], I[3]], and
inductors current [IL[1], IL[2], IL[3]], respectively. The mea-
surements of output currents [I[2], I[3]], As well as inductors

FIGURE 17. The inductors current [IL[1], IL[2], IL[3]] of MPDCSU
3L under

nominal conditions.

FIGURE 18. Steady-state and transient waveform of output voltages [v[1],
v[2], v[3]] of MPDCSD

3L under nominal and load change conditions.

FIGURE 19. The inductor’s current [IL[1], IL[2], IL[3]] of MPDCSD
3L under

nominal conditions.

FIGURE 20. Bidirectional operation of the MPDCSU
3L . The output voltages

[ v[1], v[2], v[3]], when Is[1] changed from +2A to −2A.

current [IL[1], IL[2], IL[3]] are provided in Table 2. When the
load R3 was altered, the inductors current become IL[1] =
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FIGURE 21. Bidirectional operation of the MPDCSD
3L . The output voltages

[ v[1], v[2], v[3]], when Is[1] changed from +2A to −2A.

FIGURE 22. Steady-state and transient waveform of output voltages [v[1],
v[2], v[3]] of MPDCSU

3L under nominal conditions, and input voltage
alternation.

FIGURE 23. Steady-state and transient waveform of capacitors voltages
[vC [1], vC [2], vC [3]] of MPDCSU

3L under nominal condition, and input
voltage alternation.

9.6A, IL[2] = 6.9A, and IL[3] = 2.2A, while the current
source Is[1] and the voltage source vi, supply P=240W and
P=310W, respectively. Fig.18 shows the steady-state and tran-
sient waveforms of output voltages [v[0], v[1], v[2]] for the
MPDCSD

3L under nominal conditions, as specified in Table (1),
and when R2 is suddenly halved. As is observed, output volt-
ages, [v[0], v[1], v[2]], perfectly tracked the reference voltages[
vref[0] ,v

ref
[1] ,v

ref
[2]

]
. During nominal conditions, R2 and R0 con-

suming P= 565W and P= 463W, respectively, while the cur-
rent source Is[1] and voltage source vi supply P= 239W and P
= 804W, respectively. The measurements of output currents
[I[0], I[2]], as well as inductors’ current [IL[1], IL[2], IL[3] ]
are provided in Table 2. Fig. 19 shows steady-state wave-
forms of inductors current [IL[1], IL[2], IL[3]]. When the
load R2 was altered, the inductor’s current become IL[1] =

13.9A, IL[2] = 9.2A, and IL[3] = 11.3A, while the output
currents become I[0] = 9.7A, and I[2] = 6.3A. Meanwhile,
the current source Is[1] and the voltage source vi supply P =

240W and P = 1130W, respectively.

FIGURE 24. Steady-state and transient waveform of output voltages [v[1],
v[2], v[3]] of MPDCSU

3L under input voltage alternation.

FIGURE 25. Steady-state and transient waveform of capacitors voltages
[vC [1], vC [2], vC [3]] of MPDCSU

3L under input voltage alternation.

FIGURE 26. Experimental setup.

In the second scenario, by a sudden change of the current
source Is[1] from +2A to −2A, the bidirectional capability of
the MPDCSU

3L and MPDCSD
3L is explored. Fig. 20 and Fig. 21

show the corresponding output voltages [v[1], v[2], v[3]] for the
MPDCSu

3L andMPDCSD
3L , respectively. These figures demon-

strate rapid convergence and minimal oscillations, indicating
the effectiveness of the proposed controller.
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FIGURE 27. Steady-state and transient waveform of output voltage v[1] of
MPDCSU3L under nominal condition, and input voltage alternation.

FIGURE 28. Steady-state and transient waveform of output voltage v[2] of
MPDCSU3L under nominal condition, and input voltage alternation.

In the third scenario, MPDCSU
3L operates under normal

conditions, when at t = t1 voltage source vi is dropped
from 48 V to 42 V, and at t = t2 voltage source vi is jumped
from 42 V to 52 V. As is observed from Fig. 22, output
voltages, [v[1], v[2], v[3]], perfectly tracked the reference volt-
ages

[
vref[1] , v

ref
[2] , v

ref
[3]

]
, demonstrating effective performance.

FIGURE 29. Steady-state and transient waveform of output voltage v[3] of
MPDCSU3L under nominal condition, and input voltage alternation.

FIGURE 30. Steady-state and transient waveform of capacitor voltage
vC[1] of MPDCSU3L under nominal condition, and input voltage alternation.

Fig. 23 depicts steady-state and transient waveforms of
capacitors voltages [vC[1], vC[2], vC[3]]. During time interval
of (0,t1), the average capacitor voltages are vC[1] = 72 v,
vC[2] = 60 v, and vC[3] = 60 v. As vi decreases at t =

t1, the average capacitor voltages become vC[1] = 78 v,
vC[2] = 60 v, and vC[3] = 60 v, while at t = t2, the average
capacitor voltages become vC[1] = 68 v, vC[2] = 60 v,
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vC[3] = 60 v. Therefore, from Fig.123, capacitor volt-
ages [vC[1], vC[2], vC[3]] are adjusted such that the output
voltages [v[1], v[2], v[3]] tracked the reference voltages[
vref[1] , v

ref
[2] , v

ref
[3]

]
, as is depicted in Fig.22.

In the fourth scenario, the capacitance and inductance
values are reduced by 10% from their nominal values. Then
at t = t1 voltage source vi is dropped from 48 V to 42 V,
and at t = t2 voltage source vi is jumped from 42 V to 52 V.
Fig. 24 shows the output voltages, [v[1], v[2], v[3]] ofMPDCSU

3L
and Fig. 25 shows steady-state and transient waveform of
capacitors voltages [vC[1], vC[2], vC[3]].

B. EXPERIMENTAL TEST
Fig.26 shows the experimental setup to validate the proposed
control method for MPDCSU

3L Three half-bridge IGBT mod-
ules, Imperix PEB4046, were employed as active switches.
The synthesized robust controller was implemented on a
dSPACE DS1202 MicroLabBox platform using ControlDesk
software. Real-time control was achieved through a designed
interface and protection interface (IPC). Current and volt-
age measurements were conducted using Hall effect sensors
(LEM LA 55-P and LEM LV25-P models). The DC power
supply was an EA-PS 9300-40, 5 kW model, as voltage
source vi while an APM SP800VDC, 4 kW model was uti-
lized as the current source Is[1]. The DC loads used were an
EA-EL 9400-50 (2.4 kW) for R2 and an EA-EL 9360-120B
(5.4 kW) for R3.
The experimental test is conducted to evaluate the perfor-

mance of the control system under varying input voltage con-
ditions, similar to the third scenario described in section V.A.
TheMPDCSU

3L operates under normal conditions. Then, at t =

t1 the voltage source vi is dropped from 48 V to 42 V, and at
t = t2 the voltage source vi is increased from 42 V to 52 V.
The corresponding [v[1], v[2], v[3]], and vC[1], are shown in
Figs. 27–30. The measurements presented in Figs. 27–30
demonstrate excellent agreement with the Opal-RT HIL test
results shown in Figs. 22–23. As observed, the control system
exhibits satisfactory dynamic responses, minimal oscillations
around the operating point, and rapid convergence speed.

V. CONCLUSION
This paper presents a comprehensive investigation into the
development of robust control strategies for MMPCs. These
converters are increasingly important in modern multi-energy
systems due to their ability to integrate various energy
sources. However, their inherently complex structure, along
with the presence of parametric uncertainties, operating dis-
turbances, and dynamic conditions, introduces significant
challenges in ensuring reliable, stable, and high-performance
operation. In this study, the dynamic equations of the n-level
MMPC in both step-up and step-down configurations were
derived, along with the large-signal and small-signal dynamic
equations for the 3-level structure. To control the converter
in the presence of uncertainties, a robust µ−controller was
synthesized using the D − G − K iterative procedure. SSV
analysis confirmed robust stability and performance across

worst-case uncertainty scenarios, demonstrating the suitabil-
ity of this approach for high-reliability and mission-critical
applications. The HIL test conducted using Opal-RT, along
with the experimental tests under various scenarios, demon-
strated satisfactory robust performance of the MMPC during
both normal operation and disturbance conditions.

APPENDIX A
Comparison of the Robust Control Methods derived as shown
at the top of the previous page.
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