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SOLUTIONS TO THE STOCHASTIC THIN-FILM EQUATION
FOR INITIAL VALUES WITH NON-FULL SUPPORT

KONSTANTINOS DAREIOTIS, BENJAMIN GESS, MANUEL V. GNANN,
AND MAX SAUERBREY

ABSTRACT. The stochastic thin-film equation with mobility exponent n €

[%,3) on the one-dimensional torus with multiplicative Stratonovich noise is
considered. We show that martingale solutions exist for non-negative initial
values. This advances on existing results in three aspects: (1) Non-quadratic
mobility with not necessarily strictly positive initial data, (2) Measure-valued
initial data, (3) Less spatial regularity of the noise. This is achieved by carry-
ing out a compactness argument based solely on the control of the a-entropy
dissipation and the conservation of mass.

1. INTRODUCTION

The stochastic thin-film equation
(1.1) Ovu = — 0, (u"3u) + 0x(uzW)

with noise W describes the evolution of the height u(t, z) of a thin liquid film driven
by surface tension and thermal fluctuations. Equation (1) was derived in [7] and
[17] using the fluctuation dissipation relation and a lubrication approximation based
on the Navier-Stokes equations with thermal noise, respectively.

The construction of solutions to this equation based on the stochastic compact-
ness method has been subject to recent research initiated by [10]. In [I0] solutions
to (LI)) are constructed for the case of a quadratic mobility exponent n = 2 and the
additional consideration of interaction forces between the molecules of the liquid
and the underlying substrate. The case of quadratic mobility is special, since then
the noise term becomes linear in the film height u. Moreover, the interaction forces
expressed through an additional interface potential in (L)) lead to strictly positive
film heights for all times. Subsequently, in [I3] solutions to (IZIl) with quadratic
mobility and with noise interpreted in the Stratonovich sense were constructed,
based on a time-splitting scheme. This construction allowed to treat also the case
of initial data with non-full support. A related result was derived in [16] by letting
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the interface potential in [10] tend to zero. Additionally, in [16] so called a-entropy
estimates for the solutions were derived, implying that the contact angle between
the substrate and the liquid is zero for almost all times. The case of non-quadratic
mobility has only been treated in [6], where solutions to (II]) are constructed for
the range of mobility exponents n € [%, 4). The obtained solutions as well as the
given initial condition were required to be positive almost everywhere, since the
construction is based on the entropy estimate, which controls the smallness of u.
We mention also the higher dimensional counterparts [22] and [23] of [10] and [13],
respectively. Lastly, we refer to [I4] for numerical simulations of a spatially dis-
cretized version of (L.

The aim of this article is to complement the existing literature by constructing
solutions to (1)) for initial data without full support and non-quadratic mobility
exponents.

The construction presented in this work applies for the range of mobility ex-
ponents n € [,3). The restriction n € (2,3) stems from the approach, while the
additional requirement n > % is solely required to ensure that suitable approxima-
tions are provided by [0, Theorem 2.2]. This restriction may be alleviated in the
future, since we expect this requirement in [6] to be of technical nature.

The applications of the stochastic compactness method in the mentioned articles
rely on closing a-priori estimates, known for the deterministic thin-film equation

1.2 diu = — 0y (u"03u),
(1.2) (u" 0,

for suitable approximations of (LIJ). In the deterministic setting, these a-priori
estimates are given by the energy estimate

1
(1.3) iat J(@wu)Q dr < — f(u"@iu)z dz,
the entropy estimate

(1.4) & J Glu)dz < — f (2u)? da,

and the a-entropy estimate
(1.5) 0 JGa(u) dr <ano — fua+"_29+1(6§u9)2 dr — Ju“+”_3(6mu)4 dz,

where G(u) = {* St 57" ds dt and more generally G, (u) = {* St s~ dsdt. We point
out that G, = G for a = 1 — n. Moreover, (5] holds, if

(1.6) Ha+n=2)20—-1—(a+n))—(0—1)> > 0.

A parameter § € (0,00) subject to (L0) exists, if & € (3 —n,2—n). If a €
(1 — n,2 —n), the particular choice § = 1 satisfies (I.l), while for the boundary
cases o € { —n,2 — n} a version of (LF) applies too, see [I, Proposition 2.1] for
details.

In the stochastic setting, the time increments of these quantities consist next to
the negative dissipation terms from the thin-film operator and the martingale part,
also of possibly positive terms arising from the Ito-correction of the multiplicative
noise term. The proofs in [10,22] rely on balancing these additional terms in a
combined energy-entropy functional. When using Stratonovich noise, cancellations
of these additional terms appear, which can be used to close the energy estimate
independently, at least in the case of quadratic mobility n = 2, as demonstrated
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in [13]. In the case of Stratonovich noise, also the a-entropy estimates can be closed,
which is the key in the proofs of [16,23]. Moreover, the use of Stratonovich calculus
allows to close the entropy estimate also for non-quadratic mobilities, which was
used in [6] to afterwards estimate the additional terms in the Itd expansion of the
energy functional. However, the use of the entropy estimate requires the solution
to be positive almost everywhere, at least if n > 2.

The aim of this article is to provide solutions with possibly non-full support also
in the case of a non-quadratic mobility n # 2. The main problem in this case is
that the Itd expansion of the energy contains terms, which can explode for u = 0,
see [0 Eq. (4.10)] and hence a control on the smallness of the solution is required.
The strategy of this article is to let go of the energy estimate and to base the whole
analysis on the a-entropy estimates as well as the conservation of mass 0, {udx = 0,
which was carried out for the deterministic thin-film equation in [4, Section 6]. By
restricting ourselves to the range n € (2,3), we can take « € (—1,2 — n), such that
(5) holds true with § = 1 and { G, (u)dz < o0 also for functions u without full
support. Since the a-entropy estimate yields less control on the spatial derivatives
of the solution, a weaker notion of solutions than in the cases in which the energy
estimate is available is necessary for our analysis. Therefore, we use a weak form of
the thin-film operator introduced for the higher dimensional setting [5, Eq. (3.2)]
and allow the solutions u take values in the space of measures. However, based on
the a-entropy estimate, we derive that u(t) admits a density with respect to the
Lebesgue measure for almost all ¢, which lies in a first order Sobolev space.

1.1. Main result. In this article, we prove the existence of weak martingale so-
lutions to (LI)). To this end, we write m(u) = |u|” and q(u) = \/m(u) = |u|?
for the mobility function and its square-root, respectively. We restrict ourselves
throughout this article to mobility exponents from the following range.

Assumption 1.1. We assume that n € [§,3).

Moreover, we assume W in (1) to be spatiotemporal noise, which is white in
time and colored in space. Specifically, we assume that the noise W is given by the
time derivative of the Wiener process B, defined by

(1.7) B(t) = ngﬁ(k)

keZ

for a family of independent §-Brownian motions (3%))iez on a probability space
(Q, 2, P) with filtration §. Here, we assume that

(1.8) ok = NS,

where A = (Ag)kez is a sequence of real numbers and

cos(2rkx), k=1,
(1.9) fu(x) = {sin(2rkz), k< -1,
1, else

are the eigenfunctions of the periodic Laplace operator. We impose the following
smoothness condition on the process B in terms of the sequence A.

Assumption 1.2. It holds Y, ,(k\)? < 0.
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As initial values to (1), we allow for non-negative Borel measure-valued random
variables. To be precise, we introduce the sigma-field Z on M(T) as the sigma-field
generated by the pre-dual space C(T), i.e. an M(T)-valued random variable X is
Z-measurable, iff (X, ) is measurable for each ¢ € C(T).

Assumption 1.3. The initial value ug: Q — M(T) is Fo-Z measurable and ug = 0
almost surely.

Interpreting (ILI]) in Stratonovich form, using the notation g(u) = |u|? and the
description of the noise (7)), we obtain the equivalent Itd formulation

du = — 0, (u"d3u) dt + %Z Ox(01q (0)0p(okq(u))) dt
keZ

+ ) 0a(ong(u)) dp™

keZ

(1.10)

of the stochastic thin-film equation. In order to obtain a sufficiently weak formula-
tion for the case of a possibly compactly supported initial value ug, we test (LI0)
with a smooth function ¢ € C®(T) in the dual pairing {-,-) on T and rewrite the
thin-film operator in the weak form introduced in [5, Eq. (3.2)]. We obtain the
formulation

(1.11)

du, p) = [Mw-?(amu)?’,am @) + BTN 2w, B2 ) + Oy, 3 )| e
13 Kowd (w)oz(okq(n), & @y dt — Y {onq(u), 0z ) dB™)
keZ keZ

which gives rise to the following notion of martingale solutions to the stochastic

thin-film equation on a fixed time horizon T € (0, o).

Definition 1.4. A martingale solution to (LII) consists out of a probability space
(Q A IP’) with a filtration § satisfying the usual conditions, a family of independent
& Brownian motions (ﬁ(k))kez and a non-negative, Vaguely continuous, S—adapted
(M(T), Z)-valued process @ defined on [0, T] such that P ® dt-almost everywhere
RS Wl’l('ﬂ‘) with

(1.12) “2(0,1)3, a"H(0,1)?, 4" 0y0, 4" 20,0, 4" € LY([0,T] x T)
almost surely and for every ¢ € C®(T), t € [0,T] we have

(a(t), ¢y — <u(0), ¥

+ t
= ool L@"*Q(ama)?’,az o) ds + 37"J @ ~H0,1)%, 05 pyds

(1.13) + Jt<a"6wﬂ,é’i pyds — Z J- (okq (@) 0x (01q(@0)), O ) ds

keZ
- Z J <0'kq O <P> d/égk)-
keZ
Remark 1.5.

(i) The requirement ([II2]) ensures that the deterministic and stochastic inte-
grals in (LI3) converge.
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(ii) We demand in Definition [[4] that for every ¢ € C*®(T), ¢t € [0,7] the
identity (LI3) holds outside of some P-null-set. Since the vague continuity
of @ implies that all the processes in (ILI3]) are continuous in time, this
null-set can be chosen independently of ¢.

In the course of this article, we prove the existence of martingale solutions to
the stochastic thin-film equation in the sense of Definition [[L4] under the previous
assumptions.

Theorem 1.6. Under Assumptions ED:I | L3 and oy, given by (L8)), there exists
a martingale solution (Q,ﬁl, P), 3, (B )keZ; @ to (LII) in the sense of Definition
[CA such that @(0) has the same distribution as ug on (M(T),Z). Moreover, 4
admits the following properties.
(i) Mass is conserved, i.e. almost surely {(u(t),1ry = {(@(0), L) for all t €
0,7].
(i) Ellmc])st surely, we LP([0,T] x T) n L™ (0, T; WHT(T)) for each p € (n+4,7)

and r € (24, 1) with

(1~14) E[Hﬁﬂip([o;r]xqr)] Sn,pAT E[HUOH%&) + HUOHIJ\/((T)]’

(1.15) E[102] 3 (fo,71xm)] Snorair Elluol ey + luolier ]
whenever the respective right-hand side is finite.
(iii) Almost surely, we have @ € C([0,T); H*(T)) for k € (—o0, 5") and if v €

(0,3), pe (24, 5) and v e (1, 755), it holds

[H HW7 2— "(OTW 3#(?))]

(n—1-52 v (nt1)v ]

(1.16)
Syt EJuolvym 77+ ol i

where p,,, = max{u(n+2),v(n+4)}, whenever the right-hand side is finite.
(iv) For a € (—1,2 —n) we have almost surely
G e LY0, T, WhA(T)), @t e L2(0,T; H(T))
and it holds the a-entropy type estimate
~ - a+ﬂ+l 2~
IE[H&xu HL4( [0.7]xT) T |0z
a+1 at+n—1

ga,mA,T E[HUOHM(T) + HUOHM(T) ]a
if the right-hand side is finite.

Remark 1.7. The reason to restrict ourselves to the range of mobility exponents
from Assumption [l is twofold. Firstly, the techniques used in the present proof
require the assumption n € (2, 3) to work out. Moreover, the additional restriction
n = % ensures that [0, Theorem 2.2] applies and yields the existence of approxi-
mating solutions. Hence, proving a version of [6, Theorem 2.2] for n € (2, %) would

also lead to an extension of the present result to the canonical range n € (2, 3).

a+n+1

) [2qo.m1m)

Remark 1.8. We convince ourselves that the regularity statements from Theorem
L8 suffice to deduce the most restrictive integrability assumption from Defini-
tion EIZI, namely that @"~2(d,a)® € L'([0,T] x T). As a consequence of Theo-
rem we have that almost surely

ie L"([0,T] x T), d,ie L™ ([0,T] x T).
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Hence, using Holder’s inequality, we can indeed conclude that

NG @), »

L2 ([0, 25 ([0,7]xT)

[a"72(0) | L o, r1xmy < 18" 72w
is almost surely finite.

Remark 1.9. Let @ be the martingale solution to (LII)) obtained from Theorem
For a € (—1,2 — n), the a-entropy type estimate from Theorem [L.6}(iv)| yields
the following additional properties of .

(i) We have that P ® dt-almost everywhere e [g2 (T). In particular, by
the Sobolev-embedding @ € C'(T) and hence uniformly supported away from
zero and bounded on compact subsets of {& > 0}. Thus, @ € HZ_({i > 0})
and we have

a aa+w+1 _ a+n+1~a+" 3a u
4
a+n+1 ~u+n 1 - 1 1 a+n 3
% = adntly 32 M (0,11)>

on {u > 0}. Hence, we conclude that

J J At 3(0,0)  dr dt S |00
{a>0}

and consequently

7 T
f J ™t (0ha)? du dt sj f (@25 )2 4 @t (0,a) e
0 J{a>0} {a>0}

o atntl N
San 070 HL2 (o0,1x1) T [0

Therefore, (LT7) implies that

T
EU J a3 (0,0)t + a1 (0%a)? da dt
{a>0}

San,A,T ]E[HUOHQM+(}E) + HUOH?\I&)_l]

o¢+n+1
HL4 [0,T]xT)

a+n+1

HL4([O TIxT)"

(1.18)

appealing to the classical form of the a-entropy estimate (LH) with 6 = 1.

(ii) We demonstrate that as a consequence of (LIT) one can also recover an
estimate in the spirit of (5] for 6 # 1. Arguing as in[(i)] we conclude that
P ® dt-almost everywhere @ € H2,_({@ > 0}) for any 9 > 0, with

2’ = 0a’1o%u + 0(0 — 1)a’"2(0,1)%
By taking the square on both sides, we obtain that

(02a%)? <p @22(0%0)? + a¥~4(0,0)"
Hence, using ([IR) we infer

[J J ~a+n— 20-&-1(&2 0) dl’d8:| SanGAT E[HUOHQ-&-I _’_HUOHQ-&-n 1].

(iii) In [I6] Corollary 3.2] it is shown that the solutions to the stochastic thin-film
equation constructed in [16] admit a zero contact angle almost everywhere
based on the finiteness of the a-entropy dissipation. Following the proof
of [16, Corollary 3.2] we obtain the same statement as a consequence of
Theorem [LG(iv), namely that P ® dt-almost everywhere, u admits 0 as its
classical derivative at every point from its zero set.
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1.2. Outline of the proof. As pointed out in the introduction, the main innova-
tion of this article is to provide solutions to ([ILT]) for initial data without full support
in the case of a non-quadratic mobility n # 2. The main difficulty in the analysis
of () is to close the deterministic a-priori estimates (3], (L)) and (LX) in the
stochastic setting, where at least in the case of Stratonovich noise, the entropy and
a-entropy estimate seem to hold for a wide range of n, see for example [0, Lemma
4.3]. However, the additional energy production due to the stochastic term in (L))
seems to require a control on the smallness of the solution, which we are unable to
provide in the case of initial data without full support. Since at least for the case
n > 2, the entropy estimate also fails for such initial values, we decided to rely the
whole analysis only on the remaining a-entropy estimate (LI) for o > —1 as well
as the conservation of mass. The key observation for the proof is that the use of
the weak formulation (ILTI)) and an interpolation of the a-entropy dissipation and
conservation of mass is sufficient to conclude compactness in suitable spaces.

To elaborate on the interpolation argument, we confine ourselves to the determin-
istic setting and set w = u*"% , where u is a solution to (I2) and « € (—1,2 — n).
Then, by the chain rule, integration of (LE) provides an estimate on
(1.19)

T T
[ eculia dt i [ [ 0
0 0 T

and the conservation of mass on

T
=t aru)4dx dt = J J u®t"3(0,u)* dr dt
o Jr

4
sup [w|*™"" = sup |uli(r),
te[0,T7] L a+n+1(T) te[0,T]

for non-negative u. An application of the Gagliardo-Nirenberg interpolation in-
equality allows to find between this estimate in L*(0,7;W'4(T)) and

L*®(0,T; LaFn (T)) an estimate on w, which has the same integrability in space
and time, see Lemma Using the identity

at+ntl
lullzeo,ryxTy) = lwl "

y2 ?
LaFnF1 ([0,T]xT)

this can be translated to an estimate on u, if p < 7. Together with the estimate on
(CI9) and the application of Holder’s inequality

8- (atn)
|0zl (o.11xm) San [u 3 aﬂ”wHLr([O,T]xT)

3—(atn)
< Ju—

= cio) ([0.7]%T) |0zl La(jo,r1 <)

a space-time integral estimate on d,u for r < % is obtained in Lemma 2.4l Then,

for example, the first term on the right-hand side of (LII)) can be estimated via
Hoélder’s inequality

[u" = (0zu) S (G

3 3
”L#f([o,ﬂm Lm,([mml\(axu) 28 o.ryxy

where n—Ll > 1 by Assumption [Tl This turns out to be enough to conclude some

temporal regularity of u in Lemma 25 and also identify the term u"~2(d,u)? in the
limit using Vitali’s convergence theorem, as demonstrated in the proof of Lemma
B3 (5]
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1.3. Discussion of the result. The fact that the result from [4, Section 6] can
be generalized to the stochastic setting is essentially due to the use of Stratonovich
noise, which is compatible with the a-entropy estimates. This allows us to con-
struct solutions to (1)) for non-negative initial values from the space of measures,
including the interesting case of the Dirac distribution. Moreover, only closing
the a-entropy estimate requires less spatial regularity of the noise compared to
cases in which also the energy estimate is used. Indeed, Assumption essentially
expresses that B is a Q-Wiener process in H!(T), while the reviewed results in
[6LT0,13L16,22,23] all require that B converges in H2(Td).

Although it would be preferable to have solutions satisfying also the energy
estimate, our result is the only one so far providing solutions to the stochastic thin-
film equation, which allows for initial values without full support in the case of a
non-quadratic mobility. It is a natural question whether the a-entropy estimate
alone is sufficient to verify qualitative statements e.g. on the propagation speed of
the solution.

1.4. Notation. Let X be a Banach space and v a non-negative measure on a
measurable space S. Then we write LP(S, X), p € [1, 0], for the Bochner space on
S with values in X, equipped with the norm

s = | 100 penen),

and the usual modification for p = oo, In the case X = R, we simply write L?(S)
or, if S is equipped with the counting measure, I?(S).

If [0,T7] is an interval, we use the notation LP(0,T; X)) for LP([0,T]; X'). More-
over, we write C'([0,T], X) for the space of continuous, X-valued functions equipped
with the norm

Ifleqorxy = sup [ £(E)]x-
o<t<T

We write W*P(0,T;X), k € (0,1), p € [1,00), for the Sobolev-Slobodeckij space
equipped with the norm

1) = ()%
Oy L, j f OO dras
For I € N and p € [1, 0], W'P(0,T; X) denotes the usual Sobolev space with norm
!
A .
j=0
We write T for the flat torus, i.e. the interval [0, 1] with its endpoints identified.

We write C(T) and CY(T), I € N, for the continuous and I-times continuously
differentiable functions on T, respectively, equipped with the norms

l
Iflcm = SUTP\f(I)L Iflory = D 185 f lee.
z€ Jry

For the smooth functions on T we write C®(T). We write W'P(T), l e N, p € [1, 0],
for the Sobolev space equipped with the norm

l
1 Binery = 25 102 A1y
j=0
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and for the case p = 2 we use the notation H'(T) = WY2(T). If p € (1,0), we write
W=LP(T) for the dual space of W' (T) under the duality pairing (-,-) in L2(T),
where p’ is the Holder conjugate of p, and equip it with the norm

Iflw -ty = sup  [(f, 9.

] ——" mSt

Denoting by f(k) = {f,e2™* ke Z, the k-th Fourier coefficient of a distribution
f on T, we denote by H*(T) for k € R\ N the Bessel-potential space consisting of
all distributions with

£y = D5 1FGR)P(L+ 20k]?)"

keZ

being finite. Moreover, we write M(T) for the space of Radon measures on T and
equip it with the total variation norm |v| ¢y = [v[(T).

Lastly, if G and H are separable Hilbert spaces, we denote the space of Hilbert-
Schmidt operators between G and H by Lo(G, H), which carries the norm

H‘I’HQLQ(G,H) = Z H‘I’ng%{
keN

for an orthonormal basis (gx)ken of G. If (Q,2(,P) is a probability space, we write
E[-] and E[ - |$] for the expectation and conditional expectation with respect to a
sub-sigma-field ) < 2, respectively. For two quantities A and B, we write A < B,
if there exists a universal constant C' such that A < C'B. If this constant depends

on parameters pi, ..., we write A <,,, .. B instead. We write A <,, ... B, whenever
A<y, Band B <, A

2. APPROXIMATE SOLUTIONS

In the course of this article, we prove the existence of solutions to (L.IT]) under
Assumptions [I.]], and [[.3] For this purpose, we use solutions to the stochastic
thin-film equation with a strictly positive, and regularized initial value and spatially
smooth noise as approximations. To regularize ug, we let (7)o be a family of
non-negative, smooth functions 7.: T — R sufficing |nc[z1(1) = 1 and

f el diz — 0
T\Bs5(0)

as € \{ 0 for every § > 0. Then, we define
u0.e = Lijuglper < 130 %) + ¢,
which is strictly positive and smooth by [15, Theorem 2.3.20] with
(2.1) Oxt0,c = Ljugpygry < 23 (10 * %)
for [ € N. By the convolution inequality
(2.2) v nlzay < [0l v

for general v € M(T), n € C®(T), see [12, Proposition 8.49], we conclude with (2.1))
that the Fo-measurable ug . lies in L®(Q, H'(T)). Moreover, since ¢ #(n.(—-))
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converges uniformly to ¢ for ¢ € C(T) by [15, Theorem 1.2.21], we have that

oy = || el = 9) duoto) o) da
Hm z — y) p(x) de duo(y) — (o, 9,

so that ug . converges almost surely to ug in the vague topology of M(T) as € \ 0.
Moreover, we introduce the cut-off weights

>\k7 |k‘ < l7
2.3 Aoe = €
(2:3) b {0, else
and define correspondingly
(2.4) Oke = Mkefk-

Assumption [[.Tlin conjunction with [6, Theorem 2.2] implies that for each € € (0, 1)
there exists a solution in the sense of [6, Definition 2.1] to

u = = (uddu) dt + 1 0u(0n.eq () u(0neq(w)) dt + D (o cq(u)) dB®)
keZ keZ
with initial value ug . To be precise we list the following consequences of Assump-
tion [[LT] which we use in the proof of Theorem We make this distinction to
make it transparent that an extension of the admissible n in [6, Theorem 2.2] would
also lead to a relaxation of Assumption [l

Consequence 2.1. Assumption [Tl and [6, Theorem 2.2] imply the following.
(i) We have n € (2,3).
(ii) Let € > 0. Then there exists a probability space (Q, 2., P,) with a filtration
3. satisfying the usual conditions, a family of independent F.-Brownian
motions (Bék))kez, an @E—adapted, weakly continuous H*(T)-valued process
i and an &,O—measurable random variable ée, subject to the following
properties.
(i) (@c(0),€,) has the same distribution as (uo,e, [uol mery)-
(iv) We have P, ® dt ® dz-almost everywhere @, > 0.
(v) It holds

Ee[ sup lac@®1H ey + 1 a.>039()0tc] 12 o 17xm) + |u€|L2(OTH2(T))] < ©.
(vi)

vi) For all ¢ € C*(T) and ¢ € [0, 7], it holds

Gilt)ooy = C0).9) = | L i drds

(2.5) Z J <0k o ()0 (Uk: q(te)), 0z ) ds

keZ
- Zf<akeq ue z@>dﬁ(k)
keZ

For technical reasons, we also demanded existence of the random variable 55,
which can be obtained from [6] by including the random variable |uo| sty in the
application of the stochastic compactness method. This will be important later,
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since we define the decomposition (2.59)) on the new probability space, which cannot
be recovered from the regularized initial value wug .

To simplify the notation, we assume that all martingale solutions are defined on
the original filtered probability space (2,2, §,P) with respect to the given family
of Brownian motions (8*));cz, attain the original initial value Uo,e, and denote
them by u.. Moreover, by equidistribution, we can assume that the auxiliary ran-
dom variables §~6 are given by |uo||rq(ry. This simplification is possible, since the
forthcoming estimates only depend on the distribution of the solutions.

1. Application of ito’s formula. In this section, we establish estimates on the
dissipation terms of the a-entropy

(2.6) L‘ Go(ue) dz,

which are uniform in €, where

(27) Ga(u) = muOHq
and
(2.8) -l<a<2-—n.

These estimates are expressed conditionally on Fp, where we remark that the con-
ditional expectation is also well-defined for non-negative random variables which
do not lie in L!(2), for details see [20, Chapter 5].

Proposition 2.2. Assume [2]). Then for every e € (0,1) we have

[J ‘[ atn=1(92y,) dxds+J- J- =30, uc )t do ds
(2.9)

Samn,r [uolffm + luolffm * + e+t

S

Proof. Throughout this proof we fix an € € (0,1) and introduce the functions

[ = _]l{u >0}m(u6)63u6,

3 2 ke (u)du ok ca(uc)),
keZ

and the Lo(12(Z), L*(T))-valued process ¥, defined by
Ve = am(gk,eQ(ue))v
where e, denotes the k-th unit vector in [2(Z). We convince ourselves that

(2.10) f.g € L*(Q,L*(0,T; L*(T)))
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2354 K. DAREIOTIS, B. GESS, M. V. GNANN, AND M. SAUERBREY

and
(2.11) U e L2(Q,L3(0,T; Ly (1*(Z), L*(T)))).

To this end, we observe that

T
E[|f 1202100 = EU [ |n{u5>0}m<ue>aiue|2dxdt]

T
< ]EUO laCue)l 2o my 1L >0y a(ue) gucl 72 ) dt]

1
< B[ sup_u)lFen| Bl opa() Bl bago myun | < 0
0<t<T
by Consequence As a consequence of Assumption [[L2] we have
DilloklErmy = 2 k1 + k) < oo,
keZ keZ
(2.12)
Dilorlczmllorlom = DS AR+ [k +[k*) < oo
keZ keZ
and hence
2
[H9HL2(O T L2(T)) [J JT Z Ok, eq ue Uk EQ(ue)) dx dt]

keZ

U (é'a’“ L= T)) L((Q’(ue))%ue)%dt]
U (k;zmem ) | @t >>2dxdt]
SnA EU f 2040, ue)? dxdt—i—J f n= dedt]

< f Juel 2t Il oy dt + f Il |

<1 E| sw Ju@IFd] <
o<t<T

where we have used again Consequence 2.If(v)l By the same arguments, we also

have
(2.13)
T
EL s 071 2020 22000 ] = E[ [ 3 ettt dt]

keZ

e[ ' ) [ @eonpmiu) s
+ ]EUOT éﬁr 07 (q' (ue)dpuc)? da dt]

o[ o]
0 kez
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SOLUTIONS TO THE STFE WITH NON-FULL SUPPORT 2355

+ EU D loel

0 kez

<ar B[ sup Ju®)lingm | <
o<t<T

so that (2I0) and (2II) indeed hold. Denoting the cylindrical Wiener process
ex — B in 12(Z) by B, we see that

oo (my el 7 oy ol Onuc] Ty dt

t t
uc(t) = uo,e + | 0x(f+9g)ds + J U df,
0 0

suffices all the assumptions of It&’s formula [8, Proposition A.1] on the involved
processes by Consequence 2ZIJ(v)| and the integrability statements 210) and (ZII).
We would like to apply [8, Proposition A.1] to calculate the It6 expansion of the
functional ([2.6). Since, however, the function (27 is not twice continuously differ-
entiable, we instead use the shifted version of (Z7)) as introduced in [5, Proposition
2.2]. Specifically, we let G, 5 € C*(R) such that

>0,
(214) Ga’(g(u) _ {Ga(u+6)7 u 0
0, u< —1

VA

)

for 6 € (0,1). In particular, G, s has bounded second derivative and hence evalu-
ating Itd’s formula [8] Proposition A.1] at time T yields

(2.15)
J Govs(ue(T)) dz — L‘Ga75(u07€)dx

J J 7 5(te)Opuem(ue)O2u, da dt
{u>0}

ZJ- f G5 () Ontucop o q (Ue) 0n (ke q(uc)) do dt

keZ

J (Gl s(ue)WdpBy, Ir) + 3 ZJ f " 5(e) (Ou(ok,eq(ue)))? da dt.

keZ

To simplify the second and fourth terms appearing on the right-hand side, we
observe that

Toalk,t) = — f ! ()0t q (u)du (0 ca(u)) de
" f 7 (1)@ (onca(u))? do
(2.16) = J 05 (1) 00k cq(ue) 0 (0 eq(ue)) da
J GM; Ue )M )(émfrkﬁ)2 dx

f G5 (ue)q(ue)q (ue) OpticOh OOk e dx.
‘We define
Ca5(u J G, )¢ (z)dx = ﬁf (z+6) > te"Ldx

0
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for u = 0, so that

(2.17) f 0.5 (U)q(1e)q (Ue) OptieOy OpOp c dr = — J Co6(te) 0 (O e0n0k ) da.
T T

By the definition of (, s we have

Cao(u) < gf (z + 6)>*" 2 dz,

0

and consequently

(2.18) [Cas(W)] Sam (w+6)*
Moreover, it holds

(2.19) |Gos(@m(u)] < (u+ o)
for u = 0 by [2I4) an

(2.20)  fuc@®)lzrry = luoellrry < lluolaerylnelzr(ry +€ = lluolaeery + €

by the divergence form of (2.I)), non-negativity of u. and (2.2l). Inserting (217,
EI8) and @I9) in ZI6) and using (1), [Z12) and (Z20)), we conclude that

Zf To.a(k,t) dt’

keZ

(2.21) <o Zf J e + 6 (2,040 + 100(00e000r )] d dt

keZ

a+n—1 4+n—1
Sur (s ooy +0) < (ool + €48
0<t<

Next, we estimate the first term on the right-hand side of (2I3)). The calcula-
tions are the same as in the proof of [B, Proposition 2.2] and only contained for
convenience of the reader. Namely, using integration by parts we can rewrite

f 7 5(te) Opuem(ue) s ue da
{ue>0}
= a+n—1 m(ue
- £u6>0}(u6+5) + (m(u +6))au6u6d:c

= - U “Um(ue)(0%ue)? do
pmy T e m) @

_ (a +n— 1)f (m”?ifujr)é))(ue + (5>a+n—2(amue)26§ue dx
T e

m(ue+9) (m(ue+9))
Ji + J2 + Ri.

- J( m/(ue) m(ue)m’(ue-gé))(ue+5>a+n—1(amue)26iue dx
T
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P ®dt-almost everywhere. Integrating by parts and employing Young’s inequality,
we retrieve

(2.23)

Jo = —(a+n-—1) ‘[ (e 4+ 6)*T2(0,u)?0%u, da
T

+3=3 (8wu5)2(m“&£ +)5) 1) (ue +5)a+§716§u€ dx

< (w + m) J (ue +6)* "3 (0gue)* da
T

- (aJrnfl)J(ueJrcS)a

T

K1 m(ue+0)

2
L fatnon)? J( s = 1) (e + )7 (02u)? da
T

for every k1 > 0. Moreover, by inserting m(u) = u™, we obtain the estimate

"(u) (wm/(u+d)| _ uw \"=1_§ né
s — o (at o)) ‘ =n(3%5)" T < aier
for u = 0. Hence for each ko > 0, we have
(2.24)
|R1| < JT(u6 + 5) (3 ue)z( "fié)(uE + (5) “ue| dz

< mzj (ue + 8)“T 3 (0puc)* do + %2 (u?i;)2(ue +6)* 1 (A2u,)? da,
T T

again by Young’s inequality. Choosing

—(a+n—1)(a+n—2)

Rl = R2 = 12 )

which is positive by ([28]), and inserting (Z24]) and (Z23)) in (222) yields

f a, 5(“‘6)6 Uen (Ue)@gue dx dt
{ue>0}

— U “~I(u 2u.)? dx
<~ [+ 9 imu @ a

4 letn—t(ain=2) J (ue + 8)*T"3(0,u,)* da

T
2
— Llatn-l) L(mﬁm) - 1) (e + 6)2F" (020, )2 da

2 2 a+n—
_ (a+n7112)?a+n72) qu(ueit?) (ue + 6)*+1(0%u,)? da.
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By using the preceding estimate and (2.21) in (2.I5]), we obtain moreover
(2.25)

L Govs(ue(T)) dz — JTGM(UO,S) dz + L ! JT(UE + 8) () (62u,)? da dt

T T
_ (Oz+n—1)6(o¢+n—2)J J(uf 4 5)a+n—3(amue)4 dr dt — JO <G;’5(Ue)\1’ d/3t7]lT>

+n—1
Samar (Juolaery +€+8) "

J f Tioe i (Ue+5)a+"_1(6§u6)2dxdt‘

n ‘ J [ 5 +6)"+"‘1(6§u6)2dxdt‘.
o Jr ¢
We have, by definition (214,
(2.26) - J Goos(ttn.) da > 0.
T

Moreover, it holds |Gy s(u)| <o (u+8)*F! for u > 0 by (28] and thus

J Ga,s(uc(T)) dz
T

(2.27)
a+1
Sa (Hué( )HLl + 5) (HUOHM( + €+ (5) *
by further invoking (220). Inserting ([2Z26]) and (Z27) in ([225) ylelds
(2.28)

J Ju€+5 m(ue)(02uc)? du dt

T
_ (a+n71)ti(a+n72) J J(uf + 5)a+n73(amu€)4 dr dt — L <G;75(u€)\lll dBs, ]lT>

a+n—1
Samar ([uol +€+5) + (ol pery + e+ 8)*T

J J mmu g (Ue +6)2T (0%, )? da dt’

+ f J(ﬁ)z(ue—ké)a*”1(6§u€)2dxdt‘.
0o JT

We point out that the prefactor
(a+n—1)(a+n—2)
6

of the second term on the left-hand side of ([Z28)) is negative by (2). By (Z8) and
(2.14) the function G, 5 is bounded, such that

E[I{G () ¥ A1) 720 7.1, 12(2) )]

- EUO > (] u ue>az(ak,eq<ue>>dx)2dt]

Sas E[ Z 102 (o, eq(ue)) HLQ(T) dt}

0 kez
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SOLUTIONS TO THE STFE WITH NON-FULL SUPPORT 2359
which is finite by (2I3)) and hence the stochastic integral in ([228)) is a square
integrable martingale. In order to estimate the conditional expectation on the left-

hand side of (Z9), we let A € Fo. Multiplying both sides in (Z28) with 14 and
taking the expectation, we conclude that

(2.29)

Blis [ [ e o tmtuoeng?asal
+ E[HAJ ‘[(ue + 5)o¢+n73(axu6)4 dJ?dt]
0 JT
Samar E[La((luolven +e+0)""" + (Juolaar +e+8)*" )]

2
J J mmu g ) (e 4+ 6)*T (02, )? dxdtH

+ IE[UO er(ﬁ)z(ue + )2 (02w, )? da dtl] =& + R2 + Rs.

+ 5|

Due to Fatou’s lemma and Consequence 2I}iv), we can deduce that

T T
IE[]IAJ J w02, )? da ds] + E[]IAJ f w3 (0uc)* dr ds]
(2.30) o Jr o Jr

Samar E[La(luol iy + luoliiipy " + )]

by letting 6 \, 0 in ([Z29), if we can argue that Ro + R3 — 0 as § N\, 0. To this
end, we observe first that

(e +8)* 1) < (1+ Jul)(93u)?,
(s —1) <1,

+
(u:iré)

by ([Z8]). Moreover,

2
(mTLE?—TlS) - 1) — 0,
2
(u:i-ts) - 0’

P ®dt ® dz-almost everywhere as § N\, 0, by Consequence 2Iiv)l Due to Conse-
quence [ZT[v)} we have that

T T
]EUO L(l + Jue])(Q2u)? da dt] < E[L (1+ Huequ(T))HaiuH%?(T) dt]

< E[(1+ sup Hue(t)HHl(T))HUEH%Q(O,T;H’A’(T))]
0<t<T

3 1
< (1+E[ sw Juc®n)|") Ellud iz mem]®
0<t<T

such that Ry + R3 — 0 by the dominated convergence theorem. Consequently,
[230) holds true, and (29) follows, since A € §o was arbitrary. O
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2.2. Spatial regularity. In this section, we proceed as explained in Section
and use the Gagliardo—Nirenberg interpolation inequality in conjunction with the
a-entropy estimate (2.9) and conservation of mass ([2220]) to obtain estimates on .
in suitable Lebesgue and Sobolev norms.

Lemma 2.3. Let pe (n+4,7), then

2.31

(IE ) p < 4 p—n—4 p—4 p—n—4
[HUEHL;?([QT]X'E) ‘30] ~n,p, AT (HUOHM(T) + 6) (HUOHM(T) + HUOHM(T) +e )

Proof. We choose « in accordance with
(2.32) p=a+n+5
so that in particular (2.8)) is satisfied and thus Proposition applies. We define

atntl
the random function w, = u. * and claim that w, € WH4(T), P®dt-almost
everywhere, and that the chain rule holds for it. To verify this, we observe that

We o = (Uc+ER) “ has the weak derivative @+ntl (ue+k) = 0z ue by the chain

1
rule [3] Corollary 8.11] for each x > 0. Hence,
(2.33)
4 _ -
(OA+;LL+1> |‘amw67l€”%4(’ﬂ‘) = J(ue +"$)a+n 3((91’(1,6)4 dr < f u?-kn 3(61’“6)4 d{,C,
T T
which is P ®dt-almost everywhere finite by ([2.9) so that taking « \, 0, w, , admits
a subsequence converging weakly in W14(T). This limit coincides with w,, since
We . — We almost everywhere. Moreover, using the weak convergence Ogwe , —
drw, in L4(T) and the dominated convergence theorem, we conclude that

<axwe;@> <~ <awwe,m§0>
b3 atn—3
= Ly + k)4 Opue, oy — L uc T Ouue, @),

for a subsequence & \ 0 and every ¢ € C®(T), and therefore the chain rule applies
to we, too.
By the Gagliardo-Nirenberg interpolation inequality [3] Eq. (42), p.233] it holds

(2.34)

v 1—v
(2.35) el ercry S lolinalwd 2y
for
_ 4(atn+d)+4 _ atntl-2

r= atnil Y T Tatnid -
Moreover, by the Poincaré-Wirtinger inequality

Hwe - J We dx S HazweHL‘L(Tﬁ

T LA(T)

we conclude that

lwelwrary S |welriry + |0zwel Lar)-

Inserting this in (Z35]) and using that Lo (T) < L(T) due to (28) yields

v 1—v
(236) ”we|L"'('ﬂ‘) San HaxweHM(’ﬂ‘) HwEHLa+i+1(T) + wa”LaﬁLH 1
Since

r(a+n+1)—4
(2.37) ry = rletntl)—d ;H:ri = 4,
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we obtain by integrating the r-th power of (2:30]) in time

(2.38)
! (1-v) T
T r V .
stHLr([O)T]XT) Sa,n J Ha ’LUEH (T)”w€H 7“('11‘) i+ JO HweHLQ+i+1 (T) dt
<r |@ (1-v) " -
st 1oy HweHLw(OTL T (1)) el 5 (0.5 L ST (1))
By ([232) we have % = r and consequently
P a+n+1 +4p+1 )
HUeHLP([O,T]x’H‘) Hue HLO‘_ﬁ%([O,T]xT) = waHLT([O,T]XT),
and moreover
HueﬂLl(T) = Hue Ha+n+1 _ H Hm
LoFn¥1(T) LaFn¥I(T)

Using these two identities in ([2.38]), taking the conditional expectation with respect
to Fo and applying estimate (Z20)), we conclude that

E[||u€||’L’,,([O T]xT) ’50]
r(l— u)(a+n+1) r(atn+1)

San,T ]E[H@ weHm([OT ><T)||u€”L°0 OTLl(’JI‘)) SO] + E[H“SHLMOTL1 (T)) '30]

r(l—v)(atn+1)
4

r(atn+1)

30] + (Juolmery +€)  *

< E|0swela o,y (ol sacey + €)

Using that by ([2:32) and (Z31)

1
T(a+4n+ ) _ D,

r(lfu)(ernJrl) =p— ru(aZnJrl) — 4

and estimates (Z9), [233)), we obtain
[HUEHLP ([0,T]%T) ‘SO]

Sam,1 ([uolrmer) + 6)4E[||5xwe||%4 (o<t | 80] + ([wolmer) + €)”

4 4 _
Sampnt (Iolnary + ) (ol + Tuol i ™ + € + ol + &%)

We use Assumption [T, (2:32]) and that € € (0,1) to simplify the right-hand side to

4 —n—4 —4 —n—
]E[Hu6||1£p([o,T]><T)|gO] SonpAT (HUOHM(T)"‘Q (HUOHZ/)M(T) +HU0||5)\A(T)+GP " 4).

Finally, ([Z3T)) follows by observing that « depends only on n and p. O

Lemma 2.4. Letre (%4, 1), then

]E[H@wueHEr 0,T]xT |30]
(2.39) (07D 2rd | aron—a)

Snr AT (”UOHM(T) + 6)47T(HUOH%(?1{L)_4 + HUOHM(T) +e€

Proof. We define p = 2r and «a according to (232), such that in particular the
assumptions of Lemma and Proposition are satisfied. We consider again

atntl

the function we = ue * , which satisfies the chain rule by ([2.34). Hence, using
Hoélder’s inequality and that

1 _ 1 3—(a+n)
T4 + 4p ’
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we can estimate

3—(atn)
Lr (o 1)xT) Sawm [te * Oate| oo 17w

3=(ain)
10z well L jo, 77T Hue HL%([O’T]XT)
3—(a+n)

= Haxwe|‘L4([O,T]><’I[‘) HUEHLp(ELo,T]x’H‘) :

|0z

N

Taking the r-th power on both sides, taking the conditional expectation with respect
to §o, and employing the conditional Holder inequality yields
i, r(3—(atn))
B[t orysm | §0] San E[10etel o e el oy | 0]

r(3—(a+n))

E[Hazweﬂi‘l([o,ﬂxﬂl‘) |30]Z]E[Hue”ip([oj]x'ﬂ~) |30] o

An explicit calculation yields %ﬁ’%)) = 1 — %, such that inserting (2.3), (231)

and the definitions of «, p results in
E[HamueHET([O,T]XT)|so]
2r—4 27"—71—4).

Samprt (ol + )" (luolZien ™ + luol 2 +

Finally, using that «, p only depend on n and r, we infer that (2:39]) holds. O

2.3. Temporal regularity. In what follows, we use the estimates derived in Sub-
section to deduce uniform estimates on the time increments of u. with values
in a suitable negative Sobolev space on T. Since the estimates from Subsection
only give estimates on d,u and u., we need to rewrite the thin-film operator in the
weaker form [5, Eq. (3.2)]. Specifically, by integrating by parts we obtain that

J m(ue)03ucn dx
(2.40)  Jfuc>0)

= %(u?d(@mue) M+ 3" U (0pue)?, 0pm) + (ulOpue, 020)

P ®dt-almost everywhere for every n € C®(T). The integration by parts is justified
by the regularity of u. obtained from Consequence2JJ(v)l In the subsequent lemma,
we deduce estimates on the terms on the right-hand side of (Z40).

Lemma 2.5. Let | € {0,1,2} and v € (244, —T=), then
7|

vy
"
WLvi(0,T;L¥ (T))

)4—1/1 (3—1)

J u272+l(amu6)3fl dt
0

2.41
( ) St ([uolagery + €

vi(n+4—1)—n—4 vi(n+4—1)—4 vi(n+d—1)—n—
(ol ggy =77 + Juo gy~ 7" 4 en(nra=hmn=4),

Proof. We choose p = 2r = y;(n + 4 — [), such that in particular p € (n + 4,7)
and r € (%, 7), meaning that the assumptions of Lemma 23] and Lemma [2.4] are
satisfied. Moreover, we have

(2.42) n=2+l | 3=l _ ntd-l _ 1

P T 2r 12
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Hence, using that So ul =2+ (0,u,. )37t dt is starting at 0 and admits its integrand as
weak derivative, as well as Holder’s inequality, we can estimate

J u?_2+l(axue)3_l dt‘ <t Hu?_2+l(amue>3_l”L”l([O,T]X'I[‘)
0 WL (0,73 L7 (T))

[(0rue)®™'|

l

< fue™ o HLn 2+ ([0,T]xT)
241

ZP( 0T]><’I[‘)Ha u“-HLT([OT 1xT)*

L3 ([0,T]xT)
= [uel

Taking the v;-th power on both sides and the conditional expectation with respect
to §o, using (231) and ([239), and employing the conditional Holder’s inequality

we conclude
3’0]
v (3—1)

(2.43)
E[ J w2 (Qu) T dt
0 W1 (0,T;LY1(T))
» vi(n—2+1) ”
E[||U€HLP([O7T]><']1‘) |SO] i ]E[HaxueHLr([o,T]xT) }SO] "
4vy(n—2+41) v (n—2+1)

2+1 3—1

St EfJud 7oz |10zt 7 (o2

Snprat ([olaary +€) 7 7 (fuolgfe* + luolfyipy + €77 7
(4= (3—1) Vz(3 b

% (uollaery +€) wmmﬁ4w%m&+ﬁ"ﬂ

The claim follows by using (2:42)) and inserting the definitions of p and r. O

vy

We derive similar estimates on terms appearing in the Stratonovich correction

term in (Z3).

Lemma 2.6. Letl€ {3,4} and v, € (n:zLngil, n+3 1), then
. v
E[ ZJ ie,e(d' (ue))?0pu dt ‘30]
(244) keZ 0 Wwlvs (O,T;LIIS (T))
Snwsar ([0l aaery + €77 (ol iy ™ + Juol iy + €™ 7"7%)
and
(2.45)

ZJ Tk, 0O, cq(Ue)q (ue)dt

keZ

%0]
W14 (0,T;Lv4 (T ‘

Snwarr (Juolaery + € (Juol S ™" + o yepy ™~ + e Dramn=),

Proof. We first consider ([2.44) and define p,r by p = 2r = nvs, such that the
assumptions of Lemma [2.3] and Lemma [2.4] are satisfied. Then
(2.46) =2 1 1,

p r v3

We use that Y}, { a,% (q' (ue))?0rue dt starts at 0 to estimate

ZJU,“ (ue) 6u€dtH Zake )20z

keZ keZ

Sn Z Ho-k,el 2

keZ

Wlws (0,75L¥s mr)) L¥3([0,7]xT)

P2 0pue| prs (o, myxm) SA Ul T2 00te]| Los (0,71 x) -

Licensed to Technical University of Delft. Prepared on Tue Jul 21 04:24:05 EDT 2026 for download from IP 131.180.130.228.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2364 K. DAREIOTIS, B. GESS, M. V. GNANN, AND M. SAUERBREY

Proceeding as in (2.43]), we obtain that

[Zjake (ue)) auedt )30]
Wwtvs(0,T;Lv3(T))

keZ
) » v3(n—=2) , v3
<ot Elluclqorrem [50] 7 E[lostclie oy | o]

4vg(n—2)
Snpr AT (HUOHM(T)H) o (ol + ol + € 7

(G o m
< (Jolaacry +0) 77 (ol 4+nuoui2<%+ S

v3(n—2)

The claimed estimate ([244) follows by using (Z46]) and inserting the definitions of
p and . The second estimate ([245) can be derived analogously with the choice

p=(n—1)vs.
Lastly, we obtain temporal regularity of the stochastic integral in (2.1).
Lemma 2.7. Let vs € (2(n+4) 14) v5 € (0,3). Then

ZJ Ok, eq ue dﬁtk)

keZ

30]
(2.47) [ Ws:v5 (0,T;L2(T)) ‘

Y5 gy — nvs _
Spsmannt (ol + ) (ol iemy ™™ + ol ey + €574,

Proof. We define the linear operator ®.: 1?(Z) — L?(T) by setting ®.ex, = o q(u)

so that we can write in what follows

| et as — | @.a.
0

keZ

where 3 is the cylindrical Wiener process in 12(Z) given by ey B We let

A € Fo. Then, using [I1, Lemma 2.1], we calculate

f b, dp, } - E[ J 1P, dB,
0 Ws:v5(0,T;L2(T)) 0

T T
S“/5,V5 E[L H]IA(I)6H?2(12(2),L2(T)) dt] = E[]IAJO |q>6|252(l2(2),L2(T))dt}'

To further estimate the latter, we use (ZI2]) and that v5 > 2 to infer

vs

T El
Jo H(I)eﬂzsz(p(z),p(qr)) dt = f <Z lok,eq(ue HL2 > dt

IE[]IA

Vs
W (o,T;LQ(m)]

keZ

i N -

S O e e A R U e U
5 ~ W(T)

0 \iz, ™ ([0.7)xT)
Finally, we set p = “3" in accordance with the assumption of Lemma 23] and
consequently we can use (Z31]) to conclude that

. Vs
e[ [ @.as | oo ElLA Tl )
0 W55 (0,T;L2(T))

= E[14E [HueHLP ([0,T]xT) | Sol]
Snpt E[La(luollaary + €0 (luol g + ol iy + #="~4)].

It remains to use that A € §y was arbitrary and to insert the definition of p.
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Finally, we combine the previous results from this subsection to deduce a uniform
estimate on the temporal increments of u. in terms of its Sobolev-Slobodeckij norm.

Lemma 2.8. Let y€ (0,3), p € (Z—ig, n—iz) and v € (1, WLH), then

E[ el .. 50]
0,T;W=3:#(T

(2.48) i ™ )

n—1-2-)v )(n+1)V

(
Sy, AT (HUOHM(T) + 6) + (HUOHM(T) +e€

b

where p = max{u(n + 2),v(n +4)}.

Proof. By Consequence 2|(vi)| and ([2:40), the equality

Ue =1Ug —”n L) J& 3u5))dt+3"J82 H(0pue)?) dt
(2.49) J O3 (ulogue) dt + % ZJ 0. (07 (q' (ue))?0puc) dt
keZ
2 ZJ a Gk ea Ok, eq(ue ue dt+ ZJ a Uk eq ue )dﬂ(k)
keZ keZ

holds almost surely, where the integrals on the right hand side converge in suitable
negative Sobolev-spaces as a consequence of Lemma 2.5] Lemma and Lemma
2771 We proceed by estimating the W (0, 7; W=3#(T))-norm of each of the
terms on the right hand-side of (Z49]) separately. Since ug . is constant in time, we
can estimate by the Sobolev-embedding theorem and (2.20])

U 2v <
(2.50) W 2= (0,T;W —34(T)) L7 v (0,1 Ll(T))
Sur |woellniry < Juolary + e
For the remaining terms, we choose
v = #7 16{0,172},
(251) v = #7 le {374}7
2p

Vs = 3 =7
where p is defined in the claim. In particular, we have v; > v and therefore

Uy 10,4},

(2.52) 1-L>1-1-1_
Using additionally that v > p and employing the Sobolev embedding theorem in
time and space, we obtain that

J ai+1(u?—2+l(amue)3—l) dtH .
0 W I (0,75W 5 (T))

(2.53) <

J u272+l(amu6)3fl dtH
0

2v
W7 2=v (0,T;W=2:1(T))

Sl,%u,v,w,T

J u?_2+l(8zué)3_l dt‘
0

Wt (0,T;L*1(T))
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for [ € {0,1,2}. For | € {3,4}, we proceed similarly and use again ([252) and the
Sobolev embedding to conclude

3 [ et woram af

~ 2v_
W " 2=v (0,T;W—3:1#(T))

(2.54)

~'y;,eu1/3, Zfake Ue é’uedt

keZ W1r3(0,T5LV3(T))
and
f a Uk 020 EQ(UE) (ue)) dtH e

2 55) keZ W 2=v (0,T;W—3:(T))

Sy, povyva,T Z J Ok, 020k, eq(Ue)q (U'e) dt .

Whra(0,T;LY4(T))

keZ

Lastly, we observe that by Consequence IQZEE and v <
2(n+4)v
n

n—Ll, it also holds v5 >

> 22_—”1/ Hence, by the Sobolev embedding theorem, we infer

5 | eulonatu ds®

keZ

~ 2v
W 2= (0,T;W —3:1(T))

Zfa,”q uc) dpt®)

keZ

(2.56)

Symvws

W55 (0,T3L2(T))

Employing the triangle inequality in W”’%(O,T; W=3#(T)) and the conditional
Minkowski inequality in ([2:49) yields

1
}%]snﬂwmvw
w

[H EHW”2 (0,T;W =35 (T

+Z]E[

+ E J O ( ake( (ué)) Opute) dt

-keZ

1
5 (0,7, W -3 (T)) ‘SO]

Jal-ﬁ-l n— 2+l(a Ue )3 l)dt

]
W 257 (0,T;W—3:4(T))

of

v, 2 -3
W 2=y (0,T;W =3:1(T))

L E jaama%&w>wmﬁ

“keZ

SO]
WW’%(O,T;W—&H(T)) ‘

+ E ZJ@ okeque)dﬁt
kel

|
W 32 (0,T;W—34(T))
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The estimates (2.50), 253), @54), 255) and (2356) and the conditional Jensen

inequality lead to

50]” Soonsewir El(Juollacr) + ) 8ol

vy "L
=]
Wi (0,T5L71(T))

E[lul” .
A= v (0,T;W—=3:4(T))

+;E[

u?72+l(8xu6)37l dt

+ E Z‘[U,” (ue)) 6u€dt ‘30]
Lllkez Ww1vs(0,T;Lv3 (T

+E Z J Ok, ea Ok,ed ue) (ue) dt 'SO:|
Ul ez Wva (0,T;L74 11‘))

+E Z J Ok eq ue dﬂ(k) ‘%’0] )
Ulgez W5:v5 (0,T;L2(T))

where we also used that the v; only depend on n, v, u. Since p € (n +4,7), the
parameters from (25])) satisfy the assumptions from Lemma [Z5] Lemma and

Lemma[Z7l Hence, using (241]), 244), 245) and ([2:47)) as well as that, we obtain
that

(2.57)

1

I:H’U'e“ (0 T;W=3:#(T)) ’30] ’ S%TL’M’V,A’T (HUOHM(T) + 6)

2
—v vi(n+4—1l)—n—4
2[ Juol aacry + €10 (o i
1

+ Huo”uz(n+4 -4 +€ul(n+4—z)_n_4)]ul
1

(olaagry + €/~ (Juoll ey ™ + ol + o) |

1
—1vyg—n—4 —1)vy—4 n—1)vy—n— vq
(ol ey + ) (ol Sy~ + ol Gy~ -+ el ramn=4) |

+ [

+
25 —n—4 - nvs _ vs

+ [Quolmery + &0 (ol iemy™ ™" + o limy” + €5 774)] ™

To simplify the right-hand side, we estimate ¢ and [ug|r¢cm) in Z57) by (e +
|uol at¢ry) to conclude

1

E[Juel? 2, o sy | 0] Sromsewar (uolaacr) +€)
2

n+1—
+ Dol aacry + ™ E + (Juol ey + )"
(2.58) 1=0

luolaeery + €)™ % + (Juolamery + €)™

+ ( -1
+ (ol aaery + €™ 7% + (Juol pery + €)™
+ (

w3

—1

luolaaery + €2 + (Juolaaery + )
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We notice that the largest power on the right-hand side of (258) is n + 1. By
Consequence I?:[I the smallest power is either 1, n — 1 — V—Z or g — % To find
the smallest one, we insert (Z51]) to rewrite the powers to

2 2
1, n—l—y—’;:n—l—%, %_%:%_g_p
and consider the respective parabolas
2 2
gl(l') = ]-7 gZ(x) = x_l_%v 93(x) = %_g_p

We notice that all three parabolas attain their maximum value at £, with

91(5) =12 93(5) = § > 9(8) = -1,

since p < 8. Because the second derivatives of the parabolas obey the same ordering,
we conclude g1 (z) = gs(x) = go2(z) for all z € R and in particular that n — 1 — "Tf
is the smallest power in (258). Whence,

N

]E[HUGHW%%(0,T;W*3’“(T)) )30]

—1— n+1

7L2
Sy AT ([Uolaery +€)" 7 + (Juolagery + €)

and raising both sides of the preceding inequality to the v-th power yields (Z48). O

2.4. Simplified estimates. In the previous subsections, we derived uniform esti-
mates on the conditional expectations of the approximate solutions (u)ce(o,1y- To
work with these estimates efficiently in the preceding section, we derive correspond-
ing moment estimates with a simpler right-hand side. To this end, we introduce
the sets

(2.59) Aj = {Juollmm el —1,4)}, jeN,

providing an §p-measurable partition of the probability space 2 and point out that
it suffices to show tightness on each of the sets A; separately in light of Lemma
[B3l Using that

(2.60) HUOHM(T) +e<j+1
on Aj, we obtain by multiplying (Z9) with 14, and taking the expectation
Vae (—1,2—n):

T T
(2.61) ]E[]lAj J J ult" N (02ue)? dads + 1y, J J u®t"3(0,u0)t da ds
o Jr o Jr

Samar (G+1)0 L

In the same way, we conclude from Lemma [2.3] that
(2.62) Vpel[l,7): ]E[]lAj Hue\lip([oj]xm] Snpar (4 +1)7,

where the fact that the inequality also holds for p € [1,n + 4] follows by Holder’s
inequality. Analogously, we conclude from Lemma [2.4] that

(263)  Vre[LD): E[Lalosuclieqorpen] Snnar G+1)

Licensed to Technical University of Delft. Prepared on Tue Jul 21 04:24:05 EDT 2026 for download from IP 131.180.130.228.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SOLUTIONS TO THE STFE WITH NON-FULL SUPPORT 2369

Using additionally the Sobolev embedding theorem in space, we conclude from

Lemma 2.8
Vv € (0, )Vue(,n+2)VV€[ 7%9—4):
(2.64)

B[4, el | Svmnr G+ 17D,

W 227 (0,T;W—3:#(T))

3. LIMITING PROCEDURE

In this section, we construct a martingale solution in the sense of Theorem
to the stochastic thin-film equation with initial value ug. To this end, we show
tightness of the approximating family (uc)ce(o,1) in suitable spaces in Subsection
BIland extract an equidistributed convergent subsequence converging to a solution
in Subsection

3.1. Tightness properties. We define Xjnq = R, Xgm = C([0,T]), Xpower =
L?(0,T; H?(T)), where we equip the latter space with its weak topology. Moreover,
we choose sequences —1 < k; _71, l<p /S 7and 1 < / % Then, we
define the spaces Xcont; XLebesgue, X Sobolev as the projective limit of the sequences
(C([0,T]; H*(T)))ien, (LPH([0,T] x T))eny and (L™ (0, T; WL (T)))sen, where we
consider the latter sequence of spaces with their weak typologies, for details see
Appendix [Al Finally, we define the space

(3'1) X = X nd X XBM X Xcont X XLebesgue X X'sobolev X X

power?

and equip it with the product topology.
Lemma 3.1. Let o; /' 2 —n be a sequence satisfying 28)). Then the family

L aj+n+1l
(3:2) (((HAJ)J’EN’W( Dkez, te, e, e, (ue )leN)>ee(O,1)
lies tight on X.

Proof. By Lemma it suffices to show tightness of each of the components of
B2) in their respective space separately.

Tightness of the indicator functions and Brownian motions. The set of real num-
bers Xi.q is a Radon space and thus the law of 1 A; 1s inner regular on open sets for
every j € N. Consequently, the family (14, )ce(0,1) lies tight on Xj,q. Tightness of
the sequence ((1.4,)jen)ee(0,1) On Xjnq follows by Lemma[B.2l Similarly, since X'pm
is a Radon space, the law of (%) is inner regular on open sets, and consequently
the family (3(")).c(o,1) lies tight on it. Another application of Lemma yields
tightness of ((8™)kez)ee(0,1) 00 XEns-

Tightness on X cons. By Lemma[B.J]and Lemma [B.3]it suffices to show tightness
of (1a,uc)ee0,1) on C([0,T]; H*(T)) for each j,I € N. To this end, we choose
ve(0,4), pe (1, ﬁ) and v € [1, nLH) such that v — 2% > 0 and in particular
the embedding

L*(0,T; L(T)) n W% (0, T; W3*(T)) — C([0,T]; H™(T))
is compact by [25] Corollary 5] and the Rellich-Kondrachov theorem. Consequently,

the set

1

K5 = {u|lule=oararmy < 3 el s o gy < 5}
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lies compact in C([0,T]; H*(T)) for 6 > 0. By (2.20) and (2.60), we have that
E[La, el 2050 (my] < J+1
and hence together with (2.64]) and Chebychev’s inequality, we conclude that
P({1a,uc ¢ Ks})

< P({L4; Jucl e om0 (my) > 5})

1
(3.3) + P({]IAJ' HUEHW%;)—_U"(O,T;W*&“(T)) g 5})

< OE[1a, |ucl 0.1 6 B[ ucl” o |
[T, el o= 0. o) ] + Al 2 ooy

Sy 0 +1) + 67 + 1)t
Tightness follows, since the right-hand side tends to 0 as § N\ 0.
Tightness on X epesgue- By Lemma [B.1] and Lemma [B.3] it is enough to show
tightness of (1a;ue)ec(0,1) on L ([0, T]x T) for each j,1 € N. We let again y € (0, 3),
we (1, nL-ﬁ-Q)’ ve [l nL-Hl) with 7 — 22 > 0 and define the set

The set K is bounded in L'(0,T7; W11(T)) and thus compact in L*([0,7] x T) by
compactness of the embedding

L0, T; WHY(T)) A W55 (0, T; W3H(T)) — L0, T; L*(T)),

2v <
w2y (07T;W—37H(’JI‘))} =

=

Ky = {u| max{lul s o rym), 1wl 2 o ryemy, ]

see again [25], Corollary 5]. Since K is moreover bounded in LP'+1 ([0, 7] x T), it is
compact in LP!([0,T] x T) by interpolation. Lastly, with the help of ([262)), (ZG3)
and (Z.64), we can conclude that P({14,uc ¢ Ks}) — 0 uniformly in € as 6 , 0,
analogously to (3.3]).

Tightness on X sopoler- By Lemma [B.I] and Lemma [B.3] it is again sufficient to
verify that (1a;uc)cee(o,1) les tight on L™ (0,73 W (T)), equipped with its weak
topology for each j,l € N. To this end, we define the set

Ks = {u}|\u|

L (0,71xT) < 55 |0cul Lo, r1xm) < 51

which is bounded in L™ (0, T; W1 (T)) and consequently compact with respect to
the weak topology by the Banach-Alaoglu theorem. Following the lines of ([B.3]), we
conclude that P({14,uc ¢ Ks}) — 0 uniformly in € as 6 ~\, 0 by (2.62) and (2.63),
which implies tightness.
Tightness of the powers. A last application of Lemma [B.2]and Lemma yields
ajtntl

that it suffices to show tightness of (IlAJ. Ue on X power for all j,i € N,

)56(0,1)

aj+n+1l
To this end, we define ve = u. 2 and arguing as for w, in the beginning of the
proof of Lemma [Z.3] we conclude that v, admits
aj+n—3 ajtn—1

aj+n+l)(ag+n—1) ——— 2 aj+n+1 2
(ntl)(ai+n=1) L(l Jyo 2 (Ozue)” + 5= ue 2 Opue

as a second weak derivative. In particular, using Parseval’s relation we can estimate

[oellFraery = D1+ (27k)* + (2mk) ) |6 (k)
keZ

A

B0 + D rk) (k) < JvelFoem + 105vel72 (),
keZ
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such that

HUeH%%O,T;Hz(T))

T
< f Joelar +na%sum

~a,, f Hue HL2 dt +f J aj+n— 1(6211,6) + ual+n 3(6 Ue) dx dt
= uel Z4T 55 (o 7y J J ortn=1(92y )2 4 42+ =3(0,u,)* da di.

Hence, by invoking (Z61) and (262) we obtain
E[1a; [velZ207:m2(m)]

1
Sorn E[La,Juel 735 o T]X'H‘)]

+ IE[]IA J J artn=l(52y )% + u?’+"3(axue)4dxdt]

j + 1 al+n+1

S(){l,n AT (

Tightness of (14;vec)ee(0,1) N Xpower follows by Chebychev’s inequality and the
Banach-Alaoglu theorem. O

Since the sequence ([B.2]) lies tight on the space ([BI]), we can extract an equidis-
tributed convergent subsequence.

Corollary 3.2. There exists a complete probability space (Q,ﬁl, I@’) and an equidis-
tributed subsequence

i > oqtntl
(34) (((ng))JENa (ﬂé(k))kGZa ﬂéa ﬂéa fl‘ea (ﬂ‘ﬁ z )lEN))e

of B2), consisting of B(X)-measurable, X -valued random variables and a B(X)-
measurable, X -valued random variable
)ZEN) ’

(35) (( (J))JGN’ (6( ))kEZa ﬂa ﬂ‘7 ﬂv (’EL
defined on (Q,2,

ajtn+l

I@’) such that
optntl
( (]) EN7 6( ))kEZyueaueauea(af : )leN)

_aptntl
)leN)

(3.6) | )
- ((X(]))jel\h (B(k))kelv ﬁa '&; ’l~l,, (U

P-almost surely in X, as € \, 0.

Proof. The existence of an equidistributed subsequence follows from Lemma [B.1],
when we can verify the technical assumption of [I9, Theorem 2], i.e. that X admits
a countable family of continuous functions separating its points and 2l-measurability
of these functions, when composed with ([B.2). To construct such a family of func-
tions, separating the points in X', we can project on a component of (BI) and
then apply functions separating the points in this component, such that we can
consider the spaces Xing, XBM; Xconts X Lebesgues X Sobolev aNd X power individu-
ally. For X.ont, we let p: R — [—1,1] be a continuous injection and take the
functions Xeony — [—1,1],u — p({u(t), fx)) for t € [0,T] n Q and k € Z, where
we recall that f; was defined by ([3). For X'py the same construction applies
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and for Xjnq the function p itself separates the points. Since the spaces X'pebesgues
Xsobolev and X power embed into L2([0, 7] x T) with its weak topology, the family
w— p({u, f;(T71) ® fi)), j, k € Z separates the points in them.

To also check 2A-measurability of these functions composed with [B2]), we first
observe that p(14;) and p(B*)(t)) are random variables in R for every j € N and
k € Z. For the other cases, we note that u. is adapted in H*(T) such that u.(¢,x)
is A-measurable for each (¢,z) € [0,T] x T and thus also u. as a random variable
in C([0,T] x T). In particular, the compositions

p(Cuc(t), fi)), - p(Cue, F5(T71) @ fi))

are -measurable, too. Lastly, we use that

ajtn+l

C(0, T] xT) - C(0, T] x T), u+—>u" 2

is continuous, to conclude that
aj+n+l
p((ue =, f;(T71)® fr))
is 2-measurable.
Hence, [19, Theorem 2] is indeed applicable and there exists an equidistributed,
convergent subsequence [B4) of ([B:2), which converges almost surely to a random
variable

(X9 jen, (B®) ez, ity £, G, (T1)1en)

in X. Since u. converges almost surely to @, f and g in the space of distributions
on (0,T) x T, it holds @ = f = §. Moreover, since 4. — @ in Xpepesgue We have

_outntl _ogtntl L .
that @ac 2 — a2  in L*([0,7] x T) by Vitali’s convergence theorem. With
aj+n+l aytntl
the help of & > — ¥ in Xpower, We conclude 9, = @ L , which finishes the
proof. O

3.2. Convergence to a solution and a-priori estimates. For the rest of this
article, we consider the complete probability space (Q, Q~[, ]f”) with the random vari-
ables (B4) and (B3] obtained in Corollary We introduce the filtration § on
(Q,2,P) as the augmentation of &, defined by

G, = U{)Z(j),&(s),ﬁ(k)(s) |jeN,0< s <t keZ}.
Here, we consider (s) as a random element in H~1(T).

Lemma 3.3. The family (B(k))kez is a family of independent §-Brownian motions.

Proof. The proof is standard and we refer to [10, Lemma 5.7]. O

Lemma 3.4. The family (X(j))jeN consists of indicator functions of a measurable
partition (A;j) jen of Q.

Proof. The family (;zﬁj))jeN ~ (14;)jen converges to (X;)jen almost surely and thus
in law by [9l Proposition 9.3.5]. Hence, the law of (X;),en coincides with the law of
(14;)jen and the claim follows. O

Additionally to the convergences (B.6]), we obtain also strong convergence for the
powers of ..
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Lemma 3.5. For each l € N one has
_qtntl _ogtntl
(3.7) Ue 2 — U 2
almost surely in L?(0,T; HX(T)), as € \, 0.
ajtntl aj+n+l
Proof. At the end of the proof of Corollary B2l we showed that @e > —a~ 2z

almost surely in L%([0,T] x T). Hence, the claim follows by the weak convergence
aptntl aj+n+1
e 2 —oa e = in X power and interpolation. ([l

Lemma 3.6. For each p € C*(T) and t € [0,T], the following hold almost surely
as €\, 0.

(c(t), ) — <ult), ),

t t

f G 2(0s1)°, 65 ) ds — f (@ 2(0,0)°, 0, ) ds,
0 0
t t

j<a?*1<axag>2,a§ oyds — f (@M (2y0)2, 00 ) ds,
0 0

J(u Opllc, 02 0y ds — J<u”6 i, 02 o) ds,
(v)

5 f (ke (1) 00 (01 (7)), 00 9y d5 — meq H(ora(@), 00 ) ds,

keZ keZ

(vi)
ZJ@M Gc), Oz ) ds — Zf@cq ), 0 p)* ds,

keZ keZ
(vii)
t t
J (oreq(iie), 00 o> ds — j (oxa(@), s ) ds.
0 0

Proof. We fix & € Q such that (6] holds in X and (377) holds in L?(0,T; H(T)).
The convergence follows from %, — % in Xcone. For and
we consider an arbitrary subsequence such that it suffices to show that for an-
other subsequence the respective convergence holds. By te — @ in Xpepesgue and

it R _agtn+l

e — @~ 2 in L?(0,T; H*(T)), we can choose this subsequence such that
aptntl ajtn+l
e — 0 and Ozlle 2 — Oz L5 almost everywhere on [0,7] x T and therefore

Ozt — Oy on the set {a > 0}.
We verify by showing separately that

t
(3.8) J J 4" 2(0pt1e)30, @ dxds — 0,
{a=0}

(3.9) j f 2(0,11¢)%0, ¢ dr ds — J J 4" 2(0,1)0, ¢ da ds.
{u>0} {a>0}
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Using that @ — @ in Xrebesgue and Xsobolev, [B.8) follows by Hélder’s inequality
and (39) by Vitali’s convergence theorem. The claims and can be shown
analogously.

For we rewrite
t
Z J <0k,eq/(ﬂ/e)az (Uk:,eq(ﬂ/e»a am Q0> dS
kez Y0

t
= Z J <U%)6(q/(ﬂ€))2@mﬂ,e, Oz ) + <0k7eaw0k7eQ(ae)q/(ae)a Oz ) ds
kez Y0
and observe that for the individual summands
t t
n f (03 @20, 0, @y ds — f (30" 20,1, &, ) ds,
0 0
t t
3| s o prds - [ o 2 pyds,
0 0

as € \, 0, since 4 — U in XLebesgues XSobolev and og e — o in CH(T) for fixed
ke Z by (IJ), 23) and Z4). Hence, by the dominated convergence theorem, it
suffices to find a summable, dominating sequence of

(j o2 20,0, 0 )] + [(Ohea0n i, 00 sﬁ>d8>

keZ

independent of € to conclude To this end, we estimate using Holder’s inequality
t
| Kot 2o ec ] + Konataonar o, ds
0

HL2<n 2)(T) HawaeHLz(’Jl‘)

t
<10 lle | (londl?
0
+ loklle () 0z0k | Lo () HﬁJ\ZZ_ll(T)) ds
<0z ¢ HLf (Hué‘Lz(w 2) ([0,T]xT) 102 QEHH ([0,T]xT)
+ Hu€|Lw 1 OT]x'ﬂ‘))HJkH%I(T)'

The prefactor on the right-hand side is uniformly bounded in €, since . — @ in
XLebesgues X Soboley and the sequence (HUkHQ(;l(T))keZ is summable by (ZI2), which
finishes the proof of For we proceed analogously and observe first that
for each summand

f (01,eq(Tie), 0y ) — (okq(T), Oy p)* ds

0

< J;) |<Uk,EQ(aE)’ aac 90> - <UkQ(ﬂ)7 ax g0>| |<O-k,e(J(ﬁe)7 ax QO> + <O-kQ(a)7 ax <P>| ds

t
< 19z @172 J lok,eq(tie) — okq(@)] L2(r)llok,cq(te) + org(@)|L2(r) ds

< N0 @ Z2(m)low,ea(@e) — oxa(@) 2o,y xm) low.ca(@e) + 0a(@) 22 (o, %),
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which tends to 0 as € \, 0, since @ — @ in Xrepesgue and og  — o in L2(T). We
use again the dominated convergence theorem together with

t t
J (Ok,eq(iic), 05 p)* ds < J lok.e |7
0 0

< 02 o |72yl En o,y ok 2o )

the convergence @i, — @ in Xpepesgue annd (Z12) to conclude The convergence
follows from @, — @ in Xrehesgue and oy — oy in L% (T). O

I (T) 10z © H2Lz(1r) ds

Lemma 3.7. For every ¢ € C*(T), j € N and t € [0, T] we have that

1z, [Ka(®), ¢ — <a(0), )]

t
= ]lAj [n(nQ_l) L<ﬂn_2(ara)37 0z ) ds

t t
3 f G (6,0), 2 oy ds + f (0,1, 0% o) ds

(3.10)
-3 J (o1q' (@) 0z (01q(1)), Oz ) ds
keZ
— o 0x Y dB™ |
I;ZJ< Kq(a ©) ]

Proof. Throughout this proof, we fix j € N and € C*(T) and define the process
(0) = 100> — @0, - 2520 [y, oy
- %f@"—l(awa)?,ag oy ds — Lt@"ama, 3 oy ds
#13) [(d@atora. o 0|

keZ

and the approximating processes
10 = 39|t = @) ) — 205 [ oo s
t t
(3.11) — 37” J a0, 1c)%, 02 oy ds — J (UM 0y, 02 ) ds

+ 3 f (Or,eq (1) 0z (01 ,eq(The)) xtp>d8]

keZ

As a consequence of Lemma 3.6 we have indeed M, (t) — M (t) as € \, 0. Now let

(3.12) HRXC 0,5]; T) x [ [C([0,s]) —

j=1 keZ

be continuous and bounded and define

/3 = ¢( jEN ﬂ )keZ)a
¢(( Xe )geNauea(BE( Vkez)
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such that p. — p as e \, 0 by [B.0). Defining M, on the original probability space
(Q,2(,P) as the right-hand side of (BI1]) with @, replaced by u., we find that

Me(t) = _]lAj L<@edﬂsaam 90>a

where ®, and 3 are defined as in the proof of Lemma [27], because of Consequence
2J)(vi)| and ([2:40). The quadratic variation process of M, is given by

(3.13)
Ta, ZJ(akeq (te), O cp>2ds <

keZ keZ

(’H‘) 10z ¢ HL2(’H‘) ds

<a L, Haa: ¥ HLz(T) Huﬁl‘g"([O,T]xT)’

where we used ([Z.I12)) in the second inequality, which is integrable by Consequence
21(v)| and thus Me is a square integrable martingale. In particular, since

(M., (Xé ))jeN,ue, (ﬁe )keZ) has the same distribution as (M, (14,) e, Ue,
(%)) ez) by Corollary B2, we obtain that

E[(M.(t) — M.(s))pe] = 0,

oy (50 26 0 S [neati 2070 ] < 0

keZ
B| (JL050(0) - M()F() - 30 f (el 2x 9y r )| = 0

Next, we note that by (BI3) and the Burkholder-Davis-Gundy inequality

(3.15)
E| sup [NL@F| = B[ sup [Mc(t)1] Spn 102015 m) B[ L, el . g0.79,0m |
o<t<T o<t<T

which is uniformly in € bounded by Z62) for p € (2,12). Using (BI3) and (262)
again, we also obtain that

(3.16) [( (J)ZJ (Ok,eq(ile), 0z ©)° dt) ]

keZ

and more simply

. E| () JOT (Conealae)on ) ) ]

< (lonellzm e @ looe) E[La el B o o0 o]

are uniformly in € bounded for these p. Since also

(3.18) E| sw [B@)] = B[ swp [8O(0)"] <

0<t<T 0<t<T

for all € and v € (1,00), we can use uniform integrability of the random variables
in (BI4) and the almost sure convergences M (t) — M(t), p. — p, Lemma B.0{vi)|
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and m in Xpy as well as v — 1;, in Xing as € \, 0, to conclude
E[(WT(1) — ¥(s))7] = 0.

(3.19) ]EKMQ() M (s J<okq m50>2d7>ﬁ] -0,
B| (030w - o <3>5<k>(5> ~13, [, e prar 3| = o

An application of the monotone class theorem [2, Theorem 2.12.9] yields that (3.19)
holds for any p, which is bounded and measurable with respect to the sigma-field
generated by random variables of the form

¢((>2(j))jeN, u, (B(k))kez)

with ¢ as in (BI2) continuous and bounded. Arguing as in [23, Remark 5.11]
one finds that this sigma-field coincides with &,. Another application of Vitali’s
convergence theorem, using continuity in time of the random variables in ([B19)
and the moment estimates (315), (310), BI7) and [BI8) once more yields that
(BI9) holds also for bounded, F,-measurable 5. Consequently, an application of
[18, Proposition A.1] leads to (BI0). O

Before completing the proof of Theorem [[.6] we deduce versions of the a-priori
estimates, which we derived for u., also for .

Lemma 3.8. We assume that p € (n +4,7), r € (22, 2), v € (0,3), p €

» 3
(Z—ig, n—j_2), ve(l, nL+4) and o € (—1,2 —n).

(i) The estimates (LI4) and (LIX) hold, whenever their right-hand side is
finite.
(ii) The estimate (ILI6) holds with p, , = max{p(n+2),v(n+4)}, if the right-
hand side is finite.
(ili) We have almost surely G e L4(0, T; WH4(T)), @ e L2(0,T; H*(T))
and it holds (LIT), whenever its right-hand side is finite.

Proof. For we only verify (LIH), because (LI4]) can be derived analogously.
Since almost surely @ — @ in X'gopolev, We conclude

Dl [ERTF——

< E[liIen\%lf HaxaeHzT([O,T]XT)]

< 1ig<jélflﬁ[\\(?xﬂe“2r([o7:r]xT)]

= lim inf E[E[|0suel - o,71.m) | Fo] ]

S tminf B[ (uol e + 0~ (Juol ™ + o it + €7~
- IE[HuoHS\]&) + HU'OHTM(T)]’

using Fatou’s lemma and Lemma 2.4
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For we use Lemma to conclude
(3.20)

[P el T.Wfs,mr»]

E[]lA ]E[HU6H 225 (0,75W 3.4 (T)) ’%H

2
—1-"2—)\v +1)v
Sy, AT E[]IAJ- ((HU'OHM(T) + 6)(n eV (luoll amery + 6)(n ) )]7

yielding a uniform bound on Y., in L"(, W (0,T; W=3+#(T))). Hence, up

to taking another subsequence, we can assume that X}(j)ﬂe admits a weak limit
2v .

in L¥(Q, W27 (0, T; W=3#(T))). Since almost surely y.) — 1, in Xing and

Ue — U in Xpower, We also have Xe( Nie — 1; u in LP([0,T] x T). Hence, using

Vitali’s convergence theorem and (Z62)), we deduce that

[HXe Ja. —1; uHLP(OT]x’I[‘)] 0,

such that the weak limit of Xe( )i has to be 1; u By lower semicontinuity of the

norm with respect to weak convergence, Fatou s lemma and (B20), we conclude
that

B[4l

. nflfi v n+1)v
S'y,n,,u,u,A,T hrg{‘%le[]lAJ ((HUOHM(T) + 6)( p“’u) + (HUOHM(T) + 6)( ) )]

minf Bl v D gl . o
W (0.1 - SH(T»] < hgl\léle[HXe “6”W”’22*_V(0,T;W*3vmr)>]

(n—l—%)l/ v
= B[, (Juollier, " + luol G2 |

It remains to sum over j € N to obtain ([LI6). Analogously, follows from
Proposition O

Proof of Theorem [LB. We first show that (Q,2,P), §, (3%)) ez and @ indeed con-
stitute a martingale solution to (IIT)) in the sense of Definition [[4 To this end,
we observe that almost surely @.(¢t) = 0 for all ¢ € [0, T] since it is equidistributed
to ue. Consequently, its limit @ in X cont satisfies almost surely @(t) = 0 as well and
in particular %(t) is a non-negative measure on T for all ¢ € [0, 7] by [2I, Theorem
6.22]. Moreover, since a(t) is §-B(H ' (T))-measurable by the definition of §, the
real valued random variables (ii(t), ¢) for ¢ € C®(T) are §;-measurable. By ap-
proximation, the same holds when ¢ € C(T), such that @ is @—adapted with values
in (M(T), Z). Moreover, by the divergence form of (LI3]), the total variation norm
|@(t)| aqery = <a(t), Ir) is constant in time. Using this, we show vague continuity
of 4 in M(T) and assume for contradiction that @ is not continuous at some time
t. Then, there is a vaguely open neighborhood O < M(T) of @(¢) and a sequence
t, — t with a(t,) ¢ O for all n € N. However, since @ is bounded in M(T), a
subsequence of 4(t,) converges vaguely to some v € M(T) by the Banach-Alaoglu
theorem and since % € X¢ont, it must hold v = 4(t), contradicting @(t,) ¢ O. As
demonstrated in Remark [[L8 the integrability conditions (I.12) follow from @ lying
in Xpebesgue and Xgobolev. Lemma 3.3 states that (B(k)) kez is a family of indepen-
dent §-Brownian motions. Since Lemma 34 and Lemma [3.7] imply that @ satisfies
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(CI3), we showed that the quadruple (Q,2,P), §, (%)) ez, @ suffices Definition
4

To verify that @(0) ~ ug, we observe that the sets of the form

{VEM(T)|(<V’<P1>7"'7<V’(Pl>) € A}

for ¢y,...,¢; € C*(T) and Borel sets A c R form an intersection stable generator
of Z by density of C*(T) in C(T). Since @.(0) ~ ug. as H~'(T)-valued random
variables, almost surely ug . — ug vaguely and @.(0) — @(0) in H=}(T) as € \, 0,

it holds

(<u07 4,01>, s 7<u07 L¢Dl>) ~ (<ﬂ'(0)7 4,01>, ) <ﬂ(0>7 (pl>)>
yielding that the laws of ug and %(0) on (M(T), Z) coincide. Due to Corollary B.2]
we have % € Xcong N XLebesgue N X'sobolev. Together with Lemma this
leads to and The claim in|(i)| was already checked at the beginning of this
proof. Part is the content of Lemma B§(iii)| ]

APPENDIX A. PROJECTIVE LIMITS OF LOCALLY CONVEX VECTOR SPACES

We give a short summary of useful facts on topological vector spaces following
[24, Section I1.4, Section IL.5]. In the following, we consider vector spaces over R
equipped with a topology. Such a tuple is a topological vector space, if addition
and scalar multiplication are continuous mappings. A Hausdorff topological vector
space X is called locally convex, if every neighborhood of a point x € X contains
a convex neighborhood of z. Since balls are convex, every normed vector space
is locally convex. Moreover, if X is a normed vector space, and we denote its
topological dual by X*, the weak topology on X admits the collection of sets

(A1) {yeX||<y—x,x;“>|<(5,ie{l,...,j}}

for ¥ € X*, 6 > 0 as a neighborhood basis at € X. Since the set (AJ) is
convex, X with its weak topology is locally convex as well. Now, let X; for [ € N
be a Hausdorff, locally convex space, such that X'; ;1 — X continuously. Then the
projective limit of (X;)ien is the space X' = (7),cy X1 equipped with the coarsest
topology, such that each of the embeddings X — X; is continuous, and is itself a
Hausdorff, locally convex topological vector space again.

Lemma A.1. Let K be a subset of the projective limit X of a sequence of Hausdorff,
locally convex spaces (X)ien. Then K is compact in the topology of X, iff K =
ﬂleN K, where K is a compact subset of X;.

Proof. If K is compact with the topology of X, it is also compact with the topology
of X; since the embedding X — AX; is continuous. The claim follows since K =
(Nien K, trivially. For the converse implication, we note that X is homeomorphic

to the subset
D = {(fcl)leN e[[x
leN

of the topological product space [ [,y X1 by [24, p.52]. Denoting the homeomor-
phism by f: D — X, we notice that K = f(D n [[,cy K;). Because [ [, K is
compact by Tychonoff’s theorem, it suffices to show that D < [,y &’ is closed,
since then K is compact as it is the image of a compact set under a continuous
mapping. To do so, let (z7)ien € [ [}y A7 not in D, i.e. we assume that there are
indices 7 < j with z; # x;. Since X'; © &; and X; is Hausdorff, there exist disjoint

Vi, g x; =:Cj}
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open neighborhoods B;, B; < X; of x; and z;, respectively. By the continuity of
the embedding X; — X;, B; is also open in X';. Hence, denoting by p;, p; the
continuous projection from [ [,y & onto the i-th and j-th components, we have
constructed the open neighborhood p;*(B;) N p}l(Bj) of (z1)ieny which is disjoint
from D. Hence, D is closed and the proof is finished. |

APPENDIX B. TIGHTNESS CRITERIA

Let (Q,2(,P) be a probability space. We recall that a family (Y;);ez of mappings
defined on € with values in a topological space X is called tight, if for every J there
is a compact set K5 < X such that

P{Y; ¢ Ks}) < ¢

for all ¢ € Z. For this definition to make sense, we only require {Y; ¢ Ks} € 2 for
the compact sets K, which is in line with the setting in [I9]. This is the case when
(Y)iez is a family of random variables and X is Hausdorff, since then the compact
sets K are closed and in particular Borel measurable.

Lemma B.1. Let X be the projective limit of a sequence of Hausdorff, locally
convex spaces (X )ieny and Y;: Q — X for i € T a random variable in each of the
spaces X;. The family (Y;)iez is tight on X iff it is tight on X; for each l € N.

Proof. If (Y;):ez is tight on X it is also tight on X; by continuity of the embedding
X — X;. Conversely, if (Y;);ez is tight on X; for each [ € N, we can for § > 0
choose compact subsets K;5; — X; such that

P({Y; ¢ Ks.}) < 2r

2l
for all i € Z. The set K5 = ),on Ko, is compact with the topology of X by Lemma
[A 1] and since
(B.1) P({Y; ¢ Ks}) < D P({Yi ¢ K5i}) <6,
leN
the family (Y;);ez is tight on X. |

Using the same argument, one can also reduce tightness in a countable product
of topological spaces to tightness in each of the separate spaces.

Lemma B.2. Let X be a topological space and (Yi(l))iez be a family of X0 _valued
mappings defined on  for each | € N. If (Yi(l))iez is tight on xW for each l € N,
then also the family ((Y(l))leN)iez lies tight on the topological product | [,.y xW,

Proof. For § > 0, | € N there are compact sets K;; < X such that
PUY," ¢ Ksi}) < &
for all i € Z. The set K5 = [ [,y K5, is compact by Tychonoff’s theorem and

P({(Y,V)ien ¢ K5)) < Y. PV ¢ Ks1)) < 6
leN

yields the claim. |

Lastly, we also show that it suffices to show tightness locally on €.
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Lemma B.3. Let X be a Hausdorff topological vector space, (Y;)iez a family of
X-valued random variables and (A;j)jen a measurable partition of Q. If (14,Y:)iez
lies tight on X for every j € N, then (Y;);ez lies also tight on X.

Proof. For a given § > 0 we choose Jy € N such that

i IP)(AJ) < g

j=Jo+1
Since (14,Y;)icr lies tight on X' for every j € {1,...,Jo}, there exist compact sets
Kéj) c X such that

P({1aYi¢ K}) < 5
for all 7 € Z. Then, defining the compact set

Jo .
Ks = | J K oo},
j=1

we can calculate that

p(vid ) = (U1 vid K3}) < S R({1 Y4 K))
JEN jeN
Jo 0
< LP{LaYig KY) + Y P(4)) <6

j=1 j=Jo+1

for every i € Z. |
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