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SIBMARY 

A preliminary study is made of the theoretical gain 
in povTcr output obtained with a fully ducted land-type windmill 
is cairpared v/ith the standard unshrouded type windmill» The 
design of the internal and external ducting is discussed 
together v.ith its effects on the overall performance of the 
vdndmill. The differences in the aerodynamic design of the 
blades for the ducted and unshrouded windmills are considered 
and attention is drawn to the importance of the use of the 
correct induced (or interference; velocities, A brief review 
is included of recent Japanese theoretical and experimental 
studies on ducted windmills, 

The gain in performance is shorm to be due to (a) a 
reduction in the tip loss and (b) the effect of the increased 
axial velocity through the windmill by controlled diffusion 
of the slipstream. The gain is sho\7n to depend critically 
on the internal frictional losses, the diffuser expansion ratio 
downstream of the windmill and the external shape of the duct 
at exit and less on the inlet contraction ratio. It is found 
that with suitable design of ducting the gain in power output 
should be at least 65 per cent, as compared with the ideal 
povrer output of an unshrouded windmill, if both the ducted 
and unshrouded windmills are of the same diameter. Since the 
disc loadings of the ducted windmill voce very much loT/er than 



those of the unshrouded windmill, and the risk of high gust 
loading vri.ll be less, it is suggested that the simplification 
in the design of the windmill will partly offset the increased 
cost due to the windmill ducting» 
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2, Notation 

a lift cur\'"e slope forHade 

B 

c 

°D 
C^ = 

number of blades 

chord 

drag coeff ic ient 

E 
ü-p, = ^— p̂ energy loss coefficient 

c„ = F ~ £ , ^ ^2 
ax ia l force coefficient 

P 4 " P o 

2 o 

lift coefficient 

pressure coefficient at duct outlet 



Cp = =—r power coefficient 
fvW 
2 o t 

Cp' maxitnum pov/er coefficient of unshrouded vdndmill 

C _ ^L ^ ^D 
X sin 0 cos 0 

o --X --X 
y cos 0 sin 0 

D Qi'ag 

e energy loss coefficient 

E energy loss in slipstream 

E-̂  profile drag energy loss 

f disc loading of v/indmill 

P axial (drag) foi'ce on vdndmill 

h. ,h„ non-dimensional coefficients 

H total head, pitch of vortex sheets 

£V H loss of total head 

I ,1. Bessel functions (l'(z) = dl /dz) 

k pressure drop coefficient, mass coefficient 

K rate of flow of kinetic energy, circulation function 
K ,K. Bes sell functions o' 1 

L lift 

m integer , factor in drag i n t e g r a l 

n area r a t i o 

p pressure 

^ p mean pressure drop across VTindmill 

P povrer 

q resultant velocity 

Q torque 
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Cp 
r = 777 performance factor, (r,6,z cylindrical coordinates) 

°P 
R. radius of ̂ dndridll fairing 

R. outside radius of windiidll blades 

s element of length, non-dimensional parameter 

S cross-sectional area 

t time 

u ,Up.,u "relocity components 

u axia l component of ve loci ty in slipstream or V7ake 

V volume, velocity ratio 

" axial component of velocity 

V wind velocity 

vf velocity of rigid helicoidal vortex sheet 

w = w /V 
o o' o 

¥ resultant velocity 

X velocity ratio, radius ratio 

X force 

z velocity ratio, (r,0,z cylindrical coordinates) 
a blade incidence 

a no lift angle o 

5 velocity increment ratio due to duct 

Ti efficiency 

6 blade angle,(r,G,z cylindrical coordinates) 

t> angle 

i\,. circulation function 

H reciprocal of diffuser expansion ratio, Si r/V 

p density 

0" solidity 
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JZf • velocity potential, relative flow angle 

p circulation 

/\ non-dimensional parameter 

..Cï. angular velocity 

Suffixes 

1,2,3 denote sections of the duct 

n,t denote norraal and tangential respectively 

primes denote conditions just do\mstream of the windmill 

bar denotes a ratio, 

3, Introduction 

Tills paper has been prepared at the suggestion of 
lir, Golding of the Electrical Research Association follovdng 
on some preliminary work done by one of the authors. It is 
intended to be only a preliminary paper outlining the gains 
in perfonnemce obtained with a ducted v^dndmill over an un­
shrouded windmill, as well as the limits imposed on the 
(Jucting and the design of the blades, 

It is known, from the simple mcmentum theory of the 
vdndmill, that for an unshrouded windmill the maximum power 
output is only 59.3 per cent of the available kinetic energy 
of the vdjad per unit time crossing an area equal to that 
sv/ept out by the blades, (In practice due to aerodynamic 
losses this figure is reduced to about i+O per cent). Since 
the action of the vdndmill in absorbing power fron the wind 
is to reduce the kinetic energy of the air passing througli it, 
it follov/s that only part of the available vdnd upstream of 
the vdndmill actually flaws through the vdndmill disc. This 
energy, which is lost to the vdndmill, amounts to 40 per cent 
of the available energy, 

Various methods for increasing the povyer output from 
vdndmills have been discussed by Betz^. These include the use 
of multi-stage vdndmills and a conbined propeller and windmill 
in which the power to drive the propeller is provided by the 
windmill. The propeller induces a higher axial velocity 
through the vTindmill disc and thereby increases its pavver output, 
Although the ducted, or axial f lev/, fan has been discussed by 
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many authors since 1920 the ducted vdndmill has received 
little attention. The first reference, known to the authors, 
to the gain in povrer associated idth the ducted over the 
unshrouded vdndmill, is due to Vezzani • A more complete 
account of the perf onaance of ducted idjidmills is due to 
Sanuki-̂  in which for the first time experimental results are 
given. Some further measurements are described by Iwasaki^ 
v/ho a7LSO discusses the detailed aerodynamic design of 
tonslirouded and shx-ouded windmills. Independently one of 
the present authors^ recently drev;- attention to the gaiii in 
power output obtained vdth the fully ducted windmill, 

Tne ducted -vdndmill, consisting of an entry cone, or 
contraction, follov/ed by a diffuser vdth the vdndmill operating 
in the tliroat section, obtains its increased povrer output 
from two independent effecbs. These are (a) a reduction in 
the tip loss and (b) a higher axial velocity through the vdnd­
mill disc obtained by controlled dii'fusion of the slipstream, 
The gain in performance due to (a) can only be found fron a 
complete analysis of the aerodynamic design of the vdndmill, 
The ejqperimental and theoretical work of Iv/aBaki4 shov/ hovrever 
that tliis gain in power output can amount to as much as 30 
per cent of the power of the unshrouded vdndmill,* Sanuki's^ 
experiments on ducted vdnd:->iills of 1,2,3,4 and 6 blades over 
a range of blade settings v/ere performed \d.th a vdndmill 
mounted between entry and exit cones having diameters 1 ,3 and 
1,1 respectively greater than the vdndriiill diarüeter. The gain 
in power output v/-as greatest for a 2-blader and least for a 
6-blader although in the former case the unshrouded power 
output vfa-s so small that the blades vrere probably stalled, 
The effect of (b) can, at least qualitatively, be found from 
an ajjplication of one-dimensional flow theory v/hen the internal 
and external duct losses are included. The gain in pov̂ er 
output vdth suitable duct design is found to be very much 
larger than in the former case and can amount to as much as 
90 per cent of the power of the unshrovided vrijidmill, (in 
practical Installations, liowever, it seems unlikely that 
tlie total power output of a ducted vdndmill vdll exceed t\dce 
that of an anshroudad \djidmill of the same diameter). The 
experiments of Sanuld.3 show that vdth relatively crude ducting 
and no effective slipstream diffusion the increase in power 
output is about 86 per cent for a tvro-blader windmill and 
somewhat less for vdndmills having larger nuinbers of blades, 
although for the tv/o-blader most of the gain in povrer arose 
from an unstalling of tlie blades, 

X The experiments, due to Iv/asaki, were done vdth a shroud 
ring of length equal to about one third of the vdndmill 
diameter. The tests vrere done at relatively large blade angles 
and consequently the povrer outputs vrere v/ell belovr the raaxijnum, 

file:///djidmill
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The aerodynamic design of the blades of the fully 
ducted vrijidmill is not as simple as in the case of either the 
unshrouded vdndmill or the aocial flow fan. In the latter 
cases the disc loading and the povrer output can be calculated 
on the basis of lifting line theory, once the induced, or 
interference, velocities due to the vortex sheets in the slip­
stream, are knovm.. These can be calculated from Goldstein's" 
theory and the vrork of Lock and Yeatman^, Kramer°, Kawada9, 
Moriya''Oj Theordorsen'''', Abe'^ and Takeyama''3, In the case 
of the fully ducted vdndmill the induced velocities are a 
function of the ducting around the tips of the vrijidmill blades, 
the diffuser and conditions in the slipstream far downstream 
of the vrijiuinill and its sui-rounding duct, A simple analysis 
easily demonstrates hov/ inportant a correct evaluation of the 
induced velocities is in the aerodynamic design of a ducted 
vdndmill, 

Part I of tills paper deals vdth the performance of 
the ducted vdndmill and its canparison T,̂ith that of the 
unshrouded vdndmill on the basis of sijnple one-dimensional 
theory. Part II, on the other hand, discusses the comparative 
performances of ducted and unshrouded windmills using the vortex 
theory of v.indmiUs, 

PiiRT I 

One-dimensional f lov/ theory 

4 , imalysis 

In the simple aerodynamic theory of vdndmills, the 
idndmill is assumed to have an infinite number of blades, so 
tliat it effectively becomes a circular actuator disc over 
which the axial force is uniformly distributed. The rotation 
of the slipstream is neglected and the axial component of the 
velocity must be the same on both sides of the disc in order 
to satisfy continuity of flow. There is, hovrever, a discon­
tinuity in the pressure as the air flov/s across the disc, 
It is ass\:uned that the velocity across any plane perpendicular 
to the •vdjid.iill axis is uniform and steady and the flOTv in-
coiipressible, T'e vdll first find the power output fron. an 
unshrouded vdndmill and then secondly ccoipaz-e its power 
output vdth that of a ducted vdndmill of the type shovm in 
figure 1, 

4a-« The unshrouded windmill 

The axial force, povrer output and efficiency can 
be obtained from an application of Bernoulli's equation and. 
the laws of conservation of mass and momentum to the control 
surface ABCDEP (see figure 2), Since the rates of mass flow 
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across sections 'O', '2', '3' must be equal vre have 

Vo = V2 = ^3 ^'^ 

xéxere V i s the axial ve loc i ty and S i s the cross-sect ional 
area normal to the vrijidmi.ll ax i s . Since the flov/s upstream 
and downstream of the disc are i r r o t a t i ona l vre may separately 
apply Bernoul l i ' s equation to the motion in these two regions , 
Therefore the t o t a l head, H, in these two regions i s 
respect ive ly , 

"o = Po -̂  ^ P ^ = ^2 -̂  i p i ) 
' (2) 

and H^ = p^ + ipV^ = P^ + ^pv | | 

Since the pressure p, far downstream must equal 

p , the pressure difference across the actuator disc is 
o 

P2 - P^ = h (v^ - v^) - (3) 

and the axial (drag) force P acting on the vdndmill disc, 
of area Ŝ ,, is 

/ V^ \ 
F = (P2-PpS2 = i p S ^ y h - ^ ; (4) 

o 

If we apply the maaentum equation to the control 
surface ABCDEF i t can be shovm that 

F = X + p^ (S^ - S3) + p V2 S2 (V^ - V3) 

where X is the integral of the pressure forces acting on 
the curved borjidaries ABC and DEF due to the fluid 
outside the slipstream. It can be shown that 

and then 

x = -p„ (3^-33) (5) 

P = pV232 (V^ - V3) (6) 

It follov/s from equations (4) and (6) that 

V2 = - ^ ^ (7) 
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/v + v,^ 

or ? = P ( ° 2 ^) ^2 (̂o - ̂ 5^ ^^^ 

^ ./ 

where p | 'o~~'^j 3p is the rate of mass flovr through the 

vdndmill disc and (V - V,) is the difference between the 
^ o 3 

velocities of flow far upstream and far downstream, 
The decrease of kinetic energy of the fluid in the 

slipstream per \init time is 
/ V^ + V,\ „ „ 

K = ip{-^H>^ 32 (V̂ -V̂ ) 
/V^ + VA 

= F {—-^J (8) 
which equals the work done by the fluid on the \dndmill, P, 

If we define the power coefficient, Cp, as the 

ratio of the v/ork done by the fluid on the vdndmill, to the 
rate of flow of kinetic energy, far upstream of the vrijidmill, 
through an area equal to that swept out by the blades, then 

Cp = —I— (9) 
-^^pV 

o 

(This i s the general expression fctr the vrijidmill ppver 
coefficient and i s independent of the number of blades and the 
s ize of vrijidmill ".loss). If vre assume tha t Sp = TIE? vAiere 

R. i s the outside radius of the vdndcriJ-l then 

2 r ..2 / 

. . . . ( 1 0 ) 

The maximum povrer coefficient Cp (V-./V ) i s obtained vdien 

v,A = i 
3 o 3 

,(11) 
giving Cp = "if = 0,595 

max 

The disc loading, f = r , oorresponding to maximum 
ip32V^ 

power is 

file:///init
file:///dndmill
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4(i-v,A ) 
f = ^ ° = 2 (12) 

(I+V3A0) 

al though t h e d i s c load ing i t s e l f i s a maximum when V /V = 0 

and f = 4 . 

I t should be no t ed t h a t tlie d e f i n i t i o n of d i s c 
load ing f i s d i f f e r e n t from t h a t of the a x i a l fo rce (drag) 
c o e f f i c i e n t C„ = F / ^ 2 V 2 , Thus v/hen S^ = rJl^ 

J? TO <i 't 

Cj, = ( i - ^ A o j 03) 

and a t maximum power 

. ( C j = 8/9 (14) 
Cp 

max 

4b, The ducted vdndmill 

(i) Frictional losses neglected 

Let us consider the performance of a windmill mounted 
in a duct having a cylindrical external profile (see figure 3). 
Since the flow is frictionless the only losses are those in 
the windmill slipstream, 

As the air flov/s through the duct its pressure is 
decreased by A.p across the vdndmill. The axial force, F, 
on the windmill is given by 

P = S2 .Ap (1) 

where Sp i s the vrijidmill d i s c a r e a , 

I f vre apply the momentum theorem t o the c o n t r o l surface ABCD 
vre can show t h a t 

F = • PS2V2 (V^ - Yj - D (2) 

v/here D i s t h e drag on the duct due t o the i n t e r n a l and 
e x t e r n a l f lows , 

I f vre next apply t h e momentum theorem t o the flov/ i n s i d e the 
s l i p s t r e a m i t can be shown t h a t 

P = PS2V2 (v^ - V j - / \p (S^ - S2) (3) 



Equations ( l ) and (3) togetlier give 

A P S^ = PS2V2 (v̂  - y (4) 

and equations (2) and (3) show that the duct drag 

D = Z\P (3-, - Sg) (5) 

TMs simple expression for the duct drag arises from 
the fact that its external profile is cylindrical. Equation 
(5) is not true for external profiles other than cylindrical 
and in any case it is only true for inviscid flow, 

If WB apply Bernoulli's equation to the flow upstream 
and dovmstream of the windmill vre get 

^o = Po + ̂ P ^ = P2 + ip^ ) 

I (6) 
and Ĥ  = p^ + ̂ pV^ = PQ + ̂ P ^ j 

These equations show that 

A,p = P2 - Pl = H^ - Ĥ  = hi^o - t ) ^̂ ^ 

which together vdth equation (4) leads to 

\ = ŝ  l^T^j («) 
or alternatively 

2̂ = —2 """^^ ("~2 J (0̂ ) 

The first term on the right hand side gives the contribution to 
Vp due to the vdndmill slipstream and the second term is the 

contribution due to the duct, 

The work done on the ducted vdndmill by the ear is, 

using equation (8) for Vp, 

P = P V2 = /ipS2V2 = ÓpS^ f °2 ) (9̂  
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or the power output for a given value of /\p is proportional 
to the rate of volume flow tlirough the \dndmill disc, 

Now for an unshrouded -tYindmill of disc area S the 
povrer output is 

p = Zips % -" (10) 

Hence the power output from a ducted windmill. where 
the external prcfile is cylindrical, is equivalent to that 
froTT?. an up̂ hr-ouded vdndmill, luving (a) a disc area equal to 
the_jj:'̂ t irlet (eyity" area, and (b) the same pressure drop as 
the ducted vdhdmill, 

'Then the external profile of the vdndmill duct is 
not cylindrical (figure 4) equations (l) and (2) still hold, 
but the duct drag, D, is given by 

r !' 
i 

D = 1 p dS - p dS .,,.. .(11) 
'J u 
E I 

where 'S' and 'I* denote the external and internal surfaces 
of the duct respectively. Since the flow is one dimensional 
the velocities inside the duct upstream of the windmill vriJ.1 
be equal to those at the corresponding section dovaistream, 
Due to the pressure drop /S p across the vdndmill, the con­
tribution to the internal drag, between the inlet and tlie 
section dovmstream of the vrijidmill having the same area as the 
inlet, is equal to (!!'\p(S. - Sp), Betiveen this section and 

the exit the external and jjitemal pressxur-e difference changes 
from A p at the area S. to zero at S^, Hence a mean 

value for this part of the dra^ contribution is 

(mS, - Ŝ  ) 
^^p =i__ ^ where m is less than \inity, and the 

total drag becomes therefore, 
(mS^ - S ) 

D = A p (S^ - S2) + /L\p -" 2 (12) 

Since F = Ap Sp we have, a f ter some rearrangement 

m + S./S, 

^-^/^ ' - T s ^ ('2-) 

mS_ + S, 
and D is only positive when —^= . ^ 2 , 

S2 

file:///dndmill
file:///inity


•14-

TECHNIi.;.. __ 
VLiEGTUIGBOUWKU>4DE 
Kanaalstraat 10 - DELFT 

From equation (2) vdth the value of D fï-cm (12) 
we find tha t 

P̂ 2̂ 2 (̂ o - y = ̂ ^ ( ^ ^ \ ^ ! (13) 

But frcm equation (7) 

^p = h O^o - V (̂ o + IJ ^̂ )̂ 

and theref or-e 

V _ 
2 2 Sg \ 2 ') (15) 

ar alternatively 

V + V^. 

^2 - 2 ^. .. 

/'mS, + 3. - 2S„\ /V + V.^\ 

Since the povrer output is still given by 

P = P V2 

we find that when Vp is substituted fron equation (15) 

(mS, + S,) /V + V, A 

p = Ap^ \ '^ [r^-T^ • • (̂ 6) 

Thus the equivalent imshrouded windmill must have a disc area 
(mS + S^) 

Qf 2— ^ It should be pointed out, however, that this 

result is only very apxïroximate and depends on the expression 
obtained for the duct drag (equation (12), However, in 
practical applications the use of the factor m is simpler than 
say expressing the fairing drag in terms of the maximum velocity 
on the external profile, 

From equations (16) and (14) the power output can 
also be vnritten as 

p(mS, + 3 ) 00 

? = \ ' (v„ - V (^ - f.) (") 
and the power coefficient, Cp, in terms of the vdndmill 

2 swept area, 7C R., and the upstream velocity, V is 
w o 



-15-

2 ^2 /. 2̂ \ 

L 2 / '-. 2 y 

2 ^2 
v/here Sp = 7tR, and v = rr- , 

o 

In the follovdng section the importance of the 
expansion ratio, I/JJ. = S,/Sp, and the pressure coefficient 

P^Po 
at exit, C, = -r— , are demonstrated, The connection 

'̂̂ " ip^ 
betvreen these parameters and the terms used above vdll nov/ be 
found, 

Since the external and internal pressures at exit 
are equal it follows that 

v2, 

°D = - ^ - -^^^ (19) 

Q 

But from equation (14) 

^ ^ {^.-^')i- = t (20) 

and hence from equations (19) and (20) 

v̂ f = 1 - (nV + C ) ...„,.(21) 

P4 
Fran equation (2) the disc loading 

i p ^ S '- o ' V 

v/here C_ = s 

iP ^ 2̂ 

If we siibstitute for V /V from equation (20) then 

P p / 2Vp \ 
v 2 f . C ^ = f v 2 , ( ^ j (23) 
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2V. r /-^ 
^ 2 2v 11 - v̂  1-v f J /o, \ 
Tshere ^f+y- = 2 ^^^ 

o €'•- fv 
j — ' • 'j 

I / 2 2 2v 1 -Vu V +C , 
= —^ E i ^ , (24a) 

1 - (i-iV+C ) 

In tenas of the drag coefficients, C-,, equation (12) becccies 

^.^^.^^(f0 (23) 
and therefore on conparing equations (23) and (25) it follows 
that 

mS, + Ŝ  ra + S./S, 2v 1 -/(i>'"+C 
2 2 

^^t-i ...(26) 
2S„ ~ 2p. . f 2 2 „ y, 

2 ^ l - f u v - f C ) 

which af ter some rearrangement leads to 

/ "2 2 
4fiv 1 - / n V +C , ' S, 

m = ' - ^ E L ^ ' - 3 ! (27) 
2 2 "^ 

1 - |i V - C -̂  
P4 

A knowledge of the value of m enables the disc area of the 
equivalent vdndmill to be determined, 

A very simple result arises when S. = S,, In this 

case equations (5) and (12) show that m = 1, and solving 
equation. (27) for v gives 

2 + ./I + 3C , 
V = -^=^ ^ (28) 

Thus if C is negative it cannot be more negative than - -r 

and not greater than zero (see below). These conditions 
refer to maxdmum and zero poiver respectively. The fact that 
values of C more negative than - I/3 scce not permissible 

is a rather surprising but nevertheless a very important ded­
uction, Similar restrictions exist on the values of [x and v, 
From equations (20) and (8) 
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V̂ o 
./1 - fv^ = 2|iv - 1 ,(29) 

or f v = ifliV ( l - Vjj) .(30) 

and |i, and v raust lie in the restricted range given by 

1 1 
-;r- < V <. — for pos i t ive values of f and V , 

V.hen m 4^ 1 the general fcorriiulae, replacing ecjuation 
(30) and (28) are respect ively 

fv 
-1^ 2 2 
16 |i V 

(m + ^^/^^ 

4 

m + 3 / 3 
2(iv 

1 _ .(31) 

m+i ï ^ ^ , -1/1 + C \i-^ 

and 

p^)«^m+S^/S3J 

2 ^ 

I - 1 ' 

V = s2 

\i-k-^\ -1/ 
. . . ( 3 2 ) 

^̂  ^;s7s:j7^/ 

Similarly the equation for the povrer coefficient 
foiind fron equation (18) i s 

^ W S / S 3 \ (• 16 - (m.S/S3)^ 
C„ = 8 , P \ II 

! ^ 4 - / l 6 + ( l - C p )(m+s/S3) 

J4-/l6+(1-C^)(m+S/S3)' 

i 16 - (m+S^/S3)^ 

Thus for positive values of f and v 

^•b-b) 
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To these relations we must add the condition for 

positive drag (equation 12a) viz, — + S./S2> 2, although this 

vdll always be satisfied no matter what values are used for 

[1 and S/Sg. 

Although all these relations are modified to some 
extent when friction effects are included nevertheless they 
represent useful limiting values in preliminary design studies, 

The inrportant results obtained from this section are 
as follov/Sj-

(1) The interdependence of the windmill power output and 
the fairing drag, 

(2) The power output is proportional to the rate of 
voluir.e flow through the vdndmill disc for a given 
disc loading, 

(3) The velocity through the vdndmill disc is equal to the 
slipstream and the duct contributions, 

4b • (continued). The_ _ducted vriiidnill 

(ii) Fl(3v/ with frictional losses included (see figure 4) 

The flow far upstream, of velocity V , enters the 

duct inlet, of area S., vdth the velocity V., The flow is 

accelerated in the contraction and flows past the vdndmill of 
disc area Sp vdth the velocity Vp, The pressiire discontinuity 

across the vdndmill actuator disc is equal to Pp - Pp • The 

velocity decreases along the diffuser and leaves the exit, of 

area S,, vdth the velocity V,, The velocity further 

decreases dovoistream of the exit since the pressure p, at 

the duct exit is less than the -uniform stream pressure p • 

The velocity reaches a final value V far downstream of the 

duct exit, 

In the external flow around the duct it vdll be 
assumed that outside the duct boundary layer the total head is 
constant and equal to its value far upstream. It vdll be 
assumed that at the duct exit the pressure p. is constant 

across the boxindary layer and equal to the value p, inside 

the duct. In general p. will be less than p , 
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Inside the duct we vriJ.1 assume that the total head 
loss in the boundarj"" layer arising from the friction force at 
the wall is distributed over the ccxaplete duct cross-section 
i,e, complete mixing at each section is assumed. If c„ is 

the local skin friction coefficient acting on the element of 
surface of the duct of length ds and perimeter 7tD then the 
total head loss, A H , between tvro sections of the duct is 
given by 

.ÜH=pf 
\2 

2 
V ^ ^ c ^ r - ^ ds 

v^s 
where from continuity V = — r — , If C- is the mean 

b i) 

coefficient of skin friction in the duct between sections 1 
and 2 then 

r>2 / D -, 5 

where V. and D. are the velocity and diameter respectively 

at the section 1, 

The following losses will be included, 

/jH. the mean total head loss at entry 

ÖHp the mean total head loss in the contraction section 
including the losses across guide vanes and fan 
fairings 

/\E^ the mean total head loss in the diffuser, 

If vre apply Bernoulli's equation to the flov/ inside 
the slipstream and the duct ire obtain 

H fo = Po + ipV^ = Pi + ^PV? +ÓH., 

P^ + 2pV^ = P2 + h ^ + ^ ^ 

P2 + ipV^ = p^ + ̂ pV^ +éH^ 

p^ + ipv^ = P3 + ipv^ +.Mi^ 

.0) 

J 
But the loss in total head across the vdndmill ^Bl 
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is found fron the axial (drag) force on the windmill 

F = Sp (P2 - P^) = S2 A H ^ (2) 

•ri oHp 

2-pS2V̂  -opV̂  

Fro-ü equation (1) it can be shown that 

^p(^ - i ) = P3 - ô - i>l ^\ - '-̂ 2̂ 
i=1 

but since p , = Pi and v/riting 

then _ 

^4 ipV^ 

If further we put 

h = 1 - c } -
1 P) -1 ir*̂  

4 spV^ 

2 ^ ^ ^"^ 
and h^ = ti + 5- + ^ 

Wq èpv̂  

then equation (4) becones 

(f + h2) v^ = h^ (5) 

^ ^ =^^FTh2 ^̂^ 

The povrer output frcci the vriLndmill i s 

P = F V 2 (7) 

K This expression for pov/er output is only true v/hen the drag 
on the blades and the losses in the slipstream are neglected, 
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and the power coefficient Cp in terms of the vdndmill swept 
2 area TCR. and the upstream veloc i ty V i s 

Cp = ^ (8) 

2 
I f Sg = 7CR.L then fron equations (3) , (7) and (8) 

Cp = f v^ (9) 

and fron equation (5) 

Cp = f v^ = (h^v - h2 v^) (9a) 

If the internal duct friction is neglected 

ij.H. = f^Yi^ = /.\li, = 0 then the povrer coefficient can be 

written Cp , where 
ideal 

°P ideal 
f \ ' 2 
[1 - C ' P,.j % 

.(10) 

v/hich equals the power coefficient obtained froci equation (21) 
in t ^ previous section, 

Both equations (9a) and (10) show very clearly that 
large pov/er coefficients vdll be obtained when C is negative, 

PL. 
|i is very small and v is very large, although these 
variables are not independent, 

For fixed values of h. and hp the maximum power 

coefficient is obtained v̂ iien 

- V r ^ <̂ '̂ 
giving / 

°p = 2 ^ i r t 
max ^ ^ ' 

A - c f 2 ) ^̂ 2) 
l ^ d e J "P72 , 

max 
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and = 2 
at C, 

max 

if. ideal 
at C, 

max 

^ 

= 2 1̂"= 

.(13) 

) 

It can be seen that the entry contraction ratio 
S./Sp only affects the performance insofar as it affects the 

losses <{\H. and A,^ and the pressure coefficient C • 

The factors of greatest importance are the expansion ratio 

of the diffuser, — , the diffuser loss, £S.^-zt and the 

pressure coefficient, C • 
^4 

A measure of the gain in power output from the 
ducted vvindmill over the unshrouded vdndmill is the ratio of 
their respective povrer coefficients. Thus if both v/indmills 

2 
have the same swept area, TtP ,, and the unshrouded vrijidmill 

is operating at its maximum output pov/er coefficient Cp then 

the performance factor r is given by 

TiThen in addit ion the ducted vdndmill i s operating 
under maximum povrer conditions vre find frcm equation (12) tha t 

max l_ 1 I / , ^ 

-c^ = v-r) / ^ 
.(15) 

or using the values of h. and hp 

max 
3 / 

'f ii - c , 
..4 ••. p 4 

( ' 
1_. 

- 2 &^ é^ ^ 

y^2 p̂î ^ 

.(15a) 

aifii °, ideal / max 1 liill^ 
la I 4 

M3/2 
.(16) 
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The limit of usefulness of the ducted vdndmill can 
be taken when Cp/Cl equals unity. Thus vdth no internal 

losses and C = 0 the minimum value of the expansion ratio 
4̂ 

— , corresponding to ^Cp \ /C' , is, fron equation (l6) 
^ V ideal" max 

^ = 1.54 ,. (17) 

In addition, from equation (I3), it can be shovm that 
the corresponding maximum value of the disc loading is 

k 
max 

These results show, when internal duct losses are 
neglected, that the ducted windmill has a greater output than 
the unshrouded vdndmill v/hen the external pressiire coefficient, 
C , is negative or zero, and the expansion ratio of the 

^^ 1 diffuser, — , is greater than 1,54, Also the disc loading 

is reduced frcm 2 to less than 0,84 when the vriLndmill is 
operating imder maximum pov/er conditions. Thus v/hen internal 
losses are neglected, the gain in power, vdth the ducted 
wijidnd-l-l, is proportional to the diffuser expansion ratio and 
similarly the disc loading is inversely proportional to the 
square of the diffuser expansion ratio, 

(iii) Tip clearance of the ducted windmill 

Since the action of a v/indmill is to create a 
pressure drop across it, similar to the action of a gauze, it 
is import£mt to consider v/hat effect the clearance betv/een the 
blades ajid the duct has on the reduction of mass flov/ through 
the v/indmill and the povrer output, 

Assume that the windmill of disc area S is uniformly 
loaded and is placed in a duct of area S (figure 5 ;, The 

velocily and pressiire are respectively V , p far upstream 

and V,, Pp far dovmstream in the slipstream and Vp, P2 

outside, Frictional losses vdll be neglected throughout, 
If vre apply Bernoulli's equation to the flow inside and outside 
the slipstream then 
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and Ĥ  = Pg + h ^ 

where H i s the t o t a l head upstream of the vdndmill and 

outside the sl ipstream and H. i s the t o t a l head downstream 

of the vdjidmill, 

I f /Sv i s the xinifonn pressure drop ajcross the 
vdndmill then 

^ p = H ^ - H ^ = i p (V^ - V ^ ) (2) 

and the ax ia l force, F , on the vdndmill i s given by 

P = AP 3 (3) 

If we apply the mcmentum theorem to the control 
surface ABCD (figure 5 ) then it can be shov/n that 

P = f 32 (V̂  - V^) + PS3 (V2 - V^) (4) 

From continuity it follovns that 

^2^0-^3= (S2-S3)V2 (5) 

S, V2 - V^ 
giving -^ = y ^ y (6) 

Sg Vg - V3 

If —*r- = k then equations (2) and (4) can be 

^P< 

written respectively 

i = i + K (7) 

V? / „ S,A 
and - 4 = 1 - k ( | - + 1 - 2 - ^ (8) 

V̂  1̂ 2 ^2/ o 

Frcm equation (6), (7) and (8) vre obtain 
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2 

V - V 
_2 o _ ^ J ' i ^ £ 1 / /q') 
V„ - V^ - / V x2 '̂ ^^ 

V V 
I f we pu t n = - ^ J x = ^ J z = r r - then 

^2 ^3 3 
equa t ions (7) and (9) become 

x^ = 1 + k z^ (10) 

( P ^ ) = ^ - '̂ ^̂  ; ^ - ^^ (11) 
2 

and 
I -v ^ -I t 

2kz 

On e l i m i n a t i o n of x betv/een equa t ions (IO) and (11) 
we ob ta in f o r z 

I 7 P 

a z + b z + c z + d z + e = 0 , • , . . . , , . » . . ( 1 2 ) 

where a = - [ k ^ ( l - n ) ^ - 2k(l+n) + l j J d = - 4 

b = 4 Q - k(l+n)] ; e = 3 
c = 2k( l+n) - 2 

g 
ïïhen the value of •=— is near unity the solution of 

S2 
equation (2) is 

o . k(l-n) /.,\ 

z = — = 1 +-^^7±: (̂ 3; 
^ 2 yl+k 

and X = ̂  can be found frcm equation (IO), 
3 
If V is the mean axial velocity through the 

windmill disc the pov/er output, P, is equal to 

P = FV (14) 

/ V2 - V^\ Sg 
where V = V3 ( ^ y j ^ ) 3" 
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g 
T/hen the value of •n— i s near urdty the power 

S2 
output coeffiqient, using equation (13) for z, is 

n P , V k /x-_z\ , /. (l-n)k \ ,,r,\ 

°p = 7 3 7 = ̂  ~ = z (r^rrj = k 1 - \ J.—) 1 (15) 

For an ideal vdndmill i,e, one having no tip clearance, n=1 
and Cp = k. Thus the loss in power due to tip 

ideal 
clearance expressed as a ratio is 

- ï i ^ C^>1 (^-^> (16) 
^P 

ideal '.|'̂ 'l+k-l( 

For moderate tip clearances the loss in povrer is 
less than 1 per cent and hence the neglect of tip clearance 
in the previous calculations is Justified, 

4 G , Calculated results and discussion 

The optimum performance of ducted vdndmills having 
diffuser expansion ratios, l/|i, of 2,3,4 and 5 and internal 
total head loss coefficients of 0, 0,10, 0,15* 0,20 and 0,25 
have been computed for values of duct exit pressure coefficient 
C of 0, -0,1, -0.2 and -O.3, The entry loss 
^4 /SH^ 
coefficient ^ has been made zero throughout, since this 

* P ^ 
\d.ll be its value in nearly all v/ell designed duct systems, 
These results shov/n in tables 1,2,3 and 4 have been compared 
with the optimum performance of an unshrouded v/indmill. The 
results are plotted in figures 6,7,8,9 and 10. 

Inspection of figures T, 7, >J, 9,10 shows that the 
performance factor r depends critioa?.l;r on the value of the 
pressiire coefficient, C , at exit. Thus the power output 

of a ducted windmill will be increased significantly if the 
diffuser outlet is placed in the lee of an obstacle or hy 
providing a flov/ augmentor as shown in figure 1 • 

If we assume that a duct of good aerodynamic design 
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has an internal loss coefficient of 0,15, then vdth C = - 0,15 
4̂ 

and a diffuser expansion ratio of 3*5f figure 8 shows that 
the ducted v/indmill gives an output power 65 per cent greater 
than that of the ideal iinshrouded windmill. If the diffuser 
Tffxpansion ratio is increased to 5.0 the gain in the output 
pov/er v/ould reach 85 per cent but it is questionable whether 
the increased cost of the longer duct would justify this gain 
in performance, 

Another important advantage of the ducted v/indmill 
over the •unshrouded v/indmill is the reduction in disc loading» 
This is clearly seen on inspection of tables lb and 1c, For 
instance vdth a diffuser expansion ratio of 3 «5 the disc 
loading of the ducted vdndmill is only 25 per cent of that of 
the free vdndmill case. This effect vdll considerably 
simplify the design of the ducted wincamill and will result in 
a reduction of the blade cost v/hich vdll partly offset the 
cost of the ducting. It is interesting to note that the 
Reynolds number, based on the wincamill chord, vdll be of 
similar order in the two cases, since although the axial 
velocity vdll be increased, the blade chord can be reduced 
due to the smaller disc loading of the ducted win(3mill, 

In addition to the reduction in disc loading the 
gust loads on the blades of the ducted -vd-ndmill will be much 
smaller than for the unshrouded windmill. This is because 
the contraction cone ahead of the windmill vdll tend to 
improve the uniformity of flow across the vdndmill and to 
reduce any luisteadiness in the flow. In order to take 
maximum advantage of this effect, the contraction ratio should 
be at least 1.5, 
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PART II 

5, The generalised mô ient'j'm theory of v/in(3mills 

5a, The unshrouded vdn(3mill 

In the one-dimensional or simple momentum theory 
discussed in paragraph 4 the effect of the finite number of 
blades has been neglected, and it has been assumed that the 
induced velocity in the vdndmill slipstream is axial and uni­
form over any normal cross-section of the slipstream. In the 
generalised momentiom theory, both the axial and rotational 
components of the induced velocity, arising from the vortex 
sheets shed from each of the v/indinill blades, are included 
as v/ell as their variation over the slipstream and vdth time, 
The calculation of the induced velocities vdll be left to the 
section below on the vortex theory of vdndmills but in the 
present paragraph expressions will be obtained for the mean 
values of axial (drag) force and power output in terms of the 
mean axial velocity far dov/nstream of the vrijicinill. Although 
the major effects of the finite number of blades are included 
their drag is neglected, 

If we ass\jme that our v/indmill is designed to have 
a minimum energy loss it follows from the v/ork of Betz that the 
vortex sheets shed from each blade move backweirds as solid 
helicoidal screv/ surfaces having constant pitch. Far dovmstream 
of the windiüill these vortex sheets will be of a constant 
diameter, greater than that of the vdndmill owing to the slip­
stream ejcpansion» 

The laws of conservation of mass, momentum and 
energy vd.ll be applied to the control surface ABCD (see figure 
11) in order to find the mean axial force, torque, and power 
output from the v/indmill. An element of the svjrface AD, 
far upstream, vdll be denoted by dS v/here the velocity and 

pressure are V and p respectively. Similarly, far 

downstream, the clement of the surface BC will be denoted 

by dS, where the axial component of the velocity and pressvire 

are u. and p respectively. The v/indmill, which is 

rotating vdth an angular velocity £1. , has B blades v/hich 

are equispaced and straight. It is assumed to have no hub, 
fairings or guide vanes. The axial force on the vdjidmill 
is P and the axial force, due to the pressure of the 
external flow on the curved boundaries of the slipstream, 
vdll be denoted by X, 

http://vd.ll
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If v/e therefore equate the rates of flov/ of mcracntum 
across the control surface ABCD vdth the pressure forces on 
the boundary and the internal body forces we can show that 
(see figure 1l) 

P = ^ - Po^^o - %^ - !) ̂ Po - P1 ^ P ^ I V P ^ ? ) < ^ ^ 

.(1) 

But from an analysis of the flov/ outside the windmill slip­
stream it can be shov/n that 

X = P (S^- S ) ^o ^ oo o' .(2) 

giving 
n 

= .) (Po - Pi + P̂ l'̂ o P^?) <3S 
oa 

.(3) 

Since we are assuming that the vortex sheets are 
moving through the fluid as solid helicoidal surfaces the 
induced motion, far dov/nstream, can be derived in terms of the 
velocity potential 0 (div 0 = q) satisfying the boundary 

<\» 
conditions of no flow across the" vortex sheets and no flow, 
relative to the sheets, at infinity. Hence (p " P-i) can 
be found in terms of tlie induced velocity components fron 
Bernoulli's equation for the unsteady flow of an incompressible 
fluid. Thus 

. 2^ , £ i 
Po - Pi - at - 2 .(4) 

v/here 0 is the velocity potential at a point r, 6, z 
(cylindrical polar coordinates) due to the axial movonent 
of the solid helicoidal surfaces through the fluid vdth the 
velocity w , and p is the pressure in the fluid at 

infinity. Now because the vortex sheets are moving vdth the 
velocity w in the direction of the negative z-axis it 

can be shown that 

0 = 0 (z + w^t, r, e) .(5) 

If u = ^ , r or ' z dz "e ~ r d6 ' then equation 

(4) becomes, follovdng Theordorsen , 
2 

P ̂ 1 
P " P.1 = pw u + — - — 
•'̂o -̂1 ^ o z 2 .(6) 
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vrfiere 
2 

^ = 
2 2 2 

u + u„ + u 
r o z 

and equa t ion (3) becomes, s ince u . = V + u , 

F = p 

n 
1) ^ 2 ,,, s 

— - ^z - ^z (^o - ^^o) d S 
CO .(7) 

Since q. is a function of time we must integrate 
equation (7) vdth respect to tdjae in order to find the mean 
vajLVie of the axial force. But since 0 is a function of 
z + w t an integration vdth respect to t may be replaced 

by an integration vdth respect to z. The resultant volume 
integral ca>i bo taken over an infinite cross-section normal 
to the z axis raid a distance along the z-axis equal to the 
distance betv/een successive vortex sheets. This distance is 
equal to !tV'B v/here H is the pitch of each vortex sheet 
and B is the number of blades. Hence the mean value of 
the axial (drag) force is 

p _£2 
H ! ! 

~/ .1 i — 

q.. 1 - u - u z z fv - w ) o' dv .(8) 

v/here dv is the element of volume, 

Now Theordorsen has shov/n that the separate integrals 
on the right hand side of equation (8) can be v/ritten in terms 
of the integral of the circulation taken over the vortex sheets 
in the slipstream of radius R̂ v?» ^^ ^^^ circulation at radius 
r is denoted by P(x) vdiere x = r/R^. and 

w H K(x) 

r(x) = -° ' ' 
B 
H 

B 

u dv = - w k 71 R 
z o 

- - -/"CO 

then v/e can write 

2 

B 
H 

2 1 q̂  dv = 2 T r,2 
w k 7Ï R 
o 'JO 

.(9) 

B 
H 
J 

u dv = 
z 

n 

2 1,2 
w e % R 

o Of:) J 
where k = 2 | K(x) x dx , 

If we substitute equations (9) into (8) then 
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p 
-.__.-. r» o i r n, 1 ,^ 2̂ - S - -^ '^o 

2 p ^ 0 ^ t 

where w = 
o 

1 - w 
o 

w /V , 
O^ 0 

R' ?Ö 

R. 
.(10) 

Similarly it can be shown that the mean energy 
loss, E, in the vdndmill slipstream can be written 

C = — i ' = 2k w^ 
ij 1 -o _<^ o 

sPV^^t 

/-, e - > r̂XJ 
.(11) 

Bunt the pov/er output, P, is eqaal to -ilQ = (PV - E ) , vdiere 

Q is tb-3 cutput torque and i 2 is the angular velocity of 
the windmill. Hence the power coefficient Cp is given by 

RI 
°p = 773^1 

TPV^, 
= 2kw^(l-w^) (j -I'^^f .(12) 

Equa t ions (10) t o (12) can be compared vd th the 
corresponding express ions ob t a ined from the one-dimensional 

t h e o r y . These a r e , i f S„ = TÏR. , and V = V_ - w_ 

s e c t i o n 4a) 

(see 

•'F 

E 

= 2w 

-2 
w 
o 

C^ = 2v/ 

.(13) 

and they are similar to the previous equations when 

1 - V 2 
-^— , k = 1 and e/k = \ , 

R2 

For an infinite 

R, 1 - w 
t o r̂ 

V - v/ 
number of b l a d e s when ..-, .^—— i s smal l k = e = 1 and JlR oo 
therefore since e/k = -g- is not the limiting value we cannot 

expect that the optimum performance, foimd frcm the simple 

theory, vdll be equal to that found from the more exact theory, 

Theordorsen calls k the mass coefficient, and 
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interprets it as the ratio of the mean rearv/ard velocity, taken 

over the entire slipstream cross-section, to the rearv/ard 

velocity w • Both k and e are functions of B and 
V - w 
—p~ and their values can be obtained from the tables given 
in reference 11, 

Before equations (10) to (12) can be used to predict 

the performance of a windmill the slipstrcrm expansion must be 

found. Fi-ora the simple theory vre find that 

RI 

RT 

1 - w /2 
o' 

1 . - v/ 
.(14) 

Q; 1 + v/ /2 for small w . 

A bettor approximation is due to Theordorsen who 
shows that from first order calculations of the radial velocities 
in the slipstream, 

where 

(f-=/9 

.(15) 

?^ 1 + w. 

•J 

X K ( X ) C O S 0 dx 

X K(x) dx 

for small vv 

is the average value of 

'J 

cos 0 weighted by the factor x K(x), 

and 0 = tan -1 
V (1 - w /2) o ^ o' ' 

aR 
is the angle of 

V - w 
the relative flow at the vdndmill, V<hen —:TT^ is small 

XIR cx> 
{— - p-j ^0*3f and s ^ 1 , 0 , and t h e n equa t ions (14) and ( I5 ) 

beccme e q u a l , a t l e a s t f o r smal l v a l u e s -of w , For approximate 
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p 
calculations s can be put equal to the mean value of cos 0 

2 2 
over the xfoke (i.e, approxii:iately the value of cos 0 at x = 0,50) 

or 
1 (16) 

w \- 2 
1 + b^-T) 

where (i 
o " V 

o 

Since the power output, P, i s a function of the 
number of b lades , B, the r a t i o of the peripheral speed to 
the vdnd ve loc i ty , p. , and w no simple r e l a t i o n , in 

general , ex i s t s for i t s maximum value . Ifovrever when V / i lR , 

i s very small k and e have values near uni ty and i f v/e 
use the approximate value of the slipstream expansion r a t i o 
(equation (14) ) then i t can be shov/n that the maximum povrer 
output occurs v/hen 

givJJig C^ = 0,385 i (17) 

and 

(at Cp 
max 

The corresponding values obtained from the simple 
theory are, 

.(18) 

Hovrever v/hen v/e use the more correct expression for 
2 2 

R / R . from equation (15) we see that R / R , tends to i n f in i ty 

— 1 — 
v/hen v/ =,-\ 7, \ ( i . e . when u i s large w = 2 /3 ) , The 

o (2 + G/kJ ^ '̂ o ^ o ' ' 

power coefficient Cp does not reo.ch a maximum for a value of 
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v/ <̂  2 /3 , v/hen e(]uation (15) i s used for / _2Pj in equation 

(12), but tends to infinity with R /R. , It appears 

therefore that equation (15) is not satisfactory when the slip­
stream expansion is large and it must be expected that the 
calculation of the radial velocities according to a second 
order theory would lead to a modified formula for R VR. , 

In practice an instabiliiy must arise for sane value of w 

less than unity. In view of this instability in the operation 

of the v/indmill the values of w and Cp given by equation 
max 

(17) may more nearly represent the limiting conditions obtainable 
in practice, 

So far v/e have foun.d the maximum power conditions in 
terms of w but it is more important to state how the pov/er 

output depends on the ratio -n.R./V for a given fixed pitch 

vdndmill. If we consider the blade lift loading at a radius 
of 0,75 Rxj say, as representative of the overall blade 

loading we can relate v/ to \i and 0, the blade angle at 

tids radius. From the vortex theory of windmills the 

following relation exists, for the ideal win(3ndll, between the 
11 local blade angle, 6, and the local lift loading 

2K(x) vv (1 - v" ) sin^0 
crn = 2 2 (19) 

'L 
v/ 

(1 - wy2) h - -^ cos^0j 
^ cos 0 

v/here 0 = 0 - a 

C^ = a (0 - 6 - a ) 
L o^ o' 

;̂  4. ^ V (1-W /2) 
and tan |fl = o ^ o' ^ 

rzRt ^ 
0 is the angle of relative flov/, a is the angle of incidence, 

a is the blade no-lift angle, a is the lift curve slope 
o '̂  * o 
and cr is the blade solidity. If suitable values are chosen 

for cr, a , |i and a it can be shown from equation (19) that 

the blade incidence, a, increases frcm its no-lift value at 

v/ = 0 to its maximum value at about w = 0,42 and falls again 
o o ° 
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to its no-lift angle when w =1,0, This indicates that 

the approximate relation for the slipstream expansion given by 

equation (14), which leads to a maximum power output coefficient, 

Cp, at w =0,42, may be more representative than equation (15) 

for large values of w , 

o 

,., 'Por small values of V /SIR. , K(x) at x = 0,75 is 

approximately equal to unity. If further vre assume that 

tan 0 = sin 0 = 0 and cos 0 = 1 then, from equation (19)> 

we find after some rearrangement that 

-7/2 -w^P^ + P2 = 0 .(20) 

where P. = 1 + f?- u, ((T a ) 
1 16 ̂ o ^ o"̂  

and 

0,75 

P^ = -1 ^r. (^ O 
0,75 

3̂l. 
1 - ̂  (0 + aj 

0.75 

Real values of w can only be obtained frcm equation (20) 
when 

> [h^oSl%'^o,75 - ^ 
'^''^ |.?(-J 

(7 a \ 
3 1 

8 ^o 
0,75 

y' ~k75 
(21) 

For both small and large 0 equation (I9) shows that Ĉ . = 0 
LI 

when w = 1, It follows, from equation (19)> that for values 

of w -ii 
o 

0̂,75 ^ *^"' [é;) - ""c .(22) 

a relation which is independent of the blade solidity, 
Equations (21) and (22) represent the onset of instability and 
correspond to the critical values of w noted above, 

o 
At the other end of the range zero pov/er output is 

obtained v/hen w = 0, This occurs when o 

u = — cot (Ö + a ) 
'̂ o 3 ^ o'̂  

0,75 
.(23) 

V/hen [1 = 0 equa t ion (23) shov/s t h a t the maximum value of 0 
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is given by 

(0° ) = 9 0 ° - a ° (24) 

The limits imposed on v/ and 0 above, for large 

values of w , correspond very closely to the limit of stable 

operation observed experimentally by Iwasaki for windmills of 

less than 4 blades having values of 0 less than 20 , 

It should be noted that in the determination of the 
abovcï results the drag en the blades has been neglected» It 
is thsï'ofore probable that for large values of w scane of 

these relations vdll need modification. In order to find the 
reduction in pcwer output due to the energy lost in overcoming 
the (profile) drag of the blades we must add to the energy 
loss E the amount E~ where 

\ 1 
flRo. 

^pV;J(7ü6 TO; 
t i) o 

'BCCJ^ ( I ^ dr (25) 

o 

v/here c is the bla.de chord 

\7 is the resultant velocity 

Ĉ,̂  is profile drag coefficient, 

Since the resultant velocity, 

V J l - ^ cosV) 
¥ = :—Tf (see s e c t i o n 6) and the 

s i n 7 
l i f t c o e f f i c i e n t , C , , can be found from equa t ion ( l 9 ) we cgn 

r e w r i t e (25) as fo l lows 

E_ ' 2 w (1-w )k A 
^ o' oL_Li (26) 

where 

ip<(< ) 

A = 
X K(x)J ^ 

^^ 
X K(x) dx 

o 

and ¥ = \l/V , 
o 

http://bla.de


-37-

The power coefficient corrected for blade profile drag becomes 

C^ = 2k w (1-w ) P o ̂  o' i^h-i'H » »m•»•«K^I) 

Since A i s the average value of ( C J T / C - . X) vreighted 

by the factor x K(x) v/e can find an approximate value for i t 
2 

by put t ing i t equal to i t s value a t x = 0,50, or 

2 

^ -^^2_. 

^ " ^̂ o 
.(28) 

D D where rr- i s the value of 77- at x = • 

^L ^L >f2 

I f f i n a l l y we subst i tu te for — frcm equation (14) 

then for values of w below about 0,75* and large î , 

°p = 2k5^(i -^) (5-|5^) 1 -
(1-v/ ) ^ o ' < ' ^ - o ) 

/ W \ y 

.(29) 

It follov/s that for normal values of ^jJc^f say 

about 40, the drag correction to the power coefficient far 

moderate disc loadings is less than 5 pei" cent and it changes 

the value of w , corresponding to maximum povrer coefficient, 

by less than 2 per cent, 

Although these results have been obtained for an 
unshrouded windmill it vdll be shown below that very similar 
relations also exist for the ducted win(3mill, 
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5b, The ducted windmill 

(i) Discussion 

In section (4) above the performance of the ducted 
windmill has been obtained on the assi;imption that the flüV7 is 
one-diraensional throiighout and the number of blades is infinite. 
Although in section (4b) the frictional losses in the duct 
have been included no account was taken of the energy losses 
in the slipstream due to the rearv/ard movement of the helical 
voi-tex sheets shed from each blade of the v/indmill. In addi­
tion although the interdependence of the windmill and its 
fairing were noted and allowed for approximately no attempt 
was made to determine a correct formulation of the problem, 

Let us assime in this section that we are considering 
the perfoi:iiance of an ideal v/indmill, that is one in v/hich the 
vortex sheets shed frcm the blades move rearward far downstream 
as solid helicoidal surfaces, mounted in a duct of arbitrary 
cï"oss-section. It is then ijossible to calculate the axial 
force, energy loss and power output in terms of w , the 

axial displacement velocity of the vortex sheets far downstream, 
and the fairing (or duct) drag, 

(ii) FlovT ttirough the duct 

If we neglect the rotational effects in the v/indmill 
slipstream end assume that the axial velocity far downstream 
is tmifozm over the slipstream, then it is permissible to 
replace the v/indmill by a gau?e, having a pressure drop equal 
to ttiat created by the windmill (figure 12), i 

The calculation of the internal and external pressure 
distribution over the duct alone in an inviscid flow can be 
performed by the method of singularities in v/hich the duct is 
replaced by a suitable distribution and strength of sources, 
sinks and vortices. Mtorntxtively for a given distribution 
of singularities, or prescribed internal and external velocity 
distributions the shape of the duct can be calculated, 

T/hen the gavize is present in the duct the method of 
calculation is sindiaj? but is complicated by the vortex sheet 
boundary dovvustream of the duct exit between the slipstream 
and the free stream. The flow inside the slipstream is at 
a lower total head than the flow outside but the pressure 
across the vortex sheet is conct;:uit, A discontinuity must 
thierefore arise in the tangential velocities on each side of 
the vertex sheet. The main difficulty in the calculation 
is tha.t the shape and strength of the vortex slieets arc not 
known initially but can only be determined when the calculation 
is complete, 
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The standard method of calculation is to replace 
the vortex sheet by a solid boundary across v/hich a pressure 
drop acts, equal to that across the gauze. The gauze is 
then removed and the complete flow, internal and external, 
is then honogenous since the flow is at constant total head 
everywhere. The shape of the vortex sheet and the velocity 
distribution around the ccmplete duct can be found by aji 
iterative method,''5 Finally the velocity distribution across 
the plane of the v/indmill can be determined, 

The viscous effects on the pressvore distribution 
aroixnd the duct can be determined from a calculation of the 
boundary layer displacement thickness using the first approxi­
mation to the pressure distribution. The above calculation 
for the pressure distribution must then be repeated for the 
new 'effective' duct shape. Thus finally the duct drag can 
be determined as a sum of the tangential stress and normal 
pressure components together with the velocity distribution 
across the plane of the windmill, 

Naturally in some cases it v/ould be better to find 
the drag of the duct, housing the gauze, experimentally, 
although in all cases the theoretical calculations will show 
clearly v/hat shape of duct is necessary to avoid separation 
of the boundary layer especially close to the duct exit, 
It should be noted that very little experimental information 
is available on the performance of ducted intakes of the type 
required for the ducted winciaill. It is therefore important 
that a combined theoretical and experimental programme should 
be drawn up to investigate the most suitable external and 
internal profiles to suit the performance of high efficiency 
ducted windmills, 

(iii) Performance of the ducted v/indmill 

It vdll be assumed that the neglect of the rotational 
components of the velocity in the slipstream in calculating 
the drag and velocity distribution in the plane of the win(3mill 
produces negligible errors in the values of these quantities, 

* It can be readily shov/n, according to inviscid flow theory, 
that for ducts having a finite trailing edge angle a stagnation 
point of the internal flow, but not of the external flow, must 
exist at the trailing edge in order to satisfy the condition 
of constant pressure across the vortex sheet springing from the 
trailing edge. In consequence there vdll exist, close to the 
duct exit, a region of large positive pressvire gradient which, 
in the real flow, might tend to cause separation of the 
internal flow, 
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I t v d l l be assumed a l so tha.t the v e l o c i t y d i s t r i b u t i o n 
through the win( to i l l d i s c i s equal to the sura of the s l i p -
streara and duct e f f e c t s c a l c u l a t e d s e p a r a t e l y . The va lue 
of the duct v e l o c i t y ob ta ined i n s e c t i o n ( i i ) i s based on 
the slipstre.cim v e l o c i t y be ing uniform. Thus i f V2(x) i s 

the v e l o c i t y i n the plajie of the vrijidmill, vidien the uniform 
v e l o c i t i e s i n the s l i p s t r e a m are V rjid V ^ , r e s p e c t i v e l y , 

f a r uxDsti-eara and downstream then the c o n t r i b u t i o n t o Vp due 

to the duct is 

o 
V 2 / 5V, (x) = V.(x) - [-^^—r^—j. The additional 

contribution to Vp(x) due to the motion of the helicoidal 

vortex sheets inside the duct vortex sheets far downstream 
of the duct exit vd.ll be discussed below, 

The axial force on a ducted v/indirill, in vdiich the 
effects of I'riction are included, crai be found from an 
application of the momentum equation to the three regions 
shown in figui'e 13. • 

Let BCD and BFE represent the displacement of 
the bovmdaries of the duct and its wake to allov/ for the 
effects of the boundary layer, 

In region I outside the duct 

Po (̂ i-- ̂ ô  " P ̂  = ° • ^^^ 
JA-B-C-D 

In region II the total drag force on the duct, 
including friction is 

'S 

D= -p (S', - Ŝ  ) + I p dS + p I u(V -u)dS (2) 

a>ES wake 

I n r e g i o n I I I the aocial fo rce on the vrijidmill i s 

r 
P = p (S - S ) + I (p -̂P )̂ + p^i(v^i^ dS. + p dS 

A-*-P--E 
(3) 

http://vd.ll
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Thus frcm (l) and (3) 

p^ - p. + pu. (V -u.) d S ^ + p dS + p (S' -S^) _5o -̂ 1 r -]v o 1_i ao u ^o ^ oo oQ 
Bffi-BD /, X 

\4; 

and frott (2) and (4) 

P+D' = |p^-p^..pu^ (V^-u^)] d S ^ (5) 

where 

D' = D -P 
f 

J u(V -u) dS = j p dS - p (S' - S ) 

v/ake H)-HE 

The duct drag force can be calculated, as explained 
above, by replacing the vortex sheet FE by a solid boundary 
when the v/indmill is removed. It is assumed that the pressure 
drop, ^ p, across the v/indmill is uniform across the plane 
of the v/indmill. Thus v/hen the v/indmill is removed the vortex 
sheets CD and EF can only be similarly placed when a pressure 
difference ^ p is applied across them. Since the flow 
inside and outside the duct is then homogenous,' the velocity 
and pressvire distribution inside and outside the duct bound­
aries can be calculated. Allowance can be made for bovindary 
layer effects and in particular their effect on the duct 
pressvire distribution and the effective duct area, 3 , far 
dov/nstream. The duct drag can then be obtained, 

The integral on the right hand side of equation (5) 
is identical vdth that for the unshrouded v/indmill, if vre assume 
that far dovmstream of the v/indraill the vortex sheets are 
moving as rigid surfaces. Therefore from equation (IO) of 
section 5a 

.2 
F + D« '^\\,--o(i*iVf- <«) •̂  p v^ X R^ " «-• "' '̂  —' R : 

"̂  ̂  o t t 
w 

v/here w =77- and V - w is the axial velocity of the o V o o "̂  o 

vdndmill helical vortex sheets far dovmstream 

and R is the outer radius of the v/indmill, 

It should be noted that the values of c and k will be 
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di f f er ent from their valvies for the unshrouded windmill due 
to the presence of the vortex sheets in the bevinding v/ake, 
However no calculations of their values in this case are at 
present available although presvimably they could be obtained 
by the experimental potential flow tank method suggested by 
Theordorsen, '' 

Tlius for a given value of the axial force, F, the 
pressure drag D' and the effective radius of the slipstream, 
R , can be fovind, 

The pov/er output, P, from the windmill can be 
obtained by equating it to the difference between the kinetic 
energies of the fluid far upstream and far downstream of the 
vdndmill less the work done by the pressures on the bounding 
surfaces ci the given control circuit, 

Thus in the notation of section 5a, 

n 
P = 

\' ) 
Po " Pi -̂  2 ^ ^ " ^^) 

d 

u. dS 
1 CO 

.(7) 

v/here 

But 

v/here 

^1 
2 

Po-

2 

= 

= 

Pi 

= 

V + o 
2 

^ r ^ 

u 
z 
2 

^0 + (V ^ o 

= pv/^u^ + pcĵ V2 

2 
u + 

r 
2 

^0 
2 

+ u 
z 

+ u )' z' 

and if allowance for q, q. as functions of time are made then 

P = 

or 

_£B -u V (V -w ) - u (V -w ) z ô  o o' ẑ  o o' dv (8) 

Cp = 
R: 

^ ^ = 2 k w ^ ( l - w J ( l - f w ^ ) ^ 
^P^o^t ^t 

.(9) 

which is identical vdth equation (12) of section 5a-» The 
correction for the drag of the blades is fovind from equation 
(26) of section 5a. The value of R /R, is fovind from the 

duct calculations described above or approximately from 
continuity. If the mean velocity increment in the plane of 
the vdndmill due to the external duct is 5V2 then approximately 
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^o ^ ^ 2 \ 
- 2 -^V^, / 

1 - w ^ 
.(10) 

and 

C^ •: 
/ w 6V„ \ 

If we put k = e = 1 and assume 6 = 6Vp/V is 

independent of w the maximum value of Cp occurs when 

w 
o 

As 

3+25 - /3 + 65 + 45^ .̂,2) 

an example if 5 = 2, w = 0,48 and Cp = 1.38 

and similarly if 6 = 1, \7 = 0,46 and Cp = 0,89, 

These gains in power output are of the same carder of magnitude 
as those calculated from one-dimensional theory and therefore 
justify to seme extent the conclusions based on those results, 

It must be stressed at this stage that Cp can 

only be determined when P, D', w and R^v/Rt satisfy 

equation (6), Thus equation (6) is a compatability condition 
for these variables, 

The experimental results obtained from ducted fans 
in streamlined fairings might at first sight be considered 
useful data in connection vdth the design of ducted windmills 
and so assist in formulating the accviracy of the above 
theoretical results. Hov/ever due to differences in duct geometry 
and pressure gradients dovmstream of the windmill, the existing 
data can only be used qualitatively but if anything seem to 
confirm rather than contradict the above predictions, 

6, The vortex theory of v/indmills 

In section 5 the performance cf the vdndmill has 
been analysed from a description of the vortex sheets, far 
dovmstream of the vdjidmill, shed f ran its blades. In this 
way it v/as fovind vinnecessary to specify the flov/ in the 
vicinity of the blades and the detailed hlciöe geometry, 
Hov/ever in making the assvimption that the vortex sheets far 
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dovmstream are moving rearv/ard as rigid helicoidal svirfaces 
a certain distribution of circulation along the blades is 
implied. This in turn fixes the l.>lade chord and blade pitch 
angle as functions of radius, but this blade geometry is found 
to be unsuitable for most practical applications. However 
small changes in blade geometi'y from the ideal have been shown 
not to affect materially the description of the vortex wake 
far dovmstream. Hence the vortex sheets in the form of rigid 
helicoidal surfaces represents a good approximation to the 
vortex v/ake of a windmill of arbitrary design. It should be 
pointed out, however, that the assumption that the vortex sheets 
are :in the form of rigid helicoidal surfaces is not essential 
and an adequate theory can be built up in V7hich helical 
vortices of arbitrary strength are shed from each blade element, 
The former assvimption is, hov/ever, best suited to practical 
applicaticii-s,' 

The theory, as discussed below, is equivalent to 
the lifting line theory of aerofoils and will be adequate v/hen 
the aspect ratio and the distance between adjacent blades are 
large. For blades of small aspect ratio lifting surface 
theory vdll be necessary , It is not envisaged, for the case 
of r.orofoils of conventional design^-that suoh elaboration of 
the theory vriLll prove necessniy, 

If the vdndmill rotates vdth angular velocity Si in 
a vmiform flov/ of velocity V the lift on the elements of 
each blade is a fvinction of tne local blade incidence i.e, the 
angle betv/een the blade chord line and the resultajit velocity. 
this lift must be associated vdth the circulation around the 
blade element. But the circulation vdll vary from the tip 
to the root of the blades and hence trailing vortices wiH 
spring frcm the blades and pass downstream in helical paths 
(see figvire I4), In general the changes in circulation 
along the blade vdll be greatest near the tips and the roots 
and hence in these regions there vdll be strong concentrations 
of vorticitj'". The induced velocities from the helical 
vortices, in the slipstream downstream of the windmill, must 
be evaluated in order that the true resultant velocit5'' of the 
fluid relative to the blades, and hence the true angle of 
incidence, can be obtained, ¥ith this velocity and incidence 
at each blade element and with the aid of the two-dimensional 
characteristics of the blade section, the lift and drag 
farces on the clement can be found (see figure 15). Since in 
general the induced velocities are periodic in character, the 
lift and drag forces on the blade element are functions of 
tine. In this section only the mean values vdth respect to 
time of the induced velocities vdll be considered. 
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6(a) The unslirouded v/indmill 

Since the axial component of the inciuced velocities 
is in the opposite direction to that of the wind far upstream 
(see figure 15) the slipstream dövm.stream of the v/indmill must 
suffer an expansion. Thus the helical vortices springing 
from the blades of the vortices must increase in diameter as 
they move dov/nstream, ¥e assume that, for purposes of 
calculation only, far downstream of the v/indmill the vortex 
sheets do not roll up but contiroie to move av/ay from the vdnd­
mill in a regular manner. On the assumption that the vortex 
sheets are of constant diameter far dov/nstream of the vrijidmill, 
the induced velocity at a given radius due to these moving 
vortex sheets can be calculated and hence the induced velocity 
at the corresponding ra.dius in the plane of the blades can be 
fovind. In practice the expansion of the vortex elements in 
the slipstream can usually be neglected. The induced 
velocities arc then calculated for a helical vortex of strength ' 
-d n at radius r, having a pitch angle 0' = tan-1 (V -w /-Or), 

where (V -v/ ) is the axial velocity of the vortex element. 
relative to tlie v/indmill, (The value of w , which is only 

independent of radius v/hen the vortex moves as part of a rigid 
helicoidal surface, can, to a first approximation, be estimated 
vdth reasonable eiccviracy from tlie sinple manontum theory 
formula for axial force or power), Ti?hen w is large, 

hovrever, errors in the calculations of the induced velocity 
distribution in the plane of the blades vdll arise if the 
expansion of the vortex elements is neglected. This effect 
vdll be discussed in section 6b belov/, 

If P'(x',y',z') is a point on the vortex of 
,-, 2 

strength -d| then the velocity induced d q at the point 

P(r,0,o) in the plane of the v/indmill, due to the element of 

length ds of the vortex at P' is by Biot-Savart's law 

.2 d H sin'l>'̂ ds /,x 

where R = PP' and "\-*'is the angle between PP' and ds, 

T/hen vre integrate over s from 0 to O-̂ , over all vortex 

sheets, and along the length of each blade and find the 
components of the induced velocity w and v/, perpendicular 

and parallel respectively to the resultant velocity we have 
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t ha t 
10 

oo 

^ (r) = RlllïiLl . p(^,) ^ B V Ü + L I N U B^'I'dnBn') K (mB̂ i) 
47Ï |i R^ 471 n R^ ^^^---^ ' "-R - ^ 

m=1 J o mB mB 

d 
o^ ^^ r̂ 

— dji ' + tl— [i > 
d^ ' 471 n R. ° ~ t . 
^^ ^ t m=1 u [i 

pi 
raBu' I (mB|i) K' (mBti') ^^— d p ' 

BQ Ba dji' 

(2) 
w . ( r ) = O 

wnere [i,\x = 
r -* ?-

(V -w ) ' V^^ o o ^ 

Rtf3 
•w 

o o 
respectively 

w (r) = 2w (r) cos 0' 

B number of blades 

R outer radius o 

I,K Bessel functions of the third kind 

I'(.)K-(.) f . f 

I f t h e e f f e c t of t h e boss i s inc luded w. ( r ) s t i l l 

equa l s ze ro b u t the normal induced v e l o c i t y , w ( r ) becomes, 

iV 1+ii ^o „ / V BK1+U ^̂ o p / V BY 1+u 
W ( r ) = ; = ;r- I (u) + —. <=— U, 

n ^ '' 4701 Rj ^^^ 47Ï u Rj " 

2 *::̂ —7 1 U*̂  

h-ni. R^ 
i^ „ V 
47Ï ji R^ ^ o £ . 

> 11 m^l'(I'(Bn^I')K^(an^l) 

L-̂ 1 

v^')^v^•)^an(^1)^ df d| i ' 

It^. 
a p ' K ^ ( a n i i ' ) 

^ B n ( ^ ) -
KV^l) 

dr. .] 

. (2a) 

d|i ' \ 

J 
where p . = 

^ R , 
TT and R. i s the boss r a d i u s , V -w 1 o o 

A f u r t h e r incsranent i n induced v e l o c i t y a r i s e s frcan t h e flow 
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field around the boss. This can be estimated by the method 
described in section 5b(ii), 
w and w. are the components of the induced velocity in 

the plane of the vdndmill due to the trailing vortices and act 

normal to and in line vdth, respectively the velocity ^̂ '» 

,'' 

..<-
• : - ' : % ' 

• > . 

.^--f 
•-•'bo\ ^ 

W 

iV. 

(6^ 0 0' 

0. 
V -w 

tan pitch angle of vortex far 
downstream 

2w 
n 

w n 

resultant induced velocity far downstream 
normal to ¥' 

resultant induced velocity in plane of windmill 
(approximately normal to ¥), 

In general no great loss in accuracy results if v/ = w. (see 

figure 1 .) is assvimed to act normal to the resultant velocity 

Tf, Prom the sketch above it can be seen that vdth the 

above approximation 

V - w /2 w 
+ -5- sin 0 .,.., (3) ¥ = o' 

sin 0 

The angle of incidence, a, of the blade a t radius r i s 

given by (see figure 1 ) 

a = 0 - 0 , . . . I 

where 0 is the relative flow angle 

and 0 is the blade pitch angle relative to the plane 
of rotation, 

.(4) 
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The l i f t force per unit radius, L, acting on the blade at 

radius r i s given by 

L = ip̂ .-̂  c Cĵ  = p r ( r ) ¥ ( r ) (5) 

where C- = a (a - a ) , , • • « , . . • , , , ( 6 ) 
L o ^ o ' ^ ' 

a , a two dimensional lift cjurve slope and the 
° ° no-lift angle of the aerofoil section 

c locail blade chox-d 

or, r(r) = -^ (7) 

Equations (2) to (7) inclusive define an integral 
equation which can best be solved by a method of successive 
approximation, 

In the design of airscrews Lock and Yeatman have 
used, in place of equation (2), the corresponding values of 
w determined by Goldstein for the ideal airscrew. They 

tabulate a circulation fvinction, /\_ , as a function of 

sin 0 , r/R , B, where /-(̂  is defined frcm the relation 

cr a (0 - 0 - a ) o o' /Q\ w. = (8) 
' 4 sin 0 /I 

B c v/here cr = -— is the blade solidity, 

11 
In place of equation (8) Theordorsen has foimd 

a relation between c;C_ and w , 0, B, and V -v/ /n D_^ , 

which can be written 

— — ? 
2w (1-T/ ) ^, N sin 0 /-,\ 

^^ o ^ o' K(x) -^ ..,....,(9) 
CTC, = -z— cos 0 •••v^/ 

f W COS 0 
l-v-/y2)/l -

n T) Ĵ  2. 
x) 'T (V -w ) is tabulated in reference 11, 

o 
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ond 
K(x) ('^""'0/2) ^ 

^ ^ = ML (x) corresponds t o the 
cos 0 (1 - w ) 

fvinction t a b u l a t e d by Lock and Yeatman , 

Yifhen ¥ and 0 have been fovind for each r a d i u s 
the l i f t and drag fo rces can be c a l c u l a t e d and by r e s o l u t i o n 
the t o r q u e , Q, and a x i a l f o r c e , F , can be obta ined (see 
f i g u r e 14 ) , 

Hence 

and 

where 

F = ^ 
^ 2 

~ 2 

sTip 

Boss 

)Tip 

(J Boss 

C = - ^ i — + - ^ 
X 

C cos 0 s i n 0 c ï r d r . . ( I O ) 

C cos 0 s i n 0 c r v rdr ( I I ) 

D 

s i n 0 cos 0 s i n 0 
1 + TT- t a n 0 , 

0 =i^-i^ = = 
cos 0 s i n 0 s i n 0 '^ h(-^-ï) 

But frcm equa t ion (3) 
V^- v/ / 2 w 

w c o' o . _/ W = + ~ s m 0 
s i n 0 

hence 

P 
•jTip 

/ w cos 

2 ^2 - 1 "̂ x ^ °°'^ J2f (1 - ° g 

V 

iP^o'^t J Boss 
)Tip 

dx 

Q 
-^pv2^5 

w cos 0 

Boss 

Cy cr co t 0 {1 - - 2 _ X dx 

and s ince P = - ^ Q 

P ^ t - ^ 

ipvW, - ô 

\Tip 

.(12) 

.(13) 

w cos 0 > p 
C,̂  cr co t 0 ( 1 - - 2 _ ] X dx . . ( 1 4 ) 

Boss 
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where x = r/R, ', c = Bc/2ra' J w = w- A 

A more convenient expression for the povrer output 
coefficient can be fovind as follows. If the overall blade 

solidity, o" , is given by 
J^t Be dr 

cr = 
7.(R^ - R^) 

.(15) 

and using the re l a t ions above for C and tan 0 then 

equation (14) becomes _ 2 ^ 
HT? / w cos 0N 

2 o t JBC.S'̂  V 0,(1-^s)^ k-r) 

or IlR. 

C. 

(16) . 

2 
I l R . . / w^ 2 \ 

^^^P (T C, / ^D ^ T " \ (̂  - - COS0; f ^ V , >. ^̂  2 , 2 
L f . o X dx 

1 -

(17) 
,4 

Prcsn the experimental resvilts of Iwasaki the 

-^l\ -anp i r i ca l r e l a t i on between Cp, -^r— , O" and Cj. 

o 0,75 

is CpJXi[t^) 5- Ĉ  (18) 

where the factor 0,25 represents the approximate value of the 
integral on the riglit hand side of equation (17). 

The difference in the performance of slow and fast 
running windmills caji easily be demonstrated from the relations 
above, 

The slow running vdndmill has a lov7 value of [x =riR/l' 
(say 1 to 2) and a high solidity (large number of blades). The 
fast running v/indmill has a value of [i (between 3 and 6) and 
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a low so l id i ty (small number of b lades ) . The overal l so l id i ty 

O" in the former case i s usual ly about 1,0 and 0,2 in the l a t t e r , 
2 -

Thus for a slow running vrijidmill |i cr i s about 1 v;hereas for 

a fas t running windmill (i o" i s about 2 , On the other hand 

the torqiie i s proportional to |i o" , Therefore the slow 

running vdndmill having values of |i ö" equal to about 1 

has greater values than the fas t rvinning vdndmill whose value 

of |i o" i s about 0 ,6 . This shows c lear ly v/hy the slow 

running v/inc3mill i s favoured in cases of l igh t or variable 

vdnd, 

6b, The ducted windmill 

In section 5h the performance of the (Sucted windmill 
ha.s been obtained from a consideration of the movement of the 
helical vortex sheets far downstream and the induced flov/ in 
the plane of the windmill imparted by the duct. In finding 
the local lift and drag forces acting on the blades the duct 
and the helical vortex sheet induced velocities must first 
be determined in the plane of the blades. 

Yi/hen the duct is of constant diameter and infinitely 
long the effect of the duct is to prevent the normal expansion 
of the slipstream dovmstream of the windmill. As a result 
the induced velocities in the plane of the blades arising from 
the vortex sheets dovmstream of the v/indmill are different frcxn 
those of the unshrouded v/indmill due to this 'image effect', 
The induced velocities far downstream superimposed on the 
uniform axial velocity vdll cause a variation of the axial 
velocity across the duct. This variation is in general quite 
significant and cannot justifiably be neglected, 

For a duct of arbitrary shape the induced velocity, 
due to the duct alone, can be calculated by the method 
described in section 5h(ii), The method proposed for the 
calculation of the induced velocity in the plane of the blades 
due to the helical vortex sheets dovmstream of the windmill, 
follows from the fact that the induced velocities, in the plane 
of the v/indmill, are relatively insensitive to variations in 
the radius of the vortex elements far dovmstream. Thus 
although in the actual flow the vortex sheets must expand in 
diameter, together vdth their images in the bovindary wall 
and the vortex sheets sprin.gingfrom the duct exit, it vdll 
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be assumed that they are of constant diameter operating inside 
a constant diameter duct infinitely long. The calculation 
of the induced velocities frcm the helical vortex sheets frcm 
a vdndmill mounted in a duct of arbitrary shape is therefore, 
to a first approximation, identical vdth that for a duct of 
constant diameter. 

The question now arises as to what pitch of the 
helical vortex elements should be used. When w , the axial 

o' 
displacement velocity of the vortex element, is small conpared 
vdth V this (question is easily answered. It has been 
shovm in section 5 that the overall performance of an un­
shrouded vdndmill depends only on conditions in the ultimate 
slipstream. Thus in the calculation of the induced velocities 
betvreen the vortex sheets far downstream of the v/indmill the 
pitch of the vortex sheets must be based cm V - w , the 

o o' 
axial displacement velocity of the vortex elements relative 
to the windmill. Since v/ is assumed small compared with 

o 
V the diameter of the vortex elements far dov/nstream are o 
only slightly greater than the corresponding elements at the 
plane of the blades. In this case the induced velocity at 
a given radius in the plane of the blades is very nearly 
equal to half the calculated induced velocity, at the same 
radius far dovmstream, in terms of the pitch of the vortex 
sheets based on V - w , This clearly is the value to take 

o o 
in the case of a ducted v/indmill when the duct is one of 
constant diameter, 

Tfflien w is not small compared vdth V the vortex 
o -̂  o 

element expands as it moves dovmstream and in consecjuence its 
pitch changes due to both the change in diameter and the axial 
displacement velocity of the vortex element. If the induced 
velocities in the plane of the blades are evaluated using the 
Biot-Savart law allovdng for this variation in diameter, it 
can be shovm, cjualitatively, that the final result, as stated 
above, is relatively insensitive to variations in the radius 
of the vortex elements for dovmstream, 

Thus in any approximate evaluation of the induced 
velocities in the plane of the blades for large values of w , 

the pitch of the vortex sheets just downstream of the vdndmill 
should be used. In the case of the ducted vdndmill the pitch 
of the vortex sheets should therefore be based on the axial 
velocity, Vp, see section 5b, 

In order to reduce the losses in the slipstream it 
may prove advantageous to use guide vanes dov/nstream of the 
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v/indiidll at the entrance to the diffuser. It is vinlikely 
that any great increase in pov/er cutput vdll result f ran this 
cause since any gain in overall efficiency vdll be partly 
offset by the increased dreg and by increased diffuser losses, 

(i) Constant diameter duct 

If V is the axial velocity of the uniform flow 

far upstream of the vdjidmill, which is rotating vdth the 

angular velocity, -/2 , then the elements of the B blades 

at a radius, r, vdll each shed helical vortices, of pitch 
-1 angle 0 = tan"' (V /fir), into the main flow. The 

strength of these vortices vdll be -d P, where -d P is 

the change in circulation around the blade element betv/een 

radius r and r + dr. The ecjuivalent induced velocity 

in the plane of the blades can be calculated using the Biot-
Savart law and integrating over the complete length of the 
vortex as discussed in section 6a above. However since the 
helical vortices are moving inside a duct the images of the 
vortices outside the duct must also be considered in order • 
to satisfy the bcxindary condition of zero normal (or radial) 
velocity at the duct bovindary. A more direct method is to 
find a solution of the potential equation satisfying the 
appropriate boundexy conditions, 

In either case the components of the induced 
velocity4>13 in the plane of the v/indmill are 

w (r) 
n^ ' 

B/2^/I +tL 
47':V u 

o 
VM Z%V LL 

O "̂  

K^ (Bn n) -
K^(Bn ^^) 1^ (Bn n) 

ân (̂  ^̂ d) - d|J.' 

ti'm I^(anti') 

d^i» 

p-'m K^(an,')l^(an,)-
K^(Bn n̂ ) I^(Bn ^) I^,') 

ân (̂  ̂ d̂) 

dP 
dji 

- d | i ' 

.(1) 

and w^ {[i) = 0 
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where w and w, are the components of the induced velocity 
n t I 2. 2 2 

perpendicular and parallel to the resultant velocity v/V"̂ ^ +rLr , 
XIR^ 

and |i = -TT— , where R. is the blade tip radius 
o 

-^\ 
|in = - y — , v/here R, is the duet radius, 

o 

Approximations to these expressions have been given 

by Iwasaki , where only the first term in the asymptotic 
expansions of the Bessel. functions has been retained, 

It should be noted that the axial velocity component 
far downstream of the windmill is not equal to V but is 

V^ - w , where w <::j;̂2w sec 0 (tan 0 = V / Q r ) , Clearly 

w is not constant with radius and must vary in magnitude 

and sign in order to satisfy the continuity relation. This 
feature has been neglected by most v/riters on the performance 
of axial flow vdndmills (or fans). Its neglect is only 
justified vrfien the blade circvilation is so adjusted that the 
magnitude of the radial velocity in the plane of the windmill, 
is ver;>' small, 

In seme cases a better approximation to w is 

required. This can be obtained from the first approximation 

to w (r), on the assvimption that the local pitch angle of 

the vortex far downstream is tan" (V -w /S]x) in place of 

tan" (V /fir). Thus w (r) can be determined frcan equation 

(1) with Ki =.llrAo-w^(r) . 

The procedure for finding the blade lift and drag, 
and hence the output pov/er from the windmill, is identical 
with that described in section 6a above. It can easily be 
shovm, hov/ever, that one important result of the v/indmill 
operating inside a duct is that the circvilation, and therefore 
the lift, do not fall off so rapidly towards the tip as in 
the case of the unshrouded windmill, Iwasaki^ has shown that 
the theoretical gain in povrer due to this cause alone can be 
as much as 15 per cent and experiments have confirmed this, 



-55-

(ii) Duct of variable diaiAeter 

As stated above it will be assumed, in the calculation 
of the induced velocity distribution in t̂ e plane of the windmill 
due to the trailing helical vortex sheets, that the outside 
diameter of the sheets is equal to the outside diameter of the 
vdndmill and the vortex sheet diameter far downstream is equal 
to the duct diameter in the plane of the v/indmill. It is 
assumed that the axial velocity distribution acxross the plane 
of the windmill, due to the venturi effect of the duct, has 
been calculated, say, by the method discussed in section 5t>(ü)» 

Thus the local velocity relative to the rotating 
blades has the components fir + w sin 0' and V - v/ cos 0'+6Vp, 

see figure 16, and the resultant velocity, Ï/, and the relative 

flow angle, 0, both as functions of r/R can be determined 

once w is knovm, n 

ty 
The angle of incidence of the blades, c, is given 

= 0 - 0 (2) 

where tan 0 = (V -w cos 0'+5Vp) /(ilr+w sin 0') and the 

local circulation, P, in terms of the lift coefficient, C.,, 
is 

r = - ^ = | ^ a ( 0 - 0 - a J (3) 

where c is the chord 

a is the lift curve slope 

and a is the no-lift angle, 

Equations (l) and (3) form an integral equation in 
terms of w (r) which must be solved by a suitable approximate 
numerical method, 
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7, Discussion 

Detailed calculations of the performance of ducted 
v/indmills based on vortex theory have not been given in this 
report since at this stage in the investigâ tion concrete 
proposals fcr the most satisfactory geometries of the duct 
and blades have not yet been formulated. The vortex theory 
of ducted windmills has been presented in order to check 
qualitatively the conclusions obtained from simple one-
dimensional theory and to fornv the basis for further 
theoretical and experimental studies, 

The conclusions reached in section 4c that the 
power output of a ducted vdndmill can be arranged to be at 
least 65 per cent greater than that of an ideal vinshrouded 
vdjidmill of similar geometry appears, if anything, to be on 
the low side, although this figure corresponds to power , 
outputs greater than that obtained experimentally by Sanuki 

and Iv7asaki vdth fairly crude duct geometries. In both the 
latter experiments the gains in power output obtained vdth 
ducted vdndmills have been largely due to reduction in tip 
losses and blade vinstalling and little or no effect from 
controlled diffusion. The evidence to date is not conclusive 
as to the relative merits of long diffusers having large 
expansion ratios and high duct losses and short ducts having 
small losses. In section 4G the numerical calculations show 
the need for high values of the diffuser expansion ratio and 
large negative pressure coefficients at the duct exit but no 
attempt has been made to find the corresponding internal and 
external duct profiles of the duct and to investigate whether 
or not the estimated losses are correct. The reason for 
this is that little detailed information is available on the 
flow of air through diffusers having free exits in which the 
velocity external to the diffuser flow is considerably 
greater than the mean internal velocity downstream of the 
exit. Under such conditions the 'diffuser efficiency' or 
pressvire recovery is likely to be greater than in the case 
where the external velocity is zero. In addition the action 
of the vdndmill is to speed up the flow near the walls of the 
duct at the expense of the flow near the centre. Experiments 
by Collar''" vdth a vdndmill movinted inside a vdnd tunnel 
diffuser have shovm an appreciable improvement in the velocity 
distribution in the diffuser, although naturally in these 
experiments the upstream velocity was not viniform and there­
fore represent different conditions from those discussed here, 

It can be assvimed, on the basis of present knowledge, 
that, unless future experimental results prove to the contrary, 
the most suitable form of duct vdll consist of an entry and 
exit cone shaped to form an annular duct of''streamlined sections 
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in which the exit to throat area ratio is about 3.5 and the 
inlet area is made not greater than the exit area. The loss 
in performance vdth ducts of crude aerodynamic shape can only 
be determined from experiment, 

In the structviral design of ducts having large 
inlet and exit area ratios the duct must vdthstand not only 
the drag forces but also the inward radial forces, corres­
ponding to the lift on an aerofoil. The latter forces have 
not been discaissed in the text above although they can be 
immediately derived from a knowledge of the pressvire dis­
tribution over the duct which, incidentally, is required in 
the calculation of the drag force. It has been stated in 
the text that this drag force is not equal to the drag of 
the duct when the vriLndmill is removed. This is because the 
lower pressvire behind the vdndmill acts on the walls of the 
duct and produces an extra drag. Although the duct develops 
a radial force the induced drag is zero since no trailing 
vortices are shed in a syranetrical flow, 15 Yi/hen the duct is 
inclined at an angle to vdnd a real lifting force and pitching 
or yawing moment develop and, because tliere are now trailing 
vortices, an induced drag. It is probable that the magnitude 
of this pitching or yawing moment will play a very important 
part in the design of the supporting structvire for a ducted 
vdndmill. The effect of duct incidence on the magnitude of 
tlie induced velocity in the plane of the vrijidmill is quite 
small and };tuttray17 has found that it is appreciably constant 
ever an incidence range of +^10°, 

It was also shovm from the calculations of section 
4c that the ducted v/indmill disc loading is, as a result of 
the increased axial velocity, lower than in the case of the 
corresponding unshrouded v/indmill. Since, in addition, 
the tip losses vd.ll be reduced and gust effects lessened the 
overall mechanical design of the ducted vdndmill should 
prove simpler than its unshrouded counterpart, and v/ould 
therefore tend to offset the additional cost of the diffuser 
and ducting. The increased steadiness in the flow through 
the plane of the ducted windmill, as a result of the contrac­
tion effect of the inlet cone, vdll cause the rotational 
speed to be steadier than in the case of the unshrouded vdnd­
mill, This should present scane simplification to the speed 
control problem. From the experimental results of Iwasaki^ 
and Sanuki3 a tv/o or three bladed windmill appears to be best 
suited for operation inside s duct. The values of J I R V V 

corresponding to maximum power output are in the range 3.1 

to 3.7 

In order to confirm the above predictions and to 

http://vd.ll
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optimise the geometrical layout from the conflicting points 
of view of cost and aerodynamic efficiency it is suggested 
that a vriind tunnel testing programme should be undertaken, 
The models could be tested at a Reynolds number of about 
l/5th full scale and because of this scale effect vrould give 
slightly pessimistic results, Exiarapolation to full scale 
could be done using existing data en the variation of diffuser 
efficiencies and skin friction effects with Reynolds number, 

Gauze scareens of various mesh sizes and gauges 
v/ould be used in the plane of the vdndmill to represent any 
desired value of disc loading. Only one contraction section 
vdth a contraction ratio of about 1,5, as suggested by the 
calculaticms above, would need to be made, A raige of 
diffusers, having different expansion ratios and cone angles, 
various external body shax)es, and ejector arrangements could 
all be tested in turn. The results obtained frcm such an 
experimental progranme wovald be a valuable cjontributicn to 
the understanding of the ducted windmill problem, 

After the completican of this experimental programme 
the path would then be clear to cx)mmence the detailed desigi 
of a vdndmill, by the methods discussed above, suitable fcxr 
high performance operaticai inside the optimum duct. In the 
meantime the methods can be applied to the experimental 
results of Sanuki3 and a ccniparison made between, theory and 
experiment. It is expected that as a result of these cal­
culations simple numerical methods will be evolved for the 
performance of ducted vdndmills similar to those used at 
present in the design of axial flow fans. It should be 
noted, however, that a method in which the variation of the 
axial induced velocity vdth radius is neglected is unlikely 
to yield reliable results for the performance in this case, 

Oonclusions 

1, The performance and design of ducted vdndmills 
using one dimensional theory, including the effects of 
friction and the external flow over the duct, are presented, 

2, The results of the one dimensional theory are 
compared vdth more elaborate methods based on the vortex 
theory of vdndmills and the aerodynamic performance of 
ducted bodies, 

3, The aerodynamic loading on the blades is discussed 
and the differences in the induced velocity cxanponents between 
ducted and vinshrouded windmills noted, 
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4, Calculations based on the one dimensional theory 
shov/ that gains in power output of at least 65 per cent of the 
maximum povrer output of the ideal unshrouded vrijidmill can be 
obtained vdien the v/indmill is shrouded vdth a duct of suitable 
gec3metry. The importance of the diffuser expansion ratio 
and the negative pressure coefficient at the duct outlet on 
the power output are discussed, 

5, The reduced disc loading and slight alleviation 
of gustiness on the blades with the ducted vdndmill vdll, it 
is suggested, partly offset the cost of the duct and supporting 
structure. The increased steadiness in the rotational speed 
of the windmill is an important factor in f avovir of the ducted 
v/indmill, 

6, In view of the lack of experimental data on ducted 
bodies of the type required for high performance operation 
of ducted windmills a series of suitable wind tvinnel 
experiments is suggested. In these no v/indmill v/ould be 
used but its place taken by gauzes of different porosities 
giving pressvire drops equal to the v/indmill disc loading. 

^CES 

No. Author 

1, Betz, A, 

2, Vezzani, R, 

Title, date, etc. 

¥ind-Energie und ihre Ausnutzung durch 
¥in(3mMilen, 
Göttingen, 1926, 

Un irapianto aeroelettrico pilota di 
media potenza con accuraulo idrico di 
pompaggio, 
L'Elettrotecnica Vol, 37 No, 9 PP.398-419, 

1950. 
(see Engineers' Digest, Vol. 12, No, 5> 

1951). 

3 , Sanuki, M, S tud ies on b i p l a n e wind vanes v e n t i l a t o r 
tubes and cup anenometers , 
Papers i n Lieteorology and Geophysics 
(Japan) Vol , 1, No.2-4 pp.279-290, 

Dec. 1950. 

4 , Iv/asaki, M, The exper imenta l and t h e o r e t i c a l 
i n v e s t i g a t i o n of vdndmi l l s . 
Rep, Res , I n s t . App, i/Iech. ( J apan ) , 
Vol , I I , No, 8 , Dec, 1953. 



-60-

5, lAlley, G.M, 

6, Goldstein, S. 

7» Lock, C.N.H,, and 
Yeatman, D, 

8# Kramer, K,N, 

9, Kawada, S, 

10, Moriya, T, 

11, Theordorsen, T. 

12, Abe 

13» Takeyama, H, 

14« Glauert, H, 

15, KUchemann, D, 
and 

Weber, J, 

Carnm, to Electrical Res, Association, 
England, 1952 (vinpublished), 

On the vortex theory of Airscrews, 
Eroc.Roy.Soc.(A) Vol.123, 1929. 

Tables for use in an improved method 
of airscrev/ strip theory calculation, 
R, andM, 1674, 1935. 

The induced efficiency of optiimim 
propellers having a finite number of 
blades. 
N,A,C,A. Tech, Memo. 884, 1939. 

Calculation of induced velocity "by 
helical vortices and its application 
to propeller theory. 
Rep. Aero .Res,Inst, Tokyo Imp, Univ. 
No. 172, Jan. 1939. 

On the integration of Biot-Savart's 
law in propeller theory. 
J.Soc.Aero.Sc, (Japan) Vol. 9, No. 89 
p.1015, Sep. 1942. 

Theory of Propellers, 
McGraw-Hill, 1948. 

On the theory of v/indmills. 
Rep. Inst, of High Speed Mechanics 
Tohoku Univ, Sendai Jan, Vol, 5 No,42 
March, 1951, 

Helical vortices and cylindrical 
boundaries of circular cross-section, 
J,Japan Soc, App, Mech, Vol,3, No, 13 
Jan, 1950. 

Aerofoil and airscrew theory, 
c. u. P., 1926, 

Aerodynamics of Propulsion, 
McGraw-Hill, 1953. 

16, Collar , A,R, The use of a f reely ro ta t ing vdndmill 
to improve the flow in a wind tunnel, 
R, and M. 1866, 1938. 

17, Muttray, H. See reference I5 above. 



- 6 1 -

Table 1, 2, 3 and 4 . Ducted Vdndmill Performance 

Table 1a 

. 0 ^ = 0 . 
AHp +^ H 

^ = 0,1 
rpv: 

1 A 

^2 

^P 
max 

°P 
.̂ max 

V 
max 

L 

^2 
"̂  - V 

1 o 

2 

0.35 

0.65 

1.10 

0.35 

0.98 

3 

0.21 

0,84 

1.42 

0.21 

1,26 

4 

0,16 

0,96 

1.62 

0.16 

1.45 

5 

0,14 

1.07 

1.81 

0.14 

1,61 

Table 1b 

C = 0 
P4 

AHp + A H 

4pv^ 
^ = 0.15 

1/1 \ 

^2 

Cp 
max 

r 

L 

V 

2 

0.40 

0.61 

1.03 

0.40 

0.91 

3 

0.26 

0.76 

1.28 

0.26 

1.14 

4 

0.21 

0.84 

1.42 

0.21 

1.26 

5 

0.19 

0.89 

1.50 

0.15 

1.34 

Diffuser Expansion Ratio 

S2 ~ ^ 
2 

hg = 0,1 + p. 

r = Performance Factor 

•at C, 
. ) 

L = 
max/--̂  , •, / Ducted 

•at C, 
max, 

Free 

= Disc loading ratio 

V = Velocity ratio 

Table 1c 

= 0 

4 

AH2 + ̂ H^ 

h^2 
= 0.20 

1/tl 

^2 

°P max 
r 
L 
V 

2 

0,45 

0.57 

0.97 
0.45 
0.86 

3 

0.31 

0.69 

1.17 
0.31 
1.04 

4 

0.26 

0.76 

1.28 
0.26 
1.14 

5 

0.24 

0.79 

1.33 
0.20 
1.19 
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Table l d 
C = O 

AHg + AH^ 
= 0,25 

1 ^ 

^ 

Cp 
max 

r 

L 

V 

2 

0,50 

0.55 

0 .93 

0 .50 

0,82 

3 

0,36 

0 ,64 

1.09 

0.36 

0 .96 

4 

0.31 

0.69 

1.17 

0.31 

1.04 

5 

0.29 

0.71 

1.21 

0.29 

1.06 

Table 2a 

- 0 .10 
AH2 + ZIH3 

^-^5 2. ^ 0.10 m 
l / ü 
r 

V 

2 

1.27 

1.03 

3 

1.63 

1.33 

4 

1.86 

1.52 

5 

2.08 

1.70 

Note: Values of hg and 

L a re vinchanged from t h e i r 

v a l u e s v d t h C ,̂ = O above, 

Table 2b 

Cp = - 0 ,10 
4H2 + AH 

h^2 
^ = 0,15 

iA 
r 

V 

2 

1.19 

0 .96 

3 

1.47 

1.19 

4 

1.64 

1.32 

5 

1.73 

1.41 

Table 2c 

C-o = - 0 ,10 
'4 

= 0.20 

1/p 

r 

V 

2 

1.11 

0.91 

3 

1.35 

1.09 

4 

-1.48 

1.20 

5 

1.53 

1.25 
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Table 2d 

C„ = - 0.10 
AHp + A H 

h'^2 
^ = 0.25 

1/p--
r 

V 

2 

1.07 

0.86 

3 
1.26 

1.01 

4 

1.35 

1.09 

5 1 
1.40 

1.11 1 

Table 3a 
AHp + A H 

= - 0,20 T—^ = 0.1 
" 4 " 

1/c 
r 

1 V 

1 ̂  
1.44 

1 1.07 

3 
1.86 

1.38 

ipi 

4 
2.12 

1.59 

5 

2.37 

1.76 

g'.̂ -ble 5b 

Cp = - 0 ,20 
"4 

^ Hg + AH3 
0,15 

1 1/tx 1 
r 

V 

2 

1.35 

1 1,00 

3 
1,68 

1,25 

4 

1.86 

1.38 

5 1 
1.97 

1.47 

Table 3G 

% 
- 0,20 

AHg + AH3 

h^', 
= 0.20 

1 ^ j 
r 

•V 

2 

1.28 

0,94 

3 

1.53 

1.14 

4 

1.68 

1.25 

5 

1.74 

1.3o| 
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Table 3d 
AHp + A H 

= - 0.20 ^—^5 ^ = O, 
% m 25 

1 ̂ ^^ 1 
r 1 
V 

1 ^ 
1,22 

1 0,90 

3 
1.43 

1.05 

4 
1.53 

1.14 

5 
1.58 

1.16 

Table 4a 
AHp + A H 

= - 0.30 ~ ^ = 0. 

ipi 
•p - - - . 3 0 p 10 

1 ^̂̂  1 r 1 
V 

2 

1.63 

1.16 

3 
2,10 

1.44 

4 
2.40 

1.65 

5 1 
2.68 

1.84 J 

Table 4b 

Cp = - 0.30 
' 4 

4Hp + A H 

—^—^—^ = o. èpv| 
15 

1 ^^"^ 1 
r 

V 

2 

1.53 

1 1,04 

3 
1.90 

1.30 

4 
2,10 

1.44 

5 1 
2.22 

1.53 J 

Table 4o 

C = - 0.30 
AHg + A H , 

h^ 
= 0.20 

iA 1 
r 

V 

2 

1.44 

0,98 

3 

1.73 

1.19 

4 

1.90 

1.30 

5 j 
1^97 

1.36 1 



Table 41 

•4 
= - 0.30 

- 6 5 -

AH, + A H 

ipV^ 
^ = 0.25 

1̂  1 
r 

V 

2 

1.38 

1 0.93 
1-

3 
1.61 

1.10 

4 

1.73 

1,19 

5 

1.79 
1.21 1 

Table 5 

^Hg + A H ^ 

~lpv' 
= 0 Values of r = max 

°P 
meix 

i \iA 1 
\ \J 

0 1 

1 "^'^ 
-0.2 

-0 .3 

2 

1 1.30 
1.50 

1.71 
1.92 

3 

1.95 
2,26 

2,56 

2,88 

4 
2.60 

3.00 

3.42 

3.84 

5 

3.25 

3.76 

4.27 

4.81 

« 



FLOW 
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FIG. I. LAYOUT OF DUCTED WINDMILL 

FIG. 2. DIAGRAM OF THE FLOW RELD OF AN 
UNSHROUDED WINDMILL 
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FIG. 3. CONTROL SURI^E FOR THE DUCTED WINDMILL 



Vo v,»v. 

FIG. 4. DIAGRAM OF THE DUCTED WINDMILL 
SHOWING THE INTERNAL AND EXTERNAL FLOW 

'2 - - — ^ 
-V4 

FIG. 5. CONTROL SURFACE FOR WINDMILL INSIDE A DUCT 
EFFECT OF TIP CLEARANCE 



DIFFUSCn AftCA RATIO Jl 

FIG, 6. DUCTED WINDMILL PERFORMANCE 

Internal Loss Fbctor ^^8+ ^ " 3 = Q 

2 " •» 

FIG. 7. DUCTED WINDMILL PERFORMANCE 
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-=o-10 

S.—(MO _ ̂  

FIG. 8. DUCTED WINDMILL PERFORMANCE 
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FIG. 9. DUCTED WINDMILL PERFORMANCE 

DIFFUSER RATia<^ 

FIG. 10. DUCTED WINDMILL PERFORMANCE 



FIG. II. DIAGRAM OF THE FLOW PAST 

AN UNSHROUDED WINDMILL 

(l.) WINDMILL REPLACED BY A GAUZE 

(2 ) DUCT ALONE 

WINDMILL 

( 3 ) WINDMILL ALONE 

RG 12. GEOMETRY OF THE SLIPSTREAM 
OF A DUCTED WINDMILL 
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RG. 13. CONTROL SURFACES FOR THE FLOW 
PAST A DUCTED WINDMILL 

WHERE B- NUMBER OF BLADES 

FIG. 14. THE HELICAL VORTEX SHEETS 
DOWNSTREAM OF A WINDMILL 



t (AXIAL FORCE)-» B ( A (LIFT) COS P + A (DRAG) SIN <f) 

t ( T O R Q U ^ = Br ( A (LIFT) SIN (f> - A(PRAG) C O S ^ 

IA (LIFT) 

A (AXIAL FORCE) 

A(TOROUE)/ ' 
,- / B r 

w, (RESULTANT INDUCED 
90° VELOCITY) 

, Vo (UPSTREAM VELOCITY} 

ar 
(ROTATIONAL VELOCITY AT RADIUS r) 

FIG. 15. DIAGRAM SHOWING VELOCITY COMPONENTS AND 
FORCES ACTING ON BLADE ELEMENT AT RADIUS r. 

( B = NUMBER OF BLADES) 

rC^o-'-o) 

6Vj V E L C X I T Y INCREMENT DUE 
TO D U C T . 

2w„ NORMAL COMPONENT OF 
INDUCED VEUOCmr FdR 
DOWNSTREAM. 

AXIAL VELOCITY OF HELICIAL 
VORTEX SHEET RELATIVE 
TO WINDMILL. 

FIG. 16. VELOCITY DIAGRAM SHOWING VELOCITY COMPONENTS 
DUE TO THE DUCT AND WINDMILL VORTEX SHEETS 


