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Abstract

Learning is an important aspect in creating versatile robots. Pre-programming a robot to
acquire a wide variety of skills in an ever changing environment is unfeasible. Robot learning
provides a promising alternative. Two well-established learning techniques are Programming
by Demonstration (PbD) and Learning from Exploration (LfE). PbD and LfE are often
combined to strengthen each other [1–4]. PbD is used because it allows fast learning: with
only a few demonstrations, robots are able to reproduce tasks with reasonable performance.
After these demonstrations, LfE is used to improve the robot’s task performance or to adjust
this skills to changing environments.

Robots often use continuous mappings between states and actions to represent a skill. Such
mappings are called policies and are represented by function approximators. The shape of
the policy is determined by the parameters θ. During learning the robot tries to find optimal
θ for the policy. As the complexity of the skill increases, the number of parameters required
to accurately describe the policy for this skill also increases. As the number of parameters
increases, the complexity of the solution space increases as well. It is most likely that the LfE
algorithm requires more trials to converge for these complex search spaces than simpler search
spaces, thus the LfE performance decreases as the complexity of the search space increases.

In this thesis a novel multi-resolution policy representation is investigated. The method, called
Tree-based policy representation, creates a multi-resolution model based on demonstration
data. After this initialization, LfE can use the structure of the Multi-resolution policy to
increase learning performance.

The method is tested in multiple experimental scenarios. The Tree-based policy representa-
tion achieves better learning performance compared to conventional ‘flat’ policy representa-
tions, when learning motions that clearly have a multi-resolution aspect. In other cases, the
Tree-based movement representation performs equally well or worse compared to standard
‘flat’ policy representations.
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Chapter 1

Introduction

Motivation

The prospects of robotics applied in a wide variety of fields are promising. Robots are expected
to assist humans in household, health-care and many other fields. However, until today
robots are mostly used at factory floors, these robots are pre-programmed to perform one
specific task. In such tasks, robots easily outperform humans in both speed and accuracy,
because they operate in a well-structured environment. In such environments, robots have
almost no uncertainty about the state of their environment. The way in which robots operate
should change to enable them to leave factory floors and become the versatile robots of which
humans have dreamed for centuries. The control architecture and mechanical design of the
robot should be designed such that it allows safe Human-robot interaction. And, even more
important, robots should be able to learn from their environment.
Learning is an important aspect in creating versatile robots. Pre-programming a robot to
acquire a wide variety of skills in an ever changing environment is unfeasible. Programmers
are not able to program robot behavior for every possible scenario. Learning algorithms
enable robots to learn new skills and adapt their skills to changing environments.

Related work

Two well-established learning techniques are Programming by Demonstration (PbD) and
Learning from Exploration (LfE). In PbD [8, 9], the robot observes several demonstrations
and tries to extract the important aspects of the task. After learning the robot should be able
to reproduce the task even in different situations. In the field of machine learning, PbD is
part of the supervised learning techniques. PbD is also referred to as Learning by Imitation
or Teaching by Showing. Actively showing the robot how the task is executed is a key element
of this technique.
In LfE, the robot tries to learn a task by maximizing a certain performance measure. This
performance measure, usually called reward, indicates how well the robot executes the task.
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Instead of telling the Robot how to perform the task, it is told how good it is performing. In
LfE the robot finds the optimal task performance by ‘trial-and-error’, i.e. exploration.

PbD and LfE are often combined to strengthen each other [1–4]. PbD is used because it
allows fast learning. With only a few demonstrations, robots are able to reproduce tasks
with reasonable performance. After demonstration, LfE is used to improve the robot’s task
performance or adjust to his skills to changing environments.

Problem statement and Hypothesis

Robots use continuous state-action spaces. The state can consist of time, the robot joint
position, end-effector pose or the position of skill related objects such as a ball. A robot per-
forms actions which change the state of the environment. A skill is represented as continuous
mappings between states and actions, called policy π. Given a certain state of the world, the
policy outputs an action.

These continuous policies are represented by function approximators. The shape of the policy
is determined by the parameters θ. While learning, the robot tries to find optimal θ for the
policy. For LfE this results in parameters that yield the maximum reward. Skills consist of
complex motions often require more complex policies with a larger number of policy parame-
ters compared to skills that require only simple motions. The large number of parameters can
be problematic for LfE algorithms. LfE algorithms search the parameter space for an optimal
solution. The search complexity increases with the number of model parameters. This is
also referred to as the Curse of dimensionality [10]. As the complexity of the search space
increases, the learning performance decreases. The learning performance can be measured by
the number of trials required to converge to a solution and the quality of the solution.

As complexity of the search space increases, it is most likely that the LfE algorithm requires
more trials to converge compared to simpler search spaces. As a result the algorithm requires
more time to learn these complex tasks. Furthermore, although LfE algorithms used for
continuous state-action spaces are guaranteed to converge, they are not guaranteed to converge
to the global optimum. The increased complexity of the search space also increases the
probability of more local optima. Therefore, the risk of converging to (bad) local optima
increases, when complexity of search space increases.

Proposed Solution

In this thesis a novel method is proposed to reduce the performance loss for complex search
spaces. The method is referred to as a Tree-based policy representation, in short: Tree-model.
The Tree-model represents the policy at different levels of refinement, or, in other words, using
multiple resolutions. The coarsest level uses only a few parameters to represent the policy in
a very rough way. At subsequent levels the policy becomes more refined and the parameter
space becomes more complex.

The method relies on both PbD and LfE. Learning consists of two phases; (i) Initialization and
(ii) Exploration. In the initialization phase a Tree-model is formed based on demonstration
data. Initialization determines the number of layers, the level of refinement at each layer, and
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the initial values of the parameters at each layer. In the exploration phase, the policy improves
by using a learning algorithm that is based on exploration. Exploration starts at the coarsest
level to learn the rough policy. After convergence, exploration will continue at subsequent
layers. It is hypothesized that learning using a multi-resolution policy representation will
result in a higher learning performance compared to a ‘flat’-model representation with only
one level of refinement.

Both learning phases provide a challenging research topic. The first phase requires a learning
algorithm that has the ability to distinguish different levels of refinement. The second phase
requires an efficient exploration algorithm that is able to automatically switch from layer to
layer.

The goal of the Tree-based movement representation is to increase learning performance dur-
ing exploration. The focus of this thesis lies on the development of an exploration algorithm.
Development of an algorithm that is able to autonomously determine the Tree-structure is
left for future work.

Structure of Thesis

This thesis starts by introducing the concept of learning in robotics in Chapter 2. The
Chapter describes policy representations for robots that use continuous state and action
spaces. Furthermore, PbD and LfE are discussed in more detail. Chapter 3 introduces the
method proposed in this thesis. The chapter is split in two parts: construction of the Tree-
model, and exploration of the Tree-model. The Tree-model is evaluated in multiple simulated
experiments. These experiments and their results are presented in Chapter 4. Finally, the
conclusions are presented in Chapter 5.
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Chapter 2

Robot Learning

In this Thesis we describe a novel multi-resolution policy representation for Robot learning.
Before introducing this policy representation, this chapter introduces the concept of Robot
learning.

To introduce robots into daily activities such as our household the way in which robots obtain
new skills should change. To date, most robots are pre-programmed to perform one specific
task. Everyday users do not have skills and expertise to program a robot. Therefore, creating
robotic platforms that do not rely on the user’s programming skills is desired. Instead of
programming a robot, one could create a robot that is able to learn new skills. Like humans,
robots can learn in two ways; (i) by exploration and (ii) by imitation. Learning has several
advantages for robotics. Learning allows robots to adjust to the uncertain and changing
environment we live in. Furthermore, learning allows everyday users to teach robots new
skills.

To understand what learning a skill actually means, we first need to understand how a robot
executes a skill. The robot and the environment are described by their state st. This state
contains all relevant information about the robot’s joint angles, angular velocities, and location
of skill related objects in the environment, etc. Each time the robot performs an action at,
the action affects the state st resulting in a new state st+1. When one assumes that the
next state st+1 only depends on the current state st and action at, the environment has the
Markov property. The assumption of the environment having the Markov property lies at the
basis of many learning algorithms.

The robot is able to perform a skill successfully, if it is able to produce the desired sequence
of states st . . . sT , or reach a terminal state. The robot can only control the state by applying
actions at. Therefore, skill-learning comes down to finding the appropriate mapping between
states and actions. This mapping is called a policy and is denoted by π(s).

Robots have a continuous state and action space. Theoretically, this means that a robot has
an infinite number of states and actions. Hence, the policy should be a continuous mapping
between states and actions. This continuous mapping is described by a function approximator
π(s,θ). Here θ represents a vector of parameters that influences the shape of the policy.
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6 Robot Learning

The field of robotics has focused on two ways to learn the policy, namely: Programming by
Demonstration (PbD) (also referred to as Imitation Learning or Teaching by Showing) [8, 9],
and Learning from Exploration (LfE)1 [10].

In this chapter we first discuss different policy representations that can be used for continuous
state and action spaces (Section 2-1). PbD and LfE are discussed in more detail in Section
2-2.

2-1 Policy Representations

Policy representation is an important aspect in robot learning with continuous state-action
spaces. One class of policy representations discretizes the complete state/action space of a
robot and use additional function approximators to make the policy applicable to robots with
continuous state-action spaces. For robots with a large number of degrees of freedom such
as humanoids, this approach severely suffers from the curse-of-dimensionality [10, 11]. This
type of policy representation can for example be found in classical Value-based RL [12].

Another class of policy representations, used in policy search approaches (see Section 2-2-
2), does not cover the complete state-action space. Instead, a policy representation with a
smaller policy space describing only a part of the state-action space is used. This policy
representation uses a pre-defined structure in the form of a function approximator. The
function approximator represents a continuous mapping between state and actions. The
general structure of the policy is given by:

a = π(s,θ) (2-1)

The policy is a function of two parameters, the state s and the policy parameters θ. The
use of function approximators combined with state-of-the-art LfE algorithms and PbD, has
proven to be successful in a variety of robotic applications [13–16]. In this work we refer to
this type of policies as ‘model-based’ policies.

Model-based policies usually do not directly output a motor command. Instead, the policy
outputs a desired position and/or velocity that is tracked by a low-level PD-controller. Learn-
ing skills, thus comes down to learning the desired motion that, when executed, results in the
desired goal.

Designing a good model-based policy for robotics is challenging. Ijspeert et al. [17] summa-
rized five desirable properties that a policy representation for movements should possess from
the viewpoint of PbD:

• Ease of learning goal trajectories;

• Compactness of the policy representation;

• Robustness against perturbation in dynamic environments;

• Ease of reusing movements to modifications of the task;
1A more familiar term for LfE might be Reinforcement Learning (RL). However, the concept RL might

be restrictive since it does not includes exploration techniques like Black Box Optimization (BBO), Stochastic
optimization and evolutionary search techniques.
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• Ease of categorization for movement recognition.

More recently, Kormushev et al.[11] describe 15 challenges for designing a model-based policy.
Among these challenges are:

• Smoothness, the policy should produce smooth movements without sudden accelerations
or jerks;

• Gradual Exploration, the policy should allow gradual exploration. This is an important
aspect to prevent injuries to both robot and human operator;

• Correlations, it would be desirable to have a policy representation which inhibits cor-
relation along the different variables similar to the motor synergies found in animals;

• Multi-resolution, different parts of the policy should have a different resolution/preci-
sion.

In the remainder of this section, model-based policies used in robotic applications are dis-
cussed. A distinction is made between policies that use a ‘flat’, or single resolution, and
policies that use a multi-resolution or hierarchical approach.

2-1-1 Flat Policy Representation

The majority of model-based policy representations use a flat policy representation. In this
section a number of this type of policy representations is presented.

Neural Networks

A very generic function approximator used in robotics is a multi-layer Neural Network as
shown in Figure 2-1. Neural Networks use a network of artificial neurons to represent a
non-linear function. The parameters of the Neural Network are the weights attached to the
paths that link the Neurons. By adjusting the weights of artificial Neurons (figure 2-1b), the
mapping of the network can be adjusted. Learning the weights of a Neural Network can be
done using backward-propagation. Neural Networks have been applied in the field of PbD
[8, 9] and LfE. They are generic approximators, but it is hard to relate the parameters to
specific parts of the policy. This makes the use of Neural networks less intuitive compared to
other the other representations given in this section.

Spline-based Representation

Spline-based trajectories can be used to represent (robot) motion [18]. Trajectories are rep-
resented using multiple simple polynomials connected together and running through multiple
via-points. The connections of splines are constrained to be smooth, i.e. at the connection
point their spatial position and derivative are zero. These splines can be learned both from
Demonstration and Exploration [19]. The number of via-points determines complexity of the
policy that can be represented. Spline-based methods allow a compact representation of the
policy and generate smooth trajectories.
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(a) Artifical Network (b) Artificial Neuron

Figure 2-1: The structure of a multi-layer Neural network. (a) Shows the different layers from the
Neural Network; left the input layer, middle the hidden layer, right the output layer. Each circle
represents an artificial neuron. (b) Shows the contents of a neuron: Each input signal weighted
and summed. The resulting signal results in the activation of this neuron (usually 0 ≤ oj ≤ 1).
Both images are adopted from wikipedia.org.

Figure 2-2: A spline-based trajectory consisting of 3 splines and is described by 4 via-points
(knots).

GMM-GMR

Another approach uses the Gaussian Mixture Model (GMM) combined with Gaussian Mixture
Regression (GMR), for example [20]. The movement of the robot is encoded by defining a
joint Probability Density Function (pdf) P(·) over the state-action space using multivariate
Gaussian pdf. Although one Gaussian, N (x|µ,Σ), can only define a linear relation, multiple
Gaussians can define non-linear relations:

P(x) =
K∑
k=1

πkN (x|µk,Σk)., (2-2)

where πk, µk and Σk define the prior, mean and covariance of Gaussian k, respectively. Based
on the GMM, one can estimate a Gaussian distribution of the output variable ξO = a given
an input ξI = s using GMR. As described in appendix A-2, this is done by calculating
the conditional probability of ξO given ξI for each Gaussian separately. Then the different
Gaussians are mixed according to a weight hk. Hereby assuming that the mixed distribution
is Gaussian with the mean and covariance defined as:

ξ̂O(ξI) =
K∑
k=1

hk(ξI)
(
µOk + ΣOIk

(
ΣII

)−1 (
ξI − µI

))
, (2-3)

Σ̂(ξI) =
K∑
k=1

h2
k(ξI)

(
ΣOOk −ΣOIk

(
ΣIIk

)−1
ΣIOk

)
, (2-4)
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Figure 2-3: Regression of a GMM by means of GMR. For each point on the ξI axis, the
conditional probability P(ξO|ξI) is calculated for each Gaussian of the GMM. The results are
mixed according to mixing coefficient hk to estimate the mean and covariance of the regressed
distribution at ξI (displayed at the right). The blue line represents the mean, and is the regressed
trajectory.

respectively. The weight hk can be defined as:

hk(ξI) = πkN (ξI |µIk ,ΣIIk )∑K
i=1 πiN (ξI |µIi ,ΣIIi )

. (2-5)

The GMR process is visualized in Figure 2-3.

An advantage of learning joint probability of the input and output variables is that one also
encodes the synergies between the different variables. These synergies are encoded in the
correlation coefficients of the covariance matrix. Having this information, allows switching
input and output variables on the fly, and handle missing data due to, for example, sensor
errors, while keeping reasonable performance.

Learning joint probability requires learning full covariance matrices. The number of parame-
ters required to define a covariance matrix grows quadratically with the number of dimensions.
This makes the approach less compact compared to spline representation. However, this cor-
relation information can be very useful for real robotic applications, e.g. [21].

Dynamic Movement Primitives

A movement representation especially designed for robotics operating in continuous state-
action spaces is Dynamic Movement Primitives (DMP) [17]. In DMP, the acceleration of the
robot is controlled as if it was pulled from the current position towards a goal position by a
virtual spring-damper system:

τ ẍ = kP (xg − x)− kvẋ+ f(t), with f(t) =
K∑
i=1

Φi(t)fi. (2-6)

Here kP and kv are the virtual stiffness and damping, respectively. The spring-damper system
is perturbed by a forcing function f(t) that enforces a certain motion onto the end-affector.

Master of Science Thesis M.J.A. Zeestraten



10 Robot Learning

This forcing function is defined by a number of activation functions Φ(t) with corresponding
force components fi. Learning is achieved by adjusting force components of the forcing
functions. The number and location of the activation functions in the state-space is pre-
defined. Hence, the parameter vector θ is formed by force components fi. This method
can be generalized and combined with GMM-GMR, resulting in Dynamical System GMR
(DS-GMR) [22]. The main difference between DS-GMR and DMP is the fact that DS-GMR
uses multiple attractor points along which the end-affector of the robot is pulled, while DMP
only has one attractor point. Hence, when under perturbation, DS-GMR is better capable of
following the desired trajectory and reach the final position than DMP. DMP, due to its open-
loop forcing function, is not able to recover towards the desired trajectory after perturbation.
DMP is only able to recover through the end point attractor.

2-1-2 Multi-resolution Policy Representation

So-far methods have been discussed that represent a motion at one single level of refinement.
In this thesis we aim to develop a multi-resolution policy representation suitable for policy
search methods discussed in Section 2-2-2. The underlying idea is to simplify the search
space. An alternative way of calling this a multi-resolution approach would be a hierarchical
approach. Each ‘resolution’ level would then be equal to a level of hierarchy.

In the field of RL where the complete state/action space is considered, various techniques
are proposed that try to simplify the policy by using hierarchical approaches. Most of these
methods are intended for Value function-based Reinforcement Learning [23].

In the field of policy search using Policy parameterization, hierarchical or multi-resolution
approaches are not widely explored. Kormushev et al.[16] propose an ‘Evolving Policy Pa-
rameterization’ based on Splines. This policy starts using a spline representation using only
few via-points. As the learning process evolves, more via points are added to increase reso-
lution of the policy. The method is empirically verified using a trajectory learning task. The
Evolving policy parameterization outperforms single resolution spline parameterization.

2-2 Learning Techniques

As stated in the introduction of this chapter, learning comes down to finding a policy π : s 7→
a. When using parameterized policies, such as the one introduced in section 2-1, learning
comes down to finding appropriate policy parameters θ.

In this section we focus on two learning techniques that enable robots to learn θ: Programming
by Demonstration and Learning from Exploration.

2-2-1 Programming by Demonstration

In Programming by Demonstration (PbD), robots learn the policy by observing one or mul-
tiple demonstrations of the skill to be learned. The learning process consists of two steps.

First, the robot observes one or multiple demonstrations of a successful skill execution. The
robot records the demonstration using vision, data from sensors attached to the demonstrator
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or from their own sensors in case of tele-operation or kinesthetic teaching. Depending on the
demonstration type, a mapping should be created that projects the demonstration to the
robot’s body. This mapping solves the correspondence problem; a mismatch between the
physical appearance of the demonstrator and the physical appearance of the robot. Using
this mapping the data can be projected to the robot joint or task space.

Second, the data obtained from the demonstration should be transformed into a policy. This
policy represents a mapping between input and output variables, i.e. state and action, re-
spectively. In most PbD applications, a mapping is made between time and joint position
or end-affector position and orientation. An alternative approach is to create a dynamical
system from the demonstration data, i.e. create a mapping between position and velocity.

Learning is achieved by tuning the policy parameters θ such, that the policy most closely
resembles the relation between chosen input and output variables given by the demonstration
data. The algorithm used to find θ, depends on the type of policy that is chosen. For
example, the parameters of a neural network can be learned using backwards propagation,
the parameters of a DMP can be learned using Locally Weighted Regression [24], and the
Parameters of a GMM can be learned using Expectation Maximization (EM) [25].

Using GMM-GMR in PbD offers several advantages. The statistical origin of this method
provides a proper foundation to handle high variability along different demonstrations of the
same skill. Since GMM is a well-studied probabilistic model, a wide variety of tools exist
that can be useful for robotics. In [26], Lee et al. use the Bayesian Information Criterion to
estimate the number of Gaussians required to encode the demonstration data effectively; this
provides autonomous selection of an appropriate model parameterization. In [27], Calinon et
al. use the Gaussian product to generalize a task by combining demonstration data observed
from different frames of reference.

2-2-2 Learning from Exploration

PbD provides a method for fast approximation of a policy. However, this approximation
is not always good enough to successfully reproduce skills. For skills in which successful
execution depends heavily on the movement dynamics, it is hard to present the robot with
a consistent set of demonstrations. Examples of such skills are the ball-in-cup task [15] and
the pancake-flipping task [28]. When demonstration sets are generalized acceleration peaks
that are critical for successful execution might be washed out due to the variance in the
demonstration set.

Robots that use LfE, learn a skill by trying to maximize task performance. LfE is a semi-
supervised learning technique. LfE is not supervised because, unlike PbD, the robot is not
told how to execute a certain skill. Instead, the robot evaluates how well it performs the skill.
The skill performance is formalized by means of a reward. The reward is most commonly
a function of both state and action: r(s,a). The reward can be assigned at each time-step
and/or after one full execution cycle of the skill.

One can distinguish three classes of exploration algorithms namely: value-function methods,
policy search methods and Actor-critic methods [29]. Value-function approaches model a
relation between the state/action combinations and expected reward. The policy is derived
from the value-function by selecting the action for which the value-function indicates the
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12 Robot Learning
parameter updating, where the policy parameters θ are updated based on this batch of tra-
jectories. This process is explained in more detail in the generic policy improvement loop
in Figure 2.

execute policy πθ

parameter update

θinit

θnew

θ roll-out of policy πθ

generate perturbation

roll-out of policy πθ

generate perturbation

roll-out of policy πθ

generate perturbation

τ k=1...K

Figure 2: Generic policy improvement loop. In each iteration, the policy is executed K times. One execution of a policy
is called a ‘Monte Carlo roll-out’, or simply ‘roll-out’. Because the policy is perturbed (different perturbation methods
are described in Section 2.1.3), each execution leads to slightly different trajectories in state/action space, and potentially
different rewards. The exploration phase thus leads to a set of different trajectories τk=1...K . Based on these trajectories,
policy improvement methods then update the parameter vector θ → θnew such that the policy is expected to incur lower
costs/higher rewards. The process then continues with the new θnew as the basis for exploration.

In this section, we give an overview of algorithms that implement this loop. We distin-
guish between three main classes of algorithms, based on whether their derivation is based
mainly — they are not mutually exclusive — on principles based on lower bounds on the
expected return (Section 2.1), path integral stochastic optimal control (Section 2.2) or BBO
(Section 2.3).

For each algorithm, we make a ‘fact sheet’, in which the following questions are an-
swered:

Fact sheet (to be filled in by all algorithms)

Perturbation: How is the policy perturbed?
Trajectory: What information must be stored in the trajectory resulting from the execution of the
policy?
Actor-Critic: Is the method an actor-critic method, or a direct policy search method?
Update: How are the parameters updated?

2.1 Policy Improvement through Lower Bounds on the Expected Return

We now briefly describe three algorithms that build on one another to achieve ever more
powerful policy improvement methods, being REINFORCE (Williams, 1992), eNAC (Pe-
ters and Schaal, 2008b), and POWER (Kober and Peters, 2011). All these algorithms may
be derived from a common framework based on the lower bound on the expected return,
as demonstrated by Kober and Peters (2011). In this section, we focus on properties of the
resulting algorithms, rather than on their derivations.

Our main aim here is to use a set of known algorithms to answer the questions in the fact
sheet, thus providing a basis for considering the questions in perhaps unfamiliar and more
intricate contexts in Section 2.2 and 3. Since these algorithms have already been covered
in extensive surveys (Peters and Schaal, 2008b, 2007; Kober and Peters, 2011), we do not
present them in full detail here, as this does not serve the particular aim of this section.

An underlying assumption of the algorithms presented in Section 2.1 and 2.2 is that
the policies are represented as ut = g(x, t)⊺θ; g is a set of basis functions, for instance
Gaussian kernels, θ are the policy parameters, x is the state, and t is time since the roll-out
started.
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Figure 2-4: The policy improvement loop used for policy search. Perturbed versions of the initial
policy parameters θinit are used to generate roll-outs. The resulting trajectories τ k=1...K are
analyses to update the policy parameters. Adopted from [5].

highest expected return given a state. Value-function based approaches work with discrete
state and actions. In discrete state-action spaces value-function approaches are guaranteed
to converge to the global optimal solution. To scale value-function approaches to continuous
state/action spaces, additional function approximators are required. No convergence proof
exists for value-function approaches that use function approximators.

Policy search methods try to find the optimal policy by directly changing the policy without
an additional value-function. Policy search methods scale well to continuous state/action
spaces but are only guaranteed to converge to a local optimum.

Actor-Critic algorithms [30] split the process of optimizing and executing the policy in two
pieces. The actor executes the current policy and the critic evaluates the performance of the
actor by observing rewards. The critic consist of a value-function. It uses the same type of
algorithms utilized by value-function approaches to update the value-function.

In this work we would like to initialize LfE based on demonstration data. The demonstration
data provides an initial estimate of the policy. The initialization of the value-function from
the initial policy is not possible without a model. This model is required to calculate the
expected values for each state/action combination. In robotics a model free approach is
desired because it is hard to obtain a good model of the environment and environments can
change in some situations [10]. Therefore, we use policy search methods in this work.

Policy Improvement Loop

Policy search methods improve the policy by repetitive trials. The general policy improvement
scheme utilized by policy search methods is displayed in Figure 2-4. Given the initial policy
parameters θInit a number of roll-outs are created. A roll-out is the execution of the policy.
Each roll-out results in a sequence of states and actions together with a reward. This roll-out
information is indicated by τ k.

The roll-out is performed under perturbation. This perturbation is usually a zero mean
Gaussian noise N (0,Σ) with covariance ΣNoise. Perturbations can be applied on the actions,
i.e. ã = π(s,θ) + N (0,Σ), or perturbations can be applied on policy parameters, i.e. a =
π(s, θ̃) with θ̃ = θ+N (0,Σ). Several disadvantages for using action perturbation in robotics
are reported: (i) although exploration can lead to more successful roll-outs from time-to-
time, it is hard to improve the policy due to the high variance in the gradient estimation. In
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2-2 Learning Techniques 13

other words, it is hard to determine new policy parameters from roll-outs because it is not
clear which actions were responsible for performance improvement [31]. (ii) The dynamics
of the robotic system act as a low-pass filter and ‘mask’ the high-frequent components of
the perturbations. (iii) Consecutive action perturbations may cancel each other and thus are
washed out [5].

After performing one or multiple roll-outs a parameter update is calculated. Multiple options
for this calculation exist. Early update algorithms were based on gradient estimation; for
example Finite Difference-methods and REINFORCE [19]. More recently, algorithms based
on reward weighted averaging are widely applied. Examples of these algorithms are PoWER
[32], CMA-ES [33], CEM [34] and PI2 [35]. These algorithms use a weighting mechanism,
that weights the perturbed policy parameters θ̃i with their return to calculate a parameter
update:

θnew =
∑
i

θ̃wi , with
∑
i

wi = 1 (2-7)

State-of-the-art algorithms also adjust the exploration noise ΣNoise during the update step.
By adjusting exploration noise, the algorithm shapes the sampling distribution in such a way
that samples are drawn in the direction in which the highest return is expected.

Reinforcement Learning and Black Box Optimization

Within policy search we distinguish two types of algorithms; Black Box Optimization (BBO)
and Reinforcement Learning (RL). The difference between BBO and RL lies in the amount
of information that is available to calculate a parameter update. BBO assumes that the
process of creating a roll-out is a Black Box. This Black Box accepts the policy parameters
θ and results in a single scalar reward. RL uses the complete set of roll-out information τ
to calculate the parameter update. RL algorithms assume that the process that generated
the roll-out information is a Markov Process. This means that the transition from state st to
st+1 only depends on action at. In other words, one assumes that all information required to
estimate st+1 is given by st and at.

Using BBO influences how the parameters can be perturbed. For BBO it is useless to perform
a perturbation at every time step. These type of perturbations are performed inside the Black
Box, thus the BBO algorithm is unaware of these perturbations. When using perturbation at
each time step inside the Black Box, inserting the same set of policy parameters multiple times
will result in different returns. Without information about state/action-reward relations it
not possible to calculate a sensible parameter update that results in a higher expected return.

Togelius et al. [36] state that BBO algorithms generally outperform RL algorithms in contin-
uous state spaces. Togelius et al. do not specify the metric of performance, but generally this
is based on speed of convergence and the convergence value. It might seem counter intuitive
that BBO can outperform RL because BBO has less information available. Rueckstiess et al.
[31] argue that parameter perturbation at each time-step, which is used in RL, leads to a high
variance in calculated parameter updates. This high variance leads to slower convergence of
RL compared to BBO.

Stulp et al. [5] created RL and BBO algorithms that resulted in the same variance in pa-
rameter updates. By removing the difference in variance a better comparison could be made
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14 Robot Learning

between BBO and RL. They showed that the difference in performance was not due to the
superiority of BBO, but because BBO is based on Reward Weighted averaging. In contrast,
until recently most RL methods generally used gradient estimation. When BBO and RL al-
gorithms both use reward weighted averaging, the difference in performance is much smaller.
But still BBO seems to outperform RL in multiple empirical evaluations. Stulp et al. leave
the explanation of this difference as an open research question.

2-3 Summary

Robot learning enables robots to obtain new policies without old-fashion programming skills.
Instead of pre-programming a policy into a robot, the robot is able to obtain the policy from
human demonstration or by exploration (self-teaching). Programming by Demonstration
(PbD) allows fast learning of a policy because a human actively shows the robot how to
perform a skill. Learning from Exploration (LfE) enables robots to improve their policy,
modify their policy to unseen context or learn a policy outside human-capabilities.

Learning in robotics comes down to finding an appropriate mapping between states and
actions. This mapping can be learned by PbD, LfE or a combination of both. Recent advances
in the field of policy search combined with PbD have shown promising results on real robotic
applications. In this field of learning, the state-action space of a robot is represented by a
Model-based policy of the form a = π(s,θ). The policy space is represented by the policy
parameters θ. These parameters can be learned using PbD and LfE.

In PbD, robots learn new skills by actively observing demonstrations and generalizing them
into a policy. In LfE, robots learn new skills using a trial-and-error approach. The learning
cycle is as follows: Given an initial policy, the robot makes small perturbations of this policy
and creates roll-outs (policy executions). Each roll-out results in a reward or a reward se-
quence. The LfE algorithm updates the policy parameters in such a way that the expectation
of the new policy receiving high rewards is maximized. Different update algorithms exist to
achieve this. State-of-the-art algorithms are: PoWER[32], PI2 [35], CMA-ES [33] and CEM
[34]. One can distinguish two types of algorithms within LfE, namely: Black Box Optimiza-
tion (BBO) and Reinforcement Learning (RL). RL uses the complete roll-out history (all
state/action transitions and rewards) to calculate a new policy. In contrast, BBO only uses a
single reward to calculate a new policy. Hence, BBO does not rely on the Markov assumption.

Different types of model-based policies have been used in combination with robotic applica-
tions: Neural-networks, Spline-based representations, Dynamic Movement Primitives (DMP)
and GMM-GMM.

The use of multi-resolution or hierarchical policy representations has not yet widely been ex-
plored. The use of multi-resolution methods could be advantageous to achieve faster learning
performance and thus provides an interesting research topic. In addition, the use of GMM-
GMR have shown to be useful in robotic applications. In PbD it has proven to be useful in
both generalization and reproduction. Furthermore, being well understood and documented,
GMM provides interesting tools that can be useful for future applications.

M.J.A. Zeestraten Master of Science Thesis



Chapter 3

The Tree-model

In this chapter a novel movement representation is introduced based on GMM-GMR. The
method is referred to as the Tree-based movement representation, or short; Tree-model. In-
spiration for the method presented in this Chapter comes from Yamane et al. [37], who uses
similar hierarchical Tree to store and recover motions from a movement database. However,
instead of using the Tree-model only for movement recognition purposes, we use it for actual
reproduction and improvement of movements.

As discussed in Section 2-1, GMM-GMR has several beneficial properties that are useful in
robotics. This motivates the choice for using the GMM-GMR in this approach. However,
the relatively large number of parameters to define a Gaussian Mixture Model (GMM) makes
this method less suitable for exploration purposes. In the proposed method, we explore only
a minimum part of the GMM parameter space, while keeping full control over the Gaussian
Mixture Regression (GMR) process.

In the remainder of this introduction we present the global framework of our method. After
this global introduction, the algorithm is discussed in more detail in the first two Sections
of this Chapter. First, Section 3-1 describes how the Tree-model is constructed, and how
the Tree-structure can be initialized based on demonstration data. Section 3-2 describes the
proposed exploration algorithm and the GMM parameterization. This Chapter ends with a
discussion on the proposed approach in Section 3-3.

The proposed method consists of two learning phases. In the first phase - the Programming
by Demonstration (PbD) phase - the Tree-model is constructed based on demonstration data.
In the second learning phase - the Learning from Exploration (LfE) phase - the performance
of the Tree-model is optimized to meet a pre-defined performance criterion, i.e. to maximize
the reward function.

The framework of the method is given by means of pseudo code in Algorithm 1. In the first
learning phase (lines 2-7) the Tree-model, indicated by the object TM, is constructed based
on data obtained by demonstration. The Tree-model is created bottom-up: starting at most
coarse level and increasing resolution in each subsequent level. Alternatively, we could have
decided to create the Tree top-down (starting at the most refined layer and then creating the
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16 The Tree-model

more coarse layers). However, using a bottom-up method seems more intuitive: first focus on
the rough policy and then subsequently adding refinements. For simplicity, it is assumed that
the number of Gaussians in the first layer, Kl=1 and the number of Layers L are given to the
algorithm as prior knowledge. Future work could focus on learning these values autonomously.

A distinction is made between creating the bottom layer (Line 2), i.e. the layer with lowest
resolution, and the subsequent child layers (Line 4-6). This is caused by the fact that the
child layers are based on previous layers, while the first layer does not have a previous layer.

In the second phase an exploration algorithm is used to improve the Tree-based policy (Lines
9-17). This is done by starting exploration at the bottom layer, i.e. the layer with lowest
resolution, and, after convergence, continuing by exploring the subsequent layers. By using
the bottom-up approach, first the global policy is optimized in a low dimensional parameter
space and subsequently more refinement can be achieved in the finer layers.

parexpl contain all the exploration settings, these are discussed in detail in Section 3-2-5.

Algorithm 1 Pseudocode describing the complete Tree-model framework.
Require: DemData, L, Kl=1, parLfE
1: //Phase I: Creating the Tree-model
2: TM .CreateBottomLayer(DemData,Kl=1)
3:
4: for i = 2 to L do
5: TM . addChildLayer (DemData)
6: end for
7:
8: //Phase II: Optimization of Tree-model
9: for i = 1 to L do

10: θi = TM . getTheta(i)
11: repeat
12: θ̃

i = perturbParameter(θi, parLfE)
13: r = RollOut(TM,θi)
14: θi = Update(θ̃i, r)
15: until Convergence
16: TM .updateTree(i,θi)
17: end for

3-1 Construction of Tree

The objective of the Tree-model is to represent a movement at different, discrete levels of
refinement. In this section the construction of the Tree-model, and its initialization is formal-
ized.

This section starts with an example of the construction of the Tree-model. This example is
intended to give the reader a global overview of the method. Afterwards, a more detailed
description of the different steps involved is given.
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Figure 3-1: An example of a Tree-based movement representation. Figure 3-1a - Figure 3-1c
show how the data points - displayed in grey - are encoded in GMM of 2, 4 and 8 Gaussians,
respectively. Figure 3-1d - Figure 3-1f displays the GMR result of the three different layers.

Figure 3-1 shows a 3-layer Tree-model. The model is fitted on a data set obtained from
demonstration. The data set consists of two demonstrations of a 1-dimensional motion in
time. The first layer is formed by fitting two Gaussians on the demonstration data. Thus,
Layer 1 consist of a GMM with K1 = 2 Gaussians. The creation of the first layer consists
of two steps. First the parameters of the Gaussians, {πi,µi,Σi}K1

i=1, are initialized using
an initialization algorithm, this could for example be done by a K-means algorithm. Then
parameters of the GMM are learned using Expectation Maximization (EM) [38]. A good
initial guess is required because EM is not guaranteed to converge to the global optimum.
By combining EM with K-means, the means of the Gaussians are already placed at a good
starting point. The GMM of layer 1 is displayed in Figure 3-1a.

Using GMR, the GMM can be regressed into a mapping from time to position. The regressed
motion at layer l is depicted in Figure 3-1d. The regressed trajectory shows a coarse estimation
of the demonstration data.

To increase the resolution of the model, a second layer is created. Each Gaussian from the
first layer produces two child Gaussians by splitting itself in two new Gaussians. The second
layer thus consist of a GMM with K2 = 4 Gaussians.

The process of creating child Gaussians at layer l from a parent Gaussian in layer l−1 consists
of three steps:

1. Create a local frame of reference based on the principal axis of the parent.

2. Split the parent Gaussian in two new child Gaussians.
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18 The Tree-model

3. Fit the child Gaussians on the data represented by their parent Gaussian.

We choose to use local frames of reference since this allows us to easily store and maintain
parent-child relations as will be shown later on. This work focuses on investigating the
advantages of a multi-resolution policy in LfE. Finding the optimal number of Gaussians
after splitting is left as a challenge for later work. For simplicity, we assume that each
Gaussian is split into two child Gaussians.
The GMM and the GMR results of the second layer, expressed in the global frame of reference,
are shown in Figure 3-1b and Figure 3-1e, respectively. The trajectory obtained in the second
layer is a better approximation of the demonstration data. In a similar fashion the third
layer is created. The GMM and GMR results are displayed in Figure 3-1c and Figure 3-1f
respectively. The regression result obtained from the third layer again shows a better fit of
the demonstration data.
The remainder of this Section will explain the different functions used to construct the Tree-
model. Section 3-1-1 describes how one can define a new frame of reference based on a
parent Gaussian. The Split algorithm that splits a Parent Gaussian in two Child Gaussians
is discussed in Section 3-1-2. The adapted EM-algorithm, used to fit the child Gaussians on
the demonstration data, is discussed in Section 3-1-3.

3-1-1 Defining a Frame of Reference Based on a Gaussian

The Tree-model representation requires a formalization of the relation between child and
parent in the policy space. This relation should be in such a way that any changes to the
location or orientation of the parent Gaussian affect the children but not vice versa. To this
end, location and orientation of child Gaussians are described with respect to their parent.
A Gaussian is defined by a covariance Σ, and a mean µ expressed in a frame of reference Ψg.
Figure 3-2a shows a multivariate Gaussian representing the joint probability of two random
variables. The covariance is visualized by an ellipse that indicates a line of equal probability.
A Covariance matrix can be decomposed in its principal components:

Σ = V ΛV T , (3-1)

where V is a matrix of eigenvectors, and Λ a diagonal matrix of which the diagonal entries
correspond to the eigenvalues λi. The eigenvectors of Σ are shown in Figure 3-2b and represent
the mirror axis of the symmetric Covariance. The eigenvectors can be used to define a new
frame of reference Ψl as shown in Figure 3-2c.
The relation between two frames of reference Ψj and Ψi is composed of a translation of
origin o ∈ Rd×1 combined with a rotation R ∈ SO (d). The transformation of a point p
described in the frame of reference Ψj to the frame of reference Ψi can be described by an
affine transformation matrix H i

j that is defined as:

H i
j =

[
Ri
j oij

0 1

]
(3-2)

Here Ri
j represents the rotation of Ψj with respect to Ψi and oij represents the origin of

frame Ψj expressed in frame Ψi. When using the properties of a Gaussian, the translation
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Figure 3-2: (a) A Gaussian defined in a frame of reference. (b) The principal components of a
Gaussian can be used to define a local frame of reference. (c) The local frame of reference can
be used to define a new GMM. The relation with the global frame of reference can be described
by means of a Homogeneous matrix H.

and rotation corresponds to µ and V , respectively. Projection of the point pj expressed in
frame j to frame i is achieved by:

p̂i = H i
jp̂
j , with p̂ =

[
p

1

]
(3-3)

The concept of expressing Gaussians in a frame of reference is used to formalize the Tree-
structure. Each layer l consists of a number of frames of reference which are uniquely defined
by Ψl,p

i . i indicates the number of the frame of reference in layer l. p indicates the parent
frame of reference which, by convention, is always defined in layer l − 1.
Figure 3-3 gives an example of the notation for a 3-layer Tree-model. The first layer has only
one frame of reference Ψ1,0

1 and has no parent. The frame of reference used to define the first
layer is the global frame of reference, i.e. Ψg := Ψ1,0

1 .
The global frame of reference is the space in which the policy is executed. For all subsequent
layers l > 1, a local frame of reference is defined for each Gaussian defined in layer l−1. Note
that layers l > 1 thus have multiple local frames of reference.
The policy required for execution should be expressed in the global frame of reference. To
project the GMM defined in layer l onto the global frame of reference, all Gaussians must
be projected back from their local frame of reference to the global frame of reference. This
projection is defined as:

µ̂g = Hg
j µ̂

j , Σg = Rg
jΣj

(
Rg
j

)T
(3-4)

with
Hg

j = Hg
i · · ·H

i
j . (3-5)

3-1-2 Gaussian Split Algorithm

When creating a layer l+ 1 from layer l, the Gaussians in the previous layer are split. In this
work it is assumed that each Gaussian is split in two components. Splitting a Gaussian is
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Figure 3-3: Visualisation of the Notation used to formalize the Tree-model. Ψl,p
i is the i-th

frame of reference in layer l with a parent with index p in layer l − 1.
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Figure 3-4: A Gaussian being split in two Gaussians. Illustration obtained from [6].

an ill-posed problem since it has more unknowns than equations. Zhang et al.[39] proposed
a split-and-merge method based on Singular Value Decomposition (SVD). We use this split
algorithm to initialize the Child Gaussian before using the adapted EM-algorithm (discussed
in Section 3-1-3).
The algorithm works as follows: Given N (µi,Σi), one can obtain N (µj ,Σj) and N (µk,Σk)
of which the priors, mean and Covariance are given by:

πj = πiα,

µj = µi −
√
πk
πj
uai,l,

Σj = πk
πj

Σj +
(
β − βu2 − 1

) πi
πj
ai,la

T
i,l + ai,laTi,l,

πk = πiα,

µk = µi −
√
πj
πk
uai,l,

Σk = πj
πk

Σ +
(
β − βu2 − u2

) πi
πk
ai,la

T
i,l + ai,laTi,l.

(3-6)
Σi = AiA

T
i represents the ordered eigencomponents decomposition withAi = [ai,1,ai,2, . . . ,ai,d].

The split is controlled by the parameters α ∈ (0, 1), β ∈ (0, 1), u ∈ (0, 1) and l ∈ {1, 2, . . . , d}.
By setting α = β = 1

2 the split Gaussians have the same ‘shape’ and prior. u controls the
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’Classical’ Expectation Maximization
E-step:

hn,k = πkN (xn|µk,Σk)∑K
j=1 πj N (xn|µj ,Σj)

.

M-step:

πk =
∑N
n=1 hn,i
N

,

µk =
∑N
n=1 hn,kxn∑N
n=1 hn,k

Σk =
∑N
n=1 hn,k (xn − µk) (xn − µk)

T∑N
n=1 hn,k

Adapted Expectation Maximization
E-step:

hn,k = hn,p
πkN (xn|µk,Σk)∑K
j=1 πj N (xn|µj ,Σj)

.

M-step:

πk =
∑N
n=1 hn,i
N

,

µk =
∑N
n=1 hn,kxn∑N
n=1 hn,k

Σk =
∑N
n=1 hn,k (xn − µk) (xn − µk)

T∑N
n=1 hn,k

Table 3-1: The classical EM-algorithm (left) is adapted to enable a soft-clustering approach
required for the Tree-Model. The adapted EM-algorithm (right) has an extra weight hn,p in the
Expectation step. This weight represents the parent Gaussian responsibility P(p|xn) .

placement of the means along the selected principal axis l. By setting l = 1 the Gaussian is
split along the axis on which the demonstration data has the largest variance.

3-1-3 Adapted EM-algorithm

For each layer the parent Gaussian is split in two child Gaussians. After the split, EM is
required to fit the child Gaussians on the demonstration data. Standard EM considers all
data points as equally important. However, the child Gaussians should increase the level of
detail of the demonstration data covered by their parent. This type of clustering is not taken
into account in the standard EM-algorithm.

To take into account the parent-child relation, the Expectation step of the EM-algorithm is
modified. The Expectation step calculates the probability of Gaussian k being responsible
for data point xn, i.e. the responsibility hn,k = P(k|xn). A child Gaussian should model the
data represented by the parent with an increased level of detail. Therefore, EM for the child
Gaussians should focus on data that lies near the parent Gaussian p, i.e. data with a high
responsibility P(p|xn). Higher weight is achieved by adding the parent responsibility to the
expectation step as shown in Table 3-1.
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3-2 Exploring the Tree

In this section the exploration algorithm used to explore the Tree-model is presented. After
creating the Tree-model we try to exploit its structure during exploration. The method relies
on the hypothesis that search in a parameter space of low dimensionality is faster than search
in a parameter space of high dimensionality. The aim is to first learn the rough policy in
a relatively low dimensional space and subsequently learn refinements in higher dimensional
space.

First, the general Tree-model exploration algorithm is introduced to give the reader a clear
view of the global concept. Afterward, the different elements of the exploration algorithm are
treated in detail.

Algorithm 2 shows pseudo-code of the Tree-model exploration algorithm. The general concept
is equal to the policy improvement loop introduced in Section 2-2-2. The policy improvement
loop is contained inside a for-loop that iterates through the different layers of the Tree-model.
Thus, instead of performing all roll-outs in one layer, the exploration algorithm starts at
the coarsest layer and subsequently optimizes the more refined layers until convergence. To
determine when to switch from layer l to l + 1, a convergence criterion is required.

Optimization of one layer is done as follows. First the parameters vector θl at layer l is
constructed (line 2) and Σnoise is initialized (line 3). θl does not contain all the parameters
of the GMM, but only parameters that influence the GMR process. This will be discussed
in more detail in Section 3-2-2. Then the algorithm enters the policy improvement loop
(lines 4 - 10). For each parameter update nbE perturbations and roll-outs are created (lines
6−7). The perturbation is created by adding Gaussian noise to the current policy parameters.
Then a roll-out is made using the perturbed parameters. When nbE roll-outs are created, a
parameter update is calculated using an update algorithm. After a layer has converged, the
Tree-model is updated according to the obtained parameter vector θl (line 11).

Exploration is done in global frame of reference, i.e. θl is obtained from the GMM at layer l
in the global frame of reference. By doing this, it becomes more intuitive to specify the noise
since the noise can then be set in the same space as the policy is executed. As a consequence,
the values of θi i > l will change when exploring layer l because the child Gaussians of a
parent will move in the global reference frame when their parents’ position is changed.

3-2-1 Convergence criteria

The convergence detection is assumed to be an important aspect in the Tree-model explo-
ration. When convergence is detected too early, the algorithm will not optimally use the
advantage of searching a parameter space of lower complexity. Detecting convergence too
late will result in consuming time-expensive roll-outs without gaining much performance.

For the exploration algorithm online convergence detection is needed, i.e. convergence should
be detected while the algorithm is running. Convergence detection is for example studied in
the field of Multi Objective Evolutionary Algorithms [40].

We propose convergence detection based on Least Squares regression of the reward obtained,
similar to [40] and [41]. By analyzing the reward history, one can fit a linear line y = αx+ β.
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Algorithm 2 Optimization of Tree-model
1: for l = 1 to L do
2: θl = TM . getTheta(l)
3: Init Σnoise

4: repeat
5: for i = 1 to nbE do
6: θ̃

l
i = θl +N (0,Σnoise)

7: ri = rollOut(TM,θi)
8: end for
9: [θ,Σnoise] = update(θ̃i, ri)
10: until Convergence
11: TM .updateTree(i,θi)
12: end for

Given ri as the reward obtained at roll-out i the regression is described as:
r1
...
rN


︸ ︷︷ ︸
r

=


1 1
...

...
N 1


︸ ︷︷ ︸

A

[
α

β

]
(3-7)

The slope α is obtained by performing the operation A†r where (·)† is Moore-Penrose pseudo
inverse. The slope α indicates the increase in reward over the N samples and can be used as
a convergence criteria. When α < εconv it is assumed that the algorithm has converged.

However, the regression must be performed locally instead of over the complete reward history.
Therefore, the rewards are regressed within a floating ‘reward-window’ which will represent
the lastM results. WhenM is low, the regression process is sensitive to reward drops inherent
to the stochastic exploration process leading to pre-mature convergence. Setting M too large
will result in late detection of convergence.

3-2-2 Tree-model parameterization

State of the art exploration algorithms such as PoWER[32] and PI2 [35], use linear combi-
nations of the policy parameters to calculate the parameter update:

θnew =
n∑
i

wiθ̃i, (3-8)

To use GMM in such a setting, the parameters of the GMM, {πk,µk,Σk}, should be trans-
formed in a vector. A function is required to transform the parameters defining the GMM,
into the parameter vector θ:

{θ,φ} = f({πk,µk,Σk}Kk=1). (3-9)

Besides the policy parameters θ, a set of parameters φ is generated that are not considered
during exploration. These parameters are required to reconstruct the covariance matrices of

Master of Science Thesis M.J.A. Zeestraten



24 The Tree-model

the GMM. The parameterization of the covariance matrix will be discussed in more detail
later on in this section.

The generation of roll-outs (line 7 in Algorithm 2) consists of the reconstruction of a temporary
GMM based on the perturbed parameters θ̃li and the ‘static’ parameters φ. Afterwards, the
GMM is evaluated by generating a reproduction of the policy and observing the reward
function of this reproduction.

The design of function f(·) has focused on two aspects: (i) minimizing the number of param-
eters θ, (ii) finding an unconstrained parameterization of Σ.

Reduction of dimensionality

To keep the search space as simple as possible, it is desirable to keep the dimensionality of
θ low. A K state GMM is defined by the parameters {πk,µk,Σk} with k = 1 . . .K. The
number of parameters that uniquely define the GMM is given by:

K

(
1 + d(d+ 3)

2

)
, (3-10)

where d is dimensionality of the random variable encoded by the GMM. Compared to other
policy representations like for example Dynamic Movement Primitives (DMP) [24], this num-
ber of parameters is large.

The number of parameters required to define a GMM is relatively large because a GMM en-
codes the joint Probability Density Function (pdf) of input and output variables. In contrast,
other policy representations encode only a mapping between input and output variables. The
covariance matrix, required to define the joint pdf, is responsible for d(d+1)

2 parameters.

By exploiting the knowledge about the GMR process, the number of parameters can be
reduced. It is shown in Appendix A, that the trajectory generated by GMR can be completely
controlled by only changing the matrix describing the correlation between input and output
elements ΣIO, and the mean µ. Hence, the number of parameters required for exploration
can be reduced to K

(
dO
(
2dI + 1

))
where dI and dO indicate the dimensionality of the input

and output variables, respectively. This approach does not optimize the joint pdf but only
the elements that influences the GMR process for given input and output parameters.

Following the derivation described in Appendix A-3, the parameterization of a GMM is given
by:

θ =


θ1
...
θK

 , with θk =
[
θµ

θΣOI

]
, k = 1 . . .K (3-11)

θµ = µk are the parameters relating to the means of the k-th Gaussian. θΣOI are the
parameters relating to the covariance matrix of the k-th Gaussian. We assume that the
Gaussians are well separated over the input space. Hence, exploration of the priors πk can be
omitted because they do not influence the regression process in this case.
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Parameterization of Covariance

During exploration the covariance matrices of the GMM must remain positive definite. This
requires a suitable parameterization of the covariance matrix. In Appendix A-4 multiple
parameterizations of the covariance matrix are discussed. In this work we use the covariance
parameterization based on the Cholesky decomposition [42]. A covariance matrix can be
decomposed as:

Σ = LLT (3-12)

With L as a lower triangular matrix. The non-zero elements of L form the parameterization
of Σ. This are d(d−1)

2 parameters.

When taking into account the fact that we use GMR, the list of parameters is split in two:
namely a list of parameters that influence the regression result and a list of parameters which
does not influence the regression result. Let Chol(·) be a function that converts a Covariance
into the Cholesky parameterization:

β = Chol(Σ) (3-13)

β is the list of parameters describing the non-zero elements of the L matrix. β can be split
into two groups; β = {φ,θΣIO}. θΣIO are the parameters that are used during exploration.
φ are the remaining parameters required only for reconstruction of the covariance matrix.

3-2-3 Update Rule

As discussed in Section 2-2-2, a variety of update algorithms exists. Any of these algorithms
can be combined with the proposed approach. In this work a Black Box version of the
PoWER algorithm used in Calinon et al. [43] is used. This algorithm was selected because it
was reported as well-performing and it is easy to understand and implement. The algorithm,
like PoWER, uses reward weighted averaging. Similar to CEM or CMA-ES the exploration
noise is recalculated with every update. In addition, it uses importance sampling to select
only the best N samples from the history of roll-outs to calculate the parameter update. The
algorithm is Black Box because it calculates the reward over the complete roll-out.

The parameter update is given by:

θ ←
∑I
i=1 θ̃w(i)rw(i)∑I

i=1 rw(i)
(3-14)

And noise covariance update:

Σnoise ←
[
θ̃w(1) . . . θ̃w(I)

] 
rw(1)

. . .

rw(I)



θ̃w(1)

. . .

θ̃w(I)

+ Σmin (3-15)

The function w(i) outputs the indices of the perturbed parameters by descending reward.
w(1) will output the index of the perturbed parameter with the highest reward and w(2) will
output the index of the perturbed parameters with the second highest reward. The variable
I indicates the number of θ considered for a parameter update.
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Σmin is the minimum exploration noise. This exploration noise prevents premature conver-
gence to bad local optima. In addition, the minimum exploration can keep the exploration
noise full rank. Keeping the matrix full-rank is required when one uses a number of samples
I which is less than the dimension of θ. The minimum exploration noise is set as a fraction
of the initial exploration noise, i.e. Σmin = ΣNoise

init εNoise.

3-2-4 Reusing Experience

The exploration noise determines the direction in which the exploration algorithm explores for
better solutions. When the number for roll-outs increases, the exploration noise is optimized,
i.e. the exploration noise contains ‘experience’ or knowledge about the local solution space.
When switching from layer l to l + 1 the exploration noise should be reinitialized. It is not
possible to use the exploration noise from layer l. The exploration noise at layer l is of
dimension n×n, while the exploration noise at layer l+ 1 is of dimension m×m with m > n.
When initializing the exploration noise at layer l + 1 with a pre-defined initial exploration
noise, the algorithm would omit all ‘experience’ obtained so-far. In this section a method is
proposed to re-use the experience from layer l to initialize the exploration noise at layer l+ 1.

For convenience the following notation for the Tree-model is adopted; TM
(
θ1
init, . . . ,θ

L
init

)
.

Here θlinit indicates the vector of parameters considered for exploration at layer l. The initial
values of θl follow from the GMM at layer l which was initialized using EM. The subscript
·init indicates that the parameters have not yet been explored and thus are in the initial state.
When the subscript is dropped, the parameters at layer l have been explored.

Given the sets of parameters and corresponding reward {θ̃li, ri} i ∈ 1 · · ·RO with RO the
number of roll-outs made so-far, the objective is to find θ̃l+1

i that yield to the same policy
as θ̃li; i.e. find θ̃l+1

i such that TM
(
θ1, . . . , θ̃

l
i,θ

l+1
init, . . .

)
∼ TM

(
θ1, . . . ,θl, θ̃

l+1
i , . . .

)
. When

parameters θ̃l+1
i are found, they can be combined with obtained rewards ri to calculate the

exploration noise using Eq. (3-15).
After layer l has converged, the algorithm calculates the final parameter update θl and
switches to l + 1. The initial state of the Tree-model is TM

(
θ1, . . . ,θli,θ

l+1
init, . . .

)
. The

parameters θl+1
init are obtained by calculating the GMM parameterization at layer l + 1 as

described in appendix A. This parameterization results in two parameter sets; θl+1 and φl+1.
Both θl+1 and φl+1 are required to recreate the GMM, but only θl+1 is changed during
exploration.

The same operation can be executed for the perturbed parameters θ̃li at layer l to obtain θ̃l+1

and φ̃l+1. But φ̃l+1 6= φl+1, i.e. combining φl+1 with θ̃l+1
i will not result in the same GMM

as θ̃l+1
i and φ̃l+1 describe. Instead, we would like to find different θ̂l+1

i , that, combined with
φl+1, yield to the same regression result as the parameter set {θ̃l+1

i , φ̃
l+1}, i.e.:

K∑
k=1

πk(Âkx+ b̂k) =
K∑
k=1

πk(Ãkx+ b̃k), (3-16)

with A = ΣOI
(
ΣII

)−1
and b = µO + ΣOIµI . θ consist of the elements of ΣOI and µO and

π is not considered as a variable during exploration. Hence, the elements of θ̂l+1
i are obtained
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by subsequently solving:

Σ̂OIk = Σ̃k

(
Σ̃IIk

)−1
Σ̂IIk , (3-17)

µ̂Ok = µ̃Ok + Σ̃OIk µ̃Ik − Σ̂OIk µIk . (3-18)

Note that the elements of Σ̃IIk , µ̃Ik and ΣIIk ,µIk are contained in φ̃k and φk, respectively.

Initializing the Exploration noise for layer l + 1 based on the parameter samples of layer l
will lead to a matrix that is not full-rank. Exploring in l means exploring in a sub-space of
l+1. When θ̃li is projected to layer l+1, the samples will only lie in the sub-space. To enable
exploration in all directions of l+1 and to create a non-singular noise matrix, the exploration
noise must be increased for the unexplored directions.

The reuse of rewards ri can only be done if the performance of the Tree-model is always
evaluated at the most refined layer. Evaluation of the Tree-model at Layer l will result in a
different reward as the evaluation of the same Tree-model at layer l+ 1 because the GMM at
layer l and l+ 1 do not represent exactly the same input-output mapping. When the reward
ri would be calculated based on the GMM at layer l, the proposed method is not able to
reconstruct the GMM at layer l + 1 such that it will yield to the same reward. Hence, the
reward of the ‘reconstruction’ has changed and the ‘experience’ is not retained. Hence, i this
work we will always evaluate the reward at the most refined layer.

3-2-5 Overview of Exploration Parameters

Symbol Meaning

Sinit Number of roll-outs before first update
I Number of roll-outs considered for one update
M The number of roll-outs considered during convergence detection
εconv Convergence threshold
ΣNoise Initial Exploration noise
εNoise Fraction of initial exploration noise used as minimum exploration noise

Table 3-2: Summary of Tree-model exploration algorithm parameters

The exploration algorithm has a number of open parameters. Table 3-2 gives an overview of
the open parameters.

Before calculating the first parameter update, a number of roll-outs must be generated to
provide the algorithm with sufficient information to calculate the first parameter update.
This number of roll-outs created before the first update, Sinit, should be larger than the
number of roll-outs I considered for an update. After the first update, one extra roll-out
is created per update. This is done because creating roll-outs is relatively time-consuming
in robotic applications. By updating after each roll-out, the policy used to generate new
perturbations is always based on the latest, and possibly best, information.
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M represents the number of roll-out rewards considered for convergence detection as described
in Section 3-2-1. When the regressed slope is less than εconv, convergence is assumed.
The algorithm requires an initial exploration noise to determine the amount of exploration
for the different parameters. This information is given to the algorithm in the form of the
exploration noise ΣNoise. The exploration noise is a n × n matrix where n is the length of
the parameter vector θ. Throughout this work the initial exploration noise is given equal
for each Gaussian in the GMM. Furthermore, only the variance for the different parameters
is, i.e. the initial noise matrix is a diagonal matrix where the correlations coefficients are all
zero. The minimum exploration noise is taken to be a fraction εNoise of the initial exploration
noise.

3-3 Discussion

In this chapter we introduced a Tree-based policy representation and exploration algorithm.
In this last section we discuss the design decisions made.
During the construction of the Tree-model, a system of local frames of reference was proposed.
The use of local frames has as an advantage that changes of parent location and/or orientation
automatically propagate to child Gaussians without the need for any further computations.
For reproduction, however, the GMM in the local reference frames must be projected back
to the global frames. Alternatively, we could have decided to define all layers in the global
reference frame. This would require performing operations to maintain the parent-child re-
lations at all layers during exploration. Either way, the behavior is the same. Updating the
Tree relations will require computation either during, or after exploration. It was decided to
use the representation using local frames because it was found to be more intuitive.
The Gaussian Split-algorithm described in Section 3-1-2 follows from earlier work [6]. Being
based on SVD, the split algorithm provides a method that fits well with the method used for
local frames of reference. The Child Gaussians are always split along the axis which represents
the largest variability. The split algorithm depends on a large number of parameters that
define the split. It was proposed to keep these parameters constant. It is believed this is a
valid assumption, since after split an EM-algorithm is used to optimize the position of the
child Gaussians.
For non-root layers, an adapted EM-algorithm was proposed. This adaptation involves in-
cluding the posterior probability P(k|xn) of the parent when calculating the expectation of
the child. This adaptation enables refining the data of the parent Gaussian in more detail
without the need of defining crisp clusters. As a consequence, this ‘soft’ constraint may result
in less optimal solutions. In other words, fitting a 4 Gaussian single layer model on a data
set, might result in a different solution than fitting a 2 layer Tree-model with 4 Gaussians in
the final layer. As a result, the Tree-model might not be able to fully exploit the experience
contained in the demonstration data.
The Tree-model is constructed in a bottom-up approach, i.e. first the rough layer is created
and subsequently more refinement is added by increasing the resolution using the Split algo-
rithm and adapted EM-algorithm. Alternatively, we could have used a top-down approach,
i.e. starting at the most refined level and merge Gaussians to obtain more coarse represen-
tations. The advantage of starting at the most refined level is that there is no need to use
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the adapted EM-algorithm. After merging two Gaussians, the merged Gaussian will most
likely not cluster the demonstration data better than the two Gaussians used to create it.
However, using the bottom-up approach might provide a better way to selectively increase
the resolution in certain parts of the policy. Although this selective resolution is not part of
this initial proposal, future work, where the construction of the Tree is done autonomously,
could focus on this type of policy construction.

The convergence detection used to determine when to switch from one layer to another is
based on the method of least squares. This convergence detection introduces two tuning
parameters to the algorithm. The convergence threshold εconv and the number of samples M
that form the reward window. Compared to a ‘flat’ policy representation, these are additional
tuning parameters. These extra parameters are an undesired side effect since they demand
extra prior knowledge to initialize the exploration process.

A parameterization of GMM was proposed that reduce the number of parameters required for
exploration by exploiting the properties of the GMR process. This method is advantageous for
exploration since a low number of parameters reduces the search space dimensionality. The
reduction of the number of parameters is achieved by exploring only part of the covariance
parameter space. As a result, the algorithm does not learn the optimal joint pdf P(X)
for a random variable X. Instead, the algorithm learns the optimal conditional probability
P(XO|XI), where X = [XI ,XO]T . Hence, we need to pre-define XI and XO in advance,
and do not learn the joint pdf during exploration.
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Chapter 4

Experiments

In Chapter 3 a Tree-based movement representation was proposed. It is hypothesized that
the proposed method yields to faster convergence than existing ’flat’ policy representations.

Three experiments are used to validate this hypothesis. In the first two experiments a simple
trajectory learning task is used. The Tree-models used in these experiments are not based on
demonstration data, but manually constructed. By removing the autonomous construction
of the Tree-model, these two experiments focus on the core topic of this thesis: analyzing the
benefits of using a Tree-model during exploration.

The first experiment is designed to deliver a proof of concept. This experiment uses only
the means of the Gaussians during exploration. This experiment keeps the concept simple
by omitting the usage of the proposed parameter reduction. The second experiment uses the
parameterization proposed in Section 3-2-2. This second experiment explores the full ‘shape
space’ given by the GMM-GMR policy representation.

The objective of the third experiment is improving a feed-forward control policy used to swing-
up a double pendulum on a cart. This experiment uses the complete framework proposed in
this thesis; First, a Tree-model is constructed based on demonstration data. Then Learning
from Exploration (LfE) is used to optimize the performance of the policy. This experiment
was designed to prove that the Tree-model can also function in a more realistic scenario;
learning to control dynamics of an unknown dynamical system.

4-1 Learning Trajectories I

The learning performance of a Tree-model is analyzed using a Tree-structure in which ex-
ploration is only applied to the means of the Gaussians, i.e. θ = [µ1 · · ·µK ]T . For this
experiment we thus omit exploration of the covariance matrix. As a result we can test the
concept of the Tree-based exploration without requiring a method to explore the covariance
matrix. This approach will keep the algorithm simple since the exploration of the covariance
matrix is not trivial due to the constraints that lie on a covariance matrix. As a consequence
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Figure 4-1: Four 2-dimensional trajectories generated by a GMM with 4 Gaussians (displayed
in red). The Gaussians are placed in such a way that they do not contain a multi-resolution
aspect (left column) or do contain a multi-resolution aspect (right column). In addition, an offset
between the optimal trajectory and the initial condition of the GMM is introduced. The initial
state of the GMM (displayed in gray) is centered with respect to the optimal GMM. In contrast,
the initial state of the GMM in the bottom row has an offset with respect to the optimal solution.

we do not fully exploit the properties of the Gaussian Mixture Model (GMM) since we cannot
influence the shape of the regressed trajectory through the covariance of the Gaussians.

In addition, the first experiment is used to discover if the Reuse of experience, discussed in
Section 3-2-4, has positive effect on the learning performance.

The Tree-model is hypothesized to work best for learning tasks that inhibit a multi-resolution
aspect. To this end four trajectories are designed. These trajectories are displayed in Figure 4-
1. The trajectories are generated by a pre-defined GMM. The multi-resolution can be found
in the placement of the Gaussians in the x1 direction. The Figures in the right column contain
a Multi-resolution aspect because the Gaussians can be grouped in two groups of two. The
Figures in the left column do not have this multi-resolution aspect.

4-1-1 Experimental Set-up

The Tree-model used for these experiments has two layers. The first layer consist of 2 Gaus-
sians and the second layer consist of 4 Gaussians. The Gaussians are placed at x1 = 0 and
are placed in such a way that the Gaussians of the second layer are equally spread over
time. The initial state of the GMM is displayed in Figure 4-1. The Flat-model considered for
comparison, is a GMM equal to the second layer of the Tree-Model.

The Task-performance is determined by analyzing the mean squared error between the goal
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trajectory and the trajectory generated by the Tree-model:

r = exp
(
−α 1

N

N∑
n=1

(xn − xgn)2
)

(4-1)

here N is the number of samples used, xn and xgn are the x position of the model and goal
trajectory, respectively. The exponential function is used to force the reward to lie within the
range (0, 1]. α is a tuning factor that is used to tune the ‘climbing’ behavior of the reward
function. A low α will result a relative high reward, even for ‘bad’ trials. A high α will
result only in high rewards for very good trials. Setting α too high will lead to very slow
convergence towards the optimum since the reward only increases little until very close to the
optimal solution.

Parameter Settings

Table 4-1 shows the Exploration settings used during this experiment. The number of roll-
outs is set in such a way that the convergence to the final value is clearly visible. The number
of Roll-outs before the first update, and the number of Roll-outs considered for the parameter
update are set to 5.

The convergence threshold is set very strict. By setting the convergence threshold to zero,
convergence is only detected when the reward increase is zero or negative for M successive
roll-outs. This is only the case if a layer has truly converged. Choosing a lower convergence
criterion resulted in not optimally exploiting the faster learning in the first layer.

The reward parameter α is tuned to make sure that the refinements of the motion represent a
significant part of the reward. With α set too low, optimizing the first layer of the Tree-model
results to a relative high reward, and the refinements made in the second layer will not clearly
show in the reward.

Exploration of the parameters depends on two settings; the initial exploration noise matrix
Σnoise
init and the minimum exploration noise ΣNoise

min . The minimum exploration noise is required
to prevent early convergence. Both matrices are initialized as a diagonal matrix. The diagonal
elements describe the exploration along the different dimensions of the problem.

To determine the effect of the initial and minimum exploration noise on the learning perfor-
mance of the Tree-model, different settings for these parameters are studied. A noise matrix
ΣNoise
init is scaled by factors γ and factors εNoise to obtain the initial and minimum noise,

respectively. First, 6 experiments are performed using different minimum noise settings to
determine the optimal value. During these experiments the initial noise is kept constant
(γ = 1). Then 6 experiments are performed using different initial noise settings. During
these latter experiments, the minimum noise is taken equal to the best performing minimum
noise for the Flat-model. By selecting the minimum noise based on the flat-model perfor-
mance, we ensure that the flat-model is in optimal performance.

The noise Matrix ΣNoise
init that is used as a basis for all the experiments is obtained by manual

tuning. The exploration in the x1 direction is taken to be large enough to sample a sufficient
part in the x1 direction. The exploration noise in the time direction is set to a relatively
low value to prevent the Gaussians from switching their relative position with respect to
each-other.
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All the trajectories displayed in Figure 4-1 are learned using both the Tree-model and the
Flat-model. The experiment is repeated 30 times for each condition.

Variable Value

roll-outs 400
Sinit 5
I 5
M 20
εconv 0
α 20
ΣNoise diag ([.05, 1]) γ with γ ∈ {0.1, 0.2, 0.5, 1, 2, 5}
ΣNoise
min diag ([.05, 1]) εNoise with εNoise ∈ {1e−3, 2e−3, 5e−3, 1e−2, 2e−2, 5e−2}

Table 4-1: Summary of Tree-model exploration algorithm parameters used for experiments de-
scribed in Section 4-1.

4-1-2 Results

In this section the results of Experiment I are presented. This section will only show the ex-
perimental results that are required to discuss the observations made. The complete overview
of experimental results can be found in Appendix C-1.

Optimal minimum noise

The first series of experiments was performed to determine the optimal minimum noise setting.
Figure 4-2 shows the learning curves when learning the multi-resolution motion without an
offset for different noise settings per layer. The largest minimum noise setting, εNoise = 5e−2,
results in the lowest rewards for both the Tree-model and Flat-model. In case of the larger
minimum noise settings, the algorithm fails to converge to the optimal solution. However,
when εNoise = 5e−2 is too small, the algorithm converges very slow as can be observed for
both the Tree-model and the Flat-model. For the motions with multi-resolution, the Flat-
model has the highest convergence value for εNoise = 1e−2 and εNoise = 5e−3. The increase
in reward during the first 200 trials is steeper for εNoise = 1e−2. Therefore, εNoise = 1e−2 is
used for the initial noise experiments in the next section.

The switching behavior of the Tree-model is displayed in Figure 4-3. The graph shows the
number of Roll-outs made before switching from layer 1 to layer 2. It is observed that the
algorithm tends to switch within less number of roll-outs as the minimum noise increases.
This corresponds to the slower convergence of the first layer shown in Figure 4-2.
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Figure 4-2: Learning curves for the multi-resolution movement without offset displayed in figure
4-1 for different minimum noise settings. The values in the legend indicate the εNoise values as
indicated in Table 4-1.
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Figure 4-3: The number of Roll-outs before switching between Layers during learning the multi-
resolution movement without offset displayed in figure 4-1 for different minimum noise settings.
The values along the x-axis indicate the εNoise values as indicated in Table 4-1.
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Figure 4-4: Learning curves for different initial noise settings while learning the Multi-resolution
trajectory without offset as displayed in Figure 4-1. From left to right the plots represent; Learning
using only the first layer, learning using the second layer (flat-model) and learning using both layers
(Tree-model).

Optimal initial Noise

A second series of experiments is carried out to compare the learning performance of the
Tree-model and the Flat-model for different initial noise settings. These 6 different initial
noise settings are given in Table 4-1 and indicated by their γ value. γ indicates the fraction
of the noise matrix that was obtained by manual tuning. Each of the 6 noise settings is used
learn the 4 trajectories given in Figure 4-1, i.e. a total of 6 × 4 = 24 situations is tested.
For all experiments the minimum noise found in previous section was used, i.e. Σnoise

min =
diag ([0.1, 1]) · 1e−2.

Figure 4-4 shows learning curves for the Multi-resolution trajectory without offset. The effect
of varying the initial noise is smaller compared to the variation of the minimum Noise. The
largest noise setting, γ = 5, shows the lowest performance for the various movements. The
performance of three lowest noise settings is about the same. The same holds for the other 3
trajectories of which the results are shown in Appendix C-1.

Comparing the Tree-model and the Flat-model

Figure 4-5 shows the learning curves of the 4 different movements that are considered in
this experiment. The figure shows the results obtained with the minimum noise fraction
εNoise = 1e−2 and the noise fraction γ = 0.1. These are the settings for which the Flat-model
performs best. The results of the other settings are given in Appendix C-1. Each sub-figure
in Figure 4-5 shows three line representing learning using the first layer of the Tree-model,
the second layer of the Tree-model (Flat-model), and both Layers of the Tree-model.

The first thing that stands out is the end performance of Layer 1. The final reward in
the single-resolution trajectory is much lower than the final reward in the multi-resolution
trajectory. In the single-resolution case, the first layer does not add a lot of value causing the
small gain in performance. In the multi-resolution case the first layer does add value. But
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in both the single-resolution and multi-resolution trajectories, the second layer is required to
achieve optimal performance.

Both the Flat and the Tree model converge to about the same reward and thus perform
equally well based on the maximum reward received. In the single-resolution case without
offset (top left, Figure 4-5) the Tree-model is outperformed by the Flat-model. Although
the learning curve appears equally steep, the Tree-model shows a drop in reward around 30
roll-outs. This point is around the switching point between layer 1 and 2, discussed later on.

In the multi-resolution case (right column, Figure 4-5), the Flat-model is outperformed by
the Tree-model in learning speed. The results clearly show that optimization using Layer 1&2
initially overlap with the results of Layer 1. But as Layer 1 convergences, the reward of Layer
1&2 keep increasing.

To confirm our hypothesis that learning using the Tree-based movement representation is
advantages over a flat policy representation a two-sample t-test is performed. The null-
hypothesis H0 represents the case that the Tree-model and the Flat-model perform equally
well. The alternative hypothesis states that the Tree-model outperforms the Flat-model, i.e.
results in higher reward. The results of this test are displayed in Figure 4-6. Based on this
t-test it can be concluded, p < 0.05, that the Tree-model outperforms the Flat-model in the
steepest part of the learning curve for the movements with a Multi-resolution aspect.

In the single resolution case, the Tree-model is not faster than the Flat-model. Based on the
learning curve of the Single-resolution no offset case, we can conclude that the Tree-model
switches too late. The learning curve of the Tree-model tends to ‘stick’ to Layer 1 between
Roll-outs 10 to 30. This behavior does not show in the Multi-resolution case.

The results of the Tree-model presented in figures 4-5 and 4-6 are obtained using the ‘Reuse
of Experience’ method. In this method, the exploration noise of the second layer is initialized
based on the results of the first layer. To find out if this method functions well, a comparison
is made between reusing the experience and not reusing the experience from the first layer.
When not reusing the experience from the first layer in the second layer, the initial exploration
noise of the second layer is taken equal to the initial exploration noise of the first layer. Using
the same Tree-model as before, the 4 trajectories are learned without re-using experience
when switching layers. Figure 4-7 shows the learning results for the Multi-resolution trajectory
without an offset. The Reuse of rewards especially shows to be beneficial for large exploration
noise. For smaller initial exploration noise,γ = 0.1, 0.2, 0.3, the performance is about equal.

4-2 Learning Trajectories II

The intention of the second experiment is to show the potential of the Tree-model by exploring
the complete parameters space of the proposed approach, i.e. exploring the complete space
of parameters that influence the Gaussian Mixture Regression (GMR) process.

4-2-1 Experimental Set-up

The experimental setup is similar to the experimental set-up described in Section 4-1-1. The
objective is to learn the trajectories shown in Figure 4-8. The performance evaluation is based
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Figure 4-5: The reward plotted against the number of roll-outs. The different lines represent
the different Layers: Layer 1 (blue), Layer 2 (green) and All layers (Red). The lines show the
average reward over 30 repetitions. The lighter colored areas show the 95% confidence interval
of the means with corresponding color.
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Figure 4-6: The Experimental results for learning the multi-resolution trajectory without an
Offset. At each roll-out a two-sample t-test is performed based on the performance of ‘Layer 2’
and ‘All layer’. The null hypothesis H0 indicates that both situations perform equally well. The
alternative hypothesis, H1, indicates that ‘All layer’ outperforms ‘Layer 2’. The p-value indicates
the confidence in H0 in favor of H1 based on the right-tail probability.
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Figure 4-7: Learning curves for learning a Multi-resolution trajectory without offset with and
without the reuse of reward. The different graphs represent different initial noise settings. γ
corresponds to the value of the initial Noise matrix ΣNoise

init = diag ([.1, 1]) γ. The lines show the
average reward over 30 repetitions. The lighter colored areas show the 95% confidence interval
of the means with corresponding color.
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Figure 4-8: Two 2-dimensional trajectories generated by a GMM with 4 Gaussians (displayed
in red). The Gaussians are placed such that they do not contain a multi-resolution aspect (left
column) or do contain a multi-resolution aspect (right column). The initial state of the GMM
(displayed in gray) is centered with respect to the optimal GMM. In contrast, the initial state of
the GMM in the bottom row has an offset with respect to the optimal solution.

on the mean squared error between the goal trajectory and the trajectory generated by the
model. The reward function is as given in Eq. (4-1).
A 2 layer Tree-model is used with 2 Gaussians in the first layer and 4 Gaussians in the second
layer. During exploration the GMM parameterization proposed in section 3-2-2 is used. Each
Gaussian is represented by 3 parameters:

θk =


µt

µxt

θΣIO

 (4-2)

µt and µxt represent the location of the mean, and θΣIO controls the correlation between t
and x1.
All the trajectories displayed in Figure 4-8 are learned using both the Tree-model and the Flat-
model. The parameters for the learning algorithm are listed in Table 4-2. These parameters
were manually tuned. Note that the initial noise ΣNoise per Gaussian now has three entries,
two entries for the mean and one for the Covariance ΣOI .
The experiment is repeated 30 times for each condition.

4-2-2 Results

In this section the results of Experiment II are presented. This section will only show the ex-
perimental results that are required to discuss the observations made. The complete overview
of experimental results can be found in Appendix C-2.

Optimal Minimum Noise

First, 6 experiments were performed to determine the optimal minimum noise. This optimal
minimum noise setting is used in later experiments to compare the Tree-model and the Flat-
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Variable Value

roll-outs 400
Sinit 5
I 5
M 20
εconv 0
ΣNoise diag ([0.1, 1, 0.1]) γ with γ ∈ {0.1, 0.2, 0.5, 1, 2, 5}
ΣNoise
min diag ([0.1, 1, 0.1]) εNoise with εNoise ∈ {1e−3, 2e−3, 5e−3, 1e−2, 2e−2, 5e−2}

α 20

Table 4-2: Summary of Tree-model exploration algorithm parameters used for experiments de-
scribed in Section 4-2.

model for various initial noise settings. The results of the minimum noise experiment are
shown in Figure 4-9.

The results are similar to the results of Experiment I. Increasing εNoise towards 5e−2 results
in a relatively low convergence value. Decreasing εNoise towards 1e−3 results in very slow
convergence but with a higher convergence value. In contrast to the results of experiment
I, the increase in reward of layer 1 is not as large as the increase of the Flat-model or the
Tree-model. When looking to the solution space, shown in 4-10, we observe that Layer 1
converges to roughly two different solutions of which one is less optimal than the other. The
average reward of the first layer is thus lower due to the less optimal solutions that were
found.

Based on the results of the Flat-model a noise fraction is selected for later experiments. Both
εNoise = 1e−2 and εNoise = 5e−3 seem to be reasonable options. εNoise = 1e−2 has a slightly
higher learning speed within the first 200 roll-outs in favor of εNoise = 5e−3. εNoise = 5e−3
shows a slightly higher convergence value in favor of εNoise = 1e−2. For the initial noise
experiments discussed in the following section, a minimum noise fraction of εNoise = 1e−2 is
used.

Optimal Initial Noise

A second series of experiments is performed to compare the learning performance of the Tree-
model and the Flat-model for different initial noise settings. These 6 different initial noise
settings are given in Table 4-2 and indicated by their γ value. γ indicates the fraction of the
noise matrix that was obtained by manual tuning. Each of the 6 noise settings used during
the learning of the 2 trajectories given in Figure 4-8, i.e. a total of 6 × 2 = 12 situations
were tested. For all experiments the minimum noise found in previous section was used, i.e.
Σnoise
min = diag ([0.1, 1, 0.1]) · 1e−2.

The results of the experiments are summarized in Figure 4-11. Both the Tree-model and the
Flat-model perform best for low initial noise, i.e. γ = 0.1 and γ = 0.2. The highest initial
noise settings, γ = 5 clearly converge much slower for both Tree-model and Flat-model.
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Figure 4-9: Learning curves when learning the Multi-resolution trajectory for different minimum
noise settings. The results are split per layer. The numbers in the legend represent the εNoise

to determine the noise matrix ΣNoise = diag ([0.1, 1, 0.1]) εNoise. The colored areas indicate the
95% confidence interval corresponding to the lines with similar color.
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Figure 4-10: Figures show the solutions obtained after learning the Multi-resolution motion for
30 repetitions using either the first layer of the Tree-model (a), the second layer of the Tree-
model (b, Flat-model) or using both layers of the Tree-model (c). The solutions are given in
red and the desired trajectory in black. The results were obtained using εNoise = 1e−2, i.e.
ΣNoise = diag ([0.1, 1]) 1e−2.
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Figure 4-11: Learning curves resulting the learning of a Multi-resolution trajectory for different
initial noise settings. The results are splitted per layer. The numbers in the legend represent the
γ to determine the noise matrix ΣNoise = diag ([0.1, 1, 0.1]) γ. The colored areas indicate the
95% confidence interval corresponding to the lines with similar color.

Figure 4-12 summarizes the switching behavior of the algorithm when using Tree-based explo-
ration. The median number of Roll-outs made before switching is about equal for all initial
noise settings. However, in case of the low Initial noise settings, the interquartile range (IQR)
stretches all the way to the minimum number of roll-outs required before a switch can be
made: Sometimes the Algorithm switches at the first possibility.

Comparing Tree-model and Flat-model

To compare the Tree-model with the Flat-model, the rewards of the Tree-model and the Flat-
model are plotted together. Figure 4-13 shows the results for γ = 0.1, i.e. the best performing
initial noise setting.

The resulting trajectories of all 30 repetitions for Layer 1, Flat-model and the Tree-model are
given in Figure 4-15. Both the Tree-model and the Flat-model converge towards the optimal
trajectory. The results of Layer 1 are less optimal. This is mainly caused by the fact that
the first layer does not have enough flexibility to learn the optimal motion. This is visible
in the first part of the trajectory. Secondly, similar to the minimum noise experiments, layer
1 sometimes seems to converges to a bad solution. This is visible in the latter part of the
trajectory.

In case of the Multi-resolution trajectory the Tree-model seems to outperform the Flat-model
in the steepest learning part. To confirm this observation, a two-sample t-test is performed
similar to Experiment I. The results of the two-sample t-test are given in Figure 4-14. The
t-test shows that Tree-model has indeed a higher average reward between approximately roll-
out 50 and 120 (p < 0.05). However, after approximately 120 roll-outs, the performance of
the two models is about the same. For the other initial noise settings the same results, or
results in favor of the Tree-model are obtained as shown in Appendix C-2.

Based on Figure 4-13a one might conclude that the Tree-model outperforms the flat-model
for the single-resolution trajectory. However, the difference between the Tree-model and the

Master of Science Thesis M.J.A. Zeestraten



44 Experiments

0

100

200

300

400

0.1 0.2 0.5 1 2 5
γ

N
u
m
b
e
r
o
f
R
o
ll
-o
u
t
s

b
e
fo
r
e
S
w
it
c
h

Figure 4-12: Figure gives a summary of the switching behavior of the Tree-model while learning
the Multi-resolution trajectory (shown in Figure 4-8) for different initial noise settings. The
boxplots indicate the number of roll-outs used before switching from the first layer of the Tree-
model to the second layer of the Tree-model. Each boxplot is based on 30 observations. The εNoise

in the title of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) εNoise.

Flat-model is not significant as shown in Figure 4-14a. For other initial noise settings, it is
shown clearer that the Tree-model does not outperform the Flat-model in the single-resolution
case.
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(a) Single-resolution (b) Multi-resolution

Figure 4-13: The Figure shows the learning performance of a 2 Layer Tree-model while learning
a single-resolution (a) and a multi-resolution trajectory (shown in Figure 4-8). The results are
based on the Initial noise with γ = 0.1 i.e. ΣNoise = diag ([0.1, 1, .1]) 0.1. Each graph shows the
learning performance for only exploring Layer 1 (blue), exploring only Layer 2 (green, Flat-model)
or exploring both Layer 1 and 2 (red, Tree-model). The results are based on 30 repetitions of
each situation. The colored areas indicate the 95% confidence interval corresponding to the lines
with similar color.
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Figure 4-14: Figure shows the p-value of a two-sample t-test that compares the learning per-
formance of the Flat-model and the Tree-model while learning a Single-resolution (a) and Multi-
resolution (b) trajectory (shown in Figure Figure 4-8). The null hypothesis H0 indicates that the
Flat-model and the Tree-model perform equally well. The alternative hypothesis, H1, indicates
that the Tree-model outperforms the Flat-model. The p-value indicates the confidence in H0 in
favor of H1. The results are based on 30 repetitions of each situation. The initial noise fraction
was set to γ = 0.1, i.e. ΣNoise = diag ([0.1, 1, 0.1]) γ.
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Figure 4-15: Figures show the solutions obtained after learning the Multi-resolution motion for
30 repetitions using either the first layer of the Tree-model (a), the second layer of the Tree-model
(b) or using both layers of the Tree-model (c). The solutions are given in red and the desired
trajectory in black. The results were obtained using γ = 0.1, i.e. ΣNoise = diag ([0.1, 1]) 0.1.
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4-3 Double pendulum on cart: Swing-up

The experiments discussed in the previous sections have a reward function that is based on
the mean-squared error. The reward is thus directly related to the shape of the movement. In
practical applications, the reward is often not directly related to trajectory of the movement.
Instead, the reward depends on the outcome of the task. For example, in the ball-in-cup task
[15] the reward depends on how close the ball is to the cup. In this example the control-policy
actuates an unknown dynamical system, and the reward is based on the observable state of
the unknown dynamical system.

To show that the Tree-model can learn to control an unknown dynamical system, we investi-
gate the swing-up phase of a double pendulum attached to a cart. The objective is to improve
the performance of a feed-forward controller that is able to swing-up the double pendulum to
a state in which both pendulums are in their unstable equilibrium. This problem is interesting
for the Tree-model because this type of controller can be represented by a sum of cosine [7].
The feed-forward swing-up controller thus has a potential multi-resolution aspect.

The approach proposed by Graichen et al. [7] relies on a feed-forward controller and a linear
feed-back controller with time-varying gains. Both controllers are active during the swing-up
phase and after swing-up the feed-forward controller is switched off. The swing-up phase
relies on both the feedback and the feed-forward controller. Without the feedback control,
the feed-forward controller is not able to perform a reasonable swing-up. The objective of the
experiment used in this thesis is to improve the feed-forward controller, in such a way that it
is able to swing the double pendulum towards the unstable equilibrium.

4-3-1 Experimental Set-up

Dynamical System
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providing experimental results for the swing-up of the double
pendulum on a cart.

In this paper, the inversion-based feedforward control design
recently proposed in Graichen, Hagenmeyer, and Zeitz (2005)
is applied to the swing-up maneuver of the double pendulum
on a cart. Thereby, the nonlinear feedforward control is deter-
mined by solving a two-point boundary value problem (BVP)
for the internal dynamics of the pendulum, i.e. the dynamics
of the unactuated links, by providing free parameters in the de-
sired output trajectory to solve the overdetermined BVP. Due to
the high accuracy of the nonlinear feedforward control, the sta-
bilizing feedback part can be designed by linear methods with
the pendulum model linearized along the nominal trajectories.
Experimental results for the swing-up maneuver illustrate the
potential of the concept.

The paper is outlined as follows: the next section describes
the model of the double pendulum experiment and formulates
the transition problem for the swing-up maneuver. Section 3 is
devoted to the feedforward control design and the BVP of the
internal dynamics with free parameters. The swing-up trajecto-
ries are computed using a standard MATLAB BVP-solver. Sec-
tion 4 addresses the experimental validation of the swing-up.

2. Problem statement

The double pendulum on a cart (see Fig. 1) consists of two
links with the length li and the angles �i (t), i = 1, 2 to the
vertical. The mechanical parameters are described in Table 1
together with their corresponding values, which have been mea-
sured and identified at the experimental device (see Section 4).
Furthermore, the cart movement is subject to the constraints

|y|�0.7 m, |ẏ|�2.2 m/s, |ÿ|�20 m/s2 (1)

a1

�2 (t)

m1, l1, J1

a2 �1 (t)

0

m2, l2, J2

x1

x2

y

u (t) = y (t)¨

Fig. 1. Schematic of the double pendulum on a cart with the mechanical
parameters in Table 1.

Table 1
Mechanical parameters of the double pendulum

Pendulum link Inner Outer
i = 1 i = 2

Length li (m) 0.323 0.480
Distance to center of gravity ai (m) 0.2145 0.223
Mass mi (kg) 0.853 0.510
Moment of inertia Ji (N m s2) 0.0126 0.0185
Friction constant di (N m s) 0.005 0.005

Table 2
Equations of motion of the double pendulum in Fig. 1

(J1 + a2
1m1 + l2

1m2)�̈1 + a2l1m2 cos(�1 − �2)�̈2

= (a1m1 + l1m2)g sin(�1) − a2l1m2 sin(�1 − �2)�̇
2
2

− d1�̇1 − d2(�̇1 − �̇2) + (a1m1 + l1m2) cos(�1)ÿ

a2l1m2 cos(�1 − �2)�̈1 + (J2 + a2
2m2)�̈2

= a2gm2 sin(�2) + a2l1m2 sin(�1 − �2)�̇
2
1

+ d2(�̇1 − �̇2) + a2m2 cos(�2)ÿ

due to the limited rail length and the physical limits of the cart
actuator.

2.1. Equations of motion

The model of the double pendulum can be derived via the
Lagrangian method. The absolute position xi=[xi

1, x
i
2]T, i=1, 2

of the center of mass of each link i is given by

Link 1 : x1 =
[
y − a1 sin �1

a1 cos �1

]
,

Link 2 : x2 =
[
y − l1 sin �1 − a2 sin �2

l1 cos �1 + a2 cos �2

]
.

The kinetic and potential energies are determined to be

T = 1

2
mcẏ

2 + 1

2

2∑
i=1

[mi |ẋi |2 + Ji�̇
2
i ],

V =
2∑

i=1

migxi
2.

The non-conservative friction forces in the links are modeled
by the linear expressions

F1 = −d1�̇1 + d2(�̇2 − �̇1), F2 = d2(�̇1 − �̇2), (2)

whereby the parameters di denote the damping coefficient at
the respective link i. The Lagrangian L = T − V yields the
equations of motion

�

�t

�L

��̇i

− �L

��i

= Fi, i = 1, 2, (3)

which are given in Table 2. Furthermore, in the double pendu-
lum experiment, the acceleration ÿ of the cart serves as input
u= ÿ to the system. The overall model of the double pendulum
can be formally written as a system of second-order ODEs

ÿ = u, (4)

�̈ = �(�, �̇, u), (5)

with �=[�1, �2]T, �=[�1, �2]T, and the system order n= 6.
Note that the ODEs (5) are independent of the cart displacement
y and velocity ẏ.

Figure 4-16: Schematic representation of the double pendulum on a cart. Image adopted from
[7]

The objective is to learn a mapping between time t and cart acceleration ÿ:

π : t 7→ ÿ (4-3)
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The double pendulum on a cart is simulated using Matlab. The double pendulum on a
cart, shown in Figure 4-16, has three degrees of freedom (φ1, φ2, y). Like,[7], ÿ is an input
value and the dynamics of the cart are thus omitted. The dynamics of the remaining system
are described by two differential equations that are derived in Appendix B. Each trial the
Equations of Motion (EOM) are integrated using the Matlab ODE45 function.

Policy Representation and Initialization

Learning is initialized by a demonstration obtained from a non-functioning feed-forward con-
troller. The initial trajectory is based on the desired trajectory of the cart:

y(t,p) = a0 + a1 cos
(
πt

T

)
+

5∑
i=2

pi−1 cos
(
iπt

T

)
. (4-4)

Here p is a vector of free parameters, a0 = −p1 − p3 and a1 = −p2 − p4. T refers to the
swing-up time. For this experiment we adopt the parameters found in [7] for T = 2.2, i.e.
p1 = −0.106, p2 = −0.185, p3 = 0.092, p4 = 0.134.

The demonstration data used to initialize the learning process is obtained by differentiating
Eq. (4-4) twice with respect to time:

ÿ(t,p) = −π
2a1
T 2 cos

(
πt

T

)
−

5∑
i=2

(iπ)2pi−1
T 2 cos

(
iπt

T

)
(4-5)

Based on the demonstration data, a 2 layer Tree-model is created. The first layer consist of 2
Gaussians and the final layer consists of 4 Gaussians. The Tree-model is initialized using the
procedure described in Section 3-1. For comparison a Flat-model with 4 Gaussians is created
using standard Expectation Maximization (EM). Both the Flat-model and the first Layer of
the Tree model were initialized before applying the EM algorithm by placing the Gaussians
at ÿ = 0 equally spaced in time. A regularization term was added to the Covariance of each
Gaussian during EM to prevent singularities. This regularization term prevents the Gaussians
from ‘collapsing’ onto the single demonstrated trajectory.

The Tree-model and the Flat-model are displayed in Figure 4-16. Notice how the Flat-model
(Figure 4-17a) and the second layer of the Tree-model (Figure 4-17c) yield to a different
Solution. The Flat-model and Layer 2 of the Tree-model result in a Log-likelihood of −0.6764
and −0.7585, respectively. The Flat-model thus produces a better fit of the demonstration
data. However, none of the models shows a tight fit to the demonstrated trajectory.

Reward function

The objective of the feed-forward controller is to get the system in the state φ1 = φ2 = 0, φ̇1 =
φ̇2 = 0, y = 0. This optimal state is translated in the following cost-function per time step:

ct = 5
π2

(
φ2

1 + φ2
2

)
+
(7y

10

)4
+ 1

50
(
φ̇2

1 + φ̇2
2 + ẏ2

)
(4-6)
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(a) Flat model
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(b) Tree model: Layer 1
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(c) Tree model: Layer 2

Figure 4-17: Based on the demonstration data describing the accelleration of the cart during
the swing-up phase, a Flat model with 4 Gaussians, and a 2 layer Tree-model is created. A
regularization term was used at the end of the Maximization step of the EM-algorithm to prevent
singularities in the solution.

This cost-function is a modified version of the reward function used for a single pendulum
swing-up used by Kober et al. [15]. The reward given to each roll-out is the ‘best’ state of
the episode, i.e. the state with the lowest cost. The reward is calculated as:

r = exp
(
−αmin

t∈T
(ct)

)
(4-7)

Experimental Settings

The exploration settings are summarized in Table 4-3. The settings were manually tuned to
achieve optimal performance. Each episode consist of simulation of the dynamical system
for 2.5[s], starting from the initial condition φ1 = φ2 = π, φ̇1 = φ̇2 = 0, y = 0, i.e. stable
equilibrium.

Learning is done in four different settings: (i) learning the Flat model, (ii) learning using only
the first layer of the Tree-model, (iii) learning using only the second layer of the Tree-model,
and (iv) learning using both the first and the second layer of the Tree-model. Each setting is
repeated 30 times to obtain sufficient statistical proof.

4-3-2 Results

The results of learning the swing-up task are summarized in Figure 4-18.

The results do not show striking difference between the different experimental settings. The
increase in reward is equal for all conditions and the convergence value is also equal for all
cases. Figure 4-18a shows the average reward obtained over all roll-outs. This plot confirms
that there is almost no difference between Flat-model, Tree-model or the individual layers of
the Tree-model. The variance of the results is very large. This indicates that none of the
methods is guaranteed to provide a working feed-forward controller after 200 roll-outs.

Notice that layer 1 is able to converge to solutions with the same reward as layer 2 this
indicates that the added value of the second layer of the Tree-model is doubtful.
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(b) Learning Rewards

Figure 4-18: The learning results of the swing-up double pendulum on a cart task for four
different conditions. The plots are based on 30 repetitions of each condition. Figure 4-18a shows
the Average reward over all roll-outs. Figure 4-18b shows the learning curve of during the first
200 roll-outs. The entries of the legend; Flat: A four Gaussian single layer policy as displayed in
4-17a; Layer 1&2: Using a 2 layer Tree-model with 2 Gaussians in Layer 1 and four Gaussians in
layer 2; Layer 1: Using the Tree-model, but only optimize at the first layer; Layer 2: Using the
Tree-model but only optimize the second layer.
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Variable Value

roll-outs 200
Sinit 10
I 2
M 20
εconv 0
ΣNoise diag ([.01, 0.3, .02])
εNoise 5e− 3
α .25

Table 4-3: Summary of Tree-model exploration algorithm parameters used for the double pen-
dulum swing-up

4-4 Discussion

In this Chapter three experiments and their results were presented. In this final Section the
results are discussed.

It was hypothesized that the Tree-model policy representation will result in faster convergence.
The Experiments discussed in Sections 4-1 and 4-2 have shown that the Tree-model has faster
convergence for tasks which inhibit a multi-resolution aspect. This comes at the expense of
slightly decreasing the performance over flat-model for none multi-resolution cases. However,
it is promising that the performance loss is only small.

The performance of the convergence criterion varies within the results. For the multi-
resolution trajectories, the switch between layer 1 & 2 seems optimal. The learning curve
of the Tree-model follows the learning curve of Layer 1 until layer 1 start to converge. From
that point forward, the Tree-model continues the steep learning curve, i.e. it switches to the
second layer. However, for the single-resolution cases the Tree-model seems to switch too late.
The learning curve of the Tree-model ‘sticks’ to the learning curve of the first layer. This
behavior results in lower performance because precious roll-outs are used to explore Layer 1,
whereas those roll-outs could have better been spent on layer 2.

In section 4-1 the proposed method to reuse rewards to initialize the covariance matrix was
validated. The results showed that for large initial covariance noise, the reuse of rewards
prevented a drop in reward. However, this behavior is not visible for smaller Initial covariance
noises. When not reusing rewards, the initial exploration noise at the start of layer 2 is taken
equal to the noise used at the start of layer 1. For large initial exploration noise a drop in
reward is caused at the start of Layer 2 due to too rough exploration. The reuse of rewards
prevents this behavior because the noise at layer 2 is initialized based on the results obtained
in the previous layer. In case of smaller initial exploration noise, the drop in reward in layer
2 is less severe because the magnitude of the noise is better suited for the second layer. The
reuse of rewards can be advantageous in cases where the exploration noise is badly estimated.
In those cases, the badly estimated exploration noise will only affect the learning process
once. In contrast, when not reusing rewards, poorly estimated exploration noise will be used
at each layer.
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Although the results of Experiments I and II are promising, they are based on artificially
created problems especially designed to deliver a proof-of-concept of the Tree-model. The
objective motions that had to be learned were designed in such a way that they contained a
multi-resolution aspect. These trajectories were generated by a GMM with the same number
of Gaussians as the most refined layer of the Tree-model.

A third experiment was designed to deliver proof-of-concept in a more realistic scenario:
The double pendulum on a cart swing-up task. This scenario is more realistic since it does
not involve learning a pre-defined trajectory. Instead, the objective is to learn to control a
unknown dynamical system. The Tree-model and Flat-model have shown to perform equally
well. Apparently the multi-resolution aspect of this task was large enough for the Tree-model
to be beneficial.

When one would consider Optimization of Layer 2 as a ’flat’ model, like we did for experiment
1 and 2, Tree-model exploration, i.e. using Layer 1 & 2, does not outperform the Flat-model
(Layer 2). This can be explained by looking at the optimization results of Layer 1 of the
Tree-model. Layer 1 does not outperform layer 2 in any stage of the learning process. Hence,
first optimizing layer 1 and then optimizing layer 2 does not add any benefit, i.e. using Tree-
based exploration is not useful for this particular problem. But again, the loss of performance
yielding from the use of the Tree-model is not large.

The results obtained from the Swing-up task is actually counter intuitive; Layer 1 has half
the number of parameter compared to Layer 2 and both layers converge to about the same
average value. One would expect that Layer 1 would converge faster to the optimal value
since the search space is less complex. This is however not the case; both Layer 1 and layer
2 converge equally fast.

The third experiment used the adapted EM algorithm presented in Section 3-1-3. This algo-
rithm optimizes the different layers using soft-clustering. When one compares the fit of the
Flat-model to the final layer of the Tree-model, one observes that they are not the same. In
fact, the demonstration data set has a lower likelihood to belong to the Tree-model than to
belong to the Flat-model. Assuming that the demonstration data provides good information
about the skill to be learned, the Flat-model seems to better able to use this prior knowl-
edge. The usage of the Adapted EM-algorithm thus has a negative effect on the fitting of the
demonstration data.
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Chapter 5

Conclusion

In this thesis a novel multi-resolution policy representation was presented. It was hypoth-
esized that a multi-resolution policy representation increased learning performance in terms
of convergence speed and quality of the found solution. The presented approach has a Tree-
based structure. The different layers of the Policy are linked together like a Tree. At the root
the policy has a very coarse representation. The root branches out, forming the subsequent
layers with a more refined policy representation. The Tree-model is constructed in two phases;
(i) Construction of the Tree based on Demonstration data, (ii) improvement of the Tree using
Exploration.

The parameters of the first layer of the Tree-model are learned using a Standard EM-
algorithm. To increase the resolution of the Gaussian Mixture Model (GMM) used to de-
scribe the first layer, a second layer is formed by splitting each Gaussian in two. These child
Gaussians are fitted to the demonstration data by an adapted EM-algorithm. The adapta-
tion involves taking into account the likelihood of the data to belong to the parent Gaussian.
The adapted EM-algorithm is able to describe the data represented by the parent Gaussian
using a higher ‘resolution’. However, due to this extra ‘constraint’ the solution of the adapted
EM-algorithm might not be globally optimal.

The Tree-model is based on GMM. The properties of GMM are used to construct the
Tree-structure. A disadvantage of using GMM, is the relatively large number of param-
eters required to describe the covariance matrices. We proposed a method to reduce the
number of parameters significantly by exploiting the properties of the Gaussian Mixture Re-
gression (GMR) process. This method reduces the number of parameters for exploration from
K
(
1 + d(d+3)

2

)
to K

(
dO(2dI + 1)

)
. The parameter reduction makes the parameterization no

longer quadratic in the dimension of the state-action space. As a price to pay, it is no longer
possible to learn all correlations between along the different dimensions. Only the correlation
between the input and output parameters is preserved.

The Tree-model was tested in trajectory learning tasks. These experiments showed that the
learning using a Tree-based movement representation is advantageous when the objective
trajectory inhibits a multi-resolution aspect. However, the trajectories used were created
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in such a way that they deliberately contained a multi-resolution aspect. Therefore, these
experiments only show that there might be an advantage in the use of a Tree-based movement
representation.

The exploration algorithm designed for the Tree-model contains an algorithm that is able to
‘project’ experience obtained in previous layers to the current layer under exploration. The
simulation results showed that the algorithm used to reuse the experience increases learning
performance. Especially in cases where the initial exploration noise is badly estimated, the
reuse of experience resulted in faster learning.

The Tree-model was also used to learn a double-pendulum-on-a-cart swing-up task. This
experiment was selected because it was known from literature that this experiment contained
a small multi-resolution aspect. The objective of this task was to improve a feed-forward
controller to swing-up the double pendulum to the ‘up-up’ position while holding the cart
on a fixed position. The simulation results have shown that this task can be learned using
a Tree-based policy representation. However, the Tree-based movement representation does
not outperform a single resolution policy.

The simulation results obtained in the presented experiments give a weak proof that the
presented method improves the learning performance. The main reason for calling this proof
‘weak’, is the fact that we are unable to delivering proof that the Tree-model can achieve
faster learning when learning dynamical systems such as the double pendulum swing-up.

Future work

We presented a framework to build a Tree-model based on GMM and focused on the de-
velopment of an exploration algorithm. The autonomous construction of the Tree was left
unexplored. In future work one could investigate the possibilities of autonomous selection
of the number of layers and number of states per layer. In addition, one could focus on a
Tree-structure that is less homogeneous. In this work we assumed that every parent Gaussian
was split in two child Gaussians. But it might be more convenient to split a Gaussian in more
than 2 children, or to create only a single child Gaussian. By creating a more flexible tree-
structure, higher resolution is only obtained in areas where this is required. This could reduce
the number of parameters and result in faster learning. The more flexible tree-structure might
also make the Tree-model more generic and better applicable to ‘real’ problems. In addition,
one could investigate the possibility to construct the Tree-model top to bottom, i.e. first
defining the most refined layer and then merging Gaussians to construct more coarse layers.

We were unable to deliver sufficient proof to show that the Tree-model yields to faster learning.
This is mainly caused by the fact that no application area was found that contained sufficient
multi-resolution aspect. Future research could focus on finding such applications.

In the current framework it was assumed that all layers are explored until convergence. One
could imagine a scenario where a robot has only a limited number of Roll-outs to improve
it’s performance. Using these Roll-outs on a parameter space with high complexity might be
useless because it requires a large number of roll-outs to shape the covariance noise. In such
cases, exploration of a layer of lower resolution might be useful because a faster increase in
reward could be obtained in a parameter space of lower complexity.

M.J.A. Zeestraten Master of Science Thesis



Appendix A

GMM parameterization

The method proposed in this thesis relies on Gaussian Mixture Model (GMM) and Gaussian
Mixture Regression (GMR). To use GMM in an exploration process, a suitable parameteri-
zation must be found. In this appendix the parameterization used throughout this thesis is
discussed.

First an introduction is given about GMM and GMR in section A-1 and A-2, respectively.
Section A-3 shows which parameters of the GMM are required for exploration. Exploration of
the GMM requires exploration of the covariance matrix. Exploring the covariance matrix is
not straightforward since the covariance matrix is constrained to be positive definite. Section
A-4 will discuss and compare different methods that can be used to explore the space of
covariance matrices.

A-1 Gaussian Mixture Model

A Gaussian Mixture Model (GMM) is a linear combination of Gaussian distributions. It can
be used to model non-linear behavior by local linear approximations.

To model a linear relation between d random variables X one can use a multivariate Gaussian
distribution. The Probability Density Function (pdf) of the Gaussian distribution is given
by:

P(x) = 1
(2π)d/2 |Σ|1/2

e
1
2 (x−µ)Σ−1(x−µ)T

, (A-1)

with mean µ and covariance Σ. Throughout this thesis the Gaussian distribution of a
random variable X will be denoted by N (x|µ,Σ).

The Gaussian distribution can be used to model linear behavior between random variables. To
model non-linear behavior between random variables Xi one can use a mixture of Gaussians:

P(x) =
K∑
k=1

πkN (x|µk,Σk). (A-2)

Master of Science Thesis M.J.A. Zeestraten



56 GMM parameterization

The K Gaussians are defined by their means µk and covariance Σk. The Gaussians are
weighted by the mixing coefficient πk which satisfy the condition to be probabilities:

0 ≤ πk ≤ 1 ,
K∑
k=1

πk = 1 (A-3)

Comparing (A-2) with the law of total probability:

P(x) =
K∑
k

P(k)P(x|k), (A-4)

one can conclude that πk is the prior probability of x belonging to Gaussian k.

For a more detailed description of GMM and its properties the reader is referred to [25].

A-2 Gaussian Mixture Regression

GMM allows to model the joint probability between different random variables Xi. Policy
representations require a mapping between input and output variables. Gaussian Mixture
Regression (GMR) [44] is a commonly used method to create a mapping between input and
output variables given a GMM. This section will introduce the GMR process.

The variables modeled in the GMM are split into input and output variables ξI and ξO,
respectively:

X =
[
ξI

ξO

]
, (A-5)

the GMM is then defined defined by:

µk =
[
µIk
µOk

]
, Σk =

[
ΣIIk ΣIOk
ΣOIk ΣOOk

]
. (A-6)

µI and µO define the mean of the input and output variables. ΣIIk and ΣOOk represent the
covariance matrices of the input and output variables, respectively. ΣIOk = (ΣIOk )T represents
a matrix with correlation coefficients between the input and output variables.

A single Gaussian describes the joint probability P(ξI , ξO) between input and output vari-
ables. However, we are interested in the probability of the output variables, given the input
variables. Therefore, we calculate the conditional probability P(ξO|ξI). The conditional
probability is again Gaussian and defined by [25]:

µ
O|I
k = µOk + ΣOIk

(
ΣIIk

)−1
(ξI − µIk ), (A-7)

ΣO|Ik = ΣOOk −ΣOIk
(
ΣIIk

)−1
ΣIOk . (A-8)

In GMR, all K Gaussians in the GMM are conditioned to the input variable ξI , and used
to estimate a single Gaussian distribution N (µ̂O, Σ̂O). The estimated distribution is defined
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by:

µ̂O(ξI) =
K∑
k=1

hk(ξI)µ
O|I
k (A-9)

Σ̂O(ξI) =
K∑
k=1

h2
k(ξI)Σ

O|I
k , (A-10)

with weighting coefficient hk defined as:

hk(ξI) = πkN (ξI |µIk ,ΣIIk )∑K
i=1 πiN (ξI |µIi ,ΣIIi )

(A-11)

This weighting coefficient is the probability of Gaussian k being responsible for input ξI [9].
This process results in a continuous mapping between input and output variables.

A-3 Exploiting GMR to reduce search space complexity

A GMM is defined by a set of parameters {πi,µi,Σi}Ki=1. The objective is to find a suitable
parameterization of the GMM that can be combined with existing exploration algorithms.
State of the art exploration algorithms, such as PoWER [32] and PI2 [35], calculate their
parameter update by making linear weighted combinations:

θnew =
n∑
i

wiθ̃i, (A-12)

The complexity of the search space depends on the number of elements in θ. During explo-
ration one would like to minimize the size of θ because this keeps the complexity of the search
space low. The number of parameters to uniquely define a single Gaussian with dimensionality
d is:

Mean d

Covariance d(d+1)
d

Total d(d+3)
2

For GMM, one additional parameter per Gaussian, the prior π, is required. The total number
of parameters required to describe a GMM is thus:

K

(
1 + d(d+ 3)

2

)
. (A-13)

For a 3 dimensional problem with 6 states it would require 60 parameters to define a GMM.
To reduce this number of parameters, knowledge about the GMR process is exploited. GMR
is based on calculation of the conditional probability P(ξI |ξO), which is again Gaussian.
When only the regressed trajectory with the highest probability is required, only µO|I has to
be calculated. Rewriting Eq. (A-7) in the more familiar form y(x) = Ax+ b yields:

µ
O|I
k (ξI) = ΣOIk

(
ΣIIk

)−1

︸ ︷︷ ︸
A

ξI︸︷︷︸
x

+µOk + ΣOIk µIk︸ ︷︷ ︸
b

. (A-14)
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Observe that the behavior of µO|Ik can be completely controlled by µOk and ΣOI . The value
of A can be fully influenced by ΣOIk and thus requires dI × dO parameters. With dI and dO
being the dimension of the input and the output variables, respectively. The value of b can
be fully determined by µOk which is of dimension dO. Therefore, the maximum number of
parameters which is required to fully control the shape of the regressed trajectory is:

K(1 + dO(dI + 1)). (A-15)

In the GMR process, Eq. (A-9) and Eq. (A-10), the prior πi is used to calculate the weight
hk(ξI). When the priors have about the same value, one could omit πk without major
consequences to the regression process. This is generally the case when the Gaussians are
equally spread over the input space. This would reduce the number of parameters with K to:

K(dO(dI + 1)). (A-16)

Consider again the example given in the introduction of this section. A GMM consisting of
6 states with d = 3 can be described with a maximum of 24 parameters (given that dI = 1
and dO = 2). Compared to the 60 parameters which were required to fully describe a GMM
this is a immense reduction.

Based on the parameter reduction we define θ:

θ =


θ1
...
θK

 , with θk =

 θµOk
θΣIO

k

 k = 1, · · · ,K. (A-17)

θµO
k
and θΣIOk

are vectors which define the elements µOk and ΣIOk of Gaussian k, respectively.
For µOk this parameterization is straightforward:

θµO
k

= µOk (A-18)

The parameterization of ΣIOk is not straightforward since the elements of ΣIOk must be in
such a way that Σk remains positive definite. Section A-4 will discuss the parameterization
of ΣIOk .

A-4 Parameterization of the covariance matrix

Covariance matrices of Gaussian distributions are positive definite. A covariance matrix is
defined by d(d−1)/2 parameters. Section A-3 showed that when one is only interested in the
regressed µ̂O, only the ΣIO elements of the covariance matrix are required during exploration.
Therefore, the number of parameters of the covariance matrix considered during exploration
is dIdO.

Let β = {β1, . . . , βd(d−1)/2} the set of parameters required to fully define a covariance matrix.
And θΣIO ⊂ β with dimension dIdO is defined as the set of parameters required to change
ΣIO.
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In this chapter we discuss multiple parameterizations of the Covariance matrix which allow to
fully control the elements of ΣIO with dIdO parameters. For the parameterizations discussed
in this chapter it is important that the input and output variables of the covariance matrix
are ordered such that the covariance matrix has the following form:

Σ =
[
ΣII ΣIO

ΣOI ΣOO

]
.

A-4-1 Constrained and un-constrained parameterization

The covariance matrix is a symmetric Positive Definite (PD) matrix. This means that all
eigenvalues of the covariance matrix are strictly positive, i.e. greater than zero. There are
two types of parameterizations of the covariance matrix, constrained and unconstrained pa-
rameterization. In constrained parameterization the values of the parameters are forced to
lie within certain bounds. These bounds ensure that the covariance matrix remains positive
definite. The unconstrained parameterization has no bounds on the parameters and therefore
guarantees Positive Definiteness intrinsically.

Combining constrained parameterization with exploration algorithms is likely to result in
violation of constraints: Samples created by the exploration algorithm could lie outside the
bounds set by the exploration algorithm.

This can be solved in two ways: (i) Draw new samples until all requires samples lie within
the bounds (ii) Use a heuristic to force the out of bound samples to lie within the bound.
Both methods will influence the nature of the sampling distribution. Hence we prefer an
unconstrained parameterization.

A-4-2 Related work

In the fields of modeling longitudinal-data and multivariate analysis estimating covariance
matrices is an important aspect [45]. Various methods have been investigated to estimate the
covariance matrices from large sets of (incomplete) data. Among these methods are parame-
terizations of covariance matrices. These methods are mainly based on spectral decomposition
and Cholesky decomposition of the covariance matrix.

Spectral decomposition

The spectral decomposition is defined as follows:

Σ = V ΛV T , (A-19)

with V as a diagonal matrix containing the Eigenvectors of Σ and Λ a diagonal matrix with
the Eigenvalues λ corresponding to the columns of V . The spectral decomposition does not
provide a way to select parameters that only control ΣIO.
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Cholesky decomposition

In [42], Pinheiro and Bates discuss two parameterizations of the covariance matrix based on
the Cholesky decomposition. The Cholesky decomposition decomposes a positive definite
matrix in a triangular matrix. Since Σ is always positive definite for a Gaussian distribution
its decomposition always exists:

Σ = LLT (A-20)

were L is a lower triangular matrix. This decomposition provides a relatively simple relation
between the parameters and the Covariance matrix.

Pinheiro and Bates argue that, although this decomposition is computationally stable and
simple, it does not provide a good statistical interpretation of the individual parameters. The
main concern in this work is the ability to control fully control the value of ΣIO with only
dIdO parameters. The simple relation between L and Σ provides the possibility to do this.
Statistical interpretation is less important in this case.

The parameters of the Cholesky parameterization [42] are all non-zero elements of the L
matrix. Given:

L =



ζ1 0 0 . . . 0
ψ1 ζ2 0 . . . 0

ψ2 ψd
. . . ...

...
... ζd−1 0

ψd ψ2d−3 . . . ψd(d−1)/2 ζd


. (A-21)

the complete set of parameters β to parameterize the covariance matrix is:

β =
{
ζ1, · · · ζd, ψ1, · · · , ψd(d−1)/2

}
(A-22)

The parameters responsible for ΣIO are the elements at the entries Lij with i ∈ I and j ∈ O.
These are only the off-diagonal elements, i.e. φ ⊂ {ψ1, · · · , ψd(d−1)/2)}. The values for Lij are
calculated by:

Lij = Σij +
∑d
k=1 f(i, j, k)
Ljj

, with f(i, j, k) =
{
Li,kLj,k k 6= j

0 k = j
(A-23)

The Cholesky decomposition is not unique. If L is the Cholesky decomposition so is a matrix
which is obtained by multiplying any subset of the rows of L with −1. Uniqueness can
be achieved by forcing the diagonal elements of L to be positive. This can be achieved by
replacing ζi by ln(ζi) in β [42]. Since we are only interested in varying a subset of ψi this
operation is not required in our algorithm.

Pourahmadi decomposition

Pourahmadi [46, 47] proposed a parameterization which is related to the Cholesky decompo-
sition of the inverse covariance matrix. For a positive definite covariance matrix Σ there exist
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a diagonal matrix D with positive entries and a lower triangular matrix T with unit diagonal
such that

TΣT T = D or Σ−1 = T TD−1T (A-24)
with D as a diagonal matrix and T a lower unitriangular matrix 1. Throughout this work
this decomposition is referred to as the Pourahmadi decomposition. The Pourahmadi param-
eterization of a d dimensional matrix Σ is given by:

β = {ψ1, · · · , ψd(d−1)/2, ln(ζ1), . . . , ln(ζd)} (A-25)

with ψi representing the lower off-diagonal elements of T and ζi the diagonal elements of
D. ln() forces ζ to remain positive. The use of the ln() function has consequences for the
sampling behaviour as shown in Figure A-1. During exploration samples are drawn from a
normal distribution. To convert the sampled θ to σ we need to take the exponential of the
samples. This yields to completely different distribution of the samples.

θ

ζ

 

 exp(θ)
samples from Gaussian distribution
projections of samples to X/Y axis

Figure A-1: The Pourahmadi decomposition parameterizes variance of the variables ζ by
θ = ln(ζ). Sampling θ with a normal distribution N (0, σnoise) yields samples of ζ with
exp(N (0, σnoise)). ζ is thus sampled from a skew distribution a skew distribution.

The Pourahmadi decomposition is based on incremental linear least-squares (ILLS) prediction.
In the ILLS one tries to predict a value yt given its predecessors yt−1, · · · , y1. This is done
using the following relation:

ŷt = µt +
∑
j

φt,j(yj − µj). (A-26)

The values contained inD and T have statistical meaning related to this process. The diagonal
elements of D are prediction error variances and the strictly lower triangular elements of T
are the negatives of the auto-regression coefficients φt,j . This statistical interpretation of the
parameters explains why ζi must remain positive; the error variance cannot be negative.
Due to the fact that the Pourahmadi parameterization is defined as the inverse of the covari-
ance matrix, it is not straightforward to derive a general expression for the covariance matrix
in terms of β. To give an illustration of relationships between the different parameters a 3×3
example is given. Consider D and T :

T =


1 0 0
−ψ1 1 0
−ψ2 −ψ3 1

 , D =


ζ2

1 0 0
0 ζ2

2 0
0 0 ζ2

3

 (A-27)

1A unitriangular matrix is a matrix with ones on the diagonal.
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Using Eq. (A-24) Σ−1 is calculated, inverting the result yields:

Σ =


ζ2

1 ζ2
1ψ1 ζ2

1 (ψ2 + ψ1ψ3)
ζ2

1ψ1 ζ2
xψ

2
1 + ζ2

2 ζ2
1 (ψ3ψ

2
1 + ψ2ψ1) + ζ2

2ψ3

ζ2
1 (ψ2 + ψ1ψ3) ζ2

1 (ψ3ψ
2
1 + ψ2ψ1) + ζ2

2ψ3 ζ2
1
(
ψ2

1ψ
2
3 + 2ψ1ψ2φ3 + ψ2

2
)

+ ζ2
2ψ

2
3 + ζ2

3


(A-28)

Notice that the dependence between the variables increases as we move through the different
entries of the matrix from the top left to the bottom right. When the structure of the
covariance matrices is ordered in such a way that the input and output components are as
given in Eq. (A-25), it is possible to select those autoregressive coefficients that only change
ΣIO. When we consider for example the dimension 1 as input and dimension 2 and 3 as
output, we can select regression coefficients φ1 and φ2 or φ3.
Note that it is not required to use ζ in the parameterization; this omits the concern about
changed sampling distribution due to the ln() function.

A-4-3 Comparing basic Cholesky and Pourahmadi parameterization

Both the Cholesky decomposition and the Pourahmadi decomposition offer a way to parame-
terize the covariance matrix allowing a change of ΣIO using dIdO. In this section we compare
the performance of both methods.

Analytic comparison

First a comparison between the two methods is made by analyzing the Covariance matrix of
both methods for a 3 dimensional example. To fully describe the covariance matrix one needs
3(3 + 1)/2 = 6 parameters. The set of parameters β is defined as:

β = {ψ1, ψ2, ψ3, ζ1, ζ2, ζ3} (A-29)

The 3× 3 Covariance matrix obtained by the inverse Cholesky parameterization is given by:

Σ =


ζ2

1 ψ1ζ1 ψ2ζ1

ψ1ζ1 ψ2
1 + ζ2

2 ψ1ψ2 + ψ3ζ2

ψ2ζ1 ψ1ψ2 + ψ3ζ2 ψ2
2 + ψ2

3 + ζ2
3

 (A-30)

The the covariance matrix expressed by the Pourahmadi parameterization is given in Eq. (A-
28). Note that the values ζi and ψi in Eq. (A-28) and Eq. (A-30) do, except for trivial cases,
not have the same numerical value.
An element by element comparison shows that the Pourahmadi parameterization has a more
complex relation between the ψi and the off-diagonal elements of the covariance matrix
than the Cholesky decomposition. Consider for example element ΣIO = [Σ13,Σ23]T . In
the Pourahmadi decomposition the elements are defined as:

Σ13 = ψ2ζ
2
1 + ψ3ψ1ζ

2
1 (A-31)

Σ23 = ζ2
1

(
ψ3ψ

2
1 + ψ2ψ1

)
+ ζ2

2ψ3

= ψ2
(
ψ1ζ

2
1

)
+ ψ3

(
ζ2

2 + ψ2
1ζ

2
1

)
(A-32)

M.J.A. Zeestraten Master of Science Thesis



A-4 Parameterization of the covariance matrix 63

In the Cholesky decomposition the elements are define as:

Σ13 = ψ2ζ1 (A-33)
Σ23 = ψ2ψ1 + ψ3ζ2 (A-34)

For both the Pourahmadi and the Cholesky it is possible to obtain a linear relation between
the parameters θΣIO . When selecting θΣIO = {ψ2, ψ3} a linear relation between φi is
obtained for both the Cholesky and Pourahmadi decomposition. Although the Pourahmadi
parameterization has more complex relations between the complete set of parameters β both
Σ13 and Σ23 are linear expressions in terms of ψ2 and ψ3.

Having a linear relation between the parameters defining θΣIO is advantageous in the explo-
ration process. Exploration is based on a Gaussian distribution N (0,Σnoise). The exploration
noise ΣNoise determines the ‘direction’ of exploration. Σnoise encodes the dependence between
θi in a linear fashion. When the actual relation between θi is indeed a linear relation, the
estimation of the exploration direction will be more accurate.

The only difference between the Cholesky decomposition and Pourahmadi decomposition is
the magnitude of ψi. The Pourahmadi decomposition has ζ2

i in the off-diagonal elements
where the Cholesky has ζi in the off-diagonal elements. The magnitude of ψi and the sensi-
tivity of Σ to changes in ψi is expected to be different for the Pourahmadi decomposition and
Cholesky decomposition. This will require a different initialization of the exploration noise
Σnoise.

Experimental evaluation

To find out the difference between the Pourahmadi and Cholesky parameterization an experi-
ment is done in which both parameterizations are used to in a Learning from Exploration (LfE)
setting.

Figure A-2: An illustration of learning problem considered to compare the learning performance
of the Pourahmadi and Cholesky decomposition. In red, goal trajectory which has the shape of
a spiral. The initial state of the GMM is shown by the gray ellipsoids, each representing one
Gaussian. The gray line represents the regressed trajectory.
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Experimental set-up The experiment consist of a simulation. The objective of the experi-
ment is to learn a spiral trajectory as shown in Figure A-2. The trajectory is given by:[

ξO1
g

ξO2
g

]
=
[

sin(ξI)
cos(ξI)

]
(A-35)

A K = 6 states GMM was constructed to represent the motion. The initial condition of the
states are given by:

µk =


(k − 1)π

0
0

 , Σk =


0.5 0 0
0 0.05 0
0 0 0.05

 , πk = 1
K

(A-36)

The initial state of the GMM and the corresponding regressed trajectory is displayed in
Figure A-2.

The exploration algorithm used is an adjusted version of the PoWER as used in [48]. The
performance of each episode is evaluated based on the mean squared error:

r = e−αε , ε = 1
N

N∑
i=1

(
ξOg − ξO

)T (
ξOg − ξO

)
(A-37)

The exponential function forces the reward to lie within the the range (0, 1]. The tuning
factor α was manually tuned to 5.

The settings for the experiment are given in table A-1. The initial exploration noise for
both parameterizations is set to the same value. The minimum exploration noise, required to
prevent early convergence, is set as a fraction (1e−3) of the Initital exploration noise.

Table A-1.

Variable Value

Number of episodes 1000
Number of episodes before first update 20
Number of points considered for regression 10
Initial Exploration noise Cholesky (µO1 , µO1 , φ1, φ2) diag ([0.15, 0.5, 0.5, 0.1, 0.1])
Exploration noise Pourahmadi (µO1 , µO1 , φ1, φ2) diag ([0.15, 0.5, 0.5, 0.1, 0.1])

Table A-1: A summary of the exploration setting used during the experiment that compared
Pourahmadi parameterization with Cholesky parameterization in Appendix A-4

Results The results of the simulations are summarized in Figure A-3. Both the Pourahmadi
and Cholesky parameterization have about the same learning behavior. Both methods learn
about equally fast and converge to the same value. Based on this experiment we cannot
conclude there is a difference in performance.
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Figure A-3: The learning performance of the Pourahmadi and Cholesky parameterization when
learning the objective motion displayed in figure A-2.

Conclusion

Both the Pourahmadi and Cholesky decomposition are suitable to for unconstrained covari-
ance parameterization. No clear advantage has been found for one method to be in favor of
the other. In this thesis we used the method based on Cholesky decomposition.
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Appendix B

Double pendulum on a Cart:
Equations of Motion

Figure B-1 show the schematic represenation of the double pendulum on a cart. In this
appendix the Equations of Motion (EOM) are derived using Schwab’s TMT method [49].

64 K. Graichen et al. / Automatica 43 (2007) 63– 71

providing experimental results for the swing-up of the double
pendulum on a cart.

In this paper, the inversion-based feedforward control design
recently proposed in Graichen, Hagenmeyer, and Zeitz (2005)
is applied to the swing-up maneuver of the double pendulum
on a cart. Thereby, the nonlinear feedforward control is deter-
mined by solving a two-point boundary value problem (BVP)
for the internal dynamics of the pendulum, i.e. the dynamics
of the unactuated links, by providing free parameters in the de-
sired output trajectory to solve the overdetermined BVP. Due to
the high accuracy of the nonlinear feedforward control, the sta-
bilizing feedback part can be designed by linear methods with
the pendulum model linearized along the nominal trajectories.
Experimental results for the swing-up maneuver illustrate the
potential of the concept.

The paper is outlined as follows: the next section describes
the model of the double pendulum experiment and formulates
the transition problem for the swing-up maneuver. Section 3 is
devoted to the feedforward control design and the BVP of the
internal dynamics with free parameters. The swing-up trajecto-
ries are computed using a standard MATLAB BVP-solver. Sec-
tion 4 addresses the experimental validation of the swing-up.

2. Problem statement

The double pendulum on a cart (see Fig. 1) consists of two
links with the length li and the angles �i (t), i = 1, 2 to the
vertical. The mechanical parameters are described in Table 1
together with their corresponding values, which have been mea-
sured and identified at the experimental device (see Section 4).
Furthermore, the cart movement is subject to the constraints

|y|�0.7 m, |ẏ|�2.2 m/s, |ÿ|�20 m/s2 (1)

a1

�2 (t)

m1, l1, J1

a2 �1 (t)

0

m2, l2, J2

x1

x2

y

u (t) = y (t)¨

Fig. 1. Schematic of the double pendulum on a cart with the mechanical
parameters in Table 1.

Table 1
Mechanical parameters of the double pendulum

Pendulum link Inner Outer
i = 1 i = 2

Length li (m) 0.323 0.480
Distance to center of gravity ai (m) 0.2145 0.223
Mass mi (kg) 0.853 0.510
Moment of inertia Ji (N m s2) 0.0126 0.0185
Friction constant di (N m s) 0.005 0.005

Table 2
Equations of motion of the double pendulum in Fig. 1

(J1 + a2
1m1 + l2

1m2)�̈1 + a2l1m2 cos(�1 − �2)�̈2

= (a1m1 + l1m2)g sin(�1) − a2l1m2 sin(�1 − �2)�̇
2
2

− d1�̇1 − d2(�̇1 − �̇2) + (a1m1 + l1m2) cos(�1)ÿ

a2l1m2 cos(�1 − �2)�̈1 + (J2 + a2
2m2)�̈2

= a2gm2 sin(�2) + a2l1m2 sin(�1 − �2)�̇
2
1

+ d2(�̇1 − �̇2) + a2m2 cos(�2)ÿ

due to the limited rail length and the physical limits of the cart
actuator.

2.1. Equations of motion

The model of the double pendulum can be derived via the
Lagrangian method. The absolute position xi=[xi

1, x
i
2]T, i=1, 2

of the center of mass of each link i is given by

Link 1 : x1 =
[
y − a1 sin �1

a1 cos �1

]
,

Link 2 : x2 =
[
y − l1 sin �1 − a2 sin �2

l1 cos �1 + a2 cos �2

]
.

The kinetic and potential energies are determined to be

T = 1

2
mcẏ

2 + 1

2

2∑
i=1

[mi |ẋi |2 + Ji�̇
2
i ],

V =
2∑

i=1

migxi
2.

The non-conservative friction forces in the links are modeled
by the linear expressions

F1 = −d1�̇1 + d2(�̇2 − �̇1), F2 = d2(�̇1 − �̇2), (2)

whereby the parameters di denote the damping coefficient at
the respective link i. The Lagrangian L = T − V yields the
equations of motion

�

�t

�L

��̇i

− �L

��i

= Fi, i = 1, 2, (3)

which are given in Table 2. Furthermore, in the double pendu-
lum experiment, the acceleration ÿ of the cart serves as input
u= ÿ to the system. The overall model of the double pendulum
can be formally written as a system of second-order ODEs

ÿ = u, (4)

�̈ = �(�, �̇, u), (5)

with �=[�1, �2]T, �=[�1, �2]T, and the system order n= 6.
Note that the ODEs (5) are independent of the cart displacement
y and velocity ẏ.

Property symbol i = 1 i = 2

Mass mi[kg] 0.853 0.510
Inertia Ji[kg ·m2] 0.0126 0.0185
Length Li[m] 0.323 0.480
Dist. to c.o.m. a ai[m] 0.2145 0.223
Viscous friction di[N ·m/s] 0.005 0.005

aCenter of Mass

Figure B-1: Left: Schematic representation of the double pendulum on a cart. Right: Physical
properties of the double pendulum on a cart. (Image adopted from [7])

Given the state vector:

q =
[
φ1 φ2 y

]T
, (B-1)

we define Transformation function T (q) that decribes the location of the center’s of mass in
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terms of the state vector q:

T (q) =



φ1

x1,1

x2,1

φ2

x1,2

x2,2

y


=



φ1

a1 sin(φ1)
a1 cos(φ1)

φ2

l1 sin(φ1)a2 sin(φ2)
l1 cos(φ1)a2 cos(φ2)

y


, (B-2)

Define the mass-matrix as:

M = diag ([J1,m1,m1, J2,m2,m2,mcart]) , (B-3)

the friction:
f =

[
d1 d2 0

]T
q̇ (B-4)

and finally the gravity vector:

g =
[
0 0 −9.81 0 0 −9.81 0

]T
(B-5)

Define J as the Jacobian of T , i.e. J = Jac(T ); And c = Jac(Jq̇)q̇ as the convective forces.
The equations of motions are given by:

JTMJq̈︸ ︷︷ ︸
M̄

= −JTM (c+ g) + f (B-6)

For the experiment in Section 4-3, it is assumed that the input of the system is ÿ. Hence, we
can omit the dynamics of the cart since the movement profile of the cart is directly derived
from ÿ. The terms relating to the pendula M̄31ÿ and M̄32ÿ are added to the corresponding
EOM as inputed force. This yields to the two remaining EOM:[
J1 + a2

1m1 + l21m2 a2l1m2 cos(φ1 − φ2)
a2l1m2 cos(φ1 − φ2) J2 + a2

2m2

] [
φ̈1

φ̈2

]
= (B-7)

[
(a1m1 + l1m2)g sin(φ1)− a2l1m2 sin(φ1 − φ2)φ̇2

2 − d1φ̇1 − d2(φ̇1 − φ̇2) + (a1m1 + l1m2) cos(φ1)ÿ
a2l1m2 sin(φ1)− φ2)φ̇2

1 + d2(φ̇1 − φ̇2) + a2m2 cos(φ2)ÿ

]
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Appendix C

Full Experimental Results

This appendix shows all the experimental results obtained for the experiments described in
Chapter 4. Each experiment described in Chapter 4 is treated in a separate section. For a
description of the experimental set-up the reader is referred to the corresponding experiments
in Chapter 4.

The results are reported using 3 different plot-types:

• Learning performance (per Noise setting); The reward per noise setting plot shows
the reward increase over the number of Roll-outs including an 95% confidence interval.
Each plot shows one noise setting, but all layers with the same setting in the same plot.

• Learning performance (per Layer); The reward per layer setting plot shows the
reward increase over the number of Roll-outs including an 95% confidence interval. Each
layer (Layer 1, Layer 2, All layer) has a different plot. All noise settings are plotted in
the same plot.

• t-test; Show the result of the statistical test comparing situations ‘Flat-model’ and
‘Tree-model’. The null hypothesis H0 indicates that both situations perform equally
well. The alternative hypothesis, H1, indicates that ‘All layer’ outperforms ‘Layer 2’.
The p-value indicates the confidence in H0 in favor of H1.

• Switching behavior; Displays the Roll-out number at which the Tree-model switches
from layer 1 to layer 2 when using Tree-based exploration. The results of all observations
are displayed in a boxplot.

C-1 Experiment I

In this Section all results are given of the parameter study described in Section 4-1-1. The
experiment consisted of learning 4 different motions. Two series of experiments were carried
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out. The first series of experiments were used to determine the optimal minimum noise
Settings. The Results of these experiments are given in C-1-1.

The second set of experiments are used to compare the performance of the Flat-model with
the Tree-model for different initial noise settings. In the second set of experiments the optimal
minimum noise Setting of the first Series of experiments is used. The results of the second
series of experiments is given in C-1-2.

All settings were tested by learning 4 different trajectories. These trajectories are displayed
in Figure C-1.

Single-resolution Multi-resolution

N
o
off

se
t

0

0

time

x
1

0

0

time

x
1

O
ffs
et

0

0

time

x
1

0

0

time

x
1

Figure C-1: Four 2-dimensional trajectories generated by a 4 state GMM (displayed in red).
The Gaussian are placed such that they do not contain a multi-resolution aspect (left column) or
do contain a multi-resolution aspect (right column). In addition an offset between the optimal
trajectory and the the initial condition of the GMM is introduced. The initial state of the GMM
is centered with respect to the optimal GMM. In contrast, the initial state of the GMM in the
bottom row has as bias with respect to the optimal solution.

C-1-1 Results: Minimum Noise Experiments

The minimum noise experiments are done to determine the optimal minimum noise setting.
Figure C-2 shows the results of this experiment splitted per layer.
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(a) Single resolution no Offset

(b) Single resolution Offset

(c) Multi resolution no Offset

(d) Multi resolution Offset

Figure C-2: Figure shows learning performance of 4 different movements (a-d) using a 2 layer
Tree-model. Each movement (a-d) is learned by exploring only Layer 1, exploring only Layer 2
(Flat-model) or exploring both Layer 1 and 2 (Tree-model). The different lines in the graphs
indicate different minimum noise settings. The numbers in the legend represent the minimum
noise fraction εNoise of the Initial noise matrix ΣNoise = diag ([0.1, 1]).
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C-1-2 Results: Initial Noise Experiments

Results per layer

(a) Single resolution no Offset

(b) Single resolution Offset

(c) Multi resolution no Offset
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(d) Multi resolution Offset

Figure C-2: Figure shows learning performance of 4 different movements (a-d) using a 2 layer
Tree-model. Each movement (a-d) is learned by exploring only Layer 1, exploring only Layer 2
(Flat-model) or exploring both Layer 1 and 2 (Tree-model). The different lines in the graphs
indicate different initial noise settings. The numbers in the legend represent the initial noise
fraction εNoise of the Initial noise matrix ΣNoise = diag ([0.1, 1]). The results are based on 30
repetitions of each situation. The colored areas indicate the 95% confidence interval corresponding
to the lines with similar color.
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Comparison: Single Resolution no Offset

Figure C-3: The Figure shows the learning performance of a 2 Layer Tree-model while learning
the Single resolution movement without an offset (shown in Figure C-1) for different initial noise
settings. Each graphs gives the results for a different initial noise settings. The γ in the title of
each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ. Each graph shows
the learning performance for only exploring Layer 1 (blue), exploring only Layer 2 (green, Flat-
model) or exploring both Layer 1 and 2 (red, Tree-model). The results are based on 30 repetitions
of each situation. The colored areas indicate the 95% confidence interval corresponding to the
lines with similar color.
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Figure C-4: Figure shows the p-value of a two-sample t-test that compares the learning perfor-
mance of the Flat-model and the Tree-model while learning the single-resolution trajectory without
an Offset (shown in Figure C-1) for different noise settings. The null hypothesis H0 indicates
that the Flat-model and the Tree-model perform equally well. The alternative hypothesis, H1,
indicates that the Tree-model outperforms the Flatmodel. The p-value indicates the confidence
in H0 in favor of H1. The results are based on 30 repetitions of each situation. The γ in the title
of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ.
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Comparison: Single Resolution Offset

Figure C-5: The Figure shows the learning performance of a 2 Layer Tree-model while learning
the Single resolution movement with an offset (shown in Figure C-1) for different initial noise
settings. Each graphs gives the results for a different initial noise settings. The γ in the title of
each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ. Each graph shows
the learning performance for only exploring Layer 1 (blue), exploring only Layer 2 (green, Flat-
model) or exploring both Layer 1 and 2 (red, Tree-model). The results are based on 30 repetitions
of each situation. The colored areas indicate the 95% confidence interval corresponding to the
lines with similar color.
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Figure C-6: Figure shows the p-value of a two-sample t-test that compares the learning perfor-
mance of the Flat-model and the Tree-model while learning the single-resolution trajectory with
an Offset (shown in Figure C-1) for different noise settings. The null hypothesis H0 indicates
that the Flat-model and the Tree-model perform equally well. The alternative hypothesis, H1,
indicates that the Tree-model outperforms the Flatmodel. The p-value indicates the confidence
in H0 in favor of H1. The results are based on 30 repetitions of each situation. The γ in the title
of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ.
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Comparison: Multi Resolution no Offset

Figure C-7: The Figure shows the learning performance of a 2 Layer Tree-model while learning
the multi-resolution movement without an offset (shown in Figure C-1) for different initial noise
settings. Each graphs gives the results for a different initial noise settings. The γ in the title of
each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ. Each graph shows
the learning performance for only exploring Layer 1 (blue), exploring only Layer 2 (green, Flat-
model) or exploring both Layer 1 and 2 (red, Tree-model). The results are based on 30 repetitions
of each situation. The colored areas indicate the 95% confidence interval corresponding to the
lines with similar color.
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Figure C-8: Figure shows the p-value of a two-sample t-test that compares the learning perfor-
mance of the Flat-model and the Tree-model while learning the multi-resolution trajectory without
an Offset (shown in Figure C-1) for different noise settings. The null hypothesis H0 indicates
that the Flat-model and the Tree-model perform equally well. The alternative hypothesis, H1,
indicates that the Tree-model outperforms the Flatmodel. The p-value indicates the confidence
in H0 in favor of H1. The results are based on 30 repetitions of each situation. The γ in the title
of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ.
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Comparison: Multi Resolution Offset

Figure C-9: The Figure shows the learning performance of a 2 Layer Tree-model while learning
the multi-resolution movement with an offset (shown in Figure C-1) for different initial noise
settings. Each graphs gives the results for a different initial noise settings. The γ in the title of
each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ. Each graph shows
the learning performance for only exploring Layer 1 (blue), exploring only Layer 2 (green, Flat-
model) or exploring both Layer 1 and 2 (red, Tree-model). The results are based on 30 repetitions
of each situation. The colored areas indicate the 95% confidence interval corresponding to the
lines with similar color.
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Figure C-10: Figure shows the p-value of a two-sample t-test that compares the learning perfor-
mance of the Flat-model and the Tree-model while learning the multi-resolution trajectory with
an Offset (shown in Figure C-1) for different noise settings. The null hypothesis H0 indicates
that the Flat-model and the Tree-model perform equally well. The alternative hypothesis, H1,
indicates that the Tree-model outperforms the Flatmodel. The p-value indicates the confidence
in H0 in favor of H1. The results are based on 30 repetitions of each situation. The γ in the title
of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ.
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Switching Behavior
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(a) Single resolution no Offset
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(b) Single resolution Offset
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(c) Multi resolution no Offset
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(d) Multi resolution Offset

Figure C-11: Figure gives a summary of the switching behavior of the Tree-model while learning
the 4 different movements (a-d) (shown in Figure C-1) for different initial noise settings. The
boxplots indicate the number of roll-outs used before switching from the first layer of the Tree-
model to the second layer of the Tree-model. Each boxplot is based on 30 observations. The γ
in the title of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ.
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C-1-3 Reuse of rewards

(a) Single resolution no Offset

(b) Single resolution Offset

(c) Multi resolution no Offset

(d) Multi resolution Offset

Figure C-12: The figure shows the learning performance of a 2 layer Tree-model learning 4 differ-
ent movements (a-d), shown in Figure C-1, when reusing experience and not reusing experience.
When experience is reused, the exploration noise of the second layer is initialized based on the
experience obtained during layer 1. When not reusing experience, the exploration noise of layer 2
is initialized similar to the initial exploration noise of layer 1. The colored areas indicate the 95%
confidence interval corresponding to the lines with similar color.
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C-2 Experiment II
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Figure C-13: The objective trajectories used in Experiment II. The goal trajectory (in blue) was
generated by a pre-defined GMM. Learning starts from an initial state displayed in gray.
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C-2-1 Results: Minimum Noise Experiments

(a) Single Resolution

(b) Multi Resolution

Figure C-14: Figure shows learning performance of 2 different movements (a-b) using a 2 layer
Tree-model. Each movement (a-b) is learned by exploring only Layer 1, exploring only Layer 2
(Flat-model) or exploring both Layer 1 and 2 (Tree-model). The different lines in the graphs
indicate different initial noise settings. The numbers in the legend represent the initial noise
fraction εNoise of the Initial noise matrix ΣNoise = diag ([0.1, 1, 0.1]). The results are based
on 30 repetitions of each situation. The colored areas indicate the 95% confidence interval
corresponding to the lines with similar color.
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(a) Single Resolution
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(b) Multi Resolution

Figure C-15: Figure gives a summary of the switching behavior of the Tree-model while learning
the 2 different movements (a-d) (shown in Figure C-13) for different initial noise settings. The
boxplots indicate the number of roll-outs used before switching from the first layer of the Tree-
model to the second layer of the Tree-model. Each boxplot is based on 30 observations. The γ in
the title of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1, 0.1]) γ.
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C-2-2 Results: Initial Noise Experiments

Results per layer

(a) Single-resolution

(b) Multi-resolution

Figure C-16: Learning curves resulting the learning of 2 different trajectories (a-b) for different
initial noise settings. The results are splitted per layer. The numbers in the legend represent the
γ to determine the noise matrix ΣNoise = diag ([0.1, 1, 0.1]) γ. The colored areas indicate the
95% confidence interval corresponding to the lines with similar color.
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Comparison: Multi-resolution

Figure C-17: The Figure shows the learning performance of a 2 Layer Tree-model while learning
the multi-resolution movement without an offset (shown in Figure C-13) for different initial noise
settings. Each graphs gives the results for a different initial noise settings. The γ in the title
of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1, .1]) γ. Each
graph shows the learning performance for only exploring Layer 1 (blue), exploring only Layer 2
(green, Flat-model) or exploring both Layer 1 and 2 (red, Tree-model). The results are based
on 30 repetitions of each situation. The colored areas indicate the 95% confidence interval
corresponding to the lines with similar color.
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Figure C-18: Figure shows the p-value of a two-sample t-test that compares the learning perfor-
mance of the Flat-model and the Tree-model while learning the multi-resolution trajectory (shown
in Figure C-1) for different noise settings. The null hypothesis H0 indicates that the Flat-model
and the Tree-model perform equally well. The alternative hypothesis, H1, indicates that the
Tree-model outperforms the Flatmodel. The p-value indicates the confidence in H0 in favor of
H1. The results are based on 30 repetitions of each situation. The γ in the title of each graph
indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1, 0.1]) γ.

M.J.A. Zeestraten Master of Science Thesis



C-2 Experiment II 91

Comparison: Single-resolution

Figure C-19: The Figure shows the learning performance of a 2 Layer Tree-model while learning
the single-resolution trajectory (shown in Figure C-13) for different initial noise settings. Each
graphs gives the results for a different initial noise settings. The γ in the title of each graph
indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1, .1]) γ. Each graph shows the
learning performance for only exploring Layer 1 (blue), exploring only Layer 2 (green, Flat-model)
or exploring both Layer 1 and 2 (red, Tree-model). The results are based on 30 repetitions of
each situation. The colored areas indicate the 95% confidence interval corresponding to the lines
with similar color.
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Figure C-20: Figure shows the p-value of a two-sample t-test that compares the learning per-
formance of the Flat-model and the Tree-model while learning the single-resolution trajectory
(shown in Figure C-1) for different noise settings. The null hypothesis H0 indicates that the
Flat-model and the Tree-model perform equally well. The alternative hypothesis, H1, indicates
that the Tree-model outperforms the Flatmodel. The p-value indicates the confidence in H0 in
favor of H1. The results are based on 30 repetitions of each situation. The γ in the title of each
graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1, 0.1]) γ.
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Switching Behavior
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(a) Single-resolution
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(b) Multi-resolution

Figure C-21: Figure gives a summary of the switching behavior of the Tree-model while learning
the 2 different movements (a-b) (shown in Figure C-13) for different initial noise settings. The
boxplots indicate the number of roll-outs used before switching from the first layer of the Tree-
model to the second layer of the Tree-model. Each boxplot is based on 30 observations. The γ
in the title of each graph indicates the magnitude of the noise, i.e. ΣNoise = diag ([0.1, 1]) γ.
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Glossary

List of Acronyms

TU Delft Delft University of Technology

IIT Instituto Italiano di Tecnologia

GMM Gaussian Mixture Model

GMR Gaussian Mixture Regression

EM Expectation Maximization

pdf Probability Density Function

LfE Learning from Exploration

PbD Programming by Demonstration

RL Reinforcement Learning

BBO Black Box Optimization

SVD Singular Value Decomposition

DMP Dynamic Movement Primitives

DS-GMR Dynamical System Gaussian Mixture Regression

CEM Cross Entropy Method

CMA-ES Covariance Matrix Adaptation, Evolutionary Strategy

PoWER Policy improvement by Weighting Expected Return

EOM Equations of Motion
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List of Symbols

β List of parameters describing a lower triangular matrix obtained from Cholesky de-
composition of a covariance matrix.

εconv Convergence threshold
εNoise Minimum exploration noise
λi Eigen value
Λ A diagonal matrix of which the diagonal entries are eigenvalues.
φ Parameters required to parameterize the Covariance matrix, but not required during

exploration (see section 3-2-2)
ΣNoise The covariance of the Exploration noise
µk Mean of the k-th Gaussian probability density function.
φ An vector of parameters that are not explored during Learning from Exploration (LfE),

but are required to reconstruct the GMM during deparameterization.
π(s) The policy of a robot, it defines a mapping between states and actions.
πk The prior probability of Gaussian k
Ψg Global frame of reference
Ψl,p
i Frame of reference of a Tree model; i indicates the number of the frame of reference

in layer l. p indicates the parent frame of reference which - by convention - is always
is defined in layer l − 1.

Ψl Local frame of reference
Σk Covariance of the k-th Gaussian probability density function.
τ k Information resulting from a roll-out of the policy, e.g. State transitions, rewards etc.)
θ A vector of policy parameters
θ A vector of policy parameters
θ Vector of policy parameters
θΣIO Parameters considered for exploration related to the covariance matrix
ξI = s Vector of output variables
ξO = a Vector of output variables
β Set of parameter required to fully define a covariance matrix.
βi Parameter required to describe part of the covariance matrix.

at An action performed by the robot at time t
H i

j Affine transformation matrix from frame of reference j to frame of reference i
L Lower triangular matrix
oij Represents the origin of frame of reference Ψj expressed in frame of reference Ψi

Ri
j Rotation matrix represents the rotation of frame of reference Ψj with respect to frame

of reference Ψi

st The state of a robot and/or the environment at time t.
V Matrix of which the columns are eigenvectors
xn A multidimensional data point
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r(s,a) State and action dependent reward function
Φ(t) Basis function
P(·) Gaussian probability density function.
TM

(
θ1
init, . . . ,θ

L
init

)
Variable representing the Tree-model with a parameter vector θl for

each layer
dI and dO Dimensions of the input and output parameters
f(t) Time dependent forcing function used in Dynamic Movement Primitives (DMP) (See

Section 2-1)
fi Force component used in DMP (See Section 2-1)
I Number of roll-outs considered for one update
kP Virtual stiffness
kv Virtual damping coefficient
l Indicates the Layer of a Tree-model
M The number of roll-outs considered during convergence detection
N Number of samples
Sinit Number of roll-outs before first update

D Diagonal matrix
d number of dimensions.
Λ Diagonal matrix containing the eigenvalues λ
L Lower triangular matrix
µk Mean of the k-th Gaussian probability density function.
P(x) Gaussian probability density function.
φi Parameter describing part of the correlation matrix ΣIO.
πk the prior probability of Gaussian probability density function k.
Σk Covariance of the k-th Gaussian probability density function.
T Lower Unitriangular matrix (Matrix with unit values on the diagonal)
V Matrix of which the columns are eigenvectors
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