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1. Introduction

Vector-valued Sobolev and Bessel potential spaces are important in the LP-approach
to abstract evolution and integral equations, both in the deterministic setting (cf. e.g.
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[1,40,63]) and in the stochastic setting (cf. e.g. [10,55,56]). Here a central role is played by
the Banach spaces that have the so-called UMD property (unconditionality of martingale
differences); see Section 2.1 and the remarks below. The class of Banach spaces that have
UMD includes all Hilbert spaces, LP-spaces with p € (1,00) and the reflexive Sobolev
spaces, Triebel-Lizorkin spaces, Besov spaces and Orlicz spaces.

Let X be a Banach space, s € R and p € (1, 00). The Bessel potential space H;(]Rd; X)
is defined in the usual Fourier analytic way via the Bessel potential operator J; =
(I — A)*/? based on the Lebesgue-Bochner space LP(R?; X); see Section 2.3. If X has
UMD and k € N, then we have H}(R%; X) = W*(R% X), where W} (R%; X) denotes the
k-th order X-valued Sobolev space on R? with integrability parameter p; see [23], which
also contains some converse results in this direction. Furthermore, if X has UMD and
s = k+0 with k € N and 6 € [0,1), then H3(R?% X) can be realized as the complex
interpolation space

HR%: X) = [WFRYX), Wy (R X))
In the scalar-valued case X = C, Strichartz [51] characterized the Bessel potential

space H3(R?) = H5(R% C), with s € (0,1) and p € (1,00), by means of differences. The
characterization says that, for every f € LP(R?; C), there is the equivalence of extended

norms
7 2 dtN 1/2
_ 2s t
1 Fllmeey = fllsecy + || ([ / 1anfllean] 5) 7| @
0 0,t)

where Ay, f = f(-+h)—f for each h € R%. This extends to Hilbert spaces [60, Section 6.1].
In fact, given a Banach space X, the X-valued version of (1) is valid if and only if X is
isomorphic to a Hilbert space. Indeed, the X-valued version of the right-hand side of (1)
defines an extended norm on LP(R¢; X) which characterizes the Triebel-Lizorkin space
F3o(R% X) [48, Section 2.3]. But the identity

H3(RY X) = F2 (R X), (2)

i.e. the classical Littlewood—Paley decomposition for Bessel potential spaces, holds true
if and only if X is isomorphic to a Hilbert space [17,46]. However, if X is a Banach space
with UMD, then one can replace (2) with a randomized Littlewood—Paley decomposition
[39] (see (13)), an idea which for the case s = 0 originally goes back to Bourgain [5] and
McConnell [33]. In [39] this was used to investigate the pointwise multiplier property
of the indicator function of the half-space on UMD-valued Bessel potential spaces. The
randomized Littlewood—Paley decomposition will also play a crucial role in this paper to
obtain a randomized difference norm characterization for UMD-valued Bessel potential
spaces; see Theorem 1.1.
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Since the early 1980’s, randomization and martingale techniques have played a fun-
damental role in Banach space-valued analysis (cf. e.g. [7-9,23,24,20,27,28,45,58]). In
particular, in Banach space-valued harmonic analysis and Banach space-valued stochas-
tic analysis, a central role is played by the UMD spaces. Indeed, many classical Hilbert
space-valued results from both areas have been extended to the UMD-valued case, and
many of these extensions in fact characterize the UMD property. In vector-valued har-
monic analysis, (one of) the first major breakthrough(s) is the deep result due to Bourgain
[3] and Burkholder [6] that a Banach space X has UMD if and only if it is of class HT, i.e.
the Hilbert transform has a bounded extension to LP(R; X)) for some/all p € (1,00). As
another major breakthrough we would like to mention the work of Weis [61] on operator-
valued Fourier multipliers on UMD-valued LP-spaces (p € (1,00)) with an application
to the maximal LP-regularity problem for abstract parabolic evolution equations. A cen-
tral notion in this work is the R-boundedness of a set of bounded linear operators on
a Banach space, which is a randomized boundedness condition stronger than uniform
boundedness; see Section 2.1. In Hilbert spaces it coincides with uniform boundedness
and in LP-spaces (p € [1,00)), or more generally in Banach function spaces with finite
cotype, it coincides with so-called #2-boundedness. It follows from the work of Rubio
de Francia (see [42-44] and [12]) that ¢2-boundedness in LP(R?) (p € (1,00)) is closely
related to weighted norm inequalities; also see [11].

Randomization techniques also play an important role in this paper. As already men-
tioned above, we work with a randomized substitute of (2). This approach naturally leads
to the problem of determining the R-boundedness of a sequence of Fourier multiplier
operators. The latter forms a substantial part of this paper, which is also of independent
interest; see Section 3.

The results in this paper are proved in the setting of weighted spaces, which includes
the unweighted case. We consider weights from the so-called Muckenhoupt class A,. This
is a class of weights for which many harmonic analytic tools from the unweighted setting
remain valid; see Section 2.2. An important example of an Ap,-weight is the power weight
w., given by

wy(z1,a) = Jz”,  (21,2") €RT=R xR, (3)

for the parameter v € (—1,p — 1). In the maximal LP-regularity approach to parabolic
evolution equations these power weights yield flexibility in the optimal regularity of the
initial data (cf. e.g. [34,35,38,41]).

The following theorem is our main result. Before we can state it, we first need to
explain some notation. We denote by {¢,},en & Rademacher sequence on some proba-
bility space (2, F,P), i.e. a sequence of independent symmetric {—1, 1}-valued random
variables on (2, F,P). For a natural number m > 1 and a function f on R? with values
in some vector space X, we write
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AT f(x) = Z(—nj (T)f(a: + (m — j)h), z e R heRL

J

Theorem 1.1. Let X be a UMD Banach space, s > 0, p € (1,00), w € A,(R?) and m € N,
m > s. Suppose that

o K =1[_1ja in the unweighted case w = 1; or
o K € S(R?) is such that [, K(y)dy # 0 in the general weighted case.

For all f € LP(R?, w; X) we then have the equivalence of extended norms

||f||H;(Rd,w;X) ~ HfHLT’(Rd7w;X)

J
+ sup H 3 g2 /K(h)A;’Ejhf dh‘ (4)
j:l Rd

JEN LP (L7 (R4, w; X))

Remark 1.2. If [ € H;(]Rd,w;X)7 then the finiteness of the supremum on the RHS
of (4) actually implies the convergence of the sum »>°2, ;275 [La K(h)AL,, f dh in
LP(; LP(RY w; X)). Moreover, (4) then takes the form

— 0Js m
1511z m ) = 1 o i) + szlsﬂ [r@agganl|, o
=

This follows from the convergence result [30, Theorem 9.29] together with the fact that
LP(R? w; X) (as a UMD space) does not contain a copy co.

Remark 1.3. We will in fact prove a slightly more general difference norm characterization
for H, (R, w; X), namely Theorem 4.1, where we consider kernels K satisfying cer-
tain integrability conditions plus an R-boundedness condition. Here the R-boundedness
condition is only needed for the inequality ‘=’ In the case m = 1 it corresponds to
the R-boundedness of the convolution operators {f — K;x f : t = 27,5 > 1} in
B(LP (R, w; X)), where K; = t?K (t-). For more information we refer to Section 4.2.

To the best of our knowledge, Theorem 1.1 is the first difference norm character-
ization for (non-Hilbertian) Banach space-valued Bessel potential spaces available in
the literature. In the special case when X is a UMD Banach function space, the norm
equivalence from this theorem takes (with possibly different implicit constants), by the
Khintchine-Maurey theorem, the square function form

Lr(Re,w; X))

(o)
, . o\ 1/2
st = ooy + || (32120 [ KALpan )]
j=1 Rd
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see Section 4.4. In the unweighted scalar-valued case X = C, this a discrete version for
the case ¢ = 2 of the characterization [54, Theorem 2.6.3] of the Triebel-Lizorkin space
F3 (R?) by weighted means of differences (recall (2)). Furthermore, in the unweighted
scalar-valued case X = C, one can also think of it as a discrete analogue of Strichartz’s
characterization (1).

As an application of Theorem 1.1, we characterize the boundedness of the indicator
function 1R1 of the half-space R? = R, x R?~! as a pointwise multiplier on Hy (R?, w; X)
in terms of a continuous inclusion of the corresponding scalar-valued Bessel potential
space HZ(Rd, w) into a certain weighted LP-space; see Theorem 1.4. The importance of
the pointwise multiplier property of 1Ri lies in the fact that it served as one of the main
ingredients of Seeley’s result [49] on the characterization of complex interpolation spaces
of Sobolev spaces with boundary conditions. As an application of an extension of Seeley’s
characterization to the weighted vector-valued case one could, for example, character-
ize the fractional power domains of the time derivative with zero initial conditions on
Lp(Ri,wW;X).

Theorem 1.4. Let X # {0} be a UMD space, s € (0,1), p € (1,00) and w € A,(R?).
Let ws,, be the weight on R = R x R4 given by w p(x1,2') = |o1|"*Pw(x1,2') if
|z1] <1 and wsp(z1,2") := w(z1,2’) if |x1| > 1. Then lga is a pointwise multiplier on
H;(Rd,w; X) if and only if there is the inclusion

H3 (R w) < LP(RY, wy ). (5)

In Section 5.2 we will take a closer look at the inclusion (5). Based on embedding
results from [37], we will give explicit conditions (in terms of the weight and the param-
eters) for which this inclusion holds true. The important class of power weights (3) is
considered in Example 5.5.

In the situation of the above theorem, let ws, be the weight on R x R4~! defined
by wsp(21,2') = |21]"*Pw(z1,2’). Note that, in view of the inclusion HS(R%, w) —
LP(R? w), the inclusion (5) is equivalent to the inclusion

Hi (R, w) — LP(RY, @, ).
In the unweighted scalar-valued case, the above theorem thus corresponds to a result

of Triebel [53, Section 2.8.6] with ¢ = 2, which states that the multiplier property for
F5 (R?) (recall (2)) is equivalent to the inequality

e fer | F @)l oy S 11l woye € Fog(RY.

Similarly to Strichartz [51], who used (1) to prove that 1Rd+ acts as a pointwise multiplier

on H3(RY) in the parameter range
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1 1
——<s< -, where
p

=1,"!
p/

1
Ty

=

Triebel used a difference norm characterization in his proof. Our proof is closely related
to the proof of Triebel [53, Section 2.8.6].

An alternative approach to pointwise multiplication is via the paraproduct technique
(cf. e.g. the monograph of Runst and Sickel [47] for the unweighted scalar-valued set-
ting). Based on a randomized Littlewood—Paley decomposition, Meyries and Veraar [39]
followed such an approach to extend the classical result of Shamir [50] and Strichartz
[51] to the weighted vector-valued case. They in fact proved a more general pointwise
multiplication result for the important class of power weights w, (3), v € (=1,p—1), in
the UMD setting, from which the case of the characteristic function 1za can be derived.
Their main result [39, Theorem 1.1] says that, given a UMD Banach space X, p € (1, 00)
and v € (—=1,p— 1), lgq is a pointwise multiplier on H; (R%, w,; X) in the parameter
range

:]-a 7/:7L'

1
2 p—1

1 ! 1
S A e

- , where
p p

+

SRR

For positive smoothness s > 0 this pointwise multiplication result is contained in Exam-
ple 5.5, from which the case of negative smoothness s < 0 can be derived via duality.

The paper is organized as follows. Section 2 is devoted to the necessary prelimi-
naries. In Section 3 we treat R-boundedness results for Fourier multiplier operators
on LP(R% w;X). The results from this section form (together with a randomized
Littlewood—Paley decomposition) the main tools for this paper, but are also of indepen-
dent interest. In Section 4 we state and prove the main result of this paper, Theorem 4.1,
from which Theorem 1.1 can be obtained as a consequence. Finally, in Section 5 we use
difference norms to prove the pointwise multiplier Theorem 1.4, and we also take a closer
look at the inclusion (5) from this theorem.

Notations and conventions. All vector spaces are over the field of complex scalars C.
|A| denotes the Lebesgue measure of Borel set A C R%. Given a measure space (X, o7, 1),
for A € o7 with p(A) € (0,00) we write

[ [

A A

For a function f : R — X, with X some vector space, we write f(z) = f(—x)
and, unless otherwise stated, fi(v) = t?f(tz) for every + € R? and ¢ > 0. Given a
Banach space X, we denote by L°(R%; X) the space of equivalence classes of Lebesgue

! This result is originally due to Shamir [50]. However, Strichartz [51] in fact obtained this result as a
corollary to a more general pointwise multiplication result (in combination with a Fubini type theorem for
Bessel potential spaces).
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strongly measurable X-valued functions on R?. For z € R? and r > 0 we write Q[z,r] =
x + [—r,7]¢ for the cube centered at x with side length 27.

2. Prerequisites
2.1. UMD spaces and randomization

The general references for this subsection are [23,24,28].

A Banach space X is called a UMD space if for any probability space (£2, F,P) and
p € (1,00) it holds true that martingale differences are unconditional in LP(2; X) (see [7,
45] for a survey on the subject). It is a deep result due to Bourgain and Burkholder that
a Banach space X has UMD if and only if it is of class HT, i.e. the Hilbert transform has
a bounded extension to LP(R; X) for any/some p € (1,00). Examples of Banach spaces
with the UMD property include all Hilbert spaces and all Li-spaces with ¢ € (1, 00).

Throughout this paper, we fix a Rademacher sequence {€;};ez on some probability
space (2, F,P), i.e. a sequence of independent symmetric {—1,1}-valued random vari-
ables on (Q, F,P). If necessary, we denote by {a; }jez a second Rademacher sequence on
some probability space (€', 7', ') which is independent of the first.

Let X be a Banach function space with finite cotype and let p € [1,00).? The Khint-
chine-Maurey theorem says that, for all xg,...,x, € X,

n 21/2 n

T, ~ 6'17“

(1) 7 = [
j=0 j=0

In the special case E = LI(S) (¢ € [1,00)) this easily follows from a combination of

(6)

LP(2;X)

Fubini and the Kahane—Khintchine inequality. Morally, (6) means that square function
estimates are equivalent to estimates for Rademacher sums.

The classical Littlewood—Paley inequality gives a two-sided estimate for the LP-norm
of a scalar-valued function by the LP-norm of the square function corresponding to its
dyadic spectral decomposition. This classical inequality has a UMD Banach space-valued
version, due to Bourgain [5] and McConnell [33], in which the square function is replaced
by a Rademacher sum (as in (6); see the survey paper [20]). One of the main ingredients
of this paper is a similar inequality for Bessel potential spaces, namely the randomized
Littlewood—Paley decomposition (13).

Let X be a Banach space and p € [1, oo]. As a special case of the (Kahane) contraction
principle, for all xg,...,z, € X and ay,...,a, € C it holds that

n
13 agea
Jj=0

. (7)

< Zale| | 2
LX) ~ lal ;0% Lr(@;X)

1
2 A Banach space X has cotype q € [2, oo] if (Z;L:o ijHq) /a SIS 52511 pacx) for all 2o, -, an €

X. We say that X has finite cotype if it has cotype ¢ € [2,00). The cotype of L? is the maximum of 2
and p. Every UMD space has finite cotype.
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A family of operators 7 C B(X) on a Banach space X is called R-bounded if there
exists a constant C' > 0 such that for all Ty,...,Tn € T and zg,...,xny € X it holds
that

HZEJT%H 2(0:X) <CHZE] J‘ ()

L2(9:X)

The moments of order 2 above may be replaced by moments of any order p. The resulting
least admissible constant is denoted by R,(7). In the definition of R-boundedness it
actually suffices to check (8) for distinct operators Ty, ..., Tn € T.

A Banach space X is said to have Pisier’s contraction property or property (a) if
the contraction principle holds true for double Rademacher sums (for some extra fixed
multiplicative constant); see [28, Definition 4.9] for the precise definition. Every space
L? with p € [1,00) enjoys property (a). Further examples are UMD Banach function
spaces. However, the Schatten von Neumann class &, enjoys property () if and only if
p=2.

A Banach space X is said to have the triangular contraction property or property (A)
if there exists a constant C' > 0 such that for all {z; ;}7;_( C X

!
H Z 81'6]-.’51'7]"

0<j<isn

cicjtis|
L2(QxQ; x) H Z i€

L2(QxQ; )

see [26]. The moments of order 2 above may be replaced by moments of any order p.
The resulting least admissible constant is denoted by A, x. Every space with Pisier’s
contraction property trivially has the triangular contraction property. For vector-valued
LP-spaces we have A, 1»(5,x) = Ap x. Furthermore, every UMD space has the triangular
contraction property.

Let X be a Banach space. The space Rad(X) is the linear space consisting of all
sequences {z;}; C X for which ), ye;z; defines a convergent series in L2(Q; X). Tt
becomes a Banach space under the norm [[{z;};|[raa(x) = ||22;en€i%;llz2(0:x); see
[24,25,28].

2.2. Muckenhoupt weights

In this subsection the general reference is [16].

A weight is a positive measurable function on R? that takes it values almost everywhere
n (0,00). Let w be a weight on R?. We write w(4) = [, w(z)dx when A is Borel
measurable set in R%. Furthermore, given a Banach space X and p E [1,00), we define the
weighted Lebesgue-Bochner space LP(R?, w; X) as the Banach space of all f € LO(R?; X)
for which
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1/p

Pl = | [If@IEud | <.
Rd

For p € [1,00] we denote by A, = A,(R?) the class of all Muckenhoupt A,-weights,
which are all the locally integrable weights for which the Ap-characteristic [w]4, € [1, o0
is finite; see [16, Chapter 9] for more details. Let us recall the following facts:

o A = Upe(l,oo) Ap, which often also taken as definition;

/, where

o For p € (1,00) and a weight w on R%: w € A, if and only if WP € Ay,

1 + 1 _1.
p p/ )

« For a weight w on R? and A > 0: [w(A-)]a, = [w]a,;

e For p € [1,00) and w € Ao (R?): S(RY) 4 LP(RY, w);

o The Hardy-Littlewood maximal operator M is bounded on LP(R? w) if (and only
if) w € A,.

An example of an A-weight is the power weight w,, (3) for v > —1. Given p € (1, c0),
we have w, € A, if and only if v € (—1,p — 1). Also see (48) for a slight variation.

A function f : R? — R is called radially decreasing if it is of the form f(x) = g(|z|) for
some decreasing function g : R — R. We define .# (R9) as the space of all k € L*(R?)
having a radially decreasing integrable majorant, i.e., all k € L*(R%) for which there
exists a radially decreasing ¢ € L*(R%)* with |k| < +. Equipped with the norm

&l ey == inf {||¢|| 1 may : 9 € L'(RN* radially decreasing, |k| <1},
2 (R?) becomes a Banach space. Note that, given k € #(R?) and t > 0, we have

Let X be a Banach space. For k € # (R%) we have the pointwise estimate

/Ik(m ~DHFWx dy < Ikl @ayM (I fllx)(@), € Lig(R% X),z € RY.
Rd

As a consequence, if p € (1,00) and w € A,(R?), then k gives rise to a well-defined
bounded convolution operator kx : f +— k* f on LP(RY,w; X), given by the formula

ko f(x) = / Ko —y)f(y)dy, = eRY

R4

for which we have the norm estimate ||k * || g(Lr &, w;x)) Sp.dow K] ®e)-
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2.3. Function spaces

As general reference to the theory of vector-valued distributions we mention [2] (and [1,
Section IT1.4]). For vector-valued function spaces we refer to [23,48] (unweighted setting)
and [39] (weighted setting) and the references given therein.

Let X be a Banach space. The space of X-valued tempered distributions S'(R%; X)
is defined as S'(R% X) := L(S(R?), X), the space of continuous linear operators from
S(RY) to X, equipped with the locally convex topology of bounded convergence. Standard
operators (derivative operators, Fourier transform, convolution, etc.) on S’'(R%; X) can
be defined as in the scalar-case, cf. [1, Section TII.4].

Let p € (1,00) and w € A,(R?). Then w'™? = w 71 € Ay, so that S(RY) A
LY (R4, w'~?"). By Holder’s inequality we find that LP(R?,w; X) < S'(R% X) in the
natural way. For each s € R we can thus define the Bessel potential space H} (R, w; X)
as the space of all f € S'(R% X) for which J,f € LP(R? w; X), equipped with the
normy || || sz (e wsx) = | T fll Lo (ma,wix): here Js € L(S'(R% X)) is the Bessel potential
operator given by

Tof = F 0+ P2, feSRLEX).

Furthermore, for each n € N we can define the Sobolev space W;(Rd,w;X ) as the
space of all f € S'(R% X) for which 9*f € LP(R?%, w; X) for every |a| < n, equipped
with the norm || f|[wn ®a w;x) = 2ja<n [0 fllLr @t w;x)- Note that H)(RY, w; X) =
LP(RY, w; X) = Wg(Rd,w;X). If X is a UMD space, then we have Hg(Rd,w;X) =
W;(Rd,w; X). In the reverse direction we have that if H)(R; X) = W) (R; X), then X
is a UMD space (see [23]).

For 0 < A < B < oo we define <I>A73(Rd) as the set of all sequences ¢ = (p,)neny C
S(R%; X)) which can be constructed in the following way: given ¢y € S(R?) with

0<@<1, p(§)=11if[§| <A, §(&)=0if[¢| > B,
(¢n)n>1 is determined by
Pn =127 ) = o2 ) = go(27), m> L
Observe that
supp@o C {€:]¢/ < B} and supp@, C{€:2" A< || <2"Bhn>=1.  (9)
We furthermore put ®(R?) := Uy 4« peoo Pa,5(RY).
Let ¢ = (¢n)nen € ®(R?). We define the operators {S,}nen C L(S'(R% X),

On (R X)) by

Snf ::gpn*f:f_l[@nf], fES’(]Rd;X),
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where @) (R%; X) stands for the space of all X-valued slowly increasing smooth functions
on R%. Given s € R, p € [1,00), q € [1,00] and w € A, (R?), the Triebel-Lizorkin space
Fp (R w; X) is defined as the space of all f € §'(R? X) for which

171

s ®ew:X) = (27" S fInenl|Lr @ w)jea vy (x) < 00

Each choice of ¢ € ®(R?) leads to an equivalent extended norm on S’(R%; X).
The H-spaces are related to the F-spaces as follows. In the scalar-valued case X = C,
we have

s d _ 178
H (R, w) = F,

p,Q(Rd,w), p € (1,00),w € A, (10)

In the unweighted vector-valued case, this identity is valid if and only if X is isomorphic
to a Hilbert space. For general Banach spaces X we still have (see [36, Proposition 3.12])

ES (RN w; X) — HS(RY wy X) — Fs ((RY,w; X),  pe(1,00),we AyRY), (11)
and

(S®% ), |

F;J(Rd’w;x)) — L”(Rd,w;X), pE[l,00),w € Ax. (12)

For UMD spaces X there is a suitable randomized substitute for (10): if p € (1, 00) and
w € A,, then (see [39, Proposition 3.2])

feS'RLX).  (13)

N
s ) ~ SU ZE 28 S
11125 et i) NE%Hn_o n2"" 5 f LP(Q;L7 (RY,w; X))

Moreover, the implicit constants in (13) can be taken of the form C' = Cx , 4,s([w] 4, ) for
some increasing function Cy ;, 4.5 : [1,00) — (0, 00) only depending on X, p, d and s.

2.4. Fourier multipliers

Let X be a Banach space. We write E\l(Rd;X) = F 1LY R%: X) € S'(R% X). For a
symbol m € L (R%) we define the operator T}, by

Ty : LE(RY X) — LI(RL X), f s F 7 mf].

Given p € [1,00) and w € Am@d), we call m a Fourier multiplier on LP(R?, w; X) if
T,y restricts to an operator on L!(R%; X) N LP(R? w; X) which is bounded with respect
to the LP(R?, w; X)-norm. In this case T}, has a unique extension to a bounded linear
operator on LP(R?, w; X) due to the denseness of S(R% X) in LP(R%, w; X), which we
still denote by T5,. We denote by M,, ,,(X) the set of all Fourier multipliers m € L°°(R%)
on LP(R%, w; X). Equipped with the norm ||m|[x, , (x) = [Tl 520 ®4,w: %)) Mpuw(X)
becomes a Banach algebra (under the natural pointwise operations) for which the natural
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inclusion M, ,(X) <= B(LP(R?, w; X)) is an isometric Banach algebra homomorphism;
see [28] for the unweighted setting,.
For each N € N we define .#x (R?) as the space of all m € CV (R?\ {0}) for which

Im].zy = M|y may = sup sup|€|'®!|D*m(€)| < oo.
|a] <N €0

If X is a UMD Banach space, p € (1,00) and w € A,(R?), then we have .#y2(R?) —
M,y (X) with norm < Cx ;, a([w] 4, ), where Cx .4 : [1,00) — (0, 00) is some increasing
function only depending on X, d and p; see [39, Proposition 3.1].

3. R-boundedness of Fourier multipliers

At several points in the proof of the randomized difference norm characterization from
Theorem 1.1 we need the R-boundedness of a sequence of Fourier multiplier operators
on LP(R? w; X). In this section we provide the necessary R-boundedness results.

In many situations, the R-boundedness of a family of operators is proved under
the assumption of property («) (see e.g. [8,14,28,59]). Concerning operator families on
LP(T4; X) or LP(R%; X), the necessity of property () for a number of conclusions of this
kind is proved in [22]. For example, in the setting of Fourier multipliers it holds true that
every uniform set of Marcinkiewicz multipliers on R is R-bounded on LP(R%; X) if and
only if X is a UMD space with property («). In particular, given a UMD space X, in
the one-dimensional case d = 1 one has that .#; (R) < M, 1, (X) maps bounded sets to
R-bounded sets if and only if X has property («). Regarding the sufficiency of property
() for the R-boundedness of Fourier multipliers, in the weighted setting we have:

Proposition 3.1. Let X be a UMD space with property (o)) and p € (1,00).

(i) For all weights w € Ap(RY), Myi2(RY) — M,.(X) maps bounded sets to
R-bounded sets.

(ii) Let w € A;ec(Rd), i.e. w is a locally integrable weight on R which is uniformly
A, in each of the coordinates separately; see [29]. Write RS = [R\ {0}]¢. If 4 C
L>(RY) N CYRY) satisfies

C = sup sup sup [£Y]|Dm(&)| < oo,
Me.# o<1 ecRd

then A defines an R-bounded collection of Fourier multiplier operators T4 = {Thr :
M e Y in B(LP(RY w; X)) with R(T.z) Sx.p.dw Coar-

Proof. (i) Let w € A,. For each N € N we define Z.# y(R%; B(X)) as the space of all
operator-valued symbols m € CV(R?\ {0}; B(X)) for which

Im| . = |1m| .00 Ra:5(x)) = R{IEND¥m(€) : € £ 0,]al < N} < o0.
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If Y is a UMD space, then ZA4 412(RGB(Y)) < M, (YY) (as remarked before [39,
Proposition 3.1]). Using this for ¥ = Rad(X), the desired result follows in the same
spirit as in [14, Section 3| (also see [20,28]).

(ii) Put I; := [—27, =291 U (2771, 29] for each j € Z. For each k € {1,...,d} it can be
shown that {1gk s, xga—+}jez C My (X) and that the associated sequence of Fourier
multiplier operators {Ax[/;]}jez defines an unconditional Schauder decomposition of
LP(R%, w; X); see e.g. [31, Chapter 4]. Since {Ag[[;]}jez and {A[I;]}jez commute for
k,l € {1,...,d} and since X is assumed to have property («), it follows (see [62, Re-
mark 2.5.2]) that the product decomposition {H?zl Ag[I;]} is an unconditional Schauder
decomposition of LP(R?, w; X). One can now proceed as in the unweighted case; see e.g.
[28, Theorem 4.13 & Example 5.2]. O

As we will see below, for general UMD spaces it is still possible to give criteria for
the R-boundedness of a sequence of Fourier multipliers. Before we go to the Fourier
analytic setting, we start with a general proposition which serves as the main tool for
the R-boundedness of Fourier multipliers below. In order to state the proposition, we
first need to introduce some notation.

Let Y be a Banach space. For a sequence {T;}jeny C B(Y') we write

KT sl maary = inf § €< || 3Ty, o < Cllvllvy ey
=0 ’

and

T, YsenlRaar) oy = inf{C e
7=0

n
= CHZEjyj‘ Loy €N yo, .- Yn € Y}.
=0 ;

In the following remark we provide an interpretation of these quantities in terms of the
space Rad(Y'), which gives a motivation for the chosen notation.

Remark 3.2. Identifying {T}}en with the linear operator T : Y — (O(N; X),y —
(T;y) jen, we have

I{T Hly 5 Rraayv) = IHT HIB(v.Rad(v)) = [Tl B(v,Rad(v))

where || - ||g(yv,Rad(y)) IS, in the natural way, viewed as an extended norm on
L(Y,(°(N; X)), the space of linear operators from Y to ¢°(N; X). Similarly, identifying

{T}}jen with the linear operator T* : ¢oo(N; X) — Y, (y;)jen — Doy L5, we have

jEN

I{T3HIraa(v)—y = I{T HIBRaa(v),v) = IT |B(Raa(v),v)»
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where || - [|3(rad(v),v) is Viewed, in the natural way, as an extended norm on L(cgo(Y"),Y").
Using that the natural map 4 : Rad(Y™*) — Rad(Y)* is a contraction (see [24]), we
find that

I{Tj HIraa(v)—y = T |BRaav),v) = (T * By = Rad(v)*)
=|lio ({T;})tHB(Y*,Rad(Y)*)
<AL DBy Raay=y) = I{T}

y*—Rad(Y*)-

If X is K-convex with K-convexity constant Kx,” then i is an isomorphism of Banach
spaces with [|[i71|| < Kx (see [24]), so that

I{T;} Iy - radv) = ITlBv,Rad(v)) = IT*|BRaar),v=) = I{T7} 0 i |BRad(v)*, v+
< Kx|{T; HIs®aa(y+),y+) = Kx|{T] }HIraa(y+)—v=-

Proposition 3.3. Let Y be a Banach space and let {U;}jen and {V;}jen be two sequences
of operators in B(Y).

(i) The following inequalities hold true:

RUUY) < KU aacry < KU aacsiry < sup su || ZEJ

RUU;}) < U3 Iy —maarr) < [{UIraasvy < sup sup sz | as)

=1
and
IRU;Vitienllraay)»y < [{Uj}ienllraasry RV bien)- (16)
(ii) Suppose that E has property (A). If
C1 = |{Uj}jenllRaa(v)»y <00 and  Ca:= |[{Vj}jenlly 5Rad(y) < 00,

then {Z?:o UiVi} is R-bounded with R-bound < AgC1Cs.

Proof. Except for (15), where we follow the estimates from the proof of [39, Lemma 4.1],
the proposition follows easily by inspection of the proof of [26, Theorem 3.3]. Let us
provide the details for the convenience of the reader.

(i) The third inequality in (14) is trivial and the second inequality in (14) is just the
inequality (16) with V; = I for all j. For the first inequality in (14), let yo,...,yn € Y.
For every {€;}jen € {—1,1}"T! we have

3 For the definition of K-convexity we refer to [23,32]. All UMD spaces are K-convex.
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n n
H ZerjyjHY < ||{Uj}j6N||Rad(Y)%YH ijyj‘ L)
§=0 j=0 ’

because {¢;}7_, and {eje;}7_ are identically distributed. Plugging in ¢; = ¢;(w) and
taking L?-norms with respect to w € €, the desired inequality follows.

In (15) we only need to prove the first inequality; the other two inequalities are
trivial. For this we use the fact [15, Lemma 3.12] that for any {y;x}};_o C Y one has
the inequality

(17)

n
152
=0

n
<H2545’y4k‘ )
r2y) ~ I A= TERIIEN| L2 xriy)
jk=

Now let yo, ...,y € Y. Denote by {U;} € B(L?*(€;Y)) the sequence of operators point-

wise induced by {U;}. Using Fubini one easily sees that ||{Uj}||L2(Q;Y)_>Rad(L2(Q;Y)) <
I{U; |y > Raa(yy- Invoking (17) with y; , = Upy;, we thus find

n
H ZEjijj’
§=0

L2(QxQ;Y)

|| (Sew)
k=0 j=0

n
<H g;enU ‘
L2(QY) — j;() JERTRYS

L2(Q5L2(Q;Y))

n
< U Hly Raar || D 2w
j=0

L2(QY)
For (16) note that if yg,...,y, € Y, then
n n n
HZUJ‘VJ%‘HY: E > el | | D eVivs
j=0 j=0 j=0 v
<3500 [ 50
- sz_:oej 2By ]Z:;)SJ il v

< U nsamorn RUVD| et
=0 ’

(ii) Write S := Z?:o U;V; for each k € N. For all yo,...,y, € Y we have

n
H ngskyk‘
k=0

— U, Vi ‘
L2(Y) HJZO ]kz—:jgk 7 L2(Q5Y)

n n
SQHZ%ZEMG%’

J=0  k=j

L2 (L2 (95Y)
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< ava| v Y]
=0

L2(Q;L2(Q;Y
P (BL2(@3Y)

< AYCICQ‘ ‘ if‘:kyk‘
k=0

L2(Qy)’
which proves the required R-bound. O

For later reference it will be convenient to record the following immediate corollary
to the estimates (14) and (15) in (i) of the above proposition:

Corollary 3.4. Let X be a Banach space, p € (1,00) and w € Ap(RY). Let {m;};en C
M, (X)) be a sequence of symbols such that

n Ej::l:l

K :=sup su H elmvH < o0. 18
p p j;()j J My (X) ( )

Then {m;}jen defines an R-bounded sequence of Fourier multiplier operators {Tp; }jen
onY = LP(R%, w; X) with R-bound

R{Tm;}) < IHTjHIRaav)=y V IHTj HIy 5 Rad(v) < IHT}HIRaaB(y)) < K.

If X is a UMD space, p € (1,00) and w € A,(RY), then we have .#;2(RY) —
M, (X). So the number K from (18) can be explicitly bounded via the Mihlin condition
defining .#Z;(R%). In particular, for a bounded sequence in .#4,(R?) which is locally
finite in a uniform way we find:

Corollary 3.5. Let X be a UMD space, p € (1,00) and w € A,(R?). Let {m;}jen C
L>(R%) be a sequence of symbols such that:

(a) There exists N € N such that every & € R\ {0} possesses an open neighborhood
U C R\ {0} with the property that #{j : m;|y # 0} < N.
(b) {m;}jen is a bounded sequence in Mqy2(RY).

Then {m;}jen defines an R-bounded sequence of Fourier multiplier operators {Tp, }jen
on LP(R?, w; X) with R-bound

RHTm,}) < sup sup H €M S
(T, ) bl emlly, o

S COxpal[wla, )N sup[[mjll.a,..,
n Ej: ]EN

where Cx pq : [1,00) — (0,00) is some increasing function only depending on X, p

and d.
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An example for the ‘uniform locally finiteness condition’ (a) from the above corollary
is a kind of dyadic corona condition on the supports of the symbols:

Example 3.6. Suppose that {m;};en C L>(R9) satisfies the support condition
suppmo C {&: €] < ¢} and suppm; C {€:e371207IF < g1 <27}, 5> 1, (19)

for some ¢ > 0 and J € Zso. Then suppm; Nsuppmy = @ for all j,k € N with
|7 — k| > J + 1. In particular, condition (a) of Corollary 3.5 is satisfied with N = J.

Example 3.7. Suppose that mg € C4T2(R9) and m; € C4F2(R4\{0}). Set m; :=m(277 )
for each j > 2. Then {m, } e fulfills the conditions (a) and (b) of Corollary 3.5, where (a)
follows from Example 3.6 and (b) from the dilation invariance of the Mihlin condition
defining #;12(RY). In particular, given ¢ = {¢;}jen € ®(R?Y), Corollary 3.5 can be
applied to the sequence of symbols {m;};en = {$;};en, whose associated sequence of
Fourier multiplier operators is {S;};en.

Up to now we have only exploited Proposition 3.3(i) in order to get R-boundedness
of a sequence of Fourier multipliers. However, in many situations the condition (18) is
too strong. It is for example not fulfilled by the sequence {m; = m(277 )} ;en, where
m € C®(RY) is a given symbol which is non-zero in the origin; this follows from the
fact that M, ,(X) < L>(R%). The case that m is constant on a neighborhood of the
origin can be handled by the following proposition (see Corollary 3.10), of which the
main ingredient is Proposition 3.3(ii):

Proposition 3.8. Let X be a UMD space, p € (1,00) and w € Ap(R%). Let {m;};en C
M, (X) be a sequence of Fourier multiplier symbols which satisfies the support condition

(19) for some ¢ > 0 and J € N. Write Tj = T,,; for the Fourier multiplier operator on
Y = LP(RY,w; X) associated with my; for each j € N. If

K = |{Tj}HIraa(v)=y A IH{T HIy 5 Raayy < 00, (20)

then the collection of partial sums {377_,T; : n € N} is R-bounded with R-bound <
(2J +1)Cx pal[w]a,) K for some increasing function Cx pq : [1,00) — (0,00) only
depending on X, p and d.

Proof. Due to scaling invariance of the A,-characteristic, we may without loss of gen-
erality assume that ¢ = % Fix ¢ = (¢j)jen € élyg(Rd) and denote by {S;}jen the
corresponding convolution operators. For convenience of notation we put ¢; := 0 and
S; =0 for every j € Zo. For each j € N we define R; := Z‘Z:_J Sj+¢. By Example 3.7
(and Corollary 3.5), there exists an increasing function Cx .4 : [1,00) — (0,00), only
depending on X, p and d, such that
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(14), (15)
I{Sj HIRaa(v)=v V I{SjHIy sRady)y < Cxpal[w]a,),

and thus

I{RHIRaary—y V IHR My SRadry < (27 + 1)Cx pal[w] 4,)- (21)
As a consequence of the support condition (19) and the fact that

J

J
D u(€) =1 for [¢] gg and Y @yp(€) =1 for 2777 < [¢] < 221‘, i>1,
b=—J t=—J

we have T;R; = R;T; = T for every j € N. Since {7} and {R;} are commuting and
since Ay =<, Ay, = Ax, < 0o (X being a UMD space), the required R-bound follows
from an application of Proposition 3.3(ii) with either U; = T; and V; = R; or U; = R;
and V; =1T;5. O

Remark 3.9. The condition (20) in Proposition 3.8 may be replaced by the condition
that {7} is R-bounded with R-bound K: under this modification, it can be shown that
the collection of partial sums is R-bounded with R-bound < (2J + 1)2Cx , a([w]a,) K
for some increasing function Cx p 4 : [1,00) — (0,00) only depending on X, p and d.

D

Indeed, in the notation of the proof above, we have

(16)
I{Tj HIraa(v)=»y = IH{RiTi}HIRad(v)—»y < [H{RjHIRaay ) RUT})
(21) _
< (2J + 1)Cx pa([w]a, ) RHT;}).

An alternative approach for the R-boundedness condition would be to modify the
proof of [8, Theorem 3.9] (or [62, Theorem 2.4.3]), which is a generalization of the
vector-valued Stein inequality to the setting of unconditional Schauder decompositions.
Via this approach one would get linear dependence on J instead of quadratic.

Corollary 3.10. Let X be a UMD space, p € (1,00) and w € Ay(R?). Suppose that M €
CI*2(R?) is constant on a neighborhood of 0 and put M; := M (277 ) for each j € Z.
Then {M;}jez defines an R-bounded sequence of Fourier multiplier operators {Th, }jez
in B(LP(R?, w; X)) with R-bound s Cx p,a([w]a,), where Cx p q is the function from
Proposition 3.8.

Proof. By the scaling invariance of the A,-characteristic, it suffices to prove the
R-boundedness statement for {M;};en instead of {M;},cz. Indeed, for each K € Z
we then in particular have that {M;} ey defines an R-bounded sequence of Fourier mul-
tiplier operators {7, }jen in B(LP(RY, w(275 -); X)) with R-bound Sps Cx pa([w]a,),
or equivalently, that {M,};>x defines an R-bounded sequence of Fourier multiplier op-
erators {Thy, }j>k in B(LP(RY, w(2K -); X)) with R-bound Sas Cx pa([w]a,).
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Define the sequence of symbols {m;}jen by mo := M, m; := mo(27-) — mg, and
m; = mq(277F1.) for j > 2. Then {m;};en is a bounded sequence in .#; o which
satisfies the support condition (19). By a combination of Corollary 3.5, Example 3.6 and
Proposition 3.8, the collection of partial sums {7y, : ¢ € N} = {ZZZO T, :t € N} is
R-bounded in B(LP(R?,w; X)) (with the required dependence of the R-bound). 0O

With the following theorem we can in particular treat dilations of symbols M belong-
ing to the Schwartz class S(R?) without any further restrictions. Note that this would
be immediate from Proposition 3.1(i) in case of property («).

Theorem 3.11. Let X be a UMD space, p € (1,00) and w € A,(R?). Let M € C(RY) N
CI2(R\{0}) and set M; := M (277 -) for each j € Z. Suppose that there exist 5y, doo >
0 such that

Co:= sup [§"®M(€)— M) Vv sup  sup [¢[l*I7%|DM(€)] <00 (22)
0<¢|<1 1<]a|<d+20<[¢|<1

and

Co := sup sup [¢]l@1F0%=| DM (€)] < 0. (23)
la|<d+2[€]>1

Then {M;}jez defines an R-bounded sequence of Fourier multiplier operators {Th, }jez
in B(LP(RY,w; X)) with R-bound < Cx 4p.s50.6. ([w]a,)[||M]|lsc V Co V Cul, where
Cx.dp,so,00 : [1,00) —> (0,00) is some increasing function only depending on X, p,
d, 09 and 0.

Remark 3.12. In the proof of Theorem 3.11 we use the Mihlin multiplier theorem
Mayz — My (X). The availability of better multiplier theorems would lead to
weaker conditions on M. For example, using the classical Mihlin multiplier condition
|Dem| < |€]1*]) a € {0,1}¢, we could treat symbols M € C(R?)NC4(R%\ {0}) satisfying
(22) and (23) with the suprema taken over a € {0,1}¢ instead of |a| < d + 2; as in the
unweighted case, for w € A7“(R?) it can be shown that this classical Mihlin condition is
sufficient for m to be a Fourier multiplier on LP(R? w; X) (see [31, Chapter 4]). In the
unweighted case one could even use multiplier theorems which incorporate information
of the Banach space under consideration [15,19]. In Theorem 3.14 (and Corollary 3.15)
we will actually use the Mihlin—Hélder condition from [19, Theorem 3.1] (which is weaker
than the Mihlin—-Hérmander condition) for the one-dimensional case d = 1.

Proof. As in the proof of Corollary 3.10, it is enough to establish the R-boundedness of
{M;}jen. Put C := ||[M||so VCoV Coo. Pick ¢ € C(R?) with the property that x(£) =1
if [€] <1 and ¢(€) = 0if |¢| > 3/2. Then

M := M(0)¢ + ¢(M — M(0)¢) + (1 — ¢)(M — M(0)¢) =: MM 4 M2 4 prBl,



1454 N. Lindemulder / Journal of Functional Analysis 272 (2017) 1435-1476

For each i € {1,2,3} we define {Mj[i]}jeN by Mj[i] = M%277.). By Corol-
lary 3.10, {M ]m }jen defines an R-bounded sequence of Fourier multiplier operators in
B(LP (R, w; X)) with R-bound <x.ap.w.c [M(0)] < C. In order to get R-boundedness
for i = 2,3 we use Corollary 3.4 (in combination with «///d+2 — ./\/lp w(X)). To this end,
let € = {e;}}y € {~1,1}"*1, N e N, and put ML = Zj OeJM[ for each i € {2,3}.

In order to obtain a uniform bound for MEH in #42, we note that:
o M e C(RY) NCH2(RE\ {0}) with supp M ¢ B(0,2) and

CPli= sup sup|¢l*17|DOMPI(E)| Se 500 C
la|<d+2 ££0

o MBI € CH2(RY) with MPBl(¢) =0 for |¢] < 1 and

OBl .= sup sup ||l DM (€)| <¢ 506 C.
|a|<d+2 €40

For notational convenience, for each j > N + 1 we write €; = 0.
The case i = 2: Let |a| < d+ 2. For £ € B(0,2) we have

el DemPe) < el pemPle)) = Y 27 Tellol e m B2 i)
j=0 j=0
2] Z |2—j€‘5o =l 22_.150 |§|50
j=0 j=0
2%
<clkl_2
SO T

and for £ € B(0,241)\ B(0,2"), 1 € N, we similarly have, now using the support condition
supp M? ¢ B(0,2),

€l DM (€)] < 3 el panP )| = 3 |2 ~Tellol D 27|
=0 j=0

=l pear (277g)| < OB YT gl

J=l J=l

= o js 5 o 2%
D2 e < OBl ——.

J=l

Hence, ||M6[2]||//ld+2 < 0[2]250(1 _ 2—60)—1
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The case i = 3: Fix [ € N. Since Ml =0 on B(0, 1), we have
l —
MP&) =3 ;M (e), € B0,2)\ B0,27Y).

=0

For all |a| < d+ 2 and ¢ € B(0,2") \ B(0,2""!) we thus find

€l D M ()] = ¢!

l l
> aD M| <D Jel Do Mte))
J=0 J=0

l l

= 127D MPlmig) < CFIY - |27 =~

=0 =0
l l
Z 2 JH+i— 1 b0 — (319900 Z 9—0e0 (I1=7)
=0 =0
l 2(500

= 1— 20

As | € N was arbitrary and ME = 0 on B(0,1), this shows that \|M6[3]||//;d+2 <
CB12%= (1 —27%)~1

Note that Theorem 3.11 does not cover the symbol M (&) = ]_[;l:l sinc(&;), where
sinc is the function given by sinc(t) = w for t # 0 and sinc(0) = 1; see the end of
Section 4.2 for the relevance of this symbol, which is the Fourier transform of Q*dl[_m]d.
However, as already mentioned in Remark 3.12, in the unweighted one-dimensional case
we can use the Mihlin—Hélder multiplier theorem [21, Theorem 3.1] in order to relax the
conditions from Theorem 3.11. This will lead to a criterion (Corollary 3.15) which covers
the symbol M = sinc; see Example 4.5.

For each k € Z and j € {—1,1} we define I ; := j [2¢72,2"*2]. For v € (0,1) and
M € Cy(R\ {0}) we put

[M]y = sup  2Y[Mly Jovn,) and  [[IM]|], = [[M]]s + [M],.
k€Z,j=+1

Since
[M(§) — M(§ — h)| < A[M] [p]7[§]77, [€] > 2|hl,

the following lemma is a direct corollary of the vector-valued Mihlin—Hélder multiplier
theorem [21, Theorem 3.1]:
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Lemma 3.13. Let X be a UMD space and p € (1,00). Then there exists vx € (0,1), only
depending on X, such that the following holds true: if v € (yx,1) and if M € C»(R\ {0})
satisfies ||| M]]|, < oo, then M defines a Fourier multiplier operator Tpy on LP(R; X) of
norm || Tl 5e e x)) Sxp 1M,

Using this lemma, we find the following variant of Theorem 3.11:

Theorem 3.14. Let X be a UMD space p € (1,00). Let v € (vx,1), where vx € (0,1) is
from Lemma 3.13. Let M € Cp(R) and set M, := M(2™™-) for each n € Z. Suppose
that there exist dg, 00 > 0 such that

Co:= sup [¢7%|M(E)—M©O)| Vv sup 2FO7M|y o) <
0<|¢|<1 k<—1,j=+1

and

Coo i= sup €< [M ()| v sup  2FOF)M| Jonp, ) < 0.
l€I>1 k20,j=+1

Then { M, }nez defines an R-bounded sequence of Fourier multiplier operators {Tas, Ynez
in B(LP(R; X)) with R-bound Sx p.r.q.4.60,60 [||M|leo VCoV Cxl.

Proof. This can be shown in a similar fashion as Theorem 3.11, now using the (Mihlin—
Hélder multiplier theorem in the form of) Lemma 3.13 to treat the cases i =2,3. O

Corollary 3.15. Let X be a UMD space p € (1,00). Let v € (yx,1), where yx € (0,1)
is from Lemma 3.15. Let M € Cp(R) N CHR \ {0}) and set M, := M(27"-) for each
n € Z. Suppose that there exist 0o, 00 > 0 and 0 € [0,1] such that

Co:= sup [¢]7[M(¢) = M(0)] v sup [¢]*=% M’ (¢)] < oo (24)
0<|é]<1 l§1<1
and
Cug 1= sup [¢["> e OHD = M (€)] v sup [¢F)5 (M (€)| <00 (25)
|§1>1 |£1>1

Then { M, }nez defines an R-bounded sequence of Fourier multiplier operators {Tas, Ynez
in B(LP(R; X)) with R-bound Sx p.r.q.4.60,60 || M|leo V CoV Cxl.

Proof. For every k € Z and j € {—1,1} we have

2O Mg oo ) Sy 2K 72K EDNM gl & sup [T MY (€))

el ;

4 One can take yx = 7V ¢q', where 7 € (1, 2] and ¢ € [2, o) denote the type and cotype of X, respectively.
Here one needs the fact that X, as a UMD space, has non-trivial type and finite cotype; see [23].
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and

2k(7+6oo)[M|I ]Cw (o) < 2k('y+6oc)21—'y”M|IkJ "/HM/ ||v

k(y+600) =2 k(r+9e) 5
S’Y 2 (’Y+ )1*7||M|1k,j||00+2 (’Y+ )’Y||M/‘IK,J||OC

1-6 0
~ sup [¢|0TITTM(E)| + sup [¢]0TT M (€)).
el ; E€ly,

The result now easily follows from Theorem 3.14. O
4. Difference norms
4.1. Notation

Let X be a Banach space. For each m € Z>; and h € R? we define difference operator
A7 on LO(R% X) by A = (L, — )™ = ZTZO(—I) (m)L(m —jyh» where Lj, denotes the
left translation by h:

A f(a) =) (-1 ( ) (x+(m—j)h), feL'R%:X),zeR
7=0
Let p € (1,00), w € Ay(RY), m € Zsy, and K € # (RY). For every ¢ > 0, K. =
dK (—c-) € #(R?) gives rise to a (well-defined) bounded convolution operator f

o * fon LP(RY w; X) of norm <, a0 ||Ke|| @) = || K[| ra), which is given by the
formula

_ / Rz — ) f(y) dy = / KWL f(z)dh,  z€RY
Rd Rd

see the last part of Section 2.2. Defining K2 := Z?Z)I(—l)j (ZL)K[(m_j)}—l € H (RY),
for each t > 0 the operator

m—1

[ Kot f) o= K27 w4 (—1)"R(0)f = ( )KW o f ()R f

JZO

is bounded on LP(R? w; X) of norm <

Spdwm || K| ray, and the following identity
holds

x) = /K(h)A?}L (z) dh, r € R4,

Given f € LP(R% w; X), the functions K,, (¢, f) may be interpreted as weighted means
of differences of f.
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For f € LP(R% w; X) we set

[f];g’(@,wx = SupHZEJ2JSK 9~ f))

JEN L (Q;LP (R4, w; X))
and
m,K) m, K
s 0 iy = 1ty + U157 -

4.2. Statement of the main result
The following theorem is the main result of this paper. As already announced in
the introduction, it is (indeed) a more general version of Theorem 1.1 thanks to the

R-boundedness results Theorem 3.11 and Corollary 3.15; see Examples 4.4 and 4.5.

Theorem 4.1. Let X be a UMD Banach space, s > 0, p € (1,00), w € A,(R%), m € Z>y
and K € # (R?).

(i) Suppose that K € L' (R4, (1+] - [)**+2) and that K2 fulfills the Tauberian condition
[FEAT (@) ze,  §eRL S <Ig <2 (26)
for some €,¢ > 0. Then we have the estimate
(m, K)

||f||H;(Rd,w;X) 5 |||fH|H1§7(Rd,w;X) ) f € LP(Rd7w7X) (27)

(ii) Suppose that m > s, K € L'(R%, (1 + | - )(@+3)™) and that {f +— K,,(277,f):j €
Zs1} C B(LP(R?, w; X)) is R-bounded. Then we have the estimate

m,K)
IS ) S Iz awxys  f € LPR:, w; X). (28)

Remark 4.2. The R-boundedness condition in (ii) of the above theorem may be replaced
by the (at first sight) weaker condition that

N e N,

N .
H ijKm(Tjagj)’
j=1

< c ’ ,
Le (L7 (R4 w3 X)) ™ sz_:l i9i Lp(Q L7 (RE,w; X))
for all {g;};>1 C LP(R%w;X) with Fourier support suppg; C {£ : |[¢] > 27},
where ¢ >0 is some fixed number. But the R-boundedness condition in (ii) is in
fact implied by this condition. Indeed, this condition implies the R-boundedness of
the sequence of Fourier multiplier operators associated with the sequence of symbols
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{la- C)I?A\m]@_j ')}jzl’ where ¢ € C2°(R?) is a bump function which is 1 on a neigh-
borhood of the set {¢ : |{| > c}. On the other hand, we have C@ € C4+2(RY) in view
of KA™ FL' (R, (14| - )42) € CIF2(R?), so that we can apply Theorem 3.11 to
the symbol CI?A\T“. We thus find that the sequence of symbols {I?QAJ\ — kA" (277. )}jzl

defines an R-bounded sequence of Fourier multiplier operators on LP(RY w; X), which
is of course equivalent to the R-boundedness condition in (ii).

Remark 4.3. Let X be a Banach space, s > 0, p € (1,00) and w € A,(R?). For each
f € LP(RY, w; X) we put

J
(m)K);Z R 9JS~ . 9Js -J
[f]H;(R'i7w;X) ‘= sup H]‘_X:J ;2752 K (277, f) ‘ Lo (9L (R X))

JeN
On the one hand, [- (Wi’Kg o - (TZ’K?Z, thanks to the contraction principle (7).
H3 (R ,w; X) H (R, w; X)
On the other hand, [.]gﬁ’(@ﬁm S e e wx) + [~}§?s’(§37w;x) because s > 0 and
{f— K,,(277,f) : j € Z} is a uniformly bounded family in B(LP(R%, w; X)). In Theo-
N 1.1 th 1 (m,K) b (m,K);Z
rem 4.1 we may thus replace [[[- [0 by I - lusgeou) + 1002 .

Example 4.4. Let K € 7 (R%) and m € Z>;.

(i) Note that FKA" € Cy(R?) with FEKA"(0) = YI5H-1)/(7)K((0) =
(=1)™*1K(0). So for KA™ to fulfill the Tauberian condition (26) for some €, ¢ > 0
it is sufficient that K (0) # 0.

(ii) Let X be a UMD space, p € (1,00) and w € A,(R%). Note that the R-boundedness
condition in Theorem 4.1(ii) is equivalent to the R-boundedness of the convolution
operators {f — K&" % f : j € Z>1} C B(LP(R%,w; X)). By Theorem 3.11, for the
latter it is sufficient that K € LY(R? (14| - [)**?) ¢ F-1CF2(RY) fulfills the
condition

sup sup (1+ [£))/* DK ()] < oo (29)
o <d+2 R

for some & > 0; in particular, it is sufficient that K € S(R?).

Under the availability of better multiplier theorems than .#y2(R%) < M,, ,,(X), the
condition (29) can be weakened; see Remark 3.12. For example, in the one-dimensional
case d = 1 we can use 4 (R) — M, _,(X), resulting in the weaker condition that

sup (1+ ¢ IKM(€)] < oo
k=0,1
for some § > 0. However, this condition is still to strong to handle the kernel K =

27114y € LE(RY) € (R N.Z71C§°(R?) with Fourier transform K = sinc, where
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sinc(t) = sin(t)/t for t # 0 and sinc(0) = 1. As already announced, in the unweighted
case this K can be handled by Corollary 3.15:

Example 4.5. Let X be a UMD Banach space, p € (1,00) and K = 2_‘11@[0’1]. For every
m € Z>1 it holds that {f — K,,(277, f) : j € Z} C B(LP(R% X)) is R-bounded.

Proof. It is enough to show that {Tyz ;) :j € Z, L €{1,....,m}} ={f = Kp-19i % f :
j€Z,te€{l,...,m}}is R-bounded in B(LP(R% X)). By the product structure of K
it suffices to consider the case d = 1. So we only need to check that M := sinc =
Fi1_11 € C§°(R) satisfies the conditions from Corollary 3.15. In the notation of
Corollary 3.15, let v € (yx, 1) be fixed. The condition (24) is fulfilled for dy = 1 because
sinc is a C'-function on [—1,1]. Furthermore, the condition (25) is fulfilled for any
do € (0,1 —y)and 6 =~. O

Still consider K = 27101 € L°(R?) C ¢ (R?). The R-boundedness condition
from Theorem 4.1(ii) is fulfilled provided that, for each ¢ € {1,...,m}, the set of con-
volution operators {f + Ky x f :t = (7127 j € Z>1} C B(LP(R?,w; X)) is R-bounded.
A nice way to look at the convolution operator f +— K,.-1 % f, r > 0, is as the averaging
operator A, € B(LP(R¢,w; X)) given by

A, f(x) = ][ f(y) dy, feLP(RY, w; X),z e RL
Ql

z,r]

This leads to the following natural question:

Question 4.6. Given a UMD space X, p € (1,00), w € Ap(RY) and ¢ > 0, is the set of
averaging operators {A, : v = 277, j € Z>1} R-bounded in B(LP (R, w; X)) ?

Three cases in which we can give a positive answer to this question are:

(i) X is a UMD space, p € (1,00) and w = 1;
(ii) X is a UMD space with property (a), p € (1,00) and w € A7¢¢(R%);”
(iii) X is a UMD Banach function space, p € (1,00) and w € A,(R?).

5, case (ii) follows from an

Here case (i) follows similarly to the proof of Example 4.
application of Proposition 3.1(ii), and case (iii) can be treated via the Banach lattice
version of the Hardy—Littlewood maximal function by using the fact that R-boundedness
coincides with £2-boundedness in this situation (see Proposition 4.11 for a more general
result in this direction). Note that in the cases (ii) and (iii) one in fact has R-boundedness

of {A, :r >0} in B(LP(R?, w; X)).

5 Recall that Ap¢© is the class of weights on R? which are uniformly A, in each of the coordinates
separately.
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4.3. Proof of the main result

Below we will use the following notation:

Xpaw = LP(Q’ LP(Rd7w7X)) = LP(Rdyw; LP(Q, X))a
Xp.w(RL) := LP(Q; LP(RY, w; X)) = LP(RY, w; LP(; X)).

Proof of Theorem 4.1(%)

Lemma 4.7. Let X be a UMD space, s € R, p € (1,00) and w € A,(R?). Suppose that
ke (RY)NLYRY (14 - |)¥2) fulfills the Tauberian condition

k>0,  geR,Z<lél <2,

for some € > 0. For f € LP(R?, w; X) we can then estimate

(30)

J
1 ey mx) S 1 llom sy +sup || 3022k« £|
JEN j=1 Xp,w

Proof. Pick ¢ = (¢;)jen € ®(R?) such that supp $1 C {€ : [£] > 2¢}; see (9). Using (13)
in combination with Sy € B(LP(R?, w; X)), we get

J
1 ity e sy S 1S oty +sup || Yo g2
JeN j=1 Xp,w

In view of the contraction principle (7), it is thus enough to find an N € N such that

o fe PR w;X),J€N. (31)

J J+N
ISemsi], 515 ot
J= J=

In order to establish (31), pick n € C°(R?) with suppn C B(0,2¢) and 7(¢) = 1
for || < 3¢ Define m € CI2(RY) C My2(RY) by m(€) == n(€) — n(26)]k(&)~1 if
§ < [¢] < 2e and m(&) := 0 otherwise; note that this gives a well-defined C4*+2_function
on R? because n —n(2-) is a smooth function supported in the set {£: § < |¢] < 2¢} on
which the function & € C92(R?%) does not vanish, where the regularity k& € C4+2(R¢)
is a consequence of the assumption that k& € L'(R? (1 + | - |)¥*2). By Example 3.7,
the sequence of (dyadic) dilated symbols {m; := m(277-)};>1 defines an R-bounded
sequence of Fourier multiplier operators {T},,};>1 on LP(R% w;X). Furthermore, by
construction we have
J+N

> muki(§) =@ UtV — 27 =1 for Pe <[] < PN T3¢, > 1, N €N
I=
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Since supp@; C {& : 2%e < [{| < 2B} for every j > 1 for some B > ¢, there thus
exists N € N such that Z{;N myk; = 1 on supp@; for all j > 1. For each j > 1 we
consequently have

S;j =Ty, =T, <ZJ+_N mz,fcz)
J+N N

= 3T, T Ty, = 3 8T, [y + <] in BLP(RY, w; X)).
=3 =0

Using this together with the R-boundedness of {S;}jen and {75y, }j>1 (see Example 3.7),
for each f € LP(R? w; X) we obtain the estimates

N J
Hzej NIE 3l ) SELIEL A N
=0 j=1 P
N J
< Z H £;27°k;
=0 j=1
J+N

SH Zej o J
j=1

Proof of Theorem 4.1(i). In view of (26) and the fact that FK2" € Cy(R?), there
exists N € N such that the function k € # (RY) N LY (R?, (1 + | - |)9*2) determined by
k=ZKA" (27N .) - ZKA™ fulfills the Tauberian condition

. c )

for § := 2Ne > 0. Since

ki* f = K5 G * f + (F1)™K(0)f] = [K32) * f + (1) K(0) /]
= Km(Qi(jJrN)af) - Km(27j7f)) .7 Z 13

with Lemma 4.7 it follows that

J
1115325530 S 110 iy + 500 || S 52y
j=1

J
3 620N K, (276N, f)‘

< i . 2—NS
Sz rawix) + Sup Xy
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J
+ supH e 25K, (279 f ’
1 223 (27, )

p,w

@) —Ns (m,K)
< HfHLT’(Rd,w;X) =+ (2 + 1)[f}H;(Rd,w;X)' ]

Proof of Theorem 4.1(i)

Lemma 4.8. Let X be a UMD space, p € (1,00) and w € A,(R?). Let x € C=°(R?\ {0})
and n € CX(RY). For each n € Z<y and h € R? we define the sequence of symbols
{M]"}jen € L=(RY) by

(271 — 127 ), g > 1
M(E) = § (@271~ (27 4DE), mtj=0

Then each symbol Mjh" defines a bounded Fourier multiplier operator T;L’" =T, mn on
LP (R4, w; X) such that the following R-bound is valid:

R{TM™:jeZ} S2°(1+ M), heR! neZe. (32)
Proof. By construction, {M]h’n}jez C C(R?) satisfies condition (a) of Corollary 3.5
for some N € N independent of n € Z<g and h € R%. Therefore, it is enough to show
that
M| S 20+ D2, heRYn € Zag,j € L. (33)
We only consider the case n 4+ j > 1 in (33), the case n + j = 0 being completely
similar and the case n + j < —1 being trivial. Let h € R, n € Z<p and j € Z with
n+j > 1 be given. Fix a multi-index o € N¢ with |a| < d + 2. Using the Leibniz rule,
we compute

277
gD M (€) = |¢]*'Dg | oh- / et éds x(27 )
0

23
= Z C(ﬁl,’y‘ﬂlﬁngﬂ(hf . f) |€‘|’Y‘Dg / eish»fds |§||a\—|5\—\7\D?—ﬂ_7[X<2_(n+J)€)]
B+y<a o

27

=3 Z g b€ €| /(zsh)”*e“h'ids |2~ (D g|lel=h pa=ry (2= (Hi)¢)
0

<o
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97
+oo Y g lglnf g / (1sh)Ye"M¢ds
B+v<as|Bl=1 0

« |2—(n+j)§||a\—\3|—|7| [Da—ﬂ—vx](g—(n-i-j)g).

Picking R > 0 such that supp x C B(0, R), we can estimate

gl agm @ £ (W27 156 5y (270D €T XL

<«

+ Y I 1 e (27 D) 1€ x|
B+y<a;|Bl=1

< 2||x|.4ss Z || HLgn(+D) gyl

<o

n<0
S 27(1+ [T

This proves the required estimate (33). O

Proof of Theorem 4.1(ii). Given f € LP(R% w;X), write f,, := S,f for n € N and
fn := 0 for n € Zg. For each j € Zso we then have f = 3 ., fny; in LP(R? w; X),
from which it follows that

J J
e V5K, (279, H < H e K, (270 fo H . 34
D] D MY DOt e el PRI

We first estimate the sum over n € Z~q in (34). Using the R-boundedness of {f —
K (279, f) 2 5 > 1}, we find

J J
H ZngJSKm(Qijvfn-‘rj)HX <o Z€j2(n+j)sf"+jHX < 2ins||f||H;(Rd7w;X)~
j=1 P j=1 pow

Since s > 0, it follows that the sum over n € Z~q in (34) can be estimated from above
by C||f||H§ (R4, w; x) for some constant C' independent of f and J.

Next we estimate the sum over n € Z<q in (34). To this end, let y € C°(R4\ {0})
and n € C¢° be such that y =1 on %supp »1 and 17 = 1 on supp ¢g. For every A € C we
define the function ey : R? — C by ey (&) := e*¢. For each n <0, h € R? and j > 1, we
then have
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AL fars = F H(ew-in — D™ fats]
F ((eaom =@ )" furs | mtiz 1
=< g1 [(<6227jh — (2= )™ fnﬂ} ., n+j=0;
0, n+j3< -1
=Ty fnsis

where M ;L’" is the Fourier multiplier symbol from Lemma 4.8. For each n < 0 we thus
get

J J
HZszJsKm(Q—J,an)‘ < /|K(h)|HZszJ'sAgzjhfnﬂ(.)’ dh
i=1 e 3 i=1
J .
= [T ]| an
Rd =1

(32)
< gnm=s) / K (R)|(1+ [B) @3 an

Rd

J
n+j)s
el
=1 o

(13)
5 Qn(m_S) | |f| |H§(Rd,w;X)'

Since m — s > 0, it follows that the sum over n € Z<( in (34) can be estimated from
above by C||f||Hg (R¢,w;x) for some constant C' independent of f and J. O

The idea to do the estimate (34) and to treat the sum over n € Zs and n € Z<g
separately is taken from the proof of [48, Proposition 6], which is concerned with a
difference norm characterization for Fs (R% X).

4.4. The special case of a Banach function space

In the special case that X is a Banach function space, we obtain the following corollary
from the main result (Theorem 4.1):

Corollary 4.9. Let X be a UMD Banach function space, s > 0, p € (1,00), w € A,(R?)
and m € N, m > s. Suppose that K € (R N LY(RY, (1 + | - |)4+3)™) satisfies the
Tauberian condition (26) for some c,e > 0. For all f € LP(R%, w; X) we then have the
equivalence of extended norms



1466 N. Lindemulder / Journal of Functional Analysis 272 (2017) 1435-1476

- js —j 2\ /2
1 g et i) = 1l + || (D127 K272, D) | (35)
j=1

LT’(Rd;w;X).

Proof. By the Khintchine-Maurey theorem, the right-hand side (RHS) of (35) defines
gﬁ w0 X)" Therefore,
we only need to check the R-boundedness condition in Theorem 4.1(11). But this follows

from Proposition 4.11 below (and the discussion after it). O

an extended norm on LP(R? w; X) which is equivalent to ||| - |||(m

Remark 4.10. Let X be a UMD Banach function space, s > 0, p € (1,00), w € A,(R?)
and m € N, m > s. Suppose K € % (R%)T \ {0}. Then it is a natural question whether
we can replace K, (277, f) by d7(277, f) in the RHS of (35), where

d7(t, f)(x /K NAYf(z)|dh,  t>0,2 R

In view of the domination | K, (¢, f)| < dR(t, f), this is certainly true for the inequality

‘<’in (35). For the reverse inequality ‘<’ one could try to extend the maximal function
techniques from [48, Proposition 6] to our setting via the square function variant of
the Littlewood—Paley characterization (13); here one would have to replace the classical
Hardy—Littlewood maximal function by the Banach lattice version from [4,13,45].

Proposition 4.11. Let X be a UMD Banach function space, p € (1,00) and w € Ap(Rd).
Then # (RY) — B(LP(R?,w; X)) maps bounded sets to R-bounded sets.

Proof. In the unweighted case w = 1 this can be found in [57, Section 4]. However,
the Banach lattice version of the Hardy-Littlewood maximal operator is bounded on
LP (R4, w; X (¢%)) for general w € A, which is implicitly contained [13]; also see [52].
Hence, the results from [57, Section 4] remain valid for general w € 4,. O

Recall that, given k € J# (R?), for all t > 0 we have k; = t%k(t-) € # (R?) with
|1kt ¢ (mty = ||K|| ¢ (ray- So, under the assumptions of the above proposition,

R{f = ky* f:t>0} Sxpadw |kllg@s n BLP(RY, w; X)).

In particular, if m € Zs; and K € #(R?), then the choice k = K2" leads to the
R-boundedness of {f + K,,(t, f) : t > 0} in B(LP(R?, w; X)).

5. 1Ri as pointwise multiplier
5.1. Proof of Theorem 1./
Besides Theorem 1.1 (or Theorem 4.1), we need two lemmas for the proof of The-

orem 1.4. The first lemma says that the inclusion (5) automatically implies its vector-
valued version.
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Lemma 5.1. Let s > 0, p € (1,00) and w € Ap(RY). Let ws,, be the weight from Theo-
rem 1.4. If H;(Rd,w) — LP(R% w; ), then there also is the inclusion

H (R w; X) < LP(R wy 3 X) (36)
for any Banach space X .
Proof. This can be shown as in [37, Proof of Theorem 1.3, p. 8], which is based on
the fact that the Bessel potential operator J_4 (s > 0) is positive as an operator from

LP(RY,w) to H3(R%,w) (in the sense that J_,f > 0 whenever f >0). O

The second lemma is very similar to Theorem 4.1(ii) and may be thought of as an
Ri—version for the case m = 1.

Lemma 5.2. Let X be a UMD Banach space, s € (0,1), p € (1,00) and w € A,(R?). Let
Ke #RYNLY R (1 + | - [)4F3). For each f € LP(R?,w; X) we define

# _ () js ’
[f]st)(]Ri’w5X) - [f]st)(Ri’wX . iggH Z 612 K]Rd 7.f) Xp,w(Ri),
where we use the notation
K (1, /(@) = / K(hWAmf(x)dh,  t>0,zcRY.

{h]Z—zltfl}

If{f = Kixf:t=2793j€Zs1} CBLP(RLw; X)) is R-bounded, then we have the
estimate

[f]ﬁ;(Ri,w;X) 5 ||f| Hs(RY,w; X)» e LP(Rdv'LU;X)'

Proof. Note that, for each t > 0, f — Kp¢ (t, f) is a well-defined bounded linear operator
on LP(RY, w; X) of norm <y g4 ||K||X(Rd Using that s > 0, for f € LP(R?, w; X) we
can thus estimate

H Z 5j23 KRd ,f)‘

j=—J

J
SNy + || 3 527 Kag (277, )|
j=1

Xpw(RY) Xpw(RY)

Now fix f € LP(R?, w; X) and write f,, := S, f forn € Nand f, := 0 for n € Zo. Then

(RY) ZHZ‘%QJKW o fnts)
Xy

J
DY —J
> < g (270, 1) |, D
<
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We first estimate the sum over n € Zsq in (37). Since

Kot (270, fu)@) = Ko s Qe )@+ | [ K@) dh | fusla),
{h1>—x127}

we can estimate

J J
H > 2 Kga (277, fury) HX < H D 20Ky (1Rifn+j)‘
j=1 P j=1

Xp,w

p,w

J
+H.’El—>26j2js / K(h)dh fnﬂ-(x)’
J=1 (hi> @29}

For the first term we can use the assumed R-boundedness of the involved convolution
operators and for the second term we can use the contraction principle, to obtain

J
H > &2 Kpa (277, futs) HX
=1

p,w

J
S Hzﬁﬁjslmfnﬂ‘

Jj=1

J
938 " H
Lr(Q;LP (R4, w; X)) + H ;E] f I Xp,w

J

<2277 Y 2 f il
J=1

S 27N s maw; x) -
Since s > 0, it follows that the sum over n € Z~q in (37) can be estimated from above

by C’||f||H; (R¢,w;x) for some constant C' independent of f and J.
We next estimate the sum over n € Z<q in (37). For each n < 0 we have

p,w

J
D2 Kaa (277, )|
j=1

J
_ Hx — lejzas / 11_9-ihy 00) (@1) K (R) Ag—sp frrj () dh‘ ..
]:

Rd

dh

J
< /|K(h)| HJJ — Z€j2jsl[_2—jhhoo)(l‘l)Ag—jhfnJrj(x)’ .
Rd j=1 P

J
< [1KW|[e > 322 80 sty | dn
Rd j=1 P
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where we used the contraction principle (7) in the last step. We can now proceed as in
the proof of Theorem 4.1(ii) to estimate the sum over n € Z<( in (37) by C||f||H; (R, w; X)
for some constant C independent of f and J. O

Proof of Theorem 1.4. In view of Lemma 5.1, we need to show that 1gq is a pointwise
multiplier on H, (R4, w; X) if and only if there is the continuous inclusion (36). Defining
Ws  as the weight on R x R4~ given by w; ,(z1,2') := |z1|7*Pw(z1,2’), the inclusion
(36) is equivalent to the inclusion

H3 (R w; X) < LP(RY, Wy 3 X) (38)

because H, (R4, w; X) < LP(R?, w; X). So we must show that lga is a pointwise multi-
plier on H, (R?,w; X) if and only if there is the continuous inclusion (38).

Step I. Let K € S(R?) satisfy K(O) £ 0. For a function g on R? we write g° for the
reflection in the hyperplane {0} x R4=1, ie. g?(x) := g(—x). Then lga is a pointwise
multiplier on H;(Rd,w;X) if and only if

lom (S [ swan) Fls@i

IEZ p< 29}

<
sty S lwes) (39

for f € LP(R?,v; X), v € {w,w?}, k € {K, K°}.
Step I.(a) lga is a pointwise multiplier on H;(Rd,w;X) if and only if

[1Rif}H;(]Ri,w;X) 5 ||f||H§(]Rd,w;X)7 f € LP(Rd7w;X)7 (40)
where
J
o 9Js —J 6
lag et = ilégHjZJEJQ falz ’f)‘ Lo(Q:Lr (RS wi X))
; (L,K);Z _ 1/p
Since [g]H;(Rd,w;X) - ([g]II)—I;(R‘i,w;X) + [9]25(R1$ng)) ~ [g]H;(R‘i,w;X) + [g]H;(Rd ,w; X))

for g € LP(R?%, w; X), it follows from Theorem 1.1 (and Remark 4.3) that

Hg”H;(]R'i,w;X) ~ ||g||LP(]R’i,w;X) + [g]H;(R‘i,w;X)

+ [g]Hg(Ri,w;X)v g€ Lp(Rde; X) (41)

First we assume that (40) holds true. For all f € LP(R%, w; X) we can then estimate

6 Recall from Section 4.1 that K, (¢, f)(z) = Jga K (R)A¢n f(x) dh.
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(a1)

Npe fllgs®awx)y S re flloe®ewx) + Qg flre + [Apa flre
< e mawixy + [flge + [1ga flge + [1Rif]R1
(40), (41)
5 ||f||H1§(]Rd,w;X)‘

Next we assume that 1]Ri is a pointwise multiplier on H;(Rd,w;X ). Then the in-
equality in (40) for Ri follows directly from (41). Since 1ga =1 — 1R$ , the inequality
in (40) for R% follows as well.

Step L.(b) (39) < (40). We only show that the inequality in (40) for R% is equivalent
to the inequality in (39) with v = w and k = K, the equivalence of the other inequalities
being completely similar. We claim that the inequality in (40) for Ri is equivalent to
the estimate

Xp,w(RE)

J .
] s
buPHx'—)j_E_JEJZ / K(h) dhf(ac)’

JeEN _
h1<—2127

SJ ||f||H;(Rd,w;X)7 f € Lp(Rde;X)' (42)

Let us prove the claim. Note that, in view of the identity

a2 1y 1)) = Ko 27 D@+ [ K dn (o)

{h1§7112f}

we have the inequalities

[1Ri f]H; (R ,w; X) < [f]iﬁ(R‘i,w;X)

J
+ su Hxl—) £:27° / K(h)dh x’ 43
suplle 3 < K@,
J= {h1§—112-7}
and
J .
supHx»—> €;27° / K(h)dh f(x ’
JeN ';J ’ ) ( ) f( ) Xp,w(Ri)
7= {h1<—2127}
< [1R1f]H;(Ri,w;X) + [f]ﬁ;(Ri,w;X)' (44)

Furthermore, note that the R-boundedness condition from Lemma 5.2 is fulfilled since
K € S(R%); see Example 4.4. Plugging the estimate from Lemma 5.2 into (43), we see
that (42) implies the inequality in (40) for RY. The reverse implication is obtained by
plugging the estimate from Lemma 5.2 into (44).
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Using the claim, this step is now completed by the observation that

er Z £;20° / K(h) dhf(x)’

J==J {h1<—z129}

ZHMHJ_ieﬂjS [ wwa|, il

{h1<—2127}

Xp,w(RE)

Lr(RY ,w)

em (S [ xoa) i

‘76 J {h1§7w12j}

Lr (R w)’

Step II. Let K = KN @ K12l € C(RY), where K1 € C®(R) and K € C°(RI1)
satisfy KM = KU (=), 11 ) < KW < 1[5 and K[21(0) = 1. Then (39) is equivalent
0 (38). In view of the reflection symmetry K = K¢, we only need to show that

1/2
‘2” / K(h ) =y,  yeR,. (45)
JGZ {hi<—y2i}
By the choice of K,
[[=(1 Ay27), —y27]| < / K(h)ydh < |[—(2 Ay27), —y27]|, y €R,.
hy<—y27

For every b > 0 we have

(Z [0y, 2] )" (froimean, P g) "

JET 2
v At 1/2
—( [ rro-wrT)
b1y
= p=(stD)y /T—2s 2( 2d7)1/2
= )
1

<oo

So we obtain (45) by taking b=1,2. O
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5.2. A closer look at the inclusion H3(R*,w) < LP(R%, w, ;)

In this section we give explicit conditions, in terms of w, s and p, for which there is
the continuous inclusion (5) from Theorem 1.4. These conditions will be obtained from
the following embedding result.

Theorem 5.3. (/37, Theorem 1.2]) Let wo,w; € Ao (R%), s > 51, 0 < po < p1 < 00, and
q0,q1 € (0,00]. Then there is the continuous inclusion

Fs (RY wy) — F5 (R w,)

Po,q0 P1,91

if and only if

sup 2_U(so_sl)U’O(Qv,m)_l/mwl(Ql«m)l/pl < 00,
veN,mezZd

where Qu.m = Q[277m, 27771 C RY denotes for v € N and m € Z* the d-dimensional
cube with sides parallel to the coordinate axes, centered at 27 ¥m and with side length
27V,

Proposition 5.4. Let s > 0, p € (1,00) and w € A,(R?). Suppose that wsp,(r1,2') =
|z1|7*Pw(z1,2') defines an As-weight on R = R x R4~L. If

1
sup 27V ———— / |z1| 7P w(z) de < oo, (46)

veEN,me{0} xzZd—1 w(Qu,m)

v,m

then there is the continuous inclusion H5(R?, w) — LP(R?,w ). In case that wg,, € Ay,

the converse holds true as well.

Proof. For the inclusion Hj(R? w) < LP(R% w ;) it is sufficient that Fj,(R?,w) —

FO,(R%,w, ). This follows from the identity F?,(R%w) = H3(RY,w), denseness of

12
S(R?) in Hj(R% w), the inclusion (S(RY), || - Fo (e w, ) (f—>> LP(R%, wg ,,) and the

fact that H;(Rd,w) and LP(R% ws,) are both continuously included in the Haus-
dorff topological space L°(R¢). In the case that ws, € A,, there are the identities
F3 (R, w) = HS(RY, w) and LP (R, w, ) = FJ (R, ws ) (see (10)), so the inclusion
H;(Rd,w) — LP(R, wy ) just becomes F;,Q(Rd,w) — ng(Rd,ws,p). Therefore, in or-
der to prove the proposition, it is enough to show that, for every ¢ € [1, oc], the inclusion

FSo(RYw) = F) (R wy,) (47)

is equivalent to the condition (46).
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By Theorem 5.3, the inclusion (47) holds true if and only if

1/p
= sup 277 (—ws’p(QV’m)> < oo.

su 27| |2y |
b i 1] ||LP(Q”’""W<Q1»,m>w) veN,mez? w(QV,M)

veN,mezd

But this condition is equivalent to (46). Indeed, for every v € N and m € Z% with m; # 0

we have
—v 1 —v
|z1]| > (Jma| —1/2) 2 2§|m1|2 ; z € Qum,
implying that

27|z = |7

< 2%|my |70 < 28
LP(Q%WMQi,m)w) S Phma|™ <2 -

Let d = n + k with n,k € N. For a, 8 > —n we define the weight v,,g on R? by

|z[*if |2 <1,

z,y) € RY =R" x R, 48
|z|?if || > 1, (=v) (48)

va»ﬁ(xv y) = {

Given p € (1,00), we have va 3 € A, if and only if o, € (—n,n(p — 1)); see [18,
Proposition 2.6]. For n =1 and k = d — 1, we have v, , = w, (3) for every v > —1.

Example 5.5. Let s > 0 and p € (1, 00).

(i) Suppose w = w; ® we with w; € A,(R) and wy € A,(R4"1). Then (46) reduces to
the corresponding 1-dimensional condition on ws:

1

su 2*”5”7/ tI 7P wq(t) dt < oo 49

DeN wi@uo) e () (49)
v,0

(ii) Let o, € (—1,p — 1). Consider the weight w = v, g from (48) for n = 1 and
k = d — 1. There is the inclusion Hj(R* w) < LP(R% wy,) if and only if s <
HT“. Given a UMD space X, by Theorem 1.4 we thus have that 1Ri is a pointwise
multiplier on H3(R%, v, g; X) if and only if s < HTQ' In the case a = [ this is
precisely [39, Theorem 1.1] restricted to positive smoothness; note that the general
case a, B € (—1,p — 1) can be deduced from the case « = g € (—1,p — 1).

Proof of (ii). By (i) we may without loss of generality assume that d = 1. Note that w,
is the weight vq_sp g (48) for n =1 and k = 0.

First assume that there is the inclusion H3(R?, w) < LP(R%, w, ). Since C°(R?) C
H;(]Rd,w), it follows that vy—sp s = ws, € L1, (R?). Hence, a — sp > —1.

loc
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Conversely, assume that s < H'T". Then a—sp € (—1,p—1), so that w, , = Va—sp,3 €
Ayp. Using that s < H—Ta’ a simple computation shows that (49) holds true for w = v, g.
By Proposition 5.4 we thus obtain that H3(R?,w) < LP(R*, w, ;). O
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