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SOLUTIONS TO THE STOCHASTIC THIN-FILM EQUATION

FOR INITIAL VALUES WITH NON-FULL SUPPORT

KONSTANTINOS DAREIOTIS, BENJAMIN GESS, MANUEL V. GNANN,
AND MAX SAUERBREY

Abstract. The stochastic thin-film equation with mobility exponent n P

r
8
3
, 3q on the one-dimensional torus with multiplicative Stratonovich noise is

considered. We show that martingale solutions exist for non-negative initial
values. This advances on existing results in three aspects: (1) Non-quadratic
mobility with not necessarily strictly positive initial data, (2) Measure-valued
initial data, (3) Less spatial regularity of the noise. This is achieved by carry-

ing out a compactness argument based solely on the control of the α-entropy
dissipation and the conservation of mass.

1. Introduction

The stochastic thin-film equation

(1.1) Btu “ ´ Bxpun
B
3
xuq ` Bxpu

n
2 W q

with noise W describes the evolution of the height upt, xq of a thin liquid film driven
by surface tension and thermal fluctuations. Equation (1.1) was derived in [7] and
[17] using the fluctuation dissipation relation and a lubrication approximation based
on the Navier-Stokes equations with thermal noise, respectively.

The construction of solutions to this equation based on the stochastic compact-
ness method has been subject to recent research initiated by [10]. In [10] solutions
to (1.1) are constructed for the case of a quadratic mobility exponent n “ 2 and the
additional consideration of interaction forces between the molecules of the liquid
and the underlying substrate. The case of quadratic mobility is special, since then
the noise term becomes linear in the film height u. Moreover, the interaction forces
expressed through an additional interface potential in (1.1) lead to strictly positive
film heights for all times. Subsequently, in [13] solutions to (1.1) with quadratic
mobility and with noise interpreted in the Stratonovich sense were constructed,
based on a time-splitting scheme. This construction allowed to treat also the case
of initial data with non-full support. A related result was derived in [16] by letting
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the interface potential in [10] tend to zero. Additionally, in [16] so called α-entropy
estimates for the solutions were derived, implying that the contact angle between
the substrate and the liquid is zero for almost all times. The case of non-quadratic
mobility has only been treated in [6], where solutions to (1.1) are constructed for
the range of mobility exponents n P r

8
3 , 4q. The obtained solutions as well as the

given initial condition were required to be positive almost everywhere, since the
construction is based on the entropy estimate, which controls the smallness of u.
We mention also the higher dimensional counterparts [22] and [23] of [10] and [13],
respectively. Lastly, we refer to [14] for numerical simulations of a spatially dis-
cretized version of (1.1).

The aim of this article is to complement the existing literature by constructing
solutions to (1.1) for initial data without full support and non-quadratic mobility
exponents.

The construction presented in this work applies for the range of mobility ex-
ponents n P r

8
3 , 3q. The restriction n P p2, 3q stems from the approach, while the

additional requirement n ě
8
3 is solely required to ensure that suitable approxima-

tions are provided by [6, Theorem 2.2]. This restriction may be alleviated in the
future, since we expect this requirement in [6] to be of technical nature.

The applications of the stochastic compactness method in the mentioned articles
rely on closing a-priori estimates, known for the deterministic thin-film equation

(1.2) Btu “ ´ Bxpun
B
3
xuq,

for suitable approximations of (1.1). In the deterministic setting, these a-priori
estimates are given by the energy estimate

(1.3)
1

2
Bt

ż

pBxuq
2 dx ď ´

ż

pun
B
3
xuq

2 dx,

the entropy estimate

(1.4) Bt

ż

Gpuq dx ď ´

ż

pB
2
xuq

2 dx,

and the α-entropy estimate

(1.5) Bt

ż

Gαpuq dx Àα,n,θ ´

ż

uα`n´2θ`1
pB

2
xu

θ
q
2 dx ´

ż

uα`n´3
pBxuq

4 dx,

where Gpuq “
şu şt

s´n ds dt and more generally Gαpuq “
şu şt

sα´1 ds dt. We point
out that Gα “ G for α “ 1 ´ n. Moreover, (1.5) holds, if

(1.6) 1
3 pα ` n ´ 2qp2θ ´ 1 ´ pα ` nqq ´ pθ ´ 1q

2
ą 0.

A parameter θ P p0,8q subject to (1.6) exists, if α P p
1
2 ´ n, 2 ´ nq. If α P

p1 ´ n, 2 ´ nq, the particular choice θ “ 1 satisfies (1.6), while for the boundary
cases α P t

1
2 ´ n, 2 ´ nu a version of (1.5) applies too, see [1, Proposition 2.1] for

details.
In the stochastic setting, the time increments of these quantities consist next to

the negative dissipation terms from the thin-film operator and the martingale part,
also of possibly positive terms arising from the Itô-correction of the multiplicative
noise term. The proofs in [10, 22] rely on balancing these additional terms in a
combined energy-entropy functional. When using Stratonovich noise, cancellations
of these additional terms appear, which can be used to close the energy estimate
independently, at least in the case of quadratic mobility n “ 2, as demonstrated
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in [13]. In the case of Stratonovich noise, also the α-entropy estimates can be closed,
which is the key in the proofs of [16,23]. Moreover, the use of Stratonovich calculus
allows to close the entropy estimate also for non-quadratic mobilities, which was
used in [6] to afterwards estimate the additional terms in the Itô expansion of the
energy functional. However, the use of the entropy estimate requires the solution
to be positive almost everywhere, at least if n ě 2.

The aim of this article is to provide solutions with possibly non-full support also
in the case of a non-quadratic mobility n ‰ 2. The main problem in this case is
that the Itô expansion of the energy contains terms, which can explode for u “ 0,
see [6, Eq. (4.10)] and hence a control on the smallness of the solution is required.
The strategy of this article is to let go of the energy estimate and to base the whole
analysis on the α-entropy estimates as well as the conservation of mass Bt

ş

u dx “ 0,
which was carried out for the deterministic thin-film equation in [4, Section 6]. By
restricting ourselves to the range n P p2, 3q, we can take α P p´1, 2 ´ nq, such that
(1.5) holds true with θ “ 1 and

ş

Gαpuq dx ă 8 also for functions u without full
support. Since the α-entropy estimate yields less control on the spatial derivatives
of the solution, a weaker notion of solutions than in the cases in which the energy
estimate is available is necessary for our analysis. Therefore, we use a weak form of
the thin-film operator introduced for the higher dimensional setting [5, Eq. (3.2)]
and allow the solutions u take values in the space of measures. However, based on
the α-entropy estimate, we derive that uptq admits a density with respect to the
Lebesgue measure for almost all t, which lies in a first order Sobolev space.

1.1. Main result. In this article, we prove the existence of weak martingale so-
lutions to (1.1). To this end, we write mpuq “ |u|n and qpuq “

a

mpuq “ |u|
n
2

for the mobility function and its square-root, respectively. We restrict ourselves
throughout this article to mobility exponents from the following range.

Assumption 1.1. We assume that n P r
8
3 , 3q.

Moreover, we assume W in (1.1) to be spatiotemporal noise, which is white in
time and colored in space. Specifically, we assume that the noise W is given by the
time derivative of the Wiener process B, defined by

(1.7) Bptq “

ÿ

kPZ

σkβ
pkq

for a family of independent F-Brownian motions pβpkqqkPZ on a probability space
pΩ,A,Pq with filtration F. Here, we assume that

(1.8) σk “ λkfk,

where Λ “ pλkqkPZ is a sequence of real numbers and

(1.9) fkpxq “

$

’

&

’

%

cosp2πkxq, k ě 1,

sinp2πkxq, k ď ´1,

1, else

are the eigenfunctions of the periodic Laplace operator. We impose the following
smoothness condition on the process B in terms of the sequence Λ.

Assumption 1.2. It holds
ř

kPZ
pkλkq2 ă 8.
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2346 K. DAREIOTIS, B. GESS, M. V. GNANN, AND M. SAUERBREY

As initial values to (1.1), we allow for non-negative Borel measure-valued random
variables. To be precise, we introduce the sigma-field Z on MpTq as the sigma-field
generated by the pre-dual space CpTq, i.e. an MpTq-valued random variable X is
Z-measurable, iff xX,ϕy is measurable for each ϕ P CpTq.

Assumption 1.3. The initial value u0 : Ω Ñ MpTq is F0-Z measurable and u0 ě 0
almost surely.

Interpreting (1.1) in Stratonovich form, using the notation qpuq “ |u|
n
2 and the

description of the noise (1.7), we obtain the equivalent Itô formulation

du “ ´ Bxpun
B
3
xuq dt `

1
2

ÿ

kPZ

Bxpσkq
1
puqBxpσkqpuqqq dt

`

ÿ

kPZ

Bxpσkqpuqq dβpkq
(1.10)

of the stochastic thin-film equation. In order to obtain a sufficiently weak formula-
tion for the case of a possibly compactly supported initial value u0, we test (1.10)
with a smooth function ϕ P C8pTq in the dual pairing x¨, ¨y on T and rewrite the
thin-film operator in the weak form introduced in [5, Eq. (3.2)]. We obtain the
formulation

dxu, ϕy “

”

npn´1q

2 xun´2
pBxuq

3, Bx ϕy `
3n
2 xun´1

pBxuq
2, B

2
x ϕy ` xun

Bxu, B
3
x ϕy

ı

dt

´
1
2

ÿ

kPZ

xσkq
1
puqBxpσkqpuqq, Bx ϕy dt ´

ÿ

kPZ

xσkqpuq, Bx ϕy dβpkq,

(1.11)

which gives rise to the following notion of martingale solutions to the stochastic
thin-film equation on a fixed time horizon T P p0,8q.

Definition 1.4. A martingale solution to (1.11) consists out of a probability space

pΩ̃, Ã, P̃q with a filtration F̃ satisfying the usual conditions, a family of independent

F̃-Brownian motions pβ̃pkqqkPZ and a non-negative, vaguely continuous, F̃-adapted

pMpTq,Zq-valued process ũ defined on r0, T s such that P̃ b dt-almost everywhere
ũ P W 1,1pTq with

(1.12) ũn´2
pBxũq

3, ũn´1
pBxũq

2, ũn
Bxũ, ũ

n´2
Bxũ, ũ

n
P L1

pr0, T s ˆ Tq

almost surely and for every ϕ P C8pTq, t P r0, T s we have

xũptq, ϕy ´ xũp0q, ϕy

“
npn´1q

2

ż t

0

xũn´2
pBxũq

3, Bx ϕy ds `
3n
2

ż t

0

xũn´1
pBxũq

2, B
2
x ϕy ds

`

ż t

0

xũn
Bxũ, B

3
x ϕy ds ´

1
2

ÿ

kPZ

ż t

0

xσkq
1
pũqBxpσkqpũqq, Bx ϕy ds

´

ÿ

kPZ

ż t

0

xσkqpũq, Bx ϕy dβ̃pkq
s .

(1.13)

Remark 1.5.

(i) The requirement (1.12) ensures that the deterministic and stochastic inte-
grals in (1.13) converge.
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(ii) We demand in Definition 1.4 that for every ϕ P C8pTq, t P r0, T s the

identity (1.13) holds outside of some P̃-null-set. Since the vague continuity
of ũ implies that all the processes in (1.13) are continuous in time, this
null-set can be chosen independently of t.

In the course of this article, we prove the existence of martingale solutions to
the stochastic thin-film equation in the sense of Definition 1.4 under the previous
assumptions.

Theorem 1.6. Under Assumptions 1.1, 1.2, 1.3 and σk given by (1.8), there exists

a martingale solution pΩ̃, Ã, P̃q, F̃, pβ̃pkqqkPZ, ũ to (1.11) in the sense of Definition
1.4 such that ũp0q has the same distribution as u0 on pMpTq,Zq. Moreover, ũ
admits the following properties.

(i) Mass is conserved, i.e. almost surely xũptq,1Ty “ xũp0q,1Ty for all t P

r0, T s.
(ii) Almost surely, ũ P Lppr0, T s ˆTq XLrp0, T ;W 1,rpTqq for each p P pn` 4, 7q

and r P p
n`4
2 , 7

2 q with

Ẽ
“

}ũ}
p
Lppr0,T sˆTq

‰

Àn,p,Λ,T E
“

}u0}
p´n
MpTq

` }u0}
p
MpTq

‰

,(1.14)

Ẽ
“

}Bxũ}
r
Lrpr0,T sˆTq

‰

Àn,r,Λ,T E
“

}u0}
r´n
MpTq

` }u0}
r
MpTq

‰

,(1.15)

whenever the respective right-hand side is finite.
(iii) Almost surely, we have ũ P Cpr0, T s;HκpTqq for κ P p´8, ´1

2 q and if γ P

p0, 12 q, μ P p
n`4
n`2 ,

7
n`2 q and ν P p1, 7

n`4 q, it holds

Ẽ

”

}ũ}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ı

Àγ,n,μ,ν,Λ,T E

”

}u0}
pn´1´ n2

pμ,ν
qν

MpTq
` }u0}

pn`1qν
MpTq

ı

,

(1.16)

where pμ,ν “ maxtμpn`2q, νpn`4qu, whenever the right-hand side is finite.
(iv) For α P p´1, 2 ´ nq we have almost surely

ũ
α`n`1

4 P L4
p0, T ;W 1,4

pTqq, ũ
α`n`1

2 P L2
p0, T ;H2

pTqq

and it holds the α-entropy type estimate

Ẽ

”

›

›Bxũ
α`n`1

4

›

›

4

L4pr0,T sˆTq
`

›

›B
2
xũ

α`n`1
2

›

›

2

L2pr0,T sˆTq

ı

Àα,n,Λ,T E
“

}u0}
α`1
MpTq

` }u0}
α`n´1
MpTq

‰

,
(1.17)

if the right-hand side is finite.

Remark 1.7. The reason to restrict ourselves to the range of mobility exponents
from Assumption 1.1 is twofold. Firstly, the techniques used in the present proof
require the assumption n P p2, 3q to work out. Moreover, the additional restriction
n ě

8
3 ensures that [6, Theorem 2.2] applies and yields the existence of approxi-

mating solutions. Hence, proving a version of [6, Theorem 2.2] for n P p2, 83 q would
also lead to an extension of the present result to the canonical range n P p2, 3q.

Remark 1.8. We convince ourselves that the regularity statements from Theorem
1.6 suffice to deduce the most restrictive integrability assumption from Defini-
tion 1.4, namely that ũn´2pBxũq3 P L1pr0, T s ˆ Tq. As a consequence of Theo-
rem 1.6(ii), we have that almost surely

ũ P Ln`4
pr0, T s ˆ Tq, Bxũ P L

n`4
2 pr0, T s ˆ Tq.
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Hence, using Hölder’s inequality, we can indeed conclude that

}ũn´2
pBxũq

3
}L1pr0,T sˆTq ď }ũn´2

}
L

n`4
n´2 pr0,T sˆTq

}pBxũq
3
}
L

n`4
6 pr0,T sˆTq

is almost surely finite.

Remark 1.9. Let ũ be the martingale solution to (1.11) obtained from Theorem
1.6. For α P p´1, 2 ´ nq, the α-entropy type estimate from Theorem 1.6(iv) yields
the following additional properties of ũ.

(i) We have that P̃ b dt-almost everywhere ũ
α`n`1

2 P H2pTq. In particular, by
the Sobolev-embedding ũ P CpTq and hence uniformly supported away from
zero and bounded on compact subsets of tũ ą 0u. Thus, ũ P H2

locptũ ą 0uq

and we have

Bxũ
α`n`1

4 “
α`n`1

4 ũ
α`n´3

4 Bxũ,

B
2
xũ

α`n`1
2 “

α`n`1
2 ũ

α`n´1
2 B

2
xũ `

pα`n`1qpα`n´1q

4 ũ
α`n´3

2 pBxũq
2

on tũ ą 0u. Hence, we conclude that
ż T

0

ż

tũą0u

ũα`n´3
pBxũq

4 dx dt Àα,n }Bxũ
α`n`1

4 }
4
L4pr0,T sˆTq

and consequently
ż T

0

ż

tũą0u

ũα`n´1
pB

2
xũq

2 dx dt Àα,n

ż T

0

ż

tũą0u

pB
2
xũ

α`n`1
2 q

2
` ũα`n´3

pBxũq
4 dt

Àα,n }B
2
xũ

α`n`1
2 }

2
L2pr0,T sˆTq ` }Bxũ

α`n`1
4 }

4
L4pr0,T sˆTq.

Therefore, (1.17) implies that

Ẽ

„
ż T

0

ż

tũą0u

ũα`n´3
pBxũq

4
` ũα`n´1

pB
2
xũq

2 dx dt

j

Àα,n,Λ,T E
“

}u0}
α`1
MpTq

` }u0}
α`n´1
MpTq

‰

(1.18)

appealing to the classical form of the α-entropy estimate (1.5) with θ “ 1.
(ii) We demonstrate that as a consequence of (1.17) one can also recover an

estimate in the spirit of (1.5) for θ ‰ 1. Arguing as in (i), we conclude that

P̃ b dt-almost everywhere ũθ P H2
locptũ ą 0uq for any θ ą 0, with

B
2
xũ

θ
“ θũθ´1

B
2
xũ ` θpθ ´ 1qũθ´2

pBxũq
2.

By taking the square on both sides, we obtain that

pB
2
xũ

θ
q
2

Àθ ũ2θ´2
pB

2
xũq

2
` ũ2θ´4

pBxũq
4.

Hence, using (1.18) we infer

E

„
ż T

0

ż

T

ũα`n´2θ`1
pB

2
xũ

θ
q
2 dx ds

j

Àα,n,θ,Λ,T E
“

}u0}
α`1
MpTq

` }u0}
α`n´1
MpTq

‰

.

(iii) In [16, Corollary 3.2] it is shown that the solutions to the stochastic thin-film
equation constructed in [16] admit a zero contact angle almost everywhere
based on the finiteness of the α-entropy dissipation. Following the proof
of [16, Corollary 3.2] we obtain the same statement as a consequence of

Theorem 1.6(iv), namely that P̃ b dt-almost everywhere, ũ admits 0 as its
classical derivative at every point from its zero set.
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1.2. Outline of the proof. As pointed out in the introduction, the main innova-
tion of this article is to provide solutions to (1.1) for initial data without full support
in the case of a non-quadratic mobility n ‰ 2. The main difficulty in the analysis
of (1.1) is to close the deterministic a-priori estimates (1.3), (1.4) and (1.5) in the
stochastic setting, where at least in the case of Stratonovich noise, the entropy and
α-entropy estimate seem to hold for a wide range of n, see for example [6, Lemma
4.3]. However, the additional energy production due to the stochastic term in (1.1)
seems to require a control on the smallness of the solution, which we are unable to
provide in the case of initial data without full support. Since at least for the case
n ě 2, the entropy estimate also fails for such initial values, we decided to rely the
whole analysis only on the remaining α-entropy estimate (1.5) for α ą ´1 as well
as the conservation of mass. The key observation for the proof is that the use of
the weak formulation (1.11) and an interpolation of the α-entropy dissipation and
conservation of mass is sufficient to conclude compactness in suitable spaces.

To elaborate on the interpolation argument, we confine ourselves to the determin-

istic setting and set w “ u
α`n`1

4 , where u is a solution to (1.2) and α P p´1, 2´nq.
Then, by the chain rule, integration of (1.5) provides an estimate on
(1.19)
ż T

0

}Bxw}
4
L4pTq dt �α,n

ż T

0

ż

T

`

u
α`n´3

4 Bxu
˘4

dx dt “

ż T

0

ż

T

uα`n´3
pBxuq

4 dx dt

and the conservation of mass on

sup
tPr0,T s

}w}
4

α`n`1

L
4

α`n`1 pTq

“ sup
tPr0,T s

}u}L1pTq,

for non-negative u. An application of the Gagliardo-Nirenberg interpolation in-
equality allows to find between this estimate in L4p0, T ; 9W 1,4pTqq and

L8p0, T ;L
4

α`n`1 pTqq an estimate on w, which has the same integrability in space
and time, see Lemma 2.3. Using the identity

}u}Lppr0,T sˆTq “ }w}
α`n`1

4

L
4p

α`n`1 pr0,T sˆTq

,

this can be translated to an estimate on u, if p ă 7. Together with the estimate on
(1.19) and the application of Hölder’s inequality

}Bxu}Lrpr0,T sˆTq �α,n

›

›u
3´pα`nq

4 Bxw
›

›

Lrpr0,T sˆTq

ď
›

›u
3´pα`nq

4

›

›

L
4p

3´pα`nq pr0,T sˆTq
}Bxw}L4pr0,T sˆTq,

a space-time integral estimate on Bxu for r ă
7
2 is obtained in Lemma 2.4. Then,

for example, the first term on the right-hand side of (1.11) can be estimated via
Hölder’s inequality

}un´2
pBxuq

3
}
L

7
n`4

´
pr0,T sˆTq

ď }un´2
}
L

7
n´2

´
pr0,T sˆTq

}pBxuq
3
}
L

7
6

´
pr0,T sˆTq

,

where 7
n`4 ą 1 by Assumption 1.1. This turns out to be enough to conclude some

temporal regularity of u in Lemma 2.5 and also identify the term un´2pBxuq3 in the
limit using Vitali’s convergence theorem, as demonstrated in the proof of Lemma
3.6(ii).

Licensed to Technical University of Delft. Prepared on Tue Jul 21 04:24:05 EDT 2026 for download from IP 131.180.130.228.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2350 K. DAREIOTIS, B. GESS, M. V. GNANN, AND M. SAUERBREY

1.3. Discussion of the result. The fact that the result from [4, Section 6] can
be generalized to the stochastic setting is essentially due to the use of Stratonovich
noise, which is compatible with the α-entropy estimates. This allows us to con-
struct solutions to (1.1) for non-negative initial values from the space of measures,
including the interesting case of the Dirac distribution. Moreover, only closing
the α-entropy estimate requires less spatial regularity of the noise compared to
cases in which also the energy estimate is used. Indeed, Assumption 1.2 essentially
expresses that B is a Q-Wiener process in H1pTq, while the reviewed results in

[6, 10, 13, 16, 22, 23] all require that B converges in H2pT
d
q.

Although it would be preferable to have solutions satisfying also the energy
estimate, our result is the only one so far providing solutions to the stochastic thin-
film equation, which allows for initial values without full support in the case of a
non-quadratic mobility. It is a natural question whether the α-entropy estimate
alone is sufficient to verify qualitative statements e.g. on the propagation speed of
the solution.

1.4. Notation. Let X be a Banach space and ν a non-negative measure on a
measurable space S. Then we write LppS,X q, p P r1,8s, for the Bochner space on
S with values in X , equipped with the norm

}f}
p
LppS,X q

“

ż

S

}f}
p
X dν, p P r1,8q,

and the usual modification for p “ 8. In the case X “ R, we simply write LppSq

or, if S is equipped with the counting measure, lppSq.
If r0, T s is an interval, we use the notation Lpp0, T ;X q for Lppr0, T s;X q. More-

over, we write Cpr0, T s,X q for the space of continuous, X -valued functions equipped
with the norm

}f}Cpr0,T s;X q “ sup
0ďtďT

}fptq}X .

We write Wκ,pp0, T ;X q, κ P p0, 1q, p P r1,8q, for the Sobolev-Slobodeckij space
equipped with the norm

}f}
p
Wκ,pp0,T ;X q

“ }f}
p
Lpp0,T ;X q

`

ż T

0

ż T

0

}fptq ´ fpsq}
p
X

|t ´ s|1`κp
dt ds.

For l P N and p P r1,8s, W l,pp0, T ;X q denotes the usual Sobolev space with norm

}f}
p
Wk,pp0,T ;X q

“

l
ÿ

j“0

}B
l
tf}

p
Lpp0,T ;X q

.

We write T for the flat torus, i.e. the interval r0, 1s with its endpoints identified.
We write CpTq and ClpTq, l P N, for the continuous and l-times continuously
differentiable functions on T, respectively, equipped with the norms

}f}CpTq “ sup
xPT

|fpxq|, }f}ClpTq “

l
ÿ

j“0

}B
j
xf}CpTq.

For the smooth functions on T we write C8pTq. We writeW l,ppTq, l P N, p P r1,8s,
for the Sobolev space equipped with the norm

}f}
p
W l,ppTq

“

l
ÿ

j“0

}B
j
xf}

p
LppTq
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and for the case p “ 2 we use the notation H lpTq “ W l,2pTq. If p P p1,8q, we write

W´l,ppTq for the dual space of W l,p1
pTq under the duality pairing x¨, ¨y in L2pTq,

where p1 is the Hölder conjugate of p, and equip it with the norm

}f}W´l,ppTq “ sup
}g}

Wl,p1 pTqď1

|xf, gy|.

Denoting by f̂pkq “ xf, e2πik¨y, k P Z, the k-th Fourier coefficient of a distribution
f on T, we denote by HκpTq for κ P R zN the Bessel-potential space consisting of
all distributions with

}f}
2
HκpTq “

ÿ

kPZ

|f̂pkq|
2
p1 ` |2πk|

2
q
κ

being finite. Moreover, we write MpTq for the space of Radon measures on T and
equip it with the total variation norm }ν}MpTq “ |ν|pTq.

Lastly, if G and H are separable Hilbert spaces, we denote the space of Hilbert-
Schmidt operators between G and H by L2pG,Hq, which carries the norm

}Ψ}
2
L2pG,Hq “

ÿ

kPN

}Ψgk}
2
H

for an orthonormal basis pgkqkPN of G. If pΩ,A,Pq is a probability space, we write
Er ¨ s and Er ¨ |Hs for the expectation and conditional expectation with respect to a
sub-sigma-field H Ă A, respectively. For two quantities A and B, we write A À B,
if there exists a universal constant C such that A ď CB. If this constant depends
on parameters p1, . . . , we write A Àp1,... B instead. We write A �p1,... B, whenever
A Àp1,... B and B Àp1,... A.

2. Approximate solutions

In the course of this article, we prove the existence of solutions to (1.11) under
Assumptions 1.1, 1.2 and 1.3. For this purpose, we use solutions to the stochastic
thin-film equation with a strictly positive, and regularized initial value and spatially
smooth noise as approximations. To regularize u0, we let pηεqεą0 be a family of
non-negative, smooth functions ηε : T Ñ R sufficing }ηε}L1pTq “ 1 and

ż

T zBδp0q

|ηε| dx Ñ 0

as ε Œ 0 for every δ ą 0. Then, we define

u0,ε “ 1t}u0}MpTq ă 1
ε upu0 ˚ ηεq ` ε,

which is strictly positive and smooth by [15, Theorem 2.3.20] with

(2.1) B
l
xu0,ε “ 1t}u0}MpTq ă 1

ε upu0 ˚ B
l
xηεq

for l P N. By the convolution inequality

(2.2) }ν ˚ η}L1pTq ď }η}L1pTq}ν}MpTq

for general ν P MpTq, η P C8pTq, see [12, Proposition 8.49], we conclude with (2.1)
that the F0-measurable u0,ε lies in L8pΩ, H1pTqq. Moreover, since ϕ ˚pηεp´¨qq
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converges uniformly to ϕ for ϕ P CpTq by [15, Theorem 1.2.21], we have that

xu0 ˚ ηε, ϕy “

ż

T

ż

T

ηεpx ´ yq du0pyqϕpxq dx

“

ż

T

ż

T

ηεpx ´ yqϕpxq dx du0pyq Ñ xu0, ϕy,

so that u0,ε converges almost surely to u0 in the vague topology of MpTq as ε Œ 0.
Moreover, we introduce the cut-off weights

(2.3) λk,ε “

#

λk, |k| ă
1
ε ,

0, else,

and define correspondingly

(2.4) σk,ε “ λk,εfk.

Assumption 1.1 in conjunction with [6, Theorem 2.2] implies that for each ε P p0, 1q

there exists a solution in the sense of [6, Definition 2.1] to

du “ ´ Bxpun
B
3
xuq dt `

1
2

ÿ

kPZ

Bxpσk,εq
1
puqBxpσk,εqpuqqq dt `

ÿ

kPZ

Bxpσk,εqpuqq dβpkq

with initial value u0,ε. To be precise we list the following consequences of Assump-
tion 1.1, which we use in the proof of Theorem 1.6. We make this distinction to
make it transparent that an extension of the admissible n in [6, Theorem 2.2] would
also lead to a relaxation of Assumption 1.1.

Consequence 2.1. Assumption 1.1 and [6, Theorem 2.2] imply the following.

(i) We have n P p2, 3q.

(ii) Let ε ą 0. Then there exists a probability space pΩ̃ε, Ãε, P̃εq with a filtration

F̃ε satisfying the usual conditions, a family of independent F̃ε-Brownian

motions pβ̃
pkq
ε qkPZ, an F̃ε-adapted, weakly continuous H1pTq-valued process

ũε and an F̃ε,0-measurable random variable ξ̃ε, subject to the following
properties.

(iii) pũεp0q, ξ̃εq has the same distribution as
`

u0,ε, }u0}MpTq

˘

.

(iv) We have P̃ε b dt b dx-almost everywhere ũε ą 0.
(v) It holds

Ẽε

„

sup
0ďtďT

}ũεptq}
2n
H1pTq ` }1tũεą0uqpũεqB

3
xũε}

4
L2pr0,T sˆTq ` }ũε}

4
L2p0,T ;H2pTqq

j

ă 8.

(vi) For all ϕ P C8pTq and t P r0, T s, it holds

xũεptq, ϕy ´ xũεp0q, ϕy “

ż t

0

ż

tũεą0u

mpũεqB
3
xũεBx ϕ dx ds

´
1
2

ÿ

kPZ

ż t

0

xσk,εq
1
pũεqBxpσk,εqpũεqq, Bx ϕy ds

´

ÿ

kPZ

ż t

0

xσk,εqpũεq, Bx ϕy dβ̃pkq
ε,s .

(2.5)

For technical reasons, we also demanded existence of the random variable ξ̃ε,
which can be obtained from [6] by including the random variable }u0}MpTq in the
application of the stochastic compactness method. This will be important later,
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since we define the decomposition (2.59) on the new probability space, which cannot
be recovered from the regularized initial value u0,ε.

To simplify the notation, we assume that all martingale solutions are defined on
the original filtered probability space pΩ,A,F,Pq with respect to the given family
of Brownian motions pβpkqqkPZ, attain the original initial value u0,ε, and denote
them by uε. Moreover, by equidistribution, we can assume that the auxiliary ran-
dom variables ξ̃ε are given by }u0}MpTq. This simplification is possible, since the
forthcoming estimates only depend on the distribution of the solutions.

2.1. Application of Îto’s formula. In this section, we establish estimates on the
dissipation terms of the α-entropy

(2.6)

ż

T

Gαpuεq dx,

which are uniform in ε, where

(2.7) Gαpuq “
1

αpα`1q
uα`1

and

(2.8) ´1 ă α ă 2 ´ n.

These estimates are expressed conditionally on F0, where we remark that the con-
ditional expectation is also well-defined for non-negative random variables which
do not lie in L1pΩq, for details see [20, Chapter 5].

Proposition 2.2. Assume (2.8). Then for every ε P p0, 1q we have

E

„
ż T

0

ż

T

uα`n´1
ε pB

2
xuεq

2 dx ds `

ż T

0

ż

T

uα`n´3
ε pBxuεq

4 dx ds

ˇ

ˇ

ˇ

ˇ

F0

j

Àα,n,Λ,T }u0}
α`1
MpTq

` }u0}
α`n´1
MpTq

` εα`1.

(2.9)

Proof. Throughout this proof we fix an ε P p0, 1q and introduce the functions

f “ ´1tuεą0umpuεqB
3
xuε,

g “
1
2

ÿ

kPZ

σk,εq
1
puεqBxpσk,εqpuεqq,

and the L2pl2pZq, L2pTqq-valued process Ψ, defined by

Ψek “ Bxpσk,εqpuεqq,

where ek denotes the k-th unit vector in l2pZq. We convince ourselves that

(2.10) f, g P L2
pΩ, L2

p0, T ;L2
pTqqq
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and

(2.11) Ψ P L2
pΩ, L2

p0, T ;L2pl2pZq, L2
pTqqqq.

To this end, we observe that

E
“

}f}
2
L2p0,T ;L2pTqq

‰

“ E

„
ż T

0

ż

T

|1tuεą0umpuεqB
3
xuε|

2 dx dt

j

ď E

„
ż T

0

}qpuεq}
2
L8pTq}1tuεą0uqpuεqB

3
xuε}

2
L2pTq dt

j

ď E

”

sup
0ďtďT

}uεptq}
2n
H1pTq

ı
1
2

E
“

}1tuεą0uqpuεqB
3
xuε}

4
L2pr0,T sˆTq

‰
1
2 ă 8

by Consequence 2.1(v). As a consequence of Assumption 1.2, we have
ÿ

kPZ

}σk}
2
C1pTq “

ÿ

kPZ

pλkp1 ` |k|qq
2

ă 8,

ÿ

kPZ

}σk}C2pTq}σk}CpTq “

ÿ

kPZ

λ2
kp1 ` |k| ` |k|

2
q ă 8

(2.12)

and hence

E
“

}g}
2
L2p0,T ;L2pTqq

‰

ď E

„
ż T

0

ż

T

ˇ

ˇ

ˇ

ˇ

ÿ

kPZ

σk,εq
1
puεqBxpσk,εqpuεqq

ˇ

ˇ

ˇ

ˇ

2

dx dt

j

À E

„
ż T

0

ˆ

ÿ

kPZ

}σk,ε}
2
L8pTq

˙2 ż

T

ppq1
puεqq

2
Bxuεq

2 dx dt

j

` E

„
ż T

0

ˆ

ÿ

kPZ

}σk,ε}L8pTq}Bxσk,ε}L8pTq

˙2 ż

T

pq1
puεqqpuεqq

2 dx dt

j

Àn,Λ E

„
ż T

0

ż

T

u2n´4
ε pBxuεq

2 dx dt `

ż T

0

ż

T

u2n´2
ε dx dt

j

ď E

„
ż T

0

}uε}
2n´4
L8pTq

}Bxuε}
2
L2pTq dt `

ż T

0

}uε}
2n´2
L8pTq

dt

j

ÀT E

”

sup
0ďtďT

}uεptq}
2n´2
H1pTq

ı

ă 8,

where we have used again Consequence 2.1(v). By the same arguments, we also
have

E
“

}Ψ}
2
L2p0,T ;L2pl2pZq,L2pTqqq

‰

“ E

„
ż T

0

ÿ

kPZ

}Bxpσk,εqpuεqq}
2
L2pTq dt

j

(2.13)

À E

„
ż T

0

ÿ

kPZ

ż

T

pBxσk,εq
2mpuεq dx dt

j

` E

„
ż T

0

ÿ

kPZ

ż

T

σ2
k,εpq

1
puεqBxuεq

2 dx dt

j

Àn E

„
ż T

0

ÿ

kPZ

}Bxσk,ε}
2
L8pTq}uε}

n
L8pTq dt

j
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` E

„
ż T

0

ÿ

kPZ

}σk,ε}
2
L8pTq}uε}

n´2
L8pTq

}Bxuε}
2
L2pTq dt

j

ÀΛ,T E

”

sup
0ďtďT

}uεptq}
n
H1pTq

ı

ă 8,

so that (2.10) and (2.11) indeed hold. Denoting the cylindrical Wiener process
ek ÞÑ βpkq in l2pZq by β, we see that

uεptq “ u0,ε `

ż t

0

Bxpf ` gq ds `

ż t

0

Ψ dβs

suffices all the assumptions of Itô’s formula [8, Proposition A.1] on the involved
processes by Consequence 2.1(v) and the integrability statements (2.10) and (2.11).
We would like to apply [8, Proposition A.1] to calculate the Itô expansion of the
functional (2.6). Since, however, the function (2.7) is not twice continuously differ-
entiable, we instead use the shifted version of (2.7) as introduced in [5, Proposition
2.2]. Specifically, we let Gα,δ P C8pRq such that

(2.14) Gα,δpuq “

#

Gαpu ` δq, u ě 0,

0, u ď ´1,

for δ P p0, 1q. In particular, Gα,δ has bounded second derivative and hence evalu-
ating Itô’s formula [8, Proposition A.1] at time T yields

ż

T

Gα,δpuεpT qq dx ´

ż

T

Gα,δpu0,εq dx

“

ż T

0

ż

tuεą0u

G2
α,δpuεqBxuεmpuεqB

3
xuε dx dt

´
1
2

ÿ

kPZ

ż T

0

ż

T

G2
α,δpuεqBxuεσk,εq

1
puεqBxpσk,εqpuεqq dx dt

`

ż T

0

xG1
α,δpuεqΨ dβt,1Ty `

1
2

ÿ

kPZ

ż T

0

ż

T

G2
α,δpuεqpBxpσk,εqpuεqqq

2 dx dt.

(2.15)

To simplify the second and fourth terms appearing on the right-hand side, we
observe that

I2,4pk, tq :“ ´

ż

T

G2
α,δpuεqBxuεσk,εq

1
puεqBxpσk,εqpuεqq dx

`

ż

T

G2
α,δpuεqpBxpσk,εqpuεqqq

2 dx

“

ż

T

G2
α,δpuεqBxσk,εqpuεqBxpσk,εqpuεqq dx

“

ż

T

G2
α,δpuεqmpuεqpBxσk,εq

2 dx

`

ż

T

G2
α,δpuεqqpuεqq

1
puεqBxuεσk,εBxσk,ε dx.

(2.16)

We define

ζα,δpuq “

ż u

0

G2
α,δpxqqpxqq1

pxq dx “
n

2

ż u

0

px ` δq
α´1xn´1 dx
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for u ě 0, so that

(2.17)

ż

T

G2
α,δpuεqqpuεqq

1
puεqBxuεσk,εBxσk,ε dx “ ´

ż

T

ζα,δpuεqBxpσk,εBxσk,εq dx.

By the definition of ζα,δ we have

ζα,δpuq ď
n

2

ż u

0

px ` δq
α`n´2 dx,

and consequently

|ζα,δpuq| Àα,n pu ` δq
α`n´1.(2.18)

Moreover, it holds

|G2
α,δpuqmpuq| ď pu ` δq

α`n´1(2.19)

for u ě 0 by (2.14) and

}uεptq}L1pTq “ }u0,ε}L1pTq ď }u0}MpTq}ηε}L1pTq ` ε “ }u0}MpTq ` ε(2.20)

by the divergence form of (2.5), non-negativity of uε and (2.2). Inserting (2.17),
(2.18) and (2.19) in (2.16) and using (2.8), (2.12) and (2.20), we conclude that

ˇ

ˇ

ˇ

ˇ

1
2

ÿ

kPZ

ż T

0

I2,4pk, tq dt

ˇ

ˇ

ˇ

ˇ

Àα,n

ÿ

kPZ

ż T

0

ż

T

puε ` δq
α`n´1

ppBxσk,εq
2

` |Bxpσk,εBxσk,εq|q dx dt

ÀΛ,T

´

sup
0ďtďT

}uε}L1pTq ` δ
¯α`n´1

ď
`

}u0}MpTq ` ε ` δ
˘α`n´1

.

(2.21)

Next, we estimate the first term on the right-hand side of (2.15). The calcula-
tions are the same as in the proof of [5, Proposition 2.2] and only contained for
convenience of the reader. Namely, using integration by parts we can rewrite

ż

tuεą0u

G2
α,δpuεqBxuεmpuεqB

3
xuε dx

“

ż

tuεą0u

puε ` δq
α`n´1

´

mpuεq

mpuε`δq

¯

BxuεB
3
xuε dx

“ ´

ż

T

puε ` δq
α´1mpuεqpB

2
xuεq

2 dx

´ pα ` n ´ 1q

ż

T

´

mpuεq

mpuε`δq

¯

puε ` δq
α`n´2

pBxuεq
2
B
2
xuε dx

´

ż

T

´

m1
puεq

mpuε`δq
´

mpuεqm1
puε`δq

pmpuε`δqq2

¯

puε ` δq
α`n´1

pBxuεq
2
B
2
xuε dx

“ J1 ` J2 ` R1.

(2.22)
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Pbdt-almost everywhere. Integrating by parts and employing Young’s inequality,
we retrieve

J2 “ ´ pα ` n ´ 1q

ż

T

puε ` δq
α`n´2

pBxuεq
2
B
2
xuε dx

´ pα ` n ´ 1q

ż

T

puε ` δq
α`n´3

2 pBxuεq
2
´

mpuεq

mpuε`δq
´ 1

¯

puε ` δq
α`n´1

2 B
2
xuε dx

ď

´

pα`n´1qpα`n´2q

3 ` κ1

¯

ż

T

puε ` δq
α`n´3

pBxuεq
4 dx

`
pα`n´1q

2

κ1

ż

T

´

mpuεq

mpuε`δq
´ 1

¯2

puε ` δq
α`n´1

pB
2
xuεq

2 dx

(2.23)

for every κ1 ą 0. Moreover, by inserting mpuq “ un, we obtain the estimate

ˇ

ˇ

ˇ

m1
puq

mpu`δq
´

mpuqm1
pu`δq

pmpu`δqq2

ˇ

ˇ

ˇ
“ n

`

u
u`δ

˘n´1 δ
pu`δq2

ď
nδ

pu`δq2

for u ě 0. Hence for each κ2 ą 0, we have

|R1| ď

ż

T

puε ` δq
α`n´3

2 pBxuεq
2
`

nδ
uε`δ

˘

puε ` δq
α`n´1

2 |B
2
xuε| dx

ď κ2

ż

T

puε ` δq
α`n´3

pBxuεq
4 dx `

1
κ2

ż

T

`

nδ
uε`δ

˘2
puε ` δq

α`n´1
pB

2
xuεq

2 dx,

(2.24)

again by Young’s inequality. Choosing

κ1 “ κ2 “
´pα`n´1qpα`n´2q

12 ,

which is positive by (2.8), and inserting (2.24) and (2.23) in (2.22) yields

ż

tuεą0u

G2
α,δpuεqBxuεmpuεqB

3
xuε dx dt

ď ´

ż

T

puε ` δq
α´1mpuεqpB

2
xuεq

2 dx

`
pα`n´1qpα`n´2q

6

ż

T

puε ` δq
α`n´3

pBxuεq
4 dx

´
12pα`n´1q

α`n´2

ż

T

´

mpuεq

mpuε`δq
´ 1

¯2

puε ` δq
α`n´1

pB
2
xuεq

2 dx

´
12n2

pα`n´1qpα`n´2q

ż

T

`

δ
uε`δ

˘2
puε ` δq

α`n´1
pB

2
xuεq

2 dx.
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By using the preceding estimate and (2.21) in (2.15), we obtain moreover

ż

T

Gα,δpuεpT qq dx ´

ż

T

Gα,δpu0,εq dx `

ż T

0

ż

T

puε ` δq
α´1mpuεqpB

2
xuεq

2 dx dt

´
pα`n´1qpα`n´2q

6

ż T

0

ż

T

puε ` δq
α`n´3

pBxuεq
4 dx dt ´

ż T

0

xG1
α,δpuεqΨ dβt,1Ty

Àα,n,Λ,T

`

}u0}MpTq ` ε ` δ
˘α`n´1

`

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

T

´

mpuεq

mpuε`δq
´ 1

¯2

puε ` δq
α`n´1

pB
2
xuεq

2 dx dt

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

T

`

δ
uε`δ

˘2
puε ` δq

α`n´1
pB

2
xuεq

2 dx dt

ˇ

ˇ

ˇ

ˇ

.

(2.25)

We have, by definition (2.14),

(2.26) ´

ż

T

Gα,δpu0,εq dx ě 0.

Moreover, it holds |Gα,δpuq| Àα pu ` δqα`1 for u ě 0 by (2.8) and thus
ˇ

ˇ

ˇ

ˇ

ż

T

Gα,δpuεpT qq dx

ˇ

ˇ

ˇ

ˇ

Àα

`

}uεpT q}L1pTq ` δ
˘α`1

ď
`

}u0}MpTq ` ε ` δ
˘α`1

,

(2.27)

by further invoking (2.20). Inserting (2.26) and (2.27) in (2.25) yields

ż T

0

ż

T

puε ` δq
α´1mpuεqpB

2
xuεq

2 dx dt

´
pα`n´1qpα`n´2q

6

ż T

0

ż

T

puε ` δq
α`n´3

pBxuεq
4 dx dt ´

ż T

0

xG1
α,δpuεqΨl dβt,1Ty

Àα,n,Λ,T

`

}u0}MpTq ` ε ` δ
˘α`1

`
`

}u0}MpTq ` ε ` δ
˘α`n´1

`

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

T

´

mpuεq

mpuε`δq
´ 1

¯2

puε ` δq
α`n´1

pB
2
xuεq

2 dx dt

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

T

`

δ
uε`δ

˘2
puε ` δq

α`n´1
pB

2
xuεq

2 dx dt

ˇ

ˇ

ˇ

ˇ

.

(2.28)

We point out that the prefactor

pα`n´1qpα`n´2q

6

of the second term on the left-hand side of (2.28) is negative by (2.8). By (2.8) and
(2.14) the function G1

α,δ is bounded, such that

E
“

}xG1
α,δpuεqΨ¨,1Ty}

2
L2p0,T ;L2pl2pZq,Rqq

‰

“ E

„
ż T

0

ÿ

kPZ

ˆ
ż

T

G1
α,δpuεqBxpσk,εqpuεqq dx

˙2

dt

j

Àα,δ E

„
ż T

0

ÿ

kPZ

}Bxpσk,εqpuεqq }
2
L2pTq

dt

j

,
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which is finite by (2.13) and hence the stochastic integral in (2.28) is a square
integrable martingale. In order to estimate the conditional expectation on the left-
hand side of (2.9), we let A P F0. Multiplying both sides in (2.28) with 1A and
taking the expectation, we conclude that

E

„

1A

ż T

0

ż

T

puε ` δq
α´1mpuεqpB

2
xuεq

2 dx dt

j

` E

„

1A

ż T

0

ż

T

puε ` δq
α`n´3

pBxuεq
4 dx dt

j

Àα,n,Λ,T E
“

1A

``

}u0}MpTq ` ε ` δ
˘α`1

`
`

}u0}MpTq ` ε ` δ
˘α`n´1˘‰

` E

„ˇ

ˇ

ˇ

ˇ

ż T

0

ż

T

´

mpuεq

mpuε`δq
´ 1

¯2

puε ` δq
α`n´1

pB
2
xuεq

2 dx dt

ˇ

ˇ

ˇ

ˇ

j

` E

„ˇ

ˇ

ˇ

ˇ

ż T

0

ż

T

`

δ
uε`δ

˘2
puε ` δq

α`n´1
pB

2
xuεq

2 dx dt

ˇ

ˇ

ˇ

ˇ

j

“ E1 ` R2 ` R3.

(2.29)

Due to Fatou’s lemma and Consequence 2.1(iv), we can deduce that

E

„

1A

ż T

0

ż

T

uα`n´1
ε pB

2
xuεq

2 dx ds

j

` E

„

1A

ż T

0

ż

T

uα`n´3
ε pBxuεq

4 dx ds

j

Àα,n,Λ,T E
“

1A

`

}u0}
α`1
MpTq

` }u0}
α`n´1
MpTq

` εα`1
˘‰

(2.30)

by letting δ Œ 0 in (2.29), if we can argue that R2 ` R3 Ñ 0 as δ Œ 0. To this
end, we observe first that

puε ` δq
α`n´1

pB
2
xuq

2
ď p1 ` |uε|qpB

2
xuq

2,
´

mpuεq

mpuε`δq
´ 1

¯2

ď 1,

`

δ
uε`δ

˘2
ď 1,

by (2.8). Moreover,

´

mpuεq

mpuε`δq
´ 1

¯2

Ñ 0,

`

δ
uε`δ

˘2
Ñ 0,

Pbdt b dx-almost everywhere as δ Œ 0, by Consequence 2.1(iv). Due to Conse-
quence 2.1(v), we have that

E

„
ż T

0

ż

T

p1 ` |uε|qpB
2
xuq

2 dx dt

j

ď E

„
ż T

0

p1 ` }uε}H1pTqq}B
2
xu}

2
L2pTq dt

j

ď E

”´

1 ` sup
0ďtďT

}uεptq}H1pTq

¯

}uε}
2
L2p0,T ;H2pTqq

ı

ď

´

1 ` E

”

sup
0ďtďT

}uεptq}
2
H1pTq

ı
1
2
¯

E
“

}uε}
4
L2p0,T ;H2pTqq

‰
1
2 ,

such that R2 ` R3 Ñ 0 by the dominated convergence theorem. Consequently,
(2.30) holds true, and (2.9) follows, since A P F0 was arbitrary. �
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2.2. Spatial regularity. In this section, we proceed as explained in Section 1.2
and use the Gagliardo–Nirenberg interpolation inequality in conjunction with the
α-entropy estimate (2.9) and conservation of mass (2.20) to obtain estimates on uε

in suitable Lebesgue and Sobolev norms.

Lemma 2.3. Let p P pn ` 4, 7q, then
(2.31)

E
“

}uε}
p
Lppr0,T sˆTq

ˇ

ˇF0

‰

Àn,p,Λ,T p}u0}MpTq ` εq4
`

}u0}
p´n´4
MpTq

` }u0}
p´4
MpTq

` εp´n´4
˘

.

Proof. We choose α in accordance with

(2.32) p “ α ` n ` 5

so that in particular (2.8) is satisfied and thus Proposition 2.2 applies. We define

the random function wε “ u
α`n`1

4
ε and claim that wε P W 1,4pTq, Pbdt-almost

everywhere, and that the chain rule holds for it. To verify this, we observe that

wε,κ “ puε`κq
α`n`1

4 has the weak derivative α`n`1
4 puε`κq

α`n´3
4 Bxuε by the chain

rule [3, Corollary 8.11] for each κ ą 0. Hence,
(2.33)
`

4
α`n`1

˘4
}Bxwε,κ}

4
L4pTq “

ż

T

puε ` κq
α`n´3

pBxuεq
4 dx ď

ż

T

uα`n´3
ε pBxuεq

4 dx,

which is Pbdt-almost everywhere finite by (2.9) so that taking κ Œ 0, wε,κ admits
a subsequence converging weakly in W 1,4pTq. This limit coincides with wε, since
wε,κ Ñ wε almost everywhere. Moreover, using the weak convergence Bxwε,κ á

Bxwε in L4pTq and the dominated convergence theorem, we conclude that

xBxwε, ϕy Ð xBxwε,κ, ϕy

“
α`n`1

4

@

puε ` κq
α`n´3

4 Bxuε, ϕ
D

Ñ
α`n`1

4

@

u
α`n´3

4
ε Bxuε, ϕ

D

,
(2.34)

for a subsequence κ Œ 0 and every ϕ P C8pTq, and therefore the chain rule applies
to wε, too.

By the Gagliardo-Nirenberg interpolation inequality [3, Eq. (42), p.233] it holds

(2.35) }wε}LrpTq Àα,n }wε}
ν
W 1,4pTq}wε}

1´ν

L
4

α`n`1 pTq

for

r “
4pα`n`4q`4

α`n`1 , ν “
α`n`1´ 4

r

α`n`4 .

Moreover, by the Poincaré-Wirtinger inequality
›

›

›

›

wε ´

ż

T

wε dx

›

›

›

›

L4pTq

À }Bxwε}L4pTq,

we conclude that

}wε}W 1,4pTq À }wε}L1pTq ` }Bxwε}L4pTq.

Inserting this in (2.35) and using that L
4

α`n`1 pTq ãÑ L1pTq due to (2.8) yields

(2.36) }wε}LrpTq Àα,n }Bxwε}
ν
L4pTq}wε}

1´ν

L
4

α`n`1 pTq

` }wε}
L

4
α`n`1 pTq

.

Since

(2.37) rν “
rpα`n`1q´4

α`n`4 “ 4,
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we obtain by integrating the r-th power of (2.36) in time

}wε}
r
Lrpr0,T sˆTq Àα,n

ż T

0

}Bxwε}
rν
L4pTq}wε}

rp1´νq

L
4

α`n`1 pTq

dt `

ż T

0

}wε}
r

L
4

α`n`1 pTq
dt

ÀT }Bxwε}
4
L4pr0,T sˆTq}wε}

rp1´νq

L8p0,T ;L
4

α`n`1 pTqq

` }wε}
r

L8p0,T ;L
4

α`n`1 pTqq
.

(2.38)

By (2.32) we have 4p
α`n`1 “ r and consequently

}uε}
p
Lppr0,T sˆTq

“
›

›u
α`n`1

4
ε

›

›

4p
α`n`1

L
4p

α`n`1 pr0,T sˆTq

“ }wε}
r
Lrpr0,T sˆTq,

and moreover

}uε}L1pTq “
›

›u
α`n`1

4
ε

›

›

4
α`n`1

L
4

α`n`1 pTq

“ }wε}
4

α`n`1

L
4

α`n`1 pTq

.

Using these two identities in (2.38), taking the conditional expectation with respect
to F0 and applying estimate (2.20), we conclude that

E
“

}uε}
p
Lppr0,T sˆTq

ˇ

ˇF0

‰

Àα,n,T E

”

}Bxwε}
4
L4pr0,T sˆTq}uε}

rp1´νqpα`n`1q
4

L8p0,T ;L1pTqq

ˇ

ˇ

ˇ
F0

ı

` E

”

}uε}
rpα`n`1q

4

L8p0,T ;L1pTqq

ˇ

ˇ

ˇ
F0

ı

ď E

”

}Bxwε}
4
L4pr0,T sˆTq

`

}u0}MpTq ` ε
˘

rp1´νqpα`n`1q
4

ˇ

ˇ

ˇ
F0

ı

`
`

}u0}MpTq ` ε
˘

rpα`n`1q
4 .

Using that by (2.32) and (2.37)

rpα`n`1q

4 “ p,

rp1´νqpα`n`1q

4 “ p ´
rνpα`n`1q

4 “ 4,

and estimates (2.9), (2.33), we obtain

E
“

}uε}
p
Lppr0,T sˆTq

ˇ

ˇF0

‰

Àα,n,T

`

}u0}MpTq ` ε
˘4

E
“

}Bxwε}
4
L4pr0,T sˆTq

ˇ

ˇF0

‰

`
`

}u0}MpTq ` ε
˘p

Àα,n,p,Λ,T

`

}u0}MpTq ` ε
˘4`

}u0}
α`1
MpTq

` }u0}
α`n´1
MpTq

` εα`1
` }u0}

p´4
MpTq

` εp´4
˘

.

We use Assumption 1.1, (2.32) and that ε P p0, 1q to simplify the right-hand side to

E
“

}uε}
p
Lppr0,T sˆTq

ˇ

ˇF0

‰

Àα,n,p,Λ,T

`

}u0}MpTq ` ε
˘4`

}u0}
p´n´4
MpTq

` }u0}
p´4
MpTq

` εp´n´4
˘

.

Finally, (2.31) follows by observing that α depends only on n and p. �

Lemma 2.4. Let r P p
n`4
2 , 7

2 q, then

E
“

}Bxuε}
r
Lrpr0,T sˆTq

ˇ

ˇF0

‰

Àn,r,Λ,T p}u0}MpTq ` εq4´r
`

}u0}
2r´n´4
MpTq

` }u0}
2r´4
MpTq

` ε2r´n´4
˘

.
(2.39)

Proof. We define p “ 2r and α according to (2.32), such that in particular the
assumptions of Lemma 2.3 and Proposition 2.2 are satisfied. We consider again

the function wε “ u
α`n`1

4
ε , which satisfies the chain rule by (2.34). Hence, using

Hölder’s inequality and that

1
r “

1
4 `

3´pα`nq

4p ,
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we can estimate

}Bxuε}Lrpr0,T sˆTq �α,n

›

›u
3´pα`nq

4
ε Bxwε

›

›

Lrpr0,T sˆTq

ď }Bxwε}L4pr0,T sˆTq

›

›u
3´pα`nq

4
ε

›

›

L
4p

3´pα`nq pr0,T sˆTq

“ }Bxwε}L4pr0,T sˆTq
}uε}

3´pα`nq
4

Lppr0,T sˆTq
.

Taking the r-th power on both sides, taking the conditional expectation with respect
to F0, and employing the conditional Hölder inequality yields

E
“

}Bxuε}
r
Lrpr0,T sˆTq

ˇ

ˇF0

‰

Àα,n E

”

}Bxwε}
r
L4pr0,T sˆTq

}uε}
rp3´pα`nqq

4

Lppr0,T sˆTq

ˇ

ˇ

ˇ
F0

ı

ď E
“

}Bxwε}
4
L4pr0,T sˆTq

ˇ

ˇF0

‰
r
4
E
“

}uε}
p
Lppr0,T sˆTq

ˇ

ˇF0

‰

rp3´pα`nqq
4p .

An explicit calculation yields rp3´pα`nqq

4p “ 1 ´
r
4 , such that inserting (2.9), (2.31)

and the definitions of α, p results in

E
“

}Bxuε}
r
Lrpr0,T sˆTq|F0

‰

Àα,n,p,Λ,T

`

}u0}MpTq ` ε
˘4´r`

}u0}
2r´n´4
MpTq

` }u0}
2r´4
MpTq

` ε2r´n´4
˘

.

Finally, using that α, p only depend on n and r, we infer that (2.39) holds. �

2.3. Temporal regularity. In what follows, we use the estimates derived in Sub-
section 2.2 to deduce uniform estimates on the time increments of uε with values
in a suitable negative Sobolev space on T. Since the estimates from Subsection 2.2
only give estimates on Bxuε and uε, we need to rewrite the thin-film operator in the
weaker form [5, Eq. (3.2)]. Specifically, by integrating by parts we obtain that

ż

tuεą0u

mpuεqB
3
xuεη dx

“
npn´1q

2 xun´2
ε pBxuεq

3, ηy `
3n
2 xun´1

ε pBxuεq
2, Bxηy ` xun

ε Bxuε, B
2
xηy

(2.40)

Pbdt-almost everywhere for every η P C8pTq. The integration by parts is justified
by the regularity of uε obtained from Consequence 2.1(v). In the subsequent lemma,
we deduce estimates on the terms on the right-hand side of (2.40).

Lemma 2.5. Let l P t0, 1, 2u and νl P p
n`4

n`4´l ,
7

n`4´l q, then

E

„›

›

›

›

ż ¨

0

un´2`l
ε pBxuεq

3´l dt

›

›

›

›

νl

W 1,νl p0,T ;Lνl pTqq

ˇ

ˇ

ˇ

ˇ

F0

j

Àl,n,νl,Λ,T p}u0}MpTq ` εq4´νlp3´lq

`

}u0}
νlpn`4´lq´n´4
MpTq

` }u0}
νlpn`4´lq´4
MpTq

` ενlpn`4´lq´n´4
˘

.

(2.41)

Proof. We choose p “ 2r “ νlpn ` 4 ´ lq, such that in particular p P pn ` 4, 7q

and r P p
n`4
2 , 7

2 q, meaning that the assumptions of Lemma 2.3 and Lemma 2.4 are
satisfied. Moreover, we have

(2.42) n´2`l
p `

3´l
r “

n`4´l
2r “

1
νl
.
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Hence, using that
ş¨

0
un´2`l
ε pBxuεq

3´l dt is starting at 0 and admits its integrand as
weak derivative, as well as Hölder’s inequality, we can estimate

›

›

›

›

ż ¨

0

un´2`l
ε pBxuεq

3´l dt

›

›

›

›

W 1,νl p0,T ;Lνl pTqq

ÀT }un´2`l
ε pBxuεq

3´l
}Lνl pr0,T sˆTq

ď }un´2`l
ε }

L
p

n´2`l pr0,T sˆTq
}pBxuεq

3´l
}
L

r
3´l pr0,T sˆTq

“ }uε}
n´2`l
Lppr0,T sˆTq

}Bxuε}
3´l
Lrpr0,T sˆTq

.

Taking the νl-th power on both sides and the conditional expectation with respect
to F0, using (2.31) and (2.39), and employing the conditional Hölder’s inequality
we conclude

E

„›

›

›

›

ż ¨

0

un´2`l
ε pBxuεq

3´l dt

›

›

›

›

νl

W 1,νl p0,T ;Lνl pTqq

ˇ

ˇ

ˇ

ˇ

F0

j

Àνl,T E
“

}uε}
νlpn´2`lq
Lppr0,T sˆTq

}Bxuε}
νlp3´lq
Lrpr0,T sˆTq

ˇ

ˇF0

‰

ď E
“

}uε}
p
Lppr0,T sˆTq

ˇ

ˇF0

‰

νlpn´2`lq
p

E
“

}Bxuε}
r
Lrpr0,T sˆTq

ˇ

ˇF0

‰

νlp3´lq
r

Àn,p,r,Λ,T p}u0}MpTq ` εq
4νlpn´2`lq

p
`

}u0}
p´n´4
MpTq

` }u0}
p´4
MpTq

` εp´n´4
˘

νlpn´2`lq
p

ˆ p}u0}MpTq ` εq
p4´rqνlp3´lq

r

`

}u0}
2r´n´4
MpTq

` }u0}
2r´4
MpTq

` ε2r´n´4
˘

νlp3´lq
r .

(2.43)

The claim follows by using (2.42) and inserting the definitions of p and r. �
We derive similar estimates on terms appearing in the Stratonovich correction

term in (2.5).

Lemma 2.6. Let l P t3, 4u and νl P p
n`4

n`3´l ,
7

n`3´l q, then

E

„›

›

›

›

ÿ

kPZ

ż ¨

0

σ2
k,εpq

1
puεqq

2
Bxuε dt

›

›

›

›

ν3

W 1,ν3p0,T ;Lν3 pTqq

ˇ

ˇ

ˇ

ˇ

F0

j

Àn,ν3,Λ,T p}u0}MpTq ` εq4´ν3
`

}u0}
nν3´n´4
MpTq

` }u0}
nν3´4
MpTq

` εnν3´n´4
˘

(2.44)

and

E

„›

›

›

›

ÿ

kPZ

ż ¨

0

σk,εBxσk,εqpuεqq
1
puεq dt

›

›

›

›

ν4

W 1,ν4 p0,T ;Lν4 pTqq

ˇ

ˇ

ˇ

ˇ

F0

j

Àn,ν4,Λ,T p}u0}MpTq ` εq4
`

}u0}
pn´1qν4´n´4
MpTq

` }u0}
pn´1qν4´4
MpTq

` εpn´1qν4´n´4
˘

.

(2.45)

Proof. We first consider (2.44) and define p, r by p “ 2r “ nν3, such that the
assumptions of Lemma 2.3 and Lemma 2.4 are satisfied. Then

(2.46) n´2
p `

1
r “

1
ν3
.

We use that
ř

kPZ

ş¨

0
σ2
k,εpq

1puεqq2Bxuε dt starts at 0 to estimate
›

›

›

›

ÿ

kPZ

ż ¨

0

σ2
k,εpq

1
puεqq

2
Bxuε dt

›

›

›

›

W 1,ν3 p0,T ;Lν3 pTqq

ÀT

›

›

›

›

ÿ

kPZ

σ2
k,εpq

1
puεqq

2
Bxuε

›

›

›

›

Lν3 pr0,T sˆTq

Àn

ÿ

kPZ

}σk,ε}
2
CpTq}un´2

ε Bxuε}Lν3 pr0,T sˆTq ÀΛ }un´2
ε Bxuε}Lν3 pr0,T sˆTq.
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Proceeding as in (2.43), we obtain that

E

„›

›

›

›

ÿ

kPZ

ż ¨

0

σ2
k,εpq

1
puεqq

2
Bxuε dt

›

›

›

›

ν3

W 1,ν3p0,T ;Lν3 pTqq

ˇ

ˇ

ˇ

ˇ

F0

j

Àn,Λ,T E
“

}uε}
p
Lppr0,T sˆTq

ˇ

ˇF0

‰

ν3pn´2q
p

E
“

}Bxuε}
r
Lrpr0,T sˆTq

ˇ

ˇF0

‰

ν3
r

Àn,p,r,Λ,T p}u0}MpTq ` εq
4ν3pn´2q

p
`

}u0}
p´n´4
MpTq

` }u0}
p´4
MpTq

` εp´n´4
˘

ν3pn´2q
p

ˆ p}u0}MpTq ` εq
p4´rqν3

r

`

}u0}
2r´n´4
MpTq

` }u0}
2r´4
MpTq

` ε2r´n´4
˘

ν3
r .

The claimed estimate (2.44) follows by using (2.46) and inserting the definitions of
p and r. The second estimate (2.45) can be derived analogously with the choice
p “ pn ´ 1qν3. �

Lastly, we obtain temporal regularity of the stochastic integral in (2.5).

Lemma 2.7. Let ν5 P p
2pn`4q

n , 14
n q, γ5 P p0, 1

2 q. Then

E

„›

›

›

›

ÿ

kPZ

ż ¨

0

σk,εqpuεq dβ
pkq

t

›

›

›

›

ν5

Wγ5,ν5 p0,T ;L2pTqq

ˇ

ˇ

ˇ

ˇ

F0

j

Àγ5,n,ν5,Λ,T p}u0}MpTq ` εq4
´

}u0}

nν5
2 ´n´4

MpTq
` }u0}

nν5
2 ´4

MpTq
` ε

nν5
2 ´n´4

¯

.

(2.47)

Proof. We define the linear operator Φε : l
2pZq Ñ L2pTq by setting Φεek “ σk,εqpuεq

so that we can write in what follows
ÿ

kPZ

ż ¨

0

σk,εqpuεq dβ
pkq

t “

ż ¨

0

Φε dβt,

where β is the cylindrical Wiener process in l2pZq given by ek ÞÑ βpkq. We let
A P F0. Then, using [11, Lemma 2.1], we calculate

E

„

1A

›

›

›

›

ż ¨

0

Φε dβt

›

›

›

›

ν5

Wγ5,ν5 p0,T ;L2pTqq

j

“ E

„›

›

›

›

ż ¨

0

1AΦε dβt

›

›

›

›

ν5

Wγ5,ν5 p0,T ;L2pTqq

j

Àγ5,ν5
E

„
ż T

0

}1AΦε}
ν5

L2pl2pZq,L2pTqq
dt

j

“ E

„

1A

ż T

0

}Φε}
ν5

L2pl2pZq,L2pTqq
dt

j

.

To further estimate the latter, we use (2.12) and that ν5 ě 2 to infer
ż T

0

}Φε}
ν5

L2pl2pZq,L2pTqq
dt “

ż T

0

ˆ

ÿ

kPZ

}σk,εqpuεq}
2
L2pTq

˙

ν5
2

dt

ď

ż T

0

ˆ

ÿ

kPZ

}σk,ε}
2
CpTq

›

›u
n
2
ε

›

›

2

L2pTq

˙

ν5
2

dt ÀΛ

ż T

0

}uε}

ν5n
2

LnpTq
dt ď }uε}

ν5n
2

L
ν5n
2 pr0,T sˆTq

.

Finally, we set p “
ν5n
2 in accordance with the assumption of Lemma 2.3 and

consequently we can use (2.31) to conclude that

E

„

1A

›

›

›

›

ż ¨

0

Φε dβt

›

›

›

›

ν5

Wγ5,ν5 p0,T ;L2pTqq

j

Àγ5,ν5,Λ E
“

1A }uε}
p
Lppr0,T sˆTq

‰

“ E
“

1A E
“

}uε}
p
Lppr0,T sˆTq

ˇ

ˇF0

‰‰

Àn,p,Λ,T E
“

1Ap}u0}MpTq ` εq4
`

}u0}
p´n´4
MpTq

` }u0}
p´4
MpTq

` εp´n´4
˘‰

.

It remains to use that A P F0 was arbitrary and to insert the definition of p. �
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Finally, we combine the previous results from this subsection to deduce a uniform
estimate on the temporal increments of uε in terms of its Sobolev-Slobodeckij norm.

Lemma 2.8. Let γ P p0, 1
2 q, μ P p

n`4
n`2 ,

7
n`2 q and ν P p1, 7

n`4 q, then

E

”

}uε}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ
F0

ı

Àγ,n,μ,ν,Λ,T

`

}u0}MpTq ` ε
˘pn´1´ n2

p qν
`

`

}u0}MpTq ` ε
˘pn`1qν

,

(2.48)

where p “ maxtμpn ` 2q, νpn ` 4qu.

Proof. By Consequence 2.1(vi) and (2.40), the equality

uε “u0,ε ´
npn´1q

2

ż ¨

0

Bxpun´2
ε pBxuεq

3
q dt `

3n
2

ż ¨

0

B
2
xpun´1

ε pBxuεq
2
q dt

´

ż ¨

0

B
3
xpun

ε Bxuεq dt `
1
2

ÿ

kPZ

ż ¨

0

Bxpσ2
k,εpq

1
puεqq

2
Bxuεq dt

`
1
2

ÿ

kPZ

ż ¨

0

Bxpσk,εBxσk,εqpuεqq
1
puεqq dt `

ÿ

kPZ

ż ¨

0

Bxpσk,εqpuεqq dβ
pkq

t

(2.49)

holds almost surely, where the integrals on the right hand side converge in suitable
negative Sobolev-spaces as a consequence of Lemma 2.5, Lemma 2.6 and Lemma

2.7. We proceed by estimating the W γ, 2ν
2´ν p0, T ;W´3,μpTqq-norm of each of the

terms on the right hand-side of (2.49) separately. Since u0,ε is constant in time, we
can estimate by the Sobolev-embedding theorem and (2.20)

}u0,ε}
W

γ, 2ν
2´ν p0,T ;W´3,μpTqq

Àμ }u0,ε}
L

2ν
2´ν p0,T ;L1pTqq

Àν,T }u0,ε}L1pTq ď }u0}MpTq ` ε.
(2.50)

For the remaining terms, we choose

νl “
p

n`4´l , l P t0, 1, 2u,

νl “
p

n`3´l , l P t3, 4u,

ν5 “
2p
n , γ5 “ γ,

(2.51)

where p is defined in the claim. In particular, we have νl ě ν and therefore

(2.52) 1 ´
1
νl

ě 1 ´
1
ν “

1
2 ´

2´ν
2ν ą γ ´

2´ν
2ν , l P t0, . . . , 4u.

Using additionally that ν2 ě μ and employing the Sobolev embedding theorem in
time and space, we obtain that

›

›

›

›

ż ¨

0

B
l`1
x pun´2`l

ε pBxuεq
3´l

q dt

›

›

›

›

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ď

›

›

›

›

ż ¨

0

un´2`l
ε pBxuεq

3´l dt

›

›

›

›

W
γ, 2ν

2´ν p0,T ;W l´2,μpTqq

Àl,γ,μ,ν,νl,T

›

›

›

›

ż ¨

0

un´2`l
ε pBxuεq

3´l dt

›

›

›

›

W 1,νl p0,T ;Lνl pTqq

(2.53)
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for l P t0, 1, 2u. For l P t3, 4u, we proceed similarly and use again (2.52) and the
Sobolev embedding to conclude

›

›

›

›

ÿ

kPZ

ż ¨

0

Bxpσ2
k,εpq

1
puεqq

2
Bxuεq dt

›

›

›

›

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

Àγ,μ,ν,ν3,T

›

›

›

›

ÿ

kPZ

ż ¨

0

σ2
k,εpq

1
puεqq

2
Bxuε dt

›

›

›

›

W 1,ν3 p0,T ;Lν3 pTqq

(2.54)

and

›

›

›

›

ÿ

kPZ

ż ¨

0

Bxpσk,εBxσk,εqpuεqq
1
puεqq dt

›

›

›

›

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

Àγ,μ,ν,ν4,T

›

›

›

›

ÿ

kPZ

ż ¨

0

σk,εBxσk,εqpuεqq
1
puεq dt

›

›

›

›

W 1,ν4p0,T ;Lν4 pTqq

.

(2.55)

Lastly, we observe that by Consequence 2.1(i) and ν ă
7

n`4 , it also holds ν5 ě

2pn`4qν
n ě

2ν
2´ν . Hence, by the Sobolev embedding theorem, we infer

›

›

›

›

ÿ

kPZ

ż ¨

0

Bxpσk,εqpuεqq dβ
pkq

t

›

›

›

›

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

Àγ,μ,ν,ν5

›

›

›

›

ÿ

kPZ

ż ¨

0

σk,εqpuεq dβ
pkq

t

›

›

›

›

Wγ5,ν5 p0,T ;L2pTqq

.

(2.56)

Employing the triangle inequality in W γ, 2ν
2´ν p0, T ;W´3,μpTqq and the conditional

Minkowski inequality in (2.49) yields

E

”

}uε}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ
F0

ı
1
ν

Àn E

”

}u0,ε}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ
F0

ı
1
ν

`

2
ÿ

l“0

E

„›

›

›

›

ż ¨

0

B
l`1
x pun´2`l

ε pBxuεq
3´l

q dt

›

›

›

›

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ

ˇ

F0

j
1
ν

` E

„›

›

›

›

ÿ

kPZ

ż ¨

0

Bxpσ2
k,εpq

1
puεqq

2
Bxuεq dt

›

›

›

›

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ

ˇ

F0

j
1
ν

` E

„›

›

›

›

ÿ

kPZ

ż ¨

0

Bxpσk,εBxσk,εqpuεqq
1
puεqq dt

›

›

›

›

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ

ˇ

F0

j
1
ν

` E

„›

›

›

›

ÿ

kPZ

ż ¨

0

Bxpσk,εqpuεqq dβ
pkq

t

›

›

›

›

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ

ˇ

F0

j
1
ν

.
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The estimates (2.50), (2.53), (2.54), (2.55) and (2.56) and the conditional Jensen
inequality lead to

E

”

}uε}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ
F0

ı
1
ν

Àγ,n,μ,ν,T E
“`

}u0}MpTq ` ε
˘ν ˇ

ˇF0

‰
1
ν

`

2
ÿ

l“0

E

„›

›

›

›

ż ¨

0

un´2`l
ε pBxuεq

3´l dt

›

›

›

›

νl

W 1,νl p0,T ;Lνl pTqq

ˇ

ˇ

ˇ

ˇ

F0

j
1
νl

` E

„›

›

›

›

ÿ

kPZ

ż ¨

0

σ2
k,εpq

1
puεqq

2
Bxuε dt

›

›

›

›

ν3

W 1,ν3 p0,T ;Lν3 pTqq

ˇ

ˇ

ˇ

ˇ

F0

j
1
ν3

` E

„›

›

›

›

ÿ

kPZ

ż ¨

0

σk,εBxσk,εqpuεqq
1
puεq dt

›

›

›

›

ν4

W 1,ν4 p0,T ;Lν4 pTqq

ˇ

ˇ

ˇ

ˇ

F0

j
1
ν4

` E

„›

›

›

›

ÿ

kPZ

ż ¨

0

σk,εqpuεq dβ
pkq

t

›

›

›

›

ν5

Wγ5,ν5 p0,T ;L2pTqq

ˇ

ˇ

ˇ

ˇ

F0

j
1
ν5

,

where we also used that the νl only depend on n, ν, μ. Since p P pn ` 4, 7q, the
parameters from (2.51) satisfy the assumptions from Lemma 2.5, Lemma 2.6 and
Lemma 2.7. Hence, using (2.41), (2.44), (2.45) and (2.47) as well as that, we obtain
that

E

”

}uε}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ
F0

ı
1
ν

Àγ,n,μ,ν,Λ,T

`

}u0}MpTq ` ε
˘

(2.57)

`

2
ÿ

l“0

”

p}u0}MpTq ` εq4´νlp3´lq
`

}u0}
νlpn`4´lq´n´4
MpTq

` }u0}
νlpn`4´lq´4
MpTq

` ενlpn`4´lq´n´4
˘

ı
1
νl

`

”

p}u0}MpTq ` εq4´ν3
`

}u0}
nν3´n´4
MpTq

` }u0}
nν3´4
MpTq

` εnν3´n´4
˘

ı
1
ν3

`

”

p}u0}MpTq ` εq4
`

}u0}
pn´1qν4´n´4
MpTq

` }u0}
pn´1qν4´4
MpTq

` εpn´1qν4´n´4
˘

ı
1
ν4

`

”

p}u0}MpTq ` εq4
´

}u0}

nν5
2 ´n´4

MpTq
` }u0}

nν5
2 ´4

MpTq
` ε

nν5
2 ´n´4

¯ı
1
ν5
.

To simplify the right-hand side, we estimate ε and }u0}MpTq in (2.57) by pε `

}u0}MpTqq to conclude

E

”

}uε}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ
F0

ı
1
ν

Àγ,n,μ,ν,Λ,T

`

}u0}MpTq ` ε
˘

`

2
ÿ

l“0

p}u0}MpTq ` εq
n`1´ n

νl ` p}u0}MpTq ` εqn`1

` p}u0}MpTq ` εqn´1´ n
ν3 ` p}u0}MpTq ` εqn´1

` p}u0}MpTq ` εqn´1´ n
ν4 ` p}u0}MpTq ` εqn´1

` p}u0}MpTq ` εq
n
2 ´ n

ν5 ` p}u0}MpTq ` εq
n
2 .

(2.58)
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We notice that the largest power on the right-hand side of (2.58) is n ` 1. By
Consequence 2.1 (i), the smallest power is either 1, n ´ 1 ´

n
ν3

or n
2 ´

n
ν5
. To find

the smallest one, we insert (2.51) to rewrite the powers to

1, n ´ 1 ´
n
ν3

“ n ´ 1 ´
n2

p , n
2 ´

n
ν5

“
n
2 ´

n2

2p

and consider the respective parabolas

g1pxq “ 1, g2pxq “ x ´ 1 ´
x2

p , g3pxq “
x
2 ´

x2

2p .

We notice that all three parabolas attain their maximum value at p
2 , with

g1p
p
2 q “ 1 ě g3p

p
2 q “

p
8 ě g2p

p
2 q “

p
4 ´ 1,

since p ď 8. Because the second derivatives of the parabolas obey the same ordering,

we conclude g1pxq ě g3pxq ě g2pxq for all x P R and in particular that n ´ 1 ´
n2

p

is the smallest power in (2.58). Whence,

E

”

}uε}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ
F0

ı
1
ν

Àγ,n,μ,ν,Λ,T p}u0}MpTq ` εqn´1´ n2

p ` p}u0}MpTq ` εqn`1

and raising both sides of the preceding inequality to the ν-th power yields (2.48). �

2.4. Simplified estimates. In the previous subsections, we derived uniform esti-
mates on the conditional expectations of the approximate solutions puεqεPp0,1q. To
work with these estimates efficiently in the preceding section, we derive correspond-
ing moment estimates with a simpler right-hand side. To this end, we introduce
the sets

(2.59) Aj “
�

}u0}MpTq P rj ´ 1, jq
(

, j P N,

providing an F0-measurable partition of the probability space Ω and point out that
it suffices to show tightness on each of the sets Aj separately in light of Lemma
B.3. Using that

(2.60) }u0}MpTq ` ε ď j ` 1

on Aj , we obtain by multiplying (2.9) with 1Aj
and taking the expectation

@α P p´1, 2 ´ nq :

E

„

1Aj

ż T

0

ż

T

uα`n´1
ε pB

2
xuεq

2 dx ds ` 1Aj

ż T

0

ż

T

uα`n´3
ε pBxuεq

4 dx ds

j

Àα,n,Λ,T pj ` 1q
α`n´1.

(2.61)

In the same way, we conclude from Lemma 2.3 that

(2.62) @p P r1, 7q : E
“

1Aj
}uε}

p
Lppr0,T sˆTq

‰

Àn,p,Λ,T pj ` 1q
p,

where the fact that the inequality also holds for p P r1, n ` 4s follows by Hölder’s
inequality. Analogously, we conclude from Lemma 2.4 that

(2.63) @r P r1, 7
2 q : E

“

1Aj
}Bxuε}

r
Lrpr0,T sˆTq

‰

Àn,r,Λ,T pj ` 1q
r.
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Using additionally the Sobolev embedding theorem in space, we conclude from
Lemma 2.8

@γ P p0, 12 q @μ P p1, 7
n`2 q @ν P r1, 7

n`4 q :

E

”

1Aj
}uε}

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ı

Àγ,n,μ,ν,Λ,T pj ` 1q
νpn`1q.

(2.64)

3. Limiting procedure

In this section, we construct a martingale solution in the sense of Theorem 1.6
to the stochastic thin-film equation with initial value u0. To this end, we show
tightness of the approximating family puεqεPp0,1q in suitable spaces in Subsection
3.1 and extract an equidistributed convergent subsequence converging to a solution
in Subsection 3.2.

3.1. Tightness properties. We define X ind “ R, XBM “ Cpr0, T sq, X power “

L2p0, T ;H2pTqq, where we equip the latter space with its weak topology. Moreover,
we choose sequences ´1 ď κl Õ

´1
2 , 1 ă pl Õ 7 and 1 ă rl Õ

7
2 . Then, we

define the spaces X cont, XLebesgue, X Sobolev as the projective limit of the sequences
pCpr0, T s;HκlpTqqqlPN, pLplpr0, T s ˆ TqqlPN and pLrlp0, T ;W 1,rlpTqqqlPN, where we
consider the latter sequence of spaces with their weak typologies, for details see
Appendix A. Finally, we define the space

(3.1) X “ X8
ind ˆX8

BM ˆX cont ˆXLebesgue ˆX Sobolev ˆX8
power,

and equip it with the product topology.

Lemma 3.1. Let αl Õ 2 ´ n be a sequence satisfying (2.8). Then the family

(3.2)
´´

p1Aj
qjPN, pβpkq

qkPZ, uε, uε, uε,
`

u
αl`n`1

2
ε

˘

lPN

¯¯

εPp0,1q

lies tight on X .

Proof. By Lemma B.2 it suffices to show tightness of each of the components of
(3.2) in their respective space separately.

Tightness of the indicator functions and Brownian motions. The set of real num-
bers X ind is a Radon space and thus the law of 1Aj

is inner regular on open sets for
every j P N. Consequently, the family p1Aj

qεPp0,1q lies tight on X ind. Tightness of

the sequence pp1Aj
qjPNqεPp0,1q on X8

ind follows by Lemma B.2. Similarly, since XBM

is a Radon space, the law of βpkq is inner regular on open sets, and consequently
the family pβpkqqεPp0,1q lies tight on it. Another application of Lemma B.2 yields

tightness of ppβpkqqkPZqεPp0,1q on X8
BM.

Tightness on X cont. By Lemma B.1 and Lemma B.3 it suffices to show tightness
of p1Aj

uεqεPp0,1q on Cpr0, T s;HκlpTqq for each j, l P N. To this end, we choose

γ P p0, 1
2 q, μ P p1, 7

n`2 q and ν P r1, 7
n`4 q such that γ ´

2´ν
2ν ą 0 and in particular

the embedding

L8
p0, T ;L1

pTqq X W γ, 2ν
2´ν p0, T ;W´3,μ

pTqq ãÑ Cpr0, T s;HκlpTqq

is compact by [25, Corollary 5] and the Rellich–Kondrachov theorem. Consequently,
the set

Kδ “

!

u
ˇ

ˇ

ˇ
}u}L8p0,T ;L1pTqq ď

1
δ , }u}

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq
ď

1
δ

)
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lies compact in Cpr0, T s;HκlpTqq for δ ą 0. By (2.20) and (2.60), we have that

E
“

1Aj
}uε}L8p0,T ;L1pTqq

‰

ď j ` 1

and hence together with (2.64) and Chebychev’s inequality, we conclude that

Ppt1Aj
uε R Kδuq

ď P
`�

1Aj
}uε}L8p0,T ;L1pTqq ą

1
δ

(˘

` P

´!

1Aj
}uε}

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq
ą

1
δ

)¯

ď δ E
“

1Aj
}uε}L8p0,T ;L1pTqq

‰

` δν E
”

1Aj
}uε}

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ı

Àγ,n,μ,ν,Λ,T δpj ` 1q ` δνpj ` 1q
νpn`1q.

(3.3)

Tightness follows, since the right-hand side tends to 0 as δ Œ 0.
Tightness on XLebesgue. By Lemma B.1 and Lemma B.3 it is enough to show

tightness of p1Aj
uεqεPp0,1q on Lplpr0, T sˆTq for each j, l P N. We let again γ P p0, 12 q,

μ P p1, 7
n`2 q, ν P r1, 7

n`4 q with γ ´
2´ν
2ν ą 0 and define the set

Kδ “

!

u
ˇ

ˇ

ˇ
max

!

}u}Lpl`1 pr0,T sˆTq, }Bxu}L1pr0,T sˆTq, }u}
W

γ, 2ν
2´ν p0,T ;W´3,μpTqq

)

ď
1
δ

)

.

The set Kδ is bounded in L1p0, T ;W 1,1pTqq and thus compact in L1pr0, T s ˆTq by
compactness of the embedding

L1
p0, T ;W 1,1

pTqq X W γ, 2ν
2´ν p0, T ;W´3,μ

pTqq ãÑ L1
p0, T ;L1

pTqq,

see again [25, Corollary 5]. Since Kδ is moreover bounded in Lpl`1pr0, T s ˆTq, it is
compact in Lplpr0, T s ˆ Tq by interpolation. Lastly, with the help of (2.62), (2.63)
and (2.64), we can conclude that Ppt1Aj

uε R Kδuq Ñ 0 uniformly in ε as δ Œ 0,
analogously to (3.3).

Tightness on X Sobolev. By Lemma B.1 and Lemma B.3 it is again sufficient to
verify that p1Aj

uεqεPp0,1q lies tight on Lrlp0, T ;W 1,rlpTqq, equipped with its weak
topology for each j, l P N. To this end, we define the set

Kδ “
�

u
ˇ

ˇ }u}Lrl pr0,T sˆTq ď
1
δ , }Bxu}Lrl pr0,T sˆTq ď

1
δ

(

,

which is bounded in Lrlp0, T ;W 1,rlpTqq and consequently compact with respect to
the weak topology by the Banach-Alaoglu theorem. Following the lines of (3.3), we
conclude that Ppt1Aj

uε R Kδuq Ñ 0 uniformly in ε as δ Œ 0 by (2.62) and (2.63),
which implies tightness.

Tightness of the powers. A last application of Lemma B.2 and Lemma B.3 yields

that it suffices to show tightness of
`

1Aj
u

αl`n`1

2
ε

˘

εPp0,1q
on X power for all j, l P N.

To this end, we define vε “ u
αl`n`1

2
ε and arguing as for wε in the beginning of the

proof of Lemma 2.3, we conclude that vε admits

pαl`n`1qpαl`n´1q

4 u
αl`n´3

2
ε pBxuεq

2
`

αl`n`1
2 u

αl`n´1

2
ε B

2
xuε

as a second weak derivative. In particular, using Parseval’s relation we can estimate

}vε}
2
H2pTq “

ÿ

kPZ

p1 ` p2πkq
2

` p2πkq
4
q|v̂εpkq|

2

À |v̂εp0q|
2

`
ÿ

kPZ

p2πkq
4
|v̂εpkq|

2
ď }vε}

2
L2pTq ` }B

2
xvε}

2
L2pTq,
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such that

}vε}
2
L2p0,T ;H2pTqq

À

ż T

0

}vε}
2
L2pTq ` }B

2
xvε}

2
L2pTq dt

Àαl,n

ż T

0

›

›u
αl`n`1

2
ε

›

›

2

L2pTq
dt `

ż T

0

ż

T

uαl`n´1
ε pB

2
xuεq

2
` uαl`n´3

ε pBxuεq
4 dx dt

“ }uε}
αl`n`1
Lαl`n`1pr0,T sˆTq

`

ż T

0

ż

T

uαl`n´1
ε pB

2
xuεq

2
` uαl`n´3

ε pBxuεq
4 dx dt.

Hence, by invoking (2.61) and (2.62) we obtain

E
“

1Aj
}vε}

2
L2p0,T ;H2pTqq

‰

Àαl,n E
“

1Aj
}uε}

αl`n`1
Lαl`n`1pr0,T sˆTq

‰

` E

„

1Aj

ż T

0

ż

T

uαl`n´1
ε pB

2
xuεq

2
` uαl`n´3

ε pBxuεq
4 dx dt

j

Àαl,n,Λ,T pj ` 1q
αl`n`1.

Tightness of p1Aj
vεqεPp0,1q in X power follows by Chebychev’s inequality and the

Banach-Alaoglu theorem. �

Since the sequence (3.2) lies tight on the space (3.1), we can extract an equidis-
tributed convergent subsequence.

Corollary 3.2. There exists a complete probability space pΩ̃, Ã, P̃q and an equidis-
tributed subsequence

(3.4)
´´

pχ̃pjq
ε qjPN, pβ̃pkq

ε qkPZ, ũε, ũε, ũε,
`

ũ
αl`n`1

2
ε

˘

lPN

¯¯

ε

of (3.2), consisting of BpX q-measurable, X -valued random variables and a BpX q-
measurable, X -valued random variable

(3.5)
´

pχ̃pjq
qjPN, pβ̃pkq

qkPZ, ũ, ũ, ũ,
`

ũ
αl`n`1

2

˘

lPN

¯

,

defined on pΩ̃, Ã, P̃q such that
´

pχ̃pjq
ε qjPN, pβ̃pkq

ε qkPZ, ũε, ũε, ũε,
`

ũ
αl`n`1

2
ε

˘

lPN

¯

Ñ

´

pχ̃pjq
qjPN, pβ̃pkq

qkPZ, ũ, ũ, ũ,
`

ũ
αl`n`1

2

˘

lPN

¯
(3.6)

P̃-almost surely in X , as ε Œ 0.

Proof. The existence of an equidistributed subsequence follows from Lemma 3.1,
when we can verify the technical assumption of [19, Theorem 2], i.e. that X admits
a countable family of continuous functions separating its points and A-measurability
of these functions, when composed with (3.2). To construct such a family of func-
tions, separating the points in X , we can project on a component of (3.1) and
then apply functions separating the points in this component, such that we can
consider the spaces X ind, XBM, X cont, XLebesgue, X Sobolev and X power individu-
ally. For X cont, we let ρ : R Ñ r´1, 1s be a continuous injection and take the
functions X cont Ñ r´1, 1s, u ÞÑ ρpxuptq, fkyq for t P r0, T s X Q and k P Z, where
we recall that fk was defined by (1.9). For XBM the same construction applies
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and for X ind the function ρ itself separates the points. Since the spaces XLebesgue,
X Sobolev and X power embed into L2pr0, T s ˆ Tq with its weak topology, the family
u ÞÑ ρpxu, fjpT´1¨q b fkyq, j, k P Z separates the points in them.

To also check A-measurability of these functions composed with (3.2), we first
observe that ρp1Aj

q and ρpβpkqptqq are random variables in R for every j P N and

k P Z. For the other cases, we note that uε is adapted in H1pTq such that uεpt, xq

is A-measurable for each pt, xq P r0, T s ˆ T and thus also uε as a random variable
in Cpr0, T s ˆ Tq. In particular, the compositions

ρpxuεptq, fkyq, ρpxuε, fjpT´1
¨q b fkyq

are A-measurable, too. Lastly, we use that

Cpr0, T s ˆ Tq Ñ Cpr0, T s ˆ Tq, u ÞÑ u
αl`n`1

2

is continuous, to conclude that

ρ
`@

u
αl`n`1

2
ε , fjpT´1

¨q b fk
D˘

is A-measurable.
Hence, [19, Theorem 2] is indeed applicable and there exists an equidistributed,

convergent subsequence (3.4) of (3.2), which converges almost surely to a random
variable

`

pχ̃pjq
qjPN, pβ̃pkq

qkPZ, ũ, f̃ , g̃, pṽlqlPN
˘

in X . Since ũε converges almost surely to ũ, f̃ and g̃ in the space of distributions
on p0, T q ˆ T, it holds ũ “ f̃ “ g̃. Moreover, since ũε Ñ ũ in XLebesgue we have

that ũ
αl`n`1

2
ε Ñ ũ

αl`n`1

2 in L2pr0, T s ˆ Tq by Vitali’s convergence theorem. With

the help of ũ
αl`n`1

2
ε Ñ ṽl in X power, we conclude ṽl “ ũ

αl`n`1

2 , which finishes the
proof. �

3.2. Convergence to a solution and a-priori estimates. For the rest of this
article, we consider the complete probability space pΩ̃, Ã, P̃q with the random vari-

ables (3.4) and (3.5) obtained in Corollary 3.2. We introduce the filtration F̃ on

pΩ̃, Ã, P̃q as the augmentation of G̃, defined by

G̃t “ σ
�

χ̃pjq, ũpsq, β̃pkq
psq | j P N, 0 ď s ď t, k P Z

(

.

Here, we consider ũpsq as a random element in H´1pTq.

Lemma 3.3. The family pβ̃pkqqkPZ is a family of independent F̃-Brownian motions.

Proof. The proof is standard and we refer to [10, Lemma 5.7]. �

Lemma 3.4. The family pχ̃pjqqjPN consists of indicator functions of a measurable

partition pÃjqjPN of Ω̃.

Proof. The family pχ̃
pjq
ε qjPN „ p1Aj

qjPN converges to pχ̃jqjPN almost surely and thus
in law by [9, Proposition 9.3.5]. Hence, the law of pχ̃jqjPN coincides with the law of
p1Aj

qjPN and the claim follows. �

Additionally to the convergences (3.6), we obtain also strong convergence for the
powers of ũε.
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Lemma 3.5. For each l P N one has

(3.7) ũ
αl`n`1

2
ε Ñ ũ

αl`n`1

2

almost surely in L2p0, T ;H1pTqq, as ε Œ 0.

Proof. At the end of the proof of Corollary 3.2, we showed that ũ
αl`n`1

2
ε Ñ ũ

αl`n`1

2

almost surely in L2pr0, T s ˆ Tq. Hence, the claim follows by the weak convergence

ũ
αl`n`1

2
ε Ñ ũ

αl`n`1

2 in X power and interpolation. �

Lemma 3.6. For each ϕ P C8pTq and t P r0, T s, the following hold almost surely
as ε Œ 0.

(i)
xũεptq, ϕy Ñ xũptq, ϕy,

(ii)
ż t

0

xũn´2
ε pBxũεq

3, Bx ϕy ds Ñ

ż t

0

xũn´2
pBxũq

3, Bx ϕy ds,

(iii)
ż t

0

xũn´1
ε pBxũεq

2, B
2
x ϕy ds Ñ

ż t

0

xũn´1
pBxũq

2, Bx ϕy ds,

(iv)
ż t

0

xũn
ε Bxũε, B

3
x ϕy ds Ñ

ż t

0

xũn
Bxũ, B

3
x ϕy ds,

(v)

ÿ

kPZ

ż t

0

xσk,εq
1
pũεqBxpσk,εqpũεqq, Bx ϕy ds Ñ

ÿ

kPZ

ż t

0

xσkq
1
pũqBxpσkqpũqq, Bx ϕy ds,

(vi)
ÿ

kPZ

ż t

0

xσk,εqpũεq, Bx ϕy
2 ds Ñ

ÿ

kPZ

ż t

0

xσkqpũq, Bx ϕy
2 ds,

(vii)
ż t

0

xσk,εqpũεq, Bx ϕy ds Ñ

ż t

0

xσkqpũq, Bx ϕy ds.

Proof. We fix ω̃ P Ω̃ such that (3.6) holds in X and (3.7) holds in L2p0, T ;H1pTqq.
The convergence (i) follows from ũε Ñ ũ in X cont. For (ii), (iii), (iv) and (v),
we consider an arbitrary subsequence such that it suffices to show that for an-
other subsequence the respective convergence holds. By ũε Ñ ũ in XLebesgue and

ũ
αl`n`1

2
ε Ñ ũ

αl`n`1

2 in L2p0, T ;H1pTqq, we can choose this subsequence such that

ũε Ñ ũ and Bxũ
αl`n`1

2
ε Ñ Bxũ

αl`n`1

2 almost everywhere on r0, T sˆT and therefore
Bxũε Ñ Bxũ on the set tũ ą 0u.

We verify (ii) by showing separately that
ż t

0

ż

tũ“0u

ũn´2
ε pBxũεq

3
Bx ϕ dx ds Ñ 0,(3.8)

ż t

0

ż

tũą0u

ũn´2
ε pBxũεq

3
Bx ϕ dx ds Ñ

ż t

0

ż

tũą0u

ũn´2
pBxũq

3
Bx ϕ dx ds.(3.9)
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Using that ũε Ñ ũ in XLebesgue and X Sobolev, (3.8) follows by Hölder’s inequality
and (3.9) by Vitali’s convergence theorem. The claims (iii) and (iv) can be shown
analogously.

For (v) we rewrite

ÿ

kPZ

ż t

0

xσk,εq
1
pũεqBxpσk,εqpũεqq, Bx ϕy ds

“

ÿ

kPZ

ż t

0

xσ2
k,εpq

1
pũεqq

2
Bxũε, Bx ϕy ` xσk,εBxσk,εqpũεqq

1
pũεq, Bx ϕy ds

and observe that for the individual summands

n2

4

ż t

0

xσ2
k,εũ

n´2
ε Bxũε, Bx ϕy ds Ñ

n2

4

ż t

0

xσ2
kũ

n´2
Bxũ, Bx ϕy ds,

n
2

ż t

0

xσk,εBxσk,εũ
n´1
ε , Bx ϕy ds Ñ

n
2

ż t

0

xσkBxσkũ
n´1, Bx ϕy ds,

as ε Œ 0, since ũε Ñ ũ in XLebesgue, X Sobolev and σk,ε Ñ σk in C1pTq for fixed
k P Z by (1.8), (2.3) and (2.4). Hence, by the dominated convergence theorem, it
suffices to find a summable, dominating sequence of

ˆ
ż t

0

|xσ2
k,εũ

n´2
ε Bxũε, Bx ϕy| ` |xσk,εBxσk,εũ

n´1
ε , Bx ϕy| ds

˙

kPZ

independent of ε to conclude (v). To this end, we estimate using Hölder’s inequality

ż t

0

|xσ2
k,εũ

n´2
ε Bxũε, Bx ϕy| ` |xσk,εBxσk,εũ

n´1
ε , Bx ϕy| ds

ď }Bx ϕ }L8pTq

ż t

0

`

}σk,ε}
2
L8pTq}ũε}

n´2
L2pn´2qpTq

}Bxũε}L2pTq

` }σk}L8pTq}Bxσk}L8pTq}ũε}
n´1
Ln´1pTq

˘

ds

ď }Bx ϕ }L8pTq

`

}ũε}
n´2
L2pn´2qpr0,T sˆTq

}Bxũε}L2pr0,T sˆTq

` }ũε}
n´1
Ln´1pr0,T sˆTq

˘

}σk}
2
C1pTq.

The prefactor on the right-hand side is uniformly bounded in ε, since ũε Ñ ũ in
XLebesgue, X Sobolev and the sequence p}σk}2C1pTq

qkPZ is summable by (2.12), which

finishes the proof of (v). For (vi), we proceed analogously and observe first that
for each summand
ˇ

ˇ

ˇ

ˇ

ż t

0

xσk,εqpũεq, Bx ϕy
2

´ xσkqpũq, Bx ϕy
2 ds

ˇ

ˇ

ˇ

ˇ

ď

ż t

0

|xσk,εqpũεq, Bx ϕy ´ xσkqpũq, Bx ϕy| |xσk,εqpũεq, Bx ϕy ` xσkqpũq, Bx ϕy| ds

ď }Bx ϕ }
2
L2pTq

ż t

0

}σk,εqpũεq ´ σkqpũq}L2pTq}σk,εqpũεq ` σkqpũq}L2pTq ds

ď }Bx ϕ }
2
L2pTq}σk,εqpũεq ´ σkqpũq}L2pr0,T sˆTq}σk,εqpũεq ` σkqpũq}L2pr0,T sˆTq,
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which tends to 0 as ε Œ 0, since ũε Ñ ũ in XLebesgue and σk,ε Ñ σk in L8pTq. We
use again the dominated convergence theorem together with

ż t

0

xσk,εqpũεq, Bx ϕy
2 ds ď

ż t

0

}σk,ε}
2
L8pTq}ũε}

n
LnpTq}Bx ϕ }

2
L2pTq ds

ď }Bx ϕ }
2
L2pTq}ũε}

n
Lnpr0,T sˆTq}σk}

2
L8pTq,

the convergence ũε Ñ ũ in XLebesgue and (2.12) to conclude (vi). The convergence
(vii) follows from ũε Ñ ũ in XLebesgue and σk,ε Ñ σk in L8pTq. �

Lemma 3.7. For every ϕ P C8pTq, j P N and t P r0, T s we have that

1Ãj
rxũptq, ϕy ´ xũp0q, ϕys

“ 1Ãj

„

npn´1q

2

ż t

0

xũn´2
pBxũq

3, Bx ϕy ds

`
3n
2

ż t

0

xũn´1
pBxũq

2, B
2
x ϕy ds `

ż t

0

xũn
Bxũ, B

3
x ϕy ds

´
1
2

ÿ

kPZ

ż t

0

xσkq
1
pũqBxpσkqpũqq, Bx ϕy ds

´

ÿ

kPZ

ż t

0

xσkqpũq, Bx ϕy dβ̃pkq
s

j

.

(3.10)

Proof. Throughout this proof, we fix j P N and ϕ P C8pTq and define the process

M̃ptq “ 1Ãj

„

xũptq, ϕy ´ xũp0q, ϕy ´
npn´1q

2

ż t

0

xũn´2
pBxũq

3, Bx ϕy ds

´
3n
2

ż t

0

xũn´1
pBxũq

2, B
2
x ϕy ds ´

ż t

0

xũn
Bxũ, B

3
x ϕy ds

`
1
2

ÿ

kPZ

ż t

0

xσkq
1
pũqBxpσkqpũqq, Bx ϕy ds

j

and the approximating processes

M̃εptq “ χ̃pjq
ε

„

xũεptq, ϕy ´ xũεp0q, ϕy ´
npn´1q

2

ż t

0

xũn´2
ε pBxũεq

3, Bx ϕy ds

´
3n
2

ż t

0

xũn´1
ε pBxũεq

2, B
2
x ϕy ds ´

ż t

0

xũn
ε Bxũε, B

3
x ϕy ds

`
1
2

ÿ

kPZ

ż t

0

xσk,εq
1
pũεqBxpσk,εqpũεqq, Bx ϕy ds

j

.

(3.11)

As a consequence of Lemma 3.6 we have indeed M̃εptq Ñ M̃ptq as ε Œ 0. Now let

(3.12) φ :
8
ź

j“1

RˆCpr0, ss;H´1
pTqq ˆ

ź

kPZ

Cpr0, ssq Ñ R

be continuous and bounded and define

ρ̃ “ φ
`

pχ̃pjq
qjPN, ũ, pβ̃pkq

qkPZ

˘

,

ρ̃ε “ φ
`

pχ̃pjq
ε qjPN, ũε, pβ̃pkq

ε qkPZ

˘

,
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such that ρ̃ε Ñ ρ̃ as ε Œ 0 by (3.6). Defining Mε on the original probability space
pΩ,A,Pq as the right-hand side of (3.11) with ũε replaced by uε, we find that

Mεptq “ ´1Aj

ż t

0

xΦεdβs, Bx ϕy,

where Φε and β are defined as in the proof of Lemma 2.7, because of Consequence
2.1(vi) and (2.40). The quadratic variation process of Mε is given by

1Aj

ÿ

kPZ

ż t

0

xσk,εqpuεq, Bx ϕy
2 ds ď 1Aj

ÿ

kPZ

ż t

0

}σk,ε}
2
L8pTq}uε}

n
LnpTq}Bx ϕ }

2
L2pTq ds

ÀΛ 1Aj
}Bx ϕ }

2
L2pTq}uε}

n
Lnpr0,T sˆTq,

(3.13)

where we used (2.12) in the second inequality, which is integrable by Consequence
2.1(v) and thus Mε is a square integrable martingale. In particular, since

pM̃ε, pχ̃
pjq
ε qjPN, ũε, pβ̃

pkq
ε qkPZq has the same distribution as pMε, p1Aj

qjPN, uε,

pβpkqqkPZq by Corollary 3.2, we obtain that

Ẽ
“

pM̃εptq ´ M̃εpsqqρ̃ε
‰

“ 0,

Ẽ

„ˆ

M̃2
ε ptq ´ M̃2

ε psq ´ χ̃pjq
ε

ÿ

kPZ

ż t

s

xσk,εqpũεq, Bx ϕy
2 dτ

˙

ρ̃ε

j

“ 0,

Ẽ

„ˆ

M̃εptqβ̃
pkq
ε ptq ´ M̃εpsqβ̃pkq

ε psq ´ χ̃pjq
ε

ż t

s

xσk,εqpũεq, Bx ϕy dτ

˙

ρ̃ε

j

“ 0.

(3.14)

Next, we note that by (3.13) and the Burkholder-Davis-Gundy inequality

Ẽ

”

sup
0ďtďT

|M̃εptq|
ρ
ı

“ E

”

sup
0ďtďT

|Mεptq|
ρ
ı

Àρ,Λ }Bx ϕ }
ρ
L2pTq

E

”

1Aj
}uε}

ρn
2

Lnpr0,T sˆTq

ı

,

(3.15)

which is uniformly in ε bounded by (2.62) for ρ P p2, 14n q. Using (3.13) and (2.62)
again, we also obtain that

(3.16) Ẽ

„ˆ

χ̃pjq
ε

ÿ

kPZ

ż T

0

xσk,εqpũεq, Bx ϕy
2 dt

˙

ρ
2
j

and more simply

Ẽ

„ˆ

χ̃pjq
ε

ż T

0

|xσk,εqpũεq, Bx ϕy| dt

˙ρj

ď
`

}σk,ε}L8pTq}Bx ϕ }L8pTq

˘ρ
E

”

1Aj
}uε}

ρn
2

L
n
2 pr0,T sˆTq

ı

(3.17)

are uniformly in ε bounded for these ρ. Since also

(3.18) Ẽ

”

sup
0ďtďT

|β̃pkq
ε ptq|

υ
ı

“ E

”

sup
0ďtďT

|βp0q
ptq|

υ
ı

ă 8

for all ε and υ P p1,8q, we can use uniform integrability of the random variables

in (3.14) and the almost sure convergences M̃εptq Ñ M̃ptq, ρ̃ε Ñ ρ̃, Lemma 3.6(vi)
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and (vii), β̃
pkq
ε Ñ β̃pkq in XBM as well as χ̃

pjq
ε Ñ 1Ãj

in X ind as ε Œ 0, to conclude

Ẽ
“

pM̃ptq ´ M̃psqqρ̃
‰

“ 0,

Ẽ

„ˆ

M̃2
ptq ´ M̃2

psq ´ 1Ãj

ÿ

kPZ

ż t

s

xσkqpũq, Bx ϕy
2 dτ

˙

ρ̃

j

“ 0,

Ẽ

„ˆ

M̃ptqβ̃pkq
ptq ´ M̃psqβ̃pkq

psq ´ 1Ãj

ż t

s

xσkqpũq, Bx ϕy dτ

˙

ρ̃

j

“ 0.

(3.19)

An application of the monotone class theorem [2, Theorem 2.12.9] yields that (3.19)
holds for any ρ̃, which is bounded and measurable with respect to the sigma-field
generated by random variables of the form

φ
`

pχ̃pjq
qjPN, ũ, pβ̃pkq

qkPZ

˘

with φ as in (3.12) continuous and bounded. Arguing as in [23, Remark 5.11]

one finds that this sigma-field coincides with G̃s. Another application of Vitali’s
convergence theorem, using continuity in time of the random variables in (3.19)
and the moment estimates (3.15), (3.16), (3.17) and (3.18) once more yields that

(3.19) holds also for bounded, F̃s-measurable ρ̃. Consequently, an application of
[18, Proposition A.1] leads to (3.10). �

Before completing the proof of Theorem 1.6, we deduce versions of the a-priori
estimates, which we derived for uε, also for ũ.

Lemma 3.8. We assume that p P pn ` 4, 7q, r P p
n`4
2 , 7

2 q, γ P p0, 12 q, μ P

p
n`4
n`2 ,

7
n`2 q, ν P p1, 7

n`4 q and α P p´1, 2 ´ nq.

(i) The estimates (1.14) and (1.15) hold, whenever their right-hand side is
finite.

(ii) The estimate (1.16) holds with pμ,ν “ maxtμpn`2q, νpn`4qu, if the right-
hand side is finite.

(iii) We have almost surely ũ
α`n`1

4 PL4p0, T ;W 1,4pTqq, ũ
α`n`1

2 PL2p0, T ;H2pTqq

and it holds (1.17), whenever its right-hand side is finite.

Proof. For (i), we only verify (1.15), because (1.14) can be derived analogously.
Since almost surely ũε Ñ ũ in X Sobolev, we conclude

Ẽ
“

}Bxũ}
r
Lrpr0,T sˆTq

‰

ď Ẽ

”

lim inf
εŒ0

}Bxũε}
r
Lrpr0,T sˆTq

ı

ď lim inf
εŒ0

Ẽ
“

}Bxũε}
r
Lrpr0,T sˆTq

‰

“ lim inf
εŒ0

E
“

E
“

}Bxuε}
r
Lrpr0,T sˆTq

ˇ

ˇF0

‰‰

Àn,r,Λ,T lim inf
εŒ0

E
“

p}u0}MpTq ` εq4´r
`

}u0}
2r´n´4
MpTq

` }u0}
2r´4
MpTq

` ε2r´n´4
˘‰

“ E
“

}u0}
r´n
MpTq

` }u0}
r
MpTq

‰

,

using Fatou’s lemma and Lemma 2.4.
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For (ii), we use Lemma 2.8 to conclude

Ẽ

”

›

›χ̃ε
pjqũε

›

›

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ı

“ E

”

1Aj
E

”

}uε}
ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ˇ

ˇ

ˇ
F0

ıı

Àγ,n,μ,ν,Λ,T E

”

1Aj

´

`

}u0}MpTq ` ε
˘pn´1´ n2

pμ,ν
qν

`
`

}u0}MpTq ` ε
˘pn`1qν

¯ı

,

(3.20)

yielding a uniform bound on χ̃ε
pjqũε in LνpΩ̃,W γ, 2ν

2´ν p0, T ;W´3,μpTqqq. Hence, up

to taking another subsequence, we can assume that χ̃ε
pjqũε admits a weak limit

in LνpΩ,W γ, 2ν
2´ν p0, T ;W´3,μpTqqq. Since almost surely χ̃ε

pjq
Ñ 1Ãj

in X ind and

ũε Ñ ũ in X power, we also have χ̃ε
pjqũε Ñ 1Ãj

ũ in Lppr0, T s ˆ Tq. Hence, using

Vitali’s convergence theorem and (2.62), we deduce that

E
“›

›χ̃ε
pjqũε ´ 1Ãj

ũ
›

›

p

Lppr0,T sˆTq

‰

Ñ 0,

such that the weak limit of χ̃ε
pjqũε has to be 1Ãj

ũ. By lower semicontinuity of the

norm with respect to weak convergence, Fatou’s lemma and (3.20), we conclude
that

Ẽ

”

1Ãj
}ũ}

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ı

ď lim inf
εŒ0

Ẽ

”

›

›χ̃ε
pjqũε

›

›

ν

W
γ, 2ν

2´ν p0,T ;W´3,μpTqq

ı

Àγ,n,μ,ν,Λ,T lim inf
εŒ0

E

”

1Aj

´

`

}u0}MpTq ` ε
˘pn´1´ n2

pμ,ν
qν

`
`

}u0}MpTq ` ε
˘pn`1qν

¯ı

“ E

”

1Aj

´

}u0}
pn´1´ n2

pμ,ν
qν

MpTq
` }u0}

pn`1qν
MpTq

¯ı

.

It remains to sum over j P N to obtain (1.16). Analogously, (iii) follows from
Proposition 2.2. �

Proof of Theorem 1.6. We first show that pΩ̃, Ã, P̃q, F̃, pβ̃pkqqkPZ and ũ indeed con-
stitute a martingale solution to (1.11) in the sense of Definition 1.4. To this end,
we observe that almost surely ũεptq ě 0 for all t P r0, T s since it is equidistributed
to uε. Consequently, its limit ũ in X cont satisfies almost surely ũptq ě 0 as well and
in particular ũptq is a non-negative measure on T for all t P r0, T s by [21, Theorem

6.22]. Moreover, since ũptq is F̃t-BpH´1pTqq-measurable by the definition of F̃, the

real valued random variables xũptq, ϕy for ϕ P C8pTq are F̃t-measurable. By ap-

proximation, the same holds when ϕ P CpTq, such that ũ is F̃-adapted with values
in pMpTq,Zq. Moreover, by the divergence form of (1.13), the total variation norm
}ũptq}MpTq “ xũptq,1Ty is constant in time. Using this, we show vague continuity
of ũ in MpTq and assume for contradiction that ũ is not continuous at some time
t. Then, there is a vaguely open neighborhood O Ă MpTq of ũptq and a sequence
tn Ñ t with ũptnq R O for all n P N. However, since ũ is bounded in MpTq, a
subsequence of ũptnq converges vaguely to some ν P MpTq by the Banach-Alaoglu
theorem and since ũ P X cont it must hold ν “ ũptq, contradicting ũptnq R O. As
demonstrated in Remark 1.8, the integrability conditions (1.12) follow from ũ lying

in XLebesgue and X Sobolev. Lemma 3.3 states that pβ̃pkqqkPZ is a family of indepen-

dent F̃-Brownian motions. Since Lemma 3.4 and Lemma 3.7 imply that ũ satisfies
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(1.13), we showed that the quadruple pΩ̃, Ã, P̃q, F̃, pβ̃pkqqkPZ, ũ suffices Definition
1.4.

To verify that ũp0q „ u0, we observe that the sets of the form
�

ν P MpTq
ˇ

ˇ pxν, ϕ1y, . . . , xν, ϕlyq P A
(

for ϕ1, . . . , ϕl P C8pTq and Borel sets A Ă R
l form an intersection stable generator

of Z by density of C8pTq in CpTq. Since ũεp0q „ u0,ε as H´1pTq-valued random
variables, almost surely u0,ε Ñ u0 vaguely and ũεp0q Ñ ũp0q in H´1pTq as ε Œ 0,
it holds

pxu0, ϕ1y, . . . , xu0, ϕlyq „ pxũp0q, ϕ1y, . . . , xũp0q, ϕlyq,

yielding that the laws of u0 and ũp0q on pMpTq,Zq coincide. Due to Corollary 3.2,
we have ũ P X cont XXLebesgue XX Sobolev. Together with Lemma 3.8(i), (ii) this
leads to (ii) and (iii). The claim in (i) was already checked at the beginning of this
proof. Part (iv) is the content of Lemma 3.8(iii). �

Appendix A. Projective limits of locally convex vector spaces

We give a short summary of useful facts on topological vector spaces following
[24, Section II.4, Section II.5]. In the following, we consider vector spaces over R

equipped with a topology. Such a tuple is a topological vector space, if addition
and scalar multiplication are continuous mappings. A Hausdorff topological vector
space X is called locally convex, if every neighborhood of a point x P X contains
a convex neighborhood of x. Since balls are convex, every normed vector space
is locally convex. Moreover, if X is a normed vector space, and we denote its
topological dual by X ˚, the weak topology on X admits the collection of sets

(A.1)
�

y P X
ˇ

ˇ |xy ´ x, x˚
i y| ă δ, i P t1, . . . , ju

(

for x˚
i P X˚, δ ą 0 as a neighborhood basis at x P X . Since the set (A.1) is

convex, X with its weak topology is locally convex as well. Now, let X l for l P N

be a Hausdorff, locally convex space, such that X l`1 ãÑ X l continuously. Then the
projective limit of pX lqlPN is the space X “

Ş

lPN X l equipped with the coarsest
topology, such that each of the embeddings X ãÑ X l is continuous, and is itself a
Hausdorff, locally convex topological vector space again.

Lemma A.1. Let K be a subset of the projective limit X of a sequence of Hausdorff,
locally convex spaces pX lqlPN. Then K is compact in the topology of X , iff K “
Ş

lPNKl, where Kl is a compact subset of X l.

Proof. If K is compact with the topology of X , it is also compact with the topology
of X l since the embedding X ãÑ X l is continuous. The claim follows since K “
Ş

lPNK, trivially. For the converse implication, we note that X is homeomorphic
to the subset

D “

"

pxlqlPN P
ź

lPN

X l

ˇ

ˇ

ˇ

ˇ

@i, j : xi “ xj

*

of the topological product space
ś

lPNX l by [24, p.52]. Denoting the homeomor-
phism by f : D Ñ X , we notice that K “ fpD X

ś

lPN Klq. Because
ś

lPNKl is
compact by Tychonoff’s theorem, it suffices to show that D Ă

ś

lPNX l is closed,
since then K is compact as it is the image of a compact set under a continuous
mapping. To do so, let pxlqlPN P

ś

lPNX l not in D, i.e. we assume that there are
indices i ă j with xi ‰ xj . Since X j Ă X i and X i is Hausdorff, there exist disjoint
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open neighborhoods Bi, Bj Ă X i of xi and xj , respectively. By the continuity of
the embedding X j ãÑ X i, Bj is also open in X j . Hence, denoting by pi, pj the
continuous projection from

ś

lPNX l onto the i-th and j-th components, we have

constructed the open neighborhood p´1
i pBiq X p´1

j pBjq of pxlqlPN which is disjoint
from D. Hence, D is closed and the proof is finished. �

Appendix B. Tightness criteria

Let pΩ,A,Pq be a probability space. We recall that a family pYiqiPI of mappings
defined on Ω with values in a topological space X is called tight, if for every δ there
is a compact set Kδ Ă X such that

PptYi R Kδuq ă δ

for all i P I. For this definition to make sense, we only require tYi R Kδu P A for
the compact sets Kδ, which is in line with the setting in [19]. This is the case when
pYiqiPI is a family of random variables and X is Hausdorff, since then the compact
sets Kδ are closed and in particular Borel measurable.

Lemma B.1. Let X be the projective limit of a sequence of Hausdorff, locally
convex spaces pX lqlPN and Yi : Ω Ñ X for i P I a random variable in each of the
spaces X l. The family pYiqiPI is tight on X iff it is tight on X l for each l P N.

Proof. If pYiqiPI is tight on X it is also tight on X l by continuity of the embedding
X ãÑ X l. Conversely, if pYiqiPI is tight on X l for each l P N, we can for δ ą 0
choose compact subsets Kδ,l Ă X l such that

PptYi R Kδ,luq ă
δ
2l

for all i P I. The set Kδ “
Ş

lPNKδ,l is compact with the topology of X by Lemma
A.1 and since

(B.1) PptYi R Kδuq ď

ÿ

lPN

PptYi R Kδ,luq ă δ,

the family pYiqiPI is tight on X . �

Using the same argument, one can also reduce tightness in a countable product
of topological spaces to tightness in each of the separate spaces.

Lemma B.2. Let X plq be a topological space and pY
plq
i qiPI be a family of X plq-valued

mappings defined on Ω for each l P N. If pY
plq
i qiPI is tight on X plq for each l P N,

then also the family ppY
plq
i qlPNqiPI lies tight on the topological product

ś

lPNX plq.

Proof. For δ ą 0, l P N there are compact sets Kδ,l Ă X plq such that

PptY
plq
i R Kδ,luq ă

δ
2l

for all i P I. The set Kδ “
ś

lPNKδ,l is compact by Tychonoff’s theorem and

PptpY
plq
i qlPN R Kδuq ď

ÿ

lPN

PptY
plq
i R Kδ,luq ă δ

yields the claim. �

Lastly, we also show that it suffices to show tightness locally on Ω.
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Lemma B.3. Let X be a Hausdorff topological vector space, pYiqiPI a family of
X -valued random variables and pAjqjPN a measurable partition of Ω. If p1Aj

YiqiPI
lies tight on X for every j P N, then pYiqiPI lies also tight on X .

Proof. For a given δ ą 0 we choose J0 P N such that

8
ÿ

j“J0`1

P pAjq ă
δ
2 .

Since p1Aj
YiqiPI lies tight on X for every j P t1, . . . , J0u, there exist compact sets

K
pjq

δ Ă X such that

P
`�

1Aj
Yi R K

pjq

δ

(˘

ă
δ

2J0

for all i P I. Then, defining the compact set

Kδ “

J0
ď

j“1

K
pjq

δ Y t0u,

we can calculate that

P ptYi R Kδuq “ P

ˆ

ď

jPN

�

1Aj
Yi R Kδ

(

˙

ď

ÿ

jPN

P
`�

1Aj
Yi R Kδ

(˘

ď

J0
ÿ

j“1

P
`�

1Aj
Yi R K

pjq

δ

(˘

`

8
ÿ

j“J0`1

PpAjq ă δ

for every i P I. �

Acknowledgment

The authors thank Günther Grün for communicating the proper approximation
of the α-entropy functional used in the proof of Proposition 2.2.

References

[1] Elena Beretta, Michiel Bertsch, and Roberta Dal Passo, Nonnegative solutions of a fourth-
order nonlinear degenerate parabolic equation, Arch. Rational Mech. Anal. 129 (1995), no. 2,
175–200, DOI 10.1007/BF00379920. MR1328475

[2] V. I. Bogachev, Measure theory. Vol. I, II, Springer-Verlag, Berlin, 2007, DOI 10.1007/978-
3-540-34514-5. MR2267655

[3] Haim Brezis, Functional analysis, Sobolev spaces and partial differential equations, Univer-
sitext, Springer, New York, 2011. MR2759829

[4] Roberta Dal Passo and Harald Garcke, Solutions of a fourth order degenerate parabolic equa-
tion with weak initial trace, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 28 (1999), no. 1,
153–181. MR1679081

[5] Roberta Dal Passo, Harald Garcke, and Günther Grün, On a fourth-order degenerate
parabolic equation: global entropy estimates, existence, and qualitative behavior of solu-
tions, SIAM J. Math. Anal. 29 (1998), no. 2, 321–342, DOI 10.1137/S0036141096306170.
MR1616558

[6] Konstantinos Dareiotis, Benjamin Gess, Manuel V. Gnann, and Günther Grün, Non-negative
Martingale solutions to the stochastic thin-film equation with nonlinear gradient noise,
Arch. Ration. Mech. Anal. 242 (2021), no. 1, 179–234, DOI 10.1007/s00205-021-01682-z.
MR4302759

[7] B. Davidovitch, E. Moro, and H. A. Stone, Spreading of viscous fluid drops on a solid substrate
assisted by thermal fluctuations, Phys. Rev. Lett. 95 (2005), p. 244505.

Licensed to Technical University of Delft. Prepared on Tue Jul 21 04:24:05 EDT 2026 for download from IP 131.180.130.228.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

https://mathscinet.ams.org/mathscinet-getitem?mr=1328475
https://mathscinet.ams.org/mathscinet-getitem?mr=2267655
https://mathscinet.ams.org/mathscinet-getitem?mr=2759829
https://mathscinet.ams.org/mathscinet-getitem?mr=1679081
https://mathscinet.ams.org/mathscinet-getitem?mr=1616558
https://mathscinet.ams.org/mathscinet-getitem?mr=4302759


2382 K. DAREIOTIS, B. GESS, M. V. GNANN, AND M. SAUERBREY

[8] Arnaud Debussche, Martina Hofmanová, and Julien Vovelle, Degenerate parabolic stochastic
partial differential equations: quasilinear case, Ann. Probab. 44 (2016), no. 3, 1916–1955,
DOI 10.1214/15-AOP1013. MR3502597

[9] R. M. Dudley, Real analysis and probability, Cambridge Studies in Advanced Mathematics,
vol. 74, Cambridge University Press, Cambridge, 2002. Revised reprint of the 1989 original,
DOI 10.1017/CBO9780511755347. MR1932358

[10] Julian Fischer and Günther Grün, Existence of positive solutions to stochastic thin-film equa-

tions, SIAM J. Math. Anal. 50 (2018), no. 1, 411–455, DOI 10.1137/16M1098796. MR3755665
[11] Franco Flandoli and Dariusz Ga

ã

tarek, Martingale and stationary solutions for stochastic
Navier-Stokes equations, Probab. Theory Related Fields 102 (1995), no. 3, 367–391, DOI
10.1007/BF01192467. MR1339739

[12] Gerald B. Folland, Real analysis, 2nd ed., Pure and Applied Mathematics (New York), John
Wiley & Sons, Inc., New York, 1999. Modern techniques and their applications; A Wiley-
Interscience Publication. MR1681462

[13] Benjamin Gess and Manuel V. Gnann, The stochastic thin-film equation: existence of non-
negative martingale solutions, Stochastic Process. Appl. 130 (2020), no. 12, 7260–7302, DOI
10.1016/j.spa.2020.07.013. MR4167206

[14] Benjamin Gess, Rishabh Gvalani, Florian Kunick, and Felix Otto, Thermodynamically con-
sistent and positivity-preserving discretization of the thin-film equation with thermal noise,
Math. Comp. 92 (2023), no. 343, 1931–1976, DOI 10.1090/mcom/3830. MR4593207

[15] Loukas Grafakos, Classical Fourier analysis, 3rd ed., Graduate Texts in Mathematics,
vol. 249, Springer, New York, 2014, DOI 10.1007/978-1-4939-1194-3. MR3243734

[16] Günther Grün and Lorenz Klein, Zero-contact angle solutions to stochastic thin-film equa-
tions, J. Evol. Equ. 22 (2022), no. 3, Paper No. 64, 37, DOI 10.1007/s00028-022-00818-2.
MR4455116

[17] Günther Grün, Klaus Mecke, and Markus Rauscher, Thin-film flow influenced by ther-
mal noise, J. Stat. Phys. 122 (2006), no. 6, 1261–1291, DOI 10.1007/s10955-006-9028-8.
MR2219535
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