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Abstract The vibrations of electrically actuated
micro- and nano rectangular plates, described by
strongly nonlinear PDEs, are considered. The geo-
metric nonlinearity is taken into account within the
Berger model. One of the essentially nonlinear effects
is the pull-in phenomenon, i.e., the transition from the
oscillatory regime to the attracting one. A simple and
physically justified algorithm for determining the
voltage for which the system collapses is proposed.
The algorithm is based on the detection of the voltage
that leads to the merging of stable (center) and
unstable (saddle) equilibrium points. The model and

I. V. Andrianov (X))

Chair and Institute of General Mechanics, RWTH Aachen
University, Eilfschornsteinstrasse 18, 52062 Aachen,
Germany

e-mail: igor.andrianov @ gmail.com

W. T. van Horssen

Faculty EEMCS, Delft Institute of Applied Mathematics,
Delft University of Technology, Mekelweg 4,

2628 CD Delft, The Netherlands

e-mail: W.T.vanHorssen@tudelft.nl

S. G. Koblik

Independent Researcher, 8110 Birchfield Drive,
Indianapolis, IN 46268, USA

e-mail: stevekoblik8110@comcast.net

G. A. Starushenko

Dnipro University of Technology, Av. Dmytra
Yavornytskoho, 19, Dnipro 49005, Ukraine
e-mail: gs.gala.star@gmail.com

Published online: 29 May 2025

algorithm were validated by comparing them with
other existing results in the literature, which were
obtained by using the Galerkin method and FEM. The
closeness of these results confirmed the adequacy of
the adopted model and the high accuracy of the
algorithm used in this paper. The study was conducted
for a wide range of frequency changes and amplitude
ratios of DC and AC voltages. Along with the
determination of the pull-in voltages, the change in
displacements over time was also studied. A spectral
analysis was performed, which allows us to analyze
the relationships between the input frequencies and the
response spectra. The presence of the AC can lead to a
dramatic decrease of the pull-in values. This is caused
by resonances. The resonances arising in the system
have a dual character. This can be either a nonlinear
resonance caused by force excitation or a parametric
resonance. A separate study was conducted to deter-
mine the nature of the emerging resonances. This
provides useful information in practical situations.
Knowing the resonant frequencies allows us to avoid
them in operating electromechanical systems. This can
be done by changing the frequency of the alternating
voltage or by changing the ratio of the parameters of
the system itself. The amplitude of the nonlinear
resonance caused by force excitation can be reduced
by introducing linear or nonlinear damping. Knowl-
edge of resonant frequencies allows us to design new
more effective electromechanical systems.
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1 Introduction

MEMS and NEMS are now widespread and can be
found in, for instance, actuators, switches, micro-
mirrors, pressure sensors, moving valves, micro-
grippers, electronics on a common silicon substrate,
etc. [1-5]. They combine such useful properties as
small size, light weight, inexpensive operation, and
low-power consumption. MEMS and NEMS are
usually used at the device level to reduce needed
power, data transmission, and processing. Microfab-
rication technology is widely used. Let us give just a
few examples. Capacitive MEMS-based ultrasonic
transducers are used for the generation and detection
of ultrasound waves in air and water [6, 7]. Chains of
MEMS may be turned into transmission lines and
support propagation of solitary waves [8]. A smart
resonant gas sensor being capable of quantifying the
amount of absorbed gas, can be autonomously
triggered as an electrical switch upon exceeding a
preset threshold of absorbed gas [9]. This list can be
significantly expanded. One can find a comprehensive
overview and background on work on micro- and
nanostructures in [10, 11].

MEMS and NEMS are interesting and attractive
systems offering unique and smart technological
solutions. In this regard, accurate modeling the
mechanical behavior of such structures is important.
However, the following difficulties might arise. The
electric forces are inherently strongly nonlinear. The
micro- and nanoscale components undergo large
deflections, that is why geometric nonlinearity is
significant. Therefore, the mathematical models for
MEMS and NEMS contain power and non-power
nonlinearities and are difficult to analyze.

To solve the corresponding boundary value prob-
lems, both numerical and analytical methods are used.
Of the numerical methods, the most widely used ones
are the finite element method (FEM) [12—14] and the
finite difference method (FDM) [15, 16]. These
methods are computationally expensive. So, the
development of efficient and accurate analytical
methods is necessary to describe the behavior of the
MEMS and NEMS.
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Analytical approximations are usually constructed
with methods from the field of Nonlinear Dynamics
[11]. Even if not completely analytical approximations
of solution are obtained, they allow one to simplify the
problem in such a way that the desired answer is
obtained with an extremely limited computational
effort.

The most common MEMS and NEMS models are
continuous systems such as beam, arches, plate and
panel models [1-4, 17], described by PDEs. In the
analysis these PDEs are replaced by systems of
nonautonomous ODEs using the Galerkin (Kan-
torovich) method or another variational method. The
resulting infinite systems of ODEs in time are
truncated with varying degrees of justification.
Reduced Order Model (ROM) is often used for this
purpose [12, 14, 18-20]. Analysis in which cases
truncation is allowed for an actuated beam problem is
performed in [21].

In addition to discretization of continuous systems,
it is possible to construct phenomenological models
with a finite number of degrees of freedom [22-25].
They are formulated as ODE problems which include
linear and nonlinear terms with unknown parameters.
Based upon experiments, one fits the unknown
parameter with different kind of methods to the
obtained measurements, such that the experiments
and the model equations give more or less the same
bifurcations and amplitude-frequency responses. The
disadvantage of these models is their low accuracy and
the difficulty of refining the results obtained from
these restricted measurements and experiments.

A multiple time-scales perturbation approach in
order to obtain approximations of the solutions of the
initial-boundary value problem allows one to describe
well the behavior of an electromechanical system for
small DC and AC voltages [21]. When studying near
threshold (pull-in) values of DC and AC voltages, this
method also allows one to obtain useful qualitative
information [26]. The averaging theory [23] was also
used for this purpose.

The problems under consideration are essentially
nonlinear, and one of the essentially nonlinear effects
is the pull-in phenomenon, i.e., the transition from the
oscillatory regime to the attracting one. Dynamic pull-
in in microelectromechanical systems is a special case
of the problem of escape from a potential well under
the influence of external forcing [7] or parametric
excitation [27]. In [7] the authors studied the minimal
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amplitude of external forcing needed for the pull-in
(escape). The simplest one degree of freedom model
with a linear spring is used. Authors suggested several
fourth order polynomials to approximate the original
electrostatic potential. The quality of predicting the
escape threshold is assessed numerically. As a result, it
is possible to obtain an approximate analytical
description of the system’s behavior in the vicinity
of the primary resonance.

The most studied continuous models of MEMS and
NEMS are beams and circular plates [1-4, 21].
Rectangular plates were less studied [12-16,
18-20, 26, 28-30]. What these papers have in common
is the wuse of Kirchhoff’s plate theory
[12, 14, 15, 18-20, 26, 28] and von Karman’s
nonlinear strain—displacement relations [12-14, 18,
19, 26, 28]. Sometimes also Berger’s model is used
[15, 20]. Of the numerical methods used, FEM and
FDM can be mentioned [12, 13, 15, 16, 20]. Analytical
and numerical-analytical solutions are based on the
Kantorovich (Galerkin) method [12-15, 18-20, 26,
29, 30], often in combination with ROM
[12, 14, 18, 19]. As a rule, the plates are considered
to be clamped at the edges [12—-14, 18-20, 26, 28, 29].
The aforementioned papers study the influence of
various factors on the pull-in voltage and the pull-in
deflection for rectangular electrically actuated micro-
and nanoplates. The combined effects of van der
Waals force and thermal stresses were analysed in
[19], and the influence of the Casimir force was
estimated in [18]. The relationship between lumped
and continuous models is analyzed in [20]. The
theoretical results are validated by FEM and experi-
mental studies. In [28] the couple stress theory is
employed to model the small-size effects. The in-
plane and out-of-plane motions were analysed. The
Floquet theory is used in the stability analysis. The
effect of different boundary conditions was studied in
[26], and the multiple time-scales perturbation method
was used to describe the transient behavior of the
system. Analytical results were validated by numerical
simulations. Actuated rectangular microplates on a
movable base with in plane loading where considered
in [29]. The results show that for a movable base the
MEMS pull-in voltage is much lower than for a fixed
substrate. The tension in-plane loading increases the
pull-in value, whereas midplane compression
decreases this value. In [15] the dynamic pull-in for
an electrostatically actuated microplate is analyzed

based on Berger’s plate theory. The obtained results
were compared with experimental studies and good
agreement was achieved. This validated the applica-
bility of Berger’s model to the study of an electrically
actuated rectangular microplate. In [30] the use of a
piezoelectric layers to reduce the sound radiation
transmitted through and radiated by an aluminum plate
immersed in a light fluid was studied. As a model, the
authors considered an infinite plate with piezoelectric
layers separating two half spaces filled with two
identical light fluids. They analysed how a sound wave
is transmitted through the plate. In [12] the forced
vibration response of the plate is then investigated
when the plate is excited by a harmonic AC load
superimposed to a DC load. The dynamic behavior is
examined near the primary and secondary (superhar-
monic and subharmonic) resonances. The microplate
shows a strong hardening behavior due to the cubic
geometrical nonlinearity. However, the behavior
switches to softening as the DC load is increased.
Finally, near-square plates are studied to understand
the effect of geometric imperfections of microplates.
The electrostatically actuated microstructures sub-
jected to nonlinear squeezed film damping and in-
plane forces are investigated in [16]. First-order shear
deformation theory is used to model the dynamical
system by means of FEM. The nonlinear Reynolds
equation for the squeezed film damping are solved by
FDM. The influence of the squeezed-film damping on
the dynamic behavior and on the pull-in values for
electrically actuated rectangular micro plates is also
studied in [13].

In [31, 32] an effective algorithm was proposed to
analyze the pull-in phenomenon for thin-walled
MEMS/NEMS. As a result the following conclusions
were made:

1. The influence of a geometric nonlinearity on the
behaviour of MEMS/NEMS is significant and
cannot be neglected.

2. The impact of the van der Waals force is more
significant than that of the Casimir force and
significantly less than the influence of the
Coulomb force.

3. If the energy of the system is small (that is, the
system is far from pull-in), then an approximation
of the original nonlinearity by a low-order poly-
nomial (up to order 6) is justified. When the
energy of the system is near the pull-in value, then
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only high-order polynomial approximations (that
is, polynomials of degree 15 or higher) give
satisfactory results.

The aforementioned conclusions were made in
[31, 32] based on the study of lumped systems, beams,
and circular micro- and nanoplates. Only the static
pull-in phenomena were investigated in [31, 32]. On
the other hand, the algorithm developed in [31, 32]
allows us to solve more complex problems. By using
the algorithm in this paper, we study dynamic pull-in
phenomena, its features, and the relationships between
static and dynamic pull-in values. A rectangular plate
was chosen as the object of study. The reason for this
choice is that such an object successfully describes
many typical devices [1-5]. The availability of papers
with simulations of such devices [12, 15] allows us to
test the algorithm, and to show its accuracy. Based on
the results of [31, 32], we take into account geometric
nonlinearity of the rectangular plate, and limit our-
selves to the Coulomb force (without using polyno-
mial approximations of this force).

This paper is organized as follows. The original
boundary value problem is described in Sect. 2. It
consists of a PDE and some boundary and initial
conditions. Then, the original boundary value problem
is rewritten in a dimensionless form. In Sect. 3 the
boundary value problem for the PDE is reduced to an
initial value problem for an ODE by using the
Kantorovich method. Section 4 is devoted to the study
of the asymptotic behavior of the integrals which
occur in the obtained ODE. A numerical algorithm is
described in Sect. 5 to solve a static pull-in problem.
Validation of the algorithm is described in Sect. 6.
Pull-in values and critical displacements were com-
pared with Galerkin and FEM studies by other authors
and good agreement was achieved. The obtained phase
portraits and frequencies are analysed in Sect. 7.
Properties of dynamical pull-in are described in
Sect. 8. A spectral analysis of the obtained results is
carried out in Sect. 9. Section 10 is devoted to the
analysis of resonances arising under the influence of
an AC voltage. Finally, in Sect. 11 some concluding
remarks are presented.

@ Springer
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Fig. 1 Top and cross-section views of a model of the parallel
charged micro/nano rectangular plates. Displacement towards
the ground plate is considered to be positive, and movement in
the opposite direction is considered to be negative

2 Governing equations

The equation to describe the nonlinear vibrations of a
rectangular nanoplate (see Fig. 1) under the action of
Coulomb, Casimir and van der Waals forces can be
written as follows

w TartPlae o

B (11 (rowm\> [ow\?
- ) () )axay
2a1by // ((6X> +<6Y> >d 4
00
eeo(V, + V, sinQT)’ H

2d-W)Y  6r(d—w)
2

2 2 2\ 2
p56W ow (6 G)W

_ ZCTC -
240(d — w)*

)

(1)
where p is the plate mass density, ¢ is the plate

thickness, I is the linear damping coefficient, B = Eo

1—12
is the membrane rigidity, D = #‘i,) is the flexural

rigidity, v is the Poisson coefficient, E is the Young
modulus, ¢* is the relative permittivity of the medium
between the ground plate and the flexible plate, ¢ is
the vacuum permittivity (g9 = 8.85- 10712 F/m),
Vo, Vi are the magnitudes of the DC and the AC
voltage, Q is the AC frequency, H is the Hamaker
constant, / is the reduced Plank constant, c is the speed
of light in vacuum, d is the gap between the flexible
MEM/NEMS rectangular plate and the ground plate
(see Fig. 1), T is the time, X, Y are the spatial variables
with 0 <X <a;,0 <Y <b(where a; and b, are the
width and length of the flexible plate, respectively (see
Fig. 1)), and W(X,Y, T) is the normal displacement,
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positive towards the ground plate (see Fig. 1), that is,
in the Z-direction (see Fig. 1).

The last two terms in Eq. (1) describe the van der
Waals and the Casimir forces. These forces describe
the same phenomenon but at different scales and
cannot be taken into account simultaneously. The
distributed load due to the Casimir force per unit
surface area is given by the proximity force approx-
imation [19, 33]. For gaps smaller than the retardation
length, that is, for gaps smaller than the wavelength of
the virtual transitions responsible for the quantum
dipole fluctuations [34], the Casimir force reduces to
the van der Waals distributed force [35].

It is assumed that the plate is clamped along the
contour, so that the displacements of the plate in the
plane on the contour is zero. This makes it possible to
use Berger’s hypothesis [36] and sufficiently simpli-
fies the original nonlinear boundary value problem,
reducing them to one PDE (1).

Berger’s equation was used previously in the study
of circular electrically actuated plates [32]. A com-
parison between the results based on the von Karman
and Berger models showed their closeness. This
conclusion is also confirmed by the results obtained
in [37-39], devoted to other problems.

The boundary conditions for the normal displace-
ment W(X,Y,T) are:

W=0atX=0, a;, Y=0, by;
ow ow (2)

—=0atX=0 —=0atY =0, by;
ox a , ai, oY 4 ,» Ul

We assume to have zero initial conditions:

ow

Wlr_o=0, T

=0 (3)
T=0

Let us introduce the dimensionless variables:

x=X/ay; y=Y/by; b=bi/ay;

(4)
taT%\/p’Z; wix, v, 1) = WX, Y, T)/d.

In dimensionless variables Eq. (1) takes the form

Fw ow (Fw 2 Fw 10w
ox*  brox20y*  b* Oy*

] () )

(62w+i62_w> (a4 sin wt)? B
ax2 bZ y2 (1—W)2 (1—W)3
Y
:07
(1—w)!
(5)
d? a2 av, &*g
here B = —B, ¢ = —. =10, /22
where B =5 pB<=755p " a \a2ap
2 *
_aiVi &g _
=77 V2 ® T V yE 6nd4D
 alfer®
= 240d5D

(6)

The boundary and initial conditions in dimension-
less variables are:

0
w=0atx=0,1; y=0,1; w

ax:Oatx:O,l;
ow
—=0aty=0,1 7
5y Ay =01, (7)
ow
wl,_o=0, m 0:0. (8)
=

3 Reducing the original PDE to an ODE

For reducing the original PDE (5) to an ODE we use
the following ansatz, which satisfies the boundary
conditions (7):

~ u(t) sin? (mx) sin®(my) 9)

Ansatz (9) gives a good approximation of the
solution of the original problem. For the first natural
frequency of a linear square plate, using approxima-
tion (9), one obtains w; ~ 37.22. The value, obtained
by a numerical procedure [40], is w; ~ 35.988.

Now we use the Kantorovich procedure [41].
According to this method, we substitute expression
(9) into Eq. (5), multiply the so-obtained expression
by sin®(mx) sin®(ny), and integrate with respect to x

w(x, y, 1)
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and y over the domain 0<x<1 and O0<y<1. As a
result, one obtains:

i+ + i+ c3u® + (o + o sinot) 1y (u)
+ BL(u) + I3(u) = 0, (10)

. 2
where u:%, 61:169”4 (3+%+}%), C3:§Bl(l+h%) ,
11 Y.
Ik(u): ‘Of‘of(17:5?112((71,())55?112((7;)))H] dXdy7 k:1’2’3

Since the influence of damping is small, we first
examine the behavior of system (10) at £ = 0. In this
case the potential energy of this system is given by

du
_ [clu F ey + (o + o sin o)L (u) + Bl (u) + yh(u)]

(12)

In the absence of parametric excitation (that is,
oy = 0) Eq. (10) turns out to be autonomous and
studying the derivative of the potential energy allows
us to obtain a complete qualitative picture of the mass
movement.

The integrals I;(u) are expressed through the
complete elliptic integrals of the first and the second
kind

- —u
oz (K(k) — E(K), <0, 0<k=,/r——<1,
o =1 &
_ — <
s <K(ﬁ) . uE(ﬁ)), 0<u<l,
1 1 — 2\3/2 —
—u((Z—kz)K(k)—ZE(k)), u<0, 0<k= =)
_ 9mk? 1—u
Bw) = 16 2
_ — <
—— ((2 WK (Vi) l_uE(\/ﬁ)), 0<u<l,
8 —
(8= Tu+3)K(k) — (8 +u—wd)B(K), u<0, 0<k=,|——<l,
27mu(1 — u) I —u
hw) 8 8 + u — u?
— = (8 =Tu+3A)K(Vu) - —— E u> 0<u<l.
27nu(1—u)2(( JK (Vi) 1—u (Vi)
(13)
X y 4 The asymptotic behavior of the integrals I, (u)
u u
H(M):C1?+C3Z

+ /u {(O‘ + o sin i)l (u) + Blo(u) + VIS(M)} du
0

(11)

Equation (10) describes the motion of a point mass
under the action of a force F that depends on the
displacement u and time ¢, where:
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We will use properties of the complete elliptic
integrals [42] to describe the behavior of Ir(u) for
k = 1,2,3. The functions I;(u) are continuous on the
open interval (—oo, 1). For u — —oo these functions
tend to zero as 0(|u|73/21n(|u|)). Their behavior for

u — —oo is as follows:
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641n4v1 —u _
B == 0| ),
Onuv1 —u
16In4v1 —u _
Bu) ==ty o),
Onuv1 —u
8In4v1 —u -
) = SV ()
3nuv1 —u
At u=0 one obtains I (u) =L(u) =Lu) =
—16/9, and for u — 1 the functions I;(u) tend to
—oo in the following way:

(14)

Dependence of the integrals I1, l2 and I3 onu

1,2,3)

A

S

T
SR S

1w (k

-60 - |

8o L L L L I I

Fig. 2 Behavior of the integrals I(u), k =1,2,3 in the
interval (—2,1)

——— = 0.00000
1500 - |—— 4 =3.53679
a=7.07357
1000 | = = =« =10.61036
—— e, = 1414714
U R - = 17.68393
* U, =05253

ot

-500

-1000

Derivative of the potential TI(u)

-1500

-2000 g7+

-2500 & 1 1 L J
-1 05 0 05 1
u
Fig. 3 Dependence of the derivative of the potential energy on
the displacement u

1
I](u) —m—l-O(ln(l —u)),
1 1
() ~ _27ru(1 —u)? * O((l - u)) ’ (15)
B~ ot —w

3nu(l — u)’ * (1 —u)?

The behavior of the functions I; (1), k =1,2,3, is
shown in Fig. 2. This behavior is quite consistent with
the physics of the phenomenon, namely:

1)  For u — —oo the moving plate of the capacitor
is on average of a large distance from the ground
plate, which leads to an almost zero interaction
force between the plates.

2)  For u — 1 the distance between the capacitor
plates decreases to zero, which leads to an
extremely large interaction force between the
plates.

3)  When u=1 for certain x and y values the
moving and ground plates touch each other.
This means that investigating the plate system
does not make sense from the physical
standpoint.

The dependence of the derivative of the potential
energy of the point mass on the displacement u in the
absence of parametric excitation (¢; = 0) can be
described as follows

Dependence of the derivative of the potential energy
on the displacement u and o

-400 | - = —a=12.0000
————— a =13.0000
——a=14.1471
6001 [ a =15.0000

Derivative of the potential energy II(u)

-800 &

-1000 L L . L L
0.2 0.3 0.4 0.5 0.6 0.7 0.8

Displacement

Fig. 4 Dependence of the derivative of the potential energy
I1(u) on the displacement for various values of the parameter o.
The other parameters are defined in (17)
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B1 = 6.00, a =14.14715
Unstable equilibrium position: u = 0.52531

-100

-200 -

-300

-400 |

-500

Derivative of the potential energy I1(u)

-600 [-

700 . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

u

Fig. 5 Dependence of the derivative of the potential energy
IT(u) on the displacement # when parameter « reaches a pull-in
value. The other parameters are defined in (17)

Dependence of u_ and u ona
1 st unst
T T

unst

st’

¢

Fig. 6 Positions of the equilibrium points for various values of
the parameter o. The other parameters are defined in (17). Red
point correspondences to a saddle-node bifurcation point

d

I1
%:lp:¢]+w27 W12C1“+C3M37

Uy = o1y (u) + BL(u) + yI(u)

In Fig. 3 function y for different values of the
parameter o is given. The other parameter values were
chosen as in [12]:

bZl,B1:6.OO,O£1:ﬁ=“/:0 (17)

(16)

These parameter values correspond to real MEMS.
Since I, k =1,2,3 tend to zero for u — —oco, it
can be expected that for u< — 1 the values of the
function s tend to the values of the function /, (see
Eq. (15) and Fig. 3). As o is non-negative, the
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derivative of the potential energy (11) is less than
zero at the point u = 0.

For the given parameters in (17) one obtains ¢; =
1385.4 and c3 = 584.5. When the parameter o changes
in the interval 0 < o < 12, and since the coefficients c;
and c3 are two orders of magnitude larger than o, then
for small values of u the value of  is positive (that is,
the function ¥, is dominant). When the value of u
approaches 1, the function ¥/, becomes dominant and
the expression for Yy becomes negative. Thus, the
derivative of the potential energy can change sign at
least twice.

5 Algorithm for calculating the pull-in values

Let us describe the algorithm to calculate the pull-in,
assuming for simplicity and without loss of generality
that oy = 0. Figure 4 shows the dependence of the
derivative of the potential energy on the displacement
u for various values of the parameter o and the
parameters as given in (17). Stationary values corre-
spond to the points of intersection of the graph with the
line = 0. The points marked by a cyan colour

Table 1 Comparison of the pull-in values obtained in this
paper and those obtained in [12] by a Galerkin approach and
FEM

b/a opi[12] op; this paper Diff. %
1.0 192 200 + 4.2
1.1 160 166 + 3.8
1.2 139 143 + 2.9
1.5 107 108 + 0.9
2.0 88 87 — 1.1
20.0 73 64 — 123

Table 2 Comparison of the pull-in displacements obtained in
this paper and those obtained in [12] by a Galerkin approach
and FEM

bja upi[12] up,; this paper Diff. %
1.0 0.50 0.525 + 5.0
1.1 0.50 0.520 + 4.0
1.2 0.50 0.527 + 54
1.5 0.49 0.507 + 35
2.0 0.49 0.498 + 1.6
20.0 0.48 0.479 - 0.2
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determine the stable equilibrium positions (that is,
center points), and the points marked by a magenta
colour describe the unstable ones (that is, saddle
points). As o increases, the distance between the
stable and unstable points decreases. As is shown in
[31, 32], using the theory of stability for ODEs [43], if
neighboring points of stable and unstable equilibrium
merge, the result is a point of an unstable equilibrium.
Indeed, since the derivative of the potential energy
vanishes at the adjacent equilibrium points, there must
be an extreme point of the derivative of the potential
energy between them, at which the second derivative
of the latter is equal to zero. Therefore, at the point of
confluence, both the first order and the second order
derivatives of the potential energy are equal to zero.
So, the coincidence of the points defines a pull-in
value «,; and a pull-in displacement up,;(red points in
Fig. 4).

So, if at some value of the parameter o the
stable and unstable points coincide, the local maxi-
mum of the curve moves down to the line on which the
derivative of potential energy is equal to zero. This
line becomes tangent to the graph (see Fig. 5). The
algorithm tracks the change in the position of this

maximum following the parameter changes and fixes

dT(u)
du

and unstable equilibrium points is also shown in Fig. 6

as a red dot.

its hit on the line

= 0. The merging of the stable

6 Validation of the algorithm

To estimate the accuracy of the algorithm, we use the
results from the paper [12]. We suppose
B; = 6.00,0; = f =y = 0. Comparing of our results
with corresponding results from the paper [12] for
plates with various aspect ratios shows a good
agreement (see Tables 1 and 2).

In [12] a geometric nonlinearity was taken into
account within the framework of the von Karman
model, whereas we are using the Berger equation.
Also in [12] a ROM approach was used, and we
applied the Kantorovich procedure. Despite these
differences, the values for the pull-in voltage and
maximum displacements are close to each other. Let
us also note that in [12] an excellent agreement was
found for the results calculated by the ROM approach

Phase portrait
a . =14.1471, « = 10.2031
50 B :

"""" Separatrix. E = 206.3670
40 - Stable trajectories. E < 206.3670 4

-—-===Unstable trajectories. E > 206.3670
-Unstable trajectories. E < 206.3670

20

10

Velocity du/dt
: o

-20

-30

40 E.

50 1 I L L . 1 1 I
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 06 0.8 1

Displacement

Fig. 7 The phase portrait of the system for various energies,
and for parameter values as given in (17)

and a FEM approach. Thus, three significantly differ-
ent approaches give similar results.

7 Phase portrait and vibration frequencies
for a constant applied voltage

Let us denote by u,,,; the point of greatest positive
displacement of the system. If one deflects the
movable plate relative to the stable equilibrium posi-
tion u, at a constant voltage o to the position
Ugpg <Uung; and releases it, then the system will
oscillate relative to the point uy,. The potential energy
of these elastic vibrations is determined by the formula

I (u) = M(u) — M(uy) = ¢

+ / [oczll (u) + pL(u) + ylg(u)]du, u < Ugpg
(18)
The total energy of motion of a conservative

autonomous system is constant, and equal to

E = % + I, (u) = const (19)
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Dependency of the natural frequency on amplitude. "“pi= 14.1471
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Fig. 8 Dependency of the natural frequencies on the ampli-
tudes. The calculations were carried out for parameter values as
given in (17)

We use Eq. (19) to determine the point of greatest
negative deviation of the system given by u,,,, that is,
we use

E— T (ugnd) =0 (20)

This allows us to obtain a phase portrait of the
system, described by the formula.

du
i

The phase portrait of the system for a < o,,; is shown
in Fig. 7. The thick black dots represent the separatrix,
which separates the areas of stable and unstable mo-
tions. The solid thin lines indicate the area of
stable (periodic) motions. The calculations were
carried out for the parameter values as given in (17).

The behavior of the solution near the line u = 1 is
singular and has been described in Sect. 4. Periodic
solutions of Eq. (10) are limited to the closed domain
defined by the separatrix, and are only possible when
o < 0. Maximum positive displacements during such
periodic motions are restricted by the value
Umax < Uynst, and the corresponding energy is:

++/2(E — My (u)) (21)

2 2 4 4
u o —u ut o—u
max st max st
() = ¢ 5 +c3 y)

+ / (o213 () + Lo () + y15 ()| du (22)

U
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The remaining part of the physically admitted
domain of the phase plane consists of unstable (non-
periodic) trajectories.

The periods of the natural vibrations T, and the
natural frequencies w,s for given o and ug,q are given
by

Ugpd

Ty =2 / o and w,r = 2n (23)
E — T (u) Ty
Ugnd

respectively. Note that we deal with the first mode of
vibration for the original system. In Fig. 8 the
dependence of the frequency of the natural vibrations
of the system on their amplitude are given for various
values of «. The interval for the amplitudes decreases
as o approaches o,,;, since the distance between u, and
U,ns decreases.

Figure 8 shows that at a low constant voltage, the
natural frequency of the system first increases with
increasing oscillation amplitude (due to the influence
of a geometric nonlinearity), and then, as the ampli-
tude approaches the unstable stationary point, the
frequency decreases (due to the influence of the
nonlinearity in the electrostatic forces). For a signif-
icantly large applied voltage, the natural frequency
decreases with increasing amplitudes, since in this
case the distance between the stable and the unsta-
ble stationary point is small, and the influence of
electrostatic forces prevails throughout the entire
amplitude range. Thus, when the parameter is
increased, there is a change in behavior from hard
nonlinear vibrations to the soft nonlinear vibrations.
The indicated change is characteristic for the systems
under consideration [1, 12].

8 Dynamic pull-in

In this Section we study the pull-in instability due to an
applied DC and AC voltages. As is shown in
[12, 44-46], this case strongly differs from those
under a purely DC voltage. In particular, the use of an
AC voltage can lead to a decrease in the DC pull-in
voltage. This may be due to dynamic instabilities of
various natures [46]. Such phenomenon is called
dynamic pull-in.

Let us study the influence of the AC voltage on o).
To do this, we fix both the value of the DC voltage in
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Dependence of ayponw
o= 14.1471, £=0.1004

IS

10 20 30 40 50 60 70 80

Fig. 9 Dependence of the pull-in value o, p; on the dimension-
less frequency w for various values of the DC voltage o. All
other parameters are defined in (17)

Dependence of a + Lo onw
= 14.147, £ =0.1004

L L I I
0 10 20 30 40 50 60 70 80

Fig. 10 Dependence of the pull-in value o, on the dimen-
sionless frequency w for different values of the sum of the
amplitudes of the DC and AC voltages o + «jpi. The other
parameters are defined in (17)

the interval 0 <o <, and the value of the dimen-
sionless AC frequency w. Then, we determine the
values of uy and u,,,;; corresponding to the fixed value
of «. We take a certain value for the parametric
excitation amplitude o;. Equation (10) is then solved
numerically (by the Runge-Kutta method) for the
initial values

u(0) = uy, u(0)=0

over a large time interval (in this case, 80 units for 7).
In this case, using a binary search method, a value for
oipi, was selected such that the solution to Eq. (10)
does not exceed u,,s at oy = o p; and exceeds i,y at
o = oy pi + & where ¢ = 1074, To check the reliabil-
ity of this approach, the calculations were repeated
using the following criterion: find a value op;, such
that the solution Eq. (10) is less than unity for
op = d1pi, and equal to or greater than one for
or > o pi.-The results of both calculations differ by
less than 10~*, which confirms the correctness of the
chosen approach.

By varying w, we obtain the dependence of o p; on
o and a. Computations were carried out from w = 0 to
a value w = 80, which is approximately twice the
value of the natural frequency of the system. The step
size was chosen to be 0.1. For convenience, the
discrete points are connected by continuous curves,
and these curves are given in Figs. 9 and 10. Periodic
(stable) solutions of Eq. (10) correspond to points o
located below the graph oy, (#, ), and non-periodic
(unstable) solutions correspond to points o allocated
above the specified graph.

It is interesting to compare intervals with different
behavior of the curves with the value of the primary
resonant frequency w,r of the original plate. As would
be expected, at frequencies @ < w,y the amplitude of
the AC voltage o, decreases with increasing DC
voltage «. For low (o< / 10) frequencies
o + o1pi & opi, which corresponds to the results
obtained in [12, 44—-46].

In both Figs. 9 and 10, the curves separate the areas
of periodic and non-periodic (unstable) modes. Below
each curve there is an area of bounded and possibly
periodic modes. The constructed dependencies are
very irregular.

A significant decrease in both op; and o + opp; is
observed at frequencies w close to the primary
resonance frequency ,r of the system. At frequencies
o close to /5, w4, /3, 0, /2 superharmonic
resonances are encountered and for frequencies w
close to 2w,y subharmonic resonance is observed.

These results are qualitatively consistent with those
obtained in [47] for beams and in [12] for rectangular
plates. At the same time, the AC voltage can lead to a
significant increase or decrease of the ap; value in
specific frequency o intervals.
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Fig. 11 Vibrations (beats) for v ~ w,r, b =1, B; = 6.00

Frequency spectrum of the parametrically exited system
a= 9.9030, o, = 0.0973, w___=33.7000
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Fig. 12 Frequency spectrum of the parametrically excited
system for o = w,, b =1, By = 6.00, . <a;

9 The spectral analysis of some characteristic
special cases

It is interesting to analyze the vibrations described by
Eq. (10) in the presence of parametric excitation, that
is, for o; # 0. Equation (10) was integrated numeri-
cally. The solutions obtained for a DC value
o =9.9030, and for various AC frequencies are
presented in Figs. 11, 13, 15. All other parameters
are defined in (17).
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Displacement.
B, = 6.00, = 9.9030, x, = 0.0974, w=33.7000 £=0.1004

u(0) = 0.1495

Displacements

30

Figure 11 shows that beats form when the system
oscillates at two close frequencies with approximately
equal amplitudes. In this case, the parametric excita-
tion frequency is very close to the natural frequency of
the system.

Additional information concerning the behaviour
of the system can be obtained using a spectral analysis
(FFT).

The system response consists of two frequencies:
the excitation frequency and the natural frequency. In
Fig. 12 (the pure resonance case) these frequencies
practically coincide.

Figure 13 shows the solution of Eq. (10) for the
same DC and AC amplitudes as in Fig. 11, but for an
excitation frequency 4 times less than the natural
frequency of the system. The amplitude of the solution
at w ~ w,s is much greater than the amplitude of the
solution at w = w,y / 4.

When excited at a frequency corresponding to a
quarter of the resonant frequency, the main response of
the system still occurs at the frequency of the primary
resonance (see Fig. 14).

If the excitation takes place at a certain intermediate
frequency, a multi-frequency mode occurs (see
Figs. 15, 16). The frequency spectrum of the solution
of Eq. (10) for parametric excitations was studied
at excitation frequencies %w,f,gjwmc,%w,f,%w,f%w,f,
0:813X,, ,w,f,%a),f,Zw,f. In all cases, the system
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Fig. 14 Frequency spectrum of the parametrically excited
system for & wyr /4, b =1, By = 6.00; oy <aip

response consists of the excitation frequency, the
primary resonance frequency, and possibly additional
frequencies. In cases where the primary resonance
frequency is a multiple of the excitation frequency, the
response at the primary resonance frequency signifi-
cantly exceeds the response at the excitation frequency
(Fig. 14). In other cases, the response at the excitation
frequency is greater than the response at the primary
resonant frequency (Fig. 16).

10 Analysis of the resonances

The presence of resonances in the original system can
play both a negative and a positive role. For example,
using resonances, one can significantly reduce the
voltage for which the system leads to a pull-in [46]. On
the other hand, there may be a problem of reducing or
suppressing the emerging resonances. In both cases, it
is important to understand that the resonances that
arise in the system have different origins. These can be
nonlinear resonances due to a forcing, or parametric
resonances due to a parametric excitation of the
system, or a combination of these resonances. The rate
of increase in amplitude of the response of a system
with parametric resonance is usually exponential in
time, whereas the typical nonlinear resonance is
usually characterized by a linear growth rate in time.
To reduce or suppress resonances, one can increase
damping to absorb vibration energy, or adjust system
parameters to move away from resonance frequencies,
or one can modify the excitation frequency or
amplitude. The efficiency of the indicated approaches
depends on the type of resonance. So, information
about the origins of the resonances occurring in the
system is important from a practical point of view.

The presence of excitations of different origins in
the original system can be easily seen by rewriting
Eq. (10) for & = 0, I, = I = 0 as follows
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Fig. 16 Frequency spectrum of the parametrically excited
system for o ~ 0.813w,s, b =1, By = 6.00; oy <oy

8
i+ &4 cyu + cau® = §(p2fx%(cos 20t — 1)

32 I (24)
+ =@ 03 (cos 2wt — 1) (Il(u) - —)

9 4

The parameter ¢, takes the value O or 1. For ¢, =
¢, = 1 one obtains the original system. The term in
the Eq. (24) with ¢, determines a parametric excita-
tion, and the one with ¢, a force excitation. Note that
the frequency of both excitations is equal to twice the
frequency of the applied AC.

Figure 17 shows the dependence of the dimension-
less dynamic pull-in o on the dimensionless
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Fig. 17 Dependence of the dimensionless dynamic pull-in o
on the dimensionless frequency w in the absence of a DC voltage
(¢ =0)

frequency o in the absence of DC voltage (o = 0). It
is easy to see that at points w ~ 9.0, ® ~ 19.3, v ~
36.2 the value of the dynamic pull-in oyp; is signifi-
cantly less than at other neighboring points, which can
be explained by the presence of resonances at these
points.

Let us perform some numerical experiments, by
neglecting parametric excitation in one case, that is,
assuming that ¢, = 0, ¢, = 1, and by discarding force
excitation in the other case by setting ¢, = 1, ¢, = 0.
Note that purely-parametric electrostatic actuation is
realized in the case of a differential capacitor [48]. The
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Fig. 18 Dependence of the dimensionless dynamic pull-in op;
on the dimensionless frequency w for Eq. (24) with ¢, =
0, ¢, =1 (force excitation)
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Fig. 19 Dependence of the dimensionless dynamic pull-in o;p;
on the dimensionless frequency w for Eq. (24) with ¢, =
1, ¢, = 0 (parametric excitation)

numerical results are presented in Figs. 18 and 19.
These curves do not describe the behavior of the
complete, original system, but allows one to qualita-
tively trace the influence of the factors of force
excitation (Fig. 18) or parametric excitation (Fig. 19).

At the points w=9.1, o~ 194, w =~ 36.0
(Fig. 18) the values of the dynamic pull-in, as well
as in Fig. 17, are significantly less than at other
neighboring points. This confirms the presence of
resonances caused by a driving force. We also note
that the chaotic behavior of an electromechanical
system at high excitation frequencies qualitatively

coincides with the behavior of a force driven Duffing
equation [49].

In Fig. 19, in the neighborhood of the point
o ~ 19.3, the dynamic pull-in does not reach an
extremum at all. At the points o ~ 8.5 and w ~ 31.4,
the dynamic pull-in reaches local minimum values
oipi ~ 24.6 and op; ~ 16.3. This allows us to assume
the presence of parametric resonances at these points.
In addition, judging by the discontinuous behavior of
the solutions, these points may be bifurcation points.

The results of the experiments are summarized in
Table 3.

Based on the results as presented in Table 3, it can
be concluded that for w ~ 9.0 and @ =~ 36.2 there are
resonances caused by both force and parametric
excitation, and for w =~ 19.3 there is a resonance
caused by a force excitation.

11 Conclusions

In this paper the behavior of electrically actuated
nonlinear clamped rectangular micro- and nanoplates
under the action of DC and AC voltages is studied. The
geometric nonlinearity of the plate is taken into
account within the framework of Berger’s hypothesis.
Using the Kantorovich method, the original PDE is
reduced to an ODE with respect to the time variable.
An algorithm has been developed for determining the
amplitudes and corresponding frequencies of alternat-
ing voltage at which pull-in occurs.

Model and algorithm validations have been
obtained by comparing the results obtained in this
paper with those obtained in the existing literature.
Closeness of these results confirms the adequacy of the
adopted model and the high accuracy of the presented
algorithm. A study was conducted for a wide range of
frequencies and ratios between the amplitudes of the
DC and AC voltages. Along with the determination of
the pull-in values, the behavior of the displacements
over time was studied. A spectral analysis was also
conducted, which allowed us to analyze the relation-
ships between excitation frequencies and response
spectra.

The calculations were performed for a wide range
of AC frequencies, that is, for frequencies from 0O to
approximately 2w,s, where w,, is the primary reso-
nance frequency of the system (Figs. 9 and 10). For
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Table 3 Results of the experiments to determine the nature of the emerging resonances

Equation (10),¢; = 1, ¢, =1
Equation (24),¢, = 0,9, =1
Equation (24),0; = 1,9, =0

w = 907 Aipi = 9.5
w==9.1, oy ~13.9
o=~ 8.5, o ~24.6

w193, ap~4.4
[ Re- 194/ Oipi = 5.2

=362, ap~ 9.2
w = 360. Oipi = 14.8
o =314, o~ 16.3

small values of the dimensionless frequency  (in the
interval from w = 0 up to approximately w = 4), the
values of the dynamic pull-in differ little from the
static pull-in values. Therefore, if the AC frequency
does not exceed 10-11% of w,s, one can focus on
static pull-in. Figure 10 shows that the parameter
o + oy, characterizing the maximum voltage value for
a given frequency, describes the system behavior well.
An increase in the AC frequency leads to a dramatic
change in the pull-in values. This is caused by
different kinds of resonances. These resonances can
be nonlinear resonances due to forcing, or can be
parametric resonances. To clarify the origins of the
emerging resonances, we conducted some numerical
experiments, neglecting in one case the terms causing
parametric excitation, and in the other case—the terms
causing force excitation.

Figure 17 shows that a significant decrease in
dynamic pull-in values is observed for frequencies
approximately equal to w,r, ®;s/2, wys/3, wys/4,
wyr/5 as well as for a number of smaller discrete
frequency values. Using the numerical results in
Fig. 18, it is easy to verify that for point w = w,s/2
we have a primary nonlinear resonance (since the
excitation frequency is equal to twice the AC
frequency). For @ = w,y we have a subharmonic
resonance, and for w,s /3, w,r /4, ©,r/5 superharmonic
resonances occur. There are also higher-order super-
harmonic resonances that do not have a strong effect
on a reduction of the AC voltage amplitude. The
behavior of the solution for w > w,s is determined by
the force component of the excitation and apparently
leads to a sequence of bifurcations.

Figure 19 demonstrates the presence of a principal
parametric resonance in the system for a frequency
somewhat lower than w = w,y. In the original system,
as can be seen from Fig. 17, for w ~ w,s a nonlinear
and a parametric resonance interact, and as a result the
pull-in value turns out to be lower than the ones under
the influence of the force or parametric excitation
alone. The influence of parametric resonances of
fractional order is much smaller. After the principal
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parametric resonance, the system enters the stability
region under parametric excitations. Thus, the main
factor influencing the decrease of dynamic pull-in for
the system under consideration is the primary nonlin-
ear resonance at = ,y/2. The performed analysis
provides useful information in practical situations.
Knowing the resonant frequencies allows us to avoid
them in operating electromechanical systems. This can
be achieved by changing the AC voltage frequency or
by modifying the parameters of the system itself. On
the other hand, knowledge of the resonant frequencies
also allows us to design new and more effective
devices that use a voltage much lower than the
traditionally used ones [46].

This work can be expanded in several directions. It
is interesting to study the possibility to reduce or
suppress resonances using nonlinear friction [50] or
high-frequency vibration control [51]. Thinking about
unaccounted factors, it is of interest to study the effect
of applied loads and the influence of boundary
conditions. Determining these factors in experiments
is difficult. Theoretical research can provide some
boundaries for changes in pull-in values and for trends
in their change.

For a more accurate description of the capacitance
of a rectangular parallel-plate structure, fringing
corrections [52] and higher order correction of elec-
trostatic pressure [53] can be taken into account.

The obtained nonlinear problem deserves a more
detailed study. First of all, we are talking about
investigation of the stability of caused by AC voltage
vibrations, because in a number of papers the possi-
bility of chaotic behavior of the system near pull-in
values are observed [12, 17].
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