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Abstract

Machine learning (ML) courses are difficult to design and teach
for many reasons: new approaches emerge rapidly, and students
are already overwhelmed with the volume of material. This posi-
tion paper addresses the question of what is essential to teach
in ML courses through the framework of threshold concepts—
transformative ways of understanding that fundamentally shift
how learners view a discipline. We propose five threshold concepts
in ML: “Learning is Optimization,” “There are Tradeoffs in Sources
of Error,” “ML is an Empirical Science,” “ML Describes Geometric
Processes,” and “ML Demands a Probabilistic Lens” We believe the
first three concepts to be essential for students aiming to become
adept builders of ML systems, and the remaining two to be neces-
sary for graduate-level research in developing new ML methods.
For each concept, we analyze whether and how it is transformative,
troublesome, integrative, irreversible, and bounded. These concepts
are intentionally chosen to be broad and model-agnostic, so that
they can be applied to a wide range of settings and remain rel-
evant as the field progresses. Our proposals reflect the reasoned
analysis of experienced ML educators and offer a learner-centered
framework for prioritizing limited instructional time while helping
students develop a deeper understanding of ML. Furthermore, we
contribute to the ongoing conversation about the role of mathemat-
ics in ML education by arguing that mathematics is necessary for
the two theoretical concepts and for moving beyond mimicry to true
understanding through the liminal space of threshold concepts.
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1 Introduction

Machine learning (ML) has become increasingly prominent in com-
puting education. The ACM’s 2023 Computer Science Curricular
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Guidelines include a 40% increase in recommended Artificial Intel-
ligence (AI) and ML instruction hours [26], while the number of
university Al programs worldwide has grown from approximately
1,170 in 2018 to 2,520 in 2023 [41]. This curricular expansion raises
questions about content prioritization. Students report that the vol-
ume of material in ML courses is challenging [38], as ML courses
can include foundational mathematics, algorithmic understanding,
hands-on implementation, and ethical considerations, yet instruc-
tional time remains limited. Efforts such as the Computing Research
Association’s LEVEL UP Al initiative [13] indicate ongoing work to
identify essential content, though consensus on what constitutes
core understanding in ML is still developing.

This position paper approaches the question of “what is essential
to teach in ML” through the framework of threshold concepts,
originally proposed in Meyer and Land [30]. Threshold concepts
represent both a pedagogical framework and a theory of learning
centered on transformative experiences. Threshold concepts are
“akin to a portal, opening up a new and previously inaccessible way
of thinking about something. It represents a transformed way of un-
derstanding, or interpreting, or viewing something without which
the learner cannot progress” [30]. Threshold concepts are transfor-
mative (fundamentally shift the learner’s perspective), troublesome
(difficult to grasp and may conflict with prior understanding), inte-
grative (unify disparate concepts in a domain), irreversible (once
understood, unlikely to be forgotten or unlearned), and bounded
(limited to specific disciplinary boundaries) [30]. In various fields,
e.g., writing pedagogy, there is success in using writing threshold
concepts [1] to guide first-year composition courses [20]. Attention
to threshold concepts can help keep a course focused, while shifting
students’ perspectives. Although ML courses differ in scope and
learning objectives, they can be overwhelming to students in terms
of content coverage [38]; understanding threshold concepts can
help instructors prioritize limited instructional time and inform
curriculum development [5].

Threshold concepts are distinct from other ideas in curriculum
design. Bruner [11] emphasized teaching the fundamental struc-
ture of a discipline through its “basic concepts”, while Wiggins
and McTighe [47] describe using “big ideas” with lasting value to
guide curriculum construction. Related to these are core concepts,
the fundamental building blocks or facts within a discipline that
students must know [30]. These approaches center on disciplinary
structure, while threshold concepts center on the learner’s trans-
formative experiences [14, 37]. Unlike concepts that can be learned
incrementally, threshold concepts require learners to pass through
liminality, a state of “being in between” where understanding may
approximate “mimicry or lack of authenticity” [30] as students
engage in ritualistic behaviour before achieving mastery [27].

In this position paper, we propose five threshold concepts in
ML that bridge theoretical and practical ways of reasoning about
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learning. For each concept, we argue whether and how it is trans-
formative, troublesome, integrative, irreversible, and bounded. The
authors are ML educators and researchers with a combined 28 years
of ML teaching experience, from North America and Europe. Where
possible, we cite related work in ML, computing education, and
other areas in our arguments.

2 Background: Threshold Concepts

Threshold concepts have been identified in many fields, including
Computer Science [10, 35]. Methods for identifying threshold con-
cepts include consensus-based approaches [5], e.g., consulting with
teachers, students, practitioners and community members [33, 42].
These approaches have been used in computing [23] and beyond [5].

Threshold concepts are not without critics. Challenges include
lack of a formal definition [33], debates over which of the five
characteristics are necessary [49], questions about conceptual gran-
ularity [49], and difficulties (or impossibility) in producing empirical
evidence [34]. We acknowledge that establishing threshold concepts
with empirical rigor may be neither feasible nor necessary for the
framework to provide pedagogical value. We contend that carefully
reasoned analysis by a few domain experts with deep pedagogical
experience offers a meaningful starting point.

Within ML, Allen et al. [2, 3] work towards identifying threshold
concepts by considering troublesome concepts, and identify neu-
ral networks (including backpropagation) as a potential candidate.
We differ from these works in our perspective on what is consid-
ered a “concept” (a common disagreement in threshold concept
discussions [33]). Moreover, Sibia et al. [38], using student reports
of their challenges in a university ML course, argues that the dif-
ficulty with neural networks and backpropagation could be due
to the way that linear algebra and vectorization are taught. There
is work investigating the extent to which math preparation is a
difficulty [32], rather than the liminality of the idea itself. Like the
writing pedagogy work of Adler-Kassner and Wardle [1], which
suggests threshold concepts like “Writing Is a Social and Rhetori-
cal Activity”, our proposed concepts are more broad. We aim for
concepts that are not specific to particular ML models, but that are
integrative in the sense that they bring together ideas from across
the entire field.

A similarly broad approach is taken in K12 Al Education, where
Touretzky et al. [43, 44] identifies 5 “big ideas” in Al including that
computers perceive the world using sensors (perception), agents
maintain representations of the world to use for reasoning (repre-
sentation and reasoning), computers can learn from data (learning),
intelligent agents require many kinds of knowledge to interact nat-
urally with humans (natural interaction), and that AI can impact
society in both positive and negative ways (societal impact). AI4K12
provides a framework for analyzing and creating instruction in Al
literacy for future users of Al systems. In contrast, our focus is on
addressing what is needed to become builders of ML systems—e.g.,
those who apply existing techniques and research new ones.

Finally, we note some similarities and differences between our
approach and the ACM CS2023 guidelines for ML topic coverage
[15, 26]. Many of the suggested topics overlap with our proposed
threshold concepts: “evaluation”, “application”, and “ethics” are
all aspects of the empirical nature of ML. In Kumar and Raj [26],
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Figure 1: Proposed machine learning threshold concepts,
ranging from theoretical (left) to practical (right). The jigsaw
shape shows how these concepts are interrelated.

the “Fundamental ideas” covered include No Free Lunch and Bias-
Variance decomposition, which we also emphasize. However, while
ACM CS2023 necessarily provides guidance on topics to cover (e.g.,
reinforcement learning), we do not. We intentionally chose a broad
formulation of a “concept”, in an attempt to future-proof, by priori-
tizing enduring ideas over specific models.

3 Proposed ML Threshold Concepts

Figure 1 shows how the 5 proposed threshold concepts are inter-
related. We believe that the three threshold concepts on the right
(1-3) are required for applying existing ML tools with a working
understanding of how ML models behave. The remaining concepts
(4-5) are more theoretical, and required for graduate-level work in
building new ML approaches.

3.1 Learning is Optimization

The term “learning” evokes imagery of a complex psychological
process [29]. In reality, learning problems are almost always turned
into optimization problems. Most approaches to learning from data
can be described as formulating an objective function (based on
a loss function) and finding a function (predictor) that minimizes
this objective over some data set. A combination of choices for the
search space (i.e., model class), choice of loss function, and optimiza-
tion algorithm define an ML method. As such, the abstract idea of
“learning” is turned into a concrete mathematical procedure.

We consider this idea to be troublesome, as it is counter to
novices’ beliefs about AI/ML systems. Novices tend to anthropo-
morphize AI/ML systems [8] and believe that ML systems work
similarly to the human brain [4, 28, 29]. Novices also hold beliefs
that ML systems’ behaviour is programmed [29] or that training
data is stored [8]. Multiple learning theories suggest that knowledge
which conflicts with prior beliefs is difficult to integrate [6, 31].

However, the idea is transformative. We believe that it demys-
tifies “learning” by turning it from an intuitive notion to a formal
and mechanical procedure. This conceptualization also helps to
define the goals of an ML method. This shift allows researchers to
construct and communicate new ML methods by specifying the op-
timization problem. For example, Goodfellow et al. [17] introduces
the Generative Adversarial Network (GAN) with the objective

min max B, () [10g D)) + Bz, ) [log(1 = D(G(2)))]
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along with the optimization algorithms for the generator G and
discriminator D. In this case, it is understood that D and G are
neural networks and that a gradient-based optimization approach
is used, but other architectures are possible. Turning a learning
problem into an optimization problem exposes the fundamentally
modular approach to ML, where data, model, and loss form axes
along which methods can differ [21].

This shift also has implications for ML model design: the be-
haviour of an ML model can be influenced by intentionally modify-
ing the objective function. For example, in regularization, an extra
term is added to the objective function to encode a preference for
simpler models. In a classification problem, preference for one class
over another can be encoded by adding class weights to the logis-
tic loss. Fairness regularizers [24] are yet another example of the
potential that can be unlocked by modifying the objective function.

This concept offers an integrative view of ML, describing super-
vised, unsupervised, and reinforcement learning. This concept also
allows practitioners to understand new methods they encounter by
asking “what is this process implicitly optimizing?” For example, in
the unsupervised learning algorithm k-means clustering, datasets
are grouped into k clusters. The algorithm iteratively assigns data
points to the nearest cluster centroid (mean), and recalculates the
centroids based on the current assignments. Although this descrip-
tion is procedural, this process can be viewed as block coordinate
descent on the sum of squares between each data point and its
assigned centroid.

This idea is fairly bounded. While optimization is used in other
areas of CS, the specific conceptualization of “learning as optimiza-
tion” is distinctive to ML. In other CS domains, optimization is
typically used to solve well-defined problems (e.g., finding shortest
paths, scheduling tasks), where the objective function is given and
the goal is to find optimal solutions. In ML (and sometimes in Al),
the optimization perspective reframes the notion of “learning from
data” as constructing and minimizing an objective function, so the
choice of objective becomes a design decision.

We believe the irreversibility of this and other proposed thresh-
old concepts to be more complicated. For each concept, we generally
believe the conceptual transformations to be irreversible, but it is
difficult to provide an argument aside from our experience teaching
ML. For example, for this concept, once a student has integrated the
perspective that learning methods can be decomposed into their
constituent parts, some of the mystery surrounding ML is removed.
After viewing optimization as a fundamental tool for understanding
ML, we believe that it is difficult to “unsee” this perspective when
analyzing new methods or debugging models.

However, we do not believe consistent practical application of
many of these concepts to be irreversible. For this concept, stu-
dents may forget to apply the optimization perspective in practice,
instead remembering only the procedural rituals (e.g., train-test
split, hyperparameter tuning) that emanate from this conceptual-
ization. Moreover, as new methods emerge, students may return to
having a mystical view: for example, “prompting” a Generative Al
model can be seen as abstracted away from the optimization pro-
cess that trained the model, potentially obscuring the connection
to the “learning is optimization” perspective. Nevertheless, once
the optimization lens has been adopted, it remains available as a
tool for understanding.
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3.2 There are Tradeoffs in Sources of Error

While novices can hold prior beliefs that ML systems are precise [29]
and perfect [8], ML models make mistakes, and there are tradeoffs
involved in managing those mistakes. The Bias-Variance tradeoft is
the most commonly discussed tradeoff, emphasized in many ML
textbooks [9, 18, 19]. The Bias-Variance decomposition shows that
there are three sources of error: Bias (due to a model being “too
simple” or having the wrong “inductive bias”), Variance (due to
a model that is too complex, capturing not only the salient but
also the accidental patterns in the training data), and the Bayes
error (resulting from natural variations in the target variable not
associated with the input features). This decomposition guides the
tradeoff in how model complexity is managed.

We intentionally worded this threshold concept to consider other
tradeoffs. This is partly because a direct application of the Bias-
Variance decomposition is nuanced [7], and partly because there
are other tradeoffs involved in ML practice, e.g., in the data repre-
sentation and computational resource use. For example, although
Bayes error is sometimes called the irreducible error (as no model
can achieve a lower error on the given problem), it is tied to choices
in the problem formulation, and is affected by the representation of
the input data. This highlights a fundamental aspect of ML: poor-
quality or unrepresentative data inevitably lead to poor models.
However, overly rich data representation can lead to a model that
is too complex for the amount of training data, resulting in high
variance, reflecting a tradeoff. Thus, many limitations of ML sys-
tems cannot be solved through better algorithms alone, and there
are tradeoffs involved in choices regarding the model and the data.

That there are tradeoffs in errors is a troublesome idea in that
it has several counterintuitive aspects. First, unlike what a novice
might believe, a more complex model is not always better, and a
higher training accuracy does not always mean a “better” model.
Second, the fact that ML algorithms are not magical thinking ma-
chines but computational procedures that depend on the patterns
present in their training data is counter to students’ prior beliefs [8].
Many limitations of ML systems cannot be solved through better
algorithms alone, because the root cause often lies in poor-quality
or unrepresentative data. In addition, the mathematics behind the
Bias-Variance decomposition is itself challenging. The mathemat-
ical derivation is typically shown for regression models, and it
takes mathematical maturity to abstract this specific Bias-Variance
decomposition and intuit how it can generalize to other scenarios.

This idea is integrative in that the Bias-Variance tradeoff and
other tradeoffs apply to many models from across ML. Many differ-
ent ML models have at least one hyperparameter controlling the
complexity of the model, e.g., k in k-nearest neighbours, maximum
depth in decision trees, number of layers in a neural network. In all
of these models, the representation of the data is yet another key
factor contributing to the error of the model. These tradeoffs tie to-
gether various concepts related to learning curves, cross-validation,
and hyperparameter tuning.

The idea is transformative in that it helps a student move
beyond trial and error for model improvement, by providing a
conceptual framework to understand how different aspects of model
and data lead to different tradeoffs, and how to move towards an
optimum. In terms of practical application, it helps a student learn



ITiCSE 2026, July 10-15, 2026, Madrid, Spain

how to debug appropriately in applied ML settings. A novice may
try many different model settings to see what works, but an expert
will analyze the sources of error and adjust the model complexity
and data choice accordingly.

The idea is bounded: within computer science, it is specific
to machine learning and statistical learning. The Bias-Variance
tradeof specifically is usually formalized in supervised learning
contexts, but can be applied conceptually to unsupervised learning
and reinforcement learning.

As in the previous concept, while we believe conceptual un-
derstanding to be irreversible, the applications of the idea are
challenging. For example, Valdenegro-Toro and Sabatelli [46] show
that students hold many beliefs about overfitting.

3.3 Machine Learning is an Empirical Science

A closely linked idea in ML is the understanding that no single
algorithm is universally “best”. The “No Free Lunch” [48] theorem
provides the theoretical foundation for this insight, stating that “any
two optimization algorithms are equivalent when their performance
is averaged across all possible problems” Already, this idea contains
difficult notions like “averaging across problems”. In short, the
theorem implies that there is no universally best algorithm; success
is always context-dependent. Performance depends on how well
the data, model, and loss function align for a specific problem, and
this alighment cannot be achieved using theory alone.

We therefore rely on empirical evaluation using observed data
when building ML solutions and assessing their performance. This
evaluation includes most aspects of ML model building, such as
model selection and hyperparameter tuning. Empirical evaluation
means assessing a model’s performance using observed data. This
includes analyzing the error decompositions, for example by plot-
ting learning curves that compare training and validation loss over
training iterations to understand model generalization and identify
signs of overfitting (and underfitting).

The realization of the importance of empirical evaluation trans-
forms how learners think about machine learning. They move
from a “best algorithm” mindset (of trying to find the best algo-
rithm to study) to a problem-data—model alignment mindset: which
combination of model, loss, and data is most appropriate for the
given task and goals? This shift from algorithm-centric thinking
to alignment thinking is the beginning of understanding ML as an
empirical science. It places proper evaluation at the center of ML
practice, rather than an interesting aside.

However, loss minimization is only one aspect of empirical eval-
uation. This realization represents a second transformative shift
from single-metric thinking to multidimensional, evidence-based,
human-centered reasoning. For example, a model that predicts can-
cer risks may have equal accuracy across men and women, but may
have different distributions of false positives vs. false negatives.
A facial recognition system may perform well across the selected
validation/test sets, but have significantly higher error rates for
darker-skinned individuals [12]. A model might perform well in
detecting pneumonia from chest x-rays, but only because it has
learned to leverage hospital-specific visual markers [50]. Thus, for
a model to perform “well” in practice, it should not only be accurate,
but also efficient, robust, fair, and interpretable—and many of these
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attributes conflict with one another. Thus, empirical evaluation also
involves understanding how, why and for whom the model works,
and what procedures need to be in place if models fail, including
systematic auditing to identify potential issues before deployment.

The central role of empirical evaluation is troublesome in many
ways. First, we do not believe that the transformative shifts above
happen instantaneously. In our experience, some students find it
difficult to accept the inadequacy of theory to determine the “best”
model, and find the empirical approach unsatisfying—as if requiring
a mourning period. In statistical learning, decisions are often made
by making assumptions about the data distribution, and considering
asymptotic or expected behaviours of various choices. However, in
practical applications, these assumptions rarely hold. Thus, while
simplifying assumptions can still be useful, theoretical guarantees
offer little comfort in safety-critical systems like those used in self-
driving cars, and need to be supported by empirical evaluation.

Second, consistently performing good empirical evaluation is
troublesome. For example, Skripchuk et al. [40] and Zimmermann
et al. [51] both show that students underestimate the influence
of hyperparameters. This underestimation is not limited to stu-
dents: hyperparameter tuning is often underutilized or improperly
conducted in ML research [39], even leading to cases where well-
tuned baseline methods outperform more sophisticated approaches
that have not been properly tuned [22]. This demonstrates that
evaluation is both difficult and essential to building ML solutions.

Empirical evaluation is integrative because it provides a single
lens through which to interpret many failure modes: overfitting
and underfitting, sensitivity to hyperparameter choices, poor gen-
eralization, bias in training data, instability across different datasets
due to various types of distribution shifts, and data leakage (e.g.,
from the training to the test data). The broad phrasing of this con-
cept takes the stance that issues of unintentional harm (i.e., risk of
malfunction) caused by the use of ML systems are firmly within
the bounds of our discipline.

As with previous concepts, while conceptual understanding may
be irreversible, it is easy to slip back into treating models as in-
scrutable, especially when new, large models seem to be able to do
well on many learning problems. Moreover, as we have seen, con-
sistently applying best-practices in data splitting, model selection,
and hyperparameter tuning is difficult.

It is bounded, in that it delineates ML from other parts of CS,
where theoretical optimality claims are more common, and empiri-
cal evaluation plays a less central role. This concept reframes ma-
chine learning as an empirical, data-dependent discipline grounded
in alignment and evidence. It unites understanding of bias and vari-
ance, generalization, and model selection under a single principle:
that reliable knowledge in machine learning comes not from the-
oretical optimality, but from careful, multidimensional empirical
evaluation of how data, algorithms, and models interact.

3.4 ML Describes Geometric Processes

The remaining two threshold concepts are more theoretical in na-
ture. As before, there are multiple components to this idea. At the
most basic level, data can be viewed as a geometric object (i.e., points
in RP), and models as geometric processes acting on these objects. Of
course, the choice of data representation matters; different choices
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lead to differences in distances between data points, and the sym-
metries, invariances, and equivariances afforded. This perspective
frames both supervised and unsupervised learning models as trans-
formations on the data space that warp the representation space.
At a more advanced level, models themselves can also be thought
of as geometric objects: distance, symmetry, and other geometric
concepts can be applied to models as objects. When conceived in
this manner, the objective function and optimization processes can
be thought of and visualized as geometric processes that navigate
through the model space.

This idea is troublesome. Thinking of data as points in RP is
so “obvious” that many ML textbooks gloss over this idea, but it
is counter to intuition developed in prior CS courses. Earlier CS
courses often emphasize differences in data types, with text repre-
sented as a sequence of characters, images as an array of pixels, and
sound as waveforms sampled at regular intervals. Data structures
are usually analyzed through the lens of time and space complexity
of typical operations. The geometry of the representation—such as
distances between data points, relationships in high-dimensional
space, and symmetries—is rarely considered.

Additionally, in our experience, students struggle with ideas
and language like “the earlier layers of a Multi-Layer Perceptron
learn features, and the final layer is a linear classifier on these
features” and “natural images lie in a manifold within RP”; these
ideas that ML practitioners take for granted need to be broken
down for novices. Empirically, Sibia et al. [38] shows that students
find “visualization” or “intuition” behind mathematical ideas in
ML challenging, with quotes from students suggesting difficulty
connecting the algebraic presentation of ML and the geometric.
Even for experts, reasoning about geometry in high-dimensional
spaces is difficult, as intuitions in low-dimensional spaces do not
always translate.

The geometric perspective is integrative. It provides a unified
perspective on how data, models, and loss interact, and how dif-
ferent models and algorithms can be combined. The geometry of
the data space influences what predictors can learn (e.g., why cat-
egorical variables need to be one-hot encoded). The geometry of
the model determines what predictors are possible (e.g., inspiring
models like Convolutional Neural Networks and Graph Neural Net-
works that work with the symmetries and equivariances in the
data) and provides interpretations of what the model is doing (e.g.,
normalizing flow, diffusion models). The geometry of the loss land-
scape determines how we can find good predictors (which helps
explain gradient descent and interpret its variants, e.g., momentum,
adaptive step-sizes, gradient clipping, etc.). This perspective is thus
used throughout advanced texts and discourse.

These examples show that this idea is transformative. Once
it is internalized, it not only unlocks understanding of the prin-
ciples behind many models, but also enables one to go beyond
analyzing specific data sets and their features. Thinking geometri-
cally (in terms of distances, symmetries, and invariances) unlocks
both simple ideas (like one-hot encodings) and advanced ideas (like
normalizing flows and diffusion models). Ideas like the way em-
beddings work are useful not only in theory, but also in practical
application, including those involving LLMs.
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As with other ideas, we believe the conceptual approach to be
irreversible. It remains challenging to apply these concepts con-
sistently in practice, even for experts.

While geometric ideas are not bounded to ML, the way geome-
try is used in ML is distinctive compared to other areas of CS. For
example, computational geometry (where algorithms operate on
geometric objects like polygons and point sets), computer graphics
(where 3D transformations and projections are fundamental), and
algorithm design (where geometric data structures like KD-trees
and spatial hashing are used for efficient queries) all use geometric
ideas. However, the emphasis is typically on the discrete structure
and relationships between nodes in a graph-based space. ML em-
phasizes continuous, high-dimensional spaces, and the geometry
of how models act on them.

3.5 ML Demands a Probabilistic Lens

A related concept in ML is understanding that deterministic reason-
ing is insufficient, that data, models, predictions, and even optimiz-
ers are best approached through a probabilistic lens. At a basic level,
this means understanding that data are samples drawn from the un-
derlying probability distributions, and the learning process involves
reasoning about what is likely rather than what is certain. The pre-
dictions are estimates of properties of distributions rather than
single outcomes, generalization is reasoning about expected per-
formance, and interpretability is not just about explaining outputs,
but about connecting a model’s representations to the probability
distributions it assumes or learns from.

This idea is troublesome. Prior work suggests that novices
struggle with the probabilistic aspect of ML [25, 29]. Sibia et al.
[38] shows that undergraduate ML students report “probability and
statistics” to be challenging. We observe, in our own courses, that
CS students struggle with probabilistic reasoning; deterministic
reasoning is much more common in other areas of CS. We also
observe that students can go a long way in ML without understand-
ing probability. Within the liminal space, they can train a classifier,
tune hyperparameters, evaluate accuracy, and deploy a predictive
model by following ritualistic formulas. It is thus possible to apply
ML without probability, just as one can drive a car without under-
standing how the engine works. However, novices will not be able
to reason deeply about ML without probabilistic thinking.

Probability is not just a branch of math in ML; it fundamen-
tally transforms the view of learning as a stochastic phenomenon,
rather than a deterministic algorithm. Randomness not only shows
up in how training data are collected but is also intentionally used
in the design of algorithms. Many ML models and loss functions
have probabilistic interpretations. Some models make these proba-
bilistic interpretations and assumptions explicit: the GAN objective,
as shown in Section 3.1, is written in terms of expectations over
Pdata and p;. Others (like k-means) hide core assumptions behind
seemingly deterministic procedures. Being able to understand and
use these assumptions is key to understanding the difference be-
tween an autoencoder and a Variational Autoencoder, including
the reparameterization trick. Advanced ideas like reasoning about
expectations over actions and states in Reinforcement Learning
all require probabilistic reasoning. Advanced ML models are of-
ten reasoned about through their probabilistic interpretation of
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data and its generating processes, in order to build better models.
Bootstrapping and forms of regularization all rely on it, intention-
ally introducing randomness; thus, stochasticity connects different
aspects of ML.

One way that this transformation can be observed is whether
students are able to see randomness not just as an obstacle, but as
a tool. For example, data augmentation is a strategy where noise is
added to the training set to mimic the variability we expect in real-
world data, to build models that are more robust to this variability.
Beyond data augmentation, randomness is also deliberately intro-
duced in differential privacy, where it becomes a design principle,
rather than a flaw, used to enrich data, protect privacy, and enhance
generalization. Another more basic example is Stochastic Gradient
Descent (SGD), where randomness in mini-batch selection helps
escape shallow minima.

As these examples come from many areas of ML, this idea is inte-
grative. It combines multiple perspectives on why learning can be
hard or impossible, including Bayes error, the curse of dimension-
ality, and fairness notions, that all illustrate ways that uncertainty
and probabilistic reasoning shape the limits of learning.

Unlike previous concepts, probabilistic reasoning under uncer-
tainty is not bounded to the field of ML. It connects closely to statis-
tics, a related field, and is used in other fields that model phenomena,
like physics, econometrics and finance. Moreover, many areas of
CS (e.g., algorithm design, operating systems) do use probabilistic
reasoning to analyze, design, and improve algorithms. However,
some CS disciplines view non-determinism as a problem. In ML,
when probabilistic reasoning is understood, it is used purposefully
to prevent overfitting, improve robustness, and make algorithms
more efficient, adding to the transformative perspective on stochas-
ticity. Thus, taking a probabilistic perspective means that noise is
not always a problem, and can sometimes be a solution. However,
this is true in other fields that take a probabilistic perspective.

As before, we believe the theoretical ideas to be irreversible,
but our experience suggests that in practical application, students
sometimes lose this probabilistic lens.

4 Implications for ML Pedagogy

As new ML models and methods are constantly introduced, we
believe that a small number of model-agnostic ideas should guide
curriculum design. We intentionally chose concepts that are “larger”
in granularity than individual models, with the goal of proposing
threshold concepts that can remain relevant over time.

Implications for Existing ML Courses. Even without fully redesign-
ing courses, ML instructors can use these threshold concepts as
recurrent threads to tie together different models. As of the writing
of this paper, many ML textbooks and courses (including ours) use
a “survey of techniques” approach, where a new ML model is intro-
duced in each unit. This works well for a reference text. However,
novices can fail to understand what is important, foundational, and
cross-cutting when little connection is made between chapters. Re-
ferring back to the threshold concepts can help prompt important
transformations to occur.

For New Courses and Curricula. For a course or curriculum re-
design, these threshold concepts can provide a guide for what is

560

Lisa Zhang, Gosia Migut, and Jesse Hendrik Krijthe

important, in a way that keeps a learner’s perspective in mind. Not
all threshold concepts need to be emphasized in all ML courses. For
an upper-year undergraduate or graduate ML course, it is possible
to introduce the ideas from “middle then outwards” in Figure 1. For
amore basic ML course, it is possible to start with the practical ideas
on the right, treating the models as opaque tools; application-based
ML courses for majors and non-majors alike have been described
in the literature [16, 45].

Overall, which threshold concepts to introduce depends on the
goals of the course and the students it serves. We propose that in-
structors should first consider what role they want students to play
(e.g., builders of ML tools, researchers developing new methods, or
informed users of ML systems), then identify what transformations
students should experience to fulfill that role, and finally build (and
rebuild) the course topics and sequence as necessary.

Usefulness of Mathematics. One recurring question in ML edu-
cation is the extent to which mathematics is necessary in ML [36].
An approach to answering this question is to consider the trans-
formations that learners should achieve. For the applied threshold
concepts, we believe that it is possible for learners to pass the limi-
nal space with minimal background in calculus, linear algebra, and
probability. More specifically, understanding that ML is an empiri-
cal science and the multifaceted nature of model evaluation can be
done without math. It is also possible (though to a lesser extent) to
intuitively understand the sources of error and key tradeoffs.

For the remaining concepts, mathematical maturity and prereq-
uisites can be an important pre-liminal variation [30, 33] to consider.
Without the mathematics, we believe that learners are less effec-
tive at “negotiating the liminality” [33], and transitioning from
mimicry to understanding. Learners will miss key insights related
to the geometry of the problem, the probabilistic nature of the data,
model, loss, and various aspects of the optimization process. Still,
it may be important to teach students without deep background
in mathematics, as math (and math self-efficacy) remains a barrier
for ML learners. With tailored instruction, we believe learners can
still go far, but the transformations may not be irreversible. Careful
instruction should consider how to mitigate the reversibility.

5 Conclusion

As ML continues to evolve rapidly, identifying stable, foundational
ways of thinking about the field becomes increasingly valuable for
both educators and learners. These five proposed threshold con-
cepts can stimulate discussion, guide curriculum development, and
ultimately help students develop a deeper, more transformative
understanding of ML. While we hope this work serves as a starting
point for building broader consensus on threshold concepts in ML,
we believe these proposals offer immediate value for ML educators.
Future work could also explore how these concepts manifest in
student learning, investigate what additional threshold concepts
are important in ML, and examine how different instructional ap-
proaches can help students cross these conceptual thresholds.
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