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Nomenclature

_parameter in van Driest transformation, Eq. 3-1

damping factor, Eq. 5
parameter in van Driest transformation, Eq. 3-2
intercept for law of the wall (=5.1)

skin friction coefficient, 2T ,/p,u?

shape parameter, 6 /0

slope for law of the wall (=0.41)
Mach number

temperature recovery factor (=0.89)

Reynolds number based on integral length scale A ,u.A" /v,

momentum thickness Reynolds number based on the boundary layer edge

condition , Usp 0/,

= momentum thickness Reynolds number , uzp,0/p,

temperature

streamwise velocity
u/u,
friction velocity, /T,/p,

wake function, 1 -cos[n(y/6)]

= coordinate normal to the streamwise direction

= yu, /v,

Reqy/425-1 ,Eq. 4-1
ratio of specific heats (=1.4 for air)
boundary layer thickness

percent error in skin friction coefficient, (1-C; 4,/ C; eyp) X100

percent error in shape parameter, (11— H o1/ H ox,) X 100



= boundary layer displacement thickness

>
f

integral length scale, i.e. area beneath turbulent defect law plot,
6 ol(ug—u")/u Jd(y/6)

= boundary layer momemtum thickness

= absolute viscosity

= kinematic viscosity

pi number

= wake parameter, see Eq.4

= density

4 © 73 a4 < ¥ O
Il

= local shear stress

= vy/d

3
I

Subscripts and Superscripts

cal =calculated
exp = experimental
ir =inner region of a turbulent boundary layer

= wall or evaluated based on wall parameters
o) = boundary layer edge

* = transformed condition




1. Abstract
The report presents an algorithm for the prediction of mean flow data (i.e. skin friction,
velocity profile and shape parameter) for adiabatic two-dimensional compressible
turbulent boundary layers at zero pressure gradient. The transformed law of the wall,
law of the wake, the van Driest model for the complete inner region and a correlation
between the Reynolds number based on the boundary layer integral length scale (  Re )
and the Reynolds number based on the boundary layer momentum thickness (  Re,,, )
were used to predict the skin friction coefficient, velocity profile and the shape para-
meter of the boundary layer. In most cases, for subsonic flows with Req less than about
1.6x10°%, and for transonic-low supersonic flows, the present method provides better
results for the prediction of skin friction coefficient than that of Huang et al. At high
supersonic flows, both methods are less accurate in the prediction of skin friction coeffi-
cient, and no preference can be given to either methods. In addition, regardless to the
flow Mach number, the calculation of percent error in the prediction of skin friction
coefficient by both methods, shows no significant dependence on  Re, . It has been also
shown that while the present method and that of Huang et al satisfactorily predict the
velocity profile for subsonic flows (i.e. M; < 1.0 ) with no apparent Reynolds number
effect, their accuracy at transonic and supersonic speeds is Reynolds number dependent.
This suggests that at least for high speed flows the expression used for the transformed
mean velocity profile (i.e. Coles and van Driest formulations) does not sufficiently
represent all the physical aspects of the mean flow distribution in a turbulent boundary
layer. Extra information or perhaps a better physical approach to the formulation of the
mean structure of compressible turbulent boundary layers even when they are formed
under zero pressure gradient and in a adiabatic thermal condition, is required in order
to achieve complete (physical and mathematical) convergence when it is applied in any
prediction method. Also it is shown that for a given flow Mach number the percent
error in the prediction of shape parameter depends on the expression by which the
mean velocity profile is defined and as expected is not sensitive to the Reynolds number
based on momentum thickness of the boundary layer.



2. Introduction
2.1 The Mean Velocity Profile
Prandtl ! proposed that for incompressible turbulent boundary layer flows over smooth
surfaces, the velocity profile outside the viscous sub-layer and in the logarithmic region
can be described by the so called law of the wall correlation :

u 1 yu. - @)
—=-In +cC
u. k Vo

Although this correlation was developed from incompressible experiments, Fernholz
and Finley 2 suggested that they are applicable to compressible flows provided that the
density variation through the boundary layer is taken into account and among the
available techniques the van Driest 3,4 method has been shown to give the best
agreement with the well known incompressible expressions over a wide range of Mach
and Reynolds numbers on both adiabatic and cooled walls. Using the form of van Driest
transformation and incorporating the concept of temperature recovery factor r, the
combined wall-wake formulation of the mean transformed velocity profile (i.e. outside
the laminar sub-layer) is given by 3.6 :

: . 2)
u 1 v +c+258in2(n]_1)
u. k Vi k 2
where :
2w _ 3
« Ups 2b (“a) @ :
u —Fsm _—
(a2+4b2)2
in which
Ty y-1 2) 3-1)
=2 I M2%21-1 .
a Tw(l+r > 5 E
_ T 3-2)
b2=rY le—a
2 T

IT1is the wake parameter which can be calculated from the following equation as

suggested by Cebeci and Smith 7 :

M=0.55[1-exp(-0.24329%-0.2982,)] C)
in which:
Z,=Rey/425-1 ’ 4-1)




The two constants of the law of the wall were takenas k=0.41and ¢c=5.1° The

exclusion of viscous sub-layer in Eq.2 cannot have a serious implication for subsonic
turbulent boundary layers but may cause problems when dealing with high speed
turbulent boundary layers 8 as it can occupy a substantial portion of the boundary
thickness. For this reason any mean velocity profile formulation for high speed turbu-
lent boundary layers should include the viscous sub-layer. However as it will be shown
later for high Reynolds flows and regardless of the flow Mach number any model for the
mean velocity profile of turbulent boundary layers should include the viscous sub-layer.
Such a model for the complete inner region (i.e. viscous sub-layer plus log-region) is
due to van Driest 9 :

®

* Yy
O
Ut/ 4 1+ 1+4k2(y")2[1-exp(-y /A™))?

which can be numerically solved with u"(0)=0foru"(y "), where A" is a damping

factor. van Driest 9 tried various values and found that A" =26 withk = 0.4 produces an
excellent representation of his experimental data. However in this paper A" =25.3 as
recommended by Huang et al 8 has been used (with k=0.41 and c=5.1) . Therefore
the mean velocity profile across the total thickness of the boundary layer can be given

by:

u_'=(u_') +Ew(z) ©)
U u./, k o)

2.2 The Integral Length ScaleA”

Fernholz and Finley 2 suggested that for compressible flows the relation between  Re K

and Rey, is independent of flow Mach number and is as follows:

InRe,.=InRey,+0.04 (7
Note that in reference 5 the coefficient of 1n(Re,,) in Eq.7 has been incorrectly given

as 0.964 10 . However experimental data 11,12 from a large number of boundary layer
traverses over the Mach number range of 0.3 to 0.85 in this laboratory and also
independent experimental data 13.14,15 for the Mach number range of between low
subsonic to supersonic, suggests that in contrast to the conclusion of Fernholz and
Finley 2 , Eq.7 is valid only for high supersonic flows (i.e.M; > 2.0 ) and such a
relationship between the two Reynolds numbers is Mach number dependent and for
subsonic and transonic-low supersonic flows should be as follows:




-My<1.0:

InRe,.=0.9581n Re,, +0.684 ®
-1.0SMz<2.0:
InRe,.=0.9641n Rey, + 0.5394- 9)

Note that while the velocity profile (Eq.2 or 6) is sufficient for the calculation of A*and

0, for the evaluation of Re .+ » the friction velocity must be known. This has led to the use

of the above correlations for the prediction of skin friction and hence the velocity

profile as is discussed in the following section.

Of course a continuous description of Re . as a function of Mach number and Reynolds
‘number (i.e. Re A= f (Mg, Reg,)) which could cover the whole Mach number range

would have been much preferred. But due to the lack of sufficient experimental data

particularly in the high subsonic-transonic range, at this stage it was not possible to

arrive at such relationship.

3. Skin Friction and Velocity Profile Algorithm

The corner-stone of the present method is to use the correlation between the Re ,.and

Reg, in conjunction with an analytical expression for the mean velocity profile (i.e. Eq.2
or 6) in order to predict the skin friction and mean velocity profile. For subsonic, tran-
sonic and low supersonic flows the author’s correlation (Eqs.8 or 9) is used. The method
1s extended to high supersonic flows by using Eq.7 instead of Egs.8 or 9. Therefore for a
given flow condition (i.e. known M, and freestream total pressure and temperature)

the following iterative procedure is used:

1- Give the value of ©.
2- Assume 6 ( an value of 5=106 may be used as an initial guess)

3- Assume u,

4- Recalculate u. by using Egs.2 and 8 for subsonic flows ( M ;< 1.0), Eqs.6 and 9 for

transonic and low supersonic flows ( 1.0 <M, <2.0) and Eqgs.6 and 7 for super-
sonic flows ( M ;> 2.0 ). In the recalculation of u, , one of the Egs. 7,8 or 9
depending on the value of M ; must be satisfied.

S- Use the calculated u. to recalculate the boundary layer velocity profile (i.e. u/ Us)
and hence the boundary layer momentum thickness by using the appropriate trans-

formed velocity profiles (Eqgs. 2 or 6) and the inverse of the van Driest transform-
ation (i.e. inverse of Eq.3).




6- If the calculated momentum thickness is equal to the value in step 1, then move to
step 7. Otherwise change the boundary layer thickness & , and repeat the procedure
from step 3.

7-  Construct the velocity profile by using the predicted C ,,5and Eq.2 for subsonic

flows (1.e. M;<1.0) or Eq.6 for flows withM ;> 1.0 .
Numerical calculation of integral quantities of the boundary layer was performed in
double precision mode by applying the trapezium rule. The step size in each integration
was decreased until further reduction had no influence in the numerical result of the
integral. The number of iteration in the above procedure was generally less than 10 to
20 depending on the Mach number of the flow. In all cases the accuracy in the calcula-
tion of boundary layer momentum thickness was less than 0.01 mm.
This method differs from the Huang et al 8 method in two ways. Firstly instead of using
the inverse of Eq. 3 as a criteria for the prediction of skin friction, Eqs.7 to 9 depending
upon the flow Mach number were used. Secondly for subsonic flows the combined law
of the wall and the law of the wake (i.e. Eq.6 ) was applied for describing the velocity
profile. Also for comparison purposes the Huang et al method was modified by using
Eq.2 instead of Eq.6 in their algorithm (i.e. excluding the viscous sub-layer.

4. Discussion and Comparison with Experimental Data

4.1 Subsonic Data
For this Mach number range, data from the works of Winter and Gaudet 13 , Gaudet 14
and Collins et al 15 for the flow Mach number range of about 0.2 to 0.97 were used in
order to evaluate the accuracy of the present method and a number of the existing
theories for the prediction of skin friction, shape parameter and velocity profile. The
Reynolds number based on the boundary layer momentum thickness encountered in
these experiments ranged from about 20X 10°to 300 x 103, The percent error in the
skin friction coefficient (i.e. AC;=(1-C .01/ Cy oxp) X 100, by different methods

8,16,17,18,19 and modified Huang et al is given in table 1. Some of the data are also
plotted in Figures 1 to 6. As can be seen for all the data examined here the van Driest I

16 and Spalding & Chi 17 methods provide the most accurate skin friction coefficient as
compared with the experimental data, and in particular for Re,<40000,AC is practi-
cally zero (see Figs.4 to 6). The present method as compared with Huang et al method 8
and the modified Huang method generally provides better accuracy (up to 1 %) except

for Rey>1.6x10° (Fig. 1 & 2). It is believed that for this Mach number range as the
momentum Reynolds number is increased the role of viscous laminar sub-layer




becomes more important and its exclusion from the theoretical velocity profile has
adverse effect on the prediction of skin friction coefficient. For low Reynolds number
subsonic flows, i.e. Reg less than about 1.6 X 10° | the exclusion of the viscous sub-layer
in the Huang et al method 8 does not have serious effects on the prediction of skin fric-
tion (see table 1), but it significantly decreased the computation time. For a selected
number of the experimental data, Figs.7 to 13 show the predicted velocity profiles in
semi-logarithmic and normal coordinates for a range of Mach number between 0.2 and
0.97. As can be seen from these figures, in all cases, the agreement between the pre-
dicted velocity profile by the present method, Huang et al 8 and modified Huang et al
and the experimental data is very satisfactory. Near the wall the Huang et al 8 method
which includes the viscous sub-layer for the mean velocity profile, differs from the pres-
ent and the modified Huang et al methods (Figs. 7a to 13a). Of course, this difference
between the analytical profiles cannot be observed when they are plotted in normal

forms (Figs. 7b to 13b). The effect of Reynolds number on the prediction of velocity
profile can be seen in Figs. 11 to 13, for M;=0.79 and Re, between 81 X 10°to about
160x 10°. As can be seen there exists no significant Reynolds number effect on the
predicted velocity profile.

4.2 Transonic and Low Supersonic Data (1.0 < M, <2.0).
At this Mach number range, again the van Driest II 16 and Spalding & Chi 17 methods
provide the most accurate result for the prediction of skin friction coefficient. See table
2 and figures 14 and 15. For a given flow Mach number, the high Reynolds number
experiment of Winter and Gaudet 13 | and the low Reynolds number experiment of
Collins et al 15 show that the percent error in the prediction of skin friction coefficient
by the present method, that of Huang et al 8 and modified Huang et al method is practi-
cally constant . This suggests that the accuracy for the prediction of skin friction coeffi-
cient by these three algorithms is not very sensitive to the Reynolds number based on
the momentum thickness. Some of the experimental data for velocity profiles together
with the theoretical curves are presented in Figures 16 and 23, for M,=1.39 and Re,
between 17.9%x10°to 128x 10°. As can be expected near the wall the modified
Huang et al departs from the other two methods. In contrast to the behaviour of the
percent error in the prediction of skin friction coefficient, there exists a strong Reynolds
number influence on the prediction of velocity profiles by the present method and that
of Huang et al 8 (Figs. 19 to 23). At the lower range of Reynolds number both methods
fail to correctly predict the velocity profiles, but as the Reynolds number increases the




difference between the predicted velocity profiles and the experimental data decreases.
This behaviour cannot be explained by the presumption that the law of the wall and the
van Driest formulation are universal functions, independent of Reynolds number and
streamwise location. One should also note that for the set of experimental data exam-
ined here, the wake parameter IT is practically constant and could not have any influ-
ence on this behaviour (the wake parameter depends strongly on ~ Re, only for small
Reynolds numbers).

4.3 High Supersonic Data (M, >2.0 ).
At this range of Mach number, there is no clear advantage in the prediction of skin fric-
tion coefficient by the present method, Huang et al method 8 , modified Huang method
and the method of van Driest IT 16 | and no preference can be given to either methods
(see table 3 and Figs.24 to 26). The velocity profile as calculated by the present method
and that of Huang et al & provide similar results (Figs.27 to 33). The effect of Reynolds
number on the predicted velocity profile can be seen in figures 27 to 29 and figures 30
to 33. Experimental data in Figs.27 to 29 are taken from Stalmach 23 at M = 3.684 and
Regbetween 2114 and 10500 . Second set of data (Figs. 30 to 33) are from Winter and
Gaudet 13 at M;=2.19 and Re,between 14640 and 88907 . These two set of data
have been selected intentionally because they represent two set of boundary layer flows,
one with some post-transitional behaviour and suffering from small scale effect and the
other one representing a fully developed and thick turbulent boundary layer. The
experimental data from Stalmach (profile 5802301) shows transitional behaviour and in
general his data suffer from the small physical scale. In contrast the second set of data
from Winter and Gaudet provide a reliable set of measurements for fully developed
thick turbulent boundary layers. In despite of these differences, both set of data show
similar trend to the variation of Reynolds number, which rules out that the small scale
effect or post transitional characteristics of a turbulent boundary layers has anything to
do with this observed behaviour. That is, similar to the transonic and low supersonic
flows (Fig 19a), both methods underestimate the velocity profiles at lower range of
Reynolds number. It is important to note that although the wake parameter IT in the
Stalmachs’ experiment 23 varies from 0.4464 to 0.5499 (low Reynolds number effect), it
does not compensate for the effect of Reynolds number on the whole predicted velocity
profile. This dependence on the Reynolds number which is observed in the prediction of
the velocity profile and not in the percent error for the prediction of skin friction coeffi-
cient, suggest that at least for M ;> 1.0 the analytical expression used for the mean vel-




ocity profile of turbulent boundary layers (i.e. Eq.2 or Eq.6 )does not properly represent
the full physical aspects of the mean flow distribution of a turbulent boundary layer. The
strong Reynolds number effect observed here, also questions the presumption of the
universality of the commonly used expressions (Egs. 2 or 6) for the wall bounded turbu-
lent flows which has been also discussed in length by Gad-el-Hak et al 20,21 |

4.4 Boundary Layer Shape Parameter
Typical results for the boundary layer shape parameter as calculated by present method,
Huang et al 8 method and that of Modified Huang for a range of flow Mach number is
presented in Figs.34 to 44. All the three methods predict the boundary layer shape para-
meter to within + 2 % of its experimental values. As expected for a given flow Mach
number the calculated / is not sensitive to the variation of Reynolds number but it is
sensitive to the boundary layer velocity distribution . That is for subsonic flows the pres-
ent method and the modified Huang et al methods produce the same result, since both
usee Eq.2 to describe the boundary layer velocity profile. For M 2> 1.0 the present
method and that of Huang et al 8 which use Eq.6 for the velocity profile, generate
almost identical results.

5. Concluding Remarks
An algorithm for the prediction of mean velocity profile, skin friction coefficient and the
shape parameter of the compressible two-dimensional turbulent boundary layers is pres-
ented. The prediction method relies on the transformed law of the wall and law of the
wake for subsonic flows, the van Driest model for the complete inner region and the law
of the wake for supersonic flows and a correlation between the integral length scale
Reynolds number and the momentum thickness Reynolds number. The agreement
between the prediction and a wide range of experimental data for zero pressure gradi-
ent turbulent boundary layers is very satisfactory. The predicted skin friction shows good
agreement with some of the available methods for the estimation of skin friction, in
particular with the van Driest II theory 16 and the method of Spalding & Chi !7 . For
most of the subsonic and transonic-low supersonic data examined here the present
method predicts the skin friction coefficient better than that of Huang et al 8 , with the
exception of subsonic flows at Re, greater than about 1.6X 10° . The accuracy of both
methods at supersonic flows varies for different sets of experimental data and no prefer-
ence can be given to either methods. In most cases and at any flow Mach number con-
sidered here, of the existing methods for the prediction of skin friction, that of von
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Karman et al 18,19 gjves the least accurate results particularly at supersonic speeds. For
subsonic flows and outside the viscous sub-layer the present method, the Huang et al 8
and the modified Huang et al provide similar results for the velocity profile, and their
accuracy is not Reynolds number dependent. In contrast, for high speed flows ( i.e.

M > 1.0) although the present method and Huang et al 8 produce similar results for
the velocity profile, their accuracy depends on the Reynolds number based on the
momentum thickness of the boundary layer. This suggests that at least for this flow
regime, the expression used for the transformed velocity profile (i.e. Eq.2 or 6) does not
sufficiently represent all the physical aspects of the mean flow distribution in a com-
pressible turbulent boundary layer and should not be considered as universal. Extra
information 22 , or perhaps a more physical approach to the formulation of the mean
structure of compressible turbulent boundary layers, is required in order to achieve
complete (physical and mathematical) convergence when it is applied in a prediction
method. The boundary layer shape parameter as calculated by the three methods is gen-
erally = 2 % of the experimental values and its percent error depends mainly on the
expression by which the boundary layer velocity profile is described.

-11-
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Table 1 Percent error in the prediction of skin friction coefficientAC ,

subsonic data ( M;<1.0)

ACf=(1_Cf.Cal/Cf.exp)x1007%

van  von Karman Spalding
Driest II et al

Huang
& Chi Modified et al

Profile Re Present (Ref.16) (Ref.18,19) (Ref.17) Hunag (Ref.8) Rey, M,
f.
1 14 3.4 7 4.4 8 3.7 3.9 23246 0.746
2 14 2.5 3 5.4 4 2.8 2.9 42939 0.782
3 14 3.9 1.8 3.8 2.0 4.0 42 57330 0.782
4 14 3.6 1.8 4.0 1.9 3.6 3.7 93366 0.784
5 14 3.6 2.1 3.7 2.2 3.6 3.8 140528 0.784
6 14 3.9 2.4 3.3 2.6 3.9 4.0 170284 0.784
7 14 3.7 2.3 3.5 2.4 3.7 3.6 200696 0.784
8 14 4.4 3.1 2.7 3.2 4.3 3.6 254272 0.784
9 14 4.2 2.9 2.8 3.1 4.1 3.1 275845 0.785
10 14 3.6 2.3 3.5 2.4 3.5 2.5 276588 0.784
11 14 4.2 2.9 2.9 3.1 4.1 2.9 289059 0.784
12 14 4.3 3.1 2.7 3.2 4.2 2.9 305741 0.784
13 14 4.5 3.3 2.5 3.4 4.4 3.0 310974 0.784
1 13 3.1 4 0.0 4 3.0 3.2 55982 0.199
2 13 1.1 -1.4 -1.7 -1.3 .9 1.1 96184 0.200
3 13 3.3 1.1 N 1.1 3.0 3.1 167496 0.200
4 13 2.9 8 4 .8 2.6 2.1 210673 0.200
5 13 1.1 -1.3 2.8 -1.2 1.0 1.2 86628 0.398
6 13 1.4 -7 4.2 -7 1.4 1.5 85550 0.595
7 13 1.6 -3 -6.3 -2 1.7 1.8 81004 0.790
8 13 2.1 5 5.5 6 2.2 2.3 120366 0.793
9 13 1.7 2 5.9 3 1.7 1.9 157450 0.793
27 13 3.3 0 -4 0 3.4 3.6 22432 0.204
28 13 4.4 1.4 1.0 1.4 4.5 4.6 31900 0.198
29 13 4.5 1.6 1.3 1.7 4.5 4.6 41861 0.202
30 13 3.6 .8 4 8 3.6 3.7 46054 0.200
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Table 1 \Continued

ACf=(l_Cf,cal/Cf.exp)x ].OO,%

van  von Karman Spalding Huang
Driest 11 et al & Chi Modified et al
Profile Re Present (Ref.16) (Ref.18,19) (Ref.17) Hunag (Ref.8) Rey, M,
f.
31 13 3.2 .5 .1 5 3.2 3.3 54462 0.201
32 13 4.2 1.7 1.3 1.7 4.1 4.2 76500 0.205
33 13 4.3 1.9 1.5 1.9 4.1 4.2 95655 0.201
34 13 3.9 1.6 1.2 1.6 3.7 3.8 116552 0.201
35 13 4.3 2.1 1.7 2.1 4.1 4.2 135341 0.202
36 13 3.2 1.1 g 1.1 3.0 3.0 166596 0.200
37 13 2.8 7 3 7 2.5 2.0 209352 0.200
38 13 1.8 -3 -7 -3 1.5 1.0 212689 0.201
JPL-A44 15 5 4.2 4.3 4.2 .9 1.1 5930 0.106
JPL-A45 15 1.2 3.4 3.5 3.4 1.6 1.8 6183 0.107
JPL-A46 15 1.9 2.6 2.7 2.6 2.3 2.5 6824 0.103
JPL-A47 15 6 4.1 4.2 4.1 .8 1.0 7202 0.104
JPL-A48 15 1.3 -3.3 34 3.3 1.6 1.7 7494 0.105
JPL-A49 15 2.0 2.4 2.5 2.4 2.3 2.5 8038 0.107
JPL-A51 15 -1.4 4.7 8.1 4.6 -1.1 -.9 18579 0.593
JPL-A52 15 1.1 2.0 54 -1.9 1.5 1.6 20333 0.593
JPL-AS3 15 2.2 -.8 4.2 -7 2.5 2.7 21978 0.599
JPL-A54 15 2.9 -2 3.6 -1 3.1 3.3 22636 0.602
JPL-AS55 15 2.8 -1 3.4 .0 3.2 33 22995 0.596
JPL-A61 15 2.6 -.1 -3.5 -1 2.8 3.0 30560 0.597
JPL-A62 15 2.7 .1 -3.3 2 3.0 3.1 34081 0.596
JPL-A63 15 3.7 1.0 2.3 1.1 3.8 4.0 36160 0.595
JPL-A64 15 4.1 1.5 -1.8 1.6 4.3 4.4 36348 0.593
JPL-A65 15 3.5 1.0 2.3 1.1 3.7 3.9 37775 0.593
JPL-A71 15 -3 33 9.4 -3.2 1 2 19466 0.796
JPL-A72 15 4 2.3 -8.3 2.2 9 1.0 22244 0.788
JPL-A73 15 2.7 .0 -6.0 2 3.1 3.2 23622 0.805
JPL-A74 15 2.3 -4 -6.4 -2 2.6 2.8 23901 0.802
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Table 1 \Continued.

AC;=(1=C cai/Cy exp) X 100, %

van  von Karman Spalding Huang
Driest II et al & Chi Modified et al
Profile Re Present (Ref.16) (Ref.18,19) (Ref.17) Hunag (Ref.8) Re, M,
f.
JPL-A75 15 2.1 -5 6.5 -4 2.4 2.5 24738 0.799
JPL-A81 15 2.1 -3 6.3 -1 2.4 2.6 33449 0.798
JPL-A82 15 3.2 .8 -5.0 1.0 3.5 3.6 37264 0.794
JPL-A83 15 4.0 1.7 4.2 1.8 4.1 4.3 39950 0.794
JPL-A84 15 3.8 1.7 4.1 1.8 4.1 4.3 41099 0.792
JPL-A85 15 3.2 1.0 4.8 1.1 3.5 3.6 42672 0.792
JPL-A91 15 -1 2.8 -11.6 2.6 3 4 18741 0.966
JPL-A92 15 2 2.3 -11.1 2.1 .8 .9 21631 0.967
JPL-A93 15 2.4 .0 -8.7 2 3.0 3.1 22473 0.972
JPL-A94 15 2.0 -4 9.1 -2 25 2.6 23025 0.967
JPL-A95 15 2.0 -3 9.0 -1 2.5 2.7 24062 0.965
JPL-A101 15 1.9 -.1 -8.8 .1 2.5 2.7 32263 0.965
JPL-A102 15 2.3 3 -8.3 5 2.8 2.9 36385 0.963
JPL-A103 15 4.0 1.9 6.6 2.1 4.3 4.5 38579 0.961
JPL-A104 15 3.1 1.1 1.5 1.3 3.5 3.6 39981 0.964
JPL-A105 15 3.2 1.2 7.3 1.4 3.5 3.6 42153 0.961
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Table 2 Percent error in the prediction of skin friction coefficient C , ,

transonic and low supersonic data ( 1.0<M;<2.0)

AC,,%

van Von Karman Spalding Huang
Driest I1 et al & Chi Modified et al

Profile Re Present (Ref.16) (Refs.18,19) (Ref.17) Hunag (Ref.8) Re, M,
f.
58060101 24 4 -1.2 -28.6 -.1 .8 .9 17585 1.77
10 13 .0 2.7 -20.4 2.1 .0 2 17914 1.394
11 13 1.6 -3 -17.9 3 1.6 1.7 39333 1.395
12 13 2.0 4 -17.4 9 1.9 2.0 60234 1.400
13 13 2.0 .9 -17.0 1.4 1.9 2.0 113948 1.400
14 13 2.3 1.2 -16.5 1.7 2.1 2.2 128035 1.400
15 13 .8 -3 23.1 4 .9 1.0 56479 1.597
16 13 3 -4 -28.9 .6 .6 .8 53671 1.800
17 13 -1.2 -1.4 -36.3 -2 -7 -5 50860 2.000
. JPL-A112 15 1.9 -.8 -16.4 -3 1.8 2.0 19880 1.314
JPL-A113 15 2.2 -3 -16.1 .1 2.2 2.3 21236 1.321
JPL-A114 15 2.8 3 -15.4 7 2.7 2.9 21971 1.320
JPL-A115 15 2.5 .1 -15.4 .5 2.5 2.6 23580 1.315
JPL-A122 15 2.7 6 -14.9 1.0 2.6 2.7 34560 1.308
JPL-A123 15 4.6 2.4 -13.0 2.8 4.3 4.4 36689 1.317
JPL-A124 15 1.1 -1.0 -16.9 -6 1.1 1.1 37659 1.312
JPL-A125 15 4.2 2.3 -13.1 2.6 4.1 4.2 39569 1.313
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Table 3 Percent error in the prediction of skin friction coefficient C , ,

supersonic data ( M;>2.0 )

AC,,%

van  von Karman Spalding Huang
Driest II et al & Chi Modified et al
Profile Re Present (Ref.16) (Refs.18,19) (Ref.17) Hunag (Ref.8) e, M,

f.
65020101 23 1.3 3.8 -61.3 6.0 1.9 2.0 427861 2.831
65020102 23 -3.0 2 -65.9 23 -1.9 2.1 532000 2.787
65020103 23 -1.0 3.2 -56.5 5.1 1.2 -2 737157 2.669
65020201 23 5.0 7.3 -55.6 9.6 5.5 5.6 366755 2.843
65020202 23 -2.0 v -65.9 2.8 -1.3 -1.2 431247 2.809
65020203 23 T 4.2 -55.5 6.2 2.3 1.6 602895 2.693
65020301 23 2.2 4.3 -60.8 6.8 2.7 2.8 225909 2.865
65020401 23 1.7 3.7 -62.5 6.4 2.2 2.3 167222 2.897
65020501 23 2.3 33 -61.8 6.2 2.7 2.8 50857 2.908
65020601 23 2.8 3.7 -61.3 6.5 3.1 3.2 49261 2.910
55010501 23 -1.5 -5.1 -47.9 -3.3 -2.9 -2.8 6030 2.908
55010502 23 -3.6 -8.9 -53.5 -7.1 -7.0 -6.8 8214 2.242
55010503 23 5.2 -9.4 -54.4 -1.7 -7.6 -7.5 10863 2.236
55010504 23 1.6 -0.1 42.4 1.3 .9 1.1 20718 2.244
74021801 23 -6.5 -5.7 -143.2 2.7 -5.7 5.4 10134 4.517
74021802 23 -8.3 -6.2 -147.1 1.8 -1.3 -1.2 15882 4.510
74021803 23 -6.5 -4.7 -145.3 2.9 -5.9 5.8 19789 4.510
74021804 23 -1.0 4.7 -145.9 2.9 -6.4 . -6.1 25001 4.500
74021805 23 -8.5 -5.6 -148.8 1.8 -7.5 -7.5 28447 4.493
77010301 24 18.8 15.5 -53.0 20.1 16.3 16.6 2871 3.480
77010801 24  -22.4 -24.5 -143.8 -14.7 -27.9 -27.4 1456 4.000
58020201 23 10.3 7.3 42.1 10.7 7.5 7.7 2011 2.735
58020203 23 7.3 33 -49.9 6.5 5.2 5.4 3834 2.731
58020207 23 -3.5 -5.9 -67.5 29 -5.3 5.2 12228 2.739
58020301 23 6.7 4.4 -78.3 10.7 4.3 4.5 2186 3.684
58020304 23 5 -2 -94.5 53 .0 .1 12174 3.667
58020306 23 -8.4 95 -112.7 -3.4 -9.2 9.1 10822 3.681

18 13 -1.1 4.2 -44.5 2.4 -2.5 2.3 14640 2.186
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Table 3 \Continued.

ACf=(1—Cj,cal/Cf,exp)x ].OO,%

van  von Karman Spalding Huang
Driest 11 et al & Chi Modified et al
Profile Re Present (Ref.16) (Ref.18,19) (Ref.17) Hunag (Ref.8) ge, M,

f.
19 13 -1.7 -3.4 -45.0 -1.7 -2.4 -2.3 30865 2.197
20 13 -2.2 -3.3 -45.4 -1.7 -2.8 2.7 48223 2.201
21 13 -3 -.6 42.4 .9 -.6 -5 88907 2.206
22 13 2.2 -2.8 -51.6 -9 2.5 -2.4 42743 2.402
23 13 2.9 -3.1 -59.2 -7 -3.0 -2.9 41902 2.599
24 13 2.2 4.2 -65.6 -1.1 -3.0 2.8 12330 2.789
25 13 4.9 -5.5 -69.5 -2.5 -5.1 -5.0 25028 2.797
26 13 -5.8 -5.7 -70.8 -2.8 -5.8 -5.7 40239 2.799
39 13 -1.1 -3.5 -44.5 -1.7 2.1 -1.9 19939 2.198
40 13 -1.8 -3.8 -45.3 -2.1 2.6 -2.5 24993 2.199
41 13 2.0 -3.7 45.4 2.0 2.7 -2.5 30300 2.200
42 13 -1.7 3.1 -44.9 -1.5 2.3 -2.2 35014 2.201
43 13 -1.6 -2.9 44.8 -1.3 2.3 2.1 39867 2.202
44 13 -1.9 -3.0 45.0 -1.4 2.4 2.3 46899 2.204
45 13 -1.2 2.0 -43.9 -5 -1.6 -1.5 53841 2.205
46 13 -1.5 2.2 -44.4 -7 -1.9 -1.8 63569 2.206
47 13 -9 -1.4 -43.4 .1 -1.2 -1.1 73310 2.207
48 13 -3 -.6 42.5 9 -.6 -4 84259 2.208
JPL-A132 15 4.2 2.3 -36.2 3.7 3.4 - 3.5 23938 2.172
JPL-A133 15 4.0 2.1 -36.3 35 3.2 3.3 24409 2.166
JPL-A134 15 4.0 2.0 -36.3 34 3.1 3.2 25782 2.164
JPL-A135 15 3.5 1.7 -37.0 3.1 2.9 3.0 25891 2.172
JPL-A142 15 4.9 3.7 -34.9 5.0 4.2 4.4 40005 2.181
JPL-A143 15 5.1 3.8 -34.5 5.1 4.3 4.4 41312 2.173
JPL-A144 15 5.5 4.4 -34.2 5.6 4.9 5.1 42380 2.182

JPL-A145 15 4.8 3.7 -35.1 5.0 4.3 4.5 44136 2.180

-19-

TN bbbtk b blid




TP ERTTTTF =T

Fig. 1  Percent error in skin friction coefficient AC;=(1-Cy a1/ Clexp)*X100%.
Experimental data from Gaudet '* M ,=0.784
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Fig.2  Percent error in skin friction coefficient AC 1= (1 =Cy cat/Cy exp) X 100%.
Experimental data from Winter & Gaudet'®, M, = 0.20
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Fig. 3 Percent error in skin friction coefficient AC; = (1-C, .,,/C fexp) X 100% .
Experimental data from Gaudet'*, M;=0.79
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Fig. 4 Percent error in skin friction coefficientAC, = (1-C, .,,/C fexp) X 100% .

Experimental data from Collins et al'®>, M, = 0.59
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Fig. S

Percent error in skin friction coefficient AC 1= =Cyeat’Cylaxp) X 100%.
Experimental data from Collins et al'5, M= 0.79
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Fig. 6 Percent error in skin friction coefficient AC,=(1-C focat’ Cylexp) X 100% .

Experimental data from Collins et al'>, M ; = 0.97
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Fig. 7a  Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Winter & Gaudet'’, M, = 0.20,Re, = 55982, profile 1.
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Fig. 7o Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'3, M, =0.20,Re, = 55982, profile 1.
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Fig.8a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Gaudet'*, M, = 0.7824, Re, = 42939, profile 2.
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Fig.8b  Untransformed velocity profile in normal coordinates. Experimental data
from Gaudet'*,M ;= 0.7824,Re, = 42939, profile 2.
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Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Collins et al'®, M, = 0.5927 Ro, = 18870, profile JPL-A-51.
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Fig. 9b  Untransformed velocity profile in normal coordinates. Experimental data
from Collins et al'®>, M, = 0.5927,Re, = 18870, profile JPL-A-51.
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Fig. 10a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Collins et al'°>, M, = 0.966,Re, = 18650, profile JPL-A-91,
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Fig. 10b Untransformed velocity profile in normal coordinates. Experimental data
from Collins et al'>, M, = 0.9664,Re, = 18650, profile JPL-A-91.
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Fig. 11a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Winter & Gaudet'>,M;=0.7904,Re, = 81000, profile 7.
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Fig. 11b Untransformed velocity profile in normal coordinates. Experimental data

from Winter & Gaudet'>,M;=0.7904,Re, = 81000, profile 7.
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Fig. 12a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Winter & Gaudet'®, M ;= 0.7930,Re, = 120366, profile 8.
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Fig. 12b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'’,M,=0.7930,Re, = | 20366, profile 8.
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Fig. 13a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Winter & Gaudet'3, M, =0.7933,Re, = 157450, profile 9.
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Fig. 13b Untransformed velocity profile in normal coordinates. Experimental data

from Winter & Gaudet'3,M;=0.7933,Re, = 157450, profile 9.
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Fig. 14  Percent error in skin friction coefficient AC,=(1- Crieat’Cyhexp)*X100%.

Experimental data from Winter & Gaudet

3 My=1.40.
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Fig. 15 Percent error in skin friction coefficient AC;=(1-C; cat/Cy aexp)X100%.

Experimental data from Collins et al'> M,=1.31.
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Fig. 16a Transformed velocity profile in semi-logarithmic coordinates. Experimental

data from Winter & Gaudet'>, M, = 1.5970, ke, =

56479, profile 15.
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Fig. 16b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'®, M= 1.5970,Re, = 56479, profile 15.
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Fig. 17a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Morkovin & Phinney?*,M,= 1.770,Re,= 17672, case 58060101.
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Fig. 17b Untransformed velocity profile in normal coordinates. Experimental data
from Morkovin®*, M, = 1.770,Re, = 17672, case 58060101.
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Fig. 18a Transformed velocity profile in semi-logarithmic coordinates. Experimental

data from Winter & Gaudet'>, M= 1.8002, Re, = 53671, profile 16.
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Fig. 18b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'®>, M, = 1.5970,Re, = 56479, profile 16.
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Fig. 192 Transformed velocity profile in semi-logarithmic coordinates. Experimental

data from Winter & Gaudet'®, M= 1.3943,Re,= 17914, profile 10.
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Fig. 19b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'>, M, = 1.3943,Re,= 1791 4, profile 10.
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Fig. 20a Transformed velocity profile in semi-logarithmic coordinates. Experimental

data from Winter & Gaudet'®>, M, = 1.3951,Re, = 39333, profile 11.
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Fig. 20b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'’, M= 1.3951,Re, = 39333, profile 11.
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Fig. 21a Transformed velocity profile in semi-logarithmic coordinates. Experimenta]
data from Winter & Gaudet'3,M; = 1.4003,Re, = 60234, profile 12.
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Fig. 21b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'>, M, = 1.4003, R0, = 60234, profile 12.
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Fig. 22a Transformed velocity profile in semi-logarithmic coordinates. Experimental

data from Winter & Gaudet'®> M;=1.3999,Re, = 1 13948, profile 13.
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Fig. 22b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'?, M= 1.3999,Re, = 113948, profile 13.
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Fig. 23a Transformed velocity profile in semi-logarithmic coordinates. Experimental

data from Winter & Gaudet'>, M, = 1.4003,Re, = 1 28035, profile 14,
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Fig. 23b Untransformed velocity profile in normal coordinates. Experi_mental data
from Winter & Gaudet!3,M;=1.4003,Re, = |1 28035, profile 14.



Fig. 24  Percent error in skin friction coefficient AC,=(1-C focat’ Cy exp) X 100% .
Experimental data from Winter & Gaudet'® M= 2.20, profiles 18 to 21.
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Fig. 25 Percent error in skin friction coefficient AC 1= (1 =Cy cat/Cy exp) X 100%.
Experimental data from Moore & Harkness™® M = 2.90, case 6502.
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Fig.26  Percent error in skin friction coefficient AC;=(1-Cy cat/Cy exp)X100%.
Experimental data from Winter & Gaudet'>, M, = 2.20, profiles 39 to 48.
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Fig. 27a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Stalmach?®, M ; = 3.6840,Re, = 2115.3, case 58020301.
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Fig. 27b Untransformed velocity profile in normal coordinates. Experimental data
from Stalmach?®, M, = 3.6840,Re, = 21 15.3, case 58020301,
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Fig. 28a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Stalmach®’, M ;= 3.6670,Re, = 8134.9, case 58020304,
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Fig. 28b Untransformed velocity profile in normal coordinates. Experimental data
from Stalmach?®, M, = 3.6670, Re, = 81 34.9, case 58020304.
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Fig. 29a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Stalmach?’, M, = 3.681,Re, = 10484, case 58020306. .
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from Stalmach?®,M ;= 3.681,Re, = 10484, case 58020306.
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Fig.30a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Winter & Gaudet'® M, =2.1865,Re, = 14640, profile 18.
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Fig.31a Transformed velocity profile in semi-logarithmic coordinates. Experimental

data from Winter & Gaudet'>,M = 2.2064,Re, = 88907, profile 21.
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Fig. 31b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet'®, M, = 2.2064, ko, = 88907, profile 21.
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Fig. 32a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Winter & Gaudet '>, M, =2.1984, Re, = 19939, profile 39.
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Fig..32b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet '°,M,=2.1984, Rey= 19939, profile 39.
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Fig. 33a Transformed velocity profile in semi-logarithmic coordinates. Experimental
data from Winter & Gaudet '°, M, =2.2082, Re, = 84259, profile 48.
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Fig. 33b Untransformed velocity profile in normal coordinates. Experimental data
from Winter & Gaudet '°, M, =2.2082. Re, = 81259, profile 48.
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Fig. 34

Percent error in shape parameter AH = (1 - H cat/ H ixp ) X 100% . Experi-

mental data from Collins et al'>, M, = 0.59 .
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Fig. 35  Percent error in shape parameter AH = (1~ H .,/ H exp) X 100% . Experi- -

mental data from Collins et al'®>, M= 0.79 .
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Fig.36  Percent error in shape parameter AH = (1 - H .o,/ H exp) X 100% . Experi-
mental data from Collins et al'>, M, = 0.97 .
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Fig. 37

Percent error in shape parameter AH = (1 - H .o,/ H exp) X 100% . Experi-
mental data from Winter & Gaudet'>,M,=0.20.
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Fig. 38 Percent error in shape parameter AH = (1 -

mental data from Winter & Gaudet'3 M, =

=0.79 .
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Fig. 39  Percent error in shape parameter AH = (1~ H .o,/ H .x,) X 100% . Experi-
mental data from Gaudet'®> M,=0.784 .
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Fig. 40  Percent error in shape parameter AH = (1 - H .,/ H ., ) X 100% . Experi-
mental data from Collins et al'®, M= 1.31 .
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Fig. 41

Percent error in shape parameter AH = (1 = H a1/ H o, ) X 100% . Experi-
mental data from Collins et al'>, M ;= 1.31 .

— Present Method
----o--— Modified Huang
---+»-- Huang et al

3
x10 100 150



0.5

0.0

AH

-1.0

-1.5

Fig. 42

Percent error in shape parameter AH = (1 = H .o,/ H ox,,) X 100% . Experi-
mental data from Winter & Gaudet'’,M,=2.2 | profiles 18 to 21.
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Fig. 43  Percent error in shape parameter AH = (1~ H ./ H o, ) X 100% . Experi-
mental data from Winter & Gaudet'’, M, = 2.2, profiles 39 to 48.
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Fig. 44 Percent error in shape parameter AH = (1 - H o,/ H o, ) X 100% . Experi-
mental data from Moore & Harkness®®, M, = 2.90, case 6502.
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