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Abstract. An important consideration when using sequential Bayesian
filters for the estimation of unknown states and inputs, is the potential
impact of modelling errors on the accuracy and precision of the esti-
mation. When the modelling errors are explicitly accounted for in the
estimation, one can speak of bias-aware filtering. One approach that has
been suggested to achieve bias-aware filtering is the use of Gaussian pro-
cess latent force models. Using this approach, the biases are represented
as Gaussian processes and identified from the vibration data in con-
junction with the additional unknown quantities. In this contribution,
we focus on modelling biases due to miscalibrated dynamic properties
in linear system models. We analyze the treatment of such biases using
Gaussian process latent force models, and explore the robustness of the
approach to changes in sensor configurations using simulated data from
a cantilever beam.

Keywords: Bayesian filtering - Modelling error + Gaussian process
latent force models

1 Introduction

Sequential Bayesian filters are becoming increasing popular to solve various esti-
mation problems in structural dynamics, ranging from load estimation and vir-
tual sensing to parameter identification and damage detection. An important
characteristic of these filters is that both modelling and measurement errors are
explicitly modelled as stochastic variables. The means and covariances of these
error fields are thus assumed known. Due to a lack of information, however, these
error fields are in practice often inaccurately specified. This leads to suboptimal
estimates [1], as well as difficulties when trying to interpret the uncertainties
associated with these estimates. In this contribution, the focus is on modelling
uncertainties that manifest as miscalibrated dynamic properties. This includes
uncertainties related to damping, joint or soil stiffnesses, boundary conditions,
environmental influences, etc. While difficult to characterize in terms of a mean
and covariance, these uncertainties could have strong impacts on the estimation
results in a filtering context.
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Existing approaches used in the treatment of modeling bias can be classified
into 1) those aiming to account for the bias in the statistics [1-4], 2) those aim-
ing to explicitly identify the bias [5-7], and 3) those aiming to explicitly identify
as well as model the bias [8]. The latter category has received little attention
in structural dynamics, and is addressed in this contribution through the devel-
opment of a bias-aware estimator based on corrective Gaussian process latent
forces. The presented work can be related to recent developments by Kashap [9]
and Rogers [10], with an important difference that additional unknown inputs
to the (linear) system are accounted for.

2 Bias-Aware Filtering by Means of Gaussian Process
Latent Force Models

As shown in [11], modal property errors can be captured in an unmodelled force
residual, which may be linearized as follows:

Modelled dynamics
%+ 2Q.E.2 + 2z = ®TS, p(t)

Unmodelled force residual

+A®TS, p(t) — 2Q.AQz — (2QAE + 2E.AQ)z (1)

where z and Z represent the modal velocities and accelerations, 2 and = are
the modal frequency and damping matrices, and a distinction is made between
true and erroneous properties and the underlying perturbation according to X =
X, + AX. Considering the modal bias forces separately, one can write:

Dhias1(t)

pbias,2(t)
7%+ 2.z + Q2z = ®TS p(t) + : (2)

pbias,nm (t)

2.1 Latent Force Models

As also shown in [11], each of the unmodelled force residuals in (2) can be
characterized by increased energy around a certain frequency. This motivated
the design of a Gaussian process latent force model (LFM), defined here for a
single modal bias force, with the following autocorrelation function (ACF) [12]:

Ry, (1) = 0 exp(=A|7|) cos(wor) + (7)o, 3)
Apart from the specification of a dominant frequency component wy, the function
in Eq. (3) allows for adjusting, through a fading factor A, how far in the frequency
spectrum the amplitudes are influenced. To account for possible disturbances
along the entire frequency axis, the white noise term § (T)O'g is added.
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If phias(t) is modelled as a stationary GP with the ACF presented in Eq. (3),
it can be considered as an output from a latent force model in state-space form

as follows:
o] e v R o ] g
Prias(t) = [1 0][ EtﬂJrn(t) (5)

where w1 and wsy are uncorrelated white noise driving inputs that will have vari-
ance a?ul = 0121)2 = 2/\012). Here, the variables s; and s are latent states capturing
the oscillatory dynamics around a center frequency wy. The structure of the state
matrix in Eq. (4) is similar to a single degree of freedom damped oscillator, since
its eigenvalues are given by —\ +iwgy. Note again also the additional white noise
term 7(t) with corresponding variance 0‘% included in Eq. (3).

This latent force model is defined by four hyperparameters (per modal bias
force): op, A, wo, 0y). Through the optimization of these hyperparameters, relative
weights can be assigned to the periodic versus white noise components of the
force residual.

In the case of n,, modal bias forces — cf. Eq. (2) — the state-space model in
Eq. (4) and (5) can be expanded by gathering the individual LFM’s as block
diagonals:

$(t) = Fes(t) + Low(t) (6)

pbias(t) - HCS(t) + T](t) (7)

where F, € R2?mX20m T, ¢ R?2™mX20m and H, € R X2m _ are constructed as:

Fc,l Lc,l Hc 1

FC: aLC: 7HC: (8)
Fc,nm Lc7nm Hc,nm

and the blocks F;, L j, and H,; is defined for each targeted mode j according
to Egs. (4) and (5).

2.2 Augmented Formulation

A conventional state-space model in modal coordinates (the modelled dynam-
ics) can now be augmented with a state-space model for multiple modal bias
forces (the unmodelled residual). More specifically, the state-space representa-
tion of (1), with only the modelled dynamics included and x(t) = [z(t) z(t)]T, is
augmented with (6) and (7) as follows:

Sl = e B 0]+ | e+ [ weor+ [Bg e 0
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where the matrix BPi#s = {SO
m

specified in S,,,. For instance, if bias correction forces are included for all modes
in the model, then S;;, = I. Again, the subscript e is used to indicate erroneous
model matrices.

To couple the measured observations to the bias-aware state Eq. (9), an aug-
mented observation equation is defined as:

} assigns bias correction forces to the modes

() = [Geo 20H] |1)| 4 3eom(0) 4 320 (10

where Jbias = [ is again used to assign the bias correction forces to the

0
SaQSm}
affected modes.

The continuous-time model of Eqgs. (9) and (10) is discretized as in e.g. [13].
Additional white sensor noise characterized by a covariance matrix R, (usually
diagonal) is then added to the observation Eq. (10). In the discrete-time model,
the following covariance matrices appear for the augmented system:

bias bias) T
Q. ~ At [Bc QnO(Bc ) LCQowLT} (11)
1 bi bias\ T
R, ~ A {JclasQn (Jc1as) } +R, (12)

Bl (i) T
=

where Qa, Ra, and S, represents the covariance matrices of the augmented
states, observations, and their cross-covariance, respectively. The driving white
noise processes have diagonal covariance matrices:

Sa ~ (13)

2 2
n,1 Owy,1

Q’r]: 9 Qu}: (14)

g,
7,0m W2,Nm

2.3 Hyperparameter Optimization

The hyperparameters consists of the set {o,, A, wo, 0,} for each mode, i.e. a
total of 4 - n,, variables. These are optimized through a procedure of maximum
log-likelihood using the augmented state space model developed in Sect. 2.2 and
the measurement data. Equations for the log-likelihood will be presented in
a forthcoming paper and are omitted here for brevity, but can be maximized
through standard gradient-based algorithms.

Note that for each iteration in such an optimization, state and input esti-
mation needs to be performed to obtain the estimates X,(t) and p(t). This is,
however, quick for linear systems where Kalman-type algorithms for state and
input estimation are run in their steady-state configuration.
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3 Numerical Examples

The bias-aware filter presented in the previous section is now applied in a numer-
ical example with a cantilever beam, where also its performance using data from
various sensor configurations is explored.

3.1 System Model and Excitation

A finite element model of a cantilever beam is constructed using 20 elements —
see Fig. 1. The properties of the beam are L = 10 m, E = 210 GPa, I = 106
mm?, and m = 100 kg/m. A discrete time step of At = 0.01 s is used.

|+ 1,=026Hz 1, =1.61Hz —+— 1, =450 Hz |
01 T T T T T T T T T T

1 3 5 7 9 11 13 15 17 19 21
Node

Fig. 1. The finite element model of the beam and its first 3 modal frequencies and
shapes.

A reduced-order modal model of the beam is built using the three lowest
modes shown in Fig. 1. Modal damping is set to 1%. The beam is excited by a
logarithmic sine sweep applied at the tip:

=1 g Lol )

p(t) = sin (mm -

Tsweep (15)
This force covers the range from fsart = 0.1 Hz to fenq = 6 Hz, which will in
turn excite all 3 modes of interest. The sweep time is set to Tiweep = 300 s.
Note that the location of the force is known to the filter, while its time history is
unknown and estimated in conjunction with the bias forces. The beam’s response
to this force — y(¢) — is simulated in the time domain using the exact dynamic
properties presented in Fig. 1. This emulates the dynamic response of the “real”
structure that is, by definition, error-free.

Noise is added to the system as follows: the sensor noise is characterized
by R, = 1071, leading to signal-to-noise ratios in the order of 10> — 10%. In
addition, a small amount of background white noise excitation is added to each
mode with variance 10~% (see [14] for a formulation of noise covariance matrices).

3.2 Bias-Aware Estimation

State and input estimation is now performed using an erroneous model, where
the modal characteristics of the beam are perturbed as follows:
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— The 3 natural frequencies are scaled by 0.95, 1.05, and 0.95, respectively.

— The modal damping in all three modes is scaled by 2, since damping tends
to have higher relative uncertainties.

— The mode shapes are scaled by /1.1, v/0.9, and /1.1, corresponding to a
+10 % error on the modal mass.

Initially, results are presented for an estimation based on acceleration data
collected at node 11 (midspan) and 21 (tip, collocated with force), as well as
displacement data collected at node 16 (3/4 span). To optimize the hyperpa-
rameters of the bias-aware filter (12 in total), fmincon in Matlab was used. For
each mode, initial values were set as o, = 1072, op = 107%, and A = 0.1wy,
where the central frequency wy was initially guessed as the (erroneous) natural
frequency. Results are presented in Figs. 2, 3, and 4 for the modal states, iden-
tified external forces, and bias forces, respectively. In these figures a distinction
is made between the ezact results (without any estimation performed), and the
estimation results obtained with the true model, the erroneous model, and the
bias-aware case, i.e. the erroneous model, but including unknown bias forces.

Exact True — — Erroneous — - — Bias-aware ‘
0.2
0 =
Y
-0.2

@ 0 100 200 300 (p)100 110 120 130

|22 (f)]

2(t)
=) o
o o
—_ o -

(d) O 100 200 300

%107
2 2
= 0
NS
2 2
(@ 0 100 200 300  (n)280 285

t]s] ts] f [He]

Fig. 2. Exact modal states compared to those estimated using the different models,
with and without bias compensation.

The modal states are well captured in all cases, with only minor artifacts
present in the 2nd and 3rd mode at the true natural frequencies (dashed lines).
The good performance at the level of the modal states is expected, since the
identified external force is compensating for the model errors. In Fig. 3 the force
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| Exact True Erroneous — - — Bias-aware
2 1
l;: 0 0
-2 -1
(@) 0 100 200 300 (b)100 110 120 130 (c) O 5
t [s] ts] f [Hz]

Fig. 3. Exact external forces compared to those estimated using the different models,
with and without bias compensation.

identified using the erroneous model clearly shows amplifications around the true
natural frequencies. This is, however, not the case for the bias-aware estimation,
where the model errors are separately accounted for through the bias forces.

Exact ——— Bias-aware ‘

0.05

0

-0.05
00 (b)100 110 120 130

w

(@ 0 100 200

< 0.1 0.1
Too 0
£-0.1 -0.1

@ 0 100 200 300 (200 210 220
0.2 0.2
o0 0
g
0.2 0.2
(@ 0 100 200 300  (h)280 285
t[s] t[s]

Fig. 4. The exact and estimated bias forces.

The estimated bias forces can indeed be seen to peak around the true natural
frequencies in Fig. 4. This implies that the unknown, true modal frequencies were
successfully recovered through the hyperparameter optimization procedure for
each GP bias force. This recovery of the dynamics of the true system is quantified
in Table1, where the value obtained for the hyperparameter representing the
natural frequency, wy, is compared to its true value for each of the modes.



Bias-Aware Bayesian Filtering Using Gaussian Process Latent Force Models 329

Table 1. Optimized hyperparameters wo vs. true natural frequencies in rad/s

True w;|Optimized wo|Error [%)]
Mode 11.611 1.597 <1
Mode 2(10.098 [9.839 2.6
Mode 3/28.273 27.977 1

3.3 Sensitivity to Sensor Configurations

In this section, the sensitivity of the results to changes in the sensor configu-
ration is assessed. The displacement sensor is kept fixed at node 16, while the
accelerometers are placed in different configurations as indicated on the hori-
zontal and vertical axes in Fig. 5. For simplicity, the optimized hyperparameter
values from the original configuration of Sect.3.2 are used in all analyses. To
facilitate a quick comparison between the results obtained with different con-
figurations, the normalized root mean square error is computed for each modal
state as well as the external force:

2(t) — 3(¢))?
NRMSE = /20 2( ) (16)
> 2(t)
4 22
é EEEES 1 EEEOD 1
h: 0.052 i
5 og . ]
b o b 0.8
N9 TOOOEN N9 8 T
g 11 B . 0.05 g 11 o 8 06
<C 13 O <C 13 O
15 0.048 15 0.4
17 oooo 17 oooo
19 —oo 19 —oo 0.2
21 o 0.046 21 o
MO~ AHMOO D~ MO~ AHMWO =0
(a) e (b) — o —
Acc. 1 Acc. 1
zZ3 p
5| mm 25 5| 5
5 o 5 o8
; 2
N OOCEm N OOCEmE
g 11 s 15 g 11 : & 10
< 13 w < 13 w
15 1 15 5
17 oooo 17 oooo
19 BB 05 19 “HR
21 R 21 R
N~ MO~ MMM~ MIO O —
Acc. 1 Acc. 1

Fig. 5. Results obtained with bias-aware filtering in terms of NRMSE for the modal
states (a-c) and external force (d). The red circle indicates the optimal point in each
subplot, and the red cross indicates the configuration used in Sect. 3.2.
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As shown in Fig. 5, many sensor configurations exist that provide good perfor-
mance. Also for configurations where there is no collocated acceleration mea-
surement, NRMSE’s of below 0.5 are obtained.

While Fig. 5 testifies to the robustness of the bias-aware filter in recovering
the modal states and forces, it does not give any information as to the relative
improvement that can be realized with respect to a filter where modelling errors
are not accounted for. To this end, Fig. 6 is presented.

1 1.1 1 1.1
3 3| SEEEEEECCCOm
£ 1 Bo0 1
5 5 =]
7 7 [m|
N9 09 N9 - OO 09
g %?1) 0.8 g % gt = 0.8
[
< 15 0.7 < 15 0.7
; oL
21 21 =
05 MO~ MO 05
(a) (b) — O
Acc. 1
23 p
! DEEEO. 11 ! EEEEO mOO0 11
3 L 1 3 L 1
5 s 5 s
7 [m] 7 {m]
N9 ~oOom 0.9 ™9 ~ oo 09
¢ 11 e =) 0.8 ¢ 11 o = 08
2 13 [ 51 2 13 [ I}
15 0.7 15 0.7
17 mnlnls 17 mnnln
19 "B 0.6 19 "B 0.6
21 5 21 T
@  eerenmangy 00 @ meeregmaman - 0F
Acc. 1 Acc. 1

Fig. 6. Realized improvement using a bias-aware as opposed to bias-unaware filter.
NRMSE for modal states (a-c) and force (d). The red circle indicates the optimal point
in each subplot, and the red cross indicates the configuration used for the results in
Sect. 3.2.

Figure 6 shows the NRMSE ratio between the results obtained when per-
forming the joint input-state estimation using an erroneous model and those
obtained when performing bias-aware state-input estimation. The figure illus-
trates the relative improvement achieved by mitigating the modelling errors. For
most accelerometer locations, this ratio remains below 1, indicating a positive
improvement in estimation accuracy. An exception occurs for the first modal
state estimate, where the ratio is frequently close to or slightly above 1. This
can most likely be attributed to the fact that the first modal state is scarcely
affected by the introduced errors (cf. Figure 2a—c), making the additional bias
mitigation less impactful for that mode.
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4

Conclusions

A bias-aware Bayesian input-state estimator was developed, where unmodelled
force residuals resulting from miscalibrated dynamic properties are estimated
using a Gaussian process latent force model. Numerical examples were used to
show that the developed filter is a) able to recover the underlying, true dynamics
of the system, even when an unknown external force is acting on it, and b) that
the identification of the external excitation greatly improves when accounting
for the modelling errors using the suggested bias-aware formulation. The iden-
tification of the unknown states and input was additionally shown to be robust
to changes in the sensor configuration.
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