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ABSTRACT: Rigorous Coupled-Wave Analysis (RCWA) is a semi-analytical method, used to determine the optical response of nanostruc-
tures, such as meta-materials. Recently, the ability to combine RCWA with automatic differentiation for optical response optimization
has been demonstrated. We seek to build upon this use by attempting to address RCWA’s poor performance on parallel computer ar-
chitecture, stemming from the presence of an eigendecomposition. We do this by outlining an alteration of RCWA, which replaces the
eigendecomposition with a matrix square root and matrix exponential evaluation. Furthermore, we demonstrate that these matrix func-
tions can be evaluated using algorithms which are both differentiable and readily evaluated in parallel. Finally, we show that replacing
the eigendecomposition with these matrix functions resolves the bottleneck and paves the way for higher-accuracy parameter retrieval
using RCWA approaching real-time performance, without compromising stability.

1. INTRODUCTION

The Rigorous Coupled-Wave Analysis (RCWA), also
known as the Fourier Modal Method (FMM) [1] is a

semi-analytical computational method [2], initially created
to determine the optical response of diffraction gratings [3].
Since then, RCWA has seen use in the design of solar cells [4]
and metamaterials [5], as well as in optical metrology in the
semiconductor industry [6, 7].
RCWA often serves as the model to simulate the optical re-

sponse of a device as a function of the permittivity distribution
of its structure. These models are then used to solve an inverse
problem, in which an optimal permittivity distribution is de-
termined to achieve a certain desired optical response. Such
inverse problems appear regularly in fields such as the design
of photonic devices, as well as in optical metrology.
One important inverse problem method is gradient descent

optimization [8], which has seen extensive use in the field of
machine learning, which has recently seen several innovations
to facilitate the development, training, and running of these ma-
chine learning models. On the hardware side, there has been
significant progress on the development of processing units,
i.e., the “Graphical Processing Unit” (GPU), specifically opti-
mized for massively-parallel computing of simple processes in
machine learning models at industrial scale [9]. The fast com-
putation of these simple processes, such as matrix additions,
multiplications, and solves, is key to the performance of the re-
spective applications.
On the software side, we have seen the development of ma-

chine learning platforms such as TensorFlow, PyTorch, and Jax.
These platforms are integrated with NVIDIA’s CUDA toolkit,
providing GPU performance to high-level programming lan-

* Corresponding author: Frank Van der Ceelen (F.vanderCeelen@tudelft.nl).

guages. They also provide an additional feature to facilitate
the training of machine learning models: Automatic Differen-
tiation (AD). As any algorithm can be abstracted to the compo-
sition of a function frommore basal functions, AD can evaluate
the global gradient of the composed function through the chain
rule, provided that the platform handles the knowledge of the
local gradients of the basal functions. These features have re-
duced the barrier of entry for machine learning and gradient
descent optimization, leading to the proliferation of this tech-
nology to other fields, such as inverse design in nanophotonics
using RCWA [5].
Here, we seek to apply gradient descent to a differentiable

RCWA algorithm for profilometry purposes. Profilometry typ-
ically aims to reconstruct the 3D profile of structural features,
e.g., lines, contact holes, and bricks, of a diffraction grating. In
such cases, higher evaluation times can severely limit applica-
tion. As a result, we seek to use higher computation power to
evalute a single RCWAmore quickly by exploiting parallelism.
RCWA, however, seems resistant to such speedup through

parallelization. This mainly stems from the inclusion of an
eigendecomposition in the method, being a serial algorithm
with a potentially ill-posed gradient in the case of degenerate
eigenvalues. While there has been success in resolving the gra-
dient problem for the eigendecomposition in RCWA [5], efforts
to meaningfully resolve the computational bottleneck for par-
allel computation have been less successful. These works have
generally taken one of two approaches.
The first category attempts to use the GPU architecture to

evaluate the eigendecomposition itself [10–12]. While defi-
nite improvements with respect to computation time can be
recorded using this method, in our assessment, the maximum
possible speedup using such approaches are limited, due to the
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FIGURE 1. S-matrix computation times in (a) single and (b) double precisions. In each plot, we compare the time for computing the eigendecompo-
sition through computing theW, V, X matrices (blue), the S-matrix (orange), and the difference between the two, which consists of mostly matrix
solves and multiplications (green).

serial nature of the eigendecomposition. It should be noted that
schemes exist to evaluate the eigendecomposition using paral-
lel computing resources, but these have shown their own draw-
backs with regard to accuracy and stability [13].
The second category attempts to completely avoid the

evaluation of an eigendecomposition by evaluating a scat-
tering transmission matrix (T-matrix), and evaluating the
reflected/transmitted intensities from this information [14–16].
These methods are genuinely eigendecomposition-less, and
have demonstrably strong performance on parallel architec-
tures. The problem with such an approach is that T-matrices
are numerically unstable, which limits their application to
“sufficiently thin” slices, lest the method become dominated
by rounding or truncation error. Furthermore, as the number
of harmonics considered increases, the maximum thickness
has to decrease accordingly, meaning that “sufficiently thin”
becomes an increasingly prohibitive limitation [15].
This paper attempts to address both parallelization and dif-

ferentiablity issues of RCWA stemming from the eigendecom-
position. However, instead of doing so through altering the
eigendecomposition algorithm, the eigendecomposition is re-
moved outright. This was achieved through the use of an al-
ternate formulation for computing the scattering matrix of each
layer, which has identical numerical stability properties as that
of the conventional formulation. The new formulation requires
no eigendecomposition to be computed, instead requiring the
evaluation of the matrix square root and matrix exponential. In
this paper, we propose and validate an algorithm to compute
the matrix square root, allowing the implementation of a dif-
ferentiable RCWA that can be significantly accelerated using
GPU.

2. ISSUE REGARDING THE EIGENDECOMPOSITION

To begin with, we wish to highlight the bottleneck observed in
our algorithm, whichwe illustrate in Figure 1. Amore elaborate
explanation of the computational experiment can be found in
Section 6.

Here, we effectively take the implementation of RCWA in
the scattering matrix (S-matrix) formalism, as outlined in [17],
and evaluated it for our base case. Here, we timed;

• The computation time of the eigendecomposition. More
specifically, evaluating the W, V, X matrices, which are
crucial intermediate steps of evaluating the S-matrices;

• The computation time of evaluating the S-matrix, which
includes the eigendecomposition, but otherwise consists
solely of matrix solves and matrix multiplications.

Through subtracting one from the other, we also determine the
computation time of the “remainder” of the S-matrix evaluation
algorithm, which effectively consists of evaluating Eqs. (19)
and (20) in [17].
These were evaluated using CUDA on a GPU A-100 with

floats in both single and double precisions. We shall note that
the A-100 is designed for optimal performance in single preci-
sion arithmetic. By comparing computation time between these
modes, we can get some semblance of information of how well
certain parts of the algorithm parallelize.
These benchmarks were run with an increasing number of

diffraction orders (or harmonics) considered, as outlined in Ta-
ble 1. From this, we apply a log-log plot of the computation
times as a function of number of harmonics considered. We
implemented an RCWA algorithm, according to the formalism
in [17], using TensorFlow. This formalism evaluates the S-
matrices of individual layers, after which the overall S-matrix
of the system is found through repeated use of the Redheffer
star product.
From this benchmark, we see the following:

• There is little difference in computation time for the eigen-
decomposition between single and double precision, con-
firming that the number of serial operations scales cubi-
cally with problem size.

• By contrast, we see improvement in the computation time
of the “remainder” of the S-matrix algorithm, especially
at large problem sizes. This suggests this part of the al-
gorithm is readily parallelizable according to Gustafson’s
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law [18], where the possible attainable speedup increases
with problem size.

With this, we seek to demonstrate that except the eigende-
composition, the remainder of the algorithm to evaluate the S-
matrix is itself already readily in parallel, owing to the algo-
rithm being rich in matrix multiplications and inverses, were it
not for the eigendecomposition serving as a bottleneck. This
logic extends to the remainder of the RCWA algorithm itself,
where we observed all other parts of the RCWA algorithm be-
ing evaluated properly in parallel as well. Additionally, it has
already been demonstrated that the wider RCWA algorithm is
differentiable, once differentiability issues of the eigendecom-
position are addressed [5], and the analytic jacobians of matrix
multiplications and inverses are well known [13].
Our goal, then, is to find anRCWA formulation, which can be

readily evaluated in parallel, through elimination of the eigen-
decomposition. In order to do so, we first need to understand
what the eigendecomposition achieves in the wider RCWA al-
gorithm, and then see how this can be replaced with a parallel
and differentiable algorithm, potentially by making use of the
basal matrix operations.

3. BOTTLENECK IN THE CURRENT FORMULATION
One can reformulate the Maxwell equations into two coupled
spatial-frequency domain, first-order matrix differential equa-
tions with respect to z as follows:

∂s
∂z

= Pu, ∂u
∂z

= Qs, (1)

where s and u vectors denote the Fourier coefficients of the
transverse components of the respective electric and magnetic
fields at a certain z location, and P and Q matrices denote how
the derivatives of the field vary with respect to z [17].
These matrices are dependent on the permittivity and perme-

ability distributions in each layer, represented by µr and ϵr, as
well as on the wave number, polar angle of incidence, and az-
imuthal angle of incidence, as per Floquet’s theorem. These
variables are represented by k0 = 2π

λ , θ, and φ [19], respec-
tively.
These two differential equations can be combined to form a

second-order spatial derivative equation:

∂2

∂z2
s = PQs = WλW−1s, (2)

where W and λ are the eigenvectors and eigenvalues of the
second-order differential equation operator, respectively. From
these, a relation between the fields at position z, and the field at
a relative distance d at position z + d, is given as follows [17]:

[
s
u

]
z+d

=

[
W W

−QW
√
λ
−1

QW
√
λ
−1

][
e−d

√
λ 0

0 ed
√
λ

]

∗

[
W W

−QW
√
λ
−1

QW
√
λ
−1

]−1 [
s
u

]
z

, (3)

where QW
√
λ
−1

can be interpreted as the eigenvectors of the
magnetic field, and e−d

√
λ and ed

√
λ represent the propagation

of the forward and backward modes, respectively.
Themain issue this formulation seeks to address is that, while

the forward modes tend to shrink as they are propagated for-
ward, the backward modes instead grow as they are propagated
forward. This discrepancy of magnitudes will lead to catas-
trophic cancellation if one were to integrate Eq. (1) directly,
leading to invalid reflectance and transmittance results.
Instead, most implementations make use of the fact that

e−d
√
λ is guaranteed to be numerically stable, and ed

√
λ, while

numerically unstable, is its inverse. This allows us to handle the
“unstable” part of the equation implicitly via its stable inverse,
thereby resolving this source of instability. As a result, the op-
tical response of each slice can be fully characterized using the
W,QW

√
λ
−1
, and e−d

√
λ matrices, in the form of a scattering

matrix. From this, the optical response of the wider system can
be determined using the Redheffer star product [17].
Here, we wish to emphasize that Eq. (3), although identi-

cal mathematically to literature, differs from notation, so as to
highlight the presence of two matrix functions; more specifi-
cally, thematrix square root

√
λ andmatrix exponential e−d

√
λ.

While evaluating matrix functions of diagonal matrices, such
as
√
λ, is trivial, and thus ignored in literature, the presence of

these matrix functions is essential to removing the eigendecom-
position.

4. ALTERNATIVE FORMULATION TO COMPUTE THE
SCATTERING MATRIX
We start by altering the found solution to the following:[
s
u

]
z+d

=

[
I I

−QW
√
λ
−1
W−1 QW

√
λ
−1
W−1

]

∗

[
We−d

√
λW−1 0
0 Wed

√
λW−1

]

∗

[
I I

−QW
√
λ
−1
W−1 QW

√
λ
−1
W−1

]−1[
s
u

]
z

. (4)

It is important to note that this formulation shares the desired
properties of Eq. (3), especially regarding what is needed to
ensure stability: We−d

√
λW−1 and Wed

√
λW−1 are mutual

inverses. Furthermore, they are similar to e−d
√
λ and ed

√
λ,

respectively, and inherit their stability properties as a result.
Secondly, since matrix functions are commutative with any

similarity transform [20],W andW−1 can be placed inside the
matrix functions. This in turn allows us to substitute all im-
plicit eigendecompositions with PQ as per Eq. (2), giving us
the following alternate formulation [21, 22]:[
s
u

]
z+d

=

[
I I

−Q
√
PQ−1 Q

√
PQ−1

] [
e−d

√
PQ 0

0 ed
√
PQ

]

∗
[

I I
−Q
√
PQ−1 Q

√
PQ−1

]−1 [
s
u

]
z

. (5)
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Because this formulation preserves the structure previously
found in Eq. (3), the blocks found in this formulation can be
used in lieu of the previous blocks, yielding a completely iden-
tical scattering matrix, when making use of gap matrices [17].
For more details, please refer to Appendix A.

4.1. Matrix Functions
While this new formulation no longer requires the evaluation
of an eigendecomposition, it does introduce new difficulties in
calculation elsewhere. More specifically, the evaluation of the
matrix square root and a matrix exponential are no longer ap-
plied to diagonal matrices, which complicates their evaluation.
For such cases, other algorithms for the evaluation of the

matrix square root [20, 23–26, 30] and the matrix exponen-
tial [20, 27–29] have been extensively studied in the literature.
The need to evaluate these matrix functions tends to arise wher-
ever linear algebra is used, e.g., in areas such as statistics [31]
andmachine learning [32]. In the case of thematrix square root,
its evaluation can be used as an intermediate step for finding the
matrix logarithm [33], the polar decomposition [34, 35], and by
extension the singular value decomposition (SVD) [36]. In the
case of the matrix exponential, it is used to find the solution for
time-integration problems [37] and Markov chains [38].
Not all algorithms in literature to evaluate these matrix func-

tions are readily evaluated in parallel and differentiable, how-
ever, so a careful choice must be made for both functions. Our
choice of implementations of the matrix functions are com-
posed of basal matrix operations only, from the principle that
these operations ought to inherit the parallel evaluation and dif-
ferentiability properties, as has been previously observed of
other such functions. Full implementations are shown below.

4.2. Matrix Square Root
The matrix square root is calculated with the following algo-
rithm:

Algorithm 1 Calculating matrix square root
1: Y← A
2: Z← I
3: X← ZY
4: while |I− X| ≥ ε do
5: P←

(
2m+1

1

)
I+

(
2m+1

3

)
X

6: Q←
(
2m+1

0

)
I+

(
2m+1

2

)
X

7: X′ ← X
8: for n← 2 tom do
9: X′ ← X′X
10: P← P+

(
2m+1
2n+1

)
X′

11: Q← Q+
(
2m+1
2n

)
X′

12: end for
13: F← Q−1P
14: Y← YF
15: Z← FZ
16: X← ZY
17: end while
18:
√
A← Y

The derivation of this algorithm is based on an iterative
method for a closely related function, the matrix sign, which in
turn is based on iterativemethods to find the scalar sign [23, 25]:

zi+1 =
(1 + zi)

n − (1− zi)
n

(1 + zi)n + (1− zi)n
,

lim
i→∞

zi = sgn(z0) =

{
−1, ℜ(z0) < 0

1, ℜ(z0) > 0
. (6)

When n is taken as an integer, we can apply the binomial the-
orem to (1 + zi)

n and (1 − zi)
n. In such a case, we see that

the even power terms of zi cancel out in the numerator, and the
odd power terms of zi cancel out in the denominator. When we
refactor the sum to only make use of the non-zero terms, we get
the following:

(1 + zi)
n − (1− zi)

n

(1 + zi)n + (1− zi)n
=

∑n
k=0

(
n
k

)
(zki − (−zi)k)∑n

k=0

(
n
k

)
(zki + (−zi)k)

=

∑⌊n−1
2 ⌋

k′=0

(
n

2k′+1

)
z2k

′+1
i∑⌊n

2 ⌋
k′=0

(
n
2k′

)
z2k

′
i

. (7)

Here, we force n to be odd by redefining it as n = 2m + 1,
where m is a positive integer. In such a case, we know that
⌊n2 ⌋ = ⌊

n−1
2 ⌋ = m, which gives us the final iteration we shall

be using:

zi+1 = zi

∑m
k′=0

(
2m+1
2k′+1

)
(z2k

′

i )∑m
k′=0

(
2m+1
2k′

)
(z2k

′
i )

. (8)

This iteration can also be applied to square matrices, which
effectively determines the sign of each individual eigenvalue of
the matrix:

msgn(A)=W[msgn(λ)]W−1

=W


sgn(λ1) 0 . . . 0

0 sgn(λ2)
. . .

...
...

. . . . . . 0
0 . . . 0 sgn(λn)

W−1. (9)

The iteration, as given by Eq. (8), when adapted to matrices,
reads as follows:

Ai+1 = Aif(A2
i ),

f(A2) =

(
m∑

k′=0

(
2m+ 1

2k′ + 1

)
A2n

)

∗

(
m∑

k′=0

(
2m+ 1

2k′

)
A2n

)−1

. (10)

The way in which a matrix square root can be calculated using
the matrix sign is by applying the matrix sign to the following
2-by-2 block-skew-diagonal matrix:

msgn
([

0 A
I 0

])
=

[
0

√
A√

A−1 0

]
. (11)
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In [34], it was proven that iterations with the form Ai+1 =
Aif(A2

i ) can be efficiently applied to solve iterations with
skew-diagonal form as follows:[

0 Y
Z 0

]
f

([
0 Y
Z 0

]2)
=

[
0 Y
Z 0

] [
f(YZ) 0
0 f(ZY)

]

=

[
0 Yf(ZY)

Zf(YZ) 0

]
=

[
0 Yf(ZY)

f(ZY)Z 0

]
, (12)

where the last step is an application of the push-through iden-
tity [34], so as to avoid having to calculate f(YZ) alongside
f(ZY). Because both the input and the output are skew-block
matrices, we can instead formulate the iteration in terms of
these blocks:

Yi+1 = Yif(ZiYi),

Zi+1 = f(ZiYi)Zi,
(13)

where

f(ZiYi) =

(
m∑

k′=0

(
2m+ 1

2k′ + 1

)
(ZiYi)

k′

)

∗

(
m∑

k′=0

(
2m+ 1

2k′

)
(ZiYi)

k′

)−1

. (14)

Since f(ZY) is shared in this coupled iteration, it only needs to
be calculated once. Furthermore, since the numerator and the
denominator of f(ZY) are polynomials sharing the same terms,
we only needmmatrix multiplications and one matrix solve to
determine f(ZY), and two matrix multiplications to find Yi+1

andZi+1. In aggregate, it requiresm+2matrix multiplications
and 1 matrix solve per iteration.

4.3. Convergence --- Speed
This iteration has a convergence rate of 2m + 1 [25, 34]; that
is, so long as |I− ZiYi| < 1, then

|I− Zi+1Yi+1| ≤ |I− ZiYi|2m+1. (15)

Convergence is determined byYiZi = I; in such a case, we see
that

f(I) =

(
m∑

n=0

(
2m+ 1

2n+ 1

)
I

)(
m∑

n=0

(
2m+ 1

2n

)
I

)−1

= (22mI)(22mI)−1 = I, (16)

and Yi+1 = Yi. Since ZiYi is evaluated every iteration, con-
vergence can be tested for each iteration with minimal addi-
tional computational cost. As in [25], theorem 3.4, it is made
clear that all these iterations share convergence behavior with
one another, with the number of iterations required for conver-
gence scaling inversely with log(2m + 1). Based on this, we
determined that the optimal performance was achieved when
m = 3. For further details, please refer to Appendix B.

4.4. Convergence --- Branch Cut
Because Y0 and Z0 commute with one another, all iterations
commute with one another, as well as A, save for rounding
error. As a result, the convergence behavior of this iterative
method depends solely on the spectrum of PQ. More specifi-
cally, the iteration will have converged when all the eigenvalues
of Yi have converged to those of

√
PQ, so the overall conver-

gence is dominated by the worst-converging eigenvalue.
In order to test this, we applied this algorithm to the scalar

equivalent of algorithm 1. In the case where m = 1, this sim-
plifies to the following iteration:

yi+1 = yi
3 + yizi
3yizi + 1

, zi+1 = zi
3 + yizi
3yizi + 1

, (17)

for various complex values of y0, and z0 = 1. Convergence
was determined as the number of iterations needed to achieve
|yizi − 1| < 10−12. The results of this are plotted in Figure 2.

FIGURE 2. Iterations needed for Eq. (17) to converge, for various val-
ues of y0 and z0 = 1.

We determined that overall convergence is poor for eigen-
values which are very large, very small, and those which are
placed very close to the branch cut, with the method failing to
converge if there are eigenvalues on the branch cut. Unfor-
tunately, the conventional branch cut is placed on the negative
real axis, which is populatedwith propagatingmodes in the case
of lossless media. As such, a new branch cut must be chosen,
analogous to enforcing sign convention.
Here, the choice was made to place the branch cut in the third

quadrant of the complex plane. From our experience, we could
not find any case where eigenvalues were found in the third
quadrant of the complex plane. This was not true for any other
quadrant [39]. While we still lack understanding as to why the
third quadrant is devoid of eigenvalues, it does mean that the
branch cut can be safely rotated into the third quadrant of the
complex plane without altering the found square root, thereby
maintaining the stability granted by Eq. (5). This is done by
redefining the square root as follows:√

PQ := e−iϕ/2
√
eiϕPQ. (18)

Here, we chose ϕ = −π
4 , so that the branch cut extends diag-

onally through the third quadrant. This way, the argument of
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any eigenvalue is guaranteed to differ from the argument of the
branch cut by at least±π

4 . This, combined with a normalization
step, means that the number of iterations required until conver-
gence scales logarithmically with the condition number of PQ
only.
As per the equivalence principle, this convergence behavior

also applies to different choices ofm [25]; more details can be
found in Appendix B.

5. MATRIX EXPONENTIAL
In a similar vein, we also had to inspect how to calculate the
matrix exponential. This method has similarly received a lot of
attention for how to calculate it in a timely manner, while still
being differentiable.
Here, two methods of calculating the matrix exponential

stood out. The first is the scaling-and-squaring method, which
uses the following identity:

eA =
(
eA/2n

)2n
. (19)

With this identity, one can instead calculate eA/2n, which is typ-
ically easier to calculate and better posed, and apply repeated
self-multiplication to arrive at the desired answer.
The second method is calculating eA through some kind of

polynomial, or polynomial fraction, of A. These include cases
such as the Padé approximant [40]:

eA ≈

(
N∑
i=0

cnAn

)(
N∑
i=0

cn(−A)n
)−1

. (20)

Since the default matrix exponential function of TensorFlow
makes use of these two algorithms, this implementation was
sufficient regarding computational performance and differen-
tiability.

6. VALIDATION OF RCWA IMPLEMENTATIONS
We benchmarked this new approach against the previous im-
plementation. This was done by having two implementations
of how the S-matrix is determined from the terms found in
Eq. (1). Here, we outline the pseudocode which outlines
how the scattering matrix is derived from the depth and the
permittivity and permeability distributions of each layer:

Algorithm 2 scattering matrix using eigendecomposition
1: W,λ← eig(P ∗Q)
2:
√
λ← sqrt(λ)

3: V← Q ∗W ∗ inv(
√
λ)

4: X← exp(−d ∗
√
λ)

5: S← get_s(W,V,X)

Algorithm 3 scattering matrix using matrix functions
1: W← I
2:
√
PQ← sqrtm(P ∗Q)

3: V← Q ∗ inv(
√
PQ)

4: X← expm(−d ∗
√
PQ)

5: S← get_s(W,V,X)

Again, we wish to emphasize here that the intermediate states
ofW, V, X differ between implementations, but yield the same
analytic result, except for rounding errors. Furthermore, step 5
does not differ between algorithms.
These two different algorithms are embedded in the same

overall RCWA algorithm. Additionally, the whole model can
also be configured to evaluate all operations with IEEE sin-
gle precision and double precision floating point format. As
such, a total of four configurations of RCWA are tested. This
algorithm was evaluated on an NVIDIA A-100 TPU tensor-
core GPU. Tensor cores are GPU architectures, which achieve
a much higher number of floating point operations in exchange
for numerical accuracy. As a result, the A-100 boasts a larger
number of FLOPS when evaluating the algorithm with single-
precision operations when compared to double-precision oper-
ations. This serves as our gauge for parallelizability. Based
on configurations of the GPU, the difference in computational
power between these configurations can be a factor of 8, 16, or
32, depending on the internal configuration of TensorFlow.
For the purpose of benchmarking, steps 1–4 of algorithms

1 and 2 were timed. Additionally, steps one through five of
algorithms 1 and 2 were also timed. From this, the computa-
tion time of step 5 can also be derived. P, Q were determined
from the relative permittivity and permeability using the inverse
rule [41]. The S-matrix was evaluated using gap matrices, with
the optical properties of vacuum [17]. The global S-matrix is
obtained by concatenating the S-matrix of the layer with the S-
matrix of both the substrate and superstrate using the Redheffer
star product. The reflection and transmission of the fields can
be read from the entries of this S-matrix, which then can be used
to evaluate the reflected and transmitted diffraction intensities.
The calculated diffraction intensities are compared to refer-

ence diffraction intensities. We know that this data was pro-
duced also by an eigendecomposition RCWA implementation,
with various configurations of diffraction orders considered,
computed with double floating point precision, and that P, Q
were determined from the relative permittivity and permeabil-
ity using the inverse rule [41]. The discrepancy between the
two predicted and reference diffraction intensities is quantified
using a sum-square loss function:

L =
∑
i

|Rpred,i −Rref,i|2 +
∑
i

|Tpred,i − Tref,i|2, (21)

whereR and T are the far-field intensities of each reflected and
transmitted diffraction order, respectively.
Since the loss function compares the predictions of twomath-

ematical models (one of which is used as the reference), what
the loss value found can wholly be attributed to differences in
implementations.
We consider a two-dimensional periodic grating consisting

of rectangular pillars, aligned with the orthogonal grid. The
grating is with a duty cycle of 50% in both directions and the
pillar in each cycle is with pitches of 600 nm and 500 nm along
the x and y directions, respectively.
The periodic grating consists of a single layer of photo-resist

with a permittivity of 2.25+0i relative to vacuum, and the depth
of this layer (the height of the pillars) is 100 nm. This grating
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(a) (b)

FIGURE 3. Comparison between computation times for computing the S-matrix (orange) using (a) the eigendecomposition and (b) the matrix square
root and matrix exponential, for various numbers of harmonics considered and two precision formats. Also included is the time spent on essential
intermediate steps (blue) specifically alone on (a) the eigendecomposition and (b) the matrix square root and matrix exponential. Both axes are
scaled logarithmically.

FIGURE 4. Plot highlighting found sum-square error between re-
flectance and transmittance values predicted by the model and the ref-
erence data for various numbers of harmonics considered. The predic-
tions were obtained through computing the eigendecomposition (blue)
and matrix functions (orange) with single (circle) and double (triangle)
precision floating point format, respectively. Both axes are scaled log-
arithmically. Loss shown is the sum of the loss value evaluated for
normal and conical incidence.

is surrounded by a uniform superstrate consisting of vacuum,
as well as a uniform substrate of silicon with a permittivity of
16 + 0i. Throughout the entire system, we assumed a unit per-
meability.
The system is illuminated from the superstrate side with p-

polarized light at a wavelength of 425 nm. Two illumination
configurations are used for diversity in the loss function: one
with polar incidence (θ = 0◦, φ = 0◦) and the other with coni-
cal incidence (θ = 30◦, φ = 30◦).
We benchmarked the speedup and accuracy of our method

against eigendecomposition method for various number of
diffraction orders, listed in detail in Table 1.
For these various permutations, we time the step for comput-

ing the S-matrix and the essential intermediate steps and eval-
uate the loss value between the predicted and reference diffrac-

TABLE 1. Table outlining the number of diffraction orders (or harmon-
ics) for different data entries.

Entry Diffraction
orders x

Diffraction
orders y

Total
harmonics

1 −5, . . . ,+5 −4, . . . ,+4 99
2 −10, . . . ,+10 −8, . . . ,+8 357
3 −15, . . . ,+15 −12, . . . ,+12 775
4 −20, . . . ,+20 −16, . . . ,+16 1353
5 −25, . . . ,+25 −20, . . . ,+20 2091

tion orders using the loss function as defined in Eq. (21). The
speedup and accuracy benchmark results are illustrated in Fig-
ure 3 and Figure 4, respectively.

7. NUMERICAL RESULTS

7.1. Speedup
By comparing the computation time of the S-matrix using the
matrix square root and exponential, we observe a significant
speedup when switching from double precision to single preci-
sion, related to the aforementioned performance difference due
to GPU architecture. At the highest number of harmonics, we
observed a speedup factor of approximately 31.3 for the matrix
square root and matrix exponential, and a speedup of 28.2 for
the whole S-matrix. As the maximum possible speedup achiev-
able is a factor 32, this suggests this method is able to benefit
from further acceleration due to parallelization.
Additionally, we observe that the speedup achieved is mini-

mal with a small number of harmonics, and increases with num-
ber of harmonics considered. This behavior is consistent with
Gustafson’s law.
With this difference in parallel performance, we see a

speedup relative to the eigendecomposition method which
widens both with problem size and parallel computing re-
sources available. We observe a difference in time to compute
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the S-matrix of 1 order of magnitude when using double-
precision arithmetic, and of 2 orders of magnitude using
single-precision arithmetic. We expect this performance gap to
widen going into the future, as cutting-edge computing achieve
further speedup through ever-increasing parallelization.
The slope on this logarithmic graph indicates that all methods

have an approximately cubic computational complexity, which
is in accordance with the computational complexity of linear
algebra operations. While methods exist to reduce this compu-
tational complexity, these are typically not used in CUDA ar-
chitecture, as this results in higher numerical error and poorer
parallel execution.

7.2. Accuracy

Here, we record the loss between the diffraction pattern inten-
sity between various methods, and the result provided exter-
nally. This loss value is the sum for the loss value with nor-
mal incidence, and the loss value with conical incidence. Since
for this case the structure parameters are unperturbed, and the
discretizations are identical leading to identical truncation er-
ror, the loss can be wholly attributed to relative rounding errors
arising from differences in implementation, and thus serves to
highlight the amount of numerical error inherent in each varia-
tion.
The loss values found for the square root method and eigen-

decomposition method for double precision are effectively in-
distinguishable, and are both smaller than the relative error
which can be represented using double precision floating point
arithmetic. As a result, we conclude that the new method has
effectively negligible impact on numerical accuracy when eval-
uated using double precision.
When we instead evaluate the loss function by comparing the

single-precisionmodels to the double-precision validation data,
the found loss values are much larger. This can mainly be at-
tributed to the fact that single-precision floating point numbers
have larger relative rounding error by design. The rounding er-
ror does seem to diverge between the square root method and
the eigendecomposition method for higher number of harmon-
ics, which we mainly attribute this to poor numerical accuracy
of diagonal matrices when used with tensor cores [42].

7.3. Parameter Retrieval

To demonstrate the ability of the RCWAmethod to perform pa-
rameter retrieval, the material parameters of the permittivity
distribution were perturbed. The perturbed variables are out-
lined in Table 2. All other parameters, which were not men-
tioned, were not perturbed.
With these perturbed parameters, we evaluated the model

with the number of diffraction orders of entry 2 in Table 1 for
normal and conical incidence, and evaluated the loss function
with respect to entry 2 in the dataset with normal and conical
incidence, respectively. By evaluating the gradient of the loss
function with respect to the perturbed parameters, we retrieved
the “ground truth” parameters using the Adam optimizer [43],
with a training rate of 0.05. The parameter retrieval was done
by replicating the configuration of, and comparing with the

TABLE 2. Table outlining the “ground truth” parameters and the per-
turbed values.

Variable Ground truth Perturbed value
Re (ε) 2.25 2.15
Im (ε) 0.00 0.1
h 100 nm 125 nm
x 300 nm 325 nm
y 250 nm 225 nm

dataset of, entry 2 of the validation dataset, as given by Ta-
ble 1. The diffraction pattern found with normal incidence, and
the diffraction pattern with conical incidence, together form
a dataset with two entries. The perturbed parameters are re-
trieved using this dataset with minibatching and no shuffling.
This training was done with all four previously described con-
figurations of RCWA. The loss function, and the errors in the
retrieved parameters, can be seen per epoch in Figure 5.
For all of these graphs, the curve for eigendecomposition

with double precision was omitted, as these curves were in-
distinguishable from the ones for the matrix square root and
exponential with double precision.
We observe effectively mutual agreement on the training be-

havior of all configurations, up until certain loss values, at
which point the single-precision methods stagnate. This is
approximately 10−8 for the eigendecomposition method, and
10−11 for the square root method. Considering these values
are the same as the rounding error for said configurations in
Figure 4, it suggests that the loss (and thus the gradient vec-
tor) becomes dominated by rounding errors, inhibiting further
gradient descent.
The double-precision variations remain in agreement until

the end of the training period, and instead both cease conver-
gence once the relative error becomes approximately 10−16,
which is the smaller than the relative difference which can be
represented with double precision arithmetic.

8. DISCUSSION
In this study, a comparison is made between two implemen-
tations of RCWA on GPU. Because of this, any questions of
the performance of RCWA, such as its convergence behavior or
accuracy relative to other methods, are intentionally left unad-
dressed. Similarly, no work has been done to inspect the impact
of other sources of error on the retrieval of parameters such as
noise and non-uniqueness of the solutions to the inverse scat-
tering problems.
There has been much literature on the concern that the gra-

dient of an eigendecomposition is increasingly ill-posed when
two eigenvalues are nearly degenerate [5, 13, 44]. However, we
did not observe this to be the case in our work. We do expect de-
generate eigenvalues due to symmetries in the simulated setup.
However, since these symmetries cannot be broken, this did not
lead to nearly-degenerate eigenmodes, thereby potentially cir-
cumventing this issue. It is also possible that TensorFlow has
updated the eigendecomposition method for improved back-
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FIGURE 5. Comparison between parameter retrieval results obtained using eigendecomposition (orange) and matrix functions in both single (green)
and double (blue) precision. Top row from left to right: L2 error of the prediction with respect to the reference (the loss), and L1 error of the real
and imaginary parts of the permittivity. Bottom from left to right: L1 error of the perturbed shape parameters.

ward stability, or otherwise does not use the explicit formula-
tion for the eigendecomposition gradient. As such, we were not
able to demonstrate that the new algorithm is more resistant to
degenerate eigenmodes than the eigendecomposition.
Special attention must be paid to parameter retrieval as the

imaginary part of relative permittivities can turn negative dur-
ing the training, thereby introducing gain to the layer and mak-
ing the shift of the branch cut potentially invalid. Failure to de-
termine the matrix square root in such a case has been observed
in our work. However, such failures can easily be prevented by
forcing the permittivies to have non-negative imaginary parts.
It is also theoretically possible that the matrix square root

may fail due to one eigenvalue existing at the origin in the com-
plex plane, rendering the matrix PQ singular. In such a case,
however, RCWA implementations using the eigendecomposi-
tion would have failed as well, since this would entail a divide-
by-zero error when finding the term V in Eq. (3).
Our method is implemented on TensorFlow which uses

CUDA for GPU computation. However, the computation
was not solely executed on GPU. More precisely, instructions
are first evaluated on CPU, which then sends commands (as
well as necessary data) to the GPU. Once the processing is
finished, the information is then sent back from GPU to CPU,
in preparation for future instructions. For completeness, this
process can potentially lead to a new bottleneck, but we did
not observe this to be the case.
In the optimization, the units of the parameters to be retrieved

must be carefully chosen, as the optimization is not scale invari-
ant. Doubling all the spatial sizes, for example, will cause the
gradient of these variables with respect to the loss function to be
halved, resulting in these variables converging at only a quarter
of the rate. As such, an arbitrary choice of units can have sig-
nificant impact on the convergence behavior. A normalization
strategy will be needed in the future when optimizing param-
eters with various orders of magnitudes and physical origins.
This effect will likewise need to be accounted for if the refrac-
tive index n and extinction coefficients k are to be retrieved,
rather than the complex permittivity.

In our computation time benchmark, we also observed a
computation time decrease for the eigendecomposition, when
switching from double precision to single precision. We cannot
explain this increase in computational performance. However,
we do not think this to be a significant pointer toward worse
performance.
In the benchmarking calculations, it is assumed that the in-

crease in computational power from the GPU switching from
double-precision to single-precision can solely be attributed to
an increase in effective parallel process count. However, this
does not need to be the case, as an increase in the floating point
accuracy might also lead to an increase in effective clock speed.
This might explain why the eigendecomposition time also de-
creased by lowering the numerical precision. However, such
logic is circular.
We wish to make clear that the timing used only concerns the

evaluation of the S-matrix. As a result, the computation times
(and derived speedup) are only representative for determining
the S-matrix, rather than the computation time of RCWA as a
whole. The remainder of the RCWA is dominated by the Red-
heffer star product, which in turn can be evaluated using matrix
additions, multiplications, and solves [17, 45]. As a result, we
did not observe this to be a new bottleneck in the parameter
retrieval process.
Further research is needed on whether this scheme can be

implemented with other analytical slicing methods, such as the
enhanced transmittance matrix method [3]. We do expect so,
considering this method also requires evaluating a similarity
transform of structure as in Eq. (5), and then evaluates the re-
flectance and transmittance from there using only matrix mul-
tiplications and inverses.
There are three approaches worth mentioning, which were

ultimately not used, to evaluate the matrix square root. Firstly,
since matrix functions can be defined with the use of the eigen-
decomposition, evaluating the matrix square root can be done
trivially once the eigendecomposition is evaluated. This algo-
rithm would defeat the purpose of not evaluating an eigende-
composition, however, so it was not chosen.
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Another approach worth mentioning is the blocked Schur al-
gorithm for thematrix square root [46]. However, this approach
suffers from poor performance for dense non-triangular matri-
ces, which we know is the case for the PQ matrix.
A third line of approach is alternate iterations which can

be used to find the matrix square root, such as the Denman-
Beavers Iteration [34]. This iterative method is overall easier
to implement, and otherwise shares all desireable properties as
the actual iterative method used. However, computational cost
tends to be slightly higher, as this method has a convergence
rate of 2, and requires evaluating two inverses per iteration in-
stead of just one.
Finally, it is also possible to analytically find the derivative

of the matrix square root, which ought to be more memory ef-
ficient than the current implementation; derivation of such a
potential implementation can be found in [32].

9. CONCLUSION
In this paper, we derived and implemented a new RCWA algo-
rithm which was able to be accelerated properly on GPU. Our
method replaces the eigendecomposition with two matrix func-
tions, i.e., matrix exponential and matrix square-root. These
matrix functions can be evaluated using conventional linear al-
gebra arithmetic, which can be readily accelerated on GPU.
We observed a significant speedup over two orders of mag-

nitude in the most extreme case in evaluating the S-matrix by
switching from eigendecomposition to this new implementa-
tion, suggesting that the previous bottleneck has been suffi-
ciently addressed. We emphasize that this speedup is limited by
the finite computation power of GPU in our setup, rather than
the fundamental formulation. We expect that a more powerful
GPU can lead to an even further speedup and a larger discrep-
ancy in performance between eigendecomposition and this new
implementation.
Further comparison between S-matrix evaluation using sin-

gle precision and double precision shows a 28.6 times speedup,
which indicates that this new implementation can fully exploit
the potential of parallelization on GPU. This is because a GPU
can only compute up to 32 times more floating point operations
using single precision than double precision when evaluating
arithmetic.
For double precision, we found negligible differences in nu-

merical error between our method and the eigendecomposition
method, while for single precision, we found significant differ-
ences in numerical error when comparing to double-precision
methods, favouring our method. As a result, our method is nu-
merically more stable than the eigendecomposition method in
single precision. This feature is particularly useful when one
wants to maximize the speedup while maintaining an accept-
able level of numerical error.
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APPENDIX A. S-MATRIX EQUIVALENCE
The S-matrix with gap layers is usually determined from W,
V, e−d

√
λ through the following equations:

A =W−1W0 + V−1V0,

B =W−1W0 − V−1V0,

S11 = S22 = (A− e−d
√
λBA−1e−d

√
λB)−1

∗ (e−d
√
λBA−1e−d

√
λA− B),

S12 = S21 = (A− e−d
√
λBA−1e−d

√
λB)−1

∗ e−d
√
λ(A− BA−1B),

(A1)

whereW0 and V0 characterize the electric and magnetic fields,
respectively, of the eigen-modes of the gap medium. While it is
convention that the gap medium is taken to be free space [17],
the following proof applies generally, so W0 and V0 are left
undefined. If we make the substitutions:

W→WW−1,

V→ VW−1,

e−d
√
λ →We−d

√
λW−1,

(A2)

then the resulting S-matrix terms solve to the following:

A′ =WW−1W0 +WV−1V0 = WA,

B′ =WW−1W0 −WV−1V0 = WB,

S′11 = S′22 = (WA−We−d
√
λW−1WBA−1

∗W−1We−d
√
λW−1WB)−1

∗ (We−d
√
λW−1WBA−1W−1

∗We−d
√
λW−1WA−WB),

(A3)
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S′12 = S′21 = (WA−We−d
√
λW−1WBA−1

∗W−1We−d
√
λW−1WB)−1

∗We−d
√
λW−1(WA−WBA−1W−1WB).

After cancelling some terms, we see that the S-submatrices
found solve to the following:

S′11 = S′22 = (A− e−d
√
λBA−1e−d

√
λB)−1

∗ (e−d
√
λBA−1e−d

√
λA− B),

S′12 = S′21 = (A− e−d
√
λBA−1e−d

√
λB)−1

∗ e−d
√
λ(A− BA−1B).

(A4)

Considering these terms are identical as given by Eq. (A1),
we prove that we can use these alternate terms as substitutes
for W, V, and e−d

√
λ to calculate the same S-matrix, save for

negligible differences arising from rounding error:

S(WW−1,VW−1,We−d
√
λW−1) = S(W,V, e−d

√
λ).
(A5)

APPENDIX B. CONVERGENCE PRINCIPLE
In [25], it was demonstrated that the iterations for the matrix
sign can be used interchangeably. More specifically, two dif-
ferent sequences of steps, where each step has convergence rate
of ki +mi + 1, are equivalent when:

r∏
(mr + kr + 1) =

r̃∏
(mr̃ + kr̃ + 1) = ρ. (B1)

Here, we use this concept of “equivalence” and extend it to
real numbers, so as to compare convergence rates. Since the
operations become idempotent when convergence is achieved,
we also assert that any geometric multiplicity larger than ρ is
also converged.
With this knowledge, we assert that there exists a finite ρ,

for which any method will have converged. Based on this, any
multiplicity of αρ, where α > 1, will also achieve said conver-
gence. Based on this, any one method with a convergence rate
of 2m+ 1 will reach total multiplicity of at least ρ in⌈

log(ρ)
log(2m+ 1)

⌉
iterations. Based on this, we loosely assert the following rela-
tion between the amount of iterations needed to convergence,
andm, as follows:

nconvergence =

⌈
log(ρ)

log(2m+ 1)

⌉

≈ log(ρ)
log(2m+ 1)

∝ 1

log(2m+ 1)
. (B2)

If we are interested in the relative computation time between
choices of m, then ρ no longer influences the choice with this
type of modeling. From this, we can calculate the relative cost
by multiplying the relative number of iterations needed by the
iteration cost, which is:

cost = 2 +m+ α. (B3)

where α denotes the cost of the matrix inverse, relative to the
cost of the matrix multiplication. Based on this, we formulate
the following figure of merit, to describe the computational per-
formance, as a function of α andm:

F (m,α) =
log(2m+ 1)

2 +m+ α
. (B4)

Figure B1 denotes the relative performance (i.e., inverse of total
computational cost) for various values of m as a function of α
is given below.

FIGURE B1. Plot showing the relative performance, for different
choices ofm, as a function of α.

Based on these results, a choice of m = 3 comes out as op-
timal if the cost of a matrix inverse is approximately twice the
cost of a matrix-matrix product, which is what we observed.
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